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Abstract The notions of quasi k- Gorenstein algebras and W' -approximation representations are introduced. The ex-
istence and uniqueness (up to projective equivalences) of W'-approximation representations over quasi k- Gorenstein al-
gebras are established. Some applications of W'-approximation representations to homologically finite subcategories are

given.
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Assume that A is an algebra. We use modA to denote the category of modules consisting of
finitely generated (left) A-modules. The subcategories of modA mean the full subcategories and
closed under isomorphism classes and summands. The modules discussed in this paper are finitely
generated modules.

Representation theory of algebras is a new branch of algebras emerging at the beginning of the
1970s, whose elementary content is to study the structure of rings and algebras. Such a theory has
been developed rapidly and is being perfected progressively during the last twenties years. From 1974
to 1977, Auslander and Reiten published their series of papers “Representation theory of artin alge-
bras I—VI”, in which they applied homological methods to studying indecomposable modules, espe-
cially in ref. [1], they introduced an important notion of almost split sequences, which laid the theo-
retical basis of representation theory of algebras. Suppose A is an artin algebra; that is, A is an al-
gebra over a commutative artin ring R and A is finitely generated as an R-module. In order to prove
the existence of almost split sequences over subcategories of modA (as well as the existence of pre-
projective partitions and preinjective partitions), Auslander and Smal$ introduced the important no-
tions of contravariantly finite subcategories, covariantly finite subcategories and funetorially finite sub-
categories in 1980 (c.f. references [2,3]).

The following definition is cited from ref. [2]. However, A here is not necessarily an artin al-
gebra.

Definition 12/, Let A be an algebra. Assume that £ & are subcategories of modA and C
€ &, DC add¥, where addZ is the subcategory of mod A consisting of all A-modules isomorphic to
summands of finite sums of modules in &7. The morphism D—> C is said to be a right 2Zapproximation
of C if Hom, (X, D)—Hom, (X, C)->0 is exact for all X € addZ/. The subcategory Z'is said to
be contravariantly finite in % if every C in & has a right Y approximation. Dually, the morphism C
—> D is said to be a left ZLapproximation of C if Hom , (D,X)—>Hom A (€, X)—>0 is exact for all X
€ addZ. The subcategory & is said to be covariantly finite in & if every C in & has a left ZLap-
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proximation. The subcategory & is said to be functorially finite in &if it is both contravariantly finite
and covariantly finite in & The notions of contravariantly finite subcategories, covariantly finite sub-
categories and functorially finite subcategories are referred to as homologically finite subcategories .

Ever since the notion of homologically finite subcategories is introduced, it has been a very im-
portant research object in representation theory of algebras. The rather thoroughgoing research of many
mathematicians indicated that the notion of homologically finite subcategories played a very important
role in determining the representation type of an algebra A and the existence of almost split sequences
over subcategories of modA as well as in studying tilting theory, etc. (c.f. refs. [2—7] and the
references therein) .

For any positive integer k, Auslander introduced the notion of k- Gorenstein algebras in non-
commutative case, and proved that k- Gorenstein algebras are left-right symmetric (see Theorem 3.7
of ref. [8]). Auslander and Reiten studied in ref. [9] the homological finiteness of categories of
modules over k- Gorenstein algebras. In this paper, we will introduce the notion of quasi k- Gorenstein
algebras, and give examples to demonstrate that quasi k- Gorenstein algebras contain properly k-

Gorenstein algebras and quasi k- Gorenstein algebras are not left-right symmetric unlike the case of k-
Gorenstein algebras. We will define the notion of W'-approximation representations over quasi k-
Gorenstein algebras, and will prove that there is a W'-approximation representation for any module
over quasi k- Gorenstein algebras (where 1 < ¢ < k) and such a representation is unique up to projec-
tive equivalences. From the existence of W'-approximation representations, we may deduce the homo-
logical finiteness of W*(that is, the subcategory of modA consisting of the modules M with Ext}; (M,
A)=0forany lgi<t) and 174 (A) (that is, the subcategory of modA consisting of the modules
with projective dimension not more than k) and the existence of almost split sequences over 2 *(A) .

For any module A€ modA (resp. modA”), we use !.pd,(A) (r.pd,(4)), {.fd,(4)
(r.fd,(A)) and !.id, (A) (r.id,(A)) to denote left (right) projective dimension, flat dimension
and injective dimension of A respectively.

1 Quasi k- Gorenstein algebras

Assume that A is a Noetherian algebra; that is, A is an algebra over a commutative Noetherian
ring R and A is finitely generated as an R-module. In the following, assume that k is a positive in-
teger and

0> A—>Ig—> I — - — I —>
is a minimal injective resolution of A as a left A-module.

Definition 2. A is called a quasi k- Gorenstein algebra if {.fd, (/) i+ 1 forany O i<
E-1.

Assume that

0> A—>TIy— I — T, —>
is a minimal injective resolution of A as a right A-module.

Example 1. A Noetherian algebra is called a k- Gorenstein algebra if [.fd, (I,) < i for any
Osisk-1. It is clear that a k- Gorenstein algebra is a quasi k- Gorenstein algebra. But the con-
verse does not hold in general. For example, let K be a field and A = KT/ ( Be ), where T is the fol-
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lowing quiver:
1\ /2
4 5
Then I.fd, (I,) =1.fd,(I,) =1=r.fd, (I,) = r.fd,(I')). So A is a quasi 2-Gorenstein alge-

bra. But A is even not a 1-Gorenstein algebra.
Example 2V . Let K be a field and 7T the following quiver:

a Y
1] &———=>2——3

(DI A= KT/(aﬁa), then l.fdA(Io) =1 and r.fdA(I'o)ZZ. (2) ¥ A =KT/(Ya ,Bz) , then
1.fd,(I,) =2 and r.fd, (I'y) = 1. So quasi k- Gorenstein algebras are not left-right symmetric.
However, k- Gorenstein algebras are left-right symmetric by Theorem 3.7 of reference [8].

Example 3. In a completely similar proof to that of Theorem 3.10 of ref. [8], we may prove

A
that an algebra A is quasi k- Gorenstein if and only if ( ) is quasi k- Gorenstein. So we may

A A

claim that quasi k- Gorenstein algebras are sufficiently rich.

Let A€ modA” and i a positive integer. We denote grade A = i if Ext‘,’; (A,A) =0 for any
O<j<i-1. A is called an i-torsion-free module if Exti (TrA, A) =0 {where TrA denotes the
transpose of A" for any l<<j<i. A is called an i-th syzygy module if there is an exact sequence
0—~A—P,—>-—P,_, with the P,’s projective A”-modules. We use .%; and 2°(modA”) to de-
note the subcategories of modA® consisting of i-torsion-free modules and i-th syzygy modules respec-
tively. Let Zbe a subcategory of modA” and 0—> A— B—> C—0 any exact sequence of A”-mod-
ules. If A, CE€ &implies that BE &, then %is said to be extension-closed.

The following theorem gives a good description of quasi k- Gorenstein algebras.

Theorem A", Let A be a Noetherian algebra. The following statements are equivalent .

(1) A is a quasi k-Gorenstein algebra .

(2) 2'(modA”™) is extension-closed for any 1<i<k.

(3) . is extension-closed for any 1< i<k.

(4) grade Extli(X,A); ifor any I i<k and X€ modA .

(5) Exi','(Ext,(Y,A),A)=0 forany l<is<k and YE modA.

2 Two lemmas

For any positive integer n, an exact sequence of A (or A”)-modules X,—X,~>-+—> X is

said to be dual exact if the induced sequence X —--+— X, —> X, is exact, where X; = Hom,
(X,,A), I<i<n.
In the following, A is a Noetherian algebra.

1) Huang Zhaoyong, Extension closure of k-torsion-free modules, Communications in Algebra, 1999, 27(3) (o appear) .
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Lemma 1. For A€ modA” and a positive integer n, the following statements are equivalent .

(1) Extli(A,A) =0 forany l<isn.

(2)  Any exact sequence 0—>K—> P, _,—>+++—> P ,—> P;—>A—0 with the P,’ s projective is dual
exact .

(3)  Any exact sequence P, ,,—> P ,—>-++—>P,—> P,—>A—>0 with the P,’ s projective is dual
exact .

d,_,
Proof. (1)=>(2) The case of n =1 is clear. Suppose n =2 and suppose 0—>K—>P, _,—>

d d
"'-—2—>P1 —1—>P0—>A**O is an exact sequence with the P,’s projective. Then Ext, (Imd,, A) »

Extrl(A,A) =0 for any 1<<i<n -1, and hence it is easy to see that O*A*'*PJ—’PI*-’"'
—P" —K"—>0 is exact.

(2)=(3). It is trivial.

(3)=(1). Suppose n =1 and suppose the exact sequence

d, d

P1 1“P0 —>A—>0

P,
T )
K
with the P,’s projective is dual exact. Consider the following exact commutative diagram:

[ p— p, —t—x >Extl (4, &) —>0

N
0——->J1**——->}|>; —"L—»p';” 42, pr

- * T * d; * . * . - . .
Since 0K " —> P, — P, is also exact and =" is a monomorphism, Imi " L Im(x " +i")
* 3 * L%, . N 1 .
=Imd, =Kerd, =Imzr" xK". So i" is an epimorphism and hence Ext,(A4,A) =0. By using
induction on n, we can get our conclusion.

Lemma 2. Let ,w, be a A-A bimodule with Exti‘ (w,w) =0. Then for any M € modA,
there is an exact sequence
O—>F—>E—>M—>0

with F = ™ and ExtlA (E,w) =0, where n is the number of generators of Extk (M,w) in modEnd
(M)*.
Proof. For the case n =0, putting F =0 and E = M, we get the desired exact sequence.
Now suppose ME modA and n=1. Let ¢,, -, e_be a set of generators of Exty (M, ) in mod-
End( M), where each e, is represented by an extension
0—> w—>E —>M—0.

We have the following pull-back diagram:

o /o E g, 0

P T
0 > ™ f’@7=1Ei g . pm 0
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fi 0 = 0
0 0
where « is the i-th injection (1 < i < n), f' = f2 . , g =
0 0 - f
gl 0 s 0
0 g, 0
0 O ena gn
Consider the following push-out diagram:
no—— "L E £ M —
4
70— o E' - M >0

If x is the i-th projection, it is easy to see that 7' is just e,. So in the long exact sequence (induced

by 7): 0—Hom, (M, w)—Hom, (E, w)*HomA(w(n) ,w)—LExth(M,w)-’Ext}A(E,w)—’O,
the connected homomorphism & is surjective. Thus ExtIA (E, ) =0 and therefore 7 is the desired
exact sequence.

Corollary 1. Let ,w, be a A-A bimodule with ExtiX (w,w) =0. The subcategory of modA

consisting of the E with ExtlA (E,w) =0 is contravariantly finite .
3 W'-Approximation representations

Definition 3. Let ME modA . M is called a W:-module if Ext/'; (M,A)=0foranylgist
(where ¢ is a positive integer) .
In the following, A is a quasi k- Gorenstein algebra. In this section, we will introduce the no-

tion of W'-approximation representations and show that W'-approximation representations of any A-
module exist uniquely (up to projective equivalences) . We will also give some applications of W'-ap-
proximation representations.

Theorem 1. Let M be in modA. Then for any 1<t <k, there is a short exact sequence

£ &
0— K(M)—E,(M)—M—>0

such that 1. pd,(K,(M))<t-1 and E,(M) isa W-module .

Proof. We proceed by induction on ¢. The case of ¢ = 1 follows from Lemma 2.

Now suppose ¢t =2 and suppose there is an exact sequence 0— K‘_l(M)il*E,_l(M)f—l_—]’M
—0 with the properties that /. pd, (K,_,(M))<t -2 and E,_ (M) is a W' '-module. So
Extiy(M,A)2Ext; (E,_(M),A).lLet0— K— P, ,—> - — Py— E,_;(M)—0be an exact se-
quence with the P, s projective. Then Ext} (K, A)x2Ext,(E,_,(M),A) and hence Ext{ (M, A)
2 Exty (K,A).

By Lemma 2, there is an exact sequence O—’A(")'->E1 ( K)—> K—0 with the properties that
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Ext' (E (K),A) =0 and n is the number of generators of Ext! (K,A) over End(K)®.
aVEy A
Consider the following diagram (3.1):
0

0— A" — E{(K) — K —0

Diagram (3.1)

Since E,_,(M) is a W'~ '-module, from Lemma 1 we may obtain the following exact diagram (3.2)

by using the functor Hom, ( = , A) to act on Diagram (3.1):
0

(A®)'«— E(K)'«— K'<~—0

Diagram (3.2)

Put X=Im(E1(K)*—>(A("))* ). Since grade Exth(K,A) = grade Extj‘(M,A)z t by
Theorem A, it follows from the exaciness of 0—>X—>(A(") )" —>Extf,1 (K,A)=>0Q that X" = A
and X is a W'~ “-module.

Let

0>Y—> Q> —>¢Q_,>X—>0
be an exact sequence with the @’ s projective. Then we obtain an exact commutative diagram (3.3)
with the middle ¢ — 1 rows splitting ;

Since X is a W'~ *-module, from Lemma 1 we know that 0— X * —>Q;_2—>“'—> Qo =Y is
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0

1

| | l

0— Py —> P00 —= Qy—0

T

-——
N —

0 0
Diagram (3.3)
exact. Moreover, we have known that X * A and 0> K— P,_,>—>P,~ E,_I(M)“’O 18

exact. So using the functor Hom, ( = , A) to act on Diagram (3.3) will yield the following exact
commutative diagram (3.4):

— E() < AM=—0

! !

0 0

0 0
T
0 N == N
0«—E (M)« 7 — )L 0
a ) Tﬂ
0«— P, <— PGy ~——Q; ~—0
4 4 T
T ;
0« Py, <_—PI—Z®Q;-2<_Q:_2<_O
o— |
T
0

Diagram (3.4)

where N = Cokera (note: by the snake lemma we have Cokera xa Cokerf) .

Now we put E,(M) = Ima, and put H =Imf3. Then I.pd,(H) < ¢ - 1. From the middle col-
umn of Diagram (3.4), we have Ext, (E,(M) ,A)éExtlA(El(K) ,A) =0. In addition, we know
that Z 2 E,(M)" , then from the middle columns of Diagram (3.3) and Diagram (3.4) we know



952 SCIENCE IN CHINA (Series A) Vol. 42

that the exact sequence 0—>E (K)—> P,_,® Q:-z_’"'”’Po@ QO* —E,(M)—0 is dual exact' .
So by Lemma 1, E,(M) isa W'~ "_module and hence a W'-module.

al
By the snake lemma, from Diagram (3.4) we have an exact sequence 0—> H—> E(M)—

E,_,(M)—0. Now put g, = g,_,*0, and K, = Kerg,. Then we obtain an exact sequence:

f &
0— K(M)—E(M)—>M—0, (D
where £, is the canonical inclusion. From the following exact commutative diagram (3.5):
1)
H

0— K{M) — E(M) —g’—>M—>0

oy
0—> K (M) —> E_ (M) &% p —

Y

0

Diagram (3.5)
we obtain an exact sequence 0—>H->K,(M)—>K, ,(M)—0. It is clear that {.pd, (K,(M)) <
t = 1. So the exact sequence (1) is desired. This finishes the proof.

For any positive integer ¢, we use W' to denote the subcategory of mod A consisting of W*-mod-
ules. From Theorem 1 we have the following corollary.

fi 8, )
Corollary 2 For any 1st<k, the exact sequence 0—K,(M)—E,(M)—>M—>0 in The-
orem 1 is a right T'-approximation of the A-module M and W' is contravariantly finite in modA .

Proof. Let E be a W’ -module. Since [. pd, ( Kt(M)) <t -1, it is easy to see that

£ :
ExtlA (E,K,(M))=0. S0 0—~K,(M)—E( M)—g—>M—*O is a right W'-approximation of M.
From Theorem 1 and Corollary 2, we may give the following definition.

Definition 4. For any 1t <k, we call the exact sequence 0K, (M )LEt (M )—g‘—>M -0
in Theorem 1 a W'-approximation representation of the A-module M.

In the following, we first give an application of W'-approximation representations .

Auslander and Reiten proved the following conclusion'!: Let I" be an artin algebra. If 2” (I")
is contravariantly finite (where 2° (I') denotes the subcategory of modI” consisting of the modules
with finite projective dimension) , then the finitistic dimension conjecture holds over I". Therefore it

is interesting to determine when 7 (") and ?7 (") are contravariantly finite, which may be useful
for comprehending this conjecture .

1) Huang Zhaoyong, Faithfully balanced selforthogonal bimodules and homologically finite subcategories, Ph. D. Thesis, Bei-
jing Normal University, 1998.



No. 9 W'-APPROXIMATION REPRESENTATIONS 953

Of the homological finiteness of 7" (I') and " (I"), the following conclusions are known:

(1) 1t is easy to see that 2 (I") is functorially finite;

(2) 2'(TI") is covariantly finite ) 3

(3) when I' is of finite representation type, 9% (I') is functorially finite, where k € NU
{ o | (IT denotes natural numbers ) ;

(4) if T is stably equivalent to a hereditary algebra, then Z*(I') is contravariantly finite,
where k€ 21U [ o0 } 11

(5) if I' is a quasi 1-Gorenstein algebra, then 2 (I") is contravariantly finite!” .

However, in ref. [7] there is a counterexample to explain why F*(I') and P (I') are not al-

ways contravariantly finite. So, it is natural to raise a question: When are Z*(I") and 2% (I") con-
travariantly finite? Further, when are they homologically finite?

In the following two corollaries, we discuss the above question. A is also a quasi k- Gorenstein
algebra.

Corollary 3 If 1. idA(A) =r. idA(A)sk, then .@k(A) is covariantly finite .

Proof. By Theorem 1, we may assume that 0— K, (M )—f-k-*Ek(M )i’M —0 is a W*-approx-
imation representation of a left A-module M. Since E,(M) is a W*-module and 1. id, (A) <k,
Ext. (E,(M),A) =0 for any i>1. So by Proposition 3.1 of ref. [11], there is an exact sequence
0—E,(M)—P—X—0 with P projective and Ext, (X,A) =0 (for any i=1).

Consider the following push-out diagram (3.6) :

0 0

Voo

0—’Kk(M)—f—k>Ek(M) Sy M —>0

| L

0— KM)— P —= Y —0

b

X — X
l
0

|

0

Diagram (3.6)
It is clear that /.pd,(Y) < k. Since Extli(X,A) =0 for any i =1, it is easy to see that Ext‘l,‘(X,
Y') =0 for any ¥ € modA with [.pd, (Y )< k. So the third column of Diagram (3.6), namely
the exact sequence O0—>M—>Y—>X—>0 is a left FH(A )-approximation of M.
Corollary 4. Let A be an artin algebra. Ifl.id,(A)=r.id,(A) <k, then F(A) is
Sfunctorially finite and F*(A) has almost split sequences .
Proof. By using duality, it is easy to know from Corollary 2.8 of ref. [9] that P*(A) is
contravariantly finite. Then by Corollary 3, & ¥(A) is functorially finite. It is clear that & *(A) is



954 SCIENCE IN CHINA (Series A) Vol. 42

extension closed. So 27*( A) has almost split sequences by the former assertion and Theorem 2.4 of
reference [3].
Now we turn our attention to W'-approximation representations. We will mainly tackle the prob-
lem of uniqueness of '~ approximation representations.
Theorem 2. Forany l<t<k, if
0~ K(M)—>E(M)—>M—0,
0K (M)—>E(M)>M—>0
are both W'-approximation representations of a A-module M, then K,(M)@® E, (M)« K, (M)
@E(M).
Proof.  Consider the following pull-back diagram (3.7) : Diagram (3.7)
0 0

K(M)=—=K/(M)
0—> K(M) — E —E(M)—>0

Y Y
0— KM) — EM)— M —0

0 0

Diagram (3.7)

Noting that /.pd, (K] (M)) <t -1, we may assume that 0—> P, _,—>+++— P~ K] (M )—>0 is a projec-
tive resolution of K/ (M ). Since Extli(Et(M) y,A)=0forany Igi<t, Extli(Et(M) , P) =0 for any
projective left module P and any 1<<i<t. So Exti\(Et(M) ,K',(M))=Ext, (E,(M),P,_,) =0 and
hence the second column of Diagram (3.7) splits, which shows that E2 K',(M)@E,(M). Similarly,
we may show that Ex2 K,(M)@E',(M). This finishes the proof.

Theorem 2 describes the uniqueness of the modules K,( M) and E,( M) in W'-approximation repre-
sentations of a A-module M. If A is an artin algebra, the following theorem illustrates the uniqueness of

T -approximation representations up to projective equivalences; that is, in W*-approximation representa-
tions of a A-module M, both K,(M) and E,(M) are unique up to projective equivalences.
Theorem 3. Let A be an artin algebra, forany l<i<t, if
0—K(M)—>E(M)—>M—0,
0> K,(M)—>E(M)>M->0
are both W '-approximation representations of a A-module M , then there are projective modules P, P', Q
and Q' such that K,(M)@ P2 K ,(M)®P and Et(M)@ Qe E, (M)®Q and POQ' 2P Q.
In order to prove Theorem 3, we first give the following lemma.

Lemma 3. et n be a positive integer and E a left A-module. If E is a W'-module , then the fol-

lowing statements hold .
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(1) Ifl.pd,(K)<n -1 for some left A-module K, then Ext},,(E,K):O.
(2) Ifl.pd,(E)<n~1, then E is projective .

Proof .  Consider a projective resolution of K, it is easy to verify our assertion (1) . Aassertion (2)
follows easily from assertion (1) .

Proof of Theorem 3. Let
K(M) = K@ @ Kn>
K(M) =K @ @K,
E(M) = B @ @ E,»
E't(M) E’l @ @ E;
be the finite indecomposable decompositions of K,(M), K',(M), E,(M) and E’,(M), respectively.
By Theorem 2, K,(M)®E,(M) K,(M)PE,(M). So we have an isomorphism:
LKeoreokolio ol Ko oKobhe ok @
Since A is an artin algebra, By ref. [12] Corollary 15.21 of ref. [12], K,(M), K, (M), E,
(M) and E',(M) are modules of finite length. It follows from isomorphism (2) and Krull-Schmidt Theo-
rem (see Theorem 12.9 of ref. [12]) that m + n = p + ¢ and the indecomposable modules from each

side of the isomorphism (2) are pairwise isomorphic. Then by Lemma 3(2), it is easy to get our asser-
tions. This finishes the proof.

Now we give some properties of W'-approximation representations .
Lemma 4. Forany l<t<k, a W '-approximation representation of a A-module M
0—>K(M)—>E(M)—>M—>0
may induce isomorphisms ;
EXt,i,(M,A) Sal Extz_l(K,(M),A) Jorany2 < i g t.
Exty(M,A) v Ext,(E,(M),A) foranyi = ¢ + 1.
Proof. Tt is trivial from the properties that I.pd, (K,(M))<t -1 and E,(M) is a W'-module.
Theorem 4.  For any left A-module M, the following statements hold .
(1)  Suppose 1<t<k-1. If Ext,’ "(M,A) =0, thena W "_approximation representation of M
isa W' -approximation representation of M .

(2)  Suppose 2<t<k. If K,(M) is projective, then Ext; (M,A) =0 for any 2<i<t.
(3) Let f: M— N be a homomorphism of left modules and let 1< s<t<k. Then there is an exact
commutative diagram :

0—> K(M)—> E(M) &> M —>0
Vi eV
0— K(N)—> E(N) — N —0

Proof.  Assertion (1) follows from Definition 4. It is easy to get assertion (2) from Lemma 4.
(3) Since [.pd,(K(N))<s-1<t-1and E,(M) is a W'-module, by Lemma 3(1) we
have Ext, (E, (M), K.(N)) =0, which induces an exact sequence 0—>Hom, ( E,(M),K,(N))—>
Hom, (E,(M),E (N))—Hom,(E,(M), N)—0 from the exact sequence 0—K (N)—>E (N)—~



956 SCIENCE IN CHINA (Series A) Vol. 42

N—0. So the homomorphism f* g,: E,(M)— N can be lifted to a homomorphism g: E,(M)—
E.(N), which induces the desired exact commutative diagram. This finishes the proof.

let MEPF1(A). By Lemma 3, for any 1< t< k -1, the module E,(M) in the W'-ap-
proximation representation of M: 0—>K, (M )-*Et (M)~ M—>0 is a projective module. So the above
representation is just a projective representation of M. We will give some characterizations and appli-

cations of such a projective representation in other paper.
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