SOLVABLE LATTICE SUMS AND QUADRATIC
DIRICHLET L-VALUES

TAO WEI AND XUEJUN GUO

ABSTRACT. We study how to express the Epstein zeta functions of bi-
nary quadratic forms in terms of a finite number of quadratic Dirichlet
L-values. We prove a conjecture raised by Zucker and Robertson in 1984.

1. INTRODUCTION

Lattice sums are not only interesting mathematical subjects, but also
very useful in physics and chemistry. One can see |GZ80| for a historical
survey of lattices sums. Recall that for a positive definite binary quadratic
form F(z,y) = [A, B,C] := Az* + Bxy + Cy?, the Epstein zeta functions

is defined as

L(A,B,C,s)= Y (A2 + Bay+Cy®) ", R(s) > L.
(,y)€Z2\{(0,0)}

Zucker and Robertson calculated many L(A, B,C,1) by Dirichlet L-
functions values at 1 in [ZR75|, and they further calculated the values of
many Epstein zeta functions corresponding to principal forms at general
points in [ZR76]. Glasser and Zucker defined in [GZ80] a lattice sum to be
solvable if it can be expressed in terms of a finite number of one-dimensional

sums, i.e., Dirichlet L-series,

L(s,x) = ) x(m)n™",

where y is a quadratic Dirichlet character modulo N. They discussed many
positive definite quadratic forms whose class group Cl(D) is 2-torsion when
they calculated some lattice sums, and gave 111 examples connecting Ep-
stein zeta functions and quadratic Dirichlet L-functions in [GZ80]. The
followings are from the Table VI of [GZ80|. Note that xp = (£) is the
Kronecker character.

(1) L(1707 L, S) = 4C(S)L<X,4),
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(2) L(1,0,3,5) = 2(1 +2"72)¢(s) L(x~s3),
(3) L(1,0,5,s) = ((s)L(s, x-20) + L(s, x-4) L(5, X+5),
(4) L(1,0,15,s) = (1 = 2'7* 4+ 217%)((s) L(s, X-15)
+(1 =217+ 2172) L(s, x—3) L(s, X+5),
(5) L(1,0,78,5) = 5(C(s)L(s, x-312) + L(8, x-3)L(8, X+10)
+L(s, x13) L(s, X-24) + L(s, X+8)L(s, X-39)),
(6) L(1,1,1,5) = ¢(s)L(s, x-3),
(7) L(1,1,19,s) = (1 4+ 57%)C(s) L(s, X—3) + L(s, X45)L(s, X-15).
The discriminants of quadratic forms in (1), (3), (5) and (6) are funda-
mental, while none of the discriminants of quadratic forms in (2), (4) or (7)
are fundamental. Glasser and Zucker raised the following conjecture on the

character in the express form.

Conjecture 1.1. [GZ80]| Let Qp be the set of all prmitive binary qua-
dratic form [A, B,C] := Ax* + Bxy + Cy? of discriminant D. The Epstein
zeta functions of [A, B,C] € Qp can be expressed by quadratic Dirichlet
L-functions if and only if [A, B, C] lives in a class of quadratic forms with
one class per genus i.e. C1(D) is 2-torsion.

The "if" part of conjecture 1.1 was first proposed in [G73|. Zucker and
Robertson in [ZR84] discovered a few strange counterexamples to the "only
if" part. In those counterexamples, there are two different classes [F| =
[A, B,C] and [f] = [A, —B, C] in the same genus, i.e., ord([f]) = ord([F]) =
4 and Cl(D) = (Z/27)" & Z]AZ.

Although the original conjecture is not true, Guillera and Rogers suggests
in [GR14] that the original conjecture is ‘more or less’ correct.

In this paper, we prove the following theorem.

Theorem 1.2. For a positive definite binary quadratic form F = [A, B, C]
whose discriminant D := B*>—4AC = fid, the Epstein zeta functions can
be expressed by

L(A,B,C,s) ZC L(s,¢, K)

for some quadratic Hecke characters ¢ € XY.(fy) if and only if F satisfies
one of the following conditions:
(1) one class per genus, i.e., the class group Cl(D) of F' is 2-torsion,
(2) CU(D) = (Z/2Z)"®Z/AZ, and [F) is an element of order 4 in Cl(D),

where C(s,0) :=ay Y, c(V)n™%, ay, c,(¥) € R, fu|fp is the conduc-
nfilfp
tor of ¢. Moreover, if D is a fundamental discriminant, then C(s,v¢) = ay.
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Theorem 1.2 shows Glasser and Zucker’s conjecture is true if the con-
dition of the original conjecture is changed to (1) and (2) in Theorem 1.2.
Since the quadratic Hecke L-functions can always be expressed by quadratic
Dirichlet L-functions by Theorem 3.4, our theorem completely settle down
the problem when a lattice sum is solvable.

We will prove Theorem 1.2 by considering the CM-modular form space
MEM(T4(N), xp) for some N, D.

In this paper, "quadratic character" means the characters satifies y? = 1.
In other words, the trivial character x, can be regarded as an "quadratic
character".

Notation: In this paper, D is a negative integer, K is an imaginary qua-
dratic field Q(v/D), Ok is the ring of integers of K, d is the discrimga\m

of K, q=¢"7, 7 €H, and xp := (£) is the Kronecker character, C1(D)
is the character group of CI(D).

2. PRELIMINARIES

2.1. Hecke L-functions. An order O in K is a subring O C K which is
a finitely generated Z-module of rank [K : Q], m := [Ok : O] is called the
condutor of O, and D = m?dg is by definition the discriminant of O. Let m
be an ideal of an imaginary quadratic field K and ¢ a non-negative integer.
Let I(O,m) be the group of fractional O-ideals prime to m and P(O, m)
the subgroup of I(O, m) generated by principal ideals. We define

Py z(m) := {aOk|a € Ok, and a = a mod mOk, a € Z, (a,m) =1},
Pr1(m) := {aOk|a € K*, o =1 mod m}.
Recall that
Cl(O) = I(O, (m))/P(O, (m)) = I(Ok, (m))/ Prz((m)).

We have definitions of Hecke character and g¢-series associated to Hecke

character according to [F|:

Definition 2.1. A Hecke character 1 of K modulo m with oo-type £ is a

homomorphism
w : I(OK,m) — (CX
such that for all o € Py 1(m), we have
Y(aOk) = o'

The ideal m is called the condutor of 1 if it is minimal in the sense that if
W is defined modulo w', then m|m’.
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Definition 2.2. For any Hecke character ¢ € X4 (m), we define
fo(r) =) dla)gV.
(a,m)=1
and Hecke L-function
L(s, 0, K) == > ¥(a)N(a)™".
(a,m)=1
Theorem 2.3. (Hecke, Shimura) Let ¢ € X3.(m), f, a Hecke eigenform
of weight 1, level N = N (m)|dk|. Then fy € My(To(N), Xay), and fy is a
newform if and only if m is the conductor of .

2.2. Binary theta series. Let Q(D) (Qp) be the set of all (primitive)
binary quadratic form [A, B, C] := Az? + Bwxy + Cy? of discriminant D =
B? —4AC, where primitive meansgcd(A, B, C') = 1. And we have a natural

action g = (CCL Z) € GLy(Z) by gF(x,y) = F(ax+by, cx+dy) for F € Qp.

We can identify an order with a positive definite quadratic form by the
following map according to [C]:

7 : la,b,c] — spany (a, 5

b—\/ﬁ)

induces an isomorphism Cl(D) = Cl(O) for some order O whose discrimi-

nant is D.
Let f(7) be a modular form of weight k& with respect to some congruence
subgroup I'. We have a fourier expansion f(7) = > a,q™ at cusp iocc.
n=0

Recall that the L-function associated to f be L(s, f) := > a,n~® via the
n=1

Mellin transform. Two modular forms are same if and onl}7 if their related
L-functions is same.

Denote r(n, F) = #{(z,y) € Z*|F(z,y) = n} for a positive definite
binary quadratic form

F(z,y) = [a,b,c] := az® + bry + cy*, a,b,c€Z, a> 0.

The theta series 0p(7) = Y. ¢"@®¥% = S r(n,F)¢" is in the space
(z,y)€2? n=0

M, (To(|D]), xp) by the work of Hecke [H26|, Weber [W93| and Schoeneberg
[S39], where D = b* — 4ac.

Now we consider a fixed discriminant D = f3dx < 0, where K =
Q(VD), dix = disc(K), and fp positive integer. Let Op = (Ap|F € Qp)
and ©(D) = (0p|F € Q(D)) be the C-spaces generated by the #-series. It’s
easy to see Op C M;(T'o(|D]), xp)-
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By Dirichlet and Weber result in [W82|, one can show that the set
{0r|F € Qp/GlLy(Z)} is a basis of ©p. In particular,

dimOp = hp := #Qp/GLy(7Z).

By Gauss’s composition of binary forms, C1(D) = Qp/SL2(Z). Let C/I(B) be
the character group of C1(D). Let hp = #Qp/SLy(Z), gp = #C1(D)/CI(D)?.

[hen we have
. hp + gp
PETTy

For a character x € Cl(D), put

()= — 3 x(F)e(r) = 3 au()a” € 6,

w
D recy(p) n—0

where wp =2 for D <4 and w_3 =6,w_4 = 4.
Let Hecke algebra T (D) be the algebra generated by the Hecke operators
T, with (p, D) = 1.

Definition 2.4. Let f € M(I'y(N),v) be a T(N)-eigenfunction with eigen-
character A¢ : T(D) — C. We say that f has CM (complex multiplication)
by a Dirichlet character 6 of conductor M if

A (T,) =0 for all pt NM with 6(p) # 1.

Let MEM(To(N),1;0) be the space generated by all T(N)-eigenfunctions
f € Mp(To(N),v) which have CM by 0.

Theorem 2.5 ([E12|, Theorem 1, [E14], Theorem 1). Let 6, defined as
above, then

(1) {ex}xec/l(ﬁ) generates ©p and forms a basis of Op by 0, = b, 0,
is a Hecke eigenfunction. And 0, is a cusp form if and only if x is not a
quadratic character.

(2) All of 0,(m7) generated the ©(D) for 0, € Op,_ is a newform and
m2Dx|D. Moreover, ©(D) = MM(Ty(N),xp) = MEM(To(N), xp; Xp)

and AimO(D) = - 2°PWhp o, where w(f) denotes the number of distinct
fldp
prime divisors of f.

This theorem implies the following interesting result.

Theorem 2.6 (|E12|, Theorem 2). We have ©p = 0% @ 0%, where ©F =

©p N E1(To(|D]), xp) denote the Eisenstein spaces part and ©%, = Op N

Sl(Fo(]D\) Xp) denotes the cusp space part of Op. Moreover, {0,|x €
ClI(D )[ 1} is a basis of O, and that {0,|x> # 1} is a basis of O3,
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If D is a fundamental discriminant, i.e. if D = dg, then each 0, is
a newform. However, in the general case this is no longer true for every

—

X € CI(D), actually we have:

Theorem 2.7 (|E12|, Theorem 3). Let x € CI(D), where D = f3dy.

(1) There is a unique divisor f,|fp and a unique primitive character
Xpr € CI(Dy), where Dy, = fidK, such that X = Xpr © Tp D, -

(2) The form 0y, € Op, is a newform of level |Dy|. Moreover, there
exist constants ¢, (x) € R such that

Ou(7) = Y culX)by,, (n7),

where f_i = fo/fx-

If a newform f has real coefficients and its weight k is odd, then f
has CM by [S09]. Moreover f,, has CM for any quadratic Hecke characters
(NS X?((m) and fw €Op, D :N(m)dK

3. MAIN RESULTS

In this section, we will prove the main theorem of this paper.

Theorem 3.1. For a positive definite quadratic form F = [A, B, C] whose
discriminant is D = B%* — 4AC = fidy, the Epstein zeta function can be
expressed by linear combination of L(s,0,) for some quadratic characters x
if and only if F' satisfies one of the following conditions:

(1) one class per genus, i.e. the class group Cl(D) of F' is 2-torsion.

(2) CUD) = (Z)22)" ®Z/AZ, and F is an element of order 4 in Cl(D).

By (1) of Theorem 2.5, 0 is generated by 6, (1) := % > xi(F)0p(T),
FeCI(D)

—

where x; € CI(D), i = 1,2,..., hp. In other words, we can express each 0

for ' € CI(D) by 6. Actually, 0p(7) = 72 > X(F)0,(7) since

veC1(D)

{hD, F is identity,

0, otherwise.
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Then
w —_—
9Fj = h_;) Z X(Fj)ex
xeCI(D)

wWp Z

= X(E)Oy + > X(F)b,
hp e ] (3.1)
w

= h_i Z X(Fj)f + Z(X(Fj)“‘X(Fj))ex 5

X2:1 X2751

(%)
where (x,X) means take pairs of characters in this summation. Then we

find a representation of 0, by basis in Op.

Proof. (of Theorem 3.1) If CI(D) is 2-torsion, then all characters are qua-
dratic; and if CI(D) = (Z/2Z)" & (Z/AZ) and ord(F') = 4, then there is a
character xo such that xo(F') = +i, and for each non-quadratic character Y,

XXo is quadratic by the fact C1(D) ~ CI(D). Hence we have x(F)+x(F) =0

for each non-quadratic character x. So 0p = 32 > x(F)fy by (). Note
x?=1
that two modular forms are equal if and only if the associated L-functions

of them are equal. The Epstein zeta function of F' is the L-function of 6.
Hence the Epstein zeta function of F' can be expressed by a combination of
L(s,0,) for some quadratic characters if the condition (1) or (2) is satisfied.

Conversely, if the Epstein zeta function can be expressed by linear com-
bination of L(s, 6, ) for some quadratic characters, then 6z can be expressed
by sum of #-series for some quadratic characters, i.e. 0 = > ¢, 0,. Hence

x*=1

— —_—

either C1(D) is a 2-torsion group of characters; or x(F) + x(F) = 0 (i.e.,
X(F') = +£i) for all non-quadratic character x by (3.1). If C/I(\D) is a 2-torsion
group, then conditions (1) holds for Cl(D) is isomorphic to C/I(B)

If x(F;) = +i for each non-quadratic characters x, then we will prove
that condition (2) holds. We will prove it in two steps. At first, we will prove
that C1(D) is a 2-group and there is no element of order 8 in CI(D). Then
we will prove that there is only one Z/47Z summand in the decomposition
of CI(D).

If hp = mp® for some odd prime p, (m,p) = 1, then exists a character
Xp € C/I(B) such that ord(x,) = p. But x,(F;)? = (£i)? # 1, a contradic-
tion. So CI(D) is a 2-group and hp = 2" for some integer n. If G € Cl(D)
and ord(G) = 8, then exists a character xg € C/I(B) and ord(x¢s) = 8 which
implies x% is a non-quadratic character. Hence C1(D) hasn’t any elements

of order 8.
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Now we will show Cl(D) = (Z/2Z)" & Z/AZ. 1t CI(D) = (Z/2Z)" @
(Z/AZ)™, where m > 1, then there are two characters xi,x2 € C/I(\D),
such that xi, X2, X1x2 are non-quadratic characters. But if xi(F) = =i,
X2(F) = %4, then x1x2(F) = £1 # =+, which is impossible. Since there is
a character y such that y(F') = i and CI(D) doesn’t have any element of
order 8, we have ord(F') = 4. O

To prove Theorem 1.2, we need the following lemma.

Lemma 3.2. For a positive definite quadratic form F(x,y) = [A, B,C]
whose discriminant D := B* — 4AC = f3dy, the Epstein zeta function

L(A, B,C;s) ZCSQ/} K)

for some quadratic Hecke character ¢ € X%(fp) if and only if L(A, B,C; s)
can be expressed by linear combination of L(s,0,) for some quadratic char-

acters x. Moreover, C(s,¢) == ay Y. c,(¥)n~°, and ay, c,(¢¥) € R,
nN (fy)lf3
fu 1s the conductor of .

Proof. If L(A,B,C;s) = > C(s,¥)L(s,¢, K) for some quadratic Hecke
P

characters ¥ € X% (fp), then 0p = > ayc, (V) fp(nT), where fy, = 0y,

Xpr ([F]) = Y(Z([F])O) by [S09]. By (Q)wof Theorem 2.5, we know that 0y €
©p is an Eisenstein series. Hence we can express 0p by {6,|x € C/I(B)[Q]}
in ©F by Theorem 2.6. Then the Epstein zeta functions can be express by
linear combination of L(s, 6,,), which every x; are quadratic characters.

If L(A, B,C;s) can be expressed by linear combination of L(s, 6, ) for
some quadratic characters x, then we have L(s,0,) = C(s,x)L(s,0y,.) =
C(s,x)L(s, 9, K) for some primitive quadratic character x,, and primitive
Hecke character ) by Theorem 2.7.

O

Then we have the main result in this paper.

Theorem 3.3. For positive definite quadratic form F(z,y) = [A, B,C]
whose discriminant D := B? —4AC = f3dy, the Epstein zeta function can
be expressed by

L(A, B,C;s) ZC’sw K)

for some quadratic Hecke chamcters Y € X%(fy) if and only if F satisfies
one of the following conditions:

(1) one class per genus, i.e. the class group C1(D) of F' is 2-torsion,
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(2) CUD) = (Z)2Z)" ® Z/AZ and [F)] is an element of order 4 in Cl(D),
where C(s,v) :=ay Y, co (V)N ay, co(¥) € R, fy|fp is the conductor

nfilfp
of ¥. Moreover, if D = dk is a fundamental discriminant, then C(s,¢) =

a¢.

We write the Epstein zeta function L(A, B, C; s) as summation of qua-
dratic Hecke L-functions in Theorem 3.3. However the Epstein zeta func-
tion L(A, B,C;s) in Conjecture 1.1 is expressed by quadratic Dirichlet L-
functions. The following theorem tells us that quadratic Hecke L-functions
can always be expressed by quadratic Dirichlet L-functions. Hence Conjec-
ture 1.1 is proved.

Recall that for fundamental discriminants d;,ds, the genus character
Xé?,)dg (@) on the set of all "not negative-definite" primitive binary quadratic

forms of discriminant A = dydy f2 is defined as

X (Ja,byd]) = I1 X ([a, b, ),

prime discriminant ¢*|d1

X(q*)([a,b, d) = {Xq*(a)a %f (ajq? :_17 (3.2)
Xg=(c), if ((¢,q7) = 1.
Since x4+ is a Kronecker character which is quadratic and a genus character
is a product of Kronecker characters, one can see that a genus characters is
also quadratic. By Section 7.2 of [KM20], all of the quadratic characters of
Cl(D) are also genus characters.

Theorem 3.4 ([KM20],Theorem 1). Suppose that discriminant D = m*dyx =

didafE for two fundamental discriminants dy, dy and fo € N. Let genus

character Xé?,)dg on Cl(D) be the associated quadratic character with ¢ €

X% ((m)) ~ Cl(O). Then we have the factorization

L(s, 6, K) = e(s, x4 )L(5. Xa ) L (3, Xa)-

where €(s, Xgl?,zb) =

mp—1—2mps( 1

(1 = xa, (P)p~°) (1 — Xar (P)P™°) — p P = Xxa, (P)) (P — Xan (D))
H 1— p1—2s ’

plfo
p prime

my, 1S a positive integer such that p™» is the highest power of p dividing f
if fo > 1, while the empty product is understood as being 1 if fo = 1.

In next section, we will use the symbol x4, 4, for sz?,fiz if fo=1.
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4. Some Examples

In this section, we will present some examples. Moreover, we can cal-
culate each solvable lattice sum by quadratic Dirichlet L-function values.
The Epstein zeta functions of principal forms in these examples has been
included in the [GZ80]. Note that Example 4.2 is the counterexample to
the original conjecture proposed by Zucker and Robertson in [ZR84|. More
details to calculate C(s, x) can be found in Chapter 5 of [E12].

Some information of Cl(D) come from [SR13|.

Example 4.1. Let D = —84. Then Cl(—84) = (Z/27Z)? has four quadratic
form classes Fy(z,y) = [1,0,21], Fy(z,y) = [2,2,11], F3(z,y) = [3,0,7],
Fy(z,y) = [5,4,5]. And X+1,-81 = 1, X—74+12, X—4,421 and X_3 108 are all
quadratic characters in Cl1(—39). By (3.1), we have

Or, :%(0X+1,784 + X=7412(F1)0y 7 10+ X—a,121 (F1)0y_y o1 + X=3,428(F1)0x_5 106,
O, :%(GXH,M + X-7,412(F2)0x 7 1o + X—a,421 (F2) 0y 1o + X—3,428(F1)0y_5 1a0),
Or, :%(9“1,,84 F X7 412(F3)0y 7 10+ X021 (F3)0y 0y + X—3,428(Fu)0y_5 10s);
O, Z%(9x+1,784 F X7 412(Fa)0y 7 1o T X—a,421(Fa)Oy 4 oy + X-3428(Fu)0x 5 05)-

Note that 37 = Fy(4,1), 11 = F5(0,1), 7 = F3(0,1) and 17 = Fy(2,-1).
By (3.2), we have

O, = %(9x+1,—84 + X—7(37)9><77,+12 + X—4(37)0X74,+21 + X_3(37)9X73,+28)?
5 = 5O s+ XD+ XD X3 (1)),
O = 5 On 0 X121 1+ X 4Dy + X 5Ty ),

Op, = 1(9%,,84 + X7 (I)0y 7 1o + X—a (170 s or + X—3(17)0x_5 405)-

2
Then by Theorem 1.2 and Mellin transform, we have

L(1,0,21,5) =5(C(5) (s, x-s4) + Lls, x-)ls, x 112
+ L(s, x=4)L(s, x+21) + L(s,x-3) L(s, x+28)),
L(2,2,11, ) =3 (¢(s) 105, X-s4) + L5, Xx-1) L5, X412)
— L(s, x=4)L(s, x+21) = L(s,xX-3)L(s, X428)),
L(3,0,7,5) =5 (C(s) L5, X s8) ~ L{s, x-1)L(5, x412)
L5, X)Ll o) + L5 X-5) L5, X425)),
L(5.4,5,8) =3 (C(s)L(s, X-58) ~ L{s x-1)L(5. X412)
)~

+ L(s, x—4)L(s, x421) — L(s, x-3)L(s, x+28))-
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Example 4.2. This example is listed in |[ZR84]. Note that D = —39 is
fundamental, C1(—39) = Z/AZ has four quadratic form classes Fy(x,y) =
[1,1,10], Fa(x,y) = [3,3,4], Fs(x,y) = [2,1,5], Fy(z,y) = [2,—1,5], where
ord(Fs) = ord(Fy) = 4. And x41,-30 = 1, X—3.413 are all quadratic charac-
ters in C@) By (3.1), we have

1
9F3 = Z(QX“’?:SQ + X—3,+13(F3)0x73,+13)’
1
9F4 - Z(9X+1,739 + X—3,+13<F4)6x73,+13)'
Since 5 = F3(0,1) = F4(0,1) and x13(5) = —1, we have
1 1
O, = Op, = Z<9X1,739 - 8)(73,13) = §(QX+16X—39 - 9X739X+13)

by (3.2). Then by Mellin transform, we have

S(C)Lls,xo9) — Lo -)Lls, ).

Example 4.3. Let D = —28 = 2%(—7) (not fundamental). Then C1(—28) =
{F = [1,0,7]} is trivial. The theta series O = 20 Lo . Now we consider

+17

the CM modular forms space ©_7. Note that —7 is fundamental, C1(—7) =
{f=11,1,2]} and 6, (—28)

17 8 a newform. Moreover, we have C(s, X\, _7) =
1 — 25 421725 Then by Mellin transform, we have

L(2,1,5,s) = L(2,-1,5,5) =

L(1,0,7,8) = 2(1 — 2'7° +2172%)((s) L(s, x 7).

Example 4.4. Let D = —60 = 2*(—15) (not fundamental). Then C1(—60) =
{F = []-a 07 15]7 G = [37 07 5]} and Cl( 60) - {ng) 150 X 6§)+5} Then

0 = 6 NG +9 (60)

Jrl —15 73 +5
QG =0 (60) -0 (60)
X+1,-15 —3,45
Let Oy, 5,0y, .5 be two newforms corresponding to x41,-15, X345 € Cl(—15)

in ©_15. We have C’(s,xs:l(?g)m) =1-21"5421"% (s, x" 362)5) =1+2"5+
21725 Then by Mellin transform, we have
L(1,0,15,s) = (1 — 275+ 217)((s) L(s, x-15)
+ (1 +21 ° 21 2S>L<57X+3) (57X—5)7
L(3,0,5,5) = (1 — 217 +21725)¢(s) L(s, x_15)
— (1427 + 2172 L(s, x43) L(s, X —5)-

Acknowledgements: The authors are deeply grateful to the referees
for very helpful suggestions to improve the paper.
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