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Abstract. Let K be a number field. We prove an analogue of the Erdős–Kac theorem
for g-dimensional abelian varieties A/K whose adelic Galois representation has open
image in GSp2g(Ẑ). For a prime v of K at which A has good reduction, we consider
two arithmetic invariants, an expression related to the Frobenius trace at v, and the
number of rational points on the reduction of A at v. Under the Generalized Riemann
Hypothesis, we show that the number of prime divisors of each of these invariants,
suitably normalized, follows a standard normal distribution. For a pair of non-isogenous
abelian varieties of this type, we prove that the corresponding pairs of invariants have
a joint normal distribution. This yields a criterion for geometric isogeny, which states
that a positive density of coincidences between the number of prime divisors of these
invariants implies that the two varieties are isogenous over K. Moreover, we also prove
Erdős–Kac analogues for the number of rational points on the reductions at good primes
of absolutely simple abelian surfaces that are not of CM-type.

1. Introduction

Let ω(n) denote the number of distinct prime divisors of a nonzero integer n. The
Erdős–Kac theorem [7] states that the random variables

ω(n)− log log n√
log logn

defined on the set of natural numbers less than x, as x goes to infinity converge in distri-
bution to the standard normal distribution. More precisely, for any α ∈ R, Erdős and Kac
proved that

lim
x→+∞

1

x
♯

{
n ≤ x :

ω(n)− log log n√
log logn

≤ α

}
= G(α) :=

1√
2π

∫ α

−∞
e−x2/2dx.

Their proof is based on the central limit theorem and sieve methods, and this work inspires
an approach for studying arithmetic functions through their statistical properties.

Subsequently, numerous generalizations of the Erdős–Kac theorem have been studied by
many mathematicians. We refer to [10] and the references therein for more information.
In particular, under the General Riemann Hypothesis (hereafter abbreviated as GRH),
Murty–Murty [19] proved an analogue of the Erdős–Kac theorem for the Fourier coefficients
of modular forms, and Liu [14] proved an analogue of the Erdős–Kac theorem for the
numbers of rational points of elliptic curves over Q. In [2], under the GRH, Bloom proved
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that for a principally polarized abelian variety A/Q of dimension g whose adelic Galois
representation has open image in GSp2g(Ẑ), and any α ∈ R, one has

lim
x→+∞

1

π(x)
♯

{
p ≤ x : p is of good reduction,

ω(|Ap(Fp)|)− log log p√
log log p

≤ α

}
= G(α),

where π(x) is the number of primes p ≤ x and Ap(Fp) is the set of rational points of the
reduction of A at p.

In [6], El-Baz–Loughran–Sofos generalized the work of predecessors and established a
multivariate version of the Erdős–Kac theorem. Applying the result of [6] and generalizing
the works of Murty–Murty and Liu, Wang–Cheng in [28] established a result regarding
the joint distribution of the number of prime divisors of the Fourier coefficients of two dis-
tinct newforms and obtained a probabilistic multiplicity one theorem. Chen–Cheng–Cui
in [4] established versions of the above result for independent compatible systems of Galois
representations of rank one and of rank two over more general coefficients, and proved mul-
tiplicity one results for CM elliptic curves and abelian varieties of GL2-type. In particular,
for A1/K and A2/K two abelian varieties of GL2-type, let Nx be the set of primes v of K
such that |v| := NormK/Q v ≤ x, and A1 and A2 have good reduction at v, A1,v(kv) and
A2,v(kv) be the sets of kv-rational points of the reductions of A1 and A2 at v, where kv is
the residue field of K at v. Then under the GRH, if

lim
x→+∞

1

x/ log x
♯ {v ∈ Nx : ω(|A1,v(kv)|+ 1) = ω(|A2,v(kv)|+ 1)} > 0,

then A1 and A2 are isogenous over K. A natural question to ask is whether the above
claim holds for general abelian varieties. In this paper, we follow the framework of [4] to
study compatible systems of Galois representations with GSp-type image. By a trick of
[3] and a counting formula of [13], we establish analogues of the Erdős–Kac theorem for
two types of arithmetic invariants of abelian varieties over number fields admitting such
representations, generalizing Bloom’s result [2] and the results in [4] and [28]. To make
our results precise, we start with the following definition.

Definition 1.1. Let K be a number field and let A/K be a principally polarized abelian
variety of dimension g with adelic Galois representation ρ̂ : GK → GSp2g(Ẑ). We say that
A is generic if the image of ρ̂ is open in GSp2g(Ẑ).

The study of the size of the image of Galois representations attached to abelian varieties
has been a central topic in arithmetic geometry. A fundamental conjecture in this area is
the Mumford-Tate conjecture, which predicts a deep connection between the Galois action
and the Hodge structure of the variety.

Let A be a principally polarized abelian variety of dimension g defined over a number
field K. The Mumford–Tate group MT(A) is the smallest Q-algebraic subgroup of GSp2g
whose base change to C contains the image of the Hodge cocharacter. We say that A is
of GSp-type (cf. [12]) if its Mumford–Tate group is generic, i.e., MT(A) = GSp2g. For
such varieties, the Mumford–Tate conjecture implies that the ℓ-adic Galois representation
associated with the Tate module Tℓ(A), ρℓ : Gal(K/K) → Aut(Tℓ(A)) ⊂ GSp2g(Zℓ) has
open image in GSp2g(Zℓ) for all primes ℓ, and equals GSp2g(Zℓ) for sufficiently large ℓ.
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Indeed, Serre [26, Section 136 and 137], Pink [21], and Hall [11] have shown that there
exists a large, natural class of abelian varieties of GSp-type satisfying the Mumford–Tate
conjecture unconditionally and whose adelic Galois representation has open image.

Theorem 1.2 (cf. [11, 21, 26]). Let A be a principally polarized abelian variety of dimen-
sion g defined over a number field K with EndK(A) = Z. Assume that at least one of the
following conditions holds:

(1) g does not belong to the exceptional set

S =
{
g ≥ 1

∣∣∣ ∃k ≥ 3 odd, ∃a ≥ 1, g = 2k−1ak
}
∪
{
g ≥ 1

∣∣∣∣ ∃k ≥ 3 odd, g =
1

2

(
2k

k

)}
= {4, 10, 16, 32, . . .}.

(2) The Néron model of A over OK has a semistable fiber with toric dimension equal
to 1.

Then A is generic.

In [12], Hindry–Ratazzi proved that if the Mumford–Tate conjecture holds for some
abelian varieties of GSp-type, then it also holds for products of such abelian varieties. This
leads to the following result describing the image of the product Galois representation from
two generic abelian varieties. For an effective version of this result under the GRH, see the
recent paper [17].

Theorem 1.3. Let A1/K and A2/K be two generic abelian varieties of dimension g1 and
g2 respectively. Assume that A1 and A2 are not K-isogenous, then the image of the product
of their adelic Galois representation is an open subgroup of ∆g1,g2(Ẑ) =

∏
ℓ∆g1,g2(Zℓ),

where

∆g1,g2(Zℓ) :=
{
(u1, u2) ∈ GSp2g1(Zℓ)×GSp2g2(Zℓ) : mult(u1) = mult(u2)

}
,

where mult : GSp2gi(Zℓ) ↠ Z×
ℓ is the multiplier map.

The above theorem ensures that assumption (2) at the beginning of Section 4 holds for
the generic abelian variety case that we focus on. Throughout this paper, for an abelian
variety A/K and a prime v of K where A has good reduction, we denote by Av(kv) the
set of kv-rational points of the reduction of A at v, where kv is the residue field of K at v.
The main results of this paper are the following.

Theorem 1.4. Let A/K be a generic abelian variety of dimension g. Let Nx be the set
of primes v of K such that |v| ≤ x, and A has good reduction at v. Then under the GRH,
for any α ∈ R, we have

lim
x→+∞

1

x/ log x
♯

{
v ∈ Nx :

ω(a(v) + |v|g)− log log x√
log log x

≤ α

}
= G(α),

and

lim
x→+∞

1

x/ log x
♯

{
v ∈ Nx :

ω(|Av(kv)|)− log log x√
log log x

≤ α

}
= G(α),

where |v| = NormK/Q v, a(v) = Tr ρℓ (Frobv) ∈ Z (for a large ℓ with v ∤ ℓ).

For a non-isogenous pair of generic varieties, we have the following result.
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Theorem 1.5. Let A1/K and A2/K be generic abelian varieties of dimension g1 and g2
respectively. For i = 1, 2, and primes v of K where A1 and A2 have good reduction, let ρi,ℓ :
GK → GSp2gi(Zℓ) be the ℓ-adic representation attached to Ai, ai(v) = Tr ρi,ℓ (Frobv) ∈ Z
(for a large ℓ with v ∤ ℓ). For any positive number x, let Nx be the set of primes v of K
such that |v| = NormK/Q v ≤ x, and A1 and A2 have good reduction at v. Then under the
GRH, for any Borel set B ⊆ R2, we have

lim
x→+∞

1

x/ log x
♯

{
v ∈ Nx :

(
ω (a1(v) + |v|g1)− log log x√

log log x
,
ω (a2(v) + |v|g2)− log log x√

log log x

)
∈ B

}
=

1

2π

∫
B
e−

1
2
(x2

1+x2
2)dx1dx2,

and

lim
x→+∞

1

x/ log x
♯

{
v ∈ Nx :

(
ω (|A1,v(kv)|)− log log x√

log log x
,
ω (|A2,v(kv)|)− log log x√

log log x

)
∈ B

}
=

1

2π

∫
B
e−

1
2
(x2

1+x2
2)dx1dx2.

In particular,

lim
x→+∞

1

x/ log x
♯ {v ∈ Nx : ω (a1(v) + |v|g1) < ω (a2(v) + |v|g2)} =

1

2
,

and

lim
x→+∞

1

x/ log x
♯ {v ∈ Nx : ω (|A1,v(kv)|) < ω (|A2,v(kv)|)} =

1

2
.

When we turn to abelian surfaces, the following analogous distribution results hold.

Theorem 1.6. Let A/K be an absolutely simple abelian surface. Assume that EndK A =
EndK A. Let Nx be the set of primes v of K such that |v| ≤ x, and A has good reduction
at v. Then under the GRH, for any α ∈ R, we have

lim
x→+∞

1

x/ log x
♯

{
v ∈ Nx :

ω(|Av(kv)|)− log log x√
log log x

≤ α

}
= G(α).

Theorem 1.7. Let A1/K and A2/K be absolutely simple abelian surfaces of the same type
I, II or III at the beginning of Section 5. Assume that EndK Ai = EndK Ai for i = 1, 2. For
any positive number x, let Nx be the set of primes v of K such that |v| = NormK/Q v ≤ x,
and A1 and A2 have good reduction at v. Then under the GRH, for any Borel set B ⊆ R2,
we have

lim
x→+∞

1

x/ log x
♯

{
v ∈ Nx :

(
ω (|A1,v(kv)|)− log log x√

log log x
,
ω (|A2,v(kv)|)− log log x√

log log x

)
∈ B

}
=

1

2π

∫
B
e−

1
2
(x2

1+x2
2)dx1dx2.

In particular,

lim
x→+∞

1

x/ log x
♯ {v ∈ Nx : ω (|A1,v(kv)|) < ω (|A2,v(kv)|)} =

1

2
.
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The content of this paper is as follows. In Section 2, we review the multivariate Erdős-
Kac theorem of El-Baz, Loughran and Sofos. In Sections 3 and 4, we apply an effective
Chebotarev density theorem and detailed analysis of Galois images to establish the univari-
ate and bivariate distribution results for generic abelian varieties, respectively. In Section
5, we establish Erdős–Kac-type results for absolutely simple abelian surfaces by treating
separately each possible type of their geometric endomorphism ring.

1.1. Notation and conventions. In this paper, K denotes a number field. Denote by
ΩK the set of primes of K. For v ∈ ΩK , denote by Frobv the arithmetic Frobenius element
at v, and denote NormK/Q v by |v|. Denote by GK the absolute Galois group Gal(K/K).

For an integer g ≥ 1, the general symplectic group over a commutative ring R is defined
as

GSp2g(R) :=
{
M ∈ GL2g(R) |MTJM = µ(M)J for some µ(M) ∈ R×} ,

where J is the standard skew-symmetric matrix
(

0 Ig
−Ig 0

)
. We have the multiplier map

mult : GSp2g(R) −→ R×, M 7→ µ(M).

It is a group homomorphism, and its kernel is the symplectic group Sp2g(R).
For a nonzero integer n, denote by ω(n) the number of distinct prime divisors of n. For

any positive number N , denote by ΛN the set of prime numbers greater than N .
Let f and g be two complex-valued functions on a set D. If g(x) is positive and there

exists a constant C such that |f(x)| ≤ Cg(x) for all x ∈ D, then we write f(x) = O(g(x)).
For a finite set X, denote by |X| or ♯X the cardinality of X.

2. A multivariate version of the Erdős–Kac theorem

We review the version of the multivariate Erdős–Kac theorem in [6] that we need for the
study of systems of Galois representations. With the settings of [6, Section 2.1], let Ω be
a set of prime ideals of the number field K with |ΩK − Ω| <∞. For any positive number
B, define

N(B) := {a ∈ Ω : NormK/Q(a) ≤ B},
and for a subset S of Ω, define

PB[S] :=
♯{a ∈ S : NormK/Q(a) ≤ B}

|N(B)|
.

The generalized Dirichlet density theorem shows that

lim
B→+∞

|N(B)| · logB
B

= 1.

Let m : Ω → Nn (a ∈ Ω 7→ (m1(a), . . . , mn(a))) be a map on Ω. Under certain technical
conditions, the multivariate Erdős–Kac theorem describes the distribution of the vector
(ω(m1(a)), . . . , ω(mn(a))) ∈ Nn.

More precisely, we assume that the numbers mi(a) for 1 ≤ i ≤ n and a ∈ Ω satisfy the
following conditions:

C1: There exists a map F : R≥1 → R, such that

lim
B→+∞

1

|N(B)|
♯{a ∈ N(B) : max

1≤i≤n
mi(a) ≤ F(B)} = 1.



6 CHUANGXUN CHENG AND YIDING CUI

C2: There exists P ∈ R such that for all d = (d1, . . . , dn) ∈ Nn with prime divisors
of di larger than P , the following limit exists

lim
B→+∞

♯{a ∈ N(B) : di|mi(a) for all 1 ≤ i ≤ n}
|N(B)|

=: g(d).

C3: The map g is multiplicative, i.e., for a, b ∈ Nn, if gcd(a1 · · · an, b1 · · · bn) = 1,
then

g(a1b1, . . . , anbn) = g(a)g(b).
We extend g to Nn by setting it equal to 0 for d such that d1 · · · dn has a prime factor
p ≤ P . For each 1 ≤ i, j ≤ n, let

gi(d) := g(1, . . . , 1, d
↑
i

, 1, . . . , 1) and gi,j(d) := g(1, . . . , 1, d
↑
i

, 1, . . . , 1, d
↑
j

, 1, . . . , 1).

Note that with this definition, gi,i = gi. Assume that the maps gi and gi,j satisfy the
following conditions.

C4: For every 1 ≤ i, j ≤ n, the following limit exists

lim
T→+∞

∑
p≤T gi,j(p)

(
∑

p≤T gi(p))
1/2(

∑
p≤T gj(p))

1/2
=: σij .

C5: For every 1 ≤ i ≤ n,

(2.1)
∑
p>T

g2i (p) = O

(
1

log T

)
and

∑
p≤T

gi(p) = ci log log T + c
′
i +O

(
1

log T

)
for some ci > 0, c

′
i ∈ R.

For each d ∈ Nn and B ≥ 1, define

R(d;B) = ♯{a ∈ N(B) : di|mi(a) for all 1 ≤ i ≤ n} − g(d) · |N(B)|.

Assume that the following conditions are satisfied.
C6: Let C = F(B)ϵ(B), ϵ(B) = log log logF(B)/

√
log logF(B). Then for all γ > 0,

(2.2)
∑′

|R(d1, . . . , dn;B)| = O
(
|N(B)| · (log logF(B))−γ

)
,

where
∑′

runs through all n-tuples of square-free integers (d1, . . . , dn) which satisfy
that the prime divisors of di are greater than P and di < C for every i.

Define the random vector K : Ω → Rn via

Ka :=

(
ω (m1(a))− c1 log logF(B)√

c1 log logF(B)
, . . . ,

ω (mn(a))− cn log logF(B)√
cn log logF(B)

)
.

As a special case of [6, Theorem 2.1], we have the following result.

Theorem 2.1. If the family of sequences {mi(a)}1≤i≤n,a∈Ω satisfies conditions C1-C6,
then the random vectors

(Ω, PB) → Rn : a 7→ Ka,

converge in distribution as B → +∞ to the central multivariate normal distribution with
covariance matrix Σ = (σij).
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Remark 2.2. The conditions C1-C6 correspond to equations (2.7), (2.3), (2.4), (2.11),
(2.5), (2.9) in [6, Section 2.1] respectively. The readers may find more information on the
motivation and the necessity of these restrictions in [6, Section 2.1].

Remark 2.3. For our application, the number mi(a) is a polynomial of the trace and the
determinant of the Froba from a geometric Galois representation. In particular, mi(a) =
O(NormK/Q(a)

c) for some positive number c. In this case, one may take F(B) = B.
Moreover, define e(d1, . . . , dn; B) by

e(d1, . . . , dn; B) =
R(d1, . . . , dn; B)

|N(B)|
.

By [28, Remark 2], condition C6 holds if there exist constants k, δ > 0 such that

(2.3) e(d1, . . . , dn; x) = O
(
(d1 · · · dn)kx−δ

)
.

Corollary 2.4. If the family of sequences {mi(a)}1≤i≤n,a∈Ω satisfies conditions C1-C6,
σij = 0 for i ̸= j, and mi(a) = O(NormK/Q(a)

c) for some c ∈ R≥0. For any Borel set
B ⊆ Rn,

lim
B→+∞

1

|N(B)|
♯ {a ∈ N(B) : (ω1, . . . , ωn) ∈ B} =

1

(2π)n/2

∫
B
e−

1
2
(x2

1+···+x2
n) dx1 · · · dxn,

where for 1 ≤ i ≤ n, ωi = ω(mi(a))−ci log logB√
ci log logB

. In particular, if c1 = · · · = cn and B =

{(x1, . . . , xn) ∈ Rn : x1 < · · · < xn}, then

lim
B→+∞

1

|N(B)|
♯ {a ∈ N(B) : ω (m1(a)) < · · · < ω (mn(a))} =

1

n!
.

3. The univariate distribution result

We start with a system of Galois representations with GSp-type image. Let {ρℓ : GK →
GSp2g(Zℓ)}ℓ∈ΛN

be a system of rational Galois representations. Assume that these repre-
sentations satisfy the following conditions.

(1) For all ℓ ∈ ΛN , the composition map mult ◦ ρℓ is equal to the ℓ-adic cyclotomic
character.

(2) For all ℓ ∈ ΛN , the representation ρℓ is surjective. The system {ρℓ}ℓ∈ΛN
is inde-

pendent (cf. [4, Definition 1.6], [27]).
(3) The system is strictly compatible (cf. [23, I-11]), i.e., there exists a finite set R of

primes of K such that each representation ρℓ is unramified outside R ∪ {v : v|ℓ},
and for each v ̸∈ R and v ∤ ℓ, det(tI2g − ρℓ(Frobv)) is in Z[t] and is independent of
ℓ. In particular, Tr ρℓ(Frobv) is in Z and is independent of the choice of ℓ. Denote
this number by a(v).

(4) The coefficients of det(tI2g−ρℓ(Frobv)) have polynomial size. In particular, a(v) =
O((NormK/Q v)

c) for some positive number c.

Denote the mod ℓ reduction of ρℓ by ρℓ. By assumption (2), for each ℓ ∈ ΛN , the image
of ρℓ is G(ℓ) := GSp2g(Fℓ), and for a square-free integer d whose prime divisors are in ΛN ,
the representation ρd :=

∏
ℓ|d ρℓ has image equal to G(d) :=

∏
ℓ|dGSp2g(Fℓ).
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For each ℓ ∈ ΛN , let Fℓ : Zℓ × Zℓ → Zℓ and F ℓ : Fℓ × Fℓ → Fℓ be two maps such that
for any z ∈ Zℓ × Zℓ, Fℓ(z) (mod ℓ) = F ℓ(z (mod ℓ)). For a square-free integer d whose
prime divisors are in ΛN , define

C(d) =
{
(uℓ)ℓ|d ∈ G(d) : F ℓ(Truℓ,detuℓ) = 0 for all ℓ | d

}
,

and
C ′(d) =

{
(uℓ)ℓ|d ∈ G(d) : det(I − uℓ) = 0 for all ℓ | d

}
.

Each of them is a subset of G(d) that is stable under conjugation.
To gain the arithmetic information from the Galois representations, we need the effective

Chebotarev’s density theorem. The following version of Chebotarev’s density theorem is
[25, Théorème 4]. This is the part where the General Riemann Hypothesis appears and we
only use this theorem in the verification of condition C6.

Theorem 3.1. Let L/K be a finite Galois extension of number fields with Galois group G.
Let C be a subset of G which is stable under conjugation, and let Frobv be the Frobenius
element at an unramified prime v of K. Denote by πC(x) the cardinality of the set of
primes v unramified in L for which Frobv ∈ C and NormK/Q v ≤ x. Assuming that the
Dedekind zeta function ζL(s) satisfies the GRH, then

πC(x) =
|C|
|G|

πK(x) +O

(
|C|
|G|

x
1
2 (log dL + nL log x)

)
,

where dL and nL are the discriminant and the degree of the extension L/Q, respectively.

Applying Theorem 3.1 to the fixed field L of K by the group Ker ρd, we get

1

πK(x)
♯ {v : |v| ≤ x, Fℓ(a(v), |v|g) ≡ 0 (mod ℓ) for all ℓ|d}

=
|C(d)|
|G(d)|

+O

(
|C(d)|
|G(d)|

x−
1
2 log x (log dL + nL log x)

)
,

and
1

πK(x)
♯ {v : |v| ≤ x, det(I − ρℓ(Frobv)) ≡ 0 (mod ℓ) for all ℓ|d}

=
|C ′(d)|
|G(d)|

+O

(
|C ′(d)|
|G(d)|

x−
1
2 log x (log dL + nL log x)

)
,

Define
g(d) := |C(d)|/|G(d)|.

and
g′(d) := |C ′(d)|/|G(d)|.

Then g and g′ are clearly multiplicative.
For representations mentioned at the beginning of this section, we verify the conditions

in Theorem 2.1 with n = 1 and m1(v) = a(v) + r(|v|g) for some polynomial r(t) ∈ Z[t]
and with n = 1 and m1(v) = det(I2g − ρℓ(Frobv)), respectively. Conditions C1-C3 hold
by the assumptions on the Galois representations and the discussion above. Condition C4
becomes vacuous in this case.
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From the order of GSp2g(Fℓ) [20, Theorem 3.1.2] we have

(3.1) |G(ℓ)| =
∣∣GSp2g(Fℓ)

∣∣ = (ℓ− 1)ℓg
2

g∏
i=1

(ℓ2i − 1) = ℓ2g
2+g+1 +O(ℓ2g

2+g).

Let L := Ld be the fixed field of K by the group Ker ρd. From equation (3.1), the degree
of the extension L/K is O(d2g

2+2g+1). By [25, Proposition 6], we have

(3.2) log dL ≤ (nL − 1)
∑

p∈P (L)

log p+ nL|P (L)| log nL,

where P (L) is the set of prime numbers that are ramified in L. As L = L
Ker ρd , it is

unramified outside {p : p is divisible by some primes in R} ∪ {p : p|d}. In particular,
|P (L)| ≤ |R|+ ω(d) and ∏

p∈P (L)

p ≤ rd,

where r is the product of prime numbers in {p : p is divisible by some primes in R}.
Therefore, by equation (3.2)

log dL + nL log x ≤ nL log(rd) + nL(|R|+ ω(d)) log nL + nL log x

= nL(log(rd) + (|R|+ ω(d)) log nL + log x).

Hence for c = 2g2 + g + 1 and some ϵ > 0,

e (d;x) = O
(
dc+1xϵ−

1
2

)
.

By Remark 2.3, condition C6 holds under the GRH.
For the verification of condition C5, we need the following lemma, which is a corollary

of [13, Theorem 1].

Lemma 3.2. Let Fℓ be a finite field with ℓ elements and g be a positive integer. For given
a ∈ Fℓ and b ∈ F×

ℓ , let

N(a, b) := ♯
{
u ∈ GSp2g(Fℓ) : Tru = a,detu = b

}
.

Then

N(a, b) =

{
gcd(g, ℓ− 1)ℓ2g

2+g−1 +O(ℓ2g
2+g−2) if b ∈ (F×

ℓ )
g,

0 otherwise.

Lemma 3.3. Let Fℓ(x, y) = x+ r(y) and F ℓ(x, y) = x+ r(y), where r(t) ∈ Z[t]. Then for
ℓ ∈ ΛN ,

|C(ℓ)| = ♯
{
u ∈ GSp2g(Fℓ) : F ℓ(Tru,detu) = 0

}
= ℓ2g

2+g +O(ℓ2g
2+g−1).

Proof. Define
M(ℓ) :=

{
(a, b) ∈ Fℓ × (F×

ℓ )
g : a+ r(b) = 0

}
.

Clearly

|M(ℓ)| = |(F×
ℓ )

g| = ℓ− 1

gcd(g, ℓ− 1)
.
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Therefore
|C(ℓ)| =

∑
(a,b)∈M(ℓ)

♯
{
u ∈ GSp2g(Fℓ) : Tru = a,detu = b

}
=

ℓ− 1

gcd(g, ℓ− 1)

(
gcd(g, ℓ− 1)ℓ2g

2+g−1 +O(ℓ2g
2+g−2)

)
= ℓ2g

2+g +O(ℓ2g
2+g−1).

The lemma follows. □

To estimate the size of C ′(ℓ), we will use the following lemma, which follows from [3,
Theorem 6] (see also [2, Proposition 4.10]). We state it here with notation adapted to our
setting.

Lemma 3.4. For m ∈ F×
ℓ , let

G(m)(ℓ) := {u ∈ G(ℓ) : mult(u) = m}

and
C ′(m)(ℓ) := C ′(ℓ) ∩G(m)(ℓ).

Then
|C ′(m)(ℓ)|
|G(m)(ℓ)|

=

{
−
∑g

r=1 ℓ
r
∏r

j=1

(
1− ℓ2j

)−1 if ℓ | m− 1,

−
∑g

r=1

∏r
j=1

(
1− ℓj

)−1 otherwise.

We then obtain an estimate for the size of C ′(ℓ).

Lemma 3.5. For ℓ ∈ ΛN ,

|C ′(ℓ)| = ♯
{
u ∈ GSp2g(Fℓ) : det(I2g − u) = 0

}
= ℓ2g

2+g +O(ℓ2g
2+g−1).

Proof. By direct computation,

|C ′(ℓ)| =
∑

m∈F×
ℓ

|C ′(m)(ℓ)|
|G(m)(ℓ)|

|G(m)(ℓ)|

=
|G(ℓ)|
ℓ− 1

·

−
g∑

r=1

ℓr
r∏

j=1

(
1− ℓ2j

)−1
+ (ℓ− 2)

−
g∑

r=1

r∏
j=1

(
1− ℓj

)−1


=

1

ℓ− 1

(
ℓ2g

2+g+1 +O(ℓ2g
2+g)

) (
ℓ−1 +O(ℓ−2) + (ℓ− 2)(ℓ−1 +O(ℓ−2))

)
= ℓ2g

2+g +O(ℓ2g
2+g−1).

The lemma follows. □

Combining the above discussions, we obtain the following result, which is a specific case
of Corollary 2.4.

Theorem 3.6. Let {ρℓ}ℓ∈ΛN
be a system of Galois representations satisfying the conditions

(1)-(4) at the beginning of this section. Let R be the finite set of ramified primes, Ω =

ΩK −R, and N(B) = {v ∈ Ω : |v| ≤ B}. Let G(α) = 1√
2π

∫ α
−∞ e−x2/2dx.
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(1) Let r(t) ∈ Z[t]. If

(3.3) ♯{v ∈ Ω : |v| ≤ x, a(v) + r(|v|g) = 0} = o(x/ log x),

then under the GRH, for any α ∈ R, we have

lim
x→+∞

1

|N(B)|
♯

{
v ∈ N(B) :

ω(a(v) + r(|v|g))− log log x√
log log x

≤ α

}
= G(α).

(2) If

(3.4) ♯{v ∈ Ω : |v| ≤ x, det(I2g − ρℓ(Frobv)) = 0} = o(x/ log x),

then under the GRH, for any α ∈ R, we have

lim
x→+∞

1

|N(B)|
♯

{
v ∈ N(B) :

ω(det(I2g − ρℓ(Frobv)))− log log x√
log log x

≤ α

}
= G(α).

Proof. From equation (3.1), Lemma 3.3 and Lemma 3.5 we find that g(ℓ) and g′(ℓ) are of
the form 1/ℓ+O(1/ℓ2), thus condition C5 holds and the theorem follows. □

Theorem 1.4 is then a special case of Theorem 3.6. For a generic abelian variety A,
there exists N such that the system of ℓ-adic representations with ℓ > N attached to A
satisfies the conditions (1)-(4) at the beginning of this section. For the first identity, the
Weil Conjecture (proved by Deligne [5]) shows that αi(v) = O(|v|1/2), therefore for almost
all v, ai(v) + |v|g ∈ Z>0. Taking r(t) = t, equation (3.3) holds and the first identity of
Theorem 1.4 is then a special case of Theorem 3.6. For the second identity of Theorem
1.4, note that

|Av(kv)| = det(I − ρℓ(Frobv)) > 0,

hence equation (3.4) holds and the second identity follows from Theorem 3.6.

4. The bivariate distribution result

In this section, we consider two independent systems of Galois representations and show
that, for both kinds of arithmetic invariants, their joint distribution follows a bivariate
standard normal distribution.

Let {ρ1,ℓ : GK → GSp2g1(Zℓ)}ℓ∈ΛN
and {ρ2,ℓ : GK → GSp2g2(Zℓ)}ℓ∈ΛN

be two systems
of Galois representations. Assume that they satisfy the following conditions.

(1) Each of {ρi,ℓ}ℓ∈ΛN
satisfies the conditions (1)-(4) at the beginning of Section 3.

Denote ai(v) = Tr ρi,ℓ(Frobv) for i = 1, 2.
(2) For all ℓ ∈ ΛN , the representations ρ1,ℓ and ρ2,ℓ are "independent up to multiplier",

i.e., the product representation ρ1,ℓ × ρ2,ℓ has image equal to

∆g1,g2(Zℓ) =
{
(u1, u2) ∈ GSp2g1(Zℓ)×GSp2g2(Zℓ) : mult(u1) = mult(u2)

}
.

The system {ρ1,ℓ × ρ2,ℓ}ℓ∈ΛN
is independent (cf. [4, Definition 1.6], [27]).

Denote the mod ℓ reduction of ρi,ℓ by ρi,ℓ for i = 1, 2. Then for each ℓ ∈ ΛN , the image
of ρ1,ℓ is G(ℓ, 1) := GSp2g1(Fℓ) and the image of ρ2,ℓ is G(1, ℓ) := GSp2g2(Fℓ).

For primes ℓ and ℓ′ in ΛN , consider the direct sum representation

ρℓ,ℓ′ := ρ1,ℓ ⊕ ρ2,ℓ′ : GK → GSp2g1(Fℓ)×GSp2g2(Fℓ′).
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If ℓ = ℓ
′ , the independence assumption (2) implies that the image of ρℓ,ℓ′ is

G(ℓ, ℓ) :=
{
(u1, u2) ∈ GSp2g1(Fℓ)×GSp2g2(Fℓ) : mult(u1) = mult(u2)

}
.

If ℓ ̸= ℓ
′ , the image of ρℓ,ℓ′ is

G(ℓ, ℓ′) := GSp2g1(Fℓ)×GSp2g2(Fℓ′).

For two square-free integers d1, d2 whose prime divisors are in ΛN , if their prime fac-
torizations are d1 = p1 · · · pr and d2 = q1 · · · qs, define representation

ρd1,d2 := ρ1,p1 ⊕ · · · ⊕ ρ1,pr ⊕ ρ2,q1 ⊕ · · · ⊕ ρ2,qs .

We denote
H(d1, d2) :=

∏
ℓ|d1

GSp2g1(Fℓ)×
∏
ℓ|d2

GSp2g2(Fℓ).

Without loss of generality, we write d1 = LP, d2 = LQ, gcd(P,Q) = 1. Then the image of
ρd1,d2 is

G(d1, d2) :=
∏
ℓ|L

G(ℓ, ℓ)×
∏
ℓ|P

G(ℓ, 1)×
∏
ℓ|Q

G(1, ℓ) ⊂ H(d1, d2).

For each ℓ ∈ ΛN , let Fi,ℓ : Zℓ × Zℓ → Zℓ and F i,ℓ : Fℓ × Fℓ → Fℓ be two maps such that
for any z ∈ Zℓ × Zℓ, Fi,ℓ(z) (mod ℓ) = F i,ℓ(z (mod ℓ)).

For two square-free integers d1, d2 whose prime divisors are in ΛN , define

Z(d1, d2) :=

{
((uℓ)ℓ|d1 , (vℓ)ℓ|d2) ∈ H(d1, d2) :

F 1,ℓ(Truℓ,detuℓ) = 0 for all ℓ | d1
F 2,ℓ(Tr vℓ, det vℓ) = 0 for all ℓ | d2

}
and

Z ′(d1, d2) :=

{
((uℓ)ℓ|d1 , (vℓ)ℓ|d2) ∈ H(d1, d2) :

det(I − uℓ) = 0 for all ℓ | d1
det(I − vℓ) = 0 for all ℓ | d2

}
.

Let C(d1, d2) := Z(d1, d2) ∩ G(d1, d2) and C ′(d1, d2) := Z ′(d1, d2) ∩ G(d1, d2). Each of
them is a subset of G(d1, d2) that is stable under conjugation.

Applying Theorem 3.1 to the fixed field L of K by the group Ker ρd1,d2 , we have
1

πK(x)
♯ {v : |v| ≤ x, Fi,ℓ(ai(v), |v|gi) ≡ 0 (mod ℓ) for all ℓ|di, i = 1, 2}

=
|C(d1, d2)|
|G(d1, d2)|

+O

(
|C (d1, d2)|
|G (d1, d2)|

x−
1
2 log x (log dL + nL log x)

)
.

and
1

πK(x)
♯ {v : |v| ≤ x, det(I − ρi,ℓ(Frobv)) ≡ 0 (mod ℓ) for all ℓ|di, i = 1, 2}

=
|C ′(d1, d2)|
|G(d1, d2)|

+O

(
|C ′(d1, d2)|
|G (d1, d2)|

x−
1
2 log x (log dL + nL log x)

)
.

Define
g(d1, d2) := |C(d1, d2)|/|G(d1, d2)|

and
g′(d1, d2) := |C ′(d1, d2)|/|G(d1, d2)|.
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Then g and g′ are clearly multiplicative.
We verify the conditions in Theorem 2.1 for representations mentioned at the beginning

of this section with n = 2 and mi(v) = ai(v) + ri(|v|gi) for ri(t) ∈ Z[t] and with n = 2 and
mi = det(I2gi − ρi,ℓ(Frobv)), respectively. For each type of mi(v), conditions C1, C2, C3
and C5 are the same as that in the n = 1 case. From the exact sequence

1 → Sp2g1(Fℓ)× Sp2g2(Fℓ) → G(ℓ, ℓ)
mult×mult−−−−−−−→ F×

ℓ → 1

we find that

(4.1) |G(ℓ, ℓ)| = (ℓ− 1)
∣∣Sp2g1(Fℓ)

∣∣ ∣∣Sp2g2(Fℓ)
∣∣ = ℓ2g

2
1+2g22+g1+g2+1 +O(ℓ2g

2
1+2g22+g1+g2).

Applying an argument similar to that in Section 3, it is easy to verify that for c =
2max{g1, g2}2 +max{g1, g2}+ 1 and for some ϵ > 0,

e(d1, d2;x) = O
(
(d1d2)

c+1xϵ−
1
2

)
.

Hence condition C6 holds under the GRH.
We then verify condition C4. For the first type of invariant, we have the following

lemma.

Lemma 4.1. Let r1(t) and r2(t) be any polynomials with integer coefficients. For i = 1, 2
let Fi,ℓ(x, y) = x+ ri(y) and F i,ℓ(x, y) = x+ ri(y). Then for ℓ ∈ ΛN ,

|C(ℓ, ℓ)| = O
(
ℓ2g

2
1+2g22+g1+g2−1

)
.

Proof. Define

M(ℓ, ℓ) :=
{
(a1, b1, a2, b2) ∈ F4

ℓ : ai + ri(bi) = 0, and ∃v ∈ F×
ℓ , bi = vgi , i = 1, 2

}
.

Let D = {(vg1 , vg2) : v ∈ F×
ℓ }. We have exact sequence

1 → ⟨γ
ℓ−1
d ⟩ −→ F×

ℓ

φ−→ D → 1,

where γ is a generator of F×
ℓ , d = gcd(ℓ − 1, g1, g2) and φ is defined by v 7→ (vg1 , vg2).

Thus |M(ℓ, ℓ)| = |D| = ℓ−1
d .

Then

|C(ℓ, ℓ)| = ♯

{
(u1, u2) ∈ GSp2g1(Fℓ)×GSp2g2(Fℓ) :

mult(u1) = mult(u2), Trui + ri(detui) = 0 for i = 1, 2

}

≤ ♯

{
(u1, u2) ∈ GSp2g1(Fℓ)×GSp2g2(Fℓ) :

∃v ∈ F×
ℓ , detui = vgi , Trui + ri(detui) = 0 for i = 1, 2

}
=

∑
(a1,b1,a2,b2)∈M(ℓ,ℓ)

∏
i=1,2

♯
{
u ∈ GSp2gi(Fℓ) : Tru = ai,detu = bi

}
=
ℓ− 1

d

∏
i=1,2

(
gcd(ℓ− 1, gi)ℓ

2g2i +gi−1 +O(ℓ2g
2
i +gi−2)

)
= O

(
ℓ2g

2
1+2g22+g1+g2−1

)
.

The lemma follows. □

Applying Lemma 3.4, we have the following estimate.
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Lemma 4.2.
C ′(ℓ, ℓ) = ℓ2g

2
1+2g22+g1+g2−1 +O

(
ℓ2g

2
1+2g22+g1+g2−2

)
.

Proof. By direct computation,

|C ′(ℓ, ℓ)| = ♯

{
(u1, u2) ∈ GSp2g1(Fℓ)×GSp2g2(Fℓ) :

mult(u1) = mult(u2), det(I − ui) = 0 for i = 1, 2

}
=
∑

m∈F×
ℓ

|C ′(m)(ℓ, 1)||C ′(m)(1, ℓ)|

= |G(m)(ℓ, 1)||G(m)(1, ℓ)|
∑

m∈F×
ℓ

|C ′(m)(ℓ, 1)|
|G(m)(ℓ, 1)|

|C ′(m)(1, ℓ)|
|G(m)(1, ℓ)|

=
|G(ℓ, 1)|
ℓ− 1

|G(1, ℓ)|
ℓ− 1

∏
i=1,2

−
gi∑
r=1

ℓr
r∏

j=1

(
1− ℓ2j

)−1


+(ℓ− 2)

∏
i=1,2

−
gi∑
r=1

r∏
j=1

(
1− ℓj

)−1


= ℓ2g

2
1+2g22+g1+g2−1 +O

(
ℓ2g

2
1+2g22+g1+g2−2

)
.

The lemma follows. □

From equation (4.1), Lemmas 4.1 and 4.2, we have g(ℓ, ℓ) = O(1/ℓ2) and g′(ℓ, ℓ) =
1/ℓ2 +O(1/ℓ3). Hence

∑
ℓ≤x g(ℓ, ℓ) <∞ and

∑
ℓ≤x g

′(ℓ, ℓ) <∞, then condition C4 holds
with σ12 = σ21 = 0. We obtain the following result, which is also a specific case of Corollary
2.4.

Theorem 4.3. Let {ρ1,ℓ}ℓ∈ΛN
and {ρ2,ℓ}ℓ∈ΛN

be two systems of Galois representations.
Assume that these representations satisfy the conditions (1), (2) at the beginning of this
section. Let R be the finite set of ramified primes, Ω = ΩK−R, N(B) = {v ∈ Ω : |v| ≤ B}.

(1) Let ri(t) ∈ Z[t]. If for each i = 1, 2,

♯{v ∈ Ω : |v| ≤ x, ai(v) + ri(|v|gi) = 0} = o(x/ log x),

then under the GRH, for any Borel set B ⊆ Rn,

lim
B→+∞

1

|N(B)|
♯ {v ∈ N(B) : (ω1, ω2) ∈ B} =

1

2π

∫
B
e−

1
2
(x2

1+x2
2)dx1dx2,

where for i = 1, 2, ωi =
ω(mi(v))−log logB√

log logB
, mi(v) = ai(v) + ri(|v|gi). In particular,

lim
B→+∞

1

|N(B)|
♯ {v ∈ N(B) : ω (a1(v) + r1(|v|g1)) < ω (a2(v) + r2(|v|g2))} =

1

2
.

(2) If for each i = 1, 2,

♯{v ∈ Ω : |v| ≤ x, det(I2gi − ρi,ℓ(Frobv)) = 0} = o(x/ log x),
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then under the GRH, for any Borel set B ⊆ Rn,

lim
B→+∞

1

|N(B)|
♯ {v ∈ N(B) : (ω1, ω2) ∈ B} =

1

2π

∫
B
e−

1
2
(x2

1+x2
2)dx1dx2,

where for i = 1, 2, ωi = ω(mi(v))−log logB√
log logB

, mi(v) = det(I2gi − ρi,ℓ(Frobv)). In
particular,

lim
B→+∞

1

|N(B)|
♯ {v ∈ N(B) : ω (det(I2g1 − ρ1,ℓ(Frobv))) < ω (det(I2g2 − ρ2,ℓ(Frobv)))} =

1

2
.

Combining Theorem 1.3 and Theorem 4.3, we obtain Theorem 1.5 and the following
multiplicity one result.

Theorem 4.4. Let A1/K and A2/K be generic abelian varieties of dimension g1 and g2
respectively. For i = 1, 2, and primes v of K where A1 and A2 have good reduction, let
ρi,ℓ : GK → GSp2gi(Zℓ) be the ℓ-adic representation attached to Ai, ai(v) = ρi,ℓ (Frobv) ∈ Z
(for a large ℓ with v ∤ ℓ). For any positive number x, let Nx be the set of primes v of K
such that |v| = NormK/Q v ≤ x, and A1 and A2 have good reduction at v. Under the GRH,
if

lim
x→+∞

1

x/ log x
♯ {v ∈ Nx : ω (a1(v) + |v|g1) = ω (a2(v) + |v|g2)} > 0,

or if

lim
x→+∞

1

x/ log x
♯ {v ∈ Nx : ω(|A1,v(kv)|) = ω(|A2,v(kv)|)} > 0,

then A1 and A2 are isogenous over K. In particular, g1 = g2.

5. Erdős–Kac analogues for abelian surfaces

The preceding discussion indicates that for other types of abelian varieties, once the
open image and independence results for the Galois representations are available, one can
establish Erdős–Kac analogues and multiplicity one results by carrying out the correspond-
ing computations. In this section we turn to abelian surfaces, i.e., two-dimensional abelian
varieties. For simplicity we work with absolutely simple abelian surfaces A/K and assume
that EndK(A) = EndK(A). By the classification of the geometric endomorphism algebras
of abelian surfaces (a particular case of the Albert classification, cf. for example [18, p.
203]), only four cases can arise:

• Type I, trivial endomorphisms: EndK(A) = Z (so A is in particular a generic
abelian variety by Theorem 1.2);

• Type II, real multiplication: EndK(A) is an order in a real quadratic field (so A is
in particular an abelian variety of GL2-type);

• Type III, quaternionic multiplication: EndK(A) is an order in a quaternion algebra
over Q;

• Type IV, complex multiplication: EndK(A) is an order in a quartic CM field.
Our aim is to prove Theorems 1.6 and 1.7. The type I case is already covered by

Theorems 1.4 and 1.5. In [4], Chen and the authors proved the independence property
for Galois representations from a pair of GL2-type abelian varieties and established an
Erdős–Kac analogue for the invariant |Av(kv)| + 1. In the present setting of surfaces, we
refine the invariant to |Av(kv)| via explicit computations, thereby obtaining the result for
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the type II case (cf. [4, Remark 4.15]). Next, we prove the independence result for a pair of
abelian surfaces with quaternionic multiplication and settle the type III case. Finally, we
add a remark on the CM-type case, for which we can only obtain a univariate distribution
result for now.

The proofs for all cases proceed in parallel with that for generic varieties. For an
abelian surface A of any given type, we always let G(ℓ) denote the image of its mod-ℓ
representation, and let C(ℓ) be the conjugacy-invariant subset of G(ℓ) determined by the
invariant |Av(kv)|. While treating a pair of surfaces A1, A2, we similarly define G(ℓ, ℓ)
and C(ℓ, ℓ). Setting g(ℓ) = |C(ℓ)|/|G(ℓ)| and g(ℓ, ℓ) = |C(ℓ, ℓ)|/|G(ℓ, ℓ)|, and assuming the
independence condition, it then suffices to verify that conditions C4 and C5 hold with
σ12 = σ21 = 0 in C4 and c1 = c2 = 1 in C5. More precisely, to prove Theorems 1.6 and
1.7, we only need to verify that the following holds.

(a) As T > 0 goes to infinity, there exists c ∈ R such that∑
ℓ>T

g2(ℓ) = O

(
1

log T

)
and

∑
ℓ≤T

g(ℓ) = log log T + c+O

(
1

log T

)
;

(b) As T > 0 goes to infinity, ∑
ℓ≤T

g(ℓ, ℓ) <∞.

5.1. GL2-type surfaces. Let A/K be an abelian surface of GL2-type, i.e., its endomor-
phism algebra EndK(A)⊗Q is a real quadratic field E. Ribet [22] proved that for almost
all ℓ, the image of ρA,ℓ is

Aℓ∞ = {x ∈ GL2(OE ⊗ Zℓ) : detx ∈ Z×
ℓ },

and so for almost all ℓ, the image of ρA,ℓ is

G(ℓ) = {x ∈ GL2(OE ⊗ Zℓ/ℓ) : detx ∈ F×
ℓ }.

Under Theorem 3.1, the invariant |Av(kv)| corresponds to the conjugacy-invariant subset

C(ℓ) = {x ∈ G(ℓ) : Normℓ(det(1− x)) = 0},
where Normℓ : OE ⊗ Zℓ/ℓ→ Fℓ is the norm map induced from NormE/Q.

Lemma 5.1. Let ℓ be an odd prime number that is unramified in the quadratic field E.
(1) If ℓ splits in E, then |G(ℓ)| = ℓ2(ℓ−1)3(ℓ+1)2 and |C(ℓ)| = 2ℓ6−ℓ5−7ℓ4+3ℓ3+6ℓ2;
(2) If ℓ is inert in E, then |G(ℓ)| = ℓ2(ℓ−1)2(ℓ+1)(ℓ2+1) and |C(ℓ)| = ℓ5−ℓ4+ℓ3−2ℓ2.

Proof. If ℓ splits in E, then OE ⊗ Zℓ/ℓ ∼= Fℓ ⊕ Fℓ, so

G(ℓ) = {x ∈ GL2(Fℓ ⊕ Fℓ) : detx ∈ F×
ℓ }.

We naturally identify G(ℓ) with the set

{(u1, u2) ∈ GL2(Fℓ)×GL2(Fℓ) : det(u1) = det(u2)},
and thus

|G(ℓ)| = (ℓ− 1) · |SL2(Fℓ)|2 = ℓ2(ℓ− 1)3(ℓ+ 1)2.

Now
C(ℓ) = {(u1, u2) ∈ G(ℓ) : det(1− u1) = 0 or det(1− u2) = 0} .
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Consider H := {u ∈ GL2(Fℓ) : det(1− u) = 0}, i.e., the set of matrices with eigenvalue
1. We classify elements of H by the description of the conjugacy classes of GL2(Fq) (See
for example [8, Chap.4, §5.2]):

• The identity matrix: 1 element;
• Diagonalizable matrices with eigenvalues 1 and λ (λ ∈ F×

ℓ , λ ̸= 1): For each λ,
the conjugacy class size is ℓ(ℓ+ 1) , and there are ℓ− 2 choices of λ, contributing
(ℓ− 2)ℓ(ℓ+ 1) elements;

• Non-diagonalizable matrices with eigenvalue 1: The conjugacy class has size ℓ2−1,
contributing ℓ2 − 1 elements.

Thus
|H| = 1 + (ℓ− 2)ℓ(ℓ+ 1) + (ℓ2 − 1) = ℓ3 − 2ℓ.

It is easy to see that
|C(ℓ)| = ♯{(u1, u2) ∈ G(ℓ) : u1 ∈ H or u2 ∈ H}

= 2|G1| − |G1,2|,
where G1 = {(u1, u2) ∈ G(ℓ) : u1 ∈ H} and G1,2 = {(u1, u2) ∈ G(ℓ) : u1 ∈ H, u2 ∈ H}.

For fixed u1 ∈ H with det(u1) = d, the number of u2 with det(u2) = d is |SL2(Fℓ)|.
Hence

|G1| = |H| · | SL2(Fℓ)| = ℓ2(ℓ2 − 1)(ℓ2 − 2).

We compute |G1,2| by partition according to the common determinant d. Let Hd =
{u ∈ H : det(u) = d}. It follows from the description of elements of H that H1 = ℓ2 and
Hd = ℓ(ℓ+ 1) for d ∈ F×

ℓ , d ̸= 1. Then

|G1,2| =
∑
d∈F×

ℓ

|Hd|2 = ℓ4 + (ℓ− 2)ℓ2(ℓ+ 1)2.

Hence
|C(ℓ)| = 2ℓ2(ℓ2 − 1)(ℓ2 − 2)−

[
ℓ4 + ℓ2(ℓ− 2)(ℓ+ 1)2

]
= 2ℓ6 − ℓ5 − 7ℓ4 + 3ℓ3 + 6ℓ2

and (1) follows.
For (2), assume that ℓ is inert, then OE ⊗ Zℓ/ℓ ∼= Fℓ2 , and

|G(ℓ)| = ♯{u ∈ GL2(Fℓ2) : det(u) ∈ F×
ℓ }

= ℓ2(ℓ− 1)2(ℓ+ 1)(ℓ2 + 1).

Consider
C(ℓ) = {u ∈ G(ℓ) : det(1− u) = 0}.

For u ∈ C(ℓ), det(1− u) = 0 implies that 1 is an eigenvalue of u, and so the eigenvalues of
u are 1 and λ = det(u) ∈ F×

ℓ . Again by counting conjugacy classes, we have

|C(ℓ)| = ℓ4 + (ℓ− 2) · ℓ2(ℓ2 + 1) = ℓ5 − ℓ4 + ℓ3 − 2ℓ2.

The lemma follows. □

Next, we check the condition (a) holds for g(ℓ) = |C(ℓ)|/|G(ℓ)|. By the above Lemma,

g(ℓ) =

{
2/ℓ+O(1/ℓ2) if ℓ splits in E,

O(1/ℓ2) if ℓ is inert.
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The first equation in (a) holds obviously. Denote by ∆ the discriminant of E. It is
well-known that there exists a subgroup J of index 2 in (Z/|∆|Z)× such that an odd
prime ℓ splits in the real quadratic field E if and only if ℓ mod ∆ ∈ J . The Mertens’
theorem for arithmetic progressions [30] says that, for any integer m ≥ 1 and integer a
with gcd(a,m) = 1, there exists a constant cm,a such that

(5.1)
∑

ℓ≤x,ℓ≡a( mod m)

1

ℓ
=

1

φ(m)
log log x+ cm,a +O

(
1

log x

)
,

where φ(m) is the Euler’s totient function. Therefore∑
ℓ≤x

g(ℓ) =
∑
a∈J

∑
ℓ≤x,ℓ≡a( mod ∆)

2

ℓ
+ c′ +O

(
1

log x

)

=
ϕ(∆)

2

2

ϕ(∆)
log log x+

∑
a∈J

c∆,a + c′ +O

(
1

log x

)
= log log x+ c+O

(
1

log x

)
.

So the second equation in (a) holds.
Let A1/K and A2/K be abelian surfaces of GL2-type with real multiplication by E1

and E2 respectively. Assume that A1 and A2 are not isogenous over K. The independence
property [4, Theorem 1.4] implies that the product representation ρA1,ℓ × ρA2,ℓ has image

G(ℓ, ℓ) = {(u1, u2) ∈ GL2(OE1 ⊗ Zℓ/ℓ)×GL2(OE2 ⊗ Zℓ/ℓ) : det(u1) = det(u2) ∈ F×
ℓ }.

By [4, Lemma 4.6], we have |G(ℓ, ℓ)| = ℓ13 +O(ℓ12).
We need to consider the subset

C(ℓ, ℓ) = {(u1, u2) ∈ G(ℓ, ℓ) : Norm1,ℓ(det(1− u1)) = 0 or Norm2,ℓ(det(1− u2)) = 0},

where Normi,ℓ : OEi ⊗ Zℓ/ℓ → Fℓ is the norm map induced from NormEi/Q for i = 1, 2.
To check the condition (b), it suffices to show C(ℓ, ℓ) = O(ℓ11). We verify it only when ℓ
splits in both E1 and E2 and the verification for other cases follows similarly.

Assume that ℓ splits in both E1 and E2, then
|C(ℓ, ℓ)| = ♯{(u1, u2) ∈ C(ℓ)× C(ℓ) : det(u1) = det(u2)}

=
∑

u1∈C(ℓ)

♯{u2 ∈ C(ℓ) : det(u2) = det(u1)}.

Note that for d ∈ F×
ℓ ,

♯{u2 ∈ C(ℓ) : det(u2) = d} = 2|Hd||SL2(Fℓ)| − |Hd|2 = O(ℓ5).

Thus |C(ℓ, ℓ)| = |C(ℓ)| · O(ℓ5) = O(ℓ11). Since conditions (a) and (b) hold, we obtain the
type II case of Theorems 1.6 and 1.7.

5.2. QM surfaces. Let A/K be an abelian surface such that R = EndK(A) = EndK(A)
is an order in an indefinite quaternion algebra D over Q, and let ∆ be the discriminant
of R. The following result gives a description of the Galois representations attached to A.
For details see [1, Theorem 5.4] and [16, Section 5].
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Theorem 5.2 (cf. [1, 16]). If ℓ is larger than b(2[K : Q], 4, 2h(A))1/2, does not divide ∆,
and is unramified in K, then the following hold.

(1) The Tate module Tℓ(A) admits a GK-equivariant decomposition Tℓ(A) ∼= Wℓ∞ ⊕
Wℓ∞, where Wℓ∞ is a free Zℓ-module of rank 2. The representation ρA,ℓ : GK →
Aut(Tℓ(A)) is therefore equivalent to two copies of the representation on a single
factor ρWA,ℓ : GK −→ AutZℓ

(Wℓ∞) ∼= GL2(Zℓ).

(2) The determinant of ρWA,ℓ(g) is the ℓ-adic cyclotomic character χℓ(g).
(3) The image of the representation ρA,ℓ, which we identify with the image of ρWA,ℓ, is

the full group GL2(Zℓ).

Here b(d, g, h) =
(
(14g)64g

2
dmax(h, log d, 1)2

)210g3
and h(A) is the semistable Faltings

height of A as in [16, Definition 1.2].

We apply an argument similar to [16, Lemma 4.21 and Theorem 4.22] to prove an explicit
large image result for products of abelian surfaces with quaternionic multiplication. The
main tool is the following explicit isogeny theorem proved by Gaudron and Rémond [9,
Theorem 1.4].

Theorem 5.3 (cf. [9]). For every abelian variety A/K and for every abelian variety
A∗/K that is K-isogenous to A, there exists a K-isogeny A∗ → A with degree bounded by
b([K : Q],dimA, h(A)).

Proposition 5.4. Let A1/K and A2/K be two abelian surfaces such that EndK(Ai)=
EndK(Ai)= Ri, where Ri is an order in an indefinite quaternion algebra Di over Q for i =
1, 2. Denote by ∆i the discriminant of Ri. Assume that A1 and A2 are not isogenous over
K. If ℓ is strictly large than M(K,A1, A2) = b(2[K : Q], 4, 2max(h(A1), h(A2)))

1/2, does
not divide ∆1∆2, and is unramified in K, then the image S of the product representation

ρA1,ℓ × ρA2,ℓ : GK → GL2(Zℓ)×GL2(Zℓ)

is the subgroup
{(u1, u2) ∈ GL2(Zℓ)×GL2(Zℓ) | detu1 = detu2}.

Proof. Note that M(K,A1, A2) ≥ b(2[K : Q], 4, 2h(Ai))
1/2 for i = 1, 2. So by Theorem 5.2,

our assumption on ℓ implies that the representation ρAi,ℓ : GK → GL2(Zℓ) is surjective for
i = 1, 2.

We first show that the image S̄ of ρ̄A1,ℓ × ρ̄A2,ℓ contains SL2 Fℓ × SL2 Fℓ. Assume the
contrary, then by [24, Lemme 8], there exists an isomorphism f : F2

ℓ → F2
ℓ and a character

ϵ : S → {±1}, such that u2 = ϵ((u1, u2))fu1f
−1 for all (u1, u2) ∈ S̄. Assume first that ϵ is

trivial. Define

Γ = {(x1, y1, x2, y2) ∈W1,ℓ ⊕W1,ℓ ⊕W2,ℓ ⊕W2,ℓ
∼= A1[ℓ]⊕A2[ℓ] : x2 = fx1, y1 = y2 = 0},

where Tℓ(Ai) ∼=Wi,ℓ∞ ⊕Wi,ℓ∞ and Wi,ℓ =Wi,ℓ∞/ℓWi,ℓ∞ . As u2 = fu1f
−1, Γ ⊂ A1×A2 is

GK-invariant. The quotient A∗ := A1×A2/Γ is defined overK. Let π : A := A1×A2 → A∗

be the canonical projection. By Theorem 5.3, there exists an isogeny ψ : A∗ → A with
degree ≤ b([K : Q], 4, h(A1)+h(A2)). It is clear that the composition e := ψ◦π annihilates
Γ. On the other hand, since A1 and A2 are not isogenous, e = (e1, e2) ∈ End(A) ⊂
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OD1 ⊕OD2 , where ODi is a maximal order of Di that contains Ri for i = 1, 2. Therefore
e1 ∈ ℓOD1 and e2 ∈ ℓOD2 . We have

ℓ4 | deg(e1) · deg(e2) = deg(ψ ◦ π) = ℓ2 deg(ψ) ≤ ℓ2b([K : Q], 4, h(A1) + h(A2)),

which gives
ℓ ≤ b([K : Q], 4, h(A1) + h(A2))

1/2 ≤M(K,A1, A2),

a contradiction. If ϵ is not trivial, then the kernel of GK → S
ϵ−→ {±1} defines a quadratic

extension K ′ of K. Replacing K by K ′ and repeating the above argument, we have

ℓ ≤ b(2[K : Q], 4, h(A1) + h(A2))
1/2 ≤M(K,A1, A2),

also a contradiction.
Since S̄ contains SL2(Fℓ) × SL2(Fℓ), by [24, Lemme 10], we have that S contains

SL2(Zℓ) × SL2(Zℓ). Since furthermore the map det ◦ρAi,ℓ : GK → Z×
ℓ is surjective by

(2) of Theorem 5.2 and [16, Lemma 2.1], we conclude that

S = {(u1, u2) ∈ GL2(Zℓ)×GL2(Zℓ) | detu1 = detu2}.
The proposition follows. □

Combining the above proposition, Theorem 5.2 and [15, Theorem 1.2.3], we obtain the
independent result for Galois representations.

Theorem 5.5. Let A1/K and A2/K be two abelian surfaces such that EndK(Ai)= EndK(Ai)
is an order in an indefinite quaternion algebra over Q for i = 1, 2. Assume that A1 and
A2 are not isogenous over K. Then there exists a positive number N such that for each
ℓ ∈ ΛN , the representations ρA1,ℓ and ρA2,ℓ are independent up to determinant (cf. [4,
Definition 1.3]) and the system {ρA1,ℓ × ρA2,ℓ}ℓ∈ΛN

is independent.

Note that ℓ | |Av(kv)| = det(I2 − ρWA,ℓ(Frobv))
2 if and only if ℓ | det(I2 − ρWA,ℓ(Frobv)).

Then the type III case of Theorems 1.6 and 1.7 follows from the following computations,
where we keep the notation H and G1,2 from the previous subsection.

|G(ℓ)| = |GL2(Fℓ)| = ℓ(ℓ+ 1)(ℓ− 1)2.

|C(ℓ)| = ♯{u ∈ GL2(Fℓ) : det(1− u) = 0} = |H| = ℓ3 − 2ℓ.

|G(ℓ, ℓ)| = ♯{(u1, u2) ∈ GL2(Fℓ)×GL2(Fℓ) : det(u1) = det(u2)} = ℓ2(ℓ− 1)3(ℓ+ 1)2.

|C(ℓ, ℓ)| = ♯{(u1, u2) ∈ G(ℓ, ℓ) : u1 ∈ H, u2 ∈ H} = |G1,2| = ℓ4 + (ℓ− 2)ℓ2(ℓ+ 1)2.

5.3. CM-type surfaces. In her work [29], Weng computed the image G(ℓ) of the mod-ℓ
Galois representations for abelian surfaces of CM-type and the size of the subset of matrices
with eigenvalue 1 of G(ℓ), which she used to study the divisibility properties of the group
order of rational points on CM-type abelian surfaces over finite fields. Combining her
calculations [29, Lemma 3.8] and a variant [29, Theorem 4.2] of equation (5.1) precisely
yields the condition (a) and hence yields the type IV case of Theorem 1.6. However, for a
pair of non-isogenous CM-type surfaces, we do not know whether a bivariate distribution
result such as Theorem 1.7 holds.

Remark 5.6. It is not difficult to state Theorem 4.3 for three or more systems of Galois
representations and state Theorems 1.5 and 1.7 for three or more abelian varieties. We
omit the details as there is little difference between the general case and the two systems
case.
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