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1. Introduction

The theory of displays was introduced by Zink in [23] and then developed by Zink
and Lau in a series of papers ([22,9,10] etc.). One of the main results of this theory is
that, for any ring R with p nilpotent in it, the category of formal p-divisible groups over
R and the category of nilpotent displays over R are equivalent.

Let O be the ring of integers of a non-Archimedean local field with characteristic
(0,p) and uniformizer w. The goal of this paper is to generalize the above equiv-
alence to nilpotent O-displays and m-divisible formal O-modules over O-algebras R
with 7 nilpotent in R. For this purpose we combine the idea of Drinfeld in [3] (where
Drinfeld established the equivalence between certain Cartier Ep p-modules and formal
O-modules over R) and the ideas in [23] and [10]. Hence, we generalize many results
needed for establishing the equivalence of nilpotent displays over R and p-divisible for-
mal groups over R and also use the already established equivalence for the O = Z,
case. Some parts of this generalized theory are already utilized in [8, Chapter 9].
In a recent paper of Verhoek [18], a more general notion of Cartier A-modules is
introduced, where A is the ring of integers of a number field. An equivalence be-
tween certain Cartier E -modules and certain formal A-modules is also established
in [18].

After establishing the equivalence between nilpotent O-displays and w-divisible
formal O-modules, we introduce Dieudonné O-displays and extend the equivalence
to an equivalence between Dieudonné (O-displays and m-divisible O-modules follow-
ing [22].

In the first part of this introduction, we state the main results and outline the contents
of this paper. All the notions related to Witt vectors and formal groups are the standard
ones and will be recalled in the second part of this introduction.
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1.1. Statement of the main results

Let O be the ring of integers of a non-Archimedean local field of characteristic (0, p)
with uniformizers 7. All rings and algebras over a commutative ring are assumed to be
commutative.

Let Nilp be the category of O-algebras with 7 nilpotent. Let R be an object of Nilp.
Let ndispp /R be the category of nilpotent O-displays over R (Definitions 2.1 and 2.3).
Let (w-divisible formal O-modules/R) be the category of m-divisible formal O-modules
over R (Definition 1.15). The main result of this paper is the following theorem.

Theorem 1.1. There exists a functor BT o
BTo : ndispy, /R — (w-divisible formal O-modules/R),
which is an equivalence of categories.

Remark 1.2. This is the main result of the first author’s thesis [1]. This paper is mostly
based on [1].

Remark 1.3. Assume that R is w-adic, i.e., R = ]&nR/(w)" By the discussion at the end
of Section 2.2 and taking projective limits, Theorem 1.1 holds for such R as well.

Remark 1.4. The idea of the proof is similar as Drinfeld’s idea in [3]. More precisely, let
(O, 7') be a finite extension of (O, ), we show that if Theorem 1.1 is true for (O, ),
then it is true for (O, 7"). We sketch the strategy in the following.

The functor BT is constructed in Section 2.4. Let R € Nilp/. Let ndispp o be
the category of nilpotent O-displays over R with strict O’-action (Definition 2.4). In
Section 2.5, we construct a functor I'(O, ') : ndispp o, /R — ndispe, /R and show the
commutativity of the following diagram

B
(ndispp o /R) LN (n'-divisible formal O’-modules/R)

r(o,o/)l / (1.1)
BT

(ndispes /R)

By adapting the argument in [10], we show in Section 4 that I'(O, O’) is an equivalence if
and only if it is fully faithful (Proposition 4.10). If BT is an equivalence, then to show
that BT is an equivalence, it suffices to show that BT/ is faithful. This faithfulness
property is proved in Section 3 using the theory of crystals (Proposition 3.28). Therefore
Theorem 1.1 follows from the equivalence of BTz, [10, Theorem 1.1].
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The construction of I'(0, ©’) is divided into two cases (Section 2.5). The first case
is that @ — O’ is unramified with degree f. For this we introduce the category of
nilpotent f-O-displays (f —ndispy), construct two functors 21(0,0’) : ndispp o/ /R —
(f — ndispy /R), Q2(0,0") : (f — ndispp /R) — ndispy, /R, and define T'1(0,0’) =
022(0,0") 0 Q1(0,0"). The second case is that O — O’ is totally ramified. For this, we
construct I'(O, O) directly.

One consequence of Theorem 1.1 is the following result.

Theorem 1.5. Let p be an odd prime. Let R be a Noetherian complete local O-algebra
with perfect residue field of characteristic p. Then the equivalence BT in Theorem 1.1
extends to an equivalence

BTp : Ddispy, /R — (w-divisible O-modules/R).
Furthermore, this equivalence is compatible with duality in the sense that
BTo(P') = GY.

Here Ddispy, /R is the category of Dieudonné O-displays over R (Definition 5.1), Pt is
the dual of P (Definition 5.8), GV is the Serre O-dual of G.

As mentioned before, a large part of the paper is a generalization of the O = Z,, case.
In the body of the paper, we give precise definitions and constructions of the generalized
notions. On the other hand, if the argument of a result is the same as the argument in
the O = Z,, case, we skip the details and only refer to the original references.

In Section 2, we study the category (f — dispy) of f-O-displays (Definition 2.1) in
detail, explain the constructions of the functors in Remark 1.4, and prove the commu-
tativity of the diagram (1.1).

In Section 3, we introduce O-frames and O-windows, which generalize the notion of
O-displays. We define the crystals associated with O-displays and the Grothendieck—
Messing crystals associated with m-divisible formal O-modules. By the study of the
universal extensions of w-divisible formal O-modules, we show that if the 7-divisible for-
mal O-module and the O-display are related by the functor BT », then the corresponding
crystals on O-pd-thickenings are isomorphic (Theorem 3.26). As a consequence of this
result, the faithfulness of BT follows (Proposition 3.28).

In Section 4, we apply the ideas of [10] to the functors ©;(O,0’) and I';(O,0’) we
constructed in Section 2.5. We show that the functors are equivalences of categories if
they are fully faithful (Proposition 4.10). Combine with the faithfulness of BT (Propo-
sition 3.28), we obtain Theorem 1.1.

In Section 5 we study Dieudonné O-displays and prove Theorem 1.5.
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1.2. Background on Witt vectors, formal groups, and Cartier modules

In this section, we recall the basic properties of Witt vectors and formal groups and
review Drinfeld’s result on Cartier modules. Along the way, we fix the notation we use
in this paper. The readers may skip this part to next section and only come back for
references.

Let O be the ring of integers of a non-Archimedean local field of characteristic (0, p)
with uniformizer 7 and residue field F,.

1.2.1. The functors Wo(—) and /Wo(—)

Let Wo(—) : Algy, — Algy be the functor of ramified Witt vectors associated with
(O, 7). See for example [5, Section 5.1] or [7] for more details on this object. The n-th
Witt polynomial attached to (O, ) is defined by

wp: Wo(R) = R
b=(bo,br,...) = bY +mbd .+,

Let V = V= : Wo(R) = Wo(R) be the Verschiebung morphism and ¥ : Wo(R) —
Wo(R) the Frobenius morphism. Note that v depends on the choice of 7. Define Ip g =
Y (Wo(R)) and Wo n(R) = Wo(R)/"" (Wo(R).

Let a € R, the Teichmiller lift of a is [a] € Wo(R) given by (a,0,0...).

Let O’ be a finite extension of O with a fixed uniformizer 7’ and residue field &’.
Denote by u the natural morphism in [5, Lemma 5.3]

u: W@(—) — WOI(—).

Recall that we have u([a]) = [a], u(V=z) = %Vw/Ffflu(x), and u(fo) = Fu(x), where f
is the degree of residue extension for O'/O.
Denote by A the unique natural morphism (Cartier morphism) of O-algebras

A:Wo(=) — Wo(Wo(-))
such that W(A(2)) = [ 2],>0. Here W = (wo, w1,...).

Remark 1.6. With the notation as above, let £ and E’ be the fraction field of @ and
O’ respectively. Let Fy/FE be the maximal unramified extension of £ in E’ with ring of
integers Og,. We identify Wo (k') = Og,. If A is an O’-algebra, we have the following
morphism

O, = Wo(k') 25 Wo(Op,) — Wo(A),

which makes W (A) an Og,-algebra. The natural morphism Wo(A) — We/ (A) is then
a morphism of Og,-algebras and induces a natural morphism
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Wo(A) ®op, 0" — Wor(A),

where % id on the left hand side corresponds to P on the right hand side.
If A is a perfect k’-algebra, the reductions modulo 7’ of the above two algebras coincide
with A. Since Wo/(A) has no 7'-torsion, we obtain the following isomorphism

Wo(A) ®o,, O =5 Wor(A).

Thus, if Ey is the maximal unramified extension of Q, in E with degree f(E/Q,),
W = Wy, for every perfect k-algebra A we have a canonical isomorphism

W(A) ®0,, © = Wo(A)
[a] @1 = [a]

FIC/) i F
If R is a nilpotent O-algebra, there is a subalgebra W (R) of Wn(R) which is stable
under ¥ and V' and defined by

/VVO(R) ={(zg,21,-+) € Wo(R) | ; = 0 for almost all 7}.

Let R be an (O-algebra which is a Noetherian local ring with perfect residue field
k and is complete with respect to the topology defined by the maximal ideal. In the
following, we define an important subring W@(R) of the ring of Witt vectors Wo(R).
The construction follows from [22]. Assume first that R is Artinian. Note that there
is a unique ring homomorphism Wp(k) — R, which for any element a € k, maps the
Teichmiiller representative [a] of a in W (k) to the Teichmiiller representative of a in R.
Let m C R be the maximal ideal of R. Then we have the following exact sequence

0 — Wo(m) = Wo(R) = Wo(k) — 0.

It admits a canonical section ¢ : Wo (k) EN Wo(Wo(k)) = Wo(R), which is a ring
homomorphism commuting with .
Since m is nilpotent, we have a subalgebra of Wy (m):

W@(m) = {(zo, 21, -+) € Wo(m) | z; = 0 for almost all ¢}.

W@(m) is stable under ¥ and V. Moreover, Wo (m) is an ideal of W (R). The proof of
this fact is exactly the same as the argument in [22, Section 2|. Indeed, by definition, any
element in Wo (m) may be represented as a finite sum Zi]\io V'[z,], it suffices to show
that [z|n € Wo (m) for any « € m and for any n € W (R). This follows from the formula

n

[1'](77077717"' 777717"') = (55770790(1771,"' ’xq nna"')'
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Definition 1.7. If R is Artinian, we define the subring W@(R) C Wo(R) by
Wo(R) = {€ € Wo(R) | £~ 67(¢) € Wo(m)}.
Again we have an exact sequence
0 — Wo(m) — Wo(R) = Wo(k) = 0

with a canonical section § of 7.
If R is Noetherian, define Wy (R) = ImWo (R/m%).
We also define Tp g = v (Wo(R)).

Lemma 1.8. (Cf. [22, Lemma 2].) Assume that p > 3. Then the subring Wo (R) of Wo(R)
is stable under ¥ and V.

Proof. Note that § commutes with ¥, the stability under ¥ is obvious. We only have to
check the stability under V. It suffices to show that

s(Vx) = V(éx) € Wo (m) for x € Wo (k).

By assumption, k is perfect. If we write 2 = Fy and use that W@(m) is an ideal in
Wo(R), it suffices to show the above claim for z = 1. In the ring Wo(Wo(k)), let
W = (wo, w1, ), we have

w(s(V1) = V(1) =[V1,0,---,0,--+] = [x,0,---].
Assume that
[7,0,---] = W(ug,uq, ) where u; € Wo (k).
Then 7 = ug, and 0 = wy,(ug, - ,up) for n > 1. By induction, we see that ord, u, =
q" —¢" 1 — ... — 1. The lemma follows. O

1.2.2. O-pd-structures

We recall the definition and basic properties of O-pd-structure following [4, Section 7]
and [6, Section B.5.1]. Let R be an O-algebra. Let a C R be an ideal. An O-pd-structure
on a is a map y : a — a, such that

o moy(z) =af,
o y(r-xz)=r? vy(x) and _ _
o Y@ +y) =7@) + YY) + Ppcicg(9)/m) - at-y™

hold for all r € R and z,y € a.
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Remark 1.9. For any S € Algp, an O-pd-structure on S is defined as above by considering
S as the kernel of the morphism R|S|:= Ré S — R.

Let us denote by 4™ the n-fold iterate of . We call v nilpotent if al”) = 0 for all
n > 0, where al™ C a is generated by all products []v% (x;) with 2; € a and 3 ¢% > n.
Define ag = id and for each n > 1, define

n—1 n—2
ay =1 +q +..tg+l-n -'y” ca— a.

Define the n-th divided Witt polynomial by

wl : Wo(a) = a
(0, @15y Ty ) > an(@0) + @no1 (1) + .o+ @1 (o) + 2y
The map w), is wy-linear, i.e., w, (rz) = w,(r)w,(z) for all n € N, 2 € Wp(a) and
r € Wo(R).

The main application of this structure is as follows (cf. [6, Lemma B.5.8]). Define on
a a Wo (R)-module structure by setting

§[a0,a17 .. ] = [Wo(f)ao,wl(f)al, . ]
forall ¢ € Wo(R) and [ag, a1, . . .| € . Then we have an isomorphism of W (R)-modules
log : Wo(a) — a
a = (ag,ai,...)— [wy(a),wi(a),...].

Moreover, if 7 is nilpotent, the above isomorphism induces an isomorphism

log : Wo(a) — a®.
We may view a as an ideal of Wo(a) via the map a +— @ = log™'([a,0,...]). Since ¥
acts on the right hand side by

F[ao,al,...] = [7ra1,7ra2,...,7rai,...]
for all [ag,ay,...] € a¥, we obtain that, for the ideal a C Wo(a), f'a = 0.

Definition 1.10. Let S — R be a surjection of O-algebras, such that the kernel a is
equipped with an O-pd-structure. We call S — R an O-pd-thickening if the O-pd-
structure over a is nilpotent. We call S — R a topological O-pd-thickening, if there is a
sequence of ideals a,, C a, such that S is complete and separated in the linear topology
defined by the a,,, and each a/a,, is equipped with a nilpotent O-pd-structure.
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Proposition 1.11. Let S be an O-algebra and a C S an ideal equipped with an O-pd-
structure . Then for any nilpotent S-algebra N the algebra a @5 N inherits a nilpotent
O-pd-structure 5 from a which is uniquely determined by Y(a @ n) = vy(a) @ n? fora € a
andn € N.

Proof. We only need to refer to the proof of [14, Chapter III, Lemma (1.8)], where one
defines the map ¢ : S©@N) — a @ A by the formula

! ! !
@(Z si(a;,n;)) = ZW(%’) ® (sini)? + Z( (i1, q Jl) H sja; @n;)"

Here the last sum runs through all I-tuples (i1, . .., 4;) with i; > 0 and Z;Zl ij = q. A sim-
ilar argument, compared to the one there, shows that 7 determines an O-pd-structure
on a ®g N. It is nilpotent since N is nilpotent.

Note that if NV is flat over S, we obtain an O-pd-structure on a/N via the inverse of
a®@s N = aN. O

1.2.8. w-divisible formal O-modules

Let R be a commutative unitary ring and Nilg denote the category of nilpotent
R-algebras. We embed the category of R-modules Modp into Nilg by setting M? = 0
for any M € Modg. In particular, this is the case for the R-module R.

If H is a functor on Nilg, we denote by ¢y its restriction to Modpg.

Definition 1.12. (Cf. [20, Chapter 2|, [23, Definition 80].) A (finite dimensional) formal
group over R is a functor F': Nilg — Ab such that

(1) F(0) =0.
(2) F is exact, i.e., if

0N =Ny - N3 =0
is a sequence in Nilg, which is exact as a sequence of R-modules, then
0— F(N;) = F(N2) = F(N3) =0

is an exact sequence of abelian groups.

(3) The functor tp commutes with infinite direct sums.

(4) tp(R) is a finitely generated projective R-module. (By [23, 3.1 The functor BT]
tp(M) is in a canonical way an R-module for each M € Modpg.)

The module ¢tz (R) is called the tangent space of F. The rank of tz(R) is called the dimen-
sion of F. The morphisms between two formal groups are the natural transformations
between the functors.



138 T. Ahsendorf et al. / Journal of Algebra 457 (2016) 129-193

Definition 1.13. Let .S be a unitary ring and R a unitary S-algebra. A formal S-module
over R is a formal group over R with an action of S, which induces the natural ac-
tion on the tangent space, i.e., it coincides with the S-module structure obtained by
the R-module structure of the tangent space and restriction of scalars. The morphisms
between two formal S-modules are the natural transformations between the functors
respecting the attached S-actions.

Definition 1.14. (Cf. [20, 5.4 Definition].) Let R € Alg,. A morphism ¢ : G — H of
formal O-modules over R of equal dimension is called an isogeny if Ker ¢ is representable
(i.e., Kerp ~ Spf A with A € Nilg, where Spf A : Nilg — Sets is given by Spf A(N) =
Homayg . (A, R® N) for N € Nilg.)

Definition 1.15. (Cf. [20, 5.28 Definition], [6, Definition B.2.1].) A formal O-module G
over an (Q-algebra R is called w-divisible, if the multiplication map 7 : G — G is an
isogeny. The category of m-divisible formal O-modules over R is a full subcategory of the
category of formal O-modules over R.

Lemma 1.16. Let (O, 7’) be a finite extension of (O, w). Then a formal O'-module G is
' -divisible, if and only if 7 : G — G is an isogeny.

Proof. This follows easily by [20, 5.10 Satz], which says that the composition of two
morphisms is an isogeny if and only if both morphisms are. See [6, Remarque B.2.2] for
more discussion. 0O

1.2.4. Cartier modules and Drinfeld’s result
Let R € Algy. Let Ep g be the Cartier ring defined in [3].

Definition 1.17. (Cf. [3].) A Cartier module M over R and O (i.e., an Ep r-module)
is reduced, if the action of V is injective, M = &iLnM/VkM7 and M/VM is a finite
projective R-module. The quotient M/V M is called the tangent space of M. Note that
in [3], M/V M is required to be free.

Theorem 1.18. (Cf. [3].) The category of formal O-modules over R is equivalent to the
category of reduced Ep r-modules.

Although Definition 1.17 is slightly different from the one in [3], the proof is an easy
combination of the proof in [3] (the induction step) and the proof of [20, 4.23 Satz] (the
base step O = Zj,,). The readers may also find the detail proof in [1, Section 2.4] or [18].

One may give an explicit description of the equivalence in Theorem 1.18. Note that
we may consider /Wo (N) for each N € Nilg as an Ep g-module. For e € Ep g, it can be
written in a unique way as

e= Z V™ amn]F™, (1.2)

n,m>0
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where a,, ,, € R and for fixed n the coefficients a,, , are zero for m large enough. Then
the module structure is written as a right multiplication and is defined by

we = Z Vm([an,m](an));

n,m>0

where w is an element of W (N). This generalizes [23, Equation (166)]. Clearly, a mor-
phism between N — N’ in Nilg induces a morphism of Ep g-modules Wo(N) —

Wo(N").

Lemma 1.19. (Cf. [21, (2.10) Lemma].) Let R be an O-algebra, N a nilpotent R-algebra
with a nilpotent O-pd-structure and M a reduced Ep r-module. Then we have an iso-

morphism of O-modules

/Wo(N) QEo. g M ~N @r M/VM,

gwen by n @ m — >, wi(n) ® Fim for all n € W@(N) and m € M, where the w) are
divided Witt polynomials. The inverse map is given by n @ m log_l[n7 0,...]®m for
alln € N and m € M/V M, where m is any lift of ™.

Proof. The two arrows are well-defined. One checks that they are inverse of each other
via direct computation. O

Lemma 1.20. (Cf. [20, /.41 Satz].) Let M be a reduced Eo g-module and N a nilpotent
R-algebra. Then Tor[iEo’R(Wo(N), M) =0 for each i > 1.

Proposition 1.21. For each reduced Eo r-module M, the functor /W@(—) ®Eo r M on
Nilp is a formal O-module. Furthermore, the equivalence functor from the category of
reduced Ep r-modules to the category of formal O-modules in Theorem 1.18 is given by
this functor.

Proof. To show that Wo(—) ®Eo.r M is a formal O-module, it suffices to show that the
tangent space is a finite projective R-module and that it preserves exact sequences. But
this follows from Lemmas 1.19 and 1.20.

The second assertion is already confirmed in the Z,-case (cf. [20, 4.23 Satz|). Hence,
as in Drinfeld’s proof, it suffices to show that if the assertion is true for some O, for any
finite extension @ — O’ the assertion is true for O’. This is easy to check by writing
down Drinfeld’s construction explicitly. O
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1.2.5. The exponential map

We reformulate Lemma 1.19. Let S be an O-algebra. By Proposition 1.21, we obtain
for each formal O-module G over S and each nilpotent S-algebra A equipped with a
nilpotent O-pd-structure an isomorphism

logg(N) : GIN) — LieG ®@s N.

Definition 1.22. Let G be a formal O-module over an O-algebra S and a C S be an ideal
equipped with an O-pd-structure. We define the exponential map

expg a®LieG =+ G

ogot (a@ g N
a® LieGN) = a @5 N @5 Lie G 7Y Gaws M) = GW)

for each V' € Nilg, where log. is defined as above (which makes sense by Proposi-
tion 1.11) and the last map is induced by the multiplication morphism a ® g N — N.

Following [23, Section 3.2. The Universal Extension], one may also define the expo-
nential maps via Cartier modules. For S an O-algebra and L an S-module, define the
group C(L) = [[,5, V*L. We may turn C(L) into an Ep s-module by the equations

Q- VL) =D Viwa(Ol,

>0 >0

VO Vi) =) Vi,
>0 i>0

FO Vi)=Y Vittal,
i>0 i>1

for all £ € Wp(S) and I; € L. We may interpret C(L) as the Cartier module of the
additive group of L. If L™ denotes the functor from Nilg to Mode defined by

LYN) = (N @sL)*
for N € Nilg, then there is a functor isomorphism
N @5 L~ Wo(N) @ge s C(L) (1.3)
given by n ® [ — [n] ® VO for n € A and [ € L. The inverse map is given by sending

W Y50 Vi to 350 wiw) @1 for w € Wo(/\/) and [; € L for all i > 0 (cf. 21, (2.1)
Lemmal). By Proposition 1.21, the following is now clear. (See also [6, Section B.5.3].)
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Proposition 1.23. (Cf. [21, (2.3) Satz, (2.11) Salz].) Let S — R be an O-pd-thickening
with kernel a, M' a reduced Eo s-module and M = Eo g ®g,, s M'. Then there is an
exact sequence of Ep g-modules

0— Cla®s M')VM')Z M — M — 0.

Here the map exp is given by sending Vi(a @ m) to Vilog™'[a,0,.. Jm. It induces the
map

expy 1 a®g LieG' — &,
where G’ is the formal O-module over S attached to M'.
2. f-O-Displays

In this section we study f-O-displays. Since f-O-displays are generalizations of dis-
plays, the materials in the first three subsections are similar to those in [23]. We give
details here for completeness.

2.1. Definitions

Definition 2.1. Let R be an (-algebra. An f-O-display P over R is a quadruple
(P,Q, F,F), where P is a finitely generated projective Wy (R)-module, @ is a sub-
module of P, F: P — P and F; : Q — P are F! Jinear maps, such that the following
properties are satisfied:

(1) Io,grP C @ and there is a decomposition of P as Wp(R)-modules P = L & T, such
that @ = L @ Io gT. (We call such a decomposition a normal decomposition.)
(2) Fyisan © " _linear epimorphism, i.e., its linearization

F! Wo(R) Q=P

el Wo(r
w® q+— whig,

where w € Wo(R) and ¢ € Q, is surjective.
(3) For x € P and w € Wo(R), we have

The finite projective R-module P/Q is the tangent space of P. If f = 1, we call P an
O-display.

A morphism o : (P,Q,F,F)) — (P',Q', F', F|) between two f-O-displays is a mor-
phism of W (R)-modules o : P — P’; such that a(Q) C Q" and o commutes with F'
and Fjy.
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Together with these morphisms, the f-O-displays over R form a category, we call it
(f — dispy /R) or only (dispy, /R) if f = 1.

This definition is similar to [23, Definition 1]. Note that
Fi(V1z) = Fx

for all x € P. Hence F is uniquely determined by Fj. Applying this equation to y € @,
we obtain Fy =7 - Fiy.

We introduce an operator V¥. The following lemma is an easy generalization of the
corresponding result in [23].

Lemma 2.2. (Cf. [23, Lemma 10].) Let R be an O-algebra and P an f-O-display over R.
There exists a unique Wo(R)-linear map

.
Vi P — Wo(R) ®Ff,Wo(R) P,
which satisfies the following equations for allw € Wo(R), v € P and y € Q:

ViwFz)=7-w®z,
ViwFy) =w®y.

Furthermore, FAV* = ridp and VIF! = Tidw, (R)®

P
Ff,Wo(R)

By VM : P — Wo(R) @psn Wo (R) P we mean the composite map FO=Dy

Flyio Ve where 'V is the Wo (R)-linear map

id ®Ffi’WO(R)Vﬁ : Wo(R) ®Ffi’WO(R) P — Wo(R) ®Ff(i+l),Wo(R) P.
Definition 2.3. Let R be an object in Nilp and P an f-O-display over R. We call P
nilpotent, if there is a number N such that the composite map

proVN . P Wo(R) P — Wo(R)/(Io.r +7Wo(R)) ®ps~ P

DN wo(r) Wo(R)

is the zero map.
Denote by (f — ndisp, /R) the subcategory of (f — dispy, /R) consisting of nilpotent
objects.

Definition 2.4. Let O’ be a finite extension of @, R an O’-algebra, and P an f-O-display
over R. We call an O'-action of P, i.e., an O-algebra morphism ¢ : O" — End P, strict,
if the induced action 7 : @' — End(P/Q) coincides with the O’-module structure given
by the R-module structure of P/@Q and restriction of scalars.



T. Ahsendorf et al. / Journal of Algebra 457 (2016) 129-193 143

We denote by (dispg’)o, /R) (resp. (ndispg’)o, /R)) the category of f-O-displays (resp.
nilpotent f-O-displays) over R equipped with a strict O’-action.

In fact, for this situation, we consider only the case f = 1. When f = 1, we omit the
script f in the notation.

2.2. Base change for f-O-displays
Let R — S be a morphism of O-algebras.
Definition 2.5. (Cf. [23, Definition 20].) Let P = (P,Q, F, Fy) be an f-O-display over

R. The f-O-display obtained by base change with respect to R — S is the quadruple
Ps = (Ps,Qs, F's, I'15), where

Ps :=Wo(5) ®@w,(r) P,

e Qg := Ker(wo & pr: W@(S) OWoe (R) P— S®g P/Q)7

e Fs:=F" @F, and

o Fi5:Qs — Ps is the unique F! Jinear morphism which satisfies
Fis(wey) = we Ry,

FisVwer) = FI @ Fo

for all w € Wep(S), z € P and y € Q.

It is easy to check that Pg is an f-O-display over S. In particular, if we choose a
normal decomposition P = L & T, then

Qs ~Wo(S) ®wer) L © lo,s Qwer) T-

Remark 2.6. We remark a very important case of base change, which will be needed for
the study of the functor BTg) (P, —) (cf. [23, Example 23]). Let R be an O-algebra, such
that 7R = 0. Let Frob, denote the Frobenius endomorphism defined by Froby(r) = ¢
for all € R and P = (P,Q, F,F;) be an f-O-display over R. The Frobenius ¥ on
Wo(R) is given by Wo(Frob,). If we set

P9 = Wo(R) ®F we(r) b

QY =1Io r ®r wo(ry P+ Im(Wo(R) ®r wo(r) Q)
and define the operators F(@) and Fl(Q) in a unique way by
FOwez) = @ Fa,

Fl(Q)(Vw ®x) = Fly e Fzx,

FPwey) = we Fy
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for all w € Wo(R), z € P and y € @, we see that the f-O-display obtained by base
change with respect to Frob, is Pl = (P QW F@), Fl(q)). It is essential to demand
7R = 0 here, otherwise Q(? /1o, 7P would not necessarily be a direct summand of
P(Q)/[O)RP(Q).

Let us denote the k-fold iterate of this construction by P and consider the map

Vi P — Wo(R) Dr! wo(r) P of Lemma 2.2 and F* : Wo(R) B! Wo(R) P— PV

maps P into Q(qf) and F* maps Q(qf) into Ip rP. Both maps commute with the pairs

(F, F(qf)) and (Fy, Fl(qf)) respectively, so V¥ induces the so called Frobenius morphism
of P, which is a morphism of f-O-displays

Frp: P — P(qf), (2.1)
and F* induces the so called Verschiebung
Verp : P = P.
By Lemma 2.2, we obtain two analogous relations
Frp Verp = 7 -idp,s) and Verp Frp =7 -idp.

Let R be a topological O-algebra, where the linear topology is given by the ideals
R=ayD>a; D...Day,...,such that a;a; C a;4;. Suppose further that 7 is nilpotent
in R/a; (and hence in all R/a;) and that R is complete and separated with respect to
this filtration.

Definition 2.7. With R as above, an f-O-display over R is called nilpotent, if the
f-O-display obtained by base change to R/a; is nilpotent in the sense of Definition 2.3.

Let P be a nilpotent f-O-display over R. We denote by P; the f-O-display over R/a;
obtained by base change. Then P; is a nilpotent f-O-display in the sense of Definition 2.3.
There are obvious transition isomorphisms

¢; : (,PH»l)R/u,- — P

Conversely, assume we are given for each index ¢ a nilpotent f-O-display P; over
O-algebra R/a; and transition isomorphisms ¢; as above. It is easily seen that the system
(Pi, ¢;) is obtained from a nilpotent f-O-display P over R. The category of systems of
nilpotent f-O-displays (P;, ¢;) and the category of nilpotent f-O-displays over R are
equivalent by the above association. This equivalence fits well to [14, Chapter II, Lemma
(4.16)].
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2.3. Descent data for f-O-displays

We introduce descent theory for f-O-displays.

Lemma 2.8. (Cf. [23, 1.53. Descent].) Let R — S be a faithfully flat O-algebra morphism.
Then we have the exact sequence

q12
q1 -

R— S S®rS=S®rS @RS,

92 q13
=

where q; is the map, which sends an element of S to the i-th factor of S®@r S and q;; is
given by sending the first component of S ®g S to the i-th component of S ®r S ®r S
and the second one to the j-th component of it.

Definition 2.9. With O, R — S, ¢; and ¢;; as above. Let P be an f-O-display over S.
Denote the f-O-display over S®p S obtained by base change via g; by ¢;P and similarly
for f-O-displays over S®@pr S ®pr S and ¢;;. A descend datum for P relative to R — S is
an isomorphism of f-O-displays a : ¢iP — ¢3P, such that the cocycle condition holds,
i.e., the diagram

* % Tiz * %
01297 P — q125P

a3 P B3i P
l 41*30‘ J/qgso‘
71353 P —— @535 P

is commutative.

It is obvious that we obtain for any f-O-display P over R a canonical descent datum
ap for the base change Pg over S relative to R — S.

Theorem 2.10. (Cf. [23, Theorem 37].) With the terminology as in Definition 2.9, the
functor P +— (P,ap) from the category of f-O-displays over R to the category of
f-O-displays over S equipped with a descent datum relative to R — S is an equivalence
of categories. We also obtain an equivalence, when we restrict to nilpotent f-O-display
structures.

The following result is important in Section 4.

Proposition 2.11. Let R — S be a faithfully flat morphism of O'-algebras, and f, f'
two natural numbers > 1. Let G4 be a functor between the category of (nilpotent)
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f-O-displays over A and the category of (nilpotent) f'-O'-displays over A for A =
R,S,S®r S,S ®r S ®r S. Assume that these functors are compatible with the base
change functors induced by q;, q;; (with the obvious notation) and R — S, that Gsg,s
is fully faithful and Gggnsens i faithful. Let P’ be a (nilpotent) f'-O'-display over R,
such that the base change P’s lies in the image of Gs. Then P’ lies in the image of
Gr. The same assertion is true, when the domain of G is the category of (nilpotent)
f-O-displays over A equipped with a strict O'-action for each A as above.

Proof. Let P be a (nilpotent) f-O-display over S, such that Gg(P) = P’g. It suffices to
construct for P a descent datum relative to R — S, so we would obtain by Theorem 2.10
a (nilpotent) f-O-display over R, which has the image P’. We have the obvious descent
datum for P’g. One may lift the isomorphism o : ¢tP's = ¢3P’'s to a : ¢P = ¢3P,
since Gggps is fully faithful. Now we may establish the cocycle diagram for a and
the commutativity of the diagram because of the faithfulness of Gsg, 58,5 and the
compatibility of the G’s with the base change functors.

The last assertion follows from the same argument as above by attaching a strict
(O’-action to the objects of the categories in Theorem 2.10. O

2.4. The formal O-module BTg)(P, -)

For a given f-O-display P = (P, Q, F, F;) we consider the following W (R)-modules,
which can be considered as O-modules by restriction of scalars via O — Wo(R):

~

= WO(N) OWe (r) P (2.2)
Qn =WoN) @wor) L & Ionx ®we(r) T- (2.3)

Here P = L&T is a normal decomposition and A/ € Nilg. Let S be the unitary R-algebra
RIN| = R&® N with an addition in the obvious way and a multiplication given by

(r1,n1)(r2,n2) = (r1r2, 1102 + rong + Ning) (2.4)

for all n; € N and r; € R. If we denote by Ps = (Ps,Qs, Fs, F1,s) the f-O- display
over S obtained from P via base change relative to R — S, we can consider PN as
a submodule of Pg and obtain QN = PN N Qgs. By restricting Fg : P — Pg and
Fi.5 : Qs — Pg, we obtain operators

F:ﬁ/\/%}g/\/,
F1:@N—>ﬁ/\/.

Now we are able to associate to an f-O-display P a finite dimensional formal O-module
BTg)(P, —). In the case that f = 1, we will just refer to BTo(P,—). The following
theorem is a modified version of [23, Theorem 81].
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Theorem 2.12. Let P = (P,Q, F, Fy) be an f-O-display over R. Then the functor from
Nilg (the category of nilpotent R-algebras) to the category of O-modules, which associates
to any N € Nilg the cokernel of the morphism of abelian groups

Fi—id: Qn — Py (2.5)

s a finite dimensional formal O-module, when considered as a functor to abelian groups
equipped with a natural O-action. Denote this functor by BTg)(’P, —). Then we have an
exact sequence of O-modules

~ Fp—id ~
0 Qn Py BTY)(P,N) —— 0. (2.6)

First note the following lemma.
Lemma 2.13. (Cf. [23, Lemma 58].) Let P = (P,Q, F, Fy) be an f-O-display over R and
a C R an ideal equipped with a nilpotent O-pd-structure. Then there is a unique extension
of Fy to
Fy : Wo(a)P+Q — P,
such that FiaP = 0.
Proof. If we choose a normal decomposition P = L & T, then

W(g(a)P +Q=aT®dL Io.rT.

Define Fy : Wo(a)P + Q — P by setting Fy(aT) = 0. Then FyaL = 0 since ©'a = 0. (See
Section 1.2.2.) O

Proof of Theorem 2.12. First, we show that (2.5) is injective. Since any nilpotent N
admits a filtration

OZNoCN1C...CNT:N

with N2 C N;_1, it suffices to prove the injectivity for A" with A2 = 0. In this case, N
has a trivial O-pd-structure v = 0. Extend F} : Qn — Py to a map

Fy W@(N) ®WO(R)P—>/W7(9(N) ®W@(R)P (2.7)

by applying Lemma 2.13 to F : Qg — Pg first (with S = R ® N') and then restricting
to Wo(N) ®we(r) P. By our assumption on N, we get an isomorphism

Wo(./\/) OWo (R) P — @N O, Wo (R) P. (2.8)
i>0
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Define the operators K; for ¢ > 0 by

Ki: N ®w, .y, womr) P — N @w, wor) P

Witis

a®@x— 1/ la® Fa.
It is easy to check that F} on the right side of (2.8) is given by
Filug,ui,...] = [Kiup, Kougyq,.. ).
In particular, F is pointwise nilpotent. Therefore, the morphism
Fi —id: Wo(N) ®wer) P = WoN) @wenr) P, (2.9)

is an isomorphism. Here F} is the map (2.7). The injectivity of (2.5) follows.
Define BTg)(P,N) by the exact sequence

~ Fi—id ~
0 On 5 Py BTY)(P,N) — 0.

There is an obvious O-module structure on BTg) (P,N). For an R-algebra morphism
n: N — M in Nilg, we obtain an O-module morphism BTg)(P,n) : BTg)(P,J\/) —
BTg ) (P, M) by the commutative diagram

~ Fi—id ~
0 Onv 5 Py BTY) (P,N) —— 0
n/ 17// J/BTEDf)(P777)
Ny 74 p (f)
0 Om P BTY) (P, M) —— 0,

where 7" is the induced morphism 7®id : Py — Py and 1/ is the restriction of '’ to Q.
It is easily seen that the image of 1/ is contained in Q. This shows that BTg)(P, =)
is a functor.

We need to verify that the conditions of Definition 1.12 hold. The first two conditions
are clear because the functors N 13/\[ and N — @ n are exact. For the remaining

conditions we need to study ¢ . Because we only consider Modg in Nilg, we

BT (P,-)
may assume that A2 = 0. Thus A has the trivial O-pd-structure. Define a morphism

expp : N Qr P/Q — BTg)(P,N)

by the commutative diagram
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0 On —4 Py N@rP/Q — 0
J/Flid Jexpp
v TP (/)
0 QN Py BTy (P,N) —— 0.

One can easily deduce from this diagram that expp is an isomorphism. We see further-
more that tBTg)(pﬁ) is isomorphic to M — M ®pg P/Q via this exponential map. Then
it is easy to see that the last two conditions of Definition 1.12 are satisfied. We conclude
that BTg) (P, —) is a formal group (with O-action). Since Wo(R) — R is O-linear, the
two O-actions on the tangent space coincide. Hence it is a formal O-module. O

Let a: R — S be an O-algebra morphism and P an f-O-display over R. We get an
f-O-display «,P over S by base change and obtain a formal O-module BTg) (P, —)
over S. On the other hand, we obtain a formal O-module o, BT (P,—) over S by
restriction. The following corollary says that the functor P — BT(; ) (P, —) commutes
with base change.

Corollary 2.14. (Cf. [23, Corollary 86].) With the conditions as above we get an isomor-
phism of formal O-modules over S

a, BT (P, —) 2 BTY (0, P, -).
Proof. The isomorphism is induced from the isomorphism
Wo(N) @wo(r) P = WolN) @wos) Wo(S) Bwe(r) P = WoN) ®we(s) auP,
for N € Nilg. O

We cite two propositions of [23], from which we deduce that BTg)(P,—) is a
m-divisible formal O-module for nilpotent f-O-displays P.

Proposition 2.15. (Cf. [25, Proposition 87].) Let R be an O-algebra, such that 7R = 0,
and P a nilpotent f-O-display over R. Furthermore, let Frp : P — P be the Frobenius
endomorphism (see (2.1)) and G = BTg) (P,—) resp. Gl = BTg) (P(qf),—) be the
formal O-module attached to P resp. P Because BTg) commutes with base change,
we obtain a morphism of formal O-modules

BTY) (Frp) : G — G,

which is the Frobenius morphism of the formal O-module G (with respect to x — x7)
iterated f times Fré. (This Frobenius is the obvious generalization of [20, Kapitel V].)
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Proposition 2.16. (Cf. [25, Proposition 88].) With the setting as in Proposition 2.15,
there is a number N and a morphism of nilpotent f-O-displays

v:P = P(q'fN),

such that the diagram

)

p(
s commutative.

Corollary 2.17. (Cf. [23, Proposition 89].) Let R € Nilp and P be a nilpotent f-O-display
over R. Then BTg) (P, —) is a w-divisible formal O-module (cf. Definition 1.15).

) to the diagram of

Proof. First assume that 7R = 0. In this case, we may apply BTg
Proposition 2.16 and obtain that some iteration of the Frobenius on BTg )(77, —) factors
through 7 and some other morphism. By [20, 5.18 Lemma] and [20, 5.10 Satz], we obtain
that 7 is an isogeny. Hence, BTgr )(P, —) is a m-divisible formal O-module over R.

If  is nilpotent in R, then a formal O-module is m-divisible, if and only if its reduction

modulo 7 is w-divisible (cf. [20, 5.12 Korollar]). Hence, BTg)(P, —) is m-divisible. O

The following proposition explains how we may describe the reduced Cartier module
of a formal O-module associated with an f-O-display over an O-algebra R.

Proposition 2.18. (Cf. [23, Proposition 90].) Let P = (P,Q,F, Fy) be an f-O-display
over an O-algebra R. The reduced Ep r-module associated with the formal O-module
BTg)(P, —) is given by

M(P) =M,

31 (p,—) = E0.R ®Wo(R) P/(Foz—-VIT'@Fe, VI @ Fly —1®Yy)repyeq-

The proof is the same as the proof of [23, Proposition 90]. Here we use equation (2.6),
which corresponds to [23, Equation (147)]. The only difference is that now Fy is ¥ " linear
and the morphism V=1 in [23] is ¥-linear.

2.5. Construction of T'(O,0")

Let O’ be a finite extension of O. In this section, we construct a functor I'(O, O’)
which makes the following diagram commutes
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BT
(ndispp o /R) — 2 5 («/-divisible formal ©’-modules/R)

F(0,0/)l /
BT o

(ndispes /)

In order to do this, it suffices to treat the cases when O'/O is unramified and O’/O is
totally ramified. The constructions in these two cases are different and we explain them
separately. The above commutative diagram is obtained by combining Propositions 2.21,
2.23, and 2.29.

2.5.1. Unramified case
Assume that O — O’ is unramified of degree f. In the following, we introduce the
functors ,(0,0’) (i = 1,2) and I'1 (O, O').

Lemma 2.19. Let O — O’ be unramified of degree f, R an O'-algebra, and P =
(P,Q, F,F1) an O-display over R equipped with a strict O'-action 1. Then we may de-
compose P and @Q canonically as P = @iez/fz P, Q = ®ieZ/fZ Qi, where P; and
Q; = P,NQ are Wo(R)-modules, P; = Q; for alli # 0, F(P;), F1(Qi) C P11 for all i
(where we consider i modulo f) and

Hij - WO(R) ®F1,WO(R) Pj — P)i-‘rja

given by w @ p; — wkip; is an isomorphism for all i,j with 0 <i < (f—1), 1 <j

IA

Proof. Let o denote the relative Frobenius of the extension O — O’. The O'®oWo(R) =
Wo(R)f-modules P and @ decompose as

P= (P P Q= P -

i€/ fZ i€Z/fZ
where
P={rxecP|(a®@)z=(1®0c(a))z forallac O}

and Q; = QN P;. Because the O’-action is strict, it is easy to check that the modules P;
and @; satisfy the conditions in the lemma. 0O

Definition 2.20. With the setting as in Lemma 2.19, we define a functor

2 (0,0") : (dispp,o /R) = (f — dispp /R)
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by sending (P,Q, F, F1) equipped with a strict O’-action to (PO,QO,Flf_lF, Flf) and

restricting a morphism between two (O, O’)-displays respecting the attached (’-actions

to the zeroth component. Furthermore, if R € Nilp/, we obtain by restriction the functor
21(0,0) : (ndispp o /R) = (f — ndispe /R).

It is easy to check that the functors commute with base change.

Proposition 2.21. Let O — O’ be unramified of degree f and R an O’-algebra. Then the
following diagram is commutative:

(dispp o /R) LN (formal O’-modules/R)

Ql(o7ol)l /
BT

(f —dispp /R)
If 7" is nilpotent in R, then the restriction of the above diagram

BT
(ndispp o /R) — 2 (#'-divisible formal ©’'-modules/R)

Ql(0,0’)J /

BTY’
(f —ndispp /R)
s commutative.

Proof. Let P be a (nilpotent) O-display over R and Py its image via 4 (O, O’). It suffices

to construct an isomorphism
BTo(P,—) — BTY) (P, -).
For a nilpotent R-algebra A/, consider the sequence

~ Fi—id ~
0 Qv —— Py BTo(P,N) —— 0

and the one defining BTg)(PO, —). Using the Z/ fZ-grading of Q and P, we obtain from
the above sequence

~ Fy—id ~
0 —— Dicz 2 QiN — Dicz/ iz Linv — BTo(P,N) —— 0,

where ]3,»7/\/ and @i,./\/' have the obvious meaning. Note that ﬁi,./\/' = @i,N for all ¢ £ 0.
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There is a map 6 from @iez/fz ﬁi’/\[ = ﬁN to ﬁo,/\f defined by 6(zo,z1,...,25-1) =
Z]f‘:l Flffjxj (with index taken modulo f) and we claim that the image of 6 o (Fy —id)
is contained in the image of Flf — id, which would establish a map BTo(P,N) —
BTY (Py, N). R R R

Indeed, an element (zo, ..., zf-1) of Px = €D,z sz Fin is contained in (F —id)(Qw)

if and only if there is a (go,...,qf-1) € @iez/fz Qz}/\/ = Q, such that

i =Figi-1 — qi (2.10)
for all 4. For such an element (zo,...,zy_1), we have
¢ =Figo— > Fi 7z, (2.11)
forallt=0,...,f. So we get
f .
Flg—q=> F 7, (2.12)

from which we can deduce 0(F; — 1d)(QN) (Ff id)(@\o,N). The morphism € induces
a well defined morphism

:BTo(P,N) — BTY) (Py, N).
It is obvious that @ is a morphism respecting the @’-module structure and that 8 = 8(N)
is functorial in N. The surjectivity of @ follows from the fact 9((1‘0, ooy 0)) =
To. We check the injectivity. Indeed, assume that (xo,...,z5-1) € PN such that
0((zo,...,25-1)) = 0, then equation (2.12) holds for some ¢y € @O,N~ For i =
1,...,f —1, define ¢; via equation (2.11). Then (Fy —id)(qgo,...,qf-1) = (0, ..., ZTf-1)
and (xg,...,z7-1) = 0. The proposition follows. 0O

In order to obtain a functor from (O, O’)-displays over R to O’-displays over R, it
suffices to construct a functor from f-O-displays over R to O’-displays over R.

Definition 2.22. With O — O’ unramified of degree f and R an (’-algebra, we define a
functor

Q2(0,0") : (f —dispp /R) — (dispe /R)

by sending Py = (Py, Qo, Fo, F10) with a normal decomposition Ly & Ty = Py to P’ =
(P',Q', F', F{), where the elements of the quadruple are given by
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P'=Wor(R) @we (r) Pos
Q' = Io r Qwe(r) To ® Wor (R) Qwy(r) Los
F=" Qwe (r) Fo,
Fi(w@2) =" w @we(r) Fio(2),
F{(V/w ® 1) = w Owy (r) For,
for all w € Wo/(R), x € Py and z € Q. Here u is the natural morphism u : Wo(R) —
Wor(R), the operators related to We: (R) are marked with a dash.
For R € Nilp: this defines a functor
02(0,0") : (f —ndispp /R) — (ndispy /R).
We define
Fl(o, O/) . (dispo701 /R) — (dlspo/ /R)

to be the composite of Q2(O, O0’) and Q4 (O, O’) and analogously for the nilpotent case.

It is easily checked that the definition of @’ is independent of the normal decomposition
of Py and that the functors commute with base change.

Proposition 2.23. Let O — O be unramified of degree f and R an O'-algebra. Then the
following diagram is commutative:

BT
(f — dispp /R) ————— (formal ©’-modules/R)

92(070/)J/ /
BTy

(dispo: /R)
If ' is nilpotent in R, then the restriction of the above diagram

BT
(f — ndispy /R) — 2 4 («-divisible formal @’ -modules/R)

92(070,)J /
BTy,

(ndiSpO/ /R)
s commutative.

Proof. Let Py = (Po,Qo, Fo, F10) be a (nilpotent) f-O-display over R and P’ =
(P, Q' F',F]) its image via Q5(0,0’). We need to show that BTg)(PO,—) and
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BT/ (P’,—) are isomorphic in the category of (n’-divisible) formal O’-modules over R.
For N/ € Nilg the equations

P’y =Wor(N) @we(r) Po
Q'n =lory Owe (r) To © Wor(N) @we(r) Lo
hold (for a normal decomposition Lo ® Ty of Py) and we define a map
u:uN®id:ﬁ07N %/P\//\/,

where wuy is the natural map Wo(N) — Wor (V). We obtain a commutative diagram

~  Fio—id ~ 0
0—— QO,N PO,N BTO (7)07./\/’) — 0
ulaw\,l Ju lu
—~ F{-id ~
0 Q' n P’y BTo/ (P',N) —— 0,

where 1 is the induced map. In order to show that [ is in fact an isomorphism, we may
reduce to the case that A2 = 0. Consider the exact sequence

0—— Q —— P'=Wo(R) @wor) Po —— R®r Po/Qo = Py/Qo — 0,

where w = w{, ® pr, we see that P’/Q’ is isomorphic to Py/Qo as R-modules. It is easily
seen that the diagram

~ id ~
0 Qo.n Py v N ®g Py/Qo —— 0
ul@\O’N Flyoidl i expo,pol id
0 @0,/\/ : 130,}\/ BTg)(Po,N) 0
Fyo—id

Qy —2 N@grP/Q —0

0 Q' Py
ﬂ
HGg Fl—id | | # exXpos p/

0 U —— Py BTo (P, N) —— 0
1—1

is commutative, where the upper two rows and the lower two rows are as in the diagram
at the end of the proof of Theorem 2.12 for the construction of expp p, and expe: pr,
respectively. Since both exp maps are isomorphisms, 7 : BTg) (Po,N) = BT (P, N)
is an isomorphism. The proposition follows easily. 0O



156 T. Ahsendorf et al. / Journal of Algebra 457 (2016) 129-193

2.5.2. Totally ramified case
We now construct I'2(O, Q') in the case O — O’ is totally ramified. Let R be an

(O'-algebra. First, we prove some lemmas.
Lemma 2.24. Let w € 7O. Then there are units €,6 € Wo(O) such that

T—[rl="e w-—[wl=dw.
Proof. The claim on € follows from

mwo(e) = wi(m — [7]) = m —m.
Applying ' to the first identity of the lemma, we obtain

7w — [ = 7me.

In particular, [79]/m € Wo(O) and hence [r?"]/7™ € Wp(O). Therefore, [w]/w €
Wo(O). Applying wg to 1—[w?]/w, we see that 1—[w?]/w is a unit. The lemma follows. O

Lemma 2.25. Let (S,m) < (S,m) be an embedding of local rings which send m into m
and let P be a finite S-module. If P = S ®g P is free over S, then P is free over S.

Proof. Since P/mP is free over the field S/m, we may take a basis Z7,...,T5 of P/mP
and consider lifts z1,...,z4 € P, which lift the corresponding =;. Because

S/M @g/m P/mP = P/WP,

the elements 1 @ 7; € S/m ®s/m P/mP form a basis of P/mP. By Nakayama Lemma, if
we consider now the elements 1 ® z; € S ®g P = P, we obtain a basis of P. Define

g:8% =P

e;— T;

we obtain the commutative diagram of S-modules

The injectivity of B follows, since « is an isomorphism of S-modules. The surjectivity
follows by Nakayama Lemma again. Hence 3 is an isomorphism and P is free over S. O
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Proposition 2.26. Let R € Nilo/. Let P be a finite projective Weo(R)-module equipped
with an O-algebra morphism O" — Endy,, gy P. Then P is a finite and projective O’ @0
Wo(R)-module.

Proof. First we consider the case, where R = k is a perfect field of characteristic p, which
extends the residue fields of O and O’. Then We (k)®0 O’ is isomorphic to Wer (k), hence
a PID. Since P is finite and torsion free over Wo (k) ® O’, it must be free.

Now let R = k' be an arbitrary field extending the residue fields of © and O’. We
consider the algebraic closure k of k' and the result follows from Lemma 2.25 if we take
S = Wo(k‘/) ®0p O and S = Wo(k) ®o O

Next we assume that (R, m) is local with residue field k. The module Wo (k) ®w,, (r) P
is free over Wp (k) ®0 O, so there is a basis of the form 1 ® y1,...,1 ® yq with y; € P.
We claim that the y; form a basis of the Wy (R) ®o O’-module P. Let us consider the
morphism of Wo(R) ®0 O’-modules

v: (Wo(R)®0 0')* — P

€; — Y.

Clearly the cokernel B of v is finitely generated as a Wo (R)-module and Wo (k) ®w,, (r) B
is zero. Since R is local, we obtain that Wy (R) is local with the maximal ideal M =
Wo(m) + Io r. By the above we get MB = B and so B = 0 by Nakayama. Hence,
is surjective. Since P is finite and projective as a Wo(R)-module and Wp(R) @0 O’ is
finitely generated over Wo(R), the kernel of « is also finitely generated over We(R).
By tensoring with W (k) we obtain the zero module, hence the kernel of 7 is zero by
Nakayama again and P is free over O’ ® o Wo(R).

Finally let R be a general (O’'-algebra with 7’ nilpotent in R. The module P is projective
over Wo(R)®e ', if and only if P,, := Wo ,(R)®w, (r) P is projective over Wo ,,(R)®0
O’ for each n > 1, where Wo ,(R) = Wo(R)/V " Wo(R).

We first show that P, is finitely presented over Wo ,(R) ®p O’. For any collection
x1,...,x) of generators of P, over Wo ,,(R), the kernel of the W ,,(R)-linear surjection

Won(R)F — P,

€, — IT;

is finitely generated. For a fixed choice of generators y, ..., yq of P, over Wp ,(R), we
consider the Wo ,,(R) ® o O’'-linear surjection

§: (Won(R)®0 0 — P,
€; — Y.

Since (Wo(R) ®0 O')? is finite free over Wo(R), the Wo ,,(R) ®0 O’-module Ker § is
finitely generated over Wo ,,(R), hence also over Wo ,,(R) @ O', which establishes the
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fact that P, is finitely presented over Wo ,(R) ®o O’. To finish the proof, it suffices
to show that for each maximal ideal of Wp ,,(R) ®0 O, the localization of P, at this
ideal is free over the localized ring. It is not too hard to verify that the maximal ideals
of A:=Wop n(R) ®o O are of the form

M =1 (Woun(m) + Iomr) + #Wou(R) +...+ 7 Wou(R),

where m runs through the maximal ideals of R and Ip,,.r C Wp ,(R) is the image of
Verschiebung. We claim that

Agp ~ Won(Bw) ®0 O (2.13)

Indeed, first one sees that every element of the image of A\M via the obvious mor-
phism Wo ,(R) ®0 O = Wo n(Rm) Qo O is a unit. Now let B be any A-algebra
such that A\M C B*. By considering Wo ,(R) as a subring of A in the canoni-
cal way, there is a unique morphism of We ,(R)-algebras g : Wo »(Rw) — B, since
Wo . (Rw) is the localization of Wo ,,(R) at Wo n(m) + 1o » r. By considering the value
z of 7' € Ain B, we get a unique morphism of A-algebras Wo ,(Rm) @0 O’ — B
given by g and 7' — z. By the universal property of localizations the isomorphism
(2.13) is established. The general case follows since (Wo ,(Rm)®0 O') ® 4 P, is free over
Won(Rm) ®0 O'. O

The Wo(R) module O’ ®o Wo(R) is free. It has a basis
1oL, (@) "®1—-1@|[(#")"], form=1,---,e—1.

Assume now that R € Nilp,. With the above basis, we can write J = Ker(0' ®o
Wo(R) — R) as

J=1®Ior® (7 ®1 -1 [7'])(0 @0 Wo(R)).
Let P = (P, Q, F, F1) be an object in dispp o /R. An O'-equivariant normal decom-
position of P consists of two finitely generated projective direct summands L, T of the
O’ ®0o Wo(R)-module P such that

P=LaT, Q=LaJT.

The existence of an O’-equivariant normal decomposition is shown as for the classical
displays. Indeed, consider the exact sequence of R-modules

0—-Q/JP—P/JP— P/Q — 0.
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We choose finitely generated projective O’ ® o Wo(R)-modules L and T, such that
L/JL=Q/JP and T/JT = P/Q. Then we obtain factorizations

L—-Q—Q/JP, T—P— P/Q.

By Nakayama Lemma, it is easy to see that P = L & T and the existence follows.
Define

P'=Wo (R) ®o'gowo(r) P
Q' =Ker(Wo/(R) ®0/gowe(r) P = P/Q : w ® x — wo pr(z)). (2.14)

If P=L®T is an O’-equivariant normal decomposition of P, we set
L'=Wo(R) ®0orgowo(r) L, T'=Wor(R) ®orgowo(r) -
Then we obtain an induced decomposition
P=LeaeT, Q=L a&lorT.

Proposition 2.27. With the notation as above, there are uniquely determined F' linear
maps

F':P P, Fl:.Q —P,

such that the quadruple (P',Q', F', F]) becomes an O'-display over R and such that the
following diagram is commutative

Lo

Q —— P.
F/

1

Proof. Applying Lemma 2.24 to (', we obtain units €, € We/(R) such that
Vie=n'—[7], e =x"— ()9, (7')° — [(=")] = om. (2.15)
The commutativity of the diagram forces us to define F’ and F] as

Flooz) ="w-e'o (- [])), (2.16)
F(Mwez)=c v F(r - [1)z), (2.17)
Flw®z)="we F(z), (2.18)
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for all w € Wo/(R), x € P and z € Q. Here we have used the morphism

O @0 Wo(R) = Wor (R)
a®w+— au(w),

where a € 0" and w € Wp(R). Indeed, equation (2.18) follows from the commutativity
easily. Equation (2.16) is determined by (2.18), since for all w € We/(R) and x € P,

I we B (- [)z) =Y

e (w® < — [)z)
= 71F1( ® )
= 'F((Y <’ )@)(1®a))

e (Fw) @ )F(1o) =F(we )

must hold. Finally, equation (2.17) is determined by equation (2.16), since wF’(z) =
F/(V'wz) must hold for all w € Wo/(R) and z € P'.

We need to check that, with this definition, P’ = (P’,Q’, F, F}) is an O’-display over
R and the diagram is commutative. For the first assertion, we only need to check that
F]isan F' "linear epimorphism. But this follows from the commutativity of the diagram.
Now we prove this commutativity.

We have to show that forye Q=L & JT

Fi(loy) =13 Fi(y). (2.19)

This is clear if y € L. Consider now the case y = Y pt, where p € Wo(R) and t € T.
Denote by p the image of p under the map u : Wo(R) — We/(R). Then

Ty T
Fi(1®Ypt) = Fi(u("p) ®t) = F{(gv pot)=—pl(let)

7! — [n']
=6 e F (1® (W,),e__[g]/]et)

Let a € O and ¢ € Wp(R), such that
(7)) =am, 7—[r] ="
With this notation, we may write

(n")* = [7')° = am — [a][7] = am — [a]7 + [a]""¢.
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Thus

Fi(((x')e = [71)t) = Fi(n(a — [a)t) + Fi([a]V¢t) = (a — [a?]) F(t) + [aT]CF(2),
and

Fi(1@ " pt) =6 (a— [a] + [a?]0) @ pF(1).
But in Wer (R) we have 7 — [79] = 7. From this we obtain
()¢ = [7']° = ar — [an]? = (a — [a?] + [a?]()7
and hence
5 a —[a% + [a9)C) = 1.

Equation (2.19) is true for y = ¥ pt.
It remains to prove the commutativity of the diagram at the elements of @) with the
form (7’ ® 1 — 1 ® [n'])t, where t € T. This means we have to show the equality

Fllo@r ol-1[r)t) =10 (7 ®1-1& [r])t).
This follows from
Flo@eol-1ex)t) =F("cat)
=eF'1ot)=cc '@ F((n @1 -1 [1'])t).
The proposition follows. O

Finally, we define the functor I'y(O, ©’). The following definition is well defined by
the previous results.

Definition 2.28. With O — O’ totally ramified and R € Nilp/, we define a functor
(0,0 : (dispp o /R) — (disper /R)

by sending the O-display P equipped with a strict O@’-action to the O’-display P’, which
is defined by
P'=Wo/(R) ®0/gowe(r) P
Q' =Ker(Wo/(R) ®0'gowo(r) P = P/Q 1 w @ x = wo pr(z)),
Fllwae) = w e o B - [)a),
F(Mwoz) =elwe F((r - [7)z), (2.21)
Fllw®z) ="we F(z), (2.22)
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for all w € Wo/(R), x € P and z € Q. Here we have used the morphism
0 ®o Wo(R) = Wo:(R)
a®w— au(w),
where a € O’ and w € Wo(R), and € € Wo/(R) is given by Ve = 7/ — [r]. Also, P is
considered as an O’ ® o We(R)-module. The functor
[2(0,0") : (ndispp o /R) — (ndispe. /R)

is defined by restriction.
One can easily verify that the functors commute with base change.

Proposition 2.29. Let O — O be totally ramified and R an O'-algebra with © nilpotent
in R. Then the following diagram is commutative:

(dispp o /R) _ Pl | (formal O'-modules/R)

F2(07O/)l /
BTy,

(dispor /R)

Also the restriction of the above diagram

(ndispp o /R) _Pe | (n’-divisible formal O'-modules/R)

m(o,@')l /
BTO/
(ndispo/ /R)

s commutative.

Proof. Let P = (P,Q, F, F1) be a (nilpotent) O-display over R with a strict O’-action
and P’ = (P, Q’, F', F]) be its image via I'y(O, 0’). We need to show that BT (P, —)
and BT o/ (P’, —) are isomorphic in the category of (7'-divisible) formal O’-modules over
R. For a nilpotent R-algebra N we have P/ ~ Wor N) ®0rgowo(r) P and we may
define

pL=un ®id: Py :WO(N) OWo (R) P%?S\’N.

It is easy to check that the diagram
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is commutative (cf. Proposition 2.27). It induces an (’-module morphism
7 : BTo(P,N) — BTo/(P',N). To show that & is an isomorphism of O’-modules,
we can reduce to the case A2 = 0 and proceed in a similar manner as in the unramified
case for BTo(Py,N) and BT o/ (P’, N). The proposition follows. O

3. Crystals

In this section, we attach to each nilpotent O-display P over R a crystal Dp on
O-pd-thickenings and attach to each m-divisible formal O-module G a crystal Dg on
O-pd-thickenings. If G = BT (P, —), following the ideas in [23], we show that Dp = Dg.
As a consequence, we deduce the faithfulness of BT .

3.1. O-frames and O-windows

Definition 3.1. (Cf. [11, Definition 2.1].) An O-frame is a quintuple F = (5,1, R,0,01),
where S is an O-algebra, I C S an ideal, R = S/I together with an O-algebra morphism
o : S — S and a o-linear morphism of S-modules o7 : I — S, which satisfy the following
conditions:

(1) I +7S CRad(95),
(2) o(a) = a? (mod «S) for all a € S, and
(3) o1(I) generates S as an S-module.

Let F = (S,I,R,0,01) and F' = (S",I',R',0',0}) be two O-frames. A morphism
of O-frames o : F — F' is an O-algebra morphism « : S — 5’ such that «(I) C I,
o'a = ac and oja = ao;. In the sense of Lau [11, Definition 2.6], these are strict
morphisms.

A special example is the so called Witt O-frame
Wo.r = (Wo(R),Io.n,Wo(R)/Io.r = R,".V ™).

Let p: A — B be a ring homomorphism. For any A-module M, define the B-module
M® by B ®p,4 M. For any B-module N and p-linear map g : M — N, define the
B-linear map gf : M(®) — N by b® m > bg(m).

Lemma 3.2. (Cf. [11, Lemma 2.2].) Let F be an O-frame. Then there is a unique 6 € S,
such that o(a) = 0o1(a) for alla € 1.

Proof. The third condition of Definition 3.1 says that the linearization 0§ (19— S s
surjective. If b € 1(9) satisfies o (b) = 1, then necessarily 0 = o%(b). For a € I we obtain
o(a) = ot (b)o(a) = ag(ba) = ot(b)o1(a), which confirms the assertion. 0O
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Definition 3.3. (Cf. [11, Definition 2.3].) Let F = (S,I,R,0,01) be an O-frame. An
O-window over F, or an F-window, is a quadruple P = (P, Q, F, F), where P is a finitely
generated projective S-module, @ C P is a submodule, F': P — P and F; : Q — P are
o-linear maps of S-modules, such that the following conditions hold:

(1) There is a decomposition P =T & L with Q = IT & L.
(2) Fi(axz) =o01(a)F(x) for a € I and = € P.
(3) F1(Q) generates P as an S-module.

If P = (P,Q,F,F,) is an F-window, define a morphism of S-modules V*# : P —
S®ys5Pby Vi(Fiy) =1y fory € Q and V#(Fr) =0 ®@x for z € P. Here § € S is
the element in Lemma 3.2. Let (V™)# be the composition of the following maps

v id @V*
P—8®,s P——8®s5(5®sP) == S®n g P.
We say that P is nilpotent if (VV)¥ =0 (mod I + 7S) for some N € Z~o.

Remark 3.4. The operator F' is determined by F}. Indeed, assume that o§ (b) = 1 with
be 19, Then F(x) = F!(bz) for z € P. In particular, F(z) = 0F(z) if 2 € Q.

Remark 3.5. It is easy to see that the O-windows over Wy g are precisely the O-displays
over R.

The O-windows have similar properties as windows. We collect some of them in the
following and refer to [11] for proofs and more details.
By writing down the structure equation explicitly, we have the following lemma.

Lemma 3.6. (Cf. [11, Lemma 2.5].) Let F = (S,I,R,0,01) be an O-frame, P = L& T
a finitely generated projective S-module and QQ = L & IT, where L, T are S-submodules
of P. Then the set of O-window structures (P, Q, F, Fy) over F corresponds bijectively
to the set of o-linear isomorphisms ¥ : L& T — P given by Y(l +1t) = F1(1) + F(t) for
le L andt €T. Conversely, if we start with a ¥V, we obtain an O-window over F by
F(l4+t)=0¥(1)+¥(t) and F1(l1+ at) = V() + 01(a)V(t) forle L,t €T and a € I.

We call the triple (L, T, ¥) a normal decomposition of (P,Q, F, Fy).

Definition 3.7. Let P (respectively P’) be an F-window (respectively F’'-window). Let
a : F — F be a homomorphism of O-frames. A homomorphism of O-windows ¢ :
P — P’ over a, also called an a-homomorphism, is an S-linear map g : P — P’ with
9(Q) C @', such that F'g = gF and Fjg = gF;. A homomorphism of F-windows is an
id z-homomorphism in the previous sense.
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Definition 3.8. With a as above, we associate an O-window o, P =: P’ = (P',Q’', F', F})
over ' to an O-window P over F in the following way.

:S/®SP
QIZS/(X)SLEBI/@ST
Fl=0®F

Fi(s®q)=0d(s)® Fy
F(i'®p)=01(')® Fu.

Here P = L@ T is a normal decomposMon and s’ € S, i'el ye Q and z € P. There
is an obvious map Homz (a, P, P) — Homg (P, P) for all O-windows P over F’ given by
composing maps, which is in fact an isomorphism (cf. [11, Lemma 2.9]). This property
determines o, P uniquely.

Definition 3.9. Let 7 and F’ be two O-frames and « : F — F’ a morphism between
them. We say that « is crystalline if it induces an equivalence of categories between
O-windows over F and O-windows over F'. We say that « is nilcrystalline if it induces
an equivalence of categories between the nilpotent O-windows.

Theorem 3.10. (Cf. [11, Theorem 3.2, Theorem 10.3].) Let a : F = (S,I,R,0,01) —
= (8, I',R',0’,01) be a morphism of O-frames, such that it induces R = R’ and a

surjection S — S’ with kernel b C I. If there is a finite sequence b =bg 2 ... D by,

with o(b;) C b1 and o1(b;) C b; such that o1 is elementwise nilpotent on bl/bl+1 and

finitely generated projective S’'-modules lift to projective S-modules, then « is crystalline.
Let J = (I,m). If J*b =0 for some n € Z~q, then « is nilcrystalline.

Definition 3.11. Let F = (S,I,R,0,01) be an O-frame. The Hodge filtration of an
O-window P over F is the R-submodule Q/IP C P/IP.

Lemma 3.12. (Cf. [11, Lemma 4.2].) Let o : F = (S, I, R,0,01) = F = (S",I',R',0’,0})
be a morphism between two O-frames, such that S = S’. (Then R — R’ is surjective
and I C I'.) The O-windows P over F are equivalent to pairs (P, V) consisting of an
O-window P’ over F' together with a lift of its Hodge filtration to a direct summand
V C P/IP. The same is true for nilpotent objects.

3.2. The crystals associated with O-displays

Let S — R be an O-pd-thickening with kernel a. Let [ = Io,s + Wo(a). We extend
V! o5 — Wo(S) to

0’1’ : f—) W@(S)
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by setting o7 (a) = 0. Here we consider a as an ideal of Wp(a) via the log map (Sec-
1

tion 1.2.2). Then it is easy to check that Wo s/r = (Wo(S),I,R,0 = T of) is an
O-frame. Consider the obvious morphisms

Wo,s 3 Wo s/r = (Wo(S), 1, R,0,01) 23 Wo,r. (3.1)

The morphism «s satisfies the conditions in Theorem 3.10 and hence is nilcrystalline.
For an O-display P over an O-algebra R € Nilp, we define a functor Cp on O-pd-
thickenings as follows. For an O-pd-thickening S — R, we define

Kp(S — R) =P,

where (}5, CAQ, F, F) is the uniquely determined window over Wy g/r. We also denote it
by Kp(S) if the setting is clear.

Definition 3.13. The functor Kp is called the Witt crystal attached to P. We define the
Dieudonné crystal by

Dp(5) = Kp(S)/1o,sKp(S).
We define for any topological O-pd-thickening (S, a,) — R the crystals by

Kp(S/an)

lim
A
Dp(S) = lgngp(S/un).

Both crystals are compatible with base change in the following sense. If we consider a
morphism of O-pd-thickenings

we obtain

ICPR/ (SI) ~ W@(S/) ®Wo(S) ’CP(S)7
Dp,, (') = §' ©s Dp(5).

These isomorphisms also hold for topological O-pd-thickenings.
Now let us consider the canonical morphism

wo : Wo(R) = R.
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The kernel Ip r may be equipped with an O-pd-structure defined by
Y(Vw) =717V (w) (3.2)

for all w € Wp(R). The morphism wq : Wo(R) — R is a topological O-pd-thickening,
since wo : Wo n(R) — R are O-pd-thickenings with an O-pd-structure given by ~.

If S — R is an O-pd-thickening with kernel a, then a considered as an ideal of W (S)
has the same O-pd-structure as considered as an ideal of S. The kernel of the composite
map Wo(S) = S — R is Ip s @ a, where on both summands we have O-pd-structures.
So this follows for the whole kernel (]2, 3.12. Proposition]). Hence, Wn(S) — R is a
topological O-pd-thickening by considering We ,,(S) — R for each n.

Theorem 3.14. (Cf. [25, Proposition 53, Corollary 56].) Let S — R be an O-pd-thickening
with kernel a and P = (P,Q, F, Fy) be a nilpotent O-display over R. Then

K#(S) = Dp(Wo(5)).
If Wo(R) — S is a morphism of (topological) O-pd-thickenings over R, then

Kp(S) ~ Wo(S) @w,(r) Kr(R)
Dp(S) =~ S @we(r) Kp(R),

where Wo(R) — Wo(S) is given by Wo(R) S Wo(Wo(R)) = Wo(S).

The proof here is analogous to the proof of [23, Proposition 53]. Note that in [23], the
result is proved using P-triples. Yet it is easy to see that the category of P-triples with
respect to S — R is equivalent to the category of O-windows over the frame Wo s/ g,
thus the argument in [23] carries over. The last assertion of the theorem follows by
considering the trivial O-pd-thickening R — R and then making a base change with
respect to Wo(R) — S. The most important situations, in which we will use this fact,
are for S = Wo ,(R) (e.g., Proposition 3.28).

3.8. Universal extensions of w-divisible formal O-modules

In this subsection, we prove the existence of the universal extension of a m-divisible
formal O-module. The argument here is taken from [19], where the case for p-divisible
formal groups is treated. Let R be a unitary ring. We consider functors from the cate-
gory Algp to the category of abelian groups Ab. Let M be an R-module. We define a
functor M

M(T)=M®grT,

where T' € Algp and with the additive group structure on the right hand side.
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Let G = Spec A be a finite locally free group scheme. Let G* = Spec A* be its Cartier
dual. Let J C A* be the ideal of neutral element. Set

wae = J/J%
The following result is well-known. See for example [14, Chap 4, Section 1].
Proposition 3.15. There is a canonical isomorphism
Homay, (G, M) = Homyiod, (wa=, M).

As in [19], for a functor X : Algp — Ab, we consider its completion X: Augp — Ab
on the category of augmented nilpotent algebras, which is defined by

X(A) = Ker(X(A) — X(R)).

In the following, we assume that G is a local, finite locally free group scheme, i.e., the
augmentation ideal of G is nilpotent. Then Hom(@,ﬂ) = Hom(G, M). We also assume
that R € Nilp.

From now on we work with functors on Augp. We write M and mean the completion.
The functors F' : Augyp — Ab, with F/(R) = 0 form an abelian category. Exact sequences
and extensions are meant in this category unless otherwise stated.

Proposition 3.16. Let G be a w-divisible formal O-module over R € Nilp. There exist a
locally free and finite R module U and an O-extension of formal O-modules over R

0-U—=L—G—=0, (3.3)
such that for any extension
0—-M—FE—G—0, (3.4)

where M is an R-module, there is a unique morphism of R-modules U — M (inducing
U — M ) which sits in a morphism of exact sequences

Ll

In particular, the map
Homyoa, (U, M) — Exty (G, M)

induced from the connecting homomorphism is an isomorphism.
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The extension (3.3) is called the universal extension of G. It commutes with base
change.

Proof. Without the strict O-action, the result is well-known. Fix a natural number n
such that 7" R = 0. Let G,, = G(7"). Let I = Ker(O ® R — R).

In the category of formal groups (i.e., without O-action), there exists a universal
extension of G given by

0—wg: = L" =G —0.

Note that G is an O-module, thus I.Lie L* C wg=. The push-out of this sequence via
wgx — wg* = war /I.Lie L* induces the following extension

O%ng%L%G%O. (3.5)

We check that this extension satisfies the properties in the statement.

First, Lie L = Lie L*/I.Lie L*. The induced O-action on L is strict and L is an
O-module.

Secondly, for any extension (3.4) of O-modules, we have a diagram

0 W L e
M E G

The vertical arrows obviously factor through the sequence (3.5).

Note that the universal extension is compatible with base change because it is com-
patible with base change in the Z,-case.

Finally, there exists an isomorphism Ext'(G, M) & Hom(wg-, M) induced from the
connection homomorphism in the category of formal groups (cf. Proposition 3.15). The
last statement follows easily. O

Remark 3.17. In the sense of Messing / Fargues [6, Definition B.3.2], w-divisible formal
O-modules are fppf-sheaves in O-modules with additional structures. This notion is
closely related to the notion of w-divisible formal O-modules in this paper. As in [1], one
may also prove Proposition 3.16 by a close study of the relations and by [6, Proposition
B.3.3, Remarque B.3.6].

Let H be a m-divisible formal O-module over S. Let a C S be an ideal of S equipped
with an O-pd-structure. Let V be a finitely generated locally free S-module. Assume we
are given an extension

0—-V—~FEF—H-—O.
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Let NV € Nilg. By Definition 1.22, we have an exact sequence
tg Qs a®@s N — EN) = E(N/aN) = 0,

where the first arrow is the composition of logal(u RsN) tpRsa®@sN = E(a®gsN)
and E(a ®@s N) — E(N). The first arrow is injective if A is a flat S-module, in which
case a®@g N = alN. Note that Lie V. =25 V is an isomorphism. Thus we obtain an exact
sequence

(Ve (aestp)/(a®sV)) ®s N = EN) = HN /aN) — 0. (3.6)

This sequence is left exact if A is a flat S-module.
Let S — R be an O-pd-extension in Nilp with kernel a. We start with a m-divisible
formal O-module G over S. Let

0-U—->L—>G—0

be the universal extension of G, where U is a finite locally free S-module. Denote by
Gy the base change of G to R. The base change of U is the functor attached to the
R-module Uy = U®g R. Let p : Gy — Hgy be a morphism of 7w-divisible formal O-modules
over R.

Because the universal extension commutes with base change, we obtain a uniquely
determined diagram

0 U, Lo Go 0
L
0 Ko Ey Hy 0.

Here 7 is induced by an R-module morphism 7y : Uy — Vj, which we denote by the same
letter.

Theorem 3.18. There is a unique morphism of formal O-modules p : L — E which lifts
i and which has the following property:

Let 7 : U — V be an arbitrary S-module homomorphism which lifts 79 and consider
the following diagram

—_—
.
—

<+— |
o —
=
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It needs not to be commutative but the difference of the two maps U — E factors as
U—a®sty — E.

Here the first arrow is induced by an S-module homomorphism U — a ®@g tg, the mor-
phism exp is defined in Section 1.2.5.

Proof. We begin with the construction of . Fix a natural number n with 7S = 0. For
N € Nilg, we consider the canonical map

G(N) = G(N/a) = Go(N/a) L5 Hy(N /a). (3.7)

We first construct a morphism ¢ : G — E such that the following diagram is commuta-
tive.

G (N) GN) —" G(N)

L e

(Veoazste)/(a®s V) @s N —— E(N) —— Ho(N/aN) —— 0.

The first arrow of the upper row is injective. Let £ € G(N). Let n be the image of £ in
Ho(N/aN) under the map (3.7). Let 77 € E(N) be a lift of . We define

t(§) = m"i.

It is clear that this is well defined and the diagram is commutative.

Let M denote the S-module (V @ a ®gs tg)/(a®s V). If N is a flat S-module, then
the first arrow of the lower row of diagram (3.8) is also injective. In this case we obtain
a map

G (N) = M(N).

Inserting for A/ the flat augmentation ideal of G(n™) and taking the image of id €
G(7™)(N) we obtain a morphism of functors

G(m") = M.

It is a morphism of group functors. Indeed, let G(7™) = Spec A. Since A ®g A is flat,
the map

G(r")(A®s A) = M(A®s A)

is a group homomorphism. Thus G(7™) — M is a morphism of group functors. Moreover,
it fits into a commutative diagram
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1

By the property of the universal extensions, the morphism factors as

J

H+—Q

—

Gir™)—-U— M.

Thus we obtain another commutative diagram

J

H+—Q

1

By the construction of the universal extension the following diagram is a cofiber product

J

in the abelian category of abelian sheaves.

G(x™)

|

S +— 3
Se—Q

|

The last two diagram thus provide the desired map p : L — FE. It enjoys the required
properties because U — M is induced by an S-module homomorphism.

Finally, we show the uniqueness of p. Let p be an arbitrary lifting of i with the
required properties. Note that we have a commutative diagram

™
—_

G G
N
L G

First, we show that the map p o A coincides with the map ¢ in (3.8). The assumption

0— G(n") ——

\Q<—

that p lifts i1 gives us for each A € Nilg a commutative diagram
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GN) —" G\

Lo

LN) —— G(N/aN) (3.9)

L
Let £ € G(N). Let £ € H(N/aN) be its image under the two arrows on the right hand
side. Let 7 € E(N) be a preimage of €. Then to show po\ = ¢, it is equivalent to showing
that

woA(&) =a"n. (3.10)

As sheaves, po A =t : G — E is a local property. We may assume that & = 7#"&; for
& € GW). Thus po A(§) = 7™(u o A(&1)). From this, equation (3.10) is obvious. In
particular, we see that p o A is uniquely determined. Consider the diagram

G

(3.11)

= =
He—~—Q

M [Q+——

Here [i denotes the restriction of p. Because the upper square is a push-out in the
category of sheaves, it follows that p is uniquely determined by i and o A. It remains
to show that fi is uniquely determined.

Let N € Nilg be flat as an S-module. Then we obtain a morphism from (3.11)

G(a")(N) = UN) £ MW).
Since the composition of the above two arrows is uniquely determined and i is induced
from a map of S-modules U — M, [i is uniquely determined by Proposition 3.15. The
theorem follows. 0O

3.4. Extensions of Cartier modules and Grothendieck—Messing crystals

In this subsection we follow the idea of [23] to prove the faithfulness of the functor
BTo.
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Definition 3.19. Let S — R be an O-pd-thickening with kernel a and G a (w-divisible)
formal O-module over R with Cartier module M, which we consider as an Ep s-module.
Then an extension (L,t,N,k, M) of M by the S-module L is an exact sequence of
Eo,s-modules

0—C(L)5 NS5 M=o,

with N a reduced Ep g-module and aN C VOL. Here C(L) is defined in Section 1.2.5.
For simplicity, we just write (with abuse of notation) (L, N, M) instead of (L,¢, N, k, M).

Let G, G’ be two formal O-modules over R, M, M’ their Cartier modules and 3 : M —
M’ a morphism over R. Furthermore, let (L, N, M) and (L', N’, M) be extensions of M
and M’ respectively. Then a morphism of extensions (L, N, M) — (L', N’, M') consists
of a morphism of S-modules ¢ : L — L', a morphism of Ep g-modules v : N — N’, and
the Eo, g-linear morphism 3, such that the diagram of Ep s-modules

00— C(L) N M 0
C(S@)J lu lﬁ
0—— C(L) N’ M’ 0

is commutative, where C(y) is given by sending VI to Viy(l) for each i > 0 and [ € L.

Definition 3.20. With the above notation, we define the category Ext, s, g by the objects
(L, N, M), such that M is the Cartier module of a 7-divisible formal O-module over R.
The morphisms are those previously described.

We want to show that the universal objects exist in the category Ext; s r. For
this purpose, we introduce another category of extensions, which is similar to the one
explained in [15, 5.19].

Let S — R be an O-pd-thickening. We consider sextuples (W, ¢, E, p, é, G), where Gis
a m-divisible formal O-module over S, G its base change to R, E a formal O-module over
S, and W a vector group attached to a finite projective S-module, such that ¢ : W — E
and p: E — G induce an O-extension of G

0-W = FE—>G—0.

A morphism (W, ¢, E, p, C:‘, G)—= (W J/ E P, Ef’, G') is a tuple (v, 8), where v : E — E'
is a morphism of formal O-modules over S and S a morphism of formal O-modules
G — G’ over R, which gives rise to the commutative diagram
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0 Wr " Er G 0
]
0 Wp —— Ej el 0,
LR

where vy is required to be a morphism of vector groups. Furthermore, we require that
for each lift of vy to a morphism of vector groups vg : W — W’ the map

Votg—voir: W= E
factors through
WS a0 Lic B’ “%F R,
where £ is a morphism of vector groups.
Definition 3.21. We define the category Exts g, by the above objects and morphisms.

By the same argument in the Remark after [23, Lemma 91|, we have the following
result.

Proposition 3.22. Let S — R be an O-pd-thickening with nilpotent kernel a. There is an
equivalence between Ext; s_,r and Exty g, r, such that

Ext1,55r Exts s R

| —

(m-divisible formal O-modules/R)
15 commutative.
By Proposition 3.22 and Theorem 3.18, the following result is clear.

Theorem 3.23. (Cf. [23, Theorem 92].) If S — R is an O-pd-thickening with nilpotent
kernel and G a w-divisible formal O-module over R, then there is a universal extension
(Lunv NV oA G) € Extq s r. Here the universality means that, for any mw-divisible
formal O-module G' over R, any morphism of Eo r-modules 8 : Mg — Mg and any
extension (L, N, Mq') € Exty s, g, there is a unique morphism

(@7“75) : (Luniv’NunivaG) - (L,Na MG’)'
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Definition 3.24. With the notation as in the theorem, we define the Grothendieck—Messing
crystal attached to G on O-pd-thickenings by

D ¢(S) = Lie N,

Lemma 3.25. (Cf. [23, Lemma 93].) Let S — R be an O-pd-thickening and P =
(P,Q, F, F1) a nilpotent O-display over R. Let (P,Q, F, F1) be the unique window over
Wo,s/r which lifts P. The ezact sequence of Eo s-modules

0— C(Q/Io.sP) = Eo.s @we(s) P/U — M(P) = 0 (3.12)

lies in Exty s r, where M (P) is given by Proposition 2.18, the second arrow mapsy € @
to V® Fiy—1®uy, the third arrow is given by the canonical map P P, and U is the
Eo,s-submodule of Eo s @w, (s) P generated by (Foz—-1®Fr), p-

Moreover, the sequence (3.12) is the universal extension of BT (P, —).

Theorem 3.26. (Cf. [23, Theorem 94].) Let R € Nilp. For a nilpotent O-display P over
R and the associated mw-divisible formal O-module G = BT (P, —), there is a canonical
isomorphism of crystals on the category of O-pd-thickenings S — R:

Dp ~ D(;.
Proof. By Lemma 3.25, we obtain Dp(S) = ]5/1(97515 =D¢g(5). DO

Remark 3.27. (Cf. [23, Corollary 95].) Let S — R be an O-pd-thickening or a surjection
with nilpotent kernel, then the following diagram of categories is Cartesian.

(ndispy /S) ———— (w-divisible formal O-modules/.S)

J J

(ndispy /R) ———  (w-divisible formal O-modules/R).
In particular, BT » is an equivalence for S if and only if it is an equivalence for R.
Now we can prove the faithfulness of the functor BT .
Proposition 3.28. (Cf. [23, Proposition 98].) Let R € Nilp. Then BT is faithful.

Proof. Let P and P’ be two nilpotent O-displays over R and « : P — P’ a morphism
between them. If we denote by G and G’ the associated m-divisible formal O-modules,
then « induces a morphism a : G — G’ and hence a morphism b : Mg — Mg . For each
n > 1, we obtain with S = Wp ,,(R) and Lemma 3.25 that there is a unique morphism of
the above described universal extensions lying over b. Since « induces such a morphism
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of extensions as well, it must be induced by it. By Theorem 3.14 and Theorem 3.26 we
obtain DG<WO,¢L(R)) = W@’H(R) ®WO(R) P and ]D)G/(W@’n(R)) = Wo,n(R) ®Wo(R) P’
for each n > 1. If we now apply a to the functor DD, we obtain for each n > 1 a morphism

Wom(R) ®W(9(R) P = Dg(W@m(R)) — ]D)(;/(W@,n(R)) = WO,n(R) ®WO(R) P/,

which is given by 1 ® «. Since we clearly obtain by these morphisms a morphism of the
inverse systems (Wo ,(R) @wy(r) P)n and (Wo n(R) ®w,(r)y P')n, we get a back by
passing to the projective limit. Hence, the faithfulness follows. O

Remark 3.29. The above argument does not say much about the functor BTg ) or the
relations between the categories (ndispp o /R), (f —ndispp /R), and (ndispy, /R) when
O — (O’ is unramified of degree f.

In Section 3.5, by deformation theory and adapting the ideas of [23] and [10], we show
the faithfulness of the functor BTg ) and prove Theorem 1.1 for those R € Nilp,, which
are complete local rings with perfect residue field and nilpotent nilradical (Theorem 3.30).
Then in Section 4, we apply the ideas of [10] to the functors Q,(O,0’) and I';(O, ")
and complete the proof of Theorem 1.1 in the way sketched in Remark 1.4. The category
(f — ndispy /R) has useful applications. See for example [16].

3.5. More on the functors ; and T';

The main result of this section is the following one.

Theorem 3.30. Let R be a complete local ring with mazimal ideal m, perfect residue field,
nilpotent nilradical, and p nilpotent in R. Then the following assertions hold.

o Let O — O be an unramified extension and R equipped with an additional O’ -algebra
structure. If BT o is an equivalence over R, then Q1(O0,0’) is an equivalence of
categories. Hence BTg) is an equivalence.

e Let O — O be an unramified extension and R equipped with an additional O’ -algebra
structure. If BTg) is an equivalence over R, then Q9(0,0") is an equivalence of
categories. Hence BT o/ is an equivalence.

o Let O — O be a totally ramified extension and R equipped with an additional
O'-algebra structure. If BT is an equivalence over R, then I'y(O, ') is an equiva-

lence of categories. Hence BT o is an equivalence.

In particular, since BTz, is an equivalence over R by [10, Proposition 4.4/, the functors
01 (0,0, Q2(0,0"), T2(O,0') are equivalences over R.

The main tool of the proof is deformation theory. We sketch the main ideas following
the proofs of [23, Theorem 103] and [10, Proposition 4.1]. First, we prove the following
base case.
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Proposition 3.31. Let R = [ be a perfect field of characteristic p extending the residue
field of O'. Then Theorem 3.30 holds.

Proof. Consider the case that @' is unramified over @ and [ extends the residue field
of O'. We first show the essential surjectivity of (O, 0’). Let Py = (FPo, Qo, Fo, F1o)
be a nilpotent f-O-display over [. We define for each i =1,..., f — 1

P, =Wol(l) Py

Brit woa)

and consider

f-1 -1
P:@Pi7 Q:QOGB@H-
i=0 i=1

The operators F' and Fj are given by

F($0,1®x17...,1®l’f_1):(l’f_1,1®F0£L'0,1®$1,...,1®(£f_2)
Fi(yo,1®@z1...,1®@x51) = (x5-1,1 ® Fioy0, 1 @ x1,...,1 @ x5 _2)

with x; € Py and yo € Qp. Then P = (P,Q, F, F1) is a nilpotent O-display over [. By
letting the O’-action of Py act on the second factors of the tensor products of the P; we
obtain a strict O@’-action of P. It is clear that P is mapped via Q1(O,O’) to Py. The
fully faithfulness is easy.

Now consider Q2(O,O’). Since u; : Wo(l) = Wer(l) is an isomorphism, it is easily

(f)

seen that Q5(O, Q') is essentially surjective. Since BTOf is an equivalence, we need for

the fully faithfulness only to show that
Home (Po, Pxo) — Home (P, P’y)

is surjective, where Py, Pyo are nilpotent f-O-displays over [ and P’,P’, are the respec-
tive associated O'-displays over . This is again fairly obvious.

Let O’ be totally ramified over O and let | extend the residue field of O" and O. We
consider I'y(O, @) and assume that BT is an equivalence. Let P = (P, Q, F, F}) be an
O-display over [ equipped with a strict O@’-action and P’ = (P',Q’, F’, F]) its image via
I'5(0, O’). Note that we have an isomorphism of rings O’ ® o Wo (1) =~ Wer(1). Thus the
module P’ is P interpreted as O’ ® o W (1)-module, from which the essential surjectivity
follows easily. It is also easy to verify that I's(O, @) is fully faithful for I, which shows
that it is an equivalence. O

Proposition 3.32. Let O — O’ be an unramified extension of rings of integers of non-
Archimedean local fields of characteristic (0,p) of degree f and R an O'-algebra with
nilpotent nilradical and @' nilpotent in R. Then BTg) is faithful.
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Proof. Let k' be the residue field of O'.

If R =1 is a perfect field extending k', the fully faithfulness of BTg) follows from
Proposition 3.31.

Now let k be any field extending k' and [ the algebraic closure of k. If P, P, are
two nilpotent f-O-displays over k, P;, P, the corresponding nilpotent f-O-displays
over [ obtained by base change and X, X,, X;, X, ; the corresponding 7’-divisible formal
@O’-modules, then the faithfulness of the BTg’),C functor follows from the commutative
diagram

BT,
H0m07k(73, 7)*) —_— I‘IOIII(Q/,k(AX7 X*)

Loy

HomO,l(PhP*,l)(—Q; Homor (X1, X7 ),

where the indices of the Hom-sets should indicate over which O’-algebra we consider
them.

Now let R be a reduced O’-algebra with 7’ R = 0 and P, P, two nilpotent f-O-displays
over R. We may embed R into a product [],.; K; of fields, each extending &’. Consider
the commutative diagram

HOmO,R(P,'P*) I‘IOHI(')/,R(AX7 X*)

| |

Hie[ Homo, i, (Pk; 7)*7K'i)(—> Hiel Homor k, (Xk,, X« k)

the faithfulness follows for this case.

Now assume that R is an ’-algebra with 7 nilpotent in R and with nilpotent nil-
radical a. Let Ry = R/a and P, P, be nilpotent f-O-displays over R. We obtain the
injectivity of Home r(P, Px) = Homo g, (Pr,, Px,r,) by Lemma 3.12. (Here we should
define f-O-windows and their Hodge filtrations. But this is straightforward.) With the
commutative diagram

Homo r(P,P,) — Homoer (X, X4)

| |

Homo g, (Pr,, Ps,r,) — Homor r, (Xg,, Xs R, )
the result follows. O

Proposition 3.33. Let O — O’ be an unramified / totally ramified extension, S — R a
surjection of O'-algebras with ©' nilpotent in S and nilpotent kernel. Let P be a nilpotent
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f-O-display over S (for Q1(0,0")) resp. a nilpotent O’-display over S (for Q2(0,O’)
resp. I'1(0,0") resp. T'2(0,0")), such that Pr lies in the image of 21(0,0")Rr resp.
Q(0, 0 g resp. T1(O, 0" g resp. To(O, O')g. Then P lies in the image of the respective
functor over S. In particular, if one of the functors Q1(0,0"), Q2(0,0"), T1(0,0) or
D2 (0, 0") is essentially surjective over R, then it is also essentially surjective over S.

Proof. The assertions for I'1 (O, O') follows from the assertions for Q;(O, O’), so we only
consider Q;(0,0’) and I'y,(O, O’).

Let a be the kernel of S — R and a™ = 0 for an integer n > 0. By considering the
sequence S/a’ for i = 0,...,n and the O'-algebra surjections S/a® — S/a*~!, we may
assume that a? = 0. So we may assume that S — R is an O-pd-thickening. Consider the

morphisms of O-frames (see (3.1))
W(g’s % (Wo(S),IN, R, ag, 0’1) g WO,R~

Applying Theorem 3.10 and Lemma 3.12, we get that the category of nilpotent
(f-)O-displays over S is equivalent to the category of nilpotent (f-)O-displays over R
equipped with a lift of the Hodge filtration. The same is true for O’. Additionally, the
equivalence assertions over O continue to hold, if we add a strict @’-action to each
object and consider only those morphisms respecting the @’-actions. Hence, we obtain
commutative diagrams

(ndispo o /) —5 (f — ndispe /5) (f = ndispe /S) 2 (ndispe /S)
(ndisply o /R) —— (f — ndisp}, /R) (f —ndispl, /R) —— (ndisp)y, /R)
(ndispo o /R) —5 (f —ndispo /R),  (f — ndispe /) s (ndlisper /)

and

Iz s

(ndispp o /S) — (ndispe. /S)

(ndispao, /R) LN (ndispl,, /R)

I

(ndispp o /R) r, (ndispey /R),




T. Ahsendorf et al. / Journal of Algebra 457 (2016) 129-193 181

where the dagger at each category in the middle of each diagram should indicate the
further structure (i.e., the lift of the Hodge filtration) and the horizontal functors are
021(0,0),92(0,0") and T'2 (O, O) (over S and R) or the functors induced by them (for
the a-arrows in the middle of each diagram).

To prove the essential surjectivity of the three functors in the first rows of the dia-
grams, it suffices to prove the essential surjectivity of the three functors in the middle
rows of the diagrams. This is equivalent to showing that lifts of Hodge filtrations on the
right hand sides of the diagrams are from lifts of Hodge filtrations on the left hand sides
of the diagrams, which follows from the construction. The proposition follows. O

Proof of Theorem 3.30. By Proposition 3.32, we only have to show the essential surjec-
tivity of the corresponding functors in each case. By Proposition 3.33, we may assume
that R is reduced. By Proposition 3.31 this is immediate when R is a perfect field of
characteristic p extending the residue field of O’. For general reduced complete local
(’-algebra, R with perfect residue field and p nilpotent in R, applying Proposition 3.33,
the equivalences are established for R/m™ for each n.

We explain the proof for Q1 (O, @) and the other two cases are similar. Since 1 (O, O’)
is compatible with base change, we may take a nilpotent f-O-display P over R, make a
base change to R/m™ for each n > 1, and obtain a nilpotent f-O-display Pg/m». These
nilpotent displays correspond to nilpotent O-displays over R/m™ with strict O’-actions
and they form an inverse system.

By building the projective limit we obtain an O-display over R with a strict O’-action,
say P,, which is mapped to P via Q1 (O, Q’), when the functor is considered as a functor
from general display structures, i.e., not necessarily nilpotent ones.

To show the essential surjectivity of Q1 (O, Q’), when restricted to nilpotent display
structures, it remains to show that P, is nilpotent. Since R is reduced and may be
embedded into a product of algebraic closed fields of characteristic p, we may assume
that R is an algebraically closed field of characteristic p which extends the residue field
of O'. Consider the commutative diagram of Wy (R)-modules

P* P:P*,O

V*fNﬁJ/ lVNu

Wo(R) @pin wer)y Px —— Wo(R) @ps~n we(r) Pro

| |

R®WfN7WO(R) Po—R ®WfN7WO(R) Py o,

where N is chosen large enough such that the right vertical composite map is zero. The
nilpotence of P, follows, since P, ; = F}(Qy,) for each i = 1,..., f — 1 with the usual
grading and so the composite map
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VN
P, — Wo(R) ®Ff(N+1)7WO(R) P, — R ®Wf(N+1)7WO(R) P,

is zero. O

4. The stack of truncated f-O-displays

In this section we assume that the reader is familiar with the basic terminology of
stacks, as it can be found in [13]. We take the ideas of [10], but instead of applying them
to the functors BTy or BTg)7 we apply them to the functors Q;(O,0’) and T';(O, 0,
where O — (0’ is an unramified / totally ramified extension of rings of integers of non-
Archimedean local fields of characteristic (0, p). The primary ideas are essentially taken
from [10], but with the definition of a truncated f-O-display inspired by [12, Chapter 3].
The main result is Proposition 4.10, which completes the proof of Theorem 1.1.

4.1. Truncated f-O-displays

Let R be a w-adic O-algebra. Let n be a positive integer. Denote by Wo ,,(R) the ring
of truncated ramified Witt vectors of length n, by Ip g, the kernel of wy. We have an
O-algebra morphism » : W .11 (R) — We ,(R) induced by the Frobenius on W (R)
and an ™ -linear bijective map Vi Io rn+1 = Wo n(R) induced by the inverse of the
Verschiebung of W (R).

If 7R = 0, the Frobenius induces an O-algebra endomorphism » of W ,,(R) and the
ideal 1o, pn+1 of Wo nt1(R) is a Wo (R)-module.

Definition 4.1. Let f > 1, O’ an unramified extension of O with degree f and residue
field k, R a k-algebra. An f-O-pre-display over R is a sextuple P = (P,Q,t,¢, F, F),
where P and @ are Wp(R)-modules with morphisms

Io.r Ower) P — Q — P,

and FF : P —- P and F} : Q — P are F! Jinear maps, such that e : lo r Qw,(r)
P — P and e(1®¢) : Ior ®wy(r) @ — @ are the multiplication morphisms and
Fle=F"V'gF.

If P and @ are Wo ,(R)-modules, we call P an f-O-pre-display of level n.

A morphism between two f-O-pre-displays P, P’ consists of a tuple of morphisms
(o, 1), such that

IO,R ®WO(R) P E*} Q % P

SRR

’ ’

IO,R ®WO(R) P’ ; Q/ ;> P’
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commutes, a; o F; = F] o ap, and a3 o FF = F’ o 1. Tt is easily seen that we obtain
an abelian category, named (f — pre-dispy /R), which contains (f — disp, /R) as a
full subcategory. We denote the abelian subcategory of f-O-pre-displays of level n by
(f - pre-dispe ,, /R).

Definition 4.2. A truncated pair of level n over R is a quadruple B = (P, Q,,€), where
P and @ are Wp ,(R)-modules with module morphisms

Ion+1,R Owe () P — Q — P

such that

e & lont1,R Owe () P — P and e(1® 1) : Iony1,Rr Qw, ., (r) @ — Q are the
multiplication maps, i.e., they coincide with

mult

Ion+1,r ®we . (r) P = Ion,r Qwo . (r) P — P

and

mult

10.n+1,R Owe . (r) @ = LOn,R Cw, . (r) @ — Q)

respectively, where Ip p4+1,r — o n,r is the restriction map and mult the multipli-
cation map,

P is projective and of finite type over Wp ,,(R),

o Coker(:) is projective over R, and

e There exists an exact sequence

0 — Jgnt1 ®r Coker(e) 5 Q% P — Coker(r) — 0,

where Jg 41 is defined as the kernel of the restriction map Wo ,41(R) = Wo n(R)
and € is induced by e.

A normal decomposition for a truncated pair is a pair of projective Wo ,,(R)-modules
(L, T) with L C Q and T C P, such that

id id
LeT % Pand Le (Io,patt Owe . (r) T) ——o Q
are bijective. By the obvious generalization of [12, Lemma 3.3], every ramified truncated
pair admits a normal decomposition.

Definition 4.3. A truncated f-O-display of level n over R is an f-O-pre-display P =
(P,Q,,e, F, F1) of level n over R, such that (P, @,t,¢) is a truncated pair of level n and
the image of Fy generates P as a Wo ,,(R)-module.
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The rank of P is defined to be the rank of P over Wo ,,(R). We denote the category of
truncated f-O-displays of level n over R by (f — dispe ,, /R). This is a full subcategory
of the category of f-O-pre-displays of level n over R.

If we are given a truncated pair (P, Q,t,e) with normal decomposition (L,T'), then
we have a bijection between the set of pairs (F, Fy) such that (P,Q,t, e, F, Fy) is a
truncated f-O-display and the set of F linear isomorphisms ¥ : L & T — P, such
that ¥|, = Fi|p and ¥|p = F|p. If L and T are free Wo ,(R)-modules, then ¥ is
described by an invertible matrix with coefficients in We ,,(R). The proof of the bijection
is an obvious variation of [23, Lemma 9] and the case, when L and T are free, is a
variation of the discussion after that Lemma. We call (L, T, ¥) a normal decomposition
of P=(P,Q,¢,e, F, Fy).

Furthermore, we need to remark that morphisms («g, ;) between two truncated
f-O-displays of level n, say P,P’, may be described in a reduced way. If we are given a
normal decomposition (L, T) of P, it suffices to know (ao|r, 1|1), since we obtain by the
definition of a morphism that aq|,;, = ¢/ cag|r, and aO‘E(IO,n+1‘R®WOm(R)T) = (1®ar).

All assertions from Lemma 3.5 to Lemma 3.17 in [12] are true in their obvious gen-
eralization, and the proofs are essentially the same. We state two of the results in the
following, since we need them in next section.

Fix integers h > 0,f > 1 and the ring O and denote by f — Dispp, —
Speck the fibered category of truncated f-O-displays of level n and rank h. Hence,
J — Dispp ,,(Spec R) is the groupoid of truncated f-O-displays of level n and rank h
over R. There is an obvious morphism 70, : f — Dispp ,,41 — f — Dispe ,, induced by
the truncation functors.

Lemma 4.4. (Cf. [12, Proposition 3.15].) The fibered category f — Dispe ,, is a smooth
Artin algebraic stack with affine diagonal. The truncation morphism f — Dispep ,,41 —
J — Dispo ,, is smooth and surjective.

Proof. By the generalization of [12, Proposition 3.14], we know that f — Dispy, , is an
fpqc stack. To show the affineness of the diagonal, we have to show that for truncated
f-O-displays P; and P> of level n and rank h over a k-algebra R, the sheaf Isom(Py, Ps)
is represented by an affine scheme. By passing to an open cover of Spec R, we may
assume that P; and Ps have normal decompositions with free modules. The homomor-
phisms of the underlying truncated pairs are clearly represented by an affine scheme.
Commuting with F' and Fj is a closed condition and a homomorphism of truncated
pairs is an isomorphism if and only if it induces isomorphisms on Coker(:) and Coker(¢),
which is equivalent to saying that two determinants are invertible. Hence, Isom(Py, P2)
is represented by an affine scheme.

For each integer d with 0 < d < h, let f — Dispg ,, 4 be the substack of f — Dispe ,,
where Coker(:) has rank d. We define the functor Xo , 4 from the category of affine
k-schemes to (Sets) by defining Xo ., a(Spec R) as the set of invertible Wo ,,(R)-matrices
of rank h. Hence, X0 .4 is an affine open subscheme of the affine space of dimension nh?
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over k. We now define the morphism 70 .4 : Xon,d — f — Dispp ,, 4 in the way that
Ton,d(M) is the truncated f-O-display given by the normal representation (L,T,¥),
where L = Wo ,(R)" 4, T = Wo ,(R)?, and M is the matrix representation of ¥. We
define the sheaf of groups Go 4 by associating to each k-algebra R the group of invert-
ible matrices (ég) with A € Aut(L), B € Hom(T, L), C € Hom(L, Io pn+1®we . (r) 1)
and D € Aut(T), where L and T are as above. Go 54 is an affine open subscheme of
the affine space of dimension nh? over k and TOn,d 18 & Go p g-torsor. So we see that
J —Dispp ,, 4 and f — Dispy, ,, are smooth algebraic stacks over k. The truncation mor-
phism 7o, is smooth and surjective because it commutes with the obvious projection
Xo.n+1,d = Xo,n,d, which is smooth and surjective. O

For a truncated f-O-display P of level n over a k-algebra R there is a unique morphism
vi.p— PO = WO’”(R)®F$,WO n(R)P with V#(Fy(z)) = 1®x for all z € Q. The proof
of this is similar to the one of Lemma 2.2. V' is compatible with truncation. We call P
nilpotent, if there is an m, such that the m-th fold iteration of V¥, i.e., the composite
morphism P — PM) — ... — P(™) g zero. Because Io,r,m is nilpotent, P is nilpotent
if and only if its truncation to level 1 is nilpotent. An f-O-display over R is nilpotent if
and only if all its truncations are nilpotent.

Lemma 4.5. (Cf. [12, Lemma 3.17].) There is a unique reduced closed substack
J —nDispy ,, C f—Dispy ,, such that the geometric points of f —nDispg, ,, are precisely
the nilpotent truncated f-O-displays of level n. We have the Cartesian diagram

J —nuDispp , .1 — f —nDispgy ,

J |

f - DiSpO,n+1 — f - Disp(?,n

and the morphism f —nDispy ,, — [ — Dispe ,, is of finite presentation. In particular,
J —nDispy ,, 41 — f —nDispg ,, is smooth and essentially surjective on R-valued points
for every R.

Proof. The diagram is the obvious generalization of [12, Lemma 3.17]. The last assertion
follows from Lemma 4.4. O

4.2. Applications to f-O-displays

Proposition 4.6. (Cf. [10, Proposition 1.2].) Let f > 1 and O be given. For any positive
integer h there is a sequence of finitely generated reduced k-algebras By — Bo — ... with
faithfully flat smooth maps and a nilpotent f-O-display P of rank h over B = |J B; with
the property that for any other nilpotent f-O-display P’ over a reduced k-algebra R and
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of rank h, there exist a sequence R — S — So — ... of faithfully flat étale k-algebra
morphisms and a k-algebra morphism B — S = J.S; such that Pg = P's.

Proof. We construct recursively an infinite commutative diagram

Yy Y, Y,

J J |

f- nDispO,1 +— f— nDispQ2 +— f— nDispO)3 — ...,

where Y,,, = Spec By, for a finitely generated k-algebra B, such that Y1 — f—nDispe ;
and Y41 — Xomy1 = f — nDispo’mH xf,nDiSpomem are smooth presentations. By
Lemma 4.5 the morphisms B,, — B,,y1 are faithfully flat and smooth. We have a
canonical nilpotent f-O-display P over B = lim By,.

A nilpotent f-O-display P’ over a reduced k-algebra R is equivalent to a compatible
system of morphisms Spec R — f—nDispg, ,,. For Spec 51 = Spec R X s _npisp,, , Y1, there
is a natural map SpecS1 — x2. For m > 2 we have for Spec Sy, = Spec Sjn—1 Xy,, Ym a
natural map SpecS,, — Xm+1. Hence we obtain compatible isomorphisms 7,,(P)s =
Tn(P")s over S = |JS,, where 7, should be the truncation morphisms. Therefore
Ps = P’s. Because a surjective smooth morphism has a section étale locally, we may
replace the S, by an étale system. O

Definition 4.7. (Cf. [10, Definition 5.4].) A nilpotent f-O-display over a k-algebra R is
of reduced type if all its truncations are in f — nDispe ,, -

Proposition 4.8. (Cf. [10, Lemma 5.5].) A nilpotent f-O-display over a k-algebra R is of
reduced type, if and only if there are k-algebra morphisms R — S < A with A reduced,
S = S; for a system of étale faithfully flat k-algebra morphisms R — S; — Sa — ...,
and the base change of this f-O-display to S descends to A.

Proof. This follows from the definition and Proposition 4.6. O

Definition 4.9. We call a faithfully flat morphism of (’-algebras R — S an admissible
covering, if S ®pr S is reduced.

All assertions we will need about admissible coverings can be found in [10, Chapter 3],
where the ring morphisms have to be replaced by O’-algebra morphisms. The proof of
[10, Proposition 3.4] depends on [10, Lemma 3.3], which is not correct. In [12, Section
8.2] it is clarified, how to prove the Proposition without using this Lemma.

Proposition 4.10. (Cf. [10, Proposition 4.4, Lemma 6.1].) Let O — O’ be an unramified /
totally ramified extension. Assume that Q1(0,0"),Q2(0,0"),T1(0,0’), or T'2(0,0’) is
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fully faithful for all O'-algebras with © nilpotent in them, then the respective functor is
an equivalence for all such algebras.

Proof. It remains to show that Q,(O0,0’), Q2(0,0’),I'1(0,O’) resp. I'2(0, ') is es-
sentially surjective for all (O’-algebras R with #’ nilpotent in R. We treat only the
01 (0, O)-case, since the others follow analogously.

First we show the assertion for all reduced k-algebras R, where k is the residue field
of @'. Let P be a nilpotent f-O-display over R. With R — S < B given as in Proposi-
tion 4.6, Pg descends to B. Since R — S is an admissible covering, it is enough to show
that Q(0, Q') is essentially surjective over B (Proposition 2.11).

When k£’ is an uncountable algebraically closed field of characteristic p extending k,
then B — B ®j k' is an admissible covering and we may apply [10, Proposition 3.2] to
Beik' = B;®,k'. So we may reduce to the base ring [[(B®k k’)m, where the product
runs through all maximal ideals m of B&yk'. We may reduce to (B&gk')m, since nilpotent
f-O-displays are compatible with arbitrary products of reduced local O’-algebras. The
residue field of (B®g k') is k' by [10, Lemma 4.3] and we may apply [10, Proposition 3.4]
to consider just the completion of (B ®j k'), which is a reduced complete local ring
with perfect residue field. The assertion then follows from Theorem 3.30.

Now we consider general (O'-algebras R with 7’ nilpotent in R. By Proposition 3.33, it
suffices to treat the case, where R is a k-algebra. Let P be a nilpotent f-O-display over R.
Because f—Dispg ; is of finite type and f —nDispp ; — f—Dispg ; is finitely presented,
P is of reduced type modulo a nilpotent ideal. We may assume by Proposition 3.33 that
P is of reduced type. Now let R — S < A be as in Proposition 4.8. Because Q1 (O, O’)
is fully faithful, it suffices to show that Pg lies in the image of Q1 (O, O’), which holds,
since A is reduced and Pg descends to A. Therefore the proposition follows. 0O

5. Dieudonné O-displays

Let R be a complete Noetherian local O-algebra with perfect residue field of charac-
teristic p and p > 3. For each G, a w-divisible O-module over R, there is a connected-etale
sequence

0—-G"—G— G =0, (5.1)

where GV is connected and G is etale (cf. [17]). The connected part can be described by
nilpotent O-displays by Theorem 1.1. In this section, we introduce Dieudonné O-displays
and describe the sequence (5.1) in a similar manner. Since we define things in an appro-
priate way, most of the results in [22] and [9] can be generalized to Dieudonné O-displays.
We explain the main results and constructions in the following and refer to [22] and [9]
for the detail proofs.
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5.1. Basic properties of Dieudonné O-displays

Definition 5.1. A Dieudonné O-display over R is a quadruple (P, Q, F, F), where P is a
finitely generated free Wo(R)-module, @Q C P is a Wo(R)-submodule, and F' : P — P,
F1 : Q — P are F-linear maps, such that

(1) TO,RP C Q C P and P/Q is a free R-module.
(2) Fy : Q — P is an F-linear epimorphism.
(3) For any « € P and w € Wp(R), we have

Fi(Ywz) = wFz.

Denote by Ddispy, /R the category of Dieudonné O-displays over R. If O = Z,,, then a
Dieudonné O-display is the same as a Dieudonné display as defined in [22, Definition 1].
See Section 1.2.1 for the precise definition of W and Ip.

Let S — R be an O-algebra morphism. The base change of a Dieudonné O-display
with respect to S — R is defined by the same formulae as in Definition 2.5 by replacing
Wo by W@.

We construct a functor from the category of Dieudonné O-displays over R to the
category of O-displays over R. Let P = (P, @, F, F}) be a Dieudonné O-display over R,
define F(P) = (P',Q', F, F1), where P = Wy (R) Do) b Q' = Ker(Wo(R) Do (r)
P — P/Q), and the operators F': P — P’ and F : Q" — P are defined as follows:

e Fé@a)=F¢t@FreW(R),z€P
« R0y ="¢@FPyéeW(R),yeQ
e M(Véwa)=¢(@Fr e W(R), z € P.

It is easy to check that F(P) is an O-display over R. A Dieudonné O-display P over
R is nilpotent if F(P) is a nilpotent O-display. Following the same argument in [22,
Section 2], we have the following result.

Proposition 5.2. (Cf. [22, Theorem 5 and Corollary 6].) Let R be a Noetherian complete
local O-algebra with perfect residue field of characteristic p. The following three categories
are equivalent.

e The category of nilpotent Dieudonné O-displays over R.
o The category of nilpotent O-displays over R.
e The category of mw-divisible formal O-modules over R.

Definition 5.3. Let P = (P, @, F, F1) be a Dieudonné O-display over R. We say that P
is etale, if Q@ = P. We say that P is multiplicative, if Q = Ip rP.
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Applying [22, Lemmas 6, 8 and 9] to the case A = W@(R), r=F M=P ¢=F":
P — P, we may rewrite [22, Propositions 16 and 17] for Dieudonné O-displays over R.

Proposition 5.4. Let P = (P, Q, F, Fy) be a Dieudonné O-display over R.

(1) There is a morphism P — P to an etale Dieudonné O-display over R, such that
any other morphism to an etale Dieudonné O-display P — Py factors uniquely
through P¢. Moreover P has the following properties:

o the induced map P — P is surjective;
o let P™ be the kernel of P — P¢. Then (P™ P™ N Q,F,Fy) is a nilpotent
Dieudonné O-display over R.

(2) There is a morphism from a multiplicative Dieudonné O-display over R P™ to P,
such that any other morphism from a multiplicative Dieudonné O-display P — P
factors uniquely through P™“ . Moreover P™"* has the following properties:

o the induced map P™" — P is injective and P™"* N Q = IAoyRPm“lt;
o (P/Pmult Q/f@,RPm“”, F, Fy) is an F-nilpotent Dieudonné O-display over R.

5.2. Dieudonné O-displays and w-divisible O-modules

The same argument as in [22, Section 4] shows that there is an equivalence between
Dieudonné O-displays and w-divisible O-modules. We sketch the main ideas in the fol-
lowing.

Let R be an Artinian local O-algebra with perfect residue field k. We will denote by
R the unramified extension of R with residue field k. We write I' = Gal(k/k) for the
Galois group. Then I acts continuously on the discrete module R.

Let H be a finitely generated O-module. Assume that we are given an action of I" on
H, which is continuous with respect to the m-adic topology on H. The action of I'" on
Wo (R) and H induces an action on Wo (R) ®0 H. We set

P(H) = (Wo(R) @0 H)".

As remarked in [22], one can show by reduction to the case R = k that P(H) is a finitely
generated free W (R)-module and that the natural map

Wo(R) @, sy P(H) = Wo(R) ®0 H

is an isomorphism. We define an etale Dieudonné O-display over R

where Q(H) = P(H) and F} is induced by the map
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Wo(R) ®0 H — Wo(R) ®0 H
w@h—Tweh.

Conversely, if P is an etale Dieudonné O-display over R, we define H(P) to be the
kernel of the homomorphism of O-modules
F —id: Wo(R) ® P = Wo(R) ®, g P

Wo(R) (R)

which is an O[I']-module. We see that the category of etale Dieudonné O-displays over
R is equivalent to the subcategory of the category of continuous O[I']-modules, of which
the objects are free and finitely generated over O.

Proposition 5.5. (Cf. [22, Proposition 18].) Let P = (P,Q,F,F1) be a nilpotent
Dieudonné O-display over R. Let us denote by Cg the cokernel of the map Fy — id :
Qi — Pg with its natural structure of a I'-module. Then we have a natural isomor-
phism

Homr o (H,Cp) = Ext' (P(H),P).

Let H be a continuous O[I'-module, which is free and finitely generated over O. We
define a Barsotti—Tate group

BTo(H) = liﬂnGn,
where G,, is the finite etale group scheme corresponds to the finite I'-module 7~"H/H.

Proposition 5.6. (Cf. [22, Proposition 19].) Let H be as above and let G be a formal
w-divisible O-module over R. Then there is a canonical isomorphism

Homr o (H,G(R)) = Ext'(BTo(H),G).

Combine the above results, we obtain the following result, which corresponds to [22,
Theorem 20].

Theorem 5.7. Let R be a Noetherian complete local O-algebra with perfect residue field
of characteristic p. There is a functor BT o from the category of Dieudonné O-displays
over R to the category of w-divisible O-modules over R which is an equivalence of cate-
gories. On the subcategory of nilpotent Dieudonné O-displays, this is the equivalence in
Proposition 5.2.

We explain that the equivalence in Theorem 5.7 is compatible with duality. First,
we recall the definition of dual Dieudonné O-displays. Let G,, = (/W@ (R), f@} BEVTH.
If P and P’ are Dieudonné O-displays over R, a bilinear form o : P x P’ — G,,, is a
W\O(R)—bilinear map o : P x P' — Wo (R) such that



T. Ahsendorf et al. / Journal of Algebra 457 (2016) 129-193 191

(a(Fya, Fa')) = a(z, ')

for z € Q, ¥’ € Q'. This implies the following equations:

(1) a(Fz, F'y') = F(a(z,y))
(2) a(Fy, F{z') = F(a(y,z"))
(3) a(Fy, F'y) =7 (a(y,y'))

forz € Q, 2" € Q,y € P,y e P'. Let Bil(P x P’,G,,) denote the abelian group of
bilinear forms.

Definition 5.8. Let P be a Dieudonné O-display over R. The contravariant functor P’
Bil(P x P, G,,) is represented by a Dieudonné O-display P? over R, called the dual of P.

More precisely, P! can be described as follows. Let P = (P, Q, F, ), then
Pt = (PY,Q.F' F)
where Q = {z € PV | 2(Q) C Ip.r} and MV = Homg; | p (M, Wo(R)) for any
W@(R)—module M. If P =L @®T is a normal decomposition and Q = L & ICQRT,
then PV = LYV @ TV and Q = Ip pLY @ TV. In particular, taking duals sends etale
Dieudonné O-displays to multiplicative Dieudonné O-displays and vice versa.

Let Go be the O-module attached to G,,. Let Go[n™] be the ™-torsion of Gp. For a
w-divisible O-module G over R, the Serre O-dual (or special O-dual) G¥ of G is defined
in the same way as the Serre dual of G, by using Gp and Gp[n"] instead of G,, and
ppr = G [p"]-

Theorem 5.9. With the notation as above, for every Dieudonné O-display P over R, the
two O-modules BT (P*) and BTo(P)Y are isomorphic.

Proof. The proof is the same as the proof of [9, Theorem 3.4]. We explain the main steps
in the following.

Let Cr be the category of all R-algebras S with the properties: (1) the nilradical
N(S) is a nilpotent ideal; (2) mS C N (S); (3) S/N(S) is a union of finite dimensional
k-algebras. Let Cg be the category of abelian sheaves on Cy for the flat topology, i.e.,
coverings are faithfully flat R-algebra homomorphisms in Cr. Suppose that R is an
QO-algebra. Let L be the fraction field of O. Let P = (P,Q, F, F;) be a Dieudonné
O-display over R. Then base change of Dieudonné O-displays makes P and @ into
abelian sheaves on C;. If P = (P,Q, F, F}) is a Dieudonné O-display over R, we define

Z2(P) = [Q =% P

as a complex in Cg in degree 0, 1 and
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BT (P) = Z(P) ot L/O

in the derived category D(Cg).

Arguing as in [9, Theorem 1.7], the functor BT% induces an equivalence between the
category Ddispy /R and the category of m-divisible O-modules over R. This equivalence
coincides with the equivalence defined by the functor BT ¢ in Theorem 5.7. Note that
Hom(/Wo, Go) is the Cartier Ep-module of the formal group Ge. By Proposition 2.18,
for any R € Nilp and B € Nilg, the morphism

Wo(R) x Wo(B) 2% Wo(B) — Go(B)
induces an isomorphism
Wo(R) = Hom(Wo, Go). (5.2)

Now the same argument of [9, Theorem 3.4] goes through in the case of Dieudonné
O-displays and the theorem follows. O
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