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ABSTRACT

In this work, we show how to obtain for non-compact manifolds the re-
sults that have already been done for Monge Transport Problem for costs
coming from Tonelli Lagrangians on compact manifolds. In particular,
the already known results for a cost of the type d",r > 1, where d is the
Riemannian distance of a complete Riemannian manifold, hold without
any curvature restriction.

1. Introduction

Monge transportation problem is more than 200 hundred years old; see [34]. It
has generated a huge amount of work. It is impossible for us to give all the
relevant references to previous works. There are now several books and surveys
that can help the reader through the literature, see for example, the books
[12, 4, 37, 41, 42] and the surveys [2, 18, 26]. Both authors benefited a lot from
all these sources.
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Originally Monge wanted to move rubble (déblais) in 3-space to build up
a mound or fortification (remblais) minimizing the cost. Now if the rubble
consist of masses my, ..., m, at locations {z1,...x,}, one should move them
into another set of positions {y1,...,¥,} by minimizing the traveled distance
taking into accounts the weights. Therefore, one should try to minimize

(1) Zmid(l‘i,T(l‘i)),

over all bijections T : {x1,...,2n} — {y1,...,Yn}, where d is the usual Eu-
clidean distance on 3-space.

Nowadays, one would be more interested in minimizing the energy cost rather
than the traveled distance. Therefore, one would try rather to minimize

(2) ZmidQ(xi,T(zi)).

Of course, one would like to generalize to continuous rather than just deal
with discrete distributions of matter. Therefore Monge transportation problem
is now stated in the following general form: given two probability measures
w and v, defined on the measurable spaces X and Y, find a measurable map
T:X — Y with

(3) Tip = v,

ie.
v(A) = p(T7'(4)) VA CY measurable,

and in such a way that T" minimize the transportation cost. This last condition

means

[t r@) duta) = uin { [ clo. 5@ duto)}

Sypu=v
where ¢ : X XY — R is some given cost function, and the minimum is taken
over all measurable maps S : X — Y with Sy = v. When condition (3) is
satisfied, we say that T is a transport map, and if 7" also minimizes the cost
we call it an optimal transport map.

It is easy to build examples where the Monge problem is ill-posed simply
because there is no transport map: this happens, for instance, when p is a
Dirac mass while v is not. This means that one needs some restrictions on the
measures p and v.
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Even in Euclidean spaces, and the cost c is equal to the Euclidean distance
or its square, the problem of the existence of an optimal transport map is far
from being trivial. Due to the strict convexity of the square of the Euclidean
distance, case (2) above is simpler to deal with than case (1). The reader should
consult the books and surveys given above to have a better view of the history
of the subject, in particular Villani’s second book on the subject [42]. However
for the case where the cost is a distance, like in (1), one should at least cite the
works of Sudakov [39], Evans-Gangbo [19], Feldman-McCann [23], Caffarelli-
Feldman-McCann [11], Ambrosio-Pratelli [5], and Bernard-Buffoni [8]. For the
case where the cost is the square of the Euclidean or of a Riemannian distance,
like in (2), one should at least cite the works of Knott-Smith [31], Brenier [9],
Rachev-Riischendorf [36], Gangbo-McCann [27], McCann [33], and Bernard-
Buffoni [7].

Our work is related to the case where the cost behaves like a square of a
Riemannian distance. It is strongly inspired by the work of Bernard-Buffoni
[7]. In fact, we prove the non-compact version of this last work adapting some
techniques that were first used in the Euclidean case in [4] by Ambrosio,Gigli,
and Savaré. We show that the Monge transport problem can be solved for the
square distance on any complete Riemannian manifold without any assumption
on the compactness or curvature, with the usual restriction on the measures.
Most of the arguments in this work are well-known to specialists, at least in the
compact case, but they have not yet been assembled and adapted to the case we
treat. Of course, there is a strong overlap with some of the results that appear
in [42]. For the case where the cost behaves like the distance of a complete
non-compact Riemannian manifold see the work [24] of the second author.

We will prove a generalization of the following theorem (see Theorems 4.2
and 4.3):

THEOREM 1.1: Suppose that M is a connected complete Riemannian manifold,
whose Riemannian distance is denoted by d. Suppose that r > 1. If 4 and v are
probability (Borel) measures on M, with p absolutely continuous with respect
to Lebesgue measure, and

/ d"(z,z0) dp(x) < oo and / d"(z,z0) dv(z) < 00
M M

for some xg € M, then we can find a transport map T : M — M, with Tyy = v,
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which is optimal for the cost d” on M x M. Moreover, the map T is uniquely
determined p-almost everywhere.

We recall that a measure on a smooth manifold is absolutely continuous with
respect to the Lebesgue measure if its representatives in charts are absolutely
continuous with respect to Lebesgue measure. Again we note that there is no
restriction on the curvature of M in the theorem above.

The paper is structured as follows: in Section 2, we recall some known results
on the general theory of the optimal transport problem, and we introduce some
useful definitions. Then, in Section 3, we give very general results for the
existence and the uniqueness of optimal transport maps (Theorems 3.1 and
3.2, and Complement 3.4). In Section 4, the above results are applied to the
case of costs functions coming from (weak) Tonelli Lagrangians (Theorems 4.2
and 4.3). In Section 5, we study the so called “dispacement interpolation,”
showing a countably Lipschitz regularity for the transport map starting from
an intermidiate time (Theorem 5.1). Finally, in the appendix, we collect all the
tecnical results about semi-concave functions and Tonelli Lagrangians used in
our proofs.

ACKNOWLEDGEMENTS. The authors would like to thank Cédric Villani for com-
municating to them his Saint-Flour Lecture Notes [42]. They also warmly thank
the anonymous referee for his comments and for pointing out to them Remark
3.5. The first author learned most of the subject from almost daily invaluable
informal conversations with Cédric Villani.

2. Background and some definitions

A major advance towards solving the Monge transport problem is due to Kan-
torovich. He proposed in [29], [30] a notion of weak solution of the transport
problem. He suggested to look for plans instead of transport maps, that is
probability measures v in X x Y whose marginals are 4 and v, i.e.

(rx)gy =p and (7wy)py =v,

where 7x : X XY — X and 7y : X XY — Y are the canonical projec-
tions. Denoting by II(u, /) the set of plans, the new minimization problem then
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becomes
(@) cur) = in { [ o}
YE(p,v) MxM

If v is a minimizer for the Kantorovich formulation, we say that it is an optimal
plan. Due to the linearity of the constraint v € II(u,v), weak topologies
can be used to provide existence of solutions to (4): this happens for instance
whenever X and Y are Polish spaces and ¢ is lower semicontinuous (see [37], [41,
Proposition 2.1] or [42]). We can see the connection between the formulation of
Kantorovich and that of Monge if we notice that any transport map T induces
the plan defined by (Idx xT')u which is concentrated on the graph of T', where
the map Idx x7T : X — X x Y is defined by

Idx xT(x) = (z,T(x)).

It is well-known that a linear minimization problem with convex constraints,
like (4), admits a dual formulation. Before stating the duality formula, we make
some definitions similar to that of the weak KAM theory (see [21]):

Definition 2.1 (c-subsolution): We say that a pair of functions ¢ : X — R U
{+0}, ¥ :Y - RU{—00} is a c-subsolution if

V(y) —o(x) < c(z,y) V(z,y)e X xY.

Observe that when ¢ is measurable and bounded below, and (p,%) is a c-
subsolution with ¢ € L'(u),v € L*(v), then

/Ywdv—/xsoduz/Xxy(w(y)—w(w))dv(w,y)
S/XWC(w,y)dv(x,y)

for all v € II(p, v). If moreover [y . c(z,y)dy < 400, and

/X 00) =~ ple) drlay) = / () dy(z, ),

XxXY

then one would obtain the following equality:

P(y) — () = c(z,y) for y-a.e. (z,y)

(without any measurability or integrability assumptions on (p, ), this is just
a formal computation).
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Definition 2.2 (Calibration): Given an optimal plan -y, we say that a c-sub-
solution (¢, ®) is (c,~y)-calibrated if ¢ and 1 are Borel measurable, and

Y(y) —p(x) = c(z,y) for y-ae. (z,y).

THEOREM 2.3 (Duality formula): Let X and Y be Polish spaces equipped with
probability measures (1 and v respectively, ¢ : X XY — R a lower semicontinuous
cost function bounded from below such that the infimum in the Kantorovitch
problem (4) is finite. Then a transport plan v € II(u,v) is optimal if and only
if there exists a (c,7)-calibrated subsolution (p,1)).

For a proof of this theorem see [38] and [42, Theorem 5.10 (ii)].

In this work we study Monge’s problem on manifolds for a large class of cost
functions induced by Lagrangians like in [7], where the authors consider the
case of compact manifolds. We generalize their result to arbitrary non-compact
manifolds.

Following the general scheme of proof, we will first prove a result on more
general costs, see Theorem 3.2. In this general result, the fact that the target
space for the Monge transport is a manifold is not necessary. So we will assume
that only the source space (for the Monge transport map) is a manifold.

Let M be a n-dimensional manifold (Hausdorff and with a countable basis), N
a Polish space, ¢ : M x N — R a cost function, p and v two probability measures
on M and N respectively. We want to prove existence and uniqueness of an
optimal transport map T : M — N, under some reasonable hypotheses on ¢
and p.

One of the conditions on the cost ¢ is given in the following definition:

Definition 2.4 (Twist Condition): For a given cost function c¢(z,y), we define
the skew left Legendre transform as the partial map

AL MxN—T*M

Aw0) = (2, 5o (@0),

and its definition on the domain is
Oc

D(AL) = {(ac,y) EMXN: %(ac,y) exists}.

Moreover, we say that c satisfies the left twist condition if Al is injective on
D(AL).
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If N is also a manifold, one can similarly define the skew right Legendre
transform

AT M x N —T*N

by Al(x,y) = (y, g—;(x,y)). The map A7 is defined on the domain D(AL) =
{(z,y) € M x N : g—;(z,y) exists}. We say that c¢ satisfies the right twist
condition if A’ is injective on D(AL).

The usefulness of these definitions will be clear in the Section 4, in which we
will treat the case where M = N and the cost is induced by a Lagrangian. This
condition has already appeared in the subject. This fact (explicitly or not) was
known to Gangbo (oral communication) and Villani (see [41, page 90]) among
others. It is used in [7], since it is always satisfied for a cost coming from a
Lagrangian, as we will see below. We borrow the terminology “twist condition”
from the theory of Dynamical Systems: if h: R xR — R, (z,y) — h(x,y) is C?,
one says that h satisfies the twist condition if there exists a constant . > 0 such
that 66:1;2(';7:y > a everywhere. In that case both maps Aﬁl :RxR — RxR, (z,y) —
(z,0h/0x(x,y)) and A} : RxR — RxR, (z,y) — (y,0h/dy(z,y)) are C! diffeo-
morphisms. The twist map f: R x R — R x R associated with h is determined
by f(x1,v1) = (x2,v2), where vy = —0h/dx(x1,x2),v2 = Oh/Iy(x1,x2), which
means f(z1,v1) = A} o [AL]71(z1, —v1), see [32] or [25].

Now we recall some useful measure-theoretical facts that we will need in the

sequel.

LEMMA 2.5: Let M be an n-dimensional manifold, N be a Polish space, and
let ¢: M x N — R be a measurable function such that x — c(x,y) is continuous
for any y € N. Then the set

{(az,y) : %(x,y) exists} is Borel measurable.
x

Moreover, (z,y) — %(z, y) is a Borel function on that set.

Proof. This is a standard result in measure theory. We give here just a sketch
of the proof.

By the locality of the statement, using charts we can assume M = R". Let
T : R™ — R"™ be a dense countable family of linear maps. For any j, k € N, we
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consider the Borel function
|C(IL‘ + h’a y) B C(I]L‘,y) - Tk(h)|

Lin(e.y) = sup c
|h\€(0,%) | |
h,y) — —Ti(h
_ sup |C(.Z'+ 79) C(l‘ay) k( )l,
|nle(0,1),heqn I

where in the second equality we used the continuity of « — ¢(z,y). Then it is
not difficult to show that the set of points where % (x,y) exists can be written
as
{(Jc,y) sinfinf Lj p(z,y) = 0},
J ok
which is clearly a Borel set.
To show that = — %(1‘, y) is Borel, it suffices to note that the partial deriva-

tives

ﬁ(m,y) _ lim c(xr, oz +1/4, . xn,y) — (@1, oo Ty ooy Ty YY)

0x; £—00 1/¢
are countable limits of continuous functions, and hence are Borel measu-
rable. |

Therefore, by the above lemma, D(AL) is a Borel set. Moreover if we assume
that c satisfies the left twist condition (that is, Al is injective on D(AL)), then
one can define

(AL)=t:T*M > AL(D(AL)) — D(AL) € M x N.

Then, by the injectivity assumption, one has that AL(D(AL)) is still a Borel set,
and (AL)~! is a Borel map (see [17, Proposition 8.3.5 and Theorem 8.3.7], [22]).
We can so extend (AL)~! as a Borel map on the whole T*M as

Li (AL~ H(x,p) if p € TEM N AL(D(AY)),
A(;’L’I’Mj(z’p) —
(z,7) if p € Ty M\ AL(D(AL)),

where 7 is an arbitrary point, but fixed point, in V.

3. The main result

In order to have general results of existence and uniqueness of transport maps
which are sufficiently flexible so that they can also be used in other situations,
and to well show where measure-theoretic problems enter in the proof of the
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existence of the transport map, we will first give a general result where no
measures are present (see Appendix A.3 for the definition of locally semi-concave
function and Appendix A.7 for the definition of countably (n—1)-Lipschitz set).

THEOREM 3.1: Let M be a smooth (second countable) manifold, and let N
be a Polish space. Assume that the cost ¢ : M x N — R is Borel measurable,
bounded from below, and satisfies the following conditions:

i) the family of maps x — c(x,y) = cy(x) is locally semi-concave in x
(i) y y) = ¢y y

locally uniformly in y,
(ii) the cost c satisfies the left twist condition.

Let (p,1) be a c-subsolution, and consider the set G, ) C M x N given by

Gy = (2, y) € M x N :9(y) — ¢(x) = c(z,y)}.

We can find a Borel countably (n — 1)-Lipschitz set E C M and a Borel mea-
surable map T : M — N such that

G 4,4y C Graph(T) U 71';41 (),

where mys : M x N — M is the canonical projection, and Graph(T) = {(z,T(z)):
x € M} is the graph of T'.

In other words, if we define P = m), (G(%w)) C M the part of G(%w) which
is above P\ E is contained a Borel graph.

More precisely, we will prove that there exist an increasing sequence of locally
semi-convex functions ¢, : M — R, with ¢ > @n41 > @, on M, and an

increasing sequence of Borel subsets C,, such that

e For © € C,, the derivative d,p, exists, pni1(x) = ¢n(z) and

dachnJrl - dz@n
o If we set C = |J,, Cy, there exists a Borel countably (n — 1)-Lipschitz
set E C M such that P\ E C C.

Moreover, the Borel map T : M — N is such that

e For every x € C,,, we have
(ma T(x)) = Ai’imj (xa _dw@n)v

where AL is the extension of the inverse of AL defined at the end of
Section 2.
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e Ifz € PNC, \ E, then the partial derivative 2<(z,T(z)) exists (i.e.
(@.T(x)) € D(AL) ), and
o (0, 1) = ~deipn.
In particular, if t € PN C, \ E, we have

(z,T(x)) € D(Ai) and Ai(x,T(ac)) = (2, —dzpn).

Therefore, thanks to the twist condition, the map T is uniquely defined on
P\EcCC.

The existence and uniqueness of a transport map is then a simple consequence
of the above theorem.

THEOREM 3.2: Let M be a smooth (second countable) manifold, let N be a
Polish space, and consider u and v (Borel) probability measures on M and N,
respectively. Assume that the cost ¢ : M x N — R is lower semicontinuous and
bounded from below. Assume moreover that the following conditions hold:

(i) the family of maps x — c(z,y) = cy(x) is locally semi-concave in x
locally uniformly in y,
(ii) the cost c¢ satisfies the left twist condition,
(iii) the measure p gives zero mass to countably (n — 1)-Lipschitz sets,
(iv) the infimum in the Kantorovitch problem (4) is finite.

Then there exists a Borel map T : M — N, which is an optimal transport map
from p to v for the cost c. Morover, the map T is unique p-a.e., and any plan
Yo € U(u,v) optimal for the cost ¢ is concentrated on the graph of T.

More precisely, if (¢,v) is a (c¢,~.)-calibrating pair, with the notation of
Theorem 3.1, there exists an increasing sequence of Borel subsets B,,, with
(U, Bn) = 1, such that the map T is uniquely defined on B = J,, By, via

Jdc
ox
and any optimal plan v € T(u, v) is concentrated on the graph of that map T.

(x,T(x)) = —dzn, on By,

We remark that condition (iv) is trivially satisfied if

/ () dpu(z) duly) < oo.
Mx N

However we needed to state the above theorem in this more general form in
order to apply it in Section 5 (see Remark 5.2).



Vol. 175, 2010 OPTIMAL TRANSPORTATION ON MANIFOLDS 11

Proof of Theorem 3.2. Let 7. € II(u,v) be an optimal plan. By Theorem 2.3
there exists a (¢, v)-calibrated pair (¢,). Consider the set

G =Gy ={(z,y) € M x N :9(y) — ¢(x) = c(z,y)}.

Since both M and N are Polish and both maps ¢ and v are Borel, the subset G
is a Borel subset of M x N. Observe that, by the definition of (c,~.)-calibrated
pair, we have v.(G) = 1.

By Theorem 3.1 there exists a Borel countably (n — 1)-Lipschitz set E such
that G\ (ma)"1(E) is contained in the graph of a Borel map 7. This implies
that

B =7y (G\(TFM)_I(E)) ZWM(G)\ECM

is a Borel set, since it coincides with (Idy; XT')~* (G'\ (7a7) "' (E)) and the map
x — Idy xT(z) = (x,T(z)) is Borel measurable.

Thus, recalling that the first marginal of 7. is p, by assumption (iii) we get
Ye((mar)"HE)) = u(E) = 0. Therefore v.(G \ (7)1 (E)) = 1, so that v,
is concentrated on the graph of T, which gives the existence of an optimal
transport map. Note now that u(B) = v.(m"'(B)) > 7.(G\ (7m) ' (E)) = 1.
Therefore ;(B) = 1. Since B = P\ E, where P = my(G), using the Borel set
C,, provided by Theorem 3.1, it follows that B, = PNC, \ E=DNC, is a
Borel set with B = |J,, B,. The end of Theorem 3.1 shows that T is indeed
uniquely defined on B as said in the statement.

Let us now prove the uniqueness of the transport map p-a.e. If S is another
optimal transport map, consider the measures vp = (Ida xXT)4p and vg =
(Idas xS)gp. The measure 5 = (v +vs) € II(y,v) is still an optimal plan,
and therefore must be concentrated on a graph. This implies that S =T p-a.e.,
and thus 7' is the unique optimal transport map. Finally, since any optimal
v € II(u,v) is concentrated on a graph, we also deduce that any optimal plan
is concentrated on the graph of T'. ]

Proof of Theorem 3.1. By definition of c-subsolution, we have ¢ > —oco ev-
erywhere on M, and ¥ < +oo everywhere on N. Therefore, if we define
W, = {¢ < n}, we have W,, C Wy, and |J,, W,, = N. Since, by hypothe-
sis (i), c(z,y) = ¢y(z) is locally semi-concave in z locally uniformly in y, for
each y € N there exist a neighborhood V), of y such that the family of functions
(c(+, 2))zev, is locally uniformly semi-concave. Since N is separable, there exists
a countable family of points (yx)ren such that |, V,, = N. We now consider
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the sequence of subsets (V;,)nen C N defined as
V, = W, N ( U Vyk).
1<k<n
We have V,, C V,,41. Define ¢, : M — N by

on(r) = ysga Y(y) —c(z,y) = max (yevs[}ljgvyk Y(y) — c(z, y))-

Since ¥ < n on K,, and —c is bounded from above, we see that ¢, is
bounded from above. Therefore, by hypothesis (i), the family of functions
(¥(y) — (-, y))yew,nv,, is locally uniformly semi-convex and bounded from
above. Thus, by Theorem A.4 and Proposition A.11 in the Appendix, the func-
tion ¢y, is locally semi-convex. Since ¥(y) — ¢(x) < c(z,y) with equality on
G(p,), and V,, C V11, we clearly have

Vn < @nt1 < @ everywhere on M.

A key observation is now the following:

‘Plpn = ‘Pn|Pn7

where P, = a1 (G, N (M x V3,)). In fact, if © € Py, by the definition of P,
we know that there exists a point y, € V,, such that (z,y.) € G, ). By the
definition of G/, ), this implies

p(a) = V(yz) = c(2,y2) < pn(@) < p(2).

Since ¢,, is locally semi-convex, by Theorem A.8 in the Appendix applied to
—n, it is differentiable on a Borel subset F), such that its complement FS is
a Borel countably (n — 1)-Lipschitz set. Let us then define F' = (1, F},. The
complement E = F°¢ = EY¢ is also a Borel countably (n — 1)-Lipschitz set.

- non

We now define the Borel set
Cn=Fn{zeM:pp(z) =pn(x) Yk>n}.

We observe that C,, D P, N F.

Now we prove that G, ) N (P, N F) x V;,) is contained in a graph.

To prove this assertion, fix x € P, N F. By the definition of P,, and what
was stated above, there exists y, € V,, such that

50(1') - @n(z) = 1/’(%) - C(xayz)'
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Since © € F, the map z — ¢, (2) — ¥(y,) is differentiable at z. Moreover, by
condition (i), the map z — —c(z,yz) = —¢y, () is locally semi-convex and, by
the definition of ¢, for every z € M, we have ¢, (2) — ¥(yz) > —c(z,yz), with
equality at z = x. These facts taken together imply that %(z, Yo ) exists and
is equal to —dgn. In fact, working in a chart around z, since ¢,, = c(-,ys) is
locally semi-concave, by Definition A.3 of a locally semi-concave function, there
exists linear map [, such that
(2, 4a) < c(@,y2) + la(z — ) + 0|z — z)),

for z in a neighborhood of x. Using also that ¢,, is differentiable at z, we get

Pn(@) = (Y )+dopn(z — ) +o(|z — z|)
= ¢on(2) = ¥(¥)

—c(2,Yz)

> —c(@,yz) = le(z — @) + o(|]z — )

= on(®) = Y(Yz) — le(z — 2) + (]2 — 2]).

This implies that I = —d,¢n, and that ¢, is differentiable at  with differential

Y

at z equal to —dyp,. Setting now G, = {y € N : p(z) —¢¥(y) = c(z,y)}, we
have just shown that {z} x (G, N'V,,) C D(AL) for each z € C,, and also
%(a@,y) = —dgpn, for every y € G, N'V,. Recalling now that, by hypothesis
(ii), the cost ¢ satisfies the left twist condition, we obtain that G, NV;, is reduced

to a single element which is uniquely characterized by the equality

dc

%(xayw) = —dypn.
So we have proved that G N (M x V) is the graph over P, N F of the map T
defined uniquely, thanks to the left twist condition, by

5 (0, T(2) = ~dupn
(observe that, since ¢, < @, for k > n with equality on P,,, we have d,pn|p, =
d,pk|p, for k > n). Since P,41 D P, and V,, C V.41 /' N, we can conclude
that G(, 4 is a graph over {J, P, N F = PN F (where P = 7y (Gyy)) =
Un Pn)'
Observe that, for the moment, we do not know that T is a Borel map, since
P, is not a priori Borel. Note first that by definition of B,, C B,+1, we have

Vn = ¢n+1 on By, and they are both differentiable at every point of B,,. Since
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©n < @n41 everywhere, by the same argument as above we get d,p, = dz@n+1
for € By,. Thus, setting B = J,, By, we can extend T to M by

WNAlg’inU (l‘a _dw (pn) on Bn7

The) = ] on M\ B,

where ) : M x N — N is the canonical projection, AL is the Borel extension
of (AL)~! defined after Lemma 2.5, and ¢ is an arbitrary but fixed point in N.
Obviously, the map T thus defined is Borel measurable and extends the map T
already defined on P\ E. n

In the case where p is absolutely continuous with respect to Lebesgue measure
we can give a complement to our main theorem. In order to state it, we need
the following definition, see [4, Definition 5.5.1, page 129]:

Definition 3.3 (Approximate differential): We say that f : M — R has an
approximate differential at © € M if there exists a function h : M — R
differentiable at z such that the set {f = h} has density 1 at a with respect
to the Lebesgue measure (this just means that the density is 1 in charts). In
this case, the approximate value of f at z is defined as f(z) = h(z), and the
approximate differential of f at x is defined as dy f = dzh. Tt is not difficult
to show that this definition makes sense. In fact, both h(xz) and d,h do not
depend on the choice of h, provided z is a density point of the set {f = h}.

Another characterization of the approximate value f () and of the approxi-
mate differential d, f is given, in charts, saying that the sets

{v: () = f(2) —dafly —2)] -l
ly — |

have density 0 at = for each € > 0 with respect to Lebesgue measure. This last
definition is the one systematically used in [22]. On the other hand, for the
purpose of this paper, Definition 3.3 is more convenient.

The set of points © € M where the approximate derivative dy f exists is
measurable; moreover, the map = — d, f is also measurable, see [22, Theorem
3.1.4, page 214].

COMPLEMENT 3.4: Under the hypothesis of Theorem 3.2, if we assume that
is absolutely continuous with respect to Lebesgue measure (this is stronger than
condition (iii) of Theorem 3.2), then for any calibrated pair (p, ), the function
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@ is approximatively differentiable p-a.e., and the optimal transport map T is
uniquely determined p-a.e., thanks to the twist condition, by

Jdc ~
a 7T = _d )
5, & (@) 2P
where Jlgo is the approximate differential of ¢ at x. Moreover, there exists a
Borel subset A C M of full u measure such that Jlgo exists on A, the map
& +— dyp is Borel measurable on A, and 9¢ (2, T(x)) exists for x € A (ie.
(2, T(2)) € D(AL)).

Proof. We will use the notations and the proof of Theorems 3.1 and 3.2. We
denote by fln C B, the set of x € B, which are density points for B, with
respect to some measure A whose measure class in charts is that of Lebesgue (for
example, one can take A as the Riemannian measure associated to a Riemannian
metric). By Lebesgue’s Density Theorem A(B,, \ A,) = 0. Since y is absolutely
continuous with respect to Lebesgue measure, we have u(fln) = u(By,), and
therefore A =, A, is of full y-measure, since u(B,) / u(B) = 1. Moreover,
since ¢ = ¢, on B, and ¢, is differentiable at each point of B,,, the function
 is approximatively differentiable at each point of A, with cixcp =dy@n.

The last part of this complement on measurability follows of course from [22,
Theorem 3.1.4, page 214]. But in this case, we can give a direct simple proof.
We choose A,, C A,, Borel measurable with ,u(zzln\An) =0. Weset A=, An.
The set A is of full 4 measure. Moreover, for every x € A,,, the approximate
differential Jlgo exists and is equal to d,p,. Thus it suffices to show that the
map = — d,p, is Borel measurable, and this follows as in Lemma 2.5. [ |

Remark 3.5: We observe that the key steps in the results of this section, can
be summarized in the following way. Let ¢ : M — R U {400} be a c-convex
function, that is

p(z) = Slelgw(y) —c(z,y)

for certain ¥ : N — R U {—o00}, and assume ¢ # +o0o0. Then, if ¢ satisfies
hypothesis (i) of Theorem 3.1, we can prove the following:

(1) There exists a non-decreasing sequence ,, of locally semi-convex func-
tions such that J,,{¢ = ¢n} = M.

From this we deduce:
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(2a) There exists a Borel section P(x) of the cotangent bundle T*M and
a (n — 1)-Lipschitz set E C M such that, if x ¢ E, P(x) is the only
possible sub-differential of ¢ at x.

(2b) The function ¢ is approximately differentiable a.e. with respect to the
Lebesgue measure.

By these facts, the duality theorem and the semi-concavity of the cost, we can
deduce the existence and uniqueness of an optimal transport (under the general
assumptions of Theorem 3.2 we use (2a), while under the assumption that the
source measure is absolutely continuous with respect to the Lebesgue measure
we use (2b)).

4. Costs obtained from Lagrangians

Now that we have proved Theorem 3.2, we want to observe that the hypotheses
are satisfied by a large class of cost functions.

We will consider first the case of a Tonelli Lagrangian L on a connected
manifold (see Definition B.4 of the Appendix for the definition of a Tonelli
Lagrangian). For ¢ > 0, the cost ¢; 1, : M x M — R associated to L is given by

cuplany) = inf [ L3(3).5(5) s

Y

where the infimum is taken over all the continuous piecewise C' curves 7y :
[0,t] — M, with v(0) = z, and y(t) = y (see Definition B.18 of the appendix).

PropoOSITION 4.1: If L : TM — R is a Tonelli Lagrangian on the connected
manifold M, then, for t > 0, the cost ¢;;, : M x M — R associated to the
Lagrangian L is continuous, bounded from below, and satisfies conditions (i)
and (ii) of Theorem 3.2.

Proof. Since L is a Tonelli Lagrangian, observe that L is bounded below by C|
where C is the constant given in condition (c) of Definition B.4. Hence the cost
¢t,1, is bounded below by tC. By Theorem B.19 of the appendix, the cost ¢,
is locally semi-concave, and therefore continuous. Moreover, we can now apply
Proposition A.17 of the appendix to conclude that ¢; 1, satisfies condition (i) of
Theorem 3.2.

The twist condition (ii) of Theorem 3.2 for ¢, 1, follows from Lemma B.22 and
Proposition B.23. |



Vol. 175, 2010 OPTIMAL TRANSPORTATION ON MANIFOLDS 17

For costs coming from Tonelli Lagrangians, applying the main Theorem 3.2,
and its Complement 3.4 we obtain

THEOREM 4.2: Let L be a Tonelli Lagrangian on the connected manifold M.
Fix t > 0, p,v a pair of probability measure on M, with p giving measure
zero to countably (n — 1)-Lipschitz sets, and assume that the infimum in the
Kantorovitch problem (4) with cost ¢ 1, is finite. Then there exists a uniquely
p-almost everywhere defined transport map T : M — M from p to v which is
optimal for the cost ¢, 1,. Moreover, any plan -y € II(u, v), which is optimal for
the cost ¢ 1, verifies y(Graph(T')) = 1.

If u is absolutely continuous with respect to Lebesgue measure, and (p, 1)) is
a ¢, -calibrated subsolution for (u,v), then we can find a Borel set B of full
© measure, such that the approximate differential cixcp of ¢ at x is defined for
x € B, the map x — ngo is Borel measurable on B, and the transport map T
is defined on B (hence p-almost everywhere) by

T(x) = 7"y (2, dsp),

where m : T*M — M is the canonical projection, and ¢! is the Hamiltonian
flow of the Hamiltonian H associated to L.

We can also give the following description for T valid on B (hence p-almost
everywhere):

T(2) = 7oLz, grad. (o)),

—~ L
where ¢! is the Euler-Lagrange flow of L, and x — grad, () is the measurable
vector field on M defined on B by

L .
O (0, () = .

Moreover, for every x € B, there is a unique L-minimizer ~ : [0,t] — M, with
— L

7(0) = z,7(t) = T(x), and the curve v is given by v(s) = n¢~(z, grad, (¢)), for

0<s<t.

Proof. The first part is a consequence of Proposition 4.1 and Theorem 3.2.
When p is absolutely continuous with respect to Lebesgue measure, we can
apply Complement 3.4 to obtain a Borel subset A C M of full ;4 measure such
that, for every x € A, we have (z,T(z)) € D(AL, ) and

Ct,L

aCt_’L

o (z,T(x)) = —dgep.
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By Lemma B.22 and Proposition B.23, if (z,y) € D(AZCM), then there is a
unique L-minimizer v : [0,t] — M, with v(0) = z,v(¢) = y, and this minimizer
is of the form (s) = 7oL (2, v), where m : TM — M is the canonical projection,
and v € T, M is uniquely determined by the equation

aCt_’L o 78_L
al‘ (l‘,y) - 6’(} (1“’ U).

— L — L
Therefore T'(z) = wor (x, grad, (¢)), where grad, (¢) is uniquely determined by

— L 8Ct7L

OL (o grad (9)) = - 282 (2 7)) = d,

which is precisely the second description of T'. The first description of T" follows

from the second one, once we observe that
— L oL — L
Z(z, grad, (¢))) = (2, 5~ (@, grad, (¢)) = (2, doy)
o = Loglog™!

o =m,

where .Z : TM — T*M is the global Legendre Transform, see Definition B.8 of
the appendix. |

We now turn to the proof of Theorem 1.1, which is not a consequence of The-
orem 4.2 since the cost d” with » > 1 does not come from a Tonelli Lagrangian
for r # 2.

THEOREM 4.3: Suppose that the connected manifold M is endowed with a
Riemannian metric g which is complete. Denote by d the Riemannian distance.
If r > 1, and p and v are probability (Borel) measures on M, where u gives
measure zero to countably (n — 1)-Lipschitz sets, and

/ d"(z,xz0) dp(x) < oo and / d"(z,z0) dv(z) < 00
M M

for some given xy € M, then we can find a transport map T : M — M, with
Tyu = v, which is optimal for the cost d” on M x M. Moreover, the map T is
uniquely determined p-almost everywhere.

If p is absolutely continuous with respect to Lebesgue measure, and (p,)
is a calibrated subsolution for the cost d"(x,y) and the pair of measures (u,v),
then the approximate differential d~zgo of ¢ at x is defined p-almost everywhere,
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and the transport map T is defined u-almost everywhere by

grad, ()
T(x) = exp, —— ’
= o g E)

where the approximate Riemannian gradient g}\a/dg(go) of ¢ is defined by

— -
gx(gradw(go), ) = dyp,

and exp : TM — M is the exponential map of g on T M, which is globally
defined since M is complete.

Proof. We first remark that
d"(z,y) < [d(x,20) + d(z0,y)]" < [2max(d(z, z0), d(x0,y))]"
S 2" [d(l‘, 'TO)T + d(y7 xO)T]'

Therefore

/N @) dule)in(y) < /M 2 [d(, 20)" + d(y, 20)"] dyu(x)du(y)

= 2"/ d"(x, zo) dp(x) + 2"/ d"(y,zo) dv(y)
M M
< 00,

and thus the infimum in the Kantorovitch problem (4) with cost d” is finite.

By Example B.5, the Lagrangian L, ,(z,v) = ||o||Z = g.(v,v)"/? is a weak
Tonelli Lagrangian. By Proposition B.24, the non-negative and continuous cost
d"(x,y) is precisely the cost c1, 1, ,. Therefore, this cost is locally semi-concave
by Theorem B.19. By Proposition A.17, this implies that d"(x,y) satisfies
condition (i) of Theorem 3.2. The fact that the cost d"(z,y) satisfies the left
twist condition (ii) of Theorem 3.2 follows from Proposition B.24. Therefore,
there is an optimal transport map T'.

If the measure p is absolutely continuous with respect to Lebesgue mea-
sure, and (p,%) is a calibrated subsolution for the cost d"(z,y) and the pair
of measures (u,v), then by Complement 3.4, for p-almost every x, we have
(z,T(x)) € D(Aimw), and

Pt (4, () = ~d.

Since (z,T(z)) is in D(A! ), it follows from Proposition B.24 that T'(z) =

Cl,L,.’g

¢ (z,v,), where m : TM — M is the canonical projection, the flow ¢{ is the
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geodesic flow of g on TM, and v, € T, M is determined by

e n,, 0L, g4

Oz (ac,T(x)) = v (xavw)a
or, given the equality above, by
0L, 4 ~

W(%%) = dz¢p.
Now the vertical derivative of L, 4 is computed in Example B.5

0 (5 ) = rlolly g0, ).

Hence v, € T, M is determined by
_ = —9g
THUIH; QQJ(U;w ) =d;p = gz(gradz(@)7 )
This gives the equality
|r72
-

-—.9
rllvz || "ve = grad, (v),

from which we easily get

-—_ g
_ grad, (¢)
r/ (=) grad, ()| /7Y

Therefore

9
. grad, (¢)
P/ grady ()67

).

By definition of the exponential map exp : TM — M, we have exp,(v) =
w¢? (z,v), and the formula for T'(z) follows. |

5. The interpolation and its absolute continuity

For a cost ¢;,;, coming from a Tonelli Lagrangian L, Theorem 4.2 shows not only
that we have an optimal transport map 7T but also that this map is obtained
by following an extremal for time t. We can therefore interpolate the optimal
transport by maps Ts where we stop at intermediary times s € [0,¢]. We will
show in this section that these maps are also optimal transport maps for costs
coming from the same Lagrangian. Let us give now precise definitions.

For the rest of this section, we consider L a Tonelli Lagrangian on the con-
nected manifold M. We fix t > 0 and po and py two probability measures on
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M, with po absolutely continuous with respect to Lebesgue measure, and such
that

min {/ cn(x,y) d’y(z,y)} < +o0.
YE(po,pt) MxM

We call T} the optimal transport map given by Theorem 4.2 for (¢t 1., po, pir). We
denote (¢p,1) a fixed (ct,1,V¢)-calibrated pair. Therefore v, = (Idas XTy)4p0 is
the unique optimal plan from pg to p;. By Theorem 4.2, we can find a Borel
subset B C M such that:

e the subset B is of full yg measure;

e the approximate differential chp exists for every x € B, and is Borel
measurable on B;

e the map T; is defined at every x € B, and we have

Ty(x) = noF(z, grad, (),

where ¢} is the Euler-Lagrange flow of L, 7 : TM — M is the canonical

—~ L
projection, and the Lagrangian approximate gradient x — grad, (¢))
is defined by

— L -
(z,grad, (¢)) = dz;

v

0
e for every x € B, the partial derivative a—c(ac,Tt(ac)) exists, and is
x
uniquely defined by
0 ~
8—;($,Tt($)) = —dyp;

o for every x € B there exists a unique L-minimizer v, : [0,t] — M
between  and T3(x). This L-minimizer v, is given by

7(s) = w0k (z, grad, (9) Vs € [0, 1]
e for every x € B, we have
O(Ti(z)) — p(x) = ez, Ti(x)).

For s € [0,¢], we can therefore define an interpolation Ty : M — M defined on
B, and hence po almost everywhere, by

To(z) = 7a(s) = 76L (z, grad, (¢)).

Each map T is Borel measurable. In fact, since the global Legendre transform
is a homeomorphism and the approximate differential is Borel measurable, the
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Lagrangian approximate gradient gr,;/dL(ga) is itself Borel measurable. More-
over, the map ¢ : TM — M is continuous, and thus Ty is Borel measurable.
We can therefore define the probability measure ps = Toxpo on M, ie., the
measure ps is the image of pg under the Borel measurable map 7.

THEOREM 5.1: Under the hypotheses above, the maps T satisfy the following
properties:
(i) For every s €]0,t], the map T is the (unique) optimal transport map
for the cost ¢, 1, and the pair of measures (o, fis)-
(ii) For every s €]0,t], the map Ty : B — M is injective. Moreover, if
we define s (x,y) = cs,(y,x), the inverse map T, ' : T4(B) — B
is the (unique) optimal transport map for the cost ¢ and the pair
of measures (s, (o), and it is countably Lipschitz (i.e., there exist a
Borel countable partition of M such that T, ! is Lipschitz on each set).
(iii) For every s €]0,t[, the measure ps = Tsupo is absolutely continuous
with respect to Lebesgue measure.
(iv) For every s €]0,t[, the composition T, = T,T; " is the (unique) optimal
transport map for the cost ¢;—s 1, and the pair of measures (fis, it ), and
it is countably Lipschitz.

Proof. Fix s €]0,¢[. It is not difficult to see, from the definition of ¢ 1, that
(1) eon(x,y) <csrn(z,y) +c—s,n(y,2), Vz,y,z€ M,
and even that

ei(x,z) = yig]fw cs.n(z,y) + s, 1(y,2) Va,z € M.

If v : [a,b] — M is an L-minimizer, the restriction 7|[. 4 to a subinterval
[c,d] C [a,b] is also an L-minimizer. In particular, we obtain

Ch—a,.(7(a), V(b)) = Cs—a,L((a),7(s)) + cb—s,.(7(s),7(b)) Vs €a, b].
Applying this to the L-minimizer v,, we get
(2) enn(x, Ti(x)) = co,n(x, Ts(2)) + ci—s,0(Ts(x), Ti(x)) Vz € B.
We define for every s €]0,t[, two probability measures 7s,%s on M x M, by

Ys = (Idl\/f >~<115)#,“’0 and :YS = (Ts;(Tt)#MOa
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where Idy; xT, and Ty xT; are the maps from the subset B of full o measure
to M x M defined by

(Idpr xTs)(z) = (2, Ts(2)), (TsxTy)(x) = (Ts(z), Ty(z)).

Note that the marginals of 7, are (po, fts), and those of 45 are (us, pt). We claim
that cg 1 (z,y) is integrable for 7, and %,_,. In fact, we have C' = infppr L >
—00, hence ¢, 1, > Cr. Therefore, equality (2) gives

let.p(@,Ti(x)) — Ct] = [es,(x, Ts(w)) — Cs] + [c1—s,(Ts(2), Ti(2)) — C(t = s)]
Vx € B.

Since the functions between brackets are all non-negative, we can integrate this
equality with respect to po to obtain

/ [Ct,L('ra y) — Ct] dyt
MxM

:/ [%ﬂ%@*“ﬁ%+/ ler—en(,y) — C(t — 5)] i,
M x M

MxM

But all numbers involved in the equality above are non-negative, all measures
are probability measures, and the cost ¢, 1, is 7; integrable since +y, is an optimal
plan for (¢, 1, po, f¢), and the optimal cost of (¢, 1, po, pit) is finite. Therefore,
we obtain that ¢, 1, is vs-integrable, and ¢,—g 1 is 4s-integrable.

Since by definition of a calibrating pair we have ¢ > —oo and ¥ < +00
everywhere on M, we can find an increasing sequence of compact subsets K,, C
M with ,, K, = M, and we consider V,, = K,,N{yp > —n}, V;, = K,,N{¢ < n},
so that J,, V., =U,, V), = M.

We define the functions @7, 97 : M — R by

V) = I 9l) +eanl2), A= P U(E) — ennls3)
where (¢,1) is the fixed ¢ p-calibrated pair. Note that 7 is bounded
from below by —n + tinfprp, L > —oo. Moreover, the family of functions
(©(2) + ¢s,.(2,-))zev, is locally uniformly semi-concave with a linear modulus,
since this is the case for the family of functions (cs,1(Z,-))zev:, by Theorem B.19
and Proposition A.17. It follows from Proposition A.16 that ¢ is semi-concave
with a linear modulus. A similar argument proves that —¢? is semi-concave
with a linear modulus. Note also that, since V,, and V, are both increasing
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sequences, we have ¢ > ¢t and ¢! > o7 for every n. Therefore, we can
define ¢, (resp., ¥5) as the pointwise limit of the sequence ¥

Using the fact that (¢, 1)) is a ¢, -subsolution, and inequality (1) above, we
obtain

Y(y) — ct—s,L(2,y) < (@) + cs,(2,2) Vo,y,z€ M.
Therefore we obtain for x € V,,,y € V), z € M
(3) YY) — ct—s,L(2,9) < 0L(2) < ps(2) < Ps(z) <YL (2) < p(x) + cs,0(3, 2).

Inequality (3) above yields

(4) 1/’(?/) - ths,L(zay) S SDS(Z) S 1/15(2) S 50(1‘) + CS,L(xvz) VIE,y,Z S M.

In particular, the pair (¢,1) is a cs -subsolution, and the pair (¢s,%) is a
¢i—s,r-subsolution. Moreover, ¢, ¥s, ¢, and 1) are all Borel measurable.
We now define
B, =BnV,NnT, Y (V)),
so that |J,, B, = B has full pio-measure.
If x € By, it satisfies © € V,, and Ti(z) € V,!. From Inequality (3) above, we
obtain

(Ti(2)) = ers,n(Ts(2), Te(2)) < @5 (Ts(2)) < 0s(Ts(2)) < s (Ts(@))
<9 (Ts(x)) < p(@) + ¢s,0(2, Ts())
Since B,, C B, for z € By, we have ¢(Ti(x)) —¢(z) = ¢t,1.(x, Ty(z)). Combining

this with equality (2), we conclude that the two extreme terms in the inequality
above are equal. Hence, for every x € B,,, we have

U(Te(2)) = ctms,0(Ts(@), Te(x)) = 5 (Ts(2)) = @s(Ts(x)) = s(Ts(x))
() = ¢ (Ts(x)) = ¢(z) + ¢s,.(x, Ts(2)).
In particular, we get
¥s(Ts(x)) = o(x) + cs,L(2, Ts(x)) Yz e B,
or equivalently
¥s(y) —@(x) = cs,L(x,y)  for ys-ae. (z,y).

Since (p,¥s) is a (Borel) ¢, r-subsolution, it follows that the pair (¢,1)s) is
(¢s,1,7s)-calibrated. Therefore, by Theorem 2.3 we get that v = (Idar xTs) o
is an optimal plan for (cs 1, fto, fts). Moreover, since c¢s 1, is vs-integrable, the
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infimum in the Kantorovitch problem (4) in Theorem 3.2 with cost ¢, r, is finite,
and therefore there exists a unique optimal transport plan. This proves (i).
Note for further reference that a similar argument, using the equality

w(Tt(l‘)) = (PS(TS(‘Z')) + Ct—s,L(Ts(-r)yTt(l‘)); Vr € B,

which follows from equation (5) above, shows that the measure 45 = (Ts xT}) 410
is an optimal plan for the cost ¢;—s 1, and the pair of measures (ps, fi¢)-

We now want to prove (ii). Since B is the increasing union of B, = BNV, N
T, *(V/!), it suffices to prove that Ty is injective on B, and that the restriction
T, ' 1, (B,) is locally Lipschitz on Ty(B,).

Since B,, C V,, by Inequality (3) above we have

(6) oM (y) <Yr(y) < o(x) + csn(x,y) Vo € By,,Vy € M.

Moreover, by Equality (5) above
(7) o5 (Ts(x)) = g (Ts(x)) = o(x) + c5,.(x,Ts(w)) Va € By,

In particular, we have ¢7 < 9 everywhere with equality at every point of
T5(B,). As we have said above, both functions ¢ and —¢? are locally semi-
concave with a linear modulus. It follows, from Theorem A.19, that both
derivatives d, ", d, 9" exist and are equal for z € Ts(B,). Moreover, the map
z = dyot = d " is locally Lipschitz on Ts(B,,). Note that we also get from
(6) and (7) above that for a fixed x € B,,, we have ¢ < p(x) + ¢, (x,-) every-
where with equality at T,s(x). Since ¢, is semi-convex, using that ¢, 1 (z,-) is

semi-concave, again by Theorem A.19, we obtain that the partial derivative
Ocs,

ByL
dr, ()% = dp,(z)¥%. Since v, : [0,t] — M is an L-minimizer with ~,(0) = =

and v;(s) = Ts(x), it follows from Corollary B.20 that

805,L oL

dr, ()05 = a—y(z,Ts(z)) = %(%(5)7%(5))-

(x,Ts(x)) of ¢s,z with respect to the second variable exists and is equal to

Since 7, is an L-minimizer, its speed curve is an orbit of the Euler-Lagrange
flow, and therefore

(Ts(l‘)a de(z)w:) = g((’yw(s)a 'YJ(S)) = ,,E,ﬁqﬁf (’YJ(O)) ,YI(O))
and

x =7t LT (x), dr, (o)1))-
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It follows that T is injective on B,, with inverse given by the map 6,, : Ts(B,) —
B,, defined, for z € Ts(B,), by

0, (2) = 7o L7z, dyT).

Note that the map 6, is locally Lipschitz on Tg(B,,), since this is the case for
z + d,", and both maps ¢Z_, . #~1 are C!, since L is a Tonelli Lagrangian.
An analogous argument proves the countably Lipshitz regularity of T, = T, Tt
in part (iv). Finally the optimality of T, ! simply follows from

min {/ cs,L(fﬂ,y)dv(ﬂc,y)}= min {/ cs,L(fc,y)dv(w,y)}
YE (s ,po0) MxM YE (po,ps) MxM
~ [ ol L) duole)
M

:/ Co,.(y, T () s (y).-
M

Part (iii) of the theorem follows from part (ii). In fact, if A C M is Lebesgue
negligible, the image T, }(Ts(B) N A) is also Lebesgue negligible, since T, ! is
countably Lipschitz on Ts(B), and therefore sends Lebesgue negligible subsets
to Lebesgue negligible subsets. It remains to note, using that B is of full po-
measure, that p5(A) = Tsppo(A) = po(T, H(Ts(B) N A)) = 0.

To prove part (iv), we already know that 4, = (TsxTy)4p0 is an optimal
plan for the cost ¢;—s 1, and the measures (us, p). Since the Borel set B is of
full po-measure, and Ts : B — Ty(B) is a bijective Borel measurable map, we
obtain that T, ! is a Borel map, and po = T} ps. Tt follows that

As = (Idpr XTyT5Y) s

Therefore, the composition 737! is an optimal transport map for the cost
¢i—s,r, and the pair of measures (ps, i¢), and it is the only one since ¢;—s 1,
is As-integrable and p, is absolutely continuous with respect to the Lebesgue

measure. [ |

Remark 5.2: We observe that, in proving the uniqueness statement in parts (i)
and (iv) of the above theorem, we needed the full generality of Theorem 4.2.
Indeed, assuming

/ c,n(z,y) dpo(x)dpe (y) < +oo,
M x M
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there is a priori no reason for which the two integrals

/ a.1.(@,y) dpto(@)dpa(y), / 1m0 () dpia () e (v)
M x M M x M

would have to be finite. So the existence and uniqueness of a transport map
in Theorem 3.2 under the integrability assumption on ¢ with respect to y ® v
instead of assumption (iv) would not have been enough to obtain Theorem 5.1.

Remark 5.3: We remark that, if both pg and p; are not assumed to be abso-
lutely continuous, and therefore no optimal transport map necessarily exists,
one can still define an “optimal” interpolation (us)o<s<: between po and py
using some measurable selection theorem; see [42, Chapter 7]. Then, adapting
our proof, one still obtains that, for any s € (0,t), there exists a unique optimal
transport map Ss for (Cs,r, fts, fto) (resp., a unique optimal transport map S,
for (¢i—s 1, ts, tit)), and this map is countably Lipschitz.

We also observe that, if the manifold is compact, our proof shows that the
above maps are globally Lipschitz; see [7].

Appendix A. Semi-concave functions

We give the definition of semi-concave function and recall their principal prop-
erties. The main reference on semi-concave functions is the book [13].
We first recall the definition of a modulus (of continuity).

Definition A.1 (Modulus): A modulus w is a continuous non-decreasing func-
tion w : [0,400) — [0,400) such that w(0) = 0.

We will say that a modulus is linear if it is of the form w(t) = kt, where
k > 0 is some fixed constant.

We will need the notion of superdifferential. We define it in an intrinsic way
on a manifold.

Definition A.2 (Superdifferential): Let f : M — R be a function. We say that
p € T:M is a superdifferential of f at z € M, and we write p € D f(z),
if there exists a function g : V' — R, defined on some open subset U C M

containing x, such that g > f, g(z) = f(x), and g is differentiable at « with
dzg =D-
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We now give the definition of a semi-concave function on an open subset of

a Euclidean space.

Definition A.3 (Semi-concavity): Let U C R™ open. A function f : U — R is
said to be semi-concave in U with modulus w (equivalently w-semi-concave)
if, for each x € U, we have

fy) = f(@) < ey — ) + ||y — zllw(ly — 2|)

for a certain linear form [, : R — R.

Note that necessarily I, € DT f(x). Moreover we say that f : U — R is
locally semi-concave if, for each x € U, there exists an open neighborhood
of x in which f is semi-concave for a certain modulus.

We will say that the function f : U — R is locally semi-concave with a linear
modulus if, for each z € U, we can find an open neighborhood V, such that the
restriction f|y, is w-semi-concave, with w a linear modulus.

ProposITION A.4: 1) Suppose f; : U — R,i = 1,...,k is w;-semi-concave,
where U is an open subset of R™. Then we have:
(i) for any aq,...,a > 0, the functions Zle a; fi is (Zle ;w;)-semi-
concave on U.
(ii) the function minf_, f; is (max¥_, w;)-semi-concave.

2) Any C! function is locally semi-concave.

Proof. The proof of 1)(i) is obvious. For the proof of (ii), we fix z € U and find
io € {1,...,k} such that min®_, f;(z) = fi, (). Since f;, is w;,-semi-concave,

we can find a linear map [, : R™ — R such that

fio (W) = fig (@) < la(y — ) + |y = xflwis (ly — zl)) vy € U.

It clearly follows that
k k k
min f;(y) —min fi(w) < lo(y —2) + [ly — @ maxwi(ly —z[)) vy eU.

To prove 2), consider an open convex subset C' with C' compact and contained
in U. By compactness of C' and continuity of  — d, f, we can find a modulus
w, which is a modulus of continuity for the map = — d,f on C. The Mean
Value Formula in integral form

1

f) - fz) = /0 dros -y f(y — ) dt,
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which is valid for every y,z € C implies that

fly) = f(2) <defly —2) + ly = zl|w(lly —z[) Yo,y U

Therefore f is w-semi-concave in the open subset C. |

We now state and prove the first important consequences of the definition of

semi-concavity.
LEMMA A.5: Suppose U is an open subset of R". Let f : U — R be an
w-semi-concave function. Then we have:

(i) for every compact subset K C U, we can find a constant A such that
for every x € K, and every linear form I, on R™ satisfying

vyeU, fy)=fz)<{ay—2) + |y —zfwlly -],

we have ||l;|| < 4;
(ii) the function f is locally Lipschitz.

Proof. From the definition, it follows that a semi-concave function is locally
bounded from above. We now show that f is also locally bounded from below.

Fix a (compact) cube C contained in U and let {y1,...,y2n } be the vertices of
the cube. Then, for each x € C, we can write x = ), ay;, with ), a; = 1. By
the semi-concavity of f we have, for each i =1,...,2",

fyi) = (@) < (o, yi — @) + llyi — zllw(lly: — 2]);

multiplying by a; and summing over ¢, we get
D aif() < f)+ > aillys — zllw(llys — =) < f(=) + B,

with B = Dew(D¢), where D¢ is the diameter of the compact cube C. It
follows that

f(z) > min f(y;) — B VxeC.
We now know that f is locally bounded. Using this fact, it is not difficult to
show (i). In fact, suppose that the closed ball B(aco, 2r),r < 400, is contained

in U. For x € B(zo,r), we have z — rv € B(zg,2r) C U for each v € R" with
|[v]| =1, and therefore

[l =rv) = f(2) < ({la; =ro) + [|=roflw(||=rol]) = =1, v) + rw(r).
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Since, by the compactness of B(aco, 2r), we already know that

B= sup |f(2)|
z€B(z,2r)

is finite, we have

TR ZT@ =10 4 oy < 22 4 wpm)

<ZI)U> <

It follows that, for € B(zq, ),

2B
L] < — +w(r).

Since the compact set K C U can be covered by a finite numbers of balls
B(xi,7),i=1,...,¢, we obtain (i).

To prove (ii), we consider a compact subset K C U and apply (i) to obtain
the constant A. We denote by Dg the (finite) diameter of the compact set K.

For each z,y € K,

Fy) = f(@) < (lay —2) + [ly = zllw(ly = zl) < ([l + ©(Dx)) [y — «|
< (A+w(Dk))lly — |-

Exchanging the role of x and y, we conclude that f is Lipschitz on K. ]

Let us recall that a Lipschitz real valued function defined on an open subset
of a Euclidean space is differentiable almost everywhere (with respect to the
Lebesgue measure). Therefore, by part (i) of Lemma A.5 above we obtain the
following corollary:

COROLLARY A.6: A locally semi-concave real valued function defined on an
open subset of a Euclidean space is differentiable almost everywhere with respect
to the Lebesgue measure.

In fact, in the case of semi-concave functions there is a better result which is
given in Theorem A.8 below, whose proof can be found in [13, Section 4.1]. Let
us first give a definition:

Definition A.7: We say that E C R™ is countably (n — 1)-Lipschitz if there
exists a countable family of compact subsets K; is a compact subset of R such
that:

(i) E is contained in (J; Kj;
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(ii) for each j there exists a hyperplane H; C R" = H; @ Hjl, where H]l
is the Euclidean orthogonal of H;, such that K is contained in the
graph of a Lipschitz function f; : 4; — H]J- defined on a compact
subset A; C H;.

Note that in the definition above, by the graph property (ii), the compact
subset K has finite (n — 1)-dimensional Hausdorff measure. Therefore, any
(n—1)-Lipschitz set is contained in a Borel (in fact o-compact) (n—1)-Lipschitz
set with o-finite (n — 1)-dimensional Hausdorff measure.

THEOREM A.8: If ¢ : U — R is a semi-concave function defined on the open
subset U of R", then y is differentiable at each point in the complement of a
Borel countably (n — 1)-Lipschitz set.

In order to extend the definition of locally semi-concave to functions defined
on a manifold, it suffices to show that this definition is stable by composition
with diffeomorphisms.

LEMMA A.9: Let U,V C R"™ be open subsets. Suppose that F': V — U is a
C! map. If f : U — R is a locally semi-concave function then fo F : V — R
is also locally semi-concave. Moreover, if F is of class C?, and f : U — R is a
locally semi-concave function with a linear modulus, then fo F : V — R is also
locally semi-concave with a linear modulus.

Proof. Since the nature of the result is local, without loss of generality we can
assume that f : U — R is semi-concave with modulus w. We now show that,
for every V' convex open subset whose closure V' is compact and contained
in V, the restriction f o Flys : V/ — R is a semi-concave function. We set
Cy, = max,cy||D.F| and denote by &y, a modulus of continuity for the
continuous function z — D, F on the compact subset V.

For each z,y in the compact convex subset V' C V, we have

f(FW) = f(F(2) <{p@), Fy) = F) + [|1F(y) = F@)|w(F(y) - F)])
<(p(2), DF@)(y — ) + lp@)ll@v (ly — z[)lly — |
+ Cyilly = #l|lw(Cy lly — ]));

Since F(V') is a compact subset of U we can apply part (i) of Lemma A.5
to obtain that Cy = supy ||lp(e) || is finite. This implies that f o F on V' is
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semi-concave with the modulus

(:J('r) = 0‘7/(:}‘7/ (T) + CV/W(CV/T)

If F is C?, then its derivative DF is locally Lipschitz on U, and we can assume
that &y, is a linear modulus. Therefore, if w is a linear modulus, we obtain
that @ is also a linear modulus. |

Thanks to the previous lemma, we can define a locally semi-concave function
(resp., a locally semi-concave function for a linear modulus) on a manifold, as a
function whose restrictions to charts is, when computed in coordinates, locally
semi-concave (resp., locally semi-concave for a linear modulus). Moreover, it
suffices to check this locally semi-concavity in charts for a family of charts
whose domains of definition cover the manifold. It is not difficult to see that
Theorem A.8 is valid on any (second countable) manifold, since we can cover
such a manifold by the domains of definition of a countable family of charts.

Now we want to introduce the notion of uniformly semi-concave family of

functions.

Definition A.10: Let f; : U — R, i € I, be a family of functions defined on
an open subset U of R™. We will say that the family (f;);cs is uniformly w-
semi-concave, where w is a modulus of continuity, if each f; is w-semi-concave.
We will say that the family (f;);cs is uniformly semi-concave if there exists
a modulus of continuity w such that the family (f;);cs is uniformly w-semi-
concave. We will say that the family (f;);es is uniformly semi-concave with
a linear modulus, if it is uniformly w-semi-concave, with w of the form ¢ — kt,
where k is a fixed constant.

THEOREM A.11: Suppose that f; : U — R, i € I, is a family of functions
defined on an open subset U of R™. Suppose that this family (f;)ics is uniformly
w-semi-concave, where w is a modulus of continuity. If the function

f(2) = in fi(2)

iel
is finite everywhere on U, then f : U — R is also w-semi-concave.

Proof. Fix zp € U. We can find a sequence i,, such that f; (zo) \, f(z¢) > —o0.
We choose a cube C' C U with center xg. Call y1,...,ysn the vertices of C. By
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the argument in the beginning of the proof of Lemma A.5, we have

min fi(y;) < fi(wo) + Dow(De) Va e C, Viel,

1<y<2n

where D¢ is the diameter of the compact cube C. Using the fact that f(y;) =
inf,er fi(y;) is finite, it follows that there exists A € R such that

file) > A VzxeC, Viel.
Choose now ¢ > 0 such that B(aco, g) Cc C. If l; : R — R is a linear form such
that

fily) < fi(zo) + (li,y — xo) + [ly — zollw([ly — zol]) Vy €U,

we obtain that, for every v € R™ of norm 1,

A < fi(xo) + (l;, ev) + ew(e).

Since f; (x0) \u f(zo), we can assume f; (x9) < M < +oo for all n, that
implies

M—-A
13,1l <

+ w(e) < oo.
Up to extracting a subsequence, we can assume [;, — [ in R™*, the dual space
of R™. Then, as for every y € U we have f(y) < fi (y), passing to the limit in
n in the inequality

F(w) < Finw0) + sy = 20) + Iy = wollo(lly = ),
we get

f(y) < f(zo) + Ly — x0) + lly — zollw(lly — zol)-

Since xg € U is arbitrary, this concludes the proof. ]

Before generalizing the notion of uniformly semi-concave family of functions
to manifolds, let us look at the following example.

Example A.12: For k € R, define fi : R — R as fi(z) = kz. It is clear that the
family (fx)rer is w-semi-concave for every modulus of continuity w. In fact

fe(y) = fr(x) = k(y —z) < k(y —2) + |y — z|w(ly — z|),
since w > 0. Consider now the diffeomorphism ¢ : R% — R%, p(z) = 22
Then there does not exist a non-empty open subset U C R* | and a modulus of

continuity w, such that the family (fx o ¢|v)ker is (uniformly) w-semi-concave.
Suppose in fact that

frow(y) = frop(x) <l(y — ) + |y — zlw(ly — z),
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where [, depends on k but not w. Since fj o ¢ is differentiable we must have
l.(y—x) = (frop) (x)(y — z) = 2kx(y — x). Therefore, we should have

ky® — ka® < 2ka(y — x) + |y — zlw(ly — z|).
Fix z,y € U, with y # = and set h =y — . Then

kh? < [Rluw(|h]) = k < % vk,

that is obviously a contradiction.

Therefore, the following is the only reasonable definition for the notion of a
uniformly locally semi-concave family of functions on a manifold.

Definition A.13: We will say that the family of functions f; : M — R, i € I,
defined on the manifold M, is uniformly locally semi-concave (resp., with
a linear modulus), if we can find a cover (Uj);ecs of M by open subsets, with
each U; domain of a chart ¢, : U; — V; C R" (where n is the dimension of M),
such that for every j € J the family of functions (f; o gpj_l)ie 7 is a uniformly
semi-concave family of functions on the open subset V; of R™ (resp., with a
linear modulus).

The following corollary is an obvious consequence of Theorem A.11.

COROLLARY A.14: If the family f; : M — R, i € I is uniformly locally semi-
concave (resp., with a linear modulus) and the function

f(z) = inf fi(z)
is finite everywhere, then f : M — R is locally semi-concave (resp., with a linear
modulus).

Definition A.15: Suppose ¢ : M x N — R is a function defined on the product
of the manifold M by the topological space N. We will say that the family
of functions (c(-,y))yen is locally uniformly locally semi-concave (resp.,
with a linear modulus), if for each ygp € N we can find a neighborhood Vj of
yo in N such that the family (c(-,y))yev, is uniformly locally semi-concave on
M (resp., with a linear modulus).

PROPOSITION A.16: Suppose ¢ : M x N — R is a function defined on the
product of the manifold M by the topological space N, such that the family
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of functions (c(+,y))yen is locally uniformly locally semi-concave (resp., with a
linear modulus). If K C N is compact, and the function

@) = inf c(a.y)

is finite everywhere on U, then fr : U — R is locally semi-concave on M (resp.,
with a linear modulus).

Proof. By compactness of K, we can find a finite family V;,7 = 1,...,£ of
open subsets of N such that K C Ule Vi, and for every i = 1,...,¢, the
family (c(-, y))yev; is locally uniformly locally semi-concave (resp., with a linear
modulus). The function

file)= inf clx.y)

is finite everywhere on U, because f; > fx. It follows from Corollary A.14 that
fi is locally semi-concave on M (resp., with a linear modulus), for i = 1,...,¢.
Since fx = minf:1 fi, we can apply part (ii) of Proposition A.4 to conclude

that fx has the same property. |

PROPOSITION A.17: Ifc: M x N — R is a locally semi-concave function (resp.,
with a linear modulus) on the product of the manifolds M and N, then the
family of functions on M (c(-,y))yen is locally uniformly locally semi-concave
(resp., with a linear modulus).

Proof. We can cover M x N by a family (U; x Wj)cr jes of open sets with
U; open in M, W; open in N, where U; is the domain of a chart ¢; : U; =
Ui C R™ (where n is the dimension of M) and W; is the domain of a chart
Y : W; == W; C R™ (where m is the dimension of M), and such that

(%,9) — c (o (@), ¥; (@)

is w; j-semi-concave on U; x Wj, for some modulus w; ;. It is then clear that
the family

(clo; (@), 05 () gew,
|

is uniformly locally w; ;j-semi-concave on U;.

The following corollary is now an obvious consequence of Propositions A.17
and A.16.
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COROLLARY A.18: Suppose ¢: M x N — R is a locally semi-concave function
(resp., with a linear modulus) on the product of the manifolds M and N. Let
K be a compact subset of N. If the function

ficla) = inf c(zy)

is finite everywhere on U, then fx : U — R is locally semi-concave (resp., with
a linear modulus).

We end this section with another useful theorem. The proof we give is an
adaptation of the proof of [20, Lemma 3.8, page 494].

THEOREM A.19: Let 1,92 : M — R be two functions, with ¢, locally semi-
convex (i.e. —p1 locally semi-concave), and s locally semi-concave. Assume
that ¢1 < . If we define € = {x € M : p1(x) = pa(x)}, then both ¢1 and @9
are differentiable at each x € £ with d,p1 = dyp2 at such a point. Moreover,
the map x — dyp1 = dyp2 is continuous on &.

If ¢y is locally semi-convex and o is locally semi-concave, both with a linear
modulus, then, in fact, the map x — d,p1 = d,ps is locally Lipschitz on &.

Proof. Since the statement is local in nature, we will assume that M :IE% is the
Euclidean unit ball of center 0 in R™, and that —p; and 2 are semi-concave
with (common) modulus w. Suppose now that x € £. We can find two linear
maps U1 4,12, : R" — R such that

1(y) >

e1(z) +lho(y — o) = |y — lleucw(||y — 2leuc)
2(y) < pa(w) + 122 (y — @) + |y — Z[leucw(ly — 2[euc)-

Using 1 < @2, and ¢1(x) = pa(z), we obtain

hae(—2) =y = 2[leucw([ly — zlleuc) < p1(y) — ¢1(z)
< 2(y) — p2(2)
(1) <loz(y —2) + Iy — 2lleucw(l|y — T|lcuc)-

In particular, we get
he(y—2) = Iy = 2llevcw(lly = zllene) < l2a(y —2) + [y = Zllencw |y — leue),
replacing y by = + v with ||v||eue small, we conclude

ll,I(”) — [[v]lencw ([|v][enc) < 12,96(“) + [[v]leucw ([|vleuc)-



Vol. 175, 2010 OPTIMAL TRANSPORTATION ON MANIFOLDS 37

Therefore
2,0 — l1,2](0)] < 2[[vfleucw([|V]]euc),
for v small enough. Since I3, — l; , is linear it must be identically 0. We set
lgy =12y =114 Fori=1,2andy GI([JB, we obtain from (1)
(2) 0i(y) — @i(x) = la(y — o) < [ly = @llencw(lly = 2lleuc)-
This implies that ¢; is differentiable at x € £, with d,p; = [. It remains to show
the continuity of the derivative. Fix r < 1. We now find a modulus of continuity
of the derivative on the ball r B. If y1,y2 €ENT IE%, and ||k]|euc < 1—r, we can
apply (2) three times to obtain
@1(y2) — @1(y1) — dy, 01(y2 — y1) < [ly2 = Yilleucw([[y2 — Y1 lleuc)
P1(y2 + k) — @1(y2) — dyo 1 (k) < [[Flleucw([IFlleuc)

—o1(y2 + k) + o1(y1) + dy,p1(y2 + k —y1)
< ly2 + &k — yillencw([ly2 + & — y1leuc)-
If we add the first two inequality to the third one, we obtain
[dy1901 - dyz@l](k) <lyz2 = yilleucw(ly2 — y1lleuc) + |Ellencw ([|5]leuc)
+ [||y2 - ylHeuc + ||k||euc]w(|‘y2 - y1||euc + ||k||euc);

which implies, exchanging k with —k, and using that the modulus w is non-
decreasing

|ldy, o1 = dy 1] (R)] < 2[[|y2 = Y1llene + [Fllenclwllye = y1llenc + [[Flleue)-

Since ||y2 — y1|leuc < 2, we can apply the inequality (3) above with any k such
that [|k|leuc = (1 — 7)|ly2 — y1|leuc/2. If we divide the inequality (3) by ||%||cuc,
and take the sup over all k such that ||k|lcue = (1 —7)||y2 — ¥1]leuc/2, we obtain

2 1—-7r
ldy, 01 — dy, o1 leuc < 2[1——7“ + 1}”((1 + T) 2 = y1lleuc)-

[e]
It follows that a modulus of continuity of = +— d;p; on £ Nr B is given by

: 6 —2r (S—Tt)
— w .
1—7r 2

[e]
This implies the continuity of the map = +— d,¢1 on £ENr B. It also shows that

it is Lipschitz on £ N7 B when w is a linear modulus. |
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Appendix B. Tonelli Lagrangians

B.1. DEFINITION AND BACKGROUND. We recall some of the basic definitions,
and some of the results in calculus of variations (in one variable). There are
many references on the subject. In [21], one can find an introduction to the
subject that is particularly suited for our purpose. Other references are [10]
and the first chapters in [35]. A brief and particularly nice description of the

main results is contained in [14].

Definition B.1 (Lagrangian): If M is a manifold, a Lagrangian on M is a
function L : TM — R. In the following we will assume that L is at least
bounded below and continuous.

Definition B.2 (Action): If L is a Lagrangian on M, for an absolutely continuous
curve v : [a,b] — M, a < b, we can define its action Ay (y) by

b
Ar(y) = / Liv(s), 4(s)) ds.

Note that the integral is well-defined with values in R U {400}, because L
is bounded below, and s — L(vy(s),%(s)) is defined a.e. and measurable. To
simplify notation, we set Ay (y) = o0 if v is not absolutely continuous.

Definition B.3 (Minimizer): If L is a Lagrangian on the manifold M, an ab-
solutely continuous curve v : [a,b] — M, with @ < b, is an L-minimizer, if
Ap(y) < Ap(0) for every absolutely continuous curve § : [a,b] — M with the
same endpoints, i.e. such that é(a) = v(a) and 6(b) = ~v(b).

Definition B.4 (Tonelli Lagrangian): We will say that L : TM — R is a weak
Tonelli Lagrangian on M, if it satisfies the following hypotheses:
(a) Lis Cl
(b) for each x € M, the map L(z,-) : T, M — R is strictly convex;
(c) there exist a complete Riemannian metric ¢ on M and a constant
C > —oo such that

L(z,v) > ||v|le + C V(z,v) € TM,

where ||| is the norm on T, M obtained from the Riemannian metric
g;

(d) for every compact subset K C M the restriction of L to TxM =
U.ex TwM is superlinear in the fibers of TM — M: this means that
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for every A > 0, there exists a constant C'(A4, K) > —oo such that
L(z,v) > A|jv]l. + C(A, K) V(z,v) € Tk M.

We will say that L is a Tonelli Lagrangian, if it is a weak Tonelli Lagrangian,
and satisfies the following two strengthening of conditions (a) and (b) above:
(a’) Lis C?%
(b’) for every (x,v) € TM, the second partial derivative ng’;(x,v) is posi-
tive definite on T, M.

Above a compact subset of a manifold all Riemannian metrics are equiva-
lent. Therefore, if condition (d) in the definition is satisfied for one particular
Riemannian metric, then it is satisfied for any other Riemannian metric.

Note that when L is a weak Tonelli Lagrangian on M, and U : M — R is
a C! function which is bounded below, then L + U, defined by (L + U)(x,v) =
L(z,v) + U(z) is a weak Tonelli Lagrangian. If, moreover, L is a Tonelli La-
grangian and U is C? and bounded below, then L + U is a Tonelli Lagrangian.
Therefore, one can generate a lot of (weak) Tonelli Lagrangians from the fol-
lowing simple example.

Example B.5: Suppose that g is a complete smooth Riemannian metric on M,
and r > 1. We define the Lagrangian L, 4 on M by
Lyg(a,0) = [[oll = go(v,0)"72.
1) Lg 4 is a Tonelli Lagrangian.
2) For any r > 1, the Lagrangian is C! and is a weak Tonelli Lagrangian.

In both cases, the Riemannian metric mentioned in condition (c) of Definition
B.4 is the same metric g.

Moreover, the vertical derivative of the Lagrangian L, 4 is given by

0L, 4
ov
Proof. Since r > 1 it is not difficult to check that L has (in coordinates) partial

derivatives everywhere with

(:L‘, v) = T||1)H;72g93(1), ')a

0L, 4
ox

0Ly 4
ov

(z,0) =0 and (x,0) =0,
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and that these partial derivatives are continuous. Therefore L is C!. A simple
computation gives

oL, :

s (1, ) = ol 2000, ).
We now prove condition (c¢) and (d) of Definition B.4 at once. In fact, if A is
given, we have

Lyg(z,0) = [lo]ly = Aljv)ls — A7

as on can see by considering separately the two cases [|v]|771 > A and |Jv]|771 <
A. The rest of the proof is easy. |

The completeness of the Riemannian metric in condition (c) of Definition B.4
above is crucial to guarantee that a set of the form

F={yeC%a,b],M):~(a) € K, AL(y) < &},

where K is a compact subset in M, x is a finite constant and a < b, is compact
in the C° topology. In fact, condition (c) implies that the curves in such a set
F have a g-length which is bounded independently of . Since K is compact
(assuming M connected to simplify things) this implies that there exist xg € M
and R < +oo such that all the curves in F are contained in the closed ball
B(zo,R) = {y € M : d(z,y) < R}, where d is the distance associated to the
Riemannian metric g. But such a ball B(xg, R) is compact since g is complete
(Hopf-Rinow Theorem). From there, one obtains that the set F is compact in
the C° topology; see [10, Chapters 2 and 3].

The direct method in the Calculus of Variations, see [10, Theorem 3.7, page
114] or [21] for Tonelli Lagrangians, implies:

THEOREM B.6: Suppose L is a weak Tonelli Lagrangian on the connected man-
ifold M. Then for every a,b € R, a < b and every x,y € M, there exists
an absolutely continuous curve v : [a,b] — M which is an L-minimizer with

v(a) =z and v(b) = y.

In fact, in [10, Theorem 3.7, page 114], the existence of absolutely continuous
minimizers is valid under very general hypotheses on the Lagrangian L (the C!
hypothesis on L is much stronger than necessary). We now come to the problem
of regularity of minimizers which uses the C' hypothesis on L:

THEOREM B.7: If L is a weak Tonelli Lagrangian, then every minimizer
7 : [a,b] — M is Ct. Moreover, on every interval [ty,t] contained in a domain



Vol. 175, 2010 OPTIMAL TRANSPORTATION ON MANIFOLDS 41

of a chart, it satisfies the following equality written in the coordinate system

(EL) 52600 - Gt i) = [ ZE60).3)ds

v o

which is an integrated from of the Euler-lagrange equation. This implies that
OL/ov(v(t),+(t)) is a C* function of t with

d [OL oL
— | =—(v(¢),¥(t = —(v(¢),¥(t)).
7 |5e00.40)] = SE6w.40)

Moreover, if L is a C" Tonelli Lagrangian, with r > 2, then any minimizer is
of class C".

Proof. We will only sketch the proof. If L is a Tonelli Lagrangian, this theorem
would be a formulation of what is nowadays called Tonelli’s existence and reg-
ularity theory. In that case its proof can be found in many places, for example
[10], [14] and [21]. The fact that the regularity of minimizers holds for C! (or
even less smooth) Lagrangians is more recent. The fact that a minimizer is Lip-
schitz has been established by Clarke and Vinter, see [16, Corollary 1, page 77
and Corollary 3.1, page 90] (again, the hypothesis L is C! is stronger than the
one required in this last work). The same fact under weaker regularity assump-
tions on L has been proved in [3]. A short and elegant proof of the fact that a
minimizer for the class of absolutely continuous curves is necessarily Lipschitz
has been given by Clarke, see [15]. The key idea of why 4 should be bounded
is that the energy is conserved along absolutely continuous minimizers (this is
easy to prove for C! minimizers, see Corollary B.15) and the sublevels of the
energy are compact (see Proposition B.16).

Once one knows that v is Lipschitz, when L is C! it is possible to differentiate
the action, see [10], [14] and [21]; and, using an integration by parts, one can
show that v satisfies the following integrated form (IEL’) of the Euler-Lagrange
equation for almost every ¢ € [to, t1], for some fixed linear form c:

oL t oL

(IEL) 50030 =+ | SE0().4(s) ds.

But the continuity of the right hand side in (IEL’) implies that OL/dv(v(t),¥(t))
extends continuously everywhere on [to, t1]. Conditions (a) and (b) on L imply
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that the global Legendre transform

L:TM —T*M,
(2,0) = (2, 9 (2 2).
is continuous and injective, therefore a homeomorphism on its image by, for
example, Brouwer’s Theorem on the Invariance of Domain (see also Proposition
B.9 below). We therefore conclude that 4(¢) has a continuous extension to
[to,t1]. Since v is Lipschitz this implies that « is C!. Equation (IEL) follows
from (IEL’), which now holds everywhere by continuity. |

In fact, in this paper, we will only use the cases when L is C?, in which
case this regularity of minimizers will follow from the “usual” Tonelli regularity
theory, or when L is of the form L(z,v) = ||v|?, p > 1, where the norm
is obtained from a C? Riemannian metric, in which case the minimizers are
necessarily geodesics which are of course as smooth as the Riemannian metric,
see Proposition B.24 below.

To obtain further properties it is necessary to introduce the global Legendre

transform.

Definition B.8 (Global Legendre Transform): If L is a C' Lagrangian on the
manifold L, its global Legendre transform . : TM — T*M, where T*M
is the cotangent bundle of M, is defined by

Ll(x,v) = (:r g—i(z,v)).

ProposITION B.9: If L is a weak Tonelli Lagrangian on the manifold M, then
its global Legendre transform .& : TM — T*M is a homeomorphism from T M
onto T*M.

Moreover, if L is a C" Tonelli Lagrangian with r > 2, then . is C" 1.

Proof. We first prove the surjectivity of .. Suppose p € T, M. By condition
(d) in Definition B.4, we have

p(v) = L(z,v) < p(v) = ([pll= + Dloll.=C(lpllz + 1, {z})
< —[lvll.=Clplle + 1, {x}).

But this last quantity tends to —oo, as ||v||s— +oo. Therefore the continuous
function v +— p(v) — L(z, v) achieves a maximum at some point v, € T, M. Since
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this function is C?, its derivative at v, must be 0. This yields p—dL/0v(x, v,) =
0. Hence (z,p) = Z(z, vp).

To prove injectivity of .Z, it suffices to show that for v,v" € T, M, with v # v/,
we have OL/0v(x,v) # OL/0v(x,v"). Consider the function ¢ : [0,1] — R, ¢t —
L(z,tv+ (1 — t)v’), which by condition (b) of Definition B.4 is strictly convex.
Since it is C!, we must have ¢/(0) # ¢/(1). In fact, if that was not the case,
then the non-decreasing function ¢’ would be constant on [0, 1], and ¢ would
be affine on [0, 1]. This contradicts strict convexity. By a simple computation,
we therefore get

O ) =) = ¢0) # (1) = S, 0)(w — v,

This implies 0L /0v(x,v") # OL/0v(x,v). We now show that .Z is a homeomor-
phism. Since this map is continuous, and bijective, we have to check that it is
proper, i.e. inverse images under £ of compact subsets of T*M are (relatively)
compact. For this, it suffices to show that for every compact subset K C M,
and every C' < +00, the set

{(z,v) eTM :z € K, ‘g—i(ac,v)

<0

x

is compact. By convexity of v — L(z,v), we obtain

o (@ 0)) > Lia,v) — Lz, 0)

But ||OL/0v(x,v)||x > OL/Ov(x,v)(v/||v|:), therefore by condition (d) of Defi-
nition B.4, we conclude that

L
VA > 0,V(z,v) € Tk M, Hg—(x,v)
v

L2 A= O A)/|vlla].

Taking A = C + 1, we get the inclusion

oL
{(z,v)ETM.zEK, H%(z,v)HI§C’}
C{(z,v) eTM :z € K, ||v||. <C(K,C+1)},

and the compactness of the first set follows.

Suppose now that L is a C" Tonelli Lagrangian with » > 2. Obviously .
is C"~1. By the inverse function theorem, to show that it is a C"~! diffeomor-
phism, it suffices to show that the derivative is invertible at each point of T'M.
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But a simple computation in coordinates show that the derivative of £ at (z,v)

Id 0
%(m,v) gvé (z,v) )

This is clearly invertible by (b’) of Definition B.4. |

is given in matrix form by

Definition B.10: If L is a Lagrangian on M, we define its Hamiltonian H :
T*M — RU {400} by

H(z,p) = gl}lpMp(v) — L(z,v).

ProOPOSITION B.11: Let L be a weak Tonelli Lagrangian on the manifold M.

Its Hamiltonian H is everywhere finite valued and satisfies the following prop-
erties:

(a*) H is C', and in coordinates

Op
O (P (x,v)) = — 2L (z,v).

(b*) for each x € M, the map H(x,-): ToM — R is strictly convex;

(d*) for every compact subset K C M the restriction of H to Tj;M =
U.ex Ta M is superlinear in the fibers of T*M — M: this means that
for every A > 0, there exists a finite constant C*(A, K) such that

H(z,p) = Alpll + C*(A, K), V(z,p) € TgM.

In particular, the function H is a proper map, i.e. inverse images under
H of compact subsets of R are compact.

If L is a C" Tonelli Lagrangian with r > 2, then

(a*) H is C";

(b™) for every (x,v) € M, the second partial derivative %ZTI;I (x,p) is positive
definite on T} M.

Proof. To show differentiability, using a chart in M, we can assume that M = U
is an open subset in R™. Moreover, since all Riemannian metrics are equivalent
above compact subsets, replacing U by an open subset V' with compact closure
contained in U, we can assume that the norm used in (c) of Definition B.4 is the
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constant standard Euclidean norm ||-||euc on the second factor of TV = V x R™,
that is
L(z,v) > Al|v|leuc + C(4), Vz eV, YveR™,
where C(A) is a finite constant, and sup, - L(z,0) < C < +o0.
We have T*V =V x R™*, where R™* is the dual space of R™. We will denote
by |||leuc also the dual norm on R™* obtained from ||-|leyc on R™. We now fix
R > 0. If p € R™* satisfies ||p|leuc < R, we have

p(v) = L(z,v) < [[plleucl[v]leve = (B +1)[[v]leve = C(R+1)
< —[[vllewe = C(R+1).
Since L(z,0) < C for z € V, it follows that, for ||v|lewc > C — C(R + 1),
p(v) — L(z,v) < —=C < —L(z,0).
This implies
H(z,p) = sup p(v) — L(z,v) = sup p(v) = L(z,v),
vER™ [[9]lowe C—C(R+1)
Therefore, the sup in the definition of H(z,p) is attained at a point v(, ) with
lV(@p)llene < C —C(R+1). Note that this point v, ;) is unique (compare with
the argument proving that the Legendre transform is surjective). In fact, at
its maximum v(, ), the C! function v — p(v) — L(z,v) must have a derivative

equal to 0, and therefore
oL
p= %(l‘ﬂ)(w,p))'

This means (z,p) = £ (x,v(y,p)), but the Legendre transform is injective by
Proposition B.9.
Note, furthermore, that the map

I (V X {lIplleve < R}) X{[[vflewe <C—-C(R+1)} = R,

((z,p),v) = p(v) = L(z, v),
is C!. Therefore, we obtain that H is C' from the following classical lemma
whose proof is left to the reader.

LEMMA B.12: Let f : N x K — R, (z,k) — f(x,k) be a continuous map,
where N is a manifold, and K is a compact space. Define F' : N — R by
F(x) = supycg f(x, k). Suppose that:
(1) %(a@,k) exists everywhere and is continuous as a function of both
variables (z, k);
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(ii) for every x € N, the set {k € K : f(x,k) = F(x)} is reduced to a
single point, which we will denote by k..

Then F is C!, and the derivative D, F of F at x is given by

of
D,F = =~ (2, k).
B (%o k)

Returning to the proof of Proposition B.11, by the last statement of the above

lemma we also obtain

OH 0H oL
8_p(-rap) = U(z,p) and %(l‘,p) = _%(‘rav(ﬂﬁﬁ))

Since (z,p) = Z(,v(,p)), this can be rewritten as

0OH OH OL

(5) a—pof(x,v)zv and %of(ac,v):—%(ac,v),
which proves (a*). Note that when L is a C" Tonelli Lagrangian, by Proposition
B.9 the Legendre transform .Z is a C"~! global diffeomorphism. From the
expression of the partial derivatives above, we conclude that 9H/dp and OH/0x
are both C"~1. This proves (a’™).

We now prove (b™*). Taking the derivative in v of the first equality in (5)
0H oL (2,0)
— |z, —(x =
6p K 6’(} 7’0 v?

we obtain the matrix equation

0’H 0*L
5 (Z(z,v)) - W(a@,v) = Idgm,

where the dot - represents the usual product of matrices. This means that the

matrix representative of 92 H/9p®(z,p) is the inverse of the matrix of a positive
definite quadratic form, therefore 82 H /Op?(x, p) is itself positive definite.

We prove (b*). Suppose p; # po are both in T)M. Fix t €]0, 1], and set
ps = tp1 + (1 — t)pa. The covectors p1,pa, p3 are all distinct. Call vy, va, v3
elements in T, M such that p; = OL/0v(z,v;). By injectivity of the Legendre
transform, the tangent vectors vy, wvs,v3 are also all distinct. Moreover, for
i = 1,2 we have

H(z,p;) = pi(vi) — L(z,v;),

H(z,p3) = p3(vs) — L(x,v3) = t[p1(vs) — L(z,v3)] + (1 — t)[p2(v3) — L(z,v3)].
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Since the sup in the definition of H(z,p) is attained at a unique point, and
v1, V2, v are all distinct, for ¢ = 1,2 we must have
pi(v3) — Lz, v3) < pi(v;) — L(z,v;) = H(x,p;).
It follows that
H(x,tpr + (1 — t)p2) < tH(x,p1) + (1 — t)H(x, p2).
It remains to prove (d*). Fix a compact set K in M. Since

H(az,p) Z p(’U) - L(J’J,’U),

we obtain
H(z,p)> sup p(v)+ inf  —L(z,v).
wp) lvll-<A (®) zeK,||v||l. <A (z,)
But C*(4,K) = inwaKHvIIISA —L(x,v) is finite by compactness, and

SUp|y,<aP(V) = Alp[l,. W

Since for a weak Tonelli Lagrangian L, the Hamiltonian H : T*"M — R is
C!, we can define the Hamiltonian vector field Xz on T*M. This is rather
standard and uses the fact that the exterior derivative of the Liouville form
on M defines a symplectic form on M, see [1] or [28]. The vector field Xy is
entirely characterized by the fact that in coordinates obtained from a chart in
M, it is given by

Xu(op) = (G @) =5 @),

So the associated ODE is given by

= %—I;(x,p)

In this form, it is an easy exercise to check that H is constant on any solution
of XH

We now come to the simple and important connection between minimizers
and solutions of Xg.

THEOREM B.13: Suppose L is a weak Tonelli Lagrangian on M. If~:[a, b|—M is
a minimizer for L, then the Legendre transform of its speed curve t —.Z(~y(t),5(t))
is a C' solution of the Hamiltonian vector field X obtained from the Hamil-
tonian H associated to L.
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Moreover, if L is a Tonelli Lagrangian, there exists a (partial) C! flow ¢ on
TM such that every speed curve of an L-minimizer is a part of an orbit of ¢}
This flow is called the Euler-Lagrange flow, is defined by

¢ =L ogfl 0 2,
where ¢ is the partial flow of the C' vector filed X .

Proof. If we write (z(t),p(t)) = ZL(v(¢),¥(t)) then
oL )
z(t) =~(t) and p(t) = Z-(v(1),7().
By Theorem B.7, x(t) = ~(t) is C! with @(t) = 4(¢). The fact that p(t) is C!
follows again from Theorem B.7, which also yields in local coordinates

. oL .

p(t) = 5-(v(1),4(2)).
Since (x(t),p(t)) = Z(y(t),4(t)), we conclude from Proposition B.11 that
t— (xz(t),p(t)) satisfies the ODE

& = Gl(z,p)

p=—%(x,p).
Therefore the Legendre transform of the speed curve of a minimizer is a solution
of the Hamiltonian vector field Xg.

If L is a Tonelli Lagrangian, by Proposition B.11 the Hamiltonian H is C2.
Therefore the vector field Xy is C!, and it defines a (partial) C! flow ¢f.
The rest follows from what was obtained above and the fact that the Legendre
transform is C*. [ |

We recall the following definition

Definition B.14 (Energy): If L is a C! Lagrangian on the manifold M, its en-
ergy F:TM — R is defined by

B(e,v) = Ho 2(a,0) = 9 (a,0)(v) ~ Liz,v)

COROLLARY B.15 (Conservation of Energy): If L is a C* Lagrangian on the
manifold M, and v : [a,b] — M is a C! minimizer for L, then the energy E is
constant on the speed curve

s = ((5),7(s)).
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Proof. In fact E(v(s),5(s)) = H o Z(v(s),%(s)). But s — Z(v(s),%(s)) is a
solution of the vector field H, and the Hamiltonian H is constant on orbits of
Xy. |

ProposiTiON B.16: If L is a weak Tonelli Lagrangian on the manifold M, then
for every compact subset K C M, and every C' < +o0, the set

{(z,v) eTM :z € K, E(z,v) <C}

is compact, i.e., the map E : TM — R is proper on every subset of the form
7~ Y(K), where K is a compact subset of M.

Proof. Since E = H o.%, this follows from the fact that H is proper and .Z is

a homeomorphism. |

ProrposiTiON B.17: Let L be a weak Tonelli Lagrangian on M. Suppose K
is a compact subset of M, and t > 0. Then we can find a compact subset
K C M and a finite constant A, such that every minimizer -y : [0,t] — M with
7(0),7(t) € K satisfies v([0,t]) C K and 17(s) sy < A for every s € [0,1].

Proof. We will use as a distance d the one coming from the complete Riemann-
ian metric. All finite closed balls in this distance are compact (Hopf-Rinow
theorem). We choose 2y € K, and R such that K C B(zg, R) (we could take
R = diam(K), the diameter of K). We now pick z,y € K. If a: [0,t] = M is
a geodesic with «(0) = z, a(t) = y and whose length is d(x, y) (such a geodesic
exists by completeness), the inequality

d(l‘,y) < d(l‘,l‘o) + d(any) < 2R

implies that «([0,t]) C B(xo,3R). Moreover [|c(s)|la(s) = d(z,y)/t < 2R/t for
every s € [0,t]. By compactness, the Lagrangian L is bounded on the set

H ={(z,v) €TM : 2 € B(xo,3R), |v]. < 2R/t}.

We call 8 an upper bound of L on J#. Obviously the action of « on [0, ¢] is less
than ¢, and therefore if 7 : [0,¢] — M is a minimizer with v(0),~v(t) € K, we
get fg L(v(s),%(s)) ds < tf. Using condition (c) on the Lagrangian L and what
we obtained above, we see that

t
Ct+ [ 13(5)lge ds < 16
0
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It follows that we can find sg € [0, ¢] such that

19 (s0)lly(s0) <0 = C.
Moreover
7([0,1]) € B(7(0),t(0 — C)) C B(xo, R+ (6 — C)).
We set K = B(zg, R+ t(0 — C)). If we define
0, = sup{FE(z,v) : (z,v) € TM, z€ K, |Jv||. <6 —-C},

we see that 0 is finite by compactness. Moreover E(v(so),¥(s0)) < 61. But,
as mentioned earlier, the energy F(v(s),¥(s)) is constant on the curve. This
implies that the speed curve

s ((s),7(s))
is contained in the compact set
H ={(z,v) eTM :z € K, E(z,v) <6}

Observing that the set 2 does not depend on -, this finishes the proof. ]

B.2. LAGRANGIAN COSTS AND SEMI-CONCAVITY.

Definition B.18 (Costs for a Lagrangian): Suppose L : TM — R is a Lagrangian
on the connected manifold M, which is bounded from below. For ¢t > 0, we
define the cost ¢;r, : M x M — R by

c,L(w,y) = Ar(y)

inf
Y(0)==z,v(t)=y
where the infimum is taken over all the absolutely continuous curves : [0, t] — M,
with v(0) = z, and v(t) = y, and Az (7) is the action fot L(v(s),9(s)) ds of ~.

Using a change of variable in the integral defining the action, it is not difficult
to see that ¢; 1, = ¢1 + where the Lagrangian L* on M is defined by L*(z,v) =
tL(z,t~'v). Observe that L' is a (weak) Tonelli Lagrangian if L is.

THEOREM B.19: Suppose that L : TM — R is a weak Tonelli Lagrangian.
Then, for every t > 0, the cost c;,1, is locally semi-concave on M x M. Moreover,
if the derivative of L is locally Lipschitz, then c; i, is locally semi-concave with
a linear modulus.
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In particular, if L is a Tonelli Lagrangian for every t > 0, the cost ¢, is
locally semi-concave on M x M with a linear modulus.

Proof. By the remark preceding the statement of the theorem, it suffices to
prove this for ¢ = ¢1,1. Let n be the dimension of M. Choose two charts
0; U =5 R", i=0,1, on M. We will show that

(T, &1) — c(py ' (Z0), 1 ' (E1))

is semi-concave on IE% X IE%, where B is the closed Euclidean unit ball of center
0 in R™. By Proposition B.17, we can find a constant A such that for every
minimizer v : [0,1] — M, with v(i) € ¢; '(B), we have

We now pick 6 > 0 such that for all zq, 20 € R™, with |21 |leuc < 1, [|22]leuc = 2,
d(p; M (21), 07 H(z2)) = 6, i=0,1,

where ||-|lcuc denote the Euclidean norm. Then we choose € > 0 such that
Ae < 4. It follows that

v([0,¢]) € w5 " (2 IE%) and ([l —e,1]) C 7' (2 IE%)

We set Z; = p;(y(i)), ¢ = 0,1. For hg,h1 € R™ we can define 7y, : [0,e] — R"
and Yp, : [1 —&,1] = R™ as

~ e S
fyho(s) = - ho + 500(7(5))7 0<s<g,

Yhy (S) -
We observe that when hg = 0 (or 2y = 0) the curve coincide with . Moreover
Aho (0) = To + ho, An, (1) = Z1 + hy. We suppose that ||hil|euc < 2. In that case
the images of both 73, and 7, are contained in 4 IE% and

”’Lyhi(S)Heuc < lRilleue + [I(i © 7)l(5)||euc <2+ |(pio 'Y)I(S)”euc'

Since we know that the speed of v is bounded in M, we can find a constant A;
such that

H';Wbo (S)Heuc <A, Vse [O,E],
||;.5/h1 (S)Heuc S Al; Vs € [1 — &, 1]
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To simplify a little bit the notation, we define the Lagrangian L; : R” x R™ — R
by

Li(z,v) = L(p; ' (2), Dlg; '(v)).

If we concatenate the three curves cpo_l ©Yhos Vlje,1—¢) and 501_1 0 Yh,, We obtain
a curve in M between ¢y ' (Fo + ho) and @] *(Z1 + h1), and therefore

c (00 (Fo + ho), o1 ' (F1 + ha)) < /06 Lo(Fne (), Tno (1)) dt

s [ e e [ nitn 00 a

—€

Hence

¢ (oo (@0 + ho), o1 (@1 + h1)) — ¢ (g ' (Zo), 1 ' (31))

< /O‘E [Lo(ﬁho (t)7 ’;yho (t)) - LO(QDO © ’Y(t)7 ((PO © V)I(t))] dt

4 / (L1 G (6, 3, (1)) — a1 0 7(1), (01 07)'(8))] .

—&
We now call w a common modulus of continuity for the derivative DLy and
DL, on the compact set B(0,4) x B(0,A;). Here DLy and DL; denote the
total derivatives of Ly and Li, i.e. with respect to all variables. When L has
a derivative which is locally Lipschitz, then DLy and DL; are also locally
Lipschitz on R™ x R™, and the modulus w can be taken linear. Since 3, (s) € é
(0,4) and ||35, (s)|| < Ay, we get the estimate

(95 (Fo + ho) i L (F1 + 1)) — e(05  (Fo), o1 (E1))

< [ DLatn o). 02 @) (

e—t

c hOa*%ho)dt
[ DL (o or). (o1 0y 1) (L2

1—¢

1 1 1 1
+ w(_HhOHeuC) =[lholleuc + w(_thHeuC) =[[h1leuc-
€ € € €

hléhl)dt

We observe that the sum of the first two terms in the right hand side is linear,
while the sum of the last two is bounded by

1 1
— —||(hg, h euc h,,h euc-
o (21000, 1) e ) N0, )]
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Therefore we obtain that

(Zo,71) — ¢ (g ' (Z0), 1 ' (21))

o o
is semi-concave for the modulus &(r) = 2w (1r) on B x B, as wanted. |

COROLLARY B.20: If L is a weak Tonelli Lagrangian on the connected manifold
M, then, for every t > 0, a superdifferential of ¢; 1,(x,y) at (zo,yo) is given by

(w0, 02) = T2 (1 (8),4(0)) w2) — S (+(0),3(0)) o),

where v : [0,t] — M is a minimizer for L with v(0) = xo, ¥(t) = yo, and
(’LUO,U}l) e T, M x TyM = T(z,y)(M X M)

Proof. Again, we will do it only for ¢ = 1. If we use the notation introduced in

the previous proof, we see that a superdifferential of

(%0, %1) — ¢ (95 1 (Z0), 1 ' (71))

is given by
(ho, hl) ld lo(ho) + ll(hl),
where
©) to(ho) = = [ [F2 522 (0 0200, 0 09) (@) ()
+ 222 (40 05(0), (90 ) () (ho)]

n) = [ [FEEELE e oa@. a0 0) ()

€
10L, ,
et} ), ) ()] at.
=y (P1o7(1), (p109)'(1) ()
By Theorem B.7, the curve ¢t — g o v(t) is a C! extremal of Lo and it satisfies
the Euler-Lagrange equation
d OLg
dt Ov
Using this identity in (6) an integrating by parts, we get
0Ly
lo(ho) = =5~ (0 2 7(0), (w0 ©7)"(0)) (ho)-
This means that Iy, reinterpreted on T;,M rather than on R", is given by

—3L (7(0),#(0)). The treatment for [; is the same. |

(20/07(8) (90 07’ (1)) 522 (0 0 7(8) (0 0 7)'(1).
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We have avoided the first variation formula in the proof of Corollary B.20,
because this is usually proved for C? variation of curves and C? Lagrangians.
Of course, our argument to prove this corollary is basically a proof for the first
variation formula for C! Lagrangians. This is of course already known and the
proof is the standard one.

B.3. THE TWIST CONDITION FOR COSTS OBTAINED FROM LAGRANGIANS.

LEMMA B.21: Let L be a weak Tonelli Lagrangian on the connected manifold
M. Suppose that L satisfies the following condition:

(UC) If~; : [as,b)] = M,i = 1,2 are two L-minimizers such that v, (to) =
Y2 (to) and 41 (to) = A2(to), for some tg € a1, bi] N [az, ba], then v = 2
on the whole interval [a1,b1] N [az, ba].

Then, for every t > 0, the cost ¢, : M x M — R satisfies the left (and the
right) twist condition of Definition 2.4.
Moreover, if (x,y) € D(AL, ), then we have:

Ct,L
(i) there is a unique L-minimizer «y : [0,t] — M such that x = ~(0), and
y=(t);
(ii) the speed %(0) is uniquely determined by the equality

agt; (z,y) = 7‘3_5(35,7(0)).

Proof. We first prove part (ii). Pick 7 : [0,¢{] — M an L-minimizer with z =
~v(0) and y = ~(t). From Corollary B.20 we obtain the equality

(¥ L (1, ) = 2 (@ 4(0).

Since the C! map v — L(x,v) is strictly convex, the Legendre transform v €
T, M — OL/0v(z,v) is injective, and therefore ¥(0) € T, M is indeed uniquely
determined by Equation (%) above. This proves (ii).

To prove statement (i), consider another L-minimizer v, : [0,¢] — M is
x = v1(0). By what we just said, we also have

6Ct,L o oL .
or (.Z',y) - _%(Iavl(o))

By the uniqueness already proved in statement (ii), we get 41 (0) = 4(0). It now
follows from condition (UC) that v = v; on the whole interval [0, ¢].
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The twist condition follows easily. Consider (z,y), (z,y1) € D(AL ) such
that

(x4 L (0,1) = T (o).

By (i) there is a unique L-minimizer ~ : [0,¢] — M (resp., 11 : [0,¢] — M) such
that = = 7(0),y = (1) (resp., z = 71(0),y1 = 1(1)), and

dey 1, _ 8_L . dey 1 _ 73_[4 .
al‘ (l‘,y) - 6’(} (1“)’7(0)) a’nd 61; (l‘,yl) - a,U (:r,'yl(()))

From equation (*x), and the injectivity of the Legendre transform of L, it follows
that 41(0) = 4(0). From condition (UC) we get v = =1 on the whole interval
[0,¢]. In particular, we obtain y = v(t) = v1(t) = y1. |

The next lemma is an easy consequence of Lemma B.21 above.

LEMMA B.22: Let L be a weak Tonelli Lagrangian on M. If we can find a
continuous local flow ¢; defined on T'M such that:

(UC’) for every L-minimizer v : [a,b] — M, and every t1,t2 € [a, b], the point
Gto—t, (Y(t1), ¥(t1)) Is defined and (y(t2),¥(t2)) = dro—t, (¥(t1), ¥(t1)),
then L satisfies (UC). Therefore, for every t > 0, the cost ¢, : M x M — R
satisfies the left twist (and the right) condition of Definition 2.4.
Moreover, if (x,y) € D(Aiw), then y = w¢¢(x,v), where m : TM — M is the
canonical projection, and v € T, M is uniquely determined by the equation

aCt?LT'g _ oL
T(xay) - _a_(l‘av)'

v
The curve s € [0,t] — mos(x,v) is the unique L-minimizer v : [0,t] — M with
7(0) = z,7(1) = y.

Note that the following proposition is contained in Theorem B.13.

ProrositioN B.23: If L is a Tonelli Lagrangian, then it satisfies condition
(UC’) for the Euler Lagrange flow ¢r.

ProrosiTION B.24: Suppose g is a complete Riemannian metric on the con-
nected manifold M, and r > 1. For a given t > 0, the cost ¢, ,of the weak
Tonelli Lagrangian L, 4, defined by

Lyg(z,0) =[]} = gs(v,0)"/2,
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is given by

CrL,,, =t dy(x,y),
where d is the distance defined by the Riemannian metric. The Lagrangian L, 4
satisfies condition (UC’) of Lemma B.22 for the geodesic flow ¢} of g. Therefore,
its cost ¢,  satisfies the left (and the right) twist condition. Moreover, if
(x,y) € D(Alu . ) then y = 7} (x,v), where 7 : TM — M is the canonical

projection, and v E T, M is uniquely determined by the equation

aCt?LT'g LT,

T(l"y) = _Wg(l‘av)'
Proof. Define s by 1/s+1/r = 1. Let v : [a,b] — M be a piecewise C! curve.
Denoting by £4(7) the Riemannian length of -, we can apply Holder inequality

to obtain
/r

/Ww o ds < (b ”S</|w nrm> ,

with equality if and only if v is parameterized with ||y(s)||, constant, i.e. pro-
portionally to arc-length. This, of course, implies

(b—a)"/*0y(y L/Ih Yz ds,

with equality if and only if 7y is parameterized proportionally to arc-length. Since
any curve can be reparametrized proportionally to arc-length and r/s =r — 1,
we conclude that
CtL,, (@) =t dg(2,y)",

and that an L, ,-minimizing curve has to minimize the length between its end-
points. Therefore, any L, g-minimizing curve is a geodesic and its speed curve
is an orbit of the geodesic flow ¢7. Therefore, L, , satisfies condition (UC’) of
Lemma B.22 for the geodesic flow ¢ of g. The rest of the proposition follows
from Lemma B.22. |
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