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Abstract

In this paper we study the Mahler measures of two families of Laurent polynomials.
We prove several three-variable Mahler measure formulas initially conjectured by D.
Samart.
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1 Introduction

The logarithmic Mahler measure of a Laurent polynomial P (x1, ..., x,) inn variables
with complex coefficients is defined by

(P)i= — / log | P( B
m = — 0 X1y oo, Xp)|— -+ ,
Qriyt Jp B i
where T" denotes the n-torus
SlX"'XSlZ{(Zl,...,Zn)E(Cn||11|:'”:|Zn|:l}'
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There are interesting connections between the Mahler measures of certain types of
Laurent polynomials and special values of L-functions. The first example, which is
due to Smyth [16], is

33

mx+y+1)=-7—L0232) = L'(x-3, D,

D
where x, denotes the Jacobi symbol (—) This phenomenon inspired a great deal
[ ]

of investigations and there have been a considerable amount of relevant literature in
this direction. One can see a review on this topic in [8].

If a two-variable Laurent polynomial P (x, y) = 0 defines an elliptic curve E over
Q and P(x, y) is a tempered polynomial, then m(P) is often related to L(E, 2) by
the Beilinson’s regulator map. One can see the definition of “tempered polynomial”
in [10]. Deninger first noticed this relation and conjectured in [6] that

m(l+X+1/X+Y+1/Y)= %L(Ew,Z),
where Ejs is an elliptic curve with conductor 15. His work inspired Boyd to raise
hundreds of conjectures in this direction by numerical computation in [4]. Deninger’s
Conjecture is proved by Rogers and Zudilin in [12].
In 2008, Bertin [1,2] studied the Mahler measures of certain three-variable Laurent
polynomials, m(x +x~! +y + y~! + z + z7! + k). Later, Rogers [11] considered
the following functions:

joran((e2)r+2) o))

falk) ==4m(x* + y* 4+ 2t + 1+ kY xyz),

where k is a complex number. The special values of the above two functions are
related to the special values of L-functions of certain particular modular forms (c.f.
[14])—specifically, Samart computed in [14] f2(64), f2(256), f3(216), f3(1458),
f4(648), f4(2304), f4(20736) and f4(614656), and showed that each of them is
a rational linear combination of derivatives of L-functions of some modular forms
and Dirichlet L-functions. Samart found many more relations between three-variable
Mahler measures and special values of L-functions of modular forms and Dirichlet L-
functions in [14,15]. See also comprehensive lecture notes [19] by Zudilin on Mahler
measures and L-functions.

Samart then conjectured in [14], based on computational results that the following
formulas hold:

f2(=64) = 2L"(g5,, 0) + 2L (x_,, — D),
f2(=512) = L'(84, 0) + L' (x4, = D),

8
f1(—1024) = g(SL/(gw 0)+ 2L (x_,. — 1),

@ Springer
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40
fa(—12288) = E(L’(g%, 0) +2L'(x 5, —1)),
40
f4(—82944) = E(L’(gﬂ, 0) + 2L (x_,. —1)), (L.1)

where g, denotes a newform with rational coefficients in the space of cusp forms of
weight 3 and level N.

Note that the Mahler measures f>(k) and f4(k) can be written as f>(s2(g)) and
f4(s4(q)), where s2(q) and s4(g) (¢ = €*"'7) are some modular functions whose
definitions can be found in Sect. 2. All the 7’s in the identities proven by Samart
in [14] are purely imaginary. However none of the t’s in the above conjectural list is
purely imaginary. Hence we cannot use Weber’s table in [17] directly. We will use the
algebraic equations of the modular functions to get what we need.

In 2015, Samart conjectured in [15] that

1
(280 + 198+/2) = g 36Mio + 4Mi6es + 13da + ddy),

1
f2(280 — 198«/5) = 5(36M16 —4Mi6gs — 13ds + 4ds). (1.2)

Here the notation means that
di = L' (x—k, —1), My :=L'(gn,0), Mygp := L' (gn ® xp.0),

where g is anormalized newform with rational Fourier coefficientsin S3(I'g(N), x—n)
and gy ® xp is the quadratic twist of gy by xp. One should note that Samart used a
simplified notation in [15]. In this paper, we quote his conjectures in the form consistent
with the original notation.

In fact, there are three tables in [15] containing many more conjectures. We choose
the two conjectures above of [15] just because the values of k are not rational. We will
prove the two identities of (1.2) in Sect. 3.3. Huimin Zheng, together with the first and
the third authors of this paper, proved recently the following conjectural identities of
[15] in a preprint by similar arguments:

f2(16) =8M 13,
4
£2(4096) =§(M7®(74) + 8dy),

5 (M

1
5 ) :ﬁ(4M7®(_4) + 384 M7 + 32d4 + 11d7),

T4+ =7 1
) (T) =§(4M7®(_4) — 384M7 — 32d4 + 11dy),

1
f2(—104 — 60«/§) 25(4M12®(_4) + 36M 1, + 15d3 + 8dy),

1
(=104 + 60v/3) =5 (4Miog(s) — 36 M1z + 15d3 — 8db). (1.3)
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We believe that all the other conjectures of [15] could be proven by similar arguments.

2 Modular functions

Following the usual notation in the theory of modular forms, we denote the nome
2mit

qg=ce with the variable 7 in the upper half complex plane and n(t) the Dedekind
eta function, that is,

(@) =g [Ta-q". @.1)

n=1
Then the modular discriminant A can be expressed as A(t) = n(r)24. Define

A(T +3)

s2(q (7)) == VNG

It turns out that s2(g) is exactly f(21)24, where f(r) denotes the classical Weber
modular function (cf. [14, Lemma 2.2]). Recall that

g 0@ +1/2) _ h@o) -
n(t) fi(z)’ n() ’

2
ner) HOR (D7) = V2.
n(t)

f(r)=e

f2(7) =2

Note that —f(t)24, f1 (1), fg(r)24 are exactly the three roots of the cubic equation
(x+16)° — j(1)x =0, (2.3)

where j(7) is the classical j-invariant. One can see more details on [3, p. 288] or in
[18, Sect. 1].

Lemma 2.1 We have the following special values of f(7)**:

(1) $20g(=% + %) = f(—1 +v/2i)* = —64.
(2) s2(g(=5 +1)) = f(—1 +2i)* = —512.

(3) s2(q(i)) = F(2i)** = 280 + 198+/2.

@) s2(q(3 + £) = §(1 + 3i)** = 280 — 198+/2.

Proof (1) We have

f(r +1) 0 ¢ oY\ [
fic+ D =1¢t 0 0 |h(@], (24)
fat +1) 0 0 ¢2) \f)
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where ¢ = e% (cf. [18, p. 1647]). Combining the above identity and the fact that
§1(v/20)%* = 64 (this value was listed by Weber in [17], p. 721), we can see that
f(—1 4 V20)% = —64.

(2) In Weber’s Table, f1(2i) is wrongly written as /8. The correct value f12i) = 8
given by Brillhart and Morton [5, p. 1379]. By the same argument,

f(—1+20)% = —j;2D)* = —(V/8)* = —512. (2.5)

(3) and (4) Notice that —f(t)24, f1 (1)24, fz(r)24 are exactly the three roots of the
cubic equation

(x+16)° — j(t)x =0. (2.6)
Since f1(2i)%* = 512 by (2.5) and j(2i) = 233113, we can see that
£(20)%* = 280 + 198+/2, 2(2i)** = 280 — 198+/2
1

by solving the equation (2.6). Note that the transformation T + — fixes f, and

exchanges i, f». Hence f(%i ) = f(2i) which implies that

1 24 1 24
f <§i) =280 + 1982, f (51') = 280 — 198+/2.

By (2.4),

1 24 1 24
f(l + 51') =—f <§i> =280 — 198v/2.

Define

4
_AQ) n(n@n?\* n2o® \*
HaE =5 (16< 1@y ) +(n(r)n(4r)2) |

Then by (2.2), we have

4 4
s4(q(r)) = ) + (f1(4r)f(2r))4> :

1 1
f1(27)% < <f1(4f)f(2f)

Lemma 2.2 We have the following special values of s4(q(7)):

(1) s4 (q (—% n “751)) = —1024.
(2) s4(q (=5 +3i)) = —12288
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3) 4 (q (—% + @z)) — 82944,

Proof 1In fact, we found these values with the aid of Sagemath [13]. However all these
identities can be proved by Table VI of [17] and the modular equations of Weber
modular functions. We will give the proof of the first one. The proofs of the other two
are similar. Hence we omit them.

(1) By the Table of [17], we have

(V5 =145, 112V5)* = V8x, x? = 1+2ﬁ(2x+ D).
Hence

)4 «/§x
5.4:f1(2d§z) _ '
(/50 f(V50)4 1445

Lett = —% + éi.Then

f120)% = f1(=1 4+ V5 = —f(v/50)** = —(1 + V58,
frd4n)* = f1(=2+2v50)* = 811 2V50)* = (88,
fer)* = f(—1+ V50 = ¢ (VB = ¢4 ff/g.

Hence

4
1 1 4 A
540(0) = =55 (16(fl (41)%)) +(f1(4r)f(2r))> = 1024,

O
Samart established an explicit formula for f>(s2(q)) and fa1(s4(q)) as follows (see
the proof of [14, Prop.2.1]). We use the notation Z’ to denote the summation over

m,nez

m,n € Z with (m, n) # (0, 0).
Lemma 2.3 ([14] Proposition 2.1 (i) and (iii)).

(1) IfIm(z) > 1 5> then fa(s2(9) = AN (—A + 16B), where

' [A4mRe(r) +n)? 1 v (4@mRe(1) +n)? 1
A_Z ( |m‘f+n|6 _|mr+n|4)’B_Z < B )

6 4
m,nel m,nez ‘4mr +n| |4mr +n‘
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1
() IfIm(t) > —, then fy(sa(q)) = "5 (—A + 4B), where

V2

. Z/ 4(mRe(r) +n)* 1 e Z/ 4@mRe(r) +n)? 1 .
|mt 4+ n|® |mt 4+ n|* 2mt +n|® 2mt +nl4

m,nez m,nez

This suggests an effective way to compute f;(k) (i = 2, 4) : For a given k, if we
find a pre-image t of k through s;(¢q), that is, write k = s; (¢(7)), then we can use the
above formula to derive the value of f; (k).

The lower bound of Im(7) is unnecessary. In fact, both f>(s2(q)), fa(s4(g)) and the
lattice sums are the real parts of holomorphic functions. Hence they are equal every-
where which implies that the corresponding Mahler measures still can be computed
by the formulas of the above lemma even if the imaginary parts of T do not satisfy the
condition in Lemma 2.3.

For a quadratic Dirichlet character x the L-function with respect to x is denoted
by L(s. x). Let x—4() = (1), x-8() = (%), x8() = (}) and x_3(-) = (=), etc.

We will use the notation as in [7]. Let L(s) = ¢(s) be the Riemann ¢-function,
L,(s) = L(s, x») the Dirichlet function. The key of our computation is the following
technical lemma, which gives an analytic formula for a series of lattice sums.

Lemma 2.4 (Glasser & Zucker [7], Table VI). For any complex number s with
Re(s) > 1,

/ 1
W) D gy = L)

m,nez
’ 1
@ Y oy = 2L
m,nez
’ 1
B) Y 5 =201 =27 4+ 2" )L ()L _4(s);
m,nel. (m2 + 41’12)
@ Y e L)L a0(s) + Ls)L4(s);
m,nez (m2 + 5n2)S ) B ’
’ 1
5) Y 5y = (1 =27 4217 Ly(s5) L g(s) + L_4(s)Lg(s);
m,nez (m2 + 8}’12)
’ 1
©) Y 5= = +3")L1()L_a(s) + L3(s)L1a(s);
m,nez (m2 + 9}’l2)
’ 1
D Y 5 = (1 =27 2172 = 2173 4 221 ()L _y(s)
s (m? + 16n2)"

+ L_g(s)Lg(s).
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3 Computation of f>(k) fork = —64, —512, 280 + 198./2

Now we come to the computation of f>(—64) and f>(—512). We shall first express
f2(—64) or f>(—512) as a lattice sum by Lemma 2.3, then construct a particular
modular form in the light of Lemma 2.4, which will turn out to be the exact form we
want.

3.1 f,(—64)

For k = —64, by Lemma 2.1, we find that t = —% + “/Tji satisfies s2(q (1)) = —64,
V2

hence by Samart’s formula we get £,(—64) = —
T

(—A + 16B), Where

1 —642n — m)? / 16
A=
m;ez (2n —m)? +2m?2)3 + Z (2n —m)? +2m2)2’

m,nez

o 64(n—2m)? ' 16
168 =3, ((n —2m)2 +8m2)3 2 ((n — 2m)2 + 8m?2)2’

m,nez m,nez

In order to use Lemma 2.4, we need to change the index in the summation of A and
B and then twist them by some Dirichlet characters. We denote a = b (mod r) by
a=b(r).

Leta = 2n — m, B = m. Then

’ —640? ’ 16
R S
2 2\3 2 2\2
a+pB=0(2) (O{ +2'3 ) a+B=0(2) (O[ +2ﬂ )

Consider the function f(7) := n(t)? n(2t) n(47) n(87)2. This is a modular form
of weight 3 with level 8. It has g-expansion (cf. [14, Lemma 2.7])

2 2
m- —2n 2.,9,2
f(T) — E 2 qm +2n .

m,nez

From f(t) we get another modular form by twisting it with x_,, that is,

2 2
m*< —2n 25,2
FOXLD =), = m? 2D g
m,nez
2 2 2 2
m* —2n 2 52 m* —2n 292
ZZTqm+n_ZTqm+n.
m=1(2) m=1(2)
n=0(2) n=1(2)
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We can also twist f(t) by x_s,

2 2
—2n 29,2
X_g (m2 + 27’!2) qm +2n

m
7) = _—
Fex =3 —
m,nel
2 2 2 2
m* —2n m24on2 m* —2n m24on?
- Z 2 q + Z 2 4q :
m=1(2) m=1(2)
n=0(2) n=1(2)

Hence
m? —2n? 2,52 1
—— " = S ® X (@D = f® X (1)

2
m=1(2)
1(2)

On the other hand, one easily sees that
2 2
m* —2n 2052
Z > q" +2n = 4f(47).
m=0(2)
n=0(2)

Thus we have

@ =y

2 _9op2 1
m " m?+2n? _ 4f(47) + E(f ® x5 (1) — f ® x_,(1)).

m+n=0(2)
Since
I DI D (3.1
m,ne’l m,neZ  m=0(2) mez m=0 (2)
m=n (2) neZ n=0(2) n=0(2)
we have
Y e
2 2y2
m,nez (m +2n )
m=n (2)
1 Z/ 1 Z/ 1
(4m? + 2n2)2 (m? + 8n2)2
m,nez

/
= Z 2 AV
m,nez (m +2n ) m,ne’
’ 1
2 -
+ Z 16(m2 + 2n2)2
m,ne’.

1 1 Z/ 1 Z/

/
= Z 2 N2 2
m,neZ(m +2n ) 4m,neZ

2 2\2
(2m +n ) m,nez

1

(m? + 8n2)2

@ Springer



X.Guo et al.

1 ’ 1
+ 8 Z (m2 + 2n2)2
m,ner

7 / 1 / 1
~8 2 (m? +2n2)2 2 (m2 + 8n2)2’

m,ne”z m,ne”z

By Lemma 2.4,

/ 1 7 ’ 1 / 1
2 (m2+2n2)2 8 2. (m2 +2n2)2 2 (m? 4 8n2)2

m,nez m,nez m,nez
m=n (2)
7 7
=3 *2L1(2)L—g(2) — §L1(2)L73(2) — L_4(2)L3(2)
7
= §L1(2)L—8(2) — L_4(2)L3(2).
Hence

1 —64a? / 16
A= ) Gt X @rapy

a+pe2Z a+pe2Z
Z/ —64(a? —28%) Z/ 16
2 2\3 2 2\2
wiperz 2@ +287) wipers @ 267

7
= —64L(fa.3) — 16 <§L1(2)L—8(2) - L—4(2)L8(2)) .

Similarly, we get

64(n — 2m)? 16
168 = =2 3 Z/ 2
ez (0 =2m)2 +8m?)" Ty ((n — 2m)* + 8m?)
/ 64x2 / 16
= Y reai— D aean @=-—moy=m)
x+y=0(2) (= +8y7) x+y=0(2) (= +8y7)
1 64(x% — 8y?) / 16
Z 2(x2 + 8y)2))3 + Z (x2 + 8y2)2.
x+y=0(2) x+y=0(2)
Let

2 2
x° —8y 2,62
fB(t) = E qu LA

Xx,VEL
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Then fp(7) is also a modular form of weight 3. By the same argument as in the case
concerning A, we can prove that

1
fe(x) =4f@r) + E(f ® x—8(1) + f ® x—4(1)).

By Lemma 2.4,
Z/ % =16 <Z Li(2)L_g(2) + L4(2)L8(2)> )
ciyear 89 8
So

16B = 64L(fp,3) + 16 ( Li(2)L_g(2) + L4(2)Lg(2)) .
Therefore,

f2(—=64) =— (—A + 16B)

il& mlﬁ

( 64L(fA,3)—16< Li(2)L_g(2) — —4(2)L8(2)>>
‘/— 64
L(fp,3)+16 8L1(2)L 8(2)+L_4(2)Lg(2)

_64 4
f — fa,3) + ;L74(2),

wherein we have used the identity
Lg(2) = v27%/16 (3.2)

to substitute Lg(2).

Letg,, := fp — fa = f ® x—4. Although we have used the lower index “32”, we
need to show that the level of g, is indeed 32. We can prove it by Sagemath [13]. We
know that f ® x_4 is a weight 3 cusp form whose level divides 128. Since the first
few Fourier coefficients of f ® x_4 agree with those of a weight 3 cusp form of level
32 computed in Sagemath, we have that they are the same cusp by Sturm’s Theorem.

By the functional equations of L-functions,

0). L@ = SLL4(=D). (3.3)

L(g32,3) =

64

we get the equality

f2(=64) = 2L'(g5,, 0) + 2L 4(=1).
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3.2 f,(—512)
For k = =512, we find 7 = —5 L 4 i such that s2(q(t)) = —512. For any integers
m,n,

2
Imt +n|* = (n - %) +m?,
[4mT +n|*> = (n — 2m)* + 16m?,
mRe(t) +n=n— ﬂ,

2
4dmRe(t) +n =n — 2m.

Therefore, in Samart’s formula, f,(—512) = %(—A + 16B), where

B Z/ (4(mRe(t)+n)2 B 1 )
- |mt + n|® |mt 4+ n|*

m,ne’.

e )

B ( (4mRe(r)+n)2 1 )

m, neZ

[4mt + n|® [4mt + n|*

4(n — 2m)? 1
((n —2m)2 + 16m2)’ ((n —2m)? + 16m2)° )

m, neZ

For A, we have

/ 64(2n — m)> 16
At o )

mmez \(@n —m)2 +4m?)”" (21 —m)? + 4m?)

B Z/ ( 64 0 16 )
- 2 2\3 (g2 2\2 |-
ier (€% + 4m~=) (02 + 4m?)

m=0 (2)

From 64¢% = 32 (¢ 4 4m?) 4 (£* — 4m?)) it follows that

1 (32002 — 4m?) 16
A= )
2 < (€% + 4m?)3 * (€% + 4m?)?
m el
m=t (2)
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Let h(T) — Zm’nez m2_24n2 qm2+4n2 _ 77(4‘[)6 and

m? — 4n? 1
ha() = ) o g = ARG S ® s~ h @ 1) (1),

m,nez
m=n (2)

Then

1 (32(m? — 4n?) 16
A =
2 < (m? + 4n?)3 * (m? +4n?)?
m,nez
m=n (2)

/ 1

m,neZm=n (2)
By (3.1) and Lemma 2.4, we have

Y e
2 22
m,nez (m +dn )
m=n (2)
1 ’ 1 / 1
= Z 22 Z 2 22 Z 2 22
mneZ(m +dn ) m,nEZ(4m +dn ) m,nEZ(m + 16n )

1
2 -
+ Z 16(m? + 4n?)2
m,ne’

9 / 1 1 / 1 / 1
) Z (m2 +4n2)2 16 Z (m2 +n2)2 Z (m2 + 16n2)2
m,nez m,ne”z m,nez

9 7 1 55
=3 ZL1(2)L74(2) 16 “4L1(2)L-4(D) - (aLl(Z)th(Z) + Ls(Z)L8(2))

55
:6—4L1(2)L_4(2) L_g(2)Lg(2)

andso A = 64L(ha,3) + 16 (%Ll(Z)L_4(2) — L_g(2)L8(2)>.
For B, we have

P o 4(n — 2m)? B 1
mmez \((n —2m)? + 16m2)3 ((n —2m)% + 16m2)2

22 1
- XZ: ((€2+16m2)3 (e2+16m2)2)‘
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Write 402 = 2 ((€2 + 16m?) + (£ — 16m?)), then we get

B Z/ 2(0% — 16m?) N 1
B (€2 +16m2)3 = (L2 +16m?)?2 )"
m, el

Ifweputhp(t) =)
h ® xg)(r) and

m2J6n? gm*16n% then hg(r) = 4h(4T) + L (h ® x_a+

m,ne”’

’ 1

B =4L(hg,3 _—
(hs,3) + Z (m? + 16n2)2
m,ne’

5572 V2r?
=4L(hg,3) + (mL_AL(Z) + L_3(2) T: )

by Lemma 2.4 (7), identity (3.2) and L1(2) = {(2) = 2/6 .
Now we obtain

—A+416B = —64L(hy,3) — 16 <2—3L1(2)L_4(2) — L_g(Z)Lg(Z))
+64L(hg,3)+ 16 (2—2L1(2)L_4(2) + L_g(2)Lg(2)>
=64L(hg — ha,3) + 2v2L_g(2)7>
by identity (3.2) and L{(2) = ¢(2) = 72/6 . So

2 128 42
[2(=512) = 5 (=A+16B) = —-L(hgp —ha,3) + —L_3(2).
T T T

Note that the function g, := hp — hy = f ® xg is a new form of weight 3, and
Sagemath [13] shows that its level is indeed 64.
Finally, with the aid of the functional equation of L-functions,

3 2
L(ges,3) = %L/(gw 0), L g(2) = %L/_g(—l), (3.4)

we get
f2(=512) = L' (g5, 0) + L g(~1).

3.3 £,(280 + 1984/2)

Since these two cases are similar, we give only details of the computation of f>(280 +
198+/2). For k = 280+ 198+/2, the corresponding t = i. Hence by Samart’s formula
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we get f2(280 + 198+/2) = Z(—A + 16B), where

A Z/ 4(mRe(t) 4 n)? N Z/ 1

6 T L4
m,nez |mr +n| m,neZ'mr +n|
’ —4n? ’ 1
- Y et ¥
2 2)3 2 2)2
m,neZ(m +n ) m,neZ(m +n )

D T D
- 2 23 2 N2 2 22’
m,nEZ(m +n ) m,neZ(m +n ) m,neZ(m +n )

64(4mRe(t 2 16
1op= Y SR ENT g 10
[4mt + n|® |[4mt 4+ n|*
m,nez m,nez

/ 64n / 16
2 ((4m)? +n2)3 2 ((4m)? + n2)?

m,ne’ m,nez

—_Z’w Z/w_ )
G (Gm? ey ((4m)? 4-n?)3 ((4m)? + n?)?

m,nez m,nez

B 1 32((4m)% — n?) / 16
=L @y T L e

m,nez

Consider the function 4 (1) = Newforms(Gammal(16),3,names="a’)[0]. We call
an ideal I of Z[i] “odd” if the norm of I is odd. Then

h@) =Y pHg" " =q—64° +9¢° + ...
I odd

where [ is an odd ideal of Z[i] and
V(x + yi) = (x + yi)%, x odd, y even.

Hence x2 +y2> =1, 5 (mod 8). Since xg(5) = —1,

hexs+mm=2 Y YpDe" D= Y (—@m?+nDgtmr,
N(H)=1(8) mezZ, n=1(2)

Note that 4 (7) is the same with that in [14, Lemma 2.7]. It has another form of
m? — 4n? m24dn?

ho) =@’ = ) —

m,ne’l
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Therefore
1 (4m)? —n?
L) +Lh@ys.3)=— Y  ——o—u
meZ,nEl(2)((4m) +n%)
Note that
Z (4m)2 —n? _ Z/ (4m)2 —n? Z/ (Zm)z —n?
(@m? w2y ((4m)? + )} 16((2m)? +n2)?
meZ,n odd m,nez

9
=L(hQ xs,3)+ gL(h, 3).
By Lemma 2.4 and (3.2), we have

(280 + 198+/2)

2
= —(—A+16B)
P
2 1 32((4m)% — n?) / 1 / 16
=3 Z 2 23 Z 2 g T Z 2 22
T m,ne’ ((4}’}1) +n ) m,neZ(m +n ) m,nEZ((4m) +n )
2 1372 5
= 5 (36L(h3) +32- L ® x8.3) + —o—L-4(2) + V27l 3(2) ).

The level of h ® xg is 64 by Sagemath [13]. One can verify this by the same arguments
as in the end of Sect. 3.1.

2
£2(280 4+ 198v2) = = (—A + 16B)
s
9 1 13 1
==L'(h,0)+ L' (h® x38,0) + —L_4(2) + =L_g(2)
2 2 8 2
1
=3 (B6M 6 + 4M6@s + 13ds + 4ds) .

4 Computation of f4 (k) fork = —1024, —12288, —82994

4.1 £,(—1024)

In this case, T = —% + ‘/751‘. So fi(sa(q)) = 57;—35(—A + 4B), where
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, N2
. (_ 64(2n — m) N 16 )2>’

maez \ (@ —m)?+ sz)3 (@n —m)? + 5m?

16(n — m)? 4
4B = /< 6(n —m) - 2>.
m,ne’ ((n - m)2 + sz)‘ ((n — m)2 + sz)
Leta =2n —mand B = m, then —A +4B = S| + S2, where

B 1 =32(a? —5p%) r 8(a? —582%)
=2 @ispr T L Gy

a=p(2) o,BEL
_ —128 Z/ o —5p2 N 32 Z/ o —5p2
- 2 23 T 5 2 2)3°
wzpmi @ TIP3 Ll @7 367
/ —-16 / 4
52 = Z 2 T Z 2 22"
a=p2) (Ol +5/3 ) a,ﬂeZ(a +5'B )

Let K = Q(+/=5), A = (2) = p?, where p = (2, 1++/—5) anon-principal prime
ideal of Og. Then the class group of Ok is of order 2. Hence any ideal [ is either
principal, or p/ is principal. We can define a Hecke character ¢ by

x2, if I = (x) is principal;
o(=1",
x=/2, ifpl = (x).
One can easily prove that ¢ defines a homomorphism on the group of integral ideals.
For example, if I, J are two non-principal ideals and p/ = (x), pJ = (y). Then
1J = (%) and

o) =9(F)

p? x?
T4 T2

2
y? = (D).

Similarly, we can also define a Hecke character é by

. x2, if I = (x) is principal;
b = . . (x) is princip
—x-/2, ifpl = (x).

One can also prove directly that qg defines a homomorphism on the group of ideals.
By Theorem 1.31 of [9], we have

gr)= Y ¢(Hg"?"

10k
2 2 2 2
ac =56 2.5 1 a-—58 2,542
= Z ¥ TP jatspt Z Tq(oz +567)/2,
o,BEL a=£(2)
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hr)= Y ¢(Hg"?

10k
2 2 2 2
a-—58 W2+5p2 1 a-—58 (@2+56%)/2
=2 a Y. —5
o,BEL a=p(2)

are newforms of level 20 and weight 3. In fact # and g are Newforms(Gammal(20),3,
names="a’)[i] for i = 0, 1 respectively in Sagemath [13],

g§=q+2¢" —4¢° +49" = 5¢° —8¢° + 49" + 84" +7¢° — 104"
—16¢"% + 8¢ + 209" + 16¢'° + 149" + 0(¢%"),

h=q—2¢"+4¢> +4q¢* —5¢° — 8¢° — 447 — 8¢® + 7¢° + 10¢"°
1692 + 8¢ — 204" 4 16¢'° — 144" + 0(¢%).

We can restrict ¢ to the group of ideals coprime to p to get a new Hecke character
and a new modular form. By Theorem 1.31 of [9], we have

hi(r) =Y ¢g"?

ptl

= > e+ > gD
ptl,1 principal ptl,pl principal

-y 220, += Y, —5—q
a£EL(2) a=p=1(12)

=h® x-4

is a newform of level r|80 and weight 3. Let

81 =8 & X—4
2 2 2 2
a” — 5B 2.cp a-—58 2,542
Z Tqoc +58° _ Z —q((x +58 )/2’
a£B(2) a=p=1(2)

2, 52

fi=gi+hi= Y (=59,
a#B(2)
a2 —5B% o
fh=—g1+h = Z g,
a=p=1(2)
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Hence
§ = E Z/ —(Ol2—5,32) 2 , 0[2_5132
- 24542 2 2)3
> wmpmiy (5 3 > a#B(2) (@ + 58
32 32
= ?(L(fl, 3) = L(f2,3) = ?(L(fl = f2,3)).
So
sf 5V5 64\/5 5V5
( A+4B) = 3 S1+ $) = 3)+—S2
Since
2 2 2 2
a” =56 2.:p a-—58 2,542
h(t) = Z TP petSpT & TP (@?+58%)/2
@O= —F5 4 > 5 :
a,BeZ a=4(2)
2 2 2 2
_ o — Sﬂ 0(2+5/32 o — Sﬁ (Ot2+5/32)/2
am= 3 —5 4 > ! :
a#£B(2) a=p=1(2)

we can see that g; is the odd exponential part of # and f; —

f» = 2g1. This is a

modular form of weight 3, level may be greater than 20. Similarly,

—2h(27) = —
o,BEZL

(20[)2 — 5(2/3)2 Q)2 +528)% ol — 5/32
Y1 Y

q(a2+5ﬁ2)
a=p(2)

is exactly the even exponential part of 4. Hence —2h(27) + g = h which implies

L(g1,3) =
Now we begin to compute S»,

L(h,3) + 3L(h,3) = 3L(h, 3).

/ —16
S = Z (a2+5,82)2+

a=p(2)

a=p=1(2)

-y

non principal odd /COk

- ¥

non principal odd 1Ok

Let

=2

2
1COg N(I)

/ —16
2 et
NGI?

N(I)? *

20

Y
2 2)\2
a,ﬂez(a +58%)

Y
2 2N\2
a’ﬁez(a +58%)

6
Z N(1)2

principal /COk

6
Z N(I)2.

principal €Ok

-32

-8

1

-1
W) =h+h+13+1,
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1
n= Z —N(I)Z’

principalodd 1COk

1
th = —,
2 ) Z N(I)2
non principal odd €Ok
ty = > ! —lt+1(t+t)
T NIZ 416 T
principal even /COg
1
ty = —. 4.1
4 Z N(1)2 “.D

non principal even / COg
By Lemma 2.4 and the value of Dedekind zeta function ¢x (s) at 2, we have

t=L1(2)L_2(2),

1 ’ 1 1
Hn4n= Em;ezm = S LIQ)L Q) + L4@)Ls2)),
1 \!' 3 3
n+n=]] (1 - W) =11=1L1L 2. (4.2)
q#p q

Hence we have

32
Sy = =8 +6(t) +13) = 16(t] + 13) — ?(tl + 1) =8L_4(2)Ls5(2).

Note that L5(2) = 4‘@? 2 Therefore

10I 80+/5 32
Filoa(qn = 2D 44 ap) = —{L(g, 3)+ = L_4(2)
V4 b4 S5

8
= §(5L’(g, 0) + 2L (x4, —1))

by the functional equations of L-functions (see [14, Eq. (2.28)]), where g is a new
form in S3(I"1 (20)) with rational coefficients.

4.2 f4(—12288)

In this case, T = —% + 3i. So fu(s4(¢)) = 33 (—A + 4B), where

, 2
asy (_ 64(2n — m) N 16 )2>,

(@n—m)2+9m2)>  (2n —m)? + 9m?

m,ne’l
_ 2
4= 5" 16(n —m) - 4 )
m,nez ((” - m)2 + 9m2) ((n — m)2 + 9m2)
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Leto =2n — m, and § = n — m, then

64(2n — m)> N 16 B 64a2 N 16
(@n—m)?+9m2)>  (@n—m)?+9m2)® (@ +9mH (& +9Im)>
16(n — m)? 4 1682 4

(n=m?2+9m2)*  ((n —m)? +9m?) T BT m23 T (B4 9mD)?

Since 2n — m = m (mod 2), we have

B / 32(a? — 9m?) 16
A=) (_ @ +9m2)3 (@2 + 9m2)2> ’

a=m(2)
w=3 (?;351_931”;)? o)
B.meZ
Let
5= ¥ -t L e
a=m(2) a,meZ
=% et L oy
a=m(2) a,me’
Then

—A+4B =851+ 5.

Now we will use Theorem 1.31 of [9] to compute the first half of the RHS of the
above formula. Let K = Q(+/—4), A = (3) an ideal. The residue field of A is Fy.
Note that &1, i are the square elements of IFg. Any ideal a prime to A is of the form

a=(a),a=1lorl+i (modA).

Note that a has a generatora = 1 (mod A) if and only if N(a) =1 (mod A).
Then the map ¢ defined by

2 ifa=1 (mod A),

a
¢(a) = ¢(a) = {azi, ifa=14+i (mod A),

is a Hecke character. One can verify that ¢ is a homomorphism by direct computation.
For example, if a = (a),b = (b) witha =1+i (mod A),b=1+4+1i (mod A),
then ab = (ab) = (abi), abi = —2 =1 (mod A) which implies that

$(ab) = (abi)*> = —(ab)?> = a’i - b%*i = ¢(a)¢(b).
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Similarly, we can define another Hecke character ) by

L )2 ifa=1 (mod A);
d(a) = (@) = —a%i, ifa=1+i (mod A).

Hence by Theorem 1.31 of [9], we have

g=> ¢@q",

3ta

h=>Y " ¢@qg"®

3ta

are new forms of level 36 and weight 3 by Sagemath [13].
They have Fourier expansions

g=q—2q> +4q* +8¢° — 8¢% —16¢'° — 104" + 16¢4'° — 164" + 0(¢%"),
h=q+2q%>+4¢" —8¢° + 848 — 16¢'° — 104" + 16¢'° + 169" + 0(¢*°).

Let g1 = g(t) ® x—3(t) + (7). Then

BE=2 Y s@e"0 = Y ong

N(a)=1(3) m,ne”, 3tm
=g+h.

So we have

/
g1~ g1 ®@x-(® = Y. (m*=9nDg" " = 2g(21) +2h(21).
m=n(2)

Note that we can omit the condition 3 { m for

Z (m2 _ 9n2)qm2+9n2 — O

m,nez,3m

Let g2 = g1 — 81 ® x—4, then

1 (a? —9m?) 1
Led)= Y gy = gLhi—g.9).
a=m(2)

Now we need to know the value of

Z/ (a2 — 9m2)
2 2)3"

a,mez (Ol +9m )
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We will compute this part:
2 2 2 2 2 2
r (a® —9m 7 (o —9m 1 (a® —9m*)
Z (((12 + 9m2))3 = Z ((O{Z + 9m2))3 + Z (az + 9m2)3
o,meZ 3|la,meZ 3fa,meZ
1 ’ (oz2 — mz) Z/ (oz2 — 9m2)

=Q1 2 2)3 2 2)3°
Sla,mez(a +m?) 31’a,n1€Z(a +9m?)

2 2
Note that g; > LaomD) — (. Hence

a,meZ(a2+m2)3 -
Z’ (Ol2 — 9m2) Z/ (0[2 — 9m2)
2 N3 2 23"
a,meZ(a + 9m*) 3{a,meZ(a + 9m*)
So
1 (a? —9m?)
L h,3) = —_—
©+h3 =D T omy
a,me’l
Hence
¢ Z/ 32(a? — 9m?) Z/ 8(a® — 9m?)
1= ) 23 2 23
a=m(2) (0[ +9m ) o,mez (Ol +9m )
= —8L(h—g,3)+8L(g+h,3)
= 16L(g, 3).

Therefore %Sl = %L’ (g, 0) by the functional equation of L-functions. Now we
begin to compute

/ —16 / 4
Sh = R S —
2 Z (@2 + 9m2)? + Z (@2 + 9m2)?

a=m(2) o,meZ

Note that

~16 ~16 ~16
Z/ @2 +9m2)? — Z/ Nt ami2 ¢ Z/ N((1 + i) (e + 3mi))2
a=m(2) a=m(2) a=m(2)

_ Z/ _64
B oSy (N (@ = 3m) + (@ 4 3m)i))*

Let

_ a—3m

— at3m
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Then x = y (3) and

Z/ —64 _ Z/ 4
- N2 2 232"
azmey (N (@ = 3m) + (@ 4 3miD)= - 2L, O+ 57

Note that
/ —4 / —4
Z 2 N2 Z 2 1 v2\2°
S0 (x*+y9) = 33) (x*+y9)
Since
/ / / / /
b D =22 )
x=y(3) x#y(3) xy=0(3) X,YEZL x=y=0(3)
the following identity holds:
/ —4 / —4 / —4
" 49 -
Z (x2 + y2)2 + x;@) (x2 + y2)2 + Z (x2 + 9y2)2

x=y(3) x,yEL

. 4 ; —4 f 112
- ¥ et L e - L e
2 2)2 2 2y2 2 2)2
X YIT S 2T 4y 22, 277 4 y7)

Hence

/ —4 / —56 / 4
Z 2 N2 Z 2 PIVIRE Z 2 22"
xEy(3)(x +y9) x,yeZ27(x +y9) x,yeZ(x +9y9)

By Lemma 2.4, we have

’ —56 / 8
S - - JE
2 Z 27(x2—|—y2)2 + Z (x2+9y2)2

X,y€EZ X,y€ZL

—56 28
= —4L1(2)L-4(2) +38 (EL1(2)L—4(2) + L—3(2)L12(2))

27
2 2
b ﬁ) _An \/§L_3(2).

=8L 3(2)L12(2) =8L_3(2) ( T 9

By the functional equation of Dirichlet L-functions, we have L_3(2) = 347”3

L 5(—1).S0 38 = B ;(~1) and

15 40 , 80 ,
fa(sa(@)) = =5 (S1+82) = L (8,0) + ~L_3(=1),
T 9 9
where g is a new form with rational coefficients of weight 3 and level 36.

@ Springer



Three-variable Mahler measures and special values...

4.3 f4(—82994)

Note that the argument of this section is quite similar to Sect. 4.1, the computation of
fa(—=1024).

In this case, T = —% £z So fi(sa(q)) = ( A + 4B), where
/ 64(2n — m)? N 16
” neZ (2n —m)? + 13mz)3 (2n —m)? + 1?)}712)2
< 16(n — m)? 4 )
o \ (= m)? + 13m2)° ((n —m)? + 13m?)’
Hence
/ 32(a? — 1382) 16
A= T @2+ 13823 (a2 + 13822
a=p(2)
2 2
4B = (8(025 1316233)"‘ 2 : 22)'
e (@2 +1382)3 (a2 + 1382)
So
1 =32(a® — 138%)  8(a? — 138%)
—A+4B = Z 2 PN Z 2 23
S0 (a2 4+ 13B2) Z, (e +13p%)
—16 ’ 4
+ Z 2\2 Z 2 232"
m)(a + 1382) Z(a + 1382)
Let
1 —32(a? — 138%)  8(a? — 138%)
= Z (% +1382%)3 Z (% +1382%)3
a=p(2) el
/ —-16 / 4
S = Z 2 PIVIRE Z 2 YR
S0 (a2 + 1382) a,ﬁeZ(a + 1382)
Then

g Z/ —24(a?® — 138%) N Z/ 8(a? — 1382)

1= 2 2)3 2 2)3
1 1

ampy & TBEY e @+ 1389

—128 Z/ a? — 1382 32 Z/ a? — 1382

2 2\3 2 23\3°
o @ 1367) 5, @+ 1367)
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Let K = Q(v/—13), A = (2) = p? an ideal of O. Then the class group of O is
of order 2. Hence any ideal [ is either principal, or p/ is principal. Then we can define
a Hecke character ¢ by

x2, if I = (x) is principal,

o= {x2/2, ifpl = (x).

One can verify directly that ¢ is a Hecke character as in Sect. 4.1. Similarly, we can

also define a Hecke character 43 by

. x2, if I = (x) is principal,
¢(1)={ (x) is princip

—x2/2, ifpl = (x).
By Theorem 1.31 of [9], we know that
h(t) =Y ¢(Hg""
1

2 2 2 2
= B g Ly @ Z B aiign
o,BEL o,BEZ :
g(r) =Y ¢Hg""
1
2 2 2 2
rat =138 2 2 1 rat— 138 2 2
_ Z e S +13p2 1 Z —q(oz +138%)/2

2
o,BEL o,BEZ

are newforms of level 52 and weight 3, and

f@=Y 6" =" ong" P+ Y ¢

ptl ptl,1 principal ptl,pl principal
2 2 2 2
/ot — 13ﬁ 0[2+13/32 1 / o — 13/3 (Dt2+13,32)/2
= > =5 ty 2 —5 4
a#£EL(2) a=p=1(2)

is a newform of level 208 and weight 3.
The new forms g and & are Newforms(Gammal(52),3,names="a’)[i] fori = 0, 1
respectively in Sagemath [13],

g=q—2q° +4q* +12¢7 —8¢% +9¢° + 4q" — 13¢" — 244"
h=q+2¢>+49* —12¢"7 +8¢% +9¢° — 4g"' — 13¢"3 — 244"
+169'° — 18¢"7 + 18¢"* + 129" + 0(¢™).
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Let
81 =8® X—4
rat— 1387 oy ap ro@? = 1387 aiiag
S D AVEL T - 1.
a£B(2) a=p=1(2)
/ Ol2 — 13,82 (12+13ﬁ2 / Ol2 — 13‘82 (0[2+13132)/2
h1=h®X—4=Z — 4 - Z —q :
a#£L(2) a=p=1(12)
Then
/ 2 2
fi=gi+hi= ) @ —13Hg" THF,
a#B(2)
h=gi—-h= ) —=—q¢ :
a=p=1(2)

Hence

16 o=@ —138%) 32 « (a*—13B%)

Si=% 2 — g 3 5 (@2 + 1362)3
a=p=12) (—= ) wzp2)
32 32
=g(L(f1, 3) = L(f2,3) = ?L(fl = f2,3).
So
54/13 5413 64+/13 5413
S (—A+4B) = == (S1+ 8) = ——L(h1.3) + =51,
b4 b4 T b4

where fi — f» = 2hy is the odd exponential part of 2g, and —2g(27) is the even
exponential part of g by similar argument as in Sect. 4.1. Hence —2g(2t) +h; = g
which implies L(h1, 3) = L(g, 3)+ }‘L(g, 3) = §L(g, 3). Now we begin to compute
$2,

/ —16 ’ 4
£ L @rnpr L @ e

a=p(2) a,Be”

/ —16 / 3
S 2 @rupr A @

a=p=1(2) o,BEL

-32 6
S L WeRt L Wap

non principal odd 1 principal

-8 6
R DR TR DR 72

non principal odd 7 principal /
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Let

1
> N S hTRtnn
I1COk

1
AP e

principalodd /

1
ChlND SR 3

non principal odd /

1 1 1
= — = —t —( 13),
3= Z N2 2t ehtn)
principal even [
1
1y = —.
4 Z N(I)2

non principal even

We know that

t=L1(2)L_5(2),
1
t+n= §(L1(2)L—52(2) + L_4(2)L13(2)),

3 3
t th=—-t=—-L1(2)L_5(2).
1+t 1 1 1(2)L-52(2)
Hence we have
32
Sy = —8n +6(t; +13) = 16(t] + 13) — ?(tl + 1) = 8L _4(2)L13(2).

Note that L3(2) = 2% ®_ Hence

134/13°
10Im(7) ~— 80+/13 160
falsa(@) = —— m;é; +4B) = —5—L(g ) + 5L+

40
= E(L/(gv O) + 2L/(X—4s _1))

by the functional equations of L-functions (see [14, Eq. (2.28)]). By Sagemath [13],
we know g is a new form with rational coefficients of level 52 and weight 3.

Acknowledgements The authors are deeply grateful to the referees for very helpful suggestions to improve
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