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NEW SERIES FOR SOME SPECIAL VALUES OF
L-FUNCTIONS

ZHI-WEI SUN

Abstract. Dirichlet’s L-functions are natural extensions of the
Riemann zeta function. In this paper we first give a brief survey of
Apéry-like series for some special values of the zeta function and
certain L-functions. Then, we establish two theorems on transfor-
mations of certain kinds of congruences. Motivated by the results
and based on our computation, we pose 48 new conjectural series
(most of which involve harmonic numbers) for such special values
and related constants. For example, we conjecture that

∞∑
k=1

1

k4
(
2k
k

)(1

k
+

2k∑
j=k

1

j

)
=

11

9
ζ(5),

∞∑
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+
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=
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∞∑
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1. Introduction

The Riemann zeta function given by

ζ(s) =
∞∑
n=1

1

ns
for <(s) > 1

plays an important role in analytic number theory. As Euler proved,

2ζ(2m) = (−1)m−1
(2π)2m

(2m)!
B2m for m = 1, 2, 3, . . .
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(cf. [8, pp. 111-112]), where B0, B1, B2, . . . are Bernoulli numbers de-
fined by

B0 = 1, and
n∑
k=0

(
n+ 1

k

)
Bk = 0 for n = 1, 2, 3, . . . .

In particular,

ζ(2) =
π2

6
, ζ(4) =

π4

90
and ζ(6) =

π6

945
.

It is well known that π is transcendental (cf. [8, pp. 173-176]) and thus
all those ζ(2m) (m = 1, 2, 3, . . .) are irrational. In 1978 R. Apéry (cf.
[2] and [21]) successfully established the irrationality of ζ(3) by using
the series

∞∑
k=1

(−1)k−1

k3
(
2k
k

) =
2

5
ζ(3) (1.1)

which converges at a geometric rate with ratio 1/4 since(
2k

k

)
∼ 4k√

kπ
as k → +∞.

In fact, the last identity was first deduced by A. A. Markov [18] in 1890.
There are also some fast converging series for ζ(2) similar to (1.1), e.g.,

∞∑
k=1

1

k2
(
2k
k

) =
π2

18
,
∞∑
k=1

2k

k2
(
2k
k

) =
π2

8
,
∞∑
k=1

3k

k2
(
2k
k

) =
2

9
π2 (1.2)

(see R. Matsumoto [19]). More generally,

arcsin2
(x

2

)
=

1

2

∞∑
k=1

x2k

k2
(
2k
k

) for |x| 6 2 (1.3)

(see, e.g., [5]). It is also well known that
∞∑
k=1

1

k4
(
2k
k

) =
17

36
ζ(4) =

17

3240
π4 (1.4)

(cf. [6, p. 89]).
Recall that the harmonic numbers are given by

Hn :=
∑

0<k6n

1

k
(n = 0, 1, 2, . . .).

For m = 2, 3, 4, . . ., we call those numbers

H(m)
n :=

∑
0<k6n

1

km
(n = 0, 1, 2, . . .)
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harmonic numbers of order m. In contrast with (1.3), it is also known
that for every n = 2, 3, . . . we have

arcsin2n(x/2)

(2n)!
=

1

4n

∞∑
k=1

x2k

k2
(
2k
k

) ∑
0<k1<k2<···<kn−1<k

1

(k1k2 · · · kn−1)2

for |x| 6 2, and in particular

arcsin4 x

2
=

3

2

∞∑
k=1

H
(2)
k−1

k2
(
2k
k

)x2k for |x| 6 2. (1.5)

(See [5].) Putting x = 1 in (1.5) we get

∞∑
k=1

H
(2)
k−1

k2
(
2k
k

) =
π4

1944
.

Taking derivatives of both sides of the identity in (1.5), we obtain

4√
4− x2

arcsin3 x

2
= 3

∞∑
k=1

H
(2)
k−1

k
(
2k
k

)x2k−1 for |x| < 2. (1.6)

It is well known that

arcsin
x

2
=

1

2

∞∑
k=0

(
2k
k

)
(2k + 1)16k

x2k+1 for |x| 6 2;

in particular,

∞∑
k=0

(
2k
k

)
(2k + 1)16k

=
π

3
and

∞∑
k=0

(
2k
k

)
(2k + 1)8k

=

√
2

4
π. (1.7)

By [5], for each n = 1, 2, . . . we also have

arcsin2n+1(x/2)

(2n+ 1)!
=

1

2

∞∑
k=0

(
2k
k

)
x2k+1

(2k + 1)16k

∑
06k1<k2<···<kn<k

1∏n
i=1(2ki + 1)2

provided |x| 6 2; in particular,

arcsin3 x

2
= 3

∞∑
k=0

(
2k
k

)
x2k+1

(2k + 1)16k

∑
06j<k

1

(2j + 1)2
for |x| 6 2.

Note that ∑
06j<k

1

(2j + 1)2
= H

(2)
2k −

H
(2)
k

4
.
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It is also known that
∞∑
k=0

(
2k
k

)
(2k + 1)2(−16)k

=
π2

10
(1.8)

(cf. [19]) and

21
∞∑
k=0

(
2k
k

)
(2k + 1)16k

∑
06j<k

1

(2j + 1)2
=
∞∑
k=0

(
2k
k

)
(2k + 1)316k

=
7π3

216
(1.9)

(cf. I. J. Zucker [30, (2.23)] and [10]).
M. Koecher [15] and D. Leshchiner [16, 4a] independently proved

that for each n = 2, 3, . . . we have

ζ(2n+ 1) =(−1)n−1
∞∑
k=1

(−1)k−1

k3
(
2k
k

) × (5

2

∑
0<k1<···<kn−1<k

1∏
0<j<n k

2
j

+ 2
∑

0<m<n

(−1)m

k2m

∑
0<k1<···<kn−1−m<k

1∏
0<j<n−m k

2
j

)
;

in particular,

ζ(5) =
∞∑
k=1

(−1)k−1

k3
(
2k
k

) ( 2

k2
− 5

2
H

(2)
k−1

)
. (1.10)

Leshchiner [16] deduced this via a sophisticated analytic method as
well as an elegant combinatorial approach. Inspired by this result, J.
Borwein and D. Bradley [4] used the PSLQ algorithm for finding integer
relations to discover that

ζ(7) =
5

2

∞∑
k=1

(−1)k−1

k3
(
2k
k

) (5H
(4)
k−1 +

1

k4

)
. (1.11)

An extension of this was proved by G. Almkvist and A. Granville [1]
in 1999. Leshchiner [16, 4b] also proved that for any n = 1, 2, 3, . . . we
have

(−1)n−1(1− 4−n)ζ(2n)

=
∞∑
k=0

(
2k
k

)
(2k + 1)2(−16)k

(
5

4

∑
16k1<···<kn−16k

1∏
0<j<n(2kj − 1)2

+
∑

0<m<n

(−1)m

(2k + 1)2m

∑
16k1<···<kn−1−m6k

1∏
0<j<n−m(2kj − 1)2

)
;
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where the last sum is regarded as 1 when m = n− 1; in particular,

∞∑
k=0

(
2k
k

)
(2k + 1)2(−16)k

(
5
∑

06j<k

1

(2j + 1)2
− 4

(2k + 1)2

)
= −π

4

24
.

Let χ be a Dirichlet character modulo a positive integer m. The
Dirichlet L-function associated with the character χ is given by

L(s, χ) :=
∞∑
k=1

χ(k)

ks
for <(s) > 1.

The Dirichlet beta function is defined by

β(s) = L

(
s,

(
−4

·

))
=
∞∑
k=0

(−1)k

(2k + 1)s
for <(s) > 0,

where (−) denotes the Kronecker symbol. As Euler observed,

β(2n+ 1) =
(−1)nE2n

4n+1(2n)!
π2n+1 for all n = 0, 1, 2, . . .

(cf. (3.63) of [8, p. 112]), where E0, E1, E2, . . . are Euler numbers de-
fined by

E0 = 1, and
n∑
k=0
2|k

(
n

k

)
En−k = 0 for n = 1, 2, 3, . . . .

In particular,

∞∑
k=0

(−1)k

2k + 1
=
π

4
,
∞∑
k=0

(−1)k

(2k + 1)3
=
π3

32
,
∞∑
k=0

(−1)k

(2k + 1)5
=

5π5

1536
.

S. Ramanujan found that for 0 < |x| 6 π/2 we have

∞∑
k=0

(
2k
k

)
sin2k+1 x

(2k + 1)24k
= x log |2 sinx|+

∞∑
k=1

sin(2kx)

2k2

(cf. B. C. Berndt and P. T. Joshi [3, p. 89]), consequently

∞∑
k=0

(
2k
k

)
(2k + 1)28k

=
π

4
√

2
log 2 +

G√
2

and
∞∑
k=0

(
2k
k

)
(2k + 1)216k

=
3
√

3

4
K
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(cf. [3, pp. 39-40]), where

G := β(2) =
∞∑
k=0

(−1)k

(2k + 1)2

is the Catalan constant, and

K := L

(
2,

(
−3

·

))
=
∞∑
k=1

(k
3
)

k2
= 0.781302412896 . . .

with (k
3
) the Legendre symbol. In contrast with (1.1) and (1.4), in 1985

I. J. Zucker [30] proved the following remarkable identities:

∞∑
k=1

1

k3
(
2k
k

) =

√
3

2
πK − 4

3
ζ(3),

∞∑
k=1

2k

k3
(
2k
k

) =
π2

8
log 2 + πG− 35

16
ζ(3),

∞∑
k=1

3k

k3
(
2k
k

) =
2

9
π2 log 3 +

2
√

3

3
πK − 26

9
ζ(3),

∞∑
k=0

(
2k
k

)
(2k + 1)416k

=
π

12
ζ(3) +

27
√

3

64
L,

∞∑
k=1

1

k5
(
2k
k

) =
9
√

3

8
πL+

π2

9
ζ(3)− 19

3
ζ(5),

where

L := L

(
4,

(
−3

·

))
=
∞∑
k=1

(k
3
)

k4
.

Z.-W. Sun [22] conjectured that

∞∑
k=1

(15k − 4)(−27)k−1

k3
(
2k
k

)(
3k
k

) = K and
∞∑
k=1

(5k − 1)(−144)k

k3
(
2k
k

)2(4k
2k

) = −45

2
K;

the first formula here was confirmed in 2012 by Kh. Hessami Pilehrood
and T. Hessami Pilehrood [11], and the second one was later proved
by J. Guillera and M. Rogers [9].

L. van Hamme [20] investigated corresponding p-adic congruences
for certain hypergeometric series involving the Gamma function or π =
Γ(1/2)2. This stimulated later studies of p-adic congruences for some
well-known series. For example, R. Tauraso [29] proved that (1.1) and
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the first identity in (1.2) have the following p-adic analogs:

p−1∑
k=1

1

k2
(
2k
k

) ≡ Hp−1

3p
(mod p3) and

p−1∑
k=1

(−1)k−1

k3
(
2k
k

) ≡ 2

5
· Hp−1

p2
(mod p3),

(1.12)
where p > 5 is a prime. (It is known that Hp−1 ≡ −p2Bp−3/3 (mod p3)
for any prime p > 3.) Z.-W. Sun [22, 25] showed that

(p−1)/2∑
k=1

1

k2
(
2k
k

) ≡ (−1

p

)
4

3
Ep−3 and

(p−1)/2∑
k=1

(−1)k−1

k3
(
2k
k

) ≡ 2Bp−3 (mod p)

for any prime p > 5. By [22, Lemma 2.1], if p is an odd prime then

k

(
2k

k

)(
2(p− k)

p− k

)
≡ (−1)b2k/pc−12p (mod p2) (1.13)

for all k = 1, . . . , p− 1. (The paper [29] contains a similar technique.)
Motivated by this and (1.4), Z.-W. Sun [22] conjectured that

p

p−1∑
k=1

1

k4
(
2k
k

) ≡Hp−1

p2
− 7

45
p2Bp−5 (mod p3), (1.14)

p−1∑
k=1

(
2k
k

)
k3
≡− 2

Hp−1

p2
− 13

27
H

(3)
p−1 (mod p4), (1.15)

where p > 7 is a prime. This remains open but their mod p ver-
sions have been confirmed by Kh. Hessami Pilehrood and T. Hessami
Pilehrood [12]. Similarly, motivated by (1.10), (1.11) and (1.13), we
conjecture that

(p−1)/2∑
k=1

(−1)k

k3
(
2k
k

) (H(2)
k−1 −

4

5k2

)
≡ 10Bp−5 (mod p) (1.16)

for every prime p > 3, and that

(p−1)/2∑
k=1

(−1)k

k3
(
2k
k

) (5H
(4)
k−1 +

1

k4

)
≡ 58Bp−7 (mod p) (1.17)

and
p−1∑
k=1

(−1)k

k3
(
2k
k

) (5H
(4)
k−1 +

1

k4

)
≡ 2

35
Bp−7 (mod p) (1.18)
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for any prime p > 7. Note that if p is an odd prime and m is a positive
integer with (p− 1) - m then for every k = 1, . . . , p− 1 we have

H
(m)
p−k = H

(m)
p−1 −

∑
0<j<k

1

(p− j)m
≡ (−1)m−1H

(m)
k−1 (mod p).

Let p > 3 be a prime. Motivated by the first identity in (1.7), Z.-W.
Sun [23] showed that

(p−3)/2∑
k=0

(
2k
k

)
(2k + 1)16k

≡ 0 (mod p2),

p−1∑
k=(p+1)/2

(
2k
k

)
(2k + 1)16k

≡ p

3
Ep−3 (mod p2).

(1.19)
In view of (1.8) and the last equality in (1.9), Z.-W. Sun [23] conjectured
that if p > 5 then

(p−3)/2∑
k=0

(
2k
k

)
(2k + 1)2(−16)k

≡Hp−1

5p
(mod p3), (1.20)

p−1∑
k=(p+1)/2

(
2k
k

)
(2k + 1)2(−16)k

≡− p

4
Bp−3 (mod p2), (1.21)

(p−3)/2∑
k=0

(
2k
k

)
(2k + 1)316k

≡
(
−1

p

)(
Hp−1

4p2
+
p2

36
Bp−5

)
(mod p3).

(1.22)

The congruences (1.20) and (1.21) were confirmed in [13] and [25] re-
spectively.

Here we pose a curious conjectural series for K as well as its related
p-adic congruences.

Conjecture 1.1. (i) We have
∞∑
k=1

48k

k(2k − 1)
(
4k
2k

)(
2k
k

) =
15

2
K. (1.23)

(ii) For any prime p > 3, we have

p−1∑
k=1

(
4k

2k+1

)(
2k
k

)
48k

≡ 5

12
p2Bp−2

(
1

3

)
(mod p3) (1.24)

and

p2
p−1∑
k=1

48k

k(2k − 1)
(
4k
2k

)(
2k
k

) ≡ 4
(p

3

)
+ 4p (mod p2), (1.25)

where Bn(x) denotes the Bernoulli polynomial of degree n.
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Remark 1.1. In [22, Conj. 5.14] the author made the following conjec-
ture for any prime p > 3: If p ≡ 1 (mod 3) and p = x2 + 3y2 with
x, y ∈ Z and x ≡ 1 (mod 3), then

p−1∑
k=0

(
2k
k

)(
4k
2k

)
48k

≡ 2x− p

2x
(mod p2),

p−1∑
k=0

k + 1

48k

(
2k

k

)(
4k

2k

)
≡ x (mod p2).

If p ≡ 2 (mod 3), then

p−1∑
k=0

(
2k
k

)(
4k
2k

)
48k

≡ 3p

2
(
(p+1)/2
(p+1)/6

) (mod p2).

In view of (1.24), it is interesting to investigate what primes p > 3
satisfy the congruence Bp−2(1/3) ≡ 0 (mod p). The first such a prime
is 205129 and the second one must be greater than 2 × 107. By the
standard heuristic arguments (cf. [7, pp. 28-29]), it seems that there
should be infinitely many such primes.

In the next section we establish two theorems on transformations of
certain kinds of congruences. Motivated by the results and based on
our computation via the PSLQ algorithm, we pose in Sections 3-5 many
conjectural series involving harmonic numbers or higher-order harmon-
ic numbers for some special values of L-functions, most of which are
mainly motivated by their p-adic analogs we found first. All the con-
jectural series in this paper converge at geometric rates and so they can
be easily checked via some mathematical softwares like Mathematica.

2. Transformations of certain kinds of congruences

Theorem 2.1. Let p be an odd prime and let a be an integer with p - a.
Let b, c ∈ Z, m, r ∈ Z+ = {1, 2, 3, . . .} and ε ∈ {±1}. Then

(−1)r
p−1∑
k=1

(
2k
k

)
akkr

(
b

k∑
j=1

εj

jm
+ c

εk

km

)

≡2bp

p−1∑
j=1

εj

jm

p−1∑
k=1

ak−1

kr+1
(
2k
k

)
− (−1)m2εp

p−1∑
k=1

ak−1

kr+1
(
2k
k

)(b k∑
j=1

εj

jm
− (b+ c)

εk

km

)
(mod p),

(2.1)
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and also

1

(−2)r

(
−a
p

) p−1∑
k=1

(
2k
k

)
akkr

(
b

k∑
j=1

εj

jm
+ c

εk

km

)

≡b
(p−1)/2∑
j=1

εj

jm

(p−3)/2∑
k=0

(
2k
k

)
(2k + 1)r(16/a)k

− (−2)m
(
ε

p

)

×
(p−3)/2∑
k=0

(
2k
k

)
(2k + 1)r(16/a)k

(
b

k∑
j=0

εj

(2j + 1)m
− (b+ c)

εk

(2k + 1)m

)
(mod p).

(2.2)

Proof. Let n = (p− 1)/2. For k ∈ {1, . . . , p− 1}, clearly p |
(
2k
k

)
if and

only if k > n. By (1.13),

k

(
2k

k

)
≡ −2p(

2(p−k)
p−k

) (mod p) for all k = 1, . . . , n.

Thus

p−1∑
k=1

(
2k
k

)
akkr

(
b

k∑
j=1

εj

jm
+ c

εk

km

)

≡
n∑
k=1

k
(
2k
k

)
akkr+1

(
b

k∑
j=1

εj

jm
+ c

εk

km

)

≡− 2p
n∑
k=1

1

akkr+1
(
2(p−k)
p−k

)(b k∑
j=1

εj

jm
+ c

εk

km

)

≡− 2p

p−1∑
k=1

1

akkr+1
(
2(p−k)
p−k

)(b k∑
j=1

εj

jm
+ c

εk

km

)

≡− 2p

p−1∑
k=1

1

ap−k(p− k)r+1
(
2k
k

)(b p−k∑
j=1

εj

jm
+ c

εp−k

(p− k)m

)

≡− 2p

p−1∑
k=1

ak−1

(−k)r+1
(
2k
k

)(b p−1∑
j=1

εj

jm
− b

∑
0<s<k

εp−s

(p− s)m
+ c

εk−1

(−k)m

)

≡2p

p−1∑
k=1

(−1)rak−1

kr+1
(
2k
k

) (b p−1∑
j=1

εj

jm
− (−1)mε

(
b

k∑
s=1

εs

sm
− (b+ c)

εk

km

))
(mod p).

This proves (2.1).
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For each k = 0, . . . , n, we have(
2k
k

)
16k
≡
(
−1

p

)(
2(n− k)

n− k

)
(mod p) (2.3)

since (
2k

k

)
=

(
−1/2

k

)
(−4)k ≡

(
n

k

)
(−4)k =

(
n

n− k

)
(−4)k

≡
(
−1/2

n− k

)
(−4)k =

(
2(n−k)
n−k

)
(−4)n−k

(−4)k

≡(−1)n
(

2(n− k)

n− k

)
16k (mod p).

Therefore

p−1∑
k=1

(
2k
k

)
akkr

(
b

k∑
j=1

εj

jm
+ c

εk

km

)

≡
n∑
k=1

(
2k
k

)
akkr

(
b

k∑
j=1

εj

jm
+ c

εk

km

)

=
n−1∑
k=0

(
2(n−k)
n−k

)
an−k(n− k)r

(
b
n−k∑
j=1

εj

jm
+ c

εn−k

(n− k)m

)

≡
n−1∑
k=0

(
−a
p

)
ak
(
2k
k

)
16k(−1/2− k)r

(
b

n∑
j=1

εj

jm
− b

∑
06s<k

εn−s

(n− s)m
+ c

εn−k

(−1/2− k)m

)

≡
(
−a
p

)
(−2)r

n−1∑
k=0

(
2k
k

)
(2k + 1)r(16/a)k

×
(
b

n∑
j=1

εj

jm
− εn(−2)m

(
b
∑

06s<k

εs

(2s+ 1)m
− c εk

(2k + 1)m

))

≡
(
−a
p

)
(−2)r

n−1∑
k=0

(
2k
k

)
(2k + 1)r(16/a)k

×
(
b

n∑
j=1

εj

jm
− (−2)m

(
ε

p

)(
b

k∑
s=0

εs

(2s+ 1)m
− (b+ c)

εk

(2k + 1)m

))
(mod p).

This proves (2.2).
In view of the above, we have completed the proof of Theorem 2.1.

�
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Remark 2.1. Let p be an odd prime, and let m ∈ Z+ and ε ∈ {±1}. It

is well known that H
(m)
p−1 ≡ 0 (mod p) when (p− 1) - m. Note also that

p−1∑
k=1

εk

km
=

(p−1)/2∑
k=1

(
εk

km
+

εp−k

(p− k)m

)
≡ (1 + (−1)mε)

(p−1)/2∑
k=1

εk

km
(mod p)

and hence
∑p−1

k=1(−1)k/km ≡ 0 (mod p) if 2 | m.

Corollary 2.1. Let p > 5 be a prime. For any b, c ∈ Z, m ∈ Z+ and
ε ∈ {±1}, we have

p−1∑
k=1

(
2k
k

)
k

(
b

k∑
j=1

εj

jm
+ c

εk

km

)

≡(−1)m2εp

p−1∑
k=1

1

k2
(
2k
k

)(b k∑
j=1

εj

jm
− (b+ c)

εk

km

)
(mod p),

(2.4)

and also

(−1)m

2m+1

(
−ε
p

) p−1∑
k=1

(
2k
k

)
k

(
b

k∑
j=1

εj

jm
+ c

εk

km

)

≡
(p−3)/2∑
k=0

(
2k
k

)
(2k + 1)16k

(
b

k∑
j=0

εj

(2j + 1)m
− (b+ c)

εk

(2k + 1)m

)
(mod p).

(2.5)

Proof. In view of (1.12) and (1.19),

p

p−1∑
k=1

1

k2
(
2k
k

) ≡ (p−3)/2∑
k=0

(
2k
k

)
(2k + 1)16k

≡ 0 (mod p).

Thus, by applying Theorem 2.1 with a = r = 1 we immediately obtain
(2.4) and (2.5). �

Corollary 2.2. Let p > 5 be a prime. For any b, c ∈ Z, m ∈ Z+ and
ε ∈ {±1}, we have

p−1∑
k=1

(−1)k−1
(
2k
k

)
k2

(
b

k∑
j=1

εj

jm
+ c

εk

km

)

≡(−1)m2εp

p−1∑
k=1

(−1)k−1

k3
(
2k
k

) (b k∑
j=1

εj

jm
− (b+ c)

εk

km

)
(mod p),

(2.6)
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and also

(−1)m

2m+2

(
ε

p

) p−1∑
k=1

(−1)k−1
(
2k
k

)
k2

(
b

k∑
j=1

εj

jm
+ c

εk

km

)

≡
(p−3)/2∑
k=0

(
2k
k

)
(2k + 1)2(−16)k

(
b

k∑
j=0

εj

(2j + 1)m
− (b+ c)

εk

(2k + 1)m

)
(mod p).

(2.7)

Proof. In view of (1.12) and (1.20),

p

p−1∑
k=1

(−1)k−1

k3
(
2k
k

) ≡ (p−3)/2∑
k=0

(
2k
k

)
(2k + 1)2(−16)k

≡ 0 (mod p).

Applying Theorem 2.1 with a = −1 and r = 2, we immediately obtain
(2.6) and (2.7). �

Corollary 2.3. Let p > 3 be a prime. For any b, c ∈ Z, m ∈ Z+ and
ε ∈ {±1}, we have

p−1∑
k=1

(
2k
k

)
k3

(
b

k∑
j=1

εj

jm
+ c

εk

km

)
− 2

3
bBp−3

p−1∑
k=1

εk

km

≡(−1)m2εp

p−1∑
k=1

1

k4
(
2k
k

)(b k∑
j=1

εj

jm
− (b+ c)

εk

km

)
(mod p),

(2.8)

and also

(−1)m

2m+3

(
−ε
p

)( p−1∑
k=1

(
2k
k

)
k3

(
b

k∑
j=1

εj

jm
+ c

εk

km

)
− 2

3
bBp−3

(p−1)/2∑
k=1

εk

km

)

≡
(p−3)/2∑
k=0

(
2k
k

)
(2k + 1)316k

(
b

k∑
j=0

εj

(2j + 1)m
− (b+ c)

εk

(2k + 1)m

)
(mod p).

(2.9)

Proof. Let n = (p− 1)/2. By (2.3),

n−1∑
k=0

(
2k
k

)
(2k + 1)316k

≡
(
−1

p

) n−1∑
k=0

(
2(n−k)
n−k

)
(2k + 1)3

=

(
−1

p

) n∑
k=1

(
2k
k

)
(2(n− k) + 1)3

≡
(
−1

p

) n∑
k=1

(
2k
k

)
(−2k)3

≡ −1

8

(
−1

p

) p−1∑
k=1

(
2k
k

)
k3

(mod p).
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As conjectured by the author and proved in [12],

p

p−1∑
k=1

1

k4
(
2k
k

) ≡ Hp−1

p2
≡ −Bp−3

3
(mod p)

and
p−1∑
k=1

(
2k
k

)
k3
≡ −2

Hp−1

p2
≡ 2

3
Bp−3 (mod p).

So
(p−3)/2∑
k=0

(
2k
k

)
(2k + 1)316k

≡ −
(
−1

p

)
Bp−3

12
(mod p), (2.10)

which confirms the mod p version of (1.22). Applying Theorem 2.1
with a = 1 and r = 3, we immediately obtain (2.8) and (2.9). �

Theorem 2.2. Let p be an odd prime and let m be an integer with
p - m(m − 4). Let α be a positive integer, and let a0, a1, . . . , apα−1 be

p-adic integers. Define a∗k =
∑k

j=0

(
k
j

)
(−1)jaj for k = 0, 1, . . . , pα − 1.

Then we have the congruences

pα−1∑
k=0

(
2k
k

)
(4−m)k

a∗k ≡
(
m(m− 4)

pα

) pα−1∑
k=0

(
2k
k

)
mk

ak (mod p) (2.11)

and

m

pα−1∑
k=0

k
(
2k
k

)
(4−m)k

a∗k ≡
(
m(m− 4)

pα

) pα−1∑
k=0

((m− 4)k − 2)

(
2k
k

)
mk

ak (mod p),

(2.12)
where ( ·

pα
) denotes the Jacobi symbol.

Proof. Let n = (pα− 1)/2. By Lucas’ theorem (see, e.g., [14]), for each
k = n+ 1, . . . , pa − 1 we have(

2k

k

)
=

(
pa + (2k − pa)

0 · pa + k

)
≡
(

1

0

)(
2k − pa

k

)
= 0 (mod p).

Also, for any j, k ∈ {0, . . . , n} with j + k 6 n, we have(
n−j
k

)(−1/2−j
k

) =
∏

06i<k

(pα − 1)/2− j − i
−1/2− j − i

=
∏

06i<k

(
1− pα

2(i+ j) + 1

)
≡ 1 (mod p).
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As
(−1/2

k

)
=
(
2k
k

)
/(−4)k for k = 0, 1, 2, . . ., we have

n∑
k=0

(
2k
k

)
(4−m)k

k∑
j=0

(
k

j

)
(−1)jaj

=
n∑
j=0

(−1)jaj

n∑
k=j

(
−1/2

k

)(
−4

4−m

)k (
k

j

)

=
n∑
j=0

(−1)jaj

(
−1/2

j

) n∑
k=j

(
−1/2− j
k − j

)(
4

m− 4

)k

=
n∑
j=0

(
2j
j

)
4j

aj

(
4

m− 4

)j n−j∑
i=0

(
−1/2− j

i

)(
4

m− 4

)i
and hence

pα−1∑
k=0

(
2k
k

)
(4−m)k

a∗k ≡
n∑
j=0

(
2j
j

)
(m− 4)j

aj

n−j∑
i=0

(
n− j
i

)(
4

m− 4

)i

=
n∑
j=0

(
2j
j

)
(m− 4)j

aj

(
1 +

4

m− 4

)n−j

=
n∑
j=0

(
2j
j

)
(m− 4)j

aj

(
m

m− 4

)n(
m− 4

m

)j

=
n∑
j=0

(
2j
j

)
mj

aj

(
m

m− 4

) p−1
2

∑α−1
r=0 p

r

≡
(
m(m− 4)

pα

) pα−1∑
j=0

(
2j
j

)
mj

aj (mod p).

This proves (2.11). Similarly,

n∑
k=0

k
(
2k
k

)
(4−m)k

k∑
j=0

(
k

j

)
(−1)jaj

=
n∑
j=0

(−1)jaj

(
−1/2

j

) n∑
k=j

k

(
−1/2− j
k − j

)(
4

m− 4

)k

=
n∑
j=0

(
2j
j

)
4j

aj

(
4

m− 4

)j n−j∑
i=0

(j + i)

(
−1/2− j

i

)(
4

m− 4

)i
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and hence

pα−1∑
k=0

k
(
2k
k

)
(4−m)k

a∗k ≡
n∑
j=0

(
2j
j

)
aj

(m− 4)j

n−j∑
i=0

(j + i)

(
n− j
i

)(
4

m− 4

)i

=
n∑
j=0

j
(
2j
j

)
aj

(m− 4)j

(
1 +

4

m− 4

)n−j

+
n∑
j=0

(n− j)
(
2j
j

)
(m− 4)j

aj
∑

0<i6n−j

(
n− j − 1

i− 1

)(
4

m− 4

)i

=
n∑
j=0

j
(
2j
j

)
(m− 4)j

aj

(
m

m− 4

)n−j

+
n∑
j=0

(n− j)
(
2j
j

)
(m− 4)j

aj

(
1 +

4

m− 4

)n−j−1
4

m− 4

=
n∑
j=0

j
(
2j
j

)
aj

(m− 4)j

(
m− 4

m

)j−n

+
4

m

n∑
j=0

(n− j)
(
2j
j

)
(m− 4)j

aj

(
m− 4

m

)j−n

≡
(
m(m− 4)

pα

) pα−1∑
j=0

(
2j
j

)
mj

aj

(
j +

4

m

(
−1

2
− j
))

(mod p).

So (2.12) also holds. This concludes the proof. �

Remark 2.2. Theorem 2.2 was motivated by the identity (1.18) in [26].

Corollary 2.4. For k = 0, 1, 2, . . . define

fk(x) :=
k∑
j=0

(
k

j

)2(
2j

k

)
xj and gk(x) :=

k∑
j=0

(
k

j

)2(
2j

j

)
xj.

Let p be an odd prime and let α be any positive integer. Then, for any
integer m 6≡ 0,−4 (mod p), we have

pα−1∑
k=0

(
2k
k

)
gk(x)

(m+ 4)k
≡
(
m(m+ 4)

pα

) pα−1∑
k=0

(
2k
k

)
mk

fk(x) (mod p) (2.13)
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and

m

pα−1∑
k=0

k
(
2k
k

)
gk(x)

(m+ 4)k
≡
(
m(m+ 4)

pα

) pα−1∑
k=0

((m+4)k+2)

(
2k
k

)
mk

fk(x) (mod p).

(2.14)

Proof. By [28, Theorem 2.2],

gk(x) =
k∑
j=0

(
k

j

)
(−1)j((−1)jfj(x)) for all k = 0, 1, 2, . . . .

Thus, by applying Theorem 2.2 we obtain that

pα−1∑
k=0

(
2k
k

)
gk(x)

(4− (−m))k
≡
(
−m(−m− 4)

pα

) pα−1∑
k=0

(
2k
k

)
(−m)k

(−1)kfk(x) (mod p)

and that

−m
pα−1∑
k=0

k
(
2k
k

)
(4− (−m))k

gk(x)

≡
(
−m(−m− 4)

pα

) pα−1∑
k=0

((−m− 4)k − 2)

(
2k
k

)
(−m)k

(−1)kfk(x) (mod p).

So, both (2.13) and (2.14) hold. �

Remark 2.3. The author [24, (2.6)] proved that

p−1∑
k=0

(
2k
k

)
fk(x)

(−4)k
≡

p−1∑
k=0

(
2k
k

)3
16k

xk (mod p2) for any prime p > 3.

3. Conjectural formulas involving ordinary harmonic
numbers

Conjecture 3.1. (i) We have

∞∑
k=1

H2k + 2/(3k)

k2
(
2k
k

) =ζ(3), (3.1)

∞∑
k=1

H2k + 2Hk

k2
(
2k
k

) =
5

3
ζ(3), (3.2)

∞∑
k=1

H2k + 17Hk

k2
(
2k
k

) =
5

2

√
3 πK. (3.3)
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(ii) Let p > 3 be a prime. Then

(p−1)/2∑
k=1

3H2k + 2/k

k2
(
2k
k

) ≡Bp−3 (mod p),

p−1∑
k=1

3H2k + 2/k

k2
(
2k
k

) ≡− 4
Hp−1

p2
− 9

10
p2Bp−5 (mod p3),

p−1∑
k=1

H2k + 2Hk

k2
(
2k
k

) ≡− 8

3
· Hp−1

p2
− 17

30
p2Bp−5 (mod p3),

p

p−1∑
k=1

H2k + 17Hk

k2
(
2k
k

) ≡5

4

(p
3

)
Bp−2

(
1

3

)
(mod p).

Remark 3.1. A combination of (3.1) and (3.2) yields

∞∑
k=1

3Hk − 1/k

k2
(
2k
k

) = ζ(3)

for which Mathematica 9 could yield a “proof” after running the
FullSimplify command half an hour. Combining (3.1)-(3.3) we find
exact values of

∞∑
k=1

1

k3
(
2k
k

) , ∞∑
k=1

Hk

k2
(
2k
k

) and
∞∑
k=1

H2k

k2
(
2k
k

) .
Recently G.-S. Mao and Z.-W. Sun [17] showed that for any prime
p > 3 we have

p−1∑
k=1

(
2k
k

)
k
Hk ≡

1

3

(p
3

)
Bp−2

(
1

3

)
(mod p),

p−1∑
k=1

(
2k
k

)
k
H2k ≡

7

12

(p
3

)
Bp−2

(
1

3

)
(mod p).
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Conjecture 3.2. (i) We have

∞∑
k=1

2k

k2
(
2k
k

) (Hbk/2c − (−1)k
2

k

)
=

7

4
ζ(3), (3.4)

∞∑
k=1

2k

k2
(
2k
k

) (2H2k − 3Hk +
2

k

)
=

7

4
ζ(3), (3.5)

∞∑
k=1

2k

k2
(
2k
k

) (6H2k − 11Hk +
8

k

)
=2πG, (3.6)

∞∑
k=1

2k

k2
(
2k
k

) (2H2k − 7Hk +
2

k

)
=− π2

2
log 2, (3.7)

∞∑
k=1

3k

k2
(
2k
k

) (6H2k − 8Hk +
5

k

)
=

26

3
ζ(3), (3.8)

∞∑
k=1

3k

k2
(
2k
k

) (6H2k − 10Hk +
7

k

)
=2
√

3πK, (3.9)

∞∑
k=1

3k

k2
(
2k
k

) (Hk +
1

2k

)
=
π2

3
log 3. (3.10)

And

∞∑
k=1

L2k

k2
(
2k
k

) (1

k
+

1

k + 1
+ · · ·+ 1

2k

)
=

41ζ(3) + 4π2 log φ

25
, (3.11)

∞∑
k=1

vk

k2
(
2k
k

) (1

k
+

1

k + 1
+ · · ·+ 1

2k

)
=

124ζ(3) + π2 log (55φ6)

50
, (3.12)

where φ is the famous golden ratio (
√

5 + 1)/2, the Lucas numbers
L0, L1, L2, . . . are given by

L0 = 2, L1 = 1, and Ln+1 = Ln + Ln−1 for all n = 1, 2, 3, . . . ,

and v0, v1, v2, . . . , are defined by

v0 = 2, v1 = 5, and vn+1 = 5(vn − vn−1) for all n = 1, 2, 3, . . . .
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(ii) For any prime p > 3 we have

p2
p−1∑
k=1

2k

k2
(
2k
k

) (2H2k − 3Hk +
2

k

)
≡− 2qp(2)−Hp−1 (mod p3),

p2
p−1∑
k=1

2k

k2
(
2k
k

) (6H2k − 11Hk +
8

k

)
≡− 6qp(2) +

(
−1

p

)
2pEp−3 (mod p2),

p2
p−1∑
k=1

2k

k2
(
2k
k

) (2H2k − 7Hk +
2

k

)
≡− 2qp(2) + 2p qp(2)2 (mod p2),

p−1∑
k=1

(
2k
k

)
k2k

(2H2k − 3Hk) ≡
49

24
pBp−3 (mod p2),

p2
p−1∑
k=1

3k

k2
(
2k
k

) (6H2k − 8Hk +
5

k

)
≡− 9qp(3)− 6Hp−1 (mod p3),

p2
p−1∑
k=1

3k

k2
(
2k
k

) (6H2k − 10Hk +
7

k

)
≡− 9qp(2) +

(p
3

) p
2
Bp−2

(
1

3

)
(mod p2),

p−1∑
k=1

(
2k
k

)
k3k

(3H2k − 4Hk) ≡
26

9
pBp−3 (mod p2),

where qp(a) for a 6≡ 0 (mod p) denotes the Fermat quotient (ap−1−1)/p.

Remark 3.2. (a) Combining (3.5)-(3.7) we find the exact values of

∞∑
k=1

2k

k2
(
2k
k

) , ∞∑
k=1

2kHk

k2
(
2k
k

) and
∞∑
k=1

2kH2k

k2
(
2k
k

) .
Similarly, combining (3.8)-(3.10) we get the exact values of

∞∑
k=1

3k

k2
(
2k
k

) , ∞∑
k=1

3kHk

k2
(
2k
k

) and
∞∑
k=1

3kH2k

k2
(
2k
k

) .
The author [27, Remark 5.2] used Mathematica 7 to find that

∞∑
k=1

4kHk−1

k2
(
2k
k

) = 7ζ(3) and
∞∑
k=1

4kH2k−1

k2
(
2k
k

) =
21

2
ζ(3).

(b) Applying (1.3) with x = φ, 1− φ we obtain

∞∑
k=1

φ2k

k2
(
2k
k

) = 2 arcsin2

√
5 + 1

4
= 2

(
3π

10

)2

=
9π2

50
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and

∞∑
k=1

(1− φ)2k

k2
(
2k
k

) = 2 arcsin2 1−
√

5

4
= 2

(
− π

10

)2
=
π2

50
.

Therefore,

∞∑
k=1

L2k

k2
(
2k
k

) =
∞∑
k=1

φ2k + (1− φ)2k

k2
(
2k
k

) =
π2

5
.

(1.3) with x =
√

(5±
√

5)/2 yields that

2

(
2π

5

)2

=
∞∑
k=1

((5 +
√

5)/2)k

k2
(
2k
k

) and 2
(π

5

)2
=
∞∑
k=1

((5−
√

5)/2)k

k2
(
2k
k

) .

So we have

∞∑
k=1

vk

k2
(
2k
k

) =
∞∑
k=1

1

k2
(
2k
k

)((5 +
√

5

2

)k
+

(
5−
√

5

2

)k)
=

2

5
π2.

Conjecture 3.3. (i) We have

∞∑
k=1

(−1)k−1
10Hk − 3/k

k3
(
2k
k

) =
π4

30
, (3.13)

∞∑
k=1

(−1)k−1
H2k + 4Hk

k3
(
2k
k

) =
2

75
π4, (3.14)

∞∑
k=1

H2k −Hk + 2/k

k4
(
2k
k

) =
11

9
ζ(5), (3.15)

∞∑
k=1

3H2k − 102Hk + 28/k

k4
(
2k
k

) =− 55

18
π2ζ(3), (3.16)

∞∑
k=1

97H2k − 163Hk + 227/k

k4
(
2k
k

) =
165

8

√
3πL. (3.17)



22 ZHI-WEI SUN

(ii) Let p > 3 be a prime. Then

p−1∑
k=1

(−1)k−1

k2

(
2k

k

)(
Hk−1 +

3

10k

)
≡16

25
p2Bp−5 (mod p3),

p−1∑
k=1

(−1)k−1

k3
(
2k
k

) (10Hk −
3

k

)
≡2

5
pBp−5 (mod p2),

p−1∑
k=1

(−1)k−1

k2

(
2k

k

)
(H2k−1 + 4Hk−1) ≡

184

25
p2Bp−5 (mod p3) if p > 5,

p

p−1∑
k=1

(−1)k−1(H2k + 4Hk)

k3
(
2k
k

) ≡2

5
· Hp−1

p2
+

8

25
p2Bp−5 (mod p3),

p−1∑
k=1

(
2k
k

)
k3

(
H2k−1 −Hk −

1

k

)
≡22

15
pBp−5 (mod p2),

p2
p−1∑
k=1

H2k −Hk + 2/k

k4
(
2k
k

) ≡Hp−1

p2
+

4

9
p2Bp−5 (mod p3),

p−1∑
k=1

(
2k
k

)
k3

(
3H2k−1 − 102Hk−1 −

28

k

)
≡44

15
pBp−5 (mod p2),

p2
p−1∑
k=1

3H2k − 102Hk + 28/k

k4
(
2k
k

) ≡3
Hp−1

p2
+

196

15
p2Bp−5 (mod p3).

If p > 5, then

p−1∑
k=1

(
2k
k

)
k3

(
97H2k−1 − 163Hk−1 −

227

k

)
≡ −55

48

(p
3

)
Bp−4

(
1

3

)
(mod p)

and

p2
p−1∑
k=1

97H2k − 163Hk + 227/k

k4
(
2k
k

) ≡ 97
Hp−1

p2
+

55

96

(p
3

)
pBp−4

(
1

3

)
(mod p2).
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Conjecture 3.4. (i) We have

∞∑
k=0

(
2k
k

)
(2k + 1)16k

(
3H2k+1 +

4

2k + 1

)
=8G, (3.18)

∞∑
k=0

(
2k
k

)
(2k + 1)2(−16)k

(
5H2k+1 +

12

2k + 1

)
=14ζ(3), (3.19)

∞∑
k=0

(
2k
k

)
(2k + 1)316k

(
9H2k+1 +

32

2k + 1

)
=40β(4) +

5

12
πζ(3). (3.20)

(ii) Let p be an odd prime. Then

(p−3)/2∑
k=0

(
2k
k

)
(2k + 1)16k

(
3H2k+1 +

4

2k + 1

)
≡ 4Ep−3 (mod p).

If p > 3, then

(p−3)/2∑
k=0

(
2k
k

)
(2k + 1)2(−16)k

(
5H2k+1 +

12

2k + 1

)
≡ −15

Hp−1

p2
− 29

10
p2Bp−5 (mod p3).

4. Conjectural formulas involving higher-order
harmonic numbers

For any positive integers k and m, obviously

k∑
j=1

(−1)j

jm
+H

(m)
k =

k∑
j=1

(−1)j + 1

jm
=

∑
0<j6bk/2c

2

(2j)m
= 21−mH

(m)
bk/2c.

Conjecture 4.1. (i) We have

∞∑
k=1

6H
(2)
bk/2c − (−1)k/k2

k2
(
2k
k

) =
13

1620
π4. (4.1)
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Also,

∞∑
k=1

H
(3)
k

k2
(
2k
k

) =
ζ(5) + 2ζ(2)ζ(3)

9
, (4.2)

∞∑
k=1

(−1)k

k3
(
2k
k

)(10
k∑
j=1

(−1)j

j2
− (−1)k

k2

)
=

29ζ(5)− 2ζ(2)ζ(3)

6
, (4.3)

∞∑
k=1

1

k2
(
2k
k

)(24
k∑
j=1

(−1)j

j3
− 17

(−1)k

k3

)
=7ζ(5)− 6ζ(2)ζ(3). (4.4)

(ii) Let p > 3 be a prime. Then

p

p−1∑
k=1

6H
(2)
bk/2c − (−1)k/k2

k2
(
2k
k

) ≡ 22
Hp−1

p2
− 97

45
p2Bp−5 (mod p3),

p−1∑
k=1

H
(3)
k

k2
(
2k
k

) ≡ 29

45
Bp−5 (mod p),

p−1∑
k=1

(
2k
k

)
k
H

(3)
k−1 ≡

2

45
pBp−5 (mod p2).

Also,

p−1∑
k=1

(−1)k

k3
(
2k
k

)(10
k∑
j=1

(−1)j

j2
− (−1)k

k2

)
≡121

30
Bp−5 (mod p),

p−1∑
k=1

1

k2
(
2k
k

)(24
k∑
j=1

(−1)j

j3
− 17

(−1)k

k3

)
≡23

5
Bp−5 (mod p).

Conjecture 4.2. (i) We have

∞∑
k=1

(−1)k−1
H

(3)
k + 1/(5k3)

k3
(
2k
k

) =
2

5
ζ(3)2, (4.5)

∞∑
k=1

H
(2)
k−1 − 1/k2

k4
(
2k
k

) =− 313π6

612360
, (4.6)

∞∑
k=1

3H
(4)
k − 1/k4

k2
(
2k
k

) =
163π6

136080
. (4.7)
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Also,

∞∑
k=1

1

k2
(
2k
k

)(8
k∑
j=1

(−1)j

j4
+

(−1)k

k4

)
=− 97

34020
π6 − 22

15
ζ(3)2,

(4.8)

∞∑
k=1

1

k4
(
2k
k

)(72
k∑
j=1

(−1)j

j2
− (−1)k

k2

)
=− 31

1134
π6 − 34

5
ζ(3)2, (4.9)

∞∑
k=1

(−1)k

k3
(
2k
k

)(40
∑

0<j<k

(−1)j

j3
− 7

(−1)k

k3

)
=− 367

27216
π6 + 6ζ(3)2. (4.10)

(ii) Let p > 3 be a prime. Then

p

p−1∑
k=1

(−1)k−1

k3
(
2k
k

) (5H
(3)
k +

1

k3

)
≡2Bp−5 (mod p),

p

p−1∑
k=1

H
(2)
k−1 − 1/k2

k4
(
2k
k

) ≡4

9
Bp−5 (mod p).

If p > 7, then

p−1∑
k=1

(
2k
k

)
k5

+

p−1∑
k=1

(
2k
k

)
k3

H
(2)
k ≡−

20

27
·
H

(3)
p−1

p2
− 197

756
p2Bp−7 (mod p3),

p−1∑
k=1

(
2k
k

)
k

(
3H

(4)
k−1 +

1

k4

)
≡5

6
·
H

(3)
p−1

p2
+

31

21
p2Bp−7 (mod p3),

p−1∑
k=1

3H
(4)
k − 1/k4

k2
(
2k
k

) ≡ 5

12
·
H

(3)
p−1

p2
− 499

336
p2Bp−7 (mod p3).

When p > 5, we have

p

p−1∑
k=1

1

k2
(
2k
k

)( k∑
j=1

(−1)j

j4
+

(−1)k

8k4

)
≡− Bp−5

3
(mod p),

p

p−1∑
k=1

1

k4
(
2k
k

)(72
k∑
j=1

(−1)j

j2
− (−1)k

k2

)
≡− 2Bp−5 (mod p),

p

p−1∑
k=1

(−1)k

k3
(
2k
k

)(40
∑

0<j<k

(−1)j

j3
− 7

(−1)k

k3

)
≡5

2
Bp−5 (mod p).
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Conjecture 4.3. We have

∞∑
k=1

33H
(5)
k + 4/k5

k2
(
2k
k

) =− 45

8
ζ(7) +

13

3
ζ(2)ζ(5) +

85

6
ζ(3)ζ(4), (4.11)

∞∑
k=1

33H
(3)
k + 8/k3

k4
(
2k
k

) =− 259

24
ζ(7)− 98

9
ζ(2)ζ(5) +

697

18
ζ(3)ζ(4), (4.12)

and
∞∑
k=1

(−1)k

k3
(
2k
k

)(110
k∑
j=1

(−1)j

j4
+ 29

(−1)k

k4

)
=

223

24
ζ(7)− 301

6
ζ(2)ζ(5) +

221

2
ζ(3)ζ(4).

(4.13)

5. Conjectural formulas involving
∑k

j=0(±1)j/(2j + 1)m

Conjecture 5.1. (i) We have

∞∑
k=0

(
2k
k

)
(2k + 1)16k

k∑
j=0

1

(2j + 1)3
=

5

18
πζ(3), (5.1)

∞∑
k=0

(
2k
k

)
(2k + 1)2(−16)k

k∑
j=0

(−1)j

(2j + 1)2
=
π2G

10
+
πζ(3)

240
+

27
√

3

640
L. (5.2)

(ii) Let p > 3 be a prime. Then

(p−3)/2∑
k=0

(
2k
k

)
(2k + 1)16k

k∑
j=0

1

(2j + 1)3
≡ 7

180

(
−1

p

)
pBp−5 (mod p2).

Conjecture 5.2. (i) We have

∞∑
k=0

(
2k
k

)
(2k + 1)8k

( ∑
06j<k

(−1)j

2j + 1
− (−1)k

2k + 1

)
=−

√
2

16
π2, (5.3)

∞∑
k=0

(
2k
k

)
(2k + 1)16k

(
12

k∑
j=0

(−1)j

(2j + 1)2
− (−1)k

(2k + 1)2

)
=4πG, (5.4)

∞∑
k=0

(
2k
k

)
(2k + 1)2(−16)k

(
5

k∑
j=0

1

(2j + 1)3
+

1

(2k + 1)3

)
=
π2

2
ζ(3), (5.5)

∞∑
k=0

(
2k
k

)
(2k + 1)16k

(
24
∑

06j<k

(−1)j

(2j + 1)3
+ 7

(−1)k

(2k + 1)3

)
=
π4

12
, (5.6)
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∞∑
k=0

(
2k
k

)
(2k + 1)2(−16)k

(
40
∑

06j<k

(−1)j

(2j + 1)3
− 7

(−1)k

(2k + 1)3

)
=− 85π5

3456
,

(5.7)

∞∑
k=0

(
2k
k

)
(2k + 1)16k

(
3

k∑
j=0

1

(2j + 1)4
− 1

(2k + 1)4

)
=

121π5

17280
,

(5.8)
∞∑
k=0

(
2k
k

)
(2k + 1)2(−16)k

(
5
∑

06j<k

1

(2j + 1)4
+

1

(2k + 1)4

)
=

7π6

7200
. (5.9)

(ii) Let p > 3 be a prime. Then

(p−3)/2∑
k=0

(
2k
k

)
(2k + 1)16k

(
12

k∑
j=0

(−1)j

(2j + 1)2
− (−1)k

(2k + 1)2

)
≡ −3

2
· Hp−1

p2
(mod p2),

(p−3)/2∑
k=0

(
2k
k

)
(2k + 1)2(−16)k

(
5

k∑
j=0

1

(2j + 1)3
+

1

(2k + 1)3

)
≡ Bp−5

8
(mod p),

(p−3)/2∑
k=0

(
2k
k

)
(2k + 1)16k

(
24
∑

06j<k

(−1)j

(2j + 1)3
+ 7

(−1)k

(2k + 1)3

)
≡ −p

5
Bp−5 (mod p2),

(p−3)/2∑
k=0

(
2k
k

)
(2k + 1)2(−16)k

(
40
∑

06j<k

(−1)j

(2j + 1)3
− 7

(−1)k

(2k + 1)3

)
≡
(
−1

p

)
5

32
Bp−5 (mod p2).

Provided p > 7, we have

(p−3)/2∑
k=0

(
2k
k

)
(2k + 1)16k

( k∑
j=0

3

(2j + 1)4
− 1

(2k + 1)4

)

≡ 5

192

(
−1

p

)
H

(3)
p−1

p2
(mod p2)

and

(p−3)/2∑
k=0

(
2k
k

)
(2k + 1)2(−16)k

( ∑
06j<k

5

(2j + 1)4
+

1

(2k + 1)4

)
≡ −pBp−7

560
(mod p2).
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Conjecture 5.3. We have

∞∑
k=0

(
2k
k

)
(2k + 1)16k

(
8

k∑
j=0

(−1)j

(2j + 1)4
+

(−1)k

(2k + 1)4

)
=

11

120
π2ζ(3) +

8

3
πβ(4),

(5.10)

∞∑
k=0

(
2k
k

)
(2k + 1)16k

( k∑
j=0

33

(2j + 1)5
+

4

(2k + 1)5

)
=

35

288
π3ζ(3) +

1003

96
πζ(5),

(5.11)

∞∑
k=0

(
2k
k

)
(2k + 1)2(−16)k

(
110

k∑
j=0

(−1)j

(2j + 1)4
+ 29

(−1)k

(2k + 1)4

)
=

91

96
π3ζ(3) + 11π2β(4)− 301

192
πζ(5),

(5.12)

∞∑
k=0

(
2k
k

)
(2k + 1)316k

(
72

k∑
j=0

(−1)j

(2j + 1)2
− (−1)k

(2k + 1)2

)
=

7

3
π3G+

17

40
π2ζ(3),

(5.13)

∞∑
k=0

(
2k
k

)
(2k + 1)316k

( k∑
j=0

33

(2j + 1)3
+

8

(2k + 1)3

)
=

245

216
π3ζ(3)− 49

144
πζ(5).

(5.14)
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