ON THE RINGS OF PROJECTIVE CHARACTERS OF ABELIAN
GROUPS AND DIHEDRAL GROUPS

CHUANGXUN CHENG; JI FU

ABSTRACT. In this paper, for abelian groups and dihedral groups, we study the tensor
products of their irreducible projective representations. By explicitly determining the de-
compositions of these tensor products, we obtain the structures of the rings of projective
characters.

1. INTRODUCTION

Let G be a finite group. Let a € Z%(G,C*) be a multiplier that represents an element
of order d in H?(G,C*). In this paper, a projective representation (m,V, ) of G over C of
degree n and multiplier « is a map 7 : G — GL(V') such that 7 (z)7(y) = a(z,y)m(zy) for
all z,y € G, where V' is an n-dimensional vector space over C. Changing « by a suitable
coboundary, we may assume that o = 1. In particular, « is unitary, i.c., |a(z,y)| = 1 for
any z,y € G.

Denote by Repg: the category of projective representations of G with multiplier c. In [3]
Section 2], Cheng constructed a character theory to study Rep¢ by exploiting the analogy
between projective representations and linear representations. Let (, V) «) be a projective
representation of G. The character of (m,V,a) xr : G — C is defined by the equation

Xx(g) = Tr(m(g)) for all g € G.

Up to isomorphism, each object in Rep¢ is determined by its character. Let (m;, Vi, o)
(2 € I) be the simple objects in Rep¢ and their corresponding characters be x;. We form
a free group

R(G,a) = Die1Z - Xi.
If « =1, then R(G) := R(G, «) is the usual ring of characters of G. Define

R(G,a) = ®IZ{R(G, o).

If (m,V,a) and (7', V', o) are two projective representations of G with characters y and
X' respectively, then the tensor product V' ® V' is in the obvious way a projective repre-
sentation of G with multiplier ae/, and its character is xx’. Therefore, the group R(G, «)
has a ring structure. Moreover, it is an algebra (graded by Z/dZ) over the ring of linear
characters R(G).
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As a consequence of Brauer’s Theorem, the space Spec R(G) is connected. See for
example [I1), Section 11.4] for a proof of this fact. The next question is: what can we say
about the space Spec R(G, ) — Spec R(G)?

In this paper, in the case G is an abelian group or a dihedral group and d = 2, we
determine the structure of R(G,a) as an R(G)-module and the structure of R(G, a) as
an R(G)-algebra. In particular, we prove the following result.

Theorem 1.1. With the notation as above and let d = 2.
(1) If G is an abelian group, then R(G,a) = R(G)[X] with X? = ¢ZX€HL X, where

H C G is a subgroup, ¢ € G = Hom(G,C*). Both H and 1) are determined by c.
Moreover, the number of irreducible projective representations (up to isomorphism)
in Rep@ is |H| (the cardinality of H ).

(2) If G = Dy, is a dihedral group of order 4n, then R(G,«) is generated by one
element X as an R(G)-module. This generator X can be the character of any
irreducible projective representation of G with multiplier o and X2 depends on
this choice.

The ideas of the proofs for the two cases are different. In the abelian groups case,
the proof is theoretical and we also deduce properties of Schur multipliers. Moreover, we
reprove some results of Mumford (Remarks and [2.8). This is the content of Section

In the dihedral groups case, the proof is computational and we obtain the structure
of R(G,«) by listing all simple objects in Repg and decomposing their tensor products
explicitly. Our method here applies to more general groups. We explain this in Section
and classify projective representations of groups of type Cy, x C, (Proposition .
This is the content of Section [3

Remark 1.2. In the dihedral groups case, if 41 |G|, then H?(G,CX) is trivial and there is
nothing to prove. If 4 | |G|, then H?(G,C*) = Z/2Z. Therefore, Theorem [1.1|contains all
possible cases for dihedral groups.

Remark 1.3. For general G, it is not easy to give an explicit description of the graded
R(G)-algebra R(G, «). For the above two types of groups we consider in this paper, their
projective representations are all induced (with respect to the given multiplier) from one-
dimensional linear representations of special subgroups. This makes the argument and
the computation simpler. Nevertheless, in Section for an arbitrary finite group G,
we compute the characters of symmetric powers and exterior powers of a given projective
representation of G and obtain a relation between R(G, «) and R(G, a™) for n coprime to

|G-

Remark 1.4. In Section 3.3 we generalize the second part of Theorem to the case of
the infinite dihedral group. In order to do so, we use a twisted version of the Peter-Weyl
Theorem. Since the authors could not find a reference for this result, we provide a detail
proof in the Appendix.

Remark 1.5. If d > 3, R(G,a) in general cannot be generated by one element as an
R(G)-algebra. We would like to propose the following question: for what kind of pairs
(G,), can R(G, o) be generated by one element as an R(G)-module and can R(G, ) be
generated by one element as an R(G)-algebra?
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Remark 1.6. One of the motivations for this paper is to generalize the results in [2], where
a special projective representation of G = Z/nZ x Z/nZ is studied. With the results in
this paper, one may generalize the results in [2, Section 2] to all abelian groups and groups
of type Cy, x Cp. This is done in [4].

2. THE CASE OF ABELIAN GROUPS

2.1. Basic properties. In this section, G is a finite abelian group. Let o € Z2(G,C*)
be a unitary cocycle. Let (m,V,«) be an irreducible projective representation of G with
multiplier . Let (7, V,@ = a~!) be the projective representation defined by V =V and
7(g) = 7(g), where the last ~ means complex conjugation. Then the tensor product 7 @ 7
is a projective representation of G with multiplier @ = 1, i.e., it is a linear representation.
The character of T®T7 is x X7, where xr and x7 are the characters of 7 and 7 respectively.
Let p: G — C* be a one—dimensional linear representation that appears in m ® 7. Then

(2.1) dim¢ Homg (p, 7 @ 7) Z 0(9)X=(9)xx(g9) = dim¢c Hom(m @ p,7) < 1.
geG

Therefore, the dimension must be one, i.e., every one-dimensional representation has mul-
tiplicity at most one in w ® 7. Define

H(V) :={p € G := Hom(G, C*) | dim¢ Hom(p, 7 ® 7) = 1}.

Proposition 2.1. With the notation as above, H(V') is a subgroup of G. Moreowver,
HWV):={p|pe H(V)} coincides with H(V).

Proof. By equation (2.1)), a one-dimensional linear representation p is an element of H (V')
if and only if 7 ® p is isomorphic to 7 as projective representations. From this observation,
it is easy to see that H (V') is a subgroup of G.

Moreover, if p € H(V), then Ve@p= (Vep)@p=2V e (p®p) = V. Thus p € H(V)

and the last claim follows. O
Let H(V) C G be H(V)t :={g€ G| p(g) =1 for any p € H(V)}. Then
(2.2) (G : H(V)] = (dim¢ V)2

By [3, Propositions 2.3, 2.14], the number of irreducible projective representations in
Rep@ is |H(V)|. Let (7', V', ) be another irreducible projective representation of G with
multiplier . Considering the tensor product V ® V' as a projective representation of G
with trivial multiplier, by the same argument as above, it is easy to see that V' =V ® p
for some p € G. Therefore,
VevV2VeV.
Thus H(V) = H(V’). This group is independent of the choice of V. From now on, we
denote it by H,. The product (V ® V)|g, decomposes as (dimc V')?-copies of the trivial
linear representation of Hg.

Proof of the first part of Theorem[I.1]. In the case a? = 1, V and V are both projective
representations of G with the same multiplier o.. Therefore, V = V ®4~! for some ¢ € G.
Applying the above discussion to this case, the claim follows. O

Lemma 2.2. With the notation as above, a|m., xm, s a coboundary.
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Proof. Suppose that «|g, « g, is not a coboundary, then the irreducible projective repre-
sentations of H, with multiplier a|g, x g, have dimension at least two. Let W C Vg,
be such an irreducible object. Then W @ W C (V ® V)|p, is a sub-representation. By
the same argument as before, W @ W =2 ®jesX;, where x; are different one-dimensional
linear representations of H,. This contradicts to the fact that (V ® V)|g,, is a direct sum

of trivial representations of H,,. O
Consider the map f : G x G — C* defined by
a(z,y)
flz,y) =
)= )

for any xz,y € G. It is easy to check that f is a bi-homomorphism and thus induces a
homomorphism A : G — G.

Definition 2.3. We say that a € Z2?(G,CX) is non-degenerate if the homomorphism
A: G — @G is an isomorphism.

Proposition 2.4. For any h € Hy, and g € G, a(h,g) = alg,h). In particular, the
cocycle o is non-degenerate if and only if H,, is trivial.

Proof. A subgroup X of G is called a-symmetric if a(z,y) = a(y, z) for any z,y € X. Let
K be a maximal a-symmetric subgroup of G such that H, C K. Such K exists since H,,
is a-symmetric by Lemma

By [3, Proposition 2.14], |K| - dimcV = |G| and V = aInd$ x. Here y is a one-
dimensional projective representation of K with multiplier «|xxx and alInd is the in-
duction of projective representations with respect to « (see for example [3, Section 2.2]).
Moreover, by [3 Corollary 2.11],

V’K = EBSGG/szu

where x*(k) = Zgz;ilfgx(k) for k € K. Therefore,

VeV, = Ssiec/u X’ Ha @ X H,-

By the definition of Ho, x*|g, ® x|, = 1 for any s,¢ € G/K. Let t be the unity element,
then one obtains that a(s~!, h) = a(h,s™ 1) for any h € H, and s € G/K. The first claim
follows and H, C Ker(\).

Moreover, from the above discussion, one sees that (V ® V)|Ker(>\) is a direct sum of
trivial representations of Ker(A). Since H, is maximal with respect to this property,
Ker(\) C H,. The second claim follows. O

2.2. On non-degenerate cocycles. The cocycle a € Z?(G,C*) defines a group G,
which sits in the short exact sequence

1-5C*—=>Gy,—G—=0.

Lemma 2.5. With the notation as above, the following conditions are equivalent.
(1) C* = Cent(Gy,), the center of G.
(2) « is non-degenerate.
(3) There are subgroups K1, Ko of G such that G = K1 ® Ks, K1 and Ko are mazimal

a-symmetric subgroups of G, and Ko = I?l.



5

Proof. The equivalence between (1) and (2) is clear. It is also easy to see that (3) implies
(1) and (2). To obtain (3) from (2), one observes that f: G x G — C* induces a perfect
pairing f : K x G/K — C* for any maximal a-symmetric subgroup K. O

Theorem 2.6. With the notation as above, there is a one-to-one correspondence between

A: the set of linear representations of G, with C* acting as scalar multiplication,
B: the set of projective representations of G with multiplier o.
If a is non-degenerate, then up to isomorphism, there is only one irreducible linear
representation of G, with C* acting as scalar multiplication. Every object in set A is a
direct sum of copies of this representation.

Proof. The correspondence is as follows. For any p : G, — GL(V) from set A, define
m: G — GL(V) by 7(g9) = p(1,9). Then (m,V) is a projective representation of G
with multiplier «. Conversely, for any (7, V,«) from set B, define p : G, — GL(V) by
pla,g) = ar(g) for a € C* and g € G. Then p is an object in set A. These two maps are
certainly inverse of each other. The claim follows.

If « is non-degenerate, then up to isomorphism, there is only one irreducible projective
representation of G with multiplier «. The second claim follows from the first. O

Remark 2.7. Let K be an a-symmetric subgroup of G. The set K = {(1,k) € G4 | ke K}
is a subgroup of G,. It is isomorphic to its image in G. We call such a subgroup K a level
subgroup. With this convention,

(2.3) dime VX = dimg Hompep (id, V| ) = dime Homgepg (id, V).

The last dimension is one if V' is irreducible, since in this case V|x = O e RX- Note that

the discussion still holds if we replace C by an algebraically closed field with characteristic
not dividing |G|, one sees that Theorem [2.6 implies [8, Proposition 3].

Remark 2.8. The above discussion is closely related to the study of theta-groups ([8], [9)
Sections 23, 24]). We explain another proof of [9, Theorem 2|. Let X be an abelian variety
over the complex numbers C. Let L be an ample line bundle over X. Then

K(L) :={zx € X | L is invariant under the translation of =}
is a finite group and |K(L)| = (dim¢ H°(X, L))%. Since H°(X, L) is a representation of
the theta-group attached to (X, L) ([9, Page 295, Definition|), this representation must be
irreducible if the theta-group is non-degenerate.

2.3. Remarks on characters of symmetric and exterior powers. In general, it is
not easy to obtain an explicit description of R(G, «) as a graded algebra over R(G). Nev-
ertheless, for any finite group G, we may compute explicitly the characters of symmetric
and exterior powers of a given projective representation and obtain a relation between
R(G,a) and R(G,a") for n coprime to |G| (cf. [II, Chap. 9.1, Exercises]).

Let m: G — GL(V) be a projective representation of G with unitary multiplier o and
character x. The projective representation (7®F, W := V®* oF) of G has two natural
subprojective representations 7% : G — GL(Sym*(V)) and 7% : G — GL(AIt"(V)). Let
xlg and X,]Z be the characters of 7r§ and 7er respectively. Define

Sr(x) =Y _xETF, Ar(x) =) AT,
k=0 k=0
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where T is an indeterminate.

Lemma 2.9. Let g € G. Then

St(x)(g) = ! !

det(1 — w(g)T)’ Ar()(9) = det(1+7(g)T)"

Proof. Let (\;) be the eigenvalues of 7(g). Choose a basis (e;) of V consisting eigenvectors
of 7(g). Then (e, iy iy )iy<--<iy form a basis of Sym* V', where

1
Ciyig, ik — %! Z €igy @ " D €y
’ ocESk

Thus (Ai; -+ - Ay, )ir<--.<ij, are eigenvalues of ™ (g) on Sym* V| i.e.,

(2.4) = D Ak

11 < <ip
Therefore,
1 1
det(1 —7w(g)T) H 1—-M\T
krpk
(2.5) = [ AT

The proof for A7 (x) is similar, using the fact that 7 > oes, sign(o)e;, ) ®- - @e;,,, with
iy < --- < i) form a basis of AltF V. O

Let k be a positive integer. Let f be a function on G. Define function W% (f) by

U (£)(9) = alg, d" Valg, d"2) - alg, 9) f(g") for all g € G.
Lemma 2.10. With the above notation,

) = exp Z\Il’~C (x)T*/k),

o0

Az (x) = exp(>_ (=) WECO)T" /).

k=1

(2.6)

Proof. We prove the lemma for Sr(x). The other case is similar. It suffices to show that
Z U () (9) T /k = —log det(1 — 7 (g)T).

Since logdet(1 — w(g)T) = ), log(1 — N\;T'), it suffices to show that

=> AL



This follows from the definition of W% () and the fact

m(9)" = alg, 9" Nalg. ¢ 72) - - alg, g)m(g").
Hence the lemma follows. O

Proposition 2.11. With the above notation,

n
nxE =Y Uroxg "
k=1
n

nxh =Y ()P o
k=1

(2.7)

Proof. We only prove the first equality. The other case is similar. By the above computa-
tion, we have

ZXSTk—exp Z\Ilk Tk/k

Taking derivative with respect to T on both 51des we obtain

ka TF 1 = exp nyk )T* k) Zqﬂf )Tkt

(2.8) ~
ST whOT .
k=0 k=1
Comparing the coefficients of 77!, the proposition follows. O

Corollary 2.12. With the above notation,
(1) U2 sends R(G,«) to R(G,a™).
(2) Let x be an irreducible projective character in R(G, ). If (n,|G|) = 1, then V2 (x)
is an irreducible projective character in R(G,a™).
In particular, if (n,|G|) = 1, then U2 induces a bijection between R(G,a) and R(G,a™).
Proof. Using induction on n, the first claim follows easily from Proposition For (2),
we see that W2 (x) is an element in R(G,a™) by (1). Therefore, to show that it is an irre-

ducible projective character, it suffices to show that U7 (x)(1) > 0 and (V7 (x), V2(x)) = 1.
By the assumptions on x and n, these two conditions hold. The claim follows. O

3. THE CASE OF DIHEDRAL GROUPS

3.1. Projective representations of groups of type (), x C,. In this section, G is a
semidirect product of the type C, x C),, where p is a prime number, C,, and C), are cyclic
groups of order m and p respectively. Fix a presentation of G

G={(a,b|a™ =1, =1,bab" ! =a"),
where r € Z>p and P = 1 (mod m). In this case, G is a metacyclic group. By [0, 2.11.3
Theorem],
0 if pf(m,r—1),

HA(G,C") = {Z/pZ ifp|(m,r—1).
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Let a € Z?(G,C*) such that a|c, xc,, = 1. Let (7, V,a) be an irreducible projective
representation of G with multiplier @ and dim¢ V' > 1. Then dim¢ V' = p by [3, Corollary
3.11]. By assumption, 7|c,, is a linear representation. Let x : C,, — C* be a one-
dimensional linear representation of Cy, with dimc Home,, (x,7|c,,) > 1. By Frobenius
reciprocity [3, Remark 2.9], dim¢ Homg (« Indgm X,m) > 1. Since both projective repre-
sentations have dimension p and = is irreducible, 7 is isomorphic to aIndgm x- By [3]
Proposition 2.8],

(a Indgm Xl = Bo<icp—1X",
where x" is the twist of y with respect to a, i.e., x"(g) = Cmiyfglli}}g;),l)x(hghfl) for all

g € G. We may choose a basis {vg,v1,...,vp—1} of V, where the operators m(a) and 7(b)
are given by

m(a)v; = Xbi(a)vi for0<i<p-—1, 7(b)v;=1vit1.

Here the subscript 7 is considered modulo p. More precisely, as p X p matrices,

7(a) = diag(x(a), X"(@),.... X" (a)),

3.1) o o0 -~ 0 1
. n(b) = 1 0 o0 0
0 0 1 0

Every element of G' can be written uniquely as a’b’ with 0 <i < (m —1) and 0 < j <
(p — 1). Fix ¢ a primitive I-th root of unity, where [ = (m,1 +r + --- + 7P~1). Define
a:GxG—C* by

PR 1 lf] :Oa
a(a't!,a" ) = {Ci’(l-l-r-‘r'"-‘ﬂ’jl)

By [6, 2.11.1 Lemma and 2.11.3 Theorem], this « is a well-defined element in Z2?(G,C*)
and it represents a generator of H?(G,C>).

otherwise.

Proposition 3.1. Let n be a primitive m-th root of unity and = nm/. Here m' = m/I.
For 0 < i < (m—1), let x; : Cp, = C* be the one-dimensional representation of Cy,
defined by x;(a) = n'. Each x; gives us a projective representation (m; = aIndgm Xi, Vi, @)
as defined by equation . Moreover, m; and m; are isomorphic if and only if

(3.2) j=-—m/(rf 4 P 4% (mod m),
for somes€Z and 0 < s <p—1.

Proof. We only need to check the last claim. First assume that 7; = 7;. Then 7|, =
7jlc,, and

1 -1
{X’LaX?v?Xi)p }:{X]7X?”X2p }

Suppose that x; = x?°, then equation (3.2)) holds.



On the other hand, if ¢ and j are related by equation (3.2), then x; = Xi-’s.

dim¢ Homg (7, 75) Z Trm;(g)Tr 7rj( )
gGG

\G! Z Tr i (a¥) Tr i (ak)

m—1p—1
(3.3) Z e Z th ak)
k=0 t=0
1 p—1 p—1 1 m—1
_ 4 k:
- pzz = )
t=0 ¢/=0
1 p—1p-—1 . Wy
t=0 t/=0
Lif (¢ —t) = d
The claim follows since dim¢ Homc,, (X?ta th )= i { )= twod p) =
J 0 otherwise.

Remark 3.2. It is easy to check that equation defines an equivalence relation for
elements in Z/mZ. Thus it gives us a partition of Z/mZ into m/p equivalent classes, each
class contains exactly p elements. Fix one element from each equivalence class, we obtain a
subset {i1,2, ...,y /p} C Z/mZ. Then the representations {m;; := aIndgm Xij }j=1,2,....m/p
is a complete set of irreducible projective representations in Repg. Moreover, the above
discussion applies to o™ as well.

We have obtained a complete and explicit classification of projective representations of
groups of type Cp, X Cy,. See also [5, Section 4] and the references there for similar results.
One understands the decompositions of tensor products of projective representations by
explicitly computing the corresponding characters. In particular, we have the following
result.

Proposition 3.3. With the notation as in Proposition let p; : G — GL,(C) be the
linear G'-representation Indgm Xi- Then

dimc Homg (75, p; @ m3) < 1

for any 0 <i,j,k < (m—1).
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Proof. By [3, Proposition 2.2],

dime Home (5, 75 & pi;) \G! Z Trm;(g)Tr(m; & pr)(9)

1 p—1

m— p—1 p—1
t 4/
Z O X @)X (@)Y xues (b))
=0 t t'=0 s=0
p—1p

|
—

(]

0
p—1m—1
t /
S5 (@) (@) e ()
0s=0 =0

—1

Zdlm@ Homg,, (XZ ,XJ ® Xkrs)-
=0 s=0

1
p 1p-—1
Zﬂ

t 0

"B

For a fixed s, there exists exactly one pair (¢,t') with 0 < ¢,¢ < (p — 1), such that
dim¢ Homcm(xi?t,xgt ® Xkrs) = 1. The proposition follows easily. g

3.2. Projective representations of finite dihedral groups. In this section, G is a
dihedral group of order 4n. Fix a presentation of G

G={(a,b|a® =1,b>=1,bab=a"1).

Every element of G can be written uniquely as a’d’ with 0 <i < (2n — 1) and b € {0,1}.
In this case H?(G,C*) = Z/27Z. The linear representations of G are well-known ([T}
Section 5.3]). Fix ¢ a primitive 2n-th root of 1.

Proposition 3.4. There exist (n — 1) two-dimensional irreducible linear representations
of G, which are given by
o1 G — GLQ(C)

ab s AR,

l
where 1 <1< (n—1), A = <% goz>, B = <(1) (1)>

There exist four one-dimensional representations of G, which are given by

(3.4)

po:ar—1,b— 1.
p—1: a|—>—1 b—1.
p_g.al—>1,b!—>—1.
p—3:ar> —1,b— —1.

The above gives us a complete list of irreducible linear representations of G = Dy,
Let a € Z%(G,C*) be the cocycle defined by
a(a',a' by = 7

Here 0 < i < (2n — 1) and b € {0,1}. Then it is a unitary cocycle that represents
the non-trivial element in H?(G,C*). Applying Proposition we obtain the following
result.
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Proposition 3.5. There exist n two-dimensional irreducible projective representations of
G with multiplier o, which are given by

™ : G — GLy(C)

3.5 o y

(3:5) a't! — C}B’,
(¢ 0 (01

wherelglgn,01—<0 ci-t , B= 1 o)

Remark 3.6. Note that for the above chosen a, o # 1. In order to be consistent with the
notation in Section |1, one may change « by the coboundary u : G — C* defined by

pla’) = pla'd) =n~",
where 7 is a fixed square root of ( and 0 <i < (2n —1).

Using the classification in Propositions and the following results follow from
direct computation.

Corollary 3.7. With the notation as above, the decompositions of tensor products of
irreducible projective representations of G = Dy, are the following.

(1) For 1<I<n—1,p@p=p2@p=p, p-12p =p-33Rp = Pn_i-

(2) For1<l,k<n-—1,

PoBP_1Ppo2®p_s ifl+k=nandl—k=0,

0 ® pp = P-1 D p—3 D pl—k| ifl+k=nandl #k,
PRI o @ po @ poa ifl+k#nandl— k=0,
Pli—k| D Pli+k] ifl+k#nandl—Fk=#0.

Here [+ k]l =1+k ifl+k<n—-12n—(I+k)ifl+k>n+1.
(3) For1<1I<n, po@m =p_o@m =11, p-1 QT = p_3 DT = Tp_i41-
(4) For1<k<n-—1,1<1<n,

Pk D T = T D T[i4p)-

Here
0K = l+k ifl+k<n,
2n+1—(1+k) ifl+k>n+1;
1K= l—k ifl — k>0,
S l1+k—1 ifl—-k<oO.

(5) For1<k<mn,1<1<n,

PoBP-1Dp2Pp—s3 ifl+k=n+1andl—k=0,

@ T~ pP—1 D p—3 D pj—k| ifl+k=n+1andl #k,
PR gk @ po@ps ifl+k#An+1andl—k=0,
p|l—k\ @P[H-k—l] Zfl + k 75 n —+ 1andl—k 7é 0.

In particular, the second part of Theorem [1.1] holds.
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3.3. Projective representations of the infinite dihedral group D.,. In this section,
we apply the twisted Peter-Weyl Theorem to D, and generalize Section For com-
pleteness, we give a proof of the twisted Peter-Weyl Theorem in the appendix. Starting
with Theorem as explained in [I1, Section 4.3], the character theory for finite groups
generalizes to a character theory for compact groups.

Let G be a compact group and a € ZQ(G,(CHzl). Let N be a closed subgroup of G.
Consider « as a multiplier of NV by restriction. Let (r, W, «) be a finite dimensional projec-
tive representation of N with multiplier oe. Consider the induced projective representation
™= Ind% r on the space

Vi={feL*G,W)| f(hg) = alhg,g )r(h)f(g) for all h € N,g € G}.

The map 7 : G — GL(V) is defined by the equation (7(g)f)(¢') = a(d’,9)f(d'g).
Assume further that N is normal and of finite index in G. Then by [3], Section 2.2],

Vi = @QGG/NWg7

and
Homg (V. E) =2 Homy (W, E|n).
Here (19, W) is the a-twist of (r, W), i.e., W9 =W and r9(h) = a(ga_(ﬁb’igi;)_l)r(ghg_l), E
is any projective representation of G with multiplier a.
Let us consider the group G = D := S! x Z/27Z. Fix a presentation of G

G = (tg,L | tg € SI,L2 = 1,utgr = t_yp),

where tg represents the element e € S'. Considering the Lyndon-Hochschild-Serre spec-
tral sequence of the sequence

0—S'—G—7Z/2Z — 0,

one obtains an element of H2(G, CI=") with order two represented by the cocycle o defined
by
a(tg,x) =1 for any x € G, a(tgr, ty) = afteL, tyt) = t,.

Let @a be the set of isomorphism classes of finite dimensional irreducible projective
representations of G with multiplier a. Let 7 be an object in Go. Note that algiygt =
1. The restriction m|g1 is a linear representation. Let y be a one-dimensional linear
representation of S' appears in 7|g1. By the discussion on induced representations above,
one obtains that 7 = « Indgl x. Assume that x(tg) = ¢, then by choosing an appropriate
basis, m, = aIndgl X is given by

em? 0 0 1
Tn(tg) = ( 0 ei(_”“)e) , () = <1 0) .

By the character theory, up to isomorphism, {m, }nez., are all the irreducible projective
representations of G with multiplier o.

Since o represents an element of order two in H?(G, CH:l), any tensor product 7, ® T,
is equivalent to a linear representation of G. By [I1}, Chap 5, Section 5.5], all the irreducible
linear representations of GG are given by

o po:tg—> 10— 1;p1:tg— 10— —1.
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o for |l € Z~o,

'tHe“@ 0 (01
Prete o e ) "\ o)

The following result follows from direct computation of characters.

Proposition 3.8. With the notation as abowve,
ol if|m— 1
@ o d Pt @ Pitmen] ff |m —n| #
Pmtn ® po© p-1  if [m —n| =1
Forl >0,
Tpn DT if | <mn,
o @y 22 4 T I+n f
Tian ® T—n_1 if L >n.

At the end, let us consider the regular representation (7., L?(G)) and the projections
to the m,-isotropic part. Note that the invariant measure of G is d x/4mw. The projection
P, : L*(G) — L*(G)[my] from Remark is given by the formula

27 2T
Pt = | @) £a0+ o [ Xalaivatton - £

47

(3.6) Lo

=i ), (7™ + o (tg) - fd0.

The following result is then clear.

Proposition 3.9. Let G = Do,. Define functions {fn, fo, Fn, Fl }nez-, in L*(G) by
et ifx = e 0 if v = e,
Jn(z) = { 0 f;z(x) =93 ino 9

0 ifx:eib, e ifxzei“
(3.7) 0 i(1-n)0 9
_J)o fe=ev o JenT ifa=et,
Fo(z) = {ei(ln)e if x = ey, Fro(w) = {0 if v = €.

Then { fn, fiyy Fny FlYnez, form an orthogonal basis of L*(G). Moreover, the two dimen-
sional subspaces (fn, f) and (F,, F!) are ro-invariant and they are isomorphic to my,.
This gives us an explicit decomposition of the right reqular projective representation.

APPENDIX A. A TWISTED PETER-WEYL THEOREM

A.1. The statement of the main result. In this appendix, G is a compact topological
group with a fixed Haar measure [-dg. Let a € Z*(G,C*) be a multiplier of G. In the
following, we assume that « is unitary, i.e., |a(z,y)| = 1 for any z,y € G. A projective
representation (m,V,«) of G over C with multiplier « is a continuous map 7 : G — U(V)
such that 7(z)n(y) = a(x,y)r(zy) for all z,y € G, where V is a Hilbert space, U(V)
is the space of unitary operators from V to V. Here continuous means that the map
(g,v) — m(g)v is a continuous map from G x V to V.

Denote by éa the set of isomorphism classes of finite dimensional irreducible projective
representations of G with multiplier . Let (m,V, ) be an clement in G,. Fix a G-
invariant Hermitian inner product (,) on V, which exists by the averaging argument.
Given v,w € V, the function f : g — (7w(g)v,w) is called a matriz coefficient of 7. Let
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A, (G) be the space spanned by all matrix coefficients of finite dimensional irreducible
projective representations of G with multiplier a.
Let L?(G) be the space of measurable functions on G for which [, |f(g)[*dg < oo.

If f € L?(G), define ||f|]2 = (fG\f(g)]2dg)1/2. Let L'(G) be the space of measurable
functions on G for which [, |f(g)|dg < co. If f € LY(G), define ||f|[1 = [5|f(g)|dg.
Given f, f' € L*(G), define an inner product by

(A1) o) = /G f@)F () dg.

With this inner product, L?(G) is a Hilbert space. Furthermore, ff’ € L'(G) and we have
the following inequalities.

EF e < LF 2l f e,

[(f5 2l < N1f1I21£7]l2 (Schwarz inequality).

If f:G— Candge G, define r(g)f :=7r4(g9)f : G — C by

(r(9)f)(g0) = a(g0,9) f(g09)

for all gg € G. Tt is easy to check that r(g)f € L?(G) if f € L?*(G) and 7(g) is an element
in U(L?(G)). Then r : G — U(L*(G)) defines a unitary projective representation of G
with associated multiplier . We call it the right translation or right reqular projective
representation of G on L?*(G) with respect to a. It is also easy to check that (,)o is
G-invariant, i.e.,

(A.2)

(r(g)f,r(9) 12 = (f, f)2-

Thus (r, L?(G),a) decomposes as a direct sum of irreducible unitary projective repre-
sentations. We prove the following result by the strategy as for linear representations
with an extra attention on the multiplier a.. See for example [10] for the case of linear
representations.

Theorem A.1 (Peter-Weyl Theorem). Let G be a compact group, o € Z*(G,C*) a
unitary multiplier of G. Then the following claims hold.

(1) Au(Q) is dense in L*(G).

(2) Every irreducible unitary projective representation of G is finite dimensional.

(3) Fix an element p in each class in @a and denote by d, the dimension of p. Then
as projective representations of G with multiplier «,

(r, L*(G), a) = @pe{;ap@dp-
(4) If ¢ € L*(G), then
1l5 = Y dp-Tr(pyppl) = > dp - llpyllas.
Peéa peéa

Here py = fG¢(g)p(g)_1 dg: [[M|lms= >, m%j for a matriz M = (myj) of finite
rank.

(5) The characters (Xﬂ)pe@a form an orthonormal basis of H, (Definition .
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Remark A.2. We only prove the first claim of the theorem in next section, because the
other claims follow from the first by the same argument as in the linear representations
case. See for example [10] and [12]. Note that if we take o to be the trivial cocycle,
the argument gives a proof of the classical Peter-Weyl Theorem. On the other hand, we
explain some other ideas in the following remarks.

Remark A.3. One may obtain the second claim using the classical Peter-Weyl Theorem.
Indeed, the unitary cocycle a gives us a compact group G, which is an extension of G
by Cl'1=1 22 §1. Then the irreducible projective representations of G are irreducible linear
representations of G, with certain conditions on the subgroup Cl'=1 (cf. Theorem ,
which are finite dimensional by the Peter-Weyl Theorem.

Remark A.4. Asin [11] Chap. 2, Prop. 8|, one may decompose a projective representation
into a direct sum of irreducible ones and construct explicit projections for this decompo-
sition as follows. Let H be a separable Hilbert space. Let m be a unitary projective
representation of G'on H with multiplier . For each 1 <4,j < d,, define

L =d, /G a(g,67) (g n(g) d g,

Here T?i(g) is the (j,4)-th entry of p(g) in a matrix form. It is a linear map from H to H.
Define

dp
PP = Z P’
=1

These operators have the following properties.

(1) If g € G, then 7(g )PZ’; => (9P

(2) Pfjo Py = 0Py,

(3) pr # p', then Pf, o P[; =0 for all i, j, k, .
(4) (P)" =Py

(5) Pp € Homg(H H).

(6) If p # o, then PP o PP = 0.

(7) PP o PP = PP

In other words, P? is the projection from H to the p-isotropic part. The operators PZ.’;» are
the ones to decompose the p-isotropic part into a direct sum of projective representations
isomorphic to p. Using these operators, one could give another proof of Theorem [A.1)3)
by the same argument as in [11, Chap. 2, Prop. 8|.

Remark A.5 (Trace formula twisted by o and decomposition of L?(G)). Let G be a u-
nimodular group (not necessarily compact in this remark) and I' C G a discrete normal
subgroup such that I'\G is compact. Let a € Z?(I'\G, S') be a unitary multiplier. We
may view « as an element in Z2(G, S1) via the natural projection G x G — I'\G x I'\G.
The right regular representation r,, of G with respect to a over L?(T'\G) is defined by

(ra(h)(f))(9) = alg, h) f(gh).
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Let ¢ : G — C be a continuous map with compact support. Define R(¢) : L?(I'\G) —
L*(T\G) by

/¢ a(z, 9)f(xg dg—/¢w Yg)a(z, 2 g)f(g)dg.

It is easy to check that this is well defined. Note that we may write R(¢) = [, ¢(g)ra(g)dyg.
Thus R(¢) sends each irreducible component of (r,, L?(I'\G), @) to itself. Moreover,

= [ 66 9w 9 f9)dg
(A.3) ¢
= - - dg=| K d
/ o A (a0 (0) g | Kotw )@ as
where Ky(z,9) = > cr d(z~tyg)a(z, x71yg). Then R(¢) is of trace class and
Tr(R(¢)) = Ky(z,x)dx = oz vr)a(z, 27 yz) d x.
Vel /F\G;

(See for example [7, Lemma 4.1].) Let o be the set of conjugacy classes of I'. For each class
in 0, fix an element -y and denote this conjugacy class by o,. If y is an element of a group H,
denote by H” the centralizer of v in H. With the above notation, 0, = {67174 | § € T7\T'}.

Therefore
= / Zd)(x*l’ya:)a(a:,xflfya:)da:
G

yel
—Z Z 710 oz a(x, 2 o ydr) d
0y 6eDI\I F\G
= oz ye)a(x, 2 ye) d
(A4) D / P )

- Z /GW\G </Fw\cv ¢(x71yilfyyx)a($’ xilyil’yyl’) dy) dz
= ZVOI(F'Y\G'Y)/ ¢(l‘_1’y$)a($,$_1’y$) daz.

G\G

If we let G be compact, I be the trivial subgroup {1}, then we obtain Theorem (3)
immediately.

A.2. The proof of the main result. In this section, we prove the first claim of Theorem
the other claims then follow as explained in Remark

Proposition A.6. With the same notation as in Section Aua(Q) is dense in L*(G).

The strategy of the proof is similar as for linear representations (see for example [10]).
The difference here is that we have to pay extra attention on the cocycle a. First, we
prove some lemmas.
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Lemma A.7. Let f : g — (w(g)v,w) be a matrix coefficient of w. Then the functions g —
alg,g~")f(g~1), g = alg,h)f(gh), g = alh,g)a(h™',h)~" f(hg) are matriz coefficients
of m. We call them the adjoint of f, the right translation of f, the left translation of f,
respectively.

Proof. Note that

Flg™h) = (m(g~ v, w) = (w, 7 (g~ )v)
= (m(g)w, m(g)m (g~ ) = alg, g~ ") m(g)w,v).

(A.5)

This shows that g — a(g,971)f(g~1) is a matrix coefficient. Similarly, it is easy to see
that

flgh) = a(g, )~ m(g)(n(h)v), w),
f(hg) = a(h,g) " a(h™ h)(r(g)v, m(h~)w).

The other claims follow easily. O

(A.6)

Denote by C(G) the space of continuous functions from G to C. It is dense in L?(G).

Lemma A.8. Let f € L?(G). Then the map g +— 7(g)f is a continuous map from G to
L3(G).

Proof. Let € > 0. Choose ¢ € C(G) such that ||f — ¢||2 < €/3. Note that G is compact,
each continuous function on G is uniformly continuous. In particular, for the function
a(g, —)¢(g—), there exists an open neighborhood U of 1 € G such that if h=1h’ € U, then
la(g, h)p(gh) — a(g, h')p(gh')| < €/3 for all g € G. Note that

Ir(h)f = r(B) fll2 < |Ir(R) f = r(R)@ll2 + [[r(R)¢ — r(h)@ll2 + [[r(h)) ¢ — r(K)) fl|2
(A.7) =2[|f = ¢ll2 + [Ir(R)¢ — r(A) gl l2
< €.

The continuity follows. O

Lemma A.9. Let f € L?(G). For every ¢ > 0, there exist finitely many g; € G and Borel
sets B; C G such that G is the disjoint union of the B;’s and ||r(g)f — r(g:)fl|l2 < € for
all v and g € B;.

Proof. By Lemmal[A.§| there exists an open neighborhood U of 1 such that [|r(g) f—fl|2 < €
for all g € U. Note that {hU | h € G'} is an open cover of G' and G is compact, there exist
finitely many g1, ..., g, such that G = U}"_;q;U. Let B; = g;U — Ug;ﬁng. It is easy to
check that these objects satisfy the property in the statement. O

Lemma A.10. Let f € L*(GQ) and f; € L*(G). Define F: G — C by
F(¢) = [ ald.9)1(6/5)i(6) do.
G

Then F is an element in L*(G) and it is a limit of a sequence of functions, each of which
is a finite linear combination of right translates of f.



18 CHUANGXUN CHENG; JI FU

Proof. Let € > 0. Choose g; and B; as in Lemmam Set e; = fBi fi(g)dg. Then

IF - zpzmﬂb<ZJWﬁ Nr(9)f — r(gi)fll2dg

dg = .
g;LM@kgmml

The lemma follows. O

(A.8)

Definition A.11. A continuous function f : G — C is called an «a-class function if for all

g,h € G, ) .

a(h,h™) alh,h™")
Fhah™) = S g tate, ! @ = Gl gathg, i 0! @

Let H,, denote the closed subspace of L?(G) spanned by square-integrable a-class functions

on G. The characters of finite dimensional projective representations of G with multiplier

a belong to Hy,.

Lemma A.12. Let f be any integrable function on G. Set

a 1) -1
f’(g)Z/G (h’gah(m)h_(lg;h )f(hgh_l)dh.

Then f" is an a-class function on G.

Proof. Note that

f(itgi) = /G ot ;h(:)ha(f)_ 90T it gty

[ oW i ) Nl i )
_/G a(l'i, 1 ()-1) F(R'g(R)"H)dh (b = hi™h).

Then to show that f is an a-class function, it suffices to show that

a(i™t, i)a(h, gh Vg, " Ha(hi, i th™)
=a(i™, gi)a(g,i)a(h, h " Ya(hi,i tgh ™ Ha(i i, i th™1).
Since a(h,i)a(hi, i th™t) = a(h,h"1)a(i,i"th™1), it suffices to show that

a(i™ Da(h, gh YHa(g, h Ha(i, i th™1)
=a(i™Y, gi)a(g, i)a(h,))a(hi, i tgh ™ Ha(i tgi, i th™1).
This follows from the following computation.

RHS = a(i™!, gi)a(g,)a(h, gh Va(i,i tgh V(i tgi, i th™h)
= a(i™t, gi)a(g, i)a(h, gh~M)ali, i~ gi)algi,i "h™")
(h, gh™ )[Oé(i Y gi)ali i gi)][alg, i)algi, i)

(h,gh™ YHYa(i,i Hal(g,h Ha(i,i *h™') = LHS.
The lemma follows. 0

Lemma A.13. Let f : G — C be an a-class function. Then f'(g) = a(g, g ) f(g~1) is
also an a-class function.

(A.9)

(A.10)

(A.11)

Q

I
Q
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Proof. One needs to show that
a(h,h™t)
a(h, gh~")a(g, h=1)

f'(hgh™") = f'(9)-

This is equivalent to

a(hgh™' hg~'h Ha(h,g ' h Na(g™ A" a(h,h~"a(g,g7")
alh,h=1) ~ a(h,gh YHa(g, h1)
Note that
alhgh™ hg™'h™Ha(h, g~ h™ (g™ i~ )a(h, gh™ )a(g, k™)
=a(hgh™! h) (hg, g~ h Halg™ h™ alh, gh™ )a(g, h™")
(A.12) =a(hgh™", h)a(hg, g~ )a(h, A~ )a(h, g)a(hg, h™")
=a(h,h™)]a(h, g)alhg, g~ )] [a(hg, b~ )a(hgh™, h)]
=a(h,h " Halg, g Ha(h, k7).
The lemma follows. O

Lemma A.14. Let f : G — C be an a-class function. Then

f(htg) _ flgh™)
a(h,h=1g)  algh=1, h)

Proof. Since gh~! = h(h~'g)h~!, it suffices to prove
a(h, i) a(gh 1)
a(h,h=1gh=Y)a(h=1g,h=1) — a(h,h~1g)’

Note that
(A13) algh™t, R)a(h,h tgh ™ Ha(h tg, h™h)
=a(h,h tg)a(h tgh™t h)a(h ™ g, h™Y) = a(h, htg)a(h™L ).
The lemma follows. |

With the above preparation, we can now prove Proposition

Proof of Proposition[A.6 Let A (G) be the closure of A,(G) in L*(G). Since A, (G) is
stable under the operations in Lemma A (G) is also stable under those operations.
Suppose that A, (G) # L*(G). Then AOZ(G)L # {0} and it is stable under the operations

in Lemma Let fo € Aa(G )L and fy # 0. Fix U an open neighborhood of 1 € G. Let
I7 be the characteristic function on U, |U| the Haar measure of U, and

fule) = 101" [ alg.g0)lo (o) olan) dao
Since Iy, fo € L?(G), by Schwarz inequality, we see that fiy € C(G). Furthermore, fo =
limy_, 1y fu in L*(G). Because fo # 0, there exist U such that fy # 0. Since Aq(G) i
G-stable by right translation and the right translation of G on L?(G) is unitary, A.(G)

is also G-stable. Hence linear combinations of right translates of fy belong to A, (G) .

=&

'_
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By Lemma fu € AQ(G)L. In particular, AQ(G)L contains a nonzero continuous
function. Let f be such a function. We may assume that fi(1) € R — {0}. Define

O‘(hwghil)a(ga hil) -1
= hgh™")dh.
f2(9) /G alh D) fi(hgh™")
By Lemma f2 is an a-class function. It is easy to see that fo is continuous and f(1) €
R—{0}. Moreover, for any f' € A.(G), f"(g) = a(h™, g)a(h, =) ta(h~tg,h) f'(h"1gh)
is also an element in A,(G) by Lemma A.7L Note that

<f2,f'>2=/Gf2(9)Wd9

o Do -1 L
:// (h’ghh)h—(lgjh Ly (hah )P lalandg

// UL g ol )ghh )fl(g)Wdhdg

—/G/Gfl(g)f”(g)dgdh—o-

L - o
Thus fo € Ao(G) . Define f3(g) = falg) + (g, ") f2(g™"). Then f3 is in Aa(G)
and is an a-class function by Lemma Moreover, it is easy to check that f3(g) =

alg,g7") f3(971). Define

(A.14)

1

K(g,h) = fa(gh™"a(gh™' h)~!
Since
alhg™, g)a(gh™' k) = alhg™", gh™")a(1,h) = a(hg~ !, gh™"),
one gets K(g,h) = K(h,g). Define

(9) = /GK(g, h)f(h)dh.

Then T is a nonzero self-adjoint Hilbert-Schmidt operator on L?(G). Hence T has a
nonzero real eigenvalue v and the eigenspace V, C L%*(G) is finite dimensional (see for
example [I], 1.8.4.1 and 1.8.5.5]). Let f € V,. Then

T )0) = [ Klomaon o f o) do

/Kg 9190 D190, 90) f(91) d g

/ f3(99097 (9190 .90) flg1)d g
(99091, 9195 ")

(A.15)

/ f3(99091 ﬂf(gl)dgl
a(g99097 ", 91)

:/GK(ggo,m)a(g,go)f(gl)dgl
= a(g,90)(Tf)(g990) = v(r(90)f)(9)-
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The eigenspace V, is stable under right translation. Now 7 : G — U(V,) is a finite
dimensional unitary projective representation of G' with multiplier . Let W C V,, be an
irreducible sub projective representation and {ei,...,e,} an orthonormal basis of W with
respect to 7. Then g — (r(g)ei, ej)2 = [ a(go, 9)ei(g09)e;j(go) dgo is a matrix coefficient

in A, (G). Since f3 € AQ(G)l, we have

0—/ fa(g (/ (go,g)ey(gog)ea(go)dgo>dg

/(/fB (g0, 9 )6g(gog)dg>ej(go)dg0
/(/ﬁ% 90 9)(g0: 9o g) ()dg>€y(go)dgo

(A.16)
/ </ f3(90 ' 9)(g0, 9 g)e](go)dg())wdg
— /G< Gf3(990_1)a(99()_179())€j(90)dgg>ej(g)dg (Lemma [A.14)
= /G(Tej)(g)ej(g)dg = (ej, €)2.
Hence v = 0, which is a contradiction. Therefore, we must have A, (G) = L*(G). .
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