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0. Introduction

1. Idempotent matrix

We will call R an abelian ring, if R is a ring with identity and all idempotents
of R lie in the center of R.

Theorem 1 Let R be an abelian ring and A be an n x n idempotent matrix
over R. If there exist invertible matrices P and @) such that PAQ is a diagonal
matrix, then there is an invertible matrix U such that UAU ! is a diagonal
matrix.

Proof. Suppose that there exist invertible matrices P and () such that PAQ =
diag(by,ba,....,b,) = B. Set U = Q~'P~1, then (BU)? = BU and BUB = B.
Therefore, if U = [u;;], we have b; = b;u;;b;, bju;; and u;;b; are idempotents of
R. Set e = b;u;;. Then b; = eb; and thus b; = e(1 — e + b;). Note that

(1 — e+ b1)<1 —e+ euii) =1- e+ bZGUJM + (1 — 6)(1)1 + euii)
=l—-et+e+(l—e)b;=1+(1—¢e)eb;, =1
and
(1 —e+ eum)(l —e+ bz) =1—e+ eu;b; + (1 — 6)(61 + euii)
=1-—e + eu“bz =1-—e¢ + blu“u“bl

:1—e+b¢uiibiuii:1—e+62=1
1
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So 1 —e+b; is a unit, b;u;; and b; differ by a unit factor. Thus we may assume
that @ has been adjusted so that b? = b;,i = 1,2,...,n. The matrix equality
BUB = B will now give

(a) bzuu :bZ,Z: 1,2,...,ﬂ.
(b) bibjuij = O,i 7§ j,i,j = 1,2, ey N

Thus
b1 biuig -+ biui,
bgUgl b2 te b2u2n
BU = .
bnunl bnung o bn
Set
1 biuiz  biuiz -+ biuin,
bausoy 1 baugz -+ bauan,
D= | bsuszr  bsusg 1 <+ bausy,
bnunl bnun2 bnun3 e 1

then D? = 2D — I,,, so D is invertible . Thus

(DPYA(DP)™' = D(PAP™ D' = D(PAQQ™'P D' = DBUD™!
= dz'ag(bl, bz, ceey bn)

Q.E.D.

Recall that a commutative ring R is a PT(projective trivial) ring if every
idempotent matrix over R is similar to a diagonal matrix. From the above
theorem, we see that the commutativity of ring R can be weakened to all idem-
potents of R lie in the center of R. We call such rings APT(abel projective
trivial) rings.

Theorem 2 Let R be an APT ring. Then any unimodular vector (a1, as, ..., a)
in R™ is completable(i.e. can be seen as the first row of some invertible matrix).

Proof. Suppose a = (a1, @z, ..., ) is unimodular and aq 1 + agfe + -+ +
anfBn = 1. Set A = (Biaj). Then A% = A. Since R is an APT ring, there
exists an invertible matrix P with PAP~! = B = diag(ey, e, ...,€,. Let X =
(1, .0y 2n) = aP7H Y = (y1,...,yn) = PB, then XY = af = 1, YX =
PAP~! = diag(ey,...,en) . So a is completable iff X is completable. Since
S wys = 1 and yizy = e, yixy; = 0 (1 # J), 80 Yiiyi = Vi, TiliTi = T;.
So e; = y;x; and f; = x;y; are idempotents. Since R is an abelian ring, e;,
fi are in the center of R, e¢; = e% = yixiyir; = yifivi = fiei, fi = ff =

Ty = xiey; = fie, 80 €, = fi, Le., 2y = yixs. So (Do xi) (i, vi) =
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o y) O @) = >0 xiy; = 1, this means Y-, z; is an unit of R. Let

T Xro T3 - In
-1 1 0 - 0
pD—|-1 0 1 - 0
-1 0 0 - 1

Observe that D is an elementary matrix, so D is an invertible matrix and X is
completable. This implies « is completable. Q.E.D.

The following theorem generalized Foster’s Theorem. The proof of Foster’s
Theorem in [3] can be generalized to the abelian ring.

Theorem 3. The following are equivalent for an abelian ring R:

(a) Each idempotent matrix over R is diagonalizable under a similarity trans-
formation.

(b) Each idempotent matrix over R has a charateristic vector.

Proof.  Suppose that we have (a) and A be an n x n idempotent matrix.
then there is an invertible matrix Q with QAQ™! = diag(ey, ...,e,). Let a =
(1,0, ...,0)t, then « is both unimodular and completable. Further, QAQta =
eia. Set B = Q 'a, B is completable. Then A3 = ¢;3 and [ is completable.
Hence A has a characteristic vector.

Suppose that we have (b) and A be an n X n idempotent matrix. We will
use a proof based on induction on n, the size of A. Assume that (a) is true
for all idempotent matrices of size | n. if A = 0, there is nothing to prove.
Assume that A # 0. Let a be a characteristic vector of A. Setting 31 = «, Let
081, B2, ..., Bn be a basis of R™. Let Aa = e;a. Employing the basis (1, (o, ..., On
of R™, the matrix A has the form

€1 ai2 -+ Q1n

0 axp -+ a2,
A =

0 an2 e Ann

Since A? = Ay, we must have €2 = e;. Let

Q22 Q23 :++  Q2p

32 azz -+ Qa3p
B =

an2 an3 e Apn

we have B2 = B. By the induction hypothesis, the matrix B may be diagonal-
ized under a suitable similarity transformation. Thus by a suitable change of
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of basis, we may assume that we have chosen a new basis a1, asg, ...,qa, for R"
such that, relating to this basis, A has the form

(&1 bg b3 s bn
0 e O 0
Ay = 0 0 e3 0
0O 0 0 --- ey
Since A3 = A, we have €2 = ey,..., €2 = e,, and by(e; +e3 — 1) = 0,...,
bn(e1 +e, —1) =0. Let
1 7 Tn
0 1 0
= : :
0 0 1

P is invertible, we will choose suitable ry, 73, ...,7,, such that PA,P~! =

diag(ey, €2, ..., e, ) which is satiafied if r;(e; — e1) = b;. Since b;(e; +e; —1) = 0,

so by = bi(1 — 2¢e;)> = bi(er — e;)(1 — 2¢;). So let r; = b;(1 — 2e¢;), then

PAy P~ = diag(ey, ea, ..., e5). Q.E.D.
Next Theorem generalized Steger’s Uniqueness Theorem

Theorem 4 Let R be an APT ring and A be an n x n idempotent matrix
over R. Then

(a) There is an invertible matrix P with PAP~! = diag(ay, as, ..., a,) where
a; divides a;41 for 1 <¢<n—1.

(b) If Q is another invertible matrix with QAQ~! = diag(by, bs, ..., b, ) where
b; divides b; 41 for 1 <¢ < n —1, then b; = q; for 1 <7 < n.

Proof. Suppose that P is an invertible matrix with PAP~! = diag(ey, ..., e,),
Letag =1—(1—e1)(1—e3) - (1—ey) and z; = e;+(1—e1)(1—e3) - (1 —ey),
then a1z; = e; and I(x1,...,2,) = R, i.e., x1,...,x, generate R. By theorem 2,
X = (x1,...,zy) is completable, so X is a characteristic vector. Then in a fashion
analogue to the proof of theorem 3, A is similar to diag(aq, 6/2, ey eln), by induc-
tion on n (the size of the matrix), assume that A is similar to diag(aq, az, ..., ;)
where a; divides a;1q1 for 2 < ¢ < n — 1. Since a; divides each entry of
diag(eq,...,e,), and diag(ay,as,...,a,) is similar to diag(ey,...,e,), we have
that aq divides ag. This completes part (a).

To show (b), observe that a, divides the products of arbitrary r entries of

diag(ay,asg, ..., an), so a, divides the products of arbitrary r entries of diag(bs, bo, ...

Since b; is idempotent and b;|b; 41, b, = b1by -+ - b, S0 a,|b.. Similarly, b.|a,.
Since a, and b, are idempotents, we have a, = b,., 1 <r < n. Q.E.D.
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Corollary 5 If R is an APT ring, then for an arbitrary projective R-module
P, there exist idempotents ey, es, ..., e, of R such that e; divides e;41 for 1 <
i1<n—1and P~ Re; ® Res ®--- P Re,,.

Lemma 6 If R is an APT ring, then R™ ~ R™ & K implies K = 0.

Proof. If R™ ~ R™ & K, by Corollary 5, K ~ Re; & Res & --- & Re, for
suituable idempotents eq, es, ..., e, of R. So

R™ ~ R™ @ Rey & Res & --- @ Re,

By the uniqueness of decomposition in Theorem 4, we know that e; = 0 for
1<i<n,so K=0. Q.E.D.

Theorem 7 If R is an APT ring, then every invertible R-R-bimodule P is a
cyclic module.

Proof. Suppose P € Pic(R), then there exist idempotents eq, es, ..., e, of R
such that e; divides e;41 for 1 < i <n—1and P ~ Re; ® Res ® --- @ Re,.
Since P is an invertible R-R-bimodule, so Endr(rP) ~ R i.e.

R = End(Re1 ©® Rea ® -+ © Rey,) ~ @} ;_; Hom(Re;, Re;) ~ @7 ;_; R(e;e;)
. Since e; divides e; for i < j, so e;e; = e;. Since R@p P ~ P, so
(©F j=1Reiej) ® (Re1 © Rea © -+ @ Rep,) ~ Rey @ Rea @ - @ Rey,
ie.
Rei ® Res ©---® Rep, ® Rea @ --- @ Re,, ® K = Rey & Res & --- & Rey,

for suituable projective R-module K. So Res @ --- @ Re, ® K = 0 and ey =
e3=---=¢e, =0. So P~ Re; and P is a cyclic module. Q.E.D.

Theorem 8 Let R be an abelian ring, N be the set of nilpotents in R, and
I be an ideal in R with I C N. Then R/I is an APT ring, if and only if R is
an APT ring.

Proof. “—=".  Suppose that R/I is an APT ring. Let f : R — R/I
denote the natural morphism. If r is in R, Then f(r) will be denoted by 7. The
“bar” notation will also be used for all n dimensional vectors (R),, and all n®@n
matrices M, (R).

Suppose that A is an idempotent matrix in M, (R). Let A = f(A). Then
A is idempotent in R/I. So A is similar to diag(ay,@s, ..., @,) where @; divides
a;+1. Since I C N, by 27.1 in [AF], all the idempotents in R/I can be lifted
modulo I. So there is an idempotent d in R such that f(d) = @;. By Theorem
3, A has a charateristic vector T = (Z1,To, ..., En)/ corresponding to @; = d. Let
x; be in R with f(x;) =%;, 1 <i <mn. Set x = (1, x2, ...,:vn)/, then since z is
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completable to X in GL,(R/I) and f: GL(R) — GL(R/I) is sujective, x is
unimodular and completable. Then Ax = dx + r where r = (r1, 72, ..., Tn)/ with
the r; in I. Since A2 = A and d? = d, Ax = dAx + Ar and thus

Ar=(1—-d) Az =(1—-d)(dx+7r)= (1 —d)r
since (1 —d)d = 0. Thus
Alz+ (2d—1)r) = Az + (2d — )Ar =dx +r+ (2d — 1)(1 = d)r
=dx +dr =d(x+ (2d — 1)r).

Further, = + (2d — 1)r = T(modI). Hence as above, x + (2d — 1)r is unimodular
and completable. Thus A has a characteristic vector and the proof follows from
Theorem 3.

“e=" Assume that R is an APT ring and A = (A)? = (a;;) € M,,(R/I). Tt
will suffice to show that there exist an idempotent matrix F' = (f;;) € M, (R)
such that F = A. If A = (a;;) then A2 = A + B where the entries of B
are in /. Thus B is nilpotent. let kbe the least natural number such that
Bk = 0. If k=1, ther is nothing left to prove. hence, assume that &k > 1
and let C = A+ (I — 2A)B. Then teh entries of C' — A are in [ and, Since
AB = BA = A3 — A2,

C? = A% + 2A(I — 2A)B + (I — 2A)*B2.

Therfore, C?> — C = B + (I — 2A)*(B? — B). Since (I —2A4)?> = I + 4B,
C? = C + B%(4B — 3I). If we let D = B?(4B — 3I), we have ¢2 = C + D
where the entries of D are in I and, for some natural integer [ < k, D' = 0.

Repeating this process, we arrive in a finite number of steps at the required
matrix F'. Q.E.D.

Corollary 9 Let N be an ideal whose elements are nilpotent in an APT
ring R and let x1, xa, ..., xx be indeterminates. Then R[zq, zo, ..., x,] is an APT
ring if and only if R/N)[z1, za, ..., ] is an APT ring.

sl Proof. corollary follows by observing that N[z, xs,...,zk] is the ideal of
nilpotents in R[z1,za, ..., xx] and that

R['rbe? ...,le’k]/N[fL’l,ﬁUQ, ,ZI?k] = (R/N)['rth? ka]
Q.E.D.

Theorem 10 Let R be an abelian regular ring, and for any finitely generated
projective R-modules A and B, 2R®& A~ R® B implies R® A ~ B, then R is
an APT ring.

Proof. By Theorem 2.5 in [AG], every square matrix over R admits a diag-
onal reduction (i.e., there exist invertible matrix P and @ such that PAQ is
a diagonal matrix). Suppose A is an idempotent matrix, by Theorem 1, A is
similar to a diagonal matrix whose diagonal entries are idempotents of R. So
R is an APT ring Q.E.D.
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