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ABSTRACT
In this paper, we study certain determinants involving tangent func-
tions.Weprove that for anyoddnumbern � 3 and s ∈ Z+, thedeter-
minant D(n, s) = det

(
tans π j+k

n

)
1�j,k�n−1

∈ nn−2Z. In the special

case s = 2, we confirm a conjecture raised by Zhi-Wei Sun in 2019.
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1. Introduction

In [1,2], Zhi-Wei Sun did systematic research on determinants and permanents of matri-
ces involving trigonometric functions. Sun found many very interesting formulas on
determinants and permanents. He also made a lot of conjectures.

Some of his conjectures are connected with arithmetic objects, e.g. class numbers,
Bernoulli numbers, etc. For example, Sun’s Conjecture 5.1 in [1] states that if p is an odd
prime, then

(−2
p

) det
(
cot jkπp

)
1�j,k�p−1

2

2
p−3
2 p

p−5
4

∈ {1, 2, 3, . . .},

and this number is divisible by h(−p) if p ≡ 3 (mod 4), where h(−p) is the class num-
ber of Q(

√−p). This conjecture is proved by the second author in [3]. Some of Sun’s
determinants have closed form, such as (cf. [2])

det
(
tan2 π

j − k
n

)
1�j,k�n

= (n − 1)nn−2 · (n!!)2. (1)

However most of Sun’s determinants are difficult to calculate.
In this paper, we will study the following conjecture.
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Conjecture 1.1 ([1], Conjecture 5.3): For any odd number n � 3, the determinant

det
(
tan2 π

j + k
n

)
1�j,k�n−1

∈ nn−2Z.

We will prove that Conjecture 1.1 is true and generalize it to any power of the tangent
function. For any odd n � 3 and s ∈ Z+, we define

D(n, s) = det
(
tans π

j + k
n

)
1�j,k�n−1

.

The main result of this paper is the following theorem.

Theorem 1.2: For any odd number n � 3 and s ∈ Z+, we have D(n, s) ∈ nn−2Z.

Remark 1.3: It is calculated in [1] that D(n, 1) = (−1)
n−1
2 nn−2. But for s � 2, there does

not seem to be a similar simple formula. Since, for example, calculated by a computer

D(3, 2) = 32, D(5, 2) = 3 · 53 · 19, D(7, 2) = 32 · 5 · 75 · 47,
D(9, 2) = 315 · 5 · 7 · 1321, D(11, 2) = 34 · 52 · 7 · 119 · 23 · 43,
D(13, 2) = 35 · 5 · 7 · 11 · 1311 · 29 · 751,
D(15, 2) = 317 · 514 · 72 · 11 · 13 · 141481,

· · ·
D(41, 2) = 317 · 59 · 75 · 113 · 133 · 17 · 19 · 23 · 29 · 31 · 37 · 4139

· 2098185082863029,
D(41, 3) = 520 · 174 · 194 · 232 · 314 · 4141 · 472 · 592 · 792 · 1392 · 1512

· 1632 · 1672 · 2272 · 3592 · 4192 · 6192 · 6592 · 7272 · 8272 · 8392,
D(41, 4) = 315 · 516 · 718 · 113 · 139 · 17 · 192 · 23 · 29 · 31 · 373 · 4140 · 47

· 97 · 113 · 127 · 167 · 233 · 251 · 277 · 359 · 751 · 811 · 839
· 1973 · 2153 · 2297 · 2477 · 9203 · 245547995728549357
· 1507287230036863820044650192519889775071.

There seems to be a random large prime factor as n increases.

In the following sections, we will introduce the group determinant and study the
eigenvalues associated with the above determinant.

In addition to Theorem 1.2, we also make the following conjecture.

Conjecture 1.4: If s is even and n has at least two distinct prime factors, then D(n, s) ∈
nn−1Z.

Remark 1.5: Wehave verified the above conjecture for s = 2, n < 400 and s = 4, n < 200.
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2. Group determinant

Let G be a finite abelian group and f : G → C be a function from G to C. There is a classi-
cal method to calculate the group determinant det(f (ab−1))a,b∈G (cf. [4, Lemma 5.26]).
Let ζ be the primitive nth root of unity e

2π i
n and consider the multiplicative subgroup

of C \ {0},G = {1, ζ , . . . , ζ n−1}. For s ∈ Z+, define fs : G → C by fs(ζ k) = tans( kπn ) =
(−i ζ

k−1
ζ k+1 )

s. The n-dimensional C-linear space

V = {h|h : G → C is function}

has two bases α0, . . . ,αn−1 and χ0, . . . ,χn−1, where αj is the characteristic function of
{ζ j} ⊂ G, andχk : G → C∗ is the group homomorphism defined by χk(ζ ) = ζ k. Consider
the C-linear map

� =
n−1∑
k=0

fs(ζ k)σk : V → V , (2)

where σk ∈ EndC(V) is defined by

σk : V −→ V ,

g(x) �−→ g(ζ kx).

By Lemma 5.26 of [4], the matrices of � under those two bases are

A = (fs(ζ j−k))0�j,k�n−1

and

B = diag

{n−1∑
k=0

χ0(ζ
k)fs(ζ k), . . . ,

n−1∑
k=0

χn−1(ζ
k)fs(ζ k)

}
.

In other words, the eigenvalues of A are

λs,j =
n−1∑
k=0

χj(ζ
k)fs(ζ k), j = 0, . . . , n − 1.

Since the transition matrix from α0, . . . ,αn−1 to χ0, . . . ,χn−1 is the Vandermonde matrix

P =

⎛
⎜⎜⎜⎝
1 1 · · · 1
1 ζ · · · ζ n−1

...
...

. . .
...

1 ζ n−1 · · · ζ (n−1)2

⎞
⎟⎟⎟⎠ ,

we have A = PBP−1.
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It is easy to see that D(n, s) is equal to ±A( 2 ··· n
2 ··· n ), where

A
(
j1 · · · jr
k1 · · · kr

)

is the determinant of the r × r submatrix of A obtained by choosing the j1th, . . . , jrth rows
and the k1th, . . . , krth columns of A. Also, we will use

A
[
j1 · · · jr
k1 · · · kr

]

to denote the r × r submatrix of A obtained by choosing the j1th, . . . , jrth rows and the
k1th, . . . , krth columns of A.

3. The eigenvalues λs,j and the proof of Theorem 1.2

In this section, we study the eigenvalues λs,j. Assume that h(x) is a monic polynomial of
degree n and t1, . . . , tn are the roots of h(x), define

h(x) = (x − t1) · · · (x − tn) := xn − a1xn−1 + a2xn−2 + · · · + (−1)nan.

For k � 0, define

sk =

⎧⎪⎪⎨
⎪⎪⎩
n, if k = 0,
n∑
j=1

tkj , if k � 1.

We can recursively compute sk via the aj’s by the well-known

Theorem 3.1 (Newton’s identities): With notations as above, if 1 � k � n − 1, then

sk − sk−1a1 + sk−2a2 − · · · + (−1)k−1s1ak−1 + (−1)kkak = 0;

if k � n, then

sk − sk−1a1 + sk−2a2 − · · · + (−1)nsk−nan = 0.

Proofs of this theorem can be found in linear algebra textbooks. Now, we can prove

Lemma 3.2: The first eigenvalue λs,0 = ∑n−1
k=0 tan

s( kπn ) of A in Section 2 is an integer
divisible by n.

Proof: Since

tan nx = tann x − ( n
n−2
)
tann−2 x + · · · + (−1)

n−1
2 n tan x( n

n−1
)
tann−1 x − ( n

n−3
)
tann−3 x + · · · + (−1)

n−1
2

and 0, π
n , . . . ,

(n−1)π
n are the roots of tan nx = 0, denoting tan kπ

n by tk, it is easy to see that
t0, t1, . . . , tn−1 are the distinct roots of the polynomial

xn − ( n
n−2
)
xn−2 + · · · + (−1)

n−3
2
(n
3
)
x3 + (−1)

n−1
2 nx
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:= xn − a1xn−1 + a2xn−2 − · · · + (−1)nan.

Since λs,0 = ∑n−1
k=0 t

s
k, by Theorem 3.1, we have

λs,0 − a1λs−1,0 + a2λs−2,0 − · · · + (−1)s−1as−1λ1,0 + (−1)ssas = 0, if s � n − 1,

λs,0 − a1λs−1,0 + a2λs−2,0 − · · · + (−1)nanλs−n,0 = 0, if s � n,

where λ0,0 = n by the definition of s0. For 1 � s � n − 1, it is easy to see that

sas =
{

−s
(n
s
)
, if s is even,

0, if s is odd.

Since s
(n
s
) = n

(n−1
s−1
)
, thus sas ∈ nZ for 1 � s � n − 1. By using the two equations above

and induction on s, we have λs,0 ∈ nZ. �

Recalling that the Chebyshev polynomials are two sequences of polynomials given by
Tk(cos θ) = cos kθ ,Wk(cos θ) sin θ = sin(k + 1)θ , k = 0, 1, 2, . . ., one canwrite down the
recurrence relations for Tk+1 andWk+1:

T0(x) = 1, T1(x) = x, Tk+1(x) = 2xTk(x) − Tk−1(x), (3)

W0(x) = 1, W1(x) = 2x, Wk+1(x) = 2xWk(x) − Wk−1(x). (4)

Let xk = cos kπ
n . Then

λs,j =
n−1∑
k=0

ζ jk
(
tan

kπ
n

)s

=
n−1∑
k=0

(
cos

2kjπ
n

+ i sin
2kjπ
n

)(
tan

kπ
n

)s

=

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

i
n−1∑
k=0

W2j−1(xk) sin
kπ
n

(
tan

kπ
n

)s
, if s is odd,

n−1∑
k=0

T2j(xk)
(
tan

kπ
n

)s
, if s is even.

(5)

If s � 2 is an even number, then by the recurrence relations (3), we have

λs,j =
n−1∑
k=0

T2j(xk)
(
tan

kπ
n

)s

=
n−1∑
k=0

(
2xkT2j−1(xk) − T2j−2(xk)

) (
tan

kπ
n

)s

=
n−1∑
k=0

⎛
⎝(2xk)2j−1T1(xk) −

2j−2∑
l=0

(2xk)2j−2−lTl(xk)

⎞
⎠(tan kπ

n

)s
. (6)



LINEAR ANDMULTILINEAR ALGEBRA 2217

Lemma 3.3: Let Gs(j, h) = ∑n−1
k=0(2xk)

jTh(xk)(tan kπ
n )s. Then Gs(2j, 0) = 22j

∑n−1
k=0

cos2j−s kπ
n sins kπ

n ∈ 2nZ for j = 1, . . . , n − 1, where s � 0 is an even number.

Proof: We prove this lemma by induction on s, the case s = 0 can be calculated directly.
Let zk = ei

kπ
n . Then

G0(2j, 0) = 22j
n−1∑
k=0

cos2j
kπ
n

= 22j ·
(
1
2

)2j n−1∑
k=0

(
zk + 1

zk

)2j

=
n−1∑
k=0

(
z2jk + (2j

1
)
z2j−2
k + (2j

2
)
z2j−4
k · · · + ( 2j

j−1
)
z2k

+(2jj )+ ( 2j
j+1
)
z−2
k + · · · + ( 2j

2j−1
)
z2−2j
k + z−2j

k

)
= 0 + · · · + 0 + (2j

j
)
n + 0 + · · · + 0

= 2
(2j−1
j−1
)
n.

Let s � 2. If Gk(2j, 0) ∈ 2nZ for k = 0, . . . , s − 2, then we have to show that Gs(2j, 0) ∈
2nZ for j = 1, . . . , n − 1. When j = 1,

Gs(2, 0) = 4
n−1∑
k=0

cos2−s kπ
n

sins
kπ
n

= 4
n−1∑
k=0

cos2−s kπ
n

(
1 − cos2

kπ
n

)
sins−2 kπ

n

= 4

(n−1∑
k=0

tans−2 kπ
n

−
n−1∑
k=0

cos2−(s−2) kπ
n

sins−2 kπ
n

)

= 4λs−2,0 − Gs−2(2, 0).

Thus, Gs(2, 0) ∈ 2nZ by Lemma 3.2 and induction hypothesis. On the other hand, when
j � 1, similar to the above calculation, Gs(2j, 0) = 4Gs−2(2j − 2, 0) − Gs−2(2j, 0) ∈ 2nZ.

�

Lemma 3.4: For j = 0, . . . , n − 1,

λs,j ∈
{
inZ, if s is odd,
nZ, if s is even.

Proof: Wewill only prove this lemma when s is even, and the case when s is odd is similar
(need to use recurrence relations 4 ofWk+1(x) instead). Now assume s � 2 is even. Since
we have proved that λs,0 ∈ nZ in Lemma 3.2, it is sufficient to show λs,j = Gs(0, 2j) ∈ nZ

for j = 1, . . . , n − 1. In fact, we will prove that Gs(2j − l, l) ∈ nZ for all j = 1, . . . , n − 1
and l = 0, 1, . . . , 2j.
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If j = 1, according to (6) and Lemma 3.3, we find that

λs,1 = Gs(0, 2) = Gs(1, 1) − Gs(0, 0) = 1
2
Gs(2, 0) − λs,0 ∈ nZ.

Thus we have Gs(0, 2),Gs(1, 1),Gs(2, 0) ∈ nZ. Assume that we have proved that
Gs(2j − l, l) ∈ nZ, l = 0, 1, . . . , 2j for all 1 � j < r � n − 1, let us prove the case when
j = r. By using the recurrence relations (3) repeatedly, we have

Gs(0, 2r) = Gs(1, 2r − 1) − Gs(0, 2j − 2)

= Gs(2, 2j − 2) − Gs(1, 2j − 3) − Gs(0, 2j − 2)

...

= Gs(2r − 1, 1) −
2r−2∑
l=0

Gs(2r − 2 − l, l)

= 1
2
Gs(2r, 0) −

2r−2∑
l=0

Gs(2r − 2 − l, l),

thus Gs(0, 2r),Gs(1, 2r − 1), . . . ,Gs(2r, 0) ∈ nZ by Lemma 3.3 and inductive hypothesis
�

Let c1, . . . , cn be n distinct numbers and consider the Vandermonde matrix

J =

⎛
⎜⎜⎜⎝

1 c1 · · · cn−1
1

1 c2 · · · cn−1
2

...
...

. . .
...

1 cn · · · cn−1
n

⎞
⎟⎟⎟⎠ .

Since each leading principal minors of J is not equal to zero, we have the LU decomposition
J = LU, where L is a lower triangularmatrix andU is an upper triangularmatrix. Generally
this decomposition is not unique. For the inverse of L and U, we have

Lemma 3.5 (cf. [5]): There is an LU decomposition of J with

U−1 = (ui,j) =

⎛
⎜⎜⎜⎜⎜⎝

1 −c1 c1c2 −c1c2c3 · · ·
0 1 −(c1 + c2) c1c2 + c2c3 + c3c1 · · ·
0 0 1 −(c1 + c2 + c3) · · ·
0 0 0 1 · · ·
...

...
...

...
. . .

⎞
⎟⎟⎟⎟⎟⎠

and

L−1 = (li,j) =

⎛
⎜⎜⎜⎜⎜⎜⎝

1 0 0 · · ·
1

c1 − c2
1

c2−c1 0 · · ·
1

(c1 − c2)(c1 − c3)
1

(c2−c1)(c2−c3)
1

(c3−c1)(c3−c2) · · ·
...

...
...

. . .

⎞
⎟⎟⎟⎟⎟⎟⎠
,
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more precisely

ui,i = 1, ui,1 = 0, ui,j = ui−1,j−1 − ui,j−1cj−1 otherwise, where u0,j := 0;

li,j = 0 if i < j, l1,1 = 1, li,j =
i∏

k=1,k	=j

1
cj − ck

otherwise.

Recall from Section 2 that A = PBP−1, where

P =

⎛
⎜⎜⎜⎝
1 1 · · · 1
1 ζ · · · ζ n−1

...
...

. . .
...

1 ζ n−1 · · · ζ (n−1)2

⎞
⎟⎟⎟⎠ .

Now, applying Lemma 3.5, we can write P−1 as P−1 = U−1L−1, where

U−1 =

⎛
⎜⎜⎜⎝
1 −1 ζ · · ·
0 1 −(1 + ζ ) · · ·
0 0 1 · · ·
...

...
...

. . .

⎞
⎟⎟⎟⎠ ,

L−1 =

⎛
⎜⎜⎜⎜⎜⎜⎝

1 0 0 · · ·
1

1 − ζ
1

ζ−1 0 · · ·
1

(1 − ζ )(1 − ζ 2)
1

(ζ−1)(ζ−ζ 2)
1

(ζ 2−1)(ζ 2−ζ )
· · ·

...
...

...
. . .

⎞
⎟⎟⎟⎟⎟⎟⎠
.

If we denote PBU−1 = M, then A = ML−1, then by the Cauchy–Binet formula

A
(
2 · · · n
2 · · · n

)
= (ML−1)

(
2 · · · n
2 · · · n

)

=
∑

1�k2<···<kn�n

M
(
2 · · · n
k2 · · · kn

)
L−1

(
k2 · · · kn
2 · · · n

)

= M
(
2 · · · n
2 · · · n

)
L−1

(
2 · · · n
2 · · · n

)

= 1
det P

M
(
2 · · · n
2 · · · n

)
. (7)

Notice thatM[ 2 ··· n
2 ··· n ] is the product of

S =

⎛
⎜⎜⎜⎝

λs,0 λs,1ζ · · · λs,n−1ζ
n−1

λs,0 λs,1ζ
2 · · · λs,n−1ζ

2(n−1)

...
...

...
. . .

λs,0 λs,1ζ
n−1 · · · λs,n−1ζ

(n−1)2

⎞
⎟⎟⎟⎠

(n−1)×n
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and

T =

⎛
⎜⎜⎜⎜⎜⎝

−1 ζ −ζ 3 · · ·
1 −(1 + ζ ) ζ + ζ 2 + ζ 3 · · ·
0 1 −(1 + ζ + ζ 2) · · ·
0 0 1 · · ·
...

...
...

. . .

⎞
⎟⎟⎟⎟⎟⎠

n×(n−1)

.

Using the Cauchy–Binet formula again toM( 2 ··· n
2 ··· n ), we have

M
(
2 · · · n
2 · · · n

)
= (ST)

(
2 · · · n
2 · · · n

)

=
∑

1�j1<···<jn−1�n

S
(
1 · · · n − 1
j1 · · · jn−1

)
T
(
j1 · · · jn−1
1 · · · n − 1

)
, (8)

It is obvious thatT(
j1 ··· jn−1
1 ··· n−1 ) ∈ {−1, 1} for any 1 � j1 < · · · < jn−1 � n. In the following,

we calculate S( 1 ··· n−1
j1 ··· jn−1 ). Let

N = N(c1, . . . , cm) =

⎛
⎜⎜⎜⎝
1 c1 c21 · · · cm−1

1
1 c2 c22 · · · cm−1

2
...

...
... · · · ...

1 cm c2m · · · cm−1
m

⎞
⎟⎟⎟⎠

be the Vandermonde matrix with respect to c1, . . . , cm. Let

Rk := Rk(c1, . . . , cm) =
∑

1�j1<···<jk�m

cj1cj2 · · · cjk , for 1 � k � m,

R0 := R0(c1, . . . , cm) = 1.

Lemma 3.6 ([6], Lemma 2.1): For j ∈ {0, 1, . . . ,m}, the determinant of

Nj(c1, c2, . . . , cm) =

⎛
⎜⎜⎜⎜⎝
1 c1 c21 · · · cj−1

1 cj+1
1 · · · cm1

1 c2 c22 · · · cj−1
2 cj+1

2 · · · cm2
...

...
... · · · ...

... · · · ...
1 cm c2m · · · cj−1

m cj+1
m · · · cmm

⎞
⎟⎟⎟⎟⎠

is given by det(Nj(c1, c2, . . . , cm)) = Rm−j det(N) = Rm−j
∏

1�k<i�m(ci − ck).

Proof: According to Lemma 3.6, we can calculate

S
(
1 · · · n − 1
j1 · · · jn−1

)
= λs,j1−1λs,j2−1 · · · λs,jn−1−1 det(Nj′−1(ζ , . . . , ζ n−1))

= ±λs,j1−1λs,j2−1 · · · λs,jn−1−1 det(N(ζ , . . . , ζ n−1))

= ±λs,j1−1λs,j2−1 · · · λs,jn−1−1
det P
n

,
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where j′ is the only element in {1, . . . , n} \ {j1, . . . , jn−1}. Thus, by Lemma 3.4,

S
(
1 · · · n − 1
j1 · · · jn−1

)
∈ nn−2(detP)Z. (9)

Combining (7), (8), (9) and the fact that T(
j1 ··· jn−1
1 ··· n−1 ) ∈ {−1, 1}, we get

A
(
2 · · · n
2 · · · n

)
∈ nn−2Z.

�
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