REMARKS ON FRAMES FROM PROJECTIVE REPRESENTATIONS
OF LOCALLY COMPACT GROUPS

JUNYUN CHEN AND CHUANGXUN CHENG

ABSTRACT. A projective representation of a locally compact group does phase retrieval if
it admits a maximal spanning frame vector. In this paper, we provide a characterization
of maximal spanning vectors for type I and square integrable irreducible projective repre-
sentations of separable locally compact abelian groups. This generalizes the well-known
criterion for the time-frequency case and unifies previous criteria for finite groups case
and locally compact Gabor case. As an application, we show that irreducible projective
representations of compact abelian groups do phase retrieval.

1. INTRODUCTION

The phase retrieval problem considers recovering a signal of interest from magnitudes
of its linear or nonlinear measurements. Balan, Casazza and Edidin [2] initiated the in-
vestigation of the phase retrieval problem by using linear measurements against a frame.
The study of the phase retrieval problem of frames has attracted attention of mathemati-
cians and it has rich connections with abstract harmonic analysis, representation theory,
number theory, algebraic geometry etc. (cf. [12} [I7]).

As mentioned in [15], sources containing explicit constructions of frames with guaranteed
phase retrieval properties are relatively scarce. A sufficient condition for a frame being
phase retrievable is that it has maximal span (cf. [3]). Applying this idea, one could
construct phase retrievable frames from orbits of vectors with respect to a group action.
In the following, we consider Hilbert spaces over C. By a locally compact group, we mean
a topological group whose topology is locally compact and Hausdorff. The general setup
goes as follows. Let G be a locally compact group with unity e. A multiplier on G is a
measurable function from G x G to the unit circle a : G x G — T which satisfies

(1) a(z,y)a(zy, 2) = a(z,yz)aly, z) for all x,y, z € G;

(2) ale,x) = a(z,e) =1 for all x € G.
A projective representation of G with respect to « (or an a-representation) is a map
m: G — U(V;), where V is a complex Hilbert space and U(V;) is the space of unitary
operators on V., such that

(1) m(z)m(y) = a(x,y)r(zy) for all x,y € G;

(2) for any v € V., the map = — m(z)v is a measurable function from G to V.
We study properties of the family of vectors {m(g)v | g € G} for a fixed v € V.. We refer
to [20 24] for properties of multipliers on locally compact groups, to [21, 22] for properties
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of projective representations (or multiplier representations) of locally compact groups. In
particular, we know that the matrix coefficients are measurable by [2I, Theorem 1].

Recall that v € V; is a frame vector for (w,V;) if the map G — V; (g — 7(g)v) is a
frame (cf. [25), Definition 2.1]); a frame vector v € V; is phase retrievable if the associated
frame is phase retrievable, i.e., the map

T, : Vi/T — L*(G)
u = (g = [(u,m(g)v)])
is injective; if there exists a phase retrievable frame vector for (w,Vy), we say that the

representation m does phase retrieval.
An element v € V. is called mazimal spanning if

Span{m(g)v @ m(g)v | g € G} = HS(Vx),

where x ® y : Vi — Vi (u — (u,y)z) is the one-dimensional projection and HS(V} ) is the
space of Hilbert-Schmidt operators on V.

Maximal spanning frame vectors are special as they are phase retrievable. This property
provides a method to explicitly construct phase retrievable group frames. We refer to
[3, 23] and [6, Section 3.2.2] for more information on the relation between phase retrievable
vectors and maximal spanning vectors. In [5, 23] Li, Han and etc. proved that irreducible
projective representations of finite abelian groups do phase retrieval. In [0, 8] Cheng, Xu,
and etc. proved that the Weyl-Heisenberg representation of H x H does phase retrieval
for a large class of locally compact abelian groups H, where H is the dual of H with the
Plancherel measure. In [I5], Fiihr and Oussa proved that irreducible representations of
nilpotent Lie groups and certain nilpotent p-groups do phase retrieval. Continuing in this
direction, in this paper, we provide the following characterization of maximal spanning
vectors for type I and square integrable irreducible projective representations of separable
locally compact abelian groups. This result generalizes the well-known criterion for the
time-frequency case. (Cf. [4], [23 Theorem 1.7], [5, Proposition 3.11] for finite abelian
groups case, [7, Section 4] for compact abelian groups case, [6, Proposition 3.3] for the
case of locally compact abelian groups of type HxH )

Theorem 1.1. Let G be a separable locally compact abelian group and o be a type I
multiplier of G. Let 7 : G — U(Vy) be a square integrable irreducible a-representation of
G. Then v € Vi is a mazimal spanning frame vector if and only if the matrix coefficient
(g — (m(g)v,v)) is almost nowhere vanishing.

An ingredient in the proof of Theorem is the projective Plancherel theorem [22, The-
orem 7.1], where we require that the locally compact groups are separable. An immediate
consequence is the following result.

Corollary 1.2. Let G and 7 be as in Theorem [I.1l If v € Vi is a vector such that the
matrixz coefficient (g — (m(g)v,v)) is almost nowhere vanishing, then (g — w(g)v) is a
phase retrievable frame and w does phase retrieval.

By showing the existence of maximal spanning vectors, we have the following result.

Theorem 1.3. Let G be a compact abelian group and © : G — U(V;) be an irreducible
projective representation of G. Then the set of maximal spanning frame vectors for (mw, Vy)
is open dense in Vy. In particular, ™ does phase retrieval.
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The content of the paper is organised as follows. In Section [2| we explain that the
wavelet transform for projective representations works as well as for linear representations.
In particular, we show that square integrable irreducible a-representations are the same
as irreducible sub a-representations of the regular a-representation and every nontrivial
square integrable vector of such an a-representation is a frame vector. Moreover, we
have the Duflo-Moore operator for discrete series a-representations and it gives the frame
bounds for the tight frames generated by square integrable vectors. In Section [3| by
reducing to the totally skew multipliers, we prove Theorem One of the key ingredients
is the structure of projective representations of locally compact abelian groups obtained
by Baggett and Kleppner [I], which holds true without separability condition on the
group. Applying the projective Plancherel theorem [22) Theorem 7.1] to the special case
of locally compact abelian groups, we translate the maximal spanning property in HS(V)
to a maximal spanning property in L?(G) and use the Fourier transformation to obtain
the expected result.

2. THE WAVELET TRANSFORM

In this section we study square integrable projective representations of locally compact
groups via the wavelet transform. The strategy is the same as that in linear representations
case (cf. [10, Chap. 12] and [14]). There is little doubt that the following results were
known to the experts, but we could not find the statements in the literature. We sketch
the idea of proofs and state them explicitly.

Let G be a locally compact group with left Haar measure p = fG -dg. Let a € Z%(G, T)
be a multiplier and 7 : G — U(V;) be an a-representation of G on a Hilbert space V.
Given any fixed vector £ € V., we obtain the wavelet transform corresponding to m and &

We : Ve = Map(G, C)
ne (z = (n, 7 (z)E)).

Note that this transformation is injective if and only if £ is a cyclic vector for w, i.e. the
closed linear span of {w(x)¢ | x € G} is V. If 7 is irreducible, this is true for any nontrivial
¢ and the injectivity of W¢ is much easier than the injectivity of T¢.

Let D¢ be the subspace of V; given by

De = {n e Vy | We(n) € L*(G)}.

The restriction of We induces a linear closed operator W : D — L*(G) (cf. [10, Lemma
12.1.2)).

Definition 2.1. (1) A vector & € V is called square integrable if D¢ = V.
(2) Denote by D, the subspace of V; consisting of square integrable vectors. The a-
representation (m, V) is called a square integrable a-representation if D, is dense
in V.
(3) A square integrable vector £ € V; is called an admissible vector if W : Dg — L*(G)
is isometric.

The results in [I0, Section 12.1] generalize to a-representations easily. In particular, we
have the following result (cf. [10, Example 12.1.7]), which shows the existence of nontrivial
square integrable a-representations.
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Lemma 2.2. Let L . G — U(L*Q)) be the left regular a-representation of G, i.e
(L(y)f)(x) = a(y x)f( z) for f € L*(G). Then every £ € C.(G) C L*(G) is square
integrable. In particular, as C.(G) is dense in L*(G), the left reqular a-representation is
square integrable.

Proof. Let R’ : G — U(L?*(G)) be the right regular o~ !-representation of G with respect
to the left Haar measure, i.e. R'(y)f(z) = /A(y)a(z,y) "L f(zy) for f € L*(G), where A
is the modular function of G. Put £(y) = A(y)~"/2€(y). Then £ € C.(G) c L*(G). For
any n € L*(G), we have

(n, L(x)E) = / n(y) 2Z_Y)

Here the third identity follows from a(z~!, xy)a(z,y) = a(z™ 2)ale,y) = alz™, ) =

a(z,r71), (R)* is the representation of the Banach *-algebra L'(G,«) associated with
R'. See Remark [2.3| for details. Hence the map (z — (n, L(2)&)) is just (R')*(£)n, which
is square integrable. The lemma follows. U

Remark 2.3. In the above computation, we used a relation between projective represen-
tations of G and modules of the twisted group algebra which we recall here. Let L'(G, o)

be the set of complex-valued integrable functions on G' with multiplication (convolution)
defined by

(fi* fo)(z /fl ) f2(g7 2)a(g, g ) d g

and a x-operator (involution) defined by

fr(@) = flaN) A Hafz, 2™

where - is the complex conjugation and A is the modular function. Then L'(G, ) is a
Banach *-algebra. Let 7 : G — U(V;) be an a-representation of G. The map 7 — 7*,
where

* LNG,a) = B(Vy)
fH/f g)dg,

induces a bijection between the set of equivalent classes of a-representations of G and
the set of equivalent classes of representations of the Banach #-algebra L'(G, «). See [11],
Section 13.3.5].
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Suppose that (m, V) is an a-representation of G and let £ € V; be any vector. For
y € G, we have

(We(m(y)n))(z) =
m(z)§)

fa(y™ o)m(y~'e)¢)
= (L(y)We(n)) ().

Therefore D¢ is a m(G)-invariant subspace of V; and W intertwines the representation
| p, with the left regular a-representation. In particular if § is admissible, W establishes
an equivalence between (7, V) and a subrepresentation of (L, L?(G)).

An irreducible a-representation is called a discrete series a-representation of G if it is a
subrepresentation of (L, L?(G)). The results in [I0, Section 12.2] hold for a-representations
by the same argument. We have the following result that characterizes irreducible square
integrable a-representations (cf. [10, Corollary 12.2.4]).

Proposition 2.4. Let (m,Vy;) be an irreducible a-representation of the locally compact
group G. Then the following are equivalent:
(1) (m,Vx) is square integrable.
(2) There ezists an admissible vector & € V.
(3) (m,Vz) is a discrete series a-representation, i.e. it is equivalent to a subrepresen-
tation of the left reqular a-representation.

The following result on the Duflo-Moore operator is important for our study on frames
(cf. [10, Theorem 12.2.5]).

Theorem 2.5. Let (w,V;) be a discrete series a-representation of the locally compact
group G. Let Dy be the set of square integrable vectors in V.

(1) There exists a closed densely defined operator Cy : Dy — Vi satisfying the orthog-
onality relation

<Crrfla Cﬂ£> <77’ 77/> = <W£(77)7 Wﬁ' (77/)>

for all £,€ € D and n,n € V.

(2) The operator Cr : D — Vi is injective and § € Vi is admissible if and only if
& € Dy with ||CR&|| = 1.

(3) If G is unimodular, then all & € Vi are square integrable and D, = V. In this
case, there exists a unique constant c; € Rsq such that C; can be chosen equal to
Cr idvﬂ.

Remark 2.6. (1) Let G(«) be the extension of G by T given by a. Let 7, : G(a) —
U(Vx) be the linear unitary representation of G(«) associated with (7, V) given by
ma(t, ) = tw(x) for all (¢,x) € G(a) (cf. [21, Page 220]). Then the sets of square
integrable vectors with respect to m and 7, are the same and the corresponding
Duflo-Moore operators coincide.

(2) If G is compact, then irreducible a-representations of G are finite dimensional.

The twisted Peter-Weyl Theorem (cf. [7, Section 2]) shows that ¢; = dr Y ? where
dr is the dimension of the representation space V.
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(3) Let H be a locally compact abelian group with the Pancherel dual H. Let G =
HxHandnm:HxH— U(L%(H)) be the Weyl-Heisenberg representation, i.e.
(m(h*,h)f)(h') = h*(R') f(W'R) for f € L?>(H). Then from the computation in [6,
Theorem 2.1], we have ¢, = 1.

An immediate consequence of Theorem [2.5]is the following result.

Corollary 2.7. Let (w,V;) be a discrete series a-representation of G and v € Vi be a
nontrivial vector. Then ®, : G — V; (g +— 7(g)v) is a continuous frame if and only if v €
D.. Moreover, if v € Dy, then ®, is a tight frame with frame bounds A = B = ||Cro||?.

If G is unimodular, then D, = V, and every nontrivial vector of V, is a frame vector.
Therefore to find maximal spanning frame vectors, we only need to focus on the maximal
spanning property.

Combining Corollary and the argument of [5, Section 2.2] (see also [7, Section 3.2],
[9], [14, Theorem 2.31]), we have the following result.

Proposition 2.8. Let (m, V) be an a-representation of G. Assume that (7, V) is a finite
direct sum of discrete series a-representations. Write the irreducible decomposition as
(m,Vy) = ®icr(mi, Vi). Let v € Vi be a nontrivial vector and let v; be the projection of v
in Vi. Then ®,: G —V (g — 7w(g)v) is a continuous tight frame if and only if v; € Dy,
for i € I and the following two conditions are satisfied

(1) 11Coyuill = IICx, vl for aili,j € I;

(2) (Cx,ovi,Cryv5) =0 fori,j € I and o € Homgep, (V;, V).

It is possible to generalize the above proposition from direct sum case to direct integral
case (cf. [14, Section 4.3]). Since here we are interested in the phase retrieval property of
irreducible a-representations, we leave the generalization to the readers.

3. LOCALLY COMPACT ABELIAN GROUPS

In this section G is a separable locally compact abelian group. Let a € Z2(G,T) be
a type I multiplier, i.e. all the a-representations of G are of type I (cf. [13, Page 229],
[18 [19]). Let 7 : G — U(V;) be a discrete series a-representation of G. For u, v € Vp,
denote by cf} ,, the matrix coefficient (g — (m(g)u,v)). We have the following result.

Theorem 3.1. With the above notation, v € V is a mazimal spanning frame vector if
and only if ¢ ,(g) # 0 for almost all g € G.

Proof. Because G is unimodular, every nontrivial element v € V, is a frame vector by
Theorem [2.5(3) and we focus on the maximal spanning property. The following two
observations enable us to simplify the situation.

(1) Suppose that 7 : G — U(V;) and 7’ : G — U(V,) are equivalent, i.e. there exist
a measurable function u : G — T and a unitary isomorphism M : V; — Vv with
Mr(g)M~! = u(g)n'(g). Let v € V and v' = Mv € V,/, then

(g’ @ 7 (g = M(w(g)v @ m(g)v)M ", (7' (g)v',v') = u(g) " (m(g)v, v).
Therefore

M (Span{r(g)v @ 7(g)v | g € G})M " = Span{x’(g)v' @ 7'(g)v" | g € G},
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and
e ,(9) = 0 if and only if ¢y, (g) = 0.
Hence proving the theorem for 7 is equivalent to proving the theorem for 7’.
(2) If H < G is a closed subgroup, 71 : G/H — U(V) is a projective representation
and 7 : G — U(V) is the composition of 71 with the natural projection G — G/H,

then 7(g) = m1(gH). Therefore
Span{7(g)v @ 7(g)v | g € G} = Span{m(g)v @ mi(g)v | g € G/H}

and
cyp(g) = 0if and only if ¢3%, (gH) = 0.

By the quotient integral formula (cf. [10, Theorem 1.5.3]), to prove the theorem

for (m, G, V), it suffices to prove the theorem for (71, G/H, V).
Since replacing o with a similar multiplier gives us equivalent projective representations,
by the first observation, we may assume that a is normalized (i.e. a(x,z~') = 1 for all

x € G)asin [I]. Let A: G x G — T be the map A(z,y) = % Then A is a bicharacter

and it induces a homomorphism A, : G — G with Ay (z)(y) = A(z,y). Let Sq be the
kernel of A\,. We call « totally skew if S, is trivial. By [I, Theorem 3.1], « is similar to
a multiplier which is lifted from a totally skew multiplier o/ on G/S,, i.e. « is similar to
the composition of G x G — G/S, x G/S, and o : G/S, x G/So — T. Moreover, 7
is equivalent to a projective representation of the form v ® 7], where v € G is a linear
character of G, 71 is an o/-representation of G/S,, 7} is the projective representation of G
induced from 7; via the natural quotient map G — G/S,. By the second observation, we
may assume that « is totally skew at the beginning. In this case A\, : G — G is injective
and has dense image. Moreover, because of the type IAassumption, Aq 18 bicontinuous by
[1, Theorem 3.2] and the image of A\, is open dense in G. Therefore, \, is an isomorphism.

By [IL Theorem 3.3], up to isomorphism, (7, V}) is the unique a-representation of G.
The projective Plancherel theorem [22] Theorem 7.1] tells us that in this special case we
have an isomorphism

Ve @ Vi — L*(G)
UR V> Cpp e

(3.1)

Here we identify V' with V* in the usual way if V is a Hilbert space. Hence for v € V,
(3:2) Span{n(g)v®@7(g)v| g€ G} = Vz® Vr <= Span{c},), (o) | 9 € G} = L*(G).
Since « is normalized and G is abelian, the cocycle condition tells us
a9~ hg)a(g, h) = a(g™", gh)a(g, h) = alg™', g)ale, h) = 1.
We then have
w(g)* m(h)m(g) = w(g~)m(h)m(g) = alg™", hg)a(h, 9)m (g™ hg)

= A9) 1y 2 vag) (W (h).
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and we have cg(
to

(3.3) Span{Aa(9)cL, | g € G} = LA(@).

Via Fourier transform, identity is equivalent to

(34)  Span{(Aa(9)cy,) | g€ G} = L*(G) <= Span{c],(Ma(g)e) | g € G} = L*(G).
Since Ay : G — G is surjective, by Lemma the second identity in is equivalent to
(3.5) yp(g) # 0 for almost all g € G.

The theorem follows. O

Lemma 3.2. Let D C G be a subset with u(G — D) =0 and f € L*(G). Let Sp C L*(G)
be the closed linear span of the translates of f by elements of D. Then Sp = L*(G) if and

~

only if f(x) # 0 for almost all x € G.

Proof. This is essentially [I3, Proposition 4.72]. Let g € L?(G). Let L, be the left
translation operator on L%(G), i.e. (Lof)(y) = f(x~'y). Then g L Sp if and only if
J(Lyf)g =0 for all z € D. This is equivalent to

0= /@(me)A(x)ﬁ(X)dx

- /ax(m)f(x)ﬁ(x)dx
— (73 (@)

for all x € D. Then it is equivalent to j? = 0 almost everywhere. The lemma follows. [

Dom(g = Aa(g)cy - Therefore the second identity in (3.2)) is equivalent

To apply Theorem [3.1} we start with the following lemma.

Lemma 3.3. Let V be a Hilbert space and T € U(V') be a unitary operator. Let N(T) =
{u eV | (Tu,u) =0}. Then V. — N(T) is open dense in V.

Proof. If V' is finite dimensional, the lemma is easy as by fixing a basis, the condition
(Tu,u) = 0 is given by polynomials on the real and imaginary parts of the coordinates of
u (cf. 23, Lemma 2.2]). We assume that V' is infinite dimensional.

Suppose that (T'u,u) = 0 for all w € V. Then by the polarization identity (cf. [13] A.1
Theorem)), (Tu,v) = 0 for all u,v € V, which is impossible as T" is unitary. Therefore
N(T) is a proper subset of V. The same argument shows that for any proper subspace V'
of V, N(T) NV’ is a proper subset of V.

If (Tu,u) # 0, then for any w € V with ||w|| sufficiently small, we have

(T + w),u+w)| > [(Tuyu)] — |(Tu,w)] — [(Tw, u)] - [(Tw, )]
> (T, )| — 2] - [Jul| — ]2 > 0.

Therefore N(T') is closed.
If (T'u,u) = 0, from the above discussion, there exists a w € V such that (T'w,w) # 0
and (T*u,w) = (Tu,w) = 0, where T™* is the adjoint of T'. For any positive integer n, we

have 1 ] 1 1
(T'(u+ ﬁw),u + Ew> = (T(Ew) w) # 0.

,—
n
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Therefore V. — N(T') is dense. The lemma follows. O
Proof of Theorem[1.3. Assume first that G is a finite abelian group. Let g € G and define

P(g) ={u e Vr | (r(g)u,u) # 0}.
Then P(g) C Vy is open dense by Lemma Since G is finite, by the Baire category
theorem, NgegP(g) C Vx is open dense in V. By Theorem NgecP(g) is the set of
maximal spanning frame vectors and the theorem follows in this case.

Assume that G is compact. Then G is discrete. In the proof of Theorem the kernel
Sq of A : G — G is open and hence G/S, is a finite group. By the second observation in
the proof of Theorem to prove the property of maximal spanning vectors for projective
representations of compact abelian groups, it suffices to prove the property of maximal
spanning vectors for projective representations of finite abelian groups. The theorem then
follows from the above discussion or [23, Theorem 1.7]. O

Note that if v € V; is a maximal spanning vector for (m, V), then v ® v € V; ® V;
is a cyclic vector for the linear representation m ® 7* : G — V; ® V., where 7* is the
contragredient representation of w. We hence obtain the following result.

Corollary 3.4. Let w: G — U(Vy) be an irreducible projective representation of a compact
abelian group G. The representation m ® T is cyclic and it admits cyclic vectors of the
form v ®v.

Remark 3.5 (A question on zero sets of matrix coefficients). Let G be a separable locally
compact group and 7 : G — U(V;) be a discrete series projective representation. Let ¢, ,
be the matrix coefficient associated with v € D,. Suppose that ¢, , is nonzero in a dense
subset of G, is it true that ¢, 1(0) has measure zero? The motivation of this question is
the close relation with phase retrieval property of certain group frames. More precisely,
assume that G is abelian as in Theorem and suppose that the question has a positive
answer in this case. Let I C G be a countable dense subset and consider NgerP(g). Then
the same proof of Theorem shows that the set of maximal spanning frame vectors for
(m, Vz) is dense in V; and in particular 7 does phase retrieval.

Example 3.6 (The Heisenberg group). Let R be a commutative topological ring. Let
H(R) be the Heisenberg group over R, i.e. H(R) = R? with group law

Uk DG K T) = (G + 5k + K U+ T+ K.

The center and the commutator subgroup of H(R) are both equal to

Z ={(0,0,1) |l € R} ¥ R.
Let x : R — T be a character of R and we also regard it as a character of Z. Let
H(R) := R x R x T with group law

(k)G E) = (G + 5k + Kt X (E)).

Let G = R x R be the direct product of two copies of R. Then G(a) = H(R), where
a: G x G — T is the multiplier defined by

a((7,k), (5", k') = x(iK').

Let p : H(R) — U(V,) be an irreducible linear representation of H(R) with central

character x. Then it induces an irreducible linear representation p' : R x R x T — U(V,,)
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with p'(j,k,t) = tp(j, k,0) and an irreducible a-representation 7 : R x R — U(V,) with
m(j, k) = p(4, k, 0).

To check the phase retrieval property of p and p’, it suffices to check the phase retrieval
property of m. We discuss some special cases in the following.

(1)

R = F, is a finite field with ¢ elements. If the central character x is trivial, then
p is one-dimensional and it is from a character of F, x F, x {0}. If the central
character x is not trivial, then p is induced from a character of {0} x F, x F, and is
g-dimensional. This is the Gabor case. Fix an isomorphism V,, = C? such that each
n(g) € C7*7 (g € F, x F,) has algebraic entries. Then the Lindemann-Weierstrass
theorem provides an easy way to write down a maximal spanning vector. E.g.
let p; (1 < i < q) be different prime numbers, then v = (evPt, ..., evPe) € CY
satisfies (7(j, k)v,v) # 0 for all (j, k) € F, x Fy, hence it is a maximal spanning
vector.

R =7 is the additive group of integers with discrete topology. In this case x(I) =
w' for some w € T. If w has infinite order, then « is not of type I (cf. [I3], Section
6.8, Chap. 7 (Example 4))]).

If w has finite order, i.e. it is a root of unity, say w? = 1. In this case p is a finite
dimensional representation from a representation of the quotient Z x Z x (Z/qZ)
(cf. [I3l Theorem 6.58]). It is easy to see that the associated a-representation 7
of Z x 7 is not square integrable.

In other words, the results in this paper does not apply to the discrete Heisenberg
group H(Z).

R is alocal field. If x : Z — T is trivial, then p : H(R) — U(V,) factors through
R x R x {0}, hence it is one-dimensional. In this case p is not square integrable.

If Y : Z — T is not trivial, then R — R (r — x(r-)) is an isomorphism
of topological groups. In this case, by the Markey machine, p is induced from a
character of {0} x Rx R and 7 : Rx R — U(V,) is an irreducible square integrable
a-representation (cf. [I3], Section 6.6] and [10, Proposition 12.3.2]). We may take
V, = L*(R) and take the group action to be

m(G, k) F (1) = x (k) f(G +1),
for f € L?(R). Then f € L?(R) is a maximal spanning vector if and only if
[ x(bz)f(a+ z)f(z)dz # 0 for almost all (a,b) € R x R. Such f has been
constructed explicitly in [0, B]. Therefore if p is an infinite dimensional irreducible
representation of H(R), then p does phase retrieval. If R =R or R = C, this is a
special case of [I5]. Note that the case R = R is well-known (cf. [0l 14, [16]), the
Gauss and Hermite windows satisfy the condition from Theorem

Acknowledgements The authors thank the referees for helpful comments and sugges-
tions. The authors thank the support of NSFC 11701272 and NSFC 12071221.

REFERENCES

[1] L. Baggett, A. Kleppuner. Multiplier representations of abelian groups. J. Functional Analysis 14, 299-
324 (1973)

[2] R. Balan, P. G. Casazza, and D. Edidin. On signal reconstruction without phase. Appl. Comput.
Harmon. Anal., 20(3), 345-356 (2006)



3]

(4]

(10]
(11]

12]
(13]

(14]
(15]
(16]
(17]

18]
(19]

[20]
21]

22]
23]
24]

25]

REMARKS ON FRAMES FROM PROJECTIVE REPRESENTATIONS 11

B. G. Bodmann, P. G. Casazza, D. Edidin and R. Balan. Frames for linear reconstruction without
phase, In: 2008 42nd Annual Conference on Information Sciences and Systems. 721-726 (2008)

1. Bojarovska, A. Flinth. Phase retrieval from Gabor measurements. J. Fourier Anal. Appl. 22, 542-567
(2016)

C. Cheng, D. Han. On twisted group frames. Linear Algebra Appl. 569, 285-310 (2019)

C. Cheng, W. Lo, H. Xu. Phase retrieval for continuous Gabor frames on locally compact abelian
groups. Banach J. Math. Anal. 15, no. 2, Paper No. 32. (2021)

C. Cheng, G. Li. Some remarks on projective representations of compact groups and frames. To appear
in Commun. Math. Stat. DOT :10.1007/s40304-023-00381-3.

C. Cheng, J. Lu. On the existence of mazimal spanning vectors in L*(Q2) and L*(F2((T))). Journal
of Number Theory 245, 187-202 (2023)

O. Christensen. Atomic decomposition via projective group representations. Rocky Mountain J. Math.
26, no. 4, 1289-1312 (1996)

A. Deitmar, S. Echterhoff. Principles of Harmonic Analysis. Second edition. Universitext. Springer,
Cham, xiv+332 pp. (2014)

J. Dixmier. C*-algebras. North-Holland Math. Library, Vol. 15, North-Holland Publishing Co.,
Amsterdam-New York-Oxford, xiii+492 pp. (1977)

A. Fannjiang, T. Strohmer. The numerics of phase retrieval. Acto Numer., 29, 125-228 (2020)

G. B. Folland. A Course in Abstract Harmonic Analysis. Second edition. Stud. Adv. Math. CRC
Press, Boca Raton, FL, x+276 pp. (1995)

H. Fihr. Abstract Harmonic Analysis of Continuous Wavelet Transforms. Lecture Notes in Mathe-
matics, 1863. Springer-Verlag, Berlin, x+193 pp. (2005)

H. Fihr, V. Oussa. Phase retrieval for nilpotent groups. J. Fourier Anal. Appl. 29, no. 4, Paper No.
47, 32 pp (2023)

K. Grochenig, P. Jaming, E. Malinnikova. Zeros of the Wigner distribution and the short-time Fourier
transform. Rev. Mat. Complut. 33, no. 3, 723-744 (2020)

P. Grohs, S. Koppensteiner, M. Rathmair. Phase retrieval: uniqueness and stability. SIAM Rev.,
62(2), 301-350 (2020)

A. K. Holzherr. Type I multiplier representations of locally compact groups. Thesis, (1982)

A. K. Holzherr. Discrete groups whose multiplier representations are type I. J. Austral. Math. Soc.
Ser. A 31, no. 4, 486-495 (1981)

A. Kleppner. Multipliers on abelian groups. Math. Ann. 158, 11-34 (1965)

A. Kleppner. Continuity and measurability of multiplier and projective representations. J. Functional
Analysis 17, 214-226 (1974)

A. Kleppner, R. L. Lipsman. The Plancherel formula for group extensions I, II. Ann. Sci. Ecole Norm.
Sup. (4) 5, 459-516 (1972); ibid. (4) 6, 103-132 (1973)

L. Li, T. Juste, J. Brennan, C. Cheng, D. Han. Phase retrievable projective representation frames for
finite abelian groups. J. Fourier Anal. Appl. 25, no. 1, 86-100 (2019)

K. R. Parthasarathy. Multipliers on Locally Compact Groups. Lecture Notes in Mathematics, Vol. 93
Springer-Verlag, Berlin-New York, iii+54 pp. (1969)

A. Rahimi, A. Najati, Y. N. Dehghan. Continuous frames in Hilbert spaces. Methods in Funtional
Analysis and Topology. Vol. 12 No. 2, 170-182 (2006)

DEPARTMENT OF MATHEMATICS, NANJING UNIVERSITY, NANJING 210093, CHINA

ORCID: HTTPS://ORCID.ORG/0009-0001-3019-6388
E-mail address: jychen@smail.nju.edu.cn

DEPARTMENT OF MATHEMATICS, NANJING UNIVERSITY, NANJING 210093, CHINA

ORCID: HTTPS://ORCID.ORG/0000-0003-4067-8214
E-mail address: cxcheng@nju.edu.cn



	1. Introduction
	2. The wavelet transform
	3. Locally compact abelian groups
	References

