ON THE TRACE MAP OF LUBIN-TATE FORMAL GROUPS AND A
RESULT OF LANG-TATE

CHUANGXUN CHENG AND CHENG NIU

ABSTRACT. Let p be a prime number, F be an elliptic curve over Q, with good super-
singular reduction, and C be a principal homogeneous space of E/Q, with period p".
In this paper we give a sufficient condition for extensions F'/Q, so that C(F) # 0. In
particular, we show that a totally ramified abelian extension F/Q, splits C if [F : Qp]
is sufficiently large. Moreover, in case n = 1, we show that a degree p extension F/Q,
splits C' if and only if vr(Dr/q,) = 2p — 1. This is an analogy and also a complement
of a result of Lang-Tate on splitting fields of principal homogeneous spaces of abelian
varieties.

1. INTRODUCTION

Let E/K be an elliptic curve over a field K and WC(E/K) be the Weil-Chéatelet group
of E/K. If C/K is a principal homogeneous space of E/K, let [C] € WC(E/K) be the
corresponding class. The period of C is the order of [C] in the group WC(E/K). The index
of C' is the smallest positive integer d such that there is a K-rational divisor of degree d
on C'. We denote the period of C' by P(C) and the index by I(C). By the Riemann-Roch
theorem, the index of C' equals the smallest degree of splitting fields of C' (cf. [0l Page
670]). Here a field extension L/K is a splitting field of C if C'(L) # 0.

It is well known that P(C') divides I(C') and that P(C) and I(C') have the same prime
factors (cf. [6, Proposition 5|). In general the exact difference between P(C') and I(C)
is still a mystery (cf. [I, 2, 10]). Yet if K is a local field with mixed characteristic,
Lichtenbaum [7] (see also [10, Section 5]|) showed that P(C) = I(C) for all principal
homogeneous spaces of E//K. In this case, a natural question is to characterize the splitting
fields of C. As a special case of Lang-Tate [0, Theorem 1, Corollary 1|, we have the
following result: If E/K has good reduction, P(C) = m and (m,p) = 1, where p is the
characteristic of the residue field of K, then L is a splitting field of C' if and only if m
divides the ramification index of L/K. In particular, a degree m extension is a splitting
field of C'if and only if it is totally ramified.

The proof of Lang-Tate is based on the Néron-Ogg-Shafarevich criterion and the key
ingredient is the isomorphism E[m] = E[m], where E is the special fiber of E. This
argument breaks down if p | m. In this paper, we consider a special case where m = p”
and E/Q, has good supersingular reduction. One shall see that the p | m situation is
more subtle. For a finite extension F/Q), with maximal ideal M, denoted by Dp/q,, the
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difference of the extension F//Q, and vp(Dp/q,) the exponent of M in Dp/g,. The main
result of the paper is as follows.

Theorem 1.1. Let E be an elliptic curve over Q, with good supersingular reduction, C'/Q,
be a principal homogeneous space of E/Qyp, and F be a totally ramified extension of Qp.
The following statements hold.
(1) Suppose that P(C') = p". Lett > n be an integer. If F//Q, has degree [F' : Q,] =
p?=1 and vr(Drjg,) = p?=l(n +t) — p*~2, then F is a splitting field of C; if
F/Qy has degree [F : Q] = p* and vp(Dpyq,) > p*'(n +t), then F is a splitting
field of C'.
(2) Suppose that P(C) = p™ and [F' : Qp] = p® with s > n. If F is a splitting field of
C, then vr(Drjq,) > p*(n+1) — Lpzp—ilj — 1. Here |r] is the largest integer that is
<r.
(3) Suppose that P(C) = p and [F : Q,] = p, then F is a splitting field of C if and
only if vr(Dpyq,) = 2p — 1.
(4) Suppose that P(C) = p* and [F : Q,] = p?, then F is a splitting field of C if and
only if vr(Dryq,) = 3p? — 2 and vp(TrL/@p2 (—pz + xp2)) > 4 for any uniformizer
x of L, where Qp2 1s the unramified quadratic extension of Qp, vy is the valuation
on Q2 with vy(p) =1, and L = FQ,2 is the composition of F' and Q2.

Notation and conventions. In the following, K denotes a finite extension of Q, and
Gk = Gal(K/K) denotes the absolute Galois group of K. Let O be the integer ring
of K, Mg the maximal ideal of Ok, k the residue field of Ok, and v the normalized
valuation on K such that vg(K*) = Z. Let ex = vg(p) be the ramification index of K.
For a field extension L/K, let Or, My, [, vr, er, be the corresponding objects associated
with L. Denoted by Dy, the difference of the extension L /K and vy (D k) the exponent
of My, in Dy, k. Denoted by ey the ramification index of L/K.

All formal groups in this paper are one-dimensional. We refer to [14, Chap. 4| for
notions and basic properties of dimension one formal groups.

For r € R, denoted by |r] the largest integer that is < r.

Outline of the proof. We explain the strategy of the proof. Let E/K be an elliptic
curve and C'/K a principal homogeneous space of E/K with period m. By the canonical
isomorphism WC(E/K) = H' (G, E(K)), C corresponds to an element in H!(Gg, E(K))
with order m and we denote it by [C]. Via the local Tate duality (cf. [9, Chap. 1, Section
3] and [L]), [C] corresponds to an element fo € Hom(E(K),Q/Z) with image 1Z/Z.
The local Tate duality also gives us a commutative diagram

H'(Gk,E) —— Hom(E(K),Q/Z)
ReSL/KJ( J{Trz/K

HY(GL,E) —— Hom(E(L),Q/Z).
Here Tr*L/K is the dual of the natural trace map Try i : E(L) — E(K). The following
conditions are equivalent.
(1) L is a splitting field of C/K.
(2) [C] is in the kernel of Resy,/r : H (Gk, E) = H (GL, E).
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(3) fc is in the kernel of Tr} ;- : Hom(E(K), Q/Z) — Hom(E(L), Q/Z).

Assume that E/K has good reduction and denoted by E/k the special fiber. Let E /Ok
be the formal group associated with E. We have a short exact sequence (cf. [14, Chap. 7])
0 — E(Mg) — E(K) — E(k) — 0.

Assume that m = p™ and E has good supersingular reduction, then E [p"] is trivial and

for any L/K
Hom(E(L), Q/Z)[p"] = Hom(E(ML), Q/Z)[p"]-
Therefore L is a splitting field of C/K if and only if the restriction fc’E(MK) is in the

kernel of . R R
Trpk : Hom(E(Mk),Q/Z) — Hom(E(My),Q/Z).
Here T\YZ/K is the dual of the trace map T\rL/K : E(Mp) — E(Mk).
Finally, assume further that K = Q,, then after base change to the integer ring Z,» of

the unramified quadratic extension Q2 of Qp, E is isomorphic to the Lubin-Tate formal
group (cf. [4, Proposition 8.6]). Then one could prove the theorem by computing the trace

—~

map Try k.
2. THE TRACE MAP OF THE LUBIN-TATE FORMAL GROUPS

Let F be a formal group over K. Let logz and expz be the associated formal logarithm
and formal exponential. The following result is well known (cf. [I4, Theorem 6.4]).

Lemma 2.1. With the notation as above, the following properties hold.
(1) The formal logarithm induces a homomorphism
logr: F(Mg) — K,

where the group law on K is additive.
(2) Letr > ex/(p—1) be an integer. The formal logarithm induces an isomorphism

log 7 : F(M0) = Ga(My).

Here @a 15 the additive group. The inverse is given by the formal exponential exp r.
(3) Let L/K be a finite extension. The following diagram is commutative

F(Mp) %7, [
F/F\TL/Kl lTrL/K

1
F(Mg) 255 K.
As we shall use it repeatedly, we recall the following result on the usual trace map of
extensions of local fields (cf. [I2, Chap. 5, Lemma 4]).

Lemma 2.2. Let L/K be a finite extension with ramification index ey, Trp i+ L — K
be the trace map, a € Z>o. We have

atvr(Pr k)
Trp/(ME) = My 5
In particular, if L/ K is unramified, then Trp, /(M%) = M§.

]
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Lemma 2.3. Let L/K be an unramified extension. The trace map ﬁL/K : F(Mp) —
F(Mg) induces a surjection T;L/K : F(MG) = F(MS%) fora € Z>;.

Proof. As L/K is unramified, by checking the valuation of Tr /K (7) one sees that Tr L/K
sends F(M$) into F(M%). If a > ex/(p — 1), the claim follows from Lemma [2.1(2)(3)
and Lemma 2.2l Now consider the following diagram

0 —— FM%) —— FIMEY) —— FMIYUME) 2 MIYME=] —— 0

l/T\I”L/K J/ﬁL/K J/Trl/k
0 —— FMp) —— FIME) —— FOME M) & MI MG 2k —— 0,

and note that Try;, : | — k is surjective, if the claim holds for a, then it holds for a — 1.
The lemma then follows by induction. O

Fix a uniformizer mg of K and denoted by ¢ the cardinality of k. Let 7 = LT, be the
Lubin-Tate formal group over Ok. Let [-] : Ox — End(F) be the Og-module structure
on F. With out loss of generality, we may assume that [7x|(T) = nxT + T?. We refer to
[13] for basic properties of Lubin-Tate formal groups.

Lemma 2.4. Let F be the Lubin-Tate formal group as above. The following statements
hold.

(1) log#(T) = limy e ZELD).

K
(2) Let L be a finite extension of K. The trace map Trp i : F(Mr) — F(Mk) is
Ok -equivariant, i.e.

;f\rL/K([a]a?) = [a]i“\rL/K(x), for alla € Ok, v € M.

(3) The formal logarithm is Ok -equivariant, i.e. logr([a](T)) = a -logx(T) for any
a € Ok.
(4) If ¢ > 3, then logr : F(Mg) — K induces an isomorphism logr : F(M%) =

~

Go(M$) for any a € Z>1.

Proof. Statement (1) is just [3, Lemma 1]. Statement (2) follows from the commutativity
of the Galois action and the Og-action.

Statement (3) follows from Lubin’s comments in [16] and we restate it here. Let Prelogr
be the set of power series g(T') € K|[[T]] such that g(F(z,y)) = g(x)+g(y). If g € Prelog,
then A\g € Prelogr for any \ € K.

If 0 # g € Prelogr and the first nonzero term of g is a7™, then by definition a(x+y)™ =
azx™ + ay™ modulo terms with degree > (m + 1). Hence we must have m = 1. Therefore
if there exists a nonzero element in Prelogr, the map Prelogr — K (g — ¢'(0)) is an
isomorphism. To prove statement (2), it then suffices to check that logz([a](T)) and
a - log7(T') have the same derivative at 0, which is obviously true.

For statement (4), as ¢ > 3, one has vK([m;%) = vk (x) for any x € M. By induction,

il (@)

we have v ( am ) = vi (x) for any x € M. Therefore, by statement (1), vk (logz(x)) =

vk (z) and logz is injective. Moreover, as logr is Ok-equivariant, log (M%) = M. for
some b € Z. Then b must be a by vi(logr(x)) = vk (z) and the claim holds. O
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Lemma 2.5. Let L/K be a finite extension with ramification index er r. If r > eqL_/f,
r+e
then [mx]F(MY) = F(M, 5.
Proof. 1t suffices to show that for any y € MTGL/ ¥ there exists at least one z € M such
that mgx + 29 = y.
Let 77, be a uniformizer of L and wx = WZL/ %, where u € Of is a unit. Write
r+er/ K

y=m ¢ v, we need to show that there exists x = 7} X such that

7"+€L/K ’I"+€L/K

T uX +m! X1=m, v.
Equivalently, we need to solve the equation
(2.1) uX 4wl e ya

Modulo 77, the equation 42X = o has a solution in O /77, Or. By Hensel’s lemma, equation
(2.1) has a solution in O, and the lemma follows. O

Proposition 2.6. Let F be the Lubin-Tate formal group over Ok and L/K be a finite
extension with ramification index ey . Let Tr := Trp ¢ : L — K be the trace map,

Tr = ﬁL/K : F(Mp) — F(Mg) be the trace map with respect to the Lubin-Tate formal
group law. Then the diagram

FMy) 227,
F(Mkg) —l()'gi) K

is commutative and Ok -equivariant. Moreover,

MJ
(1) if r > eqL,/f is an integer, then logr OTT(}—(ME)) _ MK eL/K :

rq®+vp (D, k)

(2) if r < eqL_/f is a positive integer, then logfo/T\r(]:(./\/lE)) C My K

|—a

where a is the smallest integer which satisfies rq® > e;_/f 5
(3) ifr= % > 2 is an inleger, then
r+1+vL(DL/K) T*qJFUL(DL/K)

l— — . |
M, E C logroTr(F(M7)) C M, /¥ )
Proof. The commutativity of the diagram follows from Lemma[2.T]and the Og-equivariance
follows from Lemma 2.4

Ifr> eqL_/f, we choose an integer n such that r + ner /x> peTLl. Then

log  oTr([T ] F(M?E)) = log #([r ] Tr(F(M?F))) = e (log r o TrF(M?)).
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On the other hand, we have

r+ner Kk

Trologz([nx]F(MT)) = Trolog}-(}"(ML ) (by Lemma [2.5)

= Tr(Mz—l-neL/K) (by Lemma (2))

(23) LT+neL/K+”L<DL/K)
= Mg K (by Lemma

7‘+UL(DL/K)
- MLTJ-&%
- K
MJ
Therefore, logr oTr(F(M7)) = M ‘LK

If r < 6;_/‘;(, then for any x € M7}, vr([rk|(z)) = vi(rgz + 29) = qur(z). Thus

[Tr]F(M™) C F(MI). Let a be the smallest integer which satisfies rq® > eqL_/f, then we
have

Tr o log ([ ] F (M) C Trologz(F(MGT)).
rq?+vr (D k)
By statement (1), Tro log;(}"(qua)) =M, “L/K . Since log » OT\r([W‘;(]}"(ME)) =
7% (logr oi‘\r]:((MZ))), we obtain

rq®+vr (P k)

~ c J—a
logr oTr(F(M})) € M, H/% :

Ifr = eqL_/f > 2 is an integer, applying statement (1) to M’LH and statement (2) to

M1 statement (3) follows from

log 7 oTr(F(MH)) C logr oTr(F(MY)) C logz oTr(F(M5~1)).

3. THE TRACE MAP OF ELLIPTIC CURVES OVER LOCAL FIELDS

3.1. Basic properties of the trace map: good reduction case. Let F/K be an

elliptic curve with good reduction. Let E /k be the special fiber and E /Ok be the formal
group attached to E. Let L/K be a finite extension and Trp gk : E(L) — E(K) be the

trace map. Let @L/K : E(ML) — E(MK) be the trace map on the formal part and
:f;l Jk E(l) — E(k:) be the trace map on the special fiber. The following result is clear.

Lemma 3.1. With the notation as above and denoted by ey i the ramification index of
L/K, then the diagram

0 — EMy) — E(L) —— E() —— 0
(3.1) lrﬁL/K lTrL/K leL/Kﬁz/k

0 —— EMg) —— E(K) — E(k) —— 0

18 commutative.
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If [/k is a finite extension of finite fields, A is an abelian variety over k, then by a result
of Lang [3], the trace map Try/, : A(l) — A(k) is always surjective. We then obtain the
following result.

Lemma 3.2. If L/K is unramified, then TrL/K : E(L) — E(K) is surjective.

Proof If L/K is unramified, in diagram (3.]] , the map TrL /K 18 surjective by Lemma

the map eL/KTrl/k = Trl/k is surjective by the result of Lang [5], the lemma then

follows O
Combining Lemma [3.2] and the local Tate duality, we obtain the following result.

Corollary 3.3. If L/K is unramified, then the restriction map Resp g : WC(E/K) —

WC(E/L) is injective.

Remark 3.4. (1) By the virtue of Corollary while discussing splitting fields of a
principal homogeneous space, we may restrict to totally ramified extensions.

(2) Let C'/K be a principal homogeneous space with period m and (p,m) = 1. Then
the associated morphism fc : E(K) — Q/Z corresponds to a surjection fo :

E(K)/mE(K) — 17Z/Z. Note that E has no m-torsion and E[m](L) = E[m|(l)
for all L/K, then L/K is a splitting field of C'/K if and only if

fooeny Ty : EQ)/mE() — B(k)/mE(k) — %Z/Z

is trivial, i.e. if and only if m|ey, g This is the translation of Lang-Tate’s argument
in terms of trace map via the local Tate duality.

3.2. Proof of Theorem In the following, E/Q, is an elliptic curve with good su-
persingular reduction.

Lemma 3.5. Let E be an elliptic curve defined over Q, with good supersingular reduction.
Then over the integer ring of the unramified quadratic extension of Qp, the formal group
E is isomorphic to the Lubin-Tate formal group F with parameter —p.

Proof. This is [4, Proposition 8.6]. O
Let C/Q, be a homogeneous space of E/Q, with P(C') = p™. By the local Tate duality,

C corresponds to a homomorphism fc : E(Q,) — Q/Z with ord(f) = p". Restricted to
the subgroup E(pZ,), we get a homomorphism fc : E(pZ,) — Q/Z.

Lemma 3.6. With the notation as above, ord(fAc) = ord(fc) =p" and F/Qy is a splitting
field of C'if and only if fc o Trp)g, = 0.

Proof. As E is supersingular, it has no p"-torsion and p" : (k) — E (k) is an isomorphism.
Then we have an isomorphism E(pZy)/p"E(pZ,) = E(Qp)/p"E(Qp), and the lemma is
clear. 0

We say that F' is a splitting field of a morphism f: E(pr) — Q/Z it fo ﬁF/Qp = 0.

By Lemma if f: ]?C, this is equivalent to the fact that F' is a splitting field of C.
Let K be the unramified quadratic extension of Q,, F be the Lubin-Tate formal group
over Ok with parameter mx = —p, F' be a totally ramified extension of Q,, and L = KF
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be the composition of K and F. By Lemma we have an isomorphism of formal groups
E x Og =2 F. The diagram

(3.2) F(Myp) =2 E(My)

y %FJ

F(Mg) =2 E(Mkg) E(Mp)

Tri/q, K/@p

1S commutative.

Lemma 3.7. With the notation as above, logz induces an isomorphism between E’(pr)
and pZy,.

Proof If p > 3, this follows from Lemma( ). Assume that p = 2. Since ﬁK/Qp (EMg)) =
(pr) by Lemma [2 , logs(E E(Mg)) = logz(F(Mg)) = Mg by Lemma (4), we have

log(E(pZy)) = log oTrg g, (E(Mk))
= Trgq, ologp(E (MK)) = Trg /g, (MK) = pZyp.

The map log : (pZ ) = pZy, is surjective. Consider the following diagram

(
E(

0 —— E(p?Z,) —— E(pZ,) —— E(pZ,)/EW?*Z,) =F, — 0

llogﬁ J{logﬁ IOEE
0 —— p*Z, —— pL, ——  pLp/p?Zy=F, —— 0,

the first vertical arrow is an isomorphism by Lemma (2), so the third vertical arrow

lgg/g 7 1s surjective, hence it is also an isomorphism. Therefore the middle vertical arrow is
an isomorphism and the lemma follows. O

Remark 3.8. Let p be a prime number and E/Q be an elliptic curve with good supersingular
reduction at p. Then E(Q)[p] is trivial by Lemma[3.7] The nontrivial part of this statement
is the p = 2 case as in Lemma One could also prove this (for p = 2) via direct
computation using formulas in [I4, Appendix A].

Proposition 3.9. With the notation as above, if [ : E(pr) — Q/Z has ord(f) = p",
then I is a splitting field of f if and only if logz oTrp ) p(F(My)) C MTIL(H.

Proof. By Lemma logg : A(pZ ) — Ga (pZy) is an isomorphism. Note that a homo-
morphism f : pZ, — Q/Z has order p” if and only if Ker f = p'™"Z,. Hence ord(f) p"
if and only if Ker(f) = expp(p'TZy) = E( ntlz, )

Since L/F is unramified, by Lemma TrL/F : E(Myp) — E(Mp) is surjective. Hence

ﬁL/Qp(E(ML)) = ﬂF/Qp © ﬁL/F(E(ML)) = Tr\F/Qp(E(MF))-
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On the other hand, we have the following commutative diagram:

log z=log 5

F(Myp) =2 E(My) L

T\rL/Kl J/TI‘L/K

~ log r=log =
(3.3) FMg) 2 E(My) —27%8,
T?K/@pl JTFK/Qp
~ log 5
E(pZy) = Qp.

By Lemma Trp i ologz(F(Mr)) is an Ok-submodule of Mg and assume that it
is M for some positive ir/licegeAr a. Since K/Q, is unrarfiﬁed, Trig,(M%) = (pZp)*.
Therefor, for a morphism f : E(pZ,) — Q/Z with ord(f) = p", we have the following
equivalences

C B((pZp)'*™)

F splits f <= Trp/q,(E(Mp)) C E
) CE

)
= Trpg,(E(ML)) C
(

= logpoTry k(E(Mp)) € ME™
<~ lOg]_- OT\TL/K(f(ML)) C M};—n
The proposition follows. O

Proof of Theorem[I.1. We use the same notation as above, i.e. K is the unramified qua-
dratic extension of Q,, F' is a totally ramified extension of Q,, L = K F'is the composition
field, F/Ok is the Lubin-Tate formal group with parameter 7x = —p. As L/F is an
unramified extension, we have vy (Dp k) = vr(Drjq,). Let fo : E(pZ,) — Q/Z be the
homomorphism associated with C. Recall that ¢ = p? is the cardinality of the residue field
of K.
(1) Assume that [F : Q,] = p?*~! and vr(Drig,) = P in+t) —p* 2 Asa=t—1
is the smallest integer such that ¢ > ey /x /(¢ — 1), by Proposition [2.6(2),
qt_lJF“L(DL/K)
~ w7 et
logz oTry /g (F(ML)) C My C (Mpg)".
Hence F is a splitting field of C' by Proposition [3.9]
Assume that [F : Q] = p* and vp(Dp/qg,) > p*'(n+1t). As a =t is the smallest integer

such that ¢* > ey /x/(q — 1), by Proposition (2),

qt""“L(DL/K)J_t
logz oTrp i (F(MpL)) C My /% C (Mg)"

Hence F is a splitting field of C' by Proposition 3.9}
(2) If F with [F: Q,] = p® is a splitting field of C, then by Proposition we have

log » OﬁL/K(]:(ML)) C (Mg)"H.
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Let r > eqL_/f be an integer. Then by Proposition (1),

r+vL(”DL/K)

_ |— _
logz oTrp /g (F(MT)) = My b C logg oTry e (F(Mr)) C (M) H

In particular, we may take r = Lpfilj + 1 and the claim follows.

(3) This follows from (1) and (2).

(4) By statement (2), if F' is a splitting field of C, then vr(Dpg/q,) > 3p? — 2. On the
other hand, we know that vp(Dp/qg,) < 3p? — 1 (cf. [12, Chap. 3, Proposition 13]). We
first show that those F' with UF<DF/QP) = 3p? — 1 do not split C.

By Proposition it suffices to show that logr O:F\rL/K(]:(ML)) = M32.. Let x be

x)) = 2. The claim

a uniformizer of L. By the following Lemma [3.10(1), UK<T1“L/K([7;%»
K
follows from Proposition 2) and the identity

n

_~ . [z
v (logroTry k() = vi (Trp /i ( h_)m [ I;] )
n—00 T~

: [k
= lim Tr = 2.
Jim vp (Trp e ( i )

Now assume that vp(Dp/q,) = 3p°—2. If F splits C, then logx or/I‘\rL/K(}"(ML)) C M3,
Therefore for any x € L a uniformizer, lim,(vk(Trr g ([7%]z)) —n) > 3. From e-

quation (3.4) in the proof of Lemma this shows that vy (Trp g (Txz + %)) >
4. For the converse, it suffices to show that logr OT;L/K(}'(ML)) = M3.. Note that

log ~ oﬁ(]—"(M%)) = M3, by Proposition (1), it suffices to check that for any uni-
formizer x € L,

logz oTrp, () = Trpk (logz(z)) € M.
This follows from Lemma |3.10[(2) and we complete the proof. O

Lemma 3.10. Let K = Q2 be the quadratic unramified extension of Qp and L/K be a
totally ramified extension with degree p?.

(1) Ifvr(Dr/k) = 3p? — 1, then for any uniformizer x of L and any n > 1,
vk (Trp e ([ml)) = n+ 2.
(2) If vr.(Dr/k) = 3p? — 2, then for any uniformizer x of L and any n > 1,
v (Trp g ([Tg]z)) > min{n — 1 + vg (Trp k(T e + 7)), n+ 3}

Proof. Let x be a uniformizer of L. Let f(T) € KI[T] be the minimal polynomial of

x. Then f(T) is an Eisenstein polynomial with degree ¢ = p?. Assume that f(T) =

T+ a1 T 4+ ag 1 T+ ag. Write [7%]z = nla + 7 ta? + 7y with vy (y) > 2, then
Trpyxc([micle) = Trpy e (whea + w2 + wiey)

(3.4) = Trp i (7a) + Trp g (o a?) + Trp e (7hy)

=7t Trp i (x7) + 7 Trp i (@) + 7 Trr i (y).
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If v.(Drk) = 3p? — 1, then Trp /g Mp = M3, the last two terms in equation (3.4)
have valuation > n + 3. Moreover

—Trp i (29) = Trp g (ara™ + -+ ag_12 + ag)
=a TrL/K(xq_l) + -+ ag-1 Trp g (z) + qaq.

Therefore vy (Trr, /x (29)) = vi (qaq) = 3. The statement (1) follows.
If v (Dr/k) = 3p® — 2, then Trrx M3 = M3.. From equation (3.4), we have

i (Trp i ([mie)e)) > min{ogc (wi " Trppe(29) + 7 Trpyic (@), vie(n Trry (y)))
> min{n — 1+ vg(Trp g (Txz + 29)), n+3}.

The statement (2) follows. O

Remark 3.11. In Theorem (4), assume that vp(Dp i) = 3p* — 2. Let f(T) = T +
a7t . 4 aq—1T + aq be the Eisenstein polynomial for . Note that in this case
vi(a1) = 2 and vi(ag—1) > 3 (cf. [12, Chap. 3, Proposition 13 and its remarks|), then
Try/k(—px + 27) = —qag + par (mod M3%.). The condition v (Trp g (—pr +2%)) > 4 is
equivalent to vg (—paq + a1) > 3.

Remark 3.12 (On the existence of abelian splitting fields). Let E/Q, be an elliptic curve
with good supersingular reduction. We could apply Theorem to show that a principal
homogeneous space C/Q, of E/Q, with period p™ has abelian splitting fields. For positive
integer a, denoted by ¢, the primitive a-th root of unity e/

If p > 3, for a fixed integer m, Q, has only one totally ramified abelian field exten-
sion F(m) with [F(m) : Q)] = p™ and Q, C F(m) C Qu({ym+1). By [12, Chap. 4,
Proposition 18|, we know the ramification groups of Gal(Q,(¢ym+1)/Qp). Via [12, Chap.
4, Proposition 14] and Herbrand’s Theorem [12, Chap. 4, Proposition 14|, we can de-
termine the upper numbering ramification groups of Gal(F(m)/Q),). By computing the

lower numbering ramification groups and applying [12, Chap. 4, Proposition 4|, we obtain

VF(m) (DF(m)/Qp) = (’I?’L + l)pm - p;nf_ll — L
)

Suppose that P(C) = p". Then F(m) is a splitting field of C if Lm

|—a>
eF(m)/Qp -

14 n, where a is the smallest integer which satisfies ¢* > %. Let m = 2n, thena =n
and
2n_1
an + UF(2n)(DF(2n)/Qp)J = {pZn + (27’L + 1)p2n - pipil - lJ .
€F(2n)/Qp p*"

=2n+1—-—n=n-+1.

Hence F'(2n) is a splitting field of C'. One also sees that for a principal homogeneous space
C with P(C) = p", there is no abelian splitting field F' of C' with [F': Q] = p".

If p = 2, for a fixed integer m, Q2 has two totally ramified abelian extension L;(m) with
[Li(m) : Q2] = 2™ (i =1, 2). They are subfields of Q((ym+2). Note that Gal(Q({om+2)/Q) =
Z)2Z x Z]2™MZ, let Ly be the cyclic extension. Using the same method as above, one can
compute vr, (m)(Dr, (m)/.) = (m +1)2™ — 1 and v, (m)(Dryom)/@,) = m - 2™. Suppose
that P(C') = 2", then Li(2n — 1) and Ly(2n) are splitting fields of C.



12 CHUANGXUN CHENG AND CHENG NIU

Remark 3.13. We note that in other cases, one could also use the trace map to study the
splitting fields of a principal homogeneous space. If E/K has good ordinary reduction,
we have the computation in [§, Section 4]. If £/K has multiplicative bad reduction, then
via the Tate curve, E(L) = L* /q¢” and the trace map E(L) — E(K) is induced from the
norm map L* — K* (cf. [I5, Chap. 5]).
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