A SHORT NOTE ON THE BREUIL-MEZARD CONJECTURE

CHUANGXUN CHENG, HENDRIK VERHOEK

1. INTRODUCTION

In this short note, we explain the proof of the Breuil-Mézard conjecture and the geo-
metric Breuil-Mézard conjecture in the case K = Q, and n = 2 following [I], Section 2] and
[3, Section 3]. In order to illustrate the ideas of the proof, we focus on this specific case
and make certain technical assumptions. The notions on automorphic multiplicities and
cycles are introduced in the previous talks, so we will use these notions without repeating
the definitions.

Fix a prime number p > 3, a finite extension F/F,, and a continuous representation
7 : Gg, = GLa(F). Let E be a finite totally ramified extension of W (IF)[1/p] with ring
of integers O and uniformiser . We assume that F is sufficiently large; in particular, we
assume that I > 5, so that PGLy(F) is a simple group. Let 7 : I, — GL2(E) be an
inertial type, i.e., a representation with open kernel which extends to Wg,. Let € and w
be the p-adic cyclotomic character and the mod p cyclotomic character respectively. Fix
integers a, b with b > 0 and a character ¢ : Gg, — O™ such that e = det7. We will
also write ¢ for the character (A%)*/F* — O* corresponding to 1 via class field theory,
which we normalize so that uniformisers correspond to geometric Frobenius elements.
We let R™¥(a,b, 7,7) and Re¥ (a,b, T, 7) be the framed deformation O-algebra which are
universal for framed deformations of 7 with determinant ¢, and are potentially semistable
(respectively potentially crystalline) with Hodge-Tate weights (a,a + b + 1) and inertia
type 7. Let o( tau) and 0" (7) denote the finite-dimensional irreducible E-representation
of GLa(Zy) corresponding to 7 via Henniart’s inertia local Langlands correspondence.
We set o(a,b,7) = o(r) ®p det® Symm® E? and o (a,b,7) = 0 (1) @ det® Symm® E2.
We let Lgp, - (respectively Lg% ) be a GLa(Zp)-stable O-lattice in o(a, b, ) (respectively
o (a,b,7).) Write oy, for the representation det™ ® Symm”F? of GLy(F,), 0 < m <
p—2,0<n<p-—1. Then we may write

~ am,n
(La,b,T Ko ]F)SS — OmnOmn

and

cr

~ agy
( gfb,’r ®o F)Ss — OmnOmn ,

for some integers a,» and ag, ,,. The Breuil-Mézard conjecture is the following.

Conjecture 1.1. There are integers fiy, () depending only on m, n, and ¥ such that for
any a, b, T,

e(R™¥(a,b,7,7)/7) = amnttmn(F),

1
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and
e(RGY (a,b,7,7)/m) = aly i n(T)

The geometric version of the Breuil-Mézard conjecture is the following.

Conjecture 1.2. There are cycles Cp, () depending only on m, n, and 7 such that for
any a, b, T,
Z(R™%(a,b,7,7)/7) = tm nConn (T)
m,n
and

Z(Rg¥(a,b,7,7)/m) = a ,.Conn(T)

m,n

Remark 1.3. As remarked in [3], or by [3l Lemma 4.3.1], the truth of the conjectures is
independent of the choice of ). We may assume that v is crystalline. If the Conjecture
is true for all a,b, 7, then py,,(p) = 0 unless det /7’1@,, = w?mtnt+l - Furthermore, if

2mAntl - we must have

pmn(P) = e(Rey® (i, m, 1,7) /),
2m+n+1.

det plpy, = w

where 1 is chosen so that ¥, =€
Similarly, if the Conjecture is true for all a, b, 7, then we must have

Conn(F) = Z(R2Y (10, m, 1,7) /7).

The main goal of this note is to explain the proofs of the following two theorems.

Theorem 1.4 (Kisin). If 7 <w0X ;) for any x, then Conjecture holds for 7.

Theorem 1.5 (Emerton, Gee). If 7 <W0X ;) for any x, then C’onjecture holds for

r.

The proofs of these two results are similar. We first realize local representations globally
using potential modularity theorems. Then we deduce the theorems using the global
argument made in [I]. For the first step, we recall the following result.

Proposition 1.6. Let 7 : G, — GL2(F) be a continuous representation. Then there is a

totally real field F' and a continuous irreducible representation p : Gp — GLa(F) such that
(1) p splits completely in F;

(2) p is totally odd;

(3) p(Gr) = GLa(F);

(4) if v{p is a place of I then plgy, is unramified;

(5) if v | p is a place of F' then plg,, =7;

(6) [F: Q] is even;

(7) p is modular.

Proof. This is [3, Proposition 3.2.1]. O
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This proposition finishes the first step. In the rest of this paper, we concentrate on
the global argument. In Section 2, we recall the definitions of quaternionic forms and
Hecke operators. We also prove some properties of these objects which are needed in
the argument. In Section 3, we explain the global patching. We construct an important
object My, and state the relation of My, and the Breuil-Mézard conjecture. In Section 4,
we sketch the proofs of the mains results.

2. QUATERNIONIC FORMS AND BASIC PROPERTIES

2.1. Definition of quaternionic forms. Let F' be a totally real field such that [F' : Q]
is even. Let D be a quaternion algebra over F' which is ramified at all the infinite places of
F and at finite places in the set ¥. We assume that XN {v : v | p} = (. Fix Op a maximal
order of D and isomorphisms (Op), := Op ®o, Of, — M(OF,) for each finite place
v ¢ 3. For each finite place v of F, fix a uniformizer 7, of F,,. Write ¥, =X U {v:v | p}.
Let U = [[, Uy, C (D ®p A%)* be an open compact subgroup contained in [[ (Op);.
Assume that U, = (Op); for all v € ¥,,. In particular, U, = GL2(OF,) for v | p.

Let A be a topological Z,-algebra. For each v | p, we fix a continuous representation
oy : Uy — Aut(W,,) on a finite free A-module. We write W, = ®,,Ws, and denote
by o : Hv|p U, — Aut(W,) the corresponding representation. We regard o as being a
representation of U by letting U, act trivially if v { p. Let ¢ : (AF)*/F* — A be a
continuous character such that for any place v of F', ¢ on UvﬂOZﬂv is given by multiplication
by 1. Then W, becomes a U(A%)*-module if we let (A®)* act on W, via 1.

Let S,.4(U, A) denote the set of continuous functions

f:D\(D®pAF)* — W,
such that
o f(gu) =0(u)"1f(g) forue U, g€ (DopA¥),
e f(g92) =v(2)"Lf(g) for z € (AX)X, g € (D @p AR)*.
We may write (D ®p AF)* = [[;c; D*t;U(AF)* for some t; € (D ®p AF)* and some
finite index set I, then we have isomorphism

Sea(U, A) ~ @EIWOEU(A%O)XWZlDXti)/FX

[ ) ber
We assume that U satisfies the following condition
(2.1) (UAR)* Nt 'D*t)/F* =1for all t € (D ®p AF)*.

Under this condition, we have the following lemma.

Lemma 2.1. With the notation as above,
(1) if B is an A-algebra, then
S(mp(U, A) ®a B = SO'@AB,’(/)(U7 B)

s an isomorphism.
(2) Sou(U, A) is a finite projective A-module, and the functor Wy — S, (U, A) is
exact mn W.
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2.2. Hecke operators. Let S be the union of the primes in ¥, and the primes v of F' such
that U, € D, is not maximal compact. We assume that for v € S\X,, U, C GL2(OF,)
is contained in the matrices whose reduction modulo 7, is upper triangular and contains
those whose reduction is upper triangular unipotent.

Let Tg%” = O[Ty, Sy, Uz, lugswes\s, be a commutative polynomial ring in the indicated
formal variables. We consider the left action of (D ®r A%)* on W,-valued functions on
(D®rpAF)™ given by (9f)(2) = f(zg). Then S, (U, O) becomes a ']I‘g%”—module with S,
T 0

0 my

acting via the double coset U, < 0 1

> U,, T, acting via the double coset U, <7T” O> U,,
Tw

0
on the choice of m,. We write Ty (U, O) or simply T, (U) for the image of Tzé%v in

End S,(U, 0).

and U, acting via the double coset Uy, (1) Uy. These operators do not depend

Definition 2.2. Let m be a maximal ideal of ']I‘”g%” We say that m is in the support of
(0,v) if S5y (U, O)n is non-zero. We say that m is Eisenstein if T, —2 € m for all but
finitely many primes which split in some fixed abelian extension of F.

2.3. Some properties. Let ) be a finite set of primes of F' which is disjoint from S, and
for each v € @ fix a quotient A, of (OF,/m,)* of p-power order. Write A = HUGQ Ay,
Define open compact subgroups Ug and Ug of U by setting (Ug), = (Ué)v =U,ifv & Q,
and setting

*

Wal =o€ GLa(Or) s 9= (3 1) (mod 7))

and

(Ug)o={g= <CCL Z) € (Ug)v: ad”l = 1€ A,}

ifveq.
By definition, A = Ug /Ug and it acts naturally on S, ,(Ug,©) via the right multi-

plication of Uy on D*\(D ®p A)*. For each h € A we denote by (h) the corresponding
operator.

Lemma 2.3. With the notation as above,

(1) the operator ), A (h) on Sy (Ug, O) induces an isomorphism

> () 1 8o (U, O)a = Spy(Ug, O).
heA

(2) Sou(Uqg,O) is a finite projective O[A]-module.
Proof. By definition, we have
dim S5 (Uq, O) = [Ug, : Ug] dim S, (Ug , O).
Thus property (2) follows from property (1). For ¢t € (D ®p AY)*, we have
(Ug(AF)* Nt™'D*t)/F* = (Ug (AF)* Nnt~'D*t)/F*.
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Hence it suffices to show that A acts freely on D*\(D ®@p A¥)*/Ug(A¥)*. Suppose u €
Uy, fixes one of these double cosets, then there exists ¢ € (D ®@p AF)* and v € Ug(AF)*
such that

wo~! € Uy (AF) Nt~ 'D*t = F*.
Hence u € Ug. g

Fix a maximal ideal m C Tg%” such that m is induced by a maximal ideal of Ty (U),
and for v € Q the Hecke polynomial X2 —T, X +Norm(v)S, has distinct roots in ']I‘g%” /m.
After increasing F, we may assume that m has residue field F, and then each of these
polynomials has two distinct roots ay, 3, € F. ' '

Write Sg = S U Q. Let mg denote the ideal 'I['gglfb generated by m N ng’fé) and the

elements Uy, — &,, where v € ) and &, € O is any lifting of a,,.

Lemma 2.4. The ideal mq induces proper, mazimal ideals in T,y (Ug) and Ty y(Ug). If
By # Norm(v)*! and Norm(v) = 1 (mod 7) for all v € Q, then the natural map

(2.2) Sop (U, O)m = Soup(Ug, O)mg

is an isomorphism of ']I‘gg%-modules.

Proof. The first claim follows from the fact that the Hecke polynomial X? — T, X +
Norm(v)Sy acting on Sgy(U,O) C S54(Ug, O) vanishes at X = Ur,. To see the sec-
ond claim, it suffices to consider the case when @) consists of a single element v. We have
the following map

SUJ/)(U7 O)m (&) Sgﬂp(U, O)m — Sg7w(Ué, O)m

2.3
(23) (f1, f2) = w1 f1 + 73 fo,

where 7] and 75 are induced by Id> and <(1) 72)) respectively. By next lemma, this is an
isomorphism. Moreover, we have the following identity
(2.4) (Ur, = Bo)(mi f1 + 73 f2) = (Ur, — Bu)(71 (f1 + Buf2)).
To see this, it suffices to show
(Ur, — Bu)(m3.f2) = (Ur, — By)(m1(By f2)))
= 1 (To By f2) — m3(Buf2) — Bum Bu f2

This follows from the fact that B2 — T,,B, + Norm(v)S, = 0. By identity (2.4)), the map
Sop(U, O)m = So.y(Ug s O)my, s surjective. Since both sides are finite free O-modules of
the same rank, it is an isomorphism. O

Lemma 2.5. The map s an tsomorphism.

Proof. Since both sides of (2.3) are finite free O-modules, it suffices to show that the map
is an isomorphism modulo 7. First, we have the following identities.

(2.5)

T, = m.m5

Norm(v) 4+ 1 = w7}

Un, (1 (/1)) = 71 (To(f1)) — m5(f1)
Un, (m3(f2)) = Norm(v) Sy 71 (f2)



6 CHUANGXUN CHENG, HENDRIK VERHOEK

e U2 —T,Ur, + Norm(v)S, =0
Assume that 77 (f1) = 75(f2) (mod ), then

T (f1) = Ty (f2)  (mod )

(26) =((Norm(v) + 1) f1 =Ty f2 (mod )

On the other hand,

(2.7)
(Norm(v) + 1)1y f1 — Tu f1 = 714 (Ur, (77 (1))
— 710 (Ur, (13(f2))) = Norm(u)S,(Norm(v) + 1), (mod )

Therefore,
Norm(v)T, fi = Norm(v)S,(Norm(v) +1)fo (mod 7)
(2.8) =T2f; = S,(Norm(v) 4+ 1)T,, fo = Sy(Norm(v) 4+ 1)?f;  (mod 7)
=(T? —48,)f1 =0 (mod 7)

Since v, # By, so (T2 —48,) # 0 (mod 7). Thus f; = 0 (mod 7), and fo = 0 (mod 7).
The map modulo 7 is injective. Hence the map modulo 7 is an isomorphism and the
lemma follows. 0

3. GLOBAL PATCHING

3.1. Setup. Let p: Gr — GL2(F) be a continuous representation. Assume that p satisfies
the following conditions.

(1) det p = e (mod 7).

(2) p is unramified outside ¥, and has odd determinant.

(3) The restriction of p to Gp(c,) is absolutely irreducible.

(4) If p = 5 and p has projective image isomorphic to P GLy(F5), then the kernel of
projp does not fix F((5).

(5) S\X, contains exactly one prime v and U, consists of matrices with upper trian-
gular, unipotent reduction. Moreover (1 — Norm(v)) € F*, and the ratio of the
eigenvalues of p(Frob,) is not in {1, Norm(v), Norm(v)~'}. Here, Frob, denotes an
arithmetic Frobenius at v. (This condition makes sure that U satisfies condition
&1).)

Write Vg for the underlying F-vector space of p and fix a basis for V. For v € X,
we denote by R the universal framed deformation O-algebra of p|g r,» and by RS the
quotient of RY corresponding to deformations with determinant 1pe. When p is absolutely
irreducible, we denote by R? g the quotient of the universal deformation O-algebra of p,

corresponding to deformations with determinant e. We denote by RE’? the complete
local O-algebra representing the functor which assigns to a local Artinian O-algebra A,
the set of isomorphism classes of tuples {Vy, Bv}vegp, where V4 is a deformation of V¢ to
A having determinant e, and S, is a lifting of the chosen basis of V& to an A-basis of V4.

For v € X, the functor {Va, Bu}wes, = {Va, By} induces the structure of an R

algebra on RE’?. We set Rg:’b = ®o,veszE’w.
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Suppose that m C ']Tg”g)” is a maximal non-Eisenstein ideal with associated representa-

tion p. That is, Tr,(_)(Fro7bU) =T, (mod m) for v ¢ S. We assume that m is chosen so that
for v € S\X¥,, Ur, (mod m) is equal to one of the eigenvalues of p(Frob,). We assume
that Ty (U)m # 0. In this case, by condition (5) above, S, (U, O)nm is a rank two (not
necessarily free) Ty, (U)m-module. The induced map Rﬁ g = T y(U)m is surjective.

Before we explain the patching procedure, we recall the following result [2, Proposition
3.2.5],.

Proposition 3.1. Set g = dimgp H(Gr,ad’p(1)) — [F : Q] + |Xp| — 1. For each positive
integer n, there exists a finite set of primes @y of F', which is disjoint from S, and such
that
(1) If v € Qn, then Norm(v) =1 (mod p™) and p(Frob,) has distinct eigenvalues.
(2) |Qn| = dimp HY(Gp,ad’p(1)). If Sg, = S U Qn, then as an Rg:j’—algebm, RE;?QR
1s topologically generated by g elements. In particular, g > 0.

3.2. Patching. For n > 1 fix a set @, as in Proposition Let A, be the maximal
p-quotient of (Op,/m,)*. Write Ag, = [[,cq, Av- For each v € Q, we fix a choice
of zero of polynomial X2 — T, X + Norm(v)S, in F, and we denote mg, C T%Zf,o the
corresponding maximal ideal. We apply the discussion of subsection to each of these
Qn.

The universal property gives us a map of O-algebras R% So, Tou (U, )mg, such
that for v € Sg,,, the trace of the arithmetic Frobenius Frob, on the tautological Rﬁ Son”
representation of Gr maps to T,. We regard S, (Ug,,O)

mQn
this map. Moreover, R? So,, Das anatural structure of O[Ag, ]-algebra so that the induced
O[Aq, ]-structure on Sy (?]Qn, O)m,,, is the one given in subsection By Lemma
this is a finite free O[Ag, ]-module, whose rank does not depend on n. Denote this rank
by r. We set

as an Rw -module via
F,SQn

O
M, = RF:ngn ®R1£S Sg,d,(UQn, O)an
P Qn

for n > 0, and Sg, = 5.
Fix a filtration by F-subspaces

0=LyCILiC - CLi=W,20F =W,

on W5 such that L; is GLa(Z))-stable, and for i = 0,1,...,s—1, 0; = L;;1/L; is absolutely
irreducible. This induces a filtration of S, 4 (Uq,,O)mg, ®o F whose associated graded
pieces are the finite free F[Ag, ]-modules S,, 4(Uqg, , F)m,, - We denote by

0=M’cM!c---cM!=M,®0F

the induced filtration in M, ®» F, obtained by extension of scalars.
Set j =4[¥,| —1, h = |Qn|, d=[F : Q]+ 3|X,|. Then g = h+ j —d. We fix surjections

(3.1) Olly1, - - -, yn]] = O[Aq,].

Then by Lemmas and we have My = M, /(y1,...,yn)-
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The map R}fi’ So, Rgﬁ% is formally smooth of relative dimension j. We extend the
maps (3.1)) to maps
D7
(3.2) Ol sl = RS,

in such a way that RE:an is identified with R}@’ So. Yh+1,-- - Yntj]]. We also fix surjections
of Rg:p—algebras

(3.3) Ry w[[m, gl = By,
and a lifting of the maps in
(3.4) Ollyrs -+ ynsgll = RV l[e, -, wg)).
We regard each M, as a Rgf[[ml,...,xg]]—module via and the map R}e’s% —
To(UQu)ma,
Forn > 1, let

Cn = (ﬂ_n’ (yl + 1)p"—1 -1,... (yh + 1)p”—1 - 17?/1}:4—1’ s '7y§+j) C O[[yh S 7yh+j]]'

Then by the proof of [2, Proposition 3.3.1], after replacing the sequence {Q,},>1 by a
subsequence, we may assume that there exist maps of Rg;w[[:cl, ..., Tg]]-modules f, :
Myi1/¢n+1 — My /¢, which reduce modulo (yq,...,yn) + ¢, to the identity on My/c,,.
Moreover, if we give M, /(c,, 7) the filtration induced by that on M, ®»F, we may assume
that f,, (mod m) is compatible with filtrations.

Passing to the limit over n, we obtain a map of Rgf[[xl, ..., Z4]]-modules

MOO — MOO/(ylv"‘7yh) 1> MO'

Since M, is a finite free O[Ag, ] [[Un+1, - - - » Yn+j]]-module, M, /¢y, is a finite free O[[y1, . .., Yn4;]]/cn-
module, and My is a finite free O[[y1,. .., yn4;]]-module. Moreover, M, ®o F has a
filtration

0=MJ CMi, C--CMj =Mc®0F
and since M. /M:~! is a finite free F[AQn][[yh_,_l, o+« y Yntj]]-module, M /MIST is a finite
free Fly1,...,Yn+j]]-module fori =1,...,s.

3.3. Some properties of M. For each place v | p of F', we choose integers a,, b, with
by, > 0, together with an inertial type 7,. Let * be either ¢r or nothing (the same choice
of % being made for all v | p). We assume that 2a, + b, is independent of v. Let RY .—
Ry(ay, by, T, play, ) be the quotient of R5" as defined in Section 1. The action of Rg"
M, factors through RS follows from the fact that the Galois representations attached
to Hilbert modular eigenforms are compatible with the local Langlands correspondence,
as well as the compatibility of the local and global Jacquet-Langlands correspondences.
Forv € ¥, let v, : Gp, — O be an unramified character such that 2 = |q,, and pla,,
is an extension of 7, by 7,(1). In this case, by [2, Corollary 2.6.7], there is a quotient RDWY
of RE ¥ which is a domain of dimension 4, with RE 34 formally smooth over E, and such
that for any finite extension E’/E and a map z : RS — E’ factors through RV if and
only if the corresponding representation V, is an extension of v, by 7,(1). Again, the fact
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that the action of Ry"¥ on M, factors through RV isa consequence of the compatibility
between the local and global Langlands and Jacquet-Langlands correspondence.
We write Rggﬁ = ®O,veszE ¥ The relative dimension of RE Y over O is 3 + [F, :

Qp) =4if v | p, and 3 if v € . In particular, Rgf has relative dimension [F' : Q] + 3|3,
over O. Define

p . puy

Reo := Ry [z1,...,24]].

Remark 3.2. In order to prove the Breui-Mezard conjecture, it suffices to take ¥ = (). We
consider the general case here since it has applications to modularity problems.

Lemma 3.3. The following conditions are equivalent.

(1) My is a faithful Roo-module. B

(2) Mw is a faithful Re-module which has rank 2 at all generic point of Roo.

(3) e(Roo/m) = 3e(Moo/, Roc /).

(4) e(Roo/m) < 3e(Moo/m, Roo /7).
Moreover, if these conditions hold, and p : Gp — GL2(O) is a deformation of p such
that for v € Xy, plgy, s an extension of vy by V(1) if v € X, and plgy, is potentially
semi-stable of type (ay, by, Ty, V) if v | p, then p is modular, and arises from an eigenform

in Seu(U,0) @0 E.

Proof. This is [I, Lemma 2.2.10]. Write O[[A]] = O[[y1, ..., Yn+;]], and denote by Too
the image of R, in Endpjja.j(Mx). Since My is finite free over O[[A]], Too is a
finite torsion free O[[As]]-module, and hence all its components have relative dimension
h + j over Spec O. Let Z be such a component, then Z surjects onto Spec O[[A]]. This
implies that the rank of M|z is 2. (Otherwise, My = M ®0jja,]) © would have a fibre

of dimension a # 2 over some point of Spec R% s[1/pl, and Sg (U, O)n would have rank
a # 2 over some point of Ty (U)m, which is impossible.) Thus, if M is a faithful Too
module, its rank is exactly two on each component of Spec To. This shows (1) < (2).

Since R is pure of relative dimension d + g = h + j over O, the inclusion Spec Too <
Spec Ro identifies Spec Too with a union of irreducible components of Spec Roo. Thus
e(Too/m) < e(Roo/m). The equality holds if and only if the inclusion is an isomorphism.

On the other hand, we have

e(My /7, Roo J70) = €(Moo /7, Too /) (since dim Ry, = dim To)
= 2¢(Tw/m) (since generically My, has rank two.)

Therefore, (1) < (2) & (3) & (4). B

Suppose that the conditions (1)-(4) hold. Then p induces a map Too = R — O,
which kills the ideal (yi,...,yn4;), and hence a map & : Too/(y1,...,Yntj)[1/p] — E.
Since M, has positive rank on all components of Ty, the fibre of My over the closed

point of Too/(Y1,---,Yn+5)[1/p] corresponding to £ is non-empty, and ¢ induces a map
Tsp(U)m — E, which corresponds to the required eigenform in S, (U, O) ®0 E. O

4. PROOF OF THE MAIN RESULTS

In this section, we sketch the proof of the main results in the potentially semistable
case. The proof in the potentially crystalline case is the same. We assume that the finite
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set ¥ is empty and the character v is crystalline. For any Serre weight o, ,,, as in Remark
[I.3] we define
tmn(P) = 6<R5ﬂ’¢” (m,n,1,7)/m)
and
Con(p) = Z(RLVer (i, m, 1,7) /7).
First, we calculate the Hilbert-Samuel multiplicities of the modules M¢ /M. For

i=1,...,s, write o; for the representation L;/L;_1. Then we may write o; = QulpTmi yni.
where (m;,ni,) € {0,1,...,p — 2} x {0,1,...,p — 1} and o, n,, is an irreducible
constituent of W, /7. Let RE’f = w(mw,nl vs 1, plgp, )/m for v | p. Define

O
Rzﬁ[[l’lv coxgl] = ®veEpR Oy

and
Rl = Ry [, 2]

Lemma 4.1. The action of Ro, on M*/M*~! factors through R’..

Proof. 1t suffices to show that for a fixed prime vg|p, the action of RE’w/ﬂ on M*/M*1
factors through R-Y = w(ml 0> Mivg» ,p|GF )/7. Fix ¢ and a prime vg|p. Let

V0,
Fiwvy = Symm"vo O? @ @™o o det .

For v # vy, let &;, be a representation of GLa(Op,) of the form Symm™0 O% @ & o
;% is a smooth representation of GL2(OF,) on a finite free O-module, such that
afz‘ has an O*-valued central chsracter, and &; , ®o F admits Omi; omi @S @ Jordan-Holder
factor. (Indeed, since Homp(Symm™:* F? @ det™ v, Symm™i+0 F?) is a smooth GL2(OF, )-
representation and can therefore be embedded into a sum of a finite number of copies of
the space of smooth F-valued functions on GL2(OF,), the representation 577" exists.) Let
0 = ®v|p&i,v-
Next we choose a continuous character v : (AF)*/F* — O such that Y =1 (mod ).
We also choose a compact open subgroup U= [, Uy C Ug, such that U, is maximal
compact for v € ¥, and for all v the restriction &; | 0,0}, is given by multiplication by

where &

Y.
Let S be the union of the primes in Sg, and the primes where U, is not maximal.

Denote by m the maximal ideal in ’]I‘g”g corresponding to p. Then

1 ]
]W/]WZ RFgQ ®R1£’5c2n Soi0 (U, Fmg

is a subquotient of RD ¢ ®p S&i qz(ff, O)m ®o F. On the latter module, the action of REO

factors through RCT’ (Thi,vo,ni,vo, 1,/3](;1%). This proves the lemma with ;,, = i‘GFv'

On the other hand, RV (Mg Mg 1, ;3|GFUO )/ is independent of the character v; ,,, the
lemma follows. Il
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Proposition 4.2. The Ro.-module M. /M!Z' is non-zero if and only if for each v | p we
have pim, ;. (Play,) 7 0. If this condition holds for all v | p, and for each v | p we have

_ w *
Alon, 7 ( A X) for any x. then

(4.1) SO MEY, Rea/m) = T e (Pl ) = e,
vlp

Proof. This is [I, Proposition 2.2.14]. For simplicity, we give the proof only for those p
where p|g,, is not a direct sum of two characters for each v | p. For the proof for the
general case, see [1]. Since M, is flat over O[[A]], the image of RL, in Endpja_jj(M2,)
has relative dimension h + j over O. Thus the support of M}, consists all of Spec R._.
Since R’ is irreducible and generically reduced, the same computation as in Lemma
gives us

e(Mi, RL,) = 2e(RL) = 2¢(Ry”) =2 [] e(R,)) = 2ex,.
vEY,
The proposition follows. O
_ wy k
Theorem 4.3. Suppose that for each v | p, plgy, 7 0 for any x,. Then

(1) My is a faithful Roo-module. In particular, the conditions in Lemma hold.
(2) For each v | p, we have
e(RyD7w/7T) = /J'(a’Ua by, Tv, ﬁ’G’FU )
In particular, Theorem holds.

Proof. (1) Using the results in [I, Section 1.7], which are explained in the previous talks,
we have

G(Roo/ﬂ-) =eéx H G(RE’¢/W) <ex H M(ava by, Tv, ﬁ‘GFv )
vlp vlp
On the other hand, by the above proposition, we have

1 -
56(Moo/T, Ros /) = ;e /M, Roo /)

=€y Z H lu’mi,'uyni,v (ﬁ|GFv)
=1 v|p

=ex H u(av, bm Tv, p‘GFU )
vlp

Hence .
e(Roo/T) < 5( Moo /7, Roo /).

The result follows from Lemma
(2) We have inequality

e(REw/ﬂ-) < ,U,(CLU, bv’TvvaFU)‘
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If this inequality is strict, then we must have

e(Roo /) < %e(MOO/W,ROO/W).

This contradicts to Lemma O
Proof of Theorem[1.5. Note that we may assume ¥ = ). We have
Z(Roo/7) = (| [ Z(RS¥ /7) x Z(SpecFan, ..., z,]]).
vlp

On the other hand,

Z(Roo /) :%Z( Moy /) = Zz MM

(42) >3 2Ry /)
i=1
:(H Z mnCmn) X Z(SpecF[[z1,...,z4]]).

vlp m,n

Note that the inequality on cycles gives a corresponding inequality on multiplicities, which
is in fact an equality. Therefore, the above inequality is an equality, and we deduce that

I]:ZK]%Eﬂp/ﬂ) ::Iiljgz‘lnuncnnn~

vlp vlp MmN

RDd)/ﬂ' Zamn m,n

as required. O

Therefore
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