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AN ALGORITHM THAT CARRIES A SQUARE MATRIX INTO ITS
TRANSPOSE BY AN INVOLUTORY CONGRUENCE
TRANSFORMATION*

D.Z. POKOVICT, F. SZECHTMAN#, AND K. ZHAO$

Abstract. For any matrix X let X’ denote its transpose. It is known that if A is an n-by-n
matrix over a field F, then A and A’ are congruent over F, i.e., XAX’ = A’ for some X € GL, (F).
Moreover, X can be chosen so that X2 = I,, where I, is the identity matrix. An algorithm is
constructed to compute such an X for a given matrix A. Consequently, a new and completely
elementary proof of that result is obtained.

As a by-product another interesting result is also established. Let G be a semisimple complex
Lie group with Lie algebra g. Let g = g, @ g, be a Zz-gradation such that g, contains a Cartan
subalgebra of g. Then L.V. Antonyan has shown that every G-orbit in g meets g,. It is shown
that, in the case of the symplectic group, this assertion remains valid over an arbitrary field F' of
characteristic different from 2. An analog of that result is proved when the characteristic is 2.
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1. Introduction. Let F be a field and M, (F') the algebra of n-by-n matrices
over F. For X € M, (F), let X’ denote the transpose of X. In a recent paper [5], the
following theorem is proved.

THEOREM 1.1. If A € M, (F), then there exists X € GL,(F') such that

(1.1) XAX' = A

Subsequently, the first author of that paper was informed that this result was not
new. Indeed, R. Gow [7] proved in 1979 the following result.

THEOREM 1.2. If A € GL,(F), then there exists X € GL,(F) such that XAX' =
A and X? =1,.

The latter theorem is much stronger than the former except that A is required
to be nonsingular. This restriction was removed in [3], yielding

THEOREM 1.3. If A € M, (F), then there exists X € GL,(F) such that

(1.2) XAX' =4A', X%’=1I,.
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We point out that the proof of Theorem 1.1 in [5] and that of Theorem 1.2 in [7]
are based on the previous work of C. Riehm [9]. In section 3 we shall indicate how
Theorem 1.3 can be derived from Theorem 1.2 by means of a result of P. Gabriel [6]
(as restated by W.C. Waterhouse in [11]).

In a certain sense, Theorem 1.1 is quite surprising (and so is Theorem 1.3).
Indeed the matrix equation (1.1) is equivalent to a system of n? quadratic equations
in n? variables xi;, the entries of the matrix X = [x;;]. There is no apparent reason
why this system of quadratic equations should have a nonsingular rational solution,
i.e., a solution X € GL,(F). (Note that if A is nonsingular then (1.1) implies that
det(X) = £1.)

Let us illustrate this point with an example. Say, n = 3 and the given matrix is

a 1 0
A=[0 0 1], a#0.
0 0 0
Writing the unknown matrix X as
T Yy =z
X=|lu v w|,
p q r

the above mentioned system of quadratic equations is:

aac2+acy—|—yz:a, azxu + xv + yw = 0,
arp+zxq+yr=20, aru+yu+ zv=1,
auQ—i—uv—i—Uw=07 aup + uqg + vr = 0,
arp+yp+29=0, aup+vp+wqg=1,
ap2+pq+qr:0.

It is not obvious that this system has a nonsingular rational solution. Nevertheless
such a solution exists, for instance the matrix

2 —a 1
X=1|2" -1 27!
-1 a 0

with determinant —1. In fact, we have X2 = Is.

The proofs of the first two theorems above are rather complicated and they neither
explain why a nonsingular rational solution exists nor do they provide a simple method
for finding such a solution. The main objective of this paper is to construct an
algorithm for solving this problem, i.e., to prove the following theorem.

THEOREM 1.4. For any field F, there exists an algorithm which solves the system
(1.2). More precisely, the input of the algorithm is a positive integer n and an arbitrary
matric A € M,(F), and the output is a matrizc X € GL,(F) which is a solution of
the system (1.2).
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The proof is given in section 4. We point out that we do not assume that there is
an algorithm for factoring polynomials in F'[t] into product of irreducible polynomials.
The GCD-algorithm is sufficient. Our algorithm is applicable to arbitrary F' and n
and so we obtain a new proof of Theorem 1.3. This proof is completely elementary in
the sense that it is independent from the work of Riehm and Gabriel and it uses only
the standard tools of Linear Algebra and some elementary facts about the symplectic
group.

We shall see that Theorem 1.3 is closely related to (the rational version of) a
special case of a theorem of L.V. Antonyan on Zs-graded complex semisimple Lie al-
gebras, which may seem surprising. Let us first state Antonyan’s theorem [2, Theorem
2):

THEOREM 1.5. Let g = gy D 9, be a Za-graded complex semisimple Lie algebra
and G a connected complex Lie group with Lie algebra g. Then the following are
equivalent:

(i) g, contains a Cartan subalgebra of g.

(ii) Fvery G-orbit in g (under the adjoint action) meets g, .

As a motivation for his theorem, Antonyan mentions the following well known
fact: Every complex (square) matrix is similar to a symmetric one. On the other
hand, the corresponding statement is utterly false for real matrices. We shall be
concerned with another special case of Antonyan’s theorem, namely the one dealing
with the symplectic group. As we shall prove, in this case the rational version of his
result is valid.

A matrix A = [a;;] € My (F) is said to be an alternate matrix if A’ = —A and all
diagonal entries a;; are 0. Of course, the latter condition follows from the former if
the characteristic of F' is not two.

In the concrete matrix style, let us define the symplectic group Sp,,(F), n = 2m
even, over any field F' by:

(1.3) Sp,(F) = {X € GL(F): X'JX = J},

where J € M, (F) is a fixed nonsingular alternate matrix. Recall that Sp,, (F') acts
on its Lie algebra

sp, (F) ={Z € My(F): Z'J +JZ =0}
via the adjoint action (X,Z) — XZX~'. It also acts on the space Sym,,(F) of
symmetric matrices S € M, (F) via the congruence action (X,S) — XSX’. These

two modules are isomorphic. An explicit isomorphism is given by § — Z = —J~18.
In order to state our result it is convenient to fix

(1.4) J= { f}m fm ]

Then we shall prove the following result.
THEOREM 1.6. Let F be any field and let n = 2m be even.
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(i) If the characteristic is not 2 and A € Sym,,(F'), then there exists X € Sp,,(F)
such that

(1.5) XAX' = [ lg g } ;

where B,C € Sym,, (F).
(ii) If the characteristic is 2 and A € My (F) satisfies A+ A" = J, then there
exists X € Sp,,(F') such that
/ B In
(1.6) XAX_{O C’]’
where B is invertible and B,C € Sym,, (F).

When F' = C, the assertion (i) is a special case of Theorem 1.5. We leave to the
reader the task of reformulating part (i) of our result in terms of the adjoint action of
Sp,,(F). One should point out that for special fields there exist more precise results.
For instance, if F = C or F' = R, then the canonical forms (under simultaneous
congruence) are known for pairs consisting of a symmetric and a skew-symmetric
matrix. We refer the reader to the important survey paper of R.C. Thompson [10]
and the extensive bibliography cited there.

In the last section we state two open problems concerning the congruence action
of SL,,(F) on M, (F).

2. Preliminaries. As usual, we set F* = F'\ {0}. We denote by I, the identity
matrix of order n. As in Linear Algebra, we say that E € GL,(F) is an elementary
matriz if it is obtained from I,, by one of the following operations:

(i) Multiply a row by a nonzero scalar different from 1.

(ii) Add a nonzero scalar multiple of a row to another row.

(iii) Interchange two rows.

If F is an elementary matrix, then A — FE A is an elementary row transformation and
A — AE' is an elementary column transformation. We shall refer to A — EAE’ as
an elementary congruence transformation or ECT for short.

For later use, we state the following trivial lemma concerning an arbitrary matrix
A e M, (F).

LEMMA 2.1. Let A € M, (F). If B= PAP’ with P € GL,(F) and YBY' = B’
for some Y € GL,(F), then X = P~YY P is a solution of (1.1). Moreover, if Y? = I,
then also X2 = 1I,,.

This lemma shows that, when considering the problem of finding rational non-
singular solutions of equation (1.1) or the system (1.2), we may without any loss of
generality replace the matrix A with any matrix B = PAP’, where P € GL,(F).

Let V be a vector space over F' and assume that V is equipped with a nondegen-
erate alternate bilinear form f. The group of all v € GL(V) such that f(u(z),u(y)) =
f(z,y) for all z,y € V is the symplectic group of (V, f) and will be denoted by Sp(V, f)
or Sp,,(F) if dim(V) = n and V and f are fixed. Note that n must be even. In this
paper, f will be given usually by its matrix. If f(v,w) = 1, then we say that (v, w)
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is a symplectic pair. We shall need the following well known fact about symplectic
groups.

PROPOSITION 2.2.  The symplectic group Sp(V, f) is transitive on the set of
nonzero vectors of V.. More generally, it is transitive on sequences

(Ulawlav2;w2a' "7vkawk)

of orthogonal symplectic pairs (v;, w;).
We denote by J,,, the direct sum of m blocks

2.1) [_01 (ﬂ

and by N, the nilpotent lower triangular Jordan block of size r.

For the sake of convenience, we shall say that a matrix A € M, (F) splits if we
can construct P € GL,,(F') such that PAP’ is a direct sum of two square matrices of
size < n.

In the proof of the main result we shall use the square-free factorization algorithm
for the polynomial ring F[t]. A nonzero polynomial is square-free if it is not divisible
by the square of any irreducible polynomial. Let p € F[t] be a monic polynomial. By
using the GCD-algorithm, one can find the factorization p = p1ps - - - pi, where p;’s are
monic square-free polynomials of positive degree and such that p;|p;—; for 1 <i < k.
Such an algorithm is described in [4, Appendix 3]. We say that p = pipa---pi is
the square-free factorization of p and that p; is the square-free part of p. We wish
to remind the reader that we do not assume the existence of a prime factorization
algorithm in F[t], and this is the main reason for using the square-free factorization.

3. Proofs of Theorems 1.3 and 1.6. The first of these theorems is an easy
consequence of the following important proposition, which will be used also later in
the proof of our main result.

PROPOSITION 3.1. Let A € Mp(F), n > 1, and det(A) = 0. Then there is a
recursive algorithm which constructs P € GL,,(F') such that PAP' = N, ® B for some
r (1 <r <n) and some B € M,,_.(F).

Proof. Let us write A = [a;;] and let d be the defect of A, i.e., the dimension of
the nullspace of A. By hypothesis, d > 1. Without any loss of generality, we may
assume that the first d rows of A are 0.

Assume that the first d columns of A are linearly dependent. By performing
suitable ECT’s on the first d rows and columns, we may assume that the first column
of Ais also 0. Then A= N; ¢ B with N7 = [0] and we are done.

Otherwise we have n > 2d and by performing suitable ECT’s on the last n — d
rows and columns, we may assume that

0 0 0
A=| Ay Az A |,
0 * *

where As; = Iy and the diagonal blocks are square. By subtracting suitable linear
combinations of the first d columns from the other columns (using ECT’s), we may
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further simplify A and assume that the blocks Ass and Aoz are 0. Thus

0
A= | I
0

* OO
No o

If n = 2d, then A splits as the direct sum of d copies of Ny and we are done.

We may now assume that n > 2d. Consider first the case where Z is nonsingular.
By subtracting suitable linear combinations of the last n — 2d columns (via ECT’s)
from the previous d columns, we may assume that the starred block is 0. As a side-
effect, the blocks Ass and Ass may be spoiled. These blocks can be again converted
to zero by adding suitable linear combinations of the first d columns. Then A splits
as the direct sum of Z and d copies of Ns.

Next we consider the case where Z is singular. Since Z is of size n — 2d < n, we
may apply our recursive algorithm to it and so we may assume that A has the form:

0 0 0 0
o o0 o
A=1"0 4y N, 0 |

0 Ap 0 Ay

where s > 1. By subtracting suitable linear combinations of the s columns containing
the block Ny from the columns containing Ass (using ECT’s), we may assume that
all the rows of Ass but the first are 0. As a side-effect, the zero blocks in the second
block-row may be spoiled but we can convert them back to 0 as before. Note that
the first row of A3 must be nonzero. By using ECT’s whose matrices have the form
Y & (Y)"! @ I,,_24, we may assume that the first entry of the first row of Asy is 1,
while all other entries are 0.

Assume that n = 2d+s. If d =1, then A = N,, and we are done. If d > 1, then
A splits, i.e., by permuting (simultaneously) rows and columns we can transform A
into a direct sum Ny & B, where Ny comes from the principal submatrix occupying
the positions d and 2d.

From now on we assume that n > 2d+s. Let X be the n—2d —s-by-n—d—s—1
matrix obtained from (A4g, A44) by deleting its first column v. We leave to the reader
to check that X has rank n — 2d — s. Hence by adding a suitable linear combination
of the columns of A containing the submatrix X to the d + 1-column (via ECT’s), we
may assume that the first column v of Ays is 0. That might affect the blocks in the
second block-row but As; will remain nonsingular. As before, we can convert to 0 the
blocks of A in the second block-row except As; itself. Additionally, we may assume
that Ag; = I. It is now easy to see that A splits, i.e., by permuting (simultaneously)
rows and columns we can transform A into a direct sum N9 @ B. (This Jordan
block comes from the principal submatrix occupying the positions 1, d + 1, and those
of the block Ny.) O

Proof of Theorem 1.3. On the basis of the above proposition, we see that in
order to extend Gow’s theorem to obtain Theorem 1.3, it suffices to observe that, for
each positive integer r, there exists a permutation matrix P, such that P? = I, and
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P.N,.P! = N/. We can take P, to be the permutation matrix with 1’s at the positions
(i, +1—14) with 1 <4 <. This completes the proof of Theorem 1.3. O

Proof of Theorem 1.6. Let F', m,n, and A be as in the statement of the theorem
and let J be as in (1.4).

(i) By hypothesis, the characteristic of F' is not 2. By Theorem 1.3, there exists
Y € GL,(F) such that Y/(A+ J)Y = A— J and Y? = I,. Thus we have

(3.1) Y'JY = —J, Y'AY = A.

Let V = F™ be the space of column vectors. Denote by ET (resp. E~) the eigenspace
of Y for the eigenvalue +1 (resp. —1). We note that J? = —1I,,. Hence, for v,w € E¥,

vV'Jw = (Yv) Jw=2Y'Jw=—0"JYw=—v'Juw.

As the characteristic of F is not 2, v'Jw = 0. Thus ET is totally isotropic with
respect to the nondegenerate skew-symmetric bilinear form defined by J. The same
is true for E~. Since V = E* @ E~, we conclude that each of these eigenspaces has
dimension m. By Proposition 2.2, there exists a T € Sp,,(F') which maps E* (resp.
E~) onto the subspace spanned by the first (resp. last) m standard basis vectors of
V. Equivalently, we have

P:TYTI{I’” 0 ]

0 —-In
Then X := (T')~! € Sp,(F) and the second equality in (3.1) gives PXAX' =
X AX'P and, consequently, (1.5) holds. Thus (i) is proved.

(ii) Now suppose the characteristic of F is 2. By Theorem 1.3, there exists
Y € GL,(F) such that Y’AY = A’ and Y2 = I,,. Thus we have Y’A'Y = A and
Y'JY = J. Denote by E the eigenspace of Y for the eigenvalue 1. As Y2 = I,,, we
have dim(E) > m. For v,w € E, we have v'Jw = v'(A+ A\w = v'(A+Y'AY )w = 0.
We conclude that F is totally isotropic with respect to the nondegenerate alternate
bilinear form defined by J. Therefore dim(F) < m. The two inequalities for dim(F)
imply that dim(E) = m.

By Proposition 2.2, there is a T' € Sp,,(F') which maps E onto the subspace
spanned by the first m standard basis vectors of V. Equivalently, we have

I, S

0 I, ] ’
for some invertible S € Sym,,,(F). Then Q := (T")~! € Sp,,(F) and Y'AY = A’ gives
P'QAQ' = QA'Q'P. As QAQ' + (QAQ') = J, we can write

Q@ =| 7 ot |

with B, W € Sym,, (F) and deduce that B = S~! and SZ € Sym,,(F). Consequently,
[ L. ©
R = { 7’8 I, ] € Sp,,(F).

Then X = RQ satisfies (1.6) with B = S~! and C = W+Z'S+Z'SZ. This concludes
the proof of Theorem 1.6. 0O

P=TYyT!= {
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4. The description of the algorithm. In this section we prove our main
result, Theorem 1.4. Our algorithm operates recursively, i.e., we reduce the problem
for matrices A of size n to the case of matrices of smaller size.

We now begin the description of our algorithm. Let A = [a;;] € M, (F) be
given. Throughout this section we shall use the following notation: Ay := A + A’
and A; := A — A’. The first of these matrices is symmetric and the second one is
alternate. If the characteristic is 2, then Ag = A;. The rank of A; is even, say 2m.

By Lemma 2.1, we may replace A by any matrix congruent to it. Hence without
any loss of generality we may assume that A; is normalized, i.e.,

In 0
w=lh 0]

Let G denote the subgroup of GL, (F') that preserves the matrix Ay, i.e.,
G = {X S GLn(F) : XIAlX = Al}

For S € G, we say that A — SAS’ is a symplectic congruence transformation or SCT.
An ECT can be an SCT only if 2m < n. If it is not an SCT, we can compose it
with another ECT to obtain an SCT. For instance, if m > 0 and we multiply the first
row and column by a nonzero scalar A # 1, then we also have to multiply the second
row and column by A~!. An elementary SCT is an SCT which is either an ECT or a
product of two ECT’s none of which is an SCT by itself.

The main idea of the algorithm is to find P € GL,,(F) such that, when we replace
A with PAP’, the system (1.2) has an obvious solution Y. Then Lemma 2.1 provides
a solution X for the original system.

We distinguish four cases:

(a) det(A;) =0 and the characteristic is not 2.

(b) det(A;) # 0, det(Ap) = 0 and the characteristic is not 2.

(¢) det(A;) = 0 and the characteristic is 2.

Each of these cases will be treated separately. We set V = F™, considered as the
space of column vectors, and we shall use its standard basis {e1,ea,...,en}.

4.1. Algorithm for case (a). The characteristic of F' is not 2, 2m < n, and
we set k =n — 2m.

In this case, our recursive algorithm will construct an involutory matrix ¥ €
GL,(F) and a sequence of ECT’s with the following properties: After transforming
A with this sequence of ECT’s, Y and the new A satisfy the following conditions:

(i) A; is normalized, i.e., A; = J,, ® 0.

(il) YAY' = A’

(i) All entries of the last k rows and columns of Y are 0 except the diagonal

entries (which are £1).

We remark that if A = B ® C, where B and C' are square matrices of smaller
size, and if our algorithm works for B and C, then it also works for A.
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If m =0, we take Y = I,,. From now on we assume that m > 1. Let us partition
the symmetric matrix Ag into four blocks:

B C
AO|:CI D:|7

where B is of size 2m. Assume that D # 0. Then we may assume that its last
diagonal entry is not 0. By elementary row operations and corresponding column
operations, we can make all other entries in the last row and column of Ay vanish.
(These operations do not affect A;.) Hence A splits.

From now on we assume that D = 0. If the rank of C is smaller than &, then we
may assume that the last column of C' is zero and so A splits. Thus we may assume
that C' has rank k. Our next goal is to simplify the block C' = [¢;;]. Note that if
X € G is block-diagonal:

X 0
X = [ - ] . X1 €Spy,,(F), X € GLy(F),

then the effect of the SCT: A — X AX’ on the block C is given by C — X1CX}.
Let v; denote the j-th column of A.

Assume that there exist p,q such that 2m < p,q¢ < n and v,Ajv, # 0. By
applying a suitable SCT (of the type mentioned above), we may further assume that
C2m—1,k—1 = Cam,k = 1 and all other entries of the last two rows and columns of C'
vanish. Next by subtracting multiples of the last two columns of A from the first
2m — 2 columns (via ECT’s), we can assume that also the first 2m — 2 entries of the
last two rows of B vanish. If n > 4, then A splits. Otherwise, n = 4, we can assume
that B = 0 and then take Y = diag(1, —1,1, —1).

It remains to consider the case where U;Alvq = 0 for all p,qg > 2m, i.e., the
columns of C form a basis of a k-dimensional totally isotropic space (with respect to
Jm). Since Sp,,, (F) acts transitively on such bases, without any loss of generality,
we may assume that

(4.1) Com.k = Com—2,k—1 = *** = Cam—2k,1 = 1

while all other entries of C' are 0. Since the column-space of C' is totally isotropic, we
must have k < m.

By subtracting suitable multiples of the last k columns from the first 2m columns
(via ECT’s), we may assume that each of the rows 2m —2k+2,2m —2k+4,...,2m of
Ap has a single nonzero entry. (The corresponding columns have the same property.)

In order to help the reader visualize the shape of the matrix Ag at this point, we
give an example. We take m =5 and k = 2. Then Ay has the form:
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[ 0 00 0]
0 0{0 O
0 0{0 O
0 0{0 O
0 0(0 O
0 0(0 O
Ao = 0 0/0 0 |’
00 0 0 O0O0O0O0OO0OTO0O|1I O0
0 0{0 O
000 O0O0OO0OO0OTO0OO0OTO0O|01
000 0 O0O0O0OT1TO0TO0|]00O0
100 0000O0O0GO0 1|00 ]|

where the blank entries have not been specified.

In order to give a simple formula for the matrix P (which provides the solution
of our problem for the matrix A), it will be convenient to perform a congruence
transformation which is not an SCT. For that purpose we just rearrange the rows
of A so that the rows 2m — 2k + 1,2m — 2k + 3,...,2m — 1 come before the rows
2m — 2k +2,2m — 2k + 4,...,2m (and similarly the columns). We continue (as in
programming) to refer to this new matrix as the matrix A. Now A; is no longer
normalized. The matrices Ay and A; have the following form

Ry Ry 0 O Jm—r 0 0 0

| R, Rz 0 0 - 0 0 Iy 0O
Ado=1 "0 g o I | A= 0 —Iy 0 0
0 0 I O 0 0 0 0

where all the blocks, except those in the first row and column, are square of size k.

We now introduce a truncated version of the problem, in which we replace A with
its principal submatrix A obtained by deleting the last 2k rows and columns. Define
Ag and A; similarly. These truncated matrices have all size n — 2k(= 2m — k). Note
that A; is already normalized and has rank 2(m — k). Hence, by using recursion,
our algorithm can compute a matrix P € GL,_2x(F) and an involutory matrix Y
satisfying the conditions (i-iii). In particular,

YPA(P)Y = PAy(P), PA(P) =A, and YA,Y = —A,.

We now show that we can use P and Y to construct P € GL, (F) and an involu-
tory matrix Y, such that

YPAGP'Y = PAyP', PAP' =A; and YAY = —A;.

Let us partition P as follows:

= | i P
St
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where Py is of size k. The matrix A; has the form J,,,_®0. The equation PA; (P)' =
Ay implies that Py Jy,— P} = Jm—k and P53 = 0.
Our matrix P is now given by the following formula:

P P 0 Q1
0 P 0 Q2
Ps Py (P)™' Qs |
0 0 0 Py

P =

where

Py = —(P7'PoP YY) o,
1

PP

Ql = 7(P1R1 -+ PQR&)PéP;; - (P1R2 -+ P2R3)Pép4,

Q2 = —Py(R,P. + R3P}) Py,

Qs =

Ps =

7%(P5R1Pé + P5R2Pé + PGR/2P5/ + P6R3P6)P4

Clearly P is invertible. It is easy to verify that PA; P’ = A; and that PAyP’ has
the same shape as Ay except that the blocks R;, Re and Rs may be different from
those in Ag. Recall that PA;(P) = A; and that Y = A @ A, where A is a diagonal
matrix of size k. Moreover, Y commutes with PAg(P)" and anti-commutes with A;.
Set Y =Y @ (—A) @ (—A). It is easy to verify that ¥ commutes with PAyP’ and
anti-commutes with A;. Consequently, the conditions (ii) and (iii) are satisfied. By
transforming A with a suitable permutation matrix, we may also satisfy the condition
(1).

This completes the treatment of case (a).

4.2. Algorithm for case (b). We recall that the characteristic is not 2, n = 2m,
A1 = Jpm, and Ay is singular. We define here the symplectic group, Sp,,(F'), by using
definition (1.3) with J = J,,,. Let N be the nullspace of Agp, i.e., N ={v eV : Agv =
0} and let d be its dimension. Since det(Ag) = 0, we have d > 0.

In this case, our recursive algorithm will construct an involutory matrix ¥ €
GL,(F) and a sequence of ECT’s with the following properties: After transforming
A with this sequence of ECT’s, Y and the new A satisfy the following conditions:

(i) A;p is normalized, i.e., A1 = Jp,.

(ii) YAY' = A"

(iii) Exactly d rows and d columns of Ag are 0, and the corresponding rows and

columns of Y have all entries 0 except the diagonal entries (which are £1).

Again we remark that if A = B & C, where B and C are square matrices of
smaller size, and if our algorithm works for B and C, then it also works for A.

Assume that there exist v,w € N such that v"Ajw = 1. Then it is easy to
construct a matrix P € Sp, (F) having v and w as its first two columns. Hence the
first two columns (and rows) of P’AgP are zero. If m = 1, then Y = diag(1,—1)
works, otherwise P’ AP splits. Thus we may assume that v’ A;w = 0 for all vectors
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v,w € N. Since det(A;) # 0, we deduce that d < m. Then we can construct
P € Sp,,(F) such that its columns in positions n,n —2,...,n —2d+ 2 form a basis of
N. We replace A with P'AP.

If d = m, then Y = diag(1,—1,...,1,—1) satisfies (ii) and (iii) and we are done.

Now assume that d < m. Recall that {en,en—2,...,en_244+2} is a basis of N. We
set m =m — d and define Ay to be the submatrix of Ay of size n = 2m in the upper
left hand corner. We denote by N the nullspace of Ay and by d its dimension.

Assume that d = 0, i.e., Ag is nonsingular. Then, by applying a suitable sequence
of elementary SCT’s, we may assume that the n —ni-by-n submatrix of Ay just below
the submatrix Ag is zero. This means that A splits.

Now assume that d > 0. By using recursion, we may assume that we already
have an involutory matrix Y € GL7(F) and that Y and A satisfy the conditions
(i-iii) above.

For convenience, we partition the set of the first i rows (and similarly columns)
of Ay in two parts: We say that one of these rows or columns is of the first kind if it
contains a nonzero entry of the submatrix Ay and otherwise it is of the second kind.
The sequence of elementary SCT’s that we are going to construct has the additional
property that it will not alter the submatrix Aj.

Denote by B the d-by-d submatrix of Ay in the intersection of the rows of the
second kind and the columns in positions n — 1,n — 3,...,n — 2d + 1. Since d is the
dimension of N, B must have rank d. By using elementary SCT’s which act only on
the last 2d columns (and rows), we can modify B without spoiling the zero entries of
Ap which were established previously and assume that B = (Iz,0), i.e., B consists of
the identity matrix of size d followed by d — d zero columns.

Let us illustrate the shape of the matrix Ay at this stage by an example where
n=2m =18, d =75, and d = 4. We point out that the submatrix made up of the
starred entries is nonsingular. Hence a row or column of Ay is of the first kind if and
only if it contains a star entry. The submatrix Ay is the block of size 8 in the upper
left hand corner.
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* * %« 0 x 0 0 0 0 0 0 0 0
* * %« 0 x 0 0 0 0 0 0 0 0
* « « 0 x 0 0 O 0 0 0 0 0
00 00O0OO0OO0OTO0O|]1L 0O0O0OO0CODGO0OO0OTGO0OT®O
* « « 0 x 0 0 O 0 0 0 0 0
o0 0O0O0OO0OTO0OTO0OI001O0O0O0OO0OO0OO0OT@®O
00 0O0O0OO0OTO0OTO0OI00O0OO0O1O0O0OO0OO0OT@®O
00 00O0OO0OO0OTO0O|]0O0O0O0OO0COT1ITTUO0OTGO0ODO®O
Ay = 1 0 0 0 0 0 0 0 0
o0 0O0O0OO0OSO0ODO0OI00OO0OO0OO0OO0DO0ODO0OTQO0ODSFP O
0 1 00 0 0 0 0 0

00 00O0OO0OO0OTO0O|]0O0O0O0OO0COTOOO0OTGO0OF®O
0 010 0 0 0 0 0

o0 0O0O0OO0OSO0ODO0OI00OO0OO0OO0OO0DO0OO0OTQO0ODSF®©
0 0 0 1 0 0 0 0 0

o0 0O0O0OO0OTO0ODTO0OI0O0OO0OO0OO0OO0ODO0OTO0OTQO0ODTPEO
0 0 0 0 0 0 0 0 0
L1000 0O0O0O0OO0O|OO0OO0OO0OO0OO0OO0CO0O0 0]

By subtracting suitable multiples of the columns of Aj of the first kind (using
elementary SCT’s) from the columns in positions n —1,n—3,...,n—2d + 1, we may
assume that all entries of Ag in the intersection of the latter columns and the rows of
the first kind are zero. In the above example this means that all blank entries in the
first eight rows (and columns) are being converted to zero.

We can now use elementary SCT’s to convert to zero all entries in the 2d-by-2d

submatrix of Ay in the lower right hand corner, except those in the 2(d — d)-by-
2(d — d) submatrix in the same corner. Similarly, if d > d, we can diagonalize the
(nonsingular) square submatrix of size d — d in the intersection of rows and columns
in positions n — 1,n —3,...,n —2(d — d) + 1.

We extend Y to Y as follows. Let €1, €9, . .. ,€g be the entries in the diagonal of
Y occurring in the rows of Ay of the second kind. We set the diagonal entries of Y in
positions a+1, 743, ..., n+2d—1tobe ey, s, ..., e4. Furthermore, we set the diagonal
entries of Y in positions 7 + 2,72 + 4,...,7 + 2d to be equal to —e;, —£9,..., —€4.
Finally, the last 2(d — d) diagonal entries of Y are set to be 1,—1,...,1,—1. One
verifies that Y, Ay and A; satisfy the conditions (i-iii) above.

This completes the treatment of case (b).

4.3. Algorithm for case (c). In this case, the characteristic of F' is 2, 2m < n,
and we set k = n — 2m. We recall that A; = J,,, ® 0. Let us partition A into four

blocks:
B C
=& 5]
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where B+ B’ = J,,, and D’ = D is of size k. In this case our recursive algorithm will
produce a solution X of (1.2) of the form

Assume that D is non-alternate. Then we can assume that its last entry a,, # 0.
By adding suitable multiples of the last row of A to other rows (via ECT’s), we may
assume that a,, is the sole nonzero entry in the last row and column. If n =1, i.e.,
m = 0 and k = 1, then we can take X = I;. Otherwise A splits and we can use
recursion.

Next assume that D is alternate and nonzero. Then we may assume that it is
the direct sum of a symmetric matrix of size k — 2 and the block J;. We can now
proceed in the same way as above to convert to 0 the last two columns of C. If m =0
and k = 2, then n = 2 and we can take X = I5. Otherwise A splits and we can use
recursion.

Hence, we may now assume that D = 0. We can also split A if the rank of C' is
less than k. Thus we may assume that C has rank k.

Assume that the k-dimensional space spanned by the columns of C' is not totally
isotropic (with respect to J,,). If n > 4, we can split A as in subsection 4.1. Otherwise
n = 4 and we may assume that C' = I5. Then

[ L B
=[5 L]

is a solution of (1.2) and has the desired form. Hence we may now assume that the
above space is totally isotropic. Consequently, k& < m. As in the previous section, we
may also assume that (4.1) holds and all other entries of C' are 0.

By adding suitable multiples of the last k£ columns to the first 2m — 2k columns
(via ECT’s), we may assume that the first 2m—2k entries of the rows 2m—2k+2, 2m—
2k +4,...,2m of B are 0. The corresponding columns have the same property. By
using the same argument, we can also assume that all entries in the intersection of the
rows 2m—2k+2,2m—2k+4,...,2m and columns 2m—2k+1,2m—2k+3,...,2m—1
of B are 0. As A+ A’ = J remains valid, all entries in the intersection of the rows
2m—2k+1,2m—2k+3,...,2m—1 and columns 2m—2k+2,2m—2k+4,...,2mof B
are 0, except that the entries just above the diagonal are equal to 1. This completes
the first subroutine of the algorithm.

In order to help the reader visualize the shape of the matrix A at this point, we
give an example. We take m = 6 and k = 3. Then A has the form:
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I 0 0 0/0 0 07
0 0 0]0 0 O
0 0 0[O0 0 O
0 0 0[O0 0 O
0 0 0]0 0 O
0 0 0]0 0 O
e 1 ¢ 0 ¢ 0|0 0O O
A=|10 0 0 0 0 0|0 x O x O x|1 0 O |,
e 0 ¢ 1 ¢ 0|0 O O
00 0 0 O0 00 « 0 « 0 %[0 1 0
e 0 ¢ 0O ¢ 1|0 O O
0 00O O0OO0]0 0 % 0 |0 01
o 00 00 0j01 0 O0O0OO0O]|]0 00
0o 0 0 00 0j0 0 O 1T 0 0j0 00
L0 00 0000 O0O0O0O0T1T|0 0 0]

where the blank, bullet, and star entries remain unspecified.

In order to give a simple formula for the matrix X, it will be convenient to perform
a congruence transformation which is not an SCT. For that purpose we just rearrange
the rows of A so that the rows 2m — 2k +1,2m — 2k +3,...,2m — 1 come before the
rows 2m — 2k + 2,2m — 2k + 4,...,2m (and similarly the columns). Now A; is no
longer normalized. The matrices A and A; have the following form

Ay A O 0 Jn—r 0 0 0
Ay Ay I 0 0 0 I, 0
A=1"9 0  Ass I A= 0 Iy 0 0
0 0 I, 0 0 0 0 0

where all the blocks, except those in the first row and column, are square of size k.
As A+ A’ = Ay, the matrices Ags and Ass are symmetric and Ay + A}y = Jm—k-

Let us illustrate these modifications in the example given above. Then the new
matrix A has the following shape:
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[ 0 0 0[O0 0 07
0 0 0|0 0O O

0 0 0|0 0O O

0 0 0j]O0O O O

0 0 0j]O0O O O

0 0 0j]O0O O O

e o |1 0O 0|0 O O

A= e ¢ ¢/0 1 O[O0 0 O |,
e ¢ ¢/ 0 0O 1]0 0 O

0 000 0 0j]0 0 O0jx ~ «|1 0O
0 00O O 0]0 OO« % %x|0 10
0 00O O O0]0 OO« « %x|0 01
0O 0000 0{0 O0Of1 000 0 O
0 0000 0{0 OO0 1T O0(0 0O
L0 0 0 0 0 O0f0 0 0|0 0 1]0 0 0 |

where the bullet (resp. star) entries are those of Aag (resp., Ass).

Assume that Ass is non-alternate. By performing congruence transformation on
A with a suitable block-diagonal matrix Iy(,,—x) © Z @ (Z") 71 @ Z, we can assume
that Asy is a diagonal matrix (see [8]) and that its last diagonal entry is nonzero.
By using elementary SCT’s, we can assume that the last column of Aj5 is 0. As a
side-effect of these elementary SCT’s, the zero blocks just below A}, and Ass may
be spoiled (and the block As3 may be altered). This damage can be easily repaired
by using elementary SCT’s which add multiples of the last & columns to the first
2m — k columns. By adding suitable multiples of the last k columns (and rows) we
may assume that the symmetric matrix Ass is diagonal. If n = 3, i.e., m = k = 1,
then we can take

1 01
X=|0 1|0
0 01

Otherwise A splits (with one of the blocks of size 3).

Next assume that Ass is alternate and nonzero. Then we may assume that it is
the direct sum of a symmetric matrix of size kK — 2 and the block J;. We can now
proceed in the same way as above to convert to 0 the last two columns of A5 and to
diagonalize Asz. If n =6, i.e., m = k = 2, then we can take

Otherwise A splits and we can use recursion.
Hence, we may now assume that Ags = 0.
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We now introduce a truncated version of the problem, in which we replace A
with its principal submatrix A obtained by deleting the last 2k rows and columns.
The truncated matrix, A, is of size n — 2k(= 2m — k). Let A; be the corresponding
submatrix of Ay, i.e., Ay = A+ (A) = Jp 1 ©0.

By using recursion, our algorithm can compute a matrix X € GL,,_o1(F) of the
form

S

such that (X)? = I,,_o, and XA(X)" = (A)". The last condition is equivalent to X A
being a symmetric matrix. In terms of the blocks of A and X, we have

X7 = Dm_py, X1Xo = Xo, X1412 = A1, X141 + Xo4), € Symy () (F)-

We now use X to construct the desired X € GL,,(F). Our matrix X is given by
the following formula:

X1 Xo 0 X3
0 I, 0 X4
Xs Xo I Ass
0 0 0 I

X =

where

X3 = AnJm—iuXo + A2 X5 I An1 I Xo,
Xy = I+ Ao Jm—iXo,

X5 = XéJm_k,

Xo = XhTmnArrJmp Xo.

The matrix Xg is symmetric. Indeed we have:
Xé = XéJm,kA/HJm,kXQ = Xé]mfk(Au + Jmfk)Jm,kXQ = X¢ + XéJm,kXQ.

Since X1 X2 = Xo, the column-space of X5 is contained in the 1-eigenspace of Xj.
On the other hand, we know from the proof of Theorem 1.6 that this eigenspace is
a maximal totally isotropic subspace (with respect to Jy,—x). Hence X5 J,,_x X2 =0
and so X} = Xg. It is now straightforward to verify that X A is symmetric.

It remains to verify that X2 = I,,. Note that the column-space of Lyim—1) + X1
and also of A1, is contained in the 1-eigenspace of X;. The same argument as above
shows that X5Jp x(Ia(m—r) + X1) = 0 and A}y J,, £ X2 = 0. The first of these
equalities can be rewritten as X|J,—x X2 = Jn—xXo2. By using these equalities, we
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find that

X5 X1+ X5 = XoJm—k(Ipm—i) + X1) =0,
X5Xo = Xé]m_ng =0,
X1 X5+ XoXy + X3 = X1 A11dm 1k Xo + A1 dm -k Xo + Xo + Xo A5 Jm kX2

= (A X] + A2 X5) Tk Xo + A1 X2 + Xo

= AN X Tk Xo + A1 T Xo + Xo

= Al Ik Xo + A1k Xo + X2 =0,

X5 X3+ X6 Xy = XoJm pA12XoIm_kA11Im—k X2
+ X5 Jm—kA11 -k Xo Ay Jm—r X2 = 0.

Thus X2 = I,, as claimed.
This completes the treatment of case (c).

4.4. Algorithm for case (d). In this case there is no restriction on the char-
acteristic of F', n = 2m, both matrices Ay and A; are nonsingular, and we have
A1 = J. In view of Proposition 3.1, we may also assume that det(A) # 0. Thus all
three bilinear forms:

(v,y) =2'Ay, z,y€eV,
<Za y>0 = ﬂfley, T,y € V’
<Iay>1 = x/Aly; T,y € Vv

are nondegenerate. The second form is symmetric and the third is alternate. If W is
a subspace of V', there are two kinds of orthogonal complements with respect to the
first form: The right orthogonal complement

Wt={yeV: (z,y)=0, Ve W},
and the left orthogonal complement
W={yeV: (y,x) =0,V c W}

Set S = J,, A, an invertible matrix which we also consider as a linear operator on
V. We make V into a module over the polynomial algebra F'[t] by letting ¢ act as the
multiplication by S. We write f -« for the action of f € F[t] on z € V. We denote by
* the involutorial automorphism of the F-algebra F'[t] which sends ¢ to —1 — ¢. Thus
if f € F[t], then f* € FJt] is defined by f*(t) = f(—1 —t). One can check without
difficulty that f* = f holds if and only if f(t) = g(t + t?) for some g € F[t]. If the
characteristic of F is not 2, then f* = — f holds if and only if f(¢) = (2t + 1)g(t + t?)
for some g € F[t] and, consequently, if f # 0, then f* = —f implies that f has odd
degree.
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It is straightforward to verify that for all z,y € V we have

x,t-y)=—((14+1) z,y),
z,t-yp =—((1+1) z,yh,
z,t-yh =—(z,y),
)+ (v, ) = (2,9)o,
) — (Y, z) = (2, 9)1

The first two of these identities imply that

<1';f'y>1 = <f*'1'7y>1; Vx,yEV, vaF[t]

The second and third imply that if a subspace W of V is S-invariant (i.e., an F[t]-
submodule), then

(
(
(
(
(

w=wt=wh,

and we shall denote this subspace simply by W+.

Let f denote the minimal polynomial of S and let f = f1f2--- fr be its square-
free factorization. Since J,, 8" = —JnA' Ty = —JnAdm — I = —(In + S) I and S’
is similar to S, we conclude that S and —I,, — S are similar matrices. This implies
that f* = £f, and so each f; = £f;. If the characteristic of F' is not 2, since
25 + I, = J,Ap and Ag is nonsingular, we conclude that 2¢ + 1 does not divide f.
Hence f* = f in all cases, and also f; = f; for all ¢’s.

Let f1 = gh where ¢* = g and h* = h are monic polynomials. We set

Vy = | ker(g(5)")

i>0

and define V}, similarly. Then V =V, © V}, and VJ- V3. Consequently, if g* = g is
a monic divisor of f;, then

(42) V=V, eV

Assume that f; # fi for some i. Then g = f; and h = f1/f; = h* are relatively
prime monic nonconstant polynomials. Hence (4.2) is valid. Clearly, we can construct
the subspace V;; and so we obtain a splitting of A.

From now on we assume that f; = f; for all i = 2,...,k, ie., f = fF. For
0 < < k, we denote by V; the kernel of the operator fi(S)*~%. In particular, Vo =V
and Vi, = 0. Set V = V/Vy and, for x € V, & = x+ V4. The bilinear form VxV — F
defined by (z,y) — (z, ff=" - y)o has V; as its (left and right) radlcal It induces a
nondegenerate bilinear form V' x V' — F given by (Z,7) — (z, ff=! - y). This form is
not, skew-symmetric because

<I’f1k_1'y> + <yaf1k_1 .Z'> = <$7f1k_1'y> +< f_l 'y;l‘> = <x7f1k_1'y>0
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and (-, -)o is nondegenerate.

Therefore we can choose v € V' such that v is a non-isotropic vector with respect
to the above form, ie., if w = fF='. v, then (v,w) # 0. Let W = F[t] - v be
the cyclic submodule generated by v and set U = W N W=. Of course, U is also
cyclic, say U = F[t] - u, where u = ¢ -v and g is a monic divisor of f. Since
0 = (u,v) = {g-v,v) = (v,g* - v), we deduce that g* - v € U, ie., g divides g*. It
follows that g* = g. Thus f = gh, with h* = h also monic. As (v, w) # 0, we have
w ¢ U which implies that f; does not divide h. Thus h;, the square-free part of h,
is a proper divisor of f; and hi = hy. If hy # 1, then by applying an argument used
above we can construct a splitting of A. Otherwise U = 0, ie., V = W @ W+, If
W # V| then again A splits. Hence we may assume that V = W.

The vectors S*v for 0 < i < n form a basis of V. Hence if Wy is the subspace of
V with basis {v; = (¢t +t3)""1-v: 1 <i<m}and Wy =t- W, then V = Wy & W;.
Since

(E+ 1) 0, (t+ ) - v)y = (1)@ 0,6 . 0)y =0,
we have Wd‘l = Wy and similarly WIJ‘1 = ;. Since

(tt+12) v, (4 12) v) = (=1)T FHITL g 17 g)
—_ (_1)i+j (ti+j+1 -v,ti"'j"'l . U>1 =0,

we have also Wit = Wy. Hence there exists a unique ordered basis {w,...,wy,}
of Wy such that {vi,w1,...,0m,wn} is a symplectic basis of V. Denote by P the
matrix whose columns are the vectors vy, va, ..., Vm, w1, Wa, ..., wy (in this order).

Since (wj,v;) = 0, we have (v;,w;) = (v;,w;)1 for all 4, j. We infer that
ap_ | B Im
P'AP = |: e

for some invertible symmetric matrices B and C'. It remains to observe that

I, C!
el

is involutory and satisfies Y P’APY’' = P’ A’'P.
This completes the description of our algorithm (and the proof of Theorem 1.4).

5. Two open problems. We denote by F' an arbitrary field. The matrices will
be denoted by lower case latin letters. We set M,, = M,,(F) and G = SL,,(F). The
congruence action of G on M, is defined by a - = aza’ (a € G, x € M,,). It is one
of the several most important group actions studied in Linear Algebra. (One usually
considers the restriction of this action to symmetric or skew-symmetric matrices.)

Let F[M,] be the algebra of polynomial functions on M,,. The congruence action
of G on M, induces an action of G on F[M,] by
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where a € G, f € F[M,], and x € M,.

When F = C, Adamovich and Golovina [1] have computed the subalgebra,
C[M,]¢, of G-invariants in C[M,,]. More precisely, they have shown that this sub-
algebra is isomorphic to a polynomial algebra over C in [(n + 1)/2] explicitly given
algebraically independent generators.

One can ask many interesting questions about the congruence action of G on M,,
but we shall state only two of them.

Problem 1 FEztend the results of Adamovich and Golovina to algebraically
closed fields of prime characteristic (or to arbitrary fields).

Problem 2 If F' is algebraically closed and x € M,, determine which G-orbits
are contained in the Zariski closure of the orbit G - x.

In connection with Proposition 3.1 we would like to make the following remark.
This proposition shows that an arbitrary A € M, (F) is congruent to the direct sum
of various niloptent Jordan blocks N, and a nonsingular matrix X (where either of
these two types may be missing). By applying the well known theory of matrix pencils
AA + puB to the special pencils AA + pA’, it is easy to see that the nilpotent Jordan
blocks N, are indecomposable under congruence and that the sizes of Jordan blocks
N, and their multiplicities in the above decomposition are uniquely determined by
A. As shown by Gabriel [6], X is unique up to congruence. In the statement of
Gabriel’s theorem as given by Waterhouse [11], instead of the Jordan blocks N,,
more complicated singular indecomposable blocks B, are used. Since for each size
r > 1 there is only one (up to congruence) singular indecomposable matrix of size
r, the matrices B, and IV, must be congruent. This can be also shown directly by
constructing a permutation matrix P such that PB,P’ = N,.
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