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Abstract Motivated by 7-tilting theory developed by T. Adachi, O. Iyama,
I. Reiten, for a finite-dimensional algebra A with action by a finite group G, we
introduce the notion of G-stable support 7-tilting modules. Then we establish
bijections among G-stable support 7-tilting modules over A, G-stable two-term
silting complexes in the homotopy category of bounded complexes of finitely
generated projective A-modules, and G-stable functorially finite torsion classes
in the category of finitely generated left A-modules. In the case when A is the
endomorphism of a G-stable cluster-tilting object T over a Hom-finite 2-Calabi-
Yau triangulated category ¢ with a G-action, these are also in bijection with
G-stable cluster-tilting objects in . Moreover, we investigate the relationship
between stable support 7-tilitng modules over A and the skew group algebra

AG.
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1 Introduction

It is well known that tilting theory is a theoretical basis in the representation
theory of finite-dimensional algebras, in which the notion of tilting modules is
fundamental. Moreover, in the representation theory of algebras, the notion
of “mutation” often plays an important role. Mutation is an operation for
a certain class of objects in a fixed category to construct a new object from a
given one by replacing a summand. Happel and Unger [12] gave some necessary
and sufficient conditions under which mutation of tilting modules is possible;
however, mutation of tilting modules is not always possible. Adachi et al. [2]
introduced the notion of support 7-tilting modules which generalizes that of
tilting modules, and showed that mutation of support 7-tilting modules is
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always possible. This is a big advantage of “support 7-tilting mutation” which
“tilting mutation” does not have. Note that the 7-tilting theory developed in
[2] has stimulated several investigations; in particular, there is a close relation
between support 7-tilting modules and some other important notions in the
representation theory of algebras, such as torsion classes, silting complexes,
cluster-tilting objects, Grothendieck groups, and *-modules, see [2,3,7,13-15,19]
and so on. Moreover, Adachi [1] gave a classification of 7-tilting modules over
Nakayama algebras and an algorithm to construct the exchange quiver of
support 7-tilting modules. Zhang [20] studied 7-rigid modules which are direct
summands of support 7-tilting modules over algebras with radical square zero.

On the other hand, the notion of skew group algebras was introduced in
[18]. Let A be a finite-dimensional algebra, and let G be a finite group such
that its order |G| is invertible in A acting on A. The algebra A and the skew
group algebra AG have a lot of properties in common.

The aim of this paper is to introduce and study G-stable support 7-tilting
modules, and moreover, to establish bijections among them and G-stable two-
term silting complexes, G-stable functorially finite torsion classes, and G-stable
cluster-tilting objects. Moreover, we investigate the relationship between stable
support 7-tilting modules over A and the skew group algebra AG. This paper
is organized as follows.

In Section 2, we give some terminology and some known results.

In Section 3, we prove the following theorem.

Theorem 1.1 (Theorems 3.4, 3.7, 3.13, 3.15) Let A be a finite-dimensional
algebra, and let G be a finite group acting on A. Then there exist bijections
among

(1) the set G-st-tilt A of isomorphism classes of basic G-stable support
T-tilting modules in mod A;

(2) the set G-2-silt A of isomorphism classes of basic G-stable two-term
silting complezes in K®(proj A);

(3) the set G-f-tors A of G-stable functorially finite torsion classes in
mod A.

Furthermore, if A = Endg(T), where € is a Hom-finite 2-Calabi-Yau
triangulated category with a G-action and T is a G-stable cluster-tilting
object, then there exists also a bijection between the following set and any one
of the above sets:

(4) the set G-c-tilt € of isomorphism classes of basic G-stable cluster-tilting
objects in €.

Let A be a finite-dimensional self-injective algebra, and let G = (v) be
the subgroup of the automorphism group of A generated by the Nakayama
automorphism. Then v-stable support 7-tilting modules introduced by Mizuno
[17] are exactly G-stable support 7-tilting modules in our sense. So Theorem
1.1 is a generalization of [17, Theorem 1.1].
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In Section 4, we investigate the relationship between G-stable support 7-
tilting A-modules and X-stable support 7-tilting AG-modules, where X, the
group of characters of GG, naturally acts on AG. We have the following result.

Theorem 1.2 (Theorems 4.2 (3), 4.6) Let A be a finite-dimensional algebra,
and let G be a finite group acting on A such that |G| is invertible in A. Then
the functor AG @, —: mod A — mod AG preserves stability and induces the
following injection:
G-sT-tilt A — X-s7-tilt AG,
Tr— AGRpT.
Moreover, if G is solvable, then this map is a bijection.

Finally, we give an example to illustrate this theorem.

2 Preliminaries

In this section, we give some terminology and some known results.

Let k be an algebraically closed field and we denote by D := Homg(—, k).
By an algebra A, we mean a finite-dimensional algebra over k. We denote by
mod A the category of finitely generated left A-modules, by proj A and inj A the
subcategories of mod A consisting of projective modules and injective modules,
respectively, and by 7 the Auslander-Reiten translation of A. We denote by
Kb(proj/\) the homotopy category of bounded complexes of projA. For X €
mod A, we denote by add X the subcategory of mod A consisting of all direct
summands of finite direct sums of copies of X, and by Fac X the subcategory
of mod A consisting of all factor modules of finite direct sums of copies of X.

2.1 Tt-tilting theory

First, we recall the definition of support 7-tilting modules from [2].

Let (X, P) be a pair with X € mod A and P € projA.

(1) We call X in mod A 7-rigid if Homa(X,7X) = 0. We call (X,P) a
T-rigid pair if X is 7-rigid and Homy (P, X) = 0.

(2) We call X in mod A 7-tilting (resp., almost complete T-tilting) if X is
7-rigid and |X| = |A] (resp., |X| = |A| — 1), where |X| denotes the number of
non-isomorphic indecomposable direct summands of X.

(3) We call X in mod A support T-tilting if there exists an idempotent e
of A such that X is a 7-tilting (A/(e))-module. We call (X, P) a support T-
tilting pair (resp., almost complete support T-tilting pair) if (X, P) is T-rigid and
| X[+ |P| = |A] (resp., | X|+[P| = [A] - 1).

We say that (X, P) is basic if X and P are basic. Moreover, X determines
P uniquely up to isomorphism. We denote by s7-tilt A the set of isomorphism
classes of basic support 7-tilting A-modules.

Proposition 2.1 [2, Proposition 2.3] Let X € mod A and P,Q € proj A, and
let e be an idempotent of A such that add P = add Ae.
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(1) (X,P) is a T-rigid pair for A if and only if X is a T-rigid (A/{e))-
module.

(2) Ifboth (X, P) and (X, Q) are support T-tilting pairs for A, then add P =
add Q. In other words, X determines P and e uniquely up to equivalence.

Let 7 be a full subcategory of mod A. Assume that T' € 7 and D € mod A.
The morphism f: D — T is called a left 7 -approzimation of D if

Homa (T, T") — Homa(D,T') — 0

is exact for any 7" € 7. The subcategory .7 is called covariantly finite in
mod A if every module in mod A has a left .Z-approximation. The notions of
right 7 -approximations and contravariantly finite subcategories of mod A are
defined dually. The subcategory .7 is called functorially finite in mod A if it is
both covariantly finite and contravariantly finite in mod A ([4]).

Recall that T' € mod A is called partial tilting if the projective dimension of
T is at most one and Ext,l\(T, T) = 0. A partial tilting module is called tilting
if there exists an exact sequence

0=A=T —-T"—0

in mod A with 77, 7" € addT (see [6,11]). We have |T| = |A| for any tilting
module T" by [6, Theorem 2.1]. The following result gives a similar criterion for
a 7-rigid A-module to be support 7-tilting.

Proposition 2.2 [15, Proposition 2.14] Let M be a 7-rigid A-module. Then
M is a support T-tilting A-module if and only if there exists an exact sequence

JNEAY VS Y Ny

in mod A with M', M" € add M and f a left add M -approzimation of A.

2.2 Functorially finite torsion classes

Let 7 be a full subcategory of mod A. Recall that .7 is called a torsion class
if it is closed under factor modules and extensions. We denote by f-tors A the
set of functorially finite torsion classes in mod A. We say that X € 7 is Ext-
projective if Ext) (X,.7) = 0. We denote by P(.7) the direct sum of one copy
of each of the indecomposable Ext-projective objects in .7 up to isomorphism.
We have P(7) € modA if 7 € f-torsA ([5, Corollary 4.4]). The following
result establishes a relation between s7-tilt A and f-tors A.

Theorem 2.3 [2, Theorem 2.7] There exists a bijection
sT-tilt A <> f-tors A

given by st-tiltA > T +— FacT € f-torsA and f-torsA 5 7 — P(J) €
sT-tilt A.
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2.3 Silting complexes
Recall from [3] that P € K®(proj A) is called silting if

Homco (proj a) (£ Pli]) = 0

for any i > 0 and K’(projA) is the smallest full subcategory of K°(projA)
containing P and is closed under cones, [+1] and direct summands; and a
complex P = (P, d") in K®(projA) is called two-term if P* = 0 for all i #
0,—1. We denote by 2-silt A the set of isomorphism classes of basic two-term
silting complexes in Kb(proj A). The following result establishes a relation
between 2-silt A and s7-tilt A.

Theorem 2.4 [2, Theorem 3.2] There exists a bijection:
2-silt A <> s7-tilt A
given by
2-silt A > P +— HO(P) € sT-tilt A,

0)

st-tilt A 5 (M, P) s (P, & P 1Y Ry) € 2-silt A,

where f: Pi — Py is a minimal projective presentation of M.

2.4 Cluster tilting objects

Let ¥ be a k-linear Hom-finite Krull-Schmidt triangulated category. Assume
that % is a 2-Calabi-Yau triangulated category, that is, there exists a functorial
isomorphism:

DExtL(X,Y) = ExtL(Y, X).

An important class of objects in such categories is that of cluster-tilting objects.
Following [8], an object T € ¥ is called cluster-tilting if

add T = {X € % | Home (T, X[1]) = 0}.

We denote by c-tilt ¢ the set of isomorphism classes of basic cluster-tilting
objects in €. Assume that ¢ has a cluster-tilting object 7" and A := End¢ (7")°P.
For X € %, we have a triangle

451 h x -, (+)

where T1,Ty € addT and f is a minimal right add T-approximation.
We have the following results, which will be used frequently in this paper.

Theorem 2.5 [9, Theorem 2.2], [16, p.126] There exists an equivalence of
categories

(=) == Homg (T, —): €/[T[1]] = mod A,

where [T[1]] is the ideal of € consisting of morphisms which factor through
add T'[1].
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Theorem 2.6 [2, Theorem 4.1] There exists a bijection
c-tilt € «» sT-tilt A
given by
it 3 X =X @ X" = X := (X, X"[-1])) € s7-tilt A,

where X" is a mazimal direct summand of X belonging to add T'[1].

Theorem 2.7 [2, Theorem 4.7] There exists a bijection
c-tilt € < 2-silt A

given by

c-tit? 5 X s (T S Tp) € 2-silt A,
where g is the morphism in (x).
2.5 Skew group algebras

In this subsection, we recall the definition of skew group algebras and some
useful results from [18].

Let A be an algebra, and let G be a group with identity 1. Consider an
action of G on A, that is, a map G x A — A via (o, ) — () such that

(1) for any o € G, the map o: A — A is an algebra automorphism;

(2) (00’)(A\) =0c(c’(N)) for any 0,0’ € G and \ € A;

(3) 1(A\) = A for any A € A.

Let G be a finite group. For any X € modA and o € G, let “X be a
A-module as follows: as a k-vector space X = X, the action on 7X is given
by Az =0 }(\)z for any A € A and = € X. Given a morphism of A-modules
f: X =Y, define °f: °X — 7Y by ?f(x) = f(z) for any z € “X. Then 7 f is
also a A-homomorphism. Indeed, for any z € X and A € A, we have

“f-x) = floT (N2) = 0T A fz) = AT f ().
For any X,Y € mod A and f € Homy(X,Y), we define a functor “(—) by

X)) =X, T()) =77

One can check that ?(—): mod A — mod A is an automorphism and the inverse
. -1 .. . . .. .
is? (—). So we have X € mod A is indecomposable (resp., projective, injective,
simple) if and only if so is 7X in mod A.

The skew group algebra AG of G over A is given by the following data:

(1) as an abelian group AG is a free left A-module with the elements of G

as a basis;
(2) the multiplication in AG is defined by the rule

Aoeo)(NrT) = (Moo (Ar))or, Vs, Ar €A, Vo,T €G.
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When G is a finite group such that |G| is invertible in A, the natural inclusion
A — AG induces the induction functor

F=AG®\—: modA — mod AG

and the restriction functor H: mod AG — mod A.
Lemma 2.8 [18, pp. 227,235] Let G be a finite group such that |G| is invertible
in A.

(1) (F,H) and (H,F) are adjoint pairs of functors. Consequently, F' and

H are both exact, and hence, both preserve projective modules and injective
modules.

(2) Let M € modA and o € G. Then the subset
oA\ M={oc@rm|meM}
of FM has a structure of A-module given by
Mo@am)=co (N @ym=0c®s (A-m), VXA,
so that c@a M and ° M are isomorphic as A-modules. Therefore, as A-modules,

we have
FM = P(ocon M) =P M,

oeG oeG

and then
HFM = (o @n M) = P M.
ceG ceG

3 G-stable support 7-tilting modules
3.1 Definitions

From now on, A is an algebra with action by a finite group G.
In this subsection, we introduce the notions of G-stable support 7-tilting
modules, G-stable torsion classes, and G-stable two-term silting complexes.
Recall from [10] that a tilting A-module T is called G-stable if °T = T for
any o € G. Motivated by this, we introduce the following definition.

Definition 3.1 (1) We say that a support 7-tilting module X in modA is
G-stable if °X =2 X for any o € G.

(2) We say that a support 7-tilting pair (or a 7-rigid pair) (X, P) for A is
G-stable if °X =2 X and °P =2 P for any o € G.

(3) We say that a torsion class 7 is G-stable if .7 = 7 for any o € G.

We denote by G-s7-tilt A the set of isomorphism classes of basic G-stable

support 7-tilting A-modules and G-f-tors A the set of G-stable functorially
finite torsion classes in mod A.
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The following result shows that in a support 7-tilting pair (7', P), the G-
stability of T" implies the G-stability of the pair.

Proposition 3.2 Let T be a A-module, and let P be a projective A-module.
Then (T, P) € st-tilt A if and only if (°T,° P) € st-tilt A. Moreover, if (T, P) €
sT-tilt A and T is a G-stable support T-tilting module, then P is G-stable.

Proof Since ?(—) is an automorphism commuting with 7 (see the proof of
[18, Lemma 4.1]), we have |T'| 4+ |P| = |A| if and only if |7T| + |7P| = |A],
and that Homa (7, 77) = 0 if and only if Homa(°7,?7T) = 0, if and only if
Homa(°T,7°T) = 0. So T is 7-rigid if and only if T is 7-rigid. Thus, the
former assertion follows. If T' is a G-stable support 7-tilting module, then by
Proposition 2.1 we have P is also G-stable. 0

For any complex M'z(M",dZ]'V[.)ieZ over modA and o € G, let “M*® be
the complex (“M", “d}ye)icz, where Z is the ring of integers. Moreover, given

another complex N*® = (N*,d'e)icz over mod A and a morphism of complexes
f = (fl: M — Nl)iez, let

O‘f: (O’f’i: oMi %UNi)ieZ-

Clearly, ? f is a morphism of complexes.

Since ?(—): modA — modA is an automorphism, this construction is
compatible with the homotopy relation and preserves projective modules. This
allows defining an automorphism

7(=): K¥(projA) — Kb(projA), Vo €G.
In this way, we obtain an action by G on K®(projA).

Definition 3.3 We call a basic two-term silting complex P* € K(projA)
G-stable if 7 P* = P*® for any o € G.

We denote by G-2-silt A the set of isomorphism classes of basic G-stable
two-term silting complexes for A.

3.2 Connection of G-s7-tilt A with G- f- tors A and G-2-silt A

In this subsection, we show that G-stable support 7-tilting modules correspond
bijectively to G-stable functorially finite torsion classes as well as G-stable two-
term silting complexes.

The following result establishes a one-to-one correspondence between G-
stable support 7-tilting A-modules and G-stable functorially finite torsion classes
in mod A.

Theorem 3.4 The bijection of Theorem 2.3 restricts to a bijection
G-st-tilt A <> G-f-tors A.

Proof Assume that T is G-stable. For any M € mod A and ¢ € G, we have
for any n > 1, T" — M is surjective if and only if so is (?7)" — “M. So we
have

FacT = Fac’T =“FacT
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for any o € G, that is, FacT is G-stable.
Conversely, if 7 € f-tors A is G-stable, then 7.7 = 7 for any o € G. Since
?(—): mod A — mod A is an automorphism, we have

—1

Exti(—,77) = Ext}(° ' (-), 7).

So
P(7)=P(°T)=P(T)
for any o € G, that is, P(.7) is G-stable. O
Recall that M € mod A is sincere if every simple A-module appears as a
composition factor in M. This is equivalent to the condition that Homy (P, M) #

0 for any indecomposable projective module P. Also, recall that M € mod A is
faithful if its left annihilator

AnnM :={A e A| XM =0} =0.

A class of left A-modules .7 is sincere if for any indecomposable projective
module P, we have

Homy (P, 7) := {Homy(P,T) | T € T} # 0.
A class of left A-modules 7 is faithful if

Ann T = m AnnT = 0.
TeT

The following result shows that support 7-tilting modules can be regarded
as a common generalization of 7-tilting modules and tilting modules.

Proposition 3.5 [2, Proposition 2.2] (1) 7-tilting modules are precisely
sincere support T-tilting modules.

(2) Tilting modules are precisely faithful support T-tilting modules.

We denote by G-sf-tors A (resp., G-f f-torsA) the set of G-stable sincere

(resp., faithful) functorially finite torsion classes in mod A. Using Proposition
3.5, we get the following theorem.

Theorem 3.6 The bijection in Theorem 3.4 restricts to bijections
G-7-tilt A & G-sf-tors A, G-tilt A <> G-f f-tors A.

Proof Let T be a G-stable support 7-tilting A-module. It follows Proposition
3.5 that T is a 7-tilting A-module (resp., tilting A-module) if and only if T is
sincere (resp., faithful).
Claim 1 7T is sincere if and only if FacT is sincere.

If T is sincere, it is obvious that FacT is sincere by definition.
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Conversely, if FacT is sincere, then, for any indecomposable projective
module P, we have Hompa(P,FacT) # 0, that is, there exists Mp € FacT
such that Homy (P, Mp) # 0. Since Mp € FacT, there exist exact sequences

™ — Mp — 0,
Homu (P, T™) — Homy (P, Mp) — 0,

where n > 1. So we have Homy (P, T) # 0 for any indecomposable projective
module P. Therefore, T is sincere.

Claim 2 T is faithful if and only if FacT is faithful.
It suffices to show that Ann7T = AnnFacT. It is obvious that AnnFacT C
AnnT by definition. Conversely, for any A € AnnT and M € FacT), there exists

an exact sequence T i> M — 0 with n > 1 and AT = 0. Then we have
AM = AF(T") = fNT™) =0,

that is, AnnT" C AnnFacT. O
We end this subsection with the following result.

Theorem 3.7 The bijection of Theorem 2.4 restricts to a bijection
G-2-silt A < G-sT-tilt A.

Proof 1If (T, P) € G-st-tilt A, then °T 2 T and °P = P for any o € G. Let
P* — T — 0 be a minimal projective presentation of 7. Then 7P®* — °T — 0
is a minimal projective presentation of ?7" since ?(—): mod A — mod A is an
automorphism. Since 7T = T for any ¢ € G, it follows that

7p*~ Pt 7(P*® Pll]) = P*o P[1].
Conversely, if P®* € G-2-silt A, then
HO(P*) = HO(° P*) = " HO(P*)

because ¢ commutes with taking cokernel. It follows that H°(P®) is G-stable.
O

3.3 Connection of G-s7-tilt A with G-c-tilt %

Let € be a k-linear Hom-finite Krull-Schimidt 2-Calabi-Yau triangulated
category. An action of G on ¥ is a group homomorphism 6: G — Aut%
from G to the group of triangulated automorphisms of %, that is,

(=)=0(0): ¢ —F

is a triangle automorphism. For any X € ¥ and o € G, ? X denotes the image
of X under ?(—). An object X in ¥ is called G-stable if ?X = X for any
o € G. We denote by G-c-tilt € the set of isomorphism classes of basic G-stable
cluster-tilting objects.
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Throughout this subsection, let T be a G-stable cluster-tilting object in &
with a fixed isomorphism ¢, : 71" — T such that ¢g, = s, and 1 = id7.
Then A := Endg (T)°P admits a G-action via o()\) = ¢,0% o, 1 for any 0 € G
and A € A. The following proposition plays an important role in this subsection.

Proposition 3.8 The action of G on € induces that on € /[T[1]].

Proof 1t suffices to show that add T'[1] is closed under the G-action. By the
definition of triangle functors, we have the shift functor [1] and the functor 7(—)
commute on objects. So

?(add T[1]) = add’(T[1]) = add(°T)[1] = add T[1],

and the assertion follows. O

By Theorem 2.5, there exists an equivalence of categories between € /[T'[1]]
and mod A. So the action of G on %' /[T[1]] induces an action of G on mod A. On
the other hand, the action of G on A also induces that on mod A. The following
result shows that these two actions coincide.

Lemma 3.9 The functor Homg (T, —): € — mod A commutes with G-action.

Proof It suffices to prove that for any M € %, there exists a A-module
isomorphism
7 Homg (T, M) = Homy (T,° M).

Take
o: 7 HOm%J(T, M) — HOmcg<T, UM),

g (907 (1) ="gow,",
for any g € “ Home (T, M). Then @ is clearly an isomorphism as k-vector spaces.
Because
(A g)=2(0(N)-9)

= B(g07 (p") 07 Ao py)

=7gop;loAops 0,

=7gop, o\

=X ("gop,")

=X ®(9),
we have @ is a A-module isomorphism. O

Lemma 3.10 If both X1 = X ®Y' and Xo = X ®Y" are basic cluster-tilting
objects with Y' (resp., Y") a maximal direct summand of X1 (resp., Xa), which
belongs to add T'[1], then Y/ =Y.

Proof Let X1, Xo, and T be cluster-tilting and Y',Y” € add T'[1]. Then we
have
Homg (X5, Y'[1]) = Home (X, Y'[1]) ® Homg (Y", Y'[1]) = 0,

Homy (X1, Y"[1]) = Homg (X, Y"[1]) ® Homg (Y, Y[1]) = 0.
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It is easy to get that Y’ € add X5 and Y” € add X; from the definition of
cluster-tilting objects. Since Y’ (resp., Y”) is a maximal direct summand of X
(resp., X2), which belongs to add T'[1] by assumption, we have Y’ = Y". O

Lemma 3.11 For any 0 € G, we have X € c-tit% if and only if °X €
c-tit%.

Proof Let X € c-tilt €. Then
add X = {C € ¢ | Homy (X, C[1]) = 0}.

So we have
add?X = %add X

= {7C € % | Home(X, C[1))
={7C € ¢ | Homy(° X,7C[1]
= {C € € | Homg(° X, C[1])

0}

~—

0}
0},

and hence, 2 X € c¢-tilt €. Dually, we get that 7 X € c-tilt € implies X € c-tilt €.
O

The following observation is useful.

Proposition 3.12 If X=X' @ X" € c-tilt€ with X" a mazimal direct
summand of X, which belongs to add T'[1], then X is G-stable if and only if
X' is G-stable.

Proof By Proposition 3.8, we have
addT[1] = add?(T'[1]) = add(°T")[1] = add T'[1].

So Y € addT[1] if and only if Y € addT[1]. Since X" is a maximal direct
summand of X, which belongs to add T'[1] by assumption, ? X" is also a maximal
direct summand of X € add T'[1].

If X is G-stable, then °X = X for any o € G. Since 7 X" (resp., X”) is a
maximal direct summand of X (resp., X), which belongs to add T'[1], we have
X" = X" and X’ =2 X' for any 0 € G.

By Lemma 3.11, we have “X'® X" € c-tilt%. If X’ is G-stable, then X'®
7X" and X' ® X" are basic cluster-tilting objects. By Lemma 3.10, we have
7X" = X", Thus, X is G-stable. O

Now, we are in a position to prove the following theorem.

Theorem 3.13 The bijection of Theorem 2.6 restricts to a bijection
G-c-tilt € < G-sT-tilt A.
Proof By Lemma 3.9, we have

“ Home (T, M) 2 Hom (T,° M), VM € %/[T[1]].
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If X € G-c-tilt ¢, then X' is G-stable by Proposition 3.12. For any o € G,
we have

X" = 7 Homy (T, X") = Home (T, X") = Home (T, X') = X'.

Thus X'’ is G-stable. Moreover, X € G-s7-tilt A is G-stable.

Conversely, if X’ is G-stable, then we have Homg (7,7 X’) = Homg (T, X')
as before. Then by Theorem 2.5, we have 2 X’ = X' for any o € G, that is, X’
is G-stable. Thus, X € G-c¢-tilt € by Proposition 3.12. O

In the following, we establish a bijection between G-stable cluster-tilting
objects in € and G-stable two-term silting complexes in K®(proj A).

Lemma 3.14 Let X be a basic object of € and take a triangle

451 L X - nf

with T1,Ty € addT and f a minimal right add T-approzimation. Then the
following statements are equivalent:

(1) X is G-stable in €;
(2) Ty 9 Ty is G-stable in K®(proj A).

Proof Since 7(—): ¥ — € is a triangulated equivalence, we have the following
diagram:

P A A e Ti[1]
I O
T 7To X (T[]

By the proof of Theorem 3.13, we have T} 4 Ty is G-stable if and only if
T, % Ty is G-stable.

(2) = (1) We already have T} % Ty is G-stable, it follows that X is
G-stable.

(1) = (2) If X is G-stable, then X = X. Since f is a minimal right add 7"-
approximation by assumption, 7 f is a minimal right ? add T-approximation,
and hence a minimal right add T-approximation. Thus, Ty = Ty and T} = T1.
Therefore, T 9 Ty is G-stable and the assertion follows. O

Immediately, we get the following theorem.

Theorem 3.15 The bijection of Theorem 2.7 restricts to a bijection
G-c-tit € < G-2-silt A.

Proof It follows from Theorem 2.7 and Lemma 3.14. O
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4 Relationship between stable support 7-tilting modules over A and AG

Throughout this section, A is an algebra and G is a finite group acting on A
such that |G| is invertible in A. We denote by X the group of characters on G,
that is, the group homomorphisms

x: G — k* = k\{0}.
Then X acts on AG via
X(Ag) = x(9)Ag-

We prove that there exists an injection from G-stable support 7-tilting A-
modules to X-stable support 7-tilting AG-modules. In the case when G is
a solvable group, the injection turns out to be a bijection.

We begin with the following easy observation.

Lemma 4.1 IfT € modA is G-stable, then F'T is X-stable.

Proof We only need to prove XFT = FT for any x € X. Note that XF'T is a
AG-module whose underlying set and the additive structure is the same as F'T,
in which (X, ¢’) o (A, g) ® t) is defined to be x(¢')(N,¢")(), g) @ t. Define

0: XFT — FT,
Mg @t x g\ g) @t

Clearly, it is a bijection. Because

O(N,g)o(Ng)@t)=0(x(d)(N,d

we have 6 is a AG-homomorphism, and hence an isomorphism. O
The first main result in this section is the following theorem.

Theorem 4.2 The functor
F=AG®\—: modA — mod AG

via T — F'T induces the following injections:

(1) from the set of isomorphism classes of G-stable T-rigid A-modules to
the set of isomorphism classes of X-stable T-rigid AG-modules;

(2) from the set of isomorphism classes of G-stable T-rigid pair in mod A
to the set of isomorphism classes of X-stable T-rigid pair in mod AG;
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(3) G-st-tilt A — X-s7-tilt AG.

Proof We claim that the functor F restricting to the set of isomorphism classes
of basic G-stable A-modules is an injection. If both T} and T are G-stable A-
modules and F'T1 = FT5, then HFT; = HF'T5, that is,

@ oy @ o,

oelG oeqG
Since Ty and T3 are G-stable, we have 77" = T3 with n = |G|. Thus, T1 = T,
and the claim follows.
(1) By definition, T is 7-rigid if and only if Homa (7", 7T") = 0. By the proof
of [18, Lemma 4.2], we have F' commutes with 7. So we have
Homag(FT,7FT) = Hompg(FT, FrT)
Homy (T, HF7TT)

Homy (T, &y %T))

oceG
D Hom(T,°(rT))
ceG
@ Homa(° T, 7T)
ceG

B Hom(T, 7T).

ceG

12

1

1

12

I

Since T is G-stable 7-rigid in mod A, we have F'T is 7-rigid in mod AG. Now,
the assertion follows from Lemma 4.1.

(2) Note that (T, P) is a G-stable 7-rigid pair if and only if 7" is G-stable
T-rigid, P is G-stable projective, and Homua(P,T) = 0. It follows from the
injection in (1) that FT is 7-rigid in mod AG. By Lemma 2.8, F' preserves
projective modules and F'P is a projective module in mod AG. We have

Homag(FP, FT) = Homy (P, HFT)

= Homy <P, @ "T)

ceG

= GB Homy (P,°T)

oeG

&P Homa(P,T).

oeG

I

Thus,
Homag(FP, FT) = 0,

and therefore, (F'T, FP) is an X-stable 7-rigid pair in mod AG by Lemma 4.1.
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(3) By Propositions 2.1 and 2.2, T' € s7-tilt A if and only if 7" is 7-rigid
and there exists an exact sequence

ALT 510

in mod A with 77, 7” € add T and f a left add T-approximation of A. It follows
from the injection in (1) that F'T is a 7-rigid AG-module and there exists an
exact sequence

FA @A) H T X FT" 0
in mod AG with F'T', FT"” € add FT. Then by Proposition 2.2, we only need to
prove that F'f is a left add F'T-approximation of AG, that is, Homag(F f, M)
is surjective for any M € add FT. First, we prove that Homag(F'f, FT) is
surjective. Consider the following commutative diagram:

H
Homag (FT', FT) —emacELET)

HOmAg(AG, FT)

Homp (f,HFT)

Homa (T, HF'T) Homa (A, HF'T)

(=23 (=23

HomA(fzeaUEGUT)
_

Homp (17, ®,ec°T) Homu (A, ®5ecc?T)

o o

H T
Homy (T7,T™) oma (. 17)

Homu (A, TT)

where n = |G|. The last row is surjective since f is left add T-approximation of
A. So the first row is also surjective.

Now, let M € add FT and g € Homag(AG, M). Then there exist m > 1
and N € mod AG such that

M & N = (FT)™,

So we have a split exact sequence
0—>M=—=(FT)" —>=N—=0

in mod AG with pi = 1,;. By the above argument, there exists h € Homp g (FT’,
(FT)™) such that hF' f =ig. So we have

g = pig = phF f = Hompg(F' f, M)(ph),
and hence, Homag(F' f, M) is surjective. O

As an application of Theorem 4.2, we get the following result which extends
[10, Proposition 3.1.1].
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Corollary 4.3 If T is a G-stable (basic) tilting A-module, then FT is an
X-stable tilting AG-module.

Proof Let T be a G-stable (basic) tilting A-module. Then by Proposition 3.5
(2), T is a G-stable faithful support 7-tilting module. So A is cogenerated by T’
and there exists an injection 0 — A — T™ in mod A. Since F' is exact, we get an
injection 0 — AG — (F'T)" in mod AG. So FT is an X-stable faithful support
7-tilting AG-module by Theorem 4.2 (3), and hence, it is a tilting AG-module
by Proposition 3.5 (2) again. O

The following observation is standard.
Proposition 4.4 Any AG-module is a G-stable A-module.
Proof Let Y be a AG-module. For any g € G and y € Y, we define a map

fq:9Y =Y
by fq(y) = gy. Then for any a € A, we have

folay) = g(ay) = g(g7 " (a)y) = ag(y) = afy(y).

So fy is a A-module homomorphism. We also have f, is an isomorphism with
the inverse f,—1:Y — 9Y such that

foiy) =g 'y, VyeY O

As an immediate consequence of Proposition 4.4, we have the following
result.
Corollary 4.5 For any basic G-stable A-module T, we have

(1) if T is 7-rigid in mod A, then HF'T is G-stable T-rigid in mod A;

(2) if T is support T-tilting in mod A, then HF'T is G-stable support T-tilting
in mod A.
Proof Note that

HFT=PT=T", n=|G|
oeG

So both assertions follow from Proposition 4.4. O

We have proved in Theorem 4.2 (3) that F' induces an injection from
G-sT-tilt A to X-s7-tilt AG. It is natural to ask the following question.

Question When is this injection a bijection?

In the following, we give a partial answer to this question.
It follows from [18, Corollary 5.2] that (AG)X is Morita equivalent to AG(!,
where GV is the commutator subgroup of G. Let G be solvable, and let

GGV 600> G = {1}
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be its derived series, that is, every subgroup is the commutator subgroup of the
preceding one. Denote by X the character group of GV, By [18, Proposition
5.4], we can get from AG to A by using a finite number of skew group algebra
constructions, combined with Morita equivalences. To be more precise, there
exists a chain of skew group algebras

Morita
~Y

K A gl MR

ASAG S A AG® s ..

where each algebra AG® is the skew group algebra of the preceding algebra
AGU=D under the action of the group X~!. Then we have the induced functors

mod A E) mod AG F—(1>) mod AGWY) — ... Fg) mod A.

Under the above assumption, we give the following theorem.

Theorem 4.6 If G is a solvable group, then the functor F: mod A — mod AG
induces a bijection

G-st-tilt A = X-s7-tilt AG.

Proof By Theorem 4.2, the functor F' induces an injection
G-s7-tilt A — X-s7-tilt AG.

Applying Lemma 4.1 and Theorem 4.2, it is easy to see that the functors ()
induce injections

XD sr-tilt AGED — XO_sr-tilt AGY.

Then we have the following chain of injections:

Gosr-tilt A B Xosrtilt AG 5 XM srtilt AGY)
(2) (m)
P Glsrtilt AGT™ 2 Gosrtilt A

The composition F(™) ... F)F is a bijection. So F and all F(®) are bijections.

OJ

Let G be an abelian group. It is well known that X is isomorphic to G.

So AG admits an action by G; and moreover, by [18], the skew group algebra

(AG)G is Morita equivalent to A. Now, the following result is an immediate
consequence of Theorem 4.6.

Corollary 4.7 If G is an abelian group, then F induces a bijection
G-sT-tilt A — G-sT-tilt AG.

Finally, we illustrate Theorem 4.6 with the following example.
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Example 4.8 Let A be the path algebra of the quiver @ (see below), and let
G = Z/27 act on A by switching 2 and 2/, @ and 3, and fixing the vertex 1.
Then the following @’ is the quiver of AG':

The Auslander-Reiten quivers of mod A and mod AG are the following, where
each module is represented by its radical filtration:

2 ” ) I
NN SN S
212, 1 2 121’
WA WARN

T'(A) T(AG)

We denote by ind A the set of isomorphism classes of indecomposable A-modules.
Then we describe the map induced by F' between ind A and mod AG. Observe
that the correspondences from the Auslander-Reiten quiver of A to that of AG':

F: ind A — modAG,
2,2 s 2,
1 1.1
9 o 9Py
11 171
2 97 9

l—1a1.

Recall from [2] the definition of the support 7-tilting quiver Q(s7-tiltA) of
A as follows:

(1) the set of vertices is sT-tiltA;

(2) we draw an arrow from 7" to U if U is a left mutation of 7' (|2, Theorem
2.30]).

One can calculate the left mutation of support 7-tilting A-modules by
exchanging sequences that are constructed from left approximations. Therefore,
we can draw the support 7-tilting quiver of an algebra by its Auslander-Reiten
quiver. Now, we draw Q(s7-tilt A) and Q(s7-tilt AG) as follows.
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Q(sT-tilt A):

2@2///:/\0

4>212/@21/@2/4{—>21/@2/ 1@21/
| \
212’6]92@;*> Hl}/ﬁé/fl

20, 1@,

Q(s7-tilt AG):

The colored support 7-tilting modules in the graph are all the basic G-stable
support 7-tilting modules in mod A and mod AG, respectively. Moreover, the
bijection in Theorem 4.6 takes a G-stable support 7-tilting module in Q(s7-
tilt A) to that in Q(s7-tilt AG) in the same color. The G-stable support 7-tilting
modules in green, orange, and brown are G-stable tilting.
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