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g—if 5 B
§1.1 ZMECHATHZTRIXIR

ﬁza%ﬁﬁﬁ°ﬁﬁmﬁwﬁ%ﬁﬁz?

BB, SRR 2R MK & UM & R 28 1E
WT%%&%M,T%+%ﬁ%m@m—T.

N BLEE ST R SR, FERIHERFER — BB, XERNAE AR
Hu B4, R TILTEE, B3Rk, AT “BFEFSIL”, AHE
MU T X FRAL. “BFEF S SRS RENE. XHFERE R ERE
RICHHL (2 13 DT, ANTHER), YBE “KTR” fl “PUTA”. Wk
BERIBOCME “K” 7T, BREBEFA. A KIAREBGONE <R, “H”,
“N7. W FHOT, WHEMSTRER . y. 2. wRERBEHARA
¥.A TR 9, TR SRR SL A RAT. E, K
m&ﬁ TR 16 e,  “BFERSI” = EinEE B < are

SERAACEE R REA:. BEESE T — IS IR TR, 200 (— Ky
:ﬁész)—mﬁEQMKﬁé 73X $21E 2 B a2 AREOR AR P
,Mwimsﬁ@¢ RECEIE R M AERET S B TS ey, fg=
W, WIRARET R, hH T X BRI AR BiR TR, g T —8/R
ﬁﬁ#ngﬁtmﬂé,MBEMBﬁ%ﬁﬁ%Mﬁ%W@Ekﬁﬁﬁ&

apz” + a1z '+ 4+a,=0 (1.1.1)

IR AR, BDHES By RER BB, DR, F-. BRI 5 B sy o 2ok &
AATRIR. ETHM—R, 2R, ZREMRARETBIORE, ~azd
N AR IR DA m ik RO R iR U, (HE LRI S 4. HE 1770
4, J.Lagrange ( 1736-1813 ) FH| T IR K SR T EA W REMEX s Mad
T A2, 1824 4F N.Abel ( 1802-1829 ) R T XA, EIStFFHIRAIH
KA E— By BEsRAR AR AT RERY . (H A AR AR EOT FRREAR X PT 1,

X 1830 4EH E.Galois ( 1811-1832 ) #IJiKf#HE. MiEM T FREEMRA AT Y
HAUY ER Galois BEF[fi#.  Abel 5 Galois MU T = H R TIL LAY &
GMERS, WEEAJE: TN TR AES, BEERT W 5 B K
W, MiE R AR = T . SUHGAEICH IR ZER R (1.1.1)
FIRAFEAEYE. B2 (1.1.1) MREEEE, WEoE—-MER. Xt
EAGACEEARERE. 18 4K, C.F.Gauss ( 1777-1855 ) 45 H T XA EHE
FITERA. N\ 19 e drnt, RECEHRZ N TR AEGE AR, 5

1

qs} ?UE



2. 3l E

= RARBOB A — PR 5 A A T 20 HE22907E D.Hilbert ( 1862-1943 ),
E.Steinitz ( 1871-1928 ), A.E.Noether ( 1882-1935 ) E.Artin ( 1898-1962 ),
5 A HHER T 75 LA .

FHRABOEENTRES RXLEES FIORMEBE. BERSHEY
REGEFT R R4 R RIIK S, SRR LG R REGE A S,
WAL, R S b AL TIEL AR A P
2B TR e A, M TS ST A — Lk (SFRATE),
M TR — REEH. FRRKEROERREEERBIAES
% EEOMASA. B SR kB B, RKET W EaE
.

SRR B BRI MBGH, TR T T IS R R R
5, —AEEMHA I TS0 BT, Sk MR BH LAy
B AR LA, AL, BERREE PR LR, 1
8T 24 SR 5 W 34 B S PEIR, 0 — 3K LA, M0 M 2
SCAFRAE— A Abel BE RAOFE. BIA BBERTLLE MU — MRS, FEE
i, ER—MURE e B AR LR, R, TR, IR
BFHFATEEANSETER.

S HAMETIL R (MBEE). EHE ENSHTRUR52H
SMSIE (gt WM, REME) OMSER. W, U, R
LRI, (UG A SRR R sy, B4R A
R AR TR AL, A LA S 2 By S A
ST AR O 13 S PR 0 UL 5 e PO H 4.

Wk BB AT t, S RBOTRTEng f: Stk as ol BLR L2 hy
Fos M FITEA M) R S, B b, St it RN — b 2 )
MBI 5 — A, LR ] R SR 7 S b 2
VEVZ B LA U TR R, T OB U T R ). 2, T
B REPERM R, SAEREUURER A RS, T AR
By R AE 2 31

§1.2 FIEBEEN

[B] o — T — L B B AR A 9 2
(1)& (group)
XA, RE R,



§1.2 FHIAHEEER 3.

HE—FZEs, HEA -0z « HiL:
1) (HAE) XE o.bed N

axbeG.

2) (LEAHE) XA abce G, ]

(axb)xc=ax*(bx*xc) .

3) (HHBALT) GHHFE—TTR e, HEMER o€ G, #H

exag=a*xe=a.

4) (FH) X G HE—ITR o, 7 G THITR o ', 7

o BRI
5) (XHfE) XMFE a,beGH

axb=bxa,

MFR G 7 AbelBFS3THuBE. WHHZS « Tk, JEH + REA.

HEG G AR 1) & 2), WK G S8 (semi-group).

(2)3 ( ring )

He—EZES R, AWNTICEH, ik GefE + ) &Ik GefEm
%) W2

1) R X AR Abel #;

2) R XIEEAERE

3) (4rHcH:) XFTH a,b,ce R, N

(a+b)c=ac+bc K cla+b)=ca+ch.
I R
4) (ZHfd) M abeR, A

ab = ba,



4 3l E

MIFR R HZHIF. HF R FHTR e, 1T

ae = ea,

MIFx R A HBALTT (identity) HIER, FLLICICIE 1.

A I K 2 R0 A B TR B R 3E.

il 1 =0 BYH/ DT IERERL ¢, B R R BIFFIE (characteristic). # ¥ X
B c, WIFR R BYFFIEN 0.

(3) B (tm4&Lg, intergral domain )

R RZEtEf, EFITTR r € R BRAEFHE T (zero divisor) , WIRAEEIEZETT
X, scER f§iffrs=0.

— M TCE P F 1 BRI TTHY S B PR A LR

52ZE Wik 2.

—/N B TH 2 ( cancellation law ) B BN TCH 3 ERFR A 3L 2R

HERZ: HaoyreRr#0,Wrz=ry R z=y

() (HMERFREHME ) (division ring, skew field)

—NHBALTTHERPRON K, IR IEF TR XA, Wl EE
ERIEH A SALTTHI FR.

(5)38 ( field )

A SE B A AR Ry

(6)FEIBAEEE IR (principal ideal domain)

# RZE, RPH—NTFE KA R BB (ideal) 2

1) I %t R W INERL Abel B;

2) Fracl,re R Marecl, Fracl.

AR R 1) FLU

1) X1 HAEEHA a,b, W a—bel

G 1), 2) H 1), 2) . B RN 1), 2) ke LA

* R NHBAITTHASHRIS, S RM—PT&, NES

(S1,-++ ,8p) ={r1s1 + -+ rpsu|ri € R,s; € S}

N RE—AHE, PR S AR (generated) FIHEAR. FREI —ATTE o RN



§1.2 FIHMBIR 5.

FHAR
(a) = {ra|r € R}

AH o H ) 348 (principal ideal).

F—MERHME EERNBERIRAEIEHERL

S IETHe R s AR R T, RIE RS U LA

Bk 7 2, HA2 FHEER. X2 Z e —HE T 2&H
I P/ INERERL o HERY

PO, A RBE F RS RZHAES Flo] B— M RBALTH
IR, 4 p(2),q(z) € Flz], H p(z)g(z) = 0, WA p(z) =0 5 q(z) =0, § Flz]
HR— AR, MBI, BRI T —& o HE A A e .
FIE 1.2.1 Flz] & 2248 #3R,

W A T2 Flo] BHEAE, m(z) B T FHRANKIE—Z 50 (monic poly-
nomial), IETRE N 1 WEWA. BREM, 16 1+, XFEHZHAZME—
. HIEE R —NE—MZIX u(z), H degu(z) = degm(z), N

b(z) =m(z) —n(z) € I.

B b(z) FEAHE=IRITARA Y, J5—H 2K bi(2), T bi(z) € I, B
degbi(z) = deg b(z) < degm(x), T b1 (z) = 0, FH I b(z) =0, Bl m(z) = n(z).
BUAESRIIE 1 |1 m(x) A2
Hoy 1 ZHAE, m2) € I, H (m(2)) C 1. RIERFTHBERR. &
p(z) € I, W p(z) H m(z) HER, 52
p(z) = q(z)m(z) + r(z)
XH r(z) =080 < degr(z) < degm(z). BT I ZHAE, &

r(z) = p(z) — q(z)m(z) € L.

K r(z) FLIH BB IRMARA Y, H—H 2T ri(e), T r(z) € I #&
0 < degri(z) = degr(z) < degm(z). BT m(z) FIRER/ME, I Z, 71(2) = 0,
W r(z)=0, B

RIER T I C (m(x)). HZ, I=(m(z)), &HIEE.



6. £ - 3%

ﬁiﬂ‘uﬁ[‘:lﬁ: %“ P1y - yDPn € F[$], )I_\lu
(pla"' 7pn> = <96d{p17 aPn})

XH ged{p1,- - .pa} H p1,- - po BIERRAE T

W A= (pi(z), - ,pn(z)), HER 1.2.1 HIH I PHE—H—DHARIKA
B2 () 15 I = (m(z)). BT pi(z) € (m(2)), BEZBIK ai(z) €
Ii=1,---,n, f§if

pi(z) = ai(z)m(z), i =1,
Bz, mz)pi(z),i=1,--,n, Bl m(z) J& pi(z),- ,pn( ) HIAH T
#H q(@)|pi(z),i =1,--- ,n, Wpi(z) € (q(z)),i = n. BT (p1(2), -, p(a))

A pi(z), - palz) BB/, K
(m(z)) = (p1(z), - ,pa(z)) C (q(z))
Bz m(z) € (q(z)), Bl q(z)|m(z), B m(z) A p1(z), - ,pu(z) BIEKRAHE T

EAREDPE: AN ER 2 5y WETXM KA ZT3F R =
Flz,y] B, (HAFE AR R

NSRS —~F F HE B F AR LA R e 14 i B

SOLAH R . & R R
1) r,s € R, % rO]B&(divide)s , iCHE r|s, ZAFFE z € R, {15 s = ar.
2) u € RH—A T[T (unit) , HH veR, HfF uw =1
3) & a,be R, R a, bFBEE(associate) , #H R HA[WIC u, 15 a = ub.
4) — M EERIEFHTC p € R R FIT(prime) , # plab F:H pla 3 p|b.

(5) —MNEFAERIIC p € R FRHA AOJ)TT(irreducible) , # p = ab F:H a
5 b 2R TT.

H G B AT 153

1) we R ALY HALY (u

%rsﬁﬁéﬁﬁé<><>

3) r AR s ZHALY (s) C (r).

@rﬁ%ﬁmmwmwm(Wszwa%~¢ﬂﬁﬁHﬂMﬁ%@§
(r).

PR 7, —DEBERRITT R HHMEERATYT. H—HK
Kevt, XPH A, (EXEHEAERIR, XE AR 2.

(
(
(
(



§1.2 E32ALEIN 7.

T 122 ¥ RAFEAEIL, N R PHAERAEFALINBECALRTEY
.

W #p BEIT, 4 p=ab, W plab, B Z pla 5 plb. # pla, W a=zp, F
J& p=ab=xpb, HT R B, BUHREML, ELFHEpEE1=1b,
Hz, bR—NuoT, W p AAJ2. FEXHMUERF HAR T R 2T,
FHARHE R B EFAEEIR, HoXH o R ZBEFWHSL. IR —ERAH
2 7.

RUEARF 70— R FETT.

SERAER: & r € R BATAoE, MFEHE (r) 2 $HRAIEAE ( maximal
ideal ), B (r) # R, HAFFEEAE (a) 15 (r) G (a) & R.

A (a), 15 (r) C(a) CR, N, r==za,z€R BT r HAHIC, & a
5z jﬂTfEE- o HA[HIT, WIEHFNE 1),(a) = R, % « HA[HEIT, WHFT
B 2), (a) = (za)=(r). XEHFFE. B (r) HRKIEHE.

% r NARTLTE, H rlab, BHE rla 3 rlb, B r NEIC. HETE 3),
ab € (r). HNIA CIERYHITE (r) BRKEEAE, TR a € (r) 3L b € (r).

ﬁaéé()ﬂﬂ: ) BRKIEAE, # (a,r) = R, HZ, & 5,y € R, ffif§
Il =za+yr. ’I%JHSJCWI_E%U b, 1 b = zab+yrb, i r|ab 18 r|lzab, X BIRE
rlyrb, B rb, B b e (r).

FIFEFE, #F b ¢ (r), WH a € (r). XBIEA T r HEIT.
iR R FHEEFI L, L, -, {P’ﬁ/@

IiCIi-I-la 1=1,2,---

WIFR {LY H— FBAEFH % (asending chain of ideals). JCHUERH: #F R J&E#H
REERR, ME—PETTEE ()} —E AR, BIFE—PNEER m, 5
(am) = (am+1) = (ami2) =

WE AT =Ui(a;). W T 2E—NBRE, WTHER becel, M bcoillgTH
M (az) 5 (ap). AR j < k. TI& (a)) C (ar). HZ, be(ar),b—ce (ar),
Mb—cel MTAEE d€ R, b€ (a;), 15 bd € (a;),db € (a;). HZ bd € I,db € I.
AT 72 R J— AR, BT RBFHAEEIN, WM I=() HIMNEXLfE
TR (am) , W T C (am) , RZ, BIR (am) C I LA T = (am) X TAEE
KT m BV 0 (am) C(an) C T, W (am) = I, #EH (an) = T 515
I ={am) = (am+1) = (am+2) =

H1 AT 45
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EIE 123 (ZRBEFRLEAHSMAE) 5 RRZZAEN, NtE—reR
T 5 A

T =up1-Pn

XY uATEA, pr,oc oo REA. REHZIRFAETEL u, ZHGHE
TR E—4.

W HEM 1.2.2, R ZFEHEEIRN, RITGAALAITR—EH, HH=E
¥ r e R AT LYo FFREN ]

#rre R MR r HART5T, MEBMEIE. FAE, W r=rr, T,
HAZFHTT, & r,r WA ANTT, WEHRRIE; WAR, rr AEA
RIZ35C, W ro = ryry, T ra,ra FARAHTT. EAPEA—EHH#HT T, W r
I3

r=rire = r1(rsry) = (r173)(rsre) = (rirsrs)(rerg) = - -

TR r AR T TTHI SR, (HX M Rt AR R L, XN
H:

ro|r, ralre, ve|Ta, - - -
W bk 3), 53— L A-HEAR 5.
(r) C(ra) C(ra) C(re) C - (1.2.1)

HTRTE r AR, o bk 4), EXEESREES. R RE
Ik, WARE—A EAREE T 75, XF i e BRI IR U, () i
YEu, AiCEM: U 3% R — 1348, HE2EHME, U =(a), WaecU, H
B on, H15 a € (ran), TR

U= (a) C (o)

HZ (ron) = (raeny) = -+ X GEEFFH (1.2.1) FHEEREESHTE. T
Ter=rrye o ron_1ron, X8 ro, BATILIC, I8 rirsron—1 = s, W r = sry,.
X s BB FEAER, WA EERIE.

FRAZRTTE A Zor—8, JLFREREHCr Z M AREAREH (M
— B ) BME—MERUER, FTRAZG R 1.2.3 (UME—ERYTERT. It
Ab P



§1.3 =R HRMT B 9.

§1.3 MmMET|ES5%MTTiR

TERTHESE 1 W E4LH 3], KERERFREE= R, BimfEas(a), A
H E 8Dl R 5 2 A8, R, AT X FER R
Bt

ook e X A1)

ZAEZ3H] (linear space), WFRM 22 [H] (vector space) , SR #EHT LA

=M. SET R SO AT, AR/MMIE, BIES I
SR E X, AR YR 2R 2.
EX 1.3.1 % F 23K, AP AEARALE (scalar).F Lé§—/~&) & =8 H—4~
FTELV, CHAERAME, AEF K +, 4 (u,0) eVXV, A utveV,
WA FY5 VeEEH8E, etiatik, 2 (nu) e FxV, ArueV, LHRLT
1% e e

1)V + A Abel 2,

2)F 3V B RHBR: A rnsc FuveV A

S B
r(u+v) =ru+rv,
(r+ s)u = ru+ su,
gaé\’fiz

(rs)u = r(su),

lu = u.

XRERE A ]t S () 24 SR L LU AT LA v g Ry Il S (B 2 M £
5121

1) # F Rk, FrEf FLE] FE R 22— i ().

2) BB ITCE (entries) BLEIK F B m x n FEFEAT 4, SHEE e I 546
MR BB — A 22 8], EE Moo (F), # m = n, WHEAE M, (F).

TR E LN e

FELBE BT, SetE 2 — A i 2[RI 5 — AN g i 2 A], HARFR &
2 ) P ) 3 B B R S
EX 132 %V 5EW RKRF LA ETHE, st 7V > W kA &
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IS (linear transformation), X AEZE rns € F R u,v eV, A
T(ru+ sv) = r7(u) + st(v) .

WAV B W G R TE Bty 2tk A LV, V).

REMTIe 7.V =V AV L&) KMEET (lincar operator). i2 V. LT H
AT TR A L(V).

TEA TG T, W — ety Rk, & X,
TN 1.3.3 % F A3k, F L&5—KE (algebra)A H—ETEL A BH
MAPB I A ik (TAE + ), Rk (Aeek fow), fo F A A GEFHR (L
R ok &) #H R THA

1) *#mik bl F 2 AWER, AR—ITRETTHE;

2) Atk Gk, AR—AHBAEAMIFE,

3) % reF & abcA A

r(ab) = (ra)b = a(rb).

AR B A I BT P 20, (RBOR T BRGS0 T2
T 3R T BA B HORR AT B8] S RIRERESR, i 22 ) 3R A 4
BV R F EMERER, T L), BLV) R TERITRE N A
WA, B L(V) S (V) RREHEAE, WA SRIE L)
WEE P ER— M REL MREITTRE L) BTER. M4, ETUA K
EHE, WERE, Cliford REFS.

U B 5 o B LR AR R, SRR RAEY . 0 R e
SRR, VAR, REEIORARZ M, TR TR 2
KB 2, PR S R R AR L, MR 5
1, WHE DT,

US| IR BTA, I MR T A A BRI A LA R
ESE. JEA BRI (CEGE SRR R A R I A0, B3R LBy
RAAREUESAR S TIRMERBOIR LRADTE L0V). WEFHE, L(V) M
— ML

PHEA — MR © BORPEZN V, NBROTLE B E Pl
HE AR MBI TR R MR 45



§1.4 [, . HOSHE 1.

§1.4 [E#3. Ffr. BUSHEE

S, T AMANEES, f:5—T AN SFN T H— B

P f o Bt (injective) B—Xf— (one to one), % = # y = f(z) # f(y) 5
P f o it (surjective) BBR | (onto), 5 f(S) =

PR f 2 WS (bijective) # f BRI B ORI TS

R F(S) ={f(s)ls € S} H [ i BR(image), ITTE im(f)

H VW EF EWAmERE, e L(V,W), B8 {s € S|f(s) =0} K f 1)
#%(kernel), iCAE ker(f). WA

1) 7 WS4 HALY im(r) =W,
2) 7 SRR HAYY ker(r) =

AAMEA T e LV, W) ZRUSE, AR 7 S9NV 2 W H[FIHS (isomorphism)
A, RV HWEE, iEfEvVaw.

IR R RBCP OT BB IS, PIm R R AR, IHRE
At WP A XD, EE R, SO A g
TR F A WX RS2, BRI ER AR X T 5
g‘l@.
B, HENEF

S R—AFEEG, S EM—1D 00K AR ~ o S B F kR (eqivalence
relatlon) B RIT =5

1) B (reflexivity): X FTH a€ S, H a~ a;
2) XMFRPE (symmetry): XETH a,be S, Ha~b=b~a;
3) FJiEME (transitivity): XTFFR a,b,c€ S, B a~bb~c=a~c.
FacS EEa=1{beSb~a} FZH a ) FMfZE(equivalent class).

S BAREEE, SH—4 RIS ( partition ) 2 S BW—PEETRISE
B AL Ay L TR

1) AiNA; = ¢ XMETE i # 5 #MOL

95 =AU UAU-

X A i =1,--- n, RN BR(block).

BAR, H ~ &S H—DEMRER, WX ~ FrisSIM AR RS2 S X



12, B —9 35 F

SRR, 2, & PR S —RIz, EX
a~b & a, IEPHY[F] — e

M~ RFEMRR, ERFIIERE P Ak
TRE, SHHFENRRE S BRI RE——R Y.

B~ S B E R, S H— T4 C FROFXT ~ 1 5 #9 #R/ERS K (canonical
form) , FHXEE—A s €S 7 C HFHME—H—Pc, HfFc~s.

BAR, XTFrEENE, FEESEFNRR, EREILET, BiheEX A
FIRART, MEZEHRER .

# A, B € My(F), 7 A 5 BEM ( equivalent ), FHIFER S P,Q, {5

A=PBQ;
Pr A 5 BAE{BA(similar), &5 7F7E A8 FE P, (115
A=PBP !

7t A 5 B3 & (congruent), ZF1EA] W [E P, {§15
A=PBPT |

B PT g PRI

S, MR ERMRENER. Tt — MR R L
— RIS A T TR AR 2 L6 R AT R (L= 1
). AT BRI R TR RIEIB. 2 — 1 Bl 2
LA AL 25 T A R R 2 93 R A (A=
BES T 3)). AT PR M AR IR, AP IR
k2 2 I AR, o A £ TR B TS 4 A
ZIMRRRENIR (LB 1)

B A€ M (F), BN A BEAEES: 1) M A FH—FT G Tl
A r € F2) 45 A HHBTT (B)) s 3) 4 A BT (9) AR
re PAIEIS—AF (B1) b X AREFFE () WRISESHRS TAS A %2 ()
DURRZATAERE. AEER: (ER A € M, (F), it {7 S5URTRIE S AT LU AS

%Amch8>ﬁ%k§mh%ka%$&ﬁ.HZ,E%m%%T,



FTiH mEXE
§2.1 HEEERT

AT, MR SYERBCER s, R aslE),
I By 2t B A 5 2 AR R 2B R —HE 3 o, B X
1.3.1 AR e X 1.3.2 73 Al2a th T 1 2= 8] 52 ey @ . 1EX — i, #f
FFARTE ) 22 ).

KT mEZEEA LT X, WA E X

1) S B F Ly E=n VT, R V InES F XV AEeR
R#IZE S £, S WEChH—AmE=ElE, WEK S Vi F=E0E.

2) 5 Vi, Vo BIRF _ERYEIEZEN], 4

V={(v1, ,on)lv; € Viyi=1,--- ,n}
HAEF B SOk
(ury e ) + (o1, 0n) = (g 01,0 Uun + )
F XtV %R N

'r(vla"' avn) = (’l"’Ul,"' ,T'Un)

KB rer, MV ER—AFEZEN. FOyEEEE Vi, V, B EF(direct
sum), L1
V=Vie---aV,.

3) [ [A] V R — RS FAE S FROh &METTk /Y (linearly independent)
WA
rvy+ -+ rpv, =0
St rn==r=0XBveV,rneFi=1--n.
V AT RLM IO, WFRH 485K (lincarly dependent).
4) RNV il —NES T PR 5B (span)V, 212R V Ay A e B A]
DIER T Ry —em LA s, BIXEDN v eV, AT

U =T1UL s T Uy, -
XHE e Fu;eTi=1,--- ,m.

13



14 U R

2RV TR S Ira TR A G AR vV Py —4T
=S|, ot

(S) = span(S) = {rivi +--- + rpop|r; € F,v; € S}

S)EMETIE V PE—NEMTREIKEK V BIFE, A V iiE (basis). [
230V BRI IEEL (cardinality) FRN V H) ZE#(dimension), 1C/E dim(V). 24
HRARRER, XEEEF TR ML

X E R R BAAE ? X ARG HE?

SUERR T &2 ] {0} Z24b, (B mES R —EFE— 1.

WV REFmMESE, V PEETeHFEN2EISE A ER—NE
T EHABRAERE I ERETRTE, MAES, HFLchc- BV
ERMETO TR — 558, W U = UL I h— MM T4, iE—44
WA ER. FZ, B Zom 53, (Zom 5|H: #F P I—MRIFHES (partially
ordered set) , FMEEERE BFL, W P ARKATT. ) A UFEERAIT, BV AHRK
T F4E (maximal linearly independent set) S, Bl S JBRZVETCRH), (EEE
HAH S E—ERNELRETRY, T& S —EKE V, A%, LAEWE
veV -5, ERES THMENEEAS. T2 SU{v BEEH S &tk
TR, BEIFIE. XHCUER T a2 )R ek,

FRIEX R B R 4ER0% & PR

SERUERR AT T Ay 45 5.

Vo E—EAS ], MR v, v BRI, W& s, sm 5K
BV, N n<m.

FeF B X A 1] F AR
S1,7 " 5 Smj U1, s Un
B Ia— A1 v, BRIRT—A, A

Un,y 815" 5 Sm; U1, 3 Un—1

BT st sm SRV, 8 on AIERN 51,000 s WERARA S, BOATRAM 100 =
Lo n HREHABE—A, Fl s, , XFEHERE s; FHET— DR IRE
KAV, BEHTR A ] A

Un,yS1yt 5S35, 3 Smy U1yt 3 Un—1.



§2.1 SRR 5.

Hrr 5, 28 55 BHBE, B v NE—1MESBIR—1EE, 5
Un—1,Un,S1," " agja"' » Sm; V1,7, Up—2.
FIFEEE by Af AT — RSB B 5, EERBEEIIET— DS 7] 5K AL
vV, 1%
Un—1,Un,S1," aéja"' aéka"' » Sm; Ui, ,Up-2

ﬁ./l\ﬂ}g%ﬂ‘u_‘ﬁﬁﬁ—??%: Eiﬂ%ﬁﬁ"] ’Ui,’i = 15 y 1, ﬁﬁ?ﬁé‘] Slal =
L m 2H#5E. X—IE AR FEE {s1, -, sm} FHT Steinitz B,
AR si,0 =1, ,m BB, Bl m <n WAT—MEGHREE—IMES
vp, v B NEFE, MXXGKRE V, X5 o, v BERETTCHETE,
WL m > n.

Hy 45 SR A5

V HARA R, NV AEERAEA AR R, B
B, 4R e R,

VAR, YRIER R LS. X BT .

6) & S et F LRy E N V lT20, woeV, Fu—veS, N u
5 v [A| & S(congruent modulo S), 12/E

u = v, mod S.

BeirE S v FIRATTREEICHE ], Bl v e [v] BHALY v = v, mod S. FF
[v] AT Vo S B —AFEEE (coset). [AARR—IHMLR, T V 1T
oy, o] B A5 VEORMERTE AMER R, R SRR 2R mHE R

V/S={v+SlveV*}.
TE V/S v SUhE A
(u+S)+(w+S)=w+v)+S,

F X V/S #%cREH
rlu+S)=ru+S5,

N v/S Wi h—A 2z, 7oA VR S B BZSE](quotient space of V' modulo
S).

A X e S, AL



.16 % m&E =

1) sk S B F koo dEma2=E v lES, NLVTF AR &S e.
D S &V
Q@ V HpyE—E v AME—ME R

V="T1U1 + Uy,

XH v, eSr,eFi=1,-,n.
@ S &V HEUNKE;
@ S &V PEREMETRE.
2) & S5 T HAMR4EME=N V A=, Nl

dim(S) + dim(T) = dim(S +T) + dim(SNT). (2.1.1)

3) 4 VIR F Lo fEFEZER, B= (b, ,b) &V B4, Y
—E we V IFTEME—1)—ZHEL (1, ), (813 V AU

1
w:r1b1+---+rnbn:(b1,--- abn)

Tn

WOWIE BRYE,  w AR (r1,-- r)T R, BME [wls , FRN w 1R
B THIARR. WK C = {c,- e} WRV B9—HEE, NFFTEME— n xn A
HEFE Mpe = (Ar,-, Ap) , KB Ay, Ay o0 DI, 45

[wle = Mg clw]s .

Bow=b;, MAER] A; = bile,i=1,---,n, Bl Mge = ([bile, -, [bule)-

#HV B F bndEmEaSE, B2V —4E, ZRIE ¢V > F,
() = g, XH v e V. FHiE: ¢ &V 2 F* fyEIIEE, Bl ¢5 ZXU H.
. Hz, V5P ERW. Bz, &

T 211K F LnEmesH V BAT . 3 F LA EEMAS
HAL B A6 4 % 40 F).

XN EEE KRN ERBAEXT, nEmETERE—, BIAKXK

+ 45 #EM P



§2.2 XHE23[H] 7.

§2.2 XHBE=E

BT LN, B Rz, EaBIe R b a5 & R — 2R %L,
EX 221 %V RRF Lég@E=H, K [V > FARAV EGEMEHHK
(linear function) 3R L%MEIZER (linear functional) , %2R *EFE r,s € Fu,v €V
A

flru+sv) =rf(u) + sf(v).

V R R eich Vi & fg € VY, ESXUINEN: SHEE
veV,
(f +9)(v) = f(v) + g(v),

FXt v liEGEN: SHMEE re FveV
(rf)(v) =rf(v).

G X T Ik SR 5, vV R mEZEE. oy VA X
{B=38](dual space).
WV B n REEE, B= (v, .0, &V H—4HE WHEA
’Ui,i = ]-7 N, m‘u%}(—/l\%)lﬁifzgl ’U;'k € V*a 'fi'fgf
i (v;) = 0ijy 4,5 =1, ,m, (2.2.1)

X H 6;; & Kronecker pREL, Bl 0 = 1,0, = 0,1 # j. Bk B* = {v},--- ,v}i} J&
VB —dH3E, R B i B By XHBE(dual basis).

HIHSZAG dim(V) = dim(V*).

BT vV WRmaalE, # v ARHEEE Vo= (V) E V R TRYER
AR, 0

dim(V*™) = dim(V*) = dim(V) ,

I R 2.1.1 H: XPABRZEmE=SE V, B Ve = V.

zE v = ixivi eV - vt = ixzvz* € V. BT dim(V*) KEH

=1 =1

1=

211, m B—AFEWBE, HV V. SMEE uw= Y yv; €V, H (221),
j=1

n n n n
v (u) = 30 i (u) = 30 zvf (Z ijj) = > Tili.
i=1 i=1 j=1 i=1



.18 % m&E =

Iﬂﬁx'j-@:/l\ v;'ka = 15 N, ﬂ‘u/—féx_‘/l\g%‘ﬁ?—z@ v;k* € V**a 'fﬁ'f‘%‘
’U:(*(’U;):(Sl], iaj:]-a"'an

X H dij #& Kronecker R Sk B = (vl or) &V l—dEE, ok B
RO (EE N

oo vt = xv e VY o5 o™ = ixv** e v, 5 LR,

=1

To E—/\I_WJBJ&ET ﬂ Vi VL MEE w = Zzzv e V* i (22.1) A
w(vy) = z ) = 7. B w = Swe)el. TR o (w) = z<w> -

i=1

qu:

IR (z w(vj)v;> = & sautw) = v 3 ) = wlo)

j=1 i=1

L r=nm, W7 VoV E2—NEMWEE, H 7(v) = n(ni(v) = o(v*) =

v ST v e V ERSL. BIF o (w) = wv) ENS w e VF B BE
WAL, o £V B V> RS - TR VAR IR

%ﬁﬁﬁ’ﬁlﬁl*@@%ﬁﬂ“ﬁﬂ BAREMBLST. FEXFER B ARF MBS T, WL v 5§

= o™ . NI vV 5 v FREER. WiETUE vV B vV IR
IEU XFEV 5 vV BB, X VR VR R R R E.

BIMZ AT THB 4), B=F2 W 6,0,0.
— M EEALHEZ KRR T
TN 222 B MARETRVHETEL, V- THEL
M® ={f e V*|f(M) =0}
A M &5 FALF (annihilator), XL f(M) = {f(v)|lv € M}.
RKTFEMFHIT LR,
1) M° 2 V* iyf=200], B M AR VB2
2) Y4 M JE n EmEFEHTFEEE, H

dim(M) + dim(M°) =n .

WE A U={u, - u) MBS —4E, KUy TH
B:{ul’... Uy V1, ’vnik}
i BB V i —2%, N

* * ok
B = {ulv"' s Uy Vg, 7vn—k}



§2.2 XHE23[H] 19,

& B BIHEEE. SKE {vi, - vi )} B Me —3E. BARENTREMETEEMH,
HEGEENT5RR M.
FrfeMe N feV i f AL

f=rul +- -+ rgup +s10] o S kvn

ﬁ%')"iEF,’L’:L... ,k,SjEF’jzl’... ,n—k. Ehﬂ:fEMo,ﬁif(ui):O, {E[
flug) =ri, B ri=0i=1,--- k. FH2Z,

f=s10 4+ -+ sp_gv,_4
ﬂ:% {vTa e av;_k} EKEE M. Z 2) 'T‘EJL‘EE
3) # M,N Zg2sE VvV iF4E, HMcN, N
N° C M° .
4) %V 2R EEN, mil v 5V ER, WXV fE—F48 M,
A

M°® = span(M) .
SNV TR,
S°=85.
5) # S, T JEA FRYE M 25 8] 4y 1= 6], I

(SNT)° =8 +T° R (S+T)=8nNT°.

6) Z = V 2ERNPHATZER S5 THERM, lv=SseT, N

D S ~T° } T* =~ S°

@ ST =S aT°.

I SEIE @.

feTe VI f(T) =0, & Bt

T f = fls

Bi¥s feremy f7E S ERIRRM, B, fls € 5%, BUXE T° 3 S* AyBLift,
T WX TR AL

# fls =0, 0 f(S) =0, TMEH f(T) =0, XFH f =0 B r EH
5t



.20 =k m e ® R

HgeS XA
fls+1) =g(s)

XHseSteT, B, feV . BT f0+1)=g(0)=0XFH t €T EHW
S, WfEeT, T fls =g BtEG g€ ST, WF feT Cc VR fls =9, K
T HES. Wz, T°~S*. FFERGE: T* ~ S°.

FHE @.

fesenT, M f(S)=0kf(T)=0,# f=0, B S°nT°={0}. T
S°,T° & V* WF2ME, i (SeT)* > S aTr.

HleSoT) EX

g(s+1t)=f(t), h(s+1)=f(s)
XH s e SteT B, ghe(SeT). T g(5) =0 & nT) =0, &
ge S, heTe, T
fls+t)=f(s)+ f(t) =g(s+t)+h(s+t)=(9+h)(s+1).

Wz, f=g+heS°aT, TR (SaT) CS aT° XiEF @.

§2.3 WLELMHR

TE b=, e T RS A R (A R — 2SR kL, RERRR RIZEZ
BRI, WA PR e i [AHIER T BRI E A EEAEE TEE S, e X
Hihe TxHE = AR —REER 20, TF20, XESET72AH.

2N = AT S O B0 e p s A 1 = et 1w 0 P2 9 7= i it @i
TEX—T5 9, PPy e i ) a2 A TR 4R Y.

EX 231 %V RRF LG EERE, RE (,):V =V = FARA &R
R (bilinear form) , & XA LART F AR LE R K, BHEE o, € Fa,y,2 €
VA

(ax + By, z) = afz, 2) + B{z,y)
A

(2,00 + By) = oz, z) + B(z,y).
(z,z),2 € V ARA V L&y ZiREY (quadratic form).

—*&D%)‘H—{'}—ﬁ T,Y, € V; ﬁ

(z,y) = (y, )



§2.3 I X, .21,

WAR (,) A BFR(symmetric) &M X
o R £ Eoy eV,

<xa y> = _<yv {L‘>

WAR () A FXFR (skew-symmetric) &P X,

W F BFHEARSET 2. 0L, () BRI Y HALY: MMEER 2 eV
B (z,2) =0.

W ZXMEER 2€V A (2,2) =0, fEf 2,y eV, N

0=(z+y,z+y) = (z,z) + (z,9) +(y,2) + (v, ) = (z,9) + {y, ),

B (z,y) = —(y, =), W () RIREFR. XEHXHE—FRIES X

) BIXFR, WXHEE 2 eV, B (,2) = —(z,2), B 2(z,2) =0, f1TF
F RFFEARST 2, M (2,2) = 0. JEEE.

() RREEEV E—MREEEX, MMEEY z.yeV, &

(.9) = 5 ((@9) + (9, 7)) + 5 9) — (g, 2).

ic (z,y) = é((w,w + (v, 1), (z,9)2 = 3((z,9) — (y,2)). T2 (), ()2 A
V _ERIRFRAUERATE X R PR ML . BORHIESE 2 ik Vv i —
AL A W] T A PR EAEIE XGRS PR L2 M. HZ, HATH
PR PRI X SRR FRIE .

o) AR Vb, R TR (), WK (V,(.)) % BT
B %°[8](metric vector space), HETELE K V. MEERINLEER () KAE
BRE VvV ER —NEEMEEARNIEA R (non-singular) , FHXMEE
veV (zo) =0 FH 2 =0 % (V,()) 2EamrERmR=Z0E, H ()2
XFREY, WFR (V.(,)) A F LA MREERETE , WKV & F L E
3ZJL{@ (orthogonal geometry). # (V,(,)) ZIrarmE R E=E, H (,) Z#
XFREY, WFR (V,(,) MK F LA fIXREERESTE , Wk V & F L
3£ J1 {8 (sympletic geometry).

FNTHEHIE S U 52 JLAAT BT ]
TEIEF R EEZEN L, E—Wrihes 2tz i, #a] LA RREEE R
KEIRZ.



.22, B mE E N

T 2.3.1 (Riesz hmi2) % (V,(,) ARMRBRF RO FNEEN, &
eV, N—R&EE—thE eV ki

f(v) = (v,2)
TR veV Hm.
E HaeeV, A ¢ V= F EXH
¢a(v) = (v, 2)
FE ¢e €V, WOTENEE 7:V 5V 3y
7(2) = ¢a
AR, XRLMN. BT V RIS RA, B
{z € Vg =0} = {2 € VXTI Hv € V. H(v,z) =0}

BV HREEZNER TS, 1« &8s

T WFEEA V EE X, MEH dim(V) = dim(V*), 8 r 78V L5
mrEV EERE, W2, rB—ARWEE, % vz v, BV gt —
NRMZ R ETE R ¢, , XH 2 €V, JEE.

Riesz R EFEIFHA], TEAEREEFRNVEEQETE, EEWEN
ZERRE—E, BREEXNEEMETEIBEERR.
3) % (V,(,) & n EEREMESE, B= (b, - ,b) &V H—HHE, T
() ZEVUH nxn HE
Mg = (aij) = ((bi, b;))

kg, Mp PRENEIER () 722 B TR
%‘ xr,y v, H

n n
w=Y wibi, y=» _yibi

(@) =D wiy;(bi,bj) = [z]5Msly]s
(]



§2.3 W& M X .23.

KB [z].yls R z,y 72 B TR, Bl [z]s=| * |, s =

WS () BXFREY, W Mg BXFREERE, Bl aij = aji,ij=1,-- ,n. W () &
REXSPRAY, W Mg ZRRFR, Bl ai = 0,05 = —aji(i # j), i, = 1,--+ ,n.

#C=(c1,-,00) BV H—ZHE, M H—THRER MEEveV,

H
[v]le = Mg [v]5
e
[v]g = Mc,g [v]c -
T2
(z,y) = [z]Mslyls = [2]¢ Me.s MpMep [yle = [2]¢ Me [yle -
X A3

Me = M¢ 3 MgMe,p -

W R, Me 5 Mg EMHEGH.

4) BLFEREXMFREY. RS RN EHEIE R —F 20, Wil EEMEE W
B REAHE M EEE 2/ OEER, XELZEREEELRNE 2 —.
EG|NIESCHIME .

Wiz SHE y FR4 IERZ B (orthogonal) , 1E4E zly, & (z,y) = 0. XF
PRI B RN EMETE X, BT 2Ly B HAY yla.

PR S, T ZERMEZE (V,(,) BMPWRNTFRE, REMEBERSH, 181/E
SLT, #X AW s € S, teT, #H (s,t) = 0.

HEL (v eVvlSy N S BIEACH) (orthgonal complament), 24 S+ . #5
(V,(,)) BEREmMESE, ST EEMWTZ=NE, HFHV=SeT, X SLT, NFK
V&S5 THRIERZEM (orthogonal direct sum), 18/E S O T.

T 232 % (V,(,) REFFYWEEHEZTE, SEVGFZE, WV-=
SOSt HHAL S 4FF 7.

SORIEEZEN TS Z .

& VW A EZEN 7 € LV, W), WA ker(r) 5 im(7). ¥ dim(ker(7))
N BEE (nullity), 1I04E null (1), FR dim(im(7)) K 7 B8k (rank) , 1C0E rk(7).



.24 U R

T 233 (HERER®) ZH 7€ L(V,W), N

rk(r) + null(r) = dim(V) .

E BT e L(V.W), # ker(r) J& V BJ—DT2M0, FTRAR ker(r),
By
V = ker(r) @ ker(1)° .

B K & ker(r) 92 C R ker(r) WY, BT KNC=¢ K LUC RV HYH,
i
dim(V') = dim(ker(r)) + dim(ker (7)) .

¥ BRFIFE ker(r)e b, i4E =<, M GE
7¢: ker(7)¢ = im(7)

SR,

JEiE ¢ .

B € ker(r)', B (o) = 0. 0T 7 J 7 ker(r)* IR, B (o) =0
F v € ker(r)° A ker(r), T v = 0.

FHIE 7¢ ST

#r(w) €im(r), W v=u+w, X u € ker(r),w € ker(r)¢. TJ&

T(v) = 7(u) + 7(w) = 7(w) = 7°(w),

T 7(v) € im(r), B im(r) C im(r), 7 im(r<) C im(r) = BIRE, #L im(r) =
im(s). .2 70 JEHF ker(r)” W) im(r) LOOIE, o BORBELERY, B o R
ker(r)e B im(r) FIFHIHAAT, B ker(r)® ~ im(r).

T 28 BRARIE.

HiEHE 2.3.3 WS — RPN EEAER.

O # 7 € LV, W), H dim(V) = dim(W) < oo, W = JyBHF L HZ 7 K
T

@ (F—AEHE) #5 7 € L(V.W),V/ker(r) & V 8 ker(r) HTRTZETH], N
V/ker(r) ~ im(r).

WE BN 1 Viker(r) » W SN

' (v + ker(7)) = 7(v).



62.3 WRMHEFR R .25.

ORI E S 7' B B XY, RN & u,0 €V, Hotker(r) =
u+ ker(t), W 7' (v + ker(7)) = 7'(u + ker(7)); XMW EUEH: v + ker(7)
u+ ker(t), M 7(v) = 7(u); WELRZEIEH: v —u € ker(r), M 7(v —u) =0, j
MRS, BOXHEE X o RAEE W, H o 2R

B 7 Viker(t) - W R—A 2B, HEH 2.3.3 Koo' RHS, K
dim(im(')) = dim(V/ker (7)), {Him(r') = {7/ (v+ker(7)|v+ker(r) € V/ker(r)} =
{r(v)|v € V} = im(7), H

5

V/ker(t) = im(1).
@ # S RN V il—FEn, SR S ith, Ml

V/S =~ S,

dim(S) + dim(S°) = dim (V).

WV AR ETME—HE R v =5+, XH s€5,s¢€ 5% EX
SUHTF vV R

p(z +5°) = s°,
RHERE SCHY p A EXH, BA
im(p) = 5°,
K
kerp = {s+s°€ V|s° =0} =,
WS — A e, 7 V/S~sc HEH 233, 17
dim(S) + dim(S°) = dim (V).
F 25— [ 4 S B3 P
@EE_FMER) &V 22— mE=ERE, ST RV aEASF=ER,

S+T 8
T ~SNT

OE=FAMZEHE) » V 2—I =N, ScTcV iy Vv ayT=H,

l
vis .Y

T/S ™ T



.26 . % m&E =

@ 5 © WL HE.
PRAESENE R B B 2.3.2.
SERIERE: & S BT R E RSN V i —AT=0, N

dim(S) + dim(S*) = dim(V) . (2.3.1)

iE Mgt veV, S LEXREZE ¢: S F R
bo(u) = (u,v).
BIR by € 8% BB 7:V = S K
7(v) = v,
WA R, H
{veVip, =0} ={ve VXHIIEHu €S, (u,v) =0} =5+ . (2.3.2)

Besh, BB 2.3.1, S* PRIz A S ERIRERMIE AT R Z,
W Tls 0 S — 5™ BT, I

im(t) = S* .

HiE 3 2.3.3 41
dim(ker(r)) + dim(im(7)) = dim(V).

M dim(im(7)) = dim(S*) = dim(S), B1= (2.3.2) , ker(r) = S+, #= (2.3.1) &
JIE.

A= (2.3.1) ALHEZERE 2.3.2.

B (2.1.1) &= (2.3.1) 40

dim(S + S*) = dim(S) + dim(S*) — dim(S N §+) = dim(V) — dim(S N S1).

S RAFFRH, W Snst =0, FHzZ, V=SS, XHMIEWHT V=50S5"
Rz, # S AREFR, WV =505 AR
5) A T X EMER, BT LI E3S U 5 JU B IEZE A ff, it 2
& T IESE U 5 U R TR =X
Jekiti L.



§2.3 WEMIE K 27

A (V. () AU BT () RRXARRY, B EA « € VEE (2,2) =0,
BWE—Du(#0) eV, BT V EEFRN, B—EFE— v 15 (u,v) #0.
IR (u,v) H—2HH) — 4256 H, NI

(u,u)y = (v,v) =0.
M (u,0) =a#0, Lha o B v, WA
(u,v) =1, (v,u) = —1

TRAE H (5 (u,v) T () BREFEY

M:< 0 1).
-1 0
T VAR, BT 252, TS VEFERME V= HOHR, i B

D5 SRAR 35 AR PR B g =S (8], I B B TIXHER IR . X
FERIPER, BT V A RZERY, BV B IR R

V=H QOQH, Q- -OH.

IR A -
FTIE 234 % (V,(,)) AEFHUHAAAEEHETE, WV TEXH)>MBEH

V=H OQOHQ© - O H,
X Hyi=1,-- k AEARNFHRETTER, £ () A EGEEH
0 1
-1 0/

WA, £V PRI —wmit, 215 () GEER

0 1 0 O 0 0

-10 0 0 - 0 0

0o 0 1 - 0 0

M = 0O -1 0 - 0 0
0 0 0 1

0 -1 0

B, FFraatadiiR £ 6 E s R ARG E.



.28 % m&E =

PRI 5 2R05 0
A PR n BraEs ReORXI AR, W P AHET M, BIFFTE n Birdk
AREEQ, M

0 1
-1 0
0 1

0 1
-1 0

AT SR PR A R — 2 AR KB, P n 2 ABEL
6) FFAXT IE AU HEAT IE S 73 i

(V. () 2— M ETFRMRERE RSN, WEE u(#0) e V {#i15
(u,u) # 0. XFERY v —EFE, G <, > BRDSHRAT. B o ERE 250
S = span{u} EIEFFHN. BT V ZIEHFRM, HEM 232, FIELSHF
V=S0S8, M S RAEE FH R FREE & =S, RTINS S+ Tk
) IEAE 53

V=SQTQT+,

XE ST ¥ —4E e, EEXMERPIR,
V=5108%0 O,

—HIEAH: (AP EBEHEIESR). 2 (w,w) =a,i=1,--,n, WEH:

A (Vo(,) & n HARS RE AR E R R =6, W VA —HIERE B =
(ur, - un), EARFESE BN, () BrXt A AERE N

ai,
Mg = .
Gnp,

%“ﬂ’ri#o,’riEF,’L‘:l,'” y 1, )rlIJ

C= (Tlula e a'rﬂun)



§2.3 WEMIE K .29,

W vV E—HIESSE, X C(,) BrXf B RERE A
r%al
Me =

2
Ty,

# F RREE A (algebraically closed field), Bl Flz] FAE—Z WX 0] fE F
4B —R TR, XEF, ATE r = 1/Va,i=1,-- ,n, X

1
MC: :In7

X H I, K on g B .
IH g R A

FIE 2.35 & (V,(,) AR F Ly n BIEFFHARETHETH, NV AL
i%u: (ula"' aun)} EP v 'E]‘-‘:E‘})ah\ﬁqu

V=510%Q: OS5
XS AW AR, =1, n, F (u,u)=a;, N () AFTERU FEE

a1
My =
Gnp,

& F AREITHR, WV A - EMERK (orthonormal basis) ( Bp & K A
C= (Cla"' acn)’ ﬂlj <Ciacj> :5ijaiaj = 11"' ,’I’L) C#a <a> 7*33'}'{_%0 E#E%

1
MC: :Ina

XL I, A n B
FRRERYIE & RIE -
ai

A P JE n BrEar AR PR R, W P AR A TR A :

5



.30 U R

Boa#0,0=1-- n BIFFLE n BraEar K Q, H5

a

P=Q"Q,

XH Qo n BrARE A

#r FOSER0R R R ARRAEE S, HAH r=1/]a],i=1,-.n, F
& Me R
1

-1
RIFEEXM MR ERITR, —#ah +1, —#faoy -1, Bk v 7 —HIERHE

(ula"' s Uk, V10 0t avnfk) s ﬁﬁ(“la“l) =Li=1,--- aka<vjavj> =-Lj=1,-,n-
k.

BE k() ME—E, TS VR SEE I E.
it

P = span{uy, -+ ,ur}, V =span{vy, - ,vp_p}.
#Ho=>Y ru €PN

(v,0) = (Z riui,eru]-) = Zrirj(ui,u]-) = Zrirjéij = 7’1-2 > 0.

FIFERE: & v eV M (v,0) <O0.
ﬁn% |4 ﬁ%_.gﬂﬂzié% C= (Hla T 7ﬂla517 e aﬁn—l)a )LE

f = Span{ﬂl’ e 7ﬂl}’ V = Span{ﬁla T aﬁn—l}a

PNV ={0}.



§2.3 WEMIE K .31.

XEFK: HoePnV, MEF veP, U (v,o) >0, HF v eV, # (v,v) <0,
Wz, (v,o)=0fv=0;

T PV ¥V BFAEN, HA {0}, #&
dim(P) + dim (V) < dim(V)

Bk (n—1) <n B0 k<1, BEATHE <k, k=1
A

EIE 2.3.6 (Sylvester WM R) & (V,(,)) A n BRER R L& IEF FAARE
%[%]%r’;?]b*], ﬂll V ﬁiif}g B - (ula"' y Uk, U1y 0 ;Un—k) 'fi/f%l (uzaul> — ]-aIL =
1,--- ,k,<v]‘,v]‘> = —1,j = 1,"' ,’I’L—k s /fs"}.ag B —F, <a> éﬁ%é%yj

we (0
XEZ kW () E—RE, b VARG ERAL.
PSR 6 ek -
%Pﬁiﬁﬁt%nm#ﬁﬁﬁ%%ﬁJwPéﬁ?(ﬁ:_ik>,
Sk P WY, EIEIEIEARAY n DR @, 87

P
"= Q ( 0 —Ih g ) Q
R FREMIE X E ok, 5) 5 6) FTRLESY:

A (V,(,) A F LRy n dEdEw 5 B s ).
O & () ARXFR, WFE V i—A% B, fHER 2,y e V. &

() =&me—Eom 4+ &1 — &1,

ij_(.i (617 e agn)Ta (nla T ann)T ﬁj\%uyg z,y %E% B ‘Fﬂgﬁébﬁ

@ % (,) FXFR, WEE V W—HIERLEE B = (v, ,v), HENER
ryeV, f
<$7y> = 0151771 + -+ angnnn )

ﬁ-% (éla e aén)Tﬂ (7711 T ann)T éj\%ljyﬂ z,y Eg B ‘FE@%THA‘, ﬁﬁ a; = <viavi>ai =

1, - ,n.



32, 5=t % x M

I F OB, WA V —HIERHE B = (v1, - ,v,), #EXT
EEzyeV, B
(z,y) =&m + -+ &t -

%‘Abja F jﬁ’i%&b‘jﬁ; m”ﬁﬁ |4 E/‘]—zﬂﬂzﬁ_‘ég B= (Ul, Uk, Uy, 7vn—k)7 {ﬁf%l‘
MEE z,yeVEH

(,y) =&m + -+ &k — Ser1Mgr — - — Enln -

KE (&, &) o) 2RI @,y TERE B TR, A RS () A
R, MHERERICRK.
FEAR IR (2, 2) AJR Ny

(z,2) = a1} + - + ant? .

R I SN i i
(z,2) =&+ + & .
Y F R IeRos R A,
(T2) =+ +&G -G ——&

§2.4 WIR=TIE

L3, F R REo R s HUE, C i, MAEEBEMARZEE, XERE+50
B 22 ).
EMN 241 5V EF LRHETR, XL FERIOKR RLHRXC LA 4
et () VXV o FHRE

1) (EZME) ( positive definiteness ) X T H veV K

(v,v) > 0.

 (v,0) =0, HHAXH v =0.
2) % F=CH, A (EEHAAHRR Hermite 24K )

(u,v) = (v, u).
4 F =R, A ()
(u,0) = (v, u).



§2.4 PNFHZE[H] .33.

3)( % —RARAZ LM ) ( linearity in the first coordinate )*T T A 49 u,v,w €V
B rscF, &

(ru+ sv,w) = r(u, w) + s{v,w),

RIAR () AV L& AR ( inner product ), F PARE f & % AR P AREE

( inner product space ).

2 F h R, FRPRZEA SEEJLE B E)(Euclidean space) , BIRIX
SN IE 8 WYX PR BT S A BE i S ()

2 F Ry CHY, RN EBRJLE S %S E] (unitary space) , FF FHZE
[d] (unitary space). JEt, H 2 ) &% 3) W[5 B v,o,weV FkrscF, B

(w,Tu + sv) = F(w,u) + s{w,v)

FRAFHEZNM: (conjugate linearity). B2, BUAT (,) RIEMERMEIE A, 8 (V. (,))
AR R RS (A

HoeV, B

| v [l=v/{v,v)

NV ) <E(length) Y E#(norm).

# w0 €V, R

| u—wv

A u,v Z[AH) EEEE(distance) , 1E4E d(u,v). B T HEEHHEE, MTUE V 1
RIS, AR, P, HE. . TR RIESEFHEE.
E[LAA:

1) Cauchy N, MHFEH uv,veV, B

[(u, )| <[l wll]l vl
2) —AARERX, MIrf uveV, f
[uto|<[ul+v].
3) “PATIHIIEIEN, X uvveV H
futo P+ lu—v|?=2ul®+2v]>.
4) BB =AARERX, XNE uo,weV, f

d(u,v) < d(u,w) + d(w,v).



.34 U R

FE.
JE R A B BB R ST R == ).
&V g—rmE=nE, BEV EAERE -V - R 2
D Jvl>0, H|vl=0%5H{%v=0;
) M re FveV, & |rv|=rl| vl
3) MTE wveV, H

lutovl<full+I[ol,

WFR |- | A v ER—DEEL (V- ) #5809 T8RS (E](normed linear
space). X J& T [A] B —FhHET.

XA ], AT AR E—5 ek SCEAZ s, RZ2MMAD
BERWELHIE, TRAUAIES R, [E3EHEK Riess 3275 & HEE.

X B H AR Riesz 3R & 2.

=V RB—NERENREN, fe Vv, MFEEM T 2z eV, #5xt
EEMveV, &

f(v) = (v, z).

XTSRS = 3 37, SHEPF 5 Wt —ihie .



E=W &KiETMm
§3.1 MSHEYERRET

WIFTETR, LVERECRF RGN (ME=E) | SEMH E& Ak
K52 AR gk, WEME, IR RSB 228k E L —ikitie
T A DL R R AR bR B B AR ] L AR . R B
RN, EJUSFIUTH S 088 KRR T BBH AN, fEX
— AR A ] 2R B DL I 5 2 A S B SRR ST R AR BE T

WV, W 3Rl F LR m 485 o iR 23 0. X — B A
T € L(V.W) 5 Mypo(F) FHI—MRHEFEAXTR, XE 7 75 Mma(F) FHIHE
MEm. MEMM, BEIEH: L(V,W) 5 My (F) EREE. o v, w)
BB R AT Moo (F) BI3HE.

H e LV,W),B = (b, ,by) 5C=(c1, ,cm) BHZEV HWH
1

B, EHve Vv, W o7 B THEIRH b]s = ( :

'n

), T(v) FEH C T

51
HIAEER A [7(0)le = ( :

Sm

). TRMNT 7, £ F* 5 F™ ZEH — &

T4 g = [T(0)]e, 74 € L(F™, F™), BIX N F 7, H— m x n B5EME A, #15
[T(v)le = Alv]s -
AERILE A, L A= (A1, ,Ap), XB Ai =1, ,n, HH|IE. B o=
bi,i=1,--,n, W25 A; = [7(b)]e, X
A= ([r(b)]e, s [T(bn)lc) -
e AN [tlge, TH&
[T(v)]e = [7]B,c[v]B -

[Tl BIOAE V iRy B, W BIEDy C B, r BREREERR.

TRFE WS ¢ LIV.W) = Mo (F) N ¢(7) = [1]c. FIEXTE—4F
AL
FEIE ¢ A RAEBLSS.

35



.36 LS = R

#Hs,teFore lL(V,W),xXi=1- nFH
[(s0 + t7)(bi)]c = [so(b;) + t7(bi)]e = s[o(bi)]e + t[T(bi)]c -

[

¢(so +1t1) = [so +tT]gc = s[o|pc + t[T]Bc = s¢p(o) + td(T) .
RS
Aiai = 15 ,y 1L, ygiﬂﬁﬂ%: /—\’_EX T:V = Wa 1%'?%" [T(bz)]c = Aul = 13 3 1. ﬁ.
SERT LIS, # ¢ it

FHE ¢ HES. BT [7lge =0, S [r(bi)c =0,i =1,---,n, XTH
(b)) =0,i=1,---,n, B 17=0.

Kz ¢ RFMBE, T2
EIE 3.1.1 L(V,W) = My, . (F) .

H 7 BREMERRIE S HF o U V,7: VW, % B,CH D ik
UV, W iy, Ml

[rol,p = [rle,plolsc-

Wz, 7o WEKERRA ™5 o MEEFRRITRH.

W BT

lo(v)]e = [o]s.clvls K [7(w)]p = [t]e,plw]e,
[
[7]e,plolsclv]s = [rleplo(v)]e = [r(o(v))lp = [ro]s,p [v]5.

HreLlL(V,W), itk v 5w R, 7 09N A M 8
KR

 B.CoAlE V. W ik, B.C ARV, W i, XM B.C & B
DIAERERERR [Tlse X [1ls o TRA: WTHEEveV, A

[T(v)]e = [r]Bclv]B;

[T()]er = [7]pr o [v]B-

FEE_PPEH: W FEEveV H

g = Mpp(vls K [T(v)ler = Meer[(v)]e.



§3.2 R T .37.

BXBEERAAN LK, 1B
[T(v)]er = Mccr[7(v)]e = Mccr[T]Bclv]s -
1]

[7(v)]er = [Tl c'[vls = [T]B,00 MB.sr [v]B -
BT v AJERV AHEE R &, i)
[Tls e Mp g = Mcc'[T]Bc -
B
[Tlsrer = Mee'l7]B,cMp s
Bl [T]g e 5 [7]Bc EEHHY.
BRI W=V, krel(V), BB=CB =C,[rlss =[5, [Tleec=[lc,
TEH
[7]g = Mpp[r]s(Mpp) " .
Bl [r]s 5 [7]s ZARRIAY.
TEE RS » TEAEME TR 2.

§3.2 HHEET

MWL r e L(V,W), IS B &S AR SETHE. EX—
ek e S THSAE— M ) e 2 [B) b A 2R M A e A BE 5T
FrelL(V,W), FIEN W HSHEZE W 2| V igXHEZSE VA ig
X W= VR
T(f)=for=fT.
XH fews XEEBEXW, BT VoW, f WS F, i fr:V—>F 2R
Fve, BIXfERveV, &

T B T 1Y FEREE T
GyiE:
DOQMEZ r,0c LV,W), B (1+0) =75 +0";
QMEZ reFre LV.W), B (rr)S =rr*



.38 LS = R

QX re L(V,W),oc € LW,U), FH (o7)° =17%0%;
@ MEEFH e L(V), H (r71) = ()"
D.Q BRI
WE Q. X+ fe vy,
(a1)*(f) = for =17(fo) =77 (0" (f)) = (r7a™)(f) -
ER® B, o) =" =i = XB i HEFMRE. [
(- DX X =,
O®#V HARYE, rec(V,w), HER V= R V.W W, 0| 7 =7
W HEX, 75 VW MMER feW  FH
T W) () =0T (f) = 0 (fr) = fr(v) = T(v)(f)
XH o B TSR 2 W S o o TR, o™ e VL XCH o (f) = f(v),
XHE feve.
i RIS
7% (V) = 7(v)*™* .

RV 5V ER, we 5w R, W_EXEIY

Xt veV &ML, B X =1.
BeAh, PEEER 55 T 2 e XA AT — R,
#HrelL(v,w),
©ker(r%) = im(r)°
@im(r7)° = ker() 3
® 24 dim(V) < oo, dim(W) < oo, im(7*) = ker(1)°.
W HEX, 7V WX W - VSl f €ker(7X) & 7%(f) =0 &
fr=0e X eV, f(r(v)) =0< f(im(r)) =0 & f € im(r)°. X5
©.

HT v eker(r) e rw) =0 XNIEfe W, flrlv)) =0 & XNrEf €
W, m%(f)(v) = 0 & 5(r*(f)) = O FFHf € WL < T € im(r*)°. & V*
5V &R, G ®.



§3.2 fRRET T .39.

BJERIE ®.
XETE v € ker(r),f eW*, B

W (f) (ker(r)) = 0, B 7(f) € ker(r)°, XX FTHE f € W HHOL,
im(1) C ker(7)°.
wARARLE, WhHE =i 2 4) UKk ER @,
im(77) = im(77)°° = ker(7)°.

W im(1>) = ker(1)°.

Hy I IE FT 452

Q& 7€ LV.W),V.W HHIRYE, W rk(r) = rk(r>).

E H ®,im(rX) = ker(r)° .

26 0 2 75 6) O A

ker(r)° = (ker(T))" ,
X B ker(T)¢ N ker(T) TV PR, i
dim(ker(1)°) = dim[(ker(7)%)*] = dim(ker(7)¢) = dim(im(T)),

XEHE K ker(1)° =~ im(1). TH& rk(tX) = rk(7).

Q % V,W HMRYE, 7€ L(V,W),7% € LW*V*), B= (b, - ,by),C =
(c1,+-yen) 23R VW 2, T B* = (b5,---,0}),C* = (cf,--- ) 23RS
B3, T2 r AREMERR e, 7 AREERR [7 e 5 X MEREZ [ H
ey 2

B

K

(7 les 5+ = (7 (D)=, [T ()]s+)

BT 7(b:) e W, BI7ER C T, XW[RRA

() = Ber + -+ e



.40, LS = R

BT 7%(c) e VF , BUER B* T, XA[FRRK

7(c) = b} + -+ + abE

n n

H 7 B E LA

([IESYin

fm

TR

[7]c- 8- = ([7]e)" -

AP TR RERER T B Rz RORERE = BTXS RzRYFERERVAR E

§3.3 HHEHET

FE b= P T — Ay [ =S 6] B etk ai s, & CHTHE T HARRESY
T GRS ERERNRER, W B, WA g LS THe IR
T, XRNRZER P EENT T, HIr TS —RIER, XRAT
HIPZ.



§3.3 AT 41,

HIPIBUEIRIRY Riess iR (A 4 ), # V AIRAEPIRLER,
f eV, WHEHEE—H) = € V,

fv) = (v, )

XHTA v eV EMGL. HILATLLE BRIR ¢ - VF = V o ¢(f) = =, B &(f) &
XH

HTFXveV, f,geV* rseF,

(v, (rf +59)) = (rf +59)(v) = rf(v) + s9(v)
= (v,To(f)) + (v, 5¢(9)) = (v, 7(f) +5¢(9)),
AP
o(rf +s9) =7o(f) +5¢(9) ,

TR ¢ HILPELME (conjugate linear). ¢ BIJEHHH. BT ¢(f) =0 FH f =0,
W WREE, MM ¢: V=V Sk “ILBEFH)”  (conjugate isomorphism).

a VW P ERERENRZN, e LV, W), M—EER we W,
IR 0V = F ELH

GAE, 0, &V ERRHIZR. B Ries: FREH, TFEME—/ 2V, {#i15
Ow(v) = (1(v),w) = (v, z)
XA v e V #SL, & 7 (w) =z, N
(r(v), w) = (v, 7" (w))

XETER) v eV #MOSL, BFEEM—R o EXGL. ik o 24ER. |
FAIHERH v, w,w €V,
(0,7 (rw + sw)) = (7(v),rw + sw ) = F(r(v),w) + 5(r(v),w)
= 7(v, 7" (w)) +§<’U,T*(’LU,)> = (v,r7*w) + <’U,ST*(U)/)>

(
= (v,r7*(w) + s¢*(w’)),

TFrw 4 sw ) = rr*(w) + st (w)



42 LS = R

HzZ, e lWV), ¥ K r f3LEE (adjoint).
Fitie 5 ¢ ZEBRER.
#V.W ZF BB mEERE, rel(V,W), N
T WSV
M
W =S V.
FRBEAIHE X ¢1: V=V, o W* > W,
Ve W
¢1l ¢2J
Vo« W
Bl o W=V H
o= (¢1)" "o
X R LA
#HreV, ¢ (z) =g M di(g) ==,
¢7 ' () (v) = g(v) = (v, ¢1(9)) = (v,z) .
HZIERE feWveV, B
[0 (F)](v) = [(¢1) T P2 ())](v) = (1) [T 2 (F)](v) = (v, 7* P2 (f))

= (1(v),d2(f)) = f(1(v)) = 7°(f)(v),
Wo=1% HZ
= (¢1) 1o,
HINREPERE AER

%“ B = (blaan"' abn) IE'J‘: \Y E,J_.zEIE%mIEig, ﬁ!ﬁ C = (013025"' acm) 7E]‘[‘:
W —ZHIERIESS . B4

g A0
1 5@ . g0
[7]s,c = ([T(b1)]e), - [T(bn)c] = ﬁ2 ﬁQ . ﬁ2

’



§3.3 AT .43

1]
’Y{l) 7{2) %m)
[ les = ([T (c)]B) -+ + [T (em) 8] = AU ym) |
AP g

(B (7 (ci), by) = (by, 7 (e2)) = (7 (b)) = B, Bl

e =Mae = ([7lse)

Bl By FE4E B 3 Rz JERE o B 3 Rz JERE AV AR R, A « SRidz.
X @yAEHE, FEE AT Ry s
VW HERGENZENRE, o7 e LV, W), N
@ (" (w),v) = (w, 7(v));
@ (0 +7) =0* + 7%
@ (rr)* =7r*,r € F;
@ =
® &V =W, (or)" = 1%0%;
©® & 7 ", W (e = ()7L
2, WA E X
=V RNRZE, e L(V), Nl
@ B 7 & HILEE(self-adjoint) B RIRKHAF (Hermitian), 77 7° =
@ % 7 & B(unitary), & 7 ZXUH 7 = 771,
@ B 7 J& IEF(normal), #F 77 = 777,
2 A ZERRE, Al X
D A & RIRKYE(Hermitian), £ A* = A;
@ A & FHRIRAKHF (skew-Hermitian), 77 A* = —A;
@DARE FHFAFAHH A =471
@ A 2 IERL #5 AA* = A4




44 . B LML K

W A JESHERE, W

® A J& XHR, & AT = A;

©® A JE RIXMER, & AT = -4

MOARBIER, A AFHH AT = A7,

GE 7 JRIERL. BILHE, B4 HANY 7 AE IR SR R A K
TEHL, BRIOKFE, EE

T HGHE X =T

1) BXBEHEF

HE 7e (V) ZREIHE, HEMTEH ,weV H

(1(v), w) = (v, 7(w)),

B 7 = 7. BHER W T PR R:
&V ENREE, o,7eL(V),
O % o,r BILHE, MW o+ 7 172
@ A 7R HIHE, v AR, W orr 23
@ & o7 HEIHE, or HEILHE, HHY or = 70;
@ # v B3LHE, HArw, W oo AR g AR
® & HILHE, W (7(v),v) ZEH, MFEH veV HL;
©® &V ZEZME, MITHAR ve V (r(v),v) 28, W 2&HIHLHE;
@ # 7B, H (r(v),0) = 0 XA o #WL, W 7 =0;
® & v ZHILHL, NXMERR k>0, B 7%(v) =0 F[FH r(v) =0.
W BT r B3, Xt Ry RE RO, Bl A=A O - @ iz

=\
Jim

BT r H30E, Hz

(1(v),0) = (v, 7(v)) = (7(v), v),

B (7(v),0) LR, XEIEH T ©.

ATIUERR ® . @, 56Uk # V EEZE, MIraEf veV F (t(v),v) =0,
mr=o.



§3.3 JLEIE T 45 .

Sov=rz+y XHE z,yecV,reC N

0 =(r(re+y),rc+y
= |r|*(7 (@), z) + (7(
=r(r(z

)
, 7(y),y) +r{r(z),y) +7(1(y), z)
),y) +7(7(y), 7).

Bor=1 M
(t(2).y) + (1(y),z) = 0.

Ber =i, M
(r(2),y) —i(r(y), =) = 0.

W (r(2),y) =0 PR 2,y € V #ESL, HZ 7=0.
FIXA2ERRIEM ©),
((1=7*)(v),v) = (1(v),0)—=(T*(v),v) = (7(v),v)—(v,7(v))= (7(v),v)=(7(v),v) = 0.
B EREER ¢ — =0, B 7 J& H L4
FRIEH @.
Y F=CH, f bEREERTE @, AEIER F =R @EE. 1A,

0 =(r(z+y),z+y)
= (1(2),2) + (7(y),y) + (7(2),y) + {7(y),2)
= (1(2),y) + {1(y),2) = (7(2),y) + (z,7(y))
= (1(z),y) + ({1(z),y) = 2(r(2),y),
ﬁﬁ T =0.
RJERIE ®.

o Tv) = 0 XA v e V AL, WA m, ffE 27 >k TR, 77 (v) =0,
Bz

0= (" (v),v) = (r2" 72" "(v),v) = (12" (v), 72" (V).

Bk, 277 (v) =0 EEXFABE, BEH =0
XA R LR ERE - DRI 7 e L(V.W) BRI E

T =T + 1Ty,

K 7, IR



.46 . LS = R

o A
Hy b, 4
T+T* T—T7*
1 = , T = 3
21

HIFE N =W

X LB —ANEE 2 WG © + iy, KB o,y AEEC HZEML BT,
TR, BILHIARHE T B A

2) BEF

HEN, 7€ Ll(V)RERT, HENIEHN oweV, F

(r(0), w) = (v,77 ().

GYUEAR T B

VRN, o1 eL(V),

O 7 &l Wt W

@ # o7 ZH, M or ;s

@ T EER Y HAY 7 BES HAREE. (7€ L(V, W), FRAAREE (isometry),
EXEAR u,v € V, A (1(u), 7(v)) = (u,v). )

@ %= V NARYE, W o« 2R Y 7O ESIESS IO EALIE S
=

iE O. ©EBAH, KEO.

T AU,

T R < WEHE v,w e V,(r(v), 7(w)) = (v,w) < NHH v,we V, H
*r(w)=w& t*r =1 (1 HIEEMLE ) o =7r"1e 7 HH.

HAE @.

T Iel, O={u, - ,u} BV ERERE, TR

(T(ui); T(uy)) = (ui,uj) = dij
B r(0) &V MIEMIERRE. k2, &7 O & 7(0) & V WIERIESSE, N
(7(ui), 7(uj)) = 6ij = (ui, uy) -

FHo=Yru,w=> sju;, N
(1(v), 7(w)) = Qo ri(wi), 32 857 (uy))) = 3o riS;(7(ue), 7(uy))
= Zi,j i, 55(ui, ug) = (D, riui,zj sjuj) = (v, w),



§3.3 JLEIE T AT

BT .

SEEFMMARERERE, X RAE TR,
A R,
On x n A FERYYE HALY A FFARIZIAR C' B —HIEMIER

@n x n A GRS HALY A MFARIATAR O ) —4HIEMIESR

@ & A KT, N |det(A)| = 1. # A RFIEZ, N det(A) = £1.

3) ERMEF

HEX 7€ L(V) BIEMET, HXNHER v,weV, H rr* =17,
GriEA W T AR

& VENRZER, 2V EERSET, N

O MEBZ K p(r) € F(z), p(r) WRIEMHI;
@7w)=0=7"(v)=0;

@ MAEE k> 0,7%(v) =0 = 7(v) =0;

@ MEB A F(r—NF@w)=0= (= \N)(v) =0
® & 7(v) = do, W 7*(v) = A(v).

E O. @ZEAN, Kk Q.

o=rm" GWZEIER, BT 7 HIERF, B

H H IR ®, 1% o(v) =0, Bl 77%(v) = 0, {2
0= (7"7(v),v) = (T (v), 7(v)),

e T(v) = 0.

HOK,OH®, KIEOG.

A7) = o, KB 0 £ 0, U (1= MN)(w) =0, 5 @, (-N)*(v) =0, H
(r =X =7 - X #if ©.

TEwe—if, BEXNX =AM AEE RN, JTH R0 e H.
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LS = R




FEMH FIEBER FAERESE

§4.1 WM ERVMREVEARMS

1) EHIRRB =g T i s e SO B2, X — i &
TR MR ROR BRI, XEEA/NFREER S, EX—if
T, R R E CEREAMER, JUHIRAE EEAR RIS B AR KL i

VRS P LR — AR, re L(V). X Flz] FE—Z505K p(e),
MER veV, [EX

p(z)v = p(7)(v).
KRR NETHE AT FERZE V B B8R, SMER r(2),s(2) € Fla], u,v €
VEH

r(z)(u+v) = r(z)u + r(z)v,
(r(z) + s(z))u = r(z)u + s(x)u,

(r(z)s(z))u = r(z)(s(z)u),

lu = u.

5. B Flz) AREZR, Lk Fz) RooREXN V i9%ck, VvV A6E
B — AR R, FRERIIAT W= a5 oy — R s — B
TN 4.1.1 % R 2 A FAZ 49 X ¥e3R, L L EMALE (scalar). —/~ RIE(R-
module) £ REBI—NE (a module over R) & —AIE= B4 M, A& FH mik,
Tk 4+, A (uv) EM XM,  u+veM; 5—42% RE5 M 952 H%%,
Mok X Ew, & (rnu) ERxM, Hrue M, LA

1) M *mikind % Abel B,

2) XA r,seR, uyveM K

B
r(u+v) =ru+rv,
(r+ s)u = ru + su,
o

(rs)u = r(su),

lu = u.

48
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BAR, % R OpEL, WE Ry, B % LR R mEEE)

Y R = ZOEREF), W Z- ¥ERRZ Abel B HB 2 Abel BEAUHE SR
7.

FeAEEAE— TGN R = Flz], Xi, Flz]- ERMERRLMEET
FImEE, X ER1T5FEEZEIHE AR,

# R 2, WA mxn BHEEHES Mna(R) 22— R- 8, Himk
SRR R INESXCE. 2 R= Flz] B, M. (Flz]) REMT2ES
WA 2, BRCY—4 Fla]- .

FH—AEEMBIEI R B OV B R- 2. # R J&H B CH S #EF,
B XCBI NS, KA — R . SRS A

TS EHEEMESR T 7 e L(V) fERTEMEZE V _ERf, V T[LAERK F
) — A mE=E, BuUERE Flz] EHE

2) L o S [ R A MRS RT AR

A E X R- B M (PR T.

HSERBEMMB—NTE £HE2—1R-B, RS HMMPTFHE. S
RGBSR M AERAE S _ERYFR .

5 .

® R-# M pJ— M EZTFEBAFREY HCSXMERE s e R, u,v e S

f
ru+ sv € S.
@ #STRMBTH, WsSNT Kk
S+T={u+v| uesS, veT}
W M )L

® FHEAITHZEI REE R HE Ly, Il R- % R BIFER 2N
R HYFE48.

RS, 7R e SUBER B,

B M &R R M JETAE Sy, , Sy BB (direct sum) FEENve M
AIAME—H CRITATER)T) BT S ooRz M. BRI ER ve M, B
u; € Si’ 1= 15 y 10, 'fi'fﬁ‘

=1+t Uy,



.50 . FHPF EHEERER ERELEE DB

HHEDRH w, €Sy, i=1,--- ,n, {#i{5
V=Wt A+ W,
MZELHINE wi =wi, i =1,--- ,n.
B MZE S, -, S WEM, 5
M=S5&-- &5,

M =SaS85° M SN STE M FHI%P (complement).

B, MBTFHS, - S, WEMBHMNE M =S, +---+ S, KA
Z:L anaﬁ

SinN (Z Sj) = {0}.
J#i

FJRARE X A B BE (spanning set) 41T

MR M, SE—NTE, B S 4EM (spanned or generated) HJ T4
K S FIOURMTAER R- LtE4H S, B

(S) = span(S) = {rivi +--- +rpvn| ™ € R, v; € S}.
M ) —ATF4 S FRoMA R (span or generate) M, £
M = span(S),
B v € M, A5 AL
v =711 + -+ + UpUp,

:‘LXEH,--- ,thn ER, v1--- v, € M.

FealllH— Mo R AERB TR, Bl (v) = Ro={rv| r € R}, ve M, FRAH
v B B FHE (cyclic submodule). X J&—Fh+ 0 BEEA T4, 5 FEARW
HIPE.

AR R A M RTAE AR, MR M 2 BBRAEMEY (finitely gener-
ated).
3) [FIFERIATEME P E T8R0T R- 2ttt v R- 2.

S M BT, BN R 2MIc5<i (linearly independent), #5 X {F &
V1, 4y Un ES&TIa"' yTn ER, HH

ruy+ -+ rpv, =0



§4.1 FF_ERYBIRY EAME R .51.

AR o= = = 0. 355 S AREMTORAY, BRI

M JE R-AR, M AT5H BFRA M Y & (bases), 7 B &M HA R
M.

oot 5 0

O M BT BREEY YRGS v e M, B B T4
(01, op) 2B 1, 1 € R {H{E

V=701 + 0+ rpUn.

@ # B2 R-B M pyk, W BJE M P/ NEREE, BIRK&METR
&

X mESE, FLRETR, X TEREFES.
TN 4.1.2 % MN A R-#. 4t 7: M — N A R-[EZ (homorphism).
EXMFTH r,s€R, u,vEM A

T(ru+ sv) = r7(u) + s7(v).

TR M 2] N 49 R- B Z&184F Hom,(M,N).

BR R-FIARGMERGIE.

M B M & R- Fl &R BEZ (endomorphism),

FRE 449 B A A BB (monomorphism),

AR A4 B &5 A ERIZS (epimorphism),

FRIXGF49 Bl 5 A B4 (isomorphism).

% TE HomR(Ma N)’ /'%:X T 61\77}}}:5'{%%

ker(r) ={ve M| 7(v) =0}
A
im(r) = {r(0)] v e M},

CAHAA M A N 49T 1.

HTFAZIEREEE R- 2, #BCA TR E X.

TN 413 R- B MMAHEEE (free) 5 M A R-¥%. B2 MWGE, kA M
A B EAwW. MR EE (cardinality) FRHA M 494k (rank), iAE rk(M).



.52 VLN S T U < 7 N ol O - N = N

T SRR B X R E SCRA TR Y.
4) # M JER B, SEEMTHE, K
v+S={v+s| seS}
NS TE M FR—AREE. Bl S 1E M PRI ERIERIESICE M/S. XE
—A R-#, Haz5E oy
(u+S)+w+9)=wum+v)+S K& r(u+S)=ru+S
M M/S HETEN s+S=0+5=6, s€S. XN R BFRNMET SHE
#& (quotient module).
BAERIER: & M ZE i, W M AEER A HEFE R ER. AT
ANGER, HEE M A AR X
i, B —SEERAY LR
R A BALITH SRR, S & RAHAE, S 7E R PHIREHENES R/S
TER—AF, #7O8 R KT S B9 R (quotient ring), Hhmk S5k e SOy
(a+S)+(b+S)=(a+0b)+ S,
(a+8S)(b+S)=ab+ S.

RIS A E X, MEIEH
b+S=b+S=ab+S=ab +85,
W2
b—beS=alb-"b)es,
BT S ZHAE, s EARr.
SRAIEPI AN T 255, IR ORERAR (S R —1F 2 79) ik
@ & R A HBAITH IR, RIEF R/Q JEIY HALY O M.

W #F R/Q B, H Q REMK, WEAHKE IEEG QSIS R &
i €T - Q, Rl i & O FMAIFIAR

K=(0Q)CT
HTigQ i+ Q#0. HT R/QZEH, i+ Q AWM, HHi+Q
(+9Q)('+Q) =i +Q=1+0.
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i1—i' e QC K. HT W e, Hl1ek, XMEEKL=R HKCIT. TZR
FETE, XMTESH Q BRKHE.

Rz, #F Q B KA, 0£r+0, Mlr¢g Q #Z=(r0Q) Bt
O HNQREWK, MI=R XSH 1T, A scR, FH1=sr+iXt
FAie Q oL, )

(s+Q(r+Q) =sr+Q=(1-9)+9=1+ Q.
Bl (r+ Q) =s+ Q. #t R/Q .

FRIUERA:
@ EEHHATTHICHIT R —E A RoRHE.

E RAEFR, M—eAHBE, i {0}. % 7 4 R Wy Pra EHERY
& WA= &
Q CQC---

J& R RIUALRRE, U 1= U0, tuR— M. BN 1 ¢ M TeT W2 I
[ERTREAA S, B Zom 315, THRATT. (WES | miE
ST RERT). SGER T R AR,

B

® # M REHH R W M EE A ARG

EMERARO, RARKAME O BHWEARD, R/QREM. 4

OM = {ajvy + -+ + apvy| a; € Q, v; € M},

W oM & M Hj—A14, 1ERE M/QM.
HUERA M/QM 23K R/Q Lpy—Ami =], Jyite HBR N

(r+ Q)(u+ QM) =ru+ QM

XH reRue M JREOREIEXHE LTS HEE XA, XEZEIE:
*
r+Q=r"+Q K u+QOM=1u+QOM,

XH rr' € Ru,u' € M,

ru+ OM = r'u’ + QM.



.54, FHPF EHEERER ERELEE DB

W REE: Hr—r' e Qu—u € OM, N ru —r'u' € QM.

HFr—recQu—u e oM N (r—ru e oM N r(u—u)ec oM. FI&
(r—ru +r(u—v)=ru—r'v e QM. KWz, XHEXHHERERE L. 7
AEFRRIE: XHEE CREori RAES—iF §3 W m &2y & ChEek L
U RIS 25, T M/ QM BARXTINER, Abel #. # M/QM BIHi2 R/Q
A~y i ],

#BEHH R B M Ef—HE, H b,b;€B W b+0M b+ oM &
MR XATERIT: %7 b+ QM = bj+ QM, i # j, AL, N b;—b; € OM,
[

bi —bj = ayv1 + -+ + apon,

ij_(.i ag € Q,'Uk € Mak = ]-7 y 1. Ehﬂ:ﬁ/[\ Vg %K% B ﬁ%ﬂg%)&gﬂ% i& Vg
o b B RECH e, WELEPIILA b B REL 153

l=air1 4+ +aprp.

J&. W bi+ QM 5 b+ QM X4 i # j REEARAHRA. BHZ

B' = {b+ QM]|b € B}

5 M /% B AR EEL
FUER: B’ R/Q LRyMEZE N M/QM H—2A %
BT B A M, # B HERL M/ QM. #AIE B! ZRETER.

>_(rj + Q)b + QM) =0,
JEU
ny %(ijj + QM) = 0, 2 ZUijj € OM, T & ZUijj = Y aib, XH
J€ JjE€ je i
a; € Qa i = 13 3 0. Wj‘ﬂl*ﬁ%ﬁim Ty € Qa ] = 15 y 1. ﬂ:‘fEl‘l‘: r]+Q: 05 EI]
R/Q HHEILR, j=1,---,n 8 B LWETK, B HiE M/oM & FHz
B HIHEL = dim(M/QM), AMKHT B AR
@ EH 2.1.1 HFIFEA]: B F B RAS(a] R A 2 A E TR ZEXL
M. EREE, f: PAEB R AFEE 2 HACY EANTAHEF 85k
iE % M N RFAEH BB M A N A M E N R EER
BREE 7R M RyEEBy NOEE. BT BXUR, B rk(M) = rk(N). RZ, &
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rk(M) =rk(N),BJ& M 3%, CJ& N #, BT B,C fRRAHE, #A XUt
7B = C, XABRGT AT LMY TR A M B N Z ERIRM, M = N

5) HTABAER R- 8 M i FERMGERRAERY. Hz, BTt
25T AERAER R- 8 M B A RAERP. XA KR4,
FS 4.1.4 —A~ R4 M AR A% % FHERIFH4ESE M (ascending chain condition),
Jo B M 89 EAT F 4 551

S CS,yCS;C---

F BARHE k, 24T Sk = Sk = Skqo =+

THAREHRIZA a-c-c
EIE 4.1.1 R- B M 8H5ANTREARA R S BARE M #HR TG4
.

32 F 49 BEAR A Noether & (Noetherian module).

iE & M BPTA TRESRA R, T M AR5 LIS

S C S, CS3C---

s

s=Js;
J

HT w €S, BUETEYR ki, F15 u; € Sk,. & k=max{ky, -k}, N

u; € Sk, 1=1,---,n.

(5pd
SZ(Ul,--- ,un> C S CSk+1 c---C8S.
XFRAEFFEFF S1 C So C S3C - WS, LA AY.

K2, & MR TR TEERME, H S M. Blu s, ZET
BLS) = (u1) C S, % S1 =5, M SHEARAEM. & S1#S, TEH us e 5— 5.
2 Sy = (ur,ug). 5 So=8, M S BHRAERM. & So#S, MEHu;eS— 5. %
BT S5 = (uy,ug, us). —EIXFERIT T2, AR —NTFEA L6

<U1> C <u17u2> - (Ul,UQ,u:))) c.--CAS.
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WMRXFERFREE —N5TF S, MR8 —NTFEN s EAFH], ai—4
HE—MHEAE, X5 M R TREOAERAMETE. BEEAD n, (15
S = (uy, - up), WHELRE S BAHMRAERL.

BT RZER BHC LB, HE RTFEELESS R (Y. #uE X 4.14
FER 4.1.1 BH
EM 4.1.5 3F R ARA B R AT &0, EX R &EE L 2EF )

Q1 CQCQ3C---

'—,’){ﬁ-ﬁ:é‘é‘ﬁ: k, 'fiﬁ‘ Qk = Qk+1 = Qk+2 =

TESE—F 2 WHER T FH AR IR — @ 2 e S 4.
EIE 4.1.2 F R HANI2E (1FAH R- ) RATRAE R L LR S R #HREZAE
49 78k A 1.

EHFAIFFFR A Noether}f(Noetherian ring).

TR — A E B E L
TFIE 4.1.3 % R & Noether 3, WAEZATRA &4 R- & Noether 1£.

XA R, B R A Noether IR, BpAA~3248 % A TR A R EG, WA TRAE R
89 R- AA) TR Z A TRA R, XA T R A RA R T4
1R IR AR TR 2 A 4.
FE LA

T(Tla T 7Tn) =1riup 4+ TRy,
%5 R M TR U
1S ={r=(r,---,m) €R" 7(r) €S}
B R ATRL B e 1(0) = 5. iR B REERARTAL 0 ()
%ﬁﬁﬁdﬁﬁiﬂ/‘]a T_I(S) = (tla"' 7tk> ﬂ:%% w € Sa muﬁ t e T_l(S)a 'fﬁ'fgf
w=r71(t). T
t=aiti + -+ agtg,

[14

w="7(t) =a17(t;) + -+ ap7(ty).

TR S H Ar(t), - r(te)} FrARRER. FrR FEAER R R BT
JEA PRAE Y.
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Yoo =1, KEME, BN R Noether 3. RIXXFTHR 1 <k <n, R*
HAERRERTHE, & S & R TH, &

Si={a€S| a=(s1," " ,8,-1,0), M 81, ,8p—1 € R}

K
‘92:{(07 70’871)‘ (51;”' )snflasn) 657 ﬁzﬁsla"' ySn—1 ER}

TR S AT R g — 14 (R4 5 B TR BE — MR R H).
Hﬂ)ﬂéﬁl@&, S1 BAMAER. & 1= (B), M B={dy, - ,dp}, 0 <k <n—1(%
S &, W B =4 k= 0).

[F#E Sy [[Mg T R p)— T4 (RIEAR), R Z2ARAERP. & S &L
1y, NS N TRAEE M RIRN 0, S = 5 BARERD. & S JF
SER, T (0,0 ,0,b0), by # 0 FFAER. £ S A b= (b1, ,bp—1,by) €S,
M B = {b}UB AR S. XZEEA: & B=(s1,---,50) €S, MW (0,--,0,5,) € S,
WEHreR 15 0,---,0,5,) =7(0,---,0,b,), Bl s,, = rb,, HZ aa—rbe Sy, T
Zaerb+ S, XE B HEM S EHIERE

HERE 4.1.3 FEEAFFR, WP ZE Noether Ff.

TE: A SCHIR R R LUK E R (0) K R TTGHE
. W, HEH 4.1.2, 4R E Noether 1. 24 R 2 EFAIRE, BT r
ARFREA R A, W, FEAEBRBIE Noether §Y. THLH T/ E
ELf) Hilbert @B, X2 —510A A EA g,

TIE 4.1.4 (Hilbert 3} X 32) % 3% R & Noether 2~, M| % [ X 3% R[z] 4.2 Noether
IR,

W EHEATE Riz) FHMEE— MM 0 BARARE. & L 8 Q HITE
7 IRZ XA Iﬁﬂﬁ%%ﬁl& Ry 0 TRITMERMES, 7=01,---. NZ
SGEW, L; #2 R, XEFE X a,be Lj,a#0,b#0, FA7E j D’tgiﬁiﬁ
f(@)=az!+-- flg(z) =bsi+--- FHET Q. T f(z)—g(z) = (a—b)al +--- &b
BT Q #Ha-b#0,Ma-beL;; & a-b=0,HTO0€E L WAEa-be L;. FF
fE—ce R cf(z) =car’+ - € Q. %F ca# 0, ca € Lj;#FHca=0,HTF0€ L,
WA ca € Lj,a € Lj BARE. TR L; B R —AFAE. 2 f(2) = a2l +--- € Q,
HT Q& Rlz] (—MHE, 2f(x) =a/t +... € Q. HZ, #FH ae L N
a € Ljpy. TRASH|—ANHAEAEE. Lo C L C---. B4 R J& Noether 2f, i
FETE d % Ly= Ly ==L, HH L= U L;. B~ R /& Noethet ¥, #&:

7>0

/I\Ljajzoala" diﬁﬂfﬁﬁﬁﬁiﬁkéﬁ -[XL —<()’---,ag.kj)),j:(]’l’...’d.
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INTTH Ly B9 SO © B £, 11, A8 11 mE s ARk
o\ =1, k.

ﬂ‘uﬁEEﬂ: S = {f(gl)a 7f(§k0)af1(1)7"' afl(kl)a"' af(gl)a"' aftgkd)} %fgﬁﬁ Q
H A B

HM, W f e Q, deg(f) =n. X n HIAGNE. & n=0 NEBR S fTE
B f. WK f=apz"+ - +arx+ag, ap #0. W a, € L, CL =Ly

En<d Man= 3 ral, ri € R. FREWHR

1<i<kp
h=f— Y nf
1<i<kp
BIREUNT n, T EVIGHEE b BT S FRoeAERs, 36T £ AT S FoeaE L.
Fin>d Way€Ly=LayHan= 3 ral). FREWHRX

1<i<kg

h=f-— Z ria:”*dfa(li)

1<i<kq

HIRBUNT n, [FIFERAAERIE h T S FrocA M, MM f ATH S Aonil.

§4.2 FIEMEEK EAYE

1) fEE—rha il THBAITHISCHA R EAEER e DL B R —L5
FEAVE. M43 R AEET, BORKZ AN, BT m s A Ay — ek
A SR, FHEAUBESIE LR m=E, maE, B, 2E,
AMETooe, Z, 4ER, ST, B5HREE, B TR NS
X Bt HFa0a], pESE, 4ER0S LA AR N B T, R, TR
EHRFERSE. EEESmEZN, NRE EE, HEE RS EmER,
HMBEZREEARAZER. XEFZ 35, A ILHIER.

O AREREME, BRI RN ITER, YR AERE. XmEhit4
BE5IN B B RE.

QO FXFEMHR, BEMFHRICHME.

® FXFEMAMRAERE, HFEAZRERERN. XHENT25IA
Noether Ff JF A .

@ AXHME, EREREHICE S PIE—TR AN S FHETR
HIRNEH G ARTETR.



§4.2 FHRARRERR YA . 59.

® FIXFERINE, HE/NERSENBEME, HEREETLEREREDY
3.

® AXFEMEBE, HFREAEH, EREAEH.

D EHVEWF FmESR, reFveV,r#0,v#0, M ro#0. (B
B TE, XA F KIS

® XM HBEM, FLRETCENEREY, FiklEN

BT E— A AT R HIF R RBA PN R, XS
HIRATR TR AR P, KRR FEHERIFFRE2MR
WM, XS T EH ERBRE AR SRR, BB, Filan
Fixer, FEEHEEF EHRENFEOEE RN, $%. EX o E
PRASRIR E B TR I, TE T — A DL R R e 1 A% ] A ) — 2 1]
B, AILMRE|— RPN EEM L

2) SRIUERH
FEHE 4.2.1 TRAEILR LA MEE M GEETH S adey, B rk(S) <
rk(M).

W IR B A RS, RETN TR .

BB 9@ M, & rk(M)=n, Wl M ~ R*. Wz, BHEEHE R BIF.
X n A%

“n=10M=R RIMEZTH S HE RYAKE. BT REFIEE
W, # S REFM, Bl S=(a). i& S #{0}. B R BEF, ¥WHFEr£04
ra#0. Bz, A

T: R— S, 7(r) =ra
Je RF| S WFH, &S ZHH.
B R B FHURE WYY b <n BPGL, SR R B— DT FIE
51:{065‘ ﬁsl,---,snflER, a:(sl,---,sn,l,O)}
K
So={(0,-+,0,80)] A 51, ,8n—1 € R, (51,7 ,8p-1,5n) € S}.

B S1 FT R B — 18, ARG, X2 E By, 5 B = {ar, -, ax}
J& S WA, Tk <n—1. (& S ZFJLAY, N B EZEHE).
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FEE, S T R —AFH FAE). 75 S 2V Ly, N S &t
TRMRIGRIRA 0, i S = S ZREHM. & Sy T, WA 1, HH
{00, ,0,tn)}, tn #0. H 7= (t1,--- ,tn) € S.

KAE B = {r}UB & S 2. SGIE B B&ETRW. HH ror,-- 1k €R,
b

rT+riap + -+ rpap =0,
MW orr = —(rian + -+ + rpey). WEPIIIREBSEAIR, B rt, =0, 8 r = 0. T
o o BIRPETRE R v 0 = 1k, b B SRR, Hk, %
a=(s1,--+,8,) €S, M (0,---,0,8,) € Sa, # (0, ,0,5,) =7(0,-+-,0,¢,), 7 €
R i sp=rty. TiRa-—rreS, Pa=rr+5,HZ B ES &S ZEEHH
. XELUER T e .

L) FOERUS, W F EWmESRE V, Er£0re Fv#0,0eV,
M ro # 0. BEMBEE, XA—EML. TRAEWTIEX.

EXN 421 X MAR B HoveM, R AHERG re REF ro=0, NFKR v
& M & —A 52T (torsion element). —ANBE4e R LA A NIAR A ToFRHY (torsion
free). ke BRI A L EARZZA, NAR M 2 FH&E (torsion module).

T M O, HrG iR A B 510 Moo, 55 WiX2 M 1 — 1,

H M /Mo, JETCHRE. X FERHATT : 25 a,b € Myor, WA o, € R, a # 0,6 # 0 ff
Baa=0KBb=0 TRIMEZEM r.s € R A ap(ra+sb) =0, Bl ra+sb € My,,.
Hi §4.12)O I, Myor S&—FHE. FHIE M/ My, ZTCHIL. 47 a+ My 2 M/ Moy
) —ANRIT, WA re Rr #0, §15 r(a + Mio) = 0, Bl ra € My, TZH
s € R,5s#0, §15 s(ra) = (sr)a =0, H sr # 0, 8 a € My,,, TH& M/M;or ]
PITRE 0, B M/My,, RTCHEL. HR, W5 W RS HEEE BERET
®H. RZAE, HEEFWTH

TEIE 4.2.2 TRAEIFRLGE M R T AHG, BREATRERY, WL A
W 49.

W BT M EERARY, 8F 0#£veM =1, ,n {fif§ M =
(vi,+ ,vp). TERXSEAERICHEMRR AT R T S = {ur, -+ ,u}, B M BYE
M = (uy, - g, v1, - 0n ).

TR v, BE {ur, - up, v} BERMEMERH, =1, ,n—k BOFED
vi, B 0#a; Xory,-,r f§i15

a;v; +riu; + -+ rypug = 0.
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& a=ay - an g, W av; € span(S), i =1,--- ,n— k. T aM = {av| v € M}
& span (S) F—FAE. {H span (S) ZH BB, FEHy S, B FTHERINIER A
iR oM WEEHHEP. HT M~aM, XEHRH

T(v) = av

JEWMER, BT M RICHRE, o ERRS. M~ M, M EHBR.

§4.3 FHEBEN EWRRERRNFEE

A TURIXEHES 25, EHARTI T, % EEEREER DA RA
B e . X T B =P PR LR X S E Y E

1) 2. R ERARE IR A PR A AR o TR S Bl AL B
T 4.3.1 F M R ERBENR R LAHTRAEREE, N
M = Mior @ Mfree

XE Mppoe X—AA W R- . FELIMNHMAE—H), BELEHNMH M =
TON, L+ T2 MGHRTHE, NAMBGARTE, T =Mo, N=Mpe.

:Li.E Eﬂﬂ:ﬁiﬁ M/Mtor %%?%B/‘Ju&ﬂ:ﬁ M %ﬁﬁﬁﬁzﬁkﬁj‘a M/Mtor m%
AERAAY, ok EH 4.2.2 H M/ Mo, S H B

%Eg‘:)l% M %EUE Ehﬁ M/Mtor E’J?ﬁflﬁj?’& T M — M/Mtor- %“ BfEl-[‘:M/Mtor
BIEE, XA be B, BUE—1V e M {FH n(b)) =b. & B' 2 M PFrEXFER
TTRMES. B B R&ETxr. T2

S = span(B') J& M W14, HEFEMT M/M,.
BAR ker(m) = Myoy, im(mw) = M/My,,. T

VE My NS =ker(m)NS = 7(v) =0, v=3 b, r€R
= 0= rm(b)) =Y rb = XIH i,r; =0

= v=0.

Bl My, NS ={0}. Fve M, N rw) =3 sb;, 1M s; €R. é\u:ZSjb;- €S, m

m(v—u)=n()—m (Z sjb;) = Z s;bj — Z s;b; = 0.
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Flerz=v—ucker(n)= My Blv=z+u€ My, +S. BIf5 M = M,, ®S. |y
ﬂ:‘ S%M/Mtor. Z, M:Mtor@Mfreea 53_(.% Mfree ji’ S.

HEM=ToN, HFT2EMMPHETE, NZ2MOBHTFE WHEX
T C Myr. v E My, Wov=t+n,HteT, neN. TRn=v—te My, {H
nJBTHBHBEN, #in=00veT F&T=Mg. I N=M/Mg = M.

AT 4.3.1, BT ERAEREER LA IR AR iR, R E e R
IR AR A AR 7

2) BT IR A TR A AR R T R TR B
EE P2 T, BEIATHEZENZATFME. IUBEEEYT 7
FIHE L.
EX 431 F MRE—/"R-#, veM & BT A

ann(v) = {r € R| rv =0},

M & FTF A
ann(M) = {r € R| rM = {0}}
X2 rM = {rv| ve M}
AR ann(v) % ann(M) & R PRy EEAE.

MR EIRERIR FATRAREEL, ann(v) FAERTTIRHN v B B (order),
ann(M) BIERICFR R M /Y By

B, A pov & MEK v e M) BIPAEr, MIENTRMAER (associate), B
ann(M) = {p) = (v) = pu=uv, FFEANAHIC v e R.

B M RIBY, BrEFRLAVIEICHN, BME—FRER. uv, BREFRLIFTEICIN, B
EH 1.2.3 HHMHEIAZEIC (prime element) FEFH /i

EX 4.3.2 B M ARA EFRE (primary module), & L RALT A ann(M) = (p°),
REZpRFEL, eREEHK B MREFHEANRZ - FALHERT.
BAR, EFAER LARA MR MORERYHIE M PEATR
H B — 1 [ % B9 R TTHY -
I e BRR S AR IR M O O ME R TR B
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T 432 (EEE—HO)MIR) B M R —NEREEFR LERAMRA RBRE
B, MAH
p=pi -y,
iiz pZaZ = 13 .z %i;ﬁﬁlﬁﬁ?‘%fb, ﬂlj M qé}ﬁ%%ﬁ%‘?
M=M, & --®&M,,,
X2
M, = {v e M| p'v = 0}
PHBEETHE, WA pf, i=1, n #—F, IFGHSMRE—, B, BT
5
M=N & & N,,
HP N ZANA ¢ WEER, Mm=n, ETERZH TR TN, =M, q
Epz%a/f#, €i:fi,’i:1,"',n.
WE % p=pq, B p,q BIERKAEF ged(p,q) = 1. FRES
M,={veM|pv=0} Kk M,={veM|qv=0}.

FUE M = My, ® My, & My, 5 My 33 BEFT (p) 5 (a).

HTp5qER, BEE (pq) Hgedp.g) =1 H, & 1€ (pq). HZ,
HTE a,b € R, ffi15
ap +bg = 1.

#F v e M,N My, N pv=gqv=0.%
v =1v = (ap + bg)v = 0.

Hz, M,nM,=/{0}.

MR ve M, 0F
v = lv = apv + bqv,

MM q(apv) = a(pq)v = apv = 0, B apv € M,, [FIFE bgv € M,. A2, M = M,®M,.
%“TMIJ:O’ m”xi{fﬁv:vl_i_v? EMp®Mq:Ma ﬁ

rqu = rq(vy + vg) = qrvy + rqug =0,

Kz, rqeann(M), XFH 1= pqlrq, B plr, XU ann(M,) = (p). [FIFERIE
ann(Mg) = (q).
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#r 1 JEZR IR
p=pi e ppt,
WA E B AR
M = M, & N,
LE N BEAEET (u/pl) TR BEXNPE, I8 My 8 M, i =
L n, BU15 € FE AT 7 .
BT E—E, EERIH M = Ni@- @ N, Hann(M) = (g]',-- ,gi"),
B ¢l - gl 5 p$ - per AR, BB RR 1.2.3,R JRME— FAMEER, 8 n =m,

Ni={veM| ¢flo=0 ={veM| pliv=0}=M,, i=1,--,n
3) =4 HWEH 432 R, T—2PERxx 2R 4.3.2 FRAIREHER T
ﬁ MPH i=1,-,n i&’/f—?ﬁ%

TEIE 4.3.3 (MEIRH ML) 5 M % AKX R LR RBE A R A R,
WA p°, W M ST 58 A4 6 2T AE 49 B A=
M=Ci & @Ch. (4.3.1)
C; ARM p% S9IEFRTA, i=1,2,---,n, LHR
e=e >ep> - >e,> 1,

B FN
plp® |ptnt] - - [p®t. (4.3.2)
W SERIEMTE M R — R FE—DITR v1, [#15 ann(v1) = ann(M) = (p°).
WEIXFER) o1 NFEAE, TR FTAEW v e M, #A ann(v) = (pF), T k <e. K
p°~! € ann(M). XFH pp*!, TIE.

MEEIETE IR A (v1) & M g — g, B
M = <’l)1> @ S, (4.3.3)

XH Sy & M RRERATR, TR S BRE—ME R LA RAERER R,
URFIEEX LR, 53]

M = (’01> S (’UQ) 5> SQ.
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XE ann(v) = (p°), i e2 < er. KE—H#HATNE, /BE—4 LITHF5

<'Ul> C <’l)1> &) <Q)2> C .-

BT R JEFIHEEIR, # R & Noether 5. HT M EHMRAERMA, HiE
EF 4.1.3, M 2 Noether #5. HEM 4.1.2, M W EFEE51:, T b FisE
FEMRAGE L. XIERA T M FTA A IE R AL (vi),i=1,--- ,n BYEHM,
HAMMNEBY A p&, i=1,---,n, He=e1 >ea> - >e, > 1.

BAESKAE M FJLASHEHR M = (v1) & S1.
BT M Z2RRAERE, BCF M = (v,u,---,u). Xk FEFTIHAE. &
k=0, M HEA S = {0} BIF], HFLERXT k 8oL, &%
M = <vlaula"' aukau>'
ELEEL 85
(vlaula"' 7uk> = <U1> S SO?
M So &— T
)I‘%‘ u—avy, ac Ra E&{«E u, Z:/%%ﬁuﬁﬁzﬁiﬁ Ma EI]
(Vi Uty up,u — auy) = (v, ug, - U, u) = M.
FREALLFHK o e R, 15
(v1) N (u — awy, Sp) = {0},
X E
M = (v1) ® (u —avy, So) = (v1) B S.
WHELES S1 = (u—avy, So) FEATPAT .

(u— awr, So) FHRITTEIEN r(u — avi) + s, T (v1) N (u— avy, so) = {0}
FMFXF reR,soe S, H

r(u—avy) +sg € (v1) = r(u—avy)+ sy =0,
XS T
r(u—avy) € (v1) ® Sy = r(u— avy) € Sp.

AP
ru € (v1) ® Sy = r(u—avy) € Sy, (4.3.4)
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Gk
I:{TER‘ ru € (’01>@Sg}

&= R — MM, HCOhFEHME, HZ, T=(d. BZ
pPu=0¢€ <U1) @ Sp.
T p° € (a), XFH alp®, 8H f <e fifa=p/. TREEH

ru€ (v)®Sy = rel = r=qpl, HergeR,

= r(u—av) = gpf (u— av).
Kz, WaEHkE o € R #15
p! (u—awv) € S, (4.3.5)
N (4.3.4) F5IE.

BT p/ eZ, W plue(n)®S AJEH
plu = to, + sg, (4.3.6)
XH t € R, sg € So. A& (4.35) N
tvy 4+ sg — apfv1 € Sy,

I
(t— apf)v1 € Sy.
B, B HALY ¢t —apf =0, B, H4HALY p/lt.
H (4.3.6), A

0=p"Iplu=p*Ttv; +p° s

BT (v1) N So = {0}, # p°~/tvy = 0. BT vi BIBT A p© 8 pelpe=/t, B p/|t, X5k
RRNrFER. T2 (4.3.3) 151k, M (4.3.1) 15k

2T (4.3.2) [l (4.3.1) fEHE. BT
p® € ann(M) C ann(C;), i=1,---,n.

Wt ann(Ch) = (i), M eulp®. T2 ai = p%iei < e, i =1,--- ,n. X ei =
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MIE R, FTRAE HX PR A R —ry, BRI, BRESE L
T, Brops RME—ER, RoTp WEME—RER, FHEERRS M B
B pe. TORA T Y ME— 1 B
EIE 4.3.4 (BT H Mok —HT®) &5 M &2 EZRBEIR R E—ERGAHTR
AR, LA po. & M THMA

M=C®- &Cy,

R C AN A p WIEREFRTFAE, He>--->e, > 1.
% M T A
M:Dl@"'@Dm,
XL D AN A pl AERBERTHE, L 1> >fn>1 MNAn=m&
elzfla"'aen:fn-

N TIERXEME— e HE, ZHEIL T XL FIER 4R

W R 2 FHRUEIR.

O TESB i 3 W = 40T ) 1 2% B Y[R AL) g B AT DA T3] 32 J AR
¥ R bRy R- SR, il R- SPMSB—RMWEHE A & M, N HEHE
X R ERIPES R- AL, B 1 € Hom, (M, N), W] M/ker(t) =~ im(7).

@ % (v) & R- B, ann(v) = (a), MBS

7: R—(v), 7(r)=rv, reR
EWHFEZS, HAZY (o), Hh @ FE—FWER, §
(v) = R/(a).

#a ERIT, W (a) & R FHRRHAE, shAPFE 1 R 4) ©, R/(0)
T

@ p € RIERIT, M EXFEH—4 R-H, 15 pM = {0}, N M &
R/(p) LRy—A =], HEGRE X Mrf v e M,

(r+ (p))v = rv.
@FHpeRERIT, MT R MMEETHES, £5
S®) = (v € S| pv =10}
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BEMEB—PFEE. HFM=SaT, N MP) =50 ¢ TF)

PLAESENERA E B 4.3.4.
SEE n = m.
H @,
M®) — Cfp) DD Cr(lp)

K
MP) — Dgp) @ @Dfﬁ).

BT pMW = {0}, e @MW 2 R/(p) LE—Ar==E. T Ci.D;. i=
L---,n.j=1-- m, ¥HIFEHRTFE, B CZ,(P)’D;P)’ i=1,---,ngj=1,--,m,
¥k M) XA ] 23 (A ) — 4 i 2 6, B n = m.

Bk e = fii=1,--- ,n. X e; FATEFEIHZ:.

Wer =1 MPrAER e; =1, 8 pM = {0} XHPTHW fi =1, BoAHE fL > 1,
M D1 = (w), W pw # 0, FJF.

HEERX er <k — 1ML, RIEMY e = k WFEEIRHBALSL. %

(61,"',€n):(61,"',€s, ]-a"'a]-)a es>]-
I
(flv"'afn):(fla"'afta 11"'a1)’ ft>1a
ny
pM =pCi @ - @ pC
e

pM =pD, @ --- @ pD;.
G0 pCi J&e M WIEIRFALI ann(pC;) = (pei~!). XZEFH, & Ci = (v;), M
pC; = {pc| c € C;} = {prv;| r € R} = {r(pv;)| r € R} = (pv;),

M poi BB pei=". [FIRE pD;i B M WIIEFRFHEK ann(pD;) = (/") F#H]
ann(pCh) = (p*~"), HIAMERE,

s=1 & elzfla"' 7€s:fs-
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4) BEEV ER=2, SR OMeK EHAAKIR R _FAH R A B RN
(EP 4.3.1) BEH B HBLZEM, B

M = Mtor S Mfreea

XH Mpree 5 M E—DNEHBEFH, T Mior 3 M FEFARITTHRRE. ©
% Mtor E/‘Jlgjl\ji’
p=pitpy
X p REAMEEHRT, WHERD R (EH 43.2)
Mior = Mp1 ®--- @Mpn,
XHE M, HUEREL, HEy pif, i=1,-- 0. TR M HG0H
]\4':]\4};1 @@Mpn @Mfree-

O EH 4.3.3, FRHERE My, i =1, n, RN IEENTRLR B
VAR A X R E B A R E A 2 2.

TIE 4.3.5 (AR EARAERBGE—BIAHOMBLE — WFRTHX)
B M R FEEEHEILR LW —AERATRAEREZ, N

M = Mtor S Mfreea

L\X_E Mtor 7% M q:ﬁﬁ_ﬁ}l%ftéﬁ%é\: Mfree 7%"/'\EI E‘Hi, ;‘i—f}{\ﬁ#ﬁ M );)T%,i
"‘/}if{ % Mtor ﬁw'\
p=pipy

XEp,i=1, . n AZRAAFGEAL, N

Mior = My, @ -+ & My,
XE

My, = {v e M| pfiv =0},
RBERE, ANA pf, i=1,-- ,n.

FAS My, T VAR PG IR T A B A

Mpi = Ci,l D©---D Ci,kia
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o Cig 8 A p;, j=1, ki, B
6i:6i,126i,22"'261,kiZla 'L:].,,’fl

WK M EFRTRAEAIR Cy 9 pi7, j=1, ki, i=1,---,n, #kHA M &)
WNEEEH T (clementary divisors). TR T RVATH A, M @mFRTHE M AT
vE— i .

W AIFE M T U RE AR TR —A 8 e H A

M=0C,®  @Cip)® - D(Crni® - ®Cni,) ® Mree. (4.3.7)
B, deR M &H 4= T 45
M=(Dy@® - ®Dy1,)® & (Dpn1 @ ®Dmy,) ® Mpree,
o Dy RMA ¢ GHFEE, g RETAAHGE A,
fir > > fin > 1, i=1,---,m,
N n=m, B i& B2HTAR 0 6905155

qi 5 fZ *aﬁi’ lz:ku fl,] = €44, Dz,] :Cl,]a i = 15 y 1, ]: 15 akl

FEFE 4.3.5 BRI R CEse. TRV — T —k. AR4EEH 4.3.1
*B@pﬁ—'%%ﬁﬁj\; Z:ﬁjj‘& Mfree = {0} é'\ Di = Di,l DD Di,l,‘a 1= 17 e, m.
W) D; B ot BERRL TR M G TR Z SR

M=D& - @&Dp=M, & &M,,.

g 5 pi MTE, en=fir.i=1, n. BHEMAZAF L=k, fij=ej i =
—T E .
X3 il v LA B 5 —FRIE X
WS, T & M IR, 2 ann(S) = (a) K ann(T) = (b), H. ged(a,b) = 1,
N SnT={0}, F& ST HWE—Ma¥HTE, H ann(SeT) = (ab).
TE (4.3.7) &1, i
Dy =Ci1® - ®Cpp,
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N Dy B— 115, HBrh
q1 = prl
i=1

%{uﬂ‘u%)\( D2a e aDm, ﬁ.% m = mlax(kl)

TREA S —MEXN 5 ®E -
EIE 4.3.6 (L2 LARE RBE—BITRH)MLEZ —— TERTFTHX)
B M R EFBEIR R E—ANFIRARAE, N

M:D1®"'®Dm®Mfreea

iiz Mfree 7% M éf”‘/l\ﬁlt’ﬂfi, TF’J Dz 7% M ﬁl\l%ﬂ:%’fi, ;E'\,‘Fjl\jb qis 1=
]_’...’m7 ‘F]ﬂ

Qm\Qm—l, Qm—1|Qm—2a"'a Q2|Q1-

aitg g, i=1,---,m, BN M #J] INEZEEHEF (invariant factor). HEFE 4.3.5 AYME
— NGB MR BRI, XEARLEFH M FME—RE, M
HIFRE M P —oE.
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F P ERE BRI LR LE SR




FAW REXTEEXMEET ML HF
§5.1 MBTERTBERK EARERE

1) E—drr s 8y H B9 R0y T vl 7 3 ) 2 1 _ERVGRAE AL,
TEIX — P r (] 2] ) £ 2 i) B Rt AR i, B B — PR TR IS RINRE
fi1. FTRAGORs E—PFhay R B R ES . XB VvV AMUSURE F
ErymEE R, ERSHA Flo] RAEL, HEGRE X

XH p(z) € Fla],v € Vor € L(V). R REZEHIEHRLER, U TAHE
Y.

A VIR P LR RSN, SERT e L(V). MTV R, T
W F B —ARERE. TV AR, MET A MERE, R
B 1R ELME, XA IR

AR X F—EER e L(V), MTIGER vV f5, (ERXTNT 8
MR ATRERY T B, L SRR (T B MR R X A 2, (HARPTERY 7 € L(V)
FPREMEIX . ik, REBRILU, TE 55 —Fhig a0 e

ERRBE AR & Vg F Ry, BRETES (V)
20 RE WY M AR X L ) AR R FEAR DL ST B T X

R RB IR A Z —.

HE, &V EF LEn ErEERE, UV EA Flo]- RERER

B LV) AT HEITA nxn FFEEHEBE R E M, (F). Mo (F) #I4E
BOy n?, BT L(V) FAE—BEER 7, n® +1 AR

n?

id, T, 7'2,--- , T

JERNEMCHY, BUE Flo] R p(e), 13 p(r) = 0. #& p(z)v = {0}. BIZ, V
FRTA TR HETT.

HiK, V A Flz]- REFREKER.

i B={vy,-- v} BIEZER V f—4E, Wi oeV LA
A
=}

v =7r1v1 + -+ TpUn,

72
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XBr,e FCF[z],i=1,,n, & BERKE V.
W 2 WHEM Flz]) B2EHERN, L FEE

FHz, mMEFEV hREERER Flo) EHREKMEEE. T E—
Phr g o % e B RERS B

2) BT & XGE, MEEE V #B—AFE0E S, M—NEER 7 e L(V)
SRPEREAASR), WR 7(S) C S. S AT r iy FATF=E.

W, VAER Flz] BB, HTFE S BFHRYHEMNY S BMESE V
KT r BIAEF A

g 7€ L(V), BV FFLTH
ann(v) = {p(z) € Flz]| p(z)V = {0}}.

XJ2 Flz] ER—EIEF LR (B Flo] Z2FHAERR). 5TV @, B ann(v)
B ATT, RARTER, T Flo) BP0 T F eydEETT, 8V AME—0 8
—PWr (monic order). FRIXANME—RIE—Fr, BIAER ann(v) HHE—EF —Z T,
N T B9/ VB IAR, (minimal polynomial), iC{E m,(z), B{ min(7). X& F A
ENGIESE2F- il o 2
ann(v) = (m.(z))
I
p(z)V ={0} HBHMHE m(z)p(e),
B
p(r) =0 ZHHAY m.(2)p(z).

FEFEEER AR R b, FER 3 AAIRES, AHRRILT - fbh s
T e SR my (1) = 0 B S/ MRITME—TE — 2. R RER ] 8 SR/
ZHR. A AR F E—DHE, AMBRNEIR ma(z) 2 p(A) =
1 B /MR E— () — 2 TR p(z) € Fla].

B, © & AL BREMUERE, W ma(z) = mp(z), BIRNZSHIEM
T AL

@ 7€ L(V) MR/ NZIMG ~ AR RE AR /2 T O A R Y.

® ¥ S EMV BT, W S aE—HrERE 7], pt/ N2

3) [ € L(V), BRI T
(v) = {p(z)v| p(z) € Flz]}.
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WHE R m(z). T2 m(z) 2R o =70 FRDZIH (W 2) @), &
m(z) =ag + a1+ +ap_ 2"+ 2",
AT
B=(v,zv,- - ,x”flv) = (v,0(v)," - ,U”fl(v))

S A] (v) B —2HE,

JEiE B ZZETT ).

GAEERHE i, i=0,1,--- ,n—1, f§i15

Tov 4+ IV 4+ 112" o =0,
I
(ro +riz+ - +rp_12" o =0,
ny
(ro+mz+ - +rp 12" ) (v) = {0},

Wom(z)|(ro +rz+ - +rp 2™ ), X r;=0,i=0,---,n— 1

FHIE B A1 (v).

(v) FEANITTERE p(o)v, p(z) € Fla] FIER, B p(z) RN Z IR m(z),
1%

p(z) = q(z)m(z) + r(z)
XH degr(z) < degm(z) = n. HT m(x)v =0, H p(z)v = r(x)v, XZEH (v) F
A TTRAA r(x)v BB Bt
(v) = {r(z)v| degr(z) < degm(x)} = span (B).

KWz, B (v)ly—HE.
KAt o TER B Z THISERE [0),.
Wi=0,,---,n—2 M

T m(z) & o BPRPZIK, &

o(0" () = 0" (0) = ~(ag + @0+ + 4y 10" (o)

= —agv —ayo(v) — - — an,lanfl(v).



§5.2 ®) = = 18] &9 4 HF 75

T2 o 755 B Z TWHREHR Cim(z)),
oBB = BC[m(x)],

i}

0 0 0 —ay

L )
Clm(z)] = | 0 : ;
. . 0 —Qp_—9
0 0 1 —ap_q

Clm(z)] B R 2T
m(z) = ag+ a1+ + ap_12" L+ 2"

#) A %ER% (companian matrix). X Rt E —Z2 0 E L.

e lV),VE—NF=EE S A 7 B (r-cyclic), HFETE v e S, f
%

{U, 7'(1)), e aTm_l(v)}

&S H—HE, XHE m=dim(S).

TEH

© SEVHTE SEVHEFAFELYEMNYERV @ EFAFS
Ji].

Q@ & (v) &V H—MEFRTFHE. & (o) WE—B B o = 7] BRNZ
) &

me(z) = ag+ a1+ + ap_1z" 1 + 2",

i

B=(v,zv, - ,z" ') = (v,0(v), -, 0" (v))

& (v) F—4E, o X B B [o]s J& me(z) BIAIER C(mo(2)).

§5.2 MIE(EEYHF

1) BT B 1EuEs, BT LR b — ik rb it o i e B0 3 A 1) 1 23 ) o
HDESE S

EF 435 N
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FTIE5.2.1 (METHEATEAETRGBIARY)MLIE) ZV AARERDES
B, 1€L(V). &7 80 ERIA

m.(z) = pi*(z) - py (),

X2 pi(x),i=1,,n, RAMZREE, RTHGE—FA0KX, WV THMH
B A

4
Vi = {v € V| pfi(r)(v) = 0}
RV GRETEN (FH), @ 7l, GRS EARA

min(r|, ) = pi(z), i=1,,n.
j&—'—‘—"fa vaza 1= ]-a , 1, —a]—l/‘/(«ﬁ-h\ﬁj%% T- %;Z:_?—r,;?]‘é] (%;/T:‘%*ﬁ) éﬁ

Vo = (vi,1> S (vi;ki>7
ZE 7l M B A
min(T‘@i,]‘)) :p:i’j ($), L= 15 iz ] = 15 aki
e
€ =€,1 > €io> > e > 1, =1, ,m,
V #mERT p(z), WHAE T W MFRT, AT rE—kR.
2Rk, V THMA - BT TR H A

V=_{11)®+ @ Wi) @ ®(vn1)® & (Unk,)) (5.2.1)

TEERE 4.3.5 1, BOREY p=pi" oo, XH- pi, i =1, o0, AEAMHE
MERTT. 7EEH 521 7, W pi(x), i=1,- ,n, FEAMFERA ALY 2T
HIT Flo] BFEIEEEIR, HMETS A L4o0E—2H.

FIEFR 53 e AT DA g AR AR SCT AR HETE =X

HV =80T, ST #HE e LV) ZTHAZFEME, MK (S,T)4
1t(reduce) 7. FZV =Sao T, H

g S=8 Kk 7|, T—>T
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SAE ST RS ERT.
L7 =poo, HEEV WTENR S 5T, #5 (57) 4k r, &

p="lg, ©0=T|.

HC=(c1.,0) J& SHW—AEE, D= (d, - ,d) BT H—AE N B=
(Cla"' acsadla"' adt)a s+t = n, 7~E|‘|‘: 14 E/‘J_.gﬂg- ﬂ:%%ﬁﬁ [T]B ﬂ‘u'—%’ﬁiﬁj\ﬁ%
Xt A% (block diagonal matrix)

= ()

XATHES B 7 RN 2R TR AR
BIF] (5.2.1). #F B;; BIEFFFHL (vi;) HIEE, T

B = (Bl,la e aBn,kn)

VO, MEER 5.2.1,

ﬁ_% Tij = T‘(vi,ﬁa t=1--,n, 3=1,--- ki
TERTAR (vij) BE—F p; (z), BIRRE o BR/DZIRK pi (2). TR

D

degp;" (z) = d; ;,

b=

Bij = (i, mij(vig), 7 (vy)
& (vij) B—d1E, i=1,---,n,j=1,- k. TEH
EIE 522 XV RAMRGEHEZTE, 7€ L(V) M ERIA
m(z) = pi'(z) - py (2),
XE2E— AKX pi(z), i=1,- ,n, RZFMBEEGRT L4, UV A5 M

V=) ® @)@ & {vn1) & S (vnk,)
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LZE <vi,j>’ jzla"'ana jzlaakla%vél\]%;z%?]ﬂ, 7-1]_7-‘ él\]*&
N ERAEV GmF BT

min(7i;) = p;” (),

XE
e =e€12>€e22> e =1

MERTE TRk, B degp; (z) = d;j, N
Bij = (vij,Tij(vij), -+ 737 (vij)
& (vj) dg—m ik, TAFTE
B= (B, Bug,)

69 48 4 % 4 32 A B

C[pe“( )]

C[Pe" " ()]
EXEAGIESEARA T 8 FIBIRET (rational canonical form). X B g,

[]s = diag(Clp;" ()], , Clpn™*" (2)).

W #) % R 6 JE IR AR 6ok — M R IR, XY SZATR Y X Rk — 4.

SEHL 5.2.2, FIAEREAITE S O (R A ME—H (BREEX AL Lodd
KF) AL T — N BEAR TR 2 A .

B R R A 3 F LA AR 24 LA AT A R BRI A T

R 5.2.1 KR 5.2.2 RAMERA gz —. MJLMT E3F, eI
g7 — M By R R, AR TR . MECETRE (18R
iR T A — I8 B R R AR DA AL B T 19 233K



§5.3 FFIEZ T, FFAL(E-SHRALM &=

.79

§5.3 WESWMKX. FHEESKHIERE

1) &Hplx)=ay+arz+-+ap_12" + 2", Clp(z)] WELHEE, &

T 0 0 ag

-1 =z 0 al
A=zl -Cp(z)]=] 0 -1

: : T Qn_9

0 o -+ -1 z4a,

BAR AR 5,00, an—1 BIREL, 1E1E A= A(z;00,+ ,an—1). AJIE
@ det(xI — Clp(z)]) = pla).
W % n=2 N

z  ag

-1 z+4+ay
=ag + a1z + z° = p(x),

det(A(z;ag,ay)) = =z(z+a1) +ap

% n = 33 Ijl\u
T 0 ag
det(A(z;ap,a1,a9)) = |—1 aq
0 -1 z+4a
T ai -1 =z
- +a0
-1 x4as 0o -1

= a4+ a1z + asz® + 2° = p(z).

X —MH n, AT E —ATRIT, /E

det(A(z;ag, - ,an—1)) = zdet(A(z;a1, - ,an—1)) + (—1)"+1(—1)"_1a0.

HIHPAEEXFETF z(z" P +an_1z” 2+ +a1) + ap = p(z).
B O W15
@ #Hrel(V), RETWAEHEIREREX, N

Cr(z) = det(x]l — R) = Hp?’j (z),
(]

XAFTHNRFR N 7 1) $FMES T (eigenpolynomial).
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TEZAERECE R B F, o UEFRRFIEZ I, W5 e LMk
HFMREZ TR, T A FRMEZTAE X C, (2) = det(z] — A).

AT 15

® # A5 BHMU, W C,(z) =Cy(x). AIFFAEZ TP T AZE.

@ ZMEFT r REZIERG AR A R R R R 2 A <

©® ZMHT 7 MRFIEZ TR m BRISER TRYSREAR.

2) A€ F ELWHT 7 e L(V) MFHMEZTR Cr(2) MR, X4 HATH
det(\T — R) = 0.

BHERE A — R AT REY. 75 dim(V) = d, W 7 B$PAFAMEIE X R O d x d B9
e # det(M — R) = 0 24 HAUYHFTEIEZ M = € FO, (15

(M — R)z =0,

B
Rx = \x.
FHoeV BIEFNEMES v, =z, XH B2V iEME r WERR R, N EX
FMF
7(v) = Av.
TN 531 F7cL(V), %% NS F & 78—/ ¥S{E(E (cigenvalue), & # 1 3F
XKmewveV, #4%F
T(v) = Av.
IZEFAR v A T A9V N A AFAEAE 4 $FERIE (eigenvector).
# AN F ERHERE, Xe F & A MFHMEEASFEEERIIME o, F15

Az = \x.

XEFFR « 09 A BILA A SR E A RFAE B

=R HRFIE(E N, I LA A SRR ER R R L& i, R
V B — AT, BN A BIRFAEZETE (eigenspace). EfF &y

R ARG

@ e FJETe (V) —MFIEES BICEER » FES T O (2)
AR,



§5.3 FFIEZ T, FFAL(E-SHRALM &= .81.

@ XeF e (V) FAEEY HEER » MM ZIE m. () #Y
.

® XeF Rre (V) WAFEES HICRT RS v MR AY AT R FFIE
fE.

@ FERERYRFIE(EERE AR SC T AL,
© # AR —FIEE, NIRRT &) BSFRTedl

(M — A)(z) =0

F A ZEL RS 25
X B HEHOG.
Mg T BRFIEES HOCEH 0 £ v e V, 15
T(v) = Av.
W dim(V) =d, BV #l—HE, £ ¢y V= FHH ¢y(u) = [ul; 2 XA

1:/@- %A: [T]Ba )rlIJ
T = (¢B)_1A¢B-

(65) " Ady (v) = Mo = (d5) " Ay (v),
AP
Ay (v) = Ay (v).

XN AW—MEE. HZ, AR i—MHEEY MY ER A/
FFIE(E.

©® GAFMFALEX M AR R RORRIETCRH, B, & vie by, i=
Lok, U {or, - o} REETESC. 500, 25 M- e RARMEST 7 € L(V)
FIARFEIRIFHEE, T &, néEy = {0}

WE & v, 0= 1,00k, BRAMEMEH), WFERAIEFARLEHE N E
HTH, A—IRENXT,

rivy + -+ v =0,

¥ BB, 15
ri7(vi) + - +rj7(v;) = 0.
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Bp
riAvr + -+ riAv; =0,

1 rivg + - + rjv; =0 UL N, BS _EXAHRS
ro(A2 — A)va + - +1(Aj — A)v; = 0.

HXRE—NEENREAGATIRT, BA rn=0i=1-,j

HT r (IFEZ T O (z) BIrEWIEHE FRIFR, T r R/ 2 T
A
mo(z) = pi'(z) - pyi (),

B me(2)|Cr(z). A EER

T 5.3.1 & 7 L(V), N
O M FRX mo(z) 5HEZAX C(z) AR 4 EET.
® (Caley-Hamilton < 32): m.(z)|C-(z), Bp, Cr(1) =0.

§5.4 Jordan FREFR

APRGE S Wy A ST T WA AR B, AR
KRR 2 RN — MRS, R, FHEREE AR R HR
(e Ry AR BA B p T . X — SRR RFIRA I, BATAT LIS RISy
A R EIE 3. X PR EARIRAEIE & & 7 e L(V), ERR/NZ IR
LAGr g 2N TR 2R, B

mr(z) = (x — A1) - (z — \p)*". (5.4.1)

AL F BRI R E F R, REmAE F k
5324 (split).

i F AR AR B 2R AARAE F R, B F S REEHE (alge-
braic closed). Bz, FEREE A EATAHZHA R ELEZTNX. BUEEIE
W LTI F B3, AREE PR A 1] 72 0.

EIERA PR, (v;) RIEFFE, HE P AEET pi (), B
T () TREED, DEER VY - I5FF 0, SEEE

di;—1
Bij = (v, 7ij(vig), -, 170 (i)



§5.4 Jordan Ax 7 75 X .83.

B2 r R/ NEBIAE (5.4.1) B, HAIEREFH
p; () = (z — \)“.
IXEF, FRATFTLASE B M R H .
BT dim((vij)) = degp;” (), 0.
Gij = (vig, (1ij — X)) (vig), - (13 — X)) (vij))
IR (viy) B—AHEE. I8 Gij T & NEERER b, W2 k=0, e — 2 B,
Tii(bk) = Tii[(Tig — N)F(0ig)] = (735 = Xi + ) [(73,5 — X0)*(vij)]
= (1i,j — ) (wig) + N7 — Xo)F (i)
= by1 + Aibg;

B k=ey—1H, WH

BIEE:
ij (bei j—1)) = Abeg-1)-
Wz, MMTFE Gij, 7ij = 7, ;) IR e x ei; B

N 0 o o0
1\ :
g(Ni.eij) = 01 0
0 0 - 1 X

EANHEERR A N ) Jordan 3R (Jordan block). Bl Jordan ¥t A 7E F X ALk oo
BN N, B AL LT EN 1, HRITTRAZE.

TRAGETHESE, K0T EM 522,
T 5.4.1 2HF 7€ L(V) M SAXAKF LTHE, #
me(z) = (. — A\) - (3 — Ap)°",
RV 5T 5% H

V=) ® @) ® & {vn1) & @ (vnk,)
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RE (vig) &V 8 7- I, 715 =7l GHDERAXAV G FRT

min(7ij) = (x — X;)“7,

€ =¢ej1>¢e2>>¢ep > L
M ER TG k. A
Gij = (vijs (737 = Xi)(wig), -5 (735 = X)) (vig))
& (viy) @ —wmk, MG r A EeEE AL

G =911 s Gnk,)

g(A1.e11)
g(A1,e1n,)

Q(Ana en,l)

g(>‘na en,kn)

L@y ErEARA 1 49 Jordan FREF X (Jordan canonical form).

RRERERES . TEAREE P B NFEREAAE BLTPE—AY —4 Jordan
PRHEIERR. R, FrA A Jordan SRMETE XA BRLLR T AR SCT A PRUE
LS.

# 7 A Jordan FRUETER g, W g HEX AL LT RMBREZ T C; (2)
AR (RIEERD. W, ¢ PEMALITR N IR BURFE S 0
AR N HYEEEL.

SERE 5.4.1 BEMAB H—ADTE. WL B, EMEde 7 7EREL
P LA — AR RS (A — R B PR . IREETF, ek
T FEAKCES P A FERETEAR A H T By 702K



§5.5 AR =S ] LSRR TR . 85.

§5.5 WR=TELEFHIRELK

1) TESE ISR 4 W, REB=3F 3 i T AR L H Ery=F
HERT, AT, ERFLENSET, ETHe T B8 — S AR

w5 VW O F EARENZER, e LV, W), WIFFTERME— /Y 2R A8
™ W=V EH

(7(v), w) = (v, 7" (w)),

XHveV,weW. B r B335 T

oo SeWIREE, 7eL(V), M #fh HIHE (BR/RKRNR), IR =1
BRWE, %« RUSHH = rY FROUERL, # ' = 7'

KB E X A RFIE(E SR 22 ).

@ & REHE, N 7 AFREZ TR RA RS2, RN, FRIEZ
T AR 4 S Y.

iE SEi v BEESER, AR Cr(e) IR, WA v #£0,  7(v) = l. T
&

(T(v),v) = (Av,v) = ANwv,v).

B 7 & E 3,

B =X B X SRR

AV ORSEMEEE, W o7 X VRS2 B Y A R R SRR AL
T Cr(x) = C,(x). Bl A ZSEXFRIE, AIEER 2 C By—1 B LR
T, EEATIE, HAMEZmAMRZELR. K A BESHSRENHERE,
FREZ I8 —FER . BUEHE.

@ #rETEW, W r BEEERMLXHER 1.

W A 7(v) =, T

AN (v,v) = (Av, \v) = (1(v), 7(v)) = (v,v)

B A2 =1, B (A =1.
® # 1 HEMIT, Ap ko BOREIRER, %R AE 28 6 H
FATESS. FEHh, e SR T 0T R [ (B X 7 A 2% 1 LA

.
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W A 7(v) = M, T(w) = pw, XE v,w #0, N
Mo, w) = (7(v),w) = (v, 7" (w)) = (v, iw) = p{v, w),

HA#p 3 (v,w) =0 XEHF 7 (w) = pw, ZRE=H 3 T 3) EMRH
THIHER.

BT A A HARHEIE X % Jordan ARETE X— A BT ASERE, Aol T
Ak R X f R R 2
EXN 5.5.1 %V RAMENRTE, 71cL(V). AV HEHEXL O #/F
[7]o A=A A, NAR 7 O[IEZ X AL (orthogonal diagonalizable).
FIE 5.5.1 %V RAME L AARTH.

iV E—ANEBMETF 7 TUERAMFILS RS E A EN.

i TRV EE—AEMF T, R B EHIAH BB R IAEY R R
9.

. TRV L= EHHT, TRABEG L BARHCGHILG L AR
HA 1

Wi F r BREARZBE—NERE T, H r b 2ainEREF
AN )

mr(z) = (. — A1) - (2 — M),

MEHER > RER, V A fEN

V=V oV

R =15 3 WHAREMH THER®, &

Vi={veV](r—-A)%w) =0}
={veV|(r—X)(v) =0} =E&),, i=1,- k.

ﬁ& T|Vi E/‘]*&/J\zlrﬁitji’ T — >\ia ﬁ& € = ]-a i = ]-7 e ak- Za
V=&, 8 88,
HI T A @ 1 VR 43 i g AE 32 LA

V=E,0" - Q&,.
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OB IE B Y IEALIE R R A SRRy  ARFILEME — MEMIESR
H, B r W LAIESSX ey

Kz, #& v A IERX AL, WV EHE-NEREREE O = {u, - ,u}, H
EIJ T(ul) :Alula 1= ]-7 ak ﬂ:%
(ui, 7" (ug)) = (7(u;), uj) = Ni{ug, uj)

T (uj) = N7 (ug) = XAju; = Ajhju
= A7 (ug) = 777 (uy),

W A IER.

i, CHE IR RIEIE, MEMEEYRLN. k2, & 7 ZIERM,
HAFEEY SR, WX T A BAEFRRE R & vy, B

T (u5) = Ajuj = Ajuj = 7(uy).

B X8 wy SRR A RS, i r B3R5,

i, JEAAZEAT i

FEg T 2NN ELAEE T AR A R E AR 1 I
FLHy.

T 4 H S AR S (8] R AT AT IR SN AR A SR S A

T 5.5.2 AIRELHNRTE V L ALGREF r TEXINFHILL HMR L
T & B 4.

TRV EASE, WHWENO, « WBNSTRTE R b
SEL B 3 LT AT AR O KHTE @ G5, VA 7
FEIE A TEMLIE S, EFI T A7 5.5.1,

P71 R REGIE. #7 7 APIESSX fifk, W vV A IEMIESCHE O, (E15 (7],
xtfe. BT (7], RSEXFRA,

W =r.
EFE 5.5.1 ) 5.5.2 BTN
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T 5530 RARZ—NETH, NAELBME U4FUAU ' XKL H
E AREHE;, —ANENETHE ARBERRFLERE A GFEMESYA
Ry, —ANENE T AZBE L ANRY A ORI BEG S EGA 1.

i, AR —ARFE, NAEALEXRE OFF OAO™ R AME L HLL A
A ARGy, (RH R 2.8.5)

2) FHESGH T ERAFS B A FoRlER RN C REHE R L/
FRUEfe A% M. BUAESRZG HSE ¥y R LA B W PRI HEIE K.

HrOREH, Mo=r+7r =7+ BEIHR, BCF —LRIEERSE
& WFEER 5.5.1 HIRKE, V R RN

V=E,0: - ©Q&,,

X B
Ex, ={veV| (7+ L= \)(v) = 0},

2, bk 7,
Ex ={veV| (= N7 +1)(v) =0},

A Ao=2, Ml T 7 BIEMA, &

E={weV| (r-1%v)=0}={veV| (r-1)() =0}
HANi=—-2F

Eo={weV| (1+1)?*w)=0}={veV| (r+1)(v) =0}

WO TEREZ ] & J & o (IFFTERTTE) LRYRREI 2oL +1 = —1.

BN £ £2, v € & FIR Span{v,T(v)}. XJE &\ PR DAL TE
G, BH 7(r(w) =712(w) = it(v) —v. T,

Ex; = Span{v,7(v)} @Span{v,T(v)}J‘.

ELLXABIR, A &, M T B MBI EM, 7 EE TR LR
S Y.

B P?Pt

V:EQ®5,2®D1® @Dm
XH dim(D;) = 2, B—IE 7 TAZL.



§5.5 AR B R iRHEIE =X . 89.

TR, RESMAETYEZN D Layst BT r gRERERPA]. T3 D Y
EEIEMIESRH © (R MRIESHY, BoE

=0 0).

i
a? +b* =1,
AE+d?=1,
ac+ bd = 0.
HF det([r]) =1, B}
ad —bc=1,

%ﬁ%ﬁ&a /T%L d =a,c= _b; é‘&

a b
1= <—b a>'
HIT (a,0) J& R* PRYRALF R, # (a,b) = (cosf,sinf), IXH. 0 3%, Wi
cosf sinf
7l = (—sin@ COSQ)I
HaER, F

FIE 554 & 1 AHRBERENARTEV LG—ANBETF, NV H A EHE
A&, #1F 7 IEER BT X

1

(5.5.1)
~1

( cos 04 sin 01)
—sinf; cosf;

( cos O, sin Gk)
—sinf cosfy

EFE 5.5.4 FIEEREE R
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T 5.5.5 % A R EXFEMRE, NAEALERXYE O, #1F OAO ! R M4 (5.5.1) 4
A

§5.6 Fffic

TES | WHREBLNE, AR F ErymiEasE v &1E F L
X Flz] AR, TR E—IF a4 Rl IERRCOY I B2 RE S, X
12N T — R+ o> EE ) o il g B

LY 1, B FEIF R ERy—4 R- 8, 24 R = Z (BE¥EF) &, N
Z- B2 Abel B, WHLEFT LK Abel BERAE 2- B TRABATLLR E—ifh
MR Abel BERYIE S, WA LUSE] 0 B 220 73 i e 2E.

Wk G B—NEREMA Abel #, U ¢ WAy —HIRERA Z-
B HER 4.3.1,G W LLMRERN—DRIE Gror FI—DHEH Z- 8 G free HIET.
& Gfree E/‘]ﬁijy r, )rlIJ Gfree VAR

Gior @%ﬁ@ibﬁﬂ@ -LQ- Ty, 3 Tm %Eﬂg—zﬂﬁz}&ﬁ ﬂ:% G'tor E/‘]'ﬁ
NTCRER AT LA X A A TR R R . B TR A T S AR A, B,
G'or IEI%_'/I\ﬁFE Abel ﬁ
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