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1. Introduction

Zhi-Wei Sun made the following two conjectures in 2019.

Conjecture 1.1 ([11, Conjecture 5.1]). Let p be an odd prime. Then

det (cot M)

-2 P /1<y R< St
— — €1{1,2,3,...
(p) 257 pT { J
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and this number is divisible by h(—p) if p =3 (mod 4), where h(—p) is the class number

of Q(v=p)-

Conjecture 1.2 (/11, Conjecture 5.2(i)]). Let n be a positive integer. Then

kT
det (tan J )
It )1 k<n

= € Z.
2n+1)z

Conjecture 1.1 is verified by Sun to be true for p < 29. Later, Francois Brunault
extended the verification for all primes p < 47. In fact, det (cot %) is closely connected

with the famous Maillet’s determinant which was first introduced by Maillet in [7] more
than a century ago. We will prove that Conjecture 1.1 is true. We also give the exact

value of det ( cot 2£= in Section 2.
1<, k<25t

Conjecture 1.2 is somehow related with layered networks. One can see [2] and [6] for
det(tan %)1g,‘,kgn
(2n+1)2
sequence A277445 in OEIS. Especially, he conjectured that s, = —t, if n = 3 (mod 4)

and s, = t, otherwise. We will prove that both of Conjecture 1.2 and Sun’s conjecture

details. Sun guessed that the sequence s, = is connected with ¢,,, the

on t, are true if 2n + 1 is a prime number in Section 3. We also give the exact value of
the determinant in Conjecture 1.2 with 2n 4 1 prime.

The determinants in these two conjectures are also very interesting for nonprime
numbers. However we find that it is difficult to get the exact values of the determinants
for nonprime numbers and quite different methods are needed. Hence we will only study
the determinants for prime numbers. The Conjecture 5.3 of [11] is proved by Tao and
Guo in [12] by different techniques.

The determinants of cotangent functions in Conjecture 1.1 are connected with Mail-
let’s determinant by a formula of Eisenstein. Maillet’s determinant has a rich history.
For any integer r coprime to p, let v’ be the smallest positive integer such that rr’ =1
(mod p). For any integer = coprime to p, let R(x) be the smallest positive residue of x
modulo p. Let M, = (R(']"S/))lgns,ng—l. Then D, = detM,, is called Maillet’s determi-
nant. In 1914, Malo computed D5 = —5, Dy = 7%, D1; = 114, D13 = —13% in [8]. Malo
conjectured that D, = (—p)PT_3 based on his computation. One can see page 340-342 of
[9] for details.

In 1955, Carlitz and Olson proved in [3] that Malo’s conjecture was incorrect and gave
the correct value up to a sign,

-3

D, =+4p"z b, (1.1)

where h, denotes the first factor of the class number of Q((,). They also mentioned
that S. Chowla and A. Weil had proved the formula (1.1) several years earlier but did
not publish their results. Although Maillet’s determinant D, was introduced for prime p,
one can also define Maillet’s determinant D,, for any integer n > 1. In 1984, K. Wang
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generalized Carlitz and Olson’s formula from prime p to any positive integer m in [13]
and determined the sign in (1.1). For prime p, Wang’s formula is

D, =-27" ] | Y ax(@) | (-»)""" k. (12)

x odd \a=1

where x runs over all the odd Dirichlet characters modulo p.

Let A, = (cot %) _,- We will prove that

1<, k< 252

—2 pP— p—5
detA, = (—) 2" p" T b
p

If p =3 (mod 4), then the imaginary quadratic field Q(y/—p) is contained in Q((,),
and h, is divisible by h(—p) the class number of Q(\/—p).

Let W,, = (tan 27;]1“1 . We assume that p = 2n + 1 is a prime. Let K = Q((,)

) 1<j,k<n
and X the set all odd characters of conductor p. Then we will prove in Section 3 that

det(W),)
gn-lpi 1) [yex=(1-2x(2)], if p=1,3,7 (mod 8);
S [Tex.(1-2x(2)|, ifp=5 (mod8),

where the product HXGX; (1—2x(2)) is explicitly calculated in Lemma 3.3. In particular,
p~2det(W,) € Z. If p=3 (mod 4), then h(—p)|p~ = det(W,,).

In [6], David V. Ingerman mentioned that for a prime number p = 2n + 1, there is a
matrix T;, = (tjk)nxn With entries among £1 such that

: s s
t11 - tin SN 5o tan 70
2 : = : (1.3)
3 nim nm
th1  tan Sin 5,7 tan Tt T

One is tempted to ask that if

; s 3 nim us nm
t11 - tin S 5.7 Sl 579 tan o7 tan 5,79
. . ? . .
2 =
t t i . onw . onlrx nw n?r
nl nn sing =5 -+ silg =5 tan il tan It

Unfortunately, it is wrong even for n = 2,

-1 1 sin ¥ sin%7r y tan ¢ tam%’r
1 1 sin%r sin%7r ‘caun%’T tam%r ’
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However, we can get the correct formula by a little modification,

tin - tin dyq sin 52— 2n+1 dqp, sin 522~ 2n+1
2 : :
th1 - lnn dy1 sin 522~ 2n+1 Ay S0 5 _:1 (1.4)
tan o0 - tan gt dy
tan % <.+ tan 2n2+1 d,
where
—1, ifi and j are all even; —1, ifj is even;
dij = 7 - L 4= J B (1.5)
1, otherwise 1 otherwise.
Note that
i —det (sin L ) , ifn=3 (mod 4);
det <dij sin ﬂ) = AN (1.6)
2n+1 det (sin 2:5;) , otherwise.

By comparing the determinants of LHS and the RHS of (1.4), we prove Sun’s conjecture
of s, and ¢,,.

2. Determinants involving cotangent functions

Recall that for 6;,05,--- ,0, € R,

sin 6; sinf, ... sinf,
sin20; sin20, ... sin26,
det . . .
sinnf; sinnfy ... sinnd, (2.1)
—o™5 H sin 6, H (cos@; — cosb;).
k= 1<i<j<n

Let hy, be the class number of Q(,) and h.f the class number of the maximal subfield
Q(p + Gp). Recall that oy bt = .

Theorem 2.1. Let p be an odd prime. Then

) P
detA, = <—> QPTSppTSh;,
p

where h,; is divisible by h(—p) if p=3 (mod 4).



X. Guo / Linear Algebra and its Applications 653 (2022) 33—43 37

Proof. Let B, = (sinm)
PoJ1gg et

where M) = (R(jk') — 1—2’)1@’%%. By equation (2.3) of [3], detM), = —%. Hence we
have

. By Section 3 of [3] (page 268), —B,A, = M,,

detd, — 2251;? (2.2)
By (2.1), we have
detB, = (—1)" % o=t pat (2.3)
By (2.2) and (2.3), we have
detA, = (—1) “T ¥ g

(p=D(p=3) p=3 p=5_  _
8 2 4
2= pTh,

- (-1)

By Theorem 1 of [10], 4h, is divisible by h(—p) if p = 3 (mod 4). By Gauss genus
theory, h(—p) is odd for p = 3 (mod 4). Hence we have h(—p)|h, forp =3 (mod 4). O

Now it is easy to see that Conjecture 1.1 follows from Theorem 2.1.

3. Determinants involving tangent functions

In this section, we will assume p = 2n+ 1 is a prime. Let { = ¢’s bea primitive p-th
root of unity. Let K = Q(¢), Gx = Gal(K/Q) = {ox|1 < k < p— 1}, where 0%(¢) = ¢*.
Let

Xk ={x:Gxg — C* | x a group homomorphism}

and X, the set of all odd characters modulo p. One can interpret Xx as the char-
acter group of Dirichlet characters mod p by putting x(k) = x(o%). For any Dirichlet
character y, recall that the Gauss sum is defined as

2nik

Ix
() =Y xslk)e >,
k=1

where f, is the conductor of x and xy is the primitive Dirichlet character mod f,
belonging to x. For x € Xk, we have f, = p. For each a € K and each x € Xk, the
x-coordinate is defined to be
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yr(xla) = ———=——,

where Y is the inverse of x. One should note that Girstmair use a slightly different
definition of Gauss sum with notation 7'(%) in [4] and [5]. Our notation 7() is the same
with [14].

Theorem 3.1 ([1/, Lemma 5.26]). Let G be a finite abelian group and let f be a function
on G with values in some field of characteristic 0. Then the matriz (f(o771))srcc is
diagonalizable and its eigenvalues are Y x(o)f(o), where x € G the group of characters

ceG
of G.

Corollary 3.2. For a fited a € K, let f be the function on Gk with f(o) = o(a). Then the
matriz (f(o771))orecy is diagonalizable and its eigenvalues are yx (X|a)T(x), x € XK.

Lemma 3.3. Let notations be as above. We assume that the order of 2 in the multiplicative
group (Z/pZ)* is £. Then

IT a—2x@)=

XE€EX i

(1—29%, if € is odd:
(1—i—2%)p7717 if € is even.

In particular, p is a factor of T[] (1 —2x(2)) and
XE€EX

if p=1,3,5 (mod 8);

| Mex 0= 2¢2)
H (1= 2x(2) = , if p=7 (mod 8).

ex. ~ [Mex (0 = 2x(2)

Proof. If ¢ is odd, then p|(1 — 2¢) and

IT (1 —2x@)

XEX
=(1-2)T -2t (1 -2 )T
—(1-29%,

If £ is even then 2% = —1 (mod p). Hence p|(1 +22) and

IT (—2x2)

XE€EX

=(1-2¢0)"7 (1-2¢)
=(1+22)"7 .

p—1
7

-2
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Since erX;(l — 2x(2)) is negative if and only if £ is odd and Z* is odd, one can see
that HXGX;( (1 —2x(2)) is negative if and only if p =7 (mod 8), i

e, (1-2x(2)|

, if p=1,3,5 (mod 8);
My (1= 2x(2)

, if p=7(mod8). O

IT (—2x2)

XEX i

The following lemma is a direct corollary of a classical result of Gauss on the sign
of the quadratic Gauss sum. A very good reference on the history of the sign of the
quadratic Gauss sum is M. Baker’s Math Blog [1].

Lemma 3.4 (Gauss). Let notations be as above. Then

X€EXgx
Conjecture 1.2 follows from the following theorem.

. Then

Theorem 3.5. Let W, = (tan fofl

)1<mk<n

det(W,,)
=rnlEE T a-2v@) |- T B T 700
XE€EX i XEX XEX

213Uy [T, (1 - 20(2)]
=~ IpE U T e, (1 21(2)

if p=1,3,7 (mod 8);
, ifp=5 (mod 8).

In particular, p~2det(W,,) € Z. If p=3 (mod 4), then h(—p)|p~ 2 det(W,,).

Proof. Let a = 711:44 =itan 7 € K. Then oy(a) = itan KT o and ooy (a) = itan R(ka,)ﬂ.
Let f be as in Corollary 3.2 and A = (f(077!))y.req. Since tan(m + z) = tanz, we
have tan ZEOT — _ gan BE=ROT o1 q pan BEOT — _ pan BEE=O07 e assume
that A = ﬁ; ﬁi) Then it is easy to see that A is similar to (2611 8) by doing
elementary similar transformation.

Let W, = (z tan ”fl ) Linen For any matrix M, let ¢, (M) be the k-th column of M.

Note that one can get Wn by exchanging some columns of A;. If 1 < ki £ ko < n satlsfy
kiks =1 (mod p), then cx, (A1) = ey (Wy) and cg, (Ay) = o, (W), IE 1 < ky # ko <
satisfy kiky = —1 (mod p), then cx, (A1) = —c, (Wy) and cx, (A1) = —cr, (Wy). Let [ ]
be the integral part of x € R. There are exactly [ ] pairs (k1, ko) such that k1 ks =
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(mod p),1 < ky # ks <n.Ifp=1 (mod 4), then there is an extra k such that 1 <k < n
and k2 = —1 (mod p) which implies that c;(A;) = —cx(W,). So we have

v

det(W,) = (—i)"det(W,) = (—i)"(=1)[5]det(A)).

Since A is similar to <2611 8), det(2A,) is the product of non-zero eigenvalues of A.

By Theorem 3 of [5], there are n nonzero eigenvalues of A,

yr (Xla)T(x), x € Xi.
Hence
det(24,) = H vk (X]a)T(x) H < Z x(o)a(a)) .
XEX XEX oc€GK

By Theorem 2 and Theorem 3 of [4],

uic (x|a) = yx <x|icot g) (1 - 2x(2))
=2(1-— 2x(2))BLX,

where

2n
1
By =~ kx(k)

P4
is the generalized Bernoulli number attached to x. Hence we get

det(W,) = (—i)"(=1)[2]27"det(24;)

= ()"0 T a—2x@) ) - IT Buv- IT 700
XEX XEX XEX
By Lemma 3.3 and the analytic class number formula, Theorem 4.17 of [14], we have
H BLX H n2n 1 1h—
XEX x€X g

Hence we have

det(W,) = (=D (T (10— 2x@) | 20195y

p
XEX
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By Lemma 3.3 and Lemma 3.4, we have the sign of det(W,,),

1, if p=1,3,7 (mod 8);

ldet(Wo)| | =1, ifp=5 (mod 8).

det(Wy,) {
In particular, p~2det(W,,) € Z. By Theorem 1 of [10], if p = 3 (mod 4), then
h(—p)|h, which implies that h(—p)lp~3det(W,,). O

Jkm )
2t ) 1< k<n
term of the sequence [6], which is the determinant of a matrix T;, = (tjr)1<j,k<n With

entries among 0, £1 such that

Let p = 2n + 1 be a prime number. Let S, = (sin . Let t,, be the n-th

" km g
2 iy si =t 1<j5<n. 3.1
kz_l]kbann_'_l an2n+1, j<n (3.1)

The existence of T;, is assured for any positive integer n, e.g.,

-1 1 1 -1

=1 Y= —11 —11 _11 =t Ll 3.2

SN S O e N A N S O (3.2)
1 1 1 1

In fact, one can pick T, such that its entries are among +1, e.g., Ty can be replaced with
the following matrix,

-1 1 1 —1
~ -1 1 -1 1
Li={ 1 1 1
1 1 1 1
for sin% —|—sin%’r = sin %T.

Lemma 3.6. There is an integer matriz T, = (tjk)1<j,k<n ond a diagonal matriz D =
diag(1,—-1,1,—1,---) such that

2T}, S,, = W, D, (3.3)

where tj, = £1 and t,; = tj, =1 for any 1 < j < n. Furthermore,

dot T, — p_%cieth, if n=3 (mod 4);
—p~2detW,, otherwise.

Proof. Let (4pi2 = em+ be a primitive (4n + 2)-th root of unity. Then

1+ Cang2 . nm
9 2n n—+

- = ——""" —Jtan .
Cant2 + Cinao dn+2 = 7 Cano ! 2n+1
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By changing Cunt2 to (5,40 (1 <k < 2n,21k) in (3.4), we get

1+ (n—5Hr
2kn 4n+2 2
= ——"T= =t . 35
gz + Cingo T+ ita = 1— ks ptan =5 (3.5)
Note that if 2|k, then (f, 0 + (GF o+ -+ Gy = —1. For 1 <k <2n—1and 21k,
by putting k =1,3,--- ,2n— 1 in (340), we have
i sin b _ tan e
2n+1 2+ 1’
k=1
) (n—1m
2 s = T
- (3.6)
i (2n — 1)kn
Z Sin ———— = tan .
2n+1 2n+1
k=1
Since for any 1 < 7 < 2n,1 < k < 2n, sin Zjﬁk_r_rl < n, there are
integers ) € {1, —1}, (1 < j,k < 2n) such that
: 1 1m
ti1 - tin SIN 5, 7 tan 57
2 : = (3.7)
th1 - tan sin 575 tan 57
Hence we have the following identity,
- _ j'ﬂ— . C4n+2
>tk (Chaya = Cinya) = tan (3.8)
k=1 1 oo+ 1
By changing Cunt2 to (f,40 (1 < €< 2n,24¢) in (3.8), we get
- kém jlm
2) tipsi =t . 3.9
Z]kSHlQn—i—l Mont1 (39)

Let D = diag(1,—1,1,—1---,(=1)""!) be a diagonal n x n matrix and S/, =

(dw sin 2n+1>, where d;; is defined in (1.5). One can see that

27,5, = W,,D.

Hence we have the following identity
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(1) det(W,,), if n is even ;
2"det (T, )det(S),) = o (3.10)
(=1)7z det(W,,), if nisodd.

By (1.6), (2.1) and (3.10), we have

p~2detW,, if n=3 (mod 4);

detT;, = N
—p~2detW,,, otherwise. O
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