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1�Ù õ�ª

3�Ùp, ·�òÆS�ê§ê�Úõ�ª�Ä��£.

§1.1 �ê

g,êå
uOê"~X��ä,ü�ú«,n��,,"ù�Bk
g,ê

1, 2, 3, ....

ù�L§wq{ü§¢Sþ´<a@£þ���ã����"ù´��läN�Ä

��L§"k
ù�?Ú§<��±w�10�°JÚ10�<�m�Ó�ÀÜ"ùé

<a@£±��­., +n]
©��¹ÄÑk¢3���¿Â"
�läN�Ä

�§�¦<{ø
¢Ô�Û�5§¦�1, 2, 3, ....�±��?ÛäN�¯Ô§´©

²�uÐ7Ø����Ú"

0�Ñy'1, 2, 3, ....���éõ§
0ý���1, 2, 3, ....���²��ë�ê

Æ$��ØL�kAzc�{¤"y3��Ñr0���´g,ê"g,ê�8Ü

^NL«"

k
g,ê±�§̂ 0~�g,ê§Bk
K�ê"g,êÚK�êÚ¡��

ê"�ê�8Ü^ZL«"�Äü��"�ê�û§Bk
knê"knê�8Ü
^QL«"

·���Z¥���Ñ÷ve¡�{K"

(A1) \{(ÜÆ:(a+ b) + c = a+ (b+ c);

(A2) \{��Æ:a+ b = b+ a;

(A3) k��0§÷vµa+ 0 = 0 + a = a;

(A4) éz���a§ok��b§¦�a+ b = b+ a = 0;

(M1) ¦{(ÜÆ: (a · b) · c = a · (b · c);

(M2) ¦{��Æ: ab = ba;

(M3) k��1§÷v5�§1 · a = 1 · a = a;

(D) \¦©�Æa · (b+ c) = a · b+ a · c.


Q¥���Ø
÷vþ¡�8^{K�	§�÷v

(I) k_�"é?¿�"�knêa, Ñ�3��knêb¦�ab = ba = 1.

üZõc�.�x.dÆ�Q²±�­.þ¤k�êÑ´knê"�´�5

FËdy²

√

2Ø´knê"ù¦�
√

2¤
�uy1��Ãnê"Ï�
√

2´>�

�1���/�é����Ý§¤±
√

2 ´����g,�é�"

1



2 1�Ù õ�ª

Ù¢Ø�
√

2´�Ãnê§��nØ´����²�ê§
√
nÒ´Ãnê"knê

ÚÃnê�¤
�N¢êR.

b�b, c ∈ Z§�"m ∈ N"XJm|(b− c), @o·�¡b, c�mÓ{§P�

b ≡ c( mod m).

m���§b��c�m��{"~Xµ

−9 ≡ 16( mod 5).

5¿ùp�b, c´�ê§
ØU´©ê"�´XJ

bc ≡ 1( mod m),

·��~~rbP�1/c.

�½a, a�m�¤k��{£·�¡�����{a¤Ñ/X

a+ km, k ∈ Z.

½n 1.1.1. b�m´����ê§A, a´?¿ü��ê§K

a, a+ 1, ..., a+m− 1

¥k�Tk���mÓ{uA.

Ïdé?��êA, Ñk§����m�{ u8Ü

{0, 1, 2, ..., m− 1}

¥"ù��8Ü·�¤¡�´�m������{X"?Û��¹km�����

ê8Ü{a0, ..., am−1}§XJÙ¥����müüØÓ"·�Ñ¡§´�����
{X"

·K 1.1.2. XJA ≡ a( mod m), B ≡ b( mod m)§@oAB ≡ ab( mod m).

b�f(x)´���Xê�õ�ª"XJa ≡ b( mod m), @of(a) ≡ f(b)( mod m).

b�m´����ê§·�½Âϕ(m)�1, 2, ..., m− 1¥�mp������

ê"·�¡ϕ(m)�î.¼ê"XJ��¹kϕ(m)�����ê8ÜS = {a1, ..., aϕ(m)}¥
����m üüØÓ§
�ÑÚmp�§·�Ò¡S´�m��� X"

½n 1.1.3. b�m´����ê, aÚmp�. Kaϕ(m) ≡ 1( mod m).



§1.1 �ê 3

y² b�S = {a1, ..., aϕ(m)}´�m��� X"@oT = {aa1, ..., aaϕ(m)}�
´�m��� X"¤±ü� X¥���¦å5±��m´�Ó�"¤±aϕ(m) ≡
1( mod m). �

�U�1ÚÙg��Ø��ê¡�´�ê"~X

2, 3, 5, 7, 11, ...

5¿1Ø´�ê§Ê�dî�Æ�Í¶êÆ[Conway@�AT?U�ê�½Â§¦

�

−1

´���ê"Ó�5¿2´���ê§2´�����ó�ê"

½n 1.1.4. �êkÃ�õ�"

y² n = p1 · · · pk + 1. �

½n 1.1.5. �4{3��êkÃ�õ�"

y² b��4{3��ê�kp1, · · · , pk n = p21 · · · p2k + 2�4{3§¤±7,�

,��4{3��ê�Ø§�´ù��êw,Ø3p1, · · · , pk¥§gñ. �

½n 1.1.6. �p´���ê§a, b´ü���ê§
�p > a, p > b. Kp - ab.

y² ·�Äk�½a, ,�5y²Ø�3��êb < p¦�p|ab. ·�e¡^�
y{5y²"b�ù��b�3§Ù¥�½k���"b�ù����´x. �Ò´

`?Û÷vb < p�p|ab���êbÑ�u�ux. ·�5íÑgñ"

Äkx > 1. ¤±·����½�3����êk¦�kx ≤ p < (k + 1)x. ·�

b�p = kx+ c§ùp�c´����ê"¤±·�k

ac = ap− axk.

5¿�m>ü�Ñ´p��ê"¤±�>�´p��ê"�´c'x��"ùÒÚå


gñ"

�

½n 1.1.7. �p´���ê§a, b´ü���ê"XJp|ab, Kp|a½öp|b.

y² b�p - b§
�p - b. @o�a, b�p������{c, d, ·���c, dÑ

´�up ���ê"
�ù�kp|cd"ùÒ�þ��½ngñ"
�

½n 1.1.8. �p´���ê"XJp|a1 · · · an, K�3i¦�p|ai.
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y² 8B=�"dp|(a1 · · · an−1)an ��p|(a1 · · · an−1)½öp|an"�gaí"�

½n 1.1.9 (�âÄ�½n). z��u1�g,êþ����ê�È§
�ù


�ÏfU��ü���§�{=k�«�ª"

y² Äkz��u1�g,ênþ����ê�È"XJn��´���ê§È

TKó"ÄK§U
��êp�Ø§=�±�¤n = pm�/ª§m'n�. ±daí§

k�Ú��§Ò�±rn���ê�È"

·��I�y²ù«�{���5"

b�

n = pa11 · · · pann = pb11 · · · pbnn ,

Ù¥p1, ..., pn´pØ�Ó��ê"ùp��êai ÚbiÑk�U´0, ·�b�§�

ØÓ��0. XJé,�i5`, ai > bi¶@oü>Ó�Ø±p
bi
i ±�§Òk

pa11 · · · p
ai−bi
i · · · pann = pb11 · · · 1 · · · pbnn .

ù�fpiU
�Øþª��>§�´�â½n4.3§pi ØU
�Øþª�m>§Úå

gñ"¤±ai > biØ¤á"Ónai < bi�Ø¤á"¤±ai = bio´¤á�"¤±n�

¤�ê¦È��{´���" �

~ 1.1.1.
√

2´Ãnê"·��±|^�y{é{ü�y²
√

2´�Ãnê. b

�
√

2´knê. @o�½�3ü�p���ê¦�

√
2 =

a

b
.

ü>²���§

2b2 = a2.

Ï�²w�>´óê§¤±m>�´óê§¤±a´óê§U
�¤a = 2n�/ª"

Ï�·�®²b�
a, bp�§¤±b´Ûê"¤±

2b2 = a2 =⇒ b2 = 2n2.

5¿�b´Ûê§ù´Ø�U�.

~ 1.1.2. lg 2 = log10 2´Ãnê"

3¥I��Í¶êÆÍ�5�f�²6¥§kù�����/ÔØ�ê0�K

8§

/kÔØ�Ùê§nnê���§ÊÊê��n§ÔÔê���"̄ ÔAÛº0

¥IêÆ[�Ê�u1247c�Ñ
���)�§�üXeµ

/n<Ó1Ô�F§Êärsö�|§Ôfì����§Øz"ÊB��0
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½n 1.1.10 (¥I�{½n). b�n1, ..., nk´üüp����ê§Kéu?

¿��êa1, ..., ak, Ó{�§
x ≡ a1( mod n1),

...

x ≡ ak( mod nk).

k�N = n1 · · ·nk���)"

Ùí2�/ª�

½n 1.1.11. b�n1, ..., nk´��ê§Kéu?¿��êa1, ..., ak, Ó{�

§ 
x ≡ a1( mod n1),

...

x ≡ ak( mod nk).

k)��=���úÏf

(ni, nj)|(ai − aj).

é?¿�i 6= j¤á"k)��ÿ§)�N = [n1, ..., nk]£��ú�ê¤��"

5¿·�ùp�)Ñ´�g�§XJ´pg�Ó{�§§@o¦)�~(J§


�vk�½��{"

§1.2 Eê

Eê�C´d¢êV\
Jêü 

i =
√
−1

���"EêC = {x + yi|x, y ∈ R}. b�α = x + yi, x, y ∈ R. ·�¡x�α�¢

Ü, y�α�JÜ, r =
√
x2 + y2��α���, P�|α|. α = x − yi��α���Ý.

éα = x+ yi5`, ·���±rα�¤e¡�/ª

α = r(
x

r
+
y

r
i), r =

√
x2 + y2.

du(xr )2 + (yr )2 = 1, �3�Ýθ¦�

cos θ =
x

r
, sin θ =

y

r
, 0 ≤ θ < 2π.
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Ïd

α = r(cos θ + i sin θ),

ù´Eêα�4�I��{, θ¡�´α�Ì�, P�argθ.

é?¿�α = x+ yi, β = z + wi, ·�½Â

α+ β = (x+ z) + (y + w)i,

αβ = (xz − yw) + (xw − yz)i.

ØJy²ù�½Â�\{Ú¦{÷vÏ^���Æ,(ÜÆ,©�Æ�$�{K.ü

�Eê����=�§��¢ÜÚJÜÑ��. =x+ yi = z+wi��=�x = z


�y = w. é?¿��"α = x+ yi, �3���β¦�αβ = 1, Pβ = α−1. ¢Sþ,

β =
x− yi
x2 + y2

.

,	, �ØJ�y

αβ = αβ.

·K 1.2.1. b�r1, ..., rn´�u�u0�¢ê, θ1, ..., θn´�u�u0, �

u2π�¢ê. K

n∏
k=1

rk(cos θk + i sin θk) = (

n∏
k=1

rk)(cos(θ1 + · · ·+ θn) + i sin(θ1 + · · ·+ θn)).

y² �I�én = 2��/�y=�.

du

(cos θ1 + i sin θ1)(cos θ2 + i sin θ2)

=(cos θ1 cos θ2 − sin θ1 sin θ2) + i(cos θ1 sin θ2 + sin θ1 cos θ2)

= cos(θ1 + θ2) + i sin(θ1 + θ2).

¤±·K¤á. �

dT·K�±íÑDe Moive½n¤á

½n 1.2.2.

(cos θ + i sin θ)n = cosnθ + i sinnθ.

·K 1.2.3. b�n´����ê, �§xn − 1�¤k��´

cos
2kπ

n
+ i sin

2kπ

n
, k = 0, 1, ..., n− 1.
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y² b�α = r(cos θ + i sin θ)´xn − 1��, Ù¥r´�u�u0�¢ê, θ´�

u�u0, �u2π�¢ê. @oαn = 1��=�r = 1, 
�nθ ´2π��ê�. d

uθ´�u�u0, �u2π�¢ê, ¤±θ�kn«�U, =

θ =
2kπ

n
, k = 0, 1, ..., n− 1.

¤±�§xn − 1�¤k��´cos 2kπ
n + i sin 2kπ

n , k = 0, 1, ..., n− 1.

�

½Â 1.2.1 (ê�). b�F´Eê�C��¹Q�f8"·�¡F´��ê�§
XJ§÷ve¡�^�"

1. XJa, b ∈ F§Ka+ b ∈ F¶

2. XJa, b ∈ F§Kab ∈ F¶

3. XJ�"a ∈ F§Ka−1 ∈ F .

~ 1.2.1. Q, R, CÑ´ê�"

·�e¡5w�wXÛl��ê�Ñu§ÏLV\����#�ê�"

½Â 1.2.2 (�E#�ê�). b�α ∈ C. ·�-

F (α) =

{
f(α)

g(α)
|Ù¥f Úg Ñ´F þ�õ�ª
�g(α) 6= 0

}
.

éN´wÑ5ù�½Â�8Ü÷vê��½Â^�"¤±§�¤
��ê�"·�

¡F (α)�dFV\����α���ê�. ��αØ3ê�F¥"·�ù����Ò

´��#�ê�"·�48�½ÂV\ü������ê�

F (α, β) = (F (α))(β).

±daí§·��±½ÂV\?¿õ������ê�F (α1, ..., αn).

~ 1.2.2 (¦yQ(
√

2,
√

3) = Q(
√

2 +
√

3)).

y² Äkk½Â��Q(
√

2,
√

3) ⊇ Q(
√

2+
√

3). Ïd·��I�y²Q(
√

2,
√

3) ⊆
Q(
√

2 +
√

3)=�. �d��y²
√

2 ∈ Q(
√

2 +
√

3) Ú
√

3 ∈ Q(
√

2 +
√

3) =�"Ï

�
√

3−
√

2´
√

3 +
√

2��ê§¤±
√

3−
√

2 ∈ Q(
√

2 +
√

3)"qÏ�ê�é\{µ

4§¤±2
√

3 ∈ Q(
√

2 +
√

3)"2|^ê�éu¦{µ4§=��
√

3 ∈ Q(
√

2 +
√

3)"

Ó���{�y
√

2 ∈ Q(
√

2 +
√

3)" �

SK 1.2

1. ¦Eêα¦�Q(α) = Q(
√

2,
√

3,
√

5).
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§1.3 o�ê

e¡·�{ü�0��eo�ê"

”3@��@
�ÿ§zU·e5¯@��§\��xxÚ\o´U�¯·’F§

ww§\@�n�êU¦
íº’·o´Ø�Ø~~Þ`’�Ø1§�U\\~~"’

3@���16Ò§@U�Ð´(Ï�§O�=�[�Æ��m¬§·�´Ì±<Q"

·Ú\åå÷X�[$àrX§̈ �N�k::"¦+¨�Ø��Ú·`X�o§

·�Mfp%3�XO�ÀÜ"ùÞM�?�d6�ªk
��(J§ÎØ§Ü�

`§·á�B@£�
§�­�5">´�Ï
§»s�X
§&¦5�&
��

�õc�g�Úó�§k·�§�kO<�§ÑÚù�(1¾y���'"ù
�

YuÐ§·��Òý��
"XJù
ó�k�oØv�/�§@´·�I?"ù


ó�ÃØXÛ´��O<5uÐ�"�´·U¹�2��:ÒÐ
§@�·ÒU

ÚO<2�6�6·�¤J
"·��Ã{	�gC�ÀÄ§����
n5§�

·�²LÙ©0x��ÿ§·^�r
f§r@�Ä�úª�3
xê��¬�Þ

þ§Ò´

i2 = j2 = k2 = ijk = −1.

”

Ág1865c8�5ÒM��î��1���fCÛÆ��.M��î�&"ùµ

&���Ø����§9�2Ò§M��îÒ�­
"M��î&¥J��”@�

�”´1843c�10�"M��î��uy�´<a{¤þ1��Ø����ê¨o

�ê�ê"

·�^RL«¢ê8Ü, CL«Eê8Ü§HL«o�ê8Ü"o�ê8ÜH =

R+Ri+Rj+Rk, H¥�$�{KÒ´þ¡M�î3&¥��"lM�î�úª�
±íÑ

ij = −ji = k,

jk = −kj = i,

ki = −ik = j.

?Û�eo�êÑ�±�¤

α = d+ ai+ bj + ck

�/ª§Ù¥a, b, c, dÑ´¢ê"d��α�¢Ü§ai+ bj + ck ��α �JÜ"�Ý

½Â�

α = d− ai− bj − ck.

ü�o�êα = d+ ai+ bj + ckÚα̃ = d̃+ ãi+ b̃j + c̃k ����=�§�éA�X
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ê��§=a = ã, b = b̃, c = c̃, d = d̃. AO�§α = d + ai + bj + ck = 0��=

�a = b = c = d = 0.

½Â 1.3.1. b�α = d+ ai+ bj + ck´��Ø�u0�o�ê"-

β =
1

d2 + a2 + b2 + c2
α =

1

d2 + a2 + b2 + c2
(d− ai− bj − ck),

Kαβ = βα = 1. ·�¡β´α�_"�â½Â§α�_´dα��(½�§
�X

Jβ´α�_§@oα�´β�_"

n��m¥����þÑ�±�¤

α = ai+ bj + ck

�/ª§Ù¥a, b, c©O´x, y, z¶��I"��þ¡����/"·�½Âü�

�þα, β�:È,

α · β :=
1

2
(αβ + βα) = −1

2
(αβ + βα),

Ï�α = −α, β = −β.

aq�§·���±½Âü��þ��È§

α× β :=
1

2
(αβ − βα).

�â½Âα× β = −β × α.

�â½Â, ·���XJα = x1i+ y1j + z1k, β = x2i+ y2j + z2k, K

α · β = x1x2 + y1y2 + z1z2 ∈ R,

α× β = (y1z2 − y2z1)i+ (x2z1 − x1z2)j + (x1y2 − x2y1)k ∈ V.

b�α = xi+yj+zk,Kα·α = x2+y2+z2,·�rù�ê�²��
√
x2 + y2 + z2�

�α��Ý§½öýé�"α = x1i + y1j + z1k, β = x2i + y2j + z2k§θ´α, β�Y

�"·�ke¡�úªµ

α · β = |α||β| cos θ

"¤±·�ke¡�½n(Ñ�±ÏLrα©)¤α = α1+α2,Ù¥α1Úβ²1§α2ÚβR

�5y²)

½n 1.3.1 (ü��þ�SÈY�úª). b�θ´α, β�m�Y�"Kθ÷v

α · β = |α||β| cos θ.

½n 1.3.2 (ü��þ�	ÈY�úª). b�θ´α, β�m�Y�"Kθ÷v

|α× β| = |α||β| sin θ.
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½n 1.3.3 (.�KFúª). é?¿��þα, β, γ, k

α× (β × γ) = (α · γ)β − (α · β)γ.

y² 5¿���¢ê¦±���þ§�ù��þ¦±ù�¢ê´���"¤

±

m> =
1

2
(β(α · γ)− γ(α · β) + (α · γ)β − (α · β)γ)

= −1

4
(βαγ︸︷︷︸+βγα−γαβ − γβα+ αγβ+γαβ − αβγ−βαγ︸ ︷︷ ︸)

= −1

4
(βγα− γβα+ αγβ − αβγ)

=
1

2
(α(

1

2
(βγ − γβ)) + (

1

2
(βγ − γβ))α)

=�>.

�

½n 1.3.4 (ä�'�ª).

α× (β × γ) + β × (γ × α) + γ × (α× β) = 0.

y² ùÒ´�y²

(αβγ−αγβ−βγα+γβα)+(βγα−βαγ−γαβ+αγβ)+(γαβ−γβα−αβγ+βαγ) = 0.

ùo�k���"n��þ�ü��k8«§2\þ�KÒ§�Ð´���"¤±

üü-�K
§�Ð´"" �

XJP[x, y] = xy − yx, Kþ¡�ä�'�ªÒ´

[α, [β, γ]] + [β, [γ, α]] + [γ, [α, β]] = 0.

ùÒÚo�ê¥�ä�'�ªlSN�/ª����
"

½n 1.3.5 (·ÜÈúª, ·�o´k����:).

α× β · γ = β × γ · α = γ × α · β.

y² �y��´/ªÌÂ�, 4ÙN´�"·�ùp��y1���ª"

−4(α× β · γ − β × γ · α) = αβγ − βαγ + γαβ−γβα︸ ︷︷ ︸−βγα+ γβα︸︷︷︸−αβγ + αγβ

= −β(αγ + γα) + (αγ + γα)β

= 0 (þ1)ÒS�ÀÜÙ¢´¢ê)

�
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½n 1.3.6 (.�KFð�ª). é?¿�o��þα, β, γ, δ, k

(α× β) · (γ × δ) = (α · γ)(β · δ)− (α · δ)(β · γ)

y²

(α× β) · (γ × δ) = α · β × (γ × δ)( ·ÜÈúª)

= α · ((β · δ)γ − (β · γ)δ)( .�KFúª)

= (α · γ)(β · δ)− (α · δ)(β · γ).

�

1928c§o�ê�ÔnÆ[).�3ïÄ�©�f��ÿ­#uy").�d

dÑu§ýó
�>f��3"1932c§S�Ü�¢�*	�
�>f��3"1933c§

).�¼�
ì��ø§c=31�"

§1.4 p��(�p��{a�)

b�p´���½��ê"·�3ù�!¥��Äd8Ü{0, 1, 2, ..., p− 1}�
¤�k��Fp"��8Ü5w§Fp = {0, 1, 2, ..., p−1}"�´Fp�üX�8Ü�'§
§p¡õ
ü«$�§�«´\{§�«´¦{"?�a, b ∈ {0, 1, 2, ..., p − 1},
a, b�Úk�U�u�up, Ø3{0, 1, 2, ..., p − 1}p¡
"b�x´a, b�Ú2
Ø±p�{ê"3k��Fp¥§·�½Âa + b�uù�{êx"Ó��?�a, b ∈
{0, 1, 2, ..., p− 1}, a, b�¦Èk�U�u�up, Ø3{0, 1, 2, ..., p− 1} p¡
"
b�y´a, b�È2Ø±p�{ê"3k��Fp¥§·�½Âab�uù�{êy"
5¿3k��Fp¥§−a = p− a, p = 0"?����"��a ∈ Fp"Ï�aØU

�p�Ø§¤±dîAp�Ø{��§�3�êx, y¦�ax + py = 1. ¤±3k�

�Fp¥§ax = 1. �Ò´`§k��Fp¥§?Û�"��Ñ�_"w,ù�_��
�´��(½�"·�Px = a−1.

~ 1.4.1. ~X3F5¥§3 + 4 = 2 ∈ F5, 4 · 4 = 1 ∈ F5. 3−1 = 2 ∈ F5

k��Fp�¤k���\å5�u(p − 1)p/2. XJp > 2, Kp − 1´óê, ¤

±(p − 1)p/2U
�p �Ø§¤±3k��Fp¥(p − 1)p/2 = 0"·�2wwk�

�Fp¥¤k��"��¦å5�uõ�"

½n 1.4.1 (%�Ö½n).
∏

�"x∈Fp

x = 1× 2× 3× · · · × (p− 1) = −1.

y² k��Fp¥?Û���"��Ú§gC�_�¦Ñ�u1. 
Ø
1Úp−
1±	§Ù¦���ÑØ�ug��_"¤±1× 2× 3× · · · × (p− 1) = p− 1 = −1"

�
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½n 1.4.2 (¤ê�½n). ?��"��a ∈ Fp, Kap−1 = 1.

y² 5¿�

Fp = {0, 1, 2, ..., p− 1} = {0, a, 2a, ..., (p− 1)a},

¤±

1× 2× 3× · · · × (p− 1) = ap−1(1× 2× 3× · · · × (p− 1)).

Ïdap−1 = 1. �

½Â 1.4.1. k
k��Fp�½Â±�§·��±�Ä±Fp¥����Xê�
õ�ª"ù
õ�ª�\½ö�¦�$�{Kdk��Fp�\{Ú¦{$�{K
û½"·�^Fp[x1, ..., xn]L«±Fp¥����Xê�õ�ª�N/¤�8Ü"

~ 1.4.2. ~X3F5[x1, x2]¥§(3x1 − 4x2)(2 + x1) = 3x21 + x1 + 2x2 + x1x2.

�·�c¡ù�aq§·��±½Âk����ÈFnp = Fp × · · · × Fp"Ù¥�
\{Ú¦{©O½Â¤©þ�m�\{Ú¦{"

Ó��k����ÈFnp = Fp × · · · × Fp¥§¤k���\å5�´0.

é?¿���±k��Fp¥����Xê�õ�ªf(x) ∈ Fp[x],��f(a) = 0,

ÒUíÑx− a´f(x)���Ïf"lf(x)¥ØKù�Ïf§f(x)�gêÒü$
1"

ù�8Be���§mgõ�ª�õ�Ukm��"¤±xk = 13k��Fp¥�õ
�kk��"5¿�k��Fp¥¹kp − 1��"��§¤±XJk < p − 1, ·��

½Ué�Fp ¥����"���g¦�gk 6= 1.

¢Sþ�±���Ð§�±y²�3��g ∈ Fp¦�é?¿�k < p − 1§Ñ

kgk 6= 1. ù��g ��”��”"

½Â 1.4.2 (�). b�m���ê§(a,m) = 1, K÷van ≡ 1 ( mod m)��

����ên��a �m��"

Ún 1.4.3. b�m´����ê, a´���mp���ê"b�a�m��

�k"XJan ≡ 1 ( mod m), Kk|n.

y² ÄK§�3��êα, β¦�n = kα + β§β < k. dan ≡ 1 ( mod m)


�ak ≡ 1 ( mod m)��aβ ≡ 1 ( mod m). ùÚa�m���kgñ" �

Ún 1.4.4. b�m´����ê, a, b´ü��mp���ê"b�a, b�m�

�©O�k, l"XJk, lp�§Kab �m��kl.

y² b�ab�m��n. Ï�(ab)kl ≡ 1 ( mod m), ¤±n|kl. q(ab)kn ≡ 1 (

mod m)
akn ≡ 1 ( mod m)§¤±bkn ≡ 1 ( mod m). Ïdl|nk. �´l, kp�§¤

±l|n. Ónk|n. ¤±kl|n. ¤±n = kl. �
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½n 1.4.5 (����35). b�p´���ê§K�3���êg¦�g�p�

��up − 1. ⇐⇒�3g ∈ Fp¦�Fp = {0, g, g2, ..., gp−1}. ⇐⇒�3���
êg ∈ Z, ¦�{g, g2, ..., gp−1}�¤
�p��� X"ù��g ��”��”"

y² b�p − 1 = pa11 · · · p
ak
k . äó�3���êgi¦�gi�p���up

ai
i , 1 ≤

i ≤ k. ÄK§5¿�xp
ai
i = 13Fp¥TÐkpaii �)"XJù
)��Ñ�up

ai
i §K

ù
)Ñ÷v�§

xp
ai−1

i = 1.

�´·���þ¡ù��§�)�õ�kpai−1i �§Úågñ"

-g = g1 · · · gk§Kg´��”��”"

�

§1.5 ��õ�ª

·�b�F´���, �±´ê�, ��±´p��. x´��Cþ. @o¤k�

/X

axm, a ∈ F, m ∈ Z

/ª�ªfÑ¡�´ü�ª. ·�¡eZ�ü�ª�Ú

f(x) = anx
n + an−1x

n−1 + · · ·+ a1x+ a0, an 6= 0

�õ�ª. XJan = 1, @o·�¡f(x)´��Ä��õ�ª. ·�PFþ���õ

�ª��N�F [x], ¡��Fþ���õ�ª�.

3þ¡�L�ª¥�n¡�´f(x)�gê, P�

degf = n,

=f�gêÒ´§�L�ª¥ü�ª��pgê. XJf(x) = 0,·�¡Ù�"õ�

ª. ·���r"õ�ª�gê½Â�−∞.

½Â 1.5.1 (õ�ª�\{Ú¦{). b�f = anx
n+an−1x

n−1 + · · ·+a1x+a0,

g = bnx
n + an−1x

n−1 + · · ·+ a1x+ a0, n ≥ m. @of�g�Ú�

f + g = (an + bn)xn + · · ·+ (an−1 + bn−1)xn−1 + · · ·+ (a1 + b1)x+ (a0 + b0),

ùp�bn = bn−1 = · · · = bm+1 = 0´�
PÒ��àé¡V\�.

f�g�È�

fg =

mn∑
k=0

ckx
k,
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ùp�

ck =

k∑
i=0

aibk−i.

5¿·�ùpúª¥¬kÃXan+1, an+2, ... ½öbm+1, bm+1, ... �a�vk½Â

�PÒÑy. ù
PÒÑ´�
úª��{Ú��B
V\�, §�Ñ�u0.

ü�õ�ªf�g��XJ´0, ·�Ò¡f�g ´���õ�ª, P�f(x) =

g(x). ¤±ü�õ�ª����=�§�z��ü�ª�XêÑ��. ·�éN´

wÑ, XJü�õ�ªf�g���{, @oé?¿�a ∈ F , Ñk

f(a) = g(a)

¤á. du·��Ö¥?Ø�ê�Ñ´Eê��f8, éù��ê�5`, é?¿

�a ∈ F , Ñk

f(a) = g(a)

¤á. �U
íÑf(x) = g(x) ¤á. éu����Xê�(~Xp��5`, 3z�

�:?��Ñ��, ¿ØUíÑü�õ�ª´���. ü�õ�ª���¦3/ª

þ����, 
Ø==���þ�¼ê��.

½n 1.5.1 (õ�ª��{Ø{). b�F´���. f(x), g(x) ∈ F [x]. b

�degf ≥ degg, @o�½�3õ�ªq(x), r(x)¦�

f(x) = q(x)g(x) + r(x)


�degr < degq.

½n 1.5.2. õ�ªf(x)U
�x−α�Ø��=�f(α) = 0, =α´f(x)���

�.

y² |^õ�ª��{Ø{§·����3õ�ªg(x)Ú~êa¦�

f(x) = (x− α)g(x) + a.

õ�ªf(x)U
�x− α�Ø��=�a = 0, =f(α) = 0" �

íØ 1.5.3. ê�Fþ�ngõ�ª3F¥��êØ�Ln�"

íØ 1.5.4. ê�Fþ�ü�gêØ�Ln�õ�ªXJ3n + 1�:?���

�Ó§@o§�Ò´�Ó�õ�ª"

½n 1.5.5 (.�KF��õ�ª). ?�néê(x1, y1), ..., (xn+1, yn+1). ·

�b�x1, ..., xn+1pØ�Ó"K�½�3�����ngõ�ªf(x)¦�

f(x1) = y1, ..., f(xn+1) = yn+1.
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y² ·�ÄkwXù�õ�ªXJ�3�{§@odþ¡�íØ�±��§ù

��õ�ª�½´���"Ïd'�´y²ù��õ�ª��35"

·�k5`²�½�±�EÑngõ�ªfi¦�

fi(xj) =

0, i 6= j

yi, i = j.

Ù¢��-

hi(x) = (x− x1)(x− x2) · · · (x− xi−1)(x− xi+1) · · · (x− xn+1)

��hi(x)Ñ
3xi?Ø�u0, 3Ù{�n�:?Ñ�u0. Ïd·�-

gi(x) =
hi(x)yi
hi(xi)

.

-

f(x) = f1(x) + · · ·+ fn+1(x)

=�" �

þ¡½n¥�õ�ª��´.�KF��õ�ª"

§1.6 õ�ª�Ïª©)½n

�!¥FL«���, �±´ê�½öp��.

½Â 1.6.1 (�Ø). XJf, g, h ∈ F [x], 
�f = gh, @o·�¡g�Øf .

½Â 1.6.2 (Ø��õ�ª). XJf ∈ F [x], 
�
�fØU�¤ü�gê�$

�õ�ª�¦È, @oÒ¡f´±��Ø��õ�ª.

½n 1.6.1 (õ�ª�Ïª©)±9��5½n). XJf ∈ F [x]´��gê�

u�u1�Ä�õ�ª, @of �½�±©)¤Ä�Ø��õ�ª�¦È

f(x) = p1(x)a1 · · · patt ,

ùp�p1, ..., pt´pØ�Ó�Ä�Ø��õ�ª. 
�XJØ�Äü�gS�{,

þ¡�©)L�ª´���.

½Â 1.6.3 (­Ïª). XJØ��õ�ªp(x)÷vp(x)k|f(x), �´p(x)k+1 -
f(x). Ò¡p ´f�k­Ïª.
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½Â 1.6.4 (�ê). b�õ�ªf(x) = anx
n + an−1x

n−1 + · · · + a1x + a0. ·

�½Âf��ê�

f ′(x) = nanx
n−1 + (n− 1)an−1x

n−2 + · · ·+ a1

½n 1.6.2. b�p(x)´��Ø��õ�ª. XJp(x)´f(x)�k­Ïª,Kp´f, f ′, ..., f (k−1)�

Ïª, �Ø´f (k)�Ïª.

½n 1.6.3 (OÜd"�O{).

½Â 1.6.5 (õ�ª�Ó{). b�f1(x), f2(x), g(x), h(x)´o�õ�ª, ÷v

'Xª

f1(x)− f2(x) = g(x)h(x).

·�¡f1(x), f2(x)�g(x)Ó{, P�

f1(x) ≡ f2(x)( mod g(x)).

½n 1.6.4 (õ�ª�¥I�{½n). b�f1(x), ..., fk(x)´üüp��õ�

ª§Kéu?¿�õ�ªg1, ..., gk, Ó{�§
f ≡ g1( mod f1),

...

f ≡ gk( mod fk).

k�N = f1 · · · fk���)"

íØ 1.6.5 (.�KF��úª). b�a1, ..., ak´üüØÓ�ê§Kéu?

¿k�êb1, ..., bk, �3�����gê�u�uk − 1�õ�ªf ¦�

f(a1) = b1, ..., f(ak) = bk.

y² �ÄÓ{�§|
f ≡ b1( mod (x− a1)),

...

f ≡ bk( mod (x− ak)).

ù�Ó{�§|�),õ�ªf�(x−a1) · · · (x−ak)��"
�(x−a1) · · · (x−ak)�

{�´�gê�u�uk − 1�õ�ª. �
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aqu�Ê���ü,ù�õ�ª�±äN��EÑ5. é?¿�i = 1, 2, ..., k,

·�I�égi(x)¦�§÷v

gi(x) ≡ 0( mod (x− a1)),

...

gi(x) ≡ 0( mod (x− ai−1)),

gi(x) ≡ 1( mod (x− ai)),

gi(x) ≡ 0( mod (x− ai+1)),

...

gi(x) ≡ 0( mod (x− ak)).

,�-

f = b1g1(x) + · · ·+ bkgk(x)

=�. ù��gi(x)éN´�E, Äk§kÏª

(x− a1) · · · (x− ai−1)(x− ai+1) · · · (x− ak).

Ùgù�õ�ª3ai?���bi, ¤±·��±b�

gi(x) = α(x− a1) · · · (x− ai−1)(x− ai+1) · · · (x− ak),

Ù¥α´��½�~ê. ´�ù�~ê�

α =
(x− a1) · · · (x− ai−1)(x− ai+1) · · · (x− ak)

(ai − a1) · · · (ai − ai−1)(ai − ai+1) · · · (ai − ak)
.

nþ��, ÷vf(a1) = b1, ..., f(ak) = bk�õ�ª

f =

n∑
i=1

(x− a1) · · · (x− ai−1)(x− ai+1) · · · (x− ak)

(ai − a1) · · · (ai − ai−1)(ai − ai+1) · · · (ai − ak)
+ (x− a1) · · · (x− ak)h(x),

Ù¥h(x)�?¿�õ�ª.

§1.7 Mason-Stothers ½n

é?¿�õ�ªF , ·�^n0(F )L«F�pØ�Ó����ê, =XJk­�

�{, KØ�ÄÙ­ê, Ñ�P�g.

½n 1.7.1. b�f, g, h´3�p��õ�ª,
�f + g = h. @o

Max{deg(f), deg(g), deg(h))} ≤ n0(fgh)− 1.
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y² -F = f/h, G = g/h, KF +G = 1. ü>¦���F ′ +G′ = 0. ¤±

F ′

F
F +

G′

G
G = 0,

=
g

f
=
G

F
= −F

′/F

G′/G
.

b�

f(x) = c1
∏

(x− αi)ai , g(x) = c2
∏

(x− βj)bi , h(x) = c3
∏

(x− γk)ci ,

K
g

f
= −F

′/F

G′/G
= −

∑ ai
x−αi

−
∏ ck

x−γk∑ bj
x−βj

−
∏ ck

x−γk

.

Ï�n0(fgh) =
∏

(x− αi)
∏

(x− βj)
∏

(x− γk), ¤±

F1 = n0(fgh)F ′/F, G1 = n0(fgh)G′/G,

Ñ´õ�ª. qÏ�
g

f
= −F1

G1
,

¤±f, g�gêÑ��u�un0(fgh)− 1. ¤±

Max{deg(f), deg(g), deg(h))} ≤ n0(fgh)− 1.

�

íØ 1.7.2. XJn ≥ 3, @oØ�3p��õ�ªf, g, h ¦�

fn + gn = hn.

5¿XJn = 2. ù��õ�ª´�3�. ~X

(k2 − 1)2 + (2k)2 = (k2 + 1)2.

þ¡�ù��ª,�k�H¤k�knê��ÿ,Ù¢�±âd�Ñ¤k���ê|

�Ï).

§1.8 õ�õ�ª

½n 1.8.1 (��Ïª©)½n).

½Â 1.8.1 (Ð�é¡õ�ª).

½n 1.8.2 (é¡õ�ª´Ð�é¡õ�ª�õ�ª).
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§1.9 /ª�?ê

SK 1.9

1. ��XêÑ´knê�õ�ª3¤k��ê?Ñ����ê"@où�õ�

ª´Ø´�Xê�º

2. �®�f(x)´��Xê�knê�õ�ª§
�é?¿�u�u10000���

ên, f(n)Ñ´�ê"¦yé?¿�ên, f(n)Ñ´�ê"

3. b�a1, ..., an´n�ØÓ��ê. ¦y, õ�ª

f(x) = (x− a1)(x− a2) · · · (x− an)− 1

3QþØ��.

y² b�f(x)3Qþ��,@o§�½3Zþ��. Ïd,�3ü�gêÑ

'f$��Xêõ�ªg(x)Úh(x)¦�

f(x) = g(x)h(x).

duf(ai) = g(ai)h(ai) = −1, ¤±|g(ai)| = |h(ai)| = 1 
�g(ai) + h(ai) = 0.

¤±õ�ª

g(x) + h(x)

��kn�pØ�Ó��.�´Ï�g(x)+h(x)�gê�un,¤±g(x)+h(x)7

L´"õ�ª. Ïdf(x) = −g(x)2. ùÚf(x)�Ä�Xê�1gñ. Ïdf(x)3Qþ
Ø��.

�

4. b�a1, ..., an´n ≥ 5�ØÓ��ê. ¦y, õ�ª

f(x) = (x− a1)(x− a2) · · · (x− an) + 1

3QþØ��.

y² b�f(x)3Qþ��,@o§�½3Zþ��. Ïd,�3ü�gêÑ

'f$��Xêõ�ªg(x)Úh(x)¦�

f(x) = g(x)h(x).
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duf(ai) = g(ai)h(ai) = 1, ¤±|g(ai)| = |h(ai)| = 1 
�g(ai)− h(ai) = 0. ¤

±õ�ª

g(x)− h(x)

��kn�pØ�Ó��.�´Ï�g(x)−h(x)�gê�un,¤±g(x)−h(x)7

L´"õ�ª. Ïdf(x) = g(x)2. ¤±

(x− a1)(x− a2) · · · (x− an) = g(x)2 − 1 = (g(x) + 1)(g(x)− 1).

¤±n�½´óên = 2k, ·�Ø��

g(x) + 1 = (x− a1)(x− a2) · · · (x− ak), a1 < a2 < · · · < ak

g(x)− 1 = (x− ak+1)(x− ak+2) · · · (x− an), ak+1 < ak+2 < · · · < an.

K−2 = g(a1)− 1 = (a1 − ak+1)(a1 − ak+2) · · · (a1 − an). �>ùA�ê�

U´2, 1, −1. ¤±

k = 3, a1 − a4 = 2, a1 − a5 = 1, a1 − a6 = −1.

Ón�k

a2 − a4 = 2, a2 − a5 = 1, a2 − a6 = −1.

ù´Ø�U�. ¤±f(x)3QþØ��.

�

5¿3ù�K8¥�n ≥ 5�^�´7Ø���. XJn = 4, @o·K´

Ø¤á�. �~Xe:

x(x− 1)(x− 2)(x− 3) + 1 = x(x− 3) · (x− 1)(x− 2) + 1 = (x2 − 3x+ 1)2.

5. b�n´��ê, õ�ª

f(x) = 1 + x+
x(x+ 1)

2!
+
x(x+ 1)(x+ 2)

3!
+ · · ·+ x(x+ 1) · · · (x+ n)

(n+ 1)!
.

(1) ¦f(x) = 0�¤k�knê�.

(2) ¦yf(x)− 1
(n+1)!3knê�þØ��.

) 5¿�

1 + x+
x(x+ 1)

2!
=

(x+ 2)(x+ 1)

2!
,

1 + x+
x(x+ 1)

2!
+
x(x+ 1)(x+ 2)

3!
=

(x+ 1)(x+ 2)(x+ 3)

3!
.
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�±ßÿ

f(x) =
(x+ 1) · · · (x+ n)(x+ n+ 1)

(n+ 1)!
.

|^êÆ8B{, éN´y²þ¡�ªf¤á. Ïdf(x) = 0�¤k�knê

�Ò´−1, −2, ..., −n− 1.

XJf(x)− 1
(n+1)!3knê�þ��,@o(x+ 1)(x+ 2) · · · (x+n)(x+n+

1)− 13knê�þ��. ·�3c¡�SKp®²y²L
ù´Ø�U�.

�

6. b�a1, ..., an´n�ØÓ��ê. ¦y, õ�ª

f(x) = (x− a1)2(x− a2)2 · · · (x− an)2 + 1

3QþØ��.

y² b�f(x)3Qþ��,@o§�½3Zþ��. Ïd,�3ü�gêÑ

'f$�Ä���Xêõ�ªg(x) Úh(x) ¦�

f(x) = g(x)h(x).

5¿·�b�
g(x)Úh(x) ´Ä���Xêõ�ª. ¤±�x´�~��¢ê

��ÿ, g(x)Úh(x)���½Ñ´�ê. 
qduf(x)3¢êþ���[�Ñ

´�ê. ¤±g(x)Úh(x)3¢êþ�����½Ñ´�ê.

·�Ø�b�g�gê�u�uh�gê. duf(ai) = g(ai)h(ai) = 1, ¤

±|g(ai)| = |h(ai)| = 1 
�g(ai)− h(ai) = 0. ¤±õ�ª

g(x)− h(x)

��kn�pØ�Ó��. ù�ÿ�Ukü«�¹. 1�«´g(x) − h(x)´"

õ�ª. 1�«´g(x) − h(x)�gê�un, �kÏf(x − a1)(x − a2) · · · (x −
an). 5¿dug, hÑ´Ä��, Ïd§�Ø�UÑ´ng�. ¤±·�ÒüØ


g(x)− h(x) �gê�un ��/.

31�«�/, ·�kf(x) = g(x)2. ¤±

(x− a1)2(x− a2)2 · · · (x− an)2 = g(x)2 − 1 = (g(x) + 1)(g(x)− 1).

¤±n�½´óên = 2k. 5¿�g(x) + 1Úg(x) − 1´knê�þ�ü�p�

�õ�ª(Ï�§�U|ÜÑ15), ¤±g(x) + 1Úg(x)− 1vkú��.·�Ø

��

g(x) + 1 = (x− a1)2(x− a2)2 · · · (x− ak)2, a1 < a2 < · · · < ak

g(x)− 1 = (x− ak+1)2(x− ak+2)2 · · · (x− an)2, ak+1 < ak+2 < · · · < an.
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K−2 = g(a1) − 1 = (a1 − ak+1)2(a1 − ak+2)2 · · · (a1 − an)2 ´Ø�U�. ¤

±f(x)3QþØ��.

31�«�/. ·�b�g(x)�gê�un + t, h(x)�gê�un − t. @
odu

1 = f(ai) = (g(ai)− h(ai) + h(ai))h(ai) = h(ai)
2

��h(ai)
2 = 1 é?¿�1 ≤ i ≤ n ¤á. ·�31�ã®²`L
, h(x)��

�[�´�ê. ¤±h(ai) = 1 é?¿�1 ≤ i ≤ n ¤á. ùÚh�gê�un´

gñ�.

�

7. b�n, m Ñ´��ê. ¦xn + 1Úxm + 1���úÏª.

) ·���

xn + 1 =

n∏
i=1

(x− ζ2i−12n ), xm + 1 =

m∏
j=1

(x− ζ2j−12m ).

ùp·�¦^
PÒζk = cos 2π
k + i sin 2π

k . b�(n, m) = d, n′ = n/d, m′ =

m/d. du

ζ2i−12n = ζ2j−12m ⇐⇒ 2i− 1

2n
=

2j − 1

2m
⇐⇒ (2j − 1)n′ = (2i− 1)m′, (∗)

¤±XJm′ ½ön′´óê, KØ�3i, j¦�(∗)¤á. ¤±xn + 1Úxm + 1�

��úÏª�1. 5¿, dum′ Ún′ p�, ¤±§�Ø�UÑ´óê.

XJm′ Ún′ Ñ´Ûê, @odu

xn + 1 = yn
′
+ 1, xm + 1 = ym

′
+ 1

���xn+1Úxm+1kúÏªy+1,=xd+1. qÏ�m′Ún′p�,¤±yn
′
+1 =

0Úym
′
+1 = 0�k��ú��y = 1. ¤±xn+1 = (xd)n

′
Úxm+1 = (xd)m

′
�

kd�ú��. ¤±

�

8. b�a1, ..., an´n�ØÓ��ê. ¦y, õ�ª

f(x) = (x− a1)4(x− a2)4 · · · (x− an)4 + 1

3QþØ��.

y² �E,, �êÆ©Û¥�¯KÚ½n1�þ414�.

�
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9. ®�f´��õ�ª, 
�f(x2 + 1) = f(x)2 + 1, f(0) = 0. ¦f(x). ) Ï

�f(0) = 0, ¤±

f(1) = f(02 + 1) = f(0)2 + 1 = 1.

Ón��f(2) = 2, f(5) = 5, f(26) = 26, .... ¤±f(x) − x3Ã�õ��ê?
���". ¤±f(x) = x.

�

10. b��Xêõ�ªf(x) = anx
n+· · ·+a1x+a0, p´���ê,
�p - an, ..., p -

an−k, p|an−k−1, ..., p|a0, p2 - an. ¦yf(x)äkgê�u�un − k��Xê
Ø��Ïª.

y² b�f(x)©)¤�XêØ��õ�ª�¦È�f(x) = f1 · · · fk,vk

gê�u�un− k��XêØ��Ïª. @odup2 - an, ¤±�k��fi�

~ê�´p��ê, 
�ù�fi �gê´�un− k�. b�

fi = bmx
m + · · ·+ btx

t + p(bt−1x
t−1 + · · ·+ b0),

Ù¥bm, ..., btÑØ´p��ê. ‘@oduf(x) = f1 · · · fk, 
Ø
fi�	, Ù

{�~ê�ÑØ´p ��ê. ¤±f1 · · · fk ¥xt �XêØ´p��ê. dut ≤
m < n− k. ùÚK��p|an−k−1, ..., p|a0, p2 - angñ.

�

§1.10 ��þ�SK)�

22. y²x0´f(x)�k­��¿©7�^�´f(x0) = f ′(x0) = · · · = f (k−1)(x0) =

0, 
f (k)(x0) 6= 0.

y² b�g(x) = f(x + x0). K¯KÒC�
0´g(x)�k­��¿©7�^�

´g(0) = g′(0) = · · · = g(k−1)(0) = 0, 
g(k)(0) 6= 0. ¤±·�Ø�3�m©Òb

�x0 = 0.

x0´f(x)�k­��¿©7�^�´f(x)�gê�$��´xk�. w,f(x)�

gê�$��´xk�¿©7�^�´f(x0) = f ′(x0) = · · · = f (k−1)(x0) = 0,


f (k)(x0) 6= 0. �

23. 0´x��­�, �´0Ø´ 1
2x

2 + 1�2­�.

24. XJ(x− 1)|f(xn), @o(xn − 1)|f(xn).

y²

b�f(x) =
∏

(x − αi). @of(xn) =
∏

(xn − αi). XJ(x − 1)|f(xn), @

of(1) =
∏

(1− αi) = 0, ¤±,�αi = 1. ¤±f(xn) =
∏

(xn − αi) kÏf(xn − 1).

�
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25. XJ(x2 + x+ 1)|f1(x3) + xf2(x), @o

(x− 1)|f1(x), (x− 1)|f2(x).

y² b�ζ = −1+
√
3i

2 . Kd(x2 + x+ 1)|f1(x3) + xf2(x)��

f1(1) + ζf2(1) = 0

f1(1) + ζ2f2(1) = 0

)�§��f1(1) = f2(1) = 0. ¤±(x− 1)|f1(x), (x− 1)|f2(x).. �

§1.11 ��þ�Ö¿SK)�

9. y²f(x) = xn + axn−m + bØUkØ�"�­ê�u2 ��.

y² XJc´��Ø�"�­ê�u2��,@o(x− c)|f(x),Úf ′, f ′′. ù�(

Ø�±wc¡�SK22. ¤±·���

cn + acn−m + b = 0

ncn−1 + a(n−m)cn−m−1 = 0

n(n− 1)cn−2 + a(n−m)(n−m− 1)cn−m−2 = 0

ra, bw¤´��ê, N´wÑ�¡�ü��§ªp�gñ�. ¤±vk). �

10 XJf(x)|f(xn), @of(x) = 0���U´0½ö´ü �.

y² b�f(x) =
∏

(x − ai). Kf(xn) =
∏

(xn − ai) =
∏
i(
∏n
j=1(x − ζjna

1/n
i )).

XJf(x)|f(xn), @oéz�i, Ñkk, j¦�

ai = ζjna
1/n
k .

¤±ani = ak. ¤±��8Ü5w, e¡ùü�k�8Ü��.

{a1, ...} = {an1 , ...}

2rz�����ng�, §��,v����. XJ,�aiØ´0½ö´ü �,

@�ai, ani , a
n2

i , ...Ò¬´��Ã¡S�, Úågñ. �

11. XJf(x)´��ngõ�ª, 
�f ′|f . ¦yf(x) = 0kn­�.

y² Ï�f ′|f ,¤±·�b�f = f ′(x−a). Kü>¦���f (2)(x)(x−a) = 0,

¤±f (2) = 0. ¤±f(x)�U´�gõ�ª. ¤±·Kg,¤á. �

14. XJf(x)´���Xêõ�ª, 
�f(0), f(1)Ñ´Ûê, ¦yf(x)Ø�U

k�ê�.
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y² ·�^�y{. b�f(a) = 0. KÏ�f(0)´Ûê, ¤±f(x)�~ê�´

Ûê. ¤±aØ�U´óê. ¤±a�½´Ûê. b�f(x) =
∑
aix

i. K

f(a)− f(1) =
∑

ai(a
i − 1).

5¿þ¡��ªm>�)ÒS�z��Ñ´óê. ¤±m>´�óê, Ïd�>�

´óê.ù��{, f(a)7L�f(1)��Ñ´Ûê, g,�ÒØ�U´0
. �

§1.12 JK

1. 1��XêØ´�K1�©�õ�ª´n = 105éA�©�õ�ª,ù´��48g

�õ�ª.

2. ü��XêØ��õ�ª�¦, ���¦Èõ�ª��ê�
C�
.

ùp�½�¦´�XêØ���Ø��õ�ª. Ï�

(x4 + 4) = (x2 + 2− 2x)(x2 + 2 + 2x).

3. b�fn(x) = xn−2(x3−x−1)+(x3+x2−1)
x−1 . Pζk�kg��ü �.¦yXJfn(ζk) =

0, Kk ≤ 180. ) �Gross ”Cyclotomic factors of Coxeter polynomials” �

4. b�

P = a0a1 · · · an, 0 ≤ ai ≤ 9, a0 6= 0,

´��^�?�L«��ê. ¦yõ�ª

a0x
m + a1x

m−1 + · · ·+ am

3QþØ��.
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1�Ù Ý
Ú1�ª

Ý
�g��Þé@, �´¤/%�~�, �8�k�zõc�{¤. pd'

u�g�g.�Ü¤Æ�ïÄp®²rü��5�§|�Xê�Ý
@�?1$

�
, Ý
q�®²���Ñ
. �5�IUâêÆ[OÜd"31842c19���

ÿw�
pd�¶Í5�âïÄ6, Òk
Ý
��{, 1843c, ¦�O�=Ñy�

~�
M�î, 5¿�1843cÒ´M�îuyo�ê�c°. M�î�~!üOÜ

d", �
¦��Ö, ´C��'u)�ê�§�Í¶Ø©. pdÚC���Í�

-u
OÜd"�ïÄ,�, ¦31844c��ü��5�§|�EÜ, �±lù�

�5�§|�Xê�§�$���. ùp¡��9�X{�êi$�, Ø�9?Û

�Cþ3p¡. �´¦¿vk�¤y3�Ý
�/ª. OÜd"�·$ÚC��

�~�, �´�)4Ý¡(, 5�pb. ¦L³�ù
A�Úå
���ék¶�

õuuyc�êÆUâ����, ö��<�´ú. ù
<Ñ��C��Ú³Û�

��ì, �~ú%Ó���ì3OÜd"�þ­ü, ±�u���~~�¦OÜd

"r�vk�¤�êÆÃvM�¦uL,±�uOÜd"��
Ø©¬4ú�Ø�

�. OÜd"��õÒku¡(Ø, ÚC��kÏ�Ó.

y3ù«/ª�Ý
nØ´Ü��dA3�Ê­V�Ò´c�âuÐå5�.

§2.1 Ý
ÚÐ�C�

½Â 2.1.1. ê�Fþ���m×n�Ý
A´�dmn�êaij , i = 1, ..., m; j =

1, 2, ..., n Uìe¡��ª�¤�êL
a11 a12 · · · a1n

a11 a22 · · · a2n
...

...
. . .

...

am1 an2 · · · amn


Ù¥�aij¡�´Ý
�(i, j)��, k�ÿÒ{ü�¡Ù���, i ¡�´�

�aij�1�I, j ¡�´��aij���I. m¡�´Ý
A�1ê, n¡�´Ý
A�

�ê. ·�rm × n��´Ý
�º�. ü�Ý
����=�§��º���


�z� ����Ñ��. =XJA = (aij)m×n, B = (bkl)s×t, @oA = B��=

�

m = k, n = l, aij = bij , 1 ≤ i ≤ m, 1 ≤ j ≤ n.

·�rÝ
�z�1Ñ¡�´§���n �1�þ, z��¡�´§���m

����þ. �
U�Ù�«©1�þ�ØÓ ����, ·�²~^ÏÒ\±©

27
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�. ~XÝ
�1i�1�þ²~L«¤

αi = (ai1, ai2, ..., ain).


Ý
�1j���þ²~L«¤

βj =


a1j

a2j
...

amj


�/ª.

XJm = n, ·�{¡A�ê�Fþ���n��
. XJaij�ÜÑ´", ·�

Ò¡A´"Ý
. éu"Ý
, ·�²~{ü�^05L«. ��âþe©, wÑù

�"Ý
�º�. ØÓº��"Ý
´Ø���. ~X
0 0

0 0

0 0

0 0

 6=
(

0 0 0

0 0 0

)

XJ

A =


1 0 · · · 0

0 1 · · · 0
...

...
. . .

...

0 0 · · · 1


·�Ò¡A´n�ü Ý
, ·�²~^InL«ü Ý
. 3n'��Ù��¹e,

·�²~�Ñ, ^I�Lü Ý
.

·�²~rA{P�A = (aij). 3�Óº��ü�Ý
A = (aij), B = bij�m,

·��±½ÂÝ
�\{:

A+B = (aij + bij).

þ¡�ù��ª�¿gÒ´`Ý
A+B�(i, j) ����Ò´aij+bij . �F¥

���ÚÝ
�m�kê¦$�,é?¿�êk ∈ FÚÝ
A = (aij),·�½ÂtA =

(taij).

½Â 2.1.2 (Ý
�¦{). XJA´��m× nÝ
, 
B´��n× rÝ
. @

oAÚB�¦È´��UìXe��ª½Â���m× r��Ý


AB = (cij), cij =

n∑
k=1

aikbkj .
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�±���yÝ
�¦{÷v(ÜÆ(3�SK), =XJA´��m × nÝ
,

B´��n× rÝ
, C´��r × s�Ý
, @o

(AB)C = A(BC).

·��±éÝ
��e�n«Ð�C�:

1. ��Ý
�ü1(�).

2. rÝ
�,�1(�)¦þ���"�~êt.

3. rÝ
�,�1(�)¦þ��~êt\�,	�1(�)þ�.

1�«Ð�C��±d�ü«Ð�C�EÜ��,��Ý
�1i1Ú1j1�

±de¡�oÚEÜ��.

1. rÝ
�1i1\�1j1þ�.

2. 2rÝ
�1j1¦þ��−1\�1i1þ�.

3. 2rÝ
�1i1\�1j1þ�.

4. ��rÝ
�1i1¦þ−1.

b�In´n �ü Ý


In =


1 0 · · · 0

0 1 · · · 0
...

...
. . .

...

0 0 · · · 1

 .

XJ,�n�Ý
U
dn�ü Ý
²d�gÐ�C���. ·�¡Ù�Ð

�Ý
. �â½ÂÐ�Ý
kna,©OéAunaÐ�C�.·�rn�ü Ý


��1i1Ú1j1���Ý
P�´Pij . XJP

ei = (0, ..., 0, 1, 0, ..., 0)

�Ø
1i� ��1, Ù{� �Ñ�0��þ, @oPij��uü Ý
�e¡�
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C�,

In =



e1
...

ei
...

ej
...

en


−→ Pij =



e1
...

ej
...

ei
...

en


·�rn�ü Ý
�1i1¦þ~êt���Ý
P�´Si(t), @oSi(t)��

uü Ý
�e¡�C�,

In =



e1
...

ei
...

en


−→ Si(t) =



e1
...

tei
...

en


·�rn�ü Ý
�1i1¦þ~êt\�1j1���Ý
P�´Eij(t),@oEij(t)�

�uü Ý
�e¡�C�,

In =



e1
...

ei
...

ej
...

en


−→ Eij(t) =



e1
...

ei
...

tei + ej
...

en


5¿n�ü Ý
��1i�Ú1j����Ý
�´Pij . rn�ü Ý
�

1i�¦þ~êt���Ý
�´Si(t). rn�ü Ý
�1j 1¦þ~êt\�1i1

���Ý
P�´Eij(t).

·K 2.1.1. Ý


A =

(
a 0

0 a−1

)

�±�¤Eij(t).�Ý
�¦È.
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y² ùÙ¢��`²�²L1n«Ð�C�Ò�±rAC¤ü Ý
=�.Ä

krA�1�1¦þa−1\�1�1þ�, ��

A =

(
a 0

1 a−1

)
.

2r1�1¦þ−a\�1�1þ�, ��(
0 −1

1 a−1

)
.

2r1�1¦þa−1\�1�1þ5, ��(
0 −1

1 0

)
.

2r1�1¦þ−1P�1�1, ��(
0 −1

1 1

)
.

2r1�1\1�1, ��. (
1 0

1 1

)
.

2r1�1¦−1\1�1=���ü Ý
. �

§2.2 ©¬Ý


·�3�'uÝ
�$���ÿ, ~~¬òÝ
?1·��©¬. ~X·��

� (
A1 A2

A3 A4

)(
B1 B2

B3 B4

)
=

(
A1B1 +A2B3 A1B2 +A2B4

A3B1 +A4B3 A3B2 +A4B4.

)

XJùp�Ai, Bi´��·��Ý
�{, þ¡�¦{�,´k¿Â�. ~XX

JAi, Bi���Xe

A1 : m1 × n1, B1 : n1 × k1

A2 : m1 × n2, B3 : n2 × k1

A3 : m2 × n1, B2 : n1 × k2

A4 : m2 × n2, B4 : n2 × k2
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§2.3 1�ª

��Ý
�1�ª½Â� ∣∣∣∣∣a b

c d

∣∣∣∣∣ = ad− bc

Ùýé��ud�þ(a, b), (c, d)Ü¤�²1o>/�¡È.

n�Ý
�1�ª½Â�∣∣∣∣∣∣∣∣
a b c

d e f

g h i

∣∣∣∣∣∣∣∣ = aei+ bfg + cdh− ceg − bdi− afh.

Ùýé��ud�þ(a, b, c), (d, e, f), (g, h, i)Ü¤�²18¡N�NÈ.

·�e¡5½Â���1�ª. ·�^Fn×nL«Fþ�¤k�n × n�Ý
�
�N.

½Â 2.3.1 (ü�).

½Â 2.3.2 (ü��_Sê).

½Â 2.3.3 (Ûü�Úóü�).

½Â 2.3.4 (1�ª). A = (aij)�1�ª�u

|A| =
∑

j1,j2,..., jn

(−1)δ(j1j2···jn)a1j1a2j2 · · · anjn

¦ÚÒ¥j1j2 · · · jn�H1, 2, ..., n�¤kü�,

δ(j1j2 · · · jn) =

1, j1j2 · · · jn´��óü�,

−1, j1j2 · · · jn´��Ûü�,

½Â 2.3.5 ({fªÚ�ê{fª). n�1�ª¥|A| = |(aij)|yK1i1Ú
1j����e�n−1�1�ª¡�´aij�{fª,Ï~P�Dij. ·�¡(−1)i+jDij�aij�

�ê{fª, Ï~P�Aij.

½n 2.3.1 (.Ê.d½n,Uì�1�Ðm). Pn�1�ª¥|A| = |(aij)|�aij�
�ê{fª�Aij. K·�ke¡��ª

n∑
j=1

aijAkj =

|A|, i = k;

0, i 6= k,

n∑
i=1

aijAik =

|A|, j = k;

0, j 6= k.
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½n 2.3.2 (.Ê.d½n,Uì���Ðm). Pn�1�ª¥|A| = |(aij)|�aij�
�ê{fª�Aij. K·�ke¡��ª

n∑
i=1

aijAik =

|A|, j = k;

0, j 6= k,

n∑
i=1

aijAik =

|A|, j = k;

0, j 6= k.

Pn�Ý
A = (aij)���Ý
�

A∗ =


A11 · · · An1

...
. . .

...

A1n · · · Ann

 .

Kþ¡�.Ê.d½n��±�¤e¡�/ª.

AA∗ = A∗A =


|A|

|A|
. . .

|A|

 = |A|In,

Ù¥In´n�ü Ý
.

l��Ý
�½Â��, XJA´Ûê��Ý
, @oAÚ−A���Ý
´�
Ó�.

½n 2.3.3 (.Ê.d½n, UìeZ1�Ðm).

Ún 2.3.4. b�A, B´ê�F þ�ü�n�Ý
, @o∣∣∣∣∣A C

0 B

∣∣∣∣∣ = |A||B|.

y²

�

íØ 2.3.5. On�Ý
�1�ª�ué��þ�1�ª�¦È.

½n 2.3.6.

|AB| = |A||B|

½n 2.3.7. b�A = (aij)´��n�Ý
, A∗´Ù��Ý
. @o|A∗| =

|A|n−1.
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y² 3�ªAA∗ = A∗A = |A|In��mü>�1�ª�±��

|A||A∗| = |A|n.

XJ|A| 6= 0. @oü>�K��|A|, Ò�±��|A∗| = |A|n−1.

XJ|A| = 0, @o�±|^��6Ä{5y²·K¤á.

b�Aλ = A+ λIn, KéÃ�õ�λ ∈ F Ñk

|Aλ| 6= 0.

¤±éÃ�õ�λ ∈ F Ñk

|A∗λ| = |Aλ|n−1.

5¿þ¡��ªü>Ñ´λ�õ�ª, §�3Ã�õ�/�����. ¤±ùü

�õ�ªÒ´�Ó�õ�ª. �Ò´`ùü�õ�ª�z��XêÑ��, ¤±

§�3¤k�/�Ñ��Ó��. AO�, §�3λ = 0�/�����Ó. ¤±

3|A∗λ| = |Aλ|n−1��mü>-λ = 0Ò�yÑ·K¤á.

�

½n 2.3.8 (Binet-Cauchy½n). b�A´��m×n�Ý
, B´��n×m�
Ý
, @o

|AB| =

0, m > n;∑
1≤j1<···<jm≤nA

(
12···m
j1j2···jm

)
B
(
j1j2···jm
12···m

)
, m ≤ n

ùp�A
(

12···m
j1j2···jm

)
´A¥d11, 2, ..., m1Ú1j1, j2, ..., j2m�|¤�fª, B

(
j1j2···jm
12···m

)
´B¥d1j1, j2, ..., jm1Ú11, 2, ..., m�|¤�fª.

y² �m > n�,

AB =
(
Am×n 0m×(m−n)

)( Bn×m

0(m−n)×m

)
.

¤±AB�uk"1"��ü��
�¦È, Ïd|AB| = 0.

�Äe¡�1�ª

∆ =

∣∣∣∣∣ 0 A

B I

∣∣∣∣∣
|^1n«Ð�C�ØUC1�ª�5���,∣∣∣∣∣ 0 A

B I

∣∣∣∣∣ =

∣∣∣∣∣−AB A

0 I

∣∣∣∣∣ = (−1)m|AB|.
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·�PC(j1j2 · · · jm)�rü Ý
In¥yK1j1, j2, ..., jm���e5�n ×
(n−m) �fÝ
. r1�ª∆ Uìcm1Ðm, ��

∆ =
∑

1≤j1<···<jm≤n

A

(
12 · · ·m
j1j2 · · · jm

) ∣∣∣B C(j1j2 · · · jm)
∣∣∣ (−1)1+2+···+m+(m+j1)+···+(m+jm),

�âC(j1j2 · · · jm)�½Â, ·�ÏLé(
B C(j1j2 · · · jm)

)
�Ð�C���,∣∣∣B C(j1j2 · · · jm)

∣∣∣ = B

(
j1j2 · · · jm
12 · · ·m

)
(−1)1+2+···+m+j1+···+jm .

¤±

∆ = (−1)m
∑

1≤j1<···<jm≤n

A

(
12 · · ·m
j1j2 · · · jm

)
B

(
j1j2 · · · jm
12 · · ·m

)
.

¤±

|AB| =

0, m > n;∑
1≤j1<···<jm≤nA

(
12···m
j1j2···jm

)
B
(
j1j2···jm
12···m

)
, m ≤ n

�

§2.4 Ý
�_ÚCramer {K

Cramer ´� �l­V�a¬êÆ[, 18�Ò¼�Æ¬Æ . Cramer {K´

�«²(�Ñ�5�§|)��{.

·�3þ�!w�, é�Fþ�n�Ý
A5`, .Ê.d½n��±�¤e¡

�/ª.

AA∗ = A∗A =


|A|

|A|
. . .

|A|

 = |A|In,

Ù¥In´n�ü Ý
. ÏdXJ|A| 6= 0, -

B = |A|−1A∗,

KAB = BA = In. ù�·�¡B�A�_Ý
, {¡A�_, P�A−1. ·�w�

A∗ = |A|A−1.
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½Â 2.4.1 (Ý
�_). . é�Fþ�n�Ý
A5`, XJ�3n�Ý
B¦�

AB = BA = In,

·�¡B�A�_Ý
, {¡A�_.

½n 2.4.1. b�A´�Fþ�m× nÝ
, e¡A^´�d�

1. m = n, �3n�Ý
B¦�AB = BA = In.

2. m = n, �3n�Ý
B¦�AB = In.

3. m = n, |A| 6= 0.

4. �3���Fþ�n×mÝ
B, ¦�AB = Im, BA = In.

Ïd±þ�?Û�^Ñ�±���_Ý
��d½Â.

½n 2.4.2. b�A´�Fþ�n��_Ý
, KA�±�¤k��Ð�Ý
�

¦È, =A�±²Lk�gÐ�C�C�ü Ý
.

y² ·�^êÆ8B{5y². �n = 1�, ·Kw,¤á. b�·Kéun−
1��Ý
Ñ¤á. @oduA�_, ¤±A�1���½Ø��0, ·��±ÏL

Ð�C�rù��"���N���þ�, ,�C¤1. 2ÏLr1�1¦þ·�

����g\�e¡��1, �±r1��¥Ø
1�1�	Ù{� �ÑC¤0.

2ÏLr1��¦þ·����\��¡���,�±r1�1Ø
1���	¤

±� �ÑC�0. ù�Ý
AÒÏLk�gÐ�C�C�
e¡��f

(
1 0

0A1

)
Ù¥A1´��n − 1���_Ý
. d8Bb�, A1�±ÏLÐ�C�C�n − 1�

ü Ý
. ½n�y. �

�âþ¡ù�½n, �±��«¦Ý
�_��{. b�

A = P1 · · ·Pk,

Ù¥�Pi´Ð�Ý
. @o

A−1 = P−1k · · ·P
−1
1 .

¤±ée¡�n× 2nÝ


(A, In)
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?1Ð�1C���u3�>¦þ���_Ý
P .

(A, In) −→ P (A, In) = (PA,P ).

XJPA = In, @oP = A−1. ¤±·��I�én × 2nÝ
(A, In)?1Ð�1C

�, ���>�AC¤ü Ý
��ÿ, m�>�InÒC¤
A−1. ù��{é|^

��Ý
¦_��{�¯$éõ.

b�A´��n���_Ý
,

x =


x1
...

xn

 , b =


b1
...

bn

 .

@o�5�§|

Ax = b

�)�

x = A−1b.

½n 2.4.3 (Cramer {K). XJA´���_Ý
, @o�5�§|

Ax = b

�)� 
x1 = |A1|

|A|
...

xn = |An|
|A|

Ù¥Aj´rA�1j��¤b�����Ý
.

y² dc¡�?Ø��,

x = A−1b = |A|−1A∗b.

¤±

xj = |A|−1(

n∑
i=1

Aijbi).

d.Ê.d½n��
∑n
i=1Aijbi´r|A|�1j��¤b�����1�ª. ¤±xj =

|Aj |
|A| . �

Cramer{K3nØþ�~²ß¤�. �´3¢SO��5�§|�)��ÿ,

²~æ^�¡·��0��pd��{.
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§2.5 LU©)ÚPLU©)

XJ��Ý
AU�¤��en�Ý
LÚ��þn�U�¦È, ·�Ò¡

A = LU

´A�LU©). 5¿¿Ø´z�Ý
ÑkLU©). =¦´�_Ý
, �Ø�½

kLU©). ~X

A =

(
0 1

1 0

)
ÒvkLU©).

XJ��Ý
AU�¤����Ý
P ,��en�Ý
LÚ��þn�U�¦

È, ·�Ò¡

A = PLU

´A�PLU©). z��_Ý
ÑkPLU©).

§2.6 1�ª�1�«½Â

½Â 2.6.1 (1�ª�1�«½Â). XJ��N�

det : Fn×n −→ F,

A = (aij) 7−→ det(A).

÷ve¡�ü^:

1. det(AB) = det(A) det(B).

2. det´���Fþ�'un2�Cþaij��~�õ�õ�ª, 
�´÷vþ¡�

^�gê�$�õ�ª,

@o·�Òrdet(A)¡�´A�1�ª.

·�e¡5y²÷vþ¡ü^5��N�XJ�3�{, �½´���, 
�

Ú1�ª�1�«½Â���, =

det(A) = |A|.

�Ò´`þ¡�ü^5�Ò�±��(½
1�ª.

½n 2.6.1 (1�ª�ü«½Â��d5). b�N�det÷v1�ª�1�«

½Â, @o§�½÷ve¡�5�:
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1. ü Ý
�det´1.

2. "Ý
�det´0.

3. det(Eij(t)) = 1.

4. det(Si(t)) = t.

5. det(Pij) = −1.

6. det'uz�1Ñ´�5�. =XJrAØ
1i1�	� �Ñ��½�~ê,

@odet�±w�´'u1i1n�Cþai1, ..., ain�n�¼ê. ·�P�g =

g(ai1, ..., ain). ù�XJ

aij = aa
(1)
ij + ba

(2)
ij ,

@o

g(ai1, ..., ain) = ag(a
(1)
i1 , ..., a

(2)
in ) + bg(a

(2)
i1 , ..., a

(2)
in ).

7. A = (aij)�det�u∑
j1,j2,..., jn

(−1)δ(j1j2···jn)a1j1a2j2 · · · anjn = |A|

¦ÚÒ¥j1j2 · · · jn�H1, 2, ..., n�¤kü�,

δ(j1j2 · · · jn) =

1, j1j2 · · · jn´��óü�,

−1, j1j2 · · · jn´��Ûü�,

y² ·�b�÷v1�«½Â�det´�3�. @o

1. À��detØ�u"�A, dInA = A, ��ü Ý
�det´1.

2. d0A = 0��"Ý
�det´0.

3. dEij(t)Eij(−t) = In��det(Eij(t)) det(Eij(−t)) = 1. ü�õ�ª�¦�u1,

�U´z��Ñ´"g�õ�ª=~ê. Q,´~ê,ÒÚt���Ã',Ïd

-t = 0=��det(Eij(t)) = 1.

4. Ï�Si(t)Si(1/t) = 1, ¤±õ�ªSi(t)�U´�ü�ªatk�/ª. d|Si(1)| =

1��a = 1. ¤±|Si(t)| = tk. du·��¦det �gê�$, ù�:�±�

yk = 1. ¢Sþ��'uaij��~�õ�õ�ªθ÷vθ(AB) = θ(A)θ(B), @

oθ�?¿g��÷vù�^�. ¤±==�¦θ(AB) = θ(A)θ(B)Øv±��
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(½θ, égê�4�5��¦´7L�. ùp�k ≥ 1. ·�e¡¬w��3

'uaij��~�õ�õ�ªθ, ¦�θ(AB) = θ(A)θ(B), 
�θ(Si(t)) = t. Ï

dk = 1.

ddet(Si(t)) = tU
�ÑÝ
�,�1´"1, @oÙdet�½´".

5. duPij = Si(−1)Eij(1)Eji(−1)Eij(1), ¤±det(Pij) = −1.

6. XJrdetØ
1i1�	� �Ñ��½�~ê,=rdetw�´'u1i1n�

Cþai1, ..., ain�n�¼êg = g(ai1, ..., ain). @odu|Si(t)| = t, ¤±g´

'uaii��gõ�ª. Ï�|Sj(t)| = tÚ|Pij | = −1, ¤±g´'uaij��g

õ�ª. ¤±g = g(ai1, ..., ain)´'uai1, ..., ain�n��gõ�ª. qÏ

�g(0, ..., 0) = 0, ¤±g´'uai1, ..., ain�n��gàgõ�ª. ¤±XJ

aij = aa
(1)
ij + ba

(2)
ij ,

@o

g(ai1, ..., ain) = ag(a
(1)
i1 , ..., a

(2)
in ) + bg(a

(2)
i1 , ..., a

(2)
in ).

7. Pei�1i� �´1, Ù{ �´0�1�þ. KÝ
A�1i1�þ�

ai1e1 + · · ·+ ainen.

dudet(Pij) = −1, ¤±

det


ej1

ej2
...

ejn

 =

1, j1j2 · · · jn´��óü�,

−1, j1j2 · · · jn´��Ûü�,
.

rdet(A) = det(aij)Uì�5�$�{KÐm��

det(A) = |(aij)| = det


∑
j a1jej∑
j a2jej

...∑
j anjej


=

∑
j1,j2,..., jn

(−1)δ(j1j2···jn)a1j1a2j2 · · · anjn

¦ÚÒ¥j1j2 · · · jn�H1, 2, ..., n�¤kü�,

δ(j1j2 · · · jn) =

1, j1j2 · · · jn´��óü�,

−1, j1j2 · · · jn´��Ûü�,
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�

�d��,·�y²
XJ1�ª´�3�. �U´½n¥���^�L�ª,

´���. ·�rù�õ�ªP�´θ(A). ·���y²ù�õ�ª�(÷v1�

ª�½Â. d1o^�y²��, gê�4�5´÷v�. Ïd�Iy²θ(AB) =

θ(A)θ(B).

§2.7 Ý
��

½Â 2.7.1. XJm × n Ý
A�3��k�fªØ�u0, 
¤k�k + 1��

fªÑ�u0. ·�Ò`A��´k.

½n 2.7.1. Ð�C�ØUCÝ
��.

y² duÐ�C�Ñ´�_�. ¤±XJ·�Uy²Ð�C�Ø¬O\Ý


��, �Ò��u`²
Ð�C�Ø¬~�Ý
��.

du1��é¡5, ·��I�`²Ð��1C�Ø¬O\Ý
��=�. b

�m × n Ý
A��´r. ·�e¡5`²éA��gÐ�1C�, A��Ø¬O\,

=A�¤k�k + 1��fªE,Ñ�u0.

rÝ
�,�1¦þ���"�~ê�, A�k + 1�fª=¦kCz, ��´

C��5�t�, ¤±E,Ñ�u0. rÝ
�1i1¦þ��t�, \�A�1j1þ

�. @oA�,�k + 1�fª=¦kCz, @okCz�@�1´�5Ý
�ü1

���|Ü. rk + 1�fª�kCz�@�1Uì.Ê.d½né1�ªÐm�

�, Cz��k+ 1�fªU
�¤�5�ü�k+ 1�fª���|Ü.¤±E,�

´0. ù�1�«Ún«Ð�C�ÑØ¬O\Ý
��. du1�«Ð�C�U


d1�«Ð�C�Ú1n«Ð�C�EÜ��,¤±1�«Ð�Cz�Ø¬O\Ý


��.

ÏdÐ�C�ØUCÝ
��. �

½n 2.7.2. é?¿���k�m × n Ý
A, Ñ�3��m��_Ý
PÚ�
�n��_Ý
Q¦�

PAQ =

(
Ik 0

0 0

)
.

Ù¥Ik´��r��ü Ý
, 
Ù{� �Ñ´0.

y² �âb�Ak��k�fªØ�u0, =Ak��k × k�fÝ
A1´�_

�. ·��±ÏL�1Ú��rù�k�fÝ
N���þ�. ù�f��u`�

3��m��_Ý
P1Ú��n��_Ý
Q1¦�

P1AQ1 =

(
A1 A2

A3 A4

)
.
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,�·�ÏL�¦Úm¦��(
Ik 0

−A3A
−1
1 Im−k

)(
A1 A2

A3 A4

)(
Ik −A−11 A3

0 In−k

)
=

(
A1 0

0 A4 −A3A
−1
1 A2

)
.

XJA4 − A3A
−1
1 A2 6= 0, @o�½k�"���. ·�b�ù��"���α  

um×nÝ
�(i, j) �.@o3P1AQ1¥·��Äd1, ..., k, i1Ú1, ..., k, j �

¤|¤�k + 1 �Ý
B. Ý
B²LÐ�C�����
(
Ik 0

0 α

)

´��k + 1��_Ý
. ¤±B�´�_Ý
. ¤±3A¥�3��k + 1��_f

Ý
. ù�b�gñ. ¤±A4 −A3A
−1
1 A2 = 0. ¤±·K¤á. �

½n 2.7.3. b�A´s× n�Ý
, B´n×m�Ý
. ¦y

r(AB) ≥ r(A) + r(B)− n.

y² Äk�±|^Ý
��½Â5y²

r(A) + r(B) = r

(
A 0

0 B

)
≤ r

(
A 0

In B

)
.

,�|^Ý
�Ð�C��±��

r

(
A 0

In B

)
= r

(
A −AB
In 0

)
= r

(
0 −AB
In 0

)
= n+ r(AB).

�

SK 2.7

1. O�1�ª∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

a a+ h a+ 2h · · · a+ (n− 2)h a+ (n− 1)h

−a a 0 · · · 0 0

0 −a a · · · 0 0
...

...
...

. . .
...

...

0 0 0 · · · a 0

0 0 0 · · · −a a

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
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) l1�ª�����m©, Å� c��\,, Ò�±����þn�

�1�ª. Ïd1�ª�u

an−1(na+
n(n− 1)

2
h).

�

2. ¦1�ª

∆ =

∣∣∣∣∣∣∣∣∣∣∣

1 + a1 + x1 a1 + x2 · · · a1 + xn

a2 + x1 1 + a2 + x2 · · · a2 + xn
...

...
. . .

...

an + x1 an + x2 · · · 1 + an + xn

∣∣∣∣∣∣∣∣∣∣∣
)

∆ =

∣∣∣∣∣∣∣∣∣∣∣∣∣

1 x1 x2 · · · xn

0 1 + a1 + x1 a1 + x2 · · · a1 + xn

0 a2 + x1 1 + a2 + x2 · · · a2 + xn
...

...
...

. . .
...

0 an + x1 an + x2 · · · 1 + an + xn

∣∣∣∣∣∣∣∣∣∣∣∣∣

=

∣∣∣∣∣∣∣∣∣∣∣∣∣

1 x1 x2 · · · xn

−1 1 + a1 a1 · · · a1

−1 a2 1 + a2 · · · a2
...

...
...

. . .
...

−1 an an · · · 1 + an

∣∣∣∣∣∣∣∣∣∣∣∣∣

=

∣∣∣∣∣∣∣∣∣∣∣∣∣

1 x1 x2 − x1 · · · xn − x1
−1 1 + a1 −1 · · · −1

−1 a2 1 · · · 0
...

...
...

. . .
...

−1 an 0 · · · 1

∣∣∣∣∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣A B

C In−1

∣∣∣∣∣ =

∣∣∣∣∣A−BC 0

C In−1

∣∣∣∣∣

= |A−BC| =

∣∣∣∣∣∣∣∣
1− nx1 +

n∑
i=1

xi x1 + x1
n∑
i=1

ai −
n∑
i=1

xiai

−n 1 +
n∑
i=1

ai

∣∣∣∣∣∣∣∣
= (1 +

n∑
i=1

ai)(1 +

n∑
i=1

xi)− n(

n∑
i=1

aixi).

�
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3. b�3Ý
 
a1 b1 c1 d1

a2 b2 c2 d2

a3 b3 c3 d3


¥íK1�, �, n, o�¤���1�ª´A, B, C,D. ¦y∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

a1 b1 c1 d1 0 0

a2 b2 c2 d2 0 0

a3 b3 c3 d3 0 0

0 0 a1 b1 c1 d1

0 0 a2 b2 c2 d2

0 0 a3 b3 c3 d3

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
= AD −BC.

y² Uìcn1Ðm. �â.Ê.d½n, AT�����. �´cn1�f

ªØU�¹�ü�¥�?Û��, 
�n1�fªØU�¹cü�. ¤±cn

1�fª7L�¹cü�, 
�n1�fª7L�¹�ü�. Ï�ù�e5,

o�Ò�kü��"
. Ò´K8¥�AD −BC. �

4. b�

A =

(
a1 b1

a2 b2

)
, B =


x1 x2 x3

y1 y2 y3

z1 z2 z3

 ,

D =



x1a1 x1b1 x2a1 x2b1 x3a1 x3b1

x1a2 x1b2 x2a2 x2b2 x3a2 x3b2

y1a1 y1b1 y2a1 y2b1 y3a1 y3b1

y1a2 y1b2 y2a2 y2b2 y3a2 y3b2

z1a1 z1b1 z2a1 z2b1 z3a1 z3b1

z1a2 z1b2 z2a2 z2b2 z3a2 z3b2


.

¦y|D| = |A|3 · |B|2.

y² �±rÝ
D�¤e¡�ü�Ý
�¦.

D =


x1I2 x2I2 x3I2

y1I2 y2I2 y3I2

z1I2 z2I2 z3I2



A

A

A


ùp�I2´��ü Ý
. Ù¥Ý


x1I2 x2I2 x3I2

y1I2 y2I2 y3I2

z1I2 z2I2 z3I2


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²L·���1����Ò�±C¤

(
B

B

)
�/ª. Ù1�ª´|B|2, 
 

A

A

A


�1�ªw,´|A|3. ¤±|D| = |A|3 · |B|2. �

5. b�A = (aij)´��n× n�Ý
, aij��ê{fªP�Aij , K∣∣∣∣∣∣∣∣∣∣∣∣∣

1 1 · · · 1

a21 − a11 a22 − a11 · · · a2n − a1n
a31 − a11 a32 − a11 · · · a3n − a1n

...
...

. . .
...

an1 − a11 an2 − a11 · · · ann − a1n

∣∣∣∣∣∣∣∣∣∣∣∣∣
=

∑
1≤i, j≤n

Aij .

y² K¥�1�ª�±ÏLV1W��¤∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 a11 a12 · · · a1n

0 1 1 · · · 1

0 a21 − a11 a22 − a12 · · · a2n − a1n
0 a31 − a11 a32 − a12 · · · a3n − a1n

0
...

...
. . .

...

0 an1 − a11 an2 − a12 · · · ann − a1n

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 a11 a12 · · · a1n

0 1 1 · · · 1

1 a21 a22 · · · a2n

1 a31 a32 · · · a3n

1
...

...
. . .

...

1 an1 an2 · · · ann

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
.

kUì1���.Ê.dÐm, 2Uì1�1�.Ê.dÐm=�. �

6. XJn�1�ª∆�,�1½ö��¤k���Ñ´1, K∆�u¤k����

ê{fª�Ú.
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y² b�1�ª�1i1���Ñ´1. @oUìù�1�.Ê.dÐm,

��∆�uù�1��ê{fª�Ú. y3wé1j 1�.Ê.dÐm. @o

ù1j 1��ê{fª�Ú�ur1j 1�¤�´1���1�ª. �´��

r1j1Ñ�¤
1 , @o1�ª¥Òk
ü1�´1, ¤±1�ªÒ´". ¤

±Ø
1i1�	Ù{�1��ê{fª�ÚÑ�u". �

7. O�né�1�ª ∣∣∣∣∣∣∣∣∣∣∣∣∣

a b

c a b

. . .
. . .

. . .

c a b

c a

∣∣∣∣∣∣∣∣∣∣∣∣∣
y² ·�rk��/�1�ªP�∆k, @o|^.Ê.dÐm½n�±��

ke¡�'Xª

∆n = a∆n−1 − bc∆n−2,

,�·���∆1 = a, ∆2 = a2 − bc. ¤±�±��A��§�

x2 − ax+ bc = 0.

ù��§�)·�b��α, β @o·���

∆n =
αn+1 − βn+1

α− β
.

XJü��α, β��, @oþª�4��(n+ 1)αn = (n+ 1)(a/2)n. �

8. ^x1, ..., xn−1, 1O�

∆ =

∣∣∣∣∣∣∣∣∣∣∣

a11 · · · a1n−1 1

a12 · · · a2n−1 1
...

. . .
... 1

an1 · · · ann−1 0

∣∣∣∣∣∣∣∣∣∣∣
�1i1, ���1�ªP�∆i. ¦y

∆ = ∆1 + · · ·∆n.

y²

5¿�y��ª�m>´�'ux1, ..., xn−1�õ�ª,
�Ù~ê�´∆.

rm>éz�xi¦�,��m>éz�Cþxi��êÑ´0. ¤±m>�k~ê

�. �
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9. b�A = (aij) ´��n × n�Ý
, X = (x1, .., xn)T´��n���þ, Y =

(y1, .., yn) ´��1�þn �. ¦y

∣∣∣∣∣A X

Y z

∣∣∣∣∣ = z|A| −
∑
ij

Aijxiyj .

y² [1] òK8¥�1�ªkUì����, 2Uì���1�.Ê.d

Ðm=�.

�

y² [2] XJA�_, K

∣∣∣∣∣A X

Y z

∣∣∣∣∣ =

∣∣∣∣∣A X

0 z − Y A−1X

∣∣∣∣∣ = z|A| − Y A∗X = z|A| −
∑
ij

Aijxiyj .

XJAØ�_, K¦^��TÄ{=�=z�A�_��/. �

10. ^z�n�/��{O�1�ª.

∣∣∣∣∣∣∣∣∣∣∣∣∣

a a+ d · · · a+ (n− 2)d a+ (n− 1)d

a+ d a+ 2d · · · a+ (n− 1)d a
...

...
. . .

...
...

a+ (n− 2)d a+ (n− 1)d · · · a+ (n− 4)d a+ (n− 3)d

a+ (n− 1)d a · · · a+ (n− 3)d a+ (n− 2)d

∣∣∣∣∣∣∣∣∣∣∣∣∣
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y² r¤k���\�1����∣∣∣∣∣∣∣∣∣∣∣∣∣

na+ n(n−1)
2 d a+ d · · · a+ (n− 2)d a+ (n− 1)d

na+ n(n−1)
2 d a+ 2d · · · a+ (n− 1)d a

...
...

. . .
...

...

na+ n(n−1)
2 d a+ (n− 1)d · · · a+ (n− 4)d a+ (n− 3)d

na+ n(n−1)
2 d a · · · a+ (n− 3)d a+ (n− 2)d

∣∣∣∣∣∣∣∣∣∣∣∣∣

=(na+
n(n− 1)

2
d)

∣∣∣∣∣∣∣∣∣∣∣∣∣

1 a+ d · · · a+ (n− 2)d a+ (n− 1)d

1 a+ 2d · · · a+ (n− 1)d a
...

...
. . .

...
...

1 a+ (n− 1)d · · · a+ (n− 4)d a+ (n− 3)d

1 a · · · a+ (n− 3)d a+ (n− 2)d

∣∣∣∣∣∣∣∣∣∣∣∣∣

=(na+
n(n− 1)

2
d)

∣∣∣∣∣∣∣∣∣∣∣∣∣

1 a+ d · · · a+ (n− 2)d a+ (n− 1)d

0 d · · · d −(n− 1)d
...

...
. . .

...
...

0 d · · · d d

0 −(n− 1)d · · · d d

∣∣∣∣∣∣∣∣∣∣∣∣∣

=(na+
n(n− 1)

2
d)dn−1

∣∣∣∣∣∣∣∣∣∣∣∣∣

1 · · · 1 −(n− 1)

1 · · · −(n− 1) 1
...

. . .
...

...

1 · · · 1 1

−(n− 1) · · · 1 1

∣∣∣∣∣∣∣∣∣∣∣∣∣
n−1

=(na+
n(n− 1)

2
d)dn−1

∣∣∣∣∣∣∣∣∣∣∣∣∣

−1 1 · · · 1 −(n− 1)

−1 1 · · · −(n− 1) 1
...

...
. . .

...
...

−1 −(n− 1) · · · 1 1

−1 1 · · · 1 1

∣∣∣∣∣∣∣∣∣∣∣∣∣
n−1

=(na+
n(n− 1)

2
d)dn−1

∣∣∣∣∣∣∣∣∣∣∣∣∣

−1 1 · · · 1 −(n− 1)

0 0 · · · −n n
...

...
. . .

...
...

0 −n · · · 0 0

0 n · · · 0 0

∣∣∣∣∣∣∣∣∣∣∣∣∣
n−1

=(−1)−1+[n−2
2 ](na+

n(n− 1)

2
d)

∣∣∣∣∣∣∣∣∣∣∣

n 0 · · · 0

−n n · · · 0
...

...
. . .

...

0 · · · −n n

∣∣∣∣∣∣∣∣∣∣∣
n−2

=(−1)−1+[n−2
2 ](a+

(n− 1)

2
d)(nd)n−1
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�

11. OwjÚ
Çü�<
iZ. ¦�Ó6 ���¦����pWêi. Owj

kW�� �, 
Ç23�e��� �þWþ��êi. ü<Ó6We�,

��rù��¦������z� �ÑW÷. XJ�������1�ª

Ø�u", @oOwj�. ÄKÒ´
Ç�. �¯¦�ü�<Xk7��üÑ?

ù�üÑ´�o?

) 
Çk7��üÑ.¦U
��¦�1�ª�cü1����,l
1

�ª´". XJOwj31�1�,� �Wþ
��ê, @o
ÇÒ31�

1�Ó� �þWþ�Ó�ê. XJOwj31�1�,� �þWþ
�

�ê, @o
ÇÒ31�1��Ó �þW���ê. ù�fÒ�±�yWÑ

5�1�ªkü1´���Ó�, ù�1�ª�u". 
ÇÒI
. �

12. (Burnside½n)b�A = (aij)´��óê���é¡Ý
,Ù¥�aij (i > j)´

��ê. ¦y�3��'uaij(i > j) �õ�ªf , ¦�A �1�ª�uf2. ù

p�f¡�´A�Pfaffian.

y² ·��y²¥òæ^����PÒ. �Ò´·�b�aij (i > j)´�

��Cþ. ·��y²�3��'uaij(i > j) �õ�ªf , ¦�A�1�ª�

uf2. ù�f�{, XJA´��óê����Ñ´�ê��é¡Ý
, @o

·�á=Ò�±íÑA�1�ª´����²�ê, =A�1�ª´,	��

�ê�²�.

·�^êÆ8B{, b�·Kén− 2��Ý
¤á. @oén�Ý
A, ·

�b�

A =

(
B −CT

C D

)
.

Ù¥

B =

(
0 −b
b 0

)

´��2��é¡Ý
. 
D´��n−2���é¡Ý
, C´��(n−2)×2�

Ý
. éA�Ð�C��±��

A =

(
B −CT

C D

)
−→

(
B −CT

0 D + CB−1CT

)

ØUC1�ª. duD+CB−1CT�´���é¡Ý
. �â8Bb���,�

½�3õ�ªg, h¦�|A| = g2/h2. 5¿ùp�¤±¬Ñy©1,´Ï�B−1¥
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���¬Ñy1/b, ��ua21¬Ñy3©1þ. ¤±O�1�ª��ÿI�k

Ï©, âU^8Bb�.

�´·���|A|´��õ�ª, 
õ�ªk��©)½n, ¤±h�½¬

�Øg. ¤±g/h¢Sþ´��õ�ª, �Ò´Pfaffian.

�

e¡üK´�±r1�ªÀ�,
���õ�ª.

13. ¦

∆n = ∆n(a1, ..., an−1) =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

x a1 a2 · · · an−2 an−1

a1 x a2 · · · an−2 an−1

a1 a2 x · · · an−2 an−1
...

...
...

. . .
...

...

a1 a2 a3 · · · x an−1

a1 a2 a3 · · · an−1 x

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
.

) Äk�±w��¦�1�ª∆n´��'ux�ngÄ�õ�ª. ÏdX

J·���
Tõ�ª¤k��, ·��Ò�±rù�õ�ª(½e5. ·�

�±rT1�ª�¤k��Ñ\�1��þ�, ù����1�ªvkC, �

´1���¤k��ÑC¤


x+

n−1∑
i=1

ai.

ÏdXJ-x = −
n−1∑
i=1

ai,K��1�ª�". ¤±∆n = 0k���´−
n−1∑
i=1

ai.

,	-x = ai, �±uy∆n�1i�Ú1i+ 1�´�Ó�, Ïd1�ª´". ¤

±x = ai�´∆n = 0 ��.

¤±XJ

−
n−1∑
i=1

ai, a1, ..., an−1

´n�pØ�Ó��, @odung�§�õ�kn��, ¤±∆n�U´

∆n = (x+

n−1∑
i=1

ai)(x− a1) · · · (x− an−1).

XJ−
n−1∑
i=1

ai, a1, ..., an−1¥k­E��vk'X. ·��±^��TÄ

5y²þ¡�ªfE,´¤á�. -

b1 = a1 + y, ..., bn−1 = an−1 + (n− 1)y, bn = −
n−1∑
i=1

bi
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·��Äe¡��"õ�ª

g(y) =
∏

n≥i>j≥1

(bi − bj).

ù�õ�ª���kk��.·�Pδ�Tõ�ª������,XJTõ�ª

vk��, ·�ÒPδ = 1. @o·����y ∈ (0, δ), Ò�±�yg(y) 6= 0. ¤

±b1, b2, ..., bnüüØÓ. ¤±

∆n(b1, ..., bn−1) = (x+

n−1∑
i=1

bi)(x− b1) · · · (x− bn−1).

þª�ªü>Ñ´'uy�õ�ª, 
�é(0, δ)S�¤k��Ñ��. duù

�«mSkÃ�õ��. ü�õ�ª3Ã�õ�:?Ñ��Ó��, ùü�õ

�ª�½´�Ó�õ�ª. AO�, §�3y = 0�/����. ¤±

∆n = (x+

n−1∑
i=1

ai)(x− a1) · · · (x− an−1)

o´¤á�. �

14. ¦1�ª

∆n =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 1 · · · 1

x1 x2 · · · xn
...

...
...

...

xk−11 xk−12 · · · xk−1n

xk+1
1 xk+1

2 · · · xk+1
n

...
...

...
...

xn1 xn2 · · · xnn

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

.

) -

∆ =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 1 · · · 1 1

x1 x2 · · · xn x
...

...
...

...
...

xk−11 xk−12 · · · xk−1n xk−1

xk1 xk2 · · · xkn xk

xk+1
1 xk+1

2 · · · xk+1
n xk+1

...
...

...
...

...

xn1 xn2 · · · xnn xn

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

.

K∆´��n+ 1�����1�ª, ¤±

∆ = (x− x1) · · · (x− xn)
∏

n≥i>j≥1

(xi − xj).
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∆´'ux�õ�ª, ÏLr∆������.Ê.dÐm��, Ùxk ��X

êÒ´

(−1)k+1+n+1∆n.


é∆ = (x− x1) · · · (x− xn)
∏

n≥i>j≥1
(xi − xj).�Ðm�±Ùxk ��Xê´

∏
n≥i>j≥1

(xi − xj)((−1)n−k
∑

1≤i1<···<in−k≤n

xi1 · · ·xin−k
).

¤±

∆n = (
∑

1≤i1<···<in−k

xi1 · · ·xin−k
≤ n)

∏
n≥i>j≥1

(xi − xj).

�

15. b�Pi(x)´��igõ�ª, Ùxi��Xê´ai. ¦y∣∣∣∣∣∣∣∣∣∣∣

P0(x1) P0(x2) · · · P0(xn)

P1(x1) P1(x2) · · · P1(xn)
...

...
. . .

...

Pn−1(x1) Pn−1(x2) · · · Pn−1(xn)

∣∣∣∣∣∣∣∣∣∣∣
= a0 · · · an−1

∏
n≥i>j≥1

(xi − xj).

y² Äk5¿�1�ª�1�1Ñ´a0. ¤±ÏL1�1¥þ·���ê\

�1�1�1n1, �±rùn− 1 1�~ê�Ñ�K. ù�, 1�1ÒC¤


(a1x1, ..., a1xn).

2rù�1�1¦þ·���ê\�e¡��1, �±r131�1n1�x�

Ñ�K. �gù��e�, Ò��1�ª∣∣∣∣∣∣∣∣∣∣∣

a0 a0 · · · a0

a1x1 a1x2 · · · a1xn
...

...
. . .

...

an−1x
n−1
1 an−1x

n−1
2 · · · an−1x

n−1
n

∣∣∣∣∣∣∣∣∣∣∣
= a0 · · · an−1

∏
n≥i>j≥1

(xi − xj).

�
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16. y²e¡��ª∣∣∣∣∣∣∣∣∣∣∣

1 1 · · · 1

cos θ1 cos θ2 · · · cos θn
...

...
. . .

...

cos(n− 1)θ1 cos(n− 1)θ2 · · · cos(n− 1)θn

∣∣∣∣∣∣∣∣∣∣∣
= 2

(n−2)(n−1)
2

∏
n≥i>j≥1

(cos θi − cos θj),

∣∣∣∣∣∣∣∣∣∣∣

sin θ1 sin θ2 · · · sin θn

sin 2θ1 sin 2θ2 · · · sin 2θn
...

...
. . .

...

sinnθ1 sinnθ2 · · · sinnθn

∣∣∣∣∣∣∣∣∣∣∣
= 2

n(n−1)
2 sin θ1 · · · sin θn

∏
n≥i>j≥1

(cos θi − cos θj).

17. b�A = (|i− j|), ¦|A|.

) l|A|¥r��~�1��, ,�r1�1\�Ù{��1, 2Uì�

��1�.Ê.dÐm��:

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

0 1 2 3 · · · n− 1

1 0 1 2 · · · n− 2

2 1 0 1 · · · n− 3

3 2 1 0 · · · n− 4
...

...
...

...
. . .

...

n− 1 n− 2 n− 3 n− 4 · · · 0

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

0 1 2 3 · · · n− 1

1 −1 0 1 · · · n− 3

2 −1 −2 −1 · · · n− 5

3 −1 −2 −3 · · · n− 7
...

...
...

...
. . .

...

n− 1 −1 −2 −3 · · · 1− n

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

0 1 2 3 · · · n− 1

1 0 2 4 · · · 2n− 4

2 0 0 2 · · · 2n− 6

3 0 0 0
. . . 3n− 8

...
...

...
...

. . .
...

n− 1 0 0 0 · · · 0

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
= (−1)n−1(n− 1)2n−2.

�

18. ¦

|A| = |aij| =

∣∣∣∣∣∣∣∣∣∣∣∣∣

p1 a a · · · a

b p2 a · · · a

b b p3 · · · a
...

...
...

. . .
...

b b b · · · pn

∣∣∣∣∣∣∣∣∣∣∣∣∣
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) b�f(x) = |aij−x|. KÏL�1~�1�1��, f(x)´��'ux�

���gõ�ª. 2d

f(a) =

n∏
i=1

(pi − a), f(b) =

n∏
i=1

(pi − b)

��

|A| =
b
n∏
i=1

(pi − a)− a
n∏
i=1

(pi − b)

b− a
.

�

19. b�sk =
n∑
i=1

xki , k = 0, 1, 2, .... ¦y

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

s0 s1 s2 · · · sn−1 1

s1 s2 s3 · · · sn x

s2 s3 s4 · · · sn+1 x2

...
...

...
. . .

...
...

sn−1 sn ssn+1 · · · s2n−2 xn−1

sn sn+1 ssn+2 · · · s2n−1 xn

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
y²

5¿�



s0 s1 s2 · · · sn−1 1

s1 s2 s3 · · · sn x

s2 s3 s4 · · · sn+1 x2

...
...

...
. . .

...
...

sn−1 sn ssn+1 · · · s2n−2 xn−1

sn sn+1 ssn+2 · · · s2n−1 xn



=



1 1 1 · · · 1 1

x1 x2 x3 · · · xn x

x21 x22 x23 · · · x2n x2

...
...

...
. . .

...
...

xn1 xn2 xn2 · · · xnn xn





1 x1 x21 · · · xn−11 0

1 x2 x22 · · · xn−12 0

1 x3 x23 · · · xn−13 0
...

...
...

. . .
...

...

1 xn x2n · · · xn−1n 0

0 0 0 · · · 0 1


.

,�2�ªü>�1�ª=�. �
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20. ∣∣∣∣∣∣∣∣
(
m
k

)
· · ·

(
m

k+n−1
)

...
. . .

...(
m+n−1

k

)
· · ·

(
m+n−1
k+n−1

)
∣∣∣∣∣∣∣∣ =

(
m+n−1

n

)
· · ·
(
m+n−k

n

)(
k+n−1
n

)
· · ·
(
n
n

) .

21. �A´�"�
, Ù��Ý
A∗ = A′, KA´Ä�½´�_Ý
?

y² 3¢ê�þª¤á�. 3Eê�þØ�½¤á. ~X

A =

(
1 i

−i 1

)
.

�
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1nÙ �5�§|

§3.1 �5�§|���~f

�5�§|�¦)´�5�ê�å
,Ù{¤±J��nZõc��n'Ô�

�. y3^5¦)�5�§|�IO�{”pd��{” Ù¢3¥I���”ÊÙ�

â”¥ÒkP1.

b�F´���,±F¥����Xê,'un�Cþx1, ..., xn��g�§¡�

´���5�§, /X

a1x1 + · · ·+ anxn = b, ai ∈ F, b ∈ F.


�|ù���§¡�´�5�§|. /X

a11x1 + a12x2 + · · ·+ a1nxn = b1

a21x1 + a22x2 + · · ·+ a2nxn = b2
...

am1x1 + am2x2 + · · ·+ amnxn = bm

~X¥I���êÆÍ�”�f�²”¥ke¡�K8

”8kË8Äov,�oÄ�v,þkÔ�8Ä,eko�8v,¯�Ë�AÛ?”

�È¤y���óÒ´¦)�5�§|6x+ 4y = 76

4x+ 2y = 46

”�f�²”¥�Ñ��Y´”lËÔ�”, ){´

” �v±~Ä, {��=Ë, ±o¦Ë, ~v, {��=�.” ^y3�PÒ��

u´þ¡��5�§|¥1��ªfü>¦2, ,�~�1��ªf, ��

2x = 16,

¤±x = 8. 2rx = 8�\1��ªf, )Ñy = 7, ¤±�5�§|�)�x = 8

y = 7

57
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3”ÊÙ�â”¥P1
���E,�K8, ��u)e¡��5�§|
3x+ 2y + z = 39

2x+ 3y + z = 34

x+ 2y + 3z = 26

·�r�5�§|�3��§�gP� 1©, 2©, 3©. PÒs i©+ t j©L«r�5��§
|�1i1C�1i1�s�2\þ1j1�t�. ”ÊÙ�â”¥Jø�){Xe.

Äk2 2©, 3 3©�� 
3x+ 2y + z = 39

6x+ 9y + 3z = 102

3x+ 6y + 9z = 78

ù�^ 1©, 2©, 3©Ò´�þ¡#��§|�n��§, e¡��¦^�Ó�PÒ.

1©, 2©, 3©[�´�#����5�§|�n��§. ^ 2©− 2 2©, 3©− 1© ��
3x+ 2y + z = 39

5y + z = 24

4y + 8z = 39

25 3©− 4 2©��
36z = 99,

¤±z = 11/4, 2rz = 11/4�\ 2©=5y + z = 24��y = 17/4, ���\ 1©�
�x = 37/4, = 

x = 37/4

y = 17/4

z = 11/4.

�f�²ÚÊÙ�âp�~fÙ¢Ñ´æ^��{. =l�5�§|¥�g

�����, ��������¹�������5�§, l
)ÑT����ä

Nê�, ,�2�g�£��\Ù¦��§, ¦ÑÙ¦������.

§3.2 pd��{

l1�!¥·�w�é�5�§|?1e¡�ö�ØK��§|�).

1. r�§|¥�,��1¦þ���"�ê,=r�§�,��ªü>¦þ��

�Ó��ê.
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2. ���§|¥�ü1, =,ü��§� �.

3. r�§|�,�1¦þ���ê\�,	�1þ�.

þ¡�n«C�, ���5�§|�n«Ð�C�.

,	·��w�, )�§�L§, ��9��5�§|����Xê�m�\

~¦Ø�$�.¤±r���üÕ<Ñ5,r�5�§|�Xê�¤Ý
�/ª,é

Ý
?1ö�=�. b�

A =


a11 · · · a1n
...

. . .
...

am1 · · · amn

 , x =


x1
...

xn

 , b =


b1
...

bm

 .

)�5�§|Ò´�)Ý
�§

Ax = b.

é�5�§|?1n«Ð�C�Ò��ur·���_Ý
P¦�þ¡�Ax =

bþ�, òÙC¤

PAx = Pb.

e¡�
?Ø�B·�½ÂO2Ý


½Â 3.2.1 (O2Ý
). ·�r�5�§|Ax = béA�m × (n + 1) �Ý



(
A b

)
¡�´ÙO2Ý
.

½Â 3.2.2 (�z1F/Ý
). ��Ý
¡��z1F/Ý
XJ§÷ve

¡�A^5�

1. Ý
��"13"1�þ�.

2. z���"1l��m�1���"���1, ��Ì1.

3. Ì1¤3��Ø
Ì1�	Ñ´0.

4. Ì1¤3���I�X1�I�4O
î�4O.

½n 3.2.1. ?Û��Ý
Ñ�±ÏLk�gÐ�1C�C��z1F/Ý


.

y² b�Ý
�M . Äkw1��¥´Äk�"��, XJvk, @où��

Ò´"�,�±Ø+,=��Äe��. XJ1��k�"�,@o�±ÏLÐ�1
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C�rù��"�N�1�1, ¿�ò§C¤Ì1. 2ÏL1�1¦þ·��Xê

 e¡�1\, �±r1��¥, Ø
1�� ��	ÑC¤0.

,�5�Ä1��. XJ1��¥1�1Ú1�1±e��� �Ñ�", @

o=��Äe��. ÄK, 31��¥1�1Ú1�1±e��� �é���"

���ÏLÐ�1C�N��1�1, ¿�ò§�C�Ì1.

2e¡�gaí, �±é1n�, 1o�, ..., �1Ó��ö�. �����Ý


´���z1F/Ý
.

�

íØ 3.2.2. ?Û��m× n �Ý
AÑ�±ÏL�¦��m��_Ý
P , ¦
�PAC��z1F/Ý
.

½n 3.2.3 (�z1F/Ý
���5). b�m× n �Ý
A�±ÏL�¦�
�m��_Ý
P1, ¦�P1AC��z1F/Ý
, ��±ÏL�¦��m��_

Ý
P2, ¦�P2AC��z1F/Ý
. @oP1A = P2A.

y² ÄkÝ
���ÚAk', �Ò´Ì1��ê�ÚAk'. Ùg, Ì1¤3

����ÚA k'. ·�5{ü�y²�eù�¯¢. 1��Ì1¤3�j1��½

´A�1���"�, �,�ÚAk'. 1��Ì1¤3�j1 �(½
±�, XJ§

�e��j1 + 1 ��§�5Ã', @oj1 + 1 ��k��Ì1. ÄKÒ�aLù�

�, UY �é, ��é�1j2�, ÷vj2�Új1��5Ã'. ù�j2��w,�´

�ÚAk'X. ¤±j1Ò´A�1���"���ê, j2Ò´1��ØU�j1��5

L«��. �gaí��. z��Ì1¤3��Ò´ØU�T��c����5L

«��. ù����,´��A�', 
�äN�Ð�C�Ã'
.

ÏdÝ
��Ú"�� ��ÚAk', �P1, P2Ã'. ¤±·��±ÏLm

¦Ó���_���Ý
Q¦�

P1AQ =

(
Ir A1

0 0

)
, P2AQ =

(
Ir A2

0 0

)
¤±

P2P
−1
1

(
Ir A1

0 0

)
=

(
Ir A2

0 0

)
éP2P

−1
1 ?1·��©¬, b�

P2P
−1
1 =

(
M1 M2

M3 M4

)
,

K (
M1 M1A1

M3 M3A1

)
=

(
Ir A2

0 0

)
,
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¤±M1 = Ir, A1 = A2. ÏdP1A = P2A. �

½n 3.2.4. b�A = (aij)´��m × n�Ý
, b = (b1, b2, ..., bm)T´�

�m���þ, P´��m ��_Ý
¦�

P
(
A b

)
=
(
Ã b̃

)
´O2Ý


(
A b

)
��z1F/Ý
. K�z1F/Ý
�����vkÌ1, �

�=�A���uO2Ý

(
A B

)
��, ���=��5�§|AX = bk). X

JAX = bk), 
�A���un, @oAX = bk��). XJAX = bk), �

´A���un, @oAX = b�)Ø��. XJ�F¥kÃ�õ���, �§ÒkÃ

�õ�).

y² ·��N�����gS, ·��±Ø��
(
A b

)
�z1F/Ý
�(

Ir A1 γ1

0 0 γ2

)

Ù¥cn��A��z1F/Ý
. XJ����kÌ1, @o�½Ñy3γ2 ¥, ù

�f�5��§|²L1Ð�C�Ò¬Ñye¡�Ø�U¤á�ªf

0 = 1.

���§|Ã). XJ����vkÌ1, @oγ2 = 0. ·�b�

A1 =


c1r+1 · · · c1n

...
. . .

...

crr+1 · · · crn

 , γ1 =


d1
...

dr


K�5�§|Ax = bÚe¡��§|Ó)

x1 + c1r+1xr+1 + · · ·+ c1nxn = d1
...

xr + crr+1xr+1 + · · ·+ crnxn = dr.

ù��§|w,´k)�. ¢Sþéxr+1, ..., xn?¿D�,Ñ�±)ÑéA�x1, ..., xr

��. ù��§|�Ó)�±�¤
x1 = −c1r+1t1 − · · · − c1ntn−r + d1

...

xr = −crr+1t1 − · · · − crntn−r + dr.
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Ù¥�t1, ..., tn−r´�±3�F¥?¿���Õá�ëê.

lþ¡�Ï)úª��±wÑ, XJXJAx = bk), 
�A���un, @

oAx = bk��).XJAx = bk),�´A���un,@oAx = b�)Ø��.X

J�F¥kÃ�õ���, �§ÒkÃ�õ�). �

5¿3þ¡�y²L§¥, Ï)úª
x1 = −c1r+1t1 − · · · − c1ntn−r + d1

...

xr = −crr+1t1 − · · · − crntn−r + dr.

��±�¤



x1
...

xr

xr+1

...

xn


=



−c1r+1t1 − · · · − c1ntn−r + d1
...

crr+1t1 − · · · − crntn−r + dr

t1
...

tn−r



=



d1
...

dr

0
...

0


+ t1



−c1r+1

...

crr+1

1
...

0


+ · · ·+ tn−r



−c1n
...

crn

0
...

1


XJ·�P

β =



d1
...

dr

0
...

0


, α1 =



−c1r+1

...

crr+1

1
...

0


, ..., αn−r =



−c1n
...

crn

0
...

1


@oÏ)úªÒ´

x = β + t1α1 + · · ·+ tn−rαn−r.
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§3.3 �5�§|�)�(�

3c�!¥, ·�r�5�§|

Ax = b

�Ï)�¤

x = β + t1α1 + · · ·+ tn−rαn−r

�/ª, Ù¥t1, ..., tn−r�±�F¥?¿�~ê. AO�, ·�XJ�t1 = · · · =

tn−r = 0, @ox = βÒ´��§�). ·�¡β��5�§���A). ?�

α = t1α1 + · · ·+ tn−rαn−r

�α1, ..., an−r����5|Ü. @o

Aα = 0.

��XJAα = 0, @odc¡�?Ø��α��½U�¤α1, ..., an−r��5|Ü.

·�rc¡¤��(J�¤e¡��5�§|�)�(�½n

½n 3.3.1. �5�§|

Ax = b

k)��=�A��r�uO2Ý

(
A b

)
��. ù�,�3n���þβ, α1, ..., an−r,

¦��5�§|�Ï)�

(x1, x2, ..., xn)T = β + t1α1 + · · ·+ tn−rαn−r

�/ª. Ù¥β´��A), t1α1 + · · ·+ tn−rαn−r´�5àg�§|Ax = 0�Ï).

·�¡α1, ..., an−r��5Ùg�§|Ax = 0���Ä:)X.

þ¡ù�½n��±^�5C���ó\±­#�ã.

-V = Fn�n���þ�m, W = Fm�m��þ�m, b�A´��m × n�
Ý
. ·�½ÂN�

A : V −→ W,

α 7−→Aα.

éN´�yù´���5C�. ¦Ax = 0�Ï)�du¦A�Ø.

rA��P�γ1, ..., γn, @oAα´γ1, ..., γn��5|Ü, ¤±A���mÒ

´γ1, ..., γnÜ¤��þ�m. ù��m���uA ���, �Ò´A��r. ¤±�

â�êúª,¦A�Ø´��n− r���þ�m. ù��þ�m�?Û�|ÄÑ�

�´Ax = 0���Ä:)X.
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�5�§|

Ax = b

�)Ù¢Ò´��þb���.·���b���Ø´�8��=�b ∈ Im(A ),=b3A�

��m¥, ��=�b3γ1, ..., γn Ü¤��þ�m¥, =bU
�¤A���þ��

5|Ü.
bU
�¤A���þ��5|Ü��=��þ|γ1, ..., γn��Úγ1, ..., γn, b�

���. Ïdb���Ø´�8��=�XêÝ
���uO2Ý
��.

½n 3.3.2. b�A´��n��
,XJAk���uAk+1��,¦yAk+1��

�uAk+2��.

y² Ak���uAk+1��, ��=�Akx = 0�ÚAk+1x = 0Ó).

Ak+2x = 0 =⇒ Ak+1(Ax) = 0 =⇒ Ak(Ax) = 0

¤±Ak+1x = 0�ÚAk+2x = 0Ó), ¤±Ak+1���uAk+2��. �

íØ 3.3.3. b�A´��n��
, @oAn���uAn+1��.

y² XJAn��Ø�uAn+1��, @odþ¡�½n, 7,´

n ≥ r(A) > r(A2) > · · · > r(An) > r(An+1) ≥ 0.

þ¡ù�ªf�¤á, 7L´

r(A) = n, r(A2) = n− 1, ..., r(An+1) = 0.

ùw,´Ø�U�, Ï�r(A) = nÒUíÑA´�_�, ¤±§�õ�g�Ñ´�

_�, Ù�Ñ´n. ¤±gñ. �

½n 3.3.4. �ê�Fþ�m× nÝ
"A, BÚA+B��©O´r, sÚr + s ≤
min{m, n}"y²�3�_Ý
P, Q ¦�

PAQ =

(
Ir 0

0 0

)
, PBQ =

(
0 0

0 Is

)
.

ùp�Ir, Is©OL«r, s��ü �
"

y² ·�3ùpJø��XÝ
�y².

b�

A = P1Q1, B = P2Q2,

Ù¥P1, P2�÷�, Q1, Q21÷�. @o



§3.3 �5�§|�)�(� 65

A+B =
(
P1 P2

)(Q1

Q2

)
.

5¿duA, BÚA+B��©O´r, sÚr + s ≤ min{m, n}, þ¡ù��ª�m>
´��÷��Ý
¦±��1÷��Ý
. Ïd�±ÏLÐ�1C�r�>�(

P1 P2

)
C��z1F/, =�3�_Ý
P¦�

P
(
P1 P2

)
=


Ir 0

0 0

0 Is

 =
(
PP1 PP2

)
.

Ón�3�_Ý
Q, ¦�(
Q1

Q2

)
Q =

(
Ir 0 0

0 0 Is

)
=

(
Q1Q

Q2Q

)
.

¤±

PAQ = PP1Q1Q =


Ir

0

0

(Ir 0 0
)

=

(
Ir 0

0 0

)
,

Ón

PBQ =

(
0 0

0 Is

)
.

�

½n 3.3.5. b�A = (aij)´��n�Ý
, A∗´Ù��Ý
. @o

r(A∗) =


n, |A| 6= 0

1, r(A) = n− 1

0, r(A) < n− 1.

y² �|A| 6= 0�, A´�_�, A∗ = |A|A−1�´�_�, ¤±r(A∗) = n. X

Jr(A) = n− 1, @o��k��n− 1��fªØ�u0. ¤±r(A∗) ≥ 1. Ó�du

�5�§|

Ax = 0

�)�m´���, 
A∗���þÑ´T�5�§|�), ¤±A∗���Ø�L1.

¤±r(A∗) = 1.

XJr(A) < n − 1, @oA�¤k�n − 1�fªÑ´0, ¤±�â��Ý
�½

Â��A∗ = 0. �
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½n 3.3.6. b�A = (aij)´��n�Ý
, A∗´Ù��Ý
. @o

r(A∗) =


n, |A| 6= 0

1, r(A) = n− 1

0, r(A) < n− 1.

½Â 3.3.1 (é�Ó`Ý
). b�A = aij´��n�EÝ
,éz�i ∈ {1, ..., n},
½Â

Ri =
∑
j 6=i

|aij |, Cj =
∑
i6=j

|aij |.

XJéuz�i ∈ {1, ..., n}, Ñk

|aii| ≥ Ri,

@o·�Ò¡A´��1é�Ó`Ý
. XJj ∈ {1, ..., n}, Ñk

|ajj | ≥ Cj ,

@o·�Ò¡A´���é�Ó`Ý
. XJþ¡��u�uÒ≥U¤î���u
Ò>. ·�Ò¡A´��î�1é�Ó`Ý
½öî��é�Ó`Ý
. 1(�)é

�Ó`Ý
Ú¡�é�Ó`Ý
, î�1(�)é�Ó`Ý
Ú¡�î�é�Ó`Ý


.

½n 3.3.7 (LevyõDesplanques½n). b�A = aij´��n�î�é�Ó`

EÝ
. @oA´�_Ý
.

y² Ø�b�A´î�1Ì�Ó`Ý
. XJ|A| = 0, K�3�"�n���

þX = (x1, ..., xn)T¦�

AX = 0.

b�

|xk| = max{|x1|, ..., ‖xn|}.

K

akkxk = −
∑
j 6=k

akjxj ,

ü>�ýé��

|akk||xk| = |
∑
j 6=k

akjxj | ≤ |xk|Rk.

ü>��|xk|��|akk| ≤ Rk. �A´î�1Ì�Ó`Ý
. �

SK 3.3
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1. b�A´��m× n�¢Ý
, ¦yr(A) = r(AAT ).

y² Ï�Ax = 0��=�(Ax)TAx = 0��=�xTATAx = 0. ¤±Ax =

0ÚATAx = 0Ó). �

2. b�A´��m× n�Ý
, 
�r(A) = r. ¦yA�±�¤r���1 �Ý
�

Ú, =�3A1, ..., Ar ¦�

A = A1 + · · ·+Ar


�r(A1) = · · · = r(Ar) = 1.

y² dur(A) = r, ¤±�3�_Ý
P, Q¦�

A = P

(
Ir 0

0 0

)
Q.

du

Ir =


1

0

. . .

0

+ · · ·+


0

0

. . .

1

 .

·�Pþªm>�¦Ú¥�r�Ý
�B1, ..., Br, K

r(B1) = · · · = r(Br) = 1.

A = P

(
Ir 0

0 0

)
Q

= P (

(
B1 0

0 0

)
+ · · ·+

(
Br 0

0 0

)
)Q.

·�P

A1 = P

(
B1 0

0 0

)
Q, ..., Ar = P

(
Br 0

0 0

)
)Q.

KA = A1 + · · ·+Ar, 
�r(A1) = · · · = r(Ar) = 1. �

3. b�A´��m × n�Ý
, 
�r(A) = 1. ¦y�3��m����þαÚ�

�n ��1�þβ¦�

A = αβ.
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y² Ï�r(A) = 1, ¤±�3�_P, Q¦�

A = P

(
1 01×(n−1)

0(m−1)×(1) 0(m−1)×(n−1)

)
Q.

b�β̃ = (1, 0, ..., 0)´��n��1�þ, α̃ = (1, 0, ..., 0)T ´��m ���

�þ. K (
1 01×(n−1)

0(m−1)×(1) 0(m−1)×(n−1)

)
= α̃β̃.

¤±

A = (Pα̃)(β̃Q).

-α = Pα̃, β = β̃Q, Kα´m��
P�1��, β ´n��
Q�1�1, 
�

A = αβ.

�

4. Ý
�§

Am×nXn×k = Bm×k

k)��=�r(A, B) = r(A).

y² ��l�5�§|�)��N5½n��.

�

5. en�Ý
A÷vA2 = A, ¦y�3�_Ý
P¦�

P−1AP =

(
Ir 0

0 0

)
.

Ù¥r´A��.

y² b�A���þ�4��5Ã'|�1i1, ..., ir�,·�©OP�α1, .., αr.

@oÏ�A2 = A, ¤±

Aα1 = α1, .., Aαr = αr.

,�·�b��5�§|

Ax = 0

���Ä:)X�β1, ..., bn−r. K-

P = (α1, .., αr, β1, ..., bn−r).
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P´��n�Ý
, 
�

AP = P

(
Ir 0

0 0

)
.

·��Iy²P´���_Ý
=�. ù��I�y²P���þ�5Ã'=

�. b�c1, ..., cr, d1, ..., dn−r´~ê¦�

c1α1 + · · ·+ crαr + d1β1 + · · ·+ dn−rβn−r = 0.

@orþ¡�ªf^A5�^��

A(c1α1 + · · ·+ crαr + d1β1 + · · ·+ dn−rβn−r) = 0.

Ï�β1, ..., bn−r´Ax = 0�Ä:)X,¤±A(d1β1 + · · ·+ dn−rβn−r) = 0.

¤±

A(c1α1 + · · ·+ crαr) = 0.

¤±c1α1 + · · ·+ crαr = 0.. dαi��{��, α1, .., αr´�5Ã'�. ¤±c1,

..., crÑ�u0. Ïdα1, .., αr, β1, ..., bn−r´�5Ã'�, ¤±P ´���_

Ý
, 
�÷v

P−1AP =

(
Ir 0

0 0

)
.

�

6. en�Ý
A÷vA2 = 0, ¦y�3�_Ý
P¦�

P−1AP =

(
0 B

0 0

)
.

Ù¥B´��1êÚ�êÑ�uA�Ý
.

y²

b�β1, ..., bn−r´Ax = 0�Ä:)X. @oÏ�A2 = 0, ¤±A���þ

Ñ�¹3Ax = 0�)�m¥. òβ1, ..., bn−r*¿¡n��þ�m��|Ä

β1, ..., bn−r, α1, .., αr.

@oAα1, .., AαrÑ�±�¤β1, ..., bn−r��5|Ü. -

P = (β1, ..., bn−r, α1, .., αr),
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KP´���_Ý
. 
�

AP = P

(
0 B

0 0

)
.

¤±·K�y �

7. �¤k�n�Ý
Ñ�±���Ý
�kXþn�Ý
.

y² b�Ý
B�?Û��n�Ý
Ñ�±��, @o·��y²§�½

¯�XþÝ
.

b�A´��é��þ�g�1, 2, ..., n�é�Ý
. b�AB = BA, @

oá=�±íÑB7L´é�Ý
. 2dBÚ?ÛÐ����Ý
�±���

�, B�é��þ����½´�Ó�. ¤±B´��XþÝ
.

�

8. y²�é¡Ý
��´óê.

y² b�·Ké�ê�un�Ý
¤á. @oe¡·�y²·Kén��

é¡Ý
A�¤á. ·�e¡éA�Ð�C���ÿ, �Ì��Ä���K´

é1��oC�Òé���oC�,e·���
1i, j1, ·�Ò�Ó���

1i, j�. XJ·�r,�1¦þ
��~ê, ·�Ò�r�Ó���¦þ�

Ó�~ê. XJ·�r1i1¦þt2\�1jþþ�, ·�Ò�r1i��¦þ

~êt�\�1j �þ�. ·�ù���±�y, éA²Lù�é¡�Ð�C�

��, CÑ5�Ý
E,´�é¡�.

·�Ø�b�A�1��Ø´"�. ù�·��±ÏL�1Ú��, ¦

�A�(0, 1) �Ø´0. ,�¦þ��~ê¦�§C¤1. du·�éA��´

�Ó�1�C�, ¤±y3�(2, 1)  ��½´−1. ù�AÒC¤
e¡��

f

A −→

(
B 0

0 C

)
,

Ù¥

B =

(
0 1

−1 0

)
,

C´���é¡Ý
. d8Bb���, C��´�óê, ÏdA���uC�

�\2�´óê. �

9. b�A, B´n��
, AB = BA = 0, ¿�r(A)2 = r(A). ¦y

r(A+B) = r(A) + r(B).
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y² dur(A)2 = r(A), ¤±�3�3n�Ý
CÚD¦�

A2C = A, DA2 = A.

¤±

r(A) + r(B) = r

(
A 0

0 B

)

= r

(
A 0

A B

)

= r

(
A A

A A+B

)

= r

(
A−A2C A

A−A2C −BAC A+B

)

= r

(
0 A

0 A+B

)

= r

(
0 A−DA2 −DAB
o A+B

)

= r

(
0 0

0 A+B

)
= r(A+B).

�
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§4.1 �5�m

½Â 4.1.1. �F´��ê�§V´��8Ü"·�¡V´Fþ��5�m§X

J@oV¥kü«$�”\{”Ú”ê¦”§
�”\{”Ú”ê¦”ùü«$�÷ve¡

�l^ún. ·�UìS., ¡F¥����Xþ, V¥�����þ.

ùl^únXeµ

1. \{��Æ: é?¿�þα, β ∈ V , Ñkα+ β = β + α,

2. \{(ÜÆ: é?¿�þα, β, γ ∈ VÑk, (α+ β) + γ = α+ (β + γ),

3. �3"�: é?¿�þα ∈ V , Ñ�3���þ0 ∈ V¦�α+ 0 = α,

4. �3K�: é?¿�þα ∈ V , Ñ�3���þα
′
¦�α

′
+ α = 0,

5. ¦{é��\{�©�Æ£ê¦©�ÆI¤:é?¿�þα, beta ∈ V , k ∈ F ,
k · (α+ β) = k · α+ k · β,

6. ¦{éXþ\{�©�Æ£ê¦©�ÆII¤: é?¿�þα ∈ V , k, l ∈ F ,
(k + l) · α = k · α+ l · α,

7. ê¦(ÜÆ: é?¿�þα ∈ V , Xþk, l ∈ F , Ñk(kl) · α = k · (l · α),

8. ü Æ: é?¿�þα ∈ V , Xþ1 ∈ F , Ñk1 · α = α.

Uìù�½Â§\{��Æ´ØUd�¡�7^íÑ�"

XJr1o^�K�α
′
�3m>�§ù�\{��ÆÒ�±d�¡�7^íÑ


"äNXeµÏ�0·α+0·α = (0+0)·α = 0·α,¤±0·α+0·α+(0·α)
′

= 0·α+(0·α)
′
,

¤±0 · α + 0 = 0, 2d1n^��0 · α = 0. ¤±(−1) · α + α = α + (−1) · α = 0.

q0 · α+ 1 · α = (0 + 1) · α = α, ¤±0 + α = α. ,�Ò´{ü�3§

α+ β + α+ β = 2(α+ β) = 2α+ 2β = α+ α+ β + β,

¤±

−α+ α+ β + α+ β + (−β) = −α+ α+ α+ β + β + (−β),

ùÒ´

α+ β = β + α.

~ 4.1.1. ·�3)ÛAÛ¥�>���I²¡

R2 = {(x, y)|x ∈ R, y ∈ R}

´¢ê�þ����5�m. ù��5�m¥�\{$�Ò´·�Ù��éA�

I��\,
ê¦Ò´~ê¦�z��©þþ�. =XJα = (x1, y1), β = (x2, y2),

73



74 1oÙ �5�m �5N�

k ∈ R, @o
α+ β = (x1 + x2, y1 + y2), kα = (kx1, ky1).

Ó��n��m

R3 = {(x, y, z)|x, y, z ∈ R}

´¢ê�þ�n��5�m. Ù�þ�m�\{$��éA�I��\, ê¦´~

ê¦�z��©þþ�. =XJα = (x1, y1, z1), β = (x2, y2, z2), k ∈ R, @o

α+ β = (x1 + x2, y1 + y2, z1 + z2), kα = (kx1, ky1, kz1)).

|^Ó���{, ·��±½Â���ê�Fþ�n ��5�m

Fn = {(a1, a2, ..., an)|a1, ..., an ∈ R}

Ù�þ�m�\{$�Ó��éA�I��\, ê¦´~ê¦�z��©þþ�.

~ 4.1.2. b�n´���½��ê. ê�Fþ�¤k�gê�u�un�õ�

ª��N|¤�8ÜV´�5�m. 5¿du0�gê´KÃ¡�, ¤±0 ∈ V .

~ 4.1.3. b�m, n´ü���½��ê. ê�Fþ�¤km × n�Ý
��
N|¤�8ÜFm×n´�5�m. \{´Ý
éA ��\, ê¦´ê¦�Ý
�

z�� �þ.

½Â 4.1.2 (Ý
�,). b�A = (aij)´��n × n�Ý
. Ý
�é��þ

����Ú

a11 + · · ·+ ann

¡�Ý
�,(Trace), P�Tr(A).

~ 4.1.4. ,�"�n× n�Ý
��N/¤���5�m.

~ 4.1.5. ê�Fþ�ü��5�m�m��5C���N.

~ 4.1.6. ±ê�F¥����Xê�õ�ª�N.

~ 4.1.7. 4«m[0, 1]þ�ëY¼ê��N.

b�V1, V2´ê�Fþ�ü��5�m. ·��±ÏLe¡½Â��Ú$�5

�E#��5�m.

½Â 4.1.3 (�5�m�/ª�Ú). b�V1, V2´ê�Fþ�ü��5�m.

·��E��#�8ÜV = {(α1, α2)|α1 ∈ V1, α2 ∈ V2}. ·�½ÂV�"�
�(01, 02),Ù¥01´V1�"�, 02´V2�"�. V¥��(α1, α2)�K�½Â�(−α1, −α2).
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V¥�\{½Â�éA� ��\, ê¦½Â�~ê²�/¦�z�� �þ. N

´�yù�½ÂÑ5�V´��#��5�m. ·�¡ù��5�m�V1, V2�/

ª�Ú. P�

V = V1
⊕

V2.

½Â 4.1.4 (�5Ã'Ú�5�'). b�V´ê�Fþ��5�m. α1, ..., an´V¥

�n��þ. XJ�3Ø��"�n�êai¦�

a1α1 + · · ·+ anαn = 0,

Ò¡α1, ..., an´V¥�5�'�n��þ. ÄKÒ¡α1, ..., an�5Ã'. XJÃ�

õ��þ¥�?¿k��Ñ´�5Ã'�, ·�¡ù�Ã��þ|´�5Ã'�.

½Â 4.1.5. b�V´ê�F þ��5�m§S = α1, ..., αn´V����þ

|. XJα U
�¤S¥�����5|Ü, Ò¡αU
�α1, ..., αn�5LÑ. b

�T´���þ8Ü, XJT¥�z��þU
�α1, ..., αn�5LÑ, ·�Ò¡T

U
S �5LÑ.

½Â 4.1.6 (�þ|��d). XJü��þ|S, TÜ¤��m´�Ó�, Ò¡

§��d. w,ü��þ|S, T�d��=�SU
�T�5LÑ, T �U�S�5

LÑ.

½Â 4.1.7 (4��5Ã'|). b�V´ê�F þ��5�m§S´V���

�þ|. XJα1, ..., αn ∈ S ´�5Ã'�n��þ, 
�?�β ∈ S, n+ 1��þ

α1, ..., αn, β ∈ S

�½´�5�'�, @oÒ¡α1, ..., αn´V���4��5Ã'|.

½Â 4.1.8 (f�m, f�m�Ú��). �5�mV�f8V1¡�´V�f�

mXJV13U«gV�\{Úê¦�e�¤����5�m. f�m�m�±�

\§ü�f�m�Ú½Â�

V1 + V2 := {α1 + α2|α1 ∈ V1, α2 ∈ V2},

N´�yùE,´���5�m. Ó��, �N´�yü�f�m��V1 ∩ V2�´
��f�m.

½Â 4.1.9 (f8Ü¤�f�m). b�T´V���f8§T¥���²Lk�

gê¦Ú\{$�)¤���8Ü

{a1t1 + · · ·+ aktk|, k ´��ê(�±?¿�, �7L´k��) , ai ∈ F, ti ∈ T.}

´���5�m§¡�´dTÜ¤�f�m"
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½Â 4.1.10 (Ä). XJ�5�mV�f8T¥���´�5Ã'�, 
�VU


dTÜ¤§K¡T´V��|Ä"

5¿·�!8Ü��ÿ§Ø�ÄÙ¥���ü�gS§
�·�!Ä��ÿ§

~~��ÄÙ¥���ü�gS.

�
`²�5�mÑk�|Ä, ·�k50��e S8Ú��Ún.

½Â 4.1.11 ( S8). XJ38ÜS¥k÷ve�5����'X≤:

(1) é¡5: a ≤ a;

(2) �é¡5: XJa ≤ bÚb ≤ aÓ�¤á, @oa = b;

(3) D45: XJa ≤ bÚb ≤ cÓ�¤á, @oa ≤ c,

·�Ò¡�k��'X≤�8ÜS��� S8.

~ 4.1.8. 1. S�¢ê8Ü, ��'X≤�Ï~�¢ê�m�”�u�u”'

X.

2. S�8ÜT��Üf8|¤�8Ü, ��'X≤�”�¹u⊂”'X.

3. S���ê8Ü, ��'X≤�”�Ø”'X.

lþ¡�����~f�±wÑ S8¥ü���a, b�m¿�7L�k'

X.~X2, 3�m,QØ´2 ≤ 3,�Ø´3 ≤ 2. S¥�����a1, a2, ..., an, ..., X

J÷v

a1 ≤ a2 ≤ · · · ≤ an ≤ · · ·

·�Ò¡a1, a2, ..., an, ...,´�^ó. ùp�5¿¢Sþó¥¤�¹����êØ

�½��´�ê�, �� S8���f8¥?Ûü����mÑ�±üS, Ñk

'X, =�oa ≤ b, �ob ≤ a, ·�Ò¡§´�^ó. ó¥����mÑ�±'�

gS, ù��8Ü¡�´�S8. �T´S���f8, a ∈ S. XJé?¿�t ∈ T ,

Ñkt ≤ s; ·�Ò¡t´T���þ.. 5¿d?�¦T�z���tÑ�÷vt ≤ s,

=z���Ús�mÑ�k��'X. XJT¥�3ù�����t, ¦�éu?¿

�x ∈ T, ��t ≤ x, 7,%¹x = t, ·�Ò¡t´8ÜT����. 5¿���ÚÙ

¦����mØ�½��k��'X.

½n 4.1.1 (��Ún). XJ S8S¥�z^óÑkþ., @oS¥�½k�

��(�UØ��).

½n 4.1.2 (�5�m�3Ä). XJ�5�mV�f8S¥���´�5Ã'

�, K�½�3T ⊂ V , ¦�T´V��|Ä
�S ⊂ T .
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y² ·��Ä8Ü

S = {S ⊂ V |S ¥���´�5Ã'�}.

ù�8Ü¥���3�¹'Xe¤��� S8. d��Ún, ù�8ÜS�3�
�4��T . �â½Â, T¥���´�5Ã'�,·�PTÜ¤��m�W . KW =

V . ÄK�{�3α ∈ V , �´α /∈W . @oT ∪ {α} ∈ S, 
�T ∪ {α} 6= T . ù�T´

4��gñ. ¤±KW = V . ¤±T =�¤¦.

�

½n 4.1.3 (SteinitzO�½n). b�V´ê�F þ��5�m, α1, ..., αm´V¥

�m��5Ã'��þ. XJβ1, ..., βnùn��þU
Ü¤V . @om ≤ n, 
�·
��­#ü�βi�gS�, �±¦�α1, ..., αm, βm+1, ..., βn E,U
Ü¤V . A

O�, m ≤ n.

y² Äkduβ1, ..., βnÜ¤V ,
α1´V¥����þ,¤±α1U�¤β1, ..., βn�

�5|Ü

α1 =

n∑
i=1

aiβi.

Ø��a1 6= 0, ÄK�{, ·��­#ü�βi�gS=�. K·��±rβ1�¤α1,

·�äóù�O����α1, β2, ..., βn �,�±Ü¤V . ù´Ï�a1 6= 0, ¤

±β1U
�¤α1, β2, ..., βn��5|Ü. Ïd?Ûβ1, ..., βn��5|ÜÑ�±U

��α1, β2, ..., βn��5|Ü. ¤±��β1, ..., βnU
Ü¤V , α1, β2, ..., βn Ò

�±Ü¤V .

�e5§rα2�¤α1, β2, ..., βn��5|Üα2 = b1α1 + b2β2 + · · · + bnβn.

5¿Ø�Ub2 = · · · = bn = 0, ÄKα1 Ò¬Úα2�5�'
. ¤±7k,�i >

1¦�bi 6= 0. Ø��b2 6= 0, K·��±rS¥�β2�¤α2, ¦�ù�O���

�α1, α2, β3, ..., βn �,U
Ü¤V"

�g�e�§�±wÑα1, .., αm, βm+1, ..., βn}´V���Ä. ½n�y. �

lSteinitzO�½n�±wÑ5, XJVUdk�õ���β1, ..., βnÜ¤§@

oV¥�õkn��5Ã'��þ. 3ù«�¹e, ·Ò¡V´k���§§��ê

´n. ÄKÒ¡V´Ã���.

íØ 4.1.4. b�V´ê�F þ�k���5�m§α1, ..., αm´V��|Ä,


�β1, ..., βn �´V��|Ä. Km = n.

y² duβ1, ..., βn�´V��|Ä, ¤±UÜ¤V . |^SteinitzO�½n�

�m ≤ n. Ón��n ≤ m. ¤±m = n. �
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Ïd�ê´�5�m�k���ØCþ, �Ä�À�Ã', À��Ä�±Z�

�O, �´Ä�¥��þ��êÑ´���, ù�ê8Ò´�m��ê. ·�ke

¡�½Â.

½Â 4.1.12. b�V´ê�F þ��5�m§{e1, ..., en}´V���Ä. K

¡V��ê´n, P�dimV = n.

3ùp�5¿�5�m��ê�ê�´k'X�. XJê�UC
, =¦�5

�m����8ÜvkUC, �´�ê�¬u)�A�UC. ~XEêC´Eê�
þ����5�m. XJ·�rê�lEê�CU¤¢ê�R, �,C��8Ü5`
vkC, �´���5�m5`®²UC
, §y3´¢ê�Rþ�2 ��5�m


.

Ún 4.1.5. b�V´ê�F þ��5�m§S´V����þ|, W´S¥�

�þÜ¤��5�m. @oS�?Û��4��5Ã'|Ñ´W �Ä. ÏdS�4

��5Ã'|¥�þ��ê�uS¥��þÜ¤��5�mW��ê.

y²

b�W´S¥��þÜ¤��5�m, β1, ..., βr´W��|Ä, α1, ..., αk´S�

��4��5Ã'|. @odSteinitzO�½n, r ≥ k. XJr > k, @oÓ�

dSteinitzO�½n, ·�UCβ1, ..., βr�gS, Ø��brØU�α1, ..., αk�5

L«. duα1, ..., αk´S���4��5Ã'|, ¤±S¥�?Û���þÑU

�α1, ..., αk�5L«, ¤±W¥?Û���þÑU�α1, ..., αk�5L«, Úåg

ñ. ¤±r = k.

ÏdS�?Û��4��5Ã'|Ñ´W�Ä. ÏdS�4��5Ã'|¥�

þ��ê�uS¥��þÜ¤��5�mW ��ê.

�

dþ¡�Ún��S�4��5Ã'|¥�þ��ê���þ|Sk', Ú4

��5Ã'|�À�Ã'.

½Â 4.1.13 (�þ|��). b�V´ê�F þ��5�m§S´V����þ

|. ·�¡S�?��4��5Ã'|¥��þ�ê�S��.

Ún 4.1.6. b�V´ê�F þ��5�m§S = α1, ..., αn´V����5Ã

'�þ|. XJαØU
�α1, ..., αn�5L«, @oα1, ..., αn, α��5Ã'.

y² XJα1, ..., αn, α�5�', @o�½�3Ø��"�c1, ..., cn, c¦�

c1α1 + · · ·+ cnαn + cα = 0.
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XJc = 0, @oc1, ..., cn��", Ïdα1, ..., αn�5�', gñ. ¤±c 6= 0, ¤±

α = −c−1(c1α1 + · · ·+ cnαn),

=αU
�α1, ..., αn�5L«, ¤±�gñ.

Ïdα1, ..., αn, α��5Ã'. �

·K 4.1.7. b�V´ê�F þ�k���5�m§W ´V�f�m. KW��

êÑ�u�u���mV��ê. XJdimV = dimW , KV = W . XJdimV = n >

dimW = m, 
α1, ..., αm´W��|Ä, @o�½�3V¥��þαm+1, ..., αn¦

�α1, ..., αn ´V��|Ä.

y² �I�y²·K¥����é{, =f�mW�?Û�|ÄÑ�±*¿

¡V ��|Ä=�. XJf�mW = V , @o�â½Â�ö��ê��. XJW 6=
V ,b�α1, ..., αm´W��|Ä,@oV¥�½�3�þαm+1ØU�α1, ..., αm �

5L«. ¤±α1, ..., αm, αm+1´�5Ã'�.

XJα1, ..., αm, αm+1U
Ü¤V , @oα1, ..., αm, αm+1Ò´V ��|Ä. Ä

K�±UYé�αm+2, .... duV��êk�, ¤±ù�L§k�Ú±�Òª�
.

ù�é��α1, ..., αnÒ´V��|Ä. �

l�êÚÄ�½Âp¡ØJwÑe¡�·K¤á"

·K 4.1.8 (f�mÚ��êúª). b�V´ê�F þ�k���5�m. X

JV1, V2´V�ü�f�m, K

dimV1 + dimV2 = dim(V1 + V2) + dim(V1 ∩V2).

y² b�β1, ..., βk´V1 ∩ V2�Ä. duV1 ∩ V2´V1���f�m, ·��±

rβ1, ..., βk*¿�V1��|Äα1, ..., αs, β1, ..., βk. Ó��,·��±rβ1, ..., βk*

¿�V2��|Äβ1, ..., βk, γ1, ..., γt.

Äk·�`²α1, ..., αs, β1, ..., βk, γ1, ..., γt´�5Ã'�. XJ§��5�

', @o�½�3Ø��0�a1, ..., as, b1, ..., bk, c1, ..., ct, ¦�

a1α1 + · · ·+ asαs + b1β1 + · · ·+ bkβk = c1γ1 + · · ·+ ctγt.

þª��>3V1¥, m>3V2¥. Ïd, c1γ1 + · · · + ctγt ∈ V1 ∩ V2. dγ1, ..., γt�

�{��, γ1, ..., γtÑØ3V1 ∩ V2 ¥, Ïdc1 = · · · = ct = 0. Ó���n�±�

�a1, ..., as, b1, ..., bk�7LÑ´0. ¤±α1, ..., αs, β1, ..., βk, γ1, ..., γt´�5

Ã'�.

Ùg·�`²α1, ..., αs, β1, ..., βk, γ1, ..., γtU
Ü¤V1 + V2. ù´Ï

�α1, ..., αs, β1, ..., βk UÜ¤V1, β1, ..., βk, γ1, ..., γtU
Ü¤V2. ¤±§�

Ü3�åU
Ü¤V1 + V2.
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Ïdα1, ..., αs, β1, ..., βk, γ1, ..., γt´V1 + V2��|Ä. ¤±

dim(V1 + V2) = s + k + t = dimV1 + dimV2 − dim(V1 ∩V2).

�

½Â 4.1.14 (f�m��Ú). b�V´ê�F þ�k���5�m. XJV1, V2´V�

ü�f�m. XJV1
⋂
V2 = {0}, @o·�¡ùü�f�m�ÚV1 + V2��Ú, P

�

V1 + V2 = V1
⊕

V2.

·�48�½Âõ�f�m��Ú. b�·�®²�Ñ
V¥k− 1�f�m��Ú

�½Â, 
V1, ..., Vk´V�k �f�m. XJV1, ..., Vk−1ùk − 1f�m�Ú´�

Ú, =V1 + · · ·+ Vk−1 = V1
⊕
· · ·
⊕
Vk−1, 
�

Vk
⋂

(V1
⊕
· · ·
⊕

Vk−1) = 0,

@o·�Ò¡V1, ..., Vk�Ú��Ú, P�

V1 + · · ·+ Vk = V1
⊕
· · ·
⊕

Vk.

·K 4.1.9. b�V´ê�F þ�k���5�m, V1, ..., Vk´V�k�f�

m. Ke¡A^�d.

1. V1, ..., Vk�Ú��Ú.

2. ?��þα1 ∈ V1, ..., αk ∈ Vk, XJα1 + · · ·+ αk = 0, @o

α1 = · · · = αk = 0.

3. ?��þα ∈ V , XJ�3�þα1 ∈ V1, ..., αk ∈ Vk¦�

α = α1 + · · ·+ αk,

@où«L«{´���.

4. é?¿�1 ≤ i ≤ k, V1, ..., Vi−1, Vi+1, ..., Vk�Ú´�Ú, 
�

(V1
⊕
· · ·
⊕

Vi−1
⊕

Vi+1

⊕
· · ·
⊕

Vk)
⋂
Vi = 0.

5. é?¿�1 ≤ i ≤ k, Ñk

(V1 + · · ·+ Vi−1 + Vi+1 + · · ·+ Vk)
⋂
Vi = 0.
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6.

dimV1 + · · ·+ dimVk = dim(V1 + · · ·+ Vk).

y² ·�^êÆ8B{, �k = 2�, ·Kw,¤á. b�·Kék − 1��/

´¤á�. ·�e¡y²ék��/�¤á.

”1 =⇒ 2”. b�V1, ..., Vk�Ú��Ú. XJ�þα1 ∈ V1, ..., αk ∈ Vk, 


�α1 + · · ·+ αk = 0, @o

αk = −α1 − · · · − αk−1 ∈ Vk
⋂

(V1
⊕
· · ·
⊕

Vk−1) = 0.

¤±

αk = −α1 − · · · − αk−1 = 0.

qÏ�ck − 1�f�m�Ú��Ú, ¤±α1 = · · · = αk−1 = 0.

”2 =⇒ 3”. XJL«{Ø��. @o��3�þβ1 ∈ V1, ..., βk ∈ Vk¦�

α = β1 + · · ·+ βk,

@o

0 = (α1 − β1) + · · ·+ (αk − βk).

Ï�α1 − β1 ∈ V1, ..., αk − βk ∈ Vk. d2��α1 = β1, ..., αk = βk.

”3 =⇒ 4”. Ø�b�i < k. �â8Bb�V1, ..., Vi−1, Vi+1, ..., Vk−1�Ú´�

Ú, XJ

(V1
⊕
· · ·
⊕

Vi−1
⊕

Vi+1

⊕
· · ·
⊕

Vk−1)
⋂
Vk 6= 0,

@o3§���¥����"�þα, ù�ÿ"�þÒkü«ØÓ�L«{

0 = 0 + 0 = α− α.

Úågñ. ¤±V1, ..., Vi−1, Vi+1, ..., Vk�Ú´�Ú. XJ

(V1
⊕
· · ·
⊕

Vi−1
⊕

Vi+1

⊕
· · ·
⊕

Vk)
⋂
Vi 6= 0,

Ó���{�yØ�Uu)ù���¹.

”4 =⇒ 5”. w,.

”5 =⇒ 6”. Äk35 ¥, �i = k, d�êúª��

dim(V1 + · · ·+ Vk) = dim(V1 + · · ·+ Vk−1) + dimVk.

Ùgdué?¿�1 ≤ i ≤ k − 1,

(V1+· · ·+Vi−1+Vi+1+· · ·+Vk−1)
⋂
Vi ⊂ (V1+· · ·+Vi−1+Vi+1+· · ·+Vk)

⋂
Vi = {0},
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d8Bb�dimV1 + · · ·+ dimVk−1 = dim(V1 + · · ·+ Vk−1). ¤±

dimV1 + · · ·+ dimVk = dim(V1 + · · ·+ Vk).

”6 =⇒ 1”. Ï�

dimV1 + · · ·+ dimVk = dim(V1 + · · ·+ Vk)

= dim(V1 + · · ·+ Vk−1) + dimVk − dim(V1 + · · ·+ Vk−1)
⋂
Vk,

¤±

dimV1 + · · ·+ dimVk−1 = dim(V1 + · · ·+ Vk−1)− dim(V1 + · · ·+ Vk−1)
⋂
Vk

≤ dimV1 + · · ·+ dimVk−1 − dim(V1 + · · ·+ Vk−1)
⋂
Vk,

¤±(V1 + · · ·+ Vk−1)
⋂
Vk = {0}. =V1 + · · ·+ Vk−1�Vi�Ú��Ú, qÏ�

dimV1 + · · ·+ dimVk−1 = dim(V1 + · · ·+ Vk−).

d8Bb���V1, ..., Vk�Ú��Ú. ÏdV1, ..., Vk�Ú��Ú.

�

·K 4.1.10. b�V´Fþ�n��5�m"V1, ..., Vk´V�ýf�m"¦yV 6=
V1
⋃
· · ·
⋃
Vk.

y² ék8B"b�·Kék − 1¤á"�α ∈ Vk, 
�α /∈ V1
⋃
· · ·
⋃
Vk−1"X

JØ�3ù��α, �â8Bb�·K¤á"?�β /∈ Vk. �Äγλ = α+ λβ, λ ∈ F ∗

Ø�u". Kγλ /∈ Vk. ,
ê�¥kÃ�õ���§¤±kÃ�õ�λ¦�γλ /∈ Vk"
XJùÃ�õ�Ñ3V1

⋃
· · ·
⋃
Vk−1¥"�â|f<�n§7kü�3Ó��Vi¥"

b�γλ1 , γλ2 ∈ Vi. ¤± 1
λ1
γλ1 − 1

λ2
γλ2 ∈ Vi. ¤±( 1

λ1
− 1

λ2
)α ∈ Vi. ¤±α ∈ Vi. g

ñ�

¤±��k��λ¦�γλ /∈ V1
⋃
· · ·
⋃
Vk−1

⋃
Vk. ¤±V 6= V1

⋃
· · ·
⋃
Vk. �

,�«y², ù�y²�g´5guÍ¶�F�ËA":½n"

y² Ø��V1, ..., VkÑ´V�n− 1�f�m"XJk��n− 1�f�m�¿

Ø�uV , @o���ýf�mÑ�¹3,�n− 1�f�m¥§¦��¿g,Ò�

Ø�uV
"

·���n−1��f�mÑ´n��g�§�). b�Vi´fi(x1, ..., xn) = 0�

)"@oV1
⋃
· · ·
⋃
Vk Ò´f1 · · · fk = 0�). ·��·K=z¤
y²f1 · · · fkØU

3?Û�:?Ñ�u0, ùpk�Vgþ�ÀÜI�©�. ·�`��õ�ªØ�

u0, ´`ù�õ�ª�XêØÑ�0. �´Ò�mþ�õ�ª¼ê5`, =¦´�
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"�õ�ª�k�U3ù��mþ´"¼ê,=��Ñ�0�¼ê. ~XXJF´�

��F2, 
VÒ´F��. @o

x2 + x

ù�õ�ª3VþÒ´"¼ê,�´ù�õ�ª��¿Ø´"õ�ª. 3ùpf1 · · · fk�
�õ�ª5`´�"õ�ªvk¯K,k¯K�´ù��"õ�ª�.´Ø´"¼

ê. lþ¡�~f�±wÑ5, ù�����5�k'. ¤±”f1 · · · fkØU3?Û
�:?Ñ�u0”ù�(Ø´I�y²�.

·�^êÆ8B{"b�XJn − 1�Cþ�õ�ª��ð�u0, Kù�õ�

ª´"õ�ª"

·�Ø�b�õ�ª�¦Èf1 · · · fkÐm¿�Ü¿Óa�±�k,�ü�ª�
¹x1"@of1 · · · fk �±w¤´'ux1�õ�ª§Ù{�Cþx2, ..., xn·�Ñw¤
~ê"ù�õ�ª��p��Xê´��'ux2, ..., xn�õ�ªg(x2, ..., xn)"ù

�õ�ªØ´"õ�ª"�â8Bb�§§��ØUð�u0"¤±�3a2, ..., an¦

�g(a2, ..., an) 6= 0.

ù�f1(x1, a2, ..., an) · · · fk(x1, a2, ..., an)Ò¤�
'ux1��"õ�ª. ù

�õ�ª�,�Ukk��)"AO��3a1, ¦�

f1(a1, a2, ..., an) · · · fk(a1, a2, ..., an) 6= 0.

�

½n 4.1.11. b�V´n��¢�m"W1, W2, ..., ´Ù�êõ�ýf�m"¦

y�½�3���þα¦�§Øáu?Û��Wi.

y² b�α1, α2, ..., αn´V��|Ä"P

U = {γ(k) = α1 + kα2 + ...+ kn−1αn|k ∈ R},

Ké?¿�i,

U
⋂
Wi

´��k�8Ü§���ê�un"£ÄK�3γ(k1), γ(k2), ..., γ(kn) ∈Wi§d��

�1�ª�5���§α1, α2, ..., αn7L�ÜÑ3Wi¥§�Wi´ýf�mgñ"¤

¤±

U
⋂

(
⋃
i

Wi) =
⋃
i

(U
⋂
Wi)

´�ê�k�8Ü�¿§E,´�ê�"XJ
⋃
i

Wi = V§@oU = U
⋂
V�ê§g

ñ§Ï�dU�½Â§U����êÚR�Ó§w,´�Ø�ê8Ü.

�
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§4.2 �5N�

½Â 4.2.1 (�5N�). l�5�mV�W�N�A¡�´�5N�XJé?

¿�α, β ∈ V , a, b ∈ F Ñke¡��ª¤á.

A (aα+ bβ) = aA (α) + bA (β).

eAð�u", ·�Ò¡��"N�. XJ�5�mV = W , 
�éu?¿�

�þα ∈ V , ÑkA (α) = α. ·�Ò¡��´ð�N�, P�I V , ½ö{ü�P

�I . XJ�5�mV = W , 
��3~êλ ∈ F , ¦�éu?¿��þα ∈ V , Ñ

kA (α) = λα, ·�Ò¡A´��ê¦C�. XJA´l�5�mV�W��5N

�, V1´V�f�m, @oA3V1þ���

A|V1
: V1 −→W

�´���5N�.

·K 4.2.1. b�A´l�5�mV�W��5N�, K

1. A (0) = 0.

2. éu?¿��þα ∈ V , ÑkA (−α) = −A (α).

3. W¥�"�þ0���A −1(0) = {α ∈ V |A (α) = 0}´V���f�m, �

�A�Ø, P�KerA .

4. A��8Ü{w ∈W | �3α ∈ V ¦�A (α) = w}´W���f�m, ��A�

�, P�ImA ½öA (V ).

5. XJV1´V�f�m, A|V1
´A3V1þ���,@oKerA|V1

⊆ KerA , ImA|V1
⊆

ImA .

y² 3�öS.

�

½Â 4.2.2 (�5N��\{Úê¦). b�A , B´l�5�mV�W�ü�

�5N�. ·�½Â§��Ú�

(A + B)(α) := A (α) + B(α).

é?¿�~êλ ∈ F , ·�½Â

(λA )(α) := λA (α).

N´�y, ù�½Â�\{Úê¦¦�l�5�mV�W��5N���N¡��

��5�m.
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·K 4.2.2. b�V , W´�Fþ�k���5�m, α1, ..., αn´V��|Ä.

@oéW¥�?¿n��þβ1, ..., βn, Ñ�3����5N�A¦�

A (α1) = β1, ..., A (αn) = βn.

y² Äkù���5N�´�3�,é?¿��þα = t1α1 + · · ·+ tnαn,·�

½Â

A (α) := t1β1 + · · ·+ tnβn,

N´wÑXd½Â�N�´�5�, 
�÷v^�.

Ùg·�`²��5. XJ

A (α1) = β1, ..., A (αn) = βn,

@od�5N��5�, 7,¬��

A (t1α1 + · · ·+ tnαn) = t1β1 + · · ·+ tnβn,

duV����¤Ä�þ�L�/ª´���, ¤±A�´���.

�

½Â 4.2.3. �5N�A : V −→ W¡�´Ó�N�(k�{ü�¡�Ó

�), XJ�3�5N�B : W −→ V ¦�A B = IW , BA = I V . XJA´

lV�W�Ó�N�, ·�¡VÓ�uW .

N´wÑ§XJVÓ�uW , @oW�Ó�uV .

½n 4.2.3. ü�k���5�mÓ���=�§���ê��.

y² XJü�k����5�mVÚWÓ�, =�3�5N�A : V −→
WÚB : W −→ V¦�A B = IW , BA = I V . K·���V�Äα1, ..., αn3W¥

��A (α1), ..., A (αn)�½´�5Ã'�. Ï�XJØ´ù�,@o�½�3Ø�

�"�~êc1, ..., cn¦�

c1A (α1) + · · ·+ cnA (αn) = 0.

ü>^B�^��

c1BA (α1) + · · ·+ cnBA (αn) = 0.

�´BA (α1) = α1, ..., BA (αn) = αn. ¤±

c1α1 + · · ·+ cnαn = 0.
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ù�α1, ..., αn�5Ã'gñ. ¤±A (α1), ..., A (αn)�½´�5Ã'�. =W ¥

kn��5Ã'��þ. ¤±W��ê�u�uV ��ê. ��½,, Ïdü��

m��ê��.

XJVÚW��ê��, @ob�α1, ..., αn�V�Ä, β1, ..., βn�W�Ä. �

âþ¡�·K, �3����5N�A¦�

A (α1) = β1, ..., A (αn) = βn,

��3����5N�B¦�

B(β1) = α1, ..., B(βn) = αn.

w,A B = IW , BA = I V . ¤±VÓ�uW .

�

½Â 4.2.4. b�Vkü|Ä{α1, ..., αn}, {β1, ..., βn}. ·���ùü|Ä�
��þ|5`´�d�, =�3���_Ý
C = (cij)¦�

(β1, ..., βn) = (α1, ..., αn)C.

þ¡ù�ªfäN�e5Ò´
β1 = c11α1 + · · ·+ cn1αn,

...

βn = c1nα1 + · · ·+ cnnαn.

·�¡ù�Ý
C�lÄ{α1, ..., αn}�Ä{β1, ..., βn}�LÞÝ
. ?�V�

�|Ä{α1, ..., αn}, Ú���_Ý
C = (cij). ·���±ÏLþ¡�úª�

ÑV�,	�|Ä{β1, ..., βn}.

b�Vkü|Ä{α1, ..., αn}, {β1, ..., βn}. Ke¡��5N�

A : V −→ V∑
xiαi 7−→

∑
xiβi

´Ó�"÷�Úü�Ñéw,"

½n 4.2.4 (�êúª). lk���5�mV��5�mW��5N�A÷v

dim(Ker(A )) + dim(Im(A )) = dimV



§4.2 �5N� 87

y² Àα, ..., αr ∈ V¦�A (α1), ..., A (αr)�Im(A )��|Ä"�α, ..., αr)

¤�f�m´V1, K·�\¡V = V1
⊕

Ker(A ).

ù��u�y²ü^, �´V = V1 + Ker(A ), �´V1 ∩Ker(A ) = {0}.
·�k5y²1�^. ?�α ∈ V , Ï�A (α) ∈ A (V ), ¤±�3α̃ ∈ V1 ¦

�A (α) = A (α̃). ¤±A (α− α̃) = 0. Ïdα− α̃ ∈ Ker(A ). ¤±V = V1 + Ker(A ).

1�^´y.

�

e¡·�w�
�5N��~f

~ 4.2.1. -A : R4 −→ R2�e¡�N�

A (α) =

(
1 2 3 4

5 6 7 8

)
α,

ùp�α´R4¥���o��þ. N´�yù´���5N�. XJα = (a, b, c, d)′,

@o

A (α) = (a+ 2b+ 3c+ 4d, 5a+ 6b+ 7c+ 8d)′.

N´wÑA���m´

A =

(
1 2 3 4

5 6 7 8

)

dA���þÜ¤�, 
A�Ø�m´�5�§|

AX = 0

�)�m.

~ 4.2.2 (�KC�). b�V´���5�m, W´V�f�m. ·����

½�3,	��f�mU(Ø��)¦�

V = U
⊕

W.

¤±?Û���þα ∈ VÑ�±��/�¤

α = αW + αU , αW ∈W, αU ∈ U

�/ª. ·�¡N�

V −→ V, α 7→ αW

�lV�W��K. 5¿ù��KÚf�mU�À�k'X, XJUÀ�´,	�

�. @où��K�¬�A�UC.
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·�3þ�ÙÆL, �5�§|

Ax = b

k)��=�A��r�uO2Ý

(
A b

)
��. ù�,�3n���þβ, α1, ..., an−r,

¦��5�§|�Ï)�

(x1, x2, ..., xn)T = β + t1α1 + · · ·+ tn−rαn−r

�/ª. Ù¥β´��A), t1α1 + · · ·+ tn−rαn−r´�5àg�§|Ax = 0�Ï).

·�¡α1, ..., an−r��5Ùg�§|Ax = 0���Ä:)X.

·�y3��±^�5N���ó\±­#�ã.

-V = Fn�n���5�m, W = Fm�m��5�m, b�A´��m × n�
Ý
. ·�½ÂN�

A : V −→W,

α 7−→Aα.

éN´�yù´���5N�. ¦Ax = 0�Ï)�du¦A�Ø.

rA��P�γ1, ..., γn, @oAα´γ1, ..., γn��5|Ü, ¤±A���mÒ

´γ1, ..., γnÜ¤��5�m. ù��m���uA ���, �Ò´A��r. ¤±�

â�êúª,¦A�Ø´��n− r���5�m. ù��5�m�?Û�|ÄÑ�

�´Ax = 0���Ä:)X.

�5�§|

Ax = b

�)Ù¢Ò´��þb���.·���b���Ø´�8��=�b ∈ Im(A ),=b3A�

��m¥, ��=�b3γ1, ..., γn Ü¤��5�m¥, =bU
�¤A���þ��

5|Ü.
bU
�¤A���þ��5|Ü��=��þ|γ1, ..., γn��Úγ1, ..., γn, b�

���. Ïdb���Ø´�8��=�XêÝ
���uO2Ý
��.

§4.3 �5N�éA�Ý


b��5�mVk�|Ä´α1, ..., αn,�5�mWk�|Ä´β1, ..., βm. -V1�

lV �W��5N��N. -V2 = Fm×n�Fþ¤k�m× nÝ
�N. KV1, V2Ñ

´Fþ��5�m. ?�αj , K�½�3a1j , ..., amj ¦�

A (αj) = a1jβ1 + · · ·+ amjβm.

·�UìXe��ª½Â��lV1�V2�N�:

ϕ : V1 −→ V2,

A 7−→ A = (aij)
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N´wÑ5ù´���5N�, 
�´�V�, ¤±V1, V2´Fþ�ü�Ó���

5�m. duV2 = Fm×n ´Fþ¤k�m × nÝ
8Ü, §��ê´mn. ÏdV1�

�ê�´mn.

·��±r�5N�A3Ä�þþα1, ..., αnþ���^{ü�P�

A (α1, ..., αn) = (β1, ..., βm)A.

·�¡A�3�½�5�mV�Äα1, ..., αnÚ�5�mW�Äβ1, ..., βm e, �5

N�A éA�Ý
, A�AéA��5N�.

½n 4.3.1. �A���l�5�mV�W��5N�. @o�½�3V��

|Äα1, ..., αn, Ú�5�mW��|Äβ1, ..., βm, ¦�A3ùü|Äe�Ý
�(
Ir 0

0 0

)
.

y² �β1, ..., βr�Im(A )��|Ä, ,�*¿�W��|Äβ1, ..., βm. 2

�α1, ..., αr ∈ V ¦�

A (α1) = β1, ..., A (αr) = βr.

,�2�αr+1, ..., αn�ker A��|Ä. ù�α1, ..., αnÒ´V��|Ä. 
�A3

ùü|Äe�Ý
� (
Ir 0

0 0

)
.

�

½n 4.3.2. b�A´ê�Fþ�m × nÝ
, @o�½�3��m���_Ý


PÚ��n��Ý
Q¦�

PAQ =

(
Ir 0

0 0

)
.

y² -V = Fn�n����5�m, W = Fm�m����5�m. ·�

�V��|IOÄe1, ..., en, Ù¥ei ´1i� ��1, Ù{� ��0 �n���

þ. Ó��·��W���|IOÄf1, ..., fm. @o·��±�E��lV�W�

�5N�
A : V −→ W,

α 7→ Aα,

=

A (e1, ..., en) = (f1, ..., fm)A.



90 1oÙ �5�m �5N�

N´wÑù(¢´���5N�. �âþ¡�½n, ·����½�3V��|

Äα1, ..., αn, Ú�5�mW��|Äβ1, ..., βm, ¦�A3ùü|Äe�Ý
�(
Ir 0

0 0

)
,

=

A (α1, ..., αn) = (β1, ..., βm)

(
Ir 0

0 0

)
.

·�b�lβ1, ..., βm�f1, ..., fm�LÞÝ
´P , =

(f1, ..., fm) = (β1, ..., βm)P,

le1, ..., en�α1, ..., αn�LÞÝ
´Q, =

(α1, ..., αn) = (e1, ..., en)Q,

½ö�d/

(α1, ..., αn)Q−1 = (e1, ..., en).

Ïd

A (e1, ..., en) = (f1, ..., fm)A.

�du

A (α1, ..., αn)Q−1 = (β1, ..., βm)PA,

=

A (α1, ..., αn) = (β1, ..., βm)PAQ.

�´·���

A (α1, ..., αn) = (β1, ..., βm)

(
Ir 0

0 0

)
.

¤±

PAQ =

(
Ir 0

0 0

)
.

�

þ¡ù�½n, ·�±c¦^Ý
�Ð�C���ó5y²�. y3·�´^

�5N���ó5y²�. �ö¢�þª�d�, �´¤^��óØÓ. lþ¡�

?Ø¥, ·��±wÑ5Ý
��Ù¢´Ý
¤éA��5N�����ê.

íØ 4.3.3. b�A´lV1�V2����5N�, α1, ..., αn´V1�Ä, β1, ...,

βm´V2�Ä, A3ùü|Äe�Ý
�A. KA´÷���=�A ´1÷��,

A´ü���=�A´�÷��.
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y² A´÷���=����ê�um, ��=�Ý
A���um, 
AT

km1, ¤±ù��=�A´1÷��. aq�, ��±y²A´ü���=�A´

�÷��.

�

b�A´lV1�V2����5N�, B´lV2�V3����5N�, @oN´

�yEÜN�

BA : V1 −→ V3

�´���5N�. XJα1, ..., αn´V1�Ä, β1, ..., βm´V2�Ä, γ1, ..., γk´V3�

Ä. XJ3ù
�½
�Äe,

A (α1, ..., αn) = (β1, ..., βm)A

B(β1, ..., βm) = (γ1, ..., γk)B

@oEÜN�BAéA�Ý
�

BA (α1, ..., αn) = (γ1, ..., γk)BA

.

Ïd�5N��EÜéAuÝ
�¦{. e¡·�|^�5N���ó5y

²ü�Ý
��Ø�ª.

½n 4.3.4 (Sylvester�Ø�ª). b�A´m× n�Ý
, B´n× k�Ý
. ¦

y

r(AB) ≥ r(A) + r(B)− n.

y² b�V1 = F k, V2 = Fn, V3 = Fm©O�k, n, m���5�m. ·��

ù3��5�m�gÀ½�|IOÄ. @oAÒû½���5N�

A : V2 −→ V3.

B �û½
���5N�

B : V1 −→ V2.

·��±^e¡�ãL5L«

V1
B−→ V2

A−→ V3.

¤±

r(AB) = dim(A B(V1)) = dim(A (B(V1))).

·��Ä��N�

A|B(V1) : B(V1) −→ V3,
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w,k

A|B(V1)(B(V1)) = A B(V1).

¤±·�k
r(AB) = dim(A B(V1))

= dim(A|B(V1)(B(V1)))

= dim(B(V1))−Ker(A|B(V1))

≥ dim(B(V1))−Ker(A )

= r(B)− (n− r(A))

= r(B) + r(A)− n.

�

½n 4.3.5 (Frobenius�Ø�ª). b�A´m × n�Ý
, B´n × k�Ý
,

C´k × `�Ý
. ¦y

r(ABC) ≥ r(AB) + r(BC)− r(B).

y² �ìþ¡, ·��±�E�5N�

V1
D−→ V2

B−→ V3
A−→ V4.

-V = B(V2), K·�ke¡�ãL

V1
BD−→ V

A|V−→ V4.

dþ¡�Sylvester�Ø�ª��

r(ABC) = dim(A BD(V1))

= dim(A|V BD(V1))

≥ dim(BD(V1)) + dim(A|V (V ))− dim(V )

= dim(BD(V1)) + dim(A B(V2))− dim(B(V2))

= r(BC) + r(AB)− r(B).

�

½n 4.3.6. ?Û��Ý
Ñ�±�¤���÷�Ý
¦��1÷�Ý
.

y² [y²�] �âþ¡�?Ø, T½n��u`?Û���5N�A : V −→
WÑ�±©)�k´��÷�, 2���ü�. ù´w,�. Ï�A�±©)�

A : V −→ Im(A ) −→W.
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�

y² [y²�]

A = P

(
Ir 0

0 0

)
Q = P

(
Ir

0

)(
Ir 0

)
Q = UV,

Ù¥

U = P

(
Ir

0

)
´�_Ý
P�cr�, ¤±´�÷��,

V =
(
Ir 0

)
Q

´�_Ý
Q�cr1, ¤±´1÷��.

�

½n 4.3.7. �ê�Fþ�m× nÝ
"A, BÚA+B��©O´r, sÚr + s ≤
min{m, n}"y²�3�_Ý
P, Q ¦�

PAQ =

(
Ir 0

0 0

)
, PBQ =

(
0 0

0 Is

)
.

ùp�Ir, Is©OL«r, s��ü �
"

y² �V, W©O´n, m���5�m§�B�§��Ä§KA, B, A+Bû½


V −→W�n��5N�A , B, A +B"�Iy²�3V, W�#�Ä{α1, .., αn},
{β1, .., βm}§¦�A , B3ù|#�Äe�Ý
�(

Ir 0

0 0

)
,

(
0 0

0 Is

)

=�"PÒ´lW�Î�Ä�#�Ä{β1, ..., βm} �LÞÝ
§Q´lV�#�

Ä{α1, ..., αn}�Î�Ä�LÞÝ
"
�A , B, A + B���m©O´W1, W2, W3§Ù�ê©O´r, s, r + s"Ï

�W3 ⊂ W1 + W2§¤±W1 + W2´�Ú§=W1, W2��8�0"e¡Ò{ü
.

�A�Ø�m�V1, B�Ø�m�V2, A + B�Ø�m�V3. duV1 ∩V2 ⊂ V3,¤±

��U`²m>��ê�u�u�>��ê§Ò�±`²V3 = V1 ∩ V2. 
ù�:

ØJ\±`². Ï�dim(V3) = n− r − s. 


dim(V1 ∩ V2) = dim(V1) + dim(V2)− dim(V1 + V2)

≥ n+ r + n− s− n

= n− r − s.
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¤±V3 = V1 ∩ V2 ⊂ V3. 
�l¥�±wÑV1 + V2 = V .

¤±�V3�Äαr+1, ..., αn−s§�c*�V2�Äα1, ..., αn−s, ��*�V1�

Äαr+1, ..., αn. ù
�þα1, ..., αn�¤
V�Ä.

q5¿�A (α1), ..., A (αr), B(αn−s+1), ..., B(αn) 7,�5Ã'. 3ùp

·�{ü�`²�e��oA (α1), ..., A (αr), B(αn−s+1), ..., B(αn) ´�5

Ã'�. ÄkA (α1), ..., A (αr)´�5Ã'�, ÄKα1, ..., αrò¬k���²

���5|Ü´3V1¥, gñ. Ó���nB(αn−s+1), ..., B(αn)�´�5Ã'

�. XJA (α1), ..., A (αr)����²���5|Ü�uB(αn−s+1), ..., B(αn)�

���²���5|Ü, @oùò¬�EÑW1 ∩ W2¥��"�þ, �¬Úåg

ñ. ¤±A (α1), ..., A (αr), B(αn−s+1), ..., B(αn) 7,�5Ã'. ù
�þ�

Ã{�¤W�Ä, �I�?1*¤â1. ·�rA (α1), ..., A (αr)ü3�c¡, P

�β1, ..., βr,rB(αn−s+1), ..., B(αn)ü3��¡,P�βm−s+1, ..., βm. r*¿Ñ

5�@
�þβr+1, ..., βm−sü3¥m. ù
�þβ1, ..., βmÜ3�å�¤W�Ä.

KA , B3ù�#�Äe�Ý
�(
Ir 0

0 0

)
,

(
0 0

0 Is

)
.

�

SK 4.3

1. y²d���5�m¥?¿�d+ 1��þ´�5�'�"

2. b�A´�Fþ�n�Ý
, ¦y�3���Fþ��"õ�ªf(x) = amx
m +

am−1x
m−1 + · · ·+ a1x+ a0 ¦�

f(A) = amA
m + am−1A

m−1 + · · ·+ a1A+ a0In = 0

y² r¤k�n�Ý
w�´���5�m, ù��m��ê�un2, Ï

d, ?�n2 + 1����½´�5�'�. ·��±�ùn2 + 1 ����

An
2

, ..., A, In.

K�½�3Ø��"�~êan2 , an2−1, ..., a0¦�

an2An
2

+ an2−1A
n2−1 + · · ·+ a1A+ a0In = 0.

b�an2 , an2−1, ..., a0¥l��mê, 1��Ø�u"�ê´am, K-

f(x) = amx
m + am−1x

m−1 + · · ·+ a1x+ a0
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=�ÎÜ�¦�õ�ª.

5¿d?·�é��õ�ªk�U´n2g�. ·��¡�Æ��Hamiton-

Cayley½n`�´ù��±é���gêØ�Ln�õ�ª÷vK8��¦.

�

3. b�A´��n��
, α´��n���þ, Ar+1α = 0, �´Arα 6= 0. ¦y

α, Aα, ..., Aαr

�5Ã'.

y² b�

α, Aα, ..., Aαr

�5�'. @o�3Ø�´"�~êc0, ..., cr¦�

c0α+ c1Aα+ ·+ crAα
r = 0.

ü>^Ar5�^, �±��c0 = 0, ... . Ïdþ¡@��ªÒC¤


c1Aα+ ·+ crAα
r = 0.

ü>2^Ar−1�^, ��c1 = 0. �g�e�, �±��z��XêÑ´0, ù

Ò��
gñ. �

4. �A =


1 0 0

0 2 0

0 1 2

, ,C(A) = {B ∈ P 3×3|AB = BA}. K

£1¤y²µC(A)´P 3×3�f�m¶

£2¤¦C(A)��êÚ�|Ä.

y² (1)y²´f�mé{ü.

(2) b�

B =


a b c

d e f

h i j

 ,

K

AB =


a b c

2d 2e 2f

d+ 2h e+ 2i f + 2j

 , BA =


a 2b+ c 2c

d 2e+ f 2f

h 2i+ j 2j


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dAB = BA��, b = c = d = h = f = 0, e = j. ¤±gdCþ�kn�, ¤±

�ê´3.

�
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§5.1 Ý
��q

½Â 5.1.1 (Ý
�A�õ�ª). b�A´�Fþ�n��
. 1�ª

|λI −A| =

∣∣∣∣∣∣∣∣∣∣∣

λ− a11 −a12 · · · −a1n
−a21 λ− a22 · · · −a1n
...

...
. . .

...

−an1 −an2 · · · λ− ann

∣∣∣∣∣∣∣∣∣∣∣
´��'uλ�õ�ª, ¡�´A�A�õ�ª.

N´wÑ, �q�Ý
�½´�d�, �Ò´§�����. 
�·��¡¬

y²?Û��Ý
Ñ�qu§�=�. ÜÓ�Ý
�½�´�d�. �q�Ý
Ø

�½´ÜÓ�. ·��±Þ�~`²~X

A =

(
1 0

0 −1

)
, B =

(
1 1

0 −1

)
.

·���AÚB´�q�, ¢Sþ(
1 1

0 −2

)−1(
1 1

0 −1

)(
1 1

0 −2

)
=

(
1 0

0 −1

)
.

�´duA´é¡Ý
, ¤±Ú§ÜÓ�Ý
�½�´é¡�. �´duBØ´é

¡�, ¤±A ØÜÓuB.

·�b�f(λ) = |λI −A|´A�A�õ�ª. �â1�ª�5���

|λI −A| = λn − s1λn−1 + · · ·+ (−1)nsn.

Ù¥sk´A�¤k�k�Ìfª�Ú.AO�, s1Ò´Ý
A�,,
sn´Ý
�1�

ª. 3ïÄÝ
��qÚJordanIO.�, A�õ�ª´��­��ÀÜ.

½Â 5.1.2. b�A´ê�Fþ���n�Ý
, f(x) = a0x
m + · · · + am−1x +

am ∈ F [x]. @o·�½Â

f(A) = a0A
m + · · ·+ am−1A+ amIn.

½n 5.1.1 (Hamilton-Cayley½n). b�A´�F þ�n��
,

f(λ) = |λI −A| = λn + a1λ
n−1 + · · ·+ an

97
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´A�A�õ�ª. @o

f(A) = An + a1A
n−1 + · · ·+ anI = 0

´�"Ý
.

y² PB(λ) = (λI−A)∗�λI−A���Ý
. @oB(λ)�z����Ñ´λI−
A ���n− 1��fª, ¤±´��gêØ�Ln− 1�'uλ�õ�ª. ·�b�

B(λ) = (bij(λ)) = λn−1B0 + λn−2B1 + · · ·+Bn−1.

Ù¥B0, ..., Bn−1Ñ´Fþ�êiÝ
. ®�f(λ) = λn + a1λ
n−1 + · · ·+ an, ¤±K

f(λ)I = λnI + a1λ
n−1I + · · ·+ anI.




(λI −A)B(λ) = (λI −A)(λn−1B0 + λn−2B1 + · · ·+Bn−1)

= λnB0 + λn−1(B1 −AB0) + · · ·+ λ(Bn−1 −ABn−1)−ABn−1

Ó�duB(λ) = (λI −A)∗, ¤±

(λI −A)B(λ) = (λI −A)(λI −A)∗ = f(λ)I = λnI + a1λ
n−1I + · · ·+ anI.

¤±'�þ¡�ü�ªf��

B0 = I,

B1 −AB0 = a1I

B2 −AB1 = a2I

· · ·

Bn−1 −ABn−2 = an−1I

−ABn−1 = anI.

^Anl�>¦±þ¡�1��ªf, ...., ^Al�>¦±þ¡�1n�ªf(Ò´�

ê1��ªf), ����ªf�±ØÄ. ,�rùn+ 1�ªf�\��

f(A) = 0.

�

,	�«y²�{

y² b�

λI −A = (pij(λ)), i.e., pij(λ) =

x− aij , i = j;

−aij , i 6= j.



§5.1 Ý
��q 99

b�ei´Fn¥�IO�þ. K

n∑
j=1

pij(A)ej = (A− aiiI)ei +

n∑
j 6=i

(−aij)ej = 0,

="�þ.

b�

Q = (qij(λ)) = (λI −A)∗

=λI −A���Ý
. K

n∑
i=1

qki(A)

n∑
j=1

pij(A)ej = 0.

¤±

n∑
i=1

n∑
j=1

qki(A)pij(A)ej = 0.

Ï�

Q(λI −A) = f(λ)I,

¤±
n∑
i=1

qki(A)pij(A) = δkjf(A).

¤±f(A)ej = 0 é?¿j¤á. ¤±f(A) = 0. �

½n 5.1.2 (Gershgorin��½n). b�A = (aij)´��EÝ
, éz�i ∈
{1, ..., n}, ½Â

Ri =
∑
j 6=i

|aij |.

KA�?¿A��λÑ ue¡�n�4���¿,

λ ∈
n⋃
i=1

{z ∈ C||z − aii| ≤ |Ri|}

y² Ï�λ´A�A��, ¤±

|λI −A| = 0.

¤±|λI − AØ´Ì�Ó`�Ý
, ¤±dLevyõDesplanques½n, 7,k,�i ∈
{1, ..., n}÷v

λ ∈ {z ∈ C||z − aii| ≤ |Ri|}

. ¤±·K¤á.

�
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·K 5.1.3. b�A´��m× n�Ý
, B´��n×m�Ý
, m ≥ n, K

|λIm −AB| = λm−n|λIn −BA|.

y² ·���

λn|λIm −AB| =

∣∣∣∣∣λIm −AB A

0 λIn

∣∣∣∣∣
=

∣∣∣∣∣λIm −AB A

0 λIn

∣∣∣∣∣
∣∣∣∣∣Im 0

B In

∣∣∣∣∣
=

∣∣∣∣∣λIm A

B λIn

∣∣∣∣∣
=

∣∣∣∣∣ Im 0

−B In

∣∣∣∣∣
∣∣∣∣∣λIm A

B λIn

∣∣∣∣∣
=

∣∣∣∣∣λIm A

0 λIn −BA

∣∣∣∣∣
= λm|λIn −BA|.

·K�y. �

½Â 5.1.3. b�A, B´�Fþ�ü�n��
. XJ�3���_Ý
C, ¦

�

C−1AC = B,

·�Ò¡A�quB, ½ö´AÚB´�q�. N´wÑ5, �q´��d'X.

½n 5.1.4. �q�Ý
äk�Ó�A�õ�ª.

y² b�A, B´�Fþ�n��
. XJA�quB, K�3���_Ý
C,

¦�

C−1AC = B.

¤±·�k

|λI −A| = |C−1(λI −A)C| = |λI − C−1AC| = |λI −B|.

�

5¿äk�Ó�A�õ�ª�Ý
Ø�½´�q�. ~X-

A =

(
0 0

0 0

)
, B =

(
0 1

0 0

)
,
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KAÚB�A�õ�ªÑ´

f(λ) = λ2.

�´AÚB��Ø��, ¤±§�Ø�q.

½Â 5.1.4 (�5�mVþ��5C�). ê�F þ��5�mV�g���5

N���Vþ��5C�.

½Â 5.1.5 (�5C�éA�Ý
). b�A´n��5�mVþ��5C�,

{α1, ..., αn}´V��|Ä. b�
A (α1) = a11α1 + · · ·+ an1αn,

...

A (αn) = a1nα1 + · · ·+ annαn,

K·�¡A3Ä{α1, ..., αn}�eéA�Ý
´A, P�

A (α1, ..., αn) = (α1, ..., αn)A.

½Â 5.1.6 (Ý
éA��5C�). b�V´n��5�m, {α1, ..., αn}´V�
�|Ä. b�A´Fþn�Ý
.

�5C�
A : V −→ V,

α =
∑

xiαi 7→ A

¡�´Ý
AéA��5C�.

N´wÑXJA ,B´n��5�mVþ�ü��5C�, {α1, ..., αn}´V�
�|Ä. XJA3Ä{α1, ..., αn}�eéA�Ý
´A, B3ù|Ä�eéA�Ý


´B, @oA + B 3ù|ÄeéA�Ý
´A + B, A B3ù|ÄeéA�Ý


´AB.

½Â 5.1.7. b�A´n��5�mV þ��5C�, f(x) = a0x
m + · · · +

am−1x+ am ∈ F [x]. @o·�½Â

f(A ) = a0A
m + · · ·+ am−1A + amI

½n 5.1.5. b�A´n��5�mVþ��5C�, {α1, ..., αn}´V��|
Ä. b�A3ù|ÄeéA�Ý
´A, =

A (α1, ..., αn) = (α1, ..., αn)A.
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b�{β1, ..., βn}´V�,�|Ä. b�A3ù|ÄeéA�Ý
´B, =

A (β1, ..., βn) = (β1, ..., βn)B.

KA, B´�q�. XJü|Ä�m�LÞÝ
´C, =

(β1, ..., βn) = (α1, ..., αn)C,

K

C−1AC = B.

y²
A (β1, ..., βn) = A ((α1, ..., αn)C)

= A (α1, ..., αn)C

= (α1, ..., αn)AC

= (β1, ..., βn)C−1AC

= (β1, ..., βn)B.

�

½Â 5.1.8 (�5C��A�õ�ª). b�A´�Fþ�n��5�mVþ�

���5C�. b�Vk�|Ä{α1, ..., αn}, 
�A3ù|Äe�Ý
L«�A.

K·�¡A�A�õ�ª��5C�A�A�õ�ª.

duÓ���5C�3ØÓ�Äe�Ý
L«´�q�,
�q�Ý
äk�

Ó�A�õ�ª. ¤±ù�½ÂØ�6uV�Ä�À�.

§5.2 �m�©)

b�V´ê�Fþ��5�m, A´Vþ����5C�.

½Â 5.2.1 (ØCf�m). b�W´V����5f�m, 
�A (W ) ⊆ W ,

·�Ò¡W´�5C�A���ØCf�m. "�m0ÚV����V�²�ØC

f�m.

~ 5.2.1. rCw¤ê¢ê�Rþ�����5�m, @oE�ÝCþ����
5C�. §��²��ØCf�m�kR.

~ 5.2.2. b�A´��xy-²¡V�^=C�. XJA�^=�Ý´π�óê

�, @oA´ð�C�. XJA �^=�Ý´π�Ûê�, @o−A´ð�C�. ù

ü«�¹e,?Û�^L�:���Ñ´A ��²��ØCf�m. XJA �^

=�ÝØ´π��ê�, @oAvk�²��ØCf�m.
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~ 5.2.3. ±L�:���`�é¡¶���kü��²�ØCf�m, ���

�`��, ,��´L�:�`R����.

½Â 5.2.2 ("zõ�ª). b�V´ê�Fþ��5�m, A´Vþ����5

C�, f(x)´��±F ¥����Xê�õ�ª. XJf(A ) = 0, ·�Ò¡f´A�

��"zõ�ª. aq�, ·��±½ÂÝ
�"zõ�ª.

dHamilton-Cayley½n��, �5C�A�A�õ�ª´§���"zõ�

ª.

½n 5.2.1 (Fitting©)). �A´ê�Fþn��5�mVþ��5C�. K�

3k¦�

Ker(A k) = Ker(A k+1) = · · · , Im(A k) = Im(A k+1) = · · · .

PV1 = Ker(A k), V2 = Im(A k), K

V = V1
⊕

V2,


�A��3V1þ´�"�5C�, A��3V2þ´�_��5C�.

y² duKer(A ) ⊆ Ker(A 2) ⊆ · · · ,
�ù�S�kþ.V´�k����5
�m, ¤±�½�3k¦�Ker(A k) = Ker(A k+1). d�d�êúª��Im(A k) =

Im(A k+1). ÏdA��3V2þ´÷�,l
´�_��5C�.duV1 = Ker(A k),

¤±A��3V1½ÂÑ5��5C�A|V1
�kg���´"N�. ¤±`A��

3V1þ´�"�5C�.

·�e¡5`²V = V1
⊕
V2. ?�α ∈ V , A k(α) ∈ Im(A k) = Im(A 2k). ¤±

�3β ∈ V¦�A k(α) = A 2k(β) = A k(A k(β)). Ïd

A k(α−A k(β)).

¤±α−A k(β) ∈ V1. ¤±

α = α−A k(β) + A k(β),

Ù¥α − A k(β) inV1, A k(β) ∈ V2. ÏdV = V1 + V2. ·��I�`²V1 ∩ V2 =

0. b��3�"�þα ∈ V1 ∩ V2, KduA k��3V2þ´�_��5C�, ¤

±A k(α) 6= 0. Ó�duα ∈ V1, ¤±A k(α) = 0Úågñ. ùÒ`²
V1 ∩ V2 = 0.

l
V = V1
⊕
V2. �

½n 5.2.2. b�V´Fþ����5�m, A´Vþ����5C�, b�f1,

..., fk´k�üüp��õ�ª. K

Kerf1 · · · fk(A ) = Kerf1(A )⊕ · · · ⊕Kerfk(A ).
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y² w,·��I�ék = 2��/y²=�.

?�α ∈ Kerf1f2(A ). b�1 = f1g1 + f2g2, @o

α = (f1g1 + f2g2)(A )(α) = g1(A )(f1(A )(α)) + g2(A )(f2(A )(α)).

Pα1 = g1(A )(f1(A )(α)), α2 = g2(A )(f2(A )(α)). K

α1 ∈ Kerf2(A ), α2 ∈ Kerf1(A ).

¤±Kerf1f2(A ) ⊆ Kerf1(A ) + Kerf2(A ). b�β ∈ Kerf1(A )
⋂

Kerf2(A ). @o

β = g1(A )(f1(A )(β)) + g2(A )(f2(A )(β)) = 0.

¤±§��Ú´�Ú.

�>�¹m>´w,�.

�

íØ 5.2.3. b�V´Fþ����5�m, A ´Vþ����5C�,b�f1,

..., fk ´k�üüp��õ�ª. K

Kerf1(A ) + · · ·+ Kerfk(A ) = Kerf1(A )⊕ · · · ⊕Kerfk(A ).

½Â 5.2.3 (A��ÚA��þ). b�V´Fþ����5�m, A´Vþ��

��5C�. XJ�3�"�þα ∈ VÚF¥���λ ∈ F , ¦�

A (α) = λα.

K¡α�A���A��þ, λ�αéA�A��;½ö¡λ�A���A��, α�λ

éA�A��þ. 5¿A��þ�½´�"�þ, 
A���±�u0.

aq�, ·��±½ÂÝ
�A��ÚA��þ. b�A ´��n× nÝ
, X

J�3�"�þα ∈ V ÚF ¥���λ ∈ F , ¦�

Aα = λα.

K¡α�A���A��þ, λ�αéA�A��;½ö¡λ�A���A��, α�λé

A�A��þ.

½n 5.2.4. b�A´��n-?Ý
. Kλ�A���A��,��=�=λ´A�

A�õ�ª��.

y² b�λ�A���A��. @o�3���"�þα ∈ Fn, ¦�

Aα = λα.
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¤±α´�5àg�§|

(λI −A)X = 0

����"). ¤±|λI −A| = 0, =λ´A�A�õ�ª��.

��XJλ´A�A�õ�ª��, @o|λI −A| = 0. ¤±�5àg�§|

(λI −A)X = 0

�½k�")X = α. ¤±Aα = λα.

�

aq�·��±y²

½n 5.2.5. b�V´Fþ����5�m, A´Vþ����5C�.Kλ�A�

��A��, ��=�=λ´A�A�õ�ª��.

½Â 5.2.4 (A�f�m). b�V´Fþ����5�m, A´Vþ����5

C�, λ�A ���A��. A�A��λ�A�f�m½Â�

Eλ = {α ∈ V |A (α) = λα.}

½Â 5.2.5 (�f�m). b�V´Fþ����5�m, A´Vþ����5C

�, λ�A ���A��. KA�A��λ��f�m½Â�

Rλ = {α ∈ V |(A − λI )m(α) = 0 é,���ê m ¤á}.

A�f�mEλ¥¤k���αÑ÷v(A − λI )(α) = 0. ¤±A�f�m�½

�¹3�f�m¥. �´���7¤á.

5¿��f�m´�k���f�m,¤±�3�|�kk���þ�Äα1, ..., αt.

�â�f�m�½Â, �3��êm1, ..., mt¦�

(A − λI )m1(α1) = · · · = (A − λI )mt(αt) = 0.

À��'m1, ..., mtÑ���êm, Òk

(A − λI )m(α1) = · · · = (A − λI )m(αt) = 0.

¤±3�f�m½Â¥, �,�êm�6uα, �´�±À����:�m, 4§é

¤k��þÑk�, =�3��~êm, ¦��f�m

Rλ = Ker(A − λI )m.

�â½n5.2.2, ù�`²
ØÓ�A����f�m�Ú��Ú.

·�e¡`², ù�m�±��Ø�LA�õ�ª¥�λ �­ê.
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·K 5.2.6. b�V´Cþ����5�m, A´Vþ����5C�, A�A

�õ�ª´

fA (λ) = (λ− λ1)a1 · · · (λ− λk)ak .

K

V = Ker(A − λ1I )a1 ⊕ · · · ⊕Ker(A − λkI )ak

y² d½n5.2.2 ÚM�î-p4½n��.

�

½n 5.2.7. b�V´Cþ����5�m, A´Vþ����5C�. KV´

�f�m��Ú. XJA �A�õ�ª´

fA (λ) = (λ− λ1)a1 · · · (λ− λk)ak .

K�f�m

Rλi
= Ker(A − λiI )ai , 1 ≤ i ≤ k.

y² b�A�A�õ�ª´

fA (λ) = (λ− λ1)a1 · · · (λ− λk)ak .

Ù¥�λiüüØÓ. Kdþ¡�·K��

V = KerfA (λ) = Ker(A − λ1I )a1 ⊕ · · · ⊕Ker(A − λkI )ak .

duKer(A − λ1I )a1 ⊆ Rλ1
, ..., Ker(A − λkI )ak ⊆ Rλk

, 
�ØÓ��f�m�

Ú�´�Ú, ¤±Ker(A − λ1I )a1 = Rλ1
, ..., Ker(A − λkI )ak = Rλk

. ¤±KV´

�f�m��Ú. ¤±�f�m

Rλi = Ker(A − λiI )ai , 1 ≤ i ≤ k.

�

ùùp�5¿, �,�f�m

Rλi
= Ker(A − λiI )ai , 1 ≤ i ≤ k,

�´ùp�ai%Ø�½´¦�ù��ª¤á������ê. ~XXJA´ð�C

�I , @oA�õ�ª�(λ− 1)n, ¤±1��f�m

R1 = Ker(A −I )n.

�¢SþR1 = Ker(A −I ).
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½Â 5.2.6 (��õ�ª). b�V´Fþ����5�m, A´Vþ����5

C�. A�Ä�Xê�1 �gê�$�"zõ�ª��A���õ�ª. aq��

±½ÂÝ
���õ�ª.

½n 5.2.8. ��õ�ª´���, 
���õ�ª�Ø"zõ�ª.

y²

|^Î=�Ø{��. �

íØ 5.2.9. b�V´Fþ����5�m, A´Vþ����5C�.XJA�

A�õ�ª�

fA (λ) = (λ− λ1)a1 · · · (λ− λk)ak , ai ≥ 1, 1 ≤ i ≤ k

A���õ�ª�

fA (λ) = (λ− λ1)b1 · · · (λ− λk)bk ,

K1 ≤ bi ≤ ai, 1 ≤ i ≤ k. =Ø=��õ�ª��´A�õ�ª��, A�õ�ª

���Ñ´��õ�ª��.

½Â 5.2.7 (�é�z). b�A´ê�Fþ���n�Ý
, XJA�qu��

é�Ý
, ·�Ò¡A ´�é�z�Ý
.

½n 5.2.10. A�é�z��=�Akn��5Ã'�A��þ, ���=�

��õ�ªvk­�.

y² b�A�é�z, @o�½�3�_Ý
P¦�

P−1AP =


λ1

. . .

λn

 .

¤±

AP = P


λ1

. . .

λn

 .

rPUì��þ�Ñ5, =b�

P = (α1, ..., αn).

K

A(α1, ..., αn) = (α1, ..., αn)


λ1

. . .

λn

 = (λ1α1, ..., λnαn).
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¤±α1, ..., λnαnÑ´A��þ,qÏ�§�´�_Ý
P���þ,¤±§�´�

5Ã'�.

r±þ�Ú½_£�, =��XJAkn��5Ã'�A��þ, @oA�é�

z.

XJA�±é�z, ·����q�Ý
äk�Ó���õ�ª, é��Ý


���õ�ªN´��´vk­��.

��, XJ��õ�ªvk­�, @od½n5.2.2 ��, �m�±©)¤A�

f�m��Ú, ÏdAkn��5Ã'�A��þ. �

íØ 5.2.11. XJAkn�pØ�Ó�A��, KA ´�±é�z�.

½Â 5.2.8 (Ì�f�m). b�W´V����5f�m, A´Vþ����

5C�.XJ�3α ∈W¦�W�±dα, A (α), A 2(α), ...)¤, ·�Ò¡W´dα

)¤�A �Ì�f�m, P�W =< α >. 5¿ØÓ��þ�±)¤�Ó�Ì�f

�m.

½Â 5.2.9 (�"C�). b�V´Fþ����5�m, A´Vþ����5C

�.XJ�3g,êN¦�A´Vþ�"C�,@o·�Ò¡A´Vþ����"C

�.

Ún 5.2.12. b�V´Fþ����5�m, A´Vþ����"C�. α, ..., A k(α)Ñ

Ø´0. �´A k+1(α) = 0, Kα, ..., A k(α)�5Ã'. PW�V�dα)¤�Ì�f

�m. KW´A�ØCf�m, A k(α), A k−1(α)..., α�W��|Ä, A3ù|Äe

�Ý
�

A (A k(α), A k−1(α), ..., α) = (A k(α), A k−1(α)..., α)


0 1

. . .
. . .

0 1

0

 .

½n 5.2.13. b�V´Fþ���n���5�m, A´V þ����"C�.

KV�±©)�Ì�f�m��Ú.

y² ·�b�·Ké$un���5�m´¤á�. @o·�-W = A (V ),

KW��ê�un. 
�W�´A �ØCf�m. ¤±W�±�¤Ì�f�m��

Ú. ·�b�

W =< A (α1) > ⊕ · · ·⊕ < A (αk) > .

@oN´y²< α1 >, ..., < αk >�ÚE,´�Ú. ÄK�½�3Ø��"

�β1 ∈< α1 >, ..., βk ∈< αk > ¦�

β1 + · · ·+ βk = 0.
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ù��

A (β1) + · · ·+ A (βk) = 0.

�´du< A (α1) >, ..., < A (αk) >�Ú´�Ú. ¤±A (β1) = 0, ..., A (βk) = 0.

·�b�A t(α1) = 0, �´A t−1(α1) 6= 0. dþ¡�Ún��α1, A (α1), A t−1(α1)

�5Ã'. 2b�β1 = a1α1 + a2A (α1) + · · · + atA t−1(α1). @odA (β1) = 0

��a1A (α1) + · · · + at−1A t−1(α1) = 0. Ï�A (α1), ..., A t−1(α1) �5Ã', ¤

±a1 = · · · = at−1 = 0. ¤±β1 ∈< A (α1) >. Ón�yβk ∈< A (αk) >. �´d

u< A (α1) >, ..., < A (αk) >�Ú´�Ú, ¤±7Lkβ1 = · · · = βk = 0. gñ.

PU =< α1 > ⊕ · · ·⊕ < αk >. K?�α ∈ V , KA (α) ∈W = A (V ), ¤±

A (α) ∈< A (α1) > ⊕ · · ·⊕ < A (αk) > .

¤±�½�3��β ∈ U =< α1 > ⊕ · · ·⊕ < αk >¦�A (α) = A (β). -γ = α− β.

Kγ ∈ KerA . ¤±V¥?Û����Ñ�±�¤α = β + (α− β)�/ª. ¤±

U + KerA = V.

¤±�±À��KerA�f�mV1¦�

V = U ⊕ V1.

V1�±ù�À. k�KerA
⋂
U��|Äγ1, ..., γs, ,�òÙ*¿�KerA��|

Äγ1, ..., γs, γs+1, ..., γs+s̃, K-V1�γs+1, ..., γs+s̃)¤��m=�.

½n�y.

�

½Â 5.2.10 (Jordan¬). /X
λ 1

. . .
. . .

λ 1

λ

 , λ ∈ C

/G�Ý
����Jordan¬.

½n 5.2.14 (JordanIO/). b�A´Eê�þ���n �Ý
. KA�qu

Xe/G�Ý
 
J1

J2
. . .

Jk


Ù¥z��JiÑ´��Jordan¬.
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y² PV = Fn, e1, ..., en�V�IOÄ. KAû½
Vþ����5C�A .

·���V�±©)¤�f�m��Ú

V = R1 ⊕ · · · ⊕Rs.


��3z��f�mþRiþ�, Ai = A|Ri
�k��A��λi. ¤±XJPI i�

�f�mþRiþ�ð�C�, K

Ai − λiI i

Ò´Ri þ����"C�. ¤±©)�Ì�f�m��Ú. ¤±Ri k�|Ä, ¦

�Ai − λiI i3ù|Äe�Ý
´
J1

J2
. . .

Jt


z��JiÑ/X

Ji =


0 1

. . .
. . .

0 1

0

 .

ÏdAi3ù|Äe�Ý
´ 
J̃1

J̃2
. . .

J̃t


z��J̃iÑ/X

J̃i =


λ 1

. . .
. . .

λ 1

λ


rz��f�m�Ä©å5, B¤�V�Ä, dd��½n¤á.

�
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·���Cn¥��þα = (x1, ..., xn)��ê½Â�

‖α‖ :=
√
|x1|2 + · · ·+ |xn|2

b�A´��n��¢Ý
½öEÝ
,·�½ÂA = (aij)��ê�

‖A‖ =

√ ∑
1≤i,j≤n

|aij |2.

N´�yXd½Â��ê÷v

‖A+B‖ ≤ ‖A‖+ ‖B‖,

‖AB‖ ≤ ‖A‖‖B‖.

½Â 5.3.1 (�ÜS�). ��Ý
S�Am¡�´�ÜS�, XJ?�ε > 0, Ñ

�3N , ¦��k, l > N�,

‖Ak −Al‖ < ε.

ØJwÑe¡�·K¤á.

·K 5.3.1. XJ��Ý
S�Am´�ÜS�,K�3���Ý
A,¦�AmÂ

ñ�A.

?�Ý
A, -

Am =

m∑
n=0

An

n!
.

KAm/¤���ÜS�, ù�S��4�·�P�

eA =

∞∑
n=0

An

n!
.

~ 5.3.1. XJ

A =

(
0 θ

−θ 0

)
,

K

eA =

(
cos θ sin θ

− sin θ cos θ

)
.

~ 5.3.2. XJ

A =


0 a b

0 0 c

0 0 0

 ,
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K

eA =


1 a b+ 1

2ac

0 1 c

0 0 1

 .

·K 5.3.2. 1. XJAB = BA, @oeAeB = eA+B = eBeA.

2. eA´�_Ý
, Ù_Ý
´e−A.

3. |eA| = eTr(A).

y² ·��y²1�^.

eAeB = (

∞∑
k=0

Ak

k!
)(

∞∑
l=0

Bl

l!
)

=

∞∑
m=0

m∑
n=0

An

n!

Bm−n

(m− n)!

=

∞∑
m=0

1

m!

m∑
n=0

m!

n!(m− n)!
AnBm−n

=

∞∑
m=0

1

m!
(A+B)m

= eA+B = eBeA.

�

·���n× n�_e��¬´/X

λ 1

λ 1

. . .
. . .

λ 1

λ


= λ



1 1
λ

1 1
λ

. . .
. . .

1 1
λ

1


�Ý
"�

A =



1 1
λ

1 1
λ

. . .
. . .

1 1
λ

1


, B = In −A.

K·�½Âlog(A) = log(In −B)�e¡�Ý
,

log(A) = log(In −B) := −
+∞∑
n=1

Bn

n
.



§5.3 Ý
�ê 113

5¿X�,wå5´�Ã¡?ê, �´¢SþduB´��"Ý
, Bn = 0, ¤±

ù�?êÙ¢´�k�?ê§g,´Âñ�"
é?¿��
M , ´�

eM =

+∞∑
n=0

Mn

n!

Âñ"¤±

A = elogA.

¤±

λA = exIn+logA.

5¿é?¿�λ ∈ C, o�3x ∈ C¦�ùp�ex = λ.

|^Ðmª§ù�úª¤á´w,�"ù�·�Òk
e¡�Ún

Ún 5.3.3. é?Û�_
A, Ñ�3�_
B, ¦�A = eB.

íØ 5.3.4. é?Û�_
AÚ��êk, Ñ�3�_
B, ¦�A = Bk.

y² �âþ¡�Ún, �3�_
C, ¦�A = eC . -

B =
1

k
C,

=��A = Bk. �

5¿þ¡�ù�íØéØ�_�Ý
, Ø�½¤á. ~X

A =

(
0 1

0 0

)
,

k = 2. ù�ÿØ�3Ý
B, ¦�A = B2. Ï�XJù��B�3�{, B�½´�

�1 ��"Ý
. �´·�����1 ��"Ý
�²��½´"Ý
, Ø�U�

uA. b�A´��n-?Ý
, é?¿���êkÑ�3�_
B¦�A = Bk��=

�A��0��ê­ê�uAÛ­ê.

SK 5.3

1. Eê�þ?Û���
Ñ�qu��þn�Ý
.

y² ·�^êÆ8B{. b�·Kén−1?Ý
¤á,=?Û��n−1?

Ý
Ñ�quþn�Ý
. e¡·�5y²?Û��n × n�
AÑ�qu�
�þn�Ý
.
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b�fA(λ)´A�A�õ�ª. d�êÄ�½n,·���3Eê�þA�

õ�ª�½k�λ0. ¤±

|λ0I −A| = 0,

ùp�I´n× nü Ý
. ¤±�5�§|

(A− λ0I)X = 0

k�")α. ù��"�þÒ´A�A��λ�A��þ.

·���?Û���"�n���þÑ�±�����_Ý
�1��.

¤±�3�_Ý
P¦�P�1��´α, b�

P = (α, α2, ..., αn).

@o

Aα = λ0α,

Ïd

A(α, α2, ..., αn) = (Aα, Aα2, ..., Aαn) = (α, α2, ..., αn)

(
λ0 β

0 B

)

Ù¥β´�n− 1���þ, B´�n− 1?Ý
. ¤±

AP = P

(
λ0 β

0 B

)

=

P−1AP =

(
λ0 β

0 B

)
.

d8Bb��3n− 1?Ý
Q¦�

Q−1BQ

´þn�Ý
. ¤±

(
1 0

0 Q−1

)
P−1AP

(
1 0

0 Q

)
=

(
λ0 βQ

0 Q−1BQ

)

´þn�Ý
. �
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2. �A´��n?�"Ý
,

B =

(
A −A
A −A

)
¦B���õ�ª.

y²

é|λI2n −B|?11�ª�Ð�C���,

|λI2n −B| =

∣∣∣∣∣λIn −A A

−A λIn +A

∣∣∣∣∣ =

∣∣∣∣∣λIn −λIn
−A λIn +A

∣∣∣∣∣ =

∣∣∣∣∣λIn 0

−A λIn

∣∣∣∣∣ = λ2n.

duB 6= 0,

B2 =

(
A −A
A −A

)2

= 0,

¤±B���õ�ª�λ2.

½ö���yB2 = 0��±��B���õ�ª�λ2. �´c¡�L§w

�·�B���õ�ª�½´λ�,��g, J«·��O�B��g|¤�

S�.

�

3. Eê�þ?Û���
´ÄÑ�qu��en�Ý
? (3���).

y² ´�. ��3þ�K�y²¥rα��Ä������þ=�.

�

4. b�ê�F�n-?Ý
A�,a11 + · · · + ann = 0. ¦yA�qu��é��þ

��Ñ´0�Ý
.

y² ·�^êÆ8B{, b�·Kén− 1?�Ý
¤á.

Äk·�b�AØ´"Ý
,ÄK´²��. ÏdAØ�U´XþÝ
kI =

diag(k, k, ..., k)�/ª.

duAØ´XþÝ
, Ïd�3���"�þα ¦�α, Aα´�5Ã'�

�þ. ù�(Ø�±{ü�y²Xe: XJé?Û�"�þα5`, α, AαÑ´

�5�'�. @o�Aei = aiei, ei´1i� �´1, Ù{ �´0���þ. ¤

±A = diag(a1, .., an). ,�XJai 6= aj , �ÄA(ei + ej) = aiei + ajej��

Úei + ej�5Ã', gñ.

,�rα, Aα*¿�Fn��|Äα, Aα, α3..., αn. K

P = (α, Aα, α3..., αn)
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´���_Ý
, 
�

AP = A(α, Aα, α3..., αn) = (α, Aα, α3..., αn)

(
0 β

γ B

)
= P

(
0 β

γ B

)

/G�Ý
. Ù¥B´n− 1?��
, β´n− 1 �1�þ, γ = (1, 0, ..., 0)′´

�n− 1 ����þ. ¤±A�qu(
0 β

γ B

)
.

2éB^8Bb�=�.

�

5. b�A´ê�Fþ���n(> 1)?Ý
, �mV �dê�Fþ�¤kn × nÝ

|¤�n2��5�m. ½Â

ϕA : V −→ V, ϕA(X) = AX.

b�A���ur, ¦yϕA���unr.

y² ·�b�V¥dØ
1i��	Ñ´0�Ý
|¤�f�m�Vi, 1 ≤
i ≤ n. Kz�ViÑ´ϕA �ØCf�m, �ê�n. 
�

V = V1
⊕
· · ·
⊕

Vn.

·��V1��|Äe11, .., en1, Ù¥ei1´Ø
1i1, 11��	Ñ�0�Ý
.

K

ϕA(e11, .., en1) = (e11, .., en1)A.

Ón�y�À�Vi�aq�Ä¦�ϕA3ù|Äe�Ý
�´A. rù
ÄÜå

5±�Ò´V�Ä, ϕA3ù|Äe�Ý
´
A

. . .

A


=dn�A|¤�Oé�Ý
. ¤±ϕA���unr.

�

6. b�A´ê�Fþ���n(> 1)?Ý
,�mV�dê�Fþ�¤kn×nÝ
|
¤�n2 ��5�m. ½Â

ϕA : V −→ V, ϕA(X) = AX −XA.
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ù´Vþ����5C�.

·�rVþ�¤k��5C��N/¤��mP�W .

·�½Â��lV�W��5N�

ψ : V −→W, ψ(A) = ϕA, A ∈ V.

(1) ¦W��ê.

(2) `²ψQØ´ü�, �Ø´÷�.

(3) ¦ψ���m��ê.

y²

(1) W��ê´n4.

(2) Ï�ψ(I) = 0, ¤±Ø´ü�. Ï�V��ê��ê�uW��ê, ¤

±�Ø´÷�.

(3) �I�¦ψ�Ø�m��ê. ψ(A) = 0��=�ϕA = 0��=�é¤

k�X, ÑkAX = XA. ù��Ý
�kXþ
, �ê´1. ¤±ψ���m�

�ê´n2 − 1. �

7. b�AÚB´Eê�þ�ü�n× nÝ
, 
�AB = BA, ¦y�3�_Ý
P ,

¦�

P−1AP, P−1BP

Ñ´þn�Ý
.

y² ·�^êÆ8B{, b�·Ké?ê�un�Ý
´¤á�.

PV = Fn�n��5�m. @oAÚB��ü�n × nÝ
, ½Â
ü��

5C�A , B¦�

A (α) = Aα, B(β) = Bβ,

é?¿��þα, β ∈ V . ·��I�y²�3V��|Äα1, ..., αn ¦�ü�

�5C�A , B3ùÓ�|Äe�Ý
Ó�Ñ´þn�=�.

·��Eλ´�5C�A�A��λ�A�f�m, =

Eλ = {α ∈ V |A (α) = λα}.

@oduAB = BA, ¤±

A B = BA
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¤±é?Û�α ∈ Eλ, ·�Ñk

A (B(α)) = B(A (α)) = B(λ(α)) = λB(α).

¤±B(α) ∈ Eλ. ¤±Eλ Q´A�ØCf�m, �´B �ØCf�m. �ù�

f�m��|Ä´α1, ..., αk, ,�*¿¤V��|Äα1, ..., αn. Kü��5

C�A , B 3ùÓ�|Äe�Ý
Ñ´Oþn�/G�. ·�b�

A (α1, ..., αn) = (α1, ..., αn)

(
λIk ∗
0 A1

)
,

B(α1, ..., αn) = (α1, ..., αn)

(
B2 ∗
0 B1

)
.

5¿d�kA1B1 = B1A1. d8Bb��±��·K¤á. �

8. b�A´k���5�mVþ��é�z�5C�, W´A���ØCf�m,

KA3Wþ��¿é�z. y² A´Vþ��é�z�5C�¿�XA�1

�õ�ªvk­�, 
A3Wþ���C��4�õ�ª�ØA�4�õ�

ª(w�V þ��5C�). ¤±A3Wþ���C��´�±é�z�.

�

9. b�AÚB´Eê�þ�ü��é�z�n× nÝ
, 
�AB = BA, ¦y�3

�_Ý
P , ¦�

P−1AP, P−1BP

Ñ´é�Ý
.

y² ·�^êÆ8B{, b�·Ké?ê�un�Ý
´¤á�.

PV = Fn�n��5�m. @oAÚB��ü�n × nÝ
, ½Â
ü��

5C�A , B¦�

A (α) = Aα, B(β) = Bβ,

é?¿��þα, β ∈ V . ·��I�y²�3V��|Äα1, ..., αn ¦�ü�

�5C�A , B3ùÓ�|Äe�Ý
Ó�é�Ý
=�.

·��Eλ´�5C�A�A��λ�A�f�m, =

Eλ = {α ∈ V |A (α) = λα}.

@oduAB = BA, ¤±

A B = BA
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¤±é?Û�α ∈ Eλ, ·�Ñk

A (B(α)) = B(A (α)) = B(λ(α)) = λB(α).

¤±B(α) ∈ Eλ. ¤±Eλ Q´A�ØCf�m, �´B �ØCf�m.

duA�±é�z,¤±V�±©)�A�A�f�m��Ú.·�b�λ1 =

λ

V = Eλ1

⊕
· · ·
⊕

Eλk
.

Kz��Eλi
Ñ´B�ØCf�m, 
�A , B3z��Eλi

þÑ´�����

é�z��5C�.

d8Bb��±��·K¤á. y²

10. �V �ê�Pþ��k���5�m§S = {α1, ..., αn}�V��|Ä§A : V →
V �Vþ���_�5C�"XJA�A����1�A (S) = S, y²A �ð

�C�"

y² A (S) = S `²�5C�rù|Ä�C�ù|Ä,�´ù|Ä¥��

þgS�UkCz. duÄp¡�kk�õ��þ, �õ�kk�«üS, ¤

±�½�3ü���êt, s ¦�A t(S)ÚA s(S)¥�þ�ü�gS´����

�. ÏdA t = A s. duA ´�_�.

¤±A t−s = I,¤±A´�±é�z�,§�A��qÑ´1,¤±§�JordanI

O.�ü Ý
, ¤±A´ð�C�.

�

11. y²µ�
A´�"���=�A�¤k�Ìfª�Úþ�""

y² ·�b�f(λ) = |λI −A|´A�A�õ�ª. KA�A�õ�ª�

|λI −A| = λn − s1λn−1 + · · ·+ (−1)nsn,

Ù¥sk´A�¤k�k�fª�Ú.duA�¤k�Ìfª�Úþ�",¤±A�

A�õ�ª�λn"�âM�î-p4½n,A�õ�ª´"zõ�ª,¤±An =

0. ¤±�
A´�"�.

�

12. �ε1 = (1, 0), ε2 = (0, 1) �²¡���IX�IOÄ§α = ε1 + ε2. -ξα�

÷α���¤/¤��5C�§¦

(1) ξα 3ε1, ε2e�Ý
A¶
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(2) ξα�A���A��þ¶

(3) �äA´Ä�é�z.

y²

(1)

ξα(ε1, ε2) = (ε2, ε1) = (ε1, ε2)

(
0 1

1 0

)
.

�
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§6.1 �Ý


XJn×nÝ
A���Ñ´�ê,·�¡A��Ý
. XJA, B´ü��Ý
,


�

AB = BA = I,

·�Ò¡A´�_�Ý
, B�A�_,P�B = A−1. Ú�þ�Ý
��,��AB =

I, g,ÒUíÑBA��uI.

·K 6.1.1. A´�_�Ý
��=�|A| = ±1.

y²

b�A´�_�Ý
,K�3�êÝ
B,¦�AB = I. ü>�1�ª��|A||B| =
1. du�Ý
�1�ª�´�ê, ¤±|A|, |B|Ñ´�ê, ¦Èq´1 , ÏdA�1

�ª�U´1 ½ö´-1.

b�|A| = ±1, KB = 1
|A|A

∗Ò´���Ý
, 
�AB = BA = I. ¤±A´�

_�Ý
.

�

���, ·�ke¡�·K.

·K 6.1.2. b�A´���Rþ�n-?Ý
, KA�_��=�§�1�ª

´R¥��_�.

½Â 6.1.1 (�Ý
�Ð�C�). é�Ý
¤��e¡n«C�¡�´Ð�

C�:

1. ��Ý
�ü1(�).

2. rÝ
�,�1(�)¦þ��±1.

3. 3Ý
�,�1(�)þ, \þ,	�1(�)�t�, ùp�t´��ê.

½Â 6.1.2 (�Ý
��d). . XJA, B´ü��Ý
, 
�XJA �±²L

k�gÐ�C�C�B, ·�Ò¡A, B´ü��d��Ý
.

½n 6.1.3 (SmithIO/). b�A´���êÝ
, K§�½�due¡/ª

121
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�Ý
 

d1

d2
. . .

dr

0

. . .

0


Ù¥diÑ´��ê, 
�

di|di+1, 1 ≤ i ≤ r − 1.

ù«/ª�Ý
´dA��(½�, �Ð�C��À�Ã'.

y² |^Ð�C�,�±rA������úÏfd1CÑ5,¿��3�þ�.

,�|^Ð�C�, rA�1�1Ú1���Ù¦��ÑC¤0. AÒC¤
e¡�

ù��f (
d1 0

0 A1

)

Ù¥A1´��n − 1?��Ý
, 
�§�z���Ñ´d1��ê. 2én − 1?�

�Ý
A1�aq�ö�=�wÑ, A�±�ªC�½n¥�é�Ý
.

·�e¡5y²��5. ·���Ð�C��L§Ø¬UCÝ
�����

úÏf. ¤±d1´��(½�. Ùg�Ø¬UC¤k���fª���úÏf. ¤

±d2�´��(½�. ±daí, ¤k�diÑ´��(½�.

�

§6.2 λ-Ý
�½ÂÚÄ�5�

½Â 6.2.1 (λ-Ý
, �_). XJn-?Ý
A(λ)�z���Ñ´��±λ�C

þ, ±�F¥����Xê�õ�ª, @oÒ¡A(λ) �ê�F þ���λ- Ý
. b

�A(λ)´��λ-Ý
, XJ�3,��λ Ý
B(λ)¦�

A(λ)B(λ) = B(λ)A(λ) = In.

·�¡A(λ)´�_Ý
, ¡B(λ)´A(λ) �_Ý
.

·K 6.2.1. ��n-?Ý
A(λ)�_��=�A(λ)�1�ª|A(λ)|´F¥��
"��.
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y² XJn-?Ý
A(λ)�_, �â½Â, �3,��λÝ
B(λ)¦�

A(λ)B(λ) = B(λ)A(λ) = In,

ü>�1�ª��

|A(λ)||B(λ)| = 1.

du|A(λ)|, |B(λ)|Ñ´±λ�Cþ�õ�ª,
�¦��¦È�u1 . ¤±¦��U

´F ¥p_�ê.

��,b�1�ª|A(λ)|´F¥��"��.PA(λ)∗�A(λ)���Ý
,K�â

½ÂA(λ)∗E´��λ-Ý
, 
�

A(λ)A(λ)∗ = A(λ)∗A(λ) = |A(λ)|In.

¤± 1
|A(λ)|A(λ)∗´A(λ)�_.

�

½Â 6.2.2 ( λ-Ý
�Ð�C�). éλ-Ý
¤��e¡n«C�¡�´Ð�

C�:

1. ��λ-Ý
�ü1(�).

2. rλ-Ý
�,�1(�)¦þ��F¥��"��.

3. 3λ-Ý
�,�1(�)þ, \þ,	�1(�)�f(λ)�, ùp�f(λ)´�õ�

ª.

½Â 6.2.3 ( Ð�λ-Ý
). ±þn«Ð�C�©OéAe¡�n«Ð�λ-Ý


:

1. 

1

. . .

1

0 1

1

. . .

1

1 0

1

. . .

1



,



124 18Ù λ-Ý


2. 

1

. . .

1

a

1

. . .

1


,

Ù¥a´�F¥����"��.

3. 

1

. . .

1

. . .

f(λ) 1

. . .

1


,

Ù¥f(λ)´��õ�ª.

½Â 6.2.4 (λ-Ý
��d). . XJA(λ), B(λ)´ü�λ-Ý
, 
�XJA(λ)

�±²Lk�gÐ�C�C�B(λ), ·�Ò¡A(λ), B(λ)´ü��d�λ-Ý
.

½Â 6.2.5 (1�ªÏf, ØCÏf). . b�A(λ)´��n× n λ-Ý
. é?¿

�1 ≤ k ≤ n, ·�¡¤k�k- ?fª�Ä�Xê�1���úÏª�A(λ)�k-?1

�ªÏf, P�Dk(λ). -D0(λ) = 1. Ké?¿�1 ≤ k ≤ n, ½ÂA(λ)�k?ØCÏ

fdk(λ) = Dk(λ)/Dk−1(λ).

½n 6.2.2. λ-Ý
�Ð�C�ØUCÙ�?1�ªÏfÚØCÏf.

y² �â½Â, ·��Iy²Ð�C�ØUC�?1�ªÏf=�.

b�A(λ)´��n × n λ-Ý
. 1�«Ð�C��õrA(λ)���k?fªC

¤,��k-?fª, 2¦þ��−1. ù«C�g,ØUC��úÏª. 1�«Ð�

C��õrA(λ) ���k?fªC¤,��k- ?fª�a�, a´�¥��"��.

ù«C��ØUC��úÏª.

¤±·��Iy²1n«Ð�C�ØUC1�ªÏf=�. b�ù1n«Ð

�C�´3λ-Ý
�1j1þ, \þ
1i 1�f(λ) �, rA(λ)C¤
B(λ). ·��

½k, wwB(λ) �k?1�ªÏfÚA(λ)�k?1�ªÏf´Ø´���. XJ,
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�k?fªØ�)1j1, @où�k?fª3²Lù�Ð�C���,´ØUC�.

XJù�k?fªQ�¹1i1,��¹1j1,@o�â1�ª�5���,ù�k?

fª3²Lù�Ð�C���´ØUC�. XJXJù�k ?fªØ�¹1i1,�

�¹1j1. �â1�ª�
1, ·�ù�k?fªÑU�¤A(λ)�ü�k?fª�

�5|Ü,
��5|Ü�Xê´±1. rA(λ)�,�k ?fª\�,��k-?fª

þ�, ù«ö��,Ø¬UC��úÏª.

¤±Ð�C�ØUC1�ªÏf, g,�ÒØUCØCÏf.

�

½n 6.2.3. b�A(λ)´��λ-Ý
, K§�½�due¡/ª�Ý


d1(λ)

d2(λ)

. . .

dr(λ)

0

. . .

0


Ù¥diÑ´Ä�õ�ª, 
�

di|di+1, 1 ≤ i ≤ r − 1.

ù«/ª�Ý
´dA(λ)��(½�,�Ð�C��À�Ã',��A(λ)�IO/,

Ù¥r��A(λ)��.

y² |^Ð�C�, �±rA(λ)������úÏªd1(λ) CÑ5, ¿��3

�þ�. ,�|^Ð�C�, rA �1�1Ú1���Ù¦��ÑC¤0. AÒC¤


e¡�ù��f (
d1(λ) 0

0 A1(λ)

)
Ù¥A1(λ)´��n− 1?�λ-Ý
, 
�§�z���ÑU
�d1(λ)�Ø.2én−
1?�λ-Ý
A1(λ)�aq�ö�=�wÑ, A�±�ªC�½n¥�é�Ý
.

·�e¡5y²��5. ·���Ð�C��L§Ø¬UCÝ
1�ªÏf

ÚØCÏf. 
é�Ý
�1�ªÏf�g�

d1(λ), d1(λ)d2(λ), d1(λ)d2(λ)d3(λ), ....

¤±¤k�diÑ´��(½�.

�
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íØ 6.2.4. λ-Ý
A(λ)�_��=�A(λ)U²Lk�gÐ�C�C¤ü Ý


, =��=�AU�¤k��Ð�Ý
�¦È

y² ·�c¡®²w�λ-Ý
A(λ)�_��=�|A(λ)|´�F¥��"��.

|A(λ)|
Ø±§�Ä�Xê��Ò´A(λ)�n × n1�ªÏf. ¤±A(λ)�n × n1
�ªÏf�u1. ¤±A(λ)�IO.Ò´ü Ý
.

�

§6.3 Ý
��q

ùp·�Ú\��#�PÒ. ?Û��n-?λ-Ý
M(λ), Ñ�±�¤e¡�/

ª

M(λ) = Mkλ
k + · · ·+M1λ+M0

�/ª, Ù¥Mi´ê�Fþ�n-?õ�ª. ~X(
λ5 + 2λ4 + 3 λ

λ2 + 4 λ5 + λ3

)
=

(
1 0

0 1

)
λ5 +

(
2 0

0 0

)
λ4 +

(
0 0

0 1

)
λ3

+

(
0 0

1 0

)
λ2 +

(
0 1

0 0

)
λ+

(
3 0

4 0

)
.

éê�Fþ�?¿Ý
N , ·�½ÂM(N)�e¡�ªf,

M(N) := MkN
k + · · ·+M1N +M0.

½n 6.3.1. b�A, B´ê�Fþ�ü�n-?Ý
, KA�B3ê�Fþ�q�

�=�λ-Ý
λI −A�λI −B�d.

y² XJA�B�q, @oÒ�3ê�Fþ��_Ý
P¦�PAP−1 = B, ¤

±P (λI − A)P−1 = λI − B. ê�Fþ��_Ý
�,´�_�λ-Ý
, ¤±λI −
A�λI −B �d.

��, b�λI −A�λI −B�d, =�3�_λ-Ý
P (λ), Q(λ)¦�

P (λ)(λI −A)Q(λ) = λI −B. (∗)

b�
Q(λ) = (qij(λ)) = Qkλ

k + · · ·+Q1λ+Q0,

Q(λ)−1 = (qij(λ)) = Q`λ
` + · · ·+Q1λ+Q0,

Ù¥Qi, QjÑ´ê�Fþ�Ý
. Ï�Q(λ)−1Q(λ) = In, ¤±

Q`Q(λ)λ` + · · ·+Q1Q(λ)λ+Q0Q(λ) = In.
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rþ¡�ªf¥�λ�¤B, �ªE,¤á. ¤±

Q`Q(B)B` + · · ·+Q1Q(B)B +Q0Q(B) = In. (∗∗)

d(∗)��
(λI −A)Q(λ) = P−1(λ)(λI −B),

¤±

Q(λ)λ−AQ(λ) = P−1(λ)(λI −B).

b�

P−1(λ) = (pij(λ)) = Pmλ
m + · · ·+ P 1λ+ P 0,

K

Q(λ)λ−AQ(λ) =Qkλ
k+1 + (Qk−1 −AQk) + · · ·+ (Q0 −AQ1)λ−AQ0

=Pmλ
m+1 + (Pm−1 − PmB)λm + · · ·+ (P 0 − P 1B)λ− P 0B

rλ = B�\þ¡��ª, K�m>´0. ¤±��>�´0. ¤±

Q(B)B = AQ(B). (∗ ∗ ∗)

dd´�

Q(B)B2 = A2Q(B), Q(B)B3 = A3Q(B), ....

¤±(∗∗)ÒC¤


Q`A
`Q(B) + · · ·+Q1AQ(B) +Q0Q(B) = In,

=

(Q`A
` + · · ·+Q1A+Q0)Q(B) = In.

¤±Q(B)´�_�. d(∗ ∗ ∗)��¤±A, B�q. �

íØ 6.3.2. �Fþ�ü�n-?Ý
A, B �q��=�λI−AÚλI−Bk�Ó
�1�ªÏfÚØCÏf.

íØ 6.3.3. ®�A, B´ü�n-?�ê�Fþ�Ý
. XJ§�3Eê�þ�

q, K§�3ê�Fþ�q.

y² Ï�A, B3Eê�þ�q,¤±§�3Eê�þkX�Ó�1�ªÏf.

duA, B´ü�n-?�ê�Fþ�Ý
, ¤±ù
1�ªÏfÙ¢´ê�Fþ�õ

�ª. �rλI − AÚλI −B�1�ªÏfw¤´EXêõ�ª��ÿ§���, §

��5�,�´���. ¤±A, B3ê�Fþ�q. �
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½Â 6.3.1 (Ð�Ïf). b�A(λ)´Eê�Cþ�λ-Ý
, ��r. duEê�

þ�õ�ªÑ�±�¤�gÏª�¦È, ¤±·��±b�

d1(λ) = (λ− λ1)a11 · · · (λ− λk)a1k

d2(λ) = (λ− λ1)a21 · · · (λ− λk)a2k

...

dr(λ) = (λ− λ1)ar1 · · · (λ− λk)ark

dr+1(λ) = · · · = dn(λ) = 0,

Ù¥λ1, λ2, ..., λk´õ�ªdr(λ)�¤k�ØÓ��, �ê÷v'Xª

0 ≤ a11 ≤ · · · ≤ ar1,
...

0 ≤ a1k ≤ · · · ≤ ark.

5¿ùp¡��ê´�±�0�. XJaij > 0, ·�Ò¡(λ− λj)aij´áuλj���
Ð�Ïf, ¤k�Ð�ÏfÜå5��´A(λ)�Ð�Ïf|.

XJü�λÝ
äk�Ó�ØCÏf, @o�â½Â, §��äk�Ó�Ð�

Ïf. ��, K�7¤á. ~X

A(λ) =

(
(λ− 1)(λ− 2) 0

0 0

)
, B(λ) =

(
(λ− 1) 0

0 (λ− 2)

)

äk�Ó�Ð�Ïf|, �´¦���ØÓ, Ïd¦�Ø�U�d, g,�ÒØ�

Uk�Ó�ØCÏf.

½n 6.3.4. b�A(λ), B(λ)´Eê�Cþ�ü�λ-Ý
, �Ñ�r, 
�äk

�Ó�Ð�Ïf|, KA(λ), B(λ) ´�d�.

y²

Äkduü�Ý
���Ó,¤±§���ur?�ØCÏfÑ��, Ñ�u0.

·�k5`²dr(λ)��dÐ�Ïfû½. ·���z�Ð�ÏfÑ´/X(λ−
λj)
∗/ª�, ùp�(ÒL«�ê�½. ù�Ð�Ïf��áuλj�Ð�Ïf. ·

�ráuλj�Ð�Ïf¥gê�p�]Ñ5, P�(λ − λj)arj . @o�âÐ�Ïf

�½Â, ·���

dr(λ) = (λ− λ1)ar1(λ− λ2)ar2 · · · (λ− λk)ark .

¤±dr(λ)��dÐ�Ïfû½, §Ò�uráuØÓ�λj�Ð�Ïf¥gê�p

�¦3�å���.
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3Ð�Ïf|¥r(λ− λ1)ar1 , (λ− λ2)ar2 , · · · , (λ− λk)ark�K.

XJ�k�{�Ð�Ïf, @o3�e�Ð�Ïf¥­Eþ�ã�ö�,r�

g�p�Ð�Ïf¦3�å, Ò��
dr−1(λ). ±daí, ��¤k�Ð�ÏfÑ

^�. b�½Ñdt(λ)±�, Òvk�{�Ð�Ïf
. @o·�Òk

dt−1(λ) = · · · = d1(λ) = 1.

Ïd�±wÑ, ¤k�ØCÏfÑkÐ�Ïfû½.

¤±A(λ), B(λ)äk�Ó�ØCÏf, ´�d�.

�

�d, ·��±wÑ, éE�
A5`, λI − A3�d'X�e��da, ��

uA3�q'X�e��da. ·�±�¡λI −A��
A�A��
,rλI −A�
1�ªÏf, ØCÏfÚÐ�Ïf{ü�¡�A�1�ªÏf, ØCÏfÚÐ�Ï

f. dc¡�?Ø��, A�¤k�ØCÏf�¦È�uA�A�õ�ª.

½n 6.3.5. b�A, B´Eê�Cþ�ü�n× nÝ
. Ke¡�·K�d

1. A, B�q.

2. λI −A, λI −B�d.

3. A, Bk�Ó�1�ªÏf.

4. A, Bk�Ó�ØCÏf.

5. A, Bk�Ó�Ð�Ïf.

y² 5¿�λI −A, λI −B��Ñ�un=�. �

§6.4 JordanIO/

ù�!, ·��í�ÑEÝ
�JordanIO/�nØ.

Ún 6.4.1. b�

A(λ) =

(
f1(λ)g1(λ) 0

0 f2(λ)g2(λ)

)
, B(λ) =

(
f1(λ)g2(λ) 0

0 f2(λ)g1(λ),

)


�é?¿�1 ≤ i, j ≤ 2, Ñkfi(λ)�gj(λ)p�, KA(λ), B(λ)�d.

y² N´wÑA(λ), B(λ)�2?1�ªÏf��, =§��1�ª��. 
§

���?1�ªÏfÑ´

(f1(λ)g1(λ), f2(λ)g2(λ)) = (f1(λ)g2(λ), f2(λ)g1(λ))

= (f1, f2(λ))(g1(λ), g2(λ)).
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�

½n 6.4.2. Oé�Ý


C(λ) =

(
A(λ) 0

0 B(λ)

)
�Ð�Ïf|´dA(λ), B(λ)�Ð�Ïf|Ü¿���.

y² ·���Ð�C�ØUCÝ
�Ð�Ïf|. ¤±·�Ø��A(λ), B(λ)Ñ

´IO/, 
�é��þ���ÑÐm¤
Ð�Ïf�¦È. ,�·��E¦^þ

¡�Ún, 4A(λ), B(λ)�Ð�Ïf32n × 2n�Ý
�é��þ£Ä, �p�� 

�, �ª�±¦�áuÓ��λj�Ð�Ïf¥�g�p�, �3e�. é��þ�

��, c¡��Ø�¡�. ¤k�"1Ñ3�"1�e�, ¤k�"�Ñ3�"�

�m>. Uì½Â, ÷vù�^��Ý
´��IO/.

Ïd·��±lOé�Ý
C(λ)Ñu, ²Lþ�ã¥¥�Ð�C�ö�, C¤

IO/. 3ù�L§¥·��±wÑ5, A(λ), B(λ)�Ð�Ïf, ==´£Ä
 

�, ���Øõ, ���Ø�/Ñy3
C(λ)�IO/¥. ¤±C(λ)�Ð�Ïf|

´dA(λ), B(λ)�Ð�Ïf|Ü¿���. �

·K 6.4.3. b�A, B´�Fþ�ü�n-?Ý
, KA�B�q��=�(
A

A

)
�

(
B

B

)
�q.

y² 7�5é{ü, ·��y¿©5. ·���(
A

A

)
�

(
B

B

)
�Ð�Ïf|©O´A�B�Ð�Ïf|­E�H���. A�B�Ð�Ïf|­

E�H±�´�Ó�, ¤±A �B�Ð�Ïf|�5�´�Ó�. ¤±A�B �q.

�

·K 6.4.4. b�

A =



a 1

a 1

. . .
. . .

a 1

a


m×m

�Jordan¬. KλI −A�Ð�Ïf�(λ− a)m.
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y² λI −A¥Ué�1�ª�±1�fª, ¤±

d1(λ) = · · · = dm−1(λ) = 1, dm(λ) = (λ− a)m.

¤±λI −A�Ð�Ïf�(λ− a)m. �

½n 6.4.5. ?¿��EÝ
AÑ�qu��Oé�Ý
, Ù¥z��Oé�

¬Ñ´��Jordan¬. ù�Oé�Ý
��´A �Jordan IO/. 3ØOé��

þ�é�¬ü�gS��¹e, JordanIO/´���, dA��û½.

y² b�A�Ð�Ïf�

(λ− λ1)k1 , ..., (λ− λm)km ,

5¿ùp�λ1, λ2, ..., λmØ�½pØ�Ó.

é?¿1 ≤ i ≤ m, -

Ji =



λi 1

λi 1

. . .
. . .

λi 1

λi


ki×ki

,

KJi�Ð�Ïf�(λ− λi)ki . ¤±

λI −


J1

J2
. . .

Jm


�Ð�Ïf|�

(λ− λ1)k1 , ..., (λ− λm)km .

duAÚ 
J1

J2
. . .

Jm


äk�Ó�Ð�Ïf|, ¤±¦��d, ¤±A�qu

J1

J2
. . .

Jm

 .



132 18Ù λ-Ý


duz��Jordan¬ÑéAu��Ð�Ïf. 
Ð�Ïf|´dA��û½

�(ØOÐ�Ïf|¥Ð�Ïf�ü�gS), ¤±Jordan¬�´dA��û½�(Ó

��, ØOJordan¬�ü�gS).

�

·K 6.4.6. b�A´�Fþ���n-?Ý
. KA�n-?ØCÏfdn(λ)�uA�

��õ�ªd(λ).

y² ·�r�lF*¿�Eê�Cþ. ��y²
�Eê�Cþ, A�n-?ØC

Ïfdn(λ)�uA���õ�ªd(λ),@où�(Ø3F þg,�¤á. du�qC

�ØUCÝ
�ØCÏfÚ��õ�ª,¤±·��±b�AÒ´��JordanIO

/Ý
, §�Oé�¬´Jordan¬. ·�?�Úb�äk�ÓA���Jordan¬ü

�3�å, =

A =


A1

A2

. . .

Am

 ,

Ù¥z�AiÑ�k��A��λi(ØO­E). ·�b�

Ai =


Ai1

Ai2
. . .

Aiti

 ,

Ù¥Aiti�?ê�p, ´ki-?�Jordan¬. K

(λI −Aiti)ki−1 =



0 0 · · · 0 1

0 0 · · · 0 0
...

...
. . .

...
...

0 0 · · · 0 0

0 0 · · · 0 0


, (λI −Aiti)ki = 0.

¤±Aiti���õ�ª´(λ− λi)ki . ¤±A���õ�ª�u

d(λ) = (λ− λ1)k1 · · · (λ− λm)km ,

=d(λ)dáuØÓA���Ð�Ïf¥�g�pö�¦��. dc¡?ØL�lÐ

�Ïf�EØCÏf�L§��, d(λ)Ò´n-?ØCÏf.

�



§6.4 JordanIO/ 133

½n 6.4.7 (Weyl). b�A, B´ü�n-?E�
. KA�B�q��=�é?

¿���êkÚEêλ Ñk

rank(λI −A)k = rank(λI −B)k.

y² w,�I�y²¿©5.

b�A, BÑ´JordanIO/, . b�λi´A���A��, K�k¿©��,

rank(λI −A)k = n− (λi �­ê).

dd��. AÚB�A�õ�ª´�Ó�. ¤±A�áuλiJordan¬�?ê�Ú�

uB�áuλi �Jordan¬�?ê�Ú. ·�b�äk�ÓA���Jordan¬ü�3

�å, =

A =


A1

A2

. . .

Am

 , B =


B1

B2

. . .

Bm

 ,

Ù¥Ai, Bi�Ñ�k��A��λi, �?ê�Ó, 
�

rank(λI −Ai)k = rank(λI −Bi)k

é?¿��êkÚEêλ¤á. ·�Ì�Uy²Ai�quBi=�.drank(λiI−Ai) =

rank(λiI − Bi)��, �ö�Jordan¬��ê�Ó. drank(λiI − Ai)2 = rank(λiI −
Bi)

2��AiÚBi¥?ê�u�u2�Jordan¬��ê�Ó.�g�e�,��AiÚBi¥

�?¿?�Jordan¬��êÑ´�Ó�, ¤±�ö�q, ¤±AÚB�q.

�

5¿, =¦é?¿�Eêλ Ñk

rank(λI −A) = rank(λI −B),

�Ø�½kA�B�q. �~X

A =


0 1 0 0

0 0 1 0

0 0 0 0

0 0 0 0

 , B =


0 1 0 0

0 0 0 0

0 0 0 1

0 0 0 0

 .

N´wÑ, é?¿�Eêλ Ñkrank(λI −A) = rank(λI −B), �´AÚB¿Ø�q.

·K 6.4.8. é?Û��EÝ
A, e�·K�d:
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1. A�±é�z.

2. A���õ�ªd(λ)vk­�.

3. A�n-?ØCÏfvk­�.

4. A�¤k�ØCÏfÑvk­�.

5. A�¤k�Ð�ÏfÑ´�g�.

y² dc¡�?Ø, N´y².

�

½n 6.4.9. b�A´n�E�5�mVþ����5C�. Ke�·K�d.

(1) V´A���Ì�f�m.

(2) A���õ�ª´ng�, =��õ�ª�uA�õ�ª.

(3) A�?¿A���A�f�mÑ´1��.

(4) A�cn− 1?ØCÏfd1(λ), ..., dn−1(λ)Ñ´1.

(5) A�1n�ØCÏf�uA�A�õ�ª.

(6) A�cn− 1?1�ªÏfD1(λ), ..., Dn−1(λ)Ñ´1.

(7) �A����¤k��5C���N/¤��5�m´n��.

(8) A�e��IO/¥?¿ü�e��¬�A��ÑØ�Ó.

y² (1)=⇒ (2). XJA���õ�ªg(λ)gêm < n, @og(A ) = 0´"C

�, ¤±g(A )(α) = 0é?¿�α ∈ V¤á, ¤±α, A (α), A 2(α), ..., A m(α)�½

�5�', ¤±)¤�f�m��ê�um+ 1 ≤ n. ¤±VØ�U´��Ì�f�

m, ��gñ.

(2)=⇒ (1). b�A���õ�ª�uA�õ�ª, Ñ�

fA (λ) = (λ− λ1)a1 · · · (λ− λk)ak .

Ké?¿�i, �3αi ∈ Ker(A − λiI )ai , �αi /∈ Ker(A − λiI )ai−1. ¤±

αi, (A − λiI )(αi), ..., (A − λiI )ai−1(αi)

ùai��þ´�5Ã'�, �±��A��λi�ai���f�mVi��|Ä. ´�

ùai��þ|¤��þ|Ú�þ|

αi, A (αi), ..., A ai−1(αi)

´�d�. ¤±A��λi�ai���f�m´A���Ì�f�m.
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-α = α1+· · ·+αk,·�äóV�dα)¤. �d,�Iy²?Û��αiÑUdα

)¤=�. �
ÎÒ{ü, ·�e¡�`²α1Udα)¤=�, Ù{�aq. PV1�

A��λ1��f�m. K

(A − λ2I )a2 · · · (A − λkI )ak(α) = (A − λ2I )a2 · · · (A − λkI )ak(α1).


V1´(A−λ2I )a2 · · · (A−λkI )ak�ØCf�m,�(A−λ2I )a2 · · · (A−λkI )ak3V1þ

´�_C�. du(λ− λ1)a1Úf(λ)/(λ− λ1)a1p�, Ïd�3õ�ªh1, h2¦�

h1(λ− λ1)a1 + h2f/(λ− λ1)a1 = 1.

¤±

(h1(A )(A − λ1I )a1 + h2(A )(A − λ2I )a2 · · · (A − λkI )ak)(α1) = α1.

�

(h1(A )(A − λ1I )a1)(α1) = 0,

¤±

h2(A )(A − λ2I )a2 · · · (A − λkI )ak)(α1) = α1.

¤±α13d(A − λ2I )a2 · · · (A − λkI )ak)(α1))¤�A �Ì�f�m¥, 
(A −
λ2I )a2 · · · (A − λkI )ak)(α1) 3dα)¤�A�Ì�f�m¥. ¤±α1�3dα)

¤�A�Ì�f�m¥.

(2)=⇒ (3). |^

Ker(A − λiI ) ( Ker(A − λiI )2 ( · · · ( Ker(A − λiI )ai = Vi

ù^f�m�î�üN4Oó������ê´ai. ¤±Ker(A − λiI )�U´1�

�. ¤±A�?¿A���A�f�mÑ´1��.

(3)=⇒ (2). d�Ker(A − λiI )´1��. ·�5wKer(A − λiI )2��ê. ?

�α1, α2 ∈ Ker(A − λiI )2 − Ker(A − λiI ). K(A − λiI )(α1) ∈ Ker(A − λiI ),

(A −λiI )(α2) ∈ Ker(A −λiI ). 
Ker(A −λiI )´1��,¤±�3~êt¦�(A −
λiI )(α1) = (A −λiI )(tα2). ¤±α1− tα2 ∈ Ker(A −λiI ). ù`²Ker(A −λiI )2

��ê'Ker(A − λiI ) �õO\1. �daí, ��Ker(A − λiI )ai−1��ê�õ

´ai − 1, Ø�U´ai ��. ¤±Ker(A − λiI )ai−1 6= Vi, Ker(A − λiI )ai = Vi. ¤

±��õ�ª�uA�õ�ª.

(2), (4), (5), (6), (8)�d'�{ü.

·�e¡y²(7), (8)�d. b�A�e��IO.�A = diag(A1, ..., Ak),Ù

¥z�AiÑd��½öõ�äk�ÓA���e��¬|¤, ØÓ�Ai �A��
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pØ�Ó. b�B = (Bij)�A���. @o

AiBij = BijAj ,

¤±ϕ(Ai)Bij = Bijϕ(Aj), duAiÚAj�A��ØÓ, �ϕ�Ai�A�õ�ª�

�Bij = 0. ¤±�±b�

B = diag(B1, ..., Bk).

¤±·��m©Ò�±b�A�A��Ñ´�Ó�, ?�Ú/, ~���Xþ


��, ·���±b�A´���"Ý
. =·��±Ø�b�AiÑ´�"�e

��¬. N´�y, �z��"�e��¬�±���Ý
/¤��m�ê�uù

�e��¬��ê. �´¦�

AiBij = BijAj ,

�BijÒØ27L�u0
. ¤±o�ê�½¬�un.

Ïd�ê�un��=�z�A���k��e��¬.

�

§6.5 knIO/

½Â 6.5.1. b�ê�Fþ�Ä�õ�ª

d(λ) = λn + an−1λ+ · · ·+ a1λ+ a0.

·�¡Ý
 

0 0 · · · 0 −a0
1 0 · · · 0 −a1
0 1 · · · 0 −a2
...

...
. . .

...
...

0 0 · · · 1 −an−1


�õ�ªd(λ)�lÝ
.

N´wÑλI −A�n− 1?1�ªÏf�1. ¤±§�ØCÏf�

d1(λ) = d2(λ) = · · · = dn−1(λ) = 1, dn(λ) = d(λ).

¤±?Û��Ä�õ�ªÑ´,�Ý
�A�õ�ª. ?Û��Ä�õ�ª�´

,�Ý
���õ�ª.
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½Â 6.5.2 (knIO/Ý
). XJOé�Ý


A =


A1

A2

. . .

Ak


�z�é�¬AiÑ´,�Ä�õ�ªdi(λ)�lÝ
, 
�é?¿�1 ≤ i ≤ k − 1Ñ

k

di(λ)|di+1(λ),

·�Ò¡A´��knIO/Ý
.

½n 6.5.1. ê�Fþ�?Û��Ý
AÑ�qu�����knIO/Ý
.

y² ·�b�λI −A�IO/�

1

. . .

1

d1(λ)

. . .

dk(λ)


,

Ù¥d1|d2| · · · . b�d1(λ)�lÝ
�A1, ..., dk(λ)�lÝ
�Ak, -

B =


A1

A2

. . .

Ak

 .

KB�´��n-?Ý
. 
�Ï�λI −Ai �du

Bi(λ) =


1

. . .

1

di(λ)

 ,

¤±λI −B �du 
B1(λ)

. . .

Bk(λ)

 .
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¦^�1���Ð�C�, �±òþ¡�λÝ
�du

1

. . .

1

d1(λ)

. . .

dk(λ)


.

¤±λI − AÚλI − Bäk�Ó�λÝ
IO/. ¤±AÚB�q. 
�dλÝ
IO

/���5��knIO/���5. �

1. ®�A, B´ü�n-?¢êÝ
,=§����Ñ´¢ê. XJ§�3Eê�þ

�q(=�3�_�EÝ
P¦�PAP−1 = B), K§�3¢ê�þ�q(=�

3�_�¢Ý
P¦�PAP−1 = B).

y²

b�P = R+ iQ, Ù¥R, QÑ´¢�
. KÏ�

(R+ iQ)A = B(R+ iQ),

¤±

RB = AR, QB = AQ,

¤±é?¿�¢êλ, Ñk

(R+ λQ)A = B(R+ λQ).

Pf(λ) = det(R + λQ), Kf(λ)´���"õ�ª(Ï�f(i) 6= 0). ·����

"�õ�ª�kk�õ��, ¤±�½�3¢êa¦�f(a) 6= 0. ¤±det(R +

aQ) 6= 0, ¤±R+ aQ´�_�¢�
. ¤±A, B3¢ê�þ�q.

�

2. ��þ��K8��{y²: ®�A, B´ü�n-?�ê�Fþ�Ý
. XJ§

�3Eê�þ�q, K§�3ê�Fþ�q. ()Æ�)

y² ��_�EÝ
P¦�PAP−1 = B,�ÄdP�¤k��Ü¤�Fþ

��5�mE. 5¿E�´Fþ�k���5�m, Ø�´F�*�. �E�

�Fþ��5�mk�|Äe1, ..., et, Kb�

P =

t∑
i=1

eiPi,
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Ù¥P1, ..., PtÑ´ê�Fþ��
. KÏ�

(

t∑
i=1

eiPi)A = B(

t∑
i=1

eiPi),

¤±

PiA = BPi, i = 1, ..., t.

¤±é?¿�x1, ..., xt ∈ F , Ñk

(

t∑
i=1

xiPi)A = B(

t∑
i=1

xiPi).

·�I�éÜ·�x1, ..., xt ∈ F¦�(
t∑
i=1

xiPi)�_, =éÜ·�x1, ..., xt ∈

F¦�|
t∑
i=1

xiPi| 6= 0. b�

f(x1, ..., xt) = |
t∑
i=1

xiPi|.

Kf(x1, ..., xt)3Eê�¥�x1 = e1, ..., xt = et�, �±���"�. ¤

±f(x1, ..., xt)Ø´"õ�ª. ·�e¡5y²ê�Fþ��"õ�ª,�½3

ê�FþU���"�.

·�^êÆ8B{"b�·KéCþ�ê�ut�õ�ª¤á, =XJC

þ�ê�ut�õ�ªf ��ð�u0, Kù�õ�ª´"õ�ª"

·�Ø�b�õ�ªfk,�ü�ª�¹x1"@of �±w¤´'ux1�

õ�ª§Ù{�Cþx2, ..., xt·�Ñw¤~ê"ù�õ�ª��p��Xê

´��'ux2, ..., xt�õ�ªg(x2, ..., xt)"ù�õ�ªØ´"õ�ª.�â8

Bb�§§��ØUð�u0"¤±�3a2, ..., at ∈ F¦�g(a2, ..., at) 6= 0.

ù�f(x1, a2, ..., at)Ò¤�
'ux1��"õ�ª. ù�õ�ª�,�

Ukk��)"AO��3a1 ∈ F , ¦�

f(a1, a2, ..., at) 6= 0.

¤±
t∑
i=1

xiPi

´�_�ê�Fþ�Ý
. ¤±A, B3¢ê�þ�q.

�
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3. XJ (
A

A

)
Ú

(
B

B

)
�q, ¦yA, B�q.

4. b�A´m× n�EÝ
, BÚC©O´n-?Úm-?E�
, B, Cvkú��A

��, 
�AB = CA. ¦yA = 0.

y² b�f´B�A�õ�ª, KdAB = CA��

Af(B) = f(C)A.

Ï�B, Cvkú��A��,¤±f(C)�_. dM�î-p4½n��, f(B) =

0. ¤±A = 0.

�

5. b�n1-?Ý
(n > 1),

A =



0 1

0
. . .

. . .
. . .

. . . 1

0


,

AB = BA. ¦yB�±�¤A�õ�ª, =�3õ�ªf , ¦�B = f(A).

y² b�B = (bij), KdAB = BA, ��

b21 b22 · · · b2n

b31 b32 · · · b3n
...

...
...

...

bn1 bn2 · · · bnn

0 0 · · · 0


=


0 b11 b12 · · · b1n−1

0 b21 b22 · · · b2n−1
...

...
...

...
...

0 bn1 bn2 · · · bnn−1

 ,

¤±·�k
bij = 0, XJi > j,

b11 = · · · = bnn,

b12 = · · · = bn−1n,

...

b1n−1 = b2n,
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=

B =



b1 b2 · · · bn−1 bn

b1 b2 · · · bn−1
. . .

. . .
...

. . . b2

b1


= b1I + b2A+ b3A

2 + · · ·+ bnA
n−1.

-

f(x) = b1 + b2x+ b3x
2 + · · ·+ bnx

n−1.

�

6. b�n-?Ý
(n > 1),

A =



λ 1

λ
. . .

. . .
. . .

. . . 1

λ


,

AB = BA. ¦yB�±�¤A�õ�ª, =�3õ�ªf , ¦�B = f(A).

y² dþ�K��,éA−λI,�3g¦�B = g(A−λI). ¤±-f(x) = g(x−λ),

KB = f(A). �

7. b�

A =


J1

J2
. . .

Jk

 ,

Ù¥Ji�A��´λi�Jordan¬, 
�λ1, ..., λküüØÓ, AB = BA. ¦yB

�±�¤A�õ�ª.

y² ·�Ø�b�A��ÑØ�", ÄKrz�3Aþ\þ·��λI, Ò

�±��¤k�A��ÑØ�", ØK�(Ø¤á.
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rB��Ó�©¬, dSK4��, B�´/G�Ó�Oé�Ý
,

B =


B1

B2

. . .

Bk

 .

¤±�3õ�ªf1, ..., fk¦�

Bi = fi(Ji).

duJ1, ..., Jk�A�õ�ªg1, ..., gküüp�,¤±d¥I�{½n,�

3õ�ªf¦� 
f ≡ f1 mod g1
...

f ≡ fk mod gk

zù�ÿÒk

Bi = f(Ji).

�

8. XJê�Fþ�n-?Ý
A�A�õ�ª�u��õ�ª,K�A����
B�

±�¤�
A�õ�ª.

y² ·���XJB�±�¤�
A�õ�ª, @oAB = BA. �±�¤

�
A�õ�ª�Ý
�N�¤Fþ�n-��mW ,ù´Ï���õ�ª´ng

�. 3Eê�þù�(ØE´¤á�, =�±�¤�
A�õ�ª�Ý
�N

�¤Fþ�n-��mW .

b�ê�Fþ�A����
B/¤��m�U . XJU��ê�un, @

o3Eê�þwU��ê��un. ùÒ�c¡�(Jgñ
. �

9. b�ê�Fþ�
BÚz���A����Ý
Ñ���,¦y�
B�±�¤

�
A�õ�ª.

y² ·�Ø�b�A´knIO/Ý
. ÄK�{, ·�À��·���

_Ý
P , ^PAP−1, PBP−1�OA, By²·K=�.

·�b�A = diag(A1, ..., Ar), D = diag(λ1I, ..., λrI), D�©¬�ª

�A�Ó, 
�λ1, ..., λrüüØÓ. K·�k

AD = DA.
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ÏdAB = BA. ÏdA�7L´Oé�Ý
,©¬�ª�A�Ó.=B = diag(B1, ..., Br),

éz�1 ≤ i ≤ r, Bi�z��Ai���Ý
Ñ�±��, AO�AiBi = BiAi.

duAi´knIO/Ý
, ¤±§�A�õ�ª�u��õ�ª. dc¡�?

Ø��, Bi�±�¤Ai�õ�ª, =Bi = fi(Ai).

·�y3¡��¯K´�é��Ú��f¦�Bi = f(Ai)é?¿iÑ¤á.

ù�ÿÒØU�c¡@�y²
. Ï�ù�ÿA1, ..., Ar�A�õ�ªØ´p

��. ·�e¡5`²�é�ù�fÙ¢Ò´fr.

·�b��mV©)¤
Ì�f�m��Ú,

V = C(α1)
⊕
· · ·
⊕

C(αr),

z�C(αi)ÑéAuAi, Ai�A�õ�ª�di, 
�d1|d2| · · · . b�BéAuÝ


B,

B(αi) = fi(A )(αi).

b�dr = dihi, i = 1, 2, ..., r, K�EDi : V −→ V ,

Di|C(αi) : g(A )(αi) 7→ g(A )(αi + hi(A )αr), for any g

Di|C(αr) : g(A )(αr) 7→ g(A )(αi + αr), for any g

Di|C(αj) :identity, j 6= i, r.

ùp�”identity”L«ðÓC�. Kù´���5C�, 
��A�±��, ¤

±ÚB�±��. 5¿ùpÄk�`²ù��5C�´ûÐ½Â�; =XJ

g1(A )(αi) = g2(A )(αi),

@o�´�Ó�, ù�N´�y. ¤±DiB(αr) = BDi(αr). ¤±

fr(A )(αi + αr) = fi(A )(αi) + fr(A )(αr).

¤±

fr(A )(αi) = fi(A )(αi).

y�.

�

10. b��
AØ�_,¦yr(A) = r(A2)�¿©7�^�´�
A�áuA��0�

Ð�ÏfÑ´�g�. �
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1ÔÙ �g.

�½�F , Fþ��gàgõ�ª¡�´�g.. ·�Ï~rF¥���0�w

�´�g., ¡��²��g.. �g.���/ª´

f(x1, ..., xn) =
∑

n≥i≥j≥1

cijxixj .

�
�¤é¡�/ª, ·�Ï~rþªU��

f(x1, ..., xn) =

n∑
i, j=1

aijxixj ,

Ù¥aij = aji.

§7.1 �g.�Ý
L«ÚÝ
�ÜÓ

?Û���g.Ñ�±

f(x1, ..., xn) =

n∑
i, j=1

aijxixj ,

= X ′AX,

Ù¥X ′ = (x1, .., xn)´��dCþ|¤�n�1�þ, A = (aij)´��n�é¡Ý


. w,3é¡Ý
Ú�g.�mk��éA�'X.

XJA´��é�Ý
,·�¡ù��g.´��IO.. ·�b�Y = (y1, .., yn)′´

d,	�|Cþ|¤�1�þ, ùü|Cþ�m�'Xª�

X = CY,

Ù¥C = (cij)´��n�Ý
. @o�5�'ux1, .., xn��g.ÒC¤
#�'

uy1, .., yn��g.

g(y1, .., yn) = Y ′DY,

Ù¥D = C ′AC.

·�¡X = CY����5O�. XJC�_, ·�¡���òz��5O�,

·�±e�Ä�Ñ´�òz��5O�. �5O��±EÜ, �òz��5O��

EÜ�´�òz��5O�.XJü��g.�m�±^�òz��5O�l��

C¤,��, ·�Ò¡ùü��g.´�d�.

½n 7.1.1. ?Û���g.Ñ�±²L�òz��5O�C¤IO.. �d

�`{´, é?Û��é¡Ý
A, Ñ�3���_Ý
C, ¦�C ′AC´é�Ý
.

145
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y² ·�^êÆ8B{, b�½nén− 1�Cþ��g.¤á.

Äk·��±b��g.k²��. XJvk�{, @·��BÀJ�g.L

�ª¥Ñy������xixj . ,�-

xi = yi + yj ,

xj = yi − yj

Ò�±�EÑ²��5. Ïd·��I�ék²����g.5y²½n¤á=

�.

y3·�Ø�b�b�ù��g.k²��x21,
�ù���Xê�a 6= 0. @

·��±b��g.�Ù¦Cþ´~ê, ù�ÿ�g.�±�¤

f = ax21 + 2gx1 + h = a(x1 + g/a)2 + h− (g/a)2,

Ù¥g´'ux2, ..., xn����5|Ü, h ´'ux2, ..., xn����g.. ·�-

y1 = x1 + g/a

yi = xi, i ≥ 2;

´�ù´���òz��5O�. ù�, �g.C�

f = ay21 + h− (g/a)2.

5¿ùp�h−(g/a)2�5´'ux2, ..., xn��g.. CþO���C�'uy2, ..., yn�

�g.. �â8Bb�, ½nén − 1�Cþ��/¤á. ¤±h − g2�±²L�ò
z��5O�C�IO.. Ïd�5��g.�±²L�òz��5O�C¤I

O.. �

½Â 7.1.1. b�A, B´ê�Fþ�ü�n�Ý
, XJ�3��n���_Ý


C¦�

A = C ′BC,

·�Ò¡AÜÓuB, ½ö`AÚB´ÜÓ�. ÜÓ'X´���d'X, ÷vg�

5, é¡5ÚD45.

?Û��Ý
AÚ§�=�A′Ñ´ÜÓ�, ØLù�(Ø¿ØN´y². ÜÓ

'Xe�IO.nØ�'�E,. �´é¡Ý
�IO.nØé{ü. þ¡�½n

`²?Û��é¡Ý
Ñ�±ÜÓu��é�Ý
.

ùp�5¿�g.�IO.¿Ø��.ü�Ø�Ó�é�Ý
���±´ÜÓ

�. ��é�aqÝ
��@��ØCþ, ·�I��°[�5�.nØ.
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·�e¡5w�w�é��äN�é¡Ý
A, N�é���_Ý
C, ¦�

C ′AC

´��é�Ý
.

½Â 7.1.2 (Ð�ÜÓC�). b�A´��m × nÝ
. Ð�ÜÓC��)±

en«

1. ��A�1i, j1, 2��A�1i, j�.

2. rA�1i1¦þ�"�~êt, 2rÙ1i�¦þ�Ó�~êt.

3. rA�1i1¦þ�"�~êt, ,�\�1j1þ�. 2rA�1i�¦þ�Ó�

~êt, ,�\�1j �þ�.

{ü�`Ò´éA�1Ú�Ó���Ó�Ð�C�.

·�c¡�½n��u`?Û��é¡�Ý
,Ñ�±²L�X��Ð�ÜÓ

CzC¤é�Ý
. ù�·�Jø
�«äN�ö�6§. ·��±ée¡ù�Ý


?1Ð�ÜÓC� (
A

In

)

�ù�Ý
�þ�Ü©C¤é�Ý
D��ÿ, ·�Pe�Ü©�C. @oÒk

C ′AC = D

�IO..

O#
Þ�~f.

½n 7.1.2. b�A = (aij)´���é¡Ý
, K�3��f ∈ F , ¦�|A| =

f2.

y² w,���AÜÓ�Ý
�1�ª´�F¥����²�, @oA�1�

ª�½�´�F¥����²�.

ÄkduÛê���é¡Ý
1�ª�", ¤±·�b�n´óê. ·�^ê

Æ8B{, �Ý
´2��, (Ø�,´¤á�. b�·Kén− 2��Ý
¤á. ·

��±ÏLÐ�ÜÓC�, òÝ
�cü1Úcü������2× 2fÝ
C¤(
0 1

−1 0

)
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��f. ,�2r1�1¦þ·���� e\, �±r1��¥e¡��1ÑC

�", ,��Ó���C�r1�1¥�¡���ÑC�0.

2r1�1¦þ·���� e\, �±r1��¥e¡��1ÑC�", ,

��Ó���C�r1�1¥�¡���ÑC�0. �5�Ý
A²Lù��ÜÓ

C���ÒC¤
 (
B 0

0 C

)
�/ª, ·K�y. �

íØ 7.1.3. b�A = (aij)´���é¡�êÝ
, K�3��f ∈ Z, ¦
�|A| = f2.

y² dþ¡�½n��, A�1�ª´��knê�²�. �´§Ó�q´�

��êÝ
, ¤±§�1�ª´���ê. d�âÄ�½n·������êXJ

´knê�²�, �½´�ê�²�. �

¢Sþb�A = (aij)´���é¡Ý
,@o�3��Xê´�ê�±aij (i <

j)�Cþ�õ�õ�ªPf(A), ¦�

|A| = Pf(A)2.

Pf(A)��´A�Pfaffian. XJA´Ûê��, @oPf(A) = 0. XJ

A =

(
0 a

−a 0

)
,

@oPf(A) = a. XJ

A =


0 a b c

−a 0 d e

−b −d 0 f

−c −e −f 0

 ,

KPf(A) = af − be+ dc.

§7.2 5�.

½Â 7.2.1 (�g.��). �g.éAÝ
��¡��g.��.

½n 7.2.1. b�F = C, f´Fþ�����r��g., @o�½�3���

òz��5O�, rfC�

f = y21 + · · ·+ y2r .

ù�IO.¡�´�5�g.�5�.. 5�.´df ��(½�, �æ^�o�

òz��5O�vk'X.
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y² ·�3þ�!®²w�
f�du��é�.. ¤±·�Ø��

f = d1x
2
1 + · · ·+ drxr,

þª¥z��XêÑØ�u0. 5¿·�3ùp®²^�
f���u0�^�. ,

�·�-

y1 =
√
d1x1, ..., yr =

√
drxr

=�. �

þ¡�y²¥é'��/�´éz��XêdiÑ�±m²�.ù�ö�3Eê

�)�,vk¯K, �´3¢ê�þÒØ1
.

½n 7.2.2. b�F = R, f´Fþ�����r�n��g., @o�½�3�

��òz��5O�, rfC�

f = y21 + · · ·+ y2p − yp+1 − · · · − y2r .

ù�IO.¡�´�5�g.�5�.. Ù¥�p¡�´�.5�ê, 
q = r−p¡
�´K.5�ê. ùp�.5´�3C�¥�±ØC�ÀÜ. ù�5�.´df�

�(½�, �æ^�o�òz��5O�vk'X.

y² ?Û���g.Ñ�±^�òz��5O�C¤5�.´éN´wÑ5

�, ��Eê��/�y²=�, ��ØÓ�´�5¿�k�êâUm²�. ·�

�I�y²�.5�ê���5, du�´��(½�, ¤±���.5�êd�

5��g.��(½, K.5�ê�7Ld�5��g.��(½.

·�^�y{, b��g.f=�±ÏL�òz��5O�C¤

f = y21 + · · ·+ y2p − yp+1 − · · · − y2r ,

��±²L�òz��5O�C¤

f = z21 + · · ·+ z2s − zs+1 − · · · − z2r .

�d. 
p < s.

·���¤k�yi, ziÑ´xi��5|Ü. Ïd·��Äe¡��5�§|

y1 = 0,

... ,

yp = 0

zs+1 = 0,

... ,

zn = 0
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þ¡ù�'ux1, ..., xn��§|p¡�kn − s + p��§. �âàg�5�§|

�)�(�½n, ù��§|k�")

x1 = a1, ...xn = an.

rù��")�£�5��g.. XJ·�^

f = y21 + · · ·+ y2p − yp+1 − · · · − y2r ,

ù�L�ª, ¬��

f ≤ 0.

XJ·�^

f = z21 + · · ·+ z2s − zs+1 − · · · − z2r .

ù�L�ª, ¬��f > 0. ùÒÚå
gñ. ��oùpf�½¬´��Q? Ï�

XJ´0�{, Ò¬íÑ

z1 = · · · = zs = 0,


·�®²k

zs+1 = 0, ..., zn = 0


. ù7,¬���"�þ(a1, ..., an)3�òz�5O�eC¤
"�þù�Ø

�U�(Ø. �

·�fâw�
�òz��5O�¬�±�.5�êØC,�¬�±K.5�

êØC, ù�´§��¡�”.5”��Ï. Ï�§�o´��u�±ØC.

XJ·�æ^�´òz��5O�, @o�K.5�ê´k�U¬Cz�. Ø

LØ+´�.5�ê, �´K.5�ê, ÑØ¬C�, XJkUC, �½´C�
.

ù��±^Úþ¡aq��{yÑ5, Öö�±��öS. òz��5O�du´

Ø�_�, ¬¿��g.�&E. ¤±3?Û�¹eÑAT;�.

§7.3 �½�g.

·�3�!?Ø¥, o´b½ê�FÒ´¢ê�R. b�f´n�Cþ��g..

@of�±w¤´n��¢�5�mþ�¼ê,§rz���þÑC¤��¢ê. X

Jù�¼ê���o´�u�u0. ·�Ò¡ù��g.´��½�. XJ��½

�g.f���u"��=�z�CþÑ�",·�Ò¡ù��g.´�½�g..

aq�·��±½Â�K½�g.ÚK½�g.. XJ�g.Q�±���, ��

±�K�, ·�Ò¡��Ø½��g.. XJf´�½��g., féA�Ý
A Ò
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¡�´�½Ý
. aq�, ·��±½Â��½Ý
, K½Ý
, �K½Ý
, Ø½

Ý
��.

XJf3P:����, 3Q:���K, ·���ë�P, Q���`�½Ø¬

²L�:. d¢ê�ëY5��, f�½3`þ�,�:?���", ù�:Ø´�

:.

A�1�ª¥ck1Úck�|¤�k�fª��A �^SÌfª.

½n 7.3.1. b�f(x1, ..., xn) = X ′AX´���g., @oe¡A^�d:

1. f´�½�g.,

2. f��.5�ê�n,

3. AÜÓuü Ý
,

4. �3�_Ý
C, ¦�A = C ′C,

5. A�^SÌfªÑ´��,

6. A�¤k�ÌfªÑ´��.

y²

(1) =⇒ (2). ·�^�y{. XJf��.5�ê�p < n,@o�½�3���

òz��5O�rfz¤5�.

y21 + · · ·+ y2p + dp+1y
2
p+1 + · · ·+ dny

2
n,

Ù¥dp+1, ..., dn´−1½ö´0. ¤±·��±)�5�§|

yp+1 = · · · = yn = 1, y1 = · · · = yp = 0.

ù��§|�½k�"). 
f3ù��")?���´�u�u"�. ùÒÚf´

�½�g.gñ
.

(2) =⇒ (3) =⇒ (4) =⇒ (1)éN´. ¤±co^´�d�.

(1) =⇒ (6). ·�b�·KéCþ�ê�un��/¤á. =XJf´�'

uk (k < n)�Cþ��½�g., @of¤éA�k�Ý
�¤k�ÌfªÑ´

��. b�B´A�1i1, ..., it1, 1i1, ..., it������t �fÝ
. ·�

-xi1 = y1, ..., xit = yt,, Ù{�CþxjÑ�0, �±����'ut�Cþ��

g.,

g(y1, ..., yt) = Y ′BY, Y = (y1, ..., yt)
′.
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XJt < n,@od8Bb�Ò�±��B�1�ª´��. ¤±�I�y²t = n�

�/. ù�, B = A, ��u�y²A �1�ª´�ê. d(4)���±wÑA�1�

ª´�ê.

(6) =⇒ (5) w,.

(5) =⇒ (1) . XJA�^SÌfªÑ´��, @oÙ¥cn − 1�´��, ¤±

XJrA�¤©¬Ý
�/ª (
B Y

Y ′ ann

)
@o�þ��n− 1�Ý
B´�½�, �,�´�_�. ¤±·��±ÏL1n«

Ð�ÜÓC�r§C� (
B 0

0 ann − Y ′B−1Y

)
ØUC1�ª, ¤±ann − Y ′B−1Y´��ê. ù´��©¬�é�Ý
, z��é

�¬Ñ´�½�, �N�,´�½�.

�

é¡Ý
A´K½�, ��=�−A�½, ��=�A�Ûê�^SÌfª´K

�, óê�^SÌfª´��.

½n 7.3.2. b�f(x1, ..., xn) = X ′AX´���g., @oe¡A^�d:

1. f´��½�g.,

2. f�K.5�ê�0,

3. AÜÓu (
Ir 0

0 0

)
,

4. �3Ý
C (Ø�½�_), ¦�A = C ′C,

5. A�¤k�ÌfªÑ´�K�.

y² c4^�d´w,�. ·��I�y²Ú15^�d.

b�·Ké�ê$un�Ý
´¤á�.

XJA´��½�,@o§é?¿n− 1�CþÑ´��½�. ¤±d8Bb�,

?¿�ê�u�un− 1�ÌfªÑ´�K�. ¤±�I�y²A�1�ª�K.·

�^�y{. XJA�1�ª´K�,·�wA�5�., �½é��þ¬k−1. Ï

d�g.�½U��K�. ¤±AØ�U´��½�.

��XJA�¤k�ÌfªÑ´�K�, ·��y²A´��½�. ·��Ä

õ�ª
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|λIn +A| = λn + s1λ
n−1 + · · ·+ sn.

ù��ª�y²�±|^1�ª�
1,ò�ª��>z�1Ñ
m,�¤2n�

1�ª�Ú, Ù¥�z�1�ªÑ´λ�,��g¦þ��Ìfª. Ü¿Óa�±

�Ò�±��m>�L�/ª.

Ù¥sk´A�¤k�k�fª�Ú. ¤±z��sk Ñ´�K�. ¤±é?¿�

�êλ, þªÑ´�ê. Ó���n, λIn + A�¤k�^SÌfªÑ´��, ¤

±λIn +A´�½�.

dué?¿���êλ, ÑkλIn + A´�½�. ¤±XJ�3�"�þY , ¦

�Y ′AY < 0, @oY ′(λIn +A)Y < 0év
��λ¤á. ù�λIn +A´�½�gñ.

¤±Ø�3�"�þY , ¦�Y ′AY < 0, ¤±A´��½�.

�

1. y²��r�é¡Ý
�±�¤r���1�é¡Ý
�Ú.

y² ·���?Û���g.Ñ3Eê�þÜÓu5�., =?Û��

é¡Ý
Ñ�±�¤

A = C ′

(
Ir 0

0 o

)
= C ′D1C + · · ·+ C ′DrC,

Ù¥Di´��n��é�Ý
, §�1(i, i) �´1, Ù{� �Ñ´0. z�

�C ′D1C ��Ñ´1.

�

2. ��¢�g.�±©)¤ü�¢Xê��gàgõ�ª�¦È�¿©7�^

�´, §���u2ÚÎÒ��u0, ½ö��u1.

y² ¿©5éw,. ·��I�y²7�5.

b��g.

f = X ′AX = gh,

g, hÑ´�g.,

(g, h) = (x1, ..., xn)B,

B´��n×2�Ý
. duB��ê´2,
�Ø´"Ý
,¤±§���k0½

ö1ü«�U.XJ§��´2,@o·��±ÏL3B��¡V\n−2�òB*

¿¤���_Ý
C. ·��±�Ä�òz��5O�

Y ′ = X ′C,
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ù��{, �5��g.3ù��òz��5O��eÒC¤

f = y1y2 = (u+ v)(u− v) = u2 − v2.

§���u2ÚÎÒ��u0. �

3. �ä�g.

f =

n∑
i=1

x2i +
∑

1≤i<j≤n

xixj

´Ä´�½�.

y² ´�½�. Ï�éA�é¡Ý
´

1

2


2 1 · · · 1

1 2 · · · 1
...

...
. . .

...

1 1 · · · 2

 =
1

2
(In + αα′),

ùp�α′ = (1, 1, ..., 1). ·���In+αα′�1�ª�udet(1+α′α) = n+1´

��ê. 
§���^SÌfªÑ´ù��f�, Ó���{�±¦ÑÙ1�

ªÑ´�ê. ¤±§´�½�. �

4. �ä�g.

f =

n∑
i=1

x2i +

n∑
i=1

xixi+1

´Ä´�½�.

y² ù���u�ä��né�Ý
�1�ª´Ø´��. Ï��g.

éA��?^SÌfªÑ´��IO�né�1�ª. ·�3þ�ÆÏ®²

ÆL
né�1�ª�O��{,<L5@^=���K8¥�né�1�ª

´��, ¤±éA�Ý
´�½�. �

5. b�A´��n��¢é¡Ý
, 
�1�ª�u", K�½�3¢�n��

þX 6= 0 ¦�

X ′AX < 0.

y² y²AÜÓu5�., é��þk−1, ÜnÀ�X=�.

�

6. y²�g.

f = n

n∑
i=1

x2i − (

n∑
i=1

xi)
2



§7.3 �½�g. 155

´��½�.

y²

·�3¥ÆÒÆLù���ÜØ�ª

(a1b1 + · · ·+ anbn)2 ≤ (a21 + · · ·+ a2n)(a21 + · · ·+ a2n)

4ai = xi, bi = 1=�. �xiÑ����ÿ, �g.�", ¤±�´��½,

Ø´�½�.

Ù¢f =
∑

(xi − xj)2.

�

7. b�¢�g.

f(x1, ..., xn) =
s∑
i=1

(ai1x1 + · · ·+ ainxn)2,

y²f���uÝ
A = (aij)��.

y²

f = X ′A′AX,

¤±féA�Ý
´A′A, §���uA��. �

8. b�¢�g.

f(x1, ..., xn) = l21 + · · ·+ l2p − l2p+1 − · · · − l2p+q,

Ù¥li´x1, ..., xn��gàgª. y²f��.5�ê≤ p, K.5�ê≤ q.

y²

·�b��g.f�±ÏL�òz��5O�C¤

f = y21 + · · ·+ y2s − y2s+1 − · · · − y2s+t,


s > p.

·���¤k�li, yiÑ´xi��5|Ü.Ïd·��Äe¡��5�§|

l1 = 0,

... ,

lp = 0

ys+1 = 0,

... ,

yn = 0
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þ¡ù�'ux1, ..., xn��§|p¡�kn − s + p��§. �âàg�5�

§|�)�(�½n, ù��§|k�")

x1 = a1, ..., xn = an.

rù��")�£�5��g.. XJ·�^

f = l21 + · · ·+ l2p − l2p+1 − · · · − l2p+q,

ù�L�ª, ¬��

f ≤ 0.

XJ·�^

f = y21 + · · ·+ y2s − ys+1 − · · · − y2s+t

ù�L�ª, ¬��f > 0. ùÒÚå
gñ. ��oùpf�½¬´��Q?

Ï�XJ´0�{, Ò¬íÑ

y1 = · · · = ys = 0,


·�®²k

ys+1 = 0, ..., yn = 0


. ù7,¬���"�þ(a1, ..., an)3�òz�5O�eC¤
"�þù

�Ø�U�(Ø. ¤±ùÒy²
�.5�ês ≤ p.

Ón�±y²K.5�ê≤ q.

�

9. (1) XJf(x1, ..., xn) = X ′AX´�½�g., @o

f(y1, ..., yn) =

∣∣∣∣∣A Y

Y ′ 0

∣∣∣∣∣
´K½�, ùp�X = (x1, ..., xn)′, Y = (y1, ..., yn)′.

y² Ï�

(
In 0

−Y ′A−1 1

)(
A Y

Y ′ 0

)(
In −A−1Y
0 1

)
=

(
A 0

0 −Y ′A−1Y

)

´ÜÓC�
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¤±�g.

f(y1, ..., yn)

�du�g.

−|A|Y ′A−1Y.

Ï�Y ′A−1Y´�½�, ¤±−|A|Y ′A−1Y ´K½�. ¤±f(y1, ..., yn)´K½

�.

�

(2) XJA´�½�, @o

|A| ≤ annPn−1,

Ù¥Pn−1´A�n− 1?^SÌfª.

y² b�

A =

(
An−1 Y

Y ′ ann

)
,

K

(
In 0

−Y ′A−1n−1 1

)(
An−1 Y

Y ′ ann

)(
In −A−1n−1Y
0 1

)
=

(
An−1 0

0 ann − Y ′A−1n−1Y

)
.

5¿�Y ′A−1n−1Y´��Kê, ¤±

|A| ≤ annPn−1.

�

(3) XJA´�½Ý
, @o

|A| ≤ a11 · · · ann.

y² 8B=�.

�

(4). XJT = (tij)´n× n�_Ý
, @o

|T |2 ≤
n∏
i=1

(t21i + · · ·+ t2ni).

y²

r(3)¥�A�¤T ′T=�.

�
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10. ¢é¡
A���Ìfª�Ú���Ìfª�ÚÑ�0, ¦yA = 0.

y² b�A = (aij), K

n∑
i=1

aii = 0,
∑
i 6=j

(aiiajj − a2ij) = 0.

¤±

0 = −(

n∑
i=1

aii)
2 + 2

∑
i 6=j

(aiiajj − a2ij) = −
n∑
i=1

a2ii − 2
∑
i 6=j

a2ij .

duA�¤k���Ñ´¢ê, ¤±þ¡�z��Ñ´0, ¤±A = 0. �
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îAp�´ú�c3-4­V��F1���êÆ[, ´¡AÛ��¿�ö. ù�Ö

�¶iÙ¢�¡��¿,Q²3üZõc��mp,��IO�êÆ��Ö,´êÆ¤

þ�Û,. ²���ÿ, M1éÚ|ç�òù�Ö�c8ò�È¤¥©��ÿ, ·

¶�¡AÛ��¿.

§8.1 SÈ

½Â 8.1.1 (îAp��m). b�V´Rþ��5�m"b�f´l8ÜV ×
V�R���N�§
�÷ve¡�^�

f(α, β) = f(β, α)

f(α1 + α2, β) = f(α1, β) + f(α2, β)

f(kα, β) = kf(α, β), k ∈ R,

f(α, α) ≥ 0, �Ò¤á��=�α = 0,

@o·�¡f(α, β)�α, β�SÈ§±�{ü�P�(α, β). ·�¡�kù«SÈ�

�mV �îAp��m"

±eÑb�V´k���"

½Â 8.1.2 (îAp��m�Ó�). b�V, W´ü�n��îAp��m, A :

V −→W´�5Ó�. XJé?¿�α1, α2 ∈ V , Ñk

(α1, α2) = (A (α1), A (α2)).

·�Ò¡A´lîAp��mV�,��îAp��mW�Ó�. =îAp��m

�m�Ó�Øü�´�5Ó�, ��´�±SÈØC�.

~ 8.1.1. b�V = Rn´¢ê�Rþ�n��5�m. b�α = (x1, ..., xn)
′
, β =

(y1, ..., yn)
′ ∈ V , Ï~�SÈ½Â�

(α, β) = α
′
β = x1y1 + · · ·+ xnyn.

�kù�SÈ�V¤���î¼�m. é�þα ∈ V , ·�¡

|α| :=
√

(α, α)

��þα��Ý. b�α, β ∈ V , §��Y��θ, K

cos θ =
(α, β)

|α||β|
,

159



160 1lÙ îAp��m

½ö`

θ = arccos
(α, β)

|α||β|
, 0 ≤ θ ≤ π.

½n 8.1.1 (Cauchy-Bunyakovsky-Schwarz Ø�ª). b�α, β´n-�î¼�

mV¥�ü��"�þ, K

(α, β)2 ≤ (α, α)(β, β),

�Ò¤á��=�α, β�5�'.

y² b�

f(t) = (α+ tβ, α+ tβ) = (α, α)t2 + 2(α, β)t+ (β, β).

ù´��Ä�Xê��ê����g�§, ��[��u�u", 
�f(t) = 0�

�=�α+ tβ = 0. Ïdf(t)��Oª

∆ = 4(α, β)2 − 4(α, α)(β, β) ≤ 0,

�Ò¤á��=�α+ tβ = 0k). ¤±·�k

(α, β)2 ≤ (α, α)(β, β),

�Ò¤á��=�α + tβ = 0k). 
�3t ∈ R¦�α + tβ = 0��=�α, β�5

�'. �

dué´n-�î¼�mV¥�?¿ü��"�þα, β, Ñk

(α+ β, α+ β) = (α, α) + (β, β) + 2(α, β),

¤±Cauchy-Bunyakovsky-Schwarz Ø�ª�du

(α+ β, α+ β) ≤ (α, α) + (β, β) + 2|α| · |β|,

ü>�²��, þ¡�ªfC¤

|α+ β| ≤ |α|+ |β|.

ùÒ´·�¥ÆÙG�n�Ø�ª. ¤±`Cauchy-Bunyakovsky-Schwarz Ø�ª

Ò´n�Ø�ª.

½Â 8.1.3 (GramÝ
,ÝþÝ
). b�V´n-�î¼�m, α1, ..., αn ´V�

�|Ä. KV 3ù|Äe�Gram Ý
(½öÝþÝ
) ½Â�

A =


(α1, α1) (α1, α2) · · · (α1, αn)

(α2, α1) (α2, α2) · · · (α2, αn)
...

...
. . .

...

(αn, α1) (αn, α2) · · · (αn, αn)


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·K 8.1.2. b�V´n-�î¼�m, α1, ..., αn ´V��|Ä. KV3ù|Ä

e�GramÝ
A ´���½Ý
. b�V3,�|Äβ1, ..., βn�e�Ý
�B,

lα1, ..., αn�β1, ..., βn �LÞÝ
�C, K

C ′AC = B.

y²

?�γ = c1α1 + · · ·+ cnαn ∈ V . -X = (c1, ..., cn)′, K

(γ, γ) = X ′AX.

dî¼�mSÈ�½Â��,é?¿�"�γ,Ñk(γ, γ) > 0,¤±é?¿�"�X,

ÑkX ′AX > 0. ¤±A´�½�.

b�β1, ..., βn´V�,�|Ä.K�3��LÞÝ
C¦�α1, ..., αnz�β1, ..., βn.

=

(α1, ..., αn)C = (β1, ..., βn).

ÏdXJPV3α1, ..., αn�e�GramÝ
�

A =


(α1, α1) (α1, α2) · · · (α1, αn)

(α2, α1) (α2, α2) · · · (α2, αn)
...

...
. . .

...

(αn, α1) (αn, α2) · · · (αn, αn)

 ,

V3β1, ..., βn�e�GramÝ
�

B =


(β1, β1) (β1, β2) · · · (β1, βn)

(β2, β1) (β2, β2) · · · (β2, βn)
...

...
. . .

...

(βn, β1) (βn, β2) · · · (βn, βn)


K

C ′AC = B.

�

½Â 8.1.4 (��, R�). b�V´��îAp��m. XJ(α, β) = 0, ·�

Ò¡α, βp���½ö`§�p�R�. éV�?�f�mW§·�½ÂW���

ÖW⊥ = {x ∈ V |(x, W ) = 0}. b�V1, V2Ñ´V�f�m, XJé?¿�α1 ∈ V1,
α2 ∈ V2, Ñk

(α1, α2) = 0,

·�Ò¡V1�V2p���, ½ö`V1, V2´p�R��.
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·K 8.1.3. b�V´��îAp��m, V1, V2Ñ´V�ü�p����f�

m, KV1, V2�Ú��Ú.

y² ?�α ∈ V1 ∩ V2. Ï�V1, V2p�R�, ¤±

(α, α) = 0.

dîAp��m�5���α = 0. ¤±V1, V2�Ú��Ú.

�

½Â 8.1.5 (IO��Ä). b�e1, ..., en ´n-�î¼�m��|Ä, 
�÷

v

(ei, ej) = δij =

1, i = j

0, i 6= j,

·�Ò¡e1, ..., en ´n-�î¼�m��|IO��Ä.

d·K8.1.2��, n-�î¼�mV3?Û�|Äα1, ..., αne�Ý
Ñ´�½

Ý
. ·����½Ý
ÑÜÓuü Ý
, =�3�_Ý
C¦�

CAC ′ = I.

b�α1, ..., αn²LCLÞ�
,	�|Äβ1, ..., βn, KV3β1, ..., βn e�Ý
´

ü Ý
. ¤±β1, ..., βn´V��|IO��Ä.

½n 8.1.4. b�α1, ..., αn´n-�î¼�mV��|Ä, K�½�3V��|

IO��Äβ1, ..., βn¦�é?¿�1 ≤ m ≤ nÑk

L(α1, ..., αm) = L(β1, ..., βm).

y² w,·��I�é��|ÎÜ½n¥�¦���Ä, ,�rz�Ä�þ

ÑØ±§��ÝÒ�±���|IO��Ä.

Äk-β1 = α1, ,�-

β2 = α2 −
(α2, β1)

(β1, β1)
β1

β3 = α3 −
(α3, β1)

(β1, β1)
β1 −

(α3, β2)

(β2, β2)
β2

· · ·

βm = αm −
(αm, β1)

(β1, β1)
β1 − · · · −

(αm, βm−1)

(βm−1, βm−1)
βm−1

· · ·

βn = αn −
(αn, β1)

(β1, β1)
β1 − · · · −

(αn, βn−1)

(βn−1, βn−1)
βn−1
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N´�y, Xd�E�´�|ÎÜ�¦���Ä, ,�2òÙØ±�Ý, Ò�±¦

ÙC¤IO��Ä. �þ¡�½n¥�r�|Äz�IO��Ä�L§����A

IO��zL§.

½n 8.1.5. b�V´��îAp��m, W´V�f�m, KV = W
⊕
W⊥.

y² ·�c¡®²w�W
⋂
W⊥ = {0}, ¤±�ö�Ú��Ú. ¤±�
y

²V = W
⊕
W⊥ �I�y²W ÚW⊥U
Ü¤V , =V = W + W⊥. ?�α ∈ V ,

?�W��|IO��Äα1, α2, ..., αk, K·�-¢êx1 = (α, α1), x2 = (α, α2),

..., xk = (α, αk). K

(α− x1α1 − x2α2 − · · · − xkαk, αi) = 0,

éz�1 ≤ i ≤ k¤á. =XJP

β = α− x1α1 − x2α2 − · · · − xkαk,

K

α = (α− β) + β,

Ù¥β ∈W⊥ �α− β ∈W. ¤±W ÚW⊥U
Ü¤V .

�

§8.2 ��Ý
Ú��C�

½Â 8.2.1. b�O´¢ê�þ�n��
, XJ

O′O = OO′ = In,

@o·�Ò¡O´��Ý
. XJA´î¼�mRnþ����5C�, 
��±�

þ�SÈØC, =é?¿��þα, βÑk

(α, β) = (A (α), A (β)),

·�Ò¡A´��C�.

5¿¢SþdO′O = In, =���O′ = O−1, ¤±OO′ = In, =O´��Ý
.

d��C�ÚIO��Ä�½Â��, n-�î¼�m���C�rIO��Ä

E,C�IO��Ä.

·K 8.2.1. 1. ��C�3?Û�|IO��Äe�Ý
Ñ´��
.
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2. XJî¼�m��5C�3,|IO��Äe�Ý
´��
, @oTC�

�½´��C�.

3. lIO��Ä�IO��Ä�LÞÝ
´��
.

4. ��
���þ�¤
�|IO��Ä, 1�þ�´.

y²

1. b�V´n-�î¼�m, A´Vþ����5C�, e1, ..., en ´V��|I

O��Ä, A = (aij) ´A3ù|IO��Äe�Ý
, K

A (e1, ..., en) = (e1, ..., en)A.

¤±

A (ej) =

n∑
i=1

aijei,

Ïd

(A (ei), A (ej)) =

n∑
k, l=1

akialj(ek, el)

=

n∑
k, l=1

akialjδkl

=

n∑
k=1

akiakj .

b�A′A = (cij), K

cij =

n∑
k=1

akiakj .

2. ¤±A´��C���=�C = I, =A3IO��Äe�Ý
´��Ý


. rþ¡�ínL§_£���, XJî¼�m��5C�3,|IO��Äe

�Ý
´��
, @oTC��½´��C�.

3, 4 ü^N´y², 3�öS.

�

·K 8.2.2. b�O´2���Ý
. XJ|O| = 1, K�½�30 ≤ θ < 2π¦�

O =

(
cos θ sin θ

− sin θ cos θ

)
.

XJ|O| = −1, K�½�30 ≤ θ < 2π¦�

O =

(
cos θ sin θ

sin θ − cos θ

)
.
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y²

b�

O =

(
a b

c d

)
,

KdOO
′

= I2��

a2 + b2 = 1

c2 + d2 = 1

ac+ bd = 0

Ï�a2 + b2 = 1, ¤±�½�3α¦�a = cosα, b = sinα, 0 ≤ α < 2π. Ó��,

�½�3β¦�c = cosβ, d = sinβ, 0 ≤ β < 2π. Ï�ac+ bd = 0, ¤±

cosα cosβ + sinα sinβ = cos(α− β) = 0.

¤±α− β = ±π/2 ½öα− β = pm3π/2.

XJα− β = −π/2 ½ö3π/2, K

O =

(
cosα sinα

− sinα cosα

)
.

ù�ÿ|O| = 1.

XJα− β = π/2½ö−3π/2, K

O =

(
cosα sinα

sinα − cosα

)
.

ù�ÿ|O| = −1.

�

½Â 8.2.2 (���q). b�AÚB´ü�¢Ý
. XJ�3����
O¦

�

A = O′BO,

@oÒ`A���quB. N´wÑ, ���q´���d'X.

~ 8.2.1 (���q). b�

O =

(
cos θ sin θ

sin θ − cos θ

)
.

KOkü�A��1, −1, éA�A��þ©O´

α =

(
1 + cos θ

sin θ

)
, β =

(
1− cos θ

− sin θ

)
.
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N´wÑù´ü�p�����þ, -

C = (α/|α|, β/|β|) =

(
(1 + cos θ)/

√
2 + 2 cos θ (1− cos θ)/

√
2− 2 cos θ

sin θ/
√

2 + 2 cos θ − sin θ/
√

2− 2 cos θ

)
KC´����Ý
. 
�

OC = C

(
1 0

0 −1

)
.

¤±O���qu (
1 0

0 −1

)
.

5¿ü�¢Ý
�q, ¿Ø�½���q.

·K 8.2.3. b�A = (aij)ÚB = (bij)´ü�¢Ý
. XJ¦����q, @

o
n∑

i,j=1

a2ij =
n∑

i,j=1

b2ij .

y² XJ�3��Ý
T¦�

T
′
AT = B,

@o

Tr(BB
′
) = Tr(T

′
AA

′
T ) = Tr(AA

′
TT

′
) = Tr(AA

′
).

¤±·K¤á. �

~ 8.2.2 (�q�Ø���q).

A =

(
3 1

−2 0

)
, B =

(
1 1

0 2

)
ù�ü�Ý
´�q�. �´dþ¡�·K��, §�Ø´���q�.

l���q�½Â�±wÑ, ü�Ý
XJ´���q�, @o§�Q´�q

�, q´ÜÓ^�. ��%Ø¤á.

~ 8.2.3 (�q�ÜÓ�Ø���q).

A =

(
0 1

0 0

)
, B =

(
0 2

0 0

)
ù�ü�Ý
´�q�, Ï�§�äk�Ó�JordanIO/; §�´ÜÓ�, Ï�(

1 0

0 2

)(
0 1

0 0

)(
1 0

0 2

)
=

(
0 2

0 0

)
.

�´dþ¡�·K��, §�Ø´���q�.
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·K 8.2.4. b�O´n���Ý
. KO���quOé�Ý


diag(A1, ..., Ak)

Ù¥�z�Ai´±1½ö���1�ª�1���Ý
.

y² ·�kÀJRn��|IO��Ä. ��Ý
A3ù|Äeû½
���

�C�A .

Äk`²¢�5C��½k��½ö���ØCf�mW . XJk¢�A�

�, @g,k¢�A��þ, ùÒÜ¤
�����ØCf�m. XJvk¢�A

��, @�½kü�p��Ý�EA��

a+ bi, a− bi, a, b ∈ R.

¤±�Òkü�p��Ý�A��þ

α+ βi, α− βi,

ùp�α, β´n��¢�þ. =

A (α+ βi) = (a+ bi)(α+ βi), A (α− βi) = (a− bi)(α− βi).

¤±

A (α) = aα− bβ, A (β) = aβ + bα.

¤±α, β ÒÜ¤
��¢ê�þ����ØCf�mW . 5¿ùp�α, β 3¢ê

�þ�½´�5Ã'�. ù´duα + βi, α − βi´ü�ØÓ�A���A��þ
£Eê�þ¤,¤±§�3Eê�þ´�5Ã'�. Ïdα, β 3¢ê�þ�½´�5

Ã'�.

duA´����C�, �±
¤k�SÈØC. ¤±ArÚW����þC

¤ÚA (W ) = W����þ. ÏdW���ÖW⊥�´A���ØCf�m, �´

�ê�$. é�ê8B=�. �

½Â 8.2.3 (º¡��). b�A´n�î¼�mVþ���C�,XJA3,|

IO��Äe�Ý
L«� (
In−1 0

0 −1

)
,

K¡A´´��º¡��.

·K 8.2.5. b�A´n�î¼�mVþ���C�, KA�±�¤n − k�º
¡���¦È, Ù¥k´A�A��1�­ê(XJ1Ø´A�A��, @ok = 0.)
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y² 5¿����1�ª�1���Ý
´ü�º¡���¦È.
z�A�

�−1ÑéAu��º¡��. ¤±A�±�¤n−k�º¡���¦È,Ù¥k´A�

A��1�­ê(XJ1Ø´A�A��, @ok = 0.

�

íØ 8.2.6. b�O´��1�ª�1�n?��
, K�½���qu,�
1

cos θ sin θ

− sin θ cos θ


y²

ÄkÏ�O´��1�ª�1�n?��
, ¤±�½k��A��´1, b

�α´§����Ý�1�A��þ. ,�òα,*¿�V ��|IO��Äα, β, γ.

PW = L(β, γ), KW�´O�ØCf�m, ¤±O3Wþ�´����C�. Ïd

�3θ¦�

O(α, β, γ) = (α, β, γ)


1

cos θ sin θ

− sin θ cos θ

 .

�

5¿þ¡�íØ`²n��m¥�1�ª�1 ���C�O´��^=, ´�

7X�þα,=
θ �Ý.���¤á,=^=´1�ª�1���C�.duü�1

�ª�1�n?��
�¦ÈE´1�ª�1�n?��
,ù`²
^=�EÜE

´^=,=b�A1´�7X�þα1,=
θ1�Ý, A2 ´�7X�þα2,=
θ2 �Ý.

KA2A1E´��^=, =�½�3α3, θ3¦�A2A1´�7X�þα3, =
θ3 �Ý.

Ôn¥£ã^=²~æ^î.�. ·�e¡5{ü�£ã�e. b�n �m

��I¶xyz, ²L^=��C¤
XYZ. ·�e¡rù�^=©)�nÚ�¤, z

�ÚÑéAX���Ý, ùn��ÝÜå5¡�´T^=�î.�(α, β, γ). 5¿

·�e¡¤`�^=��ÝÑ´UìmÃÚ^���,�Ò´mÃ��-���^

=¶���, Ù{o��­���Ò´^=���.

·�b�xy²¡ÚXY²¡����N, N����z × Z���.

(1) �±z¶ØÄ, ^=xy²¡, ¦�x=�N� �, b�=��Ý�α.

(2)�±NØÄ, ^=zZ²¡, ¦�z=�N� �, b�=��Ý�β. ù�ÿ�

5�xy²¡�®²C�
ÚXY²¡­Ü� �
.

3)�±ZØÄ, ^=xy²¡, ¦�xy=�XY� �, b�=��Ý�γ.

?Û��^=Ñ�±©)�ùnÚ�¤, ¤±?Û��^=Ñ�±^n��

Ý(α, β, γ)5�x. ùn��ÝÒ´î.�.
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·���±^o�ê5�x1�ª�1�n?��
.

£Á?Û�eo�êÑ�±�¤

α = d+ ai+ bj + ck

�/ª§Ù¥a, b, c, dÑ´¢ê"d��α�¢Ü§ai+ bj + ck ��α�JÜ"�Ý

½Â�

α = d− ai− bj − ck.

b�α = d+ ai+ bj + ck´��Ø�u0�o�ê, K

β =
1

d2 + a2 + b2 + c2
α =

1

d2 + a2 + b2 + c2
(d− ai− bj − ck)

´α�_�. o�êα = d+ ai+ bj + ck��Ý½Â�

|α| =
√
d2 + a2 + b2 + c2.

XJd = 0, ·�Ò¡α�Xo�ê. Xo�ê/¤��m·�P¤V , =

V = {ai+ bj + ck|a, b, c ∈ R},

ù´¢ê�þ�3��5�m. 3ù�¢�5�mþ·��±½ÂSÈ

(α, β) = (−αβ − βα)/2.

ùp��þ�m�¦{´c¡½Â�o�ê�¦{. Ïd, éuα = ai + bj + ck,

β = xi+ yj + dk, ·�½Âα, β�m�SÈ�

(α, β) = ax+ by + cz.

N´wÑù�½Â�SÈ¦�V¤�
Ï~�n�î¼�m.

Ún 8.2.7. ?Û��o�êÑ�±�¤k(cos θ+sin θα)§Ù¥k´��¢ê§α´

���Ý�1�XJ�o�ê"

y² b�o�ê

x = d+ ai+ bj + ck,

�k =
√
a2 + b2 + c2 + d2�To�ê��Ý, �θ, α ÷v

cos θ =
d

k

sin θ =

√
a2 + b2 + c2

k

α =
ai+ bj + ck√
a2 + b2 + c2

.

=�. �
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Ún 8.2.8. b��"δ ∈ H, 
�é¤k�x ∈ V , Ñkδxδ−1 = x, Kδ ∈ R.

y² �x = i, ��δ�j, k�I�0. �x = j, ��δ�i�I�0. ¤±��δ´

�¢ê. �

b�α ∈ V´���þ§r?Û���þÑ7XαUìmÃÚ^���^=2θ�,

ù´��^=C�.e¡·�^o�ê5�xù�^=.

Äk�±b�α2 = −1, =b��þα��Ý�u1, ÄK�§¦þ��·��

XêÒ1
. ,��±���ÚαR���Ý�1 ��þβ. ù�ÿ(α, β) = 0, ¤

±αβ = −βα. ù�-γ = αβ. K

αγ = α2β = −αβα = −γα.

¤±

(α, γ) = 0.

Ón��

(β, γ) = 0.


�ÏLO��Ý�±��γ��Ý�u1. ¤±α, β, γ´n�p�R���Ý

�1��þ,�¤
V���#��IX"-δ = cos θ+α sin θ,Kδ−1 = cos θ−α sin θ.

�Ä�5C�
A : V −→ V

x 7−→ δxδ−1.

·�ke¡�úª"

(cos θ + α sin θ)α(cos θ − α sin θ) = α,

(cos θ + α sin θ)β(cos θ − α sin θ) = cos 2θ.β + sin 2θ.γ,

(cos θ + α sin θ)γ(cos θ − α sin θ) = cos 2θ.γ − sin 2θ.β.

dþ¡�úª·��±w�A´�7αUìmÃÚ^���^=
2θ�Ý"

½n 8.2.9. �m¥�?Û��^=��u��SgÓ�§=�3δ¦�^=

C��ue¡�N�

x 7−→ δxδ−1.

y² l·�c¡�?Ø�±wÑ^=´�SgÓ�. ��, XJA´�Sg

Ó�, =�3�Ý�1�o�êδ = cos θ + α sin θ ¦�é?¿�α ∈ VÑk

A (α) = δαδ−1,

KA��u´±α�^=¶, ÷XmÃÚ^{K^=
2θ�. �
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½n 8.2.10. n��m�^=+Ó�uH1/{±1}.

y² ^H1P�Ý�1�o�ê��N.dc¡�?Ø��H1/{±1}¥�ØÓ�
�p�ÑØÓ�^=" �

ù��L«{ké��`:"ÄkUìþ¡�úª§δéN´¦�"ù�O�

ü�^=�EÜÒéN´§�I�O�δ1, δ2ü�o�ê�¦È=�"���^Ï

~��{O��7α1UìmÃÚ^���^=
2θ1�Ý, ,�2�7α2UìmÃ

Ú^���^=
2θ2�Ý���EÜ�~E,"

+H1/{±1} ' P3
R��ur3�¥¡a2 + b2 + c2 + d2 = 1�é»:Êå5, ùÒ

´3��¢�K�m.

½n 8.2.11. ��¢é¡Ý
�A��Ñ´¢ê.

y² b�A´��¢é¡
, λ ∈ C´A���A��, α ∈ Cn´A���A�
�þ. @o·�k

Aα = λα =⇒ α′Aα = λα′α,

ü>2��Ý=���

α′Aα = λα′α.

¤±

λα′α = λα′α.

¤±λ = λ, =λ´¢ê. �

½n 8.2.12. ¢é¡Ý
���qué�Ý
.

y² �±é�ê?18B.

b�

Aα = λα,

Ù¥α´ü �Ý�A��þ, λ´A��. @oòα*¤�|IO��Ä,

α1 = α, α2, ..., αn.

rùn���þ©3�å, Ò¤
����Ý
O. ·�k

AO = O

(
λ ∗
0 ∗

)
=⇒ O′AO =

(
λ ∗
0 ∗

)

duA´é¡Ý
, ¤±m>ù��(Ò�Ý
�´é¡�. ¤±A���qu(
λ 0

0 B

)

/G�é¡
, 8B=�. �
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½n 8.2.13. ��¢é¡Ý
´�½���=�§�A��Ñ´�ê.

y² dþ¡�½n�±��¢é¡
���qu��é�Ý
. ¤±¢é¡


ÜÓué��þÑ´A���é�
. ù�é�
´�½���=�é��Ñ

´�ê. ¤±¢é¡Ý
´�½���=�§�A��Ñ´�ê. �

½Â 8.2.4 (é¡C�). b�A´î¼�mVþ��5C�.XJé?¿�α, β ∈
V , Ñk

(A (α), β) = (α, A (β)),

@oÒ¡A´��é¡C�.

½n 8.2.14. b�A´n�î¼�mVþ��5Cz. K§´é¡C���=

�A3IO��Äe�Ý
L«´é¡Ý
. 5¿duÓ���5C�3ØÓÄ

e�Ý
L«´���q�. ¤±��A3,�|IO��Ä�e�Ý
´é¡


, @o§3?¿�IO��Ä�e�Ý
Ñ´é¡
.

y² b�α1, ..., αn´n�î¼�mV��|IO��Ä, A3ù|Äe�Ý


�A = (aij). @oA´��é¡C���=�é¤k�1 ≤ i, j ≤ n, Ñk

(A (αi), αj) = (αi, A (αj)),

=

aji = aij .

¤±A´��é¡C���=�A´é¡Ý
.

�

5¿é¡C�3�IO��Äe�Ý
Ø�½´é¡Ý
.

½n 8.2.15. A, BÑ´�½Ý
, KAB�A��Ñ´�ê. XJAB´é¡

Ý
, =AB = BA, KAB´�½Ý
.

y² b�ABα = λα, ùp�λ ∈ C, λ ∈ Cn.

K

α′BABα = λα′Bα.

du

α′BABα = (α′B′)A(Bα) > 0, α′Bα > 0,

¤±λ > 0. 5¿þ1�Ø�ª�±l�½Ý
ÑU�¤C ′C = C ′C�/ªéN´

�íÑ5.

�
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·K 8.2.16. b�A, BÑ´¢é¡Ý
, B´�½�, AB�A�´Ñ´�ê,

KA´�½�.

y² Ï�B´�½�, ¤±�3�\�¢Ý
T¦�B = T ′T , ¤±

AB = AT ′T = T−1(TAT ′)T.

Ï�AB�A�´Ñ´�ê, ¤±TAT ′�A��Ñ´�ê, ¤±TAT ′´�½�, ¤

±A´�½�. �

½n 8.2.17. b�A, B, CÑ´�½Ý
. XJABC´é¡Ý
, =ABC =

CBA, KABC´�½Ý
.

y² b�A = D′D, K

ABC = D′DBC = D′(DBCD−1)D.

¤±·��Iy²DBCD−1´�½�,ù�duy²§�A��Ñ´�ê, ��d

uy²BC�A��Ñ´�ê. dþ¡�½n�±��·K¤á.

�

½n 8.2.18. b�A´����½Ý
,@o�3�����½Ý
B¦�B2 =

A. XJA´�½�, @oùp�B �´�½�.

y² �35N´y, ·�ùp�y��5.

b�

A = B2 = C2,

Ø���5, ·��±b�

B = U ′diag(λ1, ..., λn)U, C = V ′diag(λ1, ..., λn)V

U, V´��
. ù´Ï�B, C´äk�ÓA�����½Ý
. ¤±�±���

q�é�Ý
,,�2^Ó��´��Ý
���Ý
òé��þ���ü�gS

C��Ó=�. ?�Ú, ·��±rdiag(λ1, ..., λn)�é��þ���Ó��3�

å, ù�ÒC¤


Λ = diag(λ1, ..., λ1, ..., λk, ..., λk) = diag(λ1Ia1 , .., λ1Iak)

λ1, ..., λküüØÓ. ¤±

U ′Λ2U = V ′Λ2V,=⇒ Λ2UV ′ = UV ′Λ2,
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dü�Ý
����±��, UV ′�´Oé��, ©¬�ªÓΛ. ¤±

=⇒ ΛUV ′ = UV ′Λ =⇒ B = C.

�

½n 8.2.19 (Ý
�4©)). b�A´��¢Ý
, K�½�3����Ý


RÚ����½Ý
P , ¦�

A = RP.

ùp�P´dA��û½�. XJA´�_�, @oR�´dA��û½�. XJA´

�_�, @oP´�½�.

y² ´�A′A´����½Ý
. dþ¡�½n��, �3�����½Ý


P¦�P 2 = A′A. ·�b�

P = Odiag(λ1, ..., λk, 0, ..., 0)O′,

ùp�O´,�·����
, λ1 · · ·λk 6= 0. PB = AO. K

B′B = diag(λ1, ..., λk, 0, ..., 0).

¤±B�ck�´�p���, �5Ã'�, B��n − k�Ñ´0. òòB�ck�?

1��AIO��z(duùk ��þ�5Ò´p����, ¤±��?1IOz

r§���ÝÑC¤1 Ò1
), ¿*¿¡Rn��|IO��Ä�

α1, ..., αk, αk+1, ..., αn.

·���PO�ck��´�p���,�5Ã'�, PO��n−k�Ñ´0. òPO�

ck�?1��AIO��z(Ó��,duùk��þ�5Ò´p����,¤±�

�?1IOzr§���ÝÑC¤1 Ò1
), ¿*¿¡Rn��|IO��Ä�

β1, ..., βk, βk+1, ..., βn.

Kùü|IO��Ä�m�LÞÝ
´����
. =�3��
R¦�

Rβi = αi, 1 ≤ i ≤ n.

KäóA = RP . �IyAO = RPO. AO�1��Ò´B�1��, �uλ1α1.

PO�1���uλ1β1. duRβ1 = α1,¤±AO�1���uRPO�1��. Ón

�yAOÚRPO�ck�Ñ´�Ó�, §���n− k�Ñ´0. ¤±AO = RPO.
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Ï�AO�ck��5Ã',�n−k�Ñ´0. Ó��, RPO��n−k��Ñ´0.


AO, RPO�ck���, ¤±AO = RPO.

XJA´�_�, @oP´�½�.

y35y²��5. XJA = RP , Ù¥R´����Ý
, P ´����½Ý


. KÏ�

P 2 = PR′RP = A′A

·���÷vù�5��P´���, ¤±R�´���.

�

dþ¡�½n��, ��½�3���Ý
é(R, P ), Ù¥R´����Ý
,

P ´����½Ý
, ¦�

A = PR.

ù�©)�ª�¤±��4©), ´Ï��±a'uEê�4�I��{, ?

Û��EêÑ�±�¤

α = reiθ

�/ª. 4©)¥�P�±a'uùp��Ýr, ��Ý
�±a'uùp�eiθ.

½n 8.2.20 (n × n Ý
�ÛÉ�©)). b�A´��n × n Ý
, K�3�

�Ý
U, V¦�UAV´é�Ý
, UAV�é����A�ÛÉ�.

y² dÝ
�4©), A�±|^4©)�¤PC�/ª, Ù¥P´��½Ý


, C´��Ý
,? ,�P�±���qué�Ý
, =§�±�¤P = USU ′�/

ª, Ù¥U´��Ý
. ¤±

A = PC = USU ′C,

Ù¥U ′C´ü���
�¦È, �,�´��
. -V = U ′C=�.

�

§8.3 ~K

1. ^��O�r�g.z�IO/

(1). �Ñ�g.éA�Ý
A.

(2). ¦ÑA�A��λ1, ..., λk.

(3). éz�λi, )�5�§|(A − λiI)X = 0, ¦Ñλi¤éA�A�f�

mEλi
��|Äαi1, ..., αiai . du¢é¡Ý
´�é�z�, ¤±VU�¤A

�f�mEλi
��Ú, ù
A�f�mEλi

�Ä©å5Ò´V�Ä.
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(4). òαi1, ..., αiai?1��AIO��z���|IO��Äβi1, ..., βiai ,

duØÓ�A��éA�A��þ´���,¤±ù
A�f�m���Ä©

å5Ò´V�IO��Ä.

(5). β11, ..., β1a1 , ...., βk1, ..., βkak´V�IO��Ä. ±ù|Ä�þ�

��þ|¤�Ý
´��
, P�T . KT ′AT�é�Ý
.

(6). �¦����5O�´X = TY.

é�~f.

Rayleigh �S�n-?¢é¡Ý
, Sn−1 = {X ∈ Rn|x21 + · · ·+ x2n = 1}�n− 1�¥¡, K

λ ≤ X ′SX ≤ µ,

Ù¥λ´S����A��, µ´A ����A��. y² du��C�rü 

¥¡�C�ü ¥¡, r¢é¡Ý
C�é�Ý
, ¤±Ø�b�SÒ´é�

Ý
diag(λ1, ..., λn). ¤±

λ ≤ X ′SX = λ1x
2
1 + · · ·+ λnx

2
n ≤ µ.

5¿x21 + · · ·+ x2n = 1.

�

§8.4 ���¦{

b�A´��m× n�Ý
, b´��m����þ. ·����5�§|

AX = b

k)��=�A���uO2Ý
(A, b)��. XJO2Ý
(A, b)���uA��,

�§|ÒÃ). ù�ÿ, ·��é���þX0 ¦�|AX0 − b|��. XJ�5�§|

k), ù�����,Ò´0. XJvk), ù����Ò´��ê. ·�e¡ww

ù����´õ�, ±9XÛé�������X0.

·���{AX|X ∈ Rn}´��f�m,P�L, L´dA���þÜ¤�f�m.

@oé?¿�X ∈ V = Rn, |AX − b| Ò´AX�b�ål. Ï�¯KÒ=z¤¦b�

f�mL���ål. lAÛþéN´��, ùAT´lb�L��^R�, b�f�

mL���ålÒ´lb�Rv�ål. ù^R�7L�L¥�z�^��ÑR�.

duL´dA���þÜ¤�f�m,ù��=�uAX0−bÚA���þÑR�,=

A′(AX0 − b) = 0, i.e., A′AX0 = A′b.

duA′A���O2Ý
(A′A, A′b)����, ¤±X0o´k)�.

ù�éX0��{Ò�����¦{. ���¦{kéõ¢S�A^.
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§8.5 j�m

½Â 8.5.1 (j�m). b�V´n��E�5�m. b�f´l8ÜV ×V�C�
��N�§
�÷ve¡�^�

f(α, β) = f(β, α)

f(α1 + α2, β) = f(α1, β) + f(α2, β)

f(kα, β) = kf(α, β), k ∈ C,

f(α, α) ≥ 0, �Ò¤á��=�α = 0,

@o·�¡f(α, β)�α, β�SÈ§±�{ü�P�(α, β). ·�¡�kù«SÈ�

E�mV�j(unitary)�m"

~ 8.5.1. ·�b�V = Cn, é?¿�α = (a1, ..., an)′, β = (b1, ..., bn)′, ·

�½Â

(α, β) = a1b1 + a2b2 + · · ·+ anbn,

ØJ�y, ù�½Â�SÈ¦�V¡���j�m.

3j�m¥, ·��±aq�½Â�þα��Ý�

|α| =
√

(α, α).

ù��Ý�÷vCauchy-Bunyakovsky-Schwarz Ø�ª,

(α, β)2 ≤ (α, α)(β, β).

·���±aq�½Â��Ú��Ö�Vg.

½Â 8.5.2 (jÝ
). n-?EÝ
AXJ÷v

AA′ = A′A = I,

·�Ò¡A´��jÝ
.

½Â 8.5.3 (D��A(Hermite)Ý
). n-?EÝ
AXJ÷v

A = A′,

·�Ò¡A´��HermiteÝ
.

½Â 8.5.4 (j�qÝ
). én-?EÝ
A, B, XJ�3jÝ
U¦�

UAU ′ = B,

·�Ò¡Aj�quB.
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N´wÑj�q´���d'X. 5¿ü�Ý
E�q, §�Ø�½´j�q

�.

·K 8.5.1. b�A = (aij)ÚB = (bij)´ü�EÝ
. XJ¦�j�q, @o

n∑
i,j=1

|aij |2 =

n∑
i,j=1

|bij |2.

y² XJ�3jÝ
T¦�

T ′AT = B,

@o

Tr(BB′) = Tr(T ′AA′T ) = Tr(AA′TT ′) = Tr(AA′).

¤±·K¤á. �

~ 8.5.2 (�q�Øj�q).

A =

(
3 1

−2 0

)
, B =

(
1 1

0 2

)

ù�ü�Ý
´�q�. �´dþ¡�·K��, §�Ø´j�q�.

½n 8.5.2. D��AÝ
�A��Ñ´¢ê, ¿�áuØÓ�A���A�

�þp���.

y² b�A´��D��AÝ
, λ ∈ C´A���A��, α ∈ Cn´A���
A��þ. @o·�k

Aα = λα =⇒ α′Aα = λα′α,

ü>2��Ý=���

α′Aα = λα′α.

¤±

λα′α = λα′α.

¤±λ = λ, =λ´¢ê.

b�Aα = λα,Aβ = µβ, Ù¥α, β´�"�þ, λ, µ´pØ�Ó�Eê. K

β′Aα = β′λα = λβ′α.

,��¡

β′Aα = (Aβ)′α = (µβ)′α = µβ′α.

qÏ�λ, µ´pØ�Ó�Eê, ¤±β′α = 0, ¤±¦�´p�R��. �
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½n 8.5.3. D��AÝ
j�qué�Ý
.

y² �±é�ê?18B.

b�

Aα = λα,

Ù¥α´ü �Ý�A��þ, λ´A��. @oòα*¤�|IO��Ä,

α1 = α, α2, ..., αn.

rùn���þ©3�å, Ò¤
��jÝ
O. ·�k

AO = O

(
λ ∗
0 ∗

)
=⇒ O′AO =

(
λ ∗
0 ∗

)

duA´D��AÝ
, ¤±m>ù��(Ò�Ý
�´é¡�. ¤±A���q

u (
λ 0

0 B

)
/G�D��A
, 8B=�. �

½n 8.5.4. b�A´n-?¢Ý
, B´n-?�½Ý
, k´����ê, ABk =

BkA. KAB = BA.

y²

duéA, B��Ó���C�ØK�(Ø�¤á, 
Bdu´¢é¡Ý
, ¤

±oU���qué�Ý
. ¤±·�Ø�b�B = diag(λ1Ia1 , ..., λtIat), Ù

¥λ1, ..., λt´üüØÓ��ê. KBk = diag(λk1Ia1 , ..., λ
k
t Iat), Ù¥λ

k
1 , ..., λ

k
t7

,�´üüØÓ�. KduABk = BkA�±í�A��é�¬Ñ�u", ¤±B =

diag(B1, ..., Bt)´ÚA©¬/ª�Ó�Oé�
. ¤±λiIaiBi = BiλiIaié?¿

�1 ≤ i ≤ tÑ¤á, ¤±AB = BA.

�

½n 8.5.5. b�A, B´ü�n-?¢Ý
�Aj�quB. ¦yA���quB.

y² Ï�Aj�quB, ¤±�3jÝ
U = P + iQ, ¦�

AU = UB,

ùp�P, Qü�n-?¢Ý
, i´Jêü . P, Q�±w¤´U�¢ÜÚJÜ. ¤±

AP = PB, AQ = QB.
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dBU ′ = U ′A��

BP ′ = P ′A, BQ′ = Q′A.

PRt = P + tQ, t´�½ëê. K�½�3¢êt¦�Rt´�_Ý
. ù´Ï�õ�

ª

f(t) = |P + tQ|

�Ukk�õ�¢�, ¤±��tØ´§�¢�Ò1
. du¢êkÃ�õ�, ù�

�,�±��. �I�`²f(t)Ø´"õ�ª. ù�±lf(i) = |U | 6= 0wÑ5.

5¿�Rt÷v

ARt = RtB,R
′
tA = BR′t.

Ï�RtR′t�½, ¤±�3�½Ý
C¦�C2 = RtR
′
t. PT = C−1Rt, K

TT ′ = C−1RtR
′
tC
−1 = I

´ü Ý
, ¤±T´��Ý
. du

AC2 = ARtR
′
t = RtBR

′
t = RtR

′
tA = C2A,

¤±AC = CA. ¤±

AT = AC−1Rt = C−1ARt = C−1RtB = TB.

¤±AÚB���q. �

½Â 8.5.5 (�5Ý
). b�A´��n?EÝ
, XJAA′ = A′A, ·�Ò¡A

´���5Ý
.

½n 8.5.6. b�A´��n?EÝ
. KA´���5Ý
��=�Aj�q

ué�Ý
.

y² ·��I�y²XJA´���5Ý
, KAj�qué�Ý
. ,	�

�����d½Â��¤á.

P

B =
1

2
(A+A′), C = − i

2
(A−A′),

KA = B + iC. Ï�AA′ = A′A, ¤±

(B + iC)(B′ − iC ′) = (B′ − iC ′)(B + iC).

Ï�B′ = B, C ′ = C, ¤±þ¡�ªfÒC¤


2i(BC − CB) = 0,
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dd��BC = CB. ¤±B, C´ü�����Ý
,Ï�¦�Ñ´D��A
,¤

±§�Ñj�qué�Ý
. ¤±§��±Ó�j�qué�Ý
, ¤±A�±j

�qué�Ý
.

¤±A´�±é�z�. �

íØ 8.5.7. b�A´��n?¢�5Ý
. KA´é¡Ý
��=�A�A�

�Ñ´¢ê.

y²

XJA´¢é¡Ý
, @odu?Û��¢é¡Ý
Ñ���qué�Ý
,

§�A���,Ñ´¢ê.

XJA�A��Ñ´¢ê, @odþ¡�½n��Aj�qu¢é�Ý
. d

u¢Ý
�m�j�q%¹X���q, ¤±A����qu��¢é�Ý
, ¤

±A´é¡Ý
.

�

½n 8.5.8 (SchurØ�ª). b�A = (aij)´��n?EÝ
, λ1, ..., λn´A�

A��. K
n∑

i,j=1

|aij |2 ≥ |λ1|2 + · · ·+ |λn|2,

�Ò¤á��=�A´�5Ý
.

y² Äk·���, éA?1j�qC�ØUCØ�ª��>. du?Û�

�EÝ
Ñj�qu��þn�Ý
, ¤±·�Ø�b�A´þn�Ý
, é��

�λ1, ..., λn. ¤±SchurØ�ª´¤á�.

�Ò¤á��=�þn�Ý
´é�Ý
, ¤±��=�A´�5Ý
.

�

SK 8.5

1. ?Û��EÝ
Ñj�qu��þn�Ý
.

y²

?Û��EÝ
AÑk��EA��λ9ÙA��þα, =Aα = λα. ·�

Ø�b�α��Ý�1, òÙ*¿�j�m��|IO��Ä, =α´��jÝ


U �1��. ù��{

U−1AU =

(
λ ∗
0 A1

)
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Ò´��On�Ý
, Ù¥A1´(n− 1)× (n− 1)�, éÝ
��ê8B=�.

�

2. þn����Ý
A7�é�Ý
, �é���1½ö−1

y² kwA�1��,duA´��Ý
,¤±1����Ý�1,¤±a11 =

±1. 2wA�1�1, duù�1��1�þ, �Ý´1, ¤±Ø
a11�	, Ñ

�0. �gaí=�.

�

3. ?Û���_¢Ý
AÑ�±©)�

A = QT

�/ª, Ù¥Q´��Ý
, T´þn�Ý
.

y² �35d��AIO��zL§��, ��5kþ��K��.

�

4. ?Û���½Ý
AÑ�±�¤A = T ′T�/ª, Ù¥T´��þn�Ý
.

y²

A = C ′C = (QT )′QT = T ′Q′QT = T ′T.

�

5. b�A´����C�, KA�ØCf�mW���Ö�´ØCf�m.

y² ù��u`?�α ∈ W⊥, E,kA α ∈ W⊥. =?�β ∈ W , Ñ

k(A α, β) = 0. duA´Wþ��_C�, ¤±�½kγ ∈ W¦�β = A γ.

Ïd

(A α, β) = (A α, A γ) = (α, γ) = 0.

�

6. b�η´î¼�m¥���ü �þ, ½Â

A α = α− 2(η, α)η.

y²

(1) A´1�a��C�. ù��A��º¡��.
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(2) XJn�î¼�m¥, ��C�Ak��A��1, 
�A��1�A�

f�m��ê�n− 1, KA �½´º¡��.

y²

(1)

(A α, A α) = (α, α)− 4(η, α)(α, η) + 4(η, α)2(η, η)

= (α, α)− 4(η, α)(α, η) + 4(η, α)2

= (α, α).

¤±A�±?Û���þ��ÝØC, l
�±SÈØC, ¤±´��C�.

lA�½Â��, A3L(η)���Öþ´ð�C�, 
3L(η)þ��^�

�uV��KÒ, =A���qu


1

. . .

1

−1


¤±§�1�ª´−1, l
´1�a��C�.

(2) b�1�A�f�m´W , �η´W���Ö¥�ü �þ. KL(η)´

��C�A�ØCf�m. ¤±

A (η) = ±η.

XJA (η) = η.@oη�´1�A��þ,l
A��1�A�f�m��ê�n,

�K��A��1�A�f�m��ê�n− 1gñ. ¤±A (η) = −η.Ïdé?
¿�α ∈ V Ñk

A α = α− 2(η, α)η.

¤±´��º¡��. �

7. b�α, β´n-�î¼�mV¥�ü�ü �þ. K�½�3��º¡��A¦

�A (α) = β.

y² -η = (α− β)/|α− β|. é?¿�γ ∈ V ½Â

A γ = γ − 2(η, γ)η.

KA´º¡��¦�A (α) = β.

�
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8. b�A´î¼�m���C�, XJA�±SÈØC, =éu?¿�α, βÑ

k(A α, A b) = (α, β), K§�½´�5�, Ï
´��C�.

y²

(1)

ky²A (α1 + α2) = A α1 + A α2,=A (α1 + α2)−A α1 −A α2 = 0. ù�

I�y²A (α1 + α2)−A α1 −A α2��Ý�u0=�.

(A (α1 + α2)−A (α1)−A (α2), A (α1 + α2)−A (α1)−A (α2))

= (A (α1 + α2), A (α1 + α2)) + (A (α1), A (α1)) + (A (α2), A (α2))

− 2(A (α1 + α2), A (α1))− 2(A (α1 + α2), A (α2)) + 2(A (α1), A (α2))

= (α1 + α2, α1 + α2) + (α1, α1) + (α2, α2)

− 2(α1 + α2, α1)− 2(α1 + α2, α2) + 2(α1, α2)

= 0.

du3îAp��m¥�Ý�0��þ�k0. ¤±A (α1 +α2)−A α1−A α2 =

0. ¤±A (α1 + α2) = A α1 + A α2.

(2)aq��±y²

A (kα) = kA α,

¤±A�½´�5�, Ï
´��C�.

�

9. b�α1, ..., αmÚβ1, ..., βm´n�î¼�mV¥�ü��þ|. y²�3��

��C�A¦�

A αi = βi, i = 1, 2, ...,m

�¿©7�^��

(αi, αj) = (βi, βj), i, j = 1, 2, ..., m.

y² (1) XJm = n 
�α1, ..., αn´n�î¼�mV��|Ä, @o½Â

N�
A : V −→ V

n∑
i=1

aiαi 7−→
n∑
i=1

biβi,

´�ù´��N�, dþ�K��A´�5�, ¤±´��C�.
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(2) XJα1, ..., αmU
Ü¤V , ·�Ø��Ù¥�α1, ..., αn´V��|

Ä. @o@o½ÂN�
A : V −→ V

n∑
i=1

aiαi 7−→
n∑
i=1

biβi,

l(1) ��, ù´����C�. ·��I�y²

A αj = βj , j = n+ 1, n+ 2, ...,m.

5¿�é?¿�α =
n∑
i=1

aiαi, Ú?¿�j = n+ 1, n+ 2, ...,m.

(A α, A αj) = (A (

n∑
i=1

aiαi), A αj)

= (

n∑
i=1

aiαi, αj)

= (

n∑
i=1

aiαi, αj)

= (

n∑
i=1

aiA αi, βj)

= (A α, βj)

dα�?¿5��A αj = βj .

(3) XJα1, ..., αmØU
Ü¤V . ·�PW = L(α1, ..., αm). �W⊥�

�|IO��Äαm+1, ..., αt. 2PU = L(β1, ..., βm). K�ÄÝþÝ
´

�WÚU��ê�Ó.¤±§����Ö��ê��Ó,�U⊥��|IO��

Äβm+1, ..., bt. K·�k

(αi, αj) = (βi, βj), i, j = 1, 2, ..., t.

d(2)��·K¤á. �

10. ¢é¡
A���Ìfª�Ú´0, ��Ìfª�Ú�´0, ¦yA = 0.

y² Äk���¢é¡
�A��Ñ´¢ê. b�¢é¡
A�A��

�

λ1, λ2, ..., λn.

KA���Ìfª�Ú�λ1 + λ2 + · · ·+ λn = 0. ��Ìfª�Ú�∑
1≤i 6=j≤n

λiλj = 0.
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¤±

λ21 + λ22 + · · ·+ λ2n = 0.

¤±

λ1 = λ2 = · · · = λn = 0.

¤±A = 0.

�

11. b�A´��n-?¢Ý
, ¦y�3���_
R¦�AR´é¡
.

y² �âÝ
�4©), �3��
R¦�AR´��½Ý
. �

12. "Ý
�1�ª�1.

y² "Ý
�½Â´

(
A B

C D

)(
0 I

−I 0

)(
A′ C ′

B′ D′

)
=

(
0 I

−I 0

)
.

ùÒ��
 

BA′ = AB′,

CD′ = DC ′,

AD′ −BC ′ = I,

CB′ −DA′ = −I.

XJA´�_�, @o ∣∣∣∣∣A B

C D

∣∣∣∣∣ =

∣∣∣∣∣A B

0 D − CA−1B

∣∣∣∣∣ .
·���

|D − CA−1B||A′| = |DA′ − CA−1BA′|

= |DA′ − CA−1AB′|

= |DA′ − CB′| = 1.

XJAØ´�_�,@od¢Ý
�4©)��,�3��
R¦�BR′´

é¡
, ¤±

BR′ = RB′.

Ï�

|A+ λR| = λn|R+
1

λ
A|,
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Pδ = 1
λ . K�δ −→ 0�, |R + 1

λA| −→ |R| = ±1. ¤±�λv
���ÿ,

|A + λR| 6= 0. ¤±|A + λR|Ø´'uλ�"õ�ª, ¤±|A + λR| = 0 �kk

�õ��, ¤±�3ε > 0¦��λ ∈ (0, ε)�, |A+ λR| 6= 0. ù�k(
A+ λR B

C D

)(
0 I

−I 0

)(
A′ + λR′ C ′

B′ D′

)
=

(
0 I + λRD′

−I − λDR′ 0

)
.

Ï��·λ ∈ (0, ε)�, |A+ λR| 6= 0, ¤±∣∣∣∣∣A+ λR B

C D

∣∣∣∣∣ =

∣∣∣∣∣A+ λR B

0 D − C(A+ λR)−1B

∣∣∣∣∣ .
·���

|D − C(A+ λR)−1B||(A+ λR)′|

= |DA′ + λDR′ − C(A+ λR)−1B(A+ λR)′|

= |DA′ + λDR′ − C(A+ λR)−1(A+ λR)B′|

= |DA′ − CB′ + λDR′| = |I + λDR′|.

= ∣∣∣∣∣A+ λR B

C D

∣∣∣∣∣ = |I + λDR′|

é?¿�λ ∈ (0, ε)¤á. duþ¡�ª�ü>Ñ´'uλ�õ�ª. ¤±�ª

ü>��'uλ�õ�ª´�Ó�,¤±é?¿λ��Ñ¤á. AO�éλ = 0�

¤á. ¤± ∣∣∣∣∣A B

C D

∣∣∣∣∣ = 1.

�

13. b�V1, V2´n�î¼�m�ü�f�m. XJV1��ê�uV2��ê. ¦y

3V2¥�3���"��þα, ¦�α ⊥ V1.

y² |^�êúª, ��V1���Ö��ê\þV2��ê�uV��ê,

¤±V1���ÖÚV2��Ø�u0, Ù¥7k�"�þα.

�

14. b�S´���½Ý
, O´����Ý
,
�SO�A�õ�ªÚS�A�õ

�ª�Ó, ¦ySO = S.

y² SO�z���ýé��²�Ú�uTr(SO(SO)′) = Tr(S2),�uS2�

A���Ú,=S�A���²�Ú.Ï�SO�A�õ�ªÚS�A�õ�ª�

Ó,¤±SO�z���ýé��²�Ú�uSO�A���²�Ú.ÏddSchurØ
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�ª, SO´�5Ý
. Ï�SO´�5Ý
, 
�A��Ñ´¢ê, ¤±SO ´

é¡Ý
, A��Ñ�u�u0. ÏdSO´��½�. ¤±SOkü«4©),

SO = SO · I = S ·O.

d4©)���5��, SO = S. �
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§9.1 éó�m

½Â 9.1.1 (éó�m). b�V´�Fþ��5�m. rFw�´±�Fþ��

���5�m. @olV �F�¤k��5N��N/¤��5�m��´V�é

ó�m, P�V ∗.

½Â 9.1.2 (éóÄ). b�V´�Fþ�n��5�m, k�|Äe1, ..., en. ½

Âfi�V ∗ ¥÷ve¡^����

fi(ej) = δij , 1 ≤ j ≤ n.

Kf1, ..., fn¡�´V ∗�éóÄ. 5¿éÃ����5�m5`, Uìþ¡��ª

½Â�fi�,*d�m´�5Ã'�, �%ØUÜ¤V ∗.

�V´k���5�m��ÿ, VÚV ∗��ê�Ó, ¤±§�´Ó��. �´

ùü��5�m�m%vk��”;�”Ó�, =¤k�Ó�Ñ�/ÏuÄ�À�.

vk=�Ó�U
`gC´ÕA�, �[�/ *dÑ´²��.

·�PV ∗∗�V�éó�m�éó�m.

½n 9.1.1. b�V´k���5�m. KVÚV ∗∗´Ó��, 
�§��m�

3��;�Ó�.

y² ·���rù�;�Ó��Ñ5.

ϕ : V −→ V ∗∗, α 7→ ϕ(α)

ùp�ϕ(α)r?¿�f ∈ V ∗ÑN�f(α).

´�ù´�Ó�, �½Â�ªØ�6uÄ�À�.

�

½n 9.1.2 (ReiszL«½n). b�V´��n��î¼�m, §�SÈ�(α, β).

@oéV�?Û����α, ·�½Âα∗ ∈ V ∗:

α∗(β) = (α, β), ?¿β ∈ V.

KN�

ϕ : V −→ V ∗, α 7−→ α∗.

´��Ó�.

189
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y² Äk´�α∗(¢´��5¼ê, 
ϕ�´���5N�. Ù¢XJα ∈ V

ϕ(α) = 0, @o(α, β) = 0é?¿�β¤á, AO�, éβ = α�¤á, dSÈ��ò

z5��α = 0. ¤±`ϕ´ü�, ¤±ϕ´�Ó�.

�

§9.2 V�5¼ê

½Â 9.2.1 (V�5¼ê). b�V ´�Fþ��5�m, f(α, β)´V × Vþ�
¼ê, 
�é?Û��©þÑ´�5�, ·�Ò¡f´Vþ���V�5¼ê. ·�

~~rf(α, β){ü�P�(α, β)

XJ(α, β) = (β, α), ·�¡f´é¡V�5¼ê. XJ(α, β) = −f(β, α), ·

�¡f´�é¡V�5¼ê. XJF = C , (α, β) = f(β, α),·�¡f´HermitianV

�5¼ê.

½Â 9.2.2 (V�5¼ê�ÝþÝ
). b�f´Vþ���V�5¼ê, α1, ..., αn�

�|Ä. ·�¡e¡�Ý
�f3α1, ..., αnù|Äe�ÝþÝ
.
f(α1, α1) f(α1, α2) · · · f(α1, αn)

f(α2, α1) f(α2, α2) · · · f(α2, αn)
...

...
. . .

...

f(αn, α1) f(αn, α2) · · · f(αn, αn)

 .

N´wÑ,V�5¼ê3ØÓ�Äe�ÝþÝ
´ÜÓ�. XJlα1, ..., αn�β1, ..., βn�

LÞÝ
´C, =

(α1, ..., αn)C = (β1, ..., βn)

Kf3α1, ..., αn�e�ÝþÝ
AÚ§3β1, ..., βn�e�ÝþÝ
B�m�'X

ª�

B = C ′AC.

·K 9.2.1. b�f´ê�Fþ��5�mVþ���V�5¼ê. e¡Øä�

d.

(1)Kf3,|Äe�ÝþÝ
´�_�.

(2)XJ(α, β)é¤k�β ∈ V¤á, Kα = 0.

(3)XJ(α, β)é¤k�α ∈ V¤á, Kβ = 0.

y² XJf3,|Äe�ÝþÝ
´Ø�_�,@o1�þ����²���

5|Ü´"�þ,rù��²���5|Ü�XêÑ��ÝþÝ
���1��©

þp, ùÒ��
���"�þ�¤k�Ä�þ�SÈÑ´0.
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�

b�þ¡·K¥�n��d�^�¤á, K·�kÓ�

ε : V −→ V ∗

α 7→ ε(α),

Ù¥ε(α)(β) := (α, β) é?¿β ∈ V . duVÚV ∗��ê�Ó, ¤±d�êúª, �

I�`²ε´ü�, Ò�`²´Ó�. �Ä�ε(α) = 0��=�é¤k�β ∈ V , Ñ

k(α, β) = 0, `²XJ�3ù���"�þ, Ò`²
�g�mV ´òz�, Úb

�gñ. ¤±ε´ü�, l
´Ó�.

N´wÑXJf´ê�Fþ��5�mVþ���V�5¼ê,K§3?ÛÄe

�ÝþÝ
´é¡Ý
. XJ§´�é¡V�5¼ê, K§3?ÛÄe�Ý
Ñ´

�é¡Ý
. XJ§´HermitianV�5¼ê,K§3?ÛÄe�Ý
Ñ´HermiteÝ


.

½Â 9.2.3 (�g�m, �g.). b�f´ê�Fþ��5�mVþ���é¡

V�5¼ê, ¡¼ê

Q : V −→ F, α 7−→ f(α, α)

�Vþ��g., ¡�kù��g.�V��g�m, P�(V, Q). 3Q�¹Â²

(��¹e, �~~�ÑKQ, ��`V´�g�m. XJf´�òz�é¡V�

5., ·�Ò¡V´�òz��g�m, ÄKÒ¡V ´òz��g�m. ·�~~

rQ(α){ü�P�(α, α),½ö|α|2.

½Â 9.2.4 (�g�m�m��å). b�f´ê�Fþ�ü��g�m(V, Q)�(V, Q′)�

�5N�, XJé?¿�α ∈ V , Ñk

Q′(f(α)) = Q(α),

·�Ò¡f´�g�m�m��å. XJ(V, Q) = (V, Q′), ·�¡f´V����

åC�.

XJ(V, Q)´���òz��g�m, f´(V, Q)�(V, Q′)��å, Kf�½´

ü�. ÄK�½�3α¦�f(α) = 0, Ïdé?¿�β ∈ VÑk

(α, β) = (f(a), f(b)) = 0,

ùÚ·�b�V´�òz�gñ.

b�V´���g�m. XJ(α, β) = 0, ·�Ò¡α, β��, Ú���m��

��þ�N��f�Ø, ½ö��V ���m, P�rad(V ). N´wÑf´�òz�

��=�rad(V ) = 0.
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½Â 9.2.5 (���þ,��f�m). b�V´ê�Fþ��g�m, Q �Ù�

g.. XJ�"�þα÷vQ(α) = 0, ·�Ò¡α´�����þ. ��d"�þÚ

���þ|¤�f�m����f�m.

XJ·��½
V��|Äα1, ..., αn, @oα�±�¤Ä�þ��5|Ü

α = x1α1 + · · ·+ xnαn.

Ïd

Q(α) =

n∑
i,j=1

f(αi, αj)xixj

Ò´��n��gàgõ�ª, Ú·�c¡ÆS��g.�½Â��.

½Â 9.2.6 (��,��Ä). b�V´ê�Fþ��g�m. XJ§�Äα1, ..., αn¥,

?Ûü�ØÓ�Ä�þÑp���, ·�Ò¡ù´�|��Ä.

·K 9.2.2. ê�Fþ�n��g�mV�½�3�|��Ä.

y² ·�^êÆ8B{. b�·Ké�ê�un��g�m¤á.

XJ�g�mV´�����, @o¤k��þÑ´���. ¤±é?Ûü�

�þα, β ∈ VÑk

(α, β)
1

2
((α+ β, α+ β)− (α, α)− (β, β)) = 0

¤±?Û�|ÄÑ´��Ä. ÄK�{, �½¬�3�����"�þα ∈ V .·�

�ÄL(α)���ÖW . �±y²

V = L(α)
⊕

W

d8Bb�Wk�|��Äα1, ..., αn−1. ¤±Vk�|��Ä

α, α1, ..., αn−1.

�

�,ê�Fþ�n��g�mV�½�3�|��Ä, �´Ø�½U�3d�

���þ|¤���Ä, ù��Ä�3��=��g�m´�òz�. XJ�g�

mV´�òz�, @o?Û�|��Ä�Ä�þÑ´����. 3îAp��m@

�Ù, ·���?Û�|����þÑ�±*¿¤�m��|��Ä. ù�5�é

����g�m¿Ø¤á, 
�é�òz��g�mV�Ø¤á. ~X, ·�b�

����g�m3Äα1, α2 �e�ÝþÝ
´(
1 0

0 −1

)
.
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K

Q(α1 + α2) = 0.

b�

(xα1 + yα2, α1 + α2) = 0,

Kx = y, ¤±Úα1 + α2����þ�½Úα1 + α2�5�', Ïdα1 + α2Ã{*¿

¤�|��Ä.

ù�·K�du·�c¡ÆL�é¡Ý
ÜÓué�Ý
,½ö�g.�±^

�òz��5O�C¤IO/.

aq�, ·�c¡ÆSL?Û���é¡Ý
ÑÜÓu

0 1

−1 0

0 1

−1 0

. . .

0 1

−1 0

0

. . .

0


ù��u`XJf´�é¡V�5¼ê, @o�½�3V ��|Äα1, ..., αn, ¦

�f3ù|Äe¡�ÝþÝ
´þ¡�/ª.

½Â 9.2.7 (��Ä). �g�mV�ü���Ä

α = (α1, ..., αn), α′ = (α′1, ..., α
′
n)

¡�´���XJ�3i, j¦�αi = α′j.

½n 9.2.3. ?��òz�g�mV�ü���Ä

α = (α1, ..., αn), α′ = (α′1, ..., α
′
n),

�½�3����ÄS�

α(0) = α, α(1), ..., αm = α′

¦�é?¿�0 ≤ i ≤ m− 1, α(i)�α(i+1)´���.
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y² (1) b�(α1, α1)(α′1, α
′
1) − (α1, α

′
1)2 6= 0. ù��u`´α1, α

′
1Ü¤


���òz���²¡P = L(α1, α
′
1). b�ε2 ∈ PÚα1��, ε′2 ∈ PÚα′1��.

�α′′3 , ..., α
′′
n�H���Ö���Ä. K

α −→ (α1, ε2, α
′′
3 , ..., α

′′
n) −→ (α′1, ε

′
2, α
′′
3 , ..., α

′′
n) −→ α′.

��¦���ÄS�.

(2) b�(α1, α1)(α′2, α
′
2)− (α1, α

′
2)2 6= 0. y²aq.

(3) b�(α1, α1)(α′1, α
′
1)− (α1, α

′
1)2 = (α1, α1)(α′2, α

′
2)− (α1, α

′
2)2 = 0.

K·�`�½�3x ∈ F¦�αx = α′1 + xα′2÷v

(αx, αx) = (α′1, α
′
1) + x2(α′2, α

′
2) 6= 0,


�L(α1, αx)´��òz�²¡. 5¿��m´�òz�, α′2®²ÚÙ¦�Ä�

þÑ��
, ¤±Ø�UÚgC���. Ïd(α′2, α
′
2) 6= 0. �p���kÃ�õ

�, ¤±÷v(α′1, α
′
1) + x2(α′2, α

′
2) 6= 0 �xo´é���.

�
÷vL(α1, αx)´��òz�²¡, 7L

(α1, α1)(αx, αx)− (α1, αx)2 6= 0.

òαx�L�ª�\þª�C¤

−2x(α1, α
′
1)(α1, α

′
2) 6= 0.

du·�1n«�¹�b��±��(α1, α
′
1), (α1, α

′
2)ÑØ�u0, ¤±÷vù�^

��xo´k�, ��Ø�u0=�.

b�αx, α′′2´L(α′1, α
′
2)��|��Ä, P

α′′ = (αx, α
′′
2 , α

′
3, ..., α

′
n)

�V���Ä. KL(α1, αx)´���òz�²¡.

¤±·��±ÏL��ÄS�rαÚα′′'éå5, qÏ�α′Úα′′´���, ¤

±αÚα′U'éå5, ½n�y. �

§9.3 "�m


