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INTRODUCTION



The auxiliary Riemannian Metric

We consider a connected manifold M endowed with a
Riemannian metric.

A point of the tangent bundle TM will be denoted by (x,v),
where z € M and v € T, M is a tangent vector at z.

A point of the cotangent bundle T*M will be denoted by (x,p),
where x € M and p € T) M is a tangent covector at x. Therefore
p is a linear form on T, M. The canonical projections from the
tangent and cotangent bundle are 7 : TM — M, (z,v) — z and
7 T*M — M, (z,p) — . Hence T,M = n~!(z) and

T¥M = (7*)~1(x) are respectively the fibers of the tangent and
cotangent bundle at x.

We will denote by ||-|| the norm induced by the Riemannian
metric on either T, M or T M on the fibers above x of the
tangent T'M or cotangent T*M bundle of M.

We endow R x M,R x M x M, and M x M with the product
Riemannian metrics, where the Riemannian metric on R is the
usual one.



If v : [a,b] — M is a piecewise C! (or even an absolutely
continuous) curve, its Riemannian length £4(v) is

b
400 = [ 1) e ds.
We will denote by d the Riemannian distance on M obtained from
the Riemannian metric, namely
d(.’E, y) = lgf gg(’)/)a
where the inf is taken over all piecewise C! curves v : [a,b] — M,
with y(a) = z,v(b) = y.
As is well-known d is a distance on M that defines its topology.
Moreover, this distance is complete (i.e. Cauchy sequences
converge) if and only if the geodesic flow is complete (i.e.
geodesics are defined for all time) if and only if the closed subsets
bounded for d are the compact subsets.
For the rest of the lectures, we will assume that the Riemannian
metric on M is complete.
Of course, when M is compact all Riemannian metrics are
complete. However our main focus in these lectures are
non-compact manifolds.



HAMILTON-JACOBI EQUATION



Stationary Hamilton-Jacobi equation
Throughout the lecture H : T*M — R will denote a continuous
function which we will call the Hamiltonian.

A good example to keep in mind is the Hamiltonian
Hy : T*M — R is defined by

1
Hy(w,p) = 5l + V().

where V' : M — M is a continuous function.
The (stationary) Hamilton-Jacobi equation associated to H is the
equation

H(z,d,u) = c,

where ¢ € R is some constant.

A classical solution of the Hamilton-Jacobi equation H(z,dyu) = ¢
on the open subset U of M is a C! map u: U — R such that
H(z,dyu) = ¢, for each x € U.

Usually, one deals only with the case H(x,d,u) = 0, since it is
possible to reduce the general case to that case by replacing the
Hamiltonian H by H., defined by H.(z,p) = H(z,p) — c.



Evolutionary Hamilton-Jacobi equation

The evolutionary Hamilton-Jacobi equation associated to the
Hamiltonian H is the equation

ou ou

—(t H(x, —(t = 0.

at(,x)—i— (x,&v(,ac)) 0

A classical solution to this evolutionary Hamilton-Jacobi equation
on the open subset W of R x T*M is a C! map u: W — R such

that
ou

ot

for each (t,z) € W.
The evolutionary form can be reduced to the stationary form by
introducing the Hamiltonian H : T*(R x M) defined by

(t,z) + H(z, gZ(t,m)) =0,

~

H(t7x7 S’p) =S —'I_H(:E,p),

where (t,z) € R x M, and (s,p) € T},

(tx)(RxM):RxT;M. :



There usually do not exist smooth global subsolutions,
supersolutions or solutions to these PDE's.

Therefore, we have to define a weaker notion of solution.
The well-adapted concept for us is the concept of viscosity
subsolutions, supersolutions or solutions, that we presently
introduce.

We start by recalling the parts of

ALBERT FATHI, Weak KAM from a PDE point of view: viscosity
solutions of the Hamilton-Jacobi equation and Aubry set, Proc.
Roy. Soc. Edinburgh Sect. A, 120 (2012) 1193-1236

that are relevant here.



CRASH COURSE ON VISCOSITY



Viscosity Subsolution

A function u : V' — R is a viscosity subsolution of H(x,d,u) = ¢
on the open subset V' C M, if for every C! function ¢:V =R,
with ¢ > u everywhere, at every point g € V' where

u(zo) = ¢(x0) we have H(zg,dz,¢) < c.

Graph(¢)

(20, u(o))

/\/\—/Graph(u)

Subsolution: ¢ > u,u(xzg) = ¢(x0) = H(xg,dy,d) < c.



Viscosity Supersolution

A function u : V' — R is a viscosity supersolution of H(z,d,u) = ¢
on the open subset V C M, if for every C! function ¢ : V — R,
with u > 1) everywhere, at every point xg € V where

u(zo) = ¥(x0) we have H(zg, dy,1) > c.

Graph(u)

Graph(¢))

Supersolution: ¢ < u,u(zo) =1 (x0) = H(x0, dzyt)) >c.



Viscosity Solution

A function u : V' — R is a viscosity solution of H(x,dzu) = c on
the open subset V' C M, if it is both a subsolution and a
supersolution.

In the sequel of this lecture, we will concentrate on viscosity
solutions of the evolutionary Hamilton-Jacobi equation

ou ou

— (1 Hx, —(t =0.

)+ H (2, 521, )

We will mainly address the problem of uniqueness of the solution
on [0, T[x M for a given initial condition on {0} x M and its
companion the Lax-Oleinik formula in the case of Tonelli
Hamiltonians.



Some facts about viscosity solutions

We enumerate some facts about viscosity subsolutions,
supersolutons, and solutions.

| 2

>

A C! function is a viscosity solution of the Hamilton-Jacobi
equation if and only if it is a classical solution.

If the viscosity subsolution u (resp. supersolution, solution) of
the Hamilton-Jacobi equation H(z,d,u) = c is differentiable
at g, then H(x,dy,u) < c (resp. H(xo,dz,u) > ¢,
H(xo,dg,u) = c).

(Stability) Suppose that v, : M — R is a sequence of
continuous functions converging uniformly on compact subsets
tov: M — R. If, for each n, the function v,, is a viscosity
subsolution (resp. supersolution, solution) of H(x,d,u) =0,
then v is a viscosity subsolution (resp. supersolution, solution)
of H(x,d,u) =0.



» If H(z,p) in convex in the momentum variable p, then a
locally Lipschitz function u is a viscosity subsolution of
H(z,dyu) = cif and only if H(x,d,u) < ¢ almost
everywhere.

» If H(z,p) in convex in the momentum variablep and the two
locally Lipschitz function uy,us : O — R are viscosity
subsolutions of H(z,d,u) = ¢, on the open subset O C M,
then so is min(ug, u2).

» If H(z,p) in convex in the momentum variable, and
u: O — R is a locally Lipschitz viscosity subsolution of
H(z,d,u) = ¢, defined on the open subset O C M, then for
any € > 0 we can find a C* function v : O — R which is a
viscosity subsolution of H(x,d;v) = ¢+ € on O and such that

supgeolv(r) —u(z)| < e



To give further properties we need to introduce:

Definition 1 (Coercive)

A continuous function H : T*"M — R is said to be coercive above
every compact subset, if for each compact subset K C M and each
c € R theset {(z,p) € T*M | x € K, H(z,p) < ¢} is compact.

It is not difficult to see that H is coercive if and only if for each
compact subset K C M, we have lim,, o H (7, p) = +o00, the
limit being uniform in z € K.

Theorem 2

Suppose that H : T*M — R is coercive above every compact
subset, and ¢ € R. Then a viscosity subsolution of H(x,dzu) = ¢
is necessarily locally Lipschitz, and therefore satisfies

H(z,d,u) < c almost everywhere.



Note however that the Hamiltonian

~

H(t7‘/L‘7 5,p) =S +H(x7p)7

which give rise to the evolutionary Hamilton-Jacobi equation is
never coercive even if H is coercive, since s can — —o0.
Therefore, it is difficult to assume (or obtain) a priori that a
viscosity subsolution of the evolutionary Hamilton-Jacobi equation
is locally Lipschitz.

In fact, if U is a viscosity subsolution of

ou ou
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and p : [0, +0o[— R which is continuous and non-increasing, then
V(z,s) =U(x,s) + p(s) is a viscosity subsolution of the same
equation.

At this point, it is useful to note that the Hamiltonian

H(t,z,s,p) = |s| + H(x,p),
is coercive above compact subsets, if H is.



The main ingredient to prove uniqueness properties for viscosity
solutions is the following one:

Theorem 3

Let H : T*M — R be any continuous Hamiltonian on the
manifold M. Suppose that u : M — R is a viscosity subsolution of
H(z,dyu) = ¢y, and v : M — R is a viscosity supersolution of
H(x,d,v) = co. Assume further that either u or v is locally
Lipschitz on M. If u — v has a local maximum, then necessarily

co <.

Note that, if at zg the difference u — v vanishes, then z is a local
maximum of u — v if and only if v > w in a neighborhood of x.

Because this Theorem 3 needs at least one of the functions to be
locally Lipschitz, to apply it to the evolution case, we will need to
approximate subsolutions by subsolutions which are locally
Lipschitz. More on that later.



This previous Theorem 3 implies a maximum principle in the
evolutionary case.

Theorem 4 (Maximum Principle)
Let H : T*M — R be a continuous Hamiltonian on the manifold

M. Assume u,v : [a,b] x C'— R are continuous, where C C M is
a compact subset, with u a viscosity subsolution and v a viscosity
supersolution of ;U + H (x,0;U) = 0. If either u or v is locally
Lipschitz on ]a,b[ x C, then

max u — vV =

max u—"v.
[a,b]xC {a}xCUla,b]x0C

M
{a} x CU[a,b] x OC




Proof.
As usual in proofs of that form of the maximum principle, for
€,0 > 0, we introduce the function w5 : [a,b[xC — R defined by

Ues(t,z) =u(t,x) —e(t —a) — &

Note that u, 5(t,2) = —o0, as t = b, and u 5 < .

Moreover, since t ++ —e(t — a) — &/(b —t) is C!, with derivative
t+ —e—3/(b—1t)? < —¢, the function u.s is, on Ja,b[xC, a
viscosity subsolution of

Otte s + H(z, Opie 5) = —€.
Introducing as above the Hamiltonian H : T*(R x M) defined by
H((t,x),(s,p) = s + H(z,p),
we obtain that u. s is a (stationary) viscosity subsolution of

ﬁ((t,x),dt,xugg) = —¢ on Ja,b[xC.



In the same way, the function v is a viscosity supersolution of
H((t,x),dyzv) = 0 on Ja,b[xC.

Since, either u or v is locally Lipschitz on ]a,b[xé’ and ues — u is
C!, either u s or v is locally Lipschitz on Ja, b[xC. Therefore, we
can apply Theorem 3 with Hamiltonian H to the viscosity
subsolution u. s of

I:[((t,a;), dwue,(;) = —¢
on Ja, b[xC and the viscosity supersolution v of
ﬁ((t, ), dpv) =0

on Ja,b[xC. Since —e < 0, by this Theorem 3, we conclude that
Ue,s — v cannot have a local maximum in ]a,b[xCQ'.

Since ucs(t,z) = —o0, as t — b and [a, b] x C'is compact, the
function u, 5 — v achieves a maximum on [a,b] x C. this maximum
cannot be attained in in }a,b[xCo'. Therefore u 5 — v attains its
maximum at a point in [a,b[x9C U {a} x C.



Using that u. s < u, we obtain

Ues — UV < max Ues — U < max U — v,
[a,b[x0CU{a}xC [a,b]x0CU{a}xC

everywhere on [a, b[xC'. Letting d,e — 0, we obtain

u—v < max u—,
[a,b]x0CU{a}xC

on [a,b[xC. Continuity of both w and v yields

max u—ov < max u—ov. U
[a,b]xC [a,b]x0CU{a}xC

Remark 5

When H is coercive above compact subsets, as we will show later,
this last Theorem remains valid without the assumptions that
either u or v is locally Lipschitz.



ENTER TONELLI



Tonelli Hamiltonian
Our results will be valid for Tonelli Hamiltonians that we now

introduce.
We will assume that H : T*M — R is a Tonelli Hamiltonian (with

respect to the Riemannian metric), i.e. H is at least C? and

satisfies:
(a*) (Uniform superlinearity) For every K > 0, we have

C*(K)= sup Klp|.— H(z,p) <oo.
(z,p)ET*M

(bx) (Uniform boundedness in the fibers) For every R > 0, we have
A*(R) = sup{H (z,p) | [Ipll. < R} < +o0;
(cx) (C? strict convexity in the fibers) for every (z,p) € T*M, the
second derivative 92 H/dp*(z,p) is positive (strictly) definite.
A*(R) and C*(R) are both non-decreasing as functions of
R € [0+ oof.
Note also that (ax) and (bx*) imply
V(z,p) € T"M, H(z,p) = K|pl. — C*(K).



Example

1) The easiest example of a Tonelli Hamiltonian is Hy : T*M — R
defined by

1
Ho(z,p) = 5 Ipl2

In fact, in this case

. R?
Ay(R) = sup{Ho(z,v) | [lpllo < R} = —-,
K2
Co(K) = sup Klpllz — Ho(x,p) = sup K|p|l. — *HpHx =5
(z,p)eT*M (x,p)ET*M

2) Let V : M — R be a C" function, with r > 2, the Hamiltonian
Hy : T*M — R defined by

1
Hy(z,v) = 5“17”3: +V(z)

is a Tonelli Hamiltonian if and only if V' is bounded.



Why Tonelli? The Lagrangian!

The important feature of Tonelli Hamiltonians is that they allow to
define an action for curves, using the associated Lagrangian which
is convex in the speed. This in turn allows to apply Calculus of
Variations.
The Lagrangian L : TM — R, (x,v) — L(x,v), associated to the
Tonelli Hamiltonian H : T*M — R, is defined by

L(z,v) = sup p(v) — H(z,p).

peETF M
Note that L(z,v) is everywhere finite, since
L(J),’U) > O(U) - H(.%',O) = —H(.’I), 0)

and

p(v) — H(z,p) < |[[vllellplle — H(z,p) < C*([|v]l2),

which implies
L(z,v) < C*(|Jv]z)-



Tonelli Lagrangian
The Lagrangian L : TM — R associated to the Tonelli
Hamiltonian H : T*M — R is also Tonelli (with respect to the
Riemannian metric).
This means that L : TM — R is at least C? and satisfies:
(a) (Uniform superlinearity) For every K > 0, we have

C(K)= sup K|v|s— L(z,v) < oc.
(z)ETM

(b) (Uniform boundedness in the fibers) For every R > 0, we have
A(R) = sup{L(z,v) | [[v]s < R} < 400
(c) (C? strict convexity in the fibers) for every (z,v) € TM, the
second derivative 92 L/0v?(x,v) is positive strictly definite.
A(R) and C(R) are both non-decreasing as functions of
R € [0+ oof.
Note again that (a) and (b) imply
Y(x,v) € TM, L(z,v) > K|jo]l, — C(K). (1)
V(z,v) € TM, L(x,v) < A([|v]2)- (2)



Example

1) The Tonelli Lagrangian Ly : TM — R associated to the Tonelli
Hamiltonian Ho(z,p) = 3||p|12 is

1
LO(IIZ,U) = 5”0”37

for which

R2
Ao(R) = sup{Lo(z,) | [lv]lc < B} = —-,

1
Colk) = s Klolle — Lofav) = swp Kol - 2ol = -
(z,0)eTM (z,0)eTM

2) If V: M — R be a bounded C" function, with r > 2, the
Tonelli Lagrangian Ly : TM — R associated to the Tonelli
Hamiltonian Hy (z,p) = %||p||2 + V(z) is

1
Ly(z,v) = S [lvll; = V()



Action and Minimizers

Although we assume familiarity with action, minimizers, extremals
and Euler-Lagrange Equation for the Lagrangian L, we now sketch
some of the definition and properties.

We recall that the action () of a piecewise C! curve

v : [a,b] — M is defined by

By the superlinearity of L, the action is always bounded below by
—C(0)(b—a).

Definition 6 (Minimizer)
A minimizer (for L) is a curve v : [a,b] — M such that

b . b
L) = | L6(s).5(5)) ds = L) = [ Lir(6).3(5) s,

for every curve § : [a,b] — M, with §(a) = v(a),d(b) = ~v(b).



7 minimizer

12 L(6(), 0(5)) ds > 17 L(y
for all § with §(a) = (a),

(s)
3(b)

:1(8)) ds,

=(b)



» Minimizers play a crucial role in Aubry-Mather theory.

» Minimizers (like all minimums of a function) must be critical
points for the action functional L.

These critical points are called extremals.

» More precisely, an extremal (for L) is a curve v : [a,b] - M
such that the derivative D,LL|&, at «y vanishes, with

& ={0:]a,0] = M [ d(a) = v(a),d(b) = 7(b)}-

» By classical theory of Calculus of Variations, the curve « is an
extremal if and only if it satisfies Euler-Lagrange equation,
given in local coordinates by

% [‘35(7(15),1(15))} = g—i(v(t),"v(t))- (3)

This last first order ODE (3) on T'M defines a second order ODE
on M.



Since the extremals satisfy a second order ODE on M, if two
extremals coincide at some time ¢y in position and speed they have
to be equal on their common interval of definition.

Moreover, there exists a flow ¢, on T'M, defined for all time by
conservation of energy, called the Euler-Lagrange flow, such that
v : [a,b] — M is an extremal if and only if its speed curve

s+ (y(s),7%(s)) is an orbit of ¢;.

Moreover, for any (z,v) € T'M, the projected curve

Yaw(t) = Toi(x,v), where m: TM — M is the canonical
projection, is an extremal with (Vs (%), Yz,0(t)) = @i(x,v).
Since the Lagrangian L does not depend on time, it is important
to note that for every t € R and every curve v : [a,b] — M the
action LL(7) is the same as the action LL(;) of the curve

Y i [a—t,b—t] — M, defined by

Ye(s) =v(t+ s).
Therefore v : [a,b] — M is a minimizer if and only if
Yt la—1t,b—t] — M is a minimizer



Tonelli's theorem and minimal action

We know recall Tonelli's theorem.

Theorem 7 (Tonelli)

For every a,b € R, with a < b, and every x©,y € M, there exists a
minimizer v : [a,b] — M, with v(a) = z,7v(b) = y. Any such
minimizer vy is as smooth as L and is a solution of the
Euler-Lagrange equation.

Definition 8 (Minimal action h;)

For z,y € M, and t > 0, we define the minimal action h(x,y) to

join x to ¥y in time t by .

ey =t [ L(5).4(5) ds

where the infimum is taken over all piecewise C! (or even
absolutely continuous) curves ~ : [0,¢] — M, with v(0) = z and
V() =y.



By Tonelli's theorem, the infimum

t
ulayy) = inf [ L(2(5).3(5) ds
0
in the definition of h.(z,y) is always attained by a minimizer which
is as smooth as the Lagrangian.
Since L does not depend on time, it is also useful to note that for
z,y € M and a,b € R, with a > bB we have
-aler.g) =it [ L((5),5(9)ds,
a
where the infimum is taken over all piecewise C! (or even
absolutely continuous) curves 7 : [a,b] — M, with v(a) = x and
V(b)) = y.
We also note that 7 : [a,b] — M is a minimizer if and only if

ho—a(v(a), v(b)) = L(v), i.e.

b
hr-a(2(a),1(8) = [ L3(5)3(5)) ds.



Example

1) For the Tonelli Lagrangian Lo : TM — R defined by
Lo(z,v) = 3||v]|2, we have

d(z,y)?
2%

hY(z,y) =

2) For the Tonelli Lagrangian Ly : TM — R defined by
Ly(z,v) = *IlvHx Vi),

where V : M — R is a bounded C" function, with r > 2, we have

d(z,y)*

d(z,y)®
— <hY < =22 .
of supV < k) (z,y) < 5 inf V.



Properties of minimal action
Some of the properties of the h;'s that we will use are the

following ones:
(a) For every K € [0,00[,t > 0 and every z,y € M, we have:

Kd(z,y) — C(K)t < hy(z,y) < tA <d(‘zy)) .

(b) (semi-group property) For every ¢,¢ > 0 and every z,y € M,
we have:

b (z,y) = zlélz\f4 hi(@, 2) + he (2, ).

Proof.

To prove part (a), consider a curve v : [0,t] — M, with v(0) =z
and 7(t) = y, then by the superlinearity property of the Tonelli
Lagrangian L, we have

L(’Y(S)V'Y(S)) > KH’Y(S)H’Y(S) - C(K)7 for all s € [O>t]'



Integrating the inequality
L(v(s),7(s)) = K[3(s)ll4(s) — C(K)
between 0 and t yields
L(v) =2 Kty(v) — C(K)t = Kd(z,y) — C(K)t,

where we used £4(y) > d(z,y), for the last inequality.
Taking the infimum over all curves v : [0,t] — M, with v(0) =z
and y(t) = y, we obtain the inequality

Kd(z,y) — C(K)t < hy(z,y),
which is the left hand side of (a). To finish the proof of (a),
consider a (length-)minimizing geodesic v : [0,¢] — M, with
7(0) =z and ¥(t) = y. Since £y(7) = d(z,y) and [[7(s)]ly(s) is
constant, we obtain

d(z,y)

()l = “ 22

Therefore by the boundedness of the Tonelli Lagrangian L, we have

Lo () < 4 (452

) , for all s € [0,¢].



Integrating the inequality

between 0 and ¢ yields

L(vy) <tA (d(x’y)> :

t

Since hy(z,y) < L(v), we obtain

d
hi(z,y) < tA ( (xt’ y)) ;
which is the right hand side of (a).
Part (b) hyrp(z,y) = inf.cpr he(x, 2) + hy(z,y) is left to the
reader.



The Lax-Oleinik semi-group
We now come to the definition of the (negative) Lax-Oleinik
semi-group T} ,t > 0.
If w: M — [—o00,+00] is a function and ¢ > 0, the function
T, u: M — [—o0, +00] is defined by

T uta) = infu(s(0) + [ L(s).4(5) ds

where the infimum is taken over all piecewise C! curves
v :[0,t] = M, with v(¢) = x. Using that
¢
uly ) = inf [ L(2().5(5) s,
0

where the infimum is taken over all piecewise C! curves
v :[0,t] = M, with v(0) = y and 7(t) = z. We can equivalently
define T, u by

T u(@) = inf u(y) + bi(y,).

We also set Tj; u = u.



First properties of the Lax-Oleinik semi-group
Let u: M — [—00,+00] be a function, we have:
(a) Ty u(z) < u(x) + A(0)t, for x € M and every t > 0.

(b) If u < 400 at one point in M, then T, u < +00 everywhere
t > 0.

(c) If u = —o0 at one point in M, then T, u = —oco everywhere,
for t > 0.

(d) Ty (u+c¢) =T, (u) + ¢, for c € R.
(e) If u < v everywhere, then T, u < T} v.

(f) —flu=vlloc + Ty v < Ty u <T; v+ ||u— 0| oo, where
[u = vllos = supep|u(@) — v(z)].

(g) (semi-group property) T, ., =T, oT, for ¢,t' > 0.



Sketch of Proof

From the properties of h; shown above, we obtain
hi(z,x) < tA(d(z,z)/t) = A(0)t. Therefore
T, u(z) < u(z) + he(z,z) < u(z)+ A(0)t. This proves (a).

Note that from the definition T, u(x) = infycpr u(y) + he(y, z),
we get T, u(z) < u(y) + he(y, x), for every y € M. Since hi(y, x)
is finite everywhere, this proves (b), namely: T, u < +o0
everywhere if u < 400 at one point in M, and (c), namely:

T, u = —oo everywhere if u = —o0 at one point in M.

Parts (d), namely: T, (v +¢) =T} (u) + ¢, and (e), namely
T, uw <T; v if u<w, are clear from the definition of T, u .

Part (f), namely —||u —v|loc + T3 v < T} u < T; v+ ||u — v]|so, is
a consequence of (d) and (e) since
—Ju—=v]|oc +v<u<v+ ||u— 0]

(g) is a consequence of the semi-group property of h;. O



Lax-Oleinik evolution, evolution domination

Definition 9

For a function u : M — [—o0, +00], its Lax-Oleinik evolution
G : [0, +o00[x M — [—00, +00] is defined by u(t,z) = T} u(x).
At this point it is useful to recall here the notion of evolution
domination.

Definition 10 (Evolution dominated)

We will say that a function U : [0, +00[x M — [—00, +00] is
evolution dominated by the Lagrangian L if for every piecewise C!
curve v : [a,b] — M, with 0 < a < b, we have

b
U(b,v(b)) < U(am(a))Jr/ L(v(s),7(s)) ds,
or equivalently

Ut+s,z) <U(t,y) + hs(y,x), forall z,y € M,t > 0,s > 0.



Lemma 11
For any function u : M — [—00,400], its Lax-Oleinik evolution
@ 2 [0, +o00[xX M — [—00, +00] is evolution dominated by L.

Proof.
The semi-group property Ty, , =T, o T, for s,£ > 0 and the
definition of T, for s > 0 imply

Tiyu(z) = Ty (T, w(x)) < T; u(y) + hs(y, ©).
By the definition of #, this translates to
w(t+s,z) <a(t,y) + hs(y, z), for all z,y € M,t >0,s > 0,

which precisely mean that 4 is evolution dominated by L



Lax-Oleinik and Viscosity

We now explain some of the relationship between the Lax-Oleinik
semi-group and viscosity. More on that later on.

Theorem 12

Suppose U : [0, +oo[x M — [—o0, 40| is evolution dominated by
L. IfU is finite on |0, 7[x M, for some T €]0,+0cc|, then U is a
viscosity subsolution of

oUu oUu
E(tal‘) + H(:E7 %(ta l‘)) - Oa

on the open subset |0, T[x M.

Proof.

Suppose ¢ > U on |0, 7[x M, with ¢ of class C! and

¢(t0, l‘o) = U(to,:Eo), where tg E]O,T[.

Fix v € Ty, M, and pick a C! curve 7 : [0,t9] — M such that
(4 (t0), 4(f0)) = (0, v).



If 0 <t <ty <, by the domination inequality, we have

Ul(to,v(to)) — U(t,y(t)) < /tto L(v(s),4(s)) ds, for all t € [0,%0].

Since ¢ > U, with equality at (to, o) = (to0,7(f0)), we obtain

¢(to, v(t0)) — ¢(t, (1)) < /t " L(y(s),7(s)) s, for all t € [0,tg].

Dividing both sides of this last inequality by to — ¢t > 0, and letting
t — tp, we get
¢ o¢
— <L .
En P (to, 0)(v) < L(zo,v)
Since this is true for all v € T,,, M, and

(t()) $0) +

(to,20)) = sup 22 (to,20)(v) — L(zo,v),

¢
H((EO, oz v€ETyy M Ox

ox
we obtain 96 8<;5

This finishes to show that U is a V|sc05|ty subsolution. []



Theorem 13

Suppose u : M — [—o0, +00]| is a function for which there exists
7 €0, 00| such that its Lax-Oleinik evolution 4 is finite on

10, 7[x M and, for every (t,x) €]0,T[x M, the infimum in the
definition of the Lax-Oleinik evolution

i(t,a) = inf u(y) + hi(y,2)

is attained at some pointy € M.
Then 1 is a viscosity solution of

A~

(t,z)+ H(z, %(t,m)) =0,

i
ot

on the open subset |0, T[x M.

Proof.
Since 4 is evolution dominated by L, from the previous theorem, it
is a viscosity subsolution on |0, 7[x M.



We now prove that 4 is a supersolution.

Suppose that v :]0, 7[x M is of class C!, with ¢ < @ and
’Il(to, .CL‘(]) = @D(to, 33‘0), with (to, 1‘0) E]O, T[XM.

By the hypothesis, we can find a y € M such that

a(to, :130) = u(y) + hto (y, 1‘0).

By Tonelli's theorem, we can find a curve 7 : [0, tg] — M, with
v(to) = x0,7(0) = y, and whose action is precisely hy,(y, xo).
Therefore

ilto.a0) = u(0) + [ LG9 4(5) s

Note that u(y(0)) is finite, both since both (g, o) and
L2 L(y(s),4(s)) ds are finite.

Usmg 4(0,7(0)) = u(v(0)), the inequality above can be rewritten

as

mew—ammm»+éouwﬁw@»w.



We have thus obtained
lto, o) = (0, (0)) + /0 L) A ds. (4)

Since 4 is evolution dominated by L, for every ¢ €]0, tg[, we have

alto o) < (t 7(1)) + / " L(y(s),4(s)) ds

a(t,~(t) < a(0,7(0)) +/0 L(v(s),7(s)) ds.
Note that @(t,y(t)) is finite since (¢,v(t)) €]0, T[x M.

Adding the two inequalities above, we get in fact the equality (4).
Therefore both inequalities must be equalities. Hence

0.7 (t0)) = (1O [ L0 (6),3(5)) d. for every ¢ € 0,1

Since ¥ < 4, with equality at (o, y(to), we obtain

P(to, v(t0)) = w(t,v(t))Jr/t " L(y(s),4(s)) s, for every ¢ € [0, .



The inequality

lto A (t0)) = (t, () + / " L(v(s),4(s)) ds

obtained above, for all ¢ €]0, ty[, can be rewritten as

P(to, ¥(t0)) =t (t, (1)) Z/tOL(V(SM(S))ds, for every ¢ € [0, o).

Dividing by to — ¢ > 0, and letting ¢t — %o, we get

0 0
o 10,0 + 52 10, 20)(3(00) > Lo, 3(10)).
By definition of L, we have
0 0
Do, 3(00) 2 SE (t0,20) (3 (t0)) — Hzo, B (t0,70))

It follows that

5] 0 0 5]
(f;f(toa )+£(to,xo)(7(to)) > %(io,ﬂco)(ﬁ(to))—H(fﬂov %(to,ﬂ?o))-
Therefore 5 5

w(to,xo) —I—H(xo,j(to,%[))) > 0. L]

ot ox



Remark 14

As we will later see, if the Lax-Oleinik @ of u : M — [—00,+00] is
finite on ]0, 7[x M, then 4 is automatically continuous on

10, 7[x M. In fact @ is even locally semi-concave on |0, 7[x M.
Moreover, up to replacing u by its lower semi-continuous
regularization if necessary, for every (t,z) €]0, 7[x M, the infimum
in the definition of the Lax-Oleinik evolution

i(t,a) = inf u(y) + hi(y,2)

is attained at some point y € M.



