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1. INTRODUCTION

This is the third part of the notes on modularity theorems. The aim of the third part
is to study modularity/ automorphy lifting theorems for two-dimensional p-adic represen-
tations, using wherever possible arguments that go over to the n-dimensional case. The
main tool is the Taylor-Wiles-Kisin patching method. To demonstrate the power of this
method, we prove a modularity result following the strategy in [36]. Let p > 3 be a prime
number. Let L/Q), be a finite extension with ring of integers O, maximal ideal A, residue
field F = O/A. Let F be a totally real field. Assume that L is sufficiently large so that L

contains the images of all embeddings F < L.
1
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Theorem 1.1. Let p, pg : Gp — GL2(O) be two continuous representations, such that
p=p (mod \) = po (mod \). Assume that py is modular and that p is geometric. Assume
further that the following properties hold.

(1) p is unramified in F.

(2) Imp D SLy(F,).

(3) For all vlp, play, and polcy, are crystalline.

(4) For allo : F — L, HT,(p) = HTs(po) contains two distinct elements differ by at

most p — 2.

Then p is modular.

Recall that we have proved another modularity result in [92], which (partially) con-
firms the Shimura-Taniyama conjecture on the modularity of elliptic curves over Q. Theo-
rem here is clearly stronger than the one in [92], as we have relaxed certain conditions
and F' could be totally real. We have explained the history of the Shimura-Taniyama
conjecture and its relation with the Fermat’s Last Theorem in [92]. In the last section
of [92], we briefly discussed the limitation of the Taylor-Wiles-Diamond argument and
some of the generalizations. These notes are the result of detailed studies on one of those
generalizations.

In the second part of these notes [93], we studied Galois representation, especially
the theory of (framed) deformations in detail. Using framed deformations, as opposed to
merely deformations, we could deal with reducible residual Galois representations, and this
is a huge improvement of [92]. We will use the results in [93] frequently in the following.

The contents of this article is as follows. In Section [2, we study the transition from
modular forms to automorphic forms and the automorphic representations for general
reductive groups. In Sections and we study some basic results on Langlands
correspondence, especially the base change procedure, which enables us to simplify our
situations tremendously. In these sections, we only describe the general picture but give
no proofs, as it would take us too far away from our main goal. Nevertheless, in Sections
[3:2] and [3:4] we study the special case, where the reductive group is associated with a
quaternion algebra over a totally real field F', and provide complete proofs for most of the
results.

In Section[d] we recall the Taylor-Wiles-Kisin construction from [50]. For completeness
and for better understanding of results in Section [6] we also give a detail proof of the
construction.

Section [f] is the key part of this article, where we construct the Taylor-Wiles-Kisin
system explicitly and apply Kisin’s result to obtain a proof of Theorem For this we
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need basically all the preparations we have done and it also exhibits the power of the
patching argument.

There are further things we could do with patching. In Section [, we study the so
called ultrapatching and make Proposition 4.1]into a ” program” via pure algebraic method.
The applications of ultrapatching is on the top of our to-do list.

The list of references is rather long in this article, as we include those references from
[92]. We use the notation in [93] in the following.

2. FROM MODULAR FORMS TO AUTOMORPHIC FORMS

Historically the theory of automorphic forms began with modular and cusp forms
for the group SLo(Z). To understand the Langlands correspondence and the Jacquet-
Langlands correspondence later in the notes, we review some general results on automor-
phic forms and automorphic representations. Here we will not be precise and will not
provide proofs, details could be found in [5] 25, (3], [73].

2.1. Modular forms for SLy(R). The group GLy(R) acts on C — R via g(z) = 2

cz+d?
a
where g = (

c

b
d) € GLa(R) and z € C — R. Define

3(g,2) = (cz + d)(det g) /2.

In the rest of this section j(g,z) will occur only in the form j(g,2)? as we only consider

modular forms of level SLy(Z) and of even weight.

Definition 2.1. Let H' be the upper half plane. A modular form of weight k (an even
integer) for SLy(Z) is an analytic function f : H* — C such that

(1) f(v(2)) = (v, 2)"f(2) for all f € SLa(Z);
(2) f is analytic at oo in the following sense: since f is analytic and periodic under
+o0 2minz

z = z+ 1, f has an expansion f(z) = Cné , then the analyticity

n=—oo N

condition at oo is that ¢, = 0 for n < 0.

A cusp form is a modular form that vanishes at co in the sense that ¢y = 0.

Remark 2.2. The analyticity condition at oo can be reformulated as the slow-growth con-
dition

|f(z +iy)| < Cy" for some C and N as y — +oo.
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The additional condition that a modular form is a cusp form can be reformulated as the

vanishing of an integral:
1
/ f(z +1iy)dz = 0 for some or equivalently every y > 0.
0

A cusp form f satisfies the rapid-decrease condition that for each N

|f(z +iy)| < Cy~™ for some C as y — +oc.

A cusp form of weight k& can be expanded as f(z) = :g €% The L-function

associated with f is defined by

Lis, /)= =,

n=1

and it satisfies a functional equation relating the values at s and k—s. Let V} be the space
of cusp forms of weight k. Then V} is finite dimensional and Hecke introduced what we
now call Hecke operators on Vi. The Hecke operators commute and are simultaneously
diagonalizable. The eigenfunctions all have ¢; # 0 and if ¢; is normalized to be 1 for an
eigenfunction, then the corresponding L-function has an Euler product expansion and the
product being taken over all primes.

Gelfand and Fomin were the first to notice that cusp forms could be realized as smooth
vectors in representations of a certain ambient Lie group. We lift modular forms and cusp
forms to SLa(Z)\ SL2(R) and to GL2(Z)\ GL2(R). See [5] for more details.

Given a modular form f as above, define

(2.1) 01.00(9) = flg())i(g. 1)~
for g € SLa(R). Then ¢ o has the following properties:
(1) ¢oo(19) = doo(g) for all v € SLo(Z);

oo
(2) doolgr(9)) = e " poo(g) for all r(0) =
(3) dool

cos) —sinf)
sinf  cosd
g) satisfies the slow-growth condition that

1 z\ [y'/? 0 N
< .
|Poo ( (O 1) ( 0 U2 r(0))| < Cy™ for some C' and N as y — +oo;

(4) Adoo = —%(% — 1)¢»o for a suitable normalization of the Casimir operator A of
SLa(R);

(5) if f is a cusp form, then ¢ is cuspidal in the sense that

! 1
/ Doo v g)dz =0 for all g.
0 0 1
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For the lifting to GLo(Z)\ GL2(R), we start by extending f to C — R by setting f(—z) =
f(2). Then we define ¢« (g) by equation (2.1)) for g € GL2(R). The invariance property
in (1) extends to be valid for all v € GL2(Z), properties (2)-(5) are unchanged, and there

is one new property:

® Ooo(29) = doo(g) for all z in the center of GLa(R).

Remark 2.3. There are some other classical theories of automorphic forms that can be

lifted to Lie groups in the same way. For example

e the theory of Maass forms [56] concerns certain non-holomorphic functions on H,
and these lift to GL2(Z)\ GL2(R);

e a theory [25] begun by Hecke for modular form with level T'o(N);

e the theory of Hilbert modular forms [34] leads to quotients of products of GLy(R);

e the theory of Siegel modular forms [76] leads to quotients of real symplectic groups.

In each case the theory can be reinterpreted in an adelic setting, in which case one could
see more symmetries in the space of forms. In the following, we explain the SLy(Z) case

with more detail.

Let Ag denote the ring of adeles of Q. We have the following decomposition

GL2(Ag) = GL2(Q) GL2(R) [ [ GL2(Z,)

and each g € GLa(Ag) could be written as g = ygooki. Given a modular form f, define

$5(9) = f(9o0(1))j(goo, 1) ™" for g € GLa(Ag).
The function ¢ := ¢ on GLa(Ag) has the properties that

(1) ¢(vg) = #(g) for all v € GL2(Q);
(2) ¢(gk1) = ¢(g) for all k1 € [[, GLa(Zp);
cosf —sinb

(3) d(greo(0)) = e *p(g) for all 7oo(0) = | at the infinite place;
sinf  cosf

(4) as a function of the variable in the infinite place, ¢ satisfies the equation A¢gy, =
—%£(% —1)¢ for a suitable normalization of the Casimir operator A of SL(R);

(5) Doo(29) = Po(g) for all scalar z in GLa(Ag)

(6) ¢oo(g) satisfies the slow-growth condition: for each ¢ > 0 and compact subset w of

GL2(Aq), there exist constants C' and N such that

a 0 N
¢(<O 1) g) < Clal

for all g € w and a € Agy with |alag > ¢
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(7) if f is a cusp form, then ¢ is cuspidal in the sense that

1
/ o( = ") g)dz =0 for all g € GLy(Ag).
Q\Ag 0 1

The group SLy(Z), relative to which f satisfies an invariance property, is captured by the
compact group in property (2). The relevant identity is

GLy(Z) = GLy(Q) N (GLy(R) x HGL2

For the general congruence subgroup I'o(N), the corresponding compact group that ap-

pears in property (2) is Hp > Where

= { ( Z) € GLa(Z,) | () = (V).

One sees that Kz/> coincides with GLg(Z,) for all p prime to N, and the relevant identity is

1 0

FU(N) U <0 4

) [o(N) = GL2(Q) N (GLy(R) x HK’

2.2. Automorphic forms for general reductive group G. The adelic setting is what
one could generalize to arbitrary reductive groups (cf. [8]). Let F' be a number field, let
O be the ring of integers of F, let A = Ap (resp. A™) be the ring of adeles of F' (resp.
finite adeles of F'), let G be a reductive group over F' such that G(C) is connected. Let
Z be a maximal F-split torus of the center of G. Let G := G(Fs) be the archimedean
component of G(A), so that

(2.2) G(A) = G X G(A™).
Let
K = a maximal compact subgroup of the Lie group G
g = complexification of the (real) Lie algebra of G
U(g) = universal enveloping algebra of g

Z(g) = center of g.

Let K; be the open compact subgroup G(]] Oy,) of G(A™>).

v finite

Definition 2.4. A function f : G(A) — C is smooth if it is continuous and, when viewed
as a function of two variables (z,y) as in (2.2) (x € G and y € G(A*)), it is smooth in

x for each fixed y and is locally constant with compact support in y for each fixed .
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Let p be a finite-dimensional representation of K, J C Z(g) be an ideal of finite codi-
mension, and K be an open subgroup of Kj. A smooth function f on G(A) is automorphic
relative to (p, J, K) if

(1) f(vg) = f(g) for all y € G(F);

(2) f(gk) = f(g) for all k € K;

(3) the span of the right translations of f by K is finite-dimensional, and every
irreducible constituent of this representation of K, is a constituent of p;

(4) Jf =0, where J acts on f in the G, variable;

(5) for each y € G(A®®), the function z — f(zy) on G satisfies a certain slow-growth

condition. See [§] for the precise statement.

The set of automorphic functions relative to (p, J, K) will be denoted by A(p, J, K).

Remark 2.5. By properties (1) and (2), we may consider f as a function on the double
quotient G(F)\G(A)/K. Note that this double quotient has a structure of manifold and
we have an identification
(2.3) GPN\G(A)/K = [[(T\Gw).
ceC
Here C' is a finite subset of G(A) such that
G(A) = [ G(F)cGEK,
ceC
and T, = GoocKc ! N G(F). The finiteness of C follows from our assumption that G is
reductive, hence in particular G has the strong approximation property. The case G =
SLs /Q and K = K before is a simple example of where C' = {1}. The right side of
is more concrete than the left side, but part of the action is lost in working with the
right side rather than with the adeles, e.g., the symmetry of G(F}) is missing.

Remark 2.6. When G = GL1, any grossencharacter is an example of an automorphic form

relative to a suitable triple.

The following fundamental result is due to Harish-Chandra ([43], 44]), where it is
proved in the setting of the right side of (2.3]). The translation into the following form is
in [8, Page 195].

Theorem 2.7. For every triple (p, J, K), A(p, J, K) is finite-dimensional.

Moreover, automorphic functions are closely related to LP-functions. We have the
following result [§, Page 191-195].
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Theorem 2.8. Let f be a function on G(A) satisfying conditions (1)-(4) and
(2.4) f(zz) = x(2)f(x) for all z € Z(A) and z € G(A)

for some (unitary) character of Z(F)\Z(A), so that |f| may be regarded as a function on
(Z(A)G(F)\G(A). If |f] is in LP((Z(A)G(F))\G(A)) for some p > 1, then f satisfies

condition (5) and hence is an automorphic form.

Remark 2.9 (Some geometry on the quotient space). With G defined over F', let X*(G)p
be the set of all F-rational homomorphisms of G into GL1. If x € X*(G)p, then x extends
at each place to a continuous homomorphism x, : G(F,) — F. Let xa : G(A) — A~
be the product of x,. Then |xa|a is a homomorphism of G(A) into R*. Define G(A)! :=
Myex+(G)r Ker [xala-

Recall that G(C) is connected in our setting. In this case, the group G(F) lies in G(A)*
and the quotient G(F)\G(A)! has finite volume. Moreover, G(F)\G(A)! is compact if and
only if every unipotent element of G(F') belongs to the radical of G(F). See for example
[3, 4].

An example of a nonabelian G for which compactness of G(F)\G(A)! follows from
this result is the multiplicative group D™ of a finite-dimensional division algebra of F' with

center F'. This is exactly the case we will study later.

Definition 2.10. A cusp form is an automorphic form f such that (2.4) holds for some
unitary character x of Z(F)\Z(A) and such that

(2.5) / f(ng)dn=0
N(F)\N(A)

for the unipotent radical N of every parabolic subgroup of G and for all g € G(A). Let
A°(p, J, K) denote the space of cusp forms relative to (p, J, K).

Remark 2.11. For G = GLy, the condition is empty, and therefore all unitary grossen-
characters are cusp forms for GLj.

The classical analytic cusp forms relative to SLy(Z) yield cusp forms for G = GLy /Q
in the sense of Definition Similar relation holds for congruence groups I'o(N).

Theorem 2.12. Let a smooth function f on G(A) satisfy (1)-(4) above, as well as the cus-
pidal condition and the condition for some (unitary) character of Z(F)\Z(A).
Then the following conditions are equivalent:

(1) f satisfies (5) and hence is a cusp form;

(2) f is bounded;

(3) If] is in L2((Z(A)G(F))\G(A)).
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2.3. Automorphic representations. We want to define notion of an automorphic repre-
sentation of G(A). Put A= UA(p, J, K). The idea is that an automorphic representation
is any irreducible subquotient of A, but the trouble is that A need not be mapped to itself
under right translation of G(A). Specifically, right translation by G(A) does not preserve
the K o-finiteness in general. The idea is to make A into a module for an algebra H (the
Hecke algebra) that reflects the action by G(F,) for each finite place v and reflects the
action by U(g) and K at the infinite place. The following is a summary of Knapp [53].
See [28] for the detail construction, see [2] for the relation between representations of real
reductive Lie groups and (g, K)-modules.

For each finite place v, let H, be the space of all complex-valued locally constant
functions of compact support on G(F,). Let f, f’ € H,, define

@ = [ sereTody= [ fe emas ds

(Fv) G(Fv)

and

f@) = Az faD).
These two operations make #, into a Banach *-algebra with no unity. Haar measure
on G(F,) is to be normalized so that G(O,) has measure 1. Then the characteristic
function I, of G(O,) is an idempotent in H,. Easy computation shows that the normalized
characteristic function of each open subgroup of G(O,) is an idempotent and they form a

directed system of idempotents.

Definition 2.13. An H,-module is approxzimately unital if, for each member of the mod-
ule, all idempotents corresponding to sufficiently small open subgroups of G(O,) act as
the identity.

A G(F,)-representation is smooth if each member of the representation space is fixed
by some open compact subgroup of G(F,).

It is easy to see that smooth G(F),)-representations correspond to approximately
unital H,-modules. Such a representation is called addmissible if the set of vectors fixed

by any open compact subgroup is finite-dimensional.

There is a natural way of forming a restricted tensor product of the algebras H, with
respect to the idempotents I,,. The resulting algebra H is the part of H corresponding to
the finite places of F' and is generated by product functions that equal I, at almost every
place. A tuple of local idempotents, one for each H, with almost all of them being I,
yields another idempotent in Hy, and the idempotents obtained in this way are indexed

by a directed set.
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Definition 2.14. A right H -module is smooth if each member of the module is fixed by
all idempotents corresponding to members of the directed set that are sufficiently large.
The module is admissible if the set of vectors fixed by any of these idempotents is finite-

dimensional.

Next let H, be the convolution algebra of all K-finite distributions on G, that are
supported on K. It contains a directed family of idempotents as follows, constructed
via the Peter-Weyl Theorem. Let d k& denote the normalized Haar measure on K.,. For
each class of irreducible representations 7 of K, let x, be the character and let d. be
the degree. The directed family of idempotents is indexed by all finite subsets of 7’s, the

idempotent corresponding to a given set being the sum of d,y, for all 7 in the set.

Definition 2.15. A right Hy,-module is approzimately unital if, for each member of the
module, all sufficiently large idempotents act as the identity. Such a module is admissible
if the set of vectors fixed by any of these idempotents is finite-dimensional, i.e., if each

K -type has finite multiplicity.

Remark 2.16. As explained in [54], (g, K~ )-modules correspond exactly to approximately

unital H.-modules.

Define H = Hoo ® Hy. Smoothness and admissibility of right H-modules are defined
using idempotents that are pure tensors from Ho, and H;. Then A is a sooth right
‘H-module. An automorphic representation of H is any irreducible subquotient of A.
Similarly, if we put A = UA%(p, J, K), then a cuspidal automorphic representation of H
is any irreducible subquotient of A°.

If f is an automorphic form, then by Theorem f * H is a smooth admissible
‘H-module. It follows that every automorphic representation of H is smooth and admissi-
ble. Such representations are commonly called automorphic representations of G(A) even
though not all of G(A) really acts.

Definition 2.17. A topologically irreducible G(A)-module is called automorphic if its

underlying space of smooth vectors is an automorphic representation of H.

According to |28, Theorem 4], if x is any (unitary) character of Z(F)\Z(A), then any

G(A)-invariant irreducible closed subspace of
LA(G(F)\G(A))y
—{f | f € IAGF)\G(A)) and f(23) = x(2) f() for = € Z(A), = € G(A)}

is automorphic in this sense. The following result is due to Gelfand and Piatetski-Shapiro
[38].
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Theorem 2.18. The subspace of cuspidal functions in L*>(G(F)\G(A)), decomposes dis-
cretely with finite multiplicity. Consequently whenever f is a cusp form, f*H is a finite

direct sum of cuspidal automorphic representations.

Remark 2.19. It follows from the theorem that cuspidal automorphic representations are
unitarizable. That is, they are the underlying smooth representations for irreducible uni-
tary representations of G(A). One principal object of Langlands correspondence is the set
of equivalence classes of smooth admissible representations of G(A). Being unitarizable is

an important property of the cuspidal automorphic representations.

Remark 2.20. Classical cusp forms for GLg /Q lead to cusp forms in the adelic setting by
Theorem Those whose L-function has Euler product expansions (i.e. eigenforms)
lead to adelic cusp forms that generate single irreducible cuspidal automorphic represen-

tations.

3. AUTOMORPHIC FORMS ON QUATERNION ALGEBRAS

In this section, following the general idea in last section, we study automorphic forms

on quaternion algebras in detail.

3.1. Representations of GLa(E). In this section, F is a local field with mixed charac-
teristic with valuation ring O. We fix an uniformizer wg of E. We briefly review the
representations of GLg(E) (cf. [5,[I4]). For simplicity, let G = GLa(E) and K = GL2(0),
so that K is a maximal open compact subgroup of G. Let B = NM = M N, where

M ={m =m(a) = <a1 a2>}andN:{n:n(a:): (1 x)},

1
where a1, as € E* and x € E. Let Z be the center of G.
Definition 3.1. Let (m, V') be a representation of G. We say that 7 is smooth if for any
v € V, the stabilizer of v in G is open. We say that a smooth 7 is admissible if for any

open compact subgroup U C G, VY is finite-dimensional.
An irreducible admissible representation (7, V) of G is called unramified if VE # 0.

For each pair p = (u1, u2) of characters of E*, there is an induced representation

I(p) = {f: G — C| f(bg) = p(d)s®)/*f(g)},

where f is smooth (i.e. right invariant under an open subgroup K’ C G), and for b =
nm(a),

(b) = pn(ar)pa(az) and 5(5) = as /as].
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Note that § is the modulus for the adjoint action of B on N, i.e.,
d(bnb™1) = 6(b)dn

for a Haar measure dn on N. Thus the induction is normalized so that a pair (u1, u2)
of unitary characters yields a unitarizable representation I(x). As we have the Iwasawa
decomposition G = BK, the functions in I(u) are determined by their restriction to K

and we have
I() |k = Ignp(p).

It is also easy to see that the central character of I(u) is ujp2. The following two theorems

provide a partial classification of admissible GLa(E)-representations.

Theorem 3.2. With notation as above, the following claims hold.

(1) I(p) is irreducible if and only if pipy* # wi1, where ws(z) = |z°.

(2) If pipyt = w1, then I(i) has a one-dimensional quotient on which G acts by
the character x o det, where y = (le/g,xw_l/g), and an infinite dimensional
irreducible subrepresentation o ().

(3) If pipyt = w_1, then I(i) has a one-dimensional subrepresentation on which G
acts by the character x o det, where pn = (xw_1/2, Xw1/2), and an infinite dimen-
stonal irreducible quotient o).

(4) The only equivalences among these representations are the following. Let p/ =
(H2s p1)-

o If papy " # wir, then I(p) = I(p).
o If ppy ' = war, then o(p) = o(y).
Theorem 3.3. For an irreducible admissible representation (w,V) of G = GLa(E), the
following are equivalent.
(1) Homg(m, I(p)) =0 for all .

(2) The matriz coefficients of m are compactly supported modulo Z.

The representations satisfying the conditions in Theorem are the supercuspidal
representations of G. Together with the irreducible principal series representations I(u),
the special representations o(u) and the one-dimensional representations y o det, they
give all of the irreducible admissible representations of G up to isomorphism. The special
representations and the supercuspidal representations are called discrete series.

If the characters pu; and po are unramified, so that

ord(x
pi() =t; *)
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for some (t1,t2) € (C*)?, then p|pnr) = 1 and we have an K-isomorphism
(3.1) 14l = C*(BNK\K).

Therefore, we have dimc I (1) = 1. In fact, this construction accounts for all unramified

representations.

Theorem 3.4. The following claims hold.

(1) For every pair (t1,t3) € (CX)?2, there is an irreducible admissible unramified rep-
resentation (t1,t2) of G.
(2) Every irreducible admissible unramified representation of G is isomorphic to one

7(t1,t2). The only equivalence between such representations is
7T(t1, t2) = 7T(t2, tl).

(3) The special representations and the supercuspidal representations are ramified.

The parametrization of the unramified representations of G can be expressed as fol-
lows, which is a special case of the so called Satake parametrization for an arbitrary

connected reductive group G (cf. [41]).

Corollary 3.5. There is a bijection between isomorphism classes of irreducible admissible

unramified representations of G and semisimple conjugacy classes in complex group GV :=

GL2(C), given by
. t1
m = 7m(t1,t2) <> t(m) := conjugacy class of ( . ) .
2

The local Langlands correspondence provides a unique family of bijections recg from
the set of irreducible admissible representations of GL,(E) to the set of n-dimensional
Frobenius semisimple Weil-Deligne representations of Wg over C, satisfying a list of prop-
erties. In order to be uniquely determined, one needs to formulate the correspondence for
all n at once, and the properties are expressed in terms of L- and e-factors, neither of which
we have defined and we will need later. We state the properties of the correspondence

that we need to use.

Theorem 3.6. The recp for n = 1 is given by recp(m) = moArty'. Here Art: G — E*
is the Artin reciprocity map.
The recg for n = 2 satisfies the following conditions.
(1) If x is a smooth character, then recg(m ® (x o det)) = recg(m) ® recg(x)-
(2) If papy " # war, then recp(I(p)) = p1 @ pa.
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(3) Ifpaps' = wa, ice., p = (xw1/2, XW_1/2) or 1 = (Xw_1/2, XW1/2), thenrecp(o (1)) =

0 1
X ® xw1 with N = 0 ol This is the only case with N nontrivial. In this case,

recg(o(p)) is indecomposable.
(4) If m = x odet, then recp(m) = xwi/2 ® XW_1/2-
(5) m is discrete series if and only if reck (m) is indecomposable, is cuspidal if and only

if recg(m) is irreducible.

Remark 3.7 (Hecke operators). Let ¢ be a compactly supported C-valued function on
GL2(0)\ GL2(E)/ GL2(O). Concretely, these are functions which vanish outside of a
finite number of double cosets GL2(O)g GL2(O). The set of such functions is in fact a
ring, with the multiplication being given by convolution (cf. Section where we consider
the non-unital Hecke algebra). To be precise, we fix p the (left and right) Haar measure
on GLy(F) such that pu(GL2(O)) = 1 and define
(e = [ bilgaly ) dpy
GLy(E)

From our assumption on ¢, this integral is just a finite sum. Denote this ring by Hg.
Then in this case, it is isomorphic to C[T, S*!], where T is the characteristic function of

the double coset
wg 0

GL2(0) ( 01

and S is the characteristic function of the double coset

) GL2(0)

GL(0) (on 0 )GLQ(O).

wWE

The algebra Hp acts on an irreducible admissible GLo(E)-representation 7. Given 1) €
Hp, we have a linear map 7 (1)) given by

GLa(

w() : m — 7820 c

w Y(g)m(g)wd pg.
GLa(E)

In particular, if 7 is an unramified irreducible admissible representation, then 7G12(9) ig
one dimensional and () acts via a scalar on this one-dimensional space. As we have a
classification of 7w, we could compute this action explicitly.

First note that we have two decompositions

(3.2) GL2(0) (ZE 0 )GLQ(O) - <on 0 )GLQ(O)

wWE wWE
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and

(3.3)  GLy(0) <on ?) GL:(0) = (]] <wOE T) cL:(0) ] (; 0 > QLy(0),

a€kp WE

where a € O is a lifting of a. Denote by ¢ the cardinality of the residue field of E. Then
it is easy to check that

GL2(0) — 7 and S and

(1) Suppose that 7 = (|- |'/?) o det with y unramifed. Then 7
T acts via x(wg)2q~ " and x(wg)(¢"/? 4+ ¢~/?) respectively.
(2) Suppose that x; and xo are unramified characters and that xix5 V4| |1, Let
7 = I(u1, p2). Then from equation (3.1]), 7¢%2(9) is spanned by a function ¢
b
with qbo((g g ) = x1(a)xz2(d)|a/d|*/?. Moreover, S and T acts on 7G2(O) via

x1x2(wg) and q1/2(X1(wE) + x2(wg)) respectively.

3.2. Notation and definition. In this section, we construct antomorphic forms on defi-
nite quaternion algebras (cf. [36,[84]). Let F' be a totally real field. Let D be a quaternion
algebra over F, i.e. central simple F-algebra of dimension 4. Denote by S(D) the set of
ramified places of D over F, i.e. those for which D ®p F), is a division algebra, (equiva-
lently, is not isomorphic to Ma(F,)). Then S(D) is a finite set of places of F' with even
cardinality and it determines D up to isomorphism. In particular, S(D) = ) if and only
if D = My(F).

Fix a maximal order Op of D, that is, a Z-subalgebra of D which is finitely generated
as a Z-module and for which Op ®7 Q = D. For example, if D = My(F'), one may take
Op = M3(OF). For v € S(D) and finite, fix an isomorphism D ®@p F, = Ms(F,) such
that it induces an isomorphism Op ®p, Op, — M2(OF,).

Let G := Gp be the algebraic group over Q such that for any Q-algebra R, G(R) =
(D ®g R)*. For each infinite place v|oco of F', we define a subgroup U, of G(F,) = (D ®F

F,)* as follows.

o Ifv € S(D), then G(F,) = (D®pF,)* = H*, where H is the Hamilton quaternion
algebra. Define U, = (D ®f F,)*.
o If v & S(D), then G(F,) = (D ®F F,)* = GLa(R). Define U, = R* SO2(R), the

group generated by the center and the maximal compact subgroup.

b
If v = “ p € GL2(R) and z € C — R, we let j(v,2) = cz + d. Note that here j
c

is a little different from the one we introduced in last section, but this is only for writing
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convenience. It is easy to check that if we have two matrices v and 4§, then

J(v9,2) = j(v,62)5(6, 2).

For each v|oo, fix k, > 2 and 1, € Z such that k, +2n, — 1 = w is independent of v. These

will be the weights of our modular forms. We define a representation (7,, W,,) of U, over

C.
e If v € S(D), we have U, — GLy(F,) = GL2(C) which acts on C2. We let (7, W,)

be the representation
(Sym**~2C?) @ (A2C?)m.

o If v & S(D), we have U, = R* SO2(R). We let (7,, W) be the one dimensional

representation given by

() = 3.0)" (det ).

We write Uy, = HU|OO Up, Weo = @yjocWo, Too = QyjocTu- Let A = Ag be the adeles of Q
and A the finite adeles. Define Sp j ,, to be the space of functions f : G(Q)\G(A) = W
which satisfy the following conditions:
(1) ¢(GUoo) = Too(Uso) “tp(g) for all us € Uy and g € G(A).
(2) There is a nonempty open subset U C G(A>) such that ¢(gu) = ¢(g) for all
ue U™ and g € G(A).
(3) Let So denote the set of infinite places of F. If g € G(A*) then the function

hoo + (C = R)S==5D) 5
(3, oy 1) > Too(hoo)B(ghoo)

is holomorphic. Note that this function is well-defined by the first condition, as
U is the stabilizer of (i, ..., 7).
(4) It S(D) =0, then for all g € G(A) = GLa(Ap), we have

1 =z
/F\AF¢(<0 1) g)dx =0.

If in addition we have F' = Q, then we furthermore demand that for all g € G(A>),
hoo € GLy(R)*, the function ¢(gheo)| Im(heoi)|*/? is bounded on C — R.

There is a natural action of G(A>) on Spj, by right translation, i.e., (g9¢)(z) := ¢(xg).
Note that here we do not consider the right translation of G, the problem mentioned at

the beginning of Section [2.3] dose not appear here.
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Remark 3.8. If D is a definite quaternion algebra, i.e. S, C S(D), the situation is

particularly simple, since the double quotient

F(Q\G(A)/GU

is a finite set, where U C G(A®°) is an open subgroup. When proving modularity lifting
theorems for rank two Galois representations, we will be able to reduce to this simple case
as we shall see in Section [3.3.91

Definition 3.9. A representation (7, V') of G(A>) is called admissible if

e for any = € V, the stabilizer of x is open, and

e for any U C G(A™) an open subgroup, dim¢ VUV < co.

With this definition, Sp ., is a semisimple admissible representation of G(A*). As
explained in [2§], irreducible admissible representations of G(A*°) are restricted tensor
products of irreducible admissible representations of G(F,) (v finite). Let us first recall
the general construction. Let I be an indexing set and let V; be a C-vector space (i € I).
Suppose that we are given 0 # e; € V; for almost all 7 € I. Then we define the restricted
tensor product

®%, Vi = lim e (®ics Vi),
where the colimit is over the finite subsets J C I containing all the places for which e; is
not defined, the transition maps for the colimit are given by tensoring with the e;. It is
easy to check that ®'€iVi =~ ®/fi‘/i if for almost all 7, e; and f; span the same line.

Now if 7, is an irreducible smooth (so admissible) representation of (D ®p F,)*.

Assume that 7o L2(Or,) # {0} for all most all v. These are called unramified representa-

tions, and in this case, we must have dimc WS L2(Om) _ (cf. Section . Then ®'m,
is an irreducible admissible representation of G(A>), where the restricted tensor product
is taken with respect to the one dimensional spaces 715; L20r)  Moreover any irreducible

admissible representation of G(A>) arises in this way for unique .

Definition 3.10. The irreducible constituents of Sp ., are called the cuspidal automor-

phic representations of G(A*°) of weight (k,n).

The Hecke algebra is easy to construct in this case (cf. Section . For each finite
place v of F' we choose U, C G(F,) a open compact subgroup, such that U, = GL2(OF,)
for almost all v. Let u, be a Haar measure on G(F),) normalized so that u,(G(OF,)) = 1.
Then there is a unique Haar measure p on G(A*) such that for any U, as above, if we
set U =[], U, C G(A*), then u(U) =[], po(Uy). Then there is a decomposition

C(U\NG(A™®)/U)p = ®llyvuv Ce(U\G(Fy)/Uy) o
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which decomposes the (finite) global Hecke algebra as a restricted product of the local
Hecke algebras. Certainly, the actions of these Hecke algebras are compatible with the

decomposition ™ = ®'m,.

3.3. Langlands correspondence: some facts. Now we review some important facts
on automorphic representations and the Jacquet-Langlands correspondence, which enable

us to reduce the proof of modularity results to a relatively simple situation.

3.3.1. Multiplicity one for GLy. Suppose that S(D) = (. Then every irreducible con-
stituent of Sp 1, has multiplicity one. Moreover, if 7 (resp. 7’) is a cuspidal automorphic

representation of weight (k,n) (resp. (k,7')) such that m, = 7 for almost all v, then
k=kK,n=n and 7 =2 x'. (cf. [R5 72, [46].)

3.3.2. The theory of newforms. Suppose that S(D) = (). If n is an ideal of Op, write

*

Ul(ﬂ) = {g S GLQ(OF> ’ g= <()

1) (mod n)}.

If 7 is a cuspidal automorphic representation of G(A>), then there is a unique ideal n such
that 71" is one-dimensional, and 7V1(™) £ 0 if and only if njm. We call n the conductor

Ui(n)

of m, w the space of newforms. (cf. [8 [18].)

3.3.3. The local Jacquet-Langlands correspondence. Let E be a local field with mixed char-
acteristic (0,p). Analogous to the theory of admissible representations of GLy(E), there
is a theory of admissible representations of D*, where D/FE is a nonsplit quaternion al-
gebra. Since D*/E* is compact, any irreducible admissible representation of D* is finite
dimensional. There is a bijection JL, the local Jacquet-Langlands correspondence, from
the irreducible admissible representations of D™ to the discrete series representations of
GLy(FE). (cf. [45, 18, 14].)

3.3.4. The global Jacquet-Langlands correspondence. Let D be a quaternion algebra over
F such that S(D) is nonempty. We have the following facts on cuspidal automorphic
representations of G(A>) (cf. [45, 8 14]).

(1) The only finite dimensional cuspidal automorphic representation of G(A>) are
one-dimensional representations which factor through the reduced norm.

(2) There is a bijection JL from the infinite-dimensional cuspidal automorphic repre-
sentaions of G(A>) of weight (k,n) to the cuspidal automorphic representations
of GL2(A>) of weight (k,n) which are discrete series for all finite places v € S(D).

(3) The local and global Jacquet-Langlands correspondence are compatible in the fol-

lowing sense:
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o if v & S(D), then JL(m), = my;
e if v € S(D), then JL(7), = JL(m,).

3.3.5. Galois representations associated with automorphic representations. Let m be a reg-
ular algebraic cuspidal automorphic representation of GLga(A>) of weight (k,7n). Then
there is a CM field L, and for each finite place A of L, a continuous irreducible Galois

representation
pA(m) : Gp — GLa(Lx )
such that

(1) if m, is unramified and v does note divide the residue characteristic of A, then

px(T)|Gp, is unramified, and the characteristic polynomial of Frob, is
X%~ t,X + (fko)s0,

where T, and S, are the eigenvalues of T, and S, respectively on 7GL2(OF,) (cf.
Remark . By the Chebotarev density theorem, this already characterises py ()
up to isomorphism.

(2) the Frobenius semisimplification of the Weil-Deligne representation associated with
px(7)|Gy, is isomorphic to recr, (m, ® | det |=1/2).

(3) If v divides the residue characteristic of A, then px(7)|g,, is de Rham with 7-
Hodge-Tate weights 1,, 0, + k, — 1, where 7 : F < L, C C is an embedding lying
over v. Moreover, if 7, is unramified, then py(7)|g,, is crystalline.

(4) detry(m)(c) = —1 for each complex conjugation c.

Using the global Jacquet-Langlands correspondence, we may associate a Galois repre-
sentation to the infinite dimensional cuspidal automorphic representations of Gp(A*) for
any D. On the other hand, in order to prove the existence of the Galois representation,
we use the Jacquet-Langlands correspondence and transfer to a D over F' for which S(D)
contains all but one infinite place. Then the Galois representations are realized in the étale
cohomology group of the associated Shimura curve. The remaining Galois representations

are constructed from these ones via congruences. [81] [16]

3.3.6. Base change theory. Fix E a cyclic extension of the number field F, of prime de-
gree [. Roughly speaking, the theory of base change describes the correspondence between
automorphic representations of the groups GL,,(Ar) and GL,,(Ag) which reflects the op-
erations of restriction of Galois representations of Wr to Wg. The first results on base
change for automorphic forms used the theory of L-functions, and were restricted to the

case of quadratic £ and GLs. The introduction of the trace formula is due to H. Saito,



20 PATCHING AND MODULARITY

who dealt with GLg and arbitrary cyclic £ using the classical language of automorphic
forms ([65]). Immediately after that, Shintani reformulated Saito’s result using group
representations, and gave the correct local definition of base change lifting ([74]). Finally,
Langlands saw the connection with Artin’s conjecture, and reshaped the trace formula
proof for GLs in a form suitable for later generalizations to GL,, developed by Arthur and
Clozel (cf. [55), 1]). Since only the case n = 2 is required here, we restricted ourselves to
this case.

Let E/F be a cyclic extension of totally real fields of prime degree. Let Gal(E/F) =
(o) and let Gal(E/F)" = (0g/p) be the dual group of Gal(E/F). Let m be a cuspidal
automorphic representation of GLa(A%) of weight (k,7n). Then there is a cuspidal auto-
morphic representation BCgp(m) of GL2(AF) of weight (BCpg/r(k), BCg,p(n)) such that

the following claims hold.

(1) Let v be a finite place of F' and w be a finite place of E with w|v. Then
recg, (BC(m)w) = reck, (my)|wy, - In particular, rx(BCg/p(7)) = ra(7)|cp-

(2) BCpr(k)w = kv and BCg/r(n)w = n0-

(3) BCp/p(m) = BCg/p(r') if and only if 7 = 7' ® (5;3/}, o Artp odet) for some 7.

(4) A cuspidal automorphic representation IT of GL2(A%) is in the image of BCp,p if
and only if [T oo 2 II.

Note that BCp,p exists for general cyclic extension E/F' and it satisfies similar prop-
erties as above except one point. In the general case, the representation BCp/, r(m) is
automorphic. It is cuspidal (as opposed to just automorphic) unless E/F is quadratic
over F'; and 7 is monomial (i.e. r)\(m) = Indvvgg 0).

The theory of base change is a strong tool in the study of automprhic representations.
In particular, it has two consequences that are important in the study of modularity
representations: the Langlands-Tunnell theorem used in [92] and the simplification in
Section [3.3.91

3.3.7. The Langlands-Tunnell theorem. As a partial converse of Section the Langlands-
Tunnell theorem associated a cuspidal automorphic representation to a Galois representa-

tion. Suppose F' is a number field and the irreducible representation
p: WF — GL2 (C)

has a solvable image in PGLy(C). Then there exists a (unique) irreducible cuspidal auto-

morphic representation 7(p) = ®m, of GL2(A%) such that

Tr(p(Froby,)) = Tr(T),)
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for almost all v. (cf. [55, 87].)

3.3.8. Modular Galois representations.

Definition 3.11. A Galois representation r : Gp — GL3(Q)) is modular (of weight (k,7))
if it is isomorphic to i(py (7)) for some cuspidal automorphic representation 7w (of weight

(k,m)) and some i : Ly < Q, lying over .
As an application of base change, we have the following result.

Proposition 3.12. Suppose that r : Gp — GLQ(@p) is a continuous representation, and
that E/F is a finite solvable Galois extension of totally real fields. Then r|q, is modular

if and only if r is modular.

Proof. Without loss of generality, we may assume that E/F is cyclic of prime degree. If r is
modular, then 7|, is modular by base change. Conversely, suppose that r|q,, is modular,
say r|lap = i(ra(II)), where II is a cuspidal automorphic representation of GLa(Ag). By
multiplicity one result (cf. Section , we must have IT o o =2 II. Therefore, there is an
automorphic representation m of GL2(Ap) such that BCg/p(m) = II. As i(ra(7))|c, =
7|q, is irreducible, we must have r = i(ry(7)) ® x = i(ry(7 ® (x o Art ™! o| det |1/2))) for

some Y. Hence r is modular. Il

3.3.9. The simplification. We need the following result from [83, Lemma 2.2].

Lemma 3.13. Let K be a number field and let S be a finite set of places of K. For
each v € S, let L, be a finite Galois extension of K,. Then there is a finite solvable
Galois extension M /K such that for each place w of M above a place v € S there is an

isomorphism L, = M,, as K,-algebras.

In order to prove Theorem by replacing F' with a solvable totally real extension
which is unramified at all primes above p, we may assume that

e [F:Q) is even.

e p is unramified outside p.

e For all primes v { p, both p(If,) and po(Ifg,) are unipotent (possible trivial).

e If p or py are ramified at some place v { p, then p|g,, is trivial and fk(v) = 1
(mod p).

e det p = det pp. (To see this, note that the assumption that p and pg are crystalline
with the same Hodge-Tate weights for all places dividing p implies that det p/ det po
is unramified at all places dividing p. Since we have already assumed that p(If,)

and po(If,) are unipotent for all v { p, therefore det p/ det pg is unramified at all
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places, and thus has finite order. Moreover, it is residually trivial, it has p-power
order and thus is trivial on all complex conjugations as p # 1. The extension
cut out by the kernel of the character det p/ det pp is a finite, abelian, totally real
extension unramified at all places dividing p. The claim then follows by base

change.)

From now on, we assume that all of these conditions hold. Write x for det p = det pg.
Then xe, = Xxo, for some algebtaic grossencharacter xo. We assume further that the
coefficient field L is sufficiently large, in the sense that L contains a primitive p-th root of

unity, and for all g € Gp, F contains the eigenvalues of p(g).

3.4. The integral theory of automorphic forms over quaternion algebras. In or-
der to prove Theorem we will need to study congruences between modular/ automor-
phic forms. In order to do so, it is convenient to work with automorphic forms on G p(A°)
with S(D) = Ss. This is possible as [F' : Q] is even. In this case, Gp(A™) = GL2(A>)
and (D ®q R)*/(F ®g R)* is compact.

3.4.1. Definition. Fix an isomorphism ¢ : L = C and some k € Zggm(F’C), n € ZHom(F0)

with k; 4+ 29, — 1 independent of 7 € Hom(F,C). Denote this number by w. Let U =
[1, Uy C GL2(A™) be a open compact subgroup, and let S be a finite set of finite places
of F', not containing any of the places over p, with the property that U, = GL2(OpF,) if
véES.

Let Ug := HUES U, and write U = UgU®. Let ¥ : Ug — O* be a continuous

homomorphism and let xo : A% /F* — C* be an algebraic grossencharacter such that

® X0 is unramified outside S;

I=w where A° means the component of identity

e for each place v|oo, X0|(va)o(x) =z
of A;
 Xol([L,ce)nvs =¥

Then xo gives us a character
X0t ASJFX(FE)° - L~
e ([T 7@ CT] 7)) xo ().
T:F—L T:F—C
The spaces of algebraic automorphic forms will be defined in a similar way to the classical
spaces defined in Section [2.2] but with the role of the infinite places being played by the
places lying over p (cf. [84], 50, 36]). First, we define coefficient systems as follows. Let

A=Nepo= Q) Sym"20% @ (\20%)7.
T:F—=C
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Let GLy(OpFp) :=[1,,, GL2(OF,) act on A via ¢~'7 on the 7-component. In particular,

vlp
A®uoscC2 (K SymP 2 C% @ (AC?)®,
T:F—=C
which has an obvious action of GL2(Fi), and the two actions of GLa(Op
embeddings into GL2(OpF,)) and GLy(Fx) are compatible.
Let A be a finite O-module. Define S(U, A) = Sk, 4.x,(U, A) to be the space of

functions

p)) via its

¢: D"\ GLa(AY) > A®p A
such that
o ¢(gu) = ¥(us) tu, td(g) for all g € GLo(AF) and u € U;
e ¢(g2) = x0,.(2)¢(g) for all g € GL2(AY) and z € (AY)™.
Since D*\ GL2(A%)/(A¥)*U is finite, S(U, A) is a finite free O-module. More precisely,
write

GLy(AF) = [[ D*g:U (AF)*
1€l
for some finite indexing set I, we have an injection

S(U,A) = ier(A® A)
¢ (9(9:))-

To determine the image, we need to consider the equation g; = dg;uz for § € D*, u € U,
and z € (AY)*, because then ¢(g;) = ¢(dgiuz) = XO,L(z)zZ)(us)_lu;qu(gi). From this we

obtain an isomorphism
(3.4) S(U, A) =5 @ier(A @ A)UAF) g DX /1

Lemma 3.14. Each group (U(A®)*Ng; ' D*g;)/F* is finite. If p > 3 and p is unramified
in F, the order of (U(A®)* Ng; *D*g;)/F* is not divisible by p.

Proof. This is [34, Lemma 1.1]. Set V' =[], Op,- Then we have exact sequences
0 = (UV g7 D=1 g) {1} — (U(AF)* Mg LD i) [F* — ((AF))2V A FX) /(FX)?
and

0= Op/(0F)* = ((AF)*)’V N F*)/(F*)* — H[2] = 0,
where H is the class group of Op. We see that (((A%)*)?V N FX)/(F*)? is finite of
2-power order. Moreover UV N g, 1Ddetzlgi is finite. For p > 3 and p unramified in F,

D* and hence UV N g; I pdet=1g4. contain no elements of order exactly p. The lemma
follows. O
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Remark 3.15. If U is sufficiently small so that (UV N g; 'D=1g;)/{£1} is trivial, then
(UA®)* Ng;1D*g;)/F* is a 2-group.

Remark 3.16. Let g; '8g; represents an element in (U(A®)* Ng; ' D*g;)/F* with § € DX,
we see that 62/ det§ € D* g;Ug; *(det U), the intersection of a discrete set and a compact
set, so 62/ det 0 has finite order, i.e. is a root of unity. However any element of D generates

an extension of I’ of degree at most 2, it must be a root of unity of degree prime to p since

[F(G): F) > 2.

Corollary 3.17. With the above notation, the following claims hold.
(1) S(U,0)®0 A = S(U, A).
(2) If V is an open normal subgroup of U with [U : V] a power of p, then S(V,0) is
a free O[U/V (U N (AF)™)]-module.

Proof. Denote by G; the group (U(AS)* Ng; ' D*g;)/F*. Since G; has order prime to p,
we have (A ® A)% = A% ® A. The first claim follows immediately from the isomorphism
S(U,A) = Bier(A® A)Yi.

For the second claim, write U = [];c;u;V(U N (AF)*). It suffices to prove that
GL2(AF) = [ies jes D™ g9iu V(AF)*. To see this, we need to show that if g;u; = dgyrujvz
for some 6 € D*, v eV, z € (AF)*, then i =14 and j = j'.

i
The argument as in Remark tells us that there is some positive integer N coprime
to p such that 6 € F*, so (uj/vuj_l
(uj/vuj_l)N = (uj/uj_l)Nv’ for some v" € V. Therefore (uj/uj_l)N e V(UN (A¥)™). Since

[U : V] is a power of p, we see that uj/u;1 e V(U N (AY)*) and hence j = j'. O

From the definition of I, it is clear that ¢ = i’. Then we have ujvu; z = gi_ldflgi.

)N € (AS®)*. Since V is normal in U, we can write

3.4.2. The Hecke algebra. If v { p or if v|p but 7|y, = 1, then the Hecke algebra O[U,\ GLo(F),)/Uy]
acts on S(U, Q). Explicitly, if
UhU, = [ ] iU,

)

then
([0hUF)(g) = D f(ghs)-

Let T := O[T,,Sy, : v { p,v & S], where T,, and S, be the double coset operators
0 0 -
corresponding to T)U 1) and ( 0 ) respectively. Let Ty be the image of T in
Wy

Endp(S(U, O)), so that Ty is a commutative O-algebra which acts faithfully on S(U, O)

and finite free as an O-module.

Wy
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By definition, we have
S(U> O) R0, Cc> HOmUS ((C(w_l)’ SZS’XO)

¢ = (9 = g5 tlgpe(9™))),

where the target of the isomorphism is the set of elements ¢ € Sy, with z¢ = xo(2)¢ for
all z € (A)*, up = 1(ug) !¢ for all u € U. This isomorphism is compatible with the

action of T on each side. The target is isomorphic to
_ GL2 (O
P Homy, (C(v ™), 75) @ (@ ggmo > ),
™

where the sum is over the cuspidal automorphic representations 7 of Gp(A*) of weight
(k,n), which have central character yo and are unramified outside S.
By strong multiplicity one (cf. Section [3.3.1)), we have an isomorphism

Ty ®o,, C = 11 C
7 as above, with Homyg (C(yp—1),m5)#0

sending T, S, to their eigenvalues on 7[‘1(;} L200r) particular Ty is reduced. Moreover,

this shows that there is a bijection between (-linear ring homomorphisms 6 : Ty — C
and the set of m as above, where m corresponds to the character taking T, S, to their
corresponding eigenvalues.

As explained in Section [3.3.5] each 7 has a corresponding Galois representation. Tak-

ing the product of these represntations, we obtain a representation

pomed s G H GL2(L) = GLo(Ty ®0 L),

which is characterized by the properties that it is unramified outside S U {v : v|p}, and

for any unramified v, p™°4(Frob,) has characteristic polynomial
X% —T,X + (8k,)S, = 0.

Let m be a maximal ideal of Ty;. Then if p & m is a minimal prime, then there is
an injection @ : Ty /p — L, which corresponds to some 7 above. The semisimple mod
p Galois representation corresponding to 7 can be conjugated to give a representation
Pm © Gr — GLa(Ty/m). This is well defined up to isomorphism independently of the
choice of p and 6.

Since Ty is finite over the complete local ring O, it is semilocal. Write Ty = [ [, Tvm.

Suppose that p,, is absolutely irreducible. Then we have the representation

P Gp = GLy(Tym ®0 L) = H GLo(L),
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where the product is over the m as above with o, , = p,,. Each representation to GLz (L)
can be conjugated to lie in GL2(Of), and after further conjugation (so that the residual
representations are equal to 7y, rather than just conjugate to it), the image of pin°d lies
in the subring of [[, GL2(O7) consisting of elements whose image modulo the maximal
ideal of O lie in Ty /m. Then p°? can be conjugated to lie in GL2(Tym). We will write

pod s Gp — GLa(Tym) for the resulting representation from now on.

Remark 3.18. Later in the notes we need to consider Hecke operators at places in S.
To this end, let ' C S such that |y, = 1 and choose g, € GLa(F,) for each v € T.
Set W, = [U,g,Uy] and define T}, = Ty [W, : v € T]. Similarly we have Ty € T}, C
Endo(S(U,0)). The algebra Ty, is commutative, and finite and flat over O. However it

need not be reduced. Indeed, we have

Ty ®o,, C = @ ®per{subalgebra of Endc(7") generated by W, },

so that there is a bijection between ¢-linear homomorphisms T}, — C and tuples (7, {ow }ver),
Uy

where a, is an eigenvalue of W, on ;/v.

4. THE TAYLOR-WILES-KISIN METHOD

In this section, we review the patching result of Kisin [50, Proposition 3.3.1]. It is a
criterion for a map of O-algebras to be isomorphism up to p-torsion. This will be applied
to establish that certain Galois deformation rings and Hecke rings are isomorphic up to
p-torsion. The argument is analogous to that of Taylor-Wiles [86] and Diamond [24]. One
of the differences with this approach is that Kisin’s criterion could be used to treat both

the minimal and non-minimal case.

Proposition 4.1. Let B be a complete local, flat O-algebra, which is a domain of dimen-
sion d+1, and such that B[1/p] is formally smooth over E. Suppose that R is a B-algebra
and M is a non-zero R-module, and that there are non-negative integers h and j such that

for each non-negative integer n there are maps of O-algebras
(4.1) Ollyt, s yntjll = B = R

and a map of Ry,-modules M, — M satisfying the following conditions:

(1) The maps R,, — R and M, — M are surjective, and the first is a map of B-
algebras.
(2) (yla s ayh)Rn = Ker(Rn - R) and (yl’ S 7yh)Mn = Ker(Mn - M)
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(3) If by, C Ol[y1, - - -, Yn+jl] is the annihilator of M, then
b, C (L4+y)? —1,...,(1+yp)?" —1),

and M, is finite free over O[yi, ..., Yn+j]]/bn. So, in particular, M is finite free
over O[[Yn+1, -, Yn+51]-
(4) R, is a quotient of Bl[x1,...,Zp4j—dl]-
Then the R is a finite O[[Yni1, - - - Yntjl]-algebra, and M ®o E is a finite projective and
faithful R[1/p]-module.

To apply this result, R is certain universal deformation ring and M is the space of
certain automorphic forms. As the action of R on M comes form the surjection R — T,

where T is certain Hecke algebra, the faithfulness statement implies that R[1/p] = T'[1/p].

Proof. For a complete local ring A, denote by m,4 its maximal ideal. For a non-negative
integer n, denote by mxl) C my the ideal generated by the elements of m4 which are n-th
powers.

Let s denote the O[[yp1, - .., Yntj]]-rank of M. This is also the O[[y1, ..., yn+;]]/bn-

rank of M,,. For a non-negative integer m, write r,,, = smp™(h + j), and

Cm = (W%la (yl + l)pm - 17 ) (yh + l)pm - 1a y£+1a BRI yZ—&-j) - O[[y17 cee 7yh+1j]]'
For m > 1 a patching datum (D, L) of level m consists of

(1) A sequence of maps of O-algebras
(4.2) Ollyis- s Ynijll/em = D = R/(cmR + mi™))

where the second map is a surjective map of B-algebras and m [v)'m) =0.

(2) A surjection of B-algebras Bl[x1,...,%np4j—d]] = D.

(3) A D-module L which is finite free over O[[y1,...,Yn+j]]/¢m of rank s, and a sur-
jection of D-modules L — M /¢, M.

A morphism of patching data (D, L1) — (D2, L2) consists of a pair of morphisms « :
D1 — Dy and B : L1 — Lo such that:

(1) a: Dy — Dy is a map of B[[z1,...,2n4j—q]-algebras and is compatible with (4.2,

i.e., the following diagram is commutative

Ollyr, - - ynasll/em D, R/(emR +miy™)

| J- H

Ollyis- -, yn+j]l/cm D, R/(emR + mgM))
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(2) B: Ly — Lo is asurjection of Dij-modules which is compatible with the surjections
of Ly and Ls onto M /¢, M.

m)

Since the number of elements of D is bounded by B[[qjl,...,xh-i-j—d“/mg[[xl o j—d]l’

there are only finitely many isomorphism classes of patching data.
Given positive integers n and m with n > m, we define a patching datum (Dp, 5, Ly )

of level m, by taking
Dy = Ru /(6B +m$5™) and Ly = My /e M.

To check that Ly, is a Dy, ,-module we have to show that mgM)Mn C ¢yM,,. To see

n

this, let @ € mp,. Then a induces a nilpotent endomorphism of M/(7g, Yni1,- - Yn+s) M,
so a® induces the zero endomorphism. Hence a*M,, C (7g,y1,...,Yn+;)M,, and
a?" () £, C(me,y) ... ,y‘ZH)M

m

= (mp, (yr + 17" =L + D7 = Lyl v ) M,
Finally a™ M, = a*?" "Dm ML C ¢, M.

Since there are only finitely many isomorphism classes of patching data of level m,
after replacing the sequence (R,,M,) by a subsequence, we may assume that for each
m > 1, and n > m, the datum (Dy, p, Ly, ) is equal to (D, Lim,m). In particular, we
have maps of patching data

(Dm+1,m+17 Lm—i—l,m-‘,—l) — (Dm,rm Lm,m)a

an isomorphism of B[[z1, ...,z j_q]]-algebras

(rm) ~

Dm+1,m+1/(cmDm+1,m+l + mDm+1,m+1) — Dm,m»

and an isomorphism of Dy, 1 m41-modules
Lin+1m+1/¢mLms1.m+1 — L.
Now set Ry, = T&anym and My, = @me By construction we have a surjection
Bllz1,. .., Thyj—d]] = Roo,
and maps of complete local O-algebras
Ollvi, -+ Yn+j]l ¥ Ro = R

where the second map is a map of B-algebras, and identifies Roo/(y1, - - ., Yn)Roo wWith R.
We also have that My is a finite free O[[y1, ..., yn+;]]-module of rank s > 0, and that the
R,-module M /(y1,...,yn) My is isomorphic to M. Note that

dimO[y1, ..., yntjll =h+j+1=d+1+h+j—d=dimB[x1,...,Thtj—d]
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By Lemmat.2|below, B[z1,. .., Lp4j—q]] is a finite O[[y1, . . ., yn4;]]-module, and M@0 E

is a finite projective, faithful B[[x1,...,Zhs4+;—q]][1/p]-module. In particular we see that
B[[{L‘l, ey $h+jfd]] l> Roo;

so that
M ®@o E =M ®0 E/(y1,---,yn)(Ms ®0 E)

is a finite projective, faithful R[1/p] = Roo[l/p]/(y1,.-.,yn)Reo[l/p]-module, and R is
finite over O[[yn+1,- - -, Yn4;]]- The proposition follows. O

Lemma 4.2. Let A 5 D be a map of Noetherian domains of the same finite dimension
d, and L a non-zero D-module which is finite and projective over A. Then ¢ is a finite

map. If A and D are reqular then L is a finite projective, faithful D-module.

Proof. Let D' be the image of D in End4 L. Then D’ is finite over A, since L is finite over
A. As L is a faithful A-module, so is D’. It follows that dim D’ > d, so that D = D’.

To show the second statement, we first remark that since A is a domain, L has the
same rank s > 0 at all points of A. Similarly, if L is finite projective over D, it is a faithful
D-module. Let p be a prime of A, q a prime of D lying over p. Let Ap and Dq be the
completions of A and D at p and q respectively. It suffices to show that L ®p Dq is a finite
free ﬁq—module. Thus we may replace A, D, and L by Ap, ﬁq, and L ®p ﬁq respectively
(note that ﬁq is finite over Ap, and L ®p ﬁq is a Ap—direct summand of L ®4 Ap), and
assume that A and D are complete local regular rings.

Now the A-depth of L is d since L is A-free, hence the D-depth of L is > d, and
therefore equal to d. The Auslander-Buchsbaum theorem then implies that L is D-free.
(cf. [24, Theorem 2.1]). O

5. PATCHING AND THE PROOF OF THEOREM [L.1]

As explained in Section to prove Theorem 1.1} we may assume that the assump-
tions in Section hold. Let D be a quaternion algebra over F' ramified at exactly the
infinite places. We work with automorphic representations of Gp(A%).

Let T}, be the set of places of F' lying over p, let T, be the set of primes not lying
over p at which p or pg is ramified, let ' = T, [[T}.. If v € T}, write o, for a choice of
topological generator of If, /Pr,. By our assumptions, if v € T}, then p|g,, is trivial, p|,,
and pols,, are unipotent, and #(k(v)) =1 (mod p).

Let @ be a set of finite places of F' such that, if v € @, then

e v¢gT;
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o th(v) =1 (mod p);

e p(Frob,) has distinct eigenvalues, which we denote @, and j3,.

The existence of @ will the proved in Section [5.3

5.1. The deformation rings. For each set @) of primes satisfying the above conditions,
we define two deformation problems Sg = (T'UQ,{Dy}, x) and Sg = (T UQ,{D,},x) as
follows. Let ¢ be a fixed primitive p-th root of unity in L.

e If v € T, then D, = D), is chosen so that

RE  _/I(D,) = RY

ﬁIGF,U s X E‘GF'U 7X7CI',{HTO- (p)},

i.e., we consider crystalline deformations of p|q,, with determinant x and with the
same Hodge-Tate weights as p.

o If v € @, then D, = D consists of all lifts of p|g, with determinant x. In
particular, we allow our deformations to ramify at places in Q.

e If v € T;., then D, consists of all lifts of p|¢,, with Char,,,\(X) = (X —1)?, while
D), consists of all lifts of p|g,, with Char,,,)(X) = (X —()(X —('). Note that

the difference disappears if we modular A since ( =1 (mod ).

We write

Rloc = ®v€T7(’)RD /I<Dv)a RIOC/ = ®UET,ORD /I(D;)

ﬁ‘GF»U s X E‘GF»U ’X

From our construction and the results proved on Galois deformations (cf. [93]), the fol-
lowing properties hold.
° RIOC//\ — RIOC’,/)\.
o (R )red is irreducible, O-flat, and has Krull dimension 1 + 34T + [F : Q].
o (R¢)red is O-flat, equidimensional of Krull dimension 1 + 347 + [F : Q], and
the reduction modulo A gives a bijection between the irreducible components of
Spec R'°® and those of Spec R'°¢/\.

We have the global analogues

univ univ | univ’/ . puniv . O ._ pOr . g/ . pd
RE™ = RS RE™ = R RY = RS Ry o= B,

It is easy to see that the following properties hold.
. .V,/ D,/
° R‘Cbn“’//\:Rg“ /A, and RS/A:RQ /A /
e There are obvious natural maps R'°¢ — RB, Rl — Rg’ , and these maps agree

after reduction modulo .
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univ

We may and do fix representatives py"" and ngmv’/ for the universal deformations of

P over Rgﬁ" and Rgﬁv’/ respectively, which are compatible with the choices of p§™" and

pgniv’l, so that the induced surjections

univ univ univ,’ univ,’

are identified modulo A.

Fix a place vg € T and set J := O[[ Xy, jllver, i,j=1,2/(Xuvo,1,1). Let a be the ideal of J
generated by the X, ; ;. Then our choice of pgﬁv gives an identification RS = R‘Cf?niv(}?)oj ,
corresponding to the universal T-framed deformation (o™, {1 + (Xv,i,5) fver)-

From the computation we made in [93], for each place v € @, we have an isomorphism

univ

Po" lGr, = Xa ® X8,

where xo, xg : Gr, — (Réni")X are characters with . (Frob,) = «, (mod ng.iv) and
XB(FrObU) = /B’U (mOd mRéniv).
Let A, be the maximal p-power quotient of k(v)* (which we sometimes regard as a

subgroup of k(v)*). Then x4|r,, factors through the composite
(5.1) Ip, - Ip,/Pr, — k(v)* — Ay,
and if we write Ag = [[,cq Av, ([[yeg Xa) 1 Ag — (R‘éni")x, then we see that
( R&niV)AQ — Ry,
5.2. The spaces of modular forms. Recall we have fixed an isomorphism ¢ : L — C,

and an algebraic grossencharacter xo such that ye, = xo,. Define k, n by HT-(py) =
{NrsMur + ki — 1}. We define open compact subgroups Ug = [[ Ug ., where

° UQ’v = GLQ(OFU) ifv ¢ Q U Tr;

b
e Ugy=Us(v) = {(Z d) € GL2(Op,) | c=0 (mod v)} if v € T,

e Ugy= {(Z Z) € Up(v) | ad™! (mod v) € k(v)* — 1€ A} ifv € Q.

Let ¢ : [[,er, Ugw — O be the trivial character. Similarly, we set Ué = Ug and define
P HveTr Ugy — O as follows. For each v € T}, we have a homomorphism Ug, —

a
k(v)* given by sending d) to ad~! (mod v), and we compose these characters with
c

the characters k(v)* — O sending the image of o, to (, where o, is a generator of

I,/ Pr, (cf. equation (5.1)).
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We obtain spaces of modular forms S(Ug, O), S (Ué?, O) and the corresponding Hecke
algebras Ty, and 'JI'UQ,. Here the Hecke algebras are generated by the Hecke operators
Ty, S, with v ¢ T'U @, together with Hecke operators U, for v € @ defined by

wy, 0
oo =t (% e

Note that ¢ = ¢’ (mod A), so S(Up, O)/A = S(Up, O)/A. Let my C Ty, be the ideal
generated by

o )\
e Trp(Frob,) — Tv, v & T}
o det p(Frob,) — tk(v)S,, v € T.

This is a proper maximal ideal of Ty, as it is the kernel of the homomorphism Ty, —
O — F, where Ty, — O is the map coming from the automorphicity of pg, sending T, to
Tr po(Frob,) and S, to #k(v)~! det po(Frob,).

The universal property of R}omiv gives us a surjection R(‘ami" — Ty = Ty, m, and a
corresponding lifting p™°d : Gr — GLa(Ty) of type Sy. Similarly, we have a surjection
Rgniv’, = Tjy = Ty my- Set Sp := S(Up, O)my and Sjj := S(Up, O)m,. Then the identifi-
cation Ry™Y /X & R;mv’, /A is compatible with Sy/A = Sj/A. An important observation is

the following result.
Lemma 5.1. If SuppRamv (Sp) = Spec Rb‘niv, then p is modular.

Proof. Since Sy is a faithful Typ-module by definition, we see that Ker(R&)‘“iV — Tp) is
nilpotent, so that (}%bmi")red = Tp. Then p corresponds to some homomorphism R(‘Z)miV —
O, and thus to a homomorphism Ty — O, and the composite of this homomorphism with
t: O — C correponds to a cuspidal automorphic representation 7 of Gp(A%) of weight

(k,n), which by construction has the property that p = p.,, as required. O

In order to apply Kisin’s patching argument, we study the above constructions as )

varies. Let mg be the maximal ideal of Ty, generated by
o )\
e Trp(Frob,) — Tv, v ¢ TUQ;
e det p(Frob,) — 8k(v)Sy, v € T U Q;
o Uy, — 0y, v E Q.
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Write Sg = SUQ = S(UQ,O)mQ
Ag — End(Sg), one is given by

and TQ = (TUQ)m

5€Av»—><5 O),
0 1

and the other one is given by the composite

o- We have two homomorphisms

AQ — Réniv —» TQ — End(SQ).

5.2.1. The local-global compatibility at places in Q. A homomorphism 6 : Tg — C corre-

sponds to a cuspidal automorphic representation 7, and for each v € ) the image «a, of

. . . U
Uw, is such that «a, is an eigenvalue of U, on 7, @,

It can be checked that since m[,] @ £ 0, m, is necessarily a subquotient of I(x1, x2) for

some tamely ramified characters x1, x2 : F,;* — C*. Then one checks explicitly that

(I(x1,x2))7@" = Coy & Coy,

01
where w = (1 O>7 $1(1) = ¢w(w) = 1, and Supp ¢1 = B(Fy,)Ugv, Supp ¢y, = B(F,)wlUq .

As computed in [84, Section 2],

UwU¢1 = ﬁk‘(’U)l/le (wv)¢1 + X oy

(5.2)
U, = k(v)2x2(w0) P

Here X = 0 if x1x5 ' is ramified. By local-global compatibility, = (#k(v)*/?x1(w,)) and
L(ﬁk(v)l/zxg(wv)) are the eigenvalues of p. ,(Frob,), so one of them is a lift of @,, and one
is a lift of 3,,.
Moreover, easy computation shows that
5 0 5 0
(0 1) ¢1 = x1(9)¢1, (0 1) bw = X2(6) Pw-
By local-global compatibility,

pralive, = Oal- 1772 @ xal - [71/2) 0 Arty! = x5 @ Xan

Reducing modulo A, we see that

(@0, By} = {8k(0) /27 (xa (@), 8(0) /27 (xa(e0)) }-

As a consequence, we see that x1x5 ' # | - |[*!. (Indeed, if x1x53* = | - |*', then aﬁ;l =
#k(v)*™ = 1 (mod A). This contradicts to our assumption.) Therefore, we have m, =
I(x1,x2) = I(x2,x1). Without loss of generality, we assume that Y, (w,) = [, and

Xa2(@y) = Q.
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We see that Sg ®0,, C = ®r(®veqXy), where X, is the one-dimensional space where
Ug, acts via a lift of @,. Since this space is spanned by ¢,,, we see that A, acts on Sg

via Y2 = X © Art. We then have proved the following result.
Lemma 5.2. The two homomorphisms Ag — End(Sg) are equal.

Let Ugp := HueQ Ugw HUEQ Uop(v). Then Ug is a normal subgroup of Ugo and
Ugo/Ug = Agq. The following lemma is immediate from Corollary

Lemma 5.3. Sq is finite free over O[Ag].

Fix a place v € Q. Since @, # f3,, by Hensel’s lemma, we may write
Char pj°d(Frob,) = (X — 4,)(X — By)

for some A,, B, € Ty with A, =@,, B, =3

v

(mod m@).

Lemma 5.4. The map
[[ U=, — By) : Sy = S(Uq0, O)mg
vEQR

is an isomorphism. Here we view the source and the target as submodules of S(Ug,0, O)m,-

Proof. We claim that it is enough to prove that the map is an isomorphism after tensoring
with L, and an injection after tensoring with F. To see this, write X := Sy, ¥ =
S(Ug,0,O)mg, and write @ for the cokernel of the map X — Y. As X and Y are finite
free O-modules, if the map X ® L — Y ® L is injective, then so is the map X — Y and

we have a short exact sequence
0->X—-Y—-Q—0.
Tensoring with L, we have @Q ® L = 0. Tensoring with F, we obtain an exact sequence
0-QN—>XF=>Y®F—-Q®TF,

so we have Q[A] = 0. Thus @ = 0 as required.
To check that we have an isomorphism after tensoring with L, it suffices to check that

the induced map

[[U=, — By : Sy ®0,. C = S(Uqge, O)mg ®o,. C
vER

is an isomorphism. This is easily checked. Indeed, we have

SQ) & C= @w(®v6QI(X1,m XQ,U))GLz(OFU)7 S(UQ,Oa O)mQ ® C= @W(®UEQMU)'
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Here M, is the subspace of I(x1,v, XQ,U))UO(U) on which Uy, acts via a lift of @, which is
spanned by ¢,,. On the other hand, we have computed that I(x1,v, XQ’U))GM(OFU) = Coy
(cf. Remark . Since the natural map I(x1,y, Xg’v))GLﬂon) — I(x10, Xgﬂ,))UO(”) sends
¢o to @1 + du, it suffices to check that (Ug, — By)(¢1 + ¢y) is nontrivial. This follows
from equation .

It remains to check the injectivity after tensoring with F. The kernel of the map
would be a nonzero finite module for the Artinian local ring Ty/A, and would thus have
nonzero my-torsion, so it suffices to prove that the induced map

[ Uz, = B) : (Sp @ F)[mg] = S(Uqg,0,O)mg @ F

veEQR
is an injection. By induction on the number of elements in @, it suffices to prove this
in the case that @ = {v}. Suppose for the sake of contradiction that there is a nonzero
r € (Sp ® F)[my] with (Uy, — By)r = (Uw, — B,)x = 0. Since x € Sy ® F, we also have
Tox = (@ + B,)z.

The Hecke operators are defined by double coset decomposition and we make them
explicit. Note that there are elements g; (cf. [84] and Remark such that

w, 0
Uru U’u = ZU V9

GLy(Or,) (f) (1)) G12(0x,) = (][ 9:GL2(0n) [T <(1) " ) GLy(Or,).

Wy

1 0
We have ) z = Tyx—Ug,x = @yx. Note that x is just a function D*\ GLa(AY) —
Wy

A ®TF, on which GL2(AY) acts by right translation. We then have

w, O 1 0 _
Tr=w WT = T,
0 @ 0 @y

wy @ B 1 a wy, 0 - _
Ug,z = Z (0 1>x— Z (0 2)((} 1>x—ﬁk(v)avm—avx.

a€k(v) a€k(v)

and

Here a € Op, is a lift of a € F. Then we obtain that @, = f3,,, which is a contradiction. [J

5.3. The existence of auxiliary primes. As promised, we prove the existence of aux-

iliary primes in the following.

Proposition 5.5. Let r = max{dim H'(Grr, (ad’p)(1)), 1 + [F : Q] — £T}. For each
N > 1, there exists a set QN of primes of F' such that
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e QnNT =10.

o Ifv € Qn, then p(Frob,) has distinct eigenvalues &, # f3,,.

o Ifv e Qu, then fk(v) =1 (mod p").

° 1QN =T

. RCDQN (resp. RS’; is topologically generated over RY°° (resp. R9°%') by 4T —1—[F :
Q] + r elements.

Proof. By what we have proved in [93], the last condition may be replaced by
Hy, (Grr, (ad’p)(1)) = (0).

Therefore, it suffices to show that for each 0 # [¢] € HY(Grr,(ad’p)(1)), there are
infinitely many v & T such that

(1) tk(v) =1 (mod pV).

(2) p(Frob,) has distinct eigenvalues @, # 3,.

(3) Res[o] € Hl(Gk(v), (ad®%)(1)) is nonzero.
Note that condition (1) is equivalent to v splitting completely in F'((,~), condition (2) is
equivalent to asking that ad p(Frob,) has an eigenvalue not equal to 1.

Set E=F " adﬁ((pzv). We have assumed that Imp O SLy(F),), from the classification
of finite subgroups of PGLy(FF)s), this implies that Imadp = PGLg(Fy,s) or Imadp =
PSLy(F,:) for some s. In particular (Imad p)?® is trivial or cyclic of order 2. Since p > 5
and p is unramified in F', we have [F((p) : F] > 4. Therefore ¢, ¢ Frerade

The extension E /FKeradﬁ is abelian. Let Ep be the intermediate field such that
Gal(E/Ey) has order prime to p and Gal(Eo/fKeradp) has p-power order. Write I'y =

Gal(Ep/F) and I'y; = Gal(E/Ey). We have the inflation-restriction exact sequence
0— H'(I'1, (ad’p)(1)"?) = H'(Gal(E/F), (ad’ p)(1)) — H'(T'2, (ad® p)(1))"".
Since Ey contains e adﬁ, 'y acts trivially on ad’ 5. Therefore (ad®7)(1)"2 = 0 since

¢, € Eo. Moreover, H'(T',(ad”5)(1)) = 0 since T'y has prime-to-p order. Hence the
middle term H'(Gal(E/F), (ad’p)(1)) = 0.

4 0
Suppose that tk(v) = 1 (mod p) and that p(Frob,) = (cz} _ ) Then ad’ p has the

(1 0 0 1 0 0 . . . -
basis 0 J e o) Wy o of eigenvectors for Frob,, with eigenvalues 1, @,/f,,

B,/ respectively. Consequently, since Gi(v) is a pro-cyclic group, we see that there is

an isomorphism H* (G, (ad’p)(1)) = F. This isomorphism is given by

[@] — 7y © ¢(Froby) o iy,
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where i, is the injection of F into the @,-eigenspace of Frob,, m, is the Frob,-equivariant
projection onto that subspace.
Let 09 € Gal(E/F) such that

(1) o0(G) = G

(2) p(op) has distinct eigenvalues @ and S.

Indeed, such a oy exists, because Gal(FKerﬁ JF(Gn) ﬂfKerﬁ) contains PSLy(IF,,) and then
we may choose o so that its image in this group is an element whose adjoint has an
eigenvalue other than 1.

Let E/E be the extension cut out by all the [¢] € H'(Ggr,(ad’p)(1)). In order
to complete the proof, it suffices to show that we can choose some o € Gal(E/F) with
o|g = 09, and such that in the notation above, we have 7y, o ¢(0) o iy, # 0, because we
can then choose v to have Frob, = ¢ by the Cebotarev density theorem.

To this end, choose any o € Gal(E/F) with 6o|p = 0o. If 5 does not work, then
we have 74, 0 ¢(5¢) 0 iy, # 0. Take o = 015 for some oy € Gal(E/E). Then

¢(0) = ¢(0160) = d(01) + 719(50) = ¢(01) + ¢(0),

SO Mgy 0 P(0) Oigy = Moy © P(01) O lgy-

Note that ¢(Gal(E/E)) is a Gal(E/F)-invariant subset of ad’7, which is an ir-
reducible Gal(E/F)-module as the image of p contains SLy(F,). Thus the F-span of
$(Gal(E/E)) is all of ad® 5(1), from which it is immediate that we can choose o so that
Toy © @(01) 04, # 0. This completes the proof. O

5.4. Proof of Theorem H Set SS = Sg ®RuQniv RB. Then we have
Sa/ag = S(Uqo, O)mg — Sp,

compatibly with the isomorphism RB Jag = R‘Q‘ni". Moreover, 5’8 is finite free over J[Ag].

We may and do choose a presentation
R°([zy,... s Thol] — RS,
where hg = #T +1Q — 1 — [F : Q] + dimg Hj(Grr, (ad’ p)(1)), and
HY (G, (ad”P)(1)) = Ker(H! (Grr, (ad’ P)(1)) = SueqH (G, (ad’ 7)(1)).

Write h := T — 1 — [F : Q] + 7 and Ry := R'°[[x1,...,z3]]. For each set Qy as

above, choose a surjection R — R%N. Let Jx := Jly1,---,¥r]]. Choose a surjection
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T = J[Aqy], given by writing @n = {v1,...,v,} and mapping y; to (v; — 1), where ~;

is a generator of A,,. Choose a homomorphism [J, — R so that the composites
Jso = Roo = Rg, and Jao = J[Agy] = R,
agree. Write ao := (a,y1,...,¥r). Then
S9/as = Sp and Rg /ase = Rj™".

Write by = Ker(Jo — J[Agy]), so that ngv is finite free over J/by. Since all the

elements of Qy are congruent to 1 modulo pV, we see that
by C (L+y1)?" —1,...,(1+y)P" —1).

We may and do choose the same data for RIOC’/, in such a way that two sets of data
are compatible modulo A.

Choose open ideals ¢y <0 Joo such that

e cyNO = ()\N);

e ¢y D by;

® CN D CNLE1;

e Nycy = (0)
For example we could take ¢y = ((1 + Xv,i,j)pN —1,...,(1+ )" =1, \Y). Note that
since ¢y D by, SSN/CN is finite free over Jo/cny. Choose open ideals dy < Rbmiv such
that

e )y C Ker(R(‘bmiV — End(Sp/2\V));

® 0y DONt1;

e Nyoy = (0).

If M > N, write Sy n = SSM/CN, so that Sy v is finite free over Ju /¢y of rank equal to
the O-rank of Sy. Indeed, this follows from the isomorphism Sy y/ase — Sp/AY. Then

we have a commutative diagram

joo Roo RBmV/DN

~ e

SM,N e S@/DN.

Here the dotted arrows mean the module structure, the objects Sy, n and Sp/on have

finite cardinality. Therefore, there is an infinite subsequence of pairs (M;, N;) such that
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M1 > M;, Niy1 > N;, M; > N;, and the induced diagram

joo Roo un)niv/-oNi
SMi+1aNi+1/cNi — S@/aNi'

is isomorphic to the diagram for (M;, N;). Then we could take the projective limit over

this subsequence, to obtain a commutative diagram

joo Roo RIQIIHV

~ ~

Sooc — 5.
Here S is finite free over J. Furthermore, we can carry out the same construction in
the ’ world, compatibly with this picture modulo \.
Now we could deduce our main result by purely commutative algebra arguments. We

have

dim R = dim R, = dim Joo = 47T + 7,
and since Sy, and S/ are finite free over the power series ring Joo, we have

depth; _(Sso) = depth s _(SL,) = 44T + 7.
Since the action of J,, on S, factors through R, we see that

depthg_ (Sw) > 44T + 1,

and similarly
depthp, (S5) > 4T + 1.
If P < R, is a minimal prime in the support of S/, then we have

AT +r = dim R}, > dim R}, /P > depthy,_ S, > 44T + 1,

hence equality holds throughout and P is a minimal prime of R/ . But R, has a unique
minimal prime, so in fact Suppg,_(S%,) = Spec Rl

By the same argument, Suppg__ (S«) is a union of irreducible components of Spec R.
We show that it is all of Spec Ry, by reducing modulo A and comparing with the situation
for SL..

Indeed, since Suppp,_(S%,) = Spec R, we certainly have Suppp, /(S5 /A) = Spec R /.
By the compatibility between the two pictures, this means that

Suppp__ /x(Sec/A) = Spec Reo /A
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Thus Suppg_, 1 (So0/A) is a union of irreducible components of Spec R, which contains
the entirety of Spec R /A. Since the irreducible components of Spec R,/ are in bijection

with the irreducible components of Spec R, this implies that
Suppp,__ (Se) = Spec Roo.

Therefore Suppp__ /q.. (Soo/00) = Spec Roo /oo, i.e. SuppRBmV Sp = Spec R(‘Dmi", which
proves the modularity by Lemma [5.1

6. ULTRAPATCHING

The patching procedure in Section [d] works as a program: input rings and modules
satisfying certain conditions, we obtain objects with ”good” properties. In this section
we summarize the commutative algebra behind the patching method and explain the
ultrapatching construction introduced by Scholze in [68], see also [57, 58].

Let X be a set. An filter on X is a consistent choice of which subsets of X are ”large”.

Definition 6.1. A filter on X is F C P(X) such that
(1) X € F (the whole set is large);
(2) 0 ¢ F (the empty set is not large);
(3) If A€ F and A C B, then B € F (any set containing a large set is large);
(4) If A, B € F, then AN B € F (large sets have large intersection).
A filter is principal if F = {A C X |z € A} for some z € X.
A filter is an ultrafilter if forany AC X, Ae For X —Ae F.

It is well known that for X = N, nonprincipal unltrafilters F exist provided we
assume the axiom of choice. From now on, we fix a nonprincipal ultrafilter § on N. For
convenience, we say that a property P(n) holds for §-many ¢ if there is some I € § such
that P(i) holds for all i € I.

Definition 6.2. For any sequence of sets &/ = {A,, },>1, their ultraproduct is the quotient
o
u) = ([ An)/ ~
n=1
where the equivalence relation ~ is defined by (ap)n ~ (a,)n if a; = a} for F-many i.

Remark 6.3. If the A,,’s are sets with an algebraic structure (e.g. groups, rings, R-modules,
R-algebras, etc.) then (/) naturally inherits the same structure.
If each A, is a finite set and the cardinalities of the A,’s are bounded, then (<)

is also a finite set and there are bijections U(&/) = A; for F-many i. Moreover, if the
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A,’s are sets with an algebraic structure, such that there are only finitely many distinct
isomorphism classes appearing in {A,,},>1 (which happens automatically if the structure
is defined by finitely many operations, e.g. groups, rings, R-modules and R-algebras over
a finite ring R), then these bijections may be taken to be isomorphisms. Indeed, by our
assumption, there is some A such that A = A; for F-many i and then U(%7) is isomorphic
to the unltraproduct U({A},>1), which is isomorphic to A if A is a finite set.

In the case when each A, is a module over a finite local ring R, there is a simple
algebraic description of U(«). Specifically, the ring R = [[,-; R contains a unique
maximal ideal J for which Ry = R and ([[,2; An)5 = U(</) as R-modules. This shows

that U(—) is a particularly well-bahaved functor in this special situation. In particular, it

is exact.
In the following, fix a power series ring So, = O[[z1,...,24]] and consider the ideal
n = (z1,...,24). Fix a sequence of ideals Z,, C S such that for any open ideal a C S

we have Z,, C a for all but finitely many n. Define

Seo = Soo/(w@) = F[[21,...,24]] and Z,, = (Z,, + (@)) /(@) C Soo-

For any finitely generated S..-module M, the So-rank of M, denoted by rankg M, is

defined to be the cardinality of a minimal generating set for M as an So.-module.

Definition 6.4. Let .# = {M,},>1 be a sequence of finitely generated So.-modules with
Z, C Anng_ M, for all but finitely many n.

o We say that . is a weak patching system if the S.-ranks of the M,,’s are uniformly
bounded. If we further have wM,, = 0 for all but finitely many n, we say that .#
is a restdual weak patching system.

o Wesay that . is a patching system if it is a weak patching system and Anng_ M, =
Z, for all but finitely many n.

e We say that .# is a residual patching system if it is a patching system and
Anng M, = T, for all but finitely many n.

e We say that .# is MCM (resp. MCM residual) if .# is a patching system (resp.
residual patching system) and M,, is free over Su/Z, (resp. Seo/Zy) for all but

finitely many n.
Furthermore, assume that Z = { R, },>1 is a sequence of finite type local So-algebras.

o We say that Z = {R,}n>1 is a (weak, residual) patching algebra, if it is a (weak,

residual) patching system.
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e If M, is an R,,-module (viewed as an Sy,-module via the So.-algebra structure on
R,,) for all n, we say that .# = {My}n>1 is a (weak, residual) patching Z-module

if it is a (weak, residual) patching system.

Let 103 be the category of weak patching systems, with the obvious notion of mor-

phism. It is naturally an abelian category.

Definition 6.5. Let .# be a weak patching system. The patched module of .# is the S

module
P (M) =i (M [a),

where the inverse limit is taken over all open ideals of So.. We may treat & as a functor

from P to the category of S,o-modules.

Remark 6.6. If Z is a weak patching algebra and .# is a weak patching Z-module, then
P(X) inherits a natural So-algebra structure, and &?(.#) inherits a natural Z(Z%)-

module structure.

In the above definition, the ultraproduct essentially plays the role of the pigeonhole
principal in the classical Taylor-Wiles-Kisin construction (cf. Proposition , with the
simplification that it is not necessary to explicitly define a patching datum before making
the construction. Indeed, if one were to define patching data for the M, /a’s, then the
machinery of ultraproducts would ensure that the patching data for U(.# /a) would agree
with that of M, /a for infinitely many n. Proposition then can be rephrased as follows.

Proposition 6.7. let Z be a weak patching algebra, # be an MCM patching Z-module.
Then
(1) P(Z) is a finite type So-algebra, and P (M) is a finitely generated free Soo-
module.
(2) The structure map Seo — P(Z) is injective, and thus dim P (%) = dim S .
(3) The module (M) is mazimal Cohen-Macaulay over P (%), and (w, z1,. .., 24)
is a regular sequence for P(M).

Proposition 6.8. let # be a weak patching algebra, .# be an MCM residual patching
Z-module. Then
(1) 2(%)/(w) is a finite type Soo-algebra, and P (M) is a finitely generated free
S oo -module.
(2) The structure map Se — P(X)/(w) is injective, and thus dim P(Z)/(w) =
dim S.
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(3) The module P (M) is mazimal Cohen-Macaulay over P (X)/(w), and (z1,. .., 2q)

is a reqular sequence for P(M).

Proposition 6.9. Let n = (21,...,24) C Soo as above. Let Ry be a finite type O-algebra,
My be a finitely generated Ry-module. If, for each n > 1, there are isomorphisms Ry /n =
Ry of O-algebras and M, /n = My of R,/n = Ro-modules, then we have P(%)/n = Ry
as O-algebras and P (M )/n= My as P (X)/n = Ry-modules.

From the set up of Proposition there is very little we can conclude about the
ring Z(#). However in practice one generally takes the rings R,, to be quotients of a
fixed ring R, of the same dimension as So,. Thus we define a cover of a weak patching
algebra Z = {R,,}n>1 to be a pair (R, {¢n}n>1), where Ry is a complete, topologically
finitely generated O-algebra of Krull dimension dim S, and ¢, : Rsc — R, is a surjective

O-algebra homomorphism for each n. It is straightforward to show the following (cf. [57]).

Proposition 6.10. If (R, {¢n}n>1) is a cover of a weak patching algebra %, then the

©n’s induce a natural continuous surjection Yoo : Roo — P(X).

Using the fact [01, Lemma 0AAD] (which says that if f : A — B is a surjection of
noetherian local rings, then a B-module M is Cohen-Macaulay as an A-module if and
only if it is Cohen-Macaulay as a B-module), combining Propositions and

we have the following result.

Corollary 6.11. Let Z be a weak patching algebra and let (Roo,{¢n}n>1) be a cover of
R. If M is an MCM patching Z-module, then P(M) is a maximal Cohen-Macaulay
Roo-module. If A is an MCM residual patching #-module, then P (M) is a mazimal
Cohen-Macaulay Roo/(w)-module.

If & were an exact functor, then we could patch objects with respect to certain

filtration. However, this is not true in general.

Example 6.12. Assume that S /Z, is w-torsion free for all n and let 4 = {S/Zp}n>1.
Define ¢ = {pntn>1 : A4 — M by pp(r) = w'x. Then ¢ : A — A is injective,
P(M) = S, and Z(p) : Seoc — Seo is the zero map.

Nevertheless we have the following weaker statement.
Lemma 6.13. Then functor P(—) is right exact. If

0o 2B =€ —0
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s an exact sequence of weak patching systems, then
0= P(A)— P(B)— P(€)—0

s exact, provided that either:

e % is MCM, or
o o/, B, and € are all residual weak patching systems, and € is MCM residual.

Proof. Let Ab be the category of abelian groups. For any countable directed set I, let
finAb’ be the category of inverse systems of finite abelian groups indexed by I.

Let (Aj, fji : Aj = A;) be an object in finAb’!. Since A; is finite and {Im fj;}j>i is a
decreasing sequence of subgroups of A;, there is a j > ¢ for which Im f;; = Im f;; for all
k> j. Le. the inverse system (A;, fji : A; — A;) satisfies the Mittag-Leffler condition.

Assume that we have an exact sequence of weak patching systems
0= =B —C—0.
For any a C S, the sequence
AgJa— Bla— €/a—0
is exact. By the exactness of U(—), we obtain the exact sequence
U( Ja) = U(B/a) = U(E/a) — 0,
hence an exact sequence of inverse systems
U(H [a))a = U(B/a))a = U(E[a))a = 0.

Note that there are only countably many open ideals of S, and U(<7 /a), U(AB/a), and

U(% /a) are all finite. Taking inverse limits preserves exactness, i.e. the sequence
P(A) — P(B)— P(€)—0

is exact. The functor P(—) is right exact.
Now assume that one of the further conditions of the lemma holds. Write &/ =
{An}n>1, B = {Bnln>1, € = {Cnln>1. Let I, = Anng__ C,, (so that either I, = Z,, or Z,,

for all n > 1), we have, for all n > 0, an exact sequence of So.-modules
0—+A,—B,—~C,—0,
and C), is a free So/I,-module. It follows that

Torls“’/ln (Ch, Soc/a) =0
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for all a C So. Therefore,
0— A,/a— B,/a— Cp/a—0
is exact for all n > 0. Then it is easy to see that the sequence
0= A2(A)— P(AB)— P(€¢)—0
is exact. 0

We have the following useful consequence.

Corollary 6.14. Let ¥ be a residual weak patching system with a filtration
0=7°cyvlc...cyr =7

by residual weak patching systems ¥*. For k = 1,...,r, let A% = V*/V*1. Assume
that the .#*’s are all MCM residual. Then P (V) has a filtration

0=2Yc2(yHYc-.-c 2V =2(V)
with P(M*) = 2(VF))2(VFY) forallk=1,...,r.
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