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ABSTRACT. Let K be a number field with class number 1. In this paper, we study the family of
Severi-Brauer conics over K defined by equations 2 — az? — by® = 0, where (a,b) € K*/(K*)? x
K*/(K*)?. We prove that, within this family, the density of the conics admitting at least one
nontrivial K-rational point is zero. As an application, for an elliptic curve E/K satisfying E(K) D
E[4], we show that the subset of H'(K, E)[2] consisting of classes with equal period and index has
density zero. This is closely related to the question proposed in [3, Problem 2].

1. INTRODUCTION

Let K be a number field with class number 1. In this paper, we prove that within the family
of Severi-Brauer conics parameterized by K*/(K*)? x K*/(K*)2, the density (cf. Definition 1.1)
of the conics admitting at least one nontrivial K-rational point is zero. Our motivation originates
from a period-index distribution problem for elliptic curves (cf. [3, Problem 2]). Through O’Neil’s
obstruction map (cf. Equation (3.3)), which coincides with the Hilbert symbol in our setting, we
establish a connection between the period-index distribution problem and the density problem for
Severi-Brauer conics. Furthermore, we clarify part of [3, Problem 2] and give an answer for the case
that P = 2 for number fields with class number 1.

We fix some notation and explain our main results in the following. Let K be a number field.
For each pair (a,b) € K* x K*, the associated Severi-Brauer conic is defined by the homogeneous
equation 2% — az? — by? = 0. We study the density of such conics that have at least one nontrivial
K-rational point. In the case that K has class number 1, for each prime ideal p C O, we fix a
generator 7 of p and call m a prime of Ox. We say that m is an odd prime if 2 ¢ (7). Every € K*
admits a unique factorization of the form

(1.1) x =untny? o,
where a; € Z, u € 0}, and m; are distinct primes of K. Let U = {1, ug,---, u,} C O} be a system

of representatives of the quotient group 0}/ (@}‘()2, where 1 is the representative of the identity
element. For any [a] € K*/(K*)2, we choose a representative a € K* of the form a = uqmims - - - T,
where u, € U and 7; are distinct primes of K. This construction gives a one-to-one correspondence
¢ between K*/(K*)? and the set of “square-free numbers”:

n
Yg:={a€e K" |a= uHm, u € U, m; are distinct primes}.
i=1
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In the following, for any [a] € K*/(K*)?, the image of [a] under ¢ is denoted by a.

Definition 1.1. Let K be a number field with class number 1. For X € R+, define
Y%¥ :={a€ Xk | -X < N(a) < X},

and
S = {(a,b) € TX x 2% | (a,b) g =1},
where (a,b)y i is the Hilbert symbol (cf. Definition 2.1) and N is the field norm Ng/q. The
rational density of Severi-Brauer conics over K is defined by
H,X
D

K
X‘Q'
K

0,k := limsup
X—+o0 |E

Our main result is the following theorem.

Theorem 1.2. Let K be a number field with class number 1. The rational density of Severi—Brauer
conics over K 1s zero.

As an immediate application to the period-index problem discussed in Section 3, we obtain the
following result. See Theorem 3.4 for the precise meaning of density.

Theorem 1.3. Let K be a number field with class number 1, and let E/K be an elliptic curve with
E(K) D E[4]. Then in H' (K, E)[2], the density of the subset of classes with coinciding period and
mdex s zero.

In Section 2, we review basic notions of the Hilbert symbol and prove Theorem 1.2 through
analytic number theory techniques.

In Section 3, we review basic notions of period and index of homogeneous spaces for elliptic curves
and prove Theorem 3.4, by relating the rational density (cf. Definition 1.1) and the period-index
density (cf. Definition 3.3) via O’Neil’s obstruction map (cf. Equation (3.3)).

Notation Let f(x) and g(z) be functions defined on Zo. We employ the following asymptotic
notation:

e f(x) =0(g(z)) if 3C > 0 such that |f(z)| < C|g(x)|;

"

e f(z)=o0(g(x)) if lim gﬁ = 0;

o0 9(@

~

N e fl@)
o f(z)~g(x)if xll)rgo g = L

Let K be a number field:
e Ok denotes the ring of integers of K;
e For an ideal a C Ok, w(a) denotes the number of distinct prime ideal divisors of a;

e For a € Ok, w(a) :=w((a));
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e N(a) denotes the field norm N g(a) for o € K*, and N(a) denotes the ideal norm Ng g (a)
for ideals a C Ok;

e Let K be of degree n = r1 + 27y, where r; denotes the number of real embeddings and 75 the
number of conjugate pairs of complex embeddings. For a € K, let a(? (1 < i < r;) denote
its real embeddings, and a(/) (ri+1<j <ry+ry) denote a fixed choice of non-conjugate
complex embeddings.

For every v = (v1,--+ ,v,) € R", v := \/(vl)2 + 4 ()2

2. THE HILBERT SYMBOL AND THE RATIONAL DENSITY

In this section, we provide necessary background on the Hilbert symbol (cf. [16, Chapter 14])
connecting the period-index problem in Section 3 with Theorem 1.2. We then proceed to prove
Theorem 1.2, utilizing the computability of Hilbert symbols alongside tools from analytic number
theory.

Fix a positive integer n, and let K be a field of characteristic 0 that contains an n-th primitive
root of unity. It is well known that K*/(K*)" = HY(K,Z/nZ) = Hom(Gal(K /K),Z/nZ). Thus
for any @ € K*, we can associate a character x, € H'(K,Z/nZ).

Definition 2.1. Let Br(K) be the Brauer group of K and let Br(K)[n] be its n-torsion subgroup.
For a, b € K*, define the symbol (a,b)n, x € Br(K)[n] to be the cup product

bU 6(Xa),
where b € HO(K,K") = K*, xo € H\(K,Z/nZ) C H'(K,Q/Z) and 6§ : H'(K,Q/Z) = H*(K,Z)

is the connecting homomorphism.

The symbol is a bilinear map from K* x K* to Br(K)[n]. In fact, it induces a bilinear map
(', )i,k from K*/(K*)" x K*/(K*)" to Br(K)[n]. We call it the Hilbert symbol over K. When
n = 2, we denote (, )m, xk by (', )u k. The following proposition gives a necessary and sufficient
condition for this Hilbert symbol to be trivial. (cf. [16, Ch. 14, Sec. 2, Prop. 4] or [17, Chapter 3]).

Proposition 2.2. Let K be a field of characteristic 0. Let a,b € K*. Then (a,b)yx = 1 if and
only if b is a norm of the extension K(a'/?)/K. In other words, (a,b)mx = 1 if and only if the

2

conic 22 — ax® — by?> = 0 has a nontrivial K -rational point.

Let m € Ok be a prime of Ok. For any a € Ok, define (%)2 to be the quadratic residue symbol
of @ mod (7), i.e.,

1 ifa mod (7) is a square in K%,
a
(;)2 =4 -1 ifa mod (m) is not a square in K,
0 ifae(m).

T T

where k., is the residue field Ok /(7). For any ideal I = (71 ---m,) C Ok, denote by ( ¢ )2 the

product (7%1)2 e (%)2 for any a € Ok. It is a character of (O /I)*.
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Remark 2.3. When b = —a, the conic 22 — az? + ay? = 0 admits the solution (x,y, z) = (1,1,0).
Hence there exist infinitely many pairs (a,b) € K*/(K*)? x K*/(K*)? such that (a,b)gx = 1.
Thus Theorem 1.2 is not trivial.

Theorem 2.4. Let a,b € X such that a = uymy ... 7y - w1 ... and b = uamy ... 7, - w1 ...,
with ﬂi,wé,wk distinct primes. Assume that w is an odd prime among m; for 1 < i < n. Then
(a,b)H K, is trivial if and only if (%)2 is trivial, where K, denotes the completion of K at p := ().
The symbol (a,b) g x, is abbreviated as (a,b), in the following.

Proof. Let = ar~!. We claim that (a’,b), = 1. Assuming this, it follows that (a,b), =
(@, b)p(m,b)p = (m,b)p = (%)2, which completes the proof. To prove the claim, it suffices to show
that o’z + by? = 22 has a nontrivial solution in K, by Proposition 2.2. Fix a unit c € @}}p. As
y? ranges over squares in r, = Fy (¢ = |kyp]), the values ¢ — by?> mod p take q;r—l distinct residues.
Similarly, the values a’z?> mod p take % distinct residues as x ranges over F,. Thus there exist
zo, Yo € Ok, such that

dzi+ by = (mod p).

The multi-variable version of Hensel’s lemma (cf. [19, Ch. 4, Ex. 4.27]) lifts this to a solution
(z1,v1,21) # (0,0,0) of a’z* + by? = 2% in K,. Thus (a/,b), = 1, as claimed. O

By Theorem 2.4, we provide a necessary condition for the vanishing of the Hilbert symbol.

Lemma 2.5. Let ([a], [b]) € K*/(K*)? x K*/(K*)2. If (la], [b])u.x = 1, then the product
b
I1 (H(Qi”)z’) is equal to 1.
w|a,mtb
7 odd prime

We now turn to the proof of our main theorem on the rational density of Severi-Brauer conics over
K. The proof relies on the following preparatory lemmas, which provide the necessary analytic tools
for Theorem 2.13. Let K be a number field. We say that a function f defined on all ideals of K is a
multiplicative arithmetic function if for any two coprime ideals a, b, we have f(ab) = f(a)f(b). For
any two ideals a, b, gcd(a, b) denotes the greatest common divisor of a and b, i.e. ged(a,b) =a+b.
For any elements a,b € Ok, ged(a, b) := ged((a), (b)).

Lemma 2.6. Let A\, Ao be constants such that A1 > 0 and 0 < Ao < 2. Let f be a multiplicative
arithmetic function satisfying

(2.1) 0< f(p”) < My
for any prime ideal p with Np > 2 and any v € Z~g. Then for any X > 2, we have

(2:2) > of@=o(x- I a=-NE™HYANWE)T).
N(a)<X v=0

< N(p)<X
aCOx p prime ideal

where O is independent of X.
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Proof. By adapting the method of [20, Part III, Ch. 3, Sec. 3, Cor. 3.6] to number fields (with
primes replaced by prime ideals and p~? systematically substituted by N(p)~"), we establish the
corresponding number field analogue. This completes the proof. O

Lemma 2.7. Let K be a number field and X € Rsg.

(1) (Mertens’ formula) For every y € R, there exists a positive constant C ,,, depending only

on K and y, such that I (1 + Nlp) ~ Cky(log X)¥ as X — oo.
Np<X
p prime ideal

(2) For any y € Rxo, S y¥@ = 0(X(log X)¥1), where O depending only on K and y.
1<N(@)<X
ag@}(

® T = @ o2,

1<N(a)<X 1<N(0)<X (log X)©
GQ@K bg@}(

Proof. (1). The proof follows the same argument as that of [20, Part I, Ch. 1, Thm. 1.12] or [5,
Theorem 1].

(2). We adapt the strategy of [20, Part III, Ch. 3, Sec. 3, Thm. 6]. Note that the function
a — y*@ is a multiplicative arithmetic function, and satisfies the condition in Lemma 2.6 for
A =14y, Ag =1. Thus by Lemma 2.6,

> @ =o(x [T 1-NEH+yNE) T +ONE) ).

1§N(a)§X N(p)<X

By Statement (1), the proof is complete.

(3). Note that for any fixed ideal b, the function fy(a) := (%)w(gc‘i?“»‘”) is a multiplicative arithmetic
function such that 0 < fy(p”) < 1-1°~L. Therefore

(2.3) e
Z Z <;) ged(a,b)

1<N(a)<X I<N(b)<X

<X Y IT A=NE™HD fGINE) ™| - (L=NE)™D fep*)N(p) ™"
1<N(b)<X | N(p)<X v=0 N(p)<X v=0
plb ptb
- > N
<x 3 I a-NE O+ oNe) ) [
N(0)<X N(p)<X v=1 plo 14+ 21 IN(p)—
f N(p)
<x JJ a- 1+ =0
N(p)<X v=1 N®<X plo T+ X 5N (p)~

v=1
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Moreover,

> N(p)~

v=0

al 1
Noex e 1+ 3 AN vioex pe NP T2

v=1

IN

By Statement (2), Y (1+ l)w(b) = O(X (log X)%) By Statement (1),

3
N(b)<X
1 > 1 iy X
X [ A=NE)THO+D N ) =0 -
N(p)<Xx v=1 (log X )2
Thus
W(ﬁ) 2
Z Z (;) =EH <X1) -0(X(log X)3) = O <X1> ’
N(a)<X N(b)<X (log X)2 (log X )3

which completes the proof. 0

Let K be a number field with degree n = r; + 2r9. From now on, we fix a basis {¢;}/212"1 of

O3/ 1tk , where p is the group of roots of unity in K. For a constant C' > 0, let Zk ¢ be the set
{a €0k |0<|a® < CIN(a)|7, 0< oD < CIN(@)[* fori=1,...,r1, j=r1+1,...,r +72}.

In the following we shall demonstrate that there exists a suitable constant C' > 0 such that every
element of Ok can be placed in Zk ¢ after multiplication by a suitable unit. This construction is
designed to facilitate the application of Lemma 2.10 for the analytic estimation of the density.

Lemma 2.8. Let A be a lattice of R™ with basis {v;}}' y. For any a = (ai,...,a,) € R", define
n
Sa = {3:: (X1, o) €ER™ | |zg —ai| < D7 ||vil| for all 1 gign}.
i=1

Then AN S, # 0.

Proof. Since {v;} is an R-basis, write a = Y ;" | bjv; with b; € R. Choose integers m; satisfying
’bi —mi\ S % Then

n n
1
la =Y " mi| < Sl
i=1 j=1

which implies > ; m;v; € S, and this completes the proof. O
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Let [ be the map
l: 05 — RH"2,

(T1+1)”” (T1+T2)|)'

n— (log [nV],... log |n™)|,21og n ., 2log|n

Lemma 2.9. Let {¢;}/X177 be the fived basis of Ok /ur. For any a € Ok \ {0}, there exists a
unit u € Of; such that au € Rk, where R = R =l and {vl}“H2 Lis the image

Ke(n DX
of {e&}1 1 under 1.

Proof. Let o € Ok \ {0}. By Dirichlet’s unit theorem, the image I(0};) forms a full lattice in the

hyperplane
r1+7r2
> u-of.

Since {v;}/11"27! is the image of {}/ 1™~ under I, {vl}rlﬂ2 ! is a basis of [(0}). For each
m € Zwg, let Sy, be the set

H = {((11, ceey arﬁ_rz RMJFTZ

log [N (a)]

bi — + log |a®|

ri+reo—1
<m Z ”Uszv 1<:<nr
Sm = (bl, ey b7-1+1~2) S RT1+T2 -

2log [N (a)|
b — =

+210ga(j)|‘

ri+ro—1
<m > okl mH1<G <+

The lemma is equivalent to showing that {(0}) N (Sp—1) # 0. Let p: R"+72 — R"1+7271 he the
linear projection
(24) p(a1>~--7ar1+r2) = (a17"'aa7'1+7“271)'

Then p(1(6})) is a full lattice in R"*7271. By Lemma 2.8, there exists a unite u € 0} such that

p(l(u)) € p(l(OK)) N p(S1),
which implies I(u) € S,—1. This completes the proof. O

By Lemma 2.9, for each nonzero a € O, we fix a unit u, € O such that uq,a € Z. Let U be
the fixed representatives of 0% /(0% )? in Section 1. Since U is finite, by increasing the constant if
necessary, we can choose a constant C’ such that u; *ujuaa € {8 € Ok | 0 < |39 < C”|N(ﬁ)\%, 0<
1802 < C'|N(B )\% fori=1,...,r1, j=r1+1,..,71 +ro} for any u;, u; € U. Here the constant
C’ depends only on K, the ch01ce of basis {el}”Jﬂ2 ! of 0%/ and the choice of U. For X € Rxy,
define

RX ={a e bk |0< | < C"X%, 0<|aW|? < C'X 7 fori= ywyry, j=r1+ 1,1 + 12}

The following lemma is an immediate consequence of [14, Theorem 2].
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Lemma 2.10. Let K be a number field of degree n = r1 + 2ra, and let q be an ideal of Ok . Let x
be a nonprincipal character of (O /q)*. Then

2r
Z x(a) = O((Nq) T2+2>Xr2+2 10gr2ﬁ2 X),

ae%%
where O depends only on K.
By Lemma 2.9, for each b of the form 7 ---m € Z%, there exists ur,..r, € Of (fixed for

each - --m) such that Upy oo, ML -+ T € 9?[( Choose u’
(mod 0%?). Then u/-

€ U such that v/, ., = g ..x
Uy ooy L -+ Tt € %K for any u € U, which induces a map:

T Tt
7r1 Tt
i NRX — R

UM - T —> um g Uy o TTY -+ Trg

It is easy to see that i is injective, and b and i(b) represent the same class in K*/(K*)? for every

be E%. We use this injective map to apply Lemma 2.10 in subsequent computations.

Fix a € O and X > 0. We estimate the cardinality }a@}‘(
proof of Theorem 2.13.

Lemma 2.11. Let A be a full lattice in R™. Then there exists a constant C' depending only on A,
such that the number #(AN{x € R" | ||z]| < X}) is at most C(X™ + 1) for any X € Rsy.

Proof. See [15, Chapter 3, Lemma 1]. O

Recall that, by Lemma 2.9, for each o € Ok, we fix a unit u, € Oy such that au, € Rx. We
denote au, by a,. We have the following lemma.

Lemma 2.12. Let K be a number field of degree n. Then there exist constants C',C" > 0 such
that for all X € Rsq and for all a € O with |[N(a)| < X,

|, 0% N RR| < C"((log XY™ —log di) + C")",

where ay, = mjn{|a(ui)|}.

Proof. Note that |a, 0% N Rx| = |0% N ay ' R%|. Define the logarithmic map

006\ {0} 5 R s ((og DLy, (21og I, )

Let H = {(s;) € R"1"2 | Z s; =0} and S = £(ay 'R XNOK)NH. For any s € S with s = £(a;1b),

since s € H, the Coordlnate bounds

1 1472
—(Zlog + Z (J +C> <10g\b |—log]a |<10gX1/" log ai, + log C’
7j=1 |O[ j=r1+1 ‘

i JF#i
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hold for some C' > 0. We can therefore choose constants C”, C"" > 0 such that
Scs = {(cz) eRM™2 | |¢] < C"(log XY™ —logaiy) + C™ 1 < i <r + rQ} .

Let p : R1t72 — R™+72=1 he the projection defined in Equation (2.4). Let S” = {z € Rm+m2-1
||| < /nC"(log X'/™ —log c,) + C""} be a ball that contaning p(S’). By Lemma 2.11,

18" N pl(03)| < C((log XY™ —log i) + C)™,
for some suitable constants C,C’ > 0. Since ple(s;,)ns is injective and p(S") € S”, we conclude that

100k Na; ' EZX)| < C(log XY™ —log ay) + C')™.

o: has finite kernel, |0} Nay, ' Ri| < C"((log X'/™ —log i) + C")™ for a suitable constant
C” > 0 and this completes the proof. O

Since ¢

To compute the rational density dp i, we first estimate the size of E%. Recall that

o~ 12 (n) _ —sy _ S(s)
> e =[[+» )_6(28)’

n=1 P

where p is the Mobius function and ((s) is the Riemann zeta function. The right-hand side has a
simple pole at s = 1 with residue 1/{(2). Hence, by the Tauberian theorem (cf. [7, Sec. 5, Cor. 2]),
we obtain that

Qn’\/l as o0
n;(u() @ (as X — o),

which gives the asymptotic formula for the number of square-free positive integers. By the same
argument, one obtains

#{a C Ok : a square-free ideal, Na < X} ~ Cx X (as X — 00)
for some positive constant C'r depending only on K. Thus
X ~rCr X (as X — o0),

where r = |U| and U is the fixed representatives of 0} /(0j)? in Section 1. With the above
preparations, we establish our main theorem.

Theorem 2.13. Let K be a number field of degree n = r1 + 2ro with class number 1. Then the
rational density 0m k = 0.

Proof. Let Eg/’X = {(a,b) | (a,b) € TxX x 8%, (£)5 = 1 for every odd prime 7 | a, 7 { b}. Since
EZ’X C Zg/’x, it suffices to show that
H' X
. Xk
Op' i := limsup
' X—+o0 12%2

is zero.



10 CHUANGXUN CHENG, CHENG NIU, AND XIAOGUANG SHANG

/ b
Since \Eg X = > IT # and |X%| ~ rCx X, it suffices to show that

(a,b)eSExDX  mla,mfh
7 odd prime

3 o

L+ ()2
(2.5) 5 I
(a,b)eSExDX  mla,mih
7 odd prime

= o(X?).

By direct computation,

> 11 1+ (%),
2
(aD)EZHXER T oillgv;ri}i)me

L+ (3),
< > 2 1 —
1<N((a)<X beRy  mla,mib
(a)COK 7 odd prime

<r- Z Z Z (;)Md) (2>2+2T' Z Z < > gcd<ab)).

1SN ((a))<X beax 1#(d)|(a) 1<N((a))<X beax
(a)C@K 2¢(d) (a)COK
d square free

We begin by estimating the summation

. Z Z < ) gcd(aw)'

1<N((a)<X be2E
(a)COK

Notice that

Zn =[] (buOi N RX),
bCOK

where b, is the fixed generator of the ideal b such that b, € Zx. By Lemma 2.12, we have
|b,O% N RE| < C" (1og XU _logh, + é’)" ,

where b, = min{|b1(f )|} We divide the ideals (b,) into two classes:
e Class I: Ideals satisfying

c" (logXl/" — log by + é’)n > log'/" X.

e Class II: Ideals violating the above inequality.

Equivalently, Class I consists of ideals with
log!/(™) x

T 1/n o~ ~ !
log b, < log X (é//)l/n +
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while Class II contains the remaining ideals. Since b, € g, there exists a constant C; > 0

(%)
depending only on K such that \%| < C1 for all 0 < 4,5 <71 +1792. Thus elements in Class I satisfy

. n(log X1/n_log!/ () X)

|N(bu)‘ < Cle (&Ht/n
for some constant C; > 0. Let Ax := log X/ — bgéi/#‘ Notice that Cpe"4x = O(W).
Then
1\ “ (et
> 23
1<N(a)<X beR¥
OQ@K
SR SR O
- 2
ISN(@<Xbe [ (buONARY)
aCOk bCOK
< X% X legh+ )
1<N(a)<X 1<N(b)<CrenAx
OQ@K
1 w(ﬁ)
. >, leg'TX <2> g
1SN(0)<X GenAx <N(b)<Cm X
aQ@K
2 X2
0g12
Thus

$ 11 (1+(3),)
R T

<r. - Z
< Y Y % (2) (d)2+o<x>
1<N((a))<X —=X<N()<X 1#(d)|(a)
(a)COK bERX . 2§fé(d)f
square Iree

-y 2 2 () (1),
1<SN((a))<X  1#(d)|(a) —X<N(b)<X
(@Cox  2¢(d) bR
d square free

w(d) L
<r- Z Z <1) (N((d)))ﬁXTig 10gr27+12 X +0(X?) (By Lemma 2.10)

1SN ((a)) <X (d)|(a)

ro+41 2r 1 w(d)
o xFrgiEx. Y () T o(X2).



12 CHUANGXUN CHENG, CHENG NIU, AND XIAOGUANG SHANG
1 w(d)
3 (5)

1\“@) 1\ “(d)
o IR C) IO VR Y B SRR D D € e
1<N((d1))<VX \/Y<N((d2))§$dl)) 1<N((d2))<VX \/YgN((dl))SW
(d1)COK (d2)COK (d2)COK (d1)COx

We estimate the first term
1 w(d1)

1<N((d1))<VX VX <N ((d2)S iy
(d1)COK (d2)COK

and the estimation for the second term is the same. Note that

X =)

VXN () < vy
(d2)COx

for some constant C5. Thus

SR BRI SR

1<N((d1)) VX VX<N((d2))S wtay
(d1)COK (d2)COxk
1 w(dl) X
<Cs - 5
= 2 (2> N((d1))
1<N((d1))<VX
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where Cg, C7, Cg are constants. Therefore

3 <;>w(d1) | 3 1) = O(X log? X).

1<N((d1))<VX VX<N((d2) < 5ty
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This completes the proof. O

3. THE PERIOD-INDEX DENSITY OF ELLIPTIC CURVES

The Hilbert symbol is closely related to the period-index problem of elliptic curves. As an appli-
cation, we use Theorem 2.13 to compute the period-index density of elliptic curves in a particular
situation. In the following, we review the notions of period and index of homogeneous spaces
for elliptic curves, and explain the relationship between the Hilbert symbol and the period-index
obstruction map.

Let K be a field with absolute Galois group Gx = Gal(K/K), and let E/K be an elliptic
curve over K. The Weil-Chatelet group WC(E/K), which classifies the equivalence classes of
homogeneous spaces of E, is canonically isomorphic to the Galois cohomology group H' (K, E(K))
(cf. [8, Proposition 4]). Under this isomorphism, each equivalence class of a homogeneous space C
of E corresponds to a cohomology class in H'(K, E(K)), which we denote by [C]. The period of a
homogeneous space C, denoted by P(C), is defined as the order of [C] in the group H!(K, E(K)).
The index of C, denoted by I(C), is the smallest positive integer d for which there exists a K-
rational divisor of degree d on C. When K is a local field, Lichtenbaum [10] (see also [13, Section
5]) proved that P(C) = I(C) holds for all homogeneous spaces C of F/K. In contrast, when K
is a number field, the period and index do not necessarily coincide (cf. [1]), but they satisfy the
divisibility relation
(3.1) P(C) | I(C) | P(C)?
as shown in [11, Theorem 8] (see also [13, Proposition 2.4]). Building on this constraint, the neces-
sary conditions for a positive integer pair (P, ) to arise as the period and index of a homogeneous
space C' are that I = Pl for some positive integer [, and that [ divides P. Furthermore, Sharif [18,

Theorem 2] proved that for any such pair (P, Pl) with [ | P, there exist infinitely many homogeneous
spaces C of E satisfying P(C') = P and I(C) = PI.

A natural question arises: If the period is fixed, how are the possible indices distributed (cf.
[3, Problem 2])? In the following, suppose that C' is a homogeneous space whose class [C] €
H'(K, E) has period 2. From the divisibility relation (3.1), I(C) must equal 2 or 4. This reduces
to determining the density of the subset

{[C]][C] € H'(K,E)[2],1(C) = 2}
within the entire set H'(K, E)[2].

In the rest of this section, let K be a number field, n be a positive integer and E/K be an elliptic
curve defined over K. Recall the following Kummer sequence for the elliptic curve E:

(3.2) 0 — E(K)/nE(K) > HY(K, E[n]) & HY(K, E)[n] — 0.

One of the main tools in the study of the period-index problem is the following map constructed
by O’Neil:
(3.3) Ob : H'(K, E[n]) — Br(K).
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The details of the obstruction map can be found in [13]. The map Ob can be used to determine
whether or not I(C) = P(C) for a given homogeneous space C'. Concretely, we have the following
proposition.

Proposition 3.1. Let [C] € H'(K, E) be of period n. Then C has index n if and only if there
exists a lift ¢ € HY(K, E[n]) of [C] such that Ob(¢) = 1.

Proof. This is [2, Theorem 5. O

We explain the relationship between the Hilbert symbol and the obstruction map. Assume that
the entire n-torsion subgroup E[n] C E(K). Via the theory of the Weil pairing, the n-th roots of
unity p, are contained in K. Fix a basis (5,T) of E[n] once and for all. Again by the Weil pairing,
¢ =en(S,T) is a generator of u,. After making this choice, we have an isomorphism

(3.4) Un : HYK, py) x HY(K, ) = HY(K, E[n)).

Via the canonical Kummer isomorphism H'(K, u,) = K*/(K*)", we may equally well view 1, as
a map defined on (K*/(K*)")2.

Theorem 3.2. For n € Zg, let n* be n if n is odd and 2n if n is even. If En*] C E(K), then
Oboty, = (, )H.. Kk, where (, )u, K is the Hilbert symbol defined in Section 2.

Proof. This is [4, Theorem 10]. O

Suppose that [C] € H'(K, E) with P(C) = 2. Then I(C) = 2 or 4. Moreover suppose that
E[4] € E(K). As discussed above, we have an isomorphism H'(K, F[2]) = K*/(K*)? x K*/(K*)2.
Under this isomorphism, we view the map Ob as a map from K*/(K*)?x K*/(K*)? to Br(K). Then
by Theorem 3.2, the map Ob coincides with the Hilbert symbol. In summary, replacing H' (K, E[2])
with K*/(K*)? x K*/(K*)?, we have the following diagram:

0 —— E(K)/2B(K) —2— K*/(K*)? x K*/(K*)? —— HY(K,E)[2] —— 0.
(3.5) lOb:( s VH K
Br(K)

Definition 3.3. Let K be a number field with class number 1, and let E/K be an elliptic curve
satisfying E[4] € E(K). With the notation as above, for homogeneous spaces of period 2, the
period-index density © is defined as the following limit:

O = limsup {IC] | [C] € p(E5 x %), 1(C) = 2}|
e o< 5] |

Theorem 3.4. Let K be a number field with class number 1, and let E/K be an elliptic curve
satisfying E[4] C E(K). Then © = 0.
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Proof. By Proposition 3.1, the set {[C] | [C] € p(T% x %), I(C) = 2} is equal to the set

{[C] € p(B% x %) | 3(a,b) € K*/(K*)* x K*/(K*)?, such that p(a,b) = [C] and (a,b) g = 1}.

Let {(ai, b;)}i_; denote the image of E(K)/2E(K) in K*/(K*)? x K*/(K*)2. Let A be defined
as

A = max {112% [N (ai)], max, IN(bj)I} -
Then {[C] | [C] € p(Z% x BX), I(C) = 2} C {[C] | [C] € p(SHA¥)}. Thus by Equation (2.5), we
have |[{[C] | [C] € p(E% x £X), I(C) = 2}| = o(X?). Hence
O — limsup {IC]|[C] € p(Zx x =R), I(C) = 2}|
X—+4o00 “KE§><E§)

o o(X?)

JEavearT

=0.

g

Remark 3.5. By the divisibility relation (3.1), every nontrivial element [C] € H'(K, E)[2] sat-
isfies P(C') = 2 and I(C) € {2,4}. This theorem establishes that within the 2-torsion subgroup
HY(K, E)[2], the subset of elements with I(C) = 2 is sparse (exhibiting period-index density 0),
whereas those with I(C') = 4 dominate (attaining period-index density 1) under the conditions spec-
ified in Theorem 3.4. Notably, there exist elliptic curves satisfying the hypotheses of Theorem 3.4.
A concrete example is the curve 256.b1 in the LMFDB database, whose Weierstrass equation is
explicitly given by
y2 =23 — 2.

Further instances from the LMFDB database, such as 200.2 — a3, 225.2 — a6 and 5525.5 — b9,
also satisfy the conditions in Theorem 3.4.
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