ELECTRONIC RESEARCH ARCHIVE do0i:10.3934/era.2020007
Volume 28, Pages 103-125 (Xxxx XX, XXXX)
eISSN: 2688-1594 AIMS (2019)

THE MAHLER MEASURE OF (z + 1/2)(y + 1/y)(z + 1/2) + Vk

HUIMIN ZHENG, XUEJUN GUO AND HOURONG QIN*

(Communicated by Fang Li)

ABSTRACT. In this paper we study the Mahler measures of reciprocal polyno-
mials (z+1/2)(y+1/y)(z+1/2) +Vk for k = 16, k = —104 + 60+/3, 4096 and
k = —2024 + 7654/7. We prove six conjectural identities proposed by Samart
in [16].

1. INTRODUCTION

Let f be a nonzero Laurent polynomial in C[Ty,..., Tn, Ty *,...,T;']. The
logarithmic Mahler measure of f is defined as

1 1
m(f) :A /0 10g|f(e27”617 . 627”9")|d91~-~d9n_

There have been a lot of numerical evidence and theoretical results implying that
there exist non-trivial relations between Mahler measure of certain kind of Laurent
polynomials and special values of L-functions. The first example is provided by
Smyth[17]:

3v3 ,
FL(X—&Q) = L'(x-3,1),

where xp denotes the Jacobi symbol (2)

Suppose P is a two-variable Laurent polynomial. If P(x,y) = 0 happens to
define an elliptic curve E over Q, then m(P) can sometimes be related to L(E,2)
by Beilinson’s regulator maps. It is Deninger who first noticed this and conjectured
in [5] that

m(x+y+1)=

m(l+X +1/X +Y +1/Y) = L'(Ey3,0),

where FEi5 is an elliptic curve with conductor 15. This conjecture is proved by
Rogers and Zudilin in [11] and [12]. After Deninger’s discovery, Boyd proposed
hundreds of conjectures in this direction [4].

In 2008, Bertin [1, 2] investigated the Mahler measure of three-variable Laurent
polynomials:

mx+az 4 y+y P2+t k).
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Later, Rogers [10] considered the following functions:

oo+ 2) () 2) )

fa(k) =am(z* + y* + 2" + 1+ kY 2yz),

where k € C is a constant. Samart’s work shows that there are some appealing
connections between the special values of the above functions and the special value
of L-functions of certain modular forms [15]. Actually Samart made many more
conjectures of this type in [15] and [16]. The following five identities conjectured in
[15] have been proved by Guo, Peng and Qin in [7]:
f2(=64) = 2L’ (g,,,0) + 2L"(x _,, 1),
f2(_512) = Ll(geuo) + L/(sta _1)7

Fi(=1024) = 25T (0,0,0) + 28/ (x_, ~1),

Fa(-12288) = (I (g4, 0) + 21/ (x_, ~1),

40

fa(~82944) = -5

(Ll(gszv 0) + ZL/(X_u 71)))

where g, denotes some newform with rational coefficients in the space of cusp forms
of weight 3 and level N.
In this article, we prove six identities conjectured in 2015 in [16]:

f2(16) =8 M,
1
f2(—104 — 60V/3) =5 (4M12g(—a) + 36M2 + 15d3 + 8da),
1
fa(—104 4 60v/3) =5 (4Mig(—a) = 36M + 15d3 — 8da),

4

f2(4096) :?(M7®(,4) + 8d4),

1

14
1

fo(—2024 + 765V/7) =5 (4Mrg(—a) — 384M7 — 32dy + 11dy).

f2(—2024 — T65V/7) =— (4Myg(_4) + 384 M7 + 32dy + 11d7),

Here, d, = L' (x—k, —1), Mn = L'(9n,0), Mngp = L'(gn ® XD, 0) and gy ® xp is
the quadratic twist of gn by xp-.

In addition to the complicated computation of the lattice sums, which is mainly
due to the distinct forms of the integral basis of the number fields Q(v/—3) and
Q(v/—7), some techniques that work well in [7] fail in our cases. For example, the
method of finding the identities of the corresponding modular forms fails, as the L-
functions are no longer equal to each other in one of our cases. In order to prove the
identities of the special values of L-functions, we have to develop another method,
see Theorem 4.2 in this paper. On the other hand, it seems that the identities like
f2(1) = 8 M7 in [16] cannot be proved by any of our previous techniques, although
they appear very similar to the ones we have verified. In fact we are still not able
to prove them.
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2. MODULAR FUNCTIONS

As usual we denote the Dedekind eta function by n(r). Then we have A(1) =
n(7)%*, where A is the modular discriminant. Define

s2(4(r)) = 2.

Write () for the classical Weber modular function e~ % W The following
relation holds (cf. [15], Lemma 2.2)

5a(q <r>> = f(27)*
Let f1(r) = 222 (1) = V212D We have §(r)f1 (7)fa(7) = V2.
1

n(r)
Moreover, f(7)%*, —f1(7)%4, —f2(7)?* are exactly the three roots of the cubic
equation

(x —16)% — j(r)z =0,

where j(7) is the classical j-invariant. One can see more details on page 288 of [3].

Lemma 2.1. We have the following special values of §(7)%*

(1) F((1+v=3)/2)** = s2(q((1 + V—=3)/4)) = 16.

(2) §(1+v/=3)** = s2(q((1 + v/=3)/2)) = =104 — 60/3.

(3) ((3+F)/3)24—52( ((3++/=3)/6)) = —104 + 60/3.

(4) §(V=1)*" = s2(a(v/=7/2)) = 4096.

(5) F(14+V=1)% = so(q((1 + V/=7)/2)) = —2024 — 765/7.
(

(6) §((T+/=7)/7)%* = s2(q((T +/=7)/14)) = —2024 + 765\/7.
Proof. (1) We have

f(r+1) 0 ¢ o0 f(7)
fir+1) | ={ ¢t 0 0 fi(7) (2.1)
fa(m +1) o o ¢ f2(7)

where ¢ = e (cf. page 1647 of [19]). Setting 2 = 16 in equation (z —16)3 —

. o . o . . . —14+v/=3
J(1)x =0, we get j(7) = 0, which implies 7 can be taken as —5~—=.

It follows from (z — 16)3 = 0 that
f(7)** =16, —f1(7)** = 16, —f2(7)** = 16,

and we are done.
(2) Setting x = —104 4+ 60v/3 in equation (z — 16)% — j(r)z = 0, one gets
§(7) = 54000. The three roots of the equation (x — 16)3 — 54000x = 0 are

{x1 = 256,20 = —104 — 60V/3, 25 = —104 + 60\/5}.
By Weber’s table VI [18], f(v/=3) = V/2, i.e., f(v/—3)%* = 28 = 256, hence
[—h(V=3) —ha(V=3)24) = {—104 +60v/3, —104 — 60\/3} .

By numerical computations, one can deduce that f;(v/—3)%* = 104 + 60v/3

and f2(v/—3)%* = 104 — 60/3.
Using (2.1) we obtain

f(14+v=3)* = —j1(vV—=3)* = —104 — 60V/3.
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(3) Note that the transformation 7 — —l fixes f, and exchanges f1, fo. Hence,

F1(=1//=3)** = fo(vV/=3)** = 104 — 60+/3, which implies

12 1
f (1 + ﬁ) =—f (\/7) — —104 + 60V/3.
(4) By Weber’s table VI [18], we have f(v/—7) = v/2, which implies
f(v/=7)%* = 4096.

(5) & (6): Setting x = —2024 4 765+/7 in equation (z — 16)> — j(7)z = 0, we
get j(7) = 16581375. Solving the equation (z — 16)3 — 165813752 = 0 one
obtains three roots:

{ml — 4096, a2 = —2024 + T65V/T, x5 = —2024 — 765\ﬁ} .
From above, we have known that f(v/—7)%* = 4096. Thus
[—F1 (V=) —fo(vV=T)%} = {~2024 + T65V/7, —2024 — 765/T}.

By numerical computation, one can decide that

—f1 (V=T)* = —2024 — 765V/7
and
—Fo(V/=T)?t = —2024 4 765V/7.

Therefore

FO1+ V=) = —f1 (V1) = —2024 — 7657,

Moreover, we have

—f1(V=T/7)** = —2024 + 7657,

which implies

24
f <1 n ﬁ) = —h (V=7/7)*" = —2024 + 765V7.

7
O
Lemma 2.2. ([15], Proposition 2.1(i)). Assume that q € (0,1). If Im(7) > %, then
2Im(7
Falsala(r))) = 220 (a1 16B)
where ,
" 4(mRe(T) +n) ! 1
go M gL
m,ne” |mT + TL‘ m,n€”Z ‘mT + n|
4(4mRe(7) + n)? ! 1
by N S
m,ne” |4mT + ’I'L| m,ne” |4m7— + n‘

The restriction on ¢ can be removed and the lower bound of Im(7) is unnecessary.
Applying a similar argument as in [8], one can show that the identity in this lemma
holds everywhere. Indeed, both f2(k) and 21207@(—14 + 16B) are the real parts
of holomorphic functions at least when k € C\ [—64,64] and they coincide on a
non-discrete set of points, see [10] and [15].
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The L-function with respect to a quadratic Dirichlet character y is denoted
by L(s,x). Let x_4 be the character (=1), x_s(:) = (=), xs(-) = (g) and
Xoo() = (), ete.

We will use the notations as in [6]. For any integer n, write L, (s) = L(xn, $), in
particular, L;(s) = ((s) the Riemann zeta function. The following results prove to
be crucial to our computation.

Lemma 2.3. (Glasser & Zucker [6], Table VI). For any complex s with Re(s) > 1,
(1) Z $2+3y =2(1+2'"2*)Ly(s)L_5(s)

(2) Z Gy = 201 = 2170 4 2172 L (s) L (s)
T, y€ZL
(3) Z m = (142725 422749 [y (s)L_5(s) + L_4(s)L12(s)

(4) Z 2+28y2)2 =
(1 - 21 S 43.272 22735 4 22749 [ (s)L_7(s) + L_4(s)Las(s)

Remark 1. The following results are useful for our computation: L;(2) = %,

L12(2) = fﬂ'Q L28(2) = ,?\Lﬁ

Remark 2. For the sake of brevity, let us do the following convention of notations
in this paper. Let R(l,m) be any function of [ and m. We denote

Z R(l,m) = Z R(l,m),

(a,b) (I,m)=(a,b)
(mod 2)

where a,b € Z. As usual, the symbol Z R(I,m) means the sum does not

include (a,b) = (0,0). Similarly, the notatlon E —y(q) TR€ANS =y (mod > Where
the primed summation sign means to sum over all 1nteger pairs except (z,y) = (0, 0).

3. COMPUTATION OF s5(k) FOR k = 16, —104 + 60/3

Following Samart’s method, we will calculate A and B in the statement of Lemma
2.2 for our case, where T = HT‘/TB by Lemma 2.1(1).

_ Z ( ((m+n) + 3n)? B 16 )

((m+n)2+3n2)°  ((m+n)? + 3n2)

m,n€”Z
16(1+3 16

_Z (+ n) — 5 (let I =m+n)
ot \ (12 + 3n2)® (12 4 3n2)

16(12 +9 16 /

— Z +9n ) _ (Z In/ (12 + 3n%)% = O)
ez l2 + 3n2 (l2 + 3n2) L,n€Z
Z 16(1? + 9n? ) 32 (1% + 3n?) N 16
G\ (43027 (43027 (1 +3n2)°

1 —16(1 2) ' 16
oy (12 43n2)° Z;Z(P + 3n2)?
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and
B Z’ 4(m+n) 1
N = (n2 +2mn +4m?2)3  (n? 4+ 2mn + 4m?)?
v w2
C o, N\ 3m2)s (124 3m?)?
" (2(1% - 3m?) 1
= - B B .
122 ((12 T3m2)e TP 3ma)e M+ Bp
Thus,
! 16 ’ 16
Ap+16Bp=-5 — 2 .5 10
%Z (12 + 3n2)? l%:ez (2 + 3m?)?
Let

1'2 — 2 2,02 -
10 = 3 (S5 ) e = agen o

2
x, YL
By lemma 2.7 in [15], f(7) € S3(T(12), x—3). Thus,

© [ 16(1% —3m?)  32(12 — 3m?)
(12 +3m2)* (12 +3m?)3

—Ay +16By = Z

1,mez
- lzez‘m — 96L(f.3)
3
SRLALIZ)
Therefore, we obtain:
QII::ST) (~A+16B) = 2“:§ )(“An + 16Byr) = 8L/(,0),

as desired.

3.1. k= —104 — 60+/3. In this subsection, K = Q(v/—3). By Lemma 2.1, we know

IS S —

So in this case

1++/-3 V3 1
= —— I = — R = —.
Y=, () = L5, Re(r) = 3
To ease the notation, we set
_ 32(12—3m?) _ 2(12—12m?)
AM - Z 12+3m2)3 ) BM - ma
m= l(2 I,meZ
_ 16 _ 1
AD - Z (124-3m2)?? BD - Z (12412m2)?”
m=l(2) I,meZ

_ ' 1 _ 1
C - Z (12+3m2)%> X - Z (12+3m2)%"

Imez (1.1)
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By Samart’s formulas in Lemma 2.2, we have

e Z( 64(2n + m)> - 16 2)

((2n 4+ m)? + 3m2) ((2n 4+ m)? + 3m2)

m,n€”z
’ 6412 16
= l=2n+m
mzl:2) ((12 +3m2) (@ —|—3m2)2> ( )
132012 -3 ! 16
m=l(2) (l +3m ) m=l(2) (l +3m )

and

16m2 + 4mn + n?)* (16m2 + 4mn 4 n2)?

m,n€Z

B 4(n + 2m)? B 1
i neZ (n+2m)2 +12m2)°  ((n+2m)? + 12m?2)*

1
- ((12 Fi2m2)? (24 12m2)2> (t=n+2m)

l,m€EZ

! l2 —12m ! 1
D i I o . U
[mez (12 +12m )’ (imez (12 +12m?)

3.1.1. The part of the L-Series of a modular form. We continue to set

:L'zf 2 2, 9,2 -
fr) =3 (?’y> ¢" " = n(27)*n(67)* € S3(To(12), x—3)-

2
©,yEZL

From the proof of Lemma 2.4 in [15], we know that h = }> _ (.04 2) <z2;392)
(]:‘”2‘”‘3‘”2 = 0. As a multiple of the L-function associate to h, Ay; = 0. Thus
x? — 3y2 23,2
= _ z Y
o= % (S ) e
zZ£y(2)
On the other hand, we let
% — 3y .
f®x_alr) = Z <2y> Yoa(2? + 3y2)qz2+3y2.
zZy(2)

It follows from [15] (cf. page 248, last line) that f ® x—4(7) € S3(T'0(48), x—3). We
see that

2 2 2 2
f ® X_4(7') . Z (J? —23y ) qz2+3y2 _ Z (Z‘ —2311 ) qu2—|-3y27
(z,y)=(1,0) (z,y)=(0,1)
(mod 2) (mod 2)

and

> (”52‘23?’2) = L(5(0) 4 T 0 x-a(m).
)

(z,y)=(1,0
(mod 2)
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Therefore,

" 2(12 — 12m? " 2(1%2 — 3m? "2(12 — 3m? " 2(1%2 — 3m?
§ 2B 20 AP ) AP ) | 2 )

St +12m2)’ L= (12 4 3m?)° (12 + 3m2)° (12 + 3m2)°

m even

(0,0) (1,0
9
=3L(f,3) +2L(f @ x-1,3).

Applying the functional equation (the sign can be settled by finite precision numer-
ical computation, it is ‘+’ for our case)

s 3—s
we obtain
QII:PET) (—Ap + 16Byy)
16V3 (9 © ord
=3 (46\/§L (f,0) + 48\/§L (f®X470)>

=6L/(£,0) + 3L'(f © x_0,0).

3.1.2. The part of the Dirichlet L-Series. Now let us deal with the Dirichlet L-
function part. It is clear that

! 1 ! 1 ! 1
2 (12 4+ 3m2)? Z) (12 4 3m2)? 2 (12 4+ 3m2)?

m=1(2) (0,0 (1,1)

One can easily check that

{I C Ok}

= {OéOK

where LI means disjoint union.
Thus we have

1 16 1
6 Z N(1)? = Z (22 + 342)2 + Z (22 + )2’

ICOgk (1,1) x, YL

o=

2 "y=1 (mod 2)

r+yv—-3 z=1 (mod?2) }I_I{aOK
yE€Z

o=+ yv=3, T el },

which implies
1
X = T6(6CK(2) - 0).

Here we used the fact that |[U(K)| = 6.
By Lemma 2.3, we know that the following results hold

(3.2) O =21+ 2" )(k(2) = SCxe(2).
Hence,
(3.3) = P = 2 L s(2)
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Therefore,
21
2miT) 4, 1 168p)
T
93 ' 16 : 1
2
=~2 | 116 R —
w3 m;@) (12 + 3m2)? l,mzéz (12 4 12m2)?
16v/3 ! 1 ' 1 ’ 1
frd = — 74_ N + -
™ <Z> (1> + 3m?)’ <Z> @ | 2
163 9 g2 15 72 69 72 V3,
= L a(2) - = L 3(2)+ — - —L_3(2) + — 2
7r3<646 O e R ey ()+187T -4(2)
16\/ V3 8\/ 45 47 \fw 5 4
L 32+ ~2L 4(2) ] = ds da | =5ds+ Zda.
67 (64 32+ 4”) 3 (643f tggha ) Tttty

Here, we used the functional equation

(3.4) (%)72;5 r (2 3 5) L(x—p,1—s) = (%)ng r (S ; 1) L(x—k, 5).

In conclusion,

2Im(7)

sala(r)) = 27 (-4 4 168) = 2200

( Apn 4+ 16By — AD—|—1GBD)
2 1
=6L'(f,0) + 3 L'(f ® x-4,0) + d3 + d4 (4M12®( 4y + 36Mya + 15ds + 8d4)

3.2. k = —104+60+/3. In this subsection, we still denote Q(/—3) by K. By Lemma
2.1, we have

52 (q <3+6¢_73>> =f (W)M = —104 + 60V/3.

So in this case,

3++v-3 3 1
- +T Im(r) = % Re(r) = 5.
To ease the notation, we set
B " 288(312—m?) B " 18(312—4m?)
Av = Y TEnas Bu = G TAm)
m=l(2) I,m€eZ
_ 122 _ 32
Ap = Z (3124+m2)2? Bp = Z (312+4m?2)2’
m=l(2) l, mEZ
_ 1 _
¢ = Z (3124m2)?? X = Z (3l2+m2
1,mez (1,1)

_ ' 1 _
D = ) oy Y = Z GEEE
(10)

ILmEZ
l even
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We need to calculate the values of A and B in Samart’s formula, where

' 123(2n +m)? 122
A= Z ( 3 2

(3(2n +m)? + m?) (3(2n +m)? + m?)

m,ne”
12372 122
—Z ( 5 33 Tas 22) (l=2n+m)
m=i(2) \ 3l + m2) (312 + m?)
' 288(312 — ’ 122
= > : ;”)Jrziz 3 = Au + Ap,
m=1(2) (312 + m?)* m=1(2) (312 + m?)

and

4(4m3 + n)? 1
m neZ n2 4+ 4dmn + 16m )3 (n2 + 4mn + 16?2 )2

( 4(n + 2m)? 1 )
3 2
mmez \ ((n+2m)% + 2227 ((n +2m)? + 222)

33 . 412 32
= 5 5 5 5 (l=n+2m)
lmeZ (312 4+ 4m?) (3l + 4m?)?

" 18(31% — 4m?) ' 32
— Ty —— =By + Bp.
l%:ez (312 + 4m2) l;ez(:ﬂ? Fam2)? MNP

3.2.1. The part of the L-Series of a modular form. From the computation in the
last section, we know that Ap; = 0. Define f(7) just in the same way as in the last
section. We obtain

©(4m? - 31%) T (m?=31%) < (m?—30%) (m? — 31%)
2 (312 4 4m2)® 2 (312 +m2)® 2 (m?2 + 312)° > (m2 + 312)°

I,mez #nggezn (0,0) (1,0
" 4(m? - 312 232
:22 3 o 2 )23+2Z (mz 2)3
ez 2 (m? +312) (o) 2 (m? + 31?)

DU 8) 42 S(LUF3) — LU ©X-0,8)) = SL(,8) — LT © x4,3)

9 x3 3
=32l (0) - I 4,0).
86v/3 (f,0) 183 (f ®x-4,0)
Thus,
21 T 16\/> ’ 18 3[2 2
I::E )( A]u+1631\/1 Z 3[2+4m2 )
~96V3 / /
== O (3 E U - G EHUOxw0)) = IS0 4 2L 6 x0)

3.2.2. The part of the Dirichlet L-Series. We now treat the part involving the
Dirichlet L-Series. By Lemma 2.3, we have

D= Z 12 n 12m2 =(1+2*+2"%L1(2)L_5(2) + L_4(2)L12(2)
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69 w2 V3
3.5 = . L 42+ ~—7x%L_,
where we used Remark 2.4 that Li2(2) = ‘1/;%2 It is clear that Y = C — X — D.

By identities (2)-(5), we do the following calculation

2Im(7)
3 (—AD+IGBD)
1224/3 ’ 1 ! 1
= | "2 et 2 GmEaapy
T m=l(2) (’I’I’L +3l ) l,meZ (4m +Sl )
1224/3 ’ 1 1 122
:3\3[ _Z 2 22+Z 2 312y2 | 3\3[ (=X +7)
™ ) (m? + 312?) ) (m? + 312) i
1224/3 1224/3 [ 45 2 V3
==’ 2X — D L a(2) — YSR2L 4(2
33 (O~ ) =35 \gagbs® - gm L@
122 4572 4
_I2VE (A6t An 0 VS Sdy | = s — ddy
3m3 \ 64 6 33 18
Thus
2Im(7) 2Im(7)
s2(q(7)) = 3 (-A+16B) = 7( Apr +16By — Ap + 16Bp)

= —18L'(f,0) +2L'(f ® x-4,0) + ?d?, —4dy
1
=2 <4L’(f ® x—1,0) — 36L'(f,0) + 15d5 — 8d4>.

4. COMPUTATION OF s3(k) FOR k = 4096, —2024 + 765+/7

In this section, let K = Q(v/—7). Then Cl(Ok) =1 = Ok is PID, U(K) = {1}
and 2 split completely in K. Let

1++-7
T2
and
p = (w).
Hence,
20K = pp.

On the other hand, let us do the following settings
Z N(1)2 o CK Z (12+7m2)2 )
ICOKk l,meZ

where I denotes the ideals in O . In addition we set

1
DR S S e

I,meZ (0,00 m=l(2)
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4.1. k =4096. By Lemma 2.1, we know that

59 (q (?)) = f(v/=7)** = 4096.

So in this case,

v =T 7
=5 Im(r) = g, Re(7) =0
To ease the notation, we set
! 2_7m?2 ! n2_ 2
Aw = T Buo= Y L
l,meZ m,nez
l even ,
_ 16 _ 1
Ap = D Gr Bo o= ) e
l,meZ m,n€”Z
| even
We have
A o Z/ 256%2 . 16
ez \ (Tm? + 4n2)®  (Tm? + 4n2)*
" 32(12 — Tm? ’ 16
=2 é T?)*Z o o2 = Am+Ap,
Vmez (B +Tm2)" == (12 4 Tm?)
| even I even
and
B o Z/ 47’l2 _ 1
o, \(28m2 4+ n2) (28m2 + n?)?
" 2(n? —28m? ! 1
D e R e R
7n,n,€Z(n + 8m) m,nGZ(n + Sm)

4.1.1. The part of the L-Series of a modular form. Let g7 = n(7)3n(77)% = meeN

X—4(mn)mng 7. We have following result.

3?2 — 7y2 o 2
9= (2 ) ¢t
2

r—y=1

Theorem 4.1. Let

Then,
g X-4=9g7 O X-4

Proof. Let A’ = (2) and define ¢(a) = o2 for a generator of an integral ideal a which
satisfies a = 1(A').

In fact, if («) is coprime to A’, then o = 1(A’). To see this, consider the norm
of a, it is odd (since (o) + A’ = O ) and moreover,

1++v-7 V=T -7
N@) =N (a4 o (o 8 Vo)) (wp 2 - YT
2 2 2 2 2
Y =7 5 _

2 2 7
=($+§) - —(m—i—g) +Zy2=x2+xy+2y2ExQ—&—xy(A’).

(z,y) = (1,0) (mod 2).
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Thus if («) is coprime to A’, then o = 1(A’). It is clear that ¢ is multiplicative
and satisfies ¢(aOf) = a?. Therefore, ¢ is a Hecke charactor which satisfies the
condition of Theorem 1.31 in [9]. So

Z(b N =" > éla)g

" N(a)=n

is a newform in S3(I'9(28), x_7).
As y is even, we can rewrite the norm as

N(@)=N(z+y'(1+V-7)) (¥ =y/2)
=Nz +y +y'V-7)
:N(J?”—‘ry//\/j?) (x//:x_’_y/’y//:y/).

Here, 2”,y" satisfy that (z”,y"”) € Z and 2" —y” =1 (mod 2) since z = 2" — y
should be odd from above.

Note that a« = x + y+/—7 and 8 = © — y/—7 share the same norm value, so we
have:

/!

g(r) == > (é(a)+¢(8))g"

(a,A7)=1

Z (x + 9P (=7) + 20yV/ =T + 2 +y(=T) = 20yV/=T) ¢ 7TV

N

M\»—t
l\D\»—t

xT —7y 22 2
= Z ( 2 )q .
r—y=1(2)

So one can deduce that g ® x_4 = g7 ® x—4 whose level divides 112 by considering
the Sturm Bound (with the help of SageMath[13]). Indeed, the Sturm Bound for
our case is at most 48. In addition,

97 =a— 3¢ +5¢" = 7q" = 3¢° +9¢° — 6¢"" +21¢"* — 11¢'° — 27¢"® + 18¢**
+ 18q23 + 25q25 _ 35q28 _ 54q29 + 45q32 + 45q36 _ 38q37 + 58q43
— 304* — 54¢* + 494* + O(¢™),
9=q-7¢ +9¢° — 6" + 184> + 254> — 544> — 38¢°" 4 58¢* + 49¢** + O(¢™),
and
GO X-a4=97OX-4
= q+ 70" +9¢° + 6¢"" — 18¢7 + 25> — 54¢* — 38" — 58¢" + 494" + O(¢™).

O
Since
" 32(1%2 — Tm? " 32(1%2 — Tm?
oy -y ST T
I, mez (12 + Tm?) L,mez (I 4+ Tm?)
| even m even

=32 Z Z+Z > ] =32 Z Z = 64L(g7 @ X—4,3),

(0,00  (0,1) (0,00 (1,0)
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one can get

% V3*7/2)(_/1M +16By) = g(—AM +16Bu)
VT V7 s 4
:?64L(g7 X X_4,3) = F -64 - 112\[ ( g7 @ X— 4,0) = 7L'(g7 X X_4,0).

Here we applied the functional equation (1) to L(g7r ® X—4, 3).

4.1.2. The part of the Dirichlet L-Series. Now let us deal with the Dirichlet L-Series
part, or more exactly, the computation of the term

! 1 ! 1
Z (12 + Tm?)? - Z (12+7m2)2'

l,m€EeZ l,m€EZ
m even |l even
Firstly, by
DD DI DI DET) DY
m=l(2) mIlEL I,;m€Z ImeL (0,0)
m even | even
we obtain
! !
* = E + E .
ILmeZ I,meZ
m even lcvcn
Thus,

! 1 ! 1 ! 1
- - _9 -
S i S e =2 S g

l,m€eZ l,m€eZ Il,m€EZ
m even | even m even
By Lemma 2.3,
' 1 ! 1 41
E 725 ——————= = —11(2)L_7(2) + L_4(2)L2g(2).
PR S TP AT T A Thle i

™m even

On the other hand, we have
IR IEDIEDIEDIEDDEDDE
Lm€Z (0,00 (0,0) (L,1) Lm€Z (0,0) (L,1)
In addition, one can easily check that
{I C OK}

B _r+yvy—7 z=1 (mod2)
{O{OKOZQ, y=1 (mod 2) U4 a0k

which implies

zEZ
a=x+yv—rT, yez }

1

By Lemma 2.3,
41

= L),



THE MAHLER MEASURE OF (z + 1/z)(y + 1/y)(z + 1/2) + V& 117

Therefore,

o ,
6| S rrep - X e | =022

l,m€eZ I,m€eZ I,mEeZ

even 1 even m even
41 41
=32 (64L1(2)L_7(2) + L_4(2)L28(2)) —16- 3—2L1(2)L_7(2)
=32L_4(2)Los(2).
Since Log(2) = 27%/(7+/7) and by the functional equation (5) we have
i ™
L_4(2) == 5[/_4(71) - §d4

Hence,
21m( ) VT VT T 272 32
A 16B ——32L_4(2)Log(2) = — - 32 = - dy - —= = —dg4.
(=Ap +16Bp) = 3 4(2)L2s(2) 3 g W ET Tl
Finally, we obtain
2Im(r 2Im(r 4
7r?§ )(—A+16B) = W; )(—AM—AD+16BM+IGBD) = ?(L’(g7®x_4,0)+8d4),
as desired.

4.2. k= —2024 — 765\/7. To ease the notation, in this subsection we set

! 2 2 ! 2 2
i inés

Ap = Z (12+17?n2)2’ Bp = Z (n2+218m2)2'
i ke

Following Samart’s method, we will calculate A and B in the statement of Lemma
2.2 for our case, where T = HT‘/j by Lemma 2.1(2).

Ay <(( 64(2n + m) - 16 2)

mmez \((2n+m)? +7Tm?) ((2n +m)? + Tm?)

2
= Z ( 641 3 — 16 > (Let I = 2n +m)

12 +7m2)° (12 +7m?)?

m=l(2)
" 32(12 — Tm? ’ 16
=2 ﬁﬁL > e Ap A
mEl(2)< + m) El(Q)( + m)

and

5oy ((( 4(n—|—22m) - 1 2)

ez n+2m) + 28m?2) ((n 4 2m)? 4+ 28m?)

72 !

St ( 12+ 28m2) (12 +28m2)?

" 2(1% — 28 ’ 1
ez (12 +28m?) z,mez(l2+28m2)

) (Let L =n+2m)
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4.2.1. The part of the L-Series of a modular form. To prove this identity, we need
to find another expression for g7 defined in last subsection.

Theorem 4.2. We have

332 -7 2 224742
gr= Y. (Sy) g = €83(T0(7),x-7)

z=y(2)

Proof. Take modulus A = (1) and define ¢(a) = o? for a generator « of a which
satisfies a = 1(A). It is clear that ¢ is multiplicative and satisfies ¢(aOr) = 2.
Therefore, ¢ is a Hecke character which satisfies the conditions of Theorem 1.31 in

[9]. So

Z¢ N =" > éla)g

" N(a)=n

is a newform in S3(I'y(7), x—7). Here, the sum in the definition of G7(7) is over all
ideals in Og.
Rewrite a = o +y—"—%¥—
1y’ = y. Then we have x = y'(mod 2).
Note that o = = + y/—7 and 8 = 2 — y/—7 share the same norm value, so we
have

Hy=T as o = 2EHUbuV=T — x/ﬂgv " x,y € Zand ' = 2z+y,

Crr) =5 3 (0la) +6(8)g™
I=(a)
11 x+yv/—7 ? x —yv/—7 =247y
23 3 ((57) (37 )
11 22+ y2(=7) + 22y/—T7  2? +y2(=T) = 22yv/—T\ =« a241y?
T2 2 Izy;m < 4 * 4 )

22— Ty?\  o2im?
-y (F) e
8
z=y(2)

Finally one can show that g7 = G7 with the help of SageMath [13] and Sturm
bound. O

Theorem 4.3. With the notation above, the following identity holds:

3L(g7,3) = —2Z/m + Z' (12 — 7m2)3 N Z' (12 — Tm?) |

3 3
o (12 +Tm2) (o) (12 + Tm?) o) (12 4+ ™m?)

Proof. Firstly, by the fact that,

D= F D > D

(0,0) 4|1,2]lm  2||1,4|m  2||1,2|]|lm  4|l,4|m
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we have
L(g7,3)
12 —7m? 12 —7m?
=8 (121:) (12 4+ Tm?)3 + (OZ;) (12 +7™m?)3
“y) 12— Tm? 1
- <1zl>02+7m2>3 " (24 ) <Z<1 b Lan 20 1>>
128 8 8

=15 2e) 15 2o T8 2eo

Secondly, we have

{I.g OK} =51 U Sy US318y,
ideal
where
(a)la € Ok, ((2), (@) =1},
(a)la € Ok, p| (@), p
(a)la € Ok, 9| (@), p
54 ={(a)|a € Ok, 2|(a)}.

={
={
={

And it is clear that:
SQ :{(a)‘a € OK7a = ija] > 13 (ﬂ) € Sl}a
S3 :{(a)‘a € OKva = @jﬂ,j > 1a (ﬂ) € Sl}a
Sy =841 U842 843.
where
Si1 ={(a)|a € O, a=2"53,5>1,(B) € S1},
S12 ={(a)|a € Ok, a0 = 2wk 3, where j, k > 1, (B) € S1},
Si3 ={(a)la € Ok, a = 290" B, where j,k > 1,(8) € S;}.

Write g7 as following form

Z a2 N(a

I=(a)
ie.,
ZQQN(Q+ZQQN(a+ZQZN(Q_’_ZQZN(Q
I=(a) I=(@) I=() I=(@)
IeS, 1e€sS> 1€Ss3 IeS,y
We can find that
Z 042 N(x) =g,
I=(a)
IeS,
Z Oé2 N(a) _ Z Z wj 2 N(wJ(x) ZwZJ Z a2 29N ()
I=(c) I=(a) j=1 Jj=1 I=(a)

I1eSs a€Sy a€eSy
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=§: w¥g(2'7),
Z 042 N(a) _ Z Z wj 2 N(wJa) _ Zw2] Z o qQJN(a)
I=(a) I=(a) j=1 j=1 I=()
IesSs a€eS) a€csS;

o0
= Z 0%
j=1
In addition,

Za2 N(a) _ Za2 N(a) + ZO&QQN(Q)JF Zaq

I=(a) I=(a) I=(a)
I€Sy I€S,41 I€S4,2 I€S4 3
where
[ee]
Z Oéqu(a _ Z Z 2 N(QJ'a) _ 222;' Z a2q22JN(a)
I=(a) I=(a) j=1 j=1 I=(a)
IeS,1 €S a€cSy
=) 2%g(2%7),
j=1
Z 042 N(a) _ Z ZZ kaj 2 N(2kw40z) 222kzw2j Z a2q22k2jN(a),
I=(c) I=(a) k=1 j=1 =1 j=1 I=(a)
I€Sy 2 a€eS; a€Sy
Z a2 N(a) Z ZZ kag 2 N(2kw1a 22%2 —2j Z a2q22k2jN(oc)
I=(a) I=(a) k=1 j=1 j= I=(a)
1€8S,4,3 a€S; a€S)
Let h(1) = 3272, (w* 4 @*)g(2/7). Then
gr=g(7 )+ Z 227g(2%7) + Z 92k, (92k )
Note that _ _
o (¥ +@%)
L(h,3) = g S L9 ).
Therefore,

oo

w2+ w2 11
L(g7,3) =L(g,3 1+Z 53 <1+24+28+")

110 1+Z(<> (122>J>

16 w?/8 w?/8
7BL(9,3) <1+ SR _2/8>

16
" 23 Lig.3 23 <Z(1 0) Z(o 1 )
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Combining the relation (6), we have

1
Z(m) T 6 <Z<1,o) +Z<o,1>> '

Thus

3 (T ) = 35 (L + Loy ) = Lo

as desired.

By functional equations, one can show that

T
473

112[
L'(g7 ® x—4,0) = —— 3 L(g7 ® x-4,3).

L/(g7a0) = L(g773)7

In addition

1 4 112[ 384 TV7
11 — (4M7g(—4) + 384M7) = 78 —5—L(g7 ® x-4,3) + ST TL(97,3)
VT
(4.2) =¥ (322097 © x-4,3) + 48L(g7,3))
16f

<2L(97 ® X-4,3) + 3L(gr, 3))
On the other hand,
VT
= (—Ax + 16Byy)
_16VT [ Z + Z 2(12 — 7m?)
3 12 + 7m2) (12 + Tm2)?

m= 1(2) 1, mez

m even
327 ' ’
= | - § + §

m=l(2) [,m€eZ
m even

DO

(1,1) (1,0)

327 1 ’
S IR P D] Do

(1,1) (1,0) (0,1 (1,0) (0,1)

B PRSI

(1,1) (1 0)

(4.3)

—_

[\)

Comparing (7) and (8) and by Theorem 4.2,4.3, we are done.
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4.2.2. The part of the Dirichlet L-Series.

;16 ;16 © 16
—Ap+16Bp == s =D et D, p
o (12 4+ 7Tm?) o (12 +7Tm?2) iz (12 +7™m?)

/ 1 ! 1 ! 1
=16 72 2 2272 2 22+Z 2 2\2
o (12 + Tm?) e (12 4+ 7Tm?) M (12 + Tm?)

m even

From last subsection, one can get
CAp+16Bp =16 [~ 20— 204 oL D ,(2) ()
P b 64 64 ' 64 T

:%C + L_4(2)L2s(2) = %L1(2)L77(2) +16L-4(2)L2s(2)

11 16 11 16
=—"L'(x_7,—1) 4+ =L'(x_4,—1) = —d7 + —d
14 (x-7, )+7 (X-1,—1) 11 7+7 4
as desired. Here we used the following facts:
2 272
L1(2) =—;Log(2) = ——=; (R k 2.4
1(2) =55 L2s(2) ek (Remark 2.4)
L_4(2) =Tds L (2) = 4—Wd (by functional equation)
—4 o s L1 N 7- Yy q
4.3. k= —2024 + 765v/7. To ease the notation, we set:
_ 17225 (712 —m?) _ 12.72(712 —4m?)
AJVI = m;@) (7l2+m2)3 ) BM - m%eZ (7l2+4m2)3 )
_ ! 72.16 _ ! 72
Ap = m;@) (7124+m2)2> Bp = m%;ez(nz_i_‘lmz)z-

in this subsection.
Following Samart’s method, we will calculate A and B in the statement of Lemma
2.2 for our case, where 7 = 72Y=7 by Lemma 2.1(3).

' 64(2n + m)? 16 )
A - 2
Z ((( m?2 m2)

3
mmez \ ((2n+m)? + 2-) ((2n +m)? + 2~

Z/ (( 64F* 3~ 16 ) (Let L =2n+m)

2
m=1(2) \ (> + m72) (2 + mTQ)

B Z' (72.25-(712m2)+72-25.(712+m2) 7216 )

iy \ (TR m2)? (1124 m2)” (7124 m2)?
© 7225 (712 — m?) ©T?.16
- TEemr " 2 Gy AR,
m=I(2) m=l(2)
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and

e n—|—2m +4m2)®  (7(n+2m)2 + 4m?)*

73 . 412 72

- Z 2 2 2 22> (Let I =n +2m,)
mmez \ (TP +4m?) (7l + 4m2)

B Z 2 72712 —4m?) | 2 TA(712 +4m?) 72
o\ (T2 4m2)? (712 +4m2)® (T2 + 4m?)”

27712 — 4m?2) ' 72

_ + ——— = By + Bp.

mznez (702 + 4m2) m;ez(n? pamz)? MO

4.3.1. The part of the L-Series of a modular form. By functional equations, we have

ovai
Ll(g77 0) = 47_(_3 L(g77 3)7
112\f
L'(g7 ® x-1,0) = 3 L(g7 ® xX-4,3).
And,
1 4 112[ 384 7\/
5(4M7®(74) 384M7) = 3 L(gr ® x-4,3) — TR L(g7,3)
7
(4.4) :?\g (224L(g7 ® x_1,3) — 336L (g7, 3))
1127
= 71_3 <2L(g7®X—4»3) - 3L(g773))
On the other hand
7
\/;, (—An +16Byy)
T

2247 " (12 = Tm?) " (12— Tm?)
2 (12 +7Tm2)> ZZ (12 + Tm?)*

l even

m=l(2)

224+/7
(4.5) === >y
(1,1)  (0,1)
224+/7 (R P N | ! !
=3 DI I DT DUEDY
(1,1) (1,0) (0,1) (1,0) (0,1)

:22:;ﬁ Z/ N %Z _ %Z + L(g® x—-4,3)

(1,1) (1,0) (0,1)

By Theorem 4.2 and Theorem 4.3, comparing (9) and (10), we are done.
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4.3.2. The part of the Dirichlet L-Series.

o 72.16 72,16 ! 72 .16
*AD+16BD:*Z 2 2272 2 22+Z 2 212
(0)0)(1 + 7Tm?) Q (12 + Tm?) i , (P +Tm?)

/ 1 ’ 1 ! 1
=72.16 | — - I —
D i TEE 2 e T 2 iy
I,m€eZ

(0,0) (1,1)

l even

From previous computation, we have

' 1 ' 1

ZZ (2 +7m2)2 Z (12 + Tm?)? R
,MEL l

1l even m even

Hence,

41
j— —_— 2 —_—— —_— — —_— —_— —_—
AD + IGBD =7°-16 ( C 640 C L_ ( )L28( ) 32C>

4

11 16 11 16
2 / o e 44 o _ P -
=7 (14L (x—7,—1) - L'(x a4, 1)) 7 <14d7 - d4> ;

as desired. Here we used the following facts:

72 (33L1( VI (2) — 16L_4(2) Log(2 )

w2 272
Ly(2) = R i Log(2) = 7\7; (Remark 2.4.)
™ 4m . .
L_4(2) = 2d4, 7(2) = ﬁd7 (by functional equation)
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