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1. Introduction

In 2018, Zhi-Wei Sun began a systematical research on permanents and determinants of
matrices in number theory. He found many identities with rich arithmetic meanings and
also raised many open problems. His results are in [1-4]. One of Sun’s conjectures is the
following one which was firstly raised in 2018.

Conjecture 1.1: [Zhi-Wei Sun, Conjecture 4.3 of [4]] Let n> 1 be an integer and ¢ = en

(1) Ifnis an even number, then

_((n=DM*  alfn\
2 1_[1—;1 WG 4_"<n/2>’ W

teD(n) j=1

(2) ifnis an odd number, then

L(n—1)?
Z l_ll—é'] 7(j) ;( 2 ')’ (2)

teD(n—1) j=1
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and

n—1 n—1 2
1 —1)>2 -1
E sign(7) 1_[ = — ( 13 <” 5 [) , (3)
j=1

teD(n—1)

where D(m) is the set of all derangements t of indices j = 1, ..., m such that t(j) # j
forallj=1,...,m.

The left-hand side of (1) can be viewed as the permanent of the matrix

1
o= (e lim),, *

1, ifj=k 1, ifx=o0,

where

0, ifj#k x, otherwise.

The matrix B is a circulant matrix. Hence det(B) can be easily found by computing the
product of the eigenvalues of B. We know from [4] that
n((r=DH2
det(B) = (=1)2 — o if nis even, 5)
0, if nis odd.

Also, we will see in Section 2 that the left-hand side of (3) and (2) are related respectively
to the determinant and the permanent of an (n — 1) x (n — 1) sub-matrix A of B. Note
that A is no longer a circulant determinant. Hence it is very difficult to find the eigenvalues
of A.

In this note we prove Conjecture 1.1 based on the eigenvector-eigenvalue identity
recently discussed by Denton, Parke, Tao and Zhang [5].

2. Eigenvalues from eigenvectors

In this section, we prove identity (3).

Theorem 2.1: [E Calogero and A.M. Perelomov, Theorem 1 of [6]] The off-diagonal
hermitian matrix of order n whose elements are defined by the formula

G—kmr
-

ajk = (1 — Sjk) {1 +icot
has the integer eigenvalues
Ai=2i—n—1, i=12,...,n
and the corresponding eigenvectors v; with norm 1 have components

27 iij

n

v,;:exp(— )/f, j=12,...,n
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If A is an n x n Hermitian matrix, then we denote its n real eigenvalues by
A (A),...,A,(A). We can find an orthonormal basis v1,v,,...,v, € C" such that v; is
associated with A;(A),1 < i < n. Forany i,j = 1,...,n, let v;; denote the " component
of vi. For 1 < j < n,let M; denote the (n — 1) x (n — 1) minor formed from A by deleting
the jth row and column from A. The matrix M; is also a Hermitian matrix, and thus has
n—1 real eigenvalues A1 (M;), ..., Ay—1(M)).

Theorem 2.2: [Eigenvector-eigenvalue identity, Theorem 1 of [5]] Let the notations be as
above. We have

n n—1
vigl? TT (i) = i) = [T (i(a) = 2 (M) 6)
k=L;k#i k=1

Proof of Equation (3).: Recall that in Conjecture 1.1 we set { = ¢’n . Note that
1 1 1+ ¢k
SR (P e S
1—¢i—k 2 1— ik

1 j —
:—<1+icotn(]—k)).
2 n

Let A = (Ajx) be the n x n Hermitian matrix defined in Theorem 2.1. By Theorem 2.1, the
eigenvalues of A are

M=n—1=n-3,.. , Ai=n+1—-2i,...,A,=1—n. (7)
Leti = %1 and j=n. Then A; = 0. By Theorem 2.2,
5 n n—1
in|” TT (@) =] (=24 M)
k=1;k#i k=1

By Theorem 2.1, Ivs,nl2 = % Hence

n—1 n—1
—1)z —1DIH2
Ml = [T 2oty = E2 22 DR
k=1

which implies that

2171(=1)"T ((n — D>
5 s ey 2o - 2

teD(n—1)
(=D n—1\
o n 2 )

and Equation (3) is proved. |
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Han Wang and Zhi-Wei Sun proved [7] another conjecture involving derangements
and roots of unity by similar arguments. Keqin Liu proves (3) by a different strategy in
[8]. Although the eigenvalues of A are rational integers as in Theorem 2.1, some numer-
ical computations showed that there is no simple pattern of the eigenvalues of M, in the
proof of Equation (3). However, the eigenvalues of M, B are very simple for certain diagonal
matrices B. Let B, the diagonal matrix whose diagonal entries are given as 1 — ¢, 1 <
i<n-—1,wherese {—"T_l, —"7_3, o —=101,2,.. ., "%1}. Let M, s = M, B;. Then (3) is
equivalent to

2
n— n—1
det (My,)) = (-1)"7 ( . !) : (8)
Liu [8] proved that the eigenvalues of M, are
n—1 n—1
- oo =L 1000, ,
2 2

which can imply (3).

3. The permanents of matrices

In this section, we prove Equations (1) and (2).

Lemma 3.1: Let n> 2 be an integet, and x1, . . . , X, pairwise distinct complex numbers. Let
L(n) be the set of all elements Tt € S(n) such that t is an n-cycle. Then

n

Yl =0

celn) j=1 70 ~ %

Proof: For 11 = (lazas - - - a,), 72 = (1b2b3 - - - b,) € L(n), define 71 ~ 7 if and only if
(azas3 - - - an) = (babs - - - by) € L(n — 1). One can easily see that ~ is an equivalence rela-
tion on L(n). Obviously, there are n—1 elements in each equivalence class. Take an arbitrary
equivalence class

o1 = (laxas - - - ap—_1a4),

02 = (lazas - - - anay),

on—1 = (lapaz - - - ay_2a,—1).

We just need to show that
n—1 n

Yl =0

i=1 j=1 o) =Y

Leta; =[], ——, obviously, ; # 0 and

J=1 Xo;) =%

X1 — Xg,) (X1 — X 1 1
o (1 az)(l a,)( _ >, i;ﬁl,
X1 X1 — Xg;

= Xay — Xay, — Xai
1, i=1.

aq
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Thus
n—1
o; X1 — Xg,) (X1 — % 1 1
Z_1=1+(1 az)(l u,,)( _ ):0,
i1 o xaz — xa” X1 — xan X1 — va
which implies Z?:_ll a; = 0. This completes the proof of Lemma 3.1. |
Theorem 3.2: Let n be a positive integet, and x1, . . . , X, pairwise distinct complex numbers.
Assume
1
A= (azj)nxn = ((1 - (Sij) { }) .
x]' — X
nxn
We have

(1) Ifnisodd, then

n n
> Hawo= 2 [lao=0
teD(n) j=1 teD(n) j=1
sign(t)=1 sign(r)=—1

i.e. det(A) = per(A) = 0;
(2) Ifniseven, then

n
2. [l =0
teD(n) =1
sign(1)=(~1)2 1!

i.e. per(A) = (—1)2 det(A).

Proof: First, we will check this theorem for n=1,2,3. If n=1, then A =0 and (1) holds; if
n=2, then

X2 — X1

0
X1 — X2

Since there is only one odd permutation in D(2), thus (2) holds; if n = 3, then

1 1
0
X2 —X1 X3—X1
1 1
A= 0
X1 — X3 X3 — X2
1 1
0

X1 — X3 X2 — X3
Since there are only two even permutations (1 2 3), (1 3 2) in D(3) and
1 1 1 1 1 1
X2 — X1 X3 — X2 X] — X3 X3 — X1 X1 —X2 X2 —X3

This implies that (1) holds.

=0.
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If n > 41is odd, then

n
> Taro= > ﬂ —
teD(n) j=1 reDn) j=1 7D T X
sign(t)=1 sign(t)=1

ForY ={y1,...,y} CX = {x1,..., %}, let

fn= > H

rel(r) j=1 770 ~
By Lemma 3.1 we know that f(Y) = 0if |Y| > 2. Note that

S
> - > (i) ®

teD(n) j=1 X)) X=|_|f.,1 X; \i=1

sign(t)=1 X1 >2

s odd

where the disjoint unions X = |_|f:1 X; in the right-hand side of (9) come form cycle
decompositions of each T € D(n). Since n is odd, every disjoint union X = |_|§=1 X; has
an X; with |X;| > 2, thus

> M=y =0

teD(n) j=1 g0

sign(7)=1
Similarly, it can be shown that ) _reD(n) ]_[}1:1 m =0
sign(r)=—1
If n is even, one can prove (2) in the same way by using Lemma 3.1. This complete the
proof of this theorem. u

Proof of Equations (1) and (2).: If n is even, then by Theorem 3.2(2) and (5), we have

1
> Mg = (00 { =),

teD(n) j=1
n 1
-cvta(a-s =)

((n =D
If n is odd, then by Theorem 3.2(2) and (3), we have

Z 1_[ - T(J)_(_l)%l Z Slgn(r)n g] ()

teD(n—1) j=1 teD(n—1)

1 n—1'2
T n 2 )

Thus we complete the proof of (1) and (2). [ |
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