ON THE PHASE RETRIEVABILITY OF IRREDUCIBLE
REPRESENTATIONS OF FINITE GROUPS

CHUANGXUN CHENG

ABSTRACT. Let G be a finite group and 7 : G — U(V) be an irreducible representation
of G on a complex Hilbert space V. In this paper we study the phase retrieval property
of m and the existence of maximal spanning vectors for (w, G,V). By translating the
existence of maximal spanning vectors into the existence of cyclic vectors of the form
v ® v for the representation (7 ® 7*, G,V ® V), we show that if 7 is unramified, in the
sense that each irreducible component of 7 ® 7* has multiplicity one, then 7 admits
maximal spanning vectors and hence does phase retrieval. Moreover, if GA(1,q) is the
one-dimensional affine group over the finite field Fy and 7 : GA(1,q) — U(C?™!) is the
unique (g — 1)-dimensional irreducible representation of GA(1, ¢) (which is ramified), we
give a characterization of maximal spanning vectors for (7, GA(1,¢),C?™!) by a detailed
study of the adjoint representation of GA(1,q) on L?*(GA(1,q)). In particular, we show
that the set of maximal spanning vectors are open dense in C¢~! and the representation
(7,GA(1,q),C? ") does phase retrieval. Furthermore, we show that the special repre-
sentations and the cuspidal representations of GL2(F,) admit maximal spanning vectors
and do phase retrieval.

1. INTRODUCTION

The phase retrieval property of a frame is a significant research topic in applied mathe-
matics and engineering (cf. [10,[13]). While studying the phase retrieval property of group
frames, mathematicians have discovered deep questions in number theory, representation
theory, and harmonic analysis etc., and obtained meaningful results. The motivation of
this paper is [I7, Conjecture|, which conjectured that every irreducible projective repre-
sentation of a finite group admits maximal spanning vectors, hence does phase retrieval.
Li-Han-etc. [I7] verified the conjecture for finite abelian groups. In [8] [7, 9], the authors
generalized the conjecture to locally compact groups and verified the conjecture for compact
abelian groups and several types of locally compact abelian groups via Fourier analysis. In
[12] Fiihr-Oussa showed that irreducible representations of nilpotent Lie groups do phase
retrieval via tools from Lie algebras and studied the phase retrieval property of represen-
tations of p-groups. In [I] Bartusel-Fiihr-Oussa studied the problem for the affine group
GA(1,p), where p is a prime number.

In this paper, we study the problem for an arbitrary finite group G and translate the
existence of maximal spanning vectors for the representation (w, G, V') into the existence
of cyclic vectors of the form v ® v for the representation m ® n*, the tensor product
representation of 7 and its dual 7*. One the representation theory side, we have more
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tools, which are elementary, but really powerful for our purpose. In particular, we show
that if (7, G, V') is unramified, in the sense that each irreducible component of 7 ® 7* has
multiplicity one, then the set of maximal spanning vectors for (7, G, V) is open dense in V.
The method also applies to ramified representations once we have an explicit decomposition
of m ® m*. Moreover, in this case we may provide a characterization of maximal spanning
vectors. We illustrate this idea in the case where G = GA(1,¢q) is the one-dimensional
general affine group over the finite field F, and 7 : GA(1,q) — U(C?71) is the unique
(¢ — 1)-dimensional irreducible representation. Combining these two results, we show that
the special representations and the cuspidal representations of GL2(F,) admit maximal
spanning vectors and do phase retrieval.

We explain our motivation and results in the following. We refer to [4] for basics of
frames, [0, 19] for basics of group frames and twisted group frames. Let T C C be the
unit circle. Let G be a finite group and o € Z?(G,T) be a Schur multiplier of G. Let
m: G — U(V) be a finite dimensional irreducible projective representation with respect
to a, i.e. m(g)m(h) = alg, h)m(gh) for all g,h € G. Let v € V be a nontrivial vector. Then
O, ;= {m(g)v | g € G} is a frame for V. If the frame ®, is phase retrievable, i.e. the map

ty: V/T — RIC
v = (v, m(g)v)])gea
is injective, then we call the vector v phase retrievable. If (w, G, V) admits a phase retriev-
able vector, we say that the representation m does phase retrieval.
In general it is not easy to verify directly whether v € V' is phase retrievable. Yet it is
easier to verify whether v € V has maximal span, a stronger property than being phase

retrievable. In the above situation, v € V has mazimal span (or is mazimal spanning) if
Span{7(g)v @ 7(g)v | g € G} = HS(V). Here for any z, y € V, z ® y is the projection

V-V

v (v,y)x.

In other words, v € V' has maximal span if and only if dim Span{n(g)v®@n(g)v | g € G} =
(dim V)2. Tt is well known and easy to see that if v has maximal span, then v € V is phase
retrievable (cf. [2]). For u,v € V| let ¢y, be the matrix coefficient

Cupw : G—C

g = (m(g)u,v).

Denoted by C, C L?(G) the subspace spanned by the matrix coefficients ¢, , (u,v € V).
The inverse of the Fourier transform gives us an isomorphism £ : V@V — Cr (u®v — ¢y, ),
we see that v € V has maximal span if and only if

Span{cﬂ'(g)v,rr(g)v ‘ g e G} = Cr,

or equivalently,

dim Span{cﬁ(g)vﬂr(g)v | g c G} = (dim V)2.
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Computation shows that ¢ and ¢, , have the following relation

w(g)v,m(g)v
Cr(gyon(gyo(h) = (m(h)m(g)v, m(g)v) = (m(g) " 7 (h)m(g)v,v)
a(g~!,h)a(g~'h,g)

(1.1) e e N IR
ala=t Wala-1
-l ol(hg),g(gl) h’g)cvvv(gflhg)-

While computing the dimension of Span{c(g)ur(g)0 | 9 € G}, there are two types of
difficulties

e the complication from the multiplier «;
e the structure of the conjugation h ~ g~ 'hg.

In case G is an abelian group, the second difficulty disappears. Furthermore, in abelian
case

alg~t halgth.g) _alg™'h)
a(g,g7") a(h,g~")
is a bihomomorphism on G x G. Then one could show that v € V has maximal span if
and only if (7(g)v,v) # 0 for all g € G (cf. [0, Proposition 3.11] and [I7, Theorem 1.7]).
This property is the key ingredient in [I7] and based on abstract harmonic analysis (cf.
[14, 15 [16]), has been generalized to locally compact abelian groups and continuous frames
case (cf. [5]).

The method in [5] [6, [17] does not apply to nonabelian groups. Since a-representations
of G corresponds to special linear representations of the representation group G(«), in
this paper we consider linear representations of arbitrary finite groups. Recall that we
identified the second V in V ® V with its dual space, the map (¢ — (v ®@ v — 7(g)u ®
m(g)v)) defines a representation of G on V' ® V, which is nothing but the tensor product
of m and its dual representation 7*. Let ad : G — U(Cy) be the adjoint representation
defined by ad(g)(f)(z) = f(¢ 'xg) for g € G and f € C,. Then £ is an isomorphism of
representations between (7 ® 7*, G,V ® V) and (ad, G,C). One sees that the following
three conditions are equivalent.

(1) v € V is a maximal spanning vector for (7w, G, V);
(2) v@v eV ®Visa cyclic vector for the representation (7 @ 7*, G,V @ V);
(3) ¢y € Cr is a cyclic vector for the representation (ad, G, Cx).

These equivalences are the key idea of this paper and they enable us to utilize tools from
representation theory to tackle [I7, Conjecture| for representations of general finite groups.
We note that this idea has appeared before, e.g. in [1, [6]. By a characterization of cyclic
vectors for representations that are direct sums of non-isomorphic irreducible representa-
tions (cf. Proposition , we prove the following result.

Theorem 1.1. Let 7w : G — U(V) be an irreducible representation of G. Assume that each
irreducible component of m @ ¥ has multiplicity one. Then m @ ©* admits cyclic vectors of
the form v ® v. Hence m admits maximal spanning vectors and does phase retrieval.

Although for some groups G, there is no nontrivial representation that satisfies the
condition in Theorem this result is the first result in this direction that could be
said for all finite groups and the multiplicity condition is relatively easy to check from
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the character table. The phase retrievability of projective representations of finite abelian
groups is just a special case, because for any irreducible projective representation 7 of a
finite abelian group, the tensor product @ ® 7* is a direct sum of non-isomorphic one-
dimensional linear representations (cf. [6l Section 3.2|, Section . If some irreducible
components of 7 ® 7 have multiplicity greater or equal to two, the situation is more
subtle (cf. Proposition . Nevertheless, if we could obtain an explicit description of the
decomposition of (7 @ 7*,G,V @ V) or of (ad, G, Cy), we may apply Proposition to
find maximal spanning vectors. As an illustration, we prove the following result.

Theorem 1.2. FEvery irreducible representation of GA(1,q) admits mazimal spanning vec-
tors and does phase retrieval.

If ¢ = 2, the case is trivial. If ¢ = 3, then G = Dg, the dihedral group with 6 elements,
and the case follows by direct computation (cf. [7, Section 4.3.2|). In the following we may
and do assume that ¢ > 4 and the representation is (¢ — 1)-dimensional. Moreover, we
provide an explicit characterization of the maximal spanning vectors (cf. Remark .

Although we could not be as explicit as in GA(1,q) case, the ideas in the proof of
Theorem apply to general metabelian groups and we explain the strategy in Section
As an application of the theorems, we also prove the following result for the group GLa(F,),
which is not easy to check directly and provides strong evidence for [I7, Conjecture]. The
verification of the phase retrievability of irreducible representations of GLy(F,) is one of
the motivations of this paper.

Corollary 1.3. The special representations and the cuspidal representations of GLa(FFy)
admit mazimal spanning vectors and do phase retrieval.

The contents are organised as follows. In Section [2| we study cyclic vectors for repre-
sentations of finite groups in detail and give a characterization of them (cf. Propositions
and . Applying Proposition , we prove Theorem In Section |3, we review
basic properties of the affine group GA(1,¢q) and translate the statement about maximal
spanning vectors of group frames into a statement about cyclic vectors for the adjoint
representation. Then in Section [4], by combining the results in Sections [2] and [3] we prove
Theorem [I.2] and Corollary [I.3] In Section[5] we explain how we may apply the strategy to
prove phase retrievability and characterize maximal spanning vectors for certain represen-
tations of metabelian groups and give a new proof for the Weyl-Heisenberg representations.
The method in this paper does provide an approach to check the phase retrievability of
representations of metabelian groups. We explain this in detail for split metacyclic groups
(cf. Remark , which is the most common dilation-translation situation in engineering
and physics.

Notation and convention. In this paper, G is a finite group. Let L?(G) be the space
of functions on G with inner product given by

(LY =D H9)f(9)-
geG

Let r : G — U(L?(G)) be the right regular representation of G, i.e.
(r(9)f)(h) = f(hg), for all g,h € G.
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Let ad : G — U(L?(G)) be the adjoint representation of G, i.e.

(ad(g)f)(h) = f(g~"hg), for all g,h € G.

In this paper, all vector spaces are finite dimensional C-spaces. For a Hilbert space V,
U(V) denotes the set of unitary operators on V', HS(V') denotes the set of Hilbert-Schmidt
operators on V. For a matrix M, we denote its transpose by M’ and transpose conjugation
by M*.

If 7: G — U(V) is a representation of G on V', we denote it by (7, V) or (7, G, V). We
denote the dual representation of @ by 7*. A representation m is multiplicity free if each
irreducible component of 7w has multiplicity one. A representation 7 is unramified if the
tensor product representation m ® 7* is multiplicity free.

2. ON CYCLIC VECTORS

In this section we study cyclic vectors by adapting the strategy in [6l [19] in the study
of tight group frames. We remark that one could also deduce the same results via more
algebraic (possibly simpler) argument via the equivalence between C|G]-modules and G-
representations. There are two reasons for the choice of our argument as follows. Firstly
it is explicit and also reveals properties of the associated frames. Secondly, it is easy to
generalize to the case where G is compact or locally compact. The representation theoretic
results are certainly known to the experts, what we do in this paper is to connect them to
the study of group frames.

Let G be a finite group and 7 : G — U(V) be a finite dimensional representation of G.
Let v € V be a nontrivial vector. Define

Sy,: V=V
(2.1) U Z(u,w(g)v)w(g)v.

geG

Then S, is G-equivariant. The following conditions are equivalent.

(1) v is a cyclic vector for (7, G, V);
(2) ®, ={m(g)v | g € G} is a frame for V;
(3) S, is an automorphism.

Moreover, if the above conditions are satisfied, then S, is the frame operator of the frame
o, (cf. [4, 19]).

If 7 is irreducible, then every nontrivial vector v € V' is a cyclic vector for (7, G, V). Fix
such a v. Then Span{w(g)v | g € G} =V and &, := {n(g)v | g € G} is a tight frame for
V. As S, is G-equivariant, S, = A, idy by Schur’s lemma. Moreover, as S, is the frame
operator of a frame, A\, € Ryg. Let {w; | 1 <7 < dimV} be an orthonormal basis of V.
For any j, Sy(w;) = Ayw;. Hence Ay =3~ [(wj, m(g)v)|?, we have

AodimV =3 % [(wj,m(g)v)]> = Y lln(g)o|* = 1G] - |[o]|*.

Jj ge€G geG

Therefore S, = di'g‘VHUHQ idy .
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Let m; : G — U(V;) (i = 1,2) be two representations of G. Let v; € V; be a nontrivial
vector. Define

Svl,vz V=V
we Y (u,m(g)vr)ma(g)va.
geG
Then for any h € G, we have

Svy o (m1(R)u) = Z (m1(h)u, m1(g)v1)m2(g)ve
geG

= > twm (b gor)ma()ma(h~ g
geG

= mo(h) Z(u, T (htg)v)ma(hLg)vy

geG
= WQ(h)Svl,vz (u).
Hence S, 4, is G-equivariant. In particular, if Homg(V1, V) = {0}, then Sy, ., = 0.

Lemma 2.1. With the notation as above, if m1 and mwo are isomorphic irreducible repre-
sentations and o : Vi — Vo is an isomorphism of G-representations, then

Spyv(u) = GL- Al (v, ov1)0(u) for all u € V.
12 (dimVl)Havl\P ’

In particular, if V1 = Va, then

e
dim V1

Proof. By Schur’s lemma, S, ., = Ao for a constant number A. Let u = v, we have

<Sv1,v2 (1}1), UU1> = <Z<U17 Wl(g)vl>ﬂ-2(g)v27 le>

Sor e (1) (va, v1)u for all u € V7.

geG
= (o, mi(g)or)(ma(g)va, ovn)
geG
= > (mig Hor, v1)(va, 0 (mi(g™")vr))
geG
= (v2,0(> (w1, mi(g)v1)mi(g)vr))
geG
= {uz, ol el o))
The lemma follows. g

Lemma 2.2. Assume that (m,V) = (w1, V1)®(m2, Va) is a direct sum of two representations
with Homeg (V1, Vo) = {0}. Let v € V' be a nontrivial vector and we write v = vy + vy with
v1 € V1 and vg € Vo. Then v is a cyclic vector for m if and only if v; is a cyclic vector for

v (Z: 1, 2)
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Proof. 1f v is a cyclic vector for 7, it is obvious that v; is a cyclic vector for 7;. We prove
the converse. Assume that v; is a cyclic vector for m; (i =1, 2), we show that

(2.2) Span{m(g)v| g€ G} =V.

Define S, : V' — V as in equation (2.1)). For any u = u; +us € V with u; € V; (i =1, 2),
we have

Su(w) = 3 (u, 7(g)0)m(9)(v)

geG
= > (w1 +ug, m(g)v1 + m2(g)va) (71 ()01 + T2(g)v2)
geG
= {ur, m(g)v))mi(g)vr + Y (uz, ma(g)v2)ma(9)v2 + Suy v (1) + Sy, (2)
geG geqG
= Z<U17771(9)U1>7T1 (g)v1 + Z<u2,772(9)02>7r2(9)v2~
geG geaG

As v; is a cyclic vector for m; (i =1, 2), ®,, = {mi(g)vi | g € G} is a frame for V; and the
map

i = (g, mi(g)vi)mi(g)vi

geG

is the frame operator of ®;, hence induces an automorphism of V;. Therefore S, : V — V
is an automorphism and equation (2.2) holds. The lemma follows. O

Applying the lemma repeatedly, we obtain the following result.

Proposition 2.3. Let I be a finite index set and (7, V) = @icr(m;, Vi) be a decomposition
of m. Let v € V and write v = ),y v; with v; € V;. Assume that for any i # j in I,
Homg (V;,V;) = {0}. Then v is a cyclic vector for (w, V') if and only if v; is a cyclic vector
for (m;, Vi) for alli e I.

To understand cyclic vectors, we still have to treat the case where Homg(V;,V;) are
nontrivial. We start with the following lemma.

Lemma 2.4. Let p : G — U(W) be an irreducible representation of G. Assume that

(m,V) = & (m, Vi) such that (m;,V;) = (p,W) fori =1, ..., n. Let v € V be a
nontrivial vector and we write v = v1 @ - B v, with v; € V; = W. Then v is a cyclic
vector for w if and only if vi, va, ..., U, are linearly independent. In particular, V is a

cyclic representation if and only if n < dim W.

Proof. For 1 < 4,7 < n, let \j; = %(vﬁvi). Define S, as in equation (2.1). For
any u; € V; = W, let 4; be the element of V' with j-th component 0 for j # i and i-th
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component u;. We then have

Sy(ii) =Y _(iis, m(g)v)m(g)v

geG

= @1 Y (ui, milg)vi)mi(9)v;

geG
=7 > (ui, plg)vi)p(g)v;
geG
= @?:1 )\]Z’UJZ
The last identity follows from Lemma [2.I] Therefore, the operator S, : V' — V is given by
the matrix

Airidw  Agidw -0 Aqpidwy
:(/\ij>1gi,jgn®idw'
Therefore v is a cyclic vector for (m, V') if and only if det ()\ij) 1<ij<n = 0, hence if and only
if v1, vg, ..., v, are linearly independent by the definition of }ij . The lemma follows. O

Proposition 2.5. Let p: G — U(W) be an irreducible representation of G. Assume that
(m, V) = &, (mi, Vi) such that (m;,V;) = (p, W) fori =1, ..., n. For each 1 <i < mn,
fix an isomorphism of G-representations o; : V; — W. Let v € V be a nontrivial vector
and we write v =101 + - - - + vy, with v; € Vi. Then v is a cyclic vector for w if and only if
O1V1, 09V, ..., OpUn € W are linearly independent.

Proof. If r, : G — U(W;) (i = 1,2) are two equivalent representations of G and 7 : W; —
Ws is a G-equivariant isomorphism, it is easy to see that w; € Wi is a cyclic vector for
(r1, W1) if and only if 7(wy) € Wy is a cyclic vector for (rq, Wa). Applying this observation
to the two representations (m, V) and (p™, W®") with 7 = 01 @& - - - @ 0y, the proposition
follows from Lemma 2.4l g

From Propositions and we have the following result.

Corollary 2.6. A representation of G is cyclic if and only if it is a sub representation of
the regular representation.

Now we apply Proposition [2.3] to prove Theorem

Proof of Theorem[I.1, Assume that dimV = n. Fix a basis of V, we may identify V @ V
with M, (C) equipped with inner product

(A, B) = Tr B*A, for A, B € M,(C).
By Proposition to prove Theorem [I.1} it suffices to show that for any orthogonal

decomposition M,,(C) = My @& - --® M, there exists a vector v = (v, ..., v,)" € C", such
that the projection of vv* in M; is nonzero for all 1 < i < s.

For each 1 < ¢ < s, fix a basis A;1, ..., A;, of M;. Then vv* projects to the zero
matrix in M; if and only if for all A € {41, ..., A;,},

0= (vv*, A) = Tr(A%vv*) = Tr(v* A%v) = (v, Av).

Note that A is not the zero matrix, (v, Av) is a nontrivial polynomial of the real and
imaginary parts of the coordinates of v. One sees that the set of v € C™ such that v*v
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projects to a nonzero matrix in M; for all 1 <17 < s is open dense in V. The theorem then
follows. O

Theorem leaves us the ramified case. From Proposition 2.5 if we have enough infor-
mation on the decomposition of V' ® V', it is possible to find a maximal spanning vector for
(m,G, V). We illustrate the idea in Section |4] for the general affine group GA(1,q). More-
over, from the proof of Theorem[I.1] in the unramified case, if we have enough information
on the decomposition of V' ® V', e.g. we have a nice basis for each M;, we may find all
maximal spanning vectors, which is important for constructing phase retrievable frames.
We illustrate this idea in Section [5] for certain metabelian groups. We note that to make
the decomposition explicit, it is better to work with the representation (ad, G, Cy) via the
isomorphism &, and this is what we do in the rest of this paper.

3. BASICS OF THE AFFINE GROUP GA(L,q)

In this section, we review the basic properties of GA(1, q). These properties are elemen-
tary and scattered in textbooks and online notes. We collect them for the convenience of
the readers and fix the notation along the way.

3.1. The group structure. Let F, be a finite field of characteristic p. Let GA(1,q) =
Fg x ;¢ be the affine group over the finite field F,. We denote the elements of GA(1,q)
by (a,b) with a € Fg and b € F;. We have the following identities.

(1) (a,b)(c,d) = (a+ bc, bd).

(2) (aa b)il = (_abiabil)'

(3) (a,b)"Y(c,d)(a,b) = (—ab~t +ab~td + b~ 1c, d).

3.2. The characters of F and F,. The multiplicative group F is cyclic of order (¢—1).
Fix v € F; a generator of Fi'. Let x1, ..., xq—1 be the characters (one-dimensional linear
representations) of F;\. Assume that x1 is the trivial character of Fy.
Fix v : F; — C a nontrivial character of the additive group Fy, e.g.
271'\/ —1 TrFq/Fp (CL)

Y(a) = exp , )

Then the characters of F, are {¢. | ¢ € Fy}, where ¢.(a) = ¢(ca) for all a € F;. The
map ¢ — 1. is an isomorphism between F, and the dual group of F,. In particular,
{1hym | 0 < m < g — 2} is the set of nontrivial characters of F.

3.3. Conjugacy classes of GA(1,q). There are ¢ conjugacy classes of GA(1,q). Their
representatives are given in the following table.

TABLE 1. Conjugacy classes of GA(1,q)

Representatives No. of elements in class No. of classes
(0,1) 1 1
(1,1) q—1 1
(17 d 7& 1) q q— 2
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3.4. Representations of GA(1,q). There are (¢ — 1) one-dimensional representations of

G E GA(1,q) given by G — FJ X5 C*. Denote these representations by x1, «- -, Xg—1 as
well.

There is a (¢ — 1)-dimensional irreducible representation of G given by Indgq 1. Denote
this representation by 7. Then

7le, = (I0d§, )], = Bepotse = BI20,.

Under this identification and fix a basis for each 1.;, the representation 7 is given by

7(07 1) = diag("vbl(c)a %(C)a R ¢7q—2 (C))a

o 1 0 --- 0
70,y) = o o e e
0o 0 0 - 1
1 0 0 - 0

The character table of GA(1,q) is as follows.
TABLE 2. The character table of GA(1,q)

Representations  x1 -+ Xg-1 o
(07 1) 1 1 q— 1
(1,1) 1 .. 1 _1

(17d5£ 1) Xl(d) Xq—l(d) 0

Let yaq be the character of the adjoint representation (ad, L?(G)). Then yaq(g) = #{h €
G | g thg = h}. We then have

Xad(0,1) = q(q — 1),
Xad(1,1) =g,
Xad(L,d# 1) =g~ 1.
Therefore xad = (¢ — 2)Xx + (¢ — 1)x1 + X¢—1 Xi, and
(ad, L3(G)) 2= 722 g 1 P01 g (@071,

3.5. Decomposition of L?(G). Let r : G — U(L?*(G)) be the right regular representa-
tion. For (c,d) € G, let §(.q4) be the characteristic function of the point set {(c,d)}. Let

0g = ZCQF d(c,d)- Define
L¥(G)° :={f € L*(G) | f(c,d) = f(0,d) for all ¢ € Fg} = Span{d, | d € F;}.
Let L?(G)" be the orthogonal complement of L?(G)° in L?(G). As
r(a, 5)5(c,d) = 5(cfb—1da,b—1d)v

we have r(a, b)dg = 14, and

(r, L*(G)) = &= 1 X ® m®ah),
(3.2) (r, L*(GQ)°) = ®f i,

(r, L}(@)) = 7®(a=1),
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For d € F, define L?(G)q = Span{d(.q) | ¢ € Fy}, L*(G)5 = C(d4), L*(G)!,; the orthogonal
complement of L*(G)3 in L*(G),.
Lemma 3.1. With the notation as above, we have

(ad, L*(G)3) = x1, ford € F,

(ad, L*(G)}) = L i,

(ad, L3(G),) = 7, for d # 1.
Proof. By direct computation, we have
(ad(a> b)(s(c,d))(x7 y) = 6(C,d) (ab_l(y - 1) + b_lxa y)

Hence ad(a, b)d(c.q) = d(peta—ad,a)- 10 particular, ad(a, b)x; = x; and ad(a,b)d (1) = I(pe,1)-
The first isomorphism is clear. By checking the character of (ad, L?(G)4), the other two
isomorphisms follow easily. O

3.6. The coefficient ¢,,. Let 7 : G — U(V) be the (¢ — 1)-dimensional irreducible
representation and v € V' be a nontrivial vector. Let ¢, , : G — C be the matrix coefficient
g+ (m(g)v,v). As ¢y € L*(G) is a matrix coefficient of 7, by equation (3.2)), we have
Cow € L*(G)".

Let ¢, ;4 be the projection of ¢, , in L?(G)4. Then

Co,v3d = Z cv,v(@ d)(s(c,d)'

cely

As ¢, € L*(G)’, it has trivial component in C(d4). Hence ¢, ,.a € L*(G)).
From equation (|1.1]), we have
Cr(a,b)v,m(a,b)v = ad(a7 b)cv,v'

We then obtain the following lemma. It also says that 7 is ramified when ¢ > 4.

Lemma 3.2. With the notation as above, v is a mazimal spanning vector for (w,G, V') if
and only if ¢, is a cyclic vector for the representation (ad, L*(G)') £ m®0 2 gy 0. @
Xgqg—1-

4. THE MAXIMAL SPANNING VECTORS FOR (m, GA(1,q),C¢71)

In this section, we continue with the notation in Section (3| In particular, G = GA(1, q)
and 7 : G — U(V) is the representation of G given by equation (3.1). In L?(G)1, the
(¢ — 1) elements

Z ¢d(c)5(c,1), de F;,

cely

form a basis of L?(G)}. For each 1 <i < ¢ — 1, let K; be the one-dimensional space with

basis
> xid) Y ta(e)die)-

deFg celyq
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We then have
ad(a,b)( Y xi(d) Y va(@)dery) = Y xild) Y va(e)de,)

deFy c€Fq deFy c€lyq

= Z xi(d) Z Yap-1()d(c,1)

deFy cely

= xi(0) D xaldb™) Y a1 ()3

deFy cely

= xi(b) Z xi(d) Z Ya(c)d(c1)-

deFy celg
Therefore, (ad, K;) = x;. We have the following decomposition
ad [2(Gy = @ yery (ad, L*(G)g) @ (x1, K1) ® -+ @ (Xg-1, K1)
d#£1
and (ad, L*(G)))) & for all d # 1. For d, d' # 1, define

od.d : LZ(G)d — LQ(G>d/

5(c,d) — 6(11%(50,11’)'

Direct computation shows that
Udd/(ad(a, b)(S(de)) = 5(11%‘3,(bc+afad),d’) = ad(a, b)(ad,d’(é(c,d)))~
Hence it induces an isomorphism of irreducible G-representations
o : (ad, L*(GQ)) — (ad, L*(G)L).
Combining Lemma [3.2] Proposition 2.3] Proposition we have the following lemma.

Lemma 4.1. Let v € V be a vector. Then v is mazimal spanning for (w,G, V) if and only
if the following two conditions are satisfied:

(1) the projection of ¢, in K; is nonzero for all1 <i<gq—1;

(2) the vectors oym o (cppym) (1 < m < q—2) are linearly independent in L*(G)
!/
r\/m-

/
where ¢, y.m 15 the projection of ¢, in L*(Q) v
The reason we use {7} as the index set will be clear soon. For 1 < i < ¢ — 1, define
N; = {v € V| ¢y, projects to zero in K;},
and define

No={v eV |oym(chpmm) (1 <m < q—2) are linearly dependent in L2(G);}.

Lemma 4.2. Forall1 <i<q—1,V — N; is open dense in V.
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Proof. From the construction, v € N; if and only if

0= (cow, > Xild) > $a(c)de))

deFy celFq
=) xild) Y (v Yale)dien)
deFy cely
= Z X’L(d) Z 1/1d(C)CU,U(C, 1)
deFy ceFy
Z Z Ya(e)m(c, v, v).
deFy cclyq
From the matrix form of 7 given by equation (3.1), 7(c,1) = diag(¢1(c), ..., ¥,a-2(c)).

As the characters v, are orthogonal, we have

> xid) Y vale)w(e,1) = gdiag(xi(1), -, xi(7972)).

deFr c€lFq

Write v = (vg, ..., v4—2)" € CT71 then N; is the zero set of nontrivial polynomials on the
real and imaginary parts of v;, hence V — N; is open dense in V. The lemma follows. [J

Lemma 4.3. The set V — Ny is open dense in V.

Proof. For 1 <m < g — 2, the (q — 1) elements

TR SRTC LD SENFT NSO pRY
cE]Fq cqu cEIFq

form an orthonormal basis of L*(G).m. The inner product of ¢,, and cer, Yyilc (€)0(c,ym)
is

vaa Z w'y 5(07’”) Z ¢'y cvv C, Y )

celFq c€lfg
= (> ye(Om(e;7™)v,v)
cely
= ((D_ dys(m(e, 1))m(0,9™)v, v).
cely

Via equation (3.1) and the orthogonal relations of characters, > g 1yi(c)m(c, 1) is the
(¢—1) x (¢—1) matrix with (¢,4)-entry g and other entries 0. Write v = (v, ..., v4—2)" €
C~ !, we then have

cv U Z ”% 5(0;}/"‘) = qUVitm.-

cely

Here the subscripts are understood modulo (¢ — 1). Therefore, under the basis given by
equation (4.1]), the projection of ¢, , in L2(G)’7m has coordinate

(Tovm, V1V1+m, V2V24m; - - Uq—2”q—2+m)-
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Moreover, we have

Uvmﬁ(z Ui (€)0(cy Z byile men)

celfy celFy
1 _
= (=)0 = D Citiom (
c€lFq celFq
where j(m) € {0, 1, 2, ..., ¢ —2} with 22X = 430" Hence under the basis given by

equation (4.1)), oym (¢yp:ym) has coordlnate

(Uqf2fj(m)+1Uqufj(m)+1+m) Vg—2—j(m)+2Vqg—2—j(m)+24+m> -+ >

Vg—2Vg—2+m, V0VUm; - - -, Uq72fj(m)vq727j(m)+m)'

Denote this row vector as p,, € C¢~'. From the construction, v € V — Ny if and only if
the (¢ —2) x (¢ — 1) matrix

P = (pm) 1<m<q—2

has rank ¢ — 2. Note that j(1) = 0 and j(m) # j(m’) for m # m/, j(m) runs through the
set {0, 1, ...,q — 2} except one nonzero element. Let J be the element not in the image
of j. Let P; be the sub-matrix of P by deleting the J-th column of . We claim that
det(Py) is a nonzero polynomial with respect to the real and imaginary parts of vy, ...,
vg—2. Indeed, by expanding det(Py), there are two terms involving vy and Ty with highest
degree

F0U1TV2 - - - Vovg—2 and =+ Vy_200Vg—3v0 - * - V100,

the claim follows easily. Therefore the set of v € V' with rank(*) = ¢ — 2 is open dense in
V and the lemma follows. O

Now it is easy to prove Theorem [I.2] and Corollary [T-3]

Proof of Theorem[1.2. By Lemma the set of maximal spanning vectors for (7, GA(1,q), V)
is

q—1

(V- N).

i=0
By Lemmas [£.2] and [£3] V' — N; is open dense in V for all 0 < i < g — 1, therefore the
set of maxunal spanning vectors for (r, GA(1,q),V) is open dense in V and the theorem

follows. O
Remark 4.4. From the proof of Lemmas 4.2/ and [4.3] ., write v = (vo, ..., Vg—2) €
C9~!, then v is maximal spanning for (7, G, (Cq 1) if and only if rank() = ¢ — 2 and
|vg |2 —|— Cloaf* + -+ + 972 |vg—2|? # 0, for any (q — 1)-th root of unity ¢. See [I, Theorem

6.5] for the special case where ¢ is a prime number.

Proof of Corollary[1.3 The g = 2 case is trivial. Assume that ¢ > 3. Let p : GLo(F,) —
U(C9 1Y) be a cuspidal representation of GLa(F,). We identify GA(1, ) with a subgroup
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of GLy(F,) via

GA(L,q) — {(S D € GLy(F,)} < GLy(F,)

(a,b) > (8 Cl‘>

Then plga(i,g) = 7 (cf. [3, Section 6] and [I1, Section 5.2]). Hence the set of maximal
spanning vectors for (p, GLa(Fy), C971) is open dense and p does phase retrieval.

Let p : GLa(Fy) — U(C?) be a special representation of GLy(F,). From the character
table for GLa(IFy) (cf. [11, Page 70]), we claim that (p, GLa(F), C9) is unramified. We use
the notation as in [11, Section 5.2| in the following. In particular, the special representations
are denoted by Vi, where a : ' — T is a character. Since Vo, ® Vy =V ® V*, we may
assume that o is trivial for simplicity. On the four conjugacy classes a,, by, ¢z y, dsy, the
character of V' ® V* takes value

¢?, 0, 1, 1, respectively.
Then

<XV®V* ) XV®V*>

=2 @0+ Y D@+ + Y (11" —aq)

e e i
q—1)(g—2 q(g—1
=g~ 1)+ 0+l + ) T g 2D

=|GL2(F,)|(q + 1).

It suffices to find (g + 1) irreducible representations of GL2(FF,) that appear in V@ V*. We
explain the details if ¢ is odd and state the minor difference if ¢ is even.

1) The trivial character appears in V ® V* with multiplicity one since V = V*.
pp p y
(2) fa: Fz — T is not the trivial character, by direct computation, the representation

W o1 appears in V @ V* with multiplicity one. If o # a~!, then Wo -1 is

irreducible. Note that W, g = W3, there are ‘15—3 (¢ + 1)-dimensional irreducible

representations in V@ V™. (If g is even, there are %2 (g+1)-dimensional irreducible
representations in V ®@ V*.)

If o =a ! ie a® =1, then Waa1 = Waa = Uy @ V,. Direct computation
shows that U,, the one-dimensional representation associated with «, does not
appear in V ® V*. Hence in this case V,, (a? = 1) appears in V ®@ V*. (If ¢ is even,
this case does not happen.)

(3) If a: Fy — T is the trivial character, by direct computation, (xw___,,Xxvev+) =
2| GLa(FF,)|. Note that in this case W, ,-1 is the direct sum of the trivial character
and V. Therefore V' appears in V' ® V* with multiplicity one.

(4) Let ¢ : FZQ — T be a character of the multiplicative group of the quadratic exten-

sion of ;. Then one checks that (xx,, xvey+) = 1 if and only if @It s trivial,

or equivalently, p(Fy) = 1. As X, = X0, there are % (¢ — 1)-dimensional irre-
ducible representations in V' ® V*. (If ¢ is even, there are 4 (¢ — 1)-dimensional

irreducible representations in V ® V*.)
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The claim holds and the corollary then follows from Theorem O

Remark 4.5. The principal series representations Wy, g (a # ) of GLg(F,) are ramified
and W, glga(i,q) s just (¢+1)-copies of the trivial character (cf. [3, Section 6]). The above
method does not apply to these representations. For special representations of GLa(IFy),
although there are plenty of maximal spanning vectors, it is not easy to write one explicitly.

5. ON OTHER METABELIAN GROUPS

Let 7 : G — U(V) be an irreducible representation of G and Cr C L?(G) be the space
spanned by the matrix coefficients of . We know that v € V is a maximal spanning
vector for (m, G, V) if and only if ¢, , is a cyclic vector of the representation (ad, G, Cr).
Once we have an explicit description of Cr and (ad, G, C), we may proceed as in Section
to find maximal spanning vectors. In the following, we explain this strategy for certain
representations of metabelian groups.

5.1. The group G. Let (N,+,0x) and (H,-, 1) be two finite abelian groups. Assume
that H acts on N via morphism ¢ : H — Aut(N). For h € H and n € N, write "n for
t(h)(n). Let G = N x H be the semidirect product of N and H associated with ¢. Let N

be the dual group of N. The action of H on N induces an action of H on N given by
p(n) = (" 'n), for p € N, h € H, n € N.

If ¢ € N and hap 2 4p for all h # 1p, then by Markey’s criterion, 7 := Ind%z/J is an
irreducible representation of G. Let Oy, O1, ..., Os be the orbits of N under the action
of H with Og = {On}. Then there are three types of conjugacy classes of G = N x H,
given by

{(ON,lH)}, (Oi,lH) (1 <1< S), (X,h) (X C N, h;é IH).

On these conjugacy classes, the character of Ind% 1) takes value

|H], Z hap, 0, repectively.
heH

The one-dimensional representations of H induces one-dimensional representations of G,
we denote them as x1, ..., X|m|-

We use similar notation as in Section[3] Let 7 and ad be the right regular representation
and adjoint representation of G on L?(G) respectively. We write elements of G as (a,b) € G
with a € N and b € H. Let J. ) be the characteristic function of the point set {(c, d)} for
all (¢,d) € G. For the convenience of the readers, we collect the following formulas:

(1) (a,b)(c,d) = (a+ be, bd);

2) (a,b)h = (=""a,b71);

) (a,b)"He,d)(a,b) = (= a+ e+ g, d);
)

)
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5.2. The decomposition of C,. For each d € H, let L?>(G)q C L*(G) be the subspace
spanned by §(.4) (¢ € N). There is an |H|-dimensional subspace of L*(G)q spanned by

> Mp(e)dieay, h € H.
ceEN

Denote this subspace by L?(G)g4,. By the discussion in [I8, Section 2.6], we have
Cr = ®aen L (G)a,p-

To understand the representation (ad, Cy), we compute

ad(a,b)(>_ Mb()d(c,) = D "()S(beradaa)

ceEN ceN
—1
=Y """ (e —a+a))d(q)
(5.1) ceEN o
= Z w —a+ a) (c,d)
ceEN
= "Mp(—a+%a) Y Mp(c)d(ea
ceN
If d = 1p, then

ad(a7 b)(z hi/}(C)(S(c d) Z oh c ,d)*

ceEN ceEN

Therefore (ad, L*(G)1,,,4) = x1 @ - - - @ x|m|- More precisely, for 1 <i < [H]|, let K; be the
one-dimensional space generated by

Z Xl Z ¢ 6(0 1m)»
deH ceEN
then (ad, K;) = x;
If d # 1y, equation shows that L?*(G)ay is a G-stable |H|-dimensional space.
Therefore 4 = (ad, L?(G)4,) is an |H|-dimensional representation of G. Moreover, the
character of this representation is given by

(ONalH) = |H|v
(5.2) (a#0,1y) = Z Mp(—a+%a) = Z (@ My hyp ) (@),
heH heH
(N,b 75 1H) — 0.

Note that in general the set
1 _
{* "y~ [ he HY

is not an orbit of N under the action of H (cf. Section . Assume that it is an orbit
with |H |-elements, then g, is the irreducible representation Ind%(dilw 1) of G. In
the case of G = GA(1, ¢) as in Section (4 all these 74, are isomorphic to 7. For simplicity,
we assume that 7 satisfies the following condition.

(F): The representations mq, (d € H, d # 1p) are irreducible and pairwise non-
isomorphic.
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Therefore, the representation (ad, Cy) is multiplicity free and we have

(ad,Cx) = (P maw) P P P ximi-

deH
d#ly

By Theorem [I.1} 7 admits maximal spanning vectors and does phase retrieval. Next we
find all maximal spanning vectors. First by Proposition [2.3] we have the following lemma.

Lemma 5.1. Let ¢ € N be a character of N such that ¥ % ™) for all h # 1g. Let
(m,G, V) be the induced representation Ind$ ¢ and assume that © satisfies condition (F).
Then v € V is a mazimal spanning vector for (w,G, V) if and only if the following two
conditions are satisfied

(1) the projections of ¢, to K; (1 <i < |H|) are nonzero;
(2) the projections of ¢y, to L*(Q)ay (d € H, d# 1) are nonzero.

5.3. The characterization of maximal spanning vectors. Assume that we are in the
case as in Lemma . As (Ind% V)N = Bpen™p, if we fix a basis for each i, then
m(0n,d) (d € H) is a permutation on the coordinates and

(e, 1g) = diag("y(c))nen-

For 1 <1 < |H|, the projection of ¢, , to K; is zero if and only if

cvvaZZX@ 5(01H)>

deH ceN
= 3 3 @ T()ennle, 1a)
deH ce N L
= (D> xild)p(c) diag("(c) be v, v).
deH ceN
Since
SN xi @m0 (e) = > xald) Y (o) ()
deH ceN deH ceEN
we have

S xi(d)(e) diag(P(c) e = IN| diag(xi (b))ber-

deH ceN

Therefore, the set of v € V with nonzero projection in K; is open dense in V.

For the projection of ¢,, in LQ(G)CW, we claim that the set of v € V with nonzero
projection in the one-dimensional space Kj, g := C(3_ cn hd)(c)é(qd)) is open dense in V,
forall he H,d € H and d # 1.
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Indeed, the projection of ¢, , in Kj, g is zero if and only if

0= <cv,’ua Z hd}(C)(S(qd))

ceN
=Y "p(e)es(c, d)
ceN L
= (> "p(e)m(e, dy,v).
ceEN
Note that
S p(e)m(e,d) =Y Mp(e)m(e, Lm0, d) = [ Mp(e)m(e, 1n)]m(On, d),
ceEN ceEN ceEN

and ) oy "ap(e)m(e, 1) is not the zero matrix, the claim follows.
Write v = (vn)jey € CIHl. Then v is a maximal spanning vector for (w,G,V) if and
only if the following two conditions hold

(1) Ypem x(B)|op|? # 0 for all x € H;
(2) for each d # 1p, there exists at least one h such that the projection of ¢, , in Kj 4
is nonzero.

From the above computation, the second condition holds if all the v; are nonzero. Hence
it is easy to write down a maximal spanning vector for (7, G, V).

Example 5.2. It is not difficult to find representations that satisfy condition (F). Let
H be the cyclic group Z/mZ, N be the cyclic group Z/nZ, where m > 3, n = 2™ — 1.
Let o and 8 be generators of H and N respectively and the action of H on N is give
by “8 = 28. Then the action of H on N is free, the irreducible representations of the
metacyclic group G = N x H is either one-dimensional from the characters of H, or is the
induced representation Ind%w for a nontrivial character ¢ € N. Moreover, assume that
n=2" —1is a prime number (e.g. (m,n) = (3,7), (5,31)...), then every Ind§ ¢ satisfies
condition (F). Therefore, every irreducible representation of G = Z/nZ x Z/mZ admits
maximal spanning vectors, hence does phase retrieval.

Remark 5.3. The general split metacyclic group case is similar. Let r > 2 be a positive
integer. Let H be the cyclic group Z/mZ, N be the cyclic group Z/nZ, such that r" =

(mod n). Let @ and B be generators of H and N respectively and the action of H on N
is give by “8 = r3. Let 7w be an irreducible representation of G = N x H. If 7 is trivial
on N, then it is induced from a character of H and the situation is trivial. If 7w is not
trivial on NV, let ¢ : N — T be a character of N that appears in 7|y. Assume that 1) is of
conductor d, i.e. it is a composition of the form Z/nZ — Z/dZ =+ uy C T. By Frobenius
reciprocity, m appears in IT := Ind% . Note that II|y = @pepy™. In general, {"¢}nen
breaks into several orbits. Let s be the smallest positive integer with 7°* =1 (mod d). Then
the subspace ®p,¢ H/(sa>h¢ is an irreducible representation of G. By Frobenius reciprocity

again, this is 7 and IT 2 7%(m/5) One then sees that the subgroup (df) x (sa) C N x H
is in the kernel of 7 and 7 factors through Z/nZ x Z/mZ — 7./dZ x 7Z/sZ. Therefore,
we may assume at the beginning that 1 is of conductor n and n t 7™ — 1 for any positive
integer m’ < m.
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With the above assumption and the notation in Section the representations 7y
(d # 1p) are irreducible. On the other hand, it is possible that when d varies, the orbits
{d71h¢ -hp=1 | h € H} coincide, therefore the corresponding T4, are isomorphic. If
this happens, by identifying the orbit elements, it is easy to write down the isomorphism
between 7y, and mg  (just as we did for GA(1,q)). Assume that H — {1y} = UjerD;,
where 74, = mg  if and only if d, d’ are in the same D;. If | D;| = 1, the linear independent
condition is trivial. If |D;| > 2, the linear dependent property is a closed condition and
the set of vectors with linear independent condition is open dense. Since [ is a finite index
set, the set of maximal spanning vectors for m is open dense. In particular, the irreducible
representations of split metacyclic groups does phase retrieval.

5.4. The Weyl-Heisenberg case revisit. We have seen that the condition (F) is not
essential. In the G = GA(1,q) case, if some of the 74, are isomorphic, we may apply
Proposition 2.5] to find maximal spanning vectors by writing down the isomorphisms ex-
plicitly (cf. Lemma and Remark . In the following, we explain another extreme
example where the representations w4, are direct sums of one dimensional representations.

We keep the notation as above. Let H be a finite abelian group of order n and H be the
dual group of H. Let u, be the group of n-th roots of unity and let N = p,, x H. Define
the action of H on N by

"(¢x) = (C-x(h),x), forheH, CE€pn x€H.

Let G = N x H be the associated semidirect product of N and H. Let ¢ : N = pu,, X H—
C* be the character (¢, x) — ¢. Then

Pp(¢,x) = (" (G x) = x(hHC.

Therefore 7 := Ind§ 1 : G — U(C") is an n-dimensional irreducible representation of G.
We claim that in this case the representations mqy on L?(G)4y is a direct sum of one
dimensional representations. Indeed, the characters appear in equation (5.2)) satisfies

Ty =y,

Let x1, ..., Xn be the characters of H. For 1 <i<mnandd € H, let K; 4 C L*(G)qy be
the one dimensional subspace of L?(G) generated by

> xi(0) Y "(€)d(c.a)-

heH ceEN
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For (a,b) € N x H with a = ((,x) € N = i, x H and b € H, by equation (5.1)), we have

ad(a, b)( le Zhw

heH ceN
=> xi(h)ad(a,b)( Y "¥(0)d(ca))
heH ceN
=> xi(h) D> x(d)*Mp(c)d(c.a)
heH ceN
B) > xi(bh) Y PMp(c)die.a)
heH ceN
YO xi(h) > "0(€)8(c,))-
heH ceN

In other words, (ad, K; 4) = Xi 4, where x; 4 : G — T is the character given by

Xid(C X h) = x(d)xi(h),  for ¢ € pn, x € H, h € H.
Hence (ad, LZ(G)dﬂw) = @1<i<nXi,d and the claim follows. Note that for 1 <i <n,d¢c H,
the characters x;q are pairwise non-isomorphic and they are just all the characters of

the abelian group H x H. By Proposition v € C" is a maximal spanning vector for
(m,G,C") if and only if the projection of ¢, , in K; 4 is nonzero for each 1 <i <n, d € H.
As in Section ¢y,0 Projects to zero in K, 4 if and only if

vaaz ZXZ 5(cd)>

heH ceN
= Z Z Xz CU U(C d)
heH ceN
= xih) Y "p(e)m(e, 1) (0, d)v, v)
heH ceN

= (IN|diag(xi(h))nen - 7(0, d)v, v).
Therefore, v is maximal spanning if and only if (7 (g)v,v) # 0 for all g € G.
Moreover, let o € Z%(H x H,T) be the cocyle a((x,h),(x',h')) = x'(h) and define
7:H x H— U(C") by

7(x,h) =7n(1,x,h), forxe ﬁ, heH.

Then 7 is the unique projective representation of H x H with multiplier o (the Weyl-
Heisenberg representation of Hx H ). A vector v € C™ is a maximal spanning vector
for (x,G,C") if and only if v is a maximal spanning vector for (7, H x H,C"). Note that
(¢, x, h) = (7(x, h), we obtain [I7, Theorem 1.7] for the Weyl-Heisenberg representations.
The general abelian case is similar.
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