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Abstract. Let p be a prime number, E be an elliptic curve over Qp with good super-
singular reduction, and C be a principal homogeneous space of E/Qp with period pn.
In this paper we give a sufficient condition for extensions F/Qp so that C(F ) 6= ∅. In
particular, we show that a totally ramified abelian extension F/Qp splits C if [F : Qp]
is sufficiently large. Moreover, in case n = 1, we show that a degree p extension F/Qp

splits C if and only if vF (DF/Qp) = 2p − 1. This is an analogy and also a complement
of a result of Lang-Tate on splitting fields of principal homogeneous spaces of abelian
varieties.

1. Introduction

Let E/K be an elliptic curve over a field K and WC(E/K) be the Weil-Châtelet group
of E/K. If C/K is a principal homogeneous space of E/K, let [C] ∈ WC(E/K) be the
corresponding class. The period of C is the order of [C] in the group WC(E/K). The index
of C is the smallest positive integer d such that there is a K-rational divisor of degree d
on C. We denote the period of C by P (C) and the index by I(C). By the Riemann-Roch
theorem, the index of C equals the smallest degree of splitting fields of C (cf. [6, Page
670]). Here a field extension L/K is a splitting field of C if C(L) 6= ∅.

It is well known that P (C) divides I(C) and that P (C) and I(C) have the same prime
factors (cf. [6, Proposition 5]). In general the exact difference between P (C) and I(C)
is still a mystery (cf. [1, 2, 10]). Yet if K is a local field with mixed characteristic,
Lichtenbaum [7] (see also [10, Section 5]) showed that P (C) = I(C) for all principal
homogeneous spaces of E/K. In this case, a natural question is to characterize the splitting
fields of C. As a special case of Lang-Tate [6, Theorem 1, Corollary 1], we have the
following result: If E/K has good reduction, P (C) = m and (m, p) = 1, where p is the
characteristic of the residue field of K, then L is a splitting field of C if and only if m
divides the ramification index of L/K. In particular, a degree m extension is a splitting
field of C if and only if it is totally ramified.

The proof of Lang-Tate is based on the Néron-Ogg-Shafarevich criterion and the key
ingredient is the isomorphism E[m] ∼= Ẽ[m], where Ẽ is the special fiber of E. This
argument breaks down if p | m. In this paper, we consider a special case where m = pn

and E/Qp has good supersingular reduction. One shall see that the p | m situation is
more subtle. For a finite extension F/Qp with maximal idealMF , denoted by DF/Qp

the

2010 Mathematics Subject Classification. 11G07, 11G20, 11S31.
Key words and phrases. elliptic curve, Lubin-Tate formal group, principal homogeneous space, local

Tate duality, splitting field.
The authors are supported by NSFC 11701272 and NSFC 12071221.

1



2 CHUANGXUN CHENG AND CHENG NIU

difference of the extension F/Qp and vF (DF/Qp
) the exponent ofMF in DF/Qp

. The main
result of the paper is as follows.

Theorem 1.1. Let E be an elliptic curve over Qp with good supersingular reduction, C/Qp

be a principal homogeneous space of E/Qp, and F be a totally ramified extension of Qp.
The following statements hold.

(1) Suppose that P (C) = pn. Let t ≥ n be an integer. If F/Qp has degree [F : Qp] =
p2t−1 and vF (DF/Qp

) ≥ p2t−1(n + t) − p2t−2, then F is a splitting field of C; if
F/Qp has degree [F : Qp] = p2t and vF (DF/Qp

) ≥ p2t(n + t), then F is a splitting
field of C.

(2) Suppose that P (C) = pn and [F : Qp] = ps with s ≥ n. If F is a splitting field of
C, then vF (DF/Qp

) ≥ ps(n+ 1)−b ps

p2−1c− 1. Here brc is the largest integer that is
≤ r.

(3) Suppose that P (C) = p and [F : Qp] = p, then F is a splitting field of C if and
only if vF (DF/Qp

) = 2p− 1.
(4) Suppose that P (C) = p2 and [F : Qp] = p2, then F is a splitting field of C if and

only if vF (DF/Qp
) = 3p2 − 2 and vp(TrL/Qp2

(−px+ xp
2
)) ≥ 4 for any uniformizer

x of L, where Qp2 is the unramified quadratic extension of Qp, vp is the valuation
on Qp2 with vp(p) = 1, and L = FQp2 is the composition of F and Qp2.

Notation and conventions. In the following, K denotes a finite extension of Qp and
GK = Gal(K̄/K) denotes the absolute Galois group of K. Let OK be the integer ring
of K, MK the maximal ideal of OK , k the residue field of OK , and vK the normalized
valuation on K such that vK(K∗) = Z. Let eK = vK(p) be the ramification index of K.
For a field extension L/K, let OL, ML, l, vL, eL be the corresponding objects associated
with L. Denoted by DL/K the difference of the extension L/K and vL(DL/K) the exponent
ofML in DL/K . Denoted by eL/K the ramification index of L/K.

All formal groups in this paper are one-dimensional. We refer to [14, Chap. 4] for
notions and basic properties of dimension one formal groups.

For r ∈ R, denoted by brc the largest integer that is ≤ r.

Outline of the proof. We explain the strategy of the proof. Let E/K be an elliptic
curve and C/K a principal homogeneous space of E/K with period m. By the canonical
isomorphism WC(E/K) ∼= H1(GK , E(K̄)), C corresponds to an element inH1(GK , E(K̄))
with order m and we denote it by [C]. Via the local Tate duality (cf. [9, Chap. 1, Section
3] and [11]), [C] corresponds to an element fC ∈ Hom(E(K),Q/Z) with image 1

mZ/Z.
The local Tate duality also gives us a commutative diagram

H1(GK , E)
∼=−−−−→ Hom(E(K),Q/Z)

ResL/K

y yTr∗L/K

H1(GL, E)
∼=−−−−→ Hom(E(L),Q/Z).

Here Tr∗L/K is the dual of the natural trace map TrL/K : E(L) → E(K). The following
conditions are equivalent.

(1) L is a splitting field of C/K.
(2) [C] is in the kernel of ResL/K : H1(GK , E)→ H1(GL, E).
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(3) fC is in the kernel of Tr∗L/K : Hom(E(K),Q/Z)→ Hom(E(L),Q/Z).

Assume that E/K has good reduction and denoted by Ẽ/k the special fiber. Let Ê/OK
be the formal group associated with E. We have a short exact sequence (cf. [14, Chap. 7])

0→ Ê(MK)→ E(K)→ Ẽ(k)→ 0.

Assume that m = pn and E has good supersingular reduction, then Ẽ[pn] is trivial and
for any L/K

Hom(E(L),Q/Z)[pn] ∼= Hom(Ê(ML),Q/Z)[pn].

Therefore L is a splitting field of C/K if and only if the restriction fC |Ê(MK)
is in the

kernel of
T̂r
∗
L/K : Hom(Ê(MK),Q/Z)→ Hom(Ê(ML),Q/Z).

Here T̂r
∗
L/K is the dual of the trace map T̂rL/K : Ê(ML)→ Ê(MK).

Finally, assume further that K = Qp, then after base change to the integer ring Zp2 of
the unramified quadratic extension Qp2 of Qp, Ê is isomorphic to the Lubin-Tate formal
group (cf. [4, Proposition 8.6]). Then one could prove the theorem by computing the trace
map T̂rL/K .

2. The trace map of the Lubin-Tate formal groups

Let F be a formal group over K. Let logF and expF be the associated formal logarithm
and formal exponential. The following result is well known (cf. [14, Theorem 6.4]).

Lemma 2.1. With the notation as above, the following properties hold.
(1) The formal logarithm induces a homomorphism

logF : F(MK)→ K,

where the group law on K is additive.
(2) Let r > eK/(p− 1) be an integer. The formal logarithm induces an isomorphism

logF : F(Mr
K)→ Ĝa(Mr

K).

Here Ĝa is the additive group. The inverse is given by the formal exponential expF .
(3) Let L/K be a finite extension. The following diagram is commutative

F(ML)
logF−−−−→ L

T̂rL/K

y yTrL/K

F(MK)
logF−−−−→ K.

As we shall use it repeatedly, we recall the following result on the usual trace map of
extensions of local fields (cf. [12, Chap. 5, Lemma 4]).

Lemma 2.2. Let L/K be a finite extension with ramification index eL/K , TrL/K : L→ K
be the trace map, a ∈ Z≥0. We have

TrL/K(Ma
L) =M

b
a+vL(DL/K )

eL/K
c

K .

In particular, if L/K is unramified, then TrL/K(Ma
L) =Ma

K .
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Lemma 2.3. Let L/K be an unramified extension. The trace map T̂rL/K : F(ML) →
F(MK) induces a surjection T̂rL/K : F(Ma

L)→ F(Ma
K) for a ∈ Z≥1.

Proof. As L/K is unramified, by checking the valuation of T̂rL/K(x) one sees that T̂rL/K
sends F(Ma

L) into F(Ma
K). If a > eK/(p − 1), the claim follows from Lemma 2.1(2)(3)

and Lemma 2.2. Now consider the following diagram

0 −−−−→ F(Ma
L) −−−−→ F(Ma−1

L ) −−−−→ F(Ma−1
L /Ma

L) ∼=Ma−1
L /Ma

L
∼= l −−−−→ 0yT̂rL/K

yT̂rL/K

yTrl/k

0 −−−−→ F(Ma
K) −−−−→ F(Ma−1

K ) −−−−→ F(Ma−1
K /Ma

K) ∼=Ma−1
K /Ma

K
∼= k −−−−→ 0,

and note that Trl/k : l → k is surjective, if the claim holds for a, then it holds for a − 1.
The lemma then follows by induction. �

Fix a uniformizer πK of K and denoted by q the cardinality of k. Let F = LTOK
be the

Lubin-Tate formal group over OK . Let [·] : OK → End(F) be the OK-module structure
on F . With out loss of generality, we may assume that [πK ](T ) = πKT + T q. We refer to
[13] for basic properties of Lubin-Tate formal groups.

Lemma 2.4. Let F be the Lubin-Tate formal group as above. The following statements
hold.

(1) logF (T ) = limn→∞
[πn

K ](T )
πn
K

.

(2) Let L be a finite extension of K. The trace map T̂rL/K : F(ML) → F(MK) is
OK-equivariant, i.e.

T̂rL/K([a]x) = [a]T̂rL/K(x), for all a ∈ OK , x ∈ML.

(3) The formal logarithm is OK-equivariant, i.e. logF ([a](T )) = a · logF (T ) for any
a ∈ OK .

(4) If q ≥ 3, then logF : F(MK) → K induces an isomorphism logF : F(Ma
K) ∼=

Ĝa(Ma
K) for any a ∈ Z≥1.

Proof. Statement (1) is just [3, Lemma 1]. Statement (2) follows from the commutativity
of the Galois action and the OK-action.

Statement (3) follows from Lubin’s comments in [16] and we restate it here. Let PrelogF
be the set of power series g(T ) ∈ K[[T ]] such that g(F(x, y)) = g(x)+g(y). If g ∈ PrelogF ,
then λg ∈ PrelogF for any λ ∈ K.

If 0 6= g ∈ PrelogF and the first nonzero term of g is aTm, then by definition a(x+y)m ≡
axm + aym modulo terms with degree ≥ (m+ 1). Hence we must have m = 1. Therefore
if there exists a nonzero element in PrelogF , the map PrelogF → K (g 7→ g′(0)) is an
isomorphism. To prove statement (2), it then suffices to check that logF ([a](T )) and
a · logF (T ) have the same derivative at 0, which is obviously true.

For statement (4), as q ≥ 3, one has vK( [πK ](x)
πK

) = vK(x) for any x ∈MK . By induction,

we have vK(
[πn

K ](x)
πn
K

) = vK(x) for any x ∈MK . Therefore, by statement (1), vK(logF (x)) =

vK(x) and logF is injective. Moreover, as logF is OK-equivariant, logF (Ma
K) = Mb

K for
some b ∈ Z. Then b must be a by vK(logF (x)) = vK(x) and the claim holds. �
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Lemma 2.5. Let L/K be a finite extension with ramification index eL/K . If r > eL/K

q−1 ,

then [πK ]F(Mr
L) = F(Mr+eL/K

L ).

Proof. It suffices to show that for any y ∈Mr+eL/K

L , there exists at least one x ∈Mr
L such

that πKx+ xq = y.
Let πL be a uniformizer of L and πK = π

eL/K

L u, where u ∈ O×L is a unit. Write
y = π

r+eL/K

L v, we need to show that there exists x = πrLX such that

π
r+eL/K

L uX + πrqL ·X
q = π

r+eL/K

L v.

Equivalently, we need to solve the equation

(2.1) uX + π
rq−(r+eL/K)

L Xq = v.

Modulo πL, the equation ūX = v̄ has a solution inOL/πLOL. By Hensel’s lemma, equation
(2.1) has a solution in OL and the lemma follows. �

Proposition 2.6. Let F be the Lubin-Tate formal group over OK and L/K be a finite
extension with ramification index eL/K . Let Tr := TrL/K : L → K be the trace map,
T̂r := T̂rL/K : F(ML) → F(MK) be the trace map with respect to the Lubin-Tate formal
group law. Then the diagram

(2.2)

F(ML)
logF−−−−→ L

T̂r

y yTr

F(MK)
logF−−−−→ K

is commutative and OK-equivariant. Moreover,

(1) if r > eL/K

q−1 is an integer, then logF ◦T̂r(F(Mr
L)) =M

b
r+vL(DL/K )

eL/K
c

K ;

(2) if r < eL/K

q−1 is a positive integer, then logF ◦T̂r(F(Mr
L)) ⊂ M

b
rqa+vL(DL/K )

eL/K
c−a

K ,
where a is the smallest integer which satisfies rqa > eL/K

q−1 ;
(3) if r =

eL/K

q−1 ≥ 2 is an integer, then

M
b
r+1+vL(DL/K )

eL/K
c

K ⊂ logF ◦T̂r(F(Mr
L)) ⊂M

b
r−q+vL(DL/K )

eL/K
c

K .

Proof. The commutativity of the diagram follows from Lemma 2.1 and theOK-equivariance
follows from Lemma 2.4.

If r > eL/K

q−1 , we choose an integer n such that r + neL/K > eL
p−1 . Then

logF ◦T̂r([πnK ]F(Mr
L)) = logF ([πnK ]T̂r(F(Mr

L))) = πnK(logF ◦T̂rF(Mr
L)).
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On the other hand, we have

Tr ◦ logF ([πnK ]F(Mr
L)) = Tr ◦ logF (F(Mr+neL/K

L )) (by Lemma 2.5)

= Tr(Mr+neL/K

L ) (by Lemma 2.1(2))

=M
b
r+neL/K+vL(DL/K )

eL/K
c

K (by Lemma 2.2)

=M
b
r+vL(DL/K )

eL/K
c+n

K .

(2.3)

Therefore, logF ◦T̂r(F(Mr
L)) =M

b
r+vL(DL/K )

eL/K
c

K .
If r < eL/K

q−1 , then for any x ∈ Mr
L, vL([πK ](x)) = vL(πKx + xq) = qvL(x). Thus

[πK ]F(Mr) ⊂ F(Mqr). Let a be the smallest integer which satisfies rqa > eL/K

q−1 , then we
have

Tr ◦ logF ([πaK ]F(Mr
L)) ⊂ Tr ◦ logF (F(Mrqa

L )).

By statement (1), Tr ◦ logF (F(Mrqa

L )) =M
b
rqa+vL(DL/K )

eL/K
c

K . Since logF ◦T̂r([πaK ]F(Mr
L)) =

πaK(logF ◦T̂rF((Mr
L))), we obtain

logF ◦T̂r(F(Mr
L)) ⊂M

b
rqa+vL(DL/K )

eL/K
c−a

K .

If r =
eL/K

q−1 ≥ 2 is an integer, applying statement (1) to Mr+1
L and statement (2) to

Mr−1
L , statement (3) follows from

logF ◦T̂r(F(Mr+1
L )) ⊂ logF ◦T̂r(F(Mr

L)) ⊂ logF ◦T̂r(F(Mr−1
L )).

�

3. The trace map of elliptic curves over local fields

3.1. Basic properties of the trace map: good reduction case. Let E/K be an
elliptic curve with good reduction. Let Ẽ/k be the special fiber and Ê/OK be the formal
group attached to E. Let L/K be a finite extension and TrL/K : E(L) → E(K) be the
trace map. Let T̂rL/K : Ê(ML) → Ê(MK) be the trace map on the formal part and
T̃rl/k : Ẽ(l)→ Ẽ(k) be the trace map on the special fiber. The following result is clear.

Lemma 3.1. With the notation as above and denoted by eL/K the ramification index of
L/K, then the diagram

(3.1)

0 −−−−→ Ê(ML) −−−−→ E(L) −−−−→ Ẽ(l) −−−−→ 0yT̂rL/K

yTrL/K

yeL/KT̃rl/k

0 −−−−→ Ê(MK) −−−−→ E(K) −−−−→ Ẽ(k) −−−−→ 0

is commutative.
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If l/k is a finite extension of finite fields, A is an abelian variety over k, then by a result
of Lang [5], the trace map T̃rl/k : A(l) → A(k) is always surjective. We then obtain the
following result.

Lemma 3.2. If L/K is unramified, then TrL/K : E(L)→ E(K) is surjective.

Proof. If L/K is unramified, in diagram (3.1), the map T̂rL/K is surjective by Lemma
2.3, the map eL/KT̃rl/k = T̃rl/k is surjective by the result of Lang [5], the lemma then
follows. �

Combining Lemma 3.2 and the local Tate duality, we obtain the following result.

Corollary 3.3. If L/K is unramified, then the restriction map ResL/K : WC(E/K) →
WC(E/L) is injective.

Remark 3.4. (1) By the virtue of Corollary 3.3, while discussing splitting fields of a
principal homogeneous space, we may restrict to totally ramified extensions.

(2) Let C/K be a principal homogeneous space with period m and (p,m) = 1. Then
the associated morphism fC : E(K) → Q/Z corresponds to a surjection fC :

E(K)/mE(K) → 1
mZ/Z. Note that Ê has no m-torsion and E[m](L) ∼= Ẽ[m](l)

for all L/K, then L/K is a splitting field of C/K if and only if

fC ◦ eL/KT̃rl/k : E(l)/mE(l)→ E(k)/mE(k)→ 1

m
Z/Z

is trivial, i.e. if and only ifm|eL/K . This is the translation of Lang-Tate’s argument
in terms of trace map via the local Tate duality.

3.2. Proof of Theorem 1.1. In the following, E/Qp is an elliptic curve with good su-
persingular reduction.

Lemma 3.5. Let E be an elliptic curve defined over Qp with good supersingular reduction.
Then over the integer ring of the unramified quadratic extension of Qp, the formal group
Ê is isomorphic to the Lubin-Tate formal group F with parameter −p.

Proof. This is [4, Proposition 8.6]. �

Let C/Qp be a homogeneous space of E/Qp with P (C) = pn. By the local Tate duality,
C corresponds to a homomorphism fC : E(Qp) → Q/Z with ord(f) = pn. Restricted to
the subgroup Ê(pZp), we get a homomorphism f̂C : Ê(pZp)→ Q/Z.

Lemma 3.6. With the notation as above, ord(f̂C) = ord(fC) = pn and F/Qp is a splitting
field of C if and only if f̂C ◦ T̂rF/Qp

= 0.

Proof. As Ẽ is supersingular, it has no pn-torsion and pn : Ẽ(k)→ Ẽ(k) is an isomorphism.
Then we have an isomorphism Ê(pZp)/pnÊ(pZp) ∼= E(Qp)/p

nE(Qp), and the lemma is
clear. �

We say that F is a splitting field of a morphism f̂ : Ê(pZp) → Q/Z if f̂ ◦ T̂rF/Qp
= 0.

By Lemma 3.6, if f̂ = f̂C , this is equivalent to the fact that F is a splitting field of C.
Let K be the unramified quadratic extension of Qp, F be the Lubin-Tate formal group

over OK with parameter πK = −p, F be a totally ramified extension of Qp, and L = KF
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be the composition of K and F . By Lemma 3.5, we have an isomorphism of formal groups
Ê ×OK ∼= F . The diagram

(3.2) F(ML) ∼= Ê(ML)
T̂rL/K

uu

T̂rL/F

''

F(MK) ∼= Ê(MK)

T̂rK/Qp ))

Ê(MF )

T̂rF/Qpww

Ê(pZp)

is commutative.

Lemma 3.7. With the notation as above, log
Ê

induces an isomorphism between Ê(pZp)
and pZp.

Proof. If p ≥ 3, this follows from Lemma 2.1(2). Assume that p = 2. Since T̂rK/Qp
(Ê(MK)) =

Ê(pZp) by Lemma 2.3, log
Ê

(Ê(MK)) = logF (F(MK)) =MK by Lemma 2.4(4), we have

log
Ê

(Ê(pZp)) = log
Ê
◦T̂rK/Qp

(Ê(MK))

= TrK/Qp
◦ log

Ê
(Ê(MK)) = TrK/Qp

(MK) = pZp.

The map log
Ê

: Ê(pZp)→ pZp is surjective. Consider the following diagram

0 −−−−→ Ê(p2Zp) −−−−→ Ê(pZp) −−−−→ Ê(pZp)/Ê(p2Zp) ∼= Fp −−−−→ 0ylog
Ê

ylog
Ê

yl̃og
Ê

0 −−−−→ p2Zp −−−−→ pZp −−−−→ pZp/p2Zp ∼= Fp −−−−→ 0,

the first vertical arrow is an isomorphism by Lemma 2.1(2), so the third vertical arrow
l̃og

Ê
is surjective, hence it is also an isomorphism. Therefore the middle vertical arrow is

an isomorphism and the lemma follows. �

Remark 3.8. Let p be a prime number and E/Q be an elliptic curve with good supersingular
reduction at p. Then E(Q)[p] is trivial by Lemma 3.7. The nontrivial part of this statement
is the p = 2 case as in Lemma 3.7. One could also prove this (for p = 2) via direct
computation using formulas in [14, Appendix A].

Proposition 3.9. With the notation as above, if f̂ : Ê(pZp) → Q/Z has ord(f̂) = pn,
then F is a splitting field of f̂ if and only if logF ◦T̂rL/K(F(ML)) ⊂Mn+1

K .

Proof. By Lemma 3.7, log
Ê

: Ê(pZp) → Ĝa(pZp) is an isomorphism. Note that a homo-
morphism f : pZp → Q/Z has order pn if and only if Ker f = p1+nZp. Hence ord(f̂) = pn

if and only if Ker(f̂) = exp
Ê

(p1+nZp) = Ê(pn+1Zp).
Since L/F is unramified, by Lemma 2.3, T̂rL/F : Ê(ML)→ Ê(MF ) is surjective. Hence

T̂rL/Qp
(Ê(ML)) = T̂rF/Qp

◦ T̂rL/F (Ê(ML)) = T̂rF/Qp
(Ê(MF )).
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On the other hand, we have the following commutative diagram:

(3.3)

F(ML) ∼= Ê(ML)
logF=log

Ê−−−−−−−→ L

T̂rL/K

y yTrL/K

F(MK) ∼= Ê(MK)
logF=log

Ê−−−−−−−→ K

T̂rK/Qp

y yTrK/Qp

Ê(pZp)
log

Ê−−−−→ Qp.

By Lemma 2.4, TrL/K ◦ logF (F(ML)) is an OK-submodule ofMK and assume that it
is Ma

K for some positive integer a. Since K/Qp is unramified, TrK/Qp
(Ma

K) = (pZp)a.
Therefor, for a morphism f̂ : Ê(pZp) → Q/Z with ord(f̂) = pn, we have the following
equivalences

F splits f̂ ⇐⇒ T̂rF/Qp
(Ê(MF )) ⊂ Ê((pZp)1+n)

⇐⇒ T̂rL/Qp
(Ê(ML)) ⊂ Ê((pZp)1+n)

⇐⇒ log
Ê
◦T̂rL/Qp

(Ê(ML)) ⊂ (pZp)1+n

⇐⇒ log
Ê
◦T̂rL/K(Ê(ML)) ⊂M1+n

K

⇐⇒ logF ◦T̂rL/K(F(ML)) ⊂M1+n
K .

The proposition follows. �

Proof of Theorem 1.1. We use the same notation as above, i.e. K is the unramified qua-
dratic extension of Qp, F is a totally ramified extension of Qp, L = KF is the composition
field, F/OK is the Lubin-Tate formal group with parameter πK = −p. As L/F is an
unramified extension, we have vL(DL/K) = vF (DF/Qp

). Let f̂C : Ê(pZp) → Q/Z be the
homomorphism associated with C. Recall that q = p2 is the cardinality of the residue field
of K.

(1) Assume that [F : Qp] = p2t−1 and vF (DF/Qp
) ≥ p2t−1(n + t) − p2t−2. As a = t − 1

is the smallest integer such that qa > eL/K/(q − 1), by Proposition 2.6(2),

logF ◦T̂rL/K(F(ML)) ⊂M
b
qt−1+vL(DL/K )

eL/K
c−(t−1)

K ⊂ (MK)n+1.

Hence F is a splitting field of C by Proposition 3.9.
Assume that [F : Qp] = p2t and vF (DF/Qp

) ≥ p2t(n+ t). As a = t is the smallest integer
such that qa > eL/K/(q − 1), by Proposition 2.6(2),

logF ◦T̂rL/K(F(ML)) ⊂M
b
qt+vL(DL/K )

eL/K
c−t

K ⊂ (MK)n+1.

Hence F is a splitting field of C by Proposition 3.9.
(2) If F with [F : Qp] = ps is a splitting field of C, then by Proposition 3.9, we have

logF ◦T̂rL/K(F(ML)) ⊂ (MK)n+1.
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Let r > eL/K

q−1 be an integer. Then by Proposition 2.6(1),

logF ◦T̂rL/K(F(Mr
L)) =M

b
r+vL(DL/K )

eL/K
c

K ⊂ logF ◦T̂rL/K(F(ML)) ⊂ (MK)n+1.

In particular, we may take r = b ps

p2−1c+ 1 and the claim follows.
(3) This follows from (1) and (2).
(4) By statement (2), if F is a splitting field of C, then vF (DF/Qp

) ≥ 3p2 − 2. On the
other hand, we know that vF (DF/Qp

) ≤ 3p2 − 1 (cf. [12, Chap. 3, Proposition 13]). We
first show that those F with vF (DF/Qp

) = 3p2 − 1 do not split C.
By Proposition 3.9, it suffices to show that logF ◦T̂rL/K(F(ML)) = M2

K . Let x be

a uniformizer of L. By the following Lemma 3.10(1), vK(TrL/K(
[πn

K ]x
πn
K

)) = 2. The claim
follows from Proposition 2.6(2) and the identity

vK(logF ◦T̂rL/K(x)) = vK(TrL/K( lim
n→∞

[πnK ]x

πnK
))

= lim
n→∞

vK(TrL/K(
[πnK ]x

πnK
)) = 2.

Now assume that vF (DF/Qp
) = 3p2−2. If F splits C, then logF ◦T̂rL/K(F(ML)) ⊂M3

K .
Therefore for any x ∈ L a uniformizer, limn(vK(TrL/K([πnK ]x)) − n) ≥ 3. From e-
quation (3.4) in the proof of Lemma 3.10, this shows that vK(TrL/K(πKx + xq)) ≥
4. For the converse, it suffices to show that logF ◦T̂rL/K(F(ML)) = M3

K . Note that
logF ◦T̂r(F(M2

L)) = M3
K by Proposition 2.6(1), it suffices to check that for any uni-

formizer x ∈ L,
logF ◦T̂rL/K(x) = TrL/K(logF (x)) ∈M3

K .

This follows from Lemma 3.10(2) and we complete the proof. �

Lemma 3.10. Let K = Qp2 be the quadratic unramified extension of Qp and L/K be a
totally ramified extension with degree p2.

(1) If vL(DL/K) = 3p2 − 1, then for any uniformizer x of L and any n ≥ 1,

vK(TrL/K([πnK ]x)) = n+ 2.

(2) If vL(DL/K) = 3p2 − 2, then for any uniformizer x of L and any n ≥ 1,

vK(TrL/K([πnK ]x)) ≥ min{n− 1 + vK(TrL/K(πKx+ xq)), n+ 3}.

Proof. Let x be a uniformizer of L. Let f(T ) ∈ K[T ] be the minimal polynomial of
x. Then f(T ) is an Eisenstein polynomial with degree q = p2. Assume that f(T ) =
T q + a1T

q−1 + · · ·+ aq−1T + aq. Write [πnK ]x = πnKx+ πn−1K xq + πnKy with vL(y) ≥ 2, then

TrL/K([πnK ]x) = TrL/K(πnKx+ πn−1K xq + πnKy)

= TrL/K(πnKx) + TrL/K(πn−1K xq) + TrL/K(πnKy)

= πn−1K TrL/K(xq) + πnK TrL/K(x) + πnK TrL/K(y).

(3.4)
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If vL(DL/K) = 3p2 − 1, then TrL/KML = M3
K , the last two terms in equation (3.4)

have valuation ≥ n+ 3. Moreover

−TrL/K(xq) = TrL/K(a1x
q−1 + · · ·+ aq−1x+ aq)

= a1 TrL/K(xq−1) + · · ·+ aq−1 TrL/K(x) + qaq.

Therefore vK(TrL/K(xq)) = vK(qaq) = 3. The statement (1) follows.
If vL(DL/K) = 3p2 − 2, then TrL/KM2

L =M3
K . From equation (3.4), we have

vK(TrL/K([πnK ]x)) ≥ min{vK(πn−1K TrL/K(xq) + πnK TrL/K(x)), vK(πnK TrL/K(y))}
≥ min{n− 1 + vK(TrL/K(πKx+ xq)), n+ 3}.

The statement (2) follows. �

Remark 3.11. In Theorem 1.1(4), assume that vF (DL/K) = 3p2 − 2. Let f(T ) = T q +

a1T
q−1 + · · · + aq−1T + aq be the Eisenstein polynomial for x. Note that in this case

vK(a1) = 2 and vK(aq−1) ≥ 3 (cf. [12, Chap. 3, Proposition 13 and its remarks]), then
TrL/K(−px + xq) ≡ −qaq + pa1 (mod M4

K). The condition vK(TrL/K(−px + xq)) ≥ 4 is
equivalent to vK(−paq + a1) ≥ 3.

Remark 3.12 (On the existence of abelian splitting fields). Let E/Qp be an elliptic curve
with good supersingular reduction. We could apply Theorem 1.1 to show that a principal
homogeneous space C/Qp of E/Qp with period pn has abelian splitting fields. For positive
integer a, denoted by ζa the primitive a-th root of unity e2πi/a.

If p ≥ 3, for a fixed integer m, Qp has only one totally ramified abelian field exten-
sion F (m) with [F (m) : Qp] = pm and Qp ⊂ F (m) ⊂ Qp(ζpm+1). By [12, Chap. 4,
Proposition 18], we know the ramification groups of Gal(Qp(ζpm+1)/Qp). Via [12, Chap.
4, Proposition 14] and Herbrand’s Theorem [12, Chap. 4, Proposition 14], we can de-
termine the upper numbering ramification groups of Gal(F (m)/Qp). By computing the
lower numbering ramification groups and applying [12, Chap. 4, Proposition 4], we obtain
vF (m)(DF (m)/Qp

) = (m+ 1)pm − pm−1
p−1 − 1.

Suppose that P (C) = pn. Then F (m) is a splitting field of C if b q
a+vF (DF (m)/Qp )

eF (m)/Qp
c− a ≥

1+n, where a is the smallest integer which satisfies qa >
eF (m)/Qp

q−1 . Let m = 2n, then a = n

and

b
qa + vF (2n)(DF (2n)/Qp

)

eF (2n)/Qp

c − n = b
p2n + (2n+ 1)p2n − p2n−1

p−1 − 1

p2n
c − n

= 2n+ 1− n = n+ 1.

Hence F (2n) is a splitting field of C. One also sees that for a principal homogeneous space
C with P (C) = pn, there is no abelian splitting field F of C with [F : Qp] = pn.

If p = 2, for a fixed integer m, Q2 has two totally ramified abelian extension Li(m) with
[Li(m) : Q2] = 2m (i = 1, 2). They are subfields ofQ(ζ2m+2). Note that Gal(Q(ζ2m+2)/Q) ∼=
Z/2Z× Z/2mZ, let L1 be the cyclic extension. Using the same method as above, one can
compute vL1(m)(DL1(m)/Q2

) = (m + 1)2m − 1 and vL2(m)(DL2(m)/Q2
) = m · 2m. Suppose

that P (C) = 2n, then L1(2n− 1) and L2(2n) are splitting fields of C.
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Remark 3.13. We note that in other cases, one could also use the trace map to study the
splitting fields of a principal homogeneous space. If E/K has good ordinary reduction,
we have the computation in [8, Section 4]. If E/K has multiplicative bad reduction, then
via the Tate curve, E(L) ∼= L×/qZ and the trace map E(L)→ E(K) is induced from the
norm map L× → K× (cf. [15, Chap. 5]).
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