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Abstract. We study how to express the Epstein zeta functions of bi-
nary quadratic forms in terms of a finite number of quadratic Dirichlet
L-values. We prove a conjecture raised by Zucker and Robertson in 1984.

1. Introduction

Lattice sums are not only interesting mathematical subjects, but also
very useful in physics and chemistry. One can see [GZ80] for a historical
survey of lattices sums. Recall that for a positive definite binary quadratic
form F (x, y) = [A,B,C] := Ax2 + Bxy + Cy2, the Epstein zeta functions
is defined as

L(A,B,C, s) =
∑

(x,y)∈Z2\{(0,0)}

(Ax2 +Bxy + Cy2)−s,<(s) > 1.

Zucker and Robertson calculated many L(A,B,C, 1) by Dirichlet L-
functions values at 1 in [ZR75], and they further calculated the values of
many Epstein zeta functions corresponding to principal forms at general
points in [ZR76]. Glasser and Zucker defined in [GZ80] a lattice sum to be
solvable if it can be expressed in terms of a finite number of one-dimensional
sums, i.e., Dirichlet L-series,

L(s, χ) =
∞∑
n=1

χ(n)n−s,

where χ is a quadratic Dirichlet character modulo N . They discussed many
positive definite quadratic forms whose class group Cl(D) is 2-torsion when
they calculated some lattice sums, and gave 111 examples connecting Ep-
stein zeta functions and quadratic Dirichlet L-functions in [GZ80]. The
followings are from the Table VI of [GZ80]. Note that χD =

(
D
·

)
is the

Kronecker character.

(1) L(1, 0, 1, s) = 4ζ(s)L(χ−4),
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(2) L(1, 0, 3, s) = 2(1 + 21−2s)ζ(s)L(χ−3),

(3) L(1, 0, 5, s) = ζ(s)L(s, χ−20) + L(s, χ−4)L(s, χ+5),

(4) L(1, 0, 15, s) = (1− 21−s + 21−2s)ζ(s)L(s, χ−15)

+(1− 21−s + 21−2s)L(s, χ−3)L(s, χ+5),

(5) L(1, 0, 78, s) = 1
2
(ζ(s)L(s, χ−312) + L(s, χ−3)L(s, χ+104)

+L(s, χ13)L(s, χ−24) + L(s, χ+8)L(s, χ−39)),

(6) L(1, 1, 1, s) = ζ(s)L(s, χ−3),

(7) L(1, 1, 19, s) = (1 + 51−2s)ζ(s)L(s, χ−3) + L(s, χ+5)L(s, χ−15).

The discriminants of quadratic forms in (1), (3), (5) and (6) are funda-
mental, while none of the discriminants of quadratic forms in (2), (4) or (7)

are fundamental. Glasser and Zucker raised the following conjecture on the
character in the express form.

Conjecture 1.1. [GZ80] Let QD be the set of all prmitive binary qua-
dratic form [A,B,C] := Ax2 +Bxy + Cy2 of discriminant D. The Epstein
zeta functions of [A,B,C] ∈ QD can be expressed by quadratic Dirichlet
L-functions if and only if [A,B,C] lives in a class of quadratic forms with
one class per genus i.e. Cl(D) is 2-torsion.

The "if" part of conjecture 1.1 was first proposed in [G73]. Zucker and
Robertson in [ZR84] discovered a few strange counterexamples to the "only
if" part. In those counterexamples, there are two different classes [F ] =

[A,B,C] and [f ] = [A,−B,C] in the same genus, i.e., ord([f ]) = ord([F ]) =

4 and Cl(D) ∼= (Z/2Z)r ⊕ Z/4Z.
Although the original conjecture is not true, Guillera and Rogers suggests

in [GR14] that the original conjecture is ‘more or less’ correct.
In this paper, we prove the following theorem.

Theorem 1.2. For a positive definite binary quadratic form F = [A,B,C]

whose discriminant D := B2−4AC = f 2
DdK, the Epstein zeta functions can

be expressed by

L(A,B,C, s) =
∑
ψ

C(s, ψ)L(s, ψ,K)

for some quadratic Hecke characters ψ ∈ X0
K(fψ) if and only if F satisfies

one of the following conditions:
(1) one class per genus, i.e., the class group Cl(D) of F is 2-torsion,
(2) Cl(D) = (Z/2Z)n⊕Z/4Z, and [F ] is an element of order 4 in Cl(D),
where C(s, ψ) := aψ

∑
nf2ψ |f

2
D

cn(ψ)n−s, aψ, cn(ψ) ∈ R, fψ|fD is the conduc-

tor of ψ. Moreover, if D is a fundamental discriminant, then C(s, ψ) = aψ.
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Theorem 1.2 shows Glasser and Zucker’s conjecture is true if the con-
dition of the original conjecture is changed to (1) and (2) in Theorem 1.2.
Since the quadratic Hecke L-functions can always be expressed by quadratic
Dirichlet L-functions by Theorem 3.4, our theorem completely settle down
the problem when a lattice sum is solvable.

We will prove Theorem 1.2 by considering the CM-modular form space
MCM

1 (Γ0(N), χD) for some N , D.
In this paper, "quadratic character" means the characters satifies χ2 = 1.

In other words, the trivial character χ0 can be regarded as an "quadratic
character".

Notation: In this paper, D is a negative integer, K is an imaginary qua-
dratic field Q(

√
D), OK is the ring of integers of K, dK is the discriminant

of K, q = e2πiτ , τ ∈ H, and χD :=
(
D
·

)
is the Kronecker character, Ĉl(D)

is the character group of Cl(D).

2. Preliminaries

2.1. Hecke L-functions. An order O in K is a subring O ⊂ K which is
a finitely generated Z-module of rank [K : Q], m := [OK : O] is called the
condutor of O, and D = m2dK is by definition the discriminant of O. Let m
be an ideal of an imaginary quadratic field K and ` a non-negative integer.
Let I(O,m) be the group of fractional O-ideals prime to m and P (O,m)

the subgroup of I(O,m) generated by principal ideals. We define

PK,Z(m) := {αOK |α ∈ OK , and α ≡ a mod mOK , a ∈ Z, (a,m) = 1},

PK,1(m) := {αOK |α ∈ K×, α ≡ 1 mod m}.

Recall that

Cl(O) ∼= I(O, (m))/P (O, (m)) ∼= I(OK , (m))/PK,Z((m)).

We have definitions of Hecke character and q-series associated to Hecke
character according to [F]:

Definition 2.1. A Hecke character ψ of K modulo m with ∞-type ` is a
homomorphism

ψ : I(OK ,m)→ C×

such that for all α ∈ PK,1(m), we have

ψ(αOK) = α`.

The ideal m is called the condutor of ψ if it is minimal in the sense that if
ψ is defined modulo m′, then m|m′.
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Definition 2.2. For any Hecke character ψ ∈ X`
K(m), we define

fψ(τ) :=
∑

(a,m)=1

ψ(a)qN (a).

and Hecke L-function

L(s, ψ,K) :=
∑

(a,m)=1

ψ(a)N (a)−s.

Theorem 2.3. (Hecke, Shimura) Let ψ ∈ X0
K(m), fψ a Hecke eigenform

of weight 1, level N = N (m)|dK |. Then fψ ∈ M1(Γ0(N), χdK ), and fψ is a
newform if and only if m is the conductor of ψ.

2.2. Binary theta series. Let Q(D) (QD) be the set of all (primitive)
binary quadratic form [A,B,C] := Ax2 + Bxy + Cy2 of discriminant D =

B2− 4AC, where primitive meansgcd(A,B,C) = 1. And we have a natural

action g =

(
a b
c d

)
∈ GL2(Z) by gF (x, y) = F (ax+by, cx+dy) for F ∈ QD.

We can identify an order with a positive definite quadratic form by the
following map according to [C]:

I : [a, b, c] 7→ spanZ

(
a,
b−
√
D

2

)
induces an isomorphism Cl(D) ∼= Cl(O) for some order O whose discrimi-
nant is D.

Let f(τ) be a modular form of weight k with respect to some congruence

subgroup Γ. We have a fourier expansion f(τ) =
∞∑
n=0

anq
n at cusp i∞.

Recall that the L-function associated to f be L(s, f) :=
∞∑
n=1

ann
−s via the

Mellin transform. Two modular forms are same if and only if their related
L-functions is same.

Denote r(n, F ) = #{(x, y) ∈ Z2|F (x, y) = n} for a positive definite
binary quadratic form

F (x, y) = [a, b, c] := ax2 + bxy + cy2, a, b, c ∈ Z, a > 0.

The theta series θF (τ) =
∑

(x,y)∈Z2

qF (x,y) =
∞∑
n=0

r(n, F )qn is in the space

M1(Γ0(|D|), χD) by the work of Hecke [H26], Weber [W93] and Schoeneberg
[S39], where D = b2 − 4ac.

Now we consider a fixed discriminant D = f 2
DdK < 0, where K =

Q(
√
D), dK = disc(K), and fD positive integer. Let ΘD = 〈θF |F ∈ QD〉

and Θ(D) = 〈θF |F ∈ Q(D)〉 be the C-spaces generated by the θ-series. It’s
easy to see ΘD ⊂M1(Γ0(|D|), χD).
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By Dirichlet and Weber result in [W82], one can show that the set
{θF |F ∈ QD/GL2(Z)} is a basis of ΘD. In particular,

dimΘD = hD := #QD/GL2(Z).

By Gauss’s composition of binary forms, Cl(D) = QD/SL2(Z). Let Ĉl(D) be
the character group of Cl(D). Let hD = #QD/SL2(Z), gD = #Cl(D)/Cl(D)2.
Then we have

hD =
hD + gD

2
.

For a character χ ∈ Ĉl(D), put

θχ(τ) =
1

wD

∑
F∈Cl(D)

χ(F )θF (τ) =
∞∑
n=0

an(χ)qn ∈ ΘD,

where wD = 2 for D < 4 and w−3 = 6, w−4 = 4.
Let Hecke algebra T(D) be the algebra generated by the Hecke operators

Tp with (p,D) = 1.

Definition 2.4. Let f ∈Mk(Γ0(N), ψ) be a T(N)-eigenfunction with eigen-
character λf : T(D) → C. We say that f has CM (complex multiplication)
by a Dirichlet character θ of conductor M if

λf (Tp) = 0 for all p - NM with θ(p) 6= 1.

Let MCM
k (Γ0(N), ψ; θ) be the space generated by all T(N)-eigenfunctions

f ∈Mk(Γ0(N), ψ) which have CM by θ.

Theorem 2.5 ([E12], Theorem 1, [E14], Theorem 1). Let θχ defined as
above, then

(1) {θχ}χ∈Ĉl(D)
generates ΘD and forms a basis of ΘD by θχ = θχ, θχ

is a Hecke eigenfunction. And θχ is a cusp form if and only if χ is not a
quadratic character.

(2) All of θχ(mτ) generated the Θ(D) for θχ ∈ ΘDχ is a newform and
m2Dχ|D. Moreover, Θ(D) = MCM

1 (Γ0(N), χD) := MCM
1 (Γ0(N), χD;χD)

and dimΘ(D) =
∑
f |dD

2ω(f)hD/f2 , where ω(f) denotes the number of distinct

prime divisors of f .

This theorem implies the following interesting result.

Theorem 2.6 ([E12], Theorem 2). We have ΘD = ΘE
D ⊕ΘS

D, where ΘE
D =

ΘD ∩ E1(Γ0(|D|), χD) denote the Eisenstein spaces part and ΘS
D = ΘD ∩

S1(Γ0(|D|), χD) denotes the cusp space part of ΘD. Moreover, {θχ|χ ∈
Ĉl(D)[2]} is a basis of ΘE

D, and that {θχ|χ2 6= 1} is a basis of ΘS
D.
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If D is a fundamental discriminant, i.e. if D = dK , then each θχ is
a newform. However, in the general case this is no longer true for every
χ ∈ Ĉl(D), actually we have:

Theorem 2.7 ([E12], Theorem 3). Let χ ∈ Cl(D), where D = f 2
DdK.

(1) There is a unique divisor fχ|fD and a unique primitive character
χpr ∈ Cl(Dχ), where Dχ = f 2

χdK, such that χ = χpr ◦ πD,Dχ.
(2) The form θχpr ∈ ΘDχ is a newform of level |Dχ|. Moreover, there

exist constants cn(χ) ∈ R such that

θχ(τ) =
∑
n|f2χ

cn(χ)θχpr(nτ),

where f 2
χ = fD/fχ.

If a newform f has real coefficients and its weight k is odd, then f

has CM by [S09]. Moreover fψ has CM for any quadratic Hecke characters
ψ ∈ X0

K(m) and fψ ∈ ΘD, D = N (m)dK .

3. Main Results

In this section, we will prove the main theorem of this paper.

Theorem 3.1. For a positive definite quadratic form F = [A,B,C] whose
discriminant is D = B2 − 4AC = f 2

DdK, the Epstein zeta function can be
expressed by linear combination of L(s, θχ) for some quadratic characters χ
if and only if F satisfies one of the following conditions:

(1) one class per genus, i.e. the class group Cl(D) of F is 2-torsion.
(2) Cl(D) = (Z/2Z)n⊕Z/4Z, and F is an element of order 4 in Cl(D).

By (1) of Theorem 2.5, θD is generated by θχi(τ) := 1
wD

∑
F∈Cl(D)

χi(F )θF (τ),

where χi ∈ Ĉl(D), i = 1, 2, ..., hD. In other words, we can express each θF
for F ∈ Cl(D) by θχ. Actually, θF (τ) = wD

hD

∑
χ∈Ĉl(D)

χ(F )θχ(τ) since

∑
χ∈Ĉl(D)

χ(F ) =

{
hD, F is identity,

0, otherwise.
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Then
θFj =

wD
hD

∑
χ∈Ĉl(D)

χ(Fj)θχ

=
wD
hD

∑
χ2=1

χ(Fj)θχ +
∑
χ2 6=1

χ(Fj)θχ


=
wD
hD

∑
χ2=1

χ(Fj)θχ +
∑
χ2 6=1
(χ,χ)

(χ(Fj) + χ(Fj))θχ

 ,

(3.1)

where (χ, χ) means take pairs of characters in this summation. Then we
find a representation of θFj by basis in ΘD.

Proof. (of Theorem 3.1) If Cl(D) is 2-torsion, then all characters are qua-
dratic; and if Cl(D) = (Z/2Z)n ⊕ (Z/4Z) and ord(F ) = 4, then there is a
character χ0 such that χ0(F ) = ±i, and for each non-quadratic character χ,
χχ0 is quadratic by the fact Ĉl(D) ' Cl(D). Hence we have χ(F )+χ(F ) = 0

for each non-quadratic character χ. So θF = wD
hD

∑
χ2=1

χ(F )θχ by (?). Note

that two modular forms are equal if and only if the associated L-functions
of them are equal. The Epstein zeta function of F is the L-function of θF .
Hence the Epstein zeta function of F can be expressed by a combination of
L(s, θχ) for some quadratic characters if the condition (1) or (2) is satisfied.

Conversely, if the Epstein zeta function can be expressed by linear com-
bination of L(s, θχ) for some quadratic characters, then θF can be expressed
by sum of θ-series for some quadratic characters, i.e. θF =

∑
χ2=1

cχθχ. Hence

either Ĉl(D) is a 2-torsion group of characters; or χ(F ) + χ(F ) = 0 (i.e.,
χ(F ) = ±i) for all non-quadratic character χ by (3.1). If Ĉl(D) is a 2-torsion
group, then conditions (1) holds for Cl(D) is isomorphic to Ĉl(D).

If χ(Fi) = ±i for each non-quadratic characters χ, then we will prove
that condition (2) holds. We will prove it in two steps. At first, we will prove
that Cl(D) is a 2-group and there is no element of order 8 in Cl(D). Then
we will prove that there is only one Z/4Z summand in the decomposition
of Cl(D).

If hD = mpe for some odd prime p, (m, p) = 1, then exists a character
χp ∈ Ĉl(D) such that ord(χp) = p. But χp(Fi)p = (±i)p 6= 1, a contradic-
tion. So Cl(D) is a 2-group and hD = 2n for some integer n. If G ∈ Cl(D)

and ord(G) = 8, then exists a character χG ∈ Ĉl(D) and ord(χG) = 8 which
implies χ2

G is a non-quadratic character. Hence Cl(D) hasn’t any elements
of order 8.
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Now we will show Cl(D) = (Z/2Z)n ⊕ Z/4Z. If Cl(D) = (Z/2Z)n ⊕
(Z/4Z)m, where m > 1, then there are two characters χ1, χ2 ∈ Ĉl(D),
such that χ1, χ2, χ1χ2 are non-quadratic characters. But if χ1(F ) = ±i,
χ2(F ) = ±i, then χ1χ2(F ) = ±1 6= ±i, which is impossible. Since there is
a character χ such that χ(F ) = ±i and Cl(D) doesn’t have any element of
order 8, we have ord(F ) = 4. �

To prove Theorem 1.2, we need the following lemma.

Lemma 3.2. For a positive definite quadratic form F (x, y) = [A,B,C]

whose discriminant D := B2 − 4AC = f 2
DdK, the Epstein zeta function

L(A,B,C; s) =
∑
ψ

C(s, ψ)L(s, ψ,K)

for some quadratic Hecke character ψ ∈ X0
K(fD) if and only if L(A,B,C; s)

can be expressed by linear combination of L(s, θχ) for some quadratic char-
acters χ. Moreover, C(s, ψ) := aψ

∑
nN (fψ)|f2D

cn(ψ)n−s, and aψ, cn(ψ) ∈ R,

fψ is the conductor of ψ.

Proof. If L(A,B,C; s) =
∑
ψ

C(s, ψ)L(s, ψ,K) for some quadratic Hecke

characters ψ ∈ X0
K(fD), then θF =

∑
ψ

aψcn(ψ)fψ(nτ), where fψ = θχpr ,

χpr([F ]) = ψ(I([F ])O) by [S09]. By (2) of Theorem 2.5, we know that θF ∈
ΘD is an Eisenstein series. Hence we can express θF by {θχ|χ ∈ Ĉl(D)[2]}
in ΘE

D by Theorem 2.6. Then the Epstein zeta functions can be express by
linear combination of L(s, θχi), which every χi are quadratic characters.

If L(A,B,C; s) can be expressed by linear combination of L(s, θχ) for
some quadratic characters χ, then we have L(s, θχ) = C(s, χ)L(s, θχpr) =

C(s, χ)L(s, ψ,K) for some primitive quadratic character χpr and primitive
Hecke character ψ by Theorem 2.7.

�

Then we have the main result in this paper.

Theorem 3.3. For positive definite quadratic form F (x, y) = [A,B,C]

whose discriminant D := B2− 4AC = f 2
DdK, the Epstein zeta function can

be expressed by

L(A,B,C; s) =
∑
ψ

C(s, ψ)L(s, ψ,K)

for some quadratic Hecke characters ψ ∈ X0
K(fψ) if and only if F satisfies

one of the following conditions:
(1) one class per genus, i.e. the class group Cl(D) of F is 2-torsion,
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(2) Cl(D) = (Z/2Z)n ⊕ Z/4Z and [F ] is an element of order 4 in Cl(D),
where C(s, ψ) := aψ

∑
nf2ψ |f

2
D

cn(ψ)n−s, aψ, cn(ψ) ∈ R, fψ|fD is the conductor

of ψ. Moreover, if D = dK is a fundamental discriminant, then C(s, ψ) =

aψ.

We write the Epstein zeta function L(A,B,C; s) as summation of qua-
dratic Hecke L-functions in Theorem 3.3. However the Epstein zeta func-
tion L(A,B,C; s) in Conjecture 1.1 is expressed by quadratic Dirichlet L-
functions. The following theorem tells us that quadratic Hecke L-functions
can always be expressed by quadratic Dirichlet L-functions. Hence Conjec-
ture 1.1 is proved.

Recall that for fundamental discriminants d1, d2, the genus character
χ
(D)
d1,d2

(Q) on the set of all "not negative-definite" primitive binary quadratic
forms of discriminant ∆ = d1d2f

2
0 is defined as

χ
(D)
d1,d2

([a, b, c]) :=
∏

prime discriminant q∗|d1

χ(q∗)([a, b, c]),

χ(q∗)([a, b, c]) :=

{
χq∗(a), if (a, q∗) = 1,

χq∗(c), if ((c, q∗) = 1.
(3.2)

Since χq∗ is a Kronecker character which is quadratic and a genus character
is a product of Kronecker characters, one can see that a genus characters is
also quadratic. By Section 7.2 of [KM20], all of the quadratic characters of
Cl(D) are also genus characters.

Theorem 3.4 ([KM20],Theorem 1). Suppose that discriminant D = m2dK =

d1d2f
2
0 for two fundamental discriminants d1, d2 and f0 ∈ N. Let genus

character χ(D)
d1,d2

on Cl(D) be the associated quadratic character with φ ∈
X0
K((m)) ' Cl(O). Then we have the factorization

L(s, φ,K) = ε(s, χ
(D)
d1,d2

)L(s, χd1)L(s, χd2).

where ε(s, χ(D)
d1,d2

) =

∏
p|f0

p prime

(1− χd1(p)p−s)(1− χd2(p)p−s)− pmp−1−2mps(p1−s − χd1(p))(p1−s − χd2(p))
1− p1−2s

,

mp is a positive integer such that pmp is the highest power of p dividing f0
if f0 > 1, while the empty product is understood as being 1 if f0 = 1.

In next section, we will use the symbol χd1,d2 for χ(D)
d1,d2

if f0 = 1.
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4. Some Examples

In this section, we will present some examples. Moreover, we can cal-
culate each solvable lattice sum by quadratic Dirichlet L-function values.
The Epstein zeta functions of principal forms in these examples has been
included in the [GZ80]. Note that Example 4.2 is the counterexample to
the original conjecture proposed by Zucker and Robertson in [ZR84]. More
details to calculate C(s, χ) can be found in Chapter 5 of [E12].

Some information of Cl(D) come from [SR13].

Example 4.1. Let D = −84. Then Cl(−84) ∼= (Z/2Z)2 has four quadratic
form classes F1(x, y) = [1, 0, 21], F2(x, y) = [2, 2, 11], F3(x, y) = [3, 0, 7],
F4(x, y) = [5, 4, 5]. And χ+1,−84 = 1, χ−7,+12, χ−4,+21 and χ−3,+28 are all
quadratic characters in Ĉl(−39). By (3.1), we have

θF1 =
1

2
(θχ+1,−84 + χ−7,+12(F1)θχ−7,+12 + χ−4,+21(F1)θχ−4,+21 + χ−3,+28(F4)θχ−3,+28),

θF2 =
1

2
(θχ+1,−84 + χ−7,+12(F2)θχ−7,+12 + χ−4,+21(F2)θχ−4,+21 + χ−3,+28(F4)θχ−3,+28),

θF3 =
1

2
(θχ+1,−84 + χ−7,+12(F3)θχ−7,+12 + χ−4,+21(F3)θχ−4,+21 + χ−3,+28(F4)θχ−3,+28),

θF4 =
1

2
(θχ+1,−84 + χ−7,+12(F4)θχ−7,+12 + χ−4,+21(F4)θχ−4,+21 + χ−3,+28(F4)θχ−3,+28).

Note that 37 = F1(4, 1), 11 = F2(0, 1), 7 = F3(0, 1) and 17 = F4(2,−1).
By (3.2), we have

θF1 =
1

2
(θχ+1,−84 + χ−7(37)θχ−7,+12 + χ−4(37)θχ−4,+21 + χ−3(37)θχ−3,+28),

θF2 =
1

2
(θχ+1,−84 + χ−7(11)θχ−7,+12 + χ−4(11)θχ−4,+21 + χ−3(11)θχ−3,+28),

θF3 =
1

2
(θχ+1,−84 + χ+12(7)θχ−7,+12 + χ−4(7)θχ−4,+21 + χ−3(7)θχ−3,+28),

θF4 =
1

2
(θχ+1,−84 + χ−7(17)θχ−7,+12 + χ−4(17)θχ−4,+21 + χ−3(17)θχ−3,+28).

Then by Theorem 1.2 and Mellin transform, we have

L(1, 0, 21, s) =
1

2
(ζ(s)L(s, χ−84) + L(s, χ−7)L(s, χ+12)

+ L(s, χ−4)L(s, χ+21) + L(s, χ−3)L(s, χ+28)),

L(2, 2, 11, s) =
1

2
(ζ(s)L(s, χ−84) + L(s, χ−7)L(s, χ+12)

− L(s, χ−4)L(s, χ+21)− L(s, χ−3)L(s, χ+28)),

L(3, 0, 7, s) =
1

2
(ζ(s)L(s, χ−84)− L(s, χ−7)L(s, χ+12)

− L(s, χ−4)L(s, χ+21) + L(s, χ−3)L(s, χ+28)),

L(5, 4, 5, s) =
1

2
(ζ(s)L(s, χ−84)− L(s, χ−7)L(s, χ+12)

+ L(s, χ−4)L(s, χ+21)− L(s, χ−3)L(s, χ+28)).
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Example 4.2. This example is listed in [ZR84]. Note that D = −39 is
fundamental, Cl(−39) ∼= Z/4Z has four quadratic form classes F1(x, y) =

[1, 1, 10], F2(x, y) = [3, 3, 4], F3(x, y) = [2, 1, 5], F4(x, y) = [2,−1, 5], where
ord(F3) = ord(F4) = 4. And χ+1,−39 = 1, χ−3,+13 are all quadratic charac-
ters in Ĉl(−39). By (3.1), we have

θF3 =
1

4
(θχ+1,−39 + χ−3,+13(F3)θχ−3,+13),

θF4 =
1

4
(θχ+1,−39 + χ−3,+13(F4)θχ−3,+13).

Since 5 = F3(0, 1) = F4(0, 1) and χ13(5) = −1, we have

θF3 = θF4 =
1

4
(θχ1,−39 − θχ−3,13) =

1

2
(θχ+1θχ−39 − θχ−3θχ+13)

by (3.2). Then by Mellin transform, we have

L(2, 1, 5, s) = L(2,−1, 5, s) =
1

2
(ζ(s)L(s, χ−39)− L(s, χ−3)L(s, χ+13)).

Example 4.3. Let D = −28 = 22(−7) (not fundamental). Then Cl(−28) =

{F = [1, 0, 7]} is trivial. The theta series θF = 2θ
χ
(28)
+1,−7

. Now we consider
the CM modular forms space Θ−7. Note that −7 is fundamental, Cl(−7) =

{f = [1, 1, 2]} and θχ+1,−7 is a newform. Moreover, we have C(s, χ
(−28)
+1,−7) =

1− 21−s + 21−2s. Then by Mellin transform, we have

L(1, 0, 7, s) = 2(1− 21−s + 21−2s)ζ(s)L(s, χ−7).

Example 4.4. Let D = −60 = 22(−15) (not fundamental). Then Cl(−60) =

{F = [1, 0, 15], G = [3, 0, 5]} and Ĉl(−60) = {χ(60)
+1,−15, χ

(60)
−3,+5}. Then

θF = θ
χ
(60)
+1,−15

+ θ
χ
(60)
−3,+5

,

θG = θ
χ
(60)
+1,−15

− θ
χ
(60)
−3,+5

.

Let θχ+1,−15 , θχ−3,+5 be two newforms corresponding to χ+1,−15, χ−3,+5 ∈ Ĉl(−15)

in Θ−15. We have C(s, χ
(−60)
+1,−15) = 1−21−s+21−2s, C(s, χ

(−60)
−3,+5) = 1+21−s+

21−2s. Then by Mellin transform, we have

L(1, 0, 15, s) = (1− 21−s + 21−2s)ζ(s)L(s, χ−15)

+ (1 + 21−s + 21−2s)L(s, χ+3)L(s, χ−5),

L(3, 0, 5, s) = (1− 21−s + 21−2s)ζ(s)L(s, χ−15)

− (1 + 21−s + 21−2s)L(s, χ+3)L(s, χ−5).

Acknowledgements: The authors are deeply grateful to the referees
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