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On the 4-rank of tame kernels of quadratic
number fields

by

XUEJUN Guo (Nanjing)

1. Introduction and notations. Let F' be a quadratic number field,
and Op the ring of integers in F. For a finite abelian group A, let r4(A) =
dimp, A%2/A* be the 4-rank of A. The purpose of this paper is to compute the
density of real (resp. imaginary) quadratic number fields with r4(K2Op) =7
in the set of all real (resp. imaginary) quadratic number fields. First, we
introduce the following definition of densities.

DEFINITION 1.1. Let D be a fundamental discriminant, i.e., the discrim-
inant of some quadratic number field. Let

(D) = { L i ra(K20q ) =T
0 otherwise.

Then the density of real quadratic number fields F' with r4(KoOp) = r in

the set of all real quadratic number fields is

d+ — lim ZO<D<$ gT(D)

N
=00 ZO<D<x 1

and the density of imaginary quadratic number fields E with r4(K2Og) = r
in the set of all imaginary quadratic number fields is

i = lim 2=0s=p<e 9r(D)
T=00 ZO<—D<1~1

The study of the 4-ranks of tame kernels of quadratic number fields has
a long history. One can find formulae for the 4-rank of KoOp in [3] and [7].
In 1995, Qin [11], [12] gave an efficient method of computing the 4-ranks
of KoOp. Later Hurrelbrink and Kolster [6] and Qin [13] gave improved
methods of computing the 4-ranks.
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The densities of 4-ranks of tame kernels of quadratic number fields have
been studied in several papers. In [8]-[9], [2], Osburn and Cheng stud-
ied the densities of real (resp. imaginary) quadratic number fields with
r4(K2OF)=r in the set of all real (resp. imaginary) quadratic number fields
with exactly ¢ ramified primes, where ¢ is an integer not greater than 3.
In 2007, Yin [14], [15] gave the tables of the 4-rank of K2Op, assuming
the number of odd prime factors of the discriminant of F' is not greater
than 4. In [17], Yue and Yu computed the limiting densities of real (resp.
imaginary) quadratic number fields with 74(K2Op) = r in the set of all real
(resp. imaginary) quadratic number fields with exactly ¢ ramified primes,
as t — oo.

In Definition 1.1, the quadratic number fields are ordered by the size of
their discriminants. Since every quadratic number field can be written as
Q(y/n), where n is a square free integer, we can also order them by the size
of n. This observation leads to the following alternative definition of the
densities.

DEFINITION 1.2. Let D be a fundamental discriminant and
D if D =1 mod 4,

D) =

o(D) {0/4 if D =0mod 4.

Then the density of real quadratic number fields F' with r4(K2Op) = r in
the set of all real quadratic number fields is

li ZO<0(D)<:{: gT(D)
= 1m
Teo ZO<O’(D)<:E 1

and the density of imaginary quadratic number fields E with r4(K2Op) =7
in the set of all imaginary quadratic number fields is

i ZO<—U(D)<I 9-(D)
= 1m .

200 0<—o(D)<z 1

)

We will prove in Section 4 that d;" = d, and d,; = d,.. A direct corollary
is that the real (imaginary) quadratic number fields with r4(K2Op) = r
distribute equally in different residue classes of (D) modulo 4. The main
result of this paper is the following theorem.

THEOREM 1.3. Let r be an integer. Then

di =0,
277'(7"71) o0 (1 _ 9ok
df = — Hﬁi( 7}32 for r>1,
(1 =272 (1 =275)
*© (1—27F
d. = 27" [ € ) for r>0.

[Ty (1 —27F)2
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Let us briefly review Yue and Yu'’s results in [17]. Let n be a square free
positive integer, x a positive real number, r a nonnegative integer, and ¢ a
positive integer. We define

Ay = {F = Q(v/n) | exactly t primes ramify in £ = Q(v/—n)/Q},
At;a: = {F = @(ﬁ) € A ‘ n < JZ},
At,r;x = {F = Q(\/ﬁ) € At;a} | T4(K2OF) = T}7

|[Atrial

Jt r = lim

, . dooy = lim d,.
xr—00 |At;:p| t—o00

Similarly, for imaginary quadratic fields, we define
By = {E = Q(v/—n) | exactly t primes ramify in F = Q(v/n)/Q},
By, = {E =Q(vV—n) € B; | n <z},
Bira = {E = Q(V—n) € By | 1a(K20p) = r},

By, _
/ . t,r;x / .
d;, = lim B, |, oo » = lim dy .

’ T—00 |Bt;x| ’ t—oo

The main result of [17] is the following theorem.

THEOREM 1.4 ([17, Theorems 3.1 and 3.2]). Let r be an integer. Then

doo,O = 07

Ao . = 27rtrh [T, (1~ 27%) forr>1
T =2 o1 - 27k)2 T

d. =9 [l (1~ 2_k) forr>0
T [T (1 —27F)2 -

By comparing Theorem 1.3 with Theorem 1.4, one can see that

& =y, d-=dl,.

This is not accidental. It is just what happened in [4]. If you compare Theo-
rem 3 of [4] with the formulae (1.5) and (1.6) of [5], you can see the analogous
accordance. I would like to mention that Theorems 3.1 and 3.2 of [17] gave
a strong support for Theorem 1.3 above.

Sometimes it is more interesting to consider dy, and d/, than d, and d; .
The reason is that some arithmetic invariants which appear in computing
di ., and cft’m will disappear if one considers the natural densities d;" and d; .
If one considers more general number fields, e.g., the cubic cyclic number
fields, the Brauer—-Manin obstruction will be involved in the computation.
We will consider this problem in another paper.

In the last section, some numerical evidence is discussed.
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2. The 4-rank of tame kernels of real quadratic number fields.
Let Ay, Atw, Atras diy, do, be as in Section 1. We denote the narrow
class group of F' by C(F'). Let n > 2 be a square free integer, and

Ay ={F € A | ry(C(E)) =71}, Appo={F €A, |n<uz},

Jr(j) — lim Z;ﬁl ‘Aig’-&-j;fc N At,r;:c‘7
00 2= |Atal
Note that for any x, there are only finitely many terms in > ;7 |Asqzl-
Let N(m,k,r) be the number of m x m matrices M = (a;;), over Fp
with the following properties:
(i) aij # aj; for 1 <i<j <k,
(ii) ajj =aj whenk+1<i<mand1l<j<m,
(iii) rank M = 7.

Let

7 =10, or —1.

’At T"CE‘
t,rix — —, dt,r = lim dt,r;xa doo,r = lim dtﬂ"‘
|At;:1:| T—00 t—o00

Then by Proposition 2.1 of [5],
t\ . 1—
dt,r: Z N(t-l,l—l,t—l—r)<l>21 (152‘|'t)/27

1<i<t
lodd

2" [Tz, (1 —27%)
[Thei (1 —27F)2
Let F = Q(v/D) and

S+(x,k:,a, b) := Z 2krk4(C(F)),

0<D<z
D=amodb

S (z,k,a,b) := Z ok rka(C(F)),

0<—D<x
—D=amodb

doo,r =

LEMMA 2.1. Let D be a fundamental discriminant, r a nonnegative in-
teger, n a square free integer, and F = Q(\/T)) Let
1 ifry(C(F)) =,
h0)={ .
0 otherwise,
and o(D) be as in Definition 1.2. Then

(1) hm M — hm ZO<O’(D)<1‘ f’l”(-D)
T—00 ZO<D<x 1 T—00 ZO<U(D)<:1: 1
r D —0 xJT -D
(2) lim 220<—D<z fr(D) ~ lim > o< (D)< fr( )

7220 > 0c_peg r—oo 20<7¢7(D)<m1
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Proof. (1) Let

Sl;:r = Z 17 Tl,r;z = Z fT(D)a

0<D<x 0<D<z
D=1mod4 D=1mod 4

52;1’ = E 1) TQ,T;JJ = E fT(D)7
0<D<4x 0<D<4x
D=0mod 8 D=0mod 8

S3;:v = § 17 T3,r;x = § fr(D)
0<D<4x 0<D<4zx
D=4mod 8 D=4mod 8

For a fixed x, let R, be an integer large enough, and
Qpyy = Tl,r;gm br;x = TZ,r;x’ Crix = T3,T‘;CE7 0<r<R,.

Then we have the following system of linear equations:

Ry
(2.1) > 27 as, = St (x,4,1,4),
j=0
Rz ..
(2.2) D 270b;, = §T(42,4,0,8),
§=0
(2.3) > 27, = ST (42,i,4,8),
j=0
where i = 0,1,..., R;. If we consider all a;,, as indeterminates, then the

matrices of coeflicients are Vandermonde matrices.
By equations (5), (7), and (9) of [4],

St (x,i,1,4) ~ ST (42,7,0,8) ~ ST (4x,4,4,8) as x — oo.
Hence by solving (2.1), (2.2) and (2.3), we have
Qpy ~ by ~ €y a8 T — 00,

for any fixed r. By [4, (16)],

2
Stw ~ S0 ~ S30 ~ —5 T as T — 00,
s

So if z is large enough, we have
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Hence
: ZO<U(D)<I /(D) . ariz + brg + Crig
lim = lim
r=o0 ZO<0’(D)<Z‘ 1 T—00 Sl;z + SQ;m + 53;;1;

. Qr;g . br;:v/4 . Crix/4
= lim = lim = lim ———
T—00 Sl;ac T—00 SQ;;E/4 T—00 S3;x/4

. Qp;z + br;x/4 + Crix/4
= lim
T—oo Sl;x + 52;:1:/4 + 53;33/4
— lim ZO<D<I fT(D) )
v=00 Y 0cpen L

(2) can be proved by analogous arguments. =
Let D, r, g.(D), d, d,; be as in the introduction.
THEOREM 2.2. With the above notations,
(1) d.(1)=0 for r >0,

—r2 o] _o—k
@ @0 =27 bt s,

~ 2 o (1—27F
(3) d.(—1)=2"""" H;kzl((l — Q—k))2 for r > 1.

Proof. (1) Let

|At riz () At r—l':v|
At pix = — ’ —, At r = lim At rixy oo,y = lim Q.
Al L i

By Theorem 3.1 of [16], F' € Aty N Ar 1, only if 2 is the norm of some
element in F, i.e., all primes which are ramified in F' are congruent to 1
or —1 modulo 8. Since all primes are equally distributed among all residue
classes modulo 8, we have

Qi r S 27t.

By Theorem 3.2 of [16], there are other necessary conditions for
F e At,r;;t N At,r—l;za
besides 2 € Normp q(F™). Hence ay, is strictly less than 271,
Let N, be the number of square free integers up to x with exactly ¢
prime factors. By [5, (2.4)],
1 z(loglogz)t™
(t—1)! log x
So for a fixed T, if x is large enough, then
Yo A T
<
| A7z loglog z

1
Ny ~

(as © — o0).
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can be as small as we wish. Hence

3(1) = Tim 2=t=L Avri1ia 0 Aol _pp - D020 Otrttie [ A il
T—00 Zt:l ‘At;x’ L0 Zt:l ’At;x|

. Z;f)iT At r4-1:x |At,r+1;x|

=00 Yoy [ Ava

27Ty A1

for any fixed T’

< lim <2 T
T r—o0 ZfiT |At;x| -
which implies d,.(1) = 0.
(2) Let
Ap iz N Ay e . :
Bt,r;x = M7 615,7” = lim /Bt,r;:ca Boo,r = lim /Bt,r‘
‘At,r;x| T—00 t—o00

By similar arguments to the proof of (1), we have

JT((]) — lim Z?il |At,7";x N th,r;w| Z;:)il ﬁt,T;I‘Atmz|

= lim

T—0o0 Z?il ‘Atﬂ?’ T—00 Ztoil ‘At;a:’
. 21?31 ’At r'x‘
= hm =
BOOJ’ Tr—00 Z?il |At;1’|
By [17, (3.19)),
2t—1—7" -1 B
ﬂt,rzl_m, ,Boo7r=1—2T.

By Theorem 3 of [4] and Lemma 2.1,

T Al 2 I (- 27
0 S [Aral Ty (1 - 270

Hence

- 2 [I°, (1 —27F
dr(O) — (1 o 271") er:l( — )
[Tz (1 —275)
(3) Let r be a positive integer, and

’At,r—l;m N At,r;x’ li li
Ytr—1lx = ) Ve = NI Yy Yoo, = 1M Yt .
’At,r—l;x’ T—00 t—00

By similar arguments, we have

= ® NAf 1.0 N Ap e
(o) = tim St 0 Al
e >oiet Atz
— lim Ztoil 7t,(;—l;x|At,r—1;x|
r=o0 Zt:l |At;:p|
: 27?31 ‘At 7’—1~;t‘
= _11 st=1 s LT
T T A
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By [17, (3.19)], )
VYoo,r—1 = 27"+

By Theorem 3 of [4] and Lemma 2.1,

p Zio Arraal 270 IR, (1 - 278
z—o0 3 70 |Apal T (1 —27k)2

Hence - N
7 —r2 H = (1 — 27 )

dp(—1) =277+ k= -
p=1(1—27%)

THEOREM 2.3. Let r be an integer. Then the density of real quadratic
number fields F with r4(K2Op) = r in the set of all real quadratic number
fields is

dr = 2 T(r_l) Hfjﬂ(l — 2_k) for r>1.
(1—27) [ (1 — 2752
Proof. By Theorems 3.1 and 4.1 of [16], we know that
q = {dr(())—i—dr(l) for r =0,
" dr(—=1) +d.(0) + d,(1) forr > 1.
Hence we get the result by Theorem 2.2. =

3. The 4-rank of tame kernels of imaginary quadratic number
fields. Let By, Bty, Bira, dt’w d’ . be as in the introduction, and n > 2
be a square free integer. Let F = Q(y/n) and E = Q(v/—n), and

By ={E € By |r4(C(F)) =71}, Bira={E€ By, |n<ua}

7 Z?il |Btﬂ“+j;:r N Btﬂ’;w

d'(j) = lim , j=1,0-1,
T( ) X0 Z?il ‘Bt;w‘
By .
L S T R AR
)y |Bt,x’ 3 T—00 )y 3 t—00 )
THEOREM 3.1. With the above notations,
(1) d/(1)=0 for r >0,

27r27r HZO:1(1 _ 2714:)
[T (1 =279 [ (1 - 27F)
> (1—-27F
(3) d.(-1)= 27" — Hk:lk( . ) - for r > 1.
=1 (1= 279) [Tmy (1 = 275)
Proof. (1) By Theorem 4.1 of [16], 2 € Normpgp(E*) is a necessary
condition for

(2) dj(0)=(1-27""")

r

for r >0,

7"4(K2<OE)) +1= 7“4(C(F))
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Since 2 is a norm of some element in £ = Q(y/—n) if and only if all the
prime factors of n are congruent to 1 or —1 modulo 8, the density of theses
fields will be 0 as t — co. Hence (1) holds.
(2) Let
ﬁ/ . ’Bt,r;x N Bt,r;z‘
t,rz ’Bt,T;LB‘

All the imaginary quadratic number fields Q(v/—n) € B; can be divided
into three types:

9 ﬁ;,r = xlirgo /Bt,'l’;iﬂa ﬁoo r hm /Bt T

(31) n=pi--p with an even number of p; = 3 mod 4, or
(32) n=p1--p1 with an odd number of p; = 3 mod 4, or
(33) n=2pi- p1.
Let
BY) = {E = Q(v=n) | n satisfies (3.0)}, i=1,2,3.

Then

IB)| ~ | Biy| as = — oo,

1B = o(|Byl)  as @ — oo, fori=2,3.

Hence we confine our attention to those n which satisfy (3.1).
If n satisfies (3.1), then n = 1 mod 4. Furthermore, if n = 5 mod 8, then

r4(K20g) = ra(C(F))
by Theorem 4.1 of [16]. Next we will consider the case n = 1 mod 8. Let

Slgrx {E € Biy;e N Byyip | n=1mod 8 and 2 ¢ Normp q(E¥)},
Tth {E € Biyyz | n=1mod 8 and 2 ¢ Normp,g(E™)}.

Then by [17, (3.25)], we have
s® |

tr;c

lim lim =1-2"".

t—o0 x—00 ‘Tt(

T
Since n = 1 mod 8 and n = 5 mod 8 are equally likely in B;, we have
1 1 _ —
frop =5 +50-27)=1-27"1
Hence by similar arguments to the proof of (1), we have

d’ = li Z?il |Bt7r?x N BW§I| T Zz?il Bz{/,r;z’Bt,r;ﬂ
»(0) = lim = = lim =
ree > i1 Btz z—00
:ﬂ lim Z?OHBN’H

OO 2 Vo0 Zt 1|th’
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By Theorem 3 of [4] and Lemma 2.1,

i iy Bural _ 27T (1 27)
S S Bl TG -2 MG -2 8
z—00 ) 4~ |Bia [T (1= 27" T (1 —2-k)

Hence ) i
J/(O) — (1 _ 277"71) 277’ - Hk‘:l(l - 27 ) )
[Ty (1 =279 TR (1 —27F)

(3) Let r be a positive integer, and

/ _ ’Btﬂ“*l%’f N Bt,r;m|
’Yt,r—l;z - B )
| t,rfl;:r|
/ . / / . /
’Yt,r = lim ’Yt,r;xv 700,7” = lim V,r-
T—00 t—oo 7

By similar arguments, we have

Z?il ‘Bt,r—l;x N Bt,r;x| o Zz?il /Yz{,,rfl;x’Btﬂ"—hﬂ

'r( ) J;l—>nolo Z?il ’Bt;x| xl,ngo Z;)il |Bt;m|
9]
By ,_1.
= /yc/>o,r71 lim M

=00 Z;ﬁl | Btia
In the proof of (2), we have shown that if n = 1 mod 8 and 2 ¢ Normp o (E"),
then
r4(K20p) = r4(C(F)) + 1
with probability 27"+ as t — oco. Since n = 1 mod 8 and n = 5 mod 8 are
equally likely in B, we have

Voo = 27"
By Theorem 3 of [4] and Lemma 2.1,
Z?il |Bt,r—1;x‘ . 277“(7471) Hzozl(l — 27’6)

lim = .
T—o0 Z?il | Bt

(1 =279 [Ty (1 —27F)

/(_1) _ 271”2 Hzil(]‘ — 27}6) -
T - —1 _ Ly
k=1 (1 =279 [T (1 —275)
THEOREM 3.2. Let r be a nonnegative integer. Then the density of imag-
inary quadratic number fields E such that r4(K2Op) =1 is

d- = 277“2 Hiil(l B 2_k)

Hence

g (12757
Proof. By Theorems 3.1 and 4.1 of [16],
I = {d;(O)—i—d?f(l) for r =0,
" d/(=1)+d/(0) +d/(1) forr>1.

Hence we get the result by Theorem 3.1. m
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4. Densities in different residue classes of o(D) modulo 4. In
order to prove that Definition 1.1 is in accordance with Definition 1.2, we
need to study the densities of real (resp. imaginary) quadratic number fields
with 74(K2OF) = r in the set of all real (resp. imaginary) quadratic number
fields whose discriminants are in a fixed residue class modulo 8, i.e., we will
study

>, 9r(D) > 9(D)

0<o(D)<z 0<—0o(D)<z
d — lim D=1mod 4 " .— lim D=1mod 4
nl e T—00 Z 1 ’ - r—00 Z 1 ’
0<o(D)<z 0<—0o(D)<z
D=1mod4 D=1mod4
gr(D) > (D)
0<o(D)<=z 0<—o(D)<z
d 1 o(D)=2mod 4 o o(D)=2mod 4
2 T 0o E 1 ) T2 T JJLIEO z 1
0<o(D)<=z 0<—o(D)<z
D=2mod 4 o(D)=2mod 4
> 9-(D) > 9(D)
0<o(D)<=z 0<—0o(D)<z
dow— i o(D)=3mod 4 T o(D)=3mod 4
e SR R R Sy s
0<o(D)<=z 0<—o(D)<z
o(D)=3mod 4 o(D)=3mod 4

In the proof of Theorem 2.2 in Section 2, we have used [17, (3.19)] to get
Boor and 7Yoo r. However, equation (3.19) is proved in [17] only for o(D) =
3 mod 4. We will show that the other cases can be omitted in the proof of
Theorem 2.2. Note that for any field F = Q(y/n) € Ay, the corresponding
imaginary quadratic field E = Q(v/—n) has exactly ¢ ramified primes. Hence
either

(41) n=p---p with an odd number of p; = 3 mod 4, or

(4.2) n=mpi---p—1 with an even number of p; = 3 mod 4, or

(43)  n=2pi-pe1.

Let N;., denote the number of n < x satisfying (4.9) (¢ = 1,2,3). Then
No.p = 0(|Atz|) and N3, = 0(] At z]) by [5, (2.4), (2.5)]. Hence in order to
get B¢, and 7¢,, we need to consider only those n satisfying (4.1).

Similar things happen in the proof of Theorem 3.1. However, in that
proof, we confine our attention to the cases n = 1 mod 4. So in Sections 2
and 3, we have proved that
(4.4) d, =d,3,

(4.5) dy =d, ;.
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THEOREM 4.1. With the above notations,

(1) dr - dr,l = dr,2 = dT,Sa

(2) d. = d;",l = d;ﬂ,z = d;,s'

Proof. (1) By the well known counting formulae for fundamental dis-
criminants (cf. [4, (16)]),

Z 1~ Z 1~ Z 1~%x as r — 0.

0<o(D)<z 0<o(D)<=z 0<o(D)<z
D=1mod4 o(D)=2mod 4 o(D)=3mod 4

So d, = (dy1+d,2+d,3)/3. Hence by (4.4), it is sufficient to prove d, = d; .
Let n be a square free integer, F' = Q(y/n), E = Q(v/—n), and
={F | n=2 mod 4, and exactly ¢ primes ramify in £ =Q(v/—n)/Q},
AR} ={F € AP | ry(C(E)) =1},
A =(F e A} )|n<x}
AP ={F € AD) | ra(C(F)) =1},
AP ={F € AZ) | ra(Kx0p) =1}
By the deﬁmtlon of d; 2, we know that

oo | 72
(w6) ha tim Tl

oo 32 1A
By similar arguments to the proof of Theorem 2.2, the fields with —1,2

or —2 in Normp g (F*) can be omitted when z and ¢ are both large enough.

Assume n = py - - - ps_1ps, where pq, ..., p;_1 are different odd primes and
pt = 2. Let My, be the (t—1) x t matrix obtained from the Rédei matrix Mg
by deleting the tth row (cf. [16] and [17] for details), Y = (y1,...,%)” and

= (b1,...,bi—1)T, where b; € {0 1} with (p%) = (-1, j=1,...,t—1
Recall that rank(Mp) = rank(M},) and

r4(C(E)) =t — 1 — rank(MJ).
By Theorem 3.2 in [16],
r4(K20F) = r4(C(E)) + 1

if and only if the system of equations MY = B is solvable. Since all primes
are equally distributed in the residue classes of +1, 3 modulo 8, the proba-
bility of r4(K20F) = r4(C(E))+11is 27" in the set AET), as t — oco. By (4.6)
and Theorem 2.2, we have

S 1A N Al
dog—hm oo7y ) 2 =
e Zt:l |At;x’
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If » > 0, we have
+(2 2 +(2 2 (2 2
S (1A, N AR, + 140, n AR |+ 140, n AR, L)

t,r;x t,r;x T tr—1x

dro = Jm ~ 4@
thl |At;x |

Since F € A(Z) N A(Q)

t,r;x t,r—1;x

oo | 72 2
lim Zt:l ’Alg,r),x N AE,T‘)+1;$’ _
T—00 o0 2
Zt:l ‘A§,53|

only if 2 € Normp/q(F™), we have

Hence
0 7(2 2 =(2 2
d Y = lim Zt:l(’A;r);x N AE,T’),I‘ + ’AIE,T),QC N Agﬂ")—l;x‘)
T g 0 2
S AR
oA 2147
_ (1 _277) lim Zt;1| t,(g,)x| +277«+1 lim Zt_;‘ t,r(—2)1,ac‘

e Zt:l |At;x| e Zt:l |At;:r:|

I (=27 |y 220 IR (- 278)
[[pi (1 —275%)2 Tl — ok
2V, (1-27h)

S -2 [LS0 -2

The proof of (2) is parallel to that of (1). m

=(1-27)

.

From Theorem 3.1, one can easily get the following corollary.

COROLLARY 4.2. The densities defined in Definition 1.1 are in accor-
dance with those in Definition 1.2.

5. The numerical evidence. In [10], Osburn and Murray, gave ta-
bles of the densities of real (resp. imaginary) quadratic number fields with
r4(K20F) = 0,1,2,3, in the set of real (resp. imaginary) quadratic number
fields Q(y/n) (resp. Q(v/—n)) satisfying n < 10°. In Table 7 of [10], the
density of real quadratic number fields with r4(K2Op) = 0 in the set of real
quadratic number fields Q(/n) satisfying n < 100 is 23.1284%. However, by
Theorem 2.2, this density should be 0 as n — co.

Why is the difference so large? The reason is that 10° is not large enough.
In our proof, we throw away some parts which do not affect the densities as
t — oo. However, if the number of prime factors of n is not large, these dis-
carded parts in fact contribute a lot to the densities. For example, we remove
all the fields satisfying 2 € Normg/q(F™). If there are exactly two ramified
primes in F', we have thus thrown away 25% cases, for 2 € NormF/@(F ) if
and only if every prime factor of n is congruent to 1 or —1 modulo 8. How-
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ever, the average number of prime factors of square free positive integers
less than 10° is only about 2.6.

If one checks Table 5 of [10], one can see that the density of real quadratic
number fields with 74(K2OF) = 0 in the set of real quadratic number fields
Q(y/n) satisfying n = pgr < 10° is only 6.827%, where p, q,r are different
odd primes. In Tables I, IT and IIT of [14], this density is very close to 0 if
one considers those n with exactly four odd prime factors.

Similar things happen for imaginary quadratic number fields. By The-
orem 3.2, this density should be about 28.88% as n — oo. However, in
Table of [1], there are much more imaginary quadratic number fields E with
r4(K20E) = 0 (about 84%) than with r4(K2Opg) > 0 in the set of imaginary
quadratic number fields whose discriminant is greater than —5000. However,
if n is extended to 108, the density of imaginary quadratic number fields E
with r4(K20g) = 0 is about 62% by Table 8 in [10].

Furthermore, if one looks at the Table in [15], one can see that the density
of imaginary quadratic number fields F with r4(K2Opg) = 0 is apparently
less than 50% in the set of imaginary quadratic number fields Q(y/—n) where
n has exactly four odd prime factors.
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