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behaves like the standard multivariate normal distribution if
these newforms are not twists of each other. As a consequence,
we prove a multiplicity one result for modular forms under
the generalized Riemann hypothesis.
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1. Introduction

Denote by Si(N) the space of cusp forms of weight k for T'o(N). Let a,(f) denote
the n-th Fourier coefficient of f € Si(N). A newform is an element in Si(N) which
is an eigenvector of every Hecke operator and satisfies a;(f) = 1 (cf. [1]). One natural
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question is whether, if we know certain information about the Fourier coefficients of a
newform, we can reconstruct the newform itself. The classical multiplicity-one result for
newforms says that if two such forms f, h satisfy that a,(f) = a,(h) for primes p in a
set of density 1, then f = h. Results like these have been studied by a number of authors
(cf. [7,11,12]). In this paper, we take a probabilistic view of this problem. Recall that a
newform f has complex multiplication (CM, for short) if there is a quadratic character x
such that a,(f) = a,(f)x(p) for almost all primes p (cf. [13]). Denote by w(n) the number
of distinct prime divisors of nonzero integer n. Assuming the Riemann hypothesis for all
Dedekind zeta functions of number fields (GRH), we prove the following result which
can be viewed as a multiplicity-one theorem from a probabilistic point of view.

Theorem 1.1. Let f and h be two newforms with integral Fourier coefficients of levels
Ny and Ny, respectively. Suppose that f and h are not of CM type. If for some constant
C>0,

1
lim sup
t—4o00 Z/logx

{p<z:ap(f) #0,a5(h) #0, |w(ap(f)) —wlap(h))| < C} >0,

then assuming GRH, there exists a Dirichlet character x such that a,(f) = x(p)ap(h)
for p prime to N¢Np,.

In a word, one can distinguish newforms by the number of distinct primes dividing
the Fourier coefficients. The proof is based on a multivariate version of the Erdés-Kac
theorem in probabilistic number theory. The Erdos-Kac theorem provides a splendid
connection between probability theory and number theory. It states that the random
variables

w(n) —loglogn
Vloglogn

defined on the set of natural numbers less than x equipped with the uniform proba-
bility measure, as x goes to infinity converge in distribution to the standard normal
distribution. More precisely, for any a € R,

.1 w(n) — loglogn 1 .2
xgglm;#{ngx: ~ Jogbgn <oz} =G(a) = — / e~ 2dx.
o0

Erdés and Kac’s proof is based on the central limit theorem and sieve methods [6].
They provide a method to study the properties of arithmetic functions by studying their
statistical properties. Since then, various generalizations of the Erdés-Kac theorem have
been studied by many mathematicians, for example see [5].

R. Murty and K. Murty proved a modular analogue of the Erdés-Kac theorem [10].
For the Ramanujan 7-function, assuming GRH, they proved that for all a € R,
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lim
oo x/logx

Vl1oglogp

Liu proved another prime analogue of the Erdés-Kac theorem regarding elliptic curves
[8]. Let E be a non-CM elliptic curve defined over Q. For a prime p of good reduction,
denote by E(IF,) the set of rational points of the elliptic curve E defined over the finite
field F),. Under GRH Liu proved that for all o € R,

# {p <z: 7(p) #0 and w(7(p)) — loglogp < a} = G(a).

I
=100 x/logx

# {p < x: pis of good reduction and w(#E (Fp)) — loglogp < a}

Vloglogp
= G(a).

In a recent paper [4], El-Baz, Loughran and Sofos generalized the work of predecessors
and established a multivariate version of the Erdés-Kac theorem. Roughly speaking, if
a family of integer sequences satisfies certain hypotheses, the number of distinct prime
divisors of these sequences has a probabilistic behavior which fits a multivariate normal
distribution. El-Baz, Loughran and Sofos used their result to study the distributions of
integral points on varieties.

Applying the result of El-Baz, Loughran, Sofos and generalizing the works of R. Murty,
K. Murty and Liu, in this paper we establish a result regarding the joint distribution of
the number of prime divisors of the Fourier coefficients of two distinct newforms.

Theorem 1.2. Let f and h be two newforms with integral Fourier coefficients of weights
k1, ko, respectively. Assume that f,h are not of CM type and f,h are not twists of each
other. Let r1(x) and ro(x) be two polynomials with integral coefficients. For every x > 0,
let

T, = {p <@ : ap(f) +ri(p™ ") # 0 and ay(h) + ra(p~") # 0},

For notational simplicity, write w1 = w(ap(f) + r1(p" 7)) and wy = w(ay(h) +
TQ(ka_l)). Then under GRH, for any Borel set A C R? with zero measure on the
boundary,

I
23100 xz/logx

wy — loglogx ws —loglogx
eT,: , €A
# {p ( Vloglog vloglog

= i/e_%(x2+y2)dxdy
2m
A

Taking A = {(z,y) € R? : 2 < y} in Theorem 1.2, we obtain the following result.

Corollary 1.3. With the notation and assumptions of Theorem 1.2,

1
i T, : = —.
oo ;ﬂ/logx#{pe wi < wa} 2
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In particular, given two non-isogenous non-CM elliptic curves E; and E3 over Q,
by the modularity theorem and the above result with r; = ro = —1 — x, we have the
following corollary.

Corollary 1.4. If F; is not a quadratic twist of Fa, then under GRH,

#{p <z :p is of good reduction and w (#FE1(F,)) < w (#E2(F,))} = %

I
s—to0 x/logx

Theorem 1.1 follows directly from Theorem 1.2. More precisely, taking r; = ro = 0 in
Theorem 1.2, the following two random variables

w(ap(f)) —loglogz w(ap(h)) —logloga
( VIoglog ’ VIoglog z >

behave like two independent normally distributed random variables when z goes to
infinity, so the random variables

w (ap(f)) = w (ap(h))
Vioglogz

Rz(p) =

converge in distribution to a difference of two independent standard normal distributions,
i.e. a normal distribution with mean 0 and variance 2. Hence for any € > 0,

lim
z—+oo z/log x

[ (ap(£) = w (ap(W)] 6}

#{péx:apw)?éo’ap(h)*(’v Vioglogz

1 2
_ —z“/4
BN / e dx.

This implies that for any constant C' > 0, the set

{p:ap(f) # 0,a,(h) # 0, w(ap(f)) = w(ap(h))| = C}

has natural density 1. Thus for two newforms which are not twists of each other, the
number of distinct prime divisors of their Fourier coeflicients will always diverge.

This paper is organized as follows. El-Baz, Loughran and Sofos’ theorem is briefly re-
viewed in Section 2. In Section 3, we use the Galois representations attached to newforms
and the effective Chebotarev density theorem to prove Theorem 1.2 by applying El-Baz,
Loughran and Sofos’ result. Finally Section 4 contains some examples and generalizations
of Theorem 1.2.



152 W. Wang, C. Cheng / Journal of Number Theory 255 (2024) 148-165

1.1. Notation

Let f, g be two complex-valued maps defined on some set D. If g(z) is positive and
there is a constant C such that | f(z)| < Cg(x) for all x € D, we write either f(z) < g(z)
or f(z) = O (g(x)). We write f(z) = o(g(x)) if limy 00 zep f(2)/g(x) = 0. Throughout
this paper, m(x) denotes the number of primes less than x; p, ¢ denote prime numbers;
k1, ko denote integers at least 2.

2. A multivariate version of the Erdés-Kac theorem

In this section, we reformulate El-Baz, Loughran and Sofos’ result in a concise form
which is sufficient for our application. Let T" be an infinite subset of N. For every = > 1,
denote by T, the subset of T" consisting of elements less than z. Given a family of integer
sequences {a;(n) }1<i<m.ner, we have the following conditions.

C1. The sequences have polynomial growth, in other words, there exists a constant d > 0
such that a;(n) = O (n?) for all n. Note that this condition is stronger than the
condition appeared in [4, (2.7)].

C2. For each m-tuple of square-free integers (dy, ..., d,,), write

1

R(dy,...,dm;x) = ]

#{neT, :di]ai(n),...,dn | am(n)}.
Then there exist two functions g and e such that
R(dy,...,dm;x) =g(d1,...,dm) +eldy,...,dy;x)

for all m-tuples of square-free integers (dy, . .., d,,) whose prime divisors are greater
than a given constant P. The function g should possess a multiplicative property,
that is to say

glarby, ... ambm) = glar, ..., am)g(b1,...,by) if ged(arag -+« apm,biby - by) = 1.

C3. Let y = 2F®) | F(2) = logloglog x/+/loglog z, then for all ¥ > 0,

S eldrs .. dmia)| = O ((loglog z) ™) (1)

where ZI runs through all m-tuples of square-free integers (dy, . . ., d,,) which satisfy
that the prime divisors of d; are greater than P and d; < y for every i.
C4. For each 1 <i,5 < mn, let

gi(d) = g(l,...,l,ch,l,...,l) and g; ;(d) := g(l,...,1,(%,1,...,1,(%,1,...,1).

i i 7



W. Wang, C. Cheng / Journal of Number Theory 255 (2024) 148-165 153

Then for every 1 <1i < m,

2 — 1 . — . / 1
Zgi £)=0 (logw and Zgz(ﬁ) =c¢;loglogz +¢; + O oz (2)

>z <z

for some ¢; > 0, ¢, € R. Moreover for every 1 <1i,j <m, i # j,
Zgi’j(g) < +o00. (3)
¢

Note that this condition implies that the covariance matrix in [4, (2.11)] is trivial.

For each integer x > 0, define a uniform measure P, on T as follows. For any subset
A of T, define the probability measure:

P,(4) := |7{x‘ #{n<xz:ne A},

then equipping with the discrete o-algebra, T" becomes a probability space. Define the
random vector K, : T — R"™ via

Ko (n) = w(ai(n)) — ¢ loglogz w (am(n)) — ¢ loglog x
* o vc1 loglog x Y Ve loglog x '

Recall that a sequence of R™-valued random vectors (X,,),>1 converges in distribution
to X if the distribution functions of (X,,),>1 converge to the distribution function F' of
X for all continuous points of F, it is equivalent to saying that P, [X,, € A] — P[X € A]
for all Borel sets A C R™ with P[X € 9A] =0 (cf. [2, p. 26]).

The result of [4, Theorem 2.1] claims the convergence of the above random vectors.

Theorem 2.1. If the family of sequences {a;(n)1<i<m.ner satisfies C1, C2, C3 and C4,
then the random vectors

(T,P,) = R™: nw— K,(n),
converge in distribution as x — +o0o to the standard multivariate normal distribution.

Remark 1. Although in the statement of [4] ¢ is defined on all N, from El-Baz, Loughran
and Sofos’ proof it is enough to assume that the support of g is the set of vectors

(di,...,dn) with square-free entries whose prime divisors are greater than some prime
P.

Remark 2. In order that the error function satisfies condition (1), it suffices to check the
following stronger condition: there exist constants k,§ > 0 such that
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e(dr,....dm;z) =0 ((di - dm)*27%). (4)

Indeed, if inequality (4) holds, then

’ ’
Z le(dy,. .., dm;x)| < 27° Z (da
’
x—ﬁz ymk < x—tsymk—i-m < x—ts,

where Z' runs through all m-tuples of square-free integers (dy, ..., d,,) such that d; < y
and p | d; = p > P. The last inequality holds since y = o(z*) for any € > 0.

Remark 3. If the family of sequences {a;(n)}}1<i<m ner satisfies C1, C2, C3 and C4, by
Theorem 2.1 we have the following Erdés-Kac type theorem: for any Borel set A C R™
with zero measure on the boundary,

— ¢y loglog x w (am(n)) — cm loglogx

1 w
li eT, e A
xirlloo T \ {n < c1 log log cm loglogx > }

m/2/e %(‘T1+ o )d£C1 ATy,
A

Moreover if ¢; = -+ = ¢, and A = {(x1,...,2m) ER™ 127 < -+ < @z, }, we have
lim ! #{nel, wla(n) < - <wl(amn))} = S
x—+00 |T | ! m T oml

3. Proof of Theorem 1.2

In this section, we choose the elements of the sequences in Section 2 to be the Fourier
coefficients of certain newforms. We then check that these sequences satisfy all the con-
ditions in Section 2, then by Theorem 2.1 we get the desired result.

3.1. Images of Galois representations

Let f = Yo" an(f)q" € Z[q] N Sk, (Ny) be a newform which does not have
complex multiplication (non-CM, for short). Following the construction of Shimura,
Deligne and Serre (cf. [3]), attached to f, there exists an f-adic Galois representation
pse: Gal(Q/Q) — GLy(Z
ural projection GLg(Z¢) — GL2(Z/¢Z), we obtain a mod ¢ Galois representation py ,
such that for any p { ¢Ny,

¢) which is unramified outside /Ny. Composing with the nat-

tr by (Froby) = ap(f) mod £ and  detp;, (Frob,) = P~ mod ¢.

By Ribet’s work [14], the image of the mod ¢ representations can be well described. For
any sufficiently large prime ¢, the image of py , is
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G(4,1) := {u € GLy(Z/(Z) : detu = v*' ! for some v € (Z/(Z)*} .

Let h =3 an(h)q™ € Z[q]N Sk, (Ny) be another non-CM newform, and we assume
that there is no Dirichlet character x such that f = h®y or h = f®x. Loefller described
the image of the adelic Galois representation py x pp, and he proved that the image of
the adelic Galois representation is open in the sense of [9, Theorem 3.4.1].

For sufficiently large primes ¢ and ¢, consider the direct sum

ﬁe,el = pf,@ @ph’el : Gal(@/@) — GLQ(Z/[Z) X GLQ(Z/EIZ)

If £ = ¢, Loeffler’s result implies that the image of p, , is

ae.0) (u1,u2) € GLo(Z /7)) x GLo(Z/LZ) :
T | detuy = v detuy = v™ 7! for some v € (Z/0Z)* '

If £ # ¢, by Loeffler’s result again, the image of p, , is

(u1,u2) € GLo(Z /JIZ) x GLo(Z V' Z);
detu; = oM~ detuy = vh27! for some vy € (Z/0Z)* and vy € (Z/0'Z)*

For two square-free integers dy, do, if their prime factorizations are d; = p; - - - p,- and
ds = q1 - - qs, consider

Py dy = Pppy DD Ppp, D Ppg @D Ppyg,-

Without loss of generality, we write dy = LP,dy = LQ, ged(P,Q) = 1. By LoefHler’s
result and the Chinese remainder theorem, the image of p,, 4, is G(d1,d2) =

(ur, us, us, us) € GLo(Z/LZ) x GLa(Z/LZ) x GLa(Z/PZ) x GLa(Z/QZ) :
detu; = a1, detuy = o™~ for some a € (Z/LZ)*,

detus = ¥~ for some § € (Z/PZ)*,

det uy = 727! for some v € (Z/QZ)*

3.2. Chebotarev density theorem

To gain the arithmetic information from the Galois representations, we need the effec-
tive Chebotarev density theorem. The following version of Chebotarev density theorem
is from Serre [15, Théoréme 4].

Theorem 3.1. Let K/Q be a finite Galois extension of number fields with Galois group G.
Let C be a subset of G which is stable under conjugation, and let Frob, be the Frobenius
element at an unramified prime p. Denote by wo(x) the set of primes p unramified in
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K for which Frob, € C and p < x. Assuming that the Dedekind zeta function (x(s)
satisfies the Riemann Hypothesis, then

C 1 (logd
mo(x) = Hw(x) +0 (|Cz2 ( OEKK +log:t:>) ,

where dx and ng are the discriminant and the degree of the extension K/Q, respectively.

The following estimate is useful in our computation:

logdx < (nx —1) Y logp+ng|P(K)|logng, (5)
pEP(K)

where P(K') denotes the set of ramified primes [15, Proposition 6].

We follow the notation in Section 3.1. Given two bivariate polynomials Fy, F5 with
integral coefficients, and for two square-free integers d;, do whose prime divisors are large
enough, define

Fy(tr uy,detuy) =0, Fy(tr uz,detus) =0
C(dl,dQ) = {(Ul,UQ,Ug,U4) S G(dl,dQ) : .

FQ('EI‘ uz, det UQ) = O7 FQ(tI“ u4,det ’LL4) =0
It is a subset of G(dy,ds) which is stable under conjugation.

Applying the effective Chebotarev density theorem for the fixed field of kerp,, 4,, we
get

L {p<aidi| B (ap(f).p ) and dy | Fy (ap(h),p "))

()
C(dy, ds)|
= ———"— +e(dy,do; ).
Gy, dy| )
Let g(dy,da) = |C(d1,d2)|/|G(d1,d2)|- The multiplicativity of g follows from the iso-
morphism G(d1d}, dadb) =2 G(d1,d2) x G(d},d}) for ged(dids,ddy) = 1.
For the remainder term, the degree of the extension is O ((did2)*) (cf. Lemma 3.2),
by inequality (5) we have

m(2)e(dy, do; ) = O ((dldg)%% log ((d1d2)5Nhoas)) .
So for some € > 0,
e(dy, do;z) = O ((dldQ)%f*%) .
Remark 4. Note that the above error estimation has a similar form to condition (4).

Rather, according to Remark 2, a quasi-GRH, which assumes that the associated zeta
functions have no zero in the region Re(s) > § for some 6 € (3,1), is sufficient for our
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purpose, although it seems as difficult as the original GRH. The GRH assumption is only
used in the proof of inequality (1), which in turn relies on a sufficiently good effective
version of the Chebotarev density theorem.

3.8. Calculate conjugacy classes

In this section, we verify conditions (2) and (3) in some special cases. Throughout
this section, we keep the notation in Section 3.2.

Lemma 3.2. Let 6 = ged({—1,k1—1) and d = ged(¢—1, k1 —1,ka—1), then for sufficiently
large prime £,

(0 —1)%6(0+1)

(6 —1)302(0 + 1)
- .

‘G(E’ 1)| = d

and |G(¢,0)| =

Proof. The first assertion follows from the exact sequence
1 — SLy(F,) — G(£,1) — F}° — 1.
Similarly, we have the exact sequence
1 — SLo(Fy) x SLo(Fy) — G(£,¢) — D — 1,

where D = {(v*1=1 v*2=1) 1 v € F;}}. The order of D can be calculated from

£—1

1=s{ga)—F 5 D1,
where g is a generator of F; and ¢ is given by v (vFr=1 pk2=1) 50

(-1
D|=-——
1Dl =—

)

the lemma follows. O

Lemma 3.3. Let £ be an odd prime. For givent € Fy and d € F,

24
#{u € GLa(Fy) : tr u = t, detu:d}zfz—i—(t 7 d)&

where (Z) denotes the Legendre symbol modulo £.

Proof. This follows easily from Table 1. O
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Table 1
Conjugacy classes of GL3(IFy).
Representative No. of elements in each class No. of classes tr? — 4det
z 0
< 0 = > 1 l—1 0
z 1 2
( 0 93) e -1 -1 0
0
(g y) 24 e—1)(-2)/2 (z—y)?
T ey 2 _ 2
(y - ) L L L6 —1)/2 dey

€ is a quadratic nonresidue (mod £)

Lemma 3.4. For every § | k1 — 1, define
Ls={f:gecd(ky —1,£—1) =4},

Given a bivariate polynomial Fy (x,y) with integral coefficients, for every sufficiently large
{ € Lg, let

Np (0) = {(2,y) € Fe x F}° : Fy(z,y) =0} .
Assuming that there exist constants € € (0,1] and cs € Rsq such that
#Np, (0) = csl + O£ ),
then
cso

g(6,1) = =+ 0 (717,

and there exist constants ¢; € Rsg and ¢’ € R such that

1 1
2 _ /
g g(4,1) _O<log:r> and g g(£,1) =c1loglogz + ¢ +O<logm> .

>z <z

Proof. According to Lemma 3.3, we have

|C(0,1)] = # {u € GLo(F) : Fi(tr u,detu) =0, detu € Fﬁ}
= Z #{u € GLa(Fy) : tr u =z, detu =y}

(z,y)ENF, (£)

= CHNR (O +0 Y <x2 - 4y>

(z,y)ENF, (£)

= Bcs + O(63).
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By Lemma 3.2, |G(¢,1)] = ¢*/5 + O(¢3), hence

cs6
g(t.1) = =F +0(0717), L€ L.
The first assertion follows easily from the Euler summation formula.
To check that g(¢, 1) has average order cloglogx, we need the Mertens’ theorem for
arithmetic progressions [16]: for any integer m > 1 and integer a which is coprime with
m, there exists a constant ¢, , such that

1 1 1
- = log1 moa + O ;
27 ey 08108 F ma (logsc>

(<z,l=a(m)

where p(m) denotes Euler’s totient function. If a is not coprime with m, the above sum
is bounded as x varies. Note that the set {n € N : gcd(n — 1,k1 — 1) = 6} can be divided
into disjoint arithmetic progressions modulo k1 — 1, so there exist constants s, 85 such
that

1 1
g - =qaglogloge+ B +0 | — | .

/ log x
<z leLs

Then we have

29(5’1): Z Z g(¢4,1)

<z 0|lk1—1€<z,lELs

=Y W Y o

Slki—1 €<z LEL;

1
E csasd loglog:c+c’+0< )
logx
Slki—1

Lemma 3.5. For every d | ged(ky — 1, ke — 1), define
P; = {€ : ng(kl — ].,kg — ]_76— 1) = d}

Given two bivariate polynomials Fy(x,y), Fa(xz,y) with integral coefficients, for every
sufficiently large £ € Py, let

Npy,p, (€) = {(z1,22,y1,92) € Fe x Fp x D 2 Fi(wi,y:) =0, i=1,2}.
Assuming that there exist constants € € (0,1] and cq € Rxo such that

#Nr, 1, (0) = cal + O£, (6)
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then

> 9(t,0) < +oo.

/4

Proof. For any ¢ € Ps, by Lemma 3.3 we have

|C (¢, )]
Fy(tr up,detuy) =

0,
=# (u , U ) € GL (Fg) x GL (]Fg) :
{ b ? ? Fy(tr ug, detug) =0,

(det Uy, det UQ) € D}

tr w1 =1

tr ug = x9
= > #{uy € GLy(Fy) : # L uy € GLy(Fy) :
(%:,yi)ENFy,Fy (£) detu; =y detug = yo

= 64#NF17F2 (6) + 0(54)
— ey + 067,

By Lemma 3.2, |G (¢, )| = £7/d + O(£%), we have

g(6,0) = CZ_Qd +O(£7%7°), for L € Py,

Hence

Yeto= Y Y <Y

<z d|(k—1,k'—1) £<x LEPy <z

the last series converges, which completes the proof. O

Lemma 3.6. If Fi(x,y) = x + r1(y) and Fa(z,y) = x + r2(y), r1(y),m2(y) € Z[y], then
conditions (2) (3) are satisfied and the constants cy,ce in condition (2) are equal to 1.

Proof. For any § | k— 1, ¢ € Ly,

#Np, (£) = Z #{rxeFr:xz=—-r(y)}

yeF;?

-1
2 1=

yeF ;s

By Lemma 3.4, g(¢,1) = £=1 4+ O(£~?) for all sufficiently large ¢ and in the same manner
g(1,0) = £71 + O(¢=2). Therefore condition (2) follows from the Mertens’ theorem.
Similarly for any d | (k —1,k' — 1), £ € Py,
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#Np m ()= Y #{(z1,22) €Fp xFy: oy = —r1(y), 32 = —ra(y2)}
(y1,y2)€D

-1
R e

(y1,y2)€D

this calculation combined with Lemma 3.5 completes the proof. 0O
3.4. Conclusion

The polynomial growth condition C1 follows from Hecke’s bound, which states that for
cusp form f of weight k, a,(f) = O(p*/?). We have checked the multiplicativity of g and
the error condition in Section 3.2, then combined with Lemma 3.6, all the conditions C1-
C4 have been verified. We claim that |T;;| ~ x/log x as z goes to infinity, this follows from
[15, Théoreme 15]: # {p <z : a,(f) +r1(p") =0} = o(x/logz). Hence Theorem 1.2
follows from Theorem 2.1 and Remark 3.

4. Remarks and generalizations
4.1. Examples
Let f and h be two newforms as in Theorem 1.2 and assuming that the generalized

Riemann hypothesis is true for all Dedekind zeta functions of number fields. We choose
ry =19 = 0, —y — 1, respectively. Then by Theorem 1.2, we have

i e # (< a0y (f) £ 0.,() £ 0. w () < (o)} = 5.

IJTM :v/ligx# {p<a:pfNiNi, w (pklil —ap(f) +1) <w (pkzil —ay(h) +1)}
_ 1
=3

We remark here that Theorem 1.2 also holds if we replace a,(f)+71(p*') and a,(h)+
r2(p*2) by Fi(a,(f),p*) and Fa(ay(h),p*?) if the bivariate polynomials Fy, Fy satisfy
conditions in Lemma 3.4 and Lemma 3.5. For example, take Fy = F, = 22 —y and write
0; = ged(¢ — 1, k; — 1). Since k; is even, we have

INE(O)] = # {(2,9) € Fo x B s =y} =
Let D = {(v*1=1 vF2=1) 1 v € F;}, then

Ny, (0] =# {(21, 32, y1,42) €EFe x Fy x D af =y, a5 =12}

- 2 0 @) (8) e

(y1,y2)€D
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By Theorem 2.1, Remark 3, Lemma 3.4 and Lemma 3.5, we conclude that

#{p<a:pt NpNi, w(ape(f)) <w(ap(h)} = %

I
1o z/logx

4.2. On m newforms

Loeffler pointed out that the open image theorem also holds for three or more new-
forms which are not twists of each other (see [9, Theorem 3.4.2]). Similar arguments can
be applied to these newforms and we have the following generalization.

Theorem 4.1. Let f1,..., fm be a family of non-CM newforms with integral Fourier co-
efficients of weights ki, ..., km, respectively. Let r1(x),...,rm(x) be polynomials with
integral coefficients. For every x > 0, let

To={p<z: ap(fi) +r@" ") #0, i=1,...,m}.

For simplicity of notation, write w; instead of w (ap(fi) + r;(p"~1))). Assuming GRH,
then either

o there is a Dirichlet character x such that f; = f; ® x for some i # j;
e or for any permutation o € S,

1

#{pETwi wa(1)<"'<wo(m)}:_'

1
lim
m!

z—+o00 /logx

4.3. On combinations of newforms
Let f be a cusp form of weight k1 such that

(i) f =", a;f;, where each f; is a non-CM newform with integral Fourier coefficients
and a; € Z \ {0}.
(i) For ¢ # j, there exists no Dirichlet character x such that f; = f; ® x.

Let h be another cusp form of weight ko satisfying the above conditions. Write h as a sum
of distinct newforms: h = Z?Zl bjh;. We further assume that there exists no Dirichlet
character x such that fy = h; @ x or h; = f; @ x for 1 <3 <m,1 < j < n. For every
x>0, let

T, :={p<z: ap(f) # 0 and a,(h) # 0}.

Proposition 4.2. With the above notation, under GRH, for any constant C > 0,

#{peTr: |wlap(f)) —wlap(h))| = C} =1

im
z—+oo x/logx
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Proof. The strategy is the same as the proof of Theorem 1.2, we sketch the proof in
the following. We need to check that the pair (a,(f),ap(h)) satisfies C1, C2, C3 and C4
in Section 2. The polynomial growth condition is obvious. For two square-free integers
d1, do with sufficiently large prime divisors, we consider the Galois representation

Pdyds = @ Pridy X @ Ph;dy-

1<i<m 1<j<n

The image of p,, 4, is well described by Loeffler’s theorem. It has a similar form to
G(dy, d3) in Section 3.1, denote by G(dy, ds) the image of Pay,dp- Without loss of gener-
ality, we write d; = LP,ds = LQ, ged(P, Q) = 1, then é(dl, dy) is the direct product of
the following two groups:

B (ur, .. Uy v1, - vn) € [ [ GL2(Z/LZ) x [ [ GL2(Z/LZ) -
G(L,L) = i=1 j=1 )
Vi, j, detu; = a7 detv; = o> for some a € (Z/LZ)*
(U1, 01, 0n) € [ [ GL2(Z/PZ) x [] GL2(Z/QZ) -
i=1 j=1
GPaQ) =1 o
Vi, detu; = o™~ for some « € (Z/PZ)*,
V4, detv; = %271 for some 3 € (Z/QZ)*

By the Chebotarev density theorem, we have

L caida a(yy = Clrd o
71'(517) {pé d1| P(f)v d2| P(h)} |é(d1,d2)|+ (d17d2, )7

where C (d1, d2) is the union of the conjugacy classes of G (d1, d2) whose elements satisfy
a trace zero condition. For example, if ged(dy, d2) = 1 or di = da, then

6(d1,d2) = (ul,...,um,vl,...,vn) € G(dl,dg) : Zaitrui =0, ij tI"Uj =0

i=1 j=1
Let §(dy,dy) := |C(dy,ds)|/|G(dy, ds)|, according to our construction, the multiplica-

tivity of g is obvious. Under GRH, the error condition (4) is satisfied. We need to check
conditions (2) and (3). We claim that for any sufficiently large ¢,

~ 1 1 ~ 1 1

The proof runs as in that of Lemma 3.4. Let 6 = (¢ — 1,k; — 1), the order of
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G(,1) = {(ul, ceyUpy) € HGLQ(]Fg) Vi, detu; =M ac€ IF;}
i=1

is £3m+1 /6 + O(£3™). Tt remains to calculate the order of C(£,1). Note that the order of
N :={(x1,...,2m) €EFgx - xFp:ayxy + -+ + apmay, =0}
is fm~1 Let A= {(v"~1, ... vF171): v € F}}, we have

IC(0,1)] = #{(ul,...,um) € G(0,1): aytrug + -+ + G 6T U, 20}

= Z Z H # {u; € GLy(Fy) : tr u; = 2, detu; =y;}

(@11 )EN(E) (Y1eerym ) EA 1<i<m

_ Z Z (£2m+0(£2m71))
(wl"“aa:'m)eN(Z) (ylv"xym)eA

— €3m/5 + o) (£3m71) .

Similar calculation holds for g(1,¢) and the claim follows. Using the same argument as
before, we have

‘é(& €)| _ £3m+3n+1/d +0 (£3m+3n) and |6(€’ E)l _ €3m+3n—1/d+ 0 (£3m+3n—2) 7

where d = ged(ky — 1,k2 — 1,4 — 1). Hence

> Gt 6) < +oo.
4

Finally, by a standard sieve method combining Galois representations (for example see
[17]), we have # {p <z :a,(f) =0} = o(x/logz), hence |T,;| ~ x/logz as = goes to
infinity. The result then follows from Theorem 2.1. O
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