Number Theory and (© Higher Education Press
Related Area

ALM27, pp.41-50

and International Press
Beijing—Boston

Governing Fields of the 4-rank of
KsOq(ap) as p Varies

Xuejun Guo*, Hourong Qin'

Abstract

In this paper, we prove the existence of governing fields of the 4-rank of K> OQ(\/@)
as p varies. For some special d, we prove that the governing field of the 8-rank of
KQOQ(\/%) also exists.
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1 Introduction

Let n be a rational integer, F' = Q(y/n), CI(F') (or Cl(n)) the class group of F,
h(n) the cardinality of CI(F), Clz(n) (or Cla(F')) the 2-Sylow subgroup of Cl(n)
(or C1(F)). The following theorem is well known.

Theorem 1.1. ([4], (1.1)-(1.6)) If p is a prime number, then
(1) 2|h(—=p) if and only if p splits completely in Q(7);
(2) 4|h(—p) if and only if p splits completely in Q((s);
(3) 8|h(—p) if and only if p splits completely in Q((s, V1 +V?2).

One can see [4] for the history of this theorem. Later Stevenhagen gave
another example in his Ph. D. thesis [21].

Theorem 1.2. (Stevenhagen, [21]) Let p be a prime congruent to 3 modulo 4.
Then the 4-rank of Cl(—21p) equals 1 unless p =7 or (%)) =— (1—7)) =1, when it

is 0. And the 8-rank of C1(—21p) is 1 if and only if p splits completely in one of
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the following fields:

= Q(vV=3, VT, V2 - V=3),

= Q(v3, V7, \/2(7 +V21)),
=Q(V=3, V=T, \/=3+2V-3).

These interesting examples suggest that the following conjecture raised by
Cohn and Lagarias is true.

Conjecture C;(d): Given an integer d # 2 (mod 4), there exists a normal
extension K = K;(d) of Q having the following property P;(d).

Property P;(d): If prand pe are primes such that [(K/Q)/(p1)]

(p2)] then Cl(dp1) and Cl(dps) have the same 2%-rank for 1 < k
[(K/Q)/(p)] is the Artin symbol in Gal(K/Q), 1 <i < 2.

Cohn and Lagarias proved in [4] that if there is a field with Property P;(d),
then there exists a unique field ;(d) of smallest degree with this property. Such
a field Q;(d) is called a governing field.

The Conjecture C3(d) is finally proved by Stevenhagen in his thesis.

Let Ka(dp) = K2Og( ap)- Inspired by the Conjecture Cj(d), we raise the
following Ks-analogue.

Conjecture Ks(j,d): Given an integer d Z 2 (mod 4), there exists a normal

(K/Q)/

=
< j, where

extension L = L;(d) of Q having the following property P;

P;(d)
Property P;(d): If prand pa are primes such that [(L/Q)/(pl)] =[(L/Q)/
(p2)] then Ko(dp1) and Ka(dps) have the same 2F-rank for 1 < k < j, where
[(L/Q)/(p:)] is the Artin symbol in Gal(L/Q), 1 <i < 2.

One can see a similar idea in Kimura’s talk [10].

For any finite abelian group G and positive integer k, let rkox (G) be the

k_rank of G. Let F be a number field, 7; the number of real embeddings of F,

92(F") the number of distinct prime ideals of Op above 2, Co(F) the subgroup of
Cl generated by the prime ideals of Op above 2. Then by Theorem 6.2 of [22],

rko(K2(OF)) = ko (C1(F)/Ca(F)) + g2(F) + 11 — 1.

One can also see [2] and [3] for more details. Hence Conjecture K5(1,d) is true.

In 1991, Qin gave a method to determine the 4-rank of KoOp in his Ph. D.
thesis. By Qin’s method, the 4-rank of KoOF can be obtained by considering the
local Hilbert symbols. In [9], J.Hurrelbrink and M.Kolster introduced a kind of
signs matrix to compute rky(K2Op), which is via the local Hilbert symbols. One
can also see [5] for a similar signs matrix to compute rky(K2OFr).

Theorem 1.3. (Qin, 15-17, [20]) Let F = Q(V/d),d € Z square-free. Suppose
that m | d (m > 0 if d > 0) and write d = u? — 2w? with u,w € Z ( we take u > 0
ifd>0)if2e€ NF. Let S(d) = {£1, £2} ifd > 0, and {1, 2} if d < 0. Then
{—1,m} € K2Opr? if and only if one can find an € € S(d) such that for any odd
prime p | d,
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(57)=6)

and {—1,m(u+Vd)} € K20p? if and only if one can find a 6 € S(d) such that for

any odd prime p | d,
(d,m) B (5(u+w))
P p '

In [15-17], Qin gave tables of the 4-rank of tame kernels of K2Op, where the
number of odd prime factors of d is less than or equal to 3. In [19, 20, 23, 24], Qin,
Yin and Zhu also determine the 4-rank of KyOp for arbitrary quadratic number
fields F.

By Qin’s theorem, one can easily get the relation between the 4-rank of KoOp
and the 4-rank of the class group of Op. One can see [1] and [25] for such relations.
Since the density of 4-rank of class group of O is already known, we can get the
density of the 4-rank of K2Op by Qin’s method (one can see [7] for details).

In this paper, we will show that the conjecture K3(2,d) is true. In general
cases, in order to know the 8-rank of tame kernels KoOp, one need to know the
16-rank of class groups by Qin’s theorems in [18] and [20]. Hence we raise the
following conjecture.

Conjecture. Cjy1(d) implies Ko(j,d).

Both of Cj11(d) and Ks(j,d) are very difficult. Hence we will be satisfied if
the above conjecture can be proved.

This paper is organized as follows. In Section 2, we prove that Ks(j,d) is
true for 7 < 2. In Section 3, we prove that for some special d, the governing field
of the 8-rank of KQOQ(\/%) exists.

2 The governing field of the 4-rank of K,Op

Let F' = Q(v/D), where D is the discriminant of F. Let D’ be the square free part
of D, C1"(D) be the narrow class group of F.

It is well known that 2 € Normp,q(F*) if and only if all odd prime divisors
of D are congruent to +1 modulo 8, i.e., the local Hilbert symbol

(2, D), =1
for any prime numbers. We know that 2 € Normp/q(F) if and only if
De Noer(\/ﬁ)/Q(@(\/ﬁ)x).
If this is the case, we assume that

D' =u? - 2uw?, u, weQ.
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Since Z[v/2] is a principal ideal domain, we can assume further that u, w € N. Let

_Ju+w, if2 € Normp/(F™),
2, otherwise.

Let Sy be the finite set of rational primes consisting of prime 2 and all finite primes
that ramify in F, |Sy| the cardinality of Sy. Let A be a matrix whose entries are
local Hilbert symbols. Following Kolster’s notation of [11], we can view A as a
matrix ¢(A) over Iy if we replace 1 by 0 and —1 by 1. The rank of A is understood
as the Fa-rank of ¢(A4). J. Hurrelbrink and M. Kolster proved in [9] the following
theorem.

Theorem 2.1. Let F' be a quadratic number field with discriminant D and py,-- -,
pt the odd primes dividing D. Then
|Sf|—I‘k(]\4D)7 if D>0

ki(K>0p) = b
ka(K20r) {|Sf|+1—rk(MD), if D <0,

where tk(-) means the rank of a matriz,

(7D7 p1)2 (7Da pl)pl e (7Da pl)pt
(=D, p2)2 (=D, p2)p, -+ (=D, pa)p,
M~ : : :
(7Da pt71)2 (7D7 ptfl)pl T (7D7 ptfl)pt
(*Dv 1))2 (*Dv U)Zh T (*Da v)pt
(Da _1)2 (D7 _1)1)1 (D7 _1)I)t
and
(=D, p1)2 (=D, p1)p, -+ (=D, p1)p,
(7Da p2)2 (7D7 p2)p1 e (7D7 p2)pt
Mp = : : :
(=D, pt-1)2 (=D, pe-1)p, -+ (=D, p—1)p,
(*Da 1))2 (*Dv U)Zh U (*Dv v)pt
(*Dv *1)2 (*Da 71)171 e (*Da 71)171

At first, we study the tame kernel of imaginary quadratic number fields.
Let d = —2%py - - - p; be the discriminant of some quadratic number field, where
p;i (1 <4 <t—1)is odd positive prime number and a = 0, 2, or 3. Let p be an odd
prime different from any p; (1 <14 <t — 1) such that D = dp is the discriminant
of F = Q(VD). Let E = Q(v/—D). By the reciprocity law, there is an abelian
number field L such that the first ¢t — 1 rows and the last row of My, depends only
on the Artin symbol [(L/Q)/(p)]. Hence the problem now is reduced to if the row

((*Da 1))2, (*Da U)Plv T (*Da U)Pt)

can be linearly expressed by the other rows, where p, = p. If v = 2, there is
nothing to do. So from now on in this section we will always assume that v # 2,
ie., 2 € Normp/g(F*).
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Recall that D’ is the square free part of D. If 2 is ramified in E, by Corollary
2.3 of [11], the dyadic prime ideal [J] is a square in the narrow class group of E.
In fact this holds even if 2 is not ramified. Since D’ = u? — 2w?,

2(u +w)? = (u+ 2w + V=D')(u + 2w — V=D’).

Note that there is no inert prime ¢ dividing u + 2w + /—D’. Otherwise this inert
prime ¢ divides also u + 2w — v/—D’ which implies that ¢ divides 2+/— D’ which is
impossible. Hence the principal ideal (u+ 2w ++/—D’) C Og has a decomposition

u+2w+V-D' = JI?,

where J is a dyadic prime ideal, I is a split ideal with norm u + w and both of
u+w and u+ 2w+ +/—D’ are totally positive. Hence [J] is a square in the narrow
class group of E. In fact, Kolster’s argument also works for the fourth power,
which means that we have the following proposition.

Proposition 2.2. (Kolster [11])  With notations as above. The dyadic ideal class
[J] is a fourth power in the narrow class group of E if and only if there is a positive
divisor m of D such that m(u + w) € Normpgg(E™>).

Recall that in [11], an integral ideal I is primitive if I has the form
I=1"-[m]

with m a square free positive divisor of D and [ " an integral ideal, such that I’ is
prime to I’, where I’ is the congugacy ideal of I’.

Theorem 2.3. With notations as above. Let F = Q(v/D), where D is the dis-
criminant of F', E = Q(v—D). We assume that 2 € Normp,qg(F*). In the matriz

Mp, the row vector

Q= ((*Da 1))2, (*Da U)Plv T (*Dv v);ﬂt)

can be linearly expressed by the other rows if and only if the dyadic ideal class [J]
is a fourth power in the narrow class group of E.

Proof. If the ideal class [J] is a fourth power in the narrow class group of E, then
« can be linearly expressed by the other rows by the above Proposition.

Conversely, if a can be linearly expressed by the other rows, we know that
there is an integer m|py---p;—1 such that vm € Normpg,o(E*) or —vm €
Normpg/q(E£*). If vm € Normpg/g(E*), by the above Proposition, ideal class
[J] is a fourth power in the narrow class group of E.

Next we assume that —vm € Normpg,q(E*) but vm ¢ Normpgq(E£>). Since
—1 ¢ Normpg,g(E™ ), some of the odd prime factors of D must be congruent to 3
modulo 4. Hence by Lemma 10 of [6], we have

CI(E) x Z/27Z = CI"(E)
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which implies that Cl(E)? = CIT(FE)? and CI(E)* = CI*(FE)*. Hence in order to
prove [J] € CIT(E)%, it is sufficient to prove [J] € CI(E)*. Recall that [J] = [I]? €
CIT(E)? = CI(E)?. Since —vm € Normp/g(E*), we can use the same argument
as in the proof of Theorem 2.6 of [11] to prove that there is an ideal I’ such that

[I] =I'* € CI(E)? = Q1T (E)2.
Hence the dyadic ideal class [J] € CI(E)* = CIT(E)*. O

Theorem 2.4. With notations as above. Assume that § # 2 (mod 4) is a non
zero integer and a € {x1} satisfies da = 0, 1 (mod 4). Let E1 = Q(v/—dp1),
E; = Q(v/—0p2). We suppose that D; = 6p; is the discriminant of real quadratic
number field F; = Q(v/D;), where i = 1, 2. Then there is a field M such that

if pr and pa satisfy [(M/Q)/(p1)] = (M/Q)/(p2)], then the dyadic ideal class
[J] € CIT(Fy)* if and only if [J] € CIT(Fy)*.

Proof. Let ¢ be a number of factors 2 in §. We follow Stevenhagen’s notation in

[21]. Let
E:Q(\/q_17 Ty \/q_k)a
where ¢q1, -+, ¢ are the odd prime factors of §. Let
E, ife=0,
E, if c=2 and _T(Szl(mod 4),
-0
K — E(v-1), ifc=2and - = 1 (mod 4),
-0
E(W?2), if c=3 and 5 = 1 (mod 4),
-0
E(v-2), ifc=3and g = —1 (mod 4).

Let oo be the product of infinite primes. Let M be the maximal abelian extension
of K that

1. is of exponent dividing 2;

2. unramified outside doo;

3. can locally at primes over 2 be obtained by adjoining square roots of local
units in case D is odd.

Let L; be the maximal abelian extension of K that has exponent 2 and
conductor dividing p;oo. Then by the proof of Theorem 10.4 of Stevenhagen’s
thesis, if 2|§ and if p1, pe satisfy [(M/Q)/(p1)] = [(M/Q)/(p2)], then we have

L1®Q22L2®Q2-
Q Q
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Let H; be the subfield of the Hilbert class field of F; corresponding to
CIt(F;)/CIT (F;)*. Then one can see that H; C L; and

H1®@23H2®@2-
Q Q

By the class field theory [J;] € CIT(F;)* if and only if [J;] is completely split in
H;. Hence if p; and ps satisfy [(M/Q)/(p1)] = (M/Q)/(p1)], then [J1] € CIT(F})*
if and only if [J5] € CIT(Fy)*.

In the case that 2 does not divide &, the above arguments still work by
Theorem 8.1 of Stevenhagen’s thesis [21].

So the dyadic ideal class [J] € C1T(Fy)?* if and only if [J] € CIT(Fp)*. O

Hence we get the following theorem.

Theorem 2.5. With notations as above. Assume that § £ 2 (mod 4) is a non-
zero integer and a € {+1} satisfies da = 0, 1 (mod 4). Let Fy = Q(v/—dp1),
E> = Q(v/=0p2). We suppose that D; = 8p; is the discriminant of real quadratic
number field F; = Q(v/D;), where i = 1, 2. Then there is a field M such that if
pr and py satisfy [(MJQ)/(p1)] = [(M/Q)/(p2)], then

I‘k4(K20E1) = I‘k4(K20E2).

By the similar method, we can prove that the above theorem hold also for
real quadratic number fields.

3 The governing field of the 8-rank of K,Op

Although the existence of governing fields of the 8-rank of the narrow class groups
has already been proved by Stevenhagen, the existence of the governing fields of
the 8-rank of K5 is still open. While in some special cases, the existence of the
governing fields of the 8-rank of K5 can be deduced from Morton’s Theorems in
[12-14].

Let s < r be three nonnegative integers. Then there exists r + 1 primes
P1, 5 PryPr+1 =4 such that

(1) pi=1 (mod 8), for 1 < i <r;

2) <&>1,for1§i7éj§r;
pj

(3) ¢ =5 (mod 8);

s 1, if1<i<s,
@) <—){ | .

q -1, ifs+1<i<r

The existence can be proved easily. Let d = p1---p,, F = Q(\/dg). Let E =
Q(v—dq).

(3.1)
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For any 1 < i < s, let K; be the unique quartic cyclic extension of Q with
conductor p;. Note that K; D Q(y/p;). For any i, j such that 1 < i # j <'s, let
L;; be the unique quartic cyclic Extension of Q(,/pip;) which is unramified at finite
primes. Let M = py - - - ps. Let Aps be the class field over Q(v/—M) corresponding
to the subgroup (Cl(Q(v/—M)))* of fourth powers in CI(Q(v/—M)). Let

Ky = H K;,

1<i<s
Ay = H L;j,

1<i#j<s
Yy = Ky,
Sy =SmAu.

Theorem 3.1. (Guo and Qin [8]) With notation as above, we have

I‘kQ(KQ(OE)) =T,
I‘k4(K2(OE)) = S.

And ks (Ko(Og)) is completely determined by the Artin symbol [(Xar/Q)/(q)].

Next we will consider the tame kernels of certain real quadratic fields. Let
s, T be two nonnegative integers such that s <rand7>2+s. Let r =7 — 2.

Let d=p1--pr, F = Q(/dq) and E = Q(v/—dg).
We choose primes p1, -+, p, and ¢ (¢ will vary to create infinitely many
real quadratic fields F') such that

(1) pi=1 (mod 8), for 1 < i <r;

@) <&>1,forlsi¢jgr;
Pj

@)<%>4<%>41,ﬁwi#j; (3.2)
(4) ¢ =3 (mod 8);

5 () = {1 irsiss
q) -1, ifs+1<i<r
For any 1 <1 < s, Let K; be the unique quartic cyclic extension of Q with

conductor p;. Note that K; O Q(y/p;). For any 4, j such that 1 < i # j < s,
let L;; be the unique quartic cyclic extension of Q(,/p;p;) which is unramified at

finite primes. Let ¥ = ( H )( H Lij).
1<i<s 1<i#j<s
Theorem 3.2. Let py, -+, pr,q be primes satisfying conditions (1)—(5) of (3.2).
Letd=p1---prq, F =Q(/dq), E=Q(v/—dq). Then we have
I'kQ(KQOF) =r+ 2,
rk4(K20F) = S.
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And tks(K2OF) is completely determined by the Artin symbol [(3/Q)/(q)].

Acknowledgements. The authors want to thank referees for valuable sugges-
tions.

The authors are supported by NCET, NSFC (Nos. 10971091 and 11171141),
Natural Science Foundation of the Jiangsu Province (BK2010007), SRFDF (Nos.
200802840003 and 200802841042), the project sponsored by SRF for ROCS, SEM
(No. 0203133040), and the Development Fund for Key Scientific and Technical
Innovation Projects, Ministry of Education of China (No. 708044).

References

[1] M. C. Boldy, The 2-primary component of the tame kernel of quadratic num-
ber fields, Ph.D. thesis, Catholic University of Nijmegen, 1991.

[2] J.Browkin, The functor K5 for the ring of integers of a number field, Universal
Algebra and Applications (Warsaw, 1978), Banach Center Publications, vol.
9, PWN, Warsaw, 1982, 187-195.

[3] J. Browkin and A. Schinzel, On Sylow 2-subgroups of K>Op for quadratic
number fields F'; J. Reine Angew. Math. 331 (1982), 104-113.

[4] H. Cohn and J. Lagarias, On the existence of fields governing the 2-invariants
of the classgroup of Q(v/dp) as p varies. Math. Comp. 41 (1983), 711-730.

[5] M. Crainic and P. A. Ostvaer, On two-primary algebraic K-theory of quadratic
number rings with focus on Ks, Acta Arithemtica 87 (1999), 223-243.

[6] E. Fouvry and J. Kliiners, On the 4-rank of class groups of quadratic number
fields, Invent. math. 167 (2007), 455-513.

[7] X. Guo, On the 4-rank of tame kernels, Acta Arith. 136 (2009), 135-149.

[8] X. Guo and H. Qin, The 8-rank of tame kernels of quadratic number fields,
to appear in Acta Arith.

[9] J. Hurrelbrink and M. Kolster, Tame kernels under relative quadratic exten-
sions and Hilbert symbols, J. Reine Angew. Math. 499 (1998), 145-188.

[10] I. Kimura, On the governing fields for tame kernels of quadratic fields,
http://www.sci.u-toyama.ac.jp/ iwao/PS/KANT2010-slide.pdf.

[11] M. Kolster, The 2-part of the narrow class group of a quadratic number field,
Ann. Sci. Math. Québec 29 (2005), no. 1, 73-96.

[12] P. Morton, On Rédei’s theory of the Pell equation, J. Reine Angew. Math.
307/308 (1979), 373-398.

[13] P. Morton, Density results for the 2-classgroups of imaginary quadratic fields,
J. Reine Angew. Math. 332 (1982), 156-187.

[14] P. Morton, Density results for the 2-classgroups and fundamental units of real
quadratic fields, Studia Scientiarum Mathematicarum Hungarica 17 (1982),
21-43.

[15] H. Qin, 2-Sylow subgroup of K2Op for real quadratic fields F', Science in
China 37 (1994), 1302-1313.

[16] H. Qin, The 4-rank of K3(O) for real quadratic fields F, Acta Arith. 72
(1995), no. 4, 323-333.



50

[17]
[18]
[19]
[20]

[21]

[22]
23]
[24]

[25]

Xuejun Guo, Hourong Qin

H. Qin, The 2-Sylow subgroups of the tame kernel of imaginary quadratic
fields. Acta Arith. 69 (1995), no. 2, 153-169.

H. Qin, Tame kernels and Tate kernels of quadratic number fields, J. Reine
Angew. Math. 530 (2001), 105-144.

H. Qin, The structure of the tame kernels of quadratic number fields, I, Acta
Arith. 113 (2004), no. 3, 203-240.

H. Qin, The 2-Sylow subgroup of K> for number fields F, J. Algebra 284
(2005), 494-519.

P. Stevenhagen, Ray class groups and governing fields. Théorie des nom-
bres, Année 1988/89, Fasc. 1, 93 pp., Publ. Math. Fac. Sci. Besangon, Univ.
Franche-Comté, Besancon, 1989.

J. Tate, Relations between Ko and Galois cohomology, Inventiones mathe-
maticae 36 (1976), 257-274.

X. Yin, H. Qin and Q. Zhu, The structure of the tame kernels of quadratic
number fields, II, Acta Arith. 116 (2005), no. 3, 217-262.

X. Yin, H. Qin and Q. Zhu, The structure of the tame kernels of quadratic
number fields, 11T, Comm. Algebra 36 (2008), no. 3, 1012-1033.

Q. Yue and K. Feng, The 4-rank of the tame kernel versus the 4-rank of the
narrow class group in quadratic number fields, Acta Arith. 96 (2000), no. 2,
155-165.



