ERDOS-KAC ANALOGUES FOR GENERIC ABELIAN VARIETIES
AND ABELIAN SURFACES

CHUANGXUN CHENG AND YIDING CUI

ABSTRACT. Let K be a number field. We prove an analogue of the Erdés—Kac theorem
for g-dimensional abelian varieties A/K whose adelic Galois representation has open
image in GSpQQ(Z). For a prime v of K at which A has good reduction, we consider
two arithmetic invariants, an expression related to the Frobenius trace at v, and the
number of rational points on the reduction of A at v. Under the Generalized Riemann
Hypothesis, we show that the number of prime divisors of each of these invariants,
suitably normalized, follows a standard normal distribution. For a pair of non-isogenous
abelian varieties of this type, we prove that the corresponding pairs of invariants have
a joint normal distribution. This yields a criterion for geometric isogeny, which states
that a positive density of coincidences between the number of prime divisors of these
invariants implies that the two varieties are isogenous over K. Moreover, we also prove
Erdds—Kac analogues for the number of rational points on the reductions at good primes
of absolutely simple abelian surfaces that are not of CM-type.

1. INTRODUCTION

Let w(n) denote the number of distinct prime divisors of a nonzero integer n. The
Erdss—Kac theorem [7] states that the random variables

w(n) — loglogn
Vloglogn
defined on the set of natural numbers less than x, as x goes to infinity converge in distri-

bution to the standard normal distribution. More precisely, for any o € R, Erdés and Kac
proved that

.1 w(n) —loglogn 1 /o‘ —22/2
1 = <uz: < =G(a) = — rede.
oo xﬁ {n =" loglogn  — “ () V21 ) ‘ v

Their proof is based on the central limit theorem and sieve methods, and this work inspires
an approach for studying arithmetic functions through their statistical properties.
Subsequently, numerous generalizations of the Erdgs—Kac theorem have been studied by
many mathematicians. We refer to [10] and the references therein for more information.
In particular, under the General Riemann Hypothesis (hereafter abbreviated as GRH),
Murty—Murty [19] proved an analogue of the Erdgs—Kac theorem for the Fourier coefficients
of modular forms, and Liu [14] proved an analogue of the Erdés—Kac theorem for the
numbers of rational points of elliptic curves over Q. In [2], under the GRH, Bloom proved
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that for a principally polarized abelian variety A/Q of dimension g whose adelic Galois
representation has open image in GSpQQ(Z), and any a € R, one has

1
lim ﬁﬁ {p < x : p is of good reduction,
x

T—-+00 T

w(|A4p(Fp)|) — loglogp
< =G
vl1oglogp =« (@),

where m(z) is the number of primes p < z and A,(FF,) is the set of rational points of the
reduction of A at p.

In [6], El-Baz—Loughran—Sofos generalized the work of predecessors and established a
multivariate version of the Erdés—Kac theorem. Applying the result of [6] and generalizing
the works of Murty—Murty and Liu, Wang—Cheng in [28] established a result regarding
the joint distribution of the number of prime divisors of the Fourier coefficients of two dis-
tinct newforms and obtained a probabilistic multiplicity one theorem. Chen—Cheng—Cui
in [4] established versions of the above result for independent compatible systems of Galois
representations of rank one and of rank two over more general coefficients, and proved mul-
tiplicity one results for CM elliptic curves and abelian varieties of GLa-type. In particular,
for A1/K and Ay/K two abelian varieties of GLa-type, let N, be the set of primes v of K
such that |v| := Normg,gv < z, and A; and Ag have good reduction at v, Ay (ky) and
Aj ,(ky) be the sets of k,-rational points of the reductions of A; and Ay at v, where k&, is
the residue field of K at v. Then under the GRH, if

Jim et (e Not @Akl + 1) = sy (k)] + 1} > 0,
then A; and A, are isogenous over K. A natural question to ask is whether the above
claim holds for general abelian varieties. In this paper, we follow the framework of [4] to
study compatible systems of Galois representations with GSp-type image. By a trick of
[3] and a counting formula of [I3], we establish analogues of the Erdés—Kac theorem for
two types of arithmetic invariants of abelian varieties over number fields admitting such
representations, generalizing Bloom’s result [2] and the results in [4] and [28]. To make
our results precise, we start with the following definition.

Definition 1.1. Let K be a number field and let A/K be a principally polarized abelian

~

variety of dimension g with adelic Galois representation p : Gx — GSpy,(Z). We say that
A is generic if the image of p is open in GSpQQ(Z).

The study of the size of the image of Galois representations attached to abelian varieties
has been a central topic in arithmetic geometry. A fundamental conjecture in this area is
the Mumford-Tate conjecture, which predicts a deep connection between the Galois action
and the Hodge structure of the variety.

Let A be a principally polarized abelian variety of dimension ¢ defined over a number
field K. The Mumford-Tate group MT(A) is the smallest Q-algebraic subgroup of GSp,,
whose base change to C contains the image of the Hodge cocharacter. We say that A is
of GSp-type (cf. [12]) if its Mumford-Tate group is generic, i.e., MT(A) = GSpy,. For
such varieties, the Mumford—Tate conjecture implies that the ¢-adic Galois representation
associated with the Tate module Ty(A), p; : Gal(K/K) — Aut(Ty(A)) C GSpy,(Z¢) has
open image in GSp,,(Z) for all primes ¢, and equals GSp,,(Z) for sufficiently large £.
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Indeed, Serre [26, Section 136 and 137|, Pink [2I], and Hall [11] have shown that there
exists a large, natural class of abelian varieties of GSp-type satisfying the Mumford—Tate
conjecture unconditionally and whose adelic Galois representation has open image.

Theorem 1.2 (cf. [11) 21, 26]). Let A be a principally polarized abelian variety of dimen-
sion g defined over a number field K with Endj(A) = Z. Assume that at least one of the
following conditions holds:

(1) g does not belong to the exceptional set

1 (2k
S:{gzl ‘ 3k>30dd,3a>1,g:2k_1“k}u{g>1 ‘ 3k>30dd’g:2<k>}
= {4,10,16,32,...}.

(2) The Néron model of A over Ok has a semistable fiber with toric dimension equal
to 1.

Then A is generic.

In [12], Hindry—Ratazzi proved that if the Mumford-Tate conjecture holds for some
abelian varieties of GSp-type, then it also holds for products of such abelian varieties. This
leads to the following result describing the image of the product Galois representation from
two generic abelian varieties. For an effective version of this result under the GRH, see the
recent paper [17].

Theorem 1.3. Let A1/K and Ay/K be two generic abelian varieties of dimension g1 and
go respectively. Assume that A1 and As are not K -isogenous, then the image of the product
of their adelic Galois representation is an open subgroup of Ng, g,(Z) = [1; Dgy.g.(Z0),
where

Ag, g0 (Zy) := {(ul, ug) € GSpyg, (Zyg) x GSpy,, (Zyg) : mult(ug) = mult(u2)} ,
where mult : GSpyg, (Zg) — Z; is the multiplier map.

The above theorem ensures that assumption ([2)) at the beginning of Section [4f holds for
the generic abelian variety case that we focus on. Throughout this paper, for an abelian
variety A/K and a prime v of K where A has good reduction, we denote by A,(k,) the
set of k,-rational points of the reduction of A at v, where k, is the residue field of K at v.
The main results of this paper are the following.

Theorem 1.4. Let A/K be a generic abelian variety of dimension g. Let N, be the set
of primes v of K such that |v| < x, and A has good reduction at v. Then under the GRH,
for any o € R, we have

) w(a(v) + |v|9) — loglog x
1 N, : < = G(w),
2 Fo0 x/logactL {U < loglog x = ()
" (14w (ko)
w(|Ay(ky)|) — loglog
N, : < = G(a),
w3 Foo x/ logacjj {U © loglog x - a} ()

where |v| = Normy g v, a(v) = Tr p; (Frob,) € Z (for a large £ with v 1 £).

For a non-isogenous pair of generic varieties, we have the following result.
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Theorem 1.5. Let A1/K and Ay/K be generic abelian varieties of dimension g1 and go
respectively. Fori = 1,2, and primes v of K where Ay and A have good reduction, let p; ¢ :
G — GSpyg, (Ze) be the L-adic representation attached to A;, a;(v) = Tr p; ¢ (Frob,) € Z
(for a large ¢ with v £). For any positive number x, let N, be the set of primes v of K
such that |v] = NormK/Q v <z, and A1 and As have good reduction at v. Then under the
GRH, for any Borel set B C R?, we have

g1 _1 1 g2 _l 1
lim tluen,: w (a1 (v) + [v]?!) — log 0g$7W(a2(U)+‘U| ) — loglog z B
z—+oo z/log x log log x log log
= i 67%(x%+x%)dx1dx2,
2T B
and
lim

Ij veN, : W (|A1,v(kv)|) — loglogx W (|A2,v(k7v)|) B loglogl' cB
v Vl1oglog x ’ vloglog x
1
=5 :

T—>+00 aj/ 10g x
e*%(x%“”%)d:cl dxo.

In particular,

lim t{v e N, :w(a1(v) + [v]9) < w(ag(v) + |v]92)} = %7

z—+oo x/log

and

o€ Ne s w(Avu(b)]) < w (Asu(h))} = 5.

im
z—+oo x/log x
When we turn to abelian surfaces, the following analogous distribution results hold.

Theorem 1.6. Let A/K be an absolutely simple abelian surface. Assume that Endzz A =
Endg A. Let N, be the set of primes v of K such that |v| < z, and A has good reduction
at v. Then under the GRH, for any a € R, we have

_ 1 w(|Ay(ky)|) — loglog =

| € : <
o300 x/ log;xj:t {U * Vloglogx =
Theorem 1.7. Let A1 /K and As/K be absolutely simple abelian surfaces of the same type
L, II or I1I at the beginning of Section@. Assume that Endz A; = Endg A; fori =1,2. For
any positive number x, let N, be the set of primes v of K such that |v| = Normg /v <z,

and Ay and Ay have good reduction at v. Then under the GRH, for any Borel set B C R?,
we have

= G(a).

5
o0 x/logx

Ij veN, : w (|A1,v(kv)|) — loglogx W (|A2,v(k7v)|) — loglogl' cB
e Vl1oglog x ’ vloglog x
= i 67%(3‘”%+m%) d.iUl dxg.
2 B

In particular,

{v e Notw([Arp(ko)]) <w ([A20(ko))} = %

I
2300 x/logx
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The content of this paper is as follows. In Section [2| we review the multivariate ErdGs-
Kac theorem of El-Baz, Loughran and Sofos. In Sections [3] and [4], we apply an effective
Chebotarev density theorem and detailed analysis of Galois images to establish the univari-
ate and bivariate distribution results for generic abelian varieties, respectively. In Section
we establish Erdds—Kac-type results for absolutely simple abelian surfaces by treating
separately each possible type of their geometric endomorphism ring.

1.1. Notation and conventions. In this paper, K denotes a number field. Denote by

Q2 the set of primes of K. For v € {2, denote by Frob, the arithmetic Frobenius element

at v, and denote Normg g v by |v]. Denote by Gk the absolute Galois group Gal(K/K).

For an integer g > 1, the general symplectic group over a commutative ring R is defined
as

GSpyy(R) := {M € GLyy(R) | MTJM = p(M)J for some pu(M) € R*},
Iy
-1, 0

mult : GSpy,(R) — R™, M > u(M).

where J is the standard skew-symmetric matrix < > We have the multiplier map

It is a group homomorphism, and its kernel is the symplectic group Spy,(R).

For a nonzero integer n, denote by w(n) the number of distinct prime divisors of n. For
any positive number N, denote by Ay the set of prime numbers greater than N.

Let f and g be two complex-valued functions on a set D. If g(x) is positive and there
exists a constant C' such that |f(z)| < Cg(z) for all x € D, then we write f(x) = O(g(x)).

For a finite set X, denote by | X| or X the cardinality of X.

2. A MULTIVARIATE VERSION OF THE ERDOS-KAC THEOREM

We review the version of the multivariate Erdés—Kac theorem in [6] that we need for the
study of systems of Galois representations. With the settings of [0, Section 2.1|, let 2 be
a set of prime ideals of the number field K with |Qx — Q| < oo. For any positive number
B, define

N(B) :={a € Q: Normg,g(a) < B},
and for a subset S of (2, define
PylS] = f{a € S: Normg/g(a) < B}
IN(B)|
The generalized Dirichlet density theorem shows that
L IN(B)|losB
B—+4o0 B

Let m: Q — N" (a € Q+— (mi(a), ..., my(a))) be a map on Q. Under certain technical
conditions, the multivariate Erdés—Kac theorem describes the distribution of the vector

(w(mi(a)), ..., w(mp(a))) € N™.
More precisely, we assume that the numbers m;(a) for 1 <1i < n and a € Q satisfy the
following conditions:
C1: There exists a map F : R>; — R, such that

. 1
Gim mﬁ{a € N(B): max mi(a) < F(B)} = 1.

1.
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C2: There exists P € R such that for alld = (dy, ..., d,) € N® with prime divisors
of d; larger than P, the following limit exists

t{a € N(B): dilmi(a) for all 1 <i <n} _

li 2 g(d).
B3 too IN(B)] 9(d)
C3: The map g is multiplicative, i.e., for a, b € N" if ged(ay - - ap, b1---by) = 1,

then
g(albla ceey anbn) = g(a)g(b)'
We extend g to N™ by setting it equal to 0 for d such that d; - --d,, has a prime factor
p < P. Foreach 1 <14, j <n,let
gi(d) :== g(l,...,l,cTi,l,...,l) and g; ;(d) = g(l,...,1,?,1,...71,?,1,...,1).
7 1 J

Note that with this definition, g;; = g;. Assume that the maps g; and g;; satisfy the
following conditions.

C4: For every 1 <1, j < n, the following limit exists
lim ZpgT Gi,j (p)
Ttoo (<7 9i(P) V2 (X< 95 (p)) /2
C5: For every 1 <i <n,

0 1 o : 1
(2.1) Zgi(p)—0<10gT and Y gi(p) = c;loglog T + ¢; + O log T

p>T p<T

= 04j5-

for some ¢; > 0, c; e R.
For each d € N and B > 1, define

R(d;B) =t{a € N(B) : dilm;(a) for all 1 <i <n} —g(d)-|N(B)|.

Assume that the following conditions are satisfied.
C6: Let C = F(B)*P), ¢(B) = logloglog F(B)/+/loglog F(B). Then for all v > 0,

(2.2) Z/ IR(dy,...,dn; B)| = O (IN(B)| - (loglog F(B)) ™) ,

where Z/ runs through all n-tuples of square-free integers (dy, . . ., d,,) which satisfy
that the prime divisors of d; are greater than P and d; < C for every 1.

Define the random vector K : Q@ — R" via
o[ (m1(a)) — 1 loglog F(B) w (mp(a)) — cp loglog F(B)
“ Vc1loglog F(B) Y V¢ loglog F(B) '

As a special case of [6l Theorem 2.1], we have the following result.

Theorem 2.1. If the family of sequences {m;(a)}<i<nacq satisfies conditions C1-C6,
then the random vectors

(Q,Pp) > R": a— K,,
converge in distribution as B — 400 to the central multivariate normal distribution with
covariance matriz ¥ = (0j).
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Remark 2.2. The conditions C1-C6 correspond to equations (2.7), (2.3), (2.4), (2.11),
(2.5), (2.9) in [0, Section 2.1| respectively. The readers may find more information on the
motivation and the necessity of these restrictions in [0, Section 2.1].

Remark 2.3. For our application, the number m;(a) is a polynomial of the trace and the

determinant of the Frob, from a geometric Galois representation. In particular, m;(a) =

O(Normp /g (a)®) for some positive number c. In this case, one may take F(B) = B.
Moreover, define e(dy, ..., d,; B) by

R(dy, ..., dp; B)
IN(B)|

By [28, Remark 2|, condition C6 holds if there exist constants k, & > 0 such that

e(dh R dny B):

(2.3) e(dy, ..., dn; @) :O((dl---dn)kaﬁ‘s).

Corollary 2.4. If the family of sequences {m;(a)}i1<i<nacq satisfies conditions C1-C6,
oij = 0 fori # j, and m;(a) = O(Normg g(a)) for some ¢ € R>q. For any Borel set
B C R,

. 1 1 (22
BETOO‘]V(_B)’ﬁ{aGN(B):(wh'“’wn)EB}_(27T)7’L/2/B€ 5 (xf+ +I”)d$1"'dfﬂn,
where for 1 < i < n, w; = w(mi(a)—ciloglog B r, particular, if ¢ = -+ = ¢, and B =

V'ciloglog B
{(x1,...,2pn) ER" 12y < -+ < 2y}, then

i 1
Ghm |N(B)‘ﬁ{a € N(B) :w(mi(a)) <+ <w(mn(a))} = —.

3. THE UNIVARIATE DISTRIBUTION RESULT

We start with a system of Galois representations with GSp-type image. Let {py: Gx —
GSpyg (Zg)}een, be a system of rational Galois representations. Assume that these repre-
sentations satisfy the following conditions.

(1) For all £ € Ay, the composition map mult o p; is equal to the ¢-adic cyclotomic
character.

(2) For all £ € A, the representation p, is surjective. The system {ps}sen, is inde-
pendent (cf. [4, Definition 1.6], [27]).

(3) The system is strictly compatible (cf. [23, I-11]), i.e., there exists a finite set R of
primes of K such that each representation py is unramified outside R U {v : v|(},
and for each v ¢ R and v 1 £, det(tlag — p¢(Frob,)) is in Z[t] and is independent of
¢. In particular, Tr pg(Frob,) is in Z and is independent of the choice of ¢. Denote
this number by a(v).

(4) The coefficients of det(tIag — p¢(Frob,)) have polynomial size. In particular, a(v) =
O((Normg /g v)¢) for some positive number c.

Denote the mod ¢ reduction of p; by p,. By assumption (2), for each £ € Ay, the image
of pg is G(£) := GSpy,(Fy), and for a square-free integer d whose prime divisors are in Ay,
the representation py := [[,4 Py has image equal to G(d) := ;14 GSpay(Fy).
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For each £ € Ay, let Fy : Zg X Zy — Zy and F;:Fy x F; — F; be two maps such that
for any z € Zy x Zy, Fy(z) (mod ¢) = Fy(z (mod ¢)). For a square-free integer d whose
prime divisors are in Ay, define

C(d) = {(ug)ga € G(d) : Fy(Trug,detug) =0 for all £ | d},
and
C'(d) = {(ue)ga € G(d) : det(I —ug) =0 for all £ | d}.
Each of them is a subset of G(d) that is stable under conjugation.
To gain the arithmetic information from the Galois representations, we need the effective
Chebotarev’s density theorem. The following version of Chebotarev’s density theorem is

[25, Théoréme 4]. This is the part where the General Riemann Hypothesis appears and we
only use this theorem in the verification of condition C6.

Theorem 3.1. Let L/K be a finite Galois extension of number fields with Galois group G.
Let C' be a subset of G which is stable under conjugation, and let Frob, be the Frobenius
element at an unramified prime v of K. Denote by wo(x) the cardinality of the set of
primes v unramified in L for which Frob, € C' and Normg/qv < x. Assuming that the
Dedekind zeta function ((s) satisfies the GRH, then

C C
mo(x) = G:WK(J:) +0 <}G;x% (logdy, 4+ nr log x)) ,

where dy, and ny, are the discriminant and the degree of the extension L/Q, respectively.

Applying Theorem m to the fixed field L of K by the group Kerp,, we get

le(x)ﬁ{v : vl < @, Fela(v),[v]?) =0 (mod ¢) for all £|d}
lc@l (1@l
_m +0 <|G(d)|x logx (logdr, + np, 10g1;)> ’
and
WKl(x)ﬁ{v ¢ |v] <z, det(I — pe(Frob,)) =0 (mod ¢) for all £|d}
_1C@l (1@l
Tt +O (gae " ostosds +nitog2)).
Define
g(d) == |C(d)|/|G(d)].
and

g'(d) :=1C"(d)|/|G(d)].
Then g and ¢’ are clearly multiplicative.

For representations mentioned at the beginning of this section, we verify the conditions
in Theorem with n = 1 and mq(v) = a(v) + r(|Jv|9) for some polynomial r(t) € Z[t]
and with n = 1 and my(v) = det(lag — p¢(Frob,)), respectively. Conditions C1-C3 hold
by the assumptions on the Galois representations and the discussion above. Condition C4
becomes vacuous in this case.
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From the order of GSpy,(Fy) [20, Theorem 3.1.2] we have

g
(3.1) (G(0)] = |GSpay (Fe)| = (€ — 1)eo” T (6% — 1) = £29+941 1 O(¢%7+9),
i=1
Let L := L, be the fixed field of K by the group Ker p,;. From equation (3.1]), the degree
of the extension L/K is O(d29°T291) By [25, Proposition 6], we have

(3.2) logdy < (n, —1) Y logp+ng|P(L)|logny,
peP(L)

where P(L) is the set of prime numbers that are ramified in L. As L = fKerﬁd, it is

unramified outside {p : p is divisible by some primes in R} U {p : p|d}. In particular,
|P(L)| < |R| 4+ w(d) and
H p < rd,

pEP(L)

where r is the product of prime numbers in {p : p is divisible by some primes in R}.
Therefore, by equation ((3.2])

logdr, +nrlogx < nplog(rd) + ni(|R| +w(d))logng, + nr logz
= ny(log(rd) + (|R| + w(d)) log ng, + log x).

Hence for ¢ = 2¢g? + g + 1 and some € > 0,
e(d;z)=0 (dcﬂxe_%) .
By Remark condition C6 holds under the GRH.

For the verification of condition C5, we need the following lemma, which is a corollary
of |13, Theorem 1].

Lemma 3.2. Let Fy be a finite field with £ elements and g be a positive integer. For given
ac€FpandbeF), let

N(a,b) := # {u € GSpyy(F() : Tru = a,detu = b} .
Then

Nap) - { B0 = DT L 0@ b e (7,
’ otherwise.

Lemma 3.3. Let Fy(x,y) = x+71(y) and Fy(z,y) = x +7(y), where r(t) € Z[t]. Then for
JAS AN,

IC(0)] =t {u e Gsng(Fe) :Fg(Tru, detu) = ()} _ 29°+g + O(£2g2+g—1).
Proof. Define
M(¢) = {(a,b) € Fy x (F))? :a+7(b) = 0}.
Clearly
‘-1

[M(O)] = |(F)] = zd(g i =1)
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Therefore
|IC(0)| = Z § {u € GSpyy(F¢) : Tru = a,detu = b}
(a,b)eM(£)
_ (-1 292 +g-1 292 +g—2
= G- (gcd(g,€ 1)¢ +o(r ))
— (29°+9 4 0(5292—1—9—1)'
The lemma follows. 0

To estimate the size of C’(¢), we will use the following lemma, which follows from [3]
Theorem 6] (see also [2, Proposition 4.10]). We state it here with notation adapted to our
setting.

Lemma 3.4. For m € F}, let
G (0) := {u € G(¢) : mult(u) = m}
and
'™ (0) = C'(0) N G™(¢).

Then

O =S T (L= )70 i m =1,

Gm ()| I T, (1—e)" otherwise.

| r=1 7j=1

We then obtain an estimate for the size of C’(¢).
Lemma 3.5. For ¢ € Ay,
C'(0)] = £ {u € GSpyy(Fy) : det(lny —u) = 0} = (2949 4 O(¢29"+9~ 1),

Proof. By direct computation

o= % el g

- Gﬁﬁi' | (iff{umlﬂw (iﬁ wj)l))
r=1 j=1 r=1j=1
_ E_% <£292+g+1 + 0(62924-9)) (f_l + O(E_Q) + (E _ 2)(4—1 + 0(6_2)))
— 29°+g + 0(529%9—1).
The lemma follows. O

Combining the above discussions, we obtain the following result, which is a specific case

of Corollary

Theorem 3.6. Let {ps}ien, be a system of Galois representations satisfying the conditions

(1)-(4) at the beginning of this section. Let R be the finite set of ramified primes, Q =
2

Qg — R, and N(B) ={v e Q:|v| < B}. Let Ga) = \/%f_ooe *2 .
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(1) Let r(t) € Z[t]. If
(3.3) HoeQ: v <z, alv) +7r(v)?) =0} = o(x/logx),
then under the GRH, for any a € R, we have

(2) If
(3.4) t{v e Q: |v| <z, det(lyy — pe(Frob,)) = 0} = o(z/logz),
then under the GRH, for any o € R, we have
i e ve w0 o)) “loglont A _ (o)
Proof. From equation (3.1)), Lemma [3.3] and Lemma [3.5 we find that g(¢) and ¢'(¢) are of
the form 1/¢+ O(1/¢?%), thus condition C5 holds and the theorem follows. O

Theorem is then a special case of Theorem For a generic abelian variety A,
there exists IV such that the system of ¢-adic representations with £ > N attached to A
satisfies the conditions (1)-(4) at the beginning of this section. For the first identity, the
Weil Conjecture (proved by Deligne [5]) shows that a;(v) = O(|v|'/?), therefore for almost
all v, a;(v) + |v|9 € Zso. Taking r(t) = t, equation holds and the first identity of
Theorem is then a special case of Theorem For the second identity of Theorem
note that

| Ay (ky)| = det(I — pg(Frob,)) > 0,

hence equation (3.4) holds and the second identity follows from Theorem

4. THE BIVARIATE DISTRIBUTION RESULT

In this section, we consider two independent systems of Galois representations and show
that, for both kinds of arithmetic invariants, their joint distribution follows a bivariate
standard normal distribution.

Let {p1,¢ : G — GSpagy, (Ze) beeny and {p2s: G — GSpyy, (Ze)tecn, be two systems
of Galois representations. Assume that they satisfy the following conditions.

(1) Each of {p;}eca, satisfies the conditions (1)-(4) at the beginning of Section
Denote a;(v) = Tr p; o(Frob,) for i = 1,2.

(2) For all £ € A, the representations p; ¢ and pa ¢ are "independent up to multiplier",
i.e., the product representation p; ¢ X pa ¢ has image equal to

Agth (Zg) = {(ul,ug) € Grspgg1 (Z@) X GSp292 (Zg) : mult(ul) = mult(uQ)} .

The system {p1¢ X p2¢}ren, is independent (cf. [4, Definition 1.6], [27]).

Denote the mod £ reduction of p; ¢ by p; , for i = 1,2. Then for each £ € Ay, the image
of py 4 is G(¢,1) := GSpy,, (F¢) and the image of py ; is G(1,£) := GSp,, (Fy).
For primes ¢ and ¢ in Ay, consider the direct sum representation

ﬁz/ =P D 5275/ G — GSp2gl (FZ) X GSP292 (Fé’)-
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If ¢ = ¢, the independence assumption (2) implies that the image of Por is
G(€,0) = {(u1,u2) € GSpyy, (Fr) X GSpy, (Fe) : mult(ug) = mult(ug)} .
If ¢ + ¢, the image of Doy s
Gt 1) = GSpayg, (Fe) x GSpyg, (Fer).

For two square-free integers dy, ds whose prime divisors are in Ay, if their prime fac-
torizations are d; = p1---p,r and dy = ¢ - - - ¢s, define representation

Pdy,dy = Py D D P1p, DP2gy D D Py,
We denote
H(dy,dp) := [ [ GSpay, (Fr) x | [ GSpa, (Fe).
£|dy £|do
Without loss of generality, we write dy = LP,dy = LQ, gecd(P,Q) = 1. Then the image of
Pd, dy 18
G(dy,dy) == [[ G, 0) x [[ G, 1) x [[G(1,0) € H(dy,dy).
oL P Q
For each £ € Ay, let F;: Zy x Zy — Zy and Fi’g : Fp x Fy — Fy be two maps such that
for any z € Zy X Zy, F;¢(2) (mod ) = F;4(z (mod ¢)).
For two square-free integers di, ds whose prime divisors are in Ay, define

F1 0(Trug,det ug) = 0 for all £ | dy

Z(dy,dy) = ((w)g . (v € H(dy,dy) :
(d1,ds) {(( ey s (Ve)gja,) € H(dr,dz2) Fopo(Tr o, det o) = 0 for a11£|d2}

and

2d d Hd det(I —uy) =0 for all £ | dy
(dr,d2) = ) ((uedeiar: (ve)eaa) € Hldv,do) = g p oy g goratt o] dy [

Let C(dl,dg) = Z(dl,dg) N G(dl,dg) and C/(dl,dQ) = Z/(dl,dg) N G(dl,dg). Each of
them is a subset of G(d1, ds) that is stable under conjugation.
Applying Theorem to the fixed field L of K by the group Ker Pd, dy» W€ have

le(fﬂ)ﬁ{v: lv| < 2, Figlai(v),|v]9) =0 (mod ¢) for all £|d;, i =1, 2}
C(d1, dy)| |C (di,d2)| _1
T1G(dy, do)| R R 1 ] ‘
G, o) O\ iand)” ogz (logdy, +ny logz)
and
1
Wti{v : |v] <, det(I — p;o(Frob,)) =0 (mod ¢) for all ¢|d;, i =1, 2}
TK
|C"(d1, do)| |C"(d1,d2)| _1
|G(d1,d2)]| +0 \G(dl,dQ)\x 2 logz (logdr + np logz)
Define
9(ch, d2) := |C(da, d2)|/|G da, o)
and

g'(dv, dz) = |C'(dy, d2)|/|G(dy, dp)].
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Then g and ¢’ are clearly multiplicative.

We verify the conditions in Theorem for representations mentioned at the beginning
of this section with n = 2 and m;(v) = a;(v) + r;(|v|9) for r;(t) € Z[t] and with n = 2 and
m; = det(Iag, — pie(Froby)), respectively. For each type of m;(v), conditions C1, C2, C3
and C5 are the same as that in the n = 1 case. From the exact sequence

mul mul
1 — Spyg, (Fr) X Spag, (Fr) — G(£,0) 220 FX 1
we find that
(42) |G O] = (£ = 1) Spay, (Fo)| [Spag, (Fe)| = (T H203tortortl 4 (201205 oram),

Applying an argument similar to that in Section [3] it is easy to verify that for ¢ =
2max{gi, g2 }? + max{gs, g2} + 1 and for some € > 0,

e(di,da;z) = O ((d1d2)c+1xe_%> '

Hence condition C6 holds under the GRH.
We then verify condition C4. For the first type of invariant, we have the following
lemma.

Lemma 4.1. Let r1(t) and r(t) be any polynomials with integer coefficients. Fori =1, 2
let Fip(z,y) =z +ri(y) and Fig(x,y) =z +Ti(y). Then for L € Ay,

(e, 0)| =0 (g2g?+2g§+g1+gz—1> _
Proof. Define
M(f,f) = {(al,bl,ag,bg) S }FZ} L a; —|—1"7(bl) = O,and Jv € F;,bi = Ugi,i = 1,2} .
Let D = {(v9',v9?) : v € F;}. We have exact sequence
1o (ya) —Ff %D,

where 7 is a generator of F)', d = ged(¢ — 1,91, 92) and ¢ is defined by v — (v9',0v9?).
Thus [M(¢,0)| = |D| = &L

Then

(u1,u2) € GSngl( ¢) X GSP2g2 (IFp) :

mult(u;) = mult(uz), Tru; + ri(detwu;) =0 for i =1, 2
< ul,uz S GSp291 (Fz) X GSp292 (F@)
- EIUEIFZ,detuZ—ng Tru; + ri(detu;) =0 fori =1, 2

H jj{u € GSPQgi(]FZ) :Tru=aq;,detu = bi}
(al,bl,ag,bz)GM(Z,Z) 1=1,2
-1
_ot —1I (gcd(e_ 1, ;)29 toi=1 +0(£29?+92'—2))
i=1,2
-0 <g29%+2g§+g1+gz—1> '
The lemma follows. Il

Applying Lemma [3.4] we have the following estimate.
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Lemma 4.2.
C,(f,f) — £29%+29§+91+92—1 +0 (629%—&—2954—914-92_2) '

Proof. By direct computation,

‘C,(g 6)’ —t (ul,uZ) S Gsp2g1 (Fﬂ) x GSpQgg (FZ) :
PN ) mult(uy) = mult(ug), det(I —u;) =0 fori=1, 2
= > e e (1,0
meF
G (€, 1)] [C7 (1, 0)]
= GM™ (¢, 1)]|G™ (1
ZX |G(m (&, D] |G (1, 0)]
meF,;
|G(£7 1)’ |G(17€)| & r : 27\ —1
=71 -1 (U {-2erlle-2)
i=1,2 r=1 j=1

He-2 1 (if{(wﬁ)l))

i=1,2 r=1j=1

— (27205 +a1+92—1 4 (g2gf+29§+g1+92—2> .

The lemma follows. O

From equation (4.1), Lemmas and we have g(¢,0) = O(1/¢%) and ¢'(¢,¢) =
1/02 +0(1/63). Hence Y r<p 90 4) < o0 and Y7, ¢'(¢,£) < oo, then condition C4 holds
with 019 = 091 = 0. We obtain the following result, which is also a specific case of Corollary

24

Theorem 4.3. Let {p1¢}eeny and {p2s}ecay be two systems of Galois representations.
Assume that these representations satisfy the conditions (1), (2) at the beginning of this
section. Let R be the finite set of ramified primes, @ = Qg —R, N(B) = {v € Q: |v| < B}.

(1) Let ri(t) € Z[t]. If for each i =1, 2,
tHoeQ: vl <z, ai(v) +ri(|v|”) = 0} = o(x/log z),
then under the GRH, for any Borel set B C R",
1

———t#{v e N(B): (w1,w2) € B} = — / e 2@1493) 4oy day,

lim
5o [N (B)] or Js

w(m;(v))—loglog B
V1oglog B ’

where fori=1, 2, w; = m;(v) = a;(v) + ri([v|9%). In particular,

(B) 0 (@1 (0) + ra([el")) < w (aa0) + ralof2))} = 5.

li !
im
B—+co [N (B)]
(2) If for eachi =1, 2,

H{v e Q: |v| <z, det(lyy, — pie(Frob,)) =0} = o(x/log x),
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then under the GRH, for any Borel set B C R",

1 1 10,2, 2
: - . _ = —5 (x7+23)
Bgrfm N )|1j{v€N(B).(w1,w2)eB} 27/136 2T g dg,

where for i =1, 2, w; = w(mi%zgigg;gjg, mi(v) = det(lag, — pie(Froby)). In

particular,
. 1 1
Bgr}rloo IN(B)] t{v e N(B) : w(det(lag, — p1,¢(Froby))) < w (det(Izg, — p2,¢(Froby,)))} = 5
Combining Theorem and Theorem we obtain Theorem and the following
multiplicity one result.

Theorem 4.4. Let A1/K and Ay/K be generic abelian varieties of dimension g1 and go
respectively. For i = 1,2, and primes v of K where A1 and Ay have good reduction, let
pie : G — GSpyy, (Zy) be the L-adic representation attached to A;, a;(v) = p; 4 (Frob,) € Z
(for a large ¢ with v 1 ). For any positive number x, let N, be the set of primes v of K
such that |v| = Normg,gv <z, and Ay and Ag have good reduction at v. Under the GRH,

if

mﬁlrfoo sc/loga;jj {ve Ny :w(ar(v) + |v]7") = w (az(v) + [v]?)} > 0,

or if

I
00 x/logx

f{v e No: w(|Arp(ko)|) = w([A20(ko)])} >0,
then Ay and Ay are isogenous over K. In particular, g1 = go.

5. ERDOS—KAC ANALOGUES FOR ABELIAN SURFACES

The preceding discussion indicates that for other types of abelian varieties, once the
open image and independence results for the Galois representations are available, one can
establish Erdés—Kac analogues and multiplicity one results by carrying out the correspond-
ing computations. In this section we turn to abelian surfaces, i.e., two-dimensional abelian
varieties. For simplicity we work with absolutely simple abelian surfaces A/K and assume
that Endg(A) = Endi(A). By the classification of the geometric endomorphism algebras
of abelian surfaces (a particular case of the Albert classification, cf. for example [I8] p.
203]), only four cases can arise:

e Type I, trivial endomorphisms: Endz(A) = Z (so A is in particular a generic
abelian variety by Theorem ;
e Type II, real multiplication: Endz(A) is an order in a real quadratic field (so A is
in particular an abelian variety of GLa-type);
e Type III, quaternionic multiplication: Endz(A) is an order in a quaternion algebra
over Q;
e Type IV, complex multiplication: End(A) is an order in a quartic CM field.
Our aim is to prove Theorems and [I.71 The type I case is already covered by
Theorems and . In [4], Chen and the authors proved the independence property
for Galois representations from a pair of GLo-type abelian varieties and established an
Erdés-Kac analogue for the invariant |A,(ky)| + 1. In the present setting of surfaces, we
refine the invariant to |A,(k,)| via explicit computations, thereby obtaining the result for



16 CHUANGXUN CHENG AND YIDING CUI

the type II case (cf. [4, Remark 4.15]). Next, we prove the independence result for a pair of
abelian surfaces with quaternionic multiplication and settle the type III case. Finally, we
add a remark on the CM-type case, for which we can only obtain a univariate distribution
result for now.

The proofs for all cases proceed in parallel with that for generic varieties. For an
abelian surface A of any given type, we always let G(¢) denote the image of its mod-¢
representation, and let C'(¢) be the conjugacy-invariant subset of G(¢) determined by the
invariant |A,(ky)|. While treating a pair of surfaces Aj, As, we similarly define G(¢,¢)
and C'(¢,0). Setting g(¢) = |C(¢)|/|G(¢)| and g(¢,¢) = |C(£,0)|/|G(¢,£)], and assuming the
independence condition, it then suffices to verify that conditions C4 and C5 hold with
012 = 021 = 0 in C4 and ¢; = ¢cg = 1 in C5. More precisely, to prove Theorems [I.6] and
[1.7 we only need to verify that the following holds.

(a) As T > 0 goes to infinity, there exists ¢ € R such that
1 1
2
N=0(——) and 0 =loglog T ).

Zg() O(logT) an Zg() og log +C+O<logT)’
>T L<T
(b) As T' > 0 goes to infinity,

Zg(f, l) < 0.

<T

5.1. GLo-type surfaces. Let A/K be an abelian surface of GLa-type, i.e., its endomor-
phism algebra End;(A) ® Q is a real quadratic field E. Ribet [22] proved that for almost
all £, the image of pa ¢ is

Ao ={z € GL(Op ® Zy) : detz € Z,},
and so for almost all ¢, the image of p, , is
G(l) = {r € GLa(Op ® Zy¢/l) : detx € F/}.
Under Theorem the invariant |A,(k,)| corresponds to the conjugacy-invariant subset
C(¢) = {x € G(¥) : Normy(det(1 —x)) = 0},
where Normy : O ® Z;/{ — F; is the norm map induced from Normpgq.

Lemma 5.1. Let £ be an odd prime number that is unramified in the quadratic field E.
(1) If ¢ splits in E, then |G({)| = £2(£—1)3(£+1)% and |C(£)| = 206 —£5 —T70*+303+60%;
(2) If ¢ is inert in E, then |G(£)| = £2(£—1)2(4+1)(£241) and |C(£)| = £ —04 403272
Proof. 1f £ splits in E, then Op ® Zy/l = Fy ® Fy, so
G(l) = {x € GLa(F, ®Fy) : detx € F/}.
We naturally identify G(¢) with the set
{(ul,u2) € GLQ(FZ) X GLQ(FZ) : det(ul) = det(uz)},

and thus
G(O)] = (€= 1) - [SLa(F) [ = £2(€ = 1)> (0 + 1)%.
Now
C0) = {(uy,uz) € G(£) : det(1 —uy) =0 or det(l —uy)=0}.
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Consider H := {u € GLa(Fy) : det(l —u) = 0}, i.e., the set of matrices with eigenvalue
1. We classify elements of H by the description of the conjugacy classes of GLa(F,) (See
for example [8, Chap.4, §5.2]):
e The identity matrix: 1 element;
e Diagonalizable matrices with eigenvalues 1 and A (A € F,, A # 1): For each ),
the conjugacy class size is £(¢ + 1) , and there are ¢ — 2 choices of A, contributing
(¢ —2)0(¢ + 1) elements;
e Non-diagonalizable matrices with eigenvalue 1: The conjugacy class has size % — 1,
contributing ¢? — 1 elements.

Thus
H| =1+ —2)00+1)+ (62 —1) =03 -2
It is easy to see that
|IC(0)] = t{(u1,u2) € G(£) : uy € Horug € H}
= 2|G1| — |G 2],
where G1 = {(u1,u2) € G({) :u1 € H} and G12 = {(u1,u2) € G({) : w1 € H, up € H}.
For fixed w3 € H with det(u;) = d, the number of uy with det(uz) = d is | SLa(Fy)|.
Hence

|G| = [H| - |SLa(Fy)| = £2(¢% = 1)(&? - 2).

We compute |G12| by partition according to the common determinant d. Let Hy =
{u € H : det(u) = d}. Tt follows from the description of elements of H that H; = ¢ and
Hy=1(({+1)fordeF,,d#1. Then

Gral = Y |Hal> =+ (€ - 2)2( + 1)
deF

Hence
IC(0)] = 20362 — 1)(£* —2) — [¢* + 2 (¢ - 2)(¢ + 1)?]

=20 — 05 —70* 4 303 + 607

and (1) follows.
For (2), assume that ¢ is inert, then Op ® Z;/{ = Fj2, and

|G(0)] = #H{u € GLy(Fy2) : det(u) € F}
= -1+ 1) +1).
Consider
Cll)={ueG¥): det(l —u)=0}.
For u € C(¢), det(1 —u) = 0 implies that 1 is an eigenvalue of u, and so the eigenvalues of
v are 1 and A = det(u) € F,'. Again by counting conjugacy classes, we have

IC)| =04+ (€ =2)- (2 1) =05 — 04 403 — 202
The lemma follows. O
Next, we check the condition (a) holds for g(¢) = |C(¢)|/|G(¢)|. By the above Lemma,
2/0+ O(1/£2) if ¢ splits in E,
96) = {0(1/52) if ¢ is inert.
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The first equation in (a) holds obviously. Denote by A the discriminant of E. It is
well-known that there exists a subgroup J of index 2 in (Z/|A|Z)* such that an odd
prime ¢ splits in the real quadratic field E if and only if £ mod A € J. The Mertens’
theorem for arithmetic progressions [30] says that, for any integer m > 1 and integer a
with ged(a, m) = 1, there exists a constant ¢, , such that

1 1 1
(51) Z £210g10g$+cm,a+0( ) y

{<z l=a( mod m) g@(m) log xT

where ¢(m) is the Euler’s totient function. Therefore

> g =>" > §+c’+0<loix>

<z a€J {<zl=a( mod A)
¢(A) 2 / 1
== log1 O
2 H(A) og ogx—l—;cA,cﬂ—c + log 7

1
=loglogz +c+ O <> .
log

So the second equation in (a) holds.

Let A1/K and Ay/K be abelian surfaces of GLa-type with real multiplication by Ej
and Es respectively. Assume that A; and Ay are not isogenous over K. The independence
property [4, Theorem 1.4] implies that the product representation p A0 X Pa, ¢ has image

G0, 0) = {(u1,u2) € GL2(OF, ® Zy/l) x GLo(Op, ® Zg/?) : det(uy) = det(uz) € F,}.
By [4, Lemma 4.6], we have |G(£,£)| = £*3 + O(£'?).

We need to consider the subset

C(,0) = {(u1,u2) € G(¢,£) : Norm; ¢(det(1 —uq)) =0 or Normg ¢(det(1l —ug)) = 0},

where Norm; ¢ : Op, ® Z¢/{ — F; is the norm map induced from Normp, g for i =1,2.
To check the condition (b), it suffices to show C(¢,¢) = O(¢!!). We verify it only when /£
splits in both F7 and E5 and the verification for other cases follows similarly.

Assume that ¢ splits in both E; and FEs, then

|IC(4,0)] = #{(u1,uz) € C(¢) x C(£) : det(uy) = det(usz)}
= Z #{ug € C(¢) : det(ug) = det(uq)}.
u1€C(L)
Note that for d € F),
ﬁ{U,Q € C(E) : det(UQ) = d} = Q‘HdH SLQ(F@)’ — ’Hd‘Z = 0(65)
Thus |C(¢,0)] = |C(£)] - O(#%) = O(¢'). Since conditions (a) and (b) hold, we obtain the
type II case of Theorems [I.6] and [I.7}

5.2. QM surfaces. Let A/K be an abelian surface such that R = Endg (A4) = Endy(A)
is an order in an indefinite quaternion algebra D over Q, and let A be the discriminant
of R. The following result gives a description of the Galois representations attached to A.
For details see [I, Theorem 5.4| and [16] Section 5].
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Theorem 5.2 (cf. [I, 16]). If £ is larger than b(2[K : Q],4,2h(A))"/?, does not divide A,
and is unramified in K, then the following hold.

(1) The Tate module Ty(A) admits a G k-equivariant decomposition Typ(A) = Wiyse &
Wieo, where Wyeo is a free Zy-module of rank 2. The representation pay : G —
Aut(Ty(A)) is therefore equivalent to two copies of the representation on a single
factor pﬂf’ﬁ : Gg — Autg, (Wi ) =2 GLa(Zy).

(2) The determinant of pz{fg(g) is the (-adic cyclotomic character x¢(g).

(3) The image of the representation pag, which we identify with the image of leV,g, 18
the full group GLa(Zy).

10,3
Here b(d,g,h) = <(14g)6492dmax(h,log d, 1)2>2 and h(A) is the semistable Faltings
height of A as in [16, Definition 1.2].

We apply an argument similar to [16, Lemma 4.21 and Theorem 4.22] to prove an explicit
large image result for products of abelian surfaces with quaternionic multiplication. The
main tool is the following explicit isogeny theorem proved by Gaudron and Rémond [9]
Theorem 1.4].

Theorem 5.3 (cf. [9]). For every abelian variety A/K and for every abelian variety
A*/K that is K-isogenous to A, there ezists a K-isogeny A* — A with degree bounded by
b([K : Q],dim A, h(A)).

Proposition 5.4. Let A;/K and As/K be two abelian surfaces such that Endg(A;)=
End(A;)= R;, where R; is an order in an indefinite quaternion algebra D; over Q fori =
1,2. Denote by A; the discriminant of R;. Assume that A1 and Ag are not isogenous over
K. If £ is strictly large than M (K, Ay, As) = b(2[K : Q], 4, 2max(h(A;), h(A2)))'/2, does
not divide A1Aq, and is unramified in K, then the image S of the product representation

pAl’g X PAQ,Z : GK — GLQ(Zg) X GLQ(Z@)

is the subgroup
{(ul,UQ) € GLQ(Zg) X GLQ(Z@) ’ det uy = det UQ}.

Proof. Note that M (K, Ay, A2) > b(2[K : Q] 4, 2h(A;))"/2 for i = 1,2. So by Theorem 5.2}
our assumption on £ implies that the representation pa, » : Gx — GL2(Zy) is surjective for
i=1,2.

We first show that the image S of PAL ¢ X PAse contains SLyFy x SLo Fy. Assume the
contrary, then by [24, Lemme 8|, there exists an isomorphism f : IF? — F% and a character
€:S — {£1}, such that us = e((u1,u2)) fus f~! for all (uy,uz) € S. Assume first that e is
trivial. Define

I'={(z1,y1,22,y2) € Wi ®@Wi & Way®Wo = A1[l] ® As[l] : x2 = fx1,y1 = y2 = 0},

where Ty(A;) = W; goo & W, goo and W g = W goo [lW; goo. Asug = fus f~1, T C A3 x Ay is
G g-invariant. The quotient A* := A; x Ay /T is defined over K. Let m: A := A; x Ay — A*
be the canonical projection. By Theorem there exists an isogeny v : A* — A with
degree < b([K : Q],4, h(A1)+h(A2)). It is clear that the composition e := ¢ om annihilates
. On the other hand, since A; and Ay are not isogenous, e = (e1,e3) € End(A) C
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Op, @ Op,, where Op, is a maximal order of D; that contains R; for i = 1,2. Therefore
e1 € {Op, and ey € {Op,. We have

("] deg(er) - deg(ez) = deg(y o m) = (% deg(¥) < °b([K : Q] 4, h(A1) + h(A2)),
which gives
(< b([K : Q],4, h(A) + h(A2)Y? < M(K, Ay, Ag),
a contradiction. If e is not trivial, then the kernel of G — S < {41} defines a quadratic
extension K’ of K. Replacing K by K’ and repeating the above argument, we have
(< b2[K : Q], 4, h(A1) + h(Ax))/? < M(K, Ay, Ay),

also a contradiction.

Since S contains SLg(Fy) x SLa(Fy), by [24, Lemme 10], we have that S contains
SLa(Z¢) x SLa(Zg). Since furthermore the map detopa,, : Gx — Z; is surjective by
(2) of Theorem and 16, Lemma 2.1], we conclude that

S = {(ul,UQ) € GLQ(Z[) X GLQ(Zg) | det uq = det UQ}.
The proposition follows. O

Combining the above proposition, Theorem and [I5, Theorem 1.2.3], we obtain the
independent result for Galois representations.

Theorem 5.5. Let A1 /K and Ay /K be two abelian surfaces such that Endg (A;)= End(4;)
is an order in an indefinite quaternion algebra over Q for i = 1,2. Assume that Ay and
Ay are not isogenous over K. Then there exists a positive number N such that for each
¢ € A, the representations pa, ¢ and pa, e are independent up to determinant (cf. [4,
Definition 1.3|) and the system {pa, ¢ X pa,eteeny is independent.

Note that ¢ | |A,(ky)| = det(I> — p7,(Frob,))? if and only if ¢ | det(l> — pﬁ/’e(Frobv)).
Then the type III case of Theorems m and follows from the following computations,
where we keep the notation H and G2 from the previous subsection.

|G(0)] = | GLa(Fy)| = £(£ +1)(¢ = 1)%.
|C(0)] = #{u € GLo(F,) : det(1 —u) =0} = |H| = £3 - 2¢.
|G(¢,0)] = #{(u1,u2) € GLa(Fy) x GLo(Fy) : det(uy) = det(ug)} = £2(£ — 1)3(£ 4 1)°.
|C(€,0)] = #{(u1,u2) € G({,0) :u1 € H, ug € HY = |G| = £ + (£ — 2)*(L + 1)°.

5.3. CM-type surfaces. In her work [29], Weng computed the image G(¢) of the mod-¢£
Galois representations for abelian surfaces of CM-type and the size of the subset of matrices
with eigenvalue 1 of G(¥), which she used to study the divisibility properties of the group
order of rational points on CM-type abelian surfaces over finite fields. Combining her
calculations [29, Lemma 3.8] and a variant [29, Theorem 4.2] of equation precisely
yields the condition (a) and hence yields the type IV case of Theorem However, for a
pair of non-isogenous CM-type surfaces, we do not know whether a bivariate distribution
result such as Theorem holds.

Remark 5.6. It is not difficult to state Theorem for three or more systems of Galois
representations and state Theorems [1.5] and for three or more abelian varieties. We
omit the details as there is little difference between the general case and the two systems
case.
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