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Abstract Let F be a number field, and let OF denote the ring of integers in F. Let A be
a finite-dimensional central simple F-algebra, and let A be an Op-order in A. In this paper
it is shown that the p-torsion of the even dimensional higher class group Cl,(A) can only
occur for primes p, which lie under prime ideals p, at which Ay is not maximal, or which
divide the dimension of A.
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1 Introduction

Let F be a number field and OF the ring of integers in F. Let A be a semi-simple algebra
over I and A an Of-orderin A, [A : F] the dimension of A over F. The higher class groups
of A are defined as

Cly(A) = ker [ SK,(A) — € SKa(Ap) |.
b

where p runs through all prime ideals of Of and

SKn(A) = ker (K, (A) — K, (A)),

Supported by NSFC 10401014, and partially funded by Irish Research Council for Science, Engineering and
Technology Basic Research Grant SC/02/265.

X. Guo (X)
Department of Mathematics, Nanjing University, Nanjing, China
e-mail: guoxj@nju.edu.cn

X. Guo
Department of Mathematics, University College Dublin, Dublin, Ireland

@ Springer



618 X. Guo

for all integers n > 1. Kuku proved in [6,7] that the groups Cl,,(A) are finite for arbitrary
orders. Moreover, they vanish if A is maximal (cf [4, Theorems 1, 2]).

In [5], itis proved that the only p-torsion possible in Cly;11(A) is for those rational primes
p which lie under the prime ideals of O at which A is not maximal. In [3] the analogous
result for even-dimensional higher class groups is proved for Eichler orders.

In this paper it is shown that p-torsion in the even-dimensional higher class group Clp, (A)
can only occur if p | [A : F] or p lies under some prime ideal of OF at which A is not
maximal. It turns out that Cl», (A) can have non-trivial p-torsion for p | [A : F]evenif A,
is maximal for all prime ideals p | p (see Sect. 4).

2 K-theory of local orders

Lemma 2.1 Let k be a finite field, M, (k) the ring of all m x m matrices over k. Let i be the
natural inclusioni : k — M, (k), a — al,,, where I, is the identity matrix in M, (k).
Then the composition of homomorphisms

£ K 2 Ky (M (k) —> K (k)

maps x to x™ foranyn > 1, where K, (i) is induced by i and the isomorphism K, (M, (k)) N
K, (k) is induced by Morita equivalence between the categories of finitely generated projec-
tive M, (k)-modules and finitely generated projective k-modules.

Proof Let P(k), P(M(k)) be the categories of finitely generated projective k-, M (k)-
modules respectively. Then f is induced by the composition of functors

P(k) —> P(Ma(k)) —P(k)
P— M,k)y@x P —P"=POPO---®P.
Hence f(x) = x". O

Let K be a p-adic local field, Ok the ring of integers in K, k the residue field of Ok . Let
D be a finite dimensional central division algebra over K, D the unique maximal O -order
in D, d the residue field of D. Then d is a finite extension of k.

In [4] Keating proved that the natural homomorphisms

gn: Ku(D) — Ky(d)
are surjective and constructed transfer maps
Ton+1 0 Kopg1(d) —> Kopy1(D)

in the following way. At first, choose a generator y of the cyclic group K»,+1(d) and an
element oy in K7,1(D) which maps onto y. Let IT be a uniformizer of D such that IT’
is a uniformizer = of K for some ¢, and ¢ the automorphism of K»,41(D) induced by the
conjugation by I1. The transfer map 72,4 is defined to be

1 (v?) = (oy) (cop) ™.
Compare Sect. 2 of [4] for details, and for a proof of the following result:
Lemma 2.2 [4, Sect. 2] The composition
gom+1T2n+1 ¢ Kopg1(d) — Kop41(D) —> Kapt1(d)

is 1 — F., where Fx is induced by the Frobenius automorphism F of d / k.
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Proposition 2.3 Let f be the natural inclusion of rings k —> M, (d). Let

Kopv1(f) ~
Sont1 © Konp1 () 2557 Koyt (M (d)) —> Kapt1(d)

be the homomorphism induced by f and the Morita equivalence between Kopy1(Mp(d))
and Kopy1(d). Lett = [d : k] be the degree of the finite fields extension d/ k, q the number
of elements in k, and (mt, ¢"+' — 1) the greatest common divisor of mt and ¢"*' — 1.
Then the subgroup of Ko,+1(d) generated by the images of frn+1 and gan+1Tan+1 has index
dividing (mt, q”+1 — 1), where go,41T2n+1 i the same as in the above lemma.

Proof By Theorem 8 of [8], Ko,41(k) ~ Z/(g"t' — 1) and Ko, 1(d) ~ Z/(g'"TD —1).
We assume Ko,41(d) = Z/(q’(""'l) — 1). Then K»,4+1(k) can be seen as the subgroup of
Ka,41(d) generated by (¢’ "D — 1) /(g™ — 1).

By Lemma 2.1, the image of f5,41 is the subgroup of K»,;+1(d) generated by
m(g' "D —1)/(g"*t' —1). By [4], the image of g2, 1 T2, is isomorphic to Z/((g" "+ —
1)/(g"*! — 1)). Hence the image of g2,41Ton+1 in Ko,u+1(d) is generated by ¢"*! — 1. So
the subgroup of K7,11(d) generated by the images of f>,41 and g2,+172,+1 is generated by
the greatest common divisor (m(g'"tD —1)/(¢g"T! — 1), ¢"T! = 1)).

Since

qt(n+l) -1 (qn-H — 14+ l)t -1

q"“ -1 6]"+1 -1

t [)
— Z (anrl _ 1)]{71
2
" (1
— Z (anrl _ 1)]{71 + t,
()

it follows that the greatest common divisor (¢"T! — 1, (¢'**t) —1)/(g"t' — 1)) divides .
Hence (m(qg'™+t) — 1)/(¢"t! — 1), ¢"*! — 1) divides (mt, ¢"+! —1). O

Let A be a finite dimensional central simple algebra over a p-adic field K, A an Ok -order
in A, I' a maximal order containing A.
For any abelian group G and positive rational integer s, let G(%) be the group G ), Z[%].

For any ring homomorphism f : A — B, we shall write f*(s) for the induced homomor-

phism
1 1
K,(Al-)— K.(B)|{-).
s s
Theorem 2.4 The cokernel of the natural homomorphism
(p) . l l
hyy o Konge1(A) » —> Kont1(A) »

is annihilated by the greatest common divisor ([A : K1, ¢"t' — 1), where h is the inclusion
A — A
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Proof Since A and I' are two orders, there is some positive rational integer m such that
p™"I' C A. The square

A S

- I
2 8l

A/p"T

m
& /T

has an associated K (%) Mayer-Vietoris sequence

1Y (i, p) 1 1
- —> Kang1(A) (;) P Kau (D) > P K2u1(A/p"T) »
(p) (p) 1
@8 K (D)D) (;) —
by [2] or [11].
Since A is a central simple algebra, it is isomorphic to M, /(D) for some division algebra

D and m’. Similarly, since I' is a maximal order, it is isomorphic to M, - (D) for the maximal
order D in D. Without loss of generality, we can assume A = M, (D), " = M, /(D) for the
maximal order D in D. Let d be the residue field of D. By Proposition 1 of [4], the homo-
morphism K; (I') —> K; (M, (d)) is surjective. This homomorphism can be decomposed
nto

Ki() — K;(T'/p"T) — K;(M,/(d)).
By Corollary 5.4 of [11], the homomorphism K[(l"/p’”F)(%) — Ki(M,, (d))(%) is an

isomorphism. So the homomorphism K,-(F)(%) — Ki(l“/me)(%) is surjective. The
(p)

homomorphism g,

induces an isomorphism

— Kot (D) (3)

@ . ) P

gV cokerf!” = o 1
AP (Kar1 ) (3))

Kznn(/p"T) (%)

g (K2n+1 (A/p™T) <%>)

= cokergéﬁ:).

By Corollary 5.4 of [11], we know that Kp,4>(I'/p™T) is a p-group. Hence flfkp) is

injective. So we have the following commutative diagram:

(p)

1 K1 (A) () —=— K21 (D) (5;) —— coker ;7

(p) (p)
hl* h2*

1 —— K1 (A)(3) Koni1(A)(5) ——— 1

identity
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Even dimensional higher class groups of orders 621

Hence by the Snake Lemma,

cokerh; P’ ~ coker (kerhsz ) coker 11 p ))

B Ko (D) (3)

fl(f) (K2n+] (A) (%)) kerhgip)

K @/p") ()

(img”) g\ (kerh, ")

By Theorem 1 of [4], we know that kerhéi) is the image of

Tont1 0 Kont1 (M, (d)) —> Kont1 (D).

So the cokernel of hlip ) is isomorphic to the quotient group of K»,41(I'/p™ F)(%) modulo

the subgroup generated by the image of géﬁ:) and the image of
1 1 1
¢ Koy (M, (d)) (;) —> Kop 1 () (;) — Ko 1(M,,/ (d)) (;)

1
~ Kou1 (T/p"T) (7) .
14

Note that A/p™ T may not be k, however
1 1
Kont1(A/p™'T) (;) >~ Kop1 (M, (k1) @ - - - @ My, (k1)) (;)

for suitable finite fields ki,..., k; which are extensions of k, and subfields of d. Hence by
Proposition 2.3, the cardinality of

K21(T/p" D) (3)

(imgé‘:)

)(img)
divides the greatest common divisor (m/ t, ¢"*t1—1). Hence the cokernel of & ii) is annihilated
by ([A: K], ¢""' —1). o

Remark If p { [D : K], then the reduced norm Nrd : K; (D) —> K;(K) is an isomorphism
by Theorem 3 of [9]. We know that the reduced norm is multiplication by [D : K] on
Ki(Ok). So the cokernel of K;(Okx) —> K;(D) is annihilated by [D : K]. By Lemma 2.1,
the cokernel of K;(Okx) —> K;(A) is annihilated by [A : K]. Hence the cokernel of h(li) is
annihilated by [A : K]. So we have a very simple proof of Theorem 2.4 in this special case.
Using the same argument, it may be possible to give a proof of the general case by working
with the K-groups up to p-torsion.

3 Even dimensional higher class groups of global orders
If R is aring, we will denote the quotient of K, (R) by its divisible subgroup by K, (R). Let

S be a finite set of prime ideals at which Ap is not maximal. As in [5], we define C/,,(T", S)
to be the cokernel of the map
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K () — D Ky (Ap) © @ KG i (Ap) /im(K, , (Tp)),
pes p¢s

where I is a maximal order containing A.

Note that Theorem 2.4 is for K, not K. However since the maximal divisible subgroup
of an abelian group is a direct summand, the proof works also for K.

Let A be a semi-simple algebra over a number field F. Let OF be the ring of integers in
F and let A be an Op-order in A. Let I" be a maximal order containing A. Let S be the set
of primes p at which Ay is not a local maximal order. By Lemma 1.2 in [5],

Cly, (A) =~ coker @ K§n+l(Ap) — Clyy(T, S)
pes
By Theorem 1 in [4],
€D K501 (Ap)im(K, ., (Tp)) =0.
pes
So

Clay(T, S) = coker [ K5, (A) — EP K3, (Ap)
pes

Hence Cly, (A) is the cokernel of

Kang1(A) —> coker [ @D K5, (Ap) — EP K5, (Ap)
pes pes

Theorem 3.1 Let A be a finite-dimensional central simple algebra over a number field F.
Let OF be the ring of integers in F and let A be an Of-order in F. Let s denote the product
of those rational primes p, for which Ay is not maximal for some prime ideal p dividing p.
Then p-torsion of Cla, (A) can only occur for p|s or p|[A : F].

Proof This is obvious by Theorem 2.4 and the discussion above this proposition. O

4 Example

Let [ be a prime dividing the dimension [A : F]. Next we will give an example to show that
Clon (A) can have nontrivial /-torsion although Ay is maximal for all prime ideals p above /.

Let p be a rational prime such that /|(p — 1). By the density theorem, there are infinitely
many such p. For any prime ideal p|p, p C O, let Ap = M;(Fp). Let Fp = M, (Opp) and
Ap C I‘p the order so that Ap/n Fp ~ kp, where 7 is a uniformizer of Fp.

Lemma 4.1 For any n > 1 the cokernel of the natural homomorphism

® . 1 !
1« ¢ Koq1(Ap) —> K2u41(I'p)
p p

has a non-trivial l-part.
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Proof The square

Ap N Fp
P 81
Ap/pl_'p — l_'p/prp

has an associated K. *(%) Mayer-Vietoris sequence

1\ P, p® 1 1
- — Kony1(Ap) (;) V) K (Tp) (;)@Kznﬂ([\p/PFp) (;)
@P P
—=

1
" Kana1(Tp/pTp) (;) —

by [2] or [11].
Letz € Kopy1 (Fp/prp)(%) be a generator of the p-Sylow subgroup of K2,4+1(I'p/pI'p)

~1
(%) and gg) (z) an inverse image of z. Since K2,41(I'p/pl'p) = Kop1(Mi(kp)) and

Kont1(Ap/pTp) =~ Kz,H_l(kp), z is not in the image of géﬁ:) by Lemma 2.1. Hence

»m7t o . . (P) (O IV ~
&1 (2) is not in the image of f|,”. However (g, (z))" is in the image of f1, for

7 e (Kopg1 (Fp/pl“p))l(%) while the last term is just the image of géi). So the cokernel of

fl(f ) has a non-trivial / -part. O

Note that if we can construct a division algebra Ap, a non-maximal order Ay such that

the cokernel of géz) has a no-trivial /-part, then Lemma 3.2 also holds. Such examples

can be found in quaternion algebras. One can see the details of the explicit construction in
Proposition 5.6 (b) of [1].

Lemma 4.2 The cokernel of

1 1
Kont1(Ap) (*) — Kaut1(Ap) (*)
p 4
has a non-trivial l-part.

Proof Since I'p is a maximal order in a split local algebra Ap, the residue field of I'p
is the ring of / x / matrices over ky. By Theorem 1 of [4], the natural homomorphism
K2n+1(1"p) — K2n+1(Ap) is an isomorphism. So the result follows from Theorem 2.4.

O

Let A be a division algebra over F with [A : F] = 2. By [7], K2n+1(A) is finitely
generated. Let I be a maximal order in A. Let m be a natural number which is greater than
the number of generators of K2,+1(A). By the Density Theorem and the fact that Ap is split
for almost all p, we can find m different primes pj, ..., p, such that [|(p; — 1) for any
1 <i < m, and A is completely split at p; for any p;|p;. Let S = {p1, ..., pn}. Let Ap be
the order such that Ap/n Fp ~ kp if p is equal to some p;, 1 < i < m. Otherwise, let Ap
be the completion of I" at p. So for any prime p, we have a local order A, and for almost
all p, A is maximal. Hence by Proposition 5.1 in Chap. 5 of [10], there is a global order A
such that the completion of A at p is A .
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624 X. Guo

Proposition 4.3 Let A be an order defined as later. Then the even dimensional higher class
group Clon(A) has a non-trivial l-part, although the localization Ay is maximal for any p|l.

Proof Recall that Cly,(A) is the cokernel of

Koui1(A) —> coker [ @D K5, 1 (Ap) — EP K5, (Ap)
pes pes
By assumption, K»,+1(A) is generated by less than m elements. Since the [-part of
(coker (@pd K31 (Ap) — DB es K§n+l(A,,))) can not be generated by less than m
generators, Clp, (A) must have a non-trivial /-part. O
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