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A REMARK ON K, OF THE RINGS OF INTEGERS
OF TOTALLY REAL NUMBER FIELDS

Xuejun Guo
Department of Mathematics, Nanjing University, Najing, China

Let F be a totally real number field with degree n=[F: Q] >=3. Mazur and
Urbanowicz proved that if

Ky0p = (2/22)"% (%)

and F is not Q({; + §7_1) or QL + C;l), then F must be one of the 14 cases listed
in Mazur and Urbanowicz (1992). In this article, it is proved that 3 of these 14 cases
don’t satisfy (%), while all the other cases satisfy (%). Hence we find all totally real
number fields which satisfy (%).
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1. INTRODUCTION

Let F be a totally real number field with degree [F: @] = n, @, the ring of
integers of F. The Birch-Tate conjecture states that

K> ()| = wy(F)[Cp(=1)I,

where

w(P) =2 ] I,

1 prime

and n(l) is the largest integer n such that F contains Q({;, + ('), the maximal real
subfield of Q({;).

This conjecture is proved in Mazur and Wiles (1984) for totally real abelian
number fields up to 2-torsion. In Kolster (1986) proved this conjecture holds if the
2-subgroup of K,(@,) is elementary Abelian. Later, Wiles (1990) proved that the
Birch-Tate conjecture also gives the correct powers of 2 for totally real abelian
number fields. One can see details in Kolster’s appendix to Rognes and Weibel
(2000).
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Since [F: Q] = n, there is a subgroup HYF of K,(@,) such that the quotient
group K,(@;)/HYF is isomorphic to (Z/2Z)". One can see the definition of HYF in
Gras (1986). Note that this subgroup is denoted by K5 (@) in Keune (1989). This
means K, (@) is at least (Z/2Z)". It is very interesting to find all totally real number
fields F satisfying (x).

Browkin and Hurrelbrink (1984) proved that there are only four real quadratic
fields satisfying (x)

F=Q(v2).Q(3). Q(V5). and Q(V13).
Hurrelbrink (1982) and Kirchheimer (1981) proved that

F = Q(C9+C§‘) and Q(C7+C;l)

also satisfy ().

If () is satisfied, the Birch-Tate conjecture holds by Theorem 3.4 of Kolster
(1986). Hence one can use the Birch-Tate conjecture to compute the |K,(@p)|.
Mazur and Urbanowicz (1992) proved that if a totally real number field F with
degree [F: @] = 3 is not the maximal subfield of a cyclotomic field and satisfies (x),
then F = Q(x), where x satisfies one of the following 14 equations:

(D) x*=x*=3x+1=0,

2) ¥*—x*—4x-1=0,

B) »*—x*-3x2+x+1=0,

4) x*—x*—4x>+4x+1=0,

B) x*—4x?+x+1=0,

(6) x* —5x*+5=0,

(7) x* —4x* +2 =0,

(8) x°+2x* —5x3 —2x> +4x—1=0,
9) ¥ =5 +x*+5x—1=0,

(10) x° = 5x* + x> +3x+1=0,

(1) x° = 2x* —4x* +3x2 +2x— 1 =0,
(12) x° 4+ 3x* —4x3 = 5x? +5x -1 =0,
(13) x> —6x* +3x> +2x -1 =0,

(14) x° =2x* —6x3 +3x> +6x—1=0.

In this article, we prove that if F = Q(x), where x satisfies (4), (5), or (8),
then (%) does not hold. In case (4), K,(@,) ~ Z/4Z & (Z/2Z)*. In case (7), K,(Or) ~
Z/5Z & (Z)2Z)*. In case (8), K,(G,) ~ Z/5Z & (Z/2Z)*. All the other cases satisfy
condition ().

In fact, although Mazur and Urbanowicz wanted to exclude the maximal real
subfields of cyclotomic fields, case (8) is just Q({;; + {;}'). And from case (9) to case
(14), the fields Q(x) defined by the six equations are just the different embeddings
in R of a same real number field.

Note that we don’t assume Birch-Tate conjecture hold for all totally real
number fields. We use only the proved fact that odd-part of Birch-Tate conjecture
holds for all totally real number fields. As for the 2-primary part of K,(@), we use
Theorem 3.1 of Kolster (1986) to compute the 2*-rank of K,(@,). The computations
have been performed by PARI/GP 2.2.12.
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2. DESCRIPTION OF THE COMPUTATION

In this section, the number field Q(x) defined by the equation f; = 0 in case (i)
in the Introduction will be denoted by F,. PARI/GP can compute the Galois group
of a polynomial and the value of the Dedekind zeta function of F; at —1. By the
formula of w,(F) in the introduction, it is also easy to compute the value. In the
next, we will just list the value of w,(F)|r (—1)|.

Since F,, F,, F;, F;, and F; are totally real abelian number fields, the Birch-
Tate conjecture holds. By PARI/GP, we know that w,(F,)|{; (=1)[ = 24 x 3, 120 x
£.24x3,32x 2,264 x 3, for i=2,4,6,7,8, respectively. Hence |K2(@’F)| =
8,32, 16, 5 x 16, 5 x 32, for i =2,4,6,7,8, respectively. Since there is a surjective
homomorphism from K,(@.) to (Z/2Z)""*%), we know that

K,(0r,) = (Z/2Z)’,

Ky(Op) ~ (Z/2Z)° or Z/AZ& (Z/2Z),
Ky (Op,) = (Z/22)",

Ky(0p) ~ Z/5Z & (Z/2Z)",

Ky(Op) ~Z/5Z & (Z)2Z)°.

To determine the structure of K,(@,), we need to compute the 2-rank of
K,(Gp,). There is a general formula for the 2-rank of K,(@) in Tate (1976):

2-rank K,(Op) = r, + g, — 1 + 2-rank CI(G,[1/2]), 2.1)

where r, is the number of real places of F, and g, is the number of
dyadic places of F. By PARI/GP, we get g,(F,) = 1, 2-rank CI(@;[1/2]) = 0. So
2-rank K,(@p,)=4. Hence K,(Op,) ~Z/4Z & (Z/2Z)3. To make certain, one can
also use the Theorem 3.1 of Kolster (1986) to compute the 4-rank of K,(@p,), which
is 1.

As for Fy, F;, Fs, they are not Galois number fields. The w,(F)|{(=1)| =
24 x 1,120 x %.,24 x 3, for i =1,3,5. So K,(@) is a 2-group for i =1,3,5. To
compute the 2-rank of K,(@;) by (2.1), we need to know the number of dyadic
primes of F;, and the class group of @. We use PARI/GP to compute the
decomposmon of the polynomial f; in Qz[x] In all the three cases, f; are irreducible
in @Q,[x]. So g, = 1. And all of the three class groups are trivial. So the 2-rank
K,(Gp,) = 3, 2-rank K,(OF,) = 4, and 2-rank K,(OF,) = 4. Next we will compute the
4-rank.

Let m be the number of dyadic primes of F, which decompose in
F(v/—1), A(F(~—1)/F) the 2-Sylow-subgroup of the relative S-class-group of
F(v/—1)/F, where S consists of all infinite and all dyadic primes of F. Kolster (1986)
proved that

2"-rank K,(@;) = m + 2"~'-rank A(F(~'—1)/F)/im(,A(F)), (2.2)

where ,A(E) consists of the elements of order <2 in the S-class-group of F.

The three polynomials f,(x +~/—1)f,(x — v/—=1), f3(x + V=1)f3(x — v/—1), and



Downloaded By: [Nanjing University] At: 03:13 18 December 2007

2892 GUO

fs(x + ~/=1)fs(x — ~/—1) are all irreducible in @Q[x]. So they define the fields
F.(~/—1) for i =1, 3, and 5, respectively. By PARI/GP, we can compute m and
class number in (2.2). The result is 4-rank K, (@) = 0 for i = 1, 3, 5, which implies
that (%) holds for these 3 cases.

Using the function “factornf” in PARI/GP, we find that f, has always a root
in Q[x]/f; for 10 <i < 14. Hence the last 6 polynomials f; (9 <i < 14) essentially
define the same totally real number field. The value of {5 at —1 is 4/3, w,(Fy) =
24, g, = 1, the class number of F, is 1 and the class number of Fy[+/—1] is 3. Hence
the K,(Or) = (Z/2Z)’ for 9 <i < 14.

We write the above results as a theorem.

Theorem 2.1. [f F is a totally real number field, then F satisfies the condition
K,0, ~ (Z/27)"9

if and only if F is one of the 13 fields (isomorphic fields are seen as the same field):
Q. Q(v2). Q(v3), Q(V5), Q(V13), Q& + 71, QL + ), Q(x), where x satisfies

one of the following 6 equations:

(1) ¥* = x*=3x+1=0,

2) ¥ =x*—4x—-1=0,

@) x*—x*=3x>+x+1=0,
4) x*—4x?+x+1=0,

(5) x*=5x*+5=0,

6) ¥ =5+ x2+5x—1=0.

ACKNOWLEDGMENTS

The author is grateful to Hourong Qin for helpful discussion.
Guo is supported by NSFC 10401014, and partially supported by the Natural
Science Foundation of Jiangsu province of China (BK 2005207).

REFERENCES

Browkin, J., Hurrelbrink, J. (1984). On the Generation of K,(@) by Symbols, Algebraic K-
theory, Number Theory, Geometry and Analysis (Bielefeld, 1982). Lecture Notes in Math.
1046. Berlin: Springer, pp. 29-31.

Gras, G. (1986). Remarks on K, of number fields. J. Number Theory 23(3):322-335.

Hurrelbrink, J. (1982). K, (@) for Two Totally Real Fields of Degree Three And Four, Algebraic
K-Theory, Part I (Oberwolfach, 1980). Lecture Notes in Math. 966. Berlin-New York:
Springer, pp. 112-114.

Keune, F. (1989). On the structure of the K, of the ring of integers in a number field. In
Proceedings of Research Symposium on K-Theory and its Applications (Ibadan, 1987).
K-Theory 2(5):625-645.

Kirchheimer, F. (1981). Uber explizite Prisentationen Hilbertscher modulgruppen zu
totalreellen Korpern der Klassenzahl eins. (German). J. Reine Angew. Math.
321:120-137.

Kolster, M. (1986). The structure of the 2-Sylow-subgroup of K,(@), I. Comment. Math. Helv.
61(3):376-388.



Downloaded By: [Nanjing University] At: 03:13 18 December 2007

TAME KERNELS OF TOTALLY REAL NUMBER FIELDS 2893

Mazur, B., Wiles, A. (1984). Class fields of abelian extensions of Q. Invent. Math.
76(2):179-330.

Mazur, M., Urbanowicz, J. (1992). A Note on K, of the Rings of Integers of Totally
Real Number Fields, Algebraic K-Theory, Commutative Algebra, and Algebraic
Geometry (Santa Margherita Ligure, 1989). Contemp. Math. 126. Amer. Math. Soc.,
pp. 147-150.

Tate, J. (1976). Relations between K, and Galois cohomology. Invent. Math. 36:257-274.

Rognes, J., Weibel, C. (2000). Two-primary algebraic K-theory of rings of integers in number
fields, Appendix A by Manfred Kolster. J. Amer. Math. Soc. 13(1):1-54.

Wiles, A. (1990). The Iwasawa conjecture for totally real fields. Ann. of Math. (2)
131(3):493-540.



