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/ea l ax1.1 K['*3_i+3T�C(x
`6�FD��i��(�C� 9uN^p�th_uN�C(`6��`6iv,(B��`i.M�6�i.Mi�6���j?mR0$s���&�pi6�u�3�{ (I�6�i$�K��̂ �X��GEO	'�fg�2�71℄o\�hfG��?�1�6���M��:Bl�.1^x����6���M�	(7��`N6��^m'Nf9��N=E�`ÆI 13 &
i�;�\`��d�;�OE3�B�;E3��!	(o
f6a��O�E�G�o/$�	$[;$
f6a��O���m�������j�j;E�!	(yd?vN7 x � y � z � w �0\;$
f6�;1^��E��!	�(z$�`6ÆGA+)ÆG�1�NmÆ�BlZE6���M(N 16 &
��6���M�i?�/n�`6��!p�i�iy5B`6�i
��F!�1$E�WÆGixz��EÆ$�a�E�	Eo�;E�$WÆG�ixzj��^�
(Rpv�`6�GiX��X 17 f 18 &
v�`6&$zaN`6�����`�i6���z	W�;W`6ÆG�&L1^�ÆGiz�['i
M0\$�n)1$�`6Fj$��|$v$j�X 18 f 19 &
`6�i- eL(x`6ÆGa0xn + a1xn�1 + � � � + an = 0 (1.1.1)i'$z�\WeL9ÆGiq6�e�k�F�M[�ÆD,Ei*$�0%ÆGi'�N'f$W��W�	W[;W`6ÆGi'$zG�6f�
�nUYLiW([( W`6ÆGi'$z�bz(��"w�hf 1770\� J.LagrangeÆ 1736-1813 ��f1iW[ WÆG6�YÆf^p�>;1 $&
� 1824 \ N.AbelÆ 1802-1829 �z�1^$eL�\�?iWBiW(�$�ÆGx'*$z(6�Yi�b�C�i`6ÆGY'$�z�^( 1830 \9 E.GaloisÆ 1811-1832 �Blz��EdL1�ÆG'$�zds�dFi Galois��z� AbelA Galois 6�z�1	�\�g�z�i|MVL�(y i(�EGa1z�^$VL�n)m�1�C�A���i�℄�aG��&`6i?��1�%�AUy2ieL( dLÆG (1.1.1)i'iZN
�\�ÆG (1.1.1) iq6(�6�Ro
;$$�'�^	(|Mi`6V'v$� 18 &
O� C.F.GaussÆ 1777-1855 �&L1^$v$idL�X 19 &
v#�`6��wXÆG$��~`6K�i���`61



. 2 . n $ p 0 ��[`6K�i$�$�A�`3p? 20 &
KN D.HilbertÆ 1862-1943 ��E.SteinitzÆ 1871-1928 �� A.E.Noether Æ 1882-1935 � E.ArtinÆ 1898-1962 ��j�i4{sh(L~�h&'*+�b	�'UJVzVUJ�+'*v0. ZD'�B�a`6K�iLMiZD(6ey�i�/�u���i(`6K�'��9(�r$���=��ZD S �$$U℄$�EK��K��7NZD/E>gihfiE>�NZDv��ZD��K� )D$��R (UD*$),RZD�?K�E$ '*eC�_i'*eC+[�j'h&'*+	�r�B. { i`6y,;���O�M�C�Njj�^oNs$xv�rv,g�J1 qsi(���$$`6y,�M11zFiX8,PBy,
uY�$$y �V'iÆ�(��^$`6y,i0%�U^$`6y,�iN�(�$$��iN�Y?m9�	(^$�N$$~0�i�i�7��7i�:�Cd�
5L^$�'�i
u��$$O�iN�Y?m9	(^$ON$$ Abel ��i�7�N'�b�(�E($$`6y,�(y i�F($$`6y,N8$$`6y,�i�7�/U��(9� G''*℄+{&�6'eCr�%w��K['*'_iK[r℄ÆR|r℄���HÆ�+K[�OfVr�pD+>6Æ�K[�+K[�6%F*-�+*℄℄p. !	(9�U��`6y,(x
�i���I�x
�iiy,
u(6-i�P �=x
.QNj�i�7�X0%�i3p��_;x
.Qix
�iEa{$zbO�iN�^	('0n℄7Ni3p��=x
`6iL�p�X^&P�(�L�x
`6D��i(�x
�i�N(x
�ii�I��7Nx
�i�ix
.Q�^p�9�x
.Q	(o$$x
�i5f8$$x
�i�s"Hx
�ivK�i5��v,Nx
�i�ix
�>[jW57x
�$���W
6;(7x
�$iJ(�/g��(9 \x
" (x
`6i7T�x
`6m�= \x
" ieL�� \�x
"ieL6NI�g2�x1.2 �wN}MR0$s$�y i`6y,iv,�(1)�(group)^(�V'��y i`6y,�



x1.2 {$zbO . 3 .�($��ZD�j�;$$�EK� � A
�1) Æ�*
��D; a; b 2 G, Ra � b 2 G :2) ÆyD>��D; a; b; 
 2 G, R(a � b) � 
 = a � (b � 
) :3) Æ;adE� G vZN$E> e �"h��+ a 2 G, z;e � a = a � e = a :4) Æ;[�� G vE$E> a, ZN G viE> a�1 �"ha � a�1 = a�1 � a = e :��PA
5) ÆqQ>��D; a; b 2 G, ;a � b = b � a ;RD G a Abel�QbO�. U�K� � Dae��27 + �N`��ZD G mA
 1) [ 2), RD G a �� (semi-group).(2)MÆ ring �O($��ZD R �;/$�EK��e�Æa� + �[F� (a�f,) A
1) R �e�E Abel ��2) R �F�E ��3) Æ�d>��D; a; b; 
 2 R, R(a+ b)
 = a
+ b
 [ 
(a+ b) = 
a+ 
b :�O R PA
4)ÆqQ>��D; a; b 2 R �;ab = ba;



. 4 . n $ p 0 �RD R aqQO��O R v;E> e �"hae = ea;RD R a;adE (identity) iO�adEa� 1.'0vI�i^�6Oa;adEiqQO�" 
1 = 0 i��i
b6 
 �Da R iJa (
hara
teristi
). �D;^�i 
 �RD R iJaa 0.(3) }MÆ!ubC� intergral domain �R aqQO��6E> r 2 R Da6/� (zero divisor)��:ZN�6E>� s 2 R, "h rs = 0.$$g6/�i;adEiqQODabO�Agjgi9�(�$$A
�{>Æ 
an
ellation law �i;adEiqQODabO��{>(�� x; y; r 2 R; r 6= 0, R rx = ry eL x = y.(4)7Æ!uMOUZC� (division ring, skew �eld)$$;adEiODaM��:D;�6E>|M�F�E��!	(;M�i;adEiO�(5)sÆ �eld ��qQiMDaC�(6)�wN}M(prin
ipal ideal domain)� R (O� R vi$$�Z I Da R i wN(ideal) �A
1) I � R vie�E Abel ��2) � a 2 I; r 2 R, R ar 2 I, [ ra 2 I.�:oPm 1) *(1') � I v�+/$ a; b, R a� b 2 I.*dPm 1'), 2) A 1), 2) jg�;�0�7Pm 1'), 2) �v,$z�� R a;adEiqQO� S a R i$$�Z�RZDhs1; � � � ; sni = fr1s1 + � � �+ rnsnjri 2 R; si 2 Sga R i$$$z�Da9 S �E (generated) i$z�D9$$E> a �Ei



x1.2 �wN}M . 5 .$z hai = frajr 2 Rga9 a �Ei �wN(prin
ipal ideal).�d�wN1'�wN+}M!:�wN}M.~GI�vo�yN{$zbO����/U M�9℄��b6|M Z(bO�s!({$zbO�^(/a Zi�$$z I (9I vi��
b6 a �E�� F aC�D;q6N F ia.0�|$iZD F [x℄ ($$;adEiqQO�� p(x); q(x) 2 F [x℄, s p(x)q(x) = 0, R; p(x) = 0 U q(x) = 0, / F [x℄P($$bO�6b�U� dL(s$P��y s;7iv$�0w 1.2.1 F[x℄ 0
}Q�X�� � I ( F [x℄ i$z� m(x) ( I v�kWi-$�|$ (moni
 poly-nomial), \-|q6a 1 i�|$�-t�L�N I v�^�i�|$(`$i��P;8$$-$i�|$ u(x), s deg u(x) = deg m(x), Rb(x) = m(x)� n(x) 2 I:o b(x) F(j� W|q6i[�h$-$�|$ b1(x); � b1(x) 2 I; bdeg b1(x) = deg b(x) < degm(x), / b1(x) = 0; /U b(x) = 0 �\ m(x) = n(x).vN�d I 9 m(x) �E�/a I ($z� m(x) 2 I, / hm(x)i � I. �d
Æ~!=2q��p(x) 2 I �R p(x) 7 m(x) yM�hfp(x) = q(x)m(x) + r(x)^& r(x) = 0 U 0 � deg r(x) < deg m(x). 9? I ($z�/r(x) = p(x)� q(x)m(x) 2 I:o r(x) F(j� W|q6i[�h$-$�|$ r1(x); � r1(x) 2 I: /0 � degr1(x) = deg r(x) < degm(x). 9?m(x)iW6i��
�/g�r1(x) = 0;/ r(x) = 0 �\ p(x) = q(x)m(x) 2 hm(x)i:^	dL1 I � hm(x)i. /g� I = hm(x)i, v$d)�



. 6 . 3 b j i _P�(dL�� p1; � � � ; pn 2 F [x℄, Rhp1; � � � ; pni = hg
d fp1; � � � ; pngi^& g
d fp1; � � � ; png a p1; � � � pn i�^*/��� 9 I = hp1(x); � � � ; pn(x)i, 9v$ 1.2.1 f; I v`$i$$�kWi-$�|$ m(x) �"h I = hm(x)i. 9? pi(x) 2 hm(x)i, /;�|$ ai(x) 2I; i = 1; � � � ; n, "h pi(x) = ai(x)m(x); i = 1; � � � ; n/g� m(x)jpi(x); i = 1; � � � ; n, \ m(x) ( p1(x); � � � ; pn(x) i*/���; q(x)jpi(x); i = 1; � � � ; n,R pi(x) 2 hq(x)i; i = 1; � � � ; n. 9? hp1(x); � � � ; pn(x)i(!; p1(x); � � � ; pn(x) i��$z�/hm(x)i = hp1(x); � � � ; pn(x)i � hq(x)i/g m(x) 2 hq(x)i, \ q(x)jm(x), / m(x) a p1(x); � � � ; pn(x) i�^*/��jhKfi(�9/$.6 x A y i�|$i|M�Ei�|$O R =F [x; y℄ (bO�b6M({$zbO�sJ�d8$$;7sy i{$zbO�i>E/��zv$�t&L$�v,�� R (bO(1) r; s 2 R, D rq$(divide)s �a� rjs, �ZN x 2 R �"h s = xr.(2) u 2 R Da$$ q
t(unit) ��; v 2 R �"h uv = 1.(3) � a; b 2 R �D a; bM�(asso
iate) ��; R v�[E u, "h a = ub.(4) $$�6��[E p 2 R Da /t(prime) �� pjab eL pja U pjb.(5) $$�6��[E p 2 R Da �qut(irredu
ible) �� p = ab eL aU b (�[E�9U\�hf1) u 2 R a�[Eds�d hui = R.2) r; s y�ds�d hri = hsi.3) r �M s ds�d hsi � hri.4) r _M (properly divide)s (\ s = xr; x 6($$�[E) ds�d hsi $hri. �b6O Z�$$b6(>E (\>6) ds�dF(6�IE�b$��9�^/℄(6$pi�b�{$zbO�^/℄}($pi�



x1.2 
}Q�X . 7 .0w 1.2.2 % R 0
}Q�X�} R 	0u:0:u-�p-=0�ywu�� � p (>E�9 p = ab, R pjab, /g pja U pjb. � pja �R a = xp, ?( p = ab = xpb,9? R(bO�/�{>E)�N�$v�{ pGh 1 = xb�/g� b ($$�[E�/ p 6�I�N^8�dLvm7f1 R (bO�2
7f R ({$zbO�/^8�� R (bO!E)�\>E$v(6�IE��d6�IE$v(>E�t�dL�� r 2 R (6�IE�R{$z hri ( T&wNÆ maximalideal ��\ hri 6= R, s6ZN$z hai "h hri $ hai $ R.�; hai, "h hri � hai � R, R� r = xa; x 2 R. 9? r a6�IE�/ aU x a�[E�� a a�[E�R9p4 1),hai = R, � x a�[E�R9p4��� hai = hxai = hri. ^zhfB��/ hri aY^$z�� r a6�IE�s rjab,  d rja U rjb �\ r a>E�9p4 3) �ab 2 hri. 9�:'difg hri (Y^$z� d a 2 hri U b 2 hri.� a =2 hri, 9? hri (Y^$z�/ ha; ri = R, /g�; x; y 2 R, "h1 = xa+ yr. oU$/,=F( b, h b = xab+ yrb; 9 rjab h rjxab �>u�;rjyrb; /U rjb �\ b 2 hri:S��d�� b =2 hri, R; a 2 hri. ^	dL1 r a>E��:O R ;$z�2 I1; I2; � � � ; A
Ii � Ii+1; i = 1; 2; � � �RD fIig a$$ wN z(asending 
hain of ideals). t�dL�� R ({$zbO�R�$$z�. fhaiig $v(;wi�\ZN$$
b6 m �"hhami = ham+1i = ham+2i = � � � :� 9 I = [ihaii. R I ($$$z��?�+ b; 
 2 I; R b; 
 �12?Q$ haji A haki: 6�f� j � k: ?( haji � haki: /g� b 2 haki; b� 
 2 haki; X� b� 
 2 I: �?�+ d 2 R; b 2 haji; h bd 2 haji; db 2 haji: /g bd 2 I; db 2 I:D( I ( R i$$$z�9? R ({$zbO�/ I = hfi: 9 I iv, f 2?Q$ hami �X� I � hami �
g�u� hami � I: D( I = hami �?�+^? m ib6 n ; hami � hani � I �9 hami = I; WL hani = I �GhfI = hami = ham+1i = ham+2i = � � � :9U�h



. 8 . n $ p 0 �0w 1.2.3 (
}Q�X&:u�o4}) % R 0
}Q�X�}#b r 2 RyX! r = up1 � � � pn�~ u 0y�u� p1; � � � ; pn 0:u�%���'[`y�u u D��`0h��o0Fb0�� 9v$ 1.2.2, R ({$zbO��>EA6�IE($pi�/m o r 2 R �za6�IEiFW\��� r 2 R, �: r a6�IE�Rv$'d��6(�R r = r1r2, � r1; r2z6(�[E�� r1; r2 z(6�IE�Rv$hd��6(� r1; r2 6(6�IE�R r2 = r3r4, � r3; r4 z6(�[E�^$7z�$h��s{�R r�za� r = r1r2 = r1(r3r4) = (r1r3)(r5r6) = (r1r3r5)(r7r8) = � � �E7�zo r �za��[EiFW�b^x�z�;;w7GQl�̂ (/a� r2jr; r4jr2; r6jr4; � � �/9�4 3), hf$��$z�2�hri � hr2i � hr4i � hr6i � � � � (1.2.1)9?D; ri 6�[�/9�4 4) ��$i!=(_!=��:^x�z6YQl�Rhf$$��i$zgw�2�̂ �2viD;$zi2Z Sihriia� U , p'dL� U �( R i$$$z�s({$z�� U = hai, R a 2 U , s; n, "h a 2 hr2ni, ?( U = hai � hr2ni/g hr2ni = hr2(n+1)i = � � � ,^A$z�2 (1.2.1) vi!=(_!=yB��?( r = r1r3 � � � r2n�1r2n, ^& r2n (6�IE�a r1r3 � � � r2n�1 = s, R r = sr2n.� s y��JidL�R��z
hd�'7>EA6�IEi$p
�℄H(y�b6O Z i�3V'v$ (`$>6�zv$) i`$
idL��(&Lv$ 1.2.3 i`$
idL�UPX?�



x1.3 T�zfrOZ�Z . 9 .x1.3 R|r℄rK[�ONpJn 1 xv'�pf�x
`6(��x
�i�\~0�i�NBj�ix
.Q([Agy2eL��x
>6�7x
�$jji6����t�v,x
�i�x
�i (linear spa
e), !D~0�i (ve
tor spa
e) ��G?zl℄Cv	b~0�iiW5�d�~0(v,a;Æ~�;^�i0�vN&Liv,(J�iv,�"7i�_d� 5�h��0h 1.3.1 % F 0t��	u: G&� (s
alar).F &0bCT�zfGbC>z_T V �=0u: GT��oz;d< +,7 (u; v) 2 V �V ,o u+v 2 V ,d` F r V 0z;4"�
����7 (r; u) 2 F � V , o ru 2 V , ���dL�VAh�1) V 7 + ! Abel !�2) F 7 V 04"���7<o0 r; s 2 F; u; v 2 V o��
� r(u+ v) = ru+ rv;(r + s)u = ru+ su;nT
� (rs)u = r(su);1u = u:^�v,i~0�id� (zl℄Cvv,i~0�i 5�i��(��1) � F aC�D;o F 5f F i>6i|M($$~0�i�2) D;E> (entries) z�C F i m� n 
`i|M��
`ie�A
`i6FE$$~0�i�a� Mm;n(F ), � m = n, Ra�Mn(F ).M�v,x
.Q�Y?i9�x
.Q(o$$~0�i5f8$$~0�i�s"H~0�iviK�i5\��0h 1.3.2 % V r W 0t F &0�CT�zf�k' � : V !W  G K[



. 10 . n $ p 0 ��O(linear transformation), %7#e0 r; s 2 F ` u; v 2 V , o�(ru+ sv) = r�(u) + s�(v) :
( V . W 0OZ�Z0 �G L(V;W ). OZ�Z � : V ! V G V &0 K[0
(linear operator). 
 V &<o0OZ;�0 �G L(V ).N%x`6y,v�	;$xy,u`6�v,�s�0h 1.3.3 % F Gt� F &0bC+4 (algebra)A GbC>z_T A, �o��z;G�d<Æ
� + ��"<Æl���/��R F 7 A 0z;4"Æal���/���dLK
1) 7d<r F 7 A 04"� A 0bCT�zf�2) 7d<r"<� A 0bCo,Iu0X�3) % r 2 F ` a; b 2 A, or(ab) = (ra)b = a(rb):!	(9�̀ 6(;~0F�i~0�i�̀ 6(�(�E$E>��6FiO�!�(9`6(b(~0�i>S�(O�(~0�iAOiyD�� V ( F �i~0�i��? L(V ), z L(V ) v/$E>iF�a>6i�D�z L(V ) viFj5\a L(V ) vF�iadE�R�*�d� L(V )i~( F �i$$`6�^$`6iE>( L(V ) iE>�d��P�(;jFi`6��%`6� Cli�ord `6jj�x
.QA~0�i((y�yEi�(yI%Zi�~0�i(x
.QiLM�D;~0�i�x
.Qg7hgm��F����!	D;�^+,�
g�~0�i'��:D;x
.Q�7Nj��R~0�i(:i�D;�
N�9��Nn 1 xvD9i��&`6i{ X�(ZD[^�ZD�i`6K��ZD'�B�a`6K�iLMiZD(6ey�i�/�u���i(`6K�'���x
`6�u�(N�� L(V ). ��D4�L(V ) i~($$`6�I�_;$$x
.Q � ix
�i V , XNi3p�	(I� F [x℄ �iN�^	('0XNi3p�I�x
`6iL�p�



x1.4 S,�jg�y<AyD . 11 .x1.4 9C�-\�M.rMJ� S; T a/$ZD� f : S ! T aX S f T i$$5��D f a (�(inje
tive) U$�$ (one to one), � x 6= y ) f(x) 6= f(y) �D f a ��(surje
tive) U5� (onto), � f(S) = T �D f a +�(bije
tive) � f b(a�>(A��D f(S) = ff(s)js 2 Sg a f i Q(image), a� im(f).� V;W ( F �/$~0�i� � 2 L(V;W ), D fs 2 Sjf(s) = 0g a f iG(kernel), a� ker(f). R;1) � (A�ds�d im(�) =W ;2) � (a�ds�d ker(�) = 0.�x
.Q � 2 L(V;W )(7��RD � aX V fW iS, (isomorphism).Q�D V A W9C �a� V tW .S,(x
`6vYay i�℄�/$~0�i(S,i�R;x
.Q�"^/$�iip$$�3�sP"Hx
6.�^�fG\\o^/$~0�i+aS$$���~0�i���"�	(kNS,+,si�"�($�m�;jg2q�� S($��ZD�S�i$$�E2q�Da S�i-\DD(eqivalen
erelation), �FA
�s	$Pm�1) �

 (re
exivity): �D; a 2 S �; a � a;2) �D
 (symmetry): �D; a; b 2 S �; a � b) b � a;3) �o
 (transitivity): �D; a; b; 
 2 S, ; a � b; b � 
) a � 
 .� a 2 S; ZD [a℄ = fb 2 Sjb � ag Da a i -\u(equivalent 
lass).� S (��ZD� S i$$ K;Æ partition �( S i$$���ZiZD fA1; � � � ; An; � � � g A
1) Ai \Aj = � �D; i 6= j zE)�2)S = A1S � � �SAnS � � � .^� Ai; i = 1; � � � ; n; Da t(blo
k).u��� � ( S i$$jg2q�R� �Dhfi6Sijg"( S L



. 12 . n $ p 0 ��i��
g�� P ( S i$$L��v,a � b, a; bNPiS$$�vR � (jg2q�Fijg"	( P i��?(� S ijg2qA S iL�($$�3i���( Sijg2q�S i$$�Z C Da����i��Z$(
anoni
alform) ���E$$ s 2 S, N C v;`$i$$ 
 �"h 
 � s.u���?~0�i�S,	(jg2q�NGJ℄pv�oI�N^$jg2qs�~0�ii/��$�� A;B 2Mn(F ), D A A B-\Æ equivalent ���ZN�[` P;Q, "hA = PBQ ;D A A BM.(similar), �ZN�[` P , "hA = PBP�1 ;D A A BMJ(
ongruent), �ZN�[` P , "hA = PBP T ;^& P T a P i�q�*l�̂ 	x
`i2qz(jg2q�9?N$$;wb~0�i�S$$x
��N6SiVsD�3i
`gii2q(y<2q (ln	p 1x). '0inipvo&Ly<2qsi/��$�N$$;wb~0�i�S$$7x
�$N6SVsD�3i
`gii2q(yD2q (ln�p 3 x 3)). '0in�pvo&LyD2qsi/��$�N/$;wb~0�igiix
.Q�N^/$~0�ii%�zviVsD�3i
`gii2q(jg2q (ln	p 1 x).� A 2 Mn(F ), 1f� A ;	$KjK�� 1) � A vi$� (2) F(�6i r 2 F ;2) o A vi/� (2) qQ� 3) o A vi$� (2) F(�6ir 2 F ef8$� (2) ��� A ��� (2) iKjK�yd?� A 
 (=) F(y3i
`�6VdL��+ A 2Mn(F ), �;�A2iKjK�z�(.a Nk = � Ik 00 0�, ^& k � n; Ik a k � k iad`�/g�Njg2qs�
` A 2Mn(F ) i/��$	( Nk; k = 0; 1; 2; � � � ; n.



/7a S}s^x2.1 Rrk{�%N'0$�#�	L~KL�x
`6(��x
�i�\~0�i�NBj�ix
.Q([Agy2eLi6����Nn$pn 3 xv�v,1.3.1 ([v, 1.3.2 �1&L1~0�iAx
.Qiv,�N^$pv�o�rI�~0�i�2?~0�i;(s^��6��7iv,�1) S (C F �i~0�i V i�Z��:o V ie�A F � V i6FwrN S �� S !Ea$$~0�i�RD S a V i 
r℄.2) � V1; � � � ; Vn (C F �i~0�i�9V = f(v1; � � � ; vn)jvi 2 Vi; i = 1; � � � ; ngsNj�v,e�(u1; � � � ; un) + (v1; � � � ; vn) = (u1 + v1; � � � ; un + vn)F � V i6Fa r(v1; � � � ; vn) = (rv1; � � � ; rvn)^& r 2 F �R V Ea$$~0�i�Da~0�i V1; � � � ; Vn i �H(dire
tsum), a� V = V1 � � � � � Vn :3)~0�i V vi$$���Z SDaK[?Di (linearly independent)�:9 r1v1 + � � �+ rnvn = 0�eL r1 = � � � = rn = 0, ^& vi 2 V; ri 2 F; i = 1; � � � ; n:V v$$�Z�:6(x
g2�RDa K[MD(linearly dependent).4) ~0�i V i$$ZD T Da y"(span)V , �: V viE$~0�(�E T vi$�~0ix
�D�\�E$ v 2 V , �(�Ev = r1u1 + � � � + rmum :^& ri 2 F; ui 2 T; i = 1; � � � ;m. 13



. 14 . n � p ~ 0 � i~0�i V v9�Z S D;E>ix
�Di|M�E V vi$$��i�a� hSi = span(S) = fr1v1 + � � � + rnvnjri 2 F; vi 2 Sg5)R|r℄ V �+d�K[?D�y" V +
U�!: V +R(basis). ~0�i V iViV6 (
ardinality)Da V i ;*(dimension), a� dim(V ). dVa;wZ��^	(VvE>i$6�^�v,iV(�ZN�^�v,ib6(�D$�tdM16�i f0g gY��+~0�i$vZN$$V�� V (�6~0�i� V vx
g2i�Zi|Ma� A. �z$$�6~0�EiZ	($$x
g2�Z�/ A ���� I1 � I2 � � � � ( Vvx
g2�Zi$P.�R U = S Ii �a$$x
g2�Z�/�$P.+;�|�/g�9 Zorn 0$� (Zorn 0$�� P a$$g�ZD (partiallyordered set) �E$.z;�|�R P ;Y^E�) A +;�^E�\ V ;Y^x
g2Z (maximal linearly independent set) S �\ S (x
g2i�b�+_!; S iZ$v6(x
g2i�?( S $vXE V , �6��+;~0v 2 V � S �F6( S vi~0ix
�D�?( SSfvg (_!; S ix
g2Z�hfB��^	dL1~0�iViZN
�Md^�v,ib6(D$i�t�dL�siy:�� V ($~0�i��~0 v1; � � � ; vn (x
g2i�~0 s1; � � � ; sm XE V �R n � m:t2L^/$~0Z s1; � � � ; sm; v1; � � � ; vnoG$$i vn &fp$$�Eavn; s1; � � � ; sm; v1; � � � ; vn�19? s1; � � � ; sm XE V �/ vn �0a s1; � � � ; sm ix
�D�/�(X si; i =1; � � � ; n v&	jvi$$�(� sj �^�"&	 sj Gip$$~0Z�YXE V �hf�i/$~0Zvn; s1; � � � ; ŝj; � � � ; sm; v1; � � � ; vn�1:



x2.1 VA
`0% . 15 .jv ŝj 0% sj '&&	�Mo vn�1 XG$$ZD&fp$$ZD�hvn�1; vn; s1; � � � ; ŝj ; � � � ; sm; v1; � � � ; vn�2:S�$9�Xp$$ZD&	Q$ ŝk �"h&	Gip$$ZD��XEV �h vn�1; vn; s1; � � � ; ŝj; � � � ; ŝk; � � � ; sm; v1; � � � ; vn�2^$7z�($h��s{�hfD;i vi; i = 1; � � � ; n; UD;i sl; l =1; � � � ;m |8&Z�^$;GDa�~0Z fs1; � � � ; smg �� Steinitz NQ��D;i sl; l = 1; � � � ;m -t&Z�\ m < n Rp$$ZDm(G$$ZDv1; � � � ; vn i$$_�Z��^>XE V , ^A v1; � � � ; vn (x
g2yB��/+�( m � n.9Uy:)h�� V 9;w$~0DXE�R V i�+/$V;ySiV6�\NUv��b6iv,(D$i�� V ;gw$~0DXE�+�dLS�iy��^&	X?1�6) � S (C F �i~0�i V i��i� u; v 2 V , � u� v 2 S, RD uA v S�N S(
ongruent modulo S), a�u � v; mod S:oD;A v S�iE>i|Ma� [v℄, \ u 2 [v℄ ds�d u � v; mod S. D[v℄ a~0�i V v S i$$
Z (
oset). S�($$jg2q�Fo V ��L�� [v℄ (��� V � (�S���i/��$�R
Zi|M�a�V=S = fv + Sjv 2 V �g :N V=S vv,e�a (u+ S) + (v + S) = (u+ v) + S ;F � V=S i6Fa r(u+ S) = ru+ S ;R V=S Ea$$~0�i�Da V N S i �r℄(quotient spa
e of V moduloS). 9(�^�v,��(hf



. 16 . n � p ~ 0 � i1) �: S (C F � n b~0�i V iZD�R(s�4(jgi�1
 S ( V iV�2
 V viE$~0 v �`$i�av = r1v1 + � � �+ rnvn ;^& vi 2 S; ri 2 F; i = 1; � � � ; n.3
 S ( V v��XEZ�4
 S ( V v�^x
g2Z�2) � S A T a;wb~0�i V i/$��i�Rdim(S) + dim(T ) = dim(S + T ) + dim(S \ T ): (2.1.1)3) � V (C F � n b~0�i� B = (b1; � � � ; bn) ( V i$�V�R�E$$~0 w 2 V ZN`$i$�6 (r1; � � � ; rn), "h V �(�Ew = r1b1 + � � �+ rnbn = (b1; � � � ; bn)0BB� r1...rn 1CCA/�V B �p� w �72~0 (r1; � � � ; rn)T 0%g�a� [w℄B �Da w NVB si�/��: C = f
1; � � � ; 
ng !( V i$�V�RZN`$ n� n �[
` MB;C = (A1; � � � ; An) �^& A1; � � � ; An a n $2~0�"h[w℄C =MB;C [w℄B :z w = bi, Rhf Ai = [bi℄C ; i = 1; � � � ; n, \ MB;C = ([b1℄C ; � � � ; [bn℄C).� V (C F � nb~0�i�B ( V i$�V��=5\ �B : V ! F n ��B(v) = [v℄B, ^& v 2 V . *d� �B ( V f F n iS,5\�\ �B (7�s($$x
.Q�/g� V A F n (S,i�/g�;0w 2.1.1 t F & n HT�zf V BGq F n. t F &�CT�zfBG-�p-=
0H4PB�^$v$"?fG� w9CghE� n ;R|r℄�pd��X:&[";)C+ F n.



x2.2 �a�i . 17 .x2.2 3
r℄;1x
�i�\~0�i�-t I�i(j�i�jai$">6�x
>6�0h 2.2.1 % V 0t F &0T�zf�P4 f : V ! F  G V &0OZP4(linear fun
tion) [ K[9F(linear fun
tional) �$N7#e r; s 2 F; u; v 2 Vo f(ru+ sv) = rf(u) + sf(v):V �D;x
�>i|Maa V �. � f; g 2 V �, v,e�a���+v 2 V � (f + g)(v) = f(v) + g(v);F � V � i6Fa���+ r 2 F; v 2 V(rf)(v) = rf(v):*l^�v,1e�A6FgG� V � !($$~0�i�Da V i 3
r℄(dual spa
e).� V ($$ n b~0�i� B = (v1; � � � ; vn) ( V i$�V��E$vi; i = 1; � � � ; n, �(v,$$x
�> v�i 2 V �, "hv�i (vj) = Æij ; i; j = 1; � � � ; n; (2.2.1)^& Æij ( Krone
ker >6�\ Æii = 1; Æij = 0; i 6= j. *d B� = fv�1 ; � � � ; v�ng (V � i$�V�D B� a B i 3
R(dual basis).9U)h dim(V ) = dim(V �).9? V � !(~0�i�/ V � ;�a�i V �� = (V �)�. � V (;wb~0�i�R dim(V ��) = dim(V �) = dim(V ) ;/U9v$ 2.1.1 f��;wb~0�i V , ; V �� � V:� �1 : v = nPi=1xivi 2 V ! v� = nPi=1xiv�i 2 V �. 9? dim(V �) [v$2.1.1, �1 ($$S,5\�s V � V �. ��+ u = nPj=1 yjvj 2 V , 9 (2.2.1),v�(u) = nPi=1 xiv�i (u) = nPi=1 xiv�i  nPj=1 yjvj! = nPi=1 xiyi.



. 18 . n � p ~ 0 � iS��E$ v�i ; i = 1; � � � ; n, �(v,$$x
�> v��i 2 V ��, "hv��i (v�j ) = Æij ; i; j = 1; � � � ; n^& Æij ( Krone
ker >6�*d B�� = (v��1 ; � � � ; v��n ) ( V �� i$�V�a B�i�aV�� �2 : v� = nPi=1xiv�i 2 V � ! v�� = nPi=1xiv��i 2 V ��, A�JS�$9��2 ($$S,5��s V � � V ��. ��+ w = nPi=1 ziv�i 2 V �, 9 (2.2.1) f�w(vj) = nPi=1 ziv�i (vj) = zj . / w = nPi=1w(vi)v�i . ?( v��(w) = nPi=1 xiv��i (w) =nPi=1xiv��i  nPj=1w(vj)v�j! = nPi=1xiw(vi) = w� nPi=1 xivi� = w(v).9 � = �2�1,R � : V ! V �� ($$S,5��s �(v) = �2(�1(v)) = �2(v�) =v�� �E$ v 2 V zE)�'d v��(w) = w(v) �E$ w 2 V � zE)�9�4/$�l� v N V f V �� iS,5� � si}6%�? V vVi�z�D^�iS,5�a ��9Cn�. N^�i��S,5�s��(� v A�(v) = v�� jS�X�� V A V �� jSm��!	(�(� V �E V � i�a�i�^� V A V � Ia�a�i�^	(� V � Da V i�a�iiF/�(�;J'xsJi 4), n	p 2 x 5
; 7
; 8
.$$��y ix
�>(6M��0h 2.2.2 % M 0T�zf V 0>z_T� V � 	0_TMÆ = ff 2 V �jf(M) = 0g G M 0 ~L
(annihilator), �~ f(M) = ff(v)jv 2Mg.2?6M�;�s$�y��1) MÆ ( V � i��i�\" M 6( V i��i�2) d M ( n b~0�ii��i��;dim(M) + dim(MÆ) = n :� � U = fu1; � � � ; ukg ( M i$�V�o U �IaB = fu1; � � � ; uk; v1; � � � ; vn�kg" B Ea V i$�V�RB� = fu�1; � � � ; u�k; v�1 ; � � � ; v�n�kg



x2.2 �a�i . 19 .( Bi�aV��d fv�1 ; � � � ; v�n�kg(MÆ i$�V�u�FG(x
g2i�m dFGXE MÆ.� f 2MÆ, R f 2 V �, / f ��Ef = r1u�1 + � � �+ rku�k + s1v�1 + � � � + sn�kv�n�k^& ri 2 F; i = 1; � � � ; k; sj 2 F; j = 1; � � � ; n � k. 9? f 2 MÆ, / f(ui) = 0, bf(uk) = ri, / ri = 0; i = 1; � � � ; k. /g�f = s1v�1 + � � �+ sn�kv�n�k?( fv�1 ; � � � ; v�n�kg XE MÆ. /g 2) hd�3) � M;N (~0�i V i�Z�s M � N , RNÆ �MÆ :4) � V (;wb~0�i��+ V �� A V jS�R� V i�$�Z M ,z; MÆÆ = span(M) :� S a V i��i�R SÆÆ = S :5) � S; T (;wb~0�ii��i�R(S \ T )Æ = SÆ + T Æ [ (S + T )Æ = SÆ \ T Æ :6) �~0�i V (Fi/$��i S A T ihB�\ V = S � T �R1
 S� � T Æ [ T � � SÆ;2
 (S � T )� = SÆ � T Æ.� td 1
.� f 2 T Æ � V �, R f(T ) = 0, v,5�� : f ! f jS\o f 2 T Æ 5a f N S �iwr�u�� f jS 2 S�, /^( T Æ f S� i5��*l^(x
i�� f jS = 0, R f(S) = 0, �'f f(T ) = 0, ^eL f = 0. /5� � (a��



. 20 . 3 ; j T � z f� g 2 S�, v, f a f(s+ t) = g(s)^& s 2 S; t 2 T , u�� f 2 V � . 9? f(0 + t) = g(0) = 0 �D; t 2 T zE)�/ f 2 T Æ, � f jS = g, /�& g 2 S� �	; f 2 T Æ � V �, "h f jS = g, /� aA��/g� T Æ � S� . S��d� T � � SÆ.Md 2
.� f 2 SÆ \ T Æ, R f(S) = 0 [ f(T ) = 0, / f = 0 �\ SÆ \ T Æ = f0g. �SÆ; T Æ ( V � i��i�/ (S � T )� � SÆ � T Æ.� f 2 (S � T )�, v,g(s+ t) = f(t); h(s+ t) = f(s)^& s 2 S; t 2 T , u�� g; h 2 (S � T )�. 9? g(S) = 0 [ h(T ) = 0, /g 2 SÆ; h 2 T Æ, �f(s+ t) = f(s) + f(t) = g(s+ t) + h(s+ t) = (g + h)(s+ t):/g� f = g + h 2 SÆ � T Æ, ?( (S � T )� � SÆ � T Æ ^	hf 2
.x2.3 +K[Z$N�$xv�I�1~0�i��jai$">6�x
>6�\x
�>��;wb~0�idL1Fi�a�ii�a�iS,?F�^�Pv,AI�1�a�iv$"y i��i�6M��i�^N~G��;7�I�1x
>6�8$EWi(I�~0�i�i7x
�$[�W
�N^$xv�I�i~0�i|(;wbi�0h 2.3.1 % V 0t F &0T�zf�k~ h ; i : V � V ! F  G +K[Z$(bilinear form) �%7�C��9_50OZP4�a7#e �; � 2 F; x; y; z 2V o h�x+ �y; zi = �hx; zi + �hz; yi` hz; �x + �yi = �hz; xi + �hz; yi:hx; xi; x 2 V  G V &0 6%Y(quadrati
 form).$N7#e x; y;2 V , o hx; yi = hy; xi



x2.3 6OZY. . 21 .} h ; i G 3!(symmetri
) 6OZY.�$ N 7 # e x; y;2 V , ohx; yi = �hy; xi} h ; i G W3!(skew-symmetri
) 6OZY.�� F iJa6j? 2. *l� h ; i (��Dids�d���+i z 2 V; hz; zi = 0.� ���+i z 2 V ; hz; zi = 0, �z x; y 2 V �R0 = hx+ y; x+ yi = hx; xi + hx; yi + hy; xi + hy; yi = hx; yi + hy; xi;\ hx; yi = �hy; xi, / h ; i ��D�^8���$Ja���� h ; i ��D�R��+ x 2 V �; hx; xi = �hx; xi �\ 2hx; xi = 0, 9?F iJa6j? 2 �X� hx; xi = 0. d)�� h ; i (~0�i V �i$$7x
�$�R��+i x; y 2 V �;hx; yi = 12(hx; yi + hy; xi) + 12(hx; yi � hy; xi):a hx; yi1 = 12(hx; yi + hy; xi); hx; yi2 = 12 (hx; yi � hy; xi). ?( h ; i1; h ; i2 �1aV �i�D7x
�$[��D
7x
�$�/Ja� 2 iC� V i�$7x
�$���E�D7x
�$A��D7x
�$gB�/g�fGmI��D7x
�$[��D�$�2) N~0�i V ���:v,17x
�$ h ; i, RD (V; h ; i) a 2|R|r℄(metri
 ve
tor spa
e), ;�	�E V . �zvi7x
�$ h; i Da|0�i V i|0�$$|0~0�iDa�k.i (non-singular) ����+v 2 V; hx; vi = 0 �(eL x = 0. � (V; h; i) (�k.|0~0�i�s h; i (�Di�RD (V; h ; i) aC F �i 3!2|R|r℄ �!D V ( F �i �bYI(orthogonal geometry). � (V; h; i) (�k.|0~0�i�s h ; i (��Di�RD (V; h ; i) aC F �i W3!2|R|r℄ �!D V ( F �iXYI(sympleti
 geometry).fGm I�
q℄CA�℄C\��N�k.i|0�i���$xDI�ix
�>�z�(77x
�$�0%g�



. 22 . n � p ~ 0 � i0w 2.3.1 (Riesz �/4}) % (V; h ; i) 0oNH>�g06�T�zf�#� f 2 V � �}b4)|Fb0T� x 2 V -/f(v) = hv; xi7<o0 v 2 V 5!��� � x 2 V , 5� �x : V ! F v,a�x(v) = hv; xi*d �x 2 V � �/�v,>6 � : V ! V � a�(x) = �xu��^(x
i�9? V (�k.i�/jAfx 2 V j�x = 0g = fx 2 V j�D;iv 2 V;;hv; xi = 0g( V im=;6~0i�Z�/ � (a��� �(Nb$ V �v,��'f dim(V ) = dim(V �), / � N V �(A��� � N V �(a��/g� � ($$S,5��o V 5f V � �\ V i�$$x
�>z(�a �x �^& x 2 V , d)�Riesz 0%v$"?fG�wpJ;:�i+2|R|r℄�Æ�+K[9F�pdu��j'0h2|R|r℄++K[Z$.3 �� (V; h ; i) ( n b|0~0�i� B = (b1; � � � ; bn) ( V i$�V�?( h ; i Z|�(9 n� n 
 M̀B = (aij) = (hbi; bji)��v� MB Da7x
�$ h ; i NV B si
`�� x; y 2 v; s x = nXi=1 xibi; y = nXi=1 yibiR hx; yi =Xi Xj xiyjhbi; bji = [x℄TBMB[y℄B



x2.3 6OZY. . 23 .
^& [x℄B,[y℄B 0% x; y NV B si�/�\ [x℄B = 0BB� x1...xn 1CCA ; [y℄B = 0BB� y1...yn 1CCA :�: h ; i (�Di�R MB (�D
`�\ aij = aji; i; j = 1; � � � ; n. �: h ; i (��Di�R MB (��D�\ aii = 0; aij = �aji(i 6= j); i; j = 1; � � � ; n.� C = (
1; � � � ; 
n)( Vi8$�V�R9n$xi�Gf���+ v 2 V �; [v℄C =MB;C [v℄B[ [v℄B =MC;B [v℄C :?( hx; yi = [x℄TBMB[y℄B = [x℄TC MC;B MBMCB [y℄C = [x℄TCMC [y℄C :^	hf MC =MTC;B MBMC;B :!	(9� MC A MB (yDi�4)  _uN�Di���Di7x
�$$+;�
�!	(NyDi+,s7x
�$i
`;�
/��$�^(x
`6�V'eLg$� 0�
qi�℄�~0 x A~0 y Da �b+(orthogonal) �a� x?y, � hx; yi = 0. �?�D7x
�$[��D7x
�$�u�; x?y ds�d y?x.D S; T (|0~0�i (V; h ; i) i/$��i�DFG(
qi�a�S?T , ��D;i s 2 S; t 2 T , z; hs; ti = 0.ZD fv 2 V jv?Sg Da S i
q5 (orthgonal 
omplament), a� S? . �(V; h ; i) (|0~0�i� S; T (Fi��i�2s V = S � T , [ S?T , RDV ( S A T i
qhB (orthogonal dire
t sum), a� S
? T .0w 2.3.2 % (V; h ; i) 0>�g06�T�zf� S 0 V 0�zf�} V =S
? S? -�p- S >�g�t�dLy itA6|v$�� V;W a/$~0�i � 2 L(V;W )�R; ker(�)A im(�). D dim(ker(�))a � i6| (nullity),a� null(�), D dim(im(�)) a � it (rank) �a� rk(�).



. 24 . n � p ~ 0 � i0w 2.3.3 Æ�r�64}�% � 2 L(V;W ), }rk(�) + null(�) = dim(V ) :� 9? � 2 L(V;W ) �/ ker(�) ( V i$$��i�?(;5 ker(�)
,\ V = ker(�)� ker(�)
 :� K ( ker(�) iV� C ( ker(�)
 iV�9? K\C = � [ KS C ( V iV�/ dim(V ) = dim(ker(�)) + dim(ker(�)
) :o � wrN ker(�)
 ��a� � 
, R*d� 
 : ker(�)
 ! im(�)(S,�td � 
 (a��� v 2 ker(�)
; s � 
(v) = 0; 9? � 
 ( � N ker(�)
 �iwr�/ �(v) = 0.?( v 2 ker(�)
 \ ker(�); X� v = 0:Md � 
 (A��� �(v) 2 im(�), R v = u+ w; ^& u 2 ker(�); w 2 ker(�)
. ?(�(v) = �(u) + �(w) = �(w) = � 
(w);X� �(v) 2 im(� 
); \ im(�) � im(� 
); � im(� 
) � im(�) (u�i�/ im(�) =im(� 
): /g � 
 (o ker(�)
 5f im(�) �iA�� � 
 u�(x
i�/ � 
 (ker(�)
 f im(�) iS,5��\ ker(�)
 t im(�):X�v$hd�9v$ 2.3.3 �h$q2y W��1
 � � 2 L(V;W ), s dim(V ) = dim(W ) < 1, R � aa�ds�d � aA��2
 (n$S,v$) � � 2 L(V;W ); V=ker(�) ( V N ker(�) i��i�RV=ker(�) � im(�).� 5�� � 0 : V=ker(�)!W v,a� 0(v + ker(�)) = �(v):



x2.3 7x
�$ . 25 .t�d^�v,i � 0 (;+,i�̂ 	 dL�� u; v 2 V;s v+ker(�) =u + ker(�); R � 0(v + ker(�)) = � 0(u + ker(�)); ^!	( dL� v + ker(�) =u+ ker(�); R �(v) = �(u); !	( dL� v � u 2 ker(�); R �(v � u) = 0; ^(d�E)i�/^�v,i � 0 (;+,i�s � 0 (a��u� � 0 : V=ker(�) ! W ($$x
.Q�9v$ 2.3.3 [ � 0 (a��fdim(im(� 0)) = dim(V=ker(�));b im(� 0) = f� 0(v+ker(�)jv+ker(�) 2 V=ker(�)g =f�(v)jv 2 V g = im(�); / V=ker(�) � im(�):3
 � S (~0�i V i$$��i� S
 ( S i5�RV=S t S
;s dim(S) + dim(S
) = dim(V ):� V v�$~0�(`$m�E v = s+ s
 �^& s 2 S; s
 2 S
. v,x
�� � : v ! V a �(x+ s
) = s
;^�v,i � (;+,i�u� im(�) = S
;[ ker� = fs+ s
 2 V js
 = 0g = S;/9n$S,v$�h V=S t S
: 9v$ 2.3.3, hdim(S) + dim(S
) = dim(V ):9n$S,v$P�eL4
(n�S,v$) � V ($$~0�i� S; T a V i/$��i�RS + TT � SS \ T :5
(n	S,v$) � V ($$~0�i� S � T � V �a V i��i�R V=ST=S t VT :



. 26 . n � p ~ 0 � i4
 A 5
 idLX?�vN�dLv$ 2.3.2.t�dL�� S (�k.i|0�i V i$$��i�Rdim(S) + dim(S?) = dim(V ) : (2.3.1)� �E$ v 2 V �N S �v,x
�> �v : S ! F a�v(u) = hu; vi:u� �v 2 S�. v,5� � : V ! S� a�(v) = �v;u�^($$x
5��sfv 2 V j�v = 0g = fv 2 V j�D;iu 2 S; hu; vi = 0g = S? : (2.3.2)UY�9v$ 2.3.1 �S� v�$x
�>��7 S �i7x
�$�0%g�/ � jS : S ! S� (A��X� im(�) = S� :9v$ 2.3.3 f dim(ker(�)) + dim(im(�)) = dim(V ):� dim(im(�)) = dim(S�) = dim(S), 9$ (2.3.2) � ker(�) = S?, /$ (2.3.1) hd�9$ (2.3.1) �dv$ 2.3.2.9$ (2.1.1) [$ (2.3.1) fdim(S + S?) = dim(S) + dim(S?)� dim(S \ S?) = dim(V )� dim(S \ S?):� S (�k.i�R S \S? = 0, /g�V = S�S? �̂ 	dL1 V = S
? S?:
g�� S 6(�k.�R V = S
? S? 6E)�5) ;1^�Æ�%�	�(I�
q℄CA�℄Ci
q�z�!	(vL1
q℄CA�℄Ci/��$�t�I��℄C�



x2.3 7x
�$ . 27 .� (V; h ; i)a�℄C�9? h ; i(��Di�/�E$ x 2 V z; hx; xi = 0,zv$$ u(6= 0) 2 V �9? V (�k.i�/$vZN$$ v "h hu; vi 6= 0.�=( (u; v) a$�Vi�b��i H, Rhu; ui = hv; vi = 0:� hu; vi = a 6= 0, ( a�1v �`N v �	;hu; vi = 1; hv; ui = �1?(N H iV (u; v) s h ; i i
`aM =  0 1�1 0 ! :9? V �k.�/9v$ 2.3.2 ��o V ��
q�z� V = H
? H?, � H?�(�k.i��D|0~0�i���� H? ��^�i
q�z�y�^�i7z�9? V (;wbi�/ V �w�
q�zaV = H1
? H2
? � � � 
? Hk :7Um�a�0w 2.3.4 % (V; h ; i) G>�g0W7 6�T�zf�} V y�k�oGV = H1
? H2
? � � � 
? Hk�~ Hi; i = 1; � � � ; k G;HW7 6��zf�� h ; i 7j0t�G 0 1�1 0 ! :as08�| V 	�.b�\�-/ h ; i 0t�G
M =

0BBBBBBBBBBBB�
0 1 0 0 � � � 0 0�1 0 0 0 � � � 0 00 0 0 1 � � � 0 00 0 �1 0 � � � 0 0... ... ... ... . . . ... ...0 0 0 0 � � � 0 10 0 0 0 � � � �1 0

1CCCCCCCCCCCCA :
h��>�g0W7 6�T�zf50�4H0�



. 28 . n � p ~ 0 � i7
`iB�0\a�� P ($$ n w�k.i��D
`�R P yD? M �\ZN n w�k.
` Q �"h
P = QT 0BBBBBBBBBBBB�

0 1�1 0 0 1�1 0 . . . 0 1�1 0
1CCCCCCCCCCCCAQ:

�k.��D
`
`$v(a6w�\ n (a6�6) M��
q℄C��
q�z�� (V; h ; i) ($$�k.i�D|0~0�i�RZN u(6= 0) 2 V "hhu; ui 6= 0. ^�i u $vZN��R <;> (��Di�9 u �Ei��iS = spanfug (�k.i�9? V (�k.i�9v$ 2.3.2 �;
q�zV = S
? S? �� S? �a�k.i�D|0~0�i���(� S? ��^�i
q�z V = S
? T 
? T?;^& S,T �a$b��i�y�^�i7z��hV = S1
? S2
? � � � 
? Sn;^& Si a9~0 ui �E�s hui; uii 6= 0; i = 1; � � � ; n, / (u1; � � � ; un) ( V i$�
qVÆ\Vv~0yI
q��� hui; uii = ai; i = 1; � � � ; n, R;�� (V; h ; i) ( n a�k.i�D|0~0�i�R V ;$�
qV B =(u1; � � � ; un), "hNV B s� h ; i D�3i
`aMB = 0BB� a1; . . . an 1CCA :�z ri 6= 0; ri 2 F; i = 1; � � � ; n, RC = (r1u1; � � � ; rnun)



x2.3 7x
�$ . 29 .!( V �i$�
qV�� C,h ; i D�3i
`aMC = 0BB� r21a1 . . . r2nan 1CCA :� F a`6�*C (algebrai
ally 
losed �eld), \ F [x℄ v�$�|$��N F��3a$W/�iFW�^���z ri = 1=pai; i = 1; � � � ; n, ^�MC = 0BB� 1 . . . 1 1CCA = In;^& In a n bad
`�7Um�	;0w 2.3.5 % (V; h; i) Gt F &0 n H>�g7 6�T�zf�} V o�k\ U = (u1; � � � ; un), a V y�k�oGV = S1
? S2
? � � � 
? Sn;�~ Si 0m ui )!� i = 1; � � � ; n, % hui; uii = ai, } h ; i P7q\ U ot�MU = 0BB� a1 . . . an 1CCA :% F G+4A�t�} V ob��K�k\ (orthonormal basis)Æa%\GC = (
1; � � � ; 
n), } h
i; 
ji = Æij ; i; j = 1; � � � ; n) C#; h ; i P7q\ C ot�MC = 0BB� 1 . . . 1 1CCA = In;�~ In G n H,It��7
`iB�0\a�� P ( n w�k.i�D
`�R P yD?�r` 0BB� a1 . . . an 1CCA ; ^



. 30 . n � p ~ 0 � i& ai 6= 0; i = 1; � � � ; n. \ZN n w�k.
` Q �"hP = QT 0BB� a1 . . . an 1CCAQ:� F (`6�*C�R P yD? In, \ P �(�EP = QTQ;^& Q a n w�k.
`�� F a�6C R;R 6(`6�*C�b�z ri = 1=pjaij; i = 1; � � � ; n, ?( MC Ea MC = 0BBBBBBBBBB�
1 . . . 1 �1 . . . �1

1CCCCCCCCCCA ;
\N{�rx�iE>�$8�a +1, $8�a �1, !	( V ;$�
qV(u1; � � � ; uk; v1; � � � ; vn�k)�� hui; uii = 1; i = 1; � � � ; k; hvj ; vji = �1; j = 1; � � � ; n�k.  d k 9 h ; i `$�v��A V iVi�Qg2�a P = spanfu1; � � � ; ukg; V = spanfv1; � � � ; vn�kg:� v =P riui 2 P, Rhv; vi = (X riui;X rjuj) =X rirjhui; uji =X rirjÆij =X r2i � 0:S��d�� v 2 V R hv; vi � 0.�: V ;8$�
qV C = (u1; � � � ; ul; v1; � � � ; vn�l), aP = spanfu1; � � � ; ulg; V = spanfv1; � � � ; vn�lg;R P \ V = f0g:



x2.3 7x
�$ . 31 .^(/a�� v 2 P \ V, R9? v 2 P, R hv; vi � 0, 9? v 2 V, / hv; vi � 0,/g� hv; vi = 0, / v = 0 �9? P;V �a V i��i�sqa f0g, /dim(P) + dim(V) � dim(V )\ k + (n� l) � n, \ k � l, S��d l � k �/ k = l.7Um�;0w 2.3.6 (Sylvester IZ4}) % (V; h ; i) G n H,4t R &0>�g7 6�T�zf�} V o�k\ B = (u1; � � � ; uk; v1; � � � ; vn�k) -/ hui; uii = 1; i =1; � � � ; k; hvj ; vji = �1; j = 1; � � � ; n� k �|\ B L� h ; i 0t�GMB =  Ik 00 �In�k ! ;�~ k m h; i Fbu4�9r V 0\0\�JH�7
`iB�0\a�� P a�6C�i n w�k.�D
`�R P DS?  Ik 00 �In�k ! ,^& k 9 P `$�v�\ZN�k.i n w
` Q �"hP = Q�  Ik 00 �In�k !Q:�:77x
�$iB��9� 5) A 6) �(�ya�� (V; h ; i) aC F �i n b�k.|0�i�1
 � h ; i a��D�RZN V i$�V B, "h��+ x; y 2 V , ;hx; yi = �1�2 � �2�1 + � � �+ �n�1�n � �n�n�1 ;^& (�1; � � � ; �n)T ; (�1; � � � ; �n)T �1a x; y NV B si�/�2
 � h ; i a�D�RZN V i$�
qV B = (v1; � � � ; vn), "h��+x; y 2 V , ; hx; yi = a1�1�1 + � � �+ an�n�n ;^& (�1; � � � ; �n)T ; (�1; � � � ; �n)T �1a x; y NV B si�/�� ai = hvi; vii; i =1; � � � ; n.



. 32 . 3 ; j T � z f�C F a`6�*C�RZN V i$�
qV B = (v1; � � � ; vn), "h��+ x; y 2 V , ; hx; yi = �1�1 + � � �+ �n�n :�C F a�6C�RZN V i$�
qV B = (u1; � � � ; uk; v1; � � � ; vn�k), "h��+ x; y 2 V ;hx; yi = �1�1 + � � �+ �k�k � �k+1�k+1 � � � � � �n�n :^& (�1; � � � ; �n)T ; (�1; � � � ; �n)T �1a x; y NV B si�/�� k mA h ; i ;2��AVi�zg2�J1��W
 hx; xi �0ahx; xi = a1�21 + � � �+ an�2n :d F a`6�*C�� hx; xi = �21 + � � �+ �2n :d F a�6C R ��hx; xi = �21 + � � �+ �2k � �2k+1 � � � � � �2n :x2.4 	Sr℄dC F a�6C R U�6C C ��P;y iXW�i�^(^d��1oi�i�0h 2.4.1 % V 0 F &0T�zf��~ F 0,4t R [B4t C , %)|k' h ; i : V � V ! F ��1)Æ�4Z�Æ positive de�niteness �7<o v 2 V ohv; vi � 0:9 hv; vi = 0, -�p- v = 0.2) - F = C +�oÆF�7 [ Hermite 7 �hu; vi = hv; ui:- F = R +�oÆ7 Z� hu; vi = hv; ui:



x2.4 XW�i . 33 .3)Æ3b��0OZ�Æ linearity in the �rst 
oordinate �7<o0 u; v; w 2 V` r; s 2 F , o hru+ sv; wi = rhu;wi+ shv; wi;} h ; i G V &0�℄Æ inner produ
t ��o�℄0T�zf G�℄zfÆ inner produ
t spa
e ��d F a R ��DXW�ia #�Yy*r℄(Eu
lidean spa
e) �u�^($$
vi�D�k.i|0�i�d F a C ��DXW�ia =�Yy*r℄(unitary spa
e) �!D :�i (unitary spa
e). U��9 2 �[ 3) �h��D; u; v; w 2 V [ r; s 2 F , ;hw; ru+ svi = rhw; ui + shw; viDa+�x
 (
onjugate linearity). /g�U� h ; i6(7x
�$�/ (V; h ; i)6(|0~0�i�� v 2 V �D k v k=phv; via V i  2(length) U 8*(norm).� u; v 2 V , D k u� v ka u; v gii lv(distan
e) �a� d(u; v). ;1Æ#i�℄�	�(N V �v,~0�2i,-�ZDi*���*!�4C�Z%
([,�j�℄�P�(;�1) Cau
hy 6j$��D; u; v 2 V �;jhu; vij �k u kk v k :2) 	r6j$��D; u; v 2 V , ;k u+ v k�k u k + k v k :3) h�;,��R��D; u; v 2 V ;k u+ v k2 + k u� v k2= 2 k u k2 +2 k v k2 :4) Æ#i	r6j$��D; u; v; w 2 V , ;d(u; v) � d(u;w) + d(w; v):



. 34 . n � p ~ 0 � ijj�P�(9�6hvv,�6x
�i�� V ($$~0�i�sN V �;>6 k � k: V ! R, A
1) k v k� 0, s k v k= 0 ds�d v = 0;2) �D; r 2 F; v 2 V , ; k rv k= jrj k v k;3) �D; u; v 2 V , ; k u+ v k�k u k + k v k ;RD k � k a V �i$$�6� (V; k � k) Da 8*K[r℄(normed linearspa
e). ^(XW�ii$xW5��XW�i�!�(}N�$xvT��v,
qi�℄�m(7XW�N`7x
�$�?(�(;
q5�
qV[ Riesz 0%v$j�^&m�4 Riesz 0%v$�� V ($$;wbXW�i� f 2 V �, RZN`$i~0 x 2 V , "h��+i v 2 V , ; f(v) = hv; xi:�?XW�ioNn	p 3 x�nip 5 xv�$7I�g�



/�a L\�Px3.1 K[�O+k{�%�pD4�x
`6(��x
�i (~0�i) �NBj�x
.Q([Agy2ieL �x
�7x
��W>6ji6����N�$pvI�1~0�i([j�ix
�>[�a�i�j�i7x
�$��W
[|0~0�i�
q℄CA�℄Ci�"�P;^d��1oiXW�i�N^$pvoI�~0�i�ix
.Q([Agy2i+���[�B���� V;W �1(C F �i m bA n b~0�i�N^$xv dLE$� 2 L(V;W ) A Mm;n(F ) vi$$
`y�3�^	( � N Mm;n(F ) vi
`0%�6b�U�P dL� L(V;W ) AMm;n(F ) (S,i�/� L(V;W )iI�	(� Mm;n(F ) iI��� � 2 L(V;W );B = (b1; � � � ; bn) A C = (
1; � � � ; 
m) �1( V A W iV��& v 2 V �R v NV B si�/a [v℄B = 0BB� r1...rn 1CCA � �(v) NV C si�/a [�(v)℄C = 0BB� s1...sm 1CCA. ?(�3? � , N F n A Fm gi;$x
.Q�A : [v℄B ! [�(v)℄C ; �A 2 L(F n; Fm), \�3? � , ;$ m� n i
` A �"h[�(v)℄C = A[v℄B :vN��v A �a A = (A1; � � � ; An), ^& Ai; i = 1; � � � ; n, a2~0�z v =bi; i = 1; � � � ; n, R)h Ai = [�(bi)℄C , /A = ([�(b1)℄C ; � � � ; [�(bn)℄C) :a A a [� ℄B;C , ?( [�(v)℄C = [� ℄B;C [v℄B :[� ℄B;C \ad V iVa B � W iVa C �� � i
`0%�?(�v,5� � : L(V;W )!Mm;n(F ) a �(�) = [� ℄B;C . �d^($$S,5��td � ax
5�� 35
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 . Q� s; t 2 F; �; � 2 L(V;W ), R� i = 1; � � � ; n; ;[(s� + t�)(bi)℄C = [s�(bi) + t�(bi)℄C = s[�(bi)℄C + t[�(bi)℄C :/ �(s� + t�) = [s� + t� ℄B;C = s[�℄B;C + t[� ℄B;C = s�(�) + t�(�) :\ � ax
�Md � aA��� A a$$ m � n 
`�s��E (A1; � � � ; An), ^&Ai; i = 1; � � � ; n; a2~0�v, � : V ! W , "h [�(bi)℄C = Ai; i = 1; � � � ; n. ^(�(Æfi�/ � aA��Md � aa��9? [� ℄B;C = 0, eL [�(bi)℄C = 0; i = 1; � � � ; n �>eL�(bi) = 0; i = 1; � � � ; n �/ � = 0./g � (S,5��?(0w 3.1.1 L(V;W ) �Mm;n(F ) :9 � i
`0%P�eL�� � : U ! V; � : V ! W , � B; C A D �1aU; V;W iV�R [��℄B;D = [� ℄C;D[�℄B;C :/g� �� i
`0%a � A � i
`0%iFW�� 9? [�(v)℄C = [�℄B;C [v℄B [ [�(w)℄D = [� ℄C;D[w℄C ;/ [� ℄C;D[�℄B;C [v℄B = [� ℄C;D[�(v)℄C = [�(�(v))℄D = [��℄B;D [v℄B:� � 2 L(V;W ) ��I�d V A W iV.Q�� � iy3i
`gii2q�� B; C �1( V;W iV�B0; C0 !�1( V;W iV�� �V B; C [ B0; C0�1;
`0% [� ℄B;C [ [� ℄B0;C0 , ?(;��?�+ v 2 V , ;[�(v)℄C = [� ℄B;C [v℄B;[�(v)℄C0 = [� ℄B0;C0 [v℄B0 :Nn�pv'f��?�+ v 2 V ;[v℄B0 =MB;B0 [v℄B [ [�(v)℄C0 =MC;C0 [�(v)℄C :



x3.2 �B�� . 37 .o^&y:`��$�h[�(v)℄C0 =MC;C0 [�(v)℄C =MC;C0 [� ℄B;C [v℄B :� [�(v)℄C0 = [� ℄B0;C0 [v℄B0 = [� ℄B0;C0MB;B0 [v℄B :9? v �z V v�+~0�/[� ℄B0;C0MB;B0 =MC;C0 [� ℄B;C ;\a [� ℄B0;C0 =MC;C0 [� ℄B;CM�1B0;B ;\ [� ℄B0;C0 A [� ℄B;C (jgi�J1d W = V ,[ � 2 L(V );s B = C;B0 = C0; [� ℄B;B = [� ℄B �[� ℄C;C = [� ℄C �?(; [� ℄B0 =MB;B0 [� ℄B(MB;B0)�1 :\ [� ℄B0 A [� ℄B (y<i�NnipvoI� � Ny<+,si�"�x3.2 �20
9x
.Q � 2 L(V;W ); �(eL%xAgy2ix
.Q��N^$xvt�v,AI�N$�~0�i�ix
.Qi�B���� � 2 L(V;W ) ��v, W i�a�i W � f V i�a�i V � i5\�� :W � ! V � a ��(f) = f Æ � = f� :^& f 2 W �, ^(;+,i�/a � : V ! W;f : W ! F , / f� : V ! F (2? V � �\��+ v 2 V , ; ��(f)(v) = f(�(v)) :�� Da � i �20
.*d�1
 ��+ �; � 2 L(V;W ), ; (� + �)� = �� + �� �2
 ��+ r 2 F; � 2 L(V;W ), ; (r�)� = r�� �
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 . Q3
 � � 2 L(V;W ); � 2 L(W;U), ; (��)� = ���� �4
 ��+�[ � 2 L(V ), ; (��1)� = (��)�1 :1
, 2
 (u�E)i�dL 3
. �? f 2 V �,(��)�(f) = f�� = ��(f�) = ��(��(f)) = (����)(f) :dL 4
. 9 3
 � ��(��1)� = (��1�)� = i� = i, ^& i aFj5\�S�(��1)��� = i.5
 � V a;wb� � 2 L(V;W ), sjS V �� a V ,W �� a W , R ��� = � .� 9v,� ��� : V �� !W ��. ��+ f 2W � ;���(v��)(f) = v����(f) = v��(f�) = f�(v) = �(v)��(f) ;^& v��9n�pn 2xvv,�v�� 9 v���v�� 2 V ��,v,a v��(f) = f(v),^& f 2 V � .9�$\h ���(v) = �(v)�� :�: V �� A V jS� W �� A W jS�R�$\a���(v) = �(v):�D; v 2 V zE)�/ ��� = � .UY��B��An�pn 2 xvv,i6M�P;(s$�y:�� � 2 L(V;W ), R6
ker(��) = im(�)Æ �7
im(��)Æ = ker(�) �8
 d dim(V ) <1; dim(W ) <1; im(��) = ker(�)Æ.� 9v,� � : V ! W; �� : W � ! V �, / f 2 ker(��) , ��(f) = 0 ,f� = 0 , �D;v 2 V , f(�(v)) = 0 , f(im(�)) = 0 , f 2 im(�)Æ. ^	dL16
. 9? v 2 ker(�) , �(v) = 0 , �D;f 2 W �; f(�(v)) = 0 , �D;f 2W �; ��(f)(v) = 0 , v(��(f)) = 0�D;f 2 W �zE) , v 2 im(��)Æ. � V ��A V jS�\h 7
.
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.�D; v 2 ker(�); f 2W �, ;��(f)(v) = f(�(v)) = 0:/ ��(f)(ker(�)) = 0, \ ��(f) 2 ker(�)Æ, ^�D;i f 2W � zE)�/im(��) � ker(�)Æ:��i(;wb�R9n�p 2 x 4) ([�4 7
,im(��) � im(��)ÆÆ � ker(�)Æ:/ im(��) = ker(�)Æ.9UP�hf9
 � � 2 L(V;W ); V;W a;wb�Rt rk(�) = rk(��).� 9 8
,im(��) = ker(�)Æ .9n�p 2 x 6) 1
 f ker(�)Æ � (ker(�)
)� ;^& ker(�)
 a ker(�) N V vi�Z�/dim(ker(�)Æ) = dim[(ker(�)
)�℄ = dim(ker(�)
) = dim(im(�));^(/a ker(�)
 � im(�). ?( rk(��) = rk(�).10
 � V;W a;wb� � 2 L(V;W ); �� 2 L(W �; V �), B = (b1; � � � ; bn); C =(
1; � � � ; 
n) �1a V;W iV�� B� = (b�1; � � � ; b�n); C� = (
�1; � � � ; 
�n) �1a�aV�?( � ;
`0% [� ℄B;C ; �� ;
`0% [��℄C�;B� . ^/$
`gi2q�C�'f [� ℄B;C = ([�(b1)℄C ; � � � ; [�(bn)℄C) ;[ [��℄C�;B� = ([��(
�1)℄B� ; � � � ; [��(
�n)℄B�) ;9? �(bi) 2W , /NV C s�^�0%a�(bi) = �(i)1 
1 + � � �+ �(i)n 
n ;



. 40 . n 	 p x 
 . Q
\ [�(bi)℄C = 0BB� �(i)1...�(i)n 1CCA, i = 1; � � � ; n, ?(

[� ℄B;C = 0BB� �(1)1 � � � �(n)1... ...�(1)n � � � �(n)n 1CCA :9? ��(
�i ) 2 V � �/NV B� s�^�0%a��(
�i ) = �(i)1 b�1 + � � � + �(i)n b�n ;\ [��(
�i )℄B = 0BB� �(i)1...�(i)n 1CCA ; i = 1; � � � ; n, ?(
[��℄C�;B� = 0BB� �(1)1 � � � �(n)1... ...�(1)n � � � �(n)n 1CCA :9 �� iv,f ��(
�j )(bi) = 
�j(�(bi)); i; j = 1; � � � ; n ;�^	( �(j)i = �(i)j :?(hf [��℄C�;B� = ([� ℄B;C)T :\ �+�20
��33m+k{'� 33m+k{+��.x3.3 B�0
N�$xv�?$�i~0�i�ix
.Q�v,AI�1j�B���d~0�i(XW�i��j�ix
.Q�R�v,AI�j+����̂ (XW�iv��y i���9U�(eL$q2iy:�^('xiX��



x3.3 +��� . 41 .9XW�ii Riesz 0%v$ (ln�p 4 x), � V (;wbXW�i�f 2 V �, RZN`$i x 2 V , "hf(v) = hv; xi�D; v 2 V zE)�9U�(v,5\ � : V � ! V a �(f) = x, \ �(f) v,a f(v) = hv; �(f)i :9?� v 2 V; f; g 2 V �; r; s 2 F ,hv; �(rf + sg)i = (rf + sg)(v) = rf(v) + sg(v)= hv; r�(f)i+ hv; s�(g)i = (v; r�(f) + s�(g));\ �(rf + sg) = r�(f) + s�(g) ;?( � a+�x
 (
onjugate linear). � u�(A��9? �(f) = 0 eL f = 0,/ � !(a��X� � : V � ! V a�+�S,� (
onjugate isomorphism).� V;W aC F �i;wbXW�i� � 2 L(V;W ), �$1vi w 2 W ,�=>6 �w : V ! F v,a �w(v) = h�(v); wi:*d� �w ( V �ix
�>�9 Riesz 0%v$�ZN`$i x 2 V , "h�w(v) = h�(v); wi = hv; xi�D;i v 2 V zE)�9 ��(w) = x, Rh�(v); wi = hv; ��(w)i�D;i v 2 V zE)�/ZN`$i �� "�$E)��d �� (x
i�9?��+i v; w;w0 2 V ,hv; ��(rw + sw0)i = h�(v); rw + sw0i = rh�(v); wi + sh�(v); w0 i= rhv; ��(w)i+ shv; ��(w0)i = hv; r��wi+ hv; s��(w0)i= hv; r��(w) + s��(w0)i;/ ��(rw + sw0) = r��(w) + s��(w0) :



. 42 . n 	 p x 
 . Q/g� �� 2 L(W;V ) �D �� a � i+� (adjoint).�I� �� A �� gii2q�� V;W ( F �i/$~0�i� � 2 L(V;W ), R�� : W � ! V �[ �� :W ! V :?(9pJv,i �1 : V � ! V; �2 : W � !W ,V � �� ���� W ��1??y �2??yV �� ���� Wv, � : W � ! V � a � = (�1)�1���2:^(x
5��� x 2 V; ��11 (x) = g, R �1(g) = x,��11 (x)(v) = g(v) = hv; �1(g)i = hv; xi :/g��+ f 2W �; v 2 V , ;[�(f)℄(v) = [(�1)�1���2(f)℄(v) = (�1)�1[���2(f)℄(v) = hv; ���2(f)i= h�(v); �2(f)i = f(�(v)) = ��(f)(v);/ � = ��. /g �� = (�1)�1���2;\�U(qQU�� B = (b1; b2; � � � ; bn) ( V i$�
6
qV�� C = (
1; 
2; � � � ; 
m) (W i$�
6
qV�'f�[� ℄B;C = ([�(b1)℄C); � � � ; [�(bn)C ℄ = 0BBBB� �(1)1 �(2)1 � � � �(n)1�(1)2 �(2)2 � � � �(n)2� � � � � � � � � � � ��(1)m �(2)m � � � �(n)m
1CCCCA ;



x3.3 +��� . 43 .?( �(i)j = h�(bi); 
ji.� [��℄C;B = ([��(
1)℄B); � � � ; [��(
m)B℄ = 0BBBB� 
(1)1 
(2)1 � � � 
(m)1
(1)2 
(2)2 � � � 
(m)2� � � � � � � � � � � �
(1)n 
(2)n � � � 
(m)n
1CCCCA ;?( 
(i)j = h��(
i); bji.b( h��(
i); bji = hbj ; ��(
i)i = h�(bj); 
ii = �(j)i , /g[��℄C;B = [� ℄B;CT = ([� ℄B;C )�\ �+B�33mk{:�33mk{+B���, !7 � �ag��? � i+��*d;(si^�
u�� V;W a;wbXW�i� �; � 2 L(V;W ), R1
 h��(w); vi = hw; �(v)i;2
 (� + �)� = �� + ��;3
 (r�)� = r��; r 2 F ;4
 ��� = � ;5
 � V =W , R (��)� = ����;6
 � � �[�R (��1)� = (��)�1.�$7��&L�siv,�� V (XW�i� � 2 L(V ), R�1
 D � ( �B�(self-adjoint) U �5�5(Hermitian), � �� = � ;2
 D � ( o(unitary), � � (7�s �� = ��1;3
 D � ( �E(normal), � ��� = ��� .d A (�
`��v,�1
 A ( �5�5(Hermitian), � A� = A;2
 A ( W�5�5(skew-Hermitian), � A� = �A;3
 A ( o, � A �[s A� = A�1;4
 A ( �E, � AA� = A�A;



. 44 . n 	 p x 
 . Qd A (�
`��v,�5
 A ( 3!, � AT = A;6
 A ( W3!, � AT = �A;7
 A ( �b, � A �[s AT = A�1.*d � (
6��+��:ids�d � N
6
qVs�3i
`(
6���HJ�:`�sJ�I�^	"���1) �B�0
9v, � 2 L(V ) (�+����D;i v; w 2 V ;h�(v); wi = hv; �(w)i;\ �� = � . *d;�si
u�� V (XW�i� �; � 2 L(V ),1
 � �; � �+��R � + � !(�2
 � � (�+�� r a�6�R r� (�+��3
 � �; � a�+�� �� a�+��ds�d �� = ��;4
 � � �+��s�[�R ��1 !(�+��5
 � � �+��R h�(v); vi (�i��D;i v 2 V E)�6
 � V (:�i��D;i v 2 V; h�(v); vi (�i�R � (�+��7
 � � (�+��s h�(v); vi = 0 �D;i v zE)�R � = 0;8
 � � (�+��R��+i k > 0, 9 �k(v) = 0 �eL �(v) = 0.� 9? � �+��D�3i
`a��HJ�\ A = A�, / 1
 � 4
 )h�9? � �+��/gh�(v); vi = hv; �(v)i = h�(v); vi;/ h�(v); vi (�i�^	dL1 5
.a1dL 6
 � 7
, td�� V (:�i��D;i v 2 V ; h�(v); vi = 0,R � = 0.



x3.3 +��� . 45 .9 v = rx+ y, ^& x; y 2 V; r 2 C , R0 = h�(rx+ y); rx+ yi= jrj2h�(x); xi + h�(y); yi + rh�(x); yi+ rh�(y); xi= rh�(x); yi+ rh�(y); xi:z r = 1, R h�(x); yi + h�(y); xi = 0:z r = i, R h�(x); yi � ih�(y); xi = 0:/ h�(x); yi = 0 �D;i x; y 2 V zE)�/g � = 0.7^$y:�dL 6
,h(����)(v); vi = h�(v); vi�h��(v); vi = h�(v); vi�hv; �(v)i= h�(v); vi�h�(v); vi = 0.;�4y:f � � �� = 0, \ � (�+��M�dL 7
.d F = C ��9�4y:)h 7
, /m dL F = R iv��U��0 = h�(x+ y); x+ yi= h�(x); xi + h�(y); yi + h�(x); yi + h�(y); xi= h�(x); yi + h�(y); xi = h�(x); yi + hx; �(y)i= h�(x); yi + h�(x); yi = 2h�(x); yi;/ � = 0.�G�d 8
.� �k(v) = 0 �D;i v 2 V E)�R; m, " 2m � k. ?(� �2m(v) = 0,/g 0 = h�2m(v); vi = h�2m�1�2m�1(v); vi = h�2m�1(v); �2m�1 (v)i:/U� �2m�1(v) = 0. y�^�i7z��Gh � = 0.�?XW�i�i�+$$x
.Q � 2 L(V;W ) ���E�� = �1 + i�2;^& �1; �2 a�+�.Q�



. 46 . n 	 p x 
 . Q'���9 �1 = � + ��2 ; �2 = � � ��2i\h�$�^A��+$$�6 z ���E x+ iy,^& x; y a�6�y"<�D(��?XW�i��+�.Q(��V'i�2) o0
9v,� � 2 L(V ) (:�����D;i v; w 2 V , ;h�(v); wi = hv; ��1(w)i.*d;�si
u�� V (XW�i� �; � 2 L(V ),1
 � � (:�R ��1 !(�2
 � �; � (:�R �� !(�3
 � (:ids�d � (A�s"Æ�Æ � 2 L(V;W ),Da"Æ (isometry),��D; u; v 2 V , ; h�(u); �(v)i = hu; vi. �4
 � V a;wb�R � (:ids�d � o
6
qV5a
6
qV�� 1
 � 2
 (u�i��d 3
.� � (7��R� ("Æ , �D; v; w 2 V; h�(v); �(w)i = hv; wi , �D; v; w 2 V , ;���(w) = w, ��� = iÆ i aFj5�� , �� = ��1 , � a:��d 4
.� � (:� O = fu1; � � � ; ung ( V i
6
qV�?(h�(ui); �(uj)i = hui; uji = Æij :/ �(O) ( V i
6
qV�
g�� O [ �(O) ( V i
6
qV�Rh�(ui); �(uj)i = Æij = hui; uji :� v =P riui; w =P sjuj , Rh�(v); �(w)i = hP ri�(ui);P sj�(uj))i =P risjh�(ui); �(uj)i=Pi;j ri; sjhui; uji = hPi riui;Pj sjuji = hv; wi;



x3.3 +��� . 47 ./ � a:�A:���3i(:
`��:
`u�;(s
u�� A a
`�1
n � n 
` A a:ids�d A iD;i2�E C n i$�
6
qV� 2
n � n 
` A a:ids�d A iD;i��E C n i$�
6
qV� 3
 � A a:�R jdet(A)j = 1. � A a
q�R det(A) = �1.3) �E0
9v, � 2 L(V ) (
6�����D;i v; w 2 V , ; ��� = ��� .*d;�si
u�� V (XW�i� � ( V �i
6���R1
 ��+�|$ p(x) 2 F (x); p(�) !(
6i�2
 �(v) = 0) ��(v) = 0 �3
 ��+i k > 0; �k(v) = 0) �(v) = 0 �4
 ��+ � 2 F ,(� � �)k(v) = 0) (� � �)(v) = 0 �5
 � �(v) = �v, R ��(v) = �(v).� 1
 � 2
 (u�i��d 3
.� = ��� *l(�+�i�9? � a
6i�/�k(v) = (��)k(�)k(v) = 0:9�+�[
u 8
, h �(v) = 0, \ ���(v) = 0, b0 = h���(v); vi = h�(v); �(v)i;/ �(v) = 0.9 1
 [ 3
 h 4
, �d 5
.� �(v) = �v, ^& v 6= 0, R (� � �)(v) = 0, 9 2
, (� � �)�(v) = 0, b(� � �)� = �� � �, /h 5
.N�G$pv� �^	$����$7��iI��8j(�zv$�



. 48 . n 	 p x 
 . Q



/-a 	xO~N�,�W�<gx4.1 M�+�+R�?�1) Nn�p[n	pvI�1~0�i[j�ix
.Q�N^$p[s$pvoXNi3p�y�� g�^(^'�0i{ 8��N^$pv�o}ÆNiv,AV'
u�8j(N{$zbO�iN[j�z�� V (C F �i$$~0�i� � 2 L(V ). � F [x℄ v�$�|$ p(x),��+ v 2 V , �v, p(x)v = p(�)(v):^	(fG I�x
���7N V ��u����+ r(x); s(x) 2 F [x℄; u; v 2V ; r(x)(u+ v) = r(x)u+ r(x)v;(r(x) + s(x))u = r(x)u+ s(x)u;(r(x)s(x))u = r(x)(s(x)u);1u = u:jj�b( F [x℄ 6(C�(O�D(o F (x) vE>�� V i6F� V 6YEa$$~0�i�?(0�1(~0�i(a$�i�℄ || N�0h 4.1.1 % R0o,Iu0kZX��u: G&� (s
alar). bC R{�(R{module) [ R�+d��(a module over R) 0bC>z_T M , oz;d<�
� +, 7 (u; v) 2 M �M , o u + v 2 M ; �bC0 R r M 0z;04"�l��|�/�7 (r; u) 2 R�M , o ru 2M , 9�o1) M 7d<9_0 Abel !�2) 7<o r; s 2 R; u; v 2M o��
 r(u+ v) = ru+ rv;(r + s)u = ru+ su;nT
 (rs)u = r(su);1u = u:48



x4.1 O�iNiV'�℄ . 49 .u��d R aC�RNa~0�i�\ s�+�j'R|r℄.d R = Z(b6O), R Z{ �j' Abel �. /N!( Abel �i�℄i�I�J1y i($�#	9fi R = F [x℄, ^�� F [x℄- �j'pK[0
+R|r℄, ^(fG~G { I�i���� R (O�RD; m� n i
`iZD Mm;n(R) ($$ R{ N�je�A6F	(
`ie�A6F�d R = F [x℄ ��Mm;n(F [x℄) (
`E|(�|$i
`i|M�FEa$$ F [x℄- N�8$$y iN(O R�^�(Ea R{N�� R(;adEiqQO�v,6FaOF��^	Ea$$ R{ N�~GS7f^$N�N~GI�x
�� � 2 L(V ) �7N~0�i V ��� V qfm" F�+d�R|r℄�
qfm"w F [x℄ �+�.2) $�~0�ivi�℄�(W5fN���v, R{ N M i�N�s�� S ( R{ N M i$$�Z�'�($$ R{ N�D S a M i�N� S�iK�	( M iK�N S �iwr�*l� R{ N M i$$���ZEa�Nds�d��+ r; s 2 R; u; v 2 S; ru+ sv 2 S:� � S; T ( M i�N�R S \ T [S + T = fu+ vj u 2 S; v 2 Tg!( M i�N�� ;adEiqQO R 	( R �^�iN�R R{ � R +
�j'MR +wN�9�Ni�℄��(v,NihB�� M ( R{N�D M (�N S1; � � � ; Sn ihB (dire
t sum)�E$ v 2M�(`$m (6`pGW�) �E�N Si vE>gB�\��+ v 2 M , ;ui 2 Si; i = 1; � � � ; n, "h v = u1 + � � �+ un;



. 50 . n ; p { $ z b O � i N [ j � z2s�P; wi 2 Si; i = 1; � � � ; n, "hv = w1 + � � �+ wn;R�;)db2; wi = ui; i = 1; � � � ; n.d M ( S1; � � � ; Sn ihB��EM = S1 � � � � � Sn:� M = S � S
, R S
 a S N M vi5 (
omplement).u�� M (�N S1; � � � ; Sn ihBds�d M = S1 + � � �+ Sn [�E$i = 1; � � � ; n, ; Si \0�Xj 6=i Sj1A = f0g:�(v, �"U(spanning set) �s�� M ( R{ N� S ($$�Z�9 S �E (spanned or generated) i�Na S vE>iD;i R{ x
�D�\hSi = span(S) = fr1v1 + � � �+ rnvnj ri 2 R; vi 2 Sg:M vi$$�Z S Da�E (span or generate)M , �M = span(S);\E$ v 2M , ��E v = r1v1 + � � �+ vnvn;^& r1; � � � ; rn 2 R; v1 � � � ; vn 2M .J19$$E>�Ei�N�\ hvi = Rv = frvj r 2 Rg; v 2 M , Da9v �Ei ^M
� (
y
li
 submodule). ^($x��y i�N�~G 6�Lv��: R{ N M �(9;wZ�E�RD M ( pJ�"+ (�nitely gener-ated).3) S��(NNvv,�Zi R{ x
g2
[ R{ V�� S ( M i�Z�Da R{ K[?D+ (linearly independent), ���+v1; � � � ; vn 2 S [ r1; � � � ; rn 2 R, 9r1v1 + � � �+ rnvn = 0



x4.1 O�iNiV'�℄ . 51 .�eL r1 = � � � = rn = 0. �Z S 6(x
g2i�RDax
y2�� M ( R{ N� M i�Z B Da M i R (bases), � B x
g2s�EM . 9 U * l� N M i�Z B ($�Vds�d�E$ v 2 M; B ;`$i�Zfv1; � � � ; vng [S0 r1; � � � ; rn 2 R "hv = r1v1 + � � �+ rnvn:� � B ( R{ N M iV�R B ( M iY��EZ�(Y^x
g2Z��?~0�i�;x
.Q��?N;SH�0h 4.1.2 % M;N G R{ ��k' � : M ! N  G R{ 94 (homorphism).%7<o r; s 2 R; u; v 2M o�(ru+ sv) = r�(u) + s�(v):<o( M . N 0 R{ B>
� HomR(M;N).M" R{ B>0OZ�Z0CJ� M . M 0 R{ B>G �94 (endomorphism), ,'0B>G (94 (monomorphism), �'0B>G �94 (epimorphism), 6'0B>G 9C (isomorphism).% � 2 HomR(M;N), 4f � 0QrSGker(�) = fv 2M j �(v) = 0g` im(�) = f�(v)j v 2Mg;=
��0 M ` N 0���9?6(D;iNz; R{ V�/;(siv,�0h 4.1.3 R{ � M  G�m0 (free) % M o R{ \�% B 0 M 0\� M| B &�m� M 0\0\4 (
ardinality)  G M 0� (rank), 
� rk(M).



. 52 . n ; p { $ z b O � i N [ j � zsJ�dL^�iv,(;+,i�4) � M ( R{ N� S (Fi�N�Dv + S = fv + sj s 2 Sga S N M vi$$
Z�D; S N M vi
Z�EiZDa� M=S. ^($$ R{ N�jK�v,a(u+ S) + (v + S) = (u+ v) + S [ r(u+ S) = ru+ S� M=S i6E>a s+ S = 0 + S = S; s 2 S. ^$ R{ NDa M 2? S i �� (quotient module).vN�dL�� M (�9N�R M i�+/$V;ySiV6�;1^$y:��9N M it:;+,�aU� n)$�Oiy:�� R(;adEiqQO�S ( Ri$z�S N Rvi
ZiZD R=S�E$$O�Da R 2? S i �M (quotient ring), je�AF�v,a(a+ S) + (b+ S) = (a+ b) + S;(a+ S)(b+ S) = ab+ S: dLF�;+,�	 dLb+ S = b0 + S =) ab+ S = ab0 + S;!	( b� b0 2 S =) a(b� b0) 2 S;9? S ($z�/�$E)��dL�siy:�(9LY^$z (;ln$p 2 x) iy 
�� � R (;adEiqQO��O R=Q (Cds�d Q (Y^$z�� � R=Q (C�s Q 6(Y^�RZN$z I )D Q $ I $ R. �i 2 I �Q, �=9 i [ Q �Ei$zK = hi;Qi � I:9? i 62 Q, / i+Q 6= 0. 9? R=Q (C�/ i+Q ;[��a i0 +Q, \(i+Q)(i0 +Q) = ii0 +Q = 1 +Q:



x4.1 O�iNiV'�℄ . 53 ./ 1 � ii0 2 Q � K. 9? ii0 2 K, / 1 2 K, ^	eL K = R. b K � I; I ( Ri_�Z�^$B�eL Q (Y^$z�
g�� Q (Y^$z� 0 6= r +Q, R r 62 Q, / I = hr;Qi (�#m!= Q. /a Q (Y^�/ I = R. ^eL 1 2 I, /; s 2 R, "h 1 = sr + i �Q$ i 2 Q E)�/(s+Q)(r +Q) = sr +Q = (1� i) +Q = 1 +Q:\ (r +Q)�1 = s+Q. / R=Q (C�M�dL�� �+;adEiqQO R $v;Y^$z�� R 6(6O�R$v;_$z�(� f0g. � I a R iD;_$ziZD�R I ���� Q1 � Q2 � � � �( R v_$z.�R I = [Qj !($$$z�/a 1 62 I, / I 2 I. /g I v�C.z;�|�9 Zorn 0$� I ;�^E� (�\n�W 1 xv~0�iViZN
idL). ^dL1 R ;Y^$z�vN�d�� � M (�9 R{ N�R M i�+�$V;ySiV6�� 9p4y:�� R ;Y^$z Q, M9p4y:�� R=Q (C�9QM = fa1v1 + � � �+ anvnj ai 2 Q; vi 2Mg;R QM ( M i$$�N���N M=QM .�dL M=QM (C R=Q �i$$~0�i�aUv,j6Fa(r +Q)(u+QM) = ru+QM^& r 2 R; u 2M . d� ��d^�v,i6F(;+,i�^	 dL�� r +Q = r0 +Q [ u+QM = u0 +QM;^& r; r0 2 R; u; u0 2M; R ru+QM = r0u0 +QM:



. 54 . n ; p { $ z b O � i N [ j � z!	( d�� r � r0 2 Q; u� u0 2 QM; R ru� r0u0 2 QM:9? r � r0 2 Q; u � u0 2 QM; R (r � r0)u0 2 QM [ r(u� u0) 2 QM: ?((r � r0)u0 + r(u� u0) = ru� r0u0 2 QM: /g�^�v,i6F(;+,i��(hv�d�^�v,i6FA
Nn$p x3 xv~0�iiv,v6F+�A
i;$Pm�� M=QM u��e�E Abel��/ M=QM i~( R=Q�i$$~0�i�� B (�9 R- N M �i$�V�s bi; bj 2 B; R bi+QM A bj +QM (6ySi�̂ �dL�s�� bi+QM = bj +QM; i 6= j; E)�R bi� bj 2 QM;/ bi � bj = a1v1 + � � � + anvn;^& ak 2 Q; vk 2 M;k = 1; � � � ; n: 9?E$ vk z( B E>ix
�D�� vkv bi iq6a rk; (t�$/,i bi iq6�hf1 = a1r1 + � � � + anrn:� ak 2 Q; k = 1; � � � ; n, /�$=,2? Q, \ 1 2 Q ^A Q (Y^$zyB��/ bi +QM A bj +QM d i 6= j �(6ySi�/gB0 = fb+QM jb 2 BgA M iV B ;ySiV6��dL� B0 ( R=Q �i~0�i M=QM i$�V�9? B �E M , / B0 �E M=QM .  d B0 x
g2��Xj2U(rj +Q)(bj +QM) = 0;R Pj2U(rjbj + QM) = 0, !	( Pj2U rjbj 2 QM , ?( Pj2U rjbj = Pi aibi, ^&ai 2 Q; i = 1; � � � ; n. /,yjeL rj 2 Q; j = 1; � � � ; n. ?( rj + Q = 0, \R=Q vi6E>� j = 1; � � � ; n. / B0 x
g2� B0 ~( M=QM iV�/gB iV6 = dim(M=QM), 6%�? B i�z�4
 v$ 2.1.1 "?fG�C F �/$~0�iS,ds�dFGib6yS�NNiv��;�/$�9 R- NS,ds�dFG;ySit�� � M;N a/$�9 R- N�� M t N; RX M f N i�+S,5\ � o M iV5a N iV�9? � (7��/ rk(M) = rk(N): 
g��



x4.1 O�iNiV'�℄ . 55 .rk(M) = rk(N);B ( M iV� C ( N iV�9? B; C iV6yS�/;7�� : B ! C; ^$5��x
�Ifb$ M fb$ N g�iS,�/ M t N:5) 9?;w�E R{ N M i�N
+(;w�Ei�/g� I�N�CPms;w�E R{ N M i�N!(;w�Ei�^$Pm(�.Pm�0h 4.1.4 bC R{�M  G�� 
�+ z8_ (as
ending 
hain 
ondition),$N7 M 0#S��[� S1 � S2 � S3 � � � �)|�� k, -/ Sk = Sk+1 = Sk+2 = � � � .��*�Ahg
G a � 
 � 
.0w 4.1.1 R{ � M 0�C��0oN)!0-�p- M ����0*�Ah�4}	0� G Noether � (Noetherian module).� � M iD;�Nz(;w�E�� M ;gw���N�2S1 � S2 � S3 � � � �*l S =[j Sj!(M i�N�/ S!(;w�Ei�� S = hu1; � � � ; uni; ui 2M; i = 1; � � � ; n.9? ui 2 S, /;k/ ki, "h ui 2 Ski . 9 k = maxfk1; � � � ; kng, Rui 2 Sk; i = 1; � � � ; n:/g S = hu1; � � � ; uni � Sk � Sk+1 � � � � � S:^0L���N�2 S1 � S2 � S3 � � � � X Sk m|(ySi�
g�� M A
�Ni�.Pm�s S ( M i�N�z u1 2 S, �=�N S1 = hu1i � S,� S1 = S,R S 	(;w�E�� S1 6= S,?(; u2 2 S�S1.9 S2 = hu1; u2i. � S2 = S, R S (;w�E�� S2 6= S, R; u3 2 S � S2. �=�N S3 = hu1; u2; u3i. $h^���s{�	hf$$�Ni��.hu1i � hu1; u2i � hu1; u2; u3i � � � � � S:



. 56 . n ; p { $ z b O � i N [ j � z�:^�i�ND;$$j? S, 	hf$$�Nigw���2�p$$aG$$D_!=�^A M A
�Ni�.PmyB��/;Q$ n, "hS = hu1; � � � ; uni, !	( S (;w�E�9?O R ( R �^�iN�sN Ri�N	(O R i$z�/v, 4.1.4[v$ 4.1.1 Ea0h 4.1.5 X R  G��}Q0*�Ah�%7 R 0#e&*}Q[�Q1 � Q2 � Q3 � � � �b4)|�� k, -/ Qk = Qk+1 = Qk+2 = � � � .Nn$p 2 xvdL1{$zbO$vA
�.Pm�0w 4.1.2 X R 0�C}Q (�G R{ �) 0oN)!0-�p- R ��}Q0*�Ah�v$viODa NoetherM(Noetherian ring).sJ dL$Py v$�0w 4.1.3 % R 0 Noether X�}#eoN)!0 R{ �0 Noether ���A4}8�% R 0 Noether X�a�C}Q0oN)!0�}oN)!0 R{ �0�C��a0oN)!0��sD$�Ah-oN)!0�0��
"0oN)!0�� �M (;w�E R{N�M = hu1; � � � ; uni. �=A�SH � : Rn !Mv,a �(r1; � � � ; rn) = r1u1 + � � �+ rnun:� S ( M i$$�N�R��1(S) = fr = (r1; � � � ; rn) 2 Rnj �(r) 2 Sg( Rn i$$�N�s �(��1(s)) = S. f� Rn m;;w�E�N�R ��1(S)(;w�Ei� ��1(S) = ht1; � � � ; tki. ?(� w 2 S, R; t 2 ��1(S), "hw = �(t). 9? t = a1t1 + � � �+ aktk;/ w = �(t) = a1�(t1) + � � �+ ak�(tk):?( S 9 f�(t1); � � � ; �(tk)g D;w�E�D(�s dim( Rn iE$�N(;w�Ei�



x4.1 O�iNiV'�℄ . 57 .d n = 1, ^(�i�/a R ( Noether O�f��D;i 1 � k < n; Rkm;;w�E�N�� S ( Rn i�N�9S1 = f� 2 Sj � = (s1; � � � ; sn�1; 0); � s1; � � � ; sn�1 2 Rg[ S2 = f(0; � � � ; 0; sn)j (s1; � � � ; sn�1; sn) 2 S; � s1; � � � ; sn�1 2 Rg:?( S1 S,? Rn�1 i$$�N (m o S1 iE$E>i�G$$�/{r).97Uf��S1 (;w�E�9 S1 = hBi,� B = fd1; � � � ; dkg; 0 � k � n�1.(�S1 (�Z�R B a�Z� k = 0).S� S2 S,? R i$$�N (\$z), /g(;w�Ei�� S2 (h	i�R S iE$E>i�G$$�/a 0, / S = S1 (;w�Ei�� S2 �h	��9 (0; � � � ; 0; bn); bn 6= 0 D�E�N S v; b = (b1; � � � ; bn�1; bn) 2 S,R B0 = fbg[B �E S. ^(/a�� � = (s1; � � � ; sn) 2 S, R (0; � � � ; 0; sn) 2 S2,/; r 2 R, "h (0; � � � ; 0; sn) = r(0; � � � ; 0; bn), \ sn = rbn, /g �� rb 2 S1, ?( � 2 rb+ S1, ^	( B0 �E S. v$d)�9v$ 4.1.3 ep{���S�O( Noether O��d�;adEiqQO R (Cds�dFm;$z f0g [ R �gjF$z�/g�9v$ 4.1.2,s)�' Noether +. d R ({$zO��9?D;i$zz({$z�/g� �wN}M
' Noether +. sJ&L��y i Hilbert Vv$�^($P��;7iV'v$�0w 4.1.4 (Hilbert\4}) %X R0 NoetherX�}8R.X R[x℄a0 NoetherX��  di( R[x℄ i�+$$$z Q (;w�Ei�9 Lj a Q vD;j W�|$i� |iq6[ R vi 0 E>D�EiZD� j = 0; 1; � � � . R�*�L�Lj z( R i$z�̂ (/a� a; b 2 Lj ; a 6= 0; b 6= 0; ZN j W�|$f(x) = axj+� � � B g(x) = bxj+� � � z2? Q. ?( f(x)�g(x) = (a�b)xj+� � � +2? Q. � a�b 6= 0;R a�b 2 Lj;� a�b = 0;9? 0 2 Lj;/+; a�b 2 Lj:�?�$ 
 2 R; 
f(x) = 
axj+� � � 2 Q:� 
a 6= 0;R 
a 2 Lj;� 
a = 0;9? 0 2 Lj,/+; 
a 2 Lj; a 2 Lj (u�i�?( Lj ( Ri$$$z�� f(x) = axj+� � � 2 Q;9? Q ( R[x℄ i$$$z� xf(x) = axj+1 + � � � 2 Q: /g�� a 2 Lj; Ra 2 Lj+1: ?(hf$$$z�.� L0 � L1 � � � � . /a R ( Noether O�/ZN d "h Ld = Ld+1 = � � � = L, jv L = Sj�0Lj . /a R ( Noethet O�/E$ Lj; j = 0; 1; � � � ; d, �(;w�Ei�� Lj = ha(1)j ; � � � ; a(kj)j i; j = 0; 1; � � � ; d.



. 58 . n ; p { $ z b O � i N [ j � zX�9 Lj iv,f; Q v j W�|$ f (1)j ; � � � ; f (kj)j , "h f (i)j i-|q6aa(i)j ; i = 1; � � � ; kj .�(dL� S = ff (1)0 ; � � � ; f (k0)0 ; f (1)1 ; � � � ; f (k1)1 ; � � � ; f (1)d ; � � � ; f (kd)d g($z Qi�EZ�aU�� f 2 Q; deg (f) = n. � n 77U��� n = 0, Ru� S vE�E f . � f = anxn + � � �+ a1x+ a0; an 6= 0. R an 2 Ln � L = Ld.� n < d, R an = P1�i�kn ria(i)n ; ri 2 R. ?(�|$h = f � X1�i�kn rif (i)niW6�? n, X�97Uf� h �9 S vE�E��� f �9 S vE�E�� n � d, R an 2 Ln = Ld, / an = P1�i�kd ria(i)d . ?(�|$h = f � X1�i�kd rixn�df (i)diW6�? n, S�97Uf� h �9 S vE�E�X� f �9 S vE�E�x4.2 �wN}M�+�1) N�$xv&L1;adEiqQO R �iNiv,([Fi$�V'
u�dO R aC��N	(~0�i�o?$�~0�ivi$�V'�℄Av$�;��(&ifN������i���i�hB��EZ�x
g2�V�b6�x
.Q�AA}jj�f1N$�v;y3iMTAv,�(��A��i���i�b6Ax
.Qy�3ia�N��N�tANSHj�b(NA~0�i�X0J���m(n)NOAC�i>1�byIgi;�'ui>.�^&2�L$�'���6e(dL�� ;^�iN�Fgx
g2iE>�d�!	D;V�^	(a�C 0��9NiF/�� ;^�iN�Fi�Ng5Z�� ;^�i;w�EN�j�N6(;w�Ei�^	(a�C0�Noether NiF/�	 ;^�iN�Fix
y2Z S vi�$E>6Y7 S vjFE>ix
�D�0%�



x4.2 {$zbO�iN . 59 .
 ;^�iN�j���EZ6(NiV�j�^x
g2Z6(NiV�� ;^�i�9N�j�N6�9�j�N6�9�� � V (C F �i~0�i� r 2 F; v 2 V; r 6= 0; v 6= 0, R rv 6= 0. bNNiv��^6M6HE)�8
 ;^�i�9N�;x
g2Z6!NVv�;XEZ6!;V�9?N$�i;adEiqQO R �iN;xx6E$zi
u�^epfG~F�I�{$zbO�iNi$��^(/a{$zbO;E�E?i
u�̂ 	eL1Nj�iN!;E�E?i
u�v�^a�3�(��4�v�N{$zbO��9Ni�N!(�9i�jj�N^$pv�{$zbO�iN����gG�Ns$pv(U��=~0�ivi$�eL��(hf$q2y iy:�2) �dL0w 4.2.1 
}Q�X R&0�m� M 0#e�� S a0�m0�� rk(S) �rk(M).� mdNit(;wiv���4tagw�^!E)�9�x 4) 4
 f�� rk(M) = n, R M t Rn. /g�hv�I� Rn \��� n 77U��d n = 1, R M = R; R i�+�N S 	( R i$z�9? R ({$zbO�/ S ({$z�\ S = hai. � S 6= f0g. / R (bO�/�D; r 6= 0 ;ra 6= 0. /g�5\ � : R! S; �(r) = ra( R f S iS,�/ S (�9i�f� Rk i�N(�9id k < n �E)� S ( Rn i$$�N��=S1 = f� 2 Sj ; s1; � � � ; sn�1 2 R; � = (s1; � � � ; sn�1; 0)g[ S2 = f(0; � � � ; 0; sn)j ; s1; � � � ; sn�1 2 R; (s1; � � � ; sn�1; sn) 2 Sg:/a S1S,? Rn�1i$$�N�97Uf��̂ (�9i�� B = f�1; � � � ; �kg( S1 iV�� k � n� 1. (� S1 (h	i�R B (�Z).



. 60 . n ; p { $ z b O � i N [ j � zS�� S2 S,? R i$$�N ($z). � S2 (h	i�R S vE$E>i�G�/a 0, / S = S1 (�9i�� S2 �h	�R;t 1, Vaf(0; � � � ; 0; tn)g; tn 6= 0. s � = (t1; � � � ; tn) 2 S.�d B0 = f�g[B ( S iV�td B0 (x
g2i��; r; r1; � � � ; rk 2 R," r� + r1�1 + � � �+ rk�k = 0;R r� = �(r1�1 + � � � + rk�k). (t/,i�G�/�; rtn = 0, / r = 0. ��1; � � � ; �k ix
g2
eL ri = 0; i = 1; � � � ; k,/ B0 (x
g2i�jW��� = (s1; � � � ; sn) 2 S, R (0; � � � ; 0; sn) 2 S2, / (0; � � � ; 0; sn) = r(0; � � � ; 0; tn); r 2R, / sn = rtn. ?( � � r� 2 S1, \ � = r� + S1, /g B0 �E S. / S (�9i�^	dL1v$�N 1) v�'�9f�C F �i~0�i V , � r 6= 0; r 2 F; v 6= 0; v 2 V ,R rv 6= 0. bNNiv��^6$vE)�?(;�siv,�0h 4.2.1 % M 0 R{ ��7 v 2M , $No>�0 r 2 R -/ rv = 0, } v0 M 0bC �t (torsion element). bC�$NJ�u} G ?�+ (torsionfree). $�0<ou:50�u�} M 0 �� (torsion module).�M aN�jD;iWE�EiZDa� Mtor,*l^(M i$$�N�sM=Mtor (gWN�̂ �dL�s�� a; b 2Mtor;R; �; � 2 R;� 6= 0; � 6= 0"h �a = 0[ �b = 0. ?(��+i r; s 2 R;; ��(ra+sb) = 0;\ ra+sb 2Mtor.9 x4.1 2) 1
f�Mtor ($�N�Md M=Mtor (gWN�� a+Mtor ( M=Mtorvi$$WE�R; r 2 R; r 6= 0; "h r(a +Mtor) = 0; \ ra 2 Mtor: ?(;s 2 R; s 6= 0; "h s(ra) = (sr)a = 0; s sr 6= 0; / a 2 Mtor; ?( M=Mtor viWE( 0, \ M=Mtor agWN�jW�!*l�{$zbO��+�9N(gWi�
g6_�b(;�si0w 4.2.2 
}Q�X&0� M $N0J�0��0oN)!0�}�0�m0�� 9? M (;w�Ei�/; 0 6= vi 2 M; i = 1; � � � ; n, "h M =hv1; � � � ; vni. N^��EEvzY^x
g2�Z S = fu1; � � � ; ukg, o M i�EEy��E M = hu1; � � � ; uk; v1; � � � ; vn�ki:?(�E$ vi, ZD fu1; � � � ; uk; vig (x
y2i� i = 1; � � � ; n� k. /�E$vi, ; 0 6= ai [ r1; � � � ; rk "haivi + r1u1 + � � �+ rkuk = 0:



x4.3 {$zbO�i;w�ENi�zv$ . 61 .9 a = a1 � � � an�k, R avi 2 span (S); i = 1; � � � ; n � k. ?( aM = favj v 2 Mg( span (S) i$$�N�b span (S) (�9N�Va S, /9pJ��dLiy: aM !(�9i�9? M � aM , ^(/a�(v) = av(A�SH�9? M (gWi�/ � !(a��/ M � aM , M (�9i�x4.3 �wN}M�+pJ�"�+;f0w;1(p^��%gG� ��'pi{L�&L{$zbO�;w�ENi�zv$�^� 	$7z�n)m^�y iv$�1) n$7�o{$zbO�;w�EN�zaWNA�9NghB�0w 4.3.1 % M 0
}Q�X R &0oN)!��}M =Mtor �Mfree�~ Mfree 0bC�m R{ �������o0Fb0�a%Yo�o M =T �N , �	 T 0 M 0����N 0 M 0�m���} T =Mtor; N �=Mfree.� 9?�N M=Mtor (gWi([d M (;w�E�� M=Mtor !(;w�Ei�/9v$ 4.2.2 f M=Mtor (�9N��=oM 5f�9N M=Mtor iASH � : M !M=Mtor. � B(M=MtoriV��E$ b 2 B, zv$$ b0 2M "h �(b0) = b. 9 B0 a M vD;^�iE>iZD�u� B0 (x
g2i�?(S = span(B0) ( M i�N�sS,? M=Mtor:u� ker(�) =Mtor; im(�) =M=Mtor. �v 2Mtor \ S = ker(�) \ S ) �(v) = 0; v =P rib0i; r 2 R) 0 =P ri�(b0i) =P ribi ) �D; i; ri = 0) v = 0.\ Mtor \ S = f0g. � v 2M , R �(v) =P sibi, � si 2 R. 9 u =P sjb0j 2 S, R�(v � u) = �(v)� � �X sjb0j� =X sjbj �X sjbj = 0:
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 } Q � X & 0 � ` � � o?( x = v� u 2 ker(�) =Mtor. / v = x+ u 2Mtor +S. \h M =Mtor � S. 9? S �M=Mtor. /g� M =Mtor �Mfree, ^& Mfree a S.� M = T �N , jv T ( M iW�N� N ( M i�9�N�R9v,T �Mtor. � v 2Mtor, R v = t+n,jv t 2 T; n 2 N . ?( n = v� t 2Mtor, bn2?�9N N ,/ n = 0,\ v 2 T . ?( T =Mtor. X� N �=M=Mtor �=Mfree.;1v$ 4.3.1,  I�{$zbO�;w�ENi�z�m I�{$zbO�;w�EWNi�z�2) n�7�o{$zbO�;w�EWN�za�>�NihB�Nn�p 2 xv�T0�1~0�ii6M�i�℄�voU�℄�IfN��0h 4.3.1 % M 0bC R{ �� v 2M 0 ~L
 Gann(v) = fr 2 Rj rv = 0g;M 0 ~L
 G ann(M) = fr 2 Rj rM = f0gg�~ rM = frvj v 2Mg.u� ann(v) [ ann(M) ( R vi$z��M ({$zbO�;w�EWN�ann(v) i�EEDa vid (order),ann(M) i�EEDa M i d.u��� �; � ( M(U v 2M) i/$w�RFG(y�i (asso
iate), \ann(M) = h�i = h�i ) � = u�; �Q$�[E u 2 R:/ M iw�M{F(�[EY�(`$~vi� �; �, M{F(�[EY�9v$ 1.2.3 ;ySi>E (prime element) FW�z�0h 4.3.2 � M  G �/� (primary module), %��W�G ann(M) = hpei,�~ p 0:u� e 0��4�a M 0Æ:0%�m0bC:u0�'=�u��{$zbO�;w�EWN M (�>ids�d M vE$E>iw($$1vi>EiI��zv$in�7(oWN M �za�>�NihB�



x4.3 {$zbO�i;w�ENi�zv$ . 63 .0w 4.3.2 (Æ:Fb�o4}) % M 0bC
}Q�X&>�oN)!���mG � = pe11 � � � penn ;�~ pi; i = 1; � � � ; n, GV�P�0:u�} M y�oG�RM =Mp1 � � � � �Mpn ;�~ Mpi = fv 2M j peii v = 0gGÆ:���mG peii ; i = 1; � � � ; n. qb���`0�o0Fb0�a�%Yo�o M = N1 � � � � �Nm;�	 Ni 0mG qfii 0Æ:��} m = n, �y1-��L� i -/ Ni =Mpi ; qir pi P�� ei = fi; i = 1; � � � ; n.� � � = pq, s p; q i�^*/� g
d(p; q) = 1. �=ZDMp = fv 2M j pv = 0g [ Mq = fv 2M j qv = 0g:�d M =Mp �Mq, [ Mp A Mq �1;6M� hpi A hqi.9? p A q I>�/$z hp; qi 9 g
d(p; q) = 1 �E�/ 1 2 hp; qi. /g�ZN a; b 2 R, "h ap+ bq = 1:� v 2Mp \Mq, R pv = qv = 0. /v = 1v = (ap+ bq)v = 0:/g� Mp \Mq = f0g.��+ v 2M , !; v = 1v = apv + bqv;� q(apv) = a(pq)v = a�v = 0,/ apv 2Mq,S� bqv 2Mq. /g�M =Mp�Mq.� rMp = 0, R��+ v = v1 + v2 2Mp �Mq =M , ;rqv = rq(v1 + v2) = qrv1 + rqv2 = 0;/g� rq 2 ann(M), ^eL � = pqjrq, \ pjr, ^9L ann(Mp) = hpi. S��dann(Mq) = hqi.



. 64 . n ; p { $ z b O � i N [ j � z� � (>EiFW � = pe11 � � � penn ;9�:idLf; M =Mpe11 �N;^& N a
;6M� h�=pe11 i i�N�y�^$7z�a Mpeii a Mpi ; i =1; � � � ; n, 	hv$vi�z�o?�zi`$
�}+f9 M = N1�� � ��Nmf ann(M) = hqf11 ; � � � ; qfnn i,/U qf11 � � � qfmm A pe11 � � � penn y��9v$ 1.2.3,R (`$/��zO�/ n = m,s�)d�bs/ i "h qi A pi y�� ei = fi; i = 1; � � � ; n. X�Ni = fv 2M j qfii v = 0g = fv 2M j peii v = 0g =Mpi ; i = 1; � � � ; n:3) n	7 9v$ 4.3.2 f�s$7	3��v$ 4.3.2 viT��>�N Mpi ; i = 1; � � � ; n ���z�0w 4.3.3 (^X�o4}) % M 0
}Q�X R&>�Æ:oN)!����mG pe, } M y�oG^X��0�RM = C1 � � � � � Cn: (4.3.1)Ci Gom pei 0^X��� i = 1; 2; � � � ; n, ���e = e1 � e2 � � � � � en � 1;[1e2 pjpen jpen�1 j � � � jpe1 : (4.3.2)� t�dLNM v$vZN$$E> v1,"h ann(v1) = ann(M) = hpei.�:^�i v1 6ZN�TO�D;i v 2M , z; ann(v) = hpki, � k < e. /pe�1 2 ann(M). ^eL pejpe�1, B���Yd�O�N hv1i ( M �zvi$$&e|�\M = hv1i � S1; (4.3.3)^& S1 ( M viQ$�N�?( S1 !($$N R �i;w�E�>WN�(o�(y�^$7z�hfM = hv1i � hv2i � S2:



x4.3 {$zbO�i;w�ENi�zv$ . 65 .^& ann(v2) = hpe2i, � e2 � e1. ^�$h��s{�hf$$���N�2hv1i � hv1i � hv2i � � � �9? R ({$zbO�/ R ( Noether O�9? M (;w�Ei�'�v$ 4.1.3, M ( Noether N�9v$ 4.1.2, M A
�.Pm�?(�4�N.f;w7Ql�^	dL1 M �(�za�O�N hvii; i = 1; � � � ; nihB�jy3iwa pei ; i = 1; � � � ; n, s e = e1 � e2 � � � � � en � 1.vN�d M �(�za M = hv1i � S1.9? M (;w�Ei�/; M = hv1; u1; � � � ; uki. � k ��7U���k = 0, Rm 9 S1 = f0g \���y�� k E)��M = hv1; u1; � � � ; uk; ui:97Uf� hv1; u1; � � � ; uki = hv1i � S0;� S0 ($$�N�o u� �v1; � 2 R, N` u, 6S4{�EN M , \hv1; u1; � � � ; uk; u� �v1i = hv1; u2; � � � ; uk; ui =M:?(�(�Y � 2 R, "h hv1i \ hu� �v1; S0i = f0g;^�	hf M = hv1i � hu� �v1; S0i = hv1i � S:!	(9 S1 = hu� �v1; S0i 	�(1�hu � �v1; S0i viE>�a r(u� �v1) + s0, ?( hv1i \ hu � �v1; s0i = f0gjg?�? r 2 R; s0 2 S0, ;r(u� �v1) + s0 2 hv1i ) r(u� �v1) + s0 = 0;^!jg? r(u� �v1) 2 hv1i � S0 ) r(u� �v1) 2 S0:\ ru 2 hv1i � S0 ) r(u� �v1) 2 S0; (4.3.4)
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 } Q � X & 0 � ` � � o*d I = fr 2 Rj ru 2 hv1i � S0g( R i$$$z�/a{$z�/g� I = hai. b(peu = 0 2 hv1i � S0:/ pe 2 hai, ^eL ajpe, /; f � e, "h a = pf . ?(;ru 2 hv1i � S0 ) r 2 I ) r = qpf ; jv q 2 R;) r(u� �v1) = qpf (u� �v1):/g��YYf � 2 R "h pf (u� �v1) 2 S0; (4.3.5)R (4.3.4) hd�9? pf 2 I, / pfu 2 hv1i � S0 ��apfu = tv1 + s0; (4.3.6)^& t 2 R; s0 2 S0. ?( (4.3.5) Eatv1 + s0 � �pfv1 2 S0;\ (t� �pf )v1 2 S0:�$E)�ds�d t� �pf = 0, \�ds�d pf jt.9 (4.3.6), ; 0 = pe�fpfu = pe�f tv1 + pe�fs0:9? hv1i \S0 = f0g, / pe�f tv1 = 0. 9? v1 iwa pe / pejpe�f t, \ pf jt, ^	(fGD� i�?( (4.3.3) hd�X� (4.3.1) hd�o? (4.3.2) �9 (4.3.1) WL��9?pe 2 ann(M) � ann(Ci); i = 1; � � � ; n:/� ann(Ci) = h�ii, R �ijpe. ?( �i = pei ; ei � e; i = 1; � � � ; n. � ei; i =1; � � � ; n, y�b2�hf (4.3.2).



x4.3 {$zbO�i;w�ENi�zv$ . 67 .XdLi;Gv��(�L^�i�z6(`$i�A��U�M{F��[E�w pei (`$�vi�>E p !(`$�vi�/aF M� M iw pe. ?(;�si`$
v$�0w 4.3.4 (^X�oFbZ4}) % M 0
}Q�X R &bC>�0oN)!����mG pe. % M y�oGM = C1 � � � � � Cn;�~ Ci 0mG pei 0>�^X���� e1 � � � � � en � 1.% M Yyd�oG M = D1 � � � � �Dm;�~ Di 0mG pfi 0>�^X���� f1 � � � � � fm � 1. }o n = m `e1 = f1; � � � ; en = fn:a1dL^P`$
v$� 7f(s^�*diy:�� R ({$zbO�1
 Nn�p 3 xv	P2?~0�iiS,v$z�(W5f{$zbO R �i R- Nv��(�� R- Nvin$S,v$a�� M;N a{$zbO R �i/$ R- N�5� � 2 Homr(M;N); R M=ker(�) t im(�):2
 � hvi ($�O R{ N� ann(v) = hai, R5�� : R! hvi; �(r) = rv; r 2 R(A�SH�jAa hai, /9 1
 vin$S,v$�;hvi � R=hai:� a (>E�R hai ( R vY^$z�/9'pn 1 xvi 4) ��R=hai(C�3
 � p 2 R (>E� M (^�i$$ R{ N�"h pM = f0g, R M (R=hpi �i$$~0�i�j6Fv,a��D; v 2M ,(r + hpi)v = rv:4
 � p 2 R (>E��? R{ N M i�+�N S, ZDS(p) = fv 2 Sj pv = 0g



. 68 . n ; p { $ z b O � i N [ j � z( M i$$�N�� M = S � T , R M (p) = S(p) � T (p).vN�dLv$ 4.3.4.td n =m.9 4
, M (p) = C(p)1 � � � � � C(p)n[ M (p) = D(p)1 � � � � �D(p)m :9? pM (p) = f0g, /9 3
,M (p) ( R=hpi �i$$~0�i�9? Ci;Dj ; i =1; � � � ; n; j = 1; � � � ;m, �a�O�N�/ C(p)i ;D(p)j ; i = 1; � � � ; n; j = 1; � � � ;m,�a M (p) ^$~0�ii$b~0��i�/ n = m.Md ei = fi; i = 1; � � � ; n. � e1 ��6�7U��� e1 = 1, RD;i ei = 1,/ pM = f0g. ^�D;i fi = 1,/a� f1 > 1,� D1 = hwi, R pw 6= 0, B���y�� e1 � k � 1 zE)��dLd e1 = k �y�!E)��(e1; � � � ; en) = (e1; � � � ; es; 1; � � � ; 1); es > 1[ (f1; � � � ; fn) = (f1; � � � ; ft; 1; � � � ; 1); ft > 1;R pM = pC1 � � � � � pCs[ pM = pD1 � � � � � pDt:*l pCi ( M i�O�N[ ann(pCi) = hpei�1i. ^(/a�� Ci = hvii, RpCi = fp
j 
 2 Cig = fprvij r 2 Rg = fr(pvi)j r 2 Rg = hpvii;� pvi iwa pei�1. S� pDi ( M i�O�N[ ann(pDi) = hpfi�1i. J1ann(pC1) = hpe1�1i, 97Uf��;s = t [ e1 = f1; � � � ; es = fs:v$hd�



x4.3 
}Q�X&0oN)!�0�o4} . 69 .4) �y(�i	7�hf�to{$zbO R �i;w�EN�za(v$ 4.3.1) WNA�9NghB�\M =Mtor �Mfree;^& Mfree a M i$$�9�N�� Mtor a M vD;WE�EiWN��� Mtor iwa � = pe11 � � � penn ;^& pi (I6y�i>E�R;�>�z (v$ 4.3.2)Mtor =Mp1 � � � � �Mpn ;^& Mpi a�>N�jwa peii ; i = 1; � � � ; n. ?( M ;�zM =Mp1 � � � � �Mpn �Mfree:�9v$ 4.3.3, Mo�>N Mpi ; i = 1; � � � ; n, �za�O�NihB�7Um�;^�y i/$6S�$iv$�0w 4.3.5 (
}QX&oN)!�0Fb^X�o4} || #1h�Y.)% M 0
}Q�X R &0bC>�oN)!��}M =Mtor �Mfree;�~ Mtor 0 M 	<o�u0_T� Mfree 0bC�m����m� M <Fbu4�% Mtor om � = pe11 � � � penn�~ pi; i = 1; � � � ; n GV�P�0:u�}Mtor =Mp1 � � � � �Mpn ;�~ Mpi = fv 2M j peii v = 0g;0Æ:���mG peii ; i = 1; � � � ; n.�C Mpi yd�oG^X��0�RMpi = Ci;1 � � � � �Ci;ki ;



. 70 . n ; p { $ z b O � i N [ j � z9 Ci;j 0mG pei;ji ; j = 1; � � � ; ki, �ei = ei;1 � ei;2 � � � � � ei;ki � 1; i = 1; � � � ; n:i M 0^X���RR Cij 0m pei;ji ; j = 1; � � � ; ki; i = 1; � � � ; n,  G M 0#-j
 (elementary divisors). %�"dy�uD� M 0#1h�m� M <Fbu4���/. M yd�oG^X��`bC�m�0�RM = (C1;1 � � � � � C1;k1)� � � � � (Cn;1 � � � � �Cn;kn)�Mfree: (4.3.7)9��$N M Yo$L�oM = (D11 � � � � �D1;l1)� � � � � (Dm;1 � � � � �Dm;lm)�Mfree;�	 Di;j 0mG qfi;ji 0^X�� q1; � � � ; qm 0V�P�0:u�fi;1 � � � � � fi;li � 1; i = 1; � � � ;m;} n = m, �y1-��L� i 07[-/qi r fi P�; li = ki; fi;j = ei;j; Di;j = Ci;j; i = 1; � � � ; n; j = 1; � � � ; ki:v$ 4.3.5 i�z8�pJ'dZ�sJ9L$s`$
�'�v$ 4.3.1vi`$
8��6�� Mfree = f0g. 9 Di = Di;1 � � � � �Di;li ; i = 1; � � � ;m.R Di (wa qfi;1i i�>N�?( M ;�s/x�>�zM = D1 � � � � �Dm =Mp1 � � � � �Mpn :/9v$ 4.3.2 i`$
8�f n = m, s6�� Di = Mpi ; i = 1; � � � ; n. X�qi A pi y�� ei;1 = fi;1; i = 1; � � � ; n. M9v$ 4.3.4 f li = ki; fi;j = ei;j ; i =1; � � � ; n; j = 1; � � � ; ki. ^	dL1�zi`$
�\ M iKj/�(9 M `$~vi�^x�zP�(�E8$x�$�� S; T (M i�O�N�� ann(S) = hai[ ann(T ) = hbi,s g
d(a; b) = 1,R S \ T = f0g, ?( S � T !($$�O�N�s ann(S � T ) = habi.N (4.3.7) v�a D1 = C1;1 � � � � � Cn;1;



x4.3 {$zbO�i;w�ENi�zv$ . 71 .R D1 ($$�O�N�jwa q1 = nYi=1 pei;1i :"<�(v, D2; � � � ;Dm, ^& m = maxi (ki).? ( ; 8 $ x � $ i � z v $ �0w 4.3.6Æ
}QX&oN)!�0Fb^X�o4} ||��h�Y.�% M 0
}Q�X R &bCoN)!��}M = D1 � � � � �Dm �Mfree;�~ Mfree 0 M 0bC�m��9 Di 0 M 0^X����mG qi; i =1; � � � ;m, 9� qmjqm�1; qm�1jqm�2; � � � ; q2jq1:S0 qi; i = 1; � � � ;m, Da M i ��j
 (invariant fa
tor). 9v$ 4.3.5 i`$
8��*�LM{F(�[E�^�6./�9 M D`$�v� Mfreeit9 M D`$�v�



. 72 . n ; p { $ z b O � i N [ j � z



/Aa S}s^xL\1ÆF,<gx5.1 R|r℄'�wN}M�pJ�"�1) �$p��N$�iRi(a1VN( i<J��� x
`6�N^$pvRf~0�i[x
.Q�37�$pi;*iN$��� FG��(9o�$pviy:�-E~0�iiB��^& V 6��(C F�i~0�i�((�|$O F [x℄ �iN�j6Fv,ap(x)v = p(�)(v);^& p(x) 2 F [x℄; v 2 V; � 2 L(V ). 'pv~0�i�k;wbi�(s6MEW}L�� V (C F �i~0�i�x
�� � 2 L(V ). �? V v$$V� � �3? F �i$$
`��? V v8$$V� � �3?8$$
`�Nn	pn 1 xv'�fg�^/$
`(y<i�eL(��?$$1vi � 2 L(V ), �C��z V iV�"h�3? � i
`��Yija�d��jai
`(�rx`�b6(D;i � 2 L(V )zYÆf^p�aU�mYxjW�Yf8$xjai
`��4eL!��4a�� V ( F �i~0�i� YLD;A L(V ) v&vix
��y�3i
`Ny<+,si/��$�^(x
`6vI�i�V'eLg$�-t�� V ( F �i n b~0�i�R V �: F [x℄{ �'��.u� L(V ) S,?9D; n�n 
`�Ei~0�i Mn(F ).Mn(F ) ib6a n2, /�? L(V ) v�$1vi �; n2 + 1 $~0�id; �; �2; � � � ; �n2(x
y2i�/N F [x℄ v; p(x), "h p(�) = 0. / p(x)v = f0g. /g� VvD;E>(WE�jW� V �: F [x℄{ �'pJ�"�.� B = fv1; � � � ; vng (~0�i V i$�V�RE$~0 v 2 V ;x
�D v = r1v1 + � � �+ rnvn;72



x5.1 ~0�i({$zbO�;w�EN . 73 .^& ri 2 F � F [x℄; i = 1; � � � ; n, / B �EN V .Nn$pn 2 xv'f F [x℄ ({$zbO�jv F (C�/g� R|r℄ V 
'�wN}M F [x℄ �pJ�"+���D(�$pvi�zv$Y-37�2) pJ'v,;�~0�i V i$$��i S, �$$1vi � 2 L(V )�p(6.i��: �(S) � S. S Da2? � i ��
r℄.*l� V �a F [x℄ �iN�j�Z S (�Nds�d S (~0�i V2? � i6.��i�1v � 2 L(V ), N V i6M�aann(v) = fp(x) 2 F [x℄j p(x)V = f0gg:^( F [x℄�i$$�6{$z (/a F [x℄({$zO). 9? V iw�\ ann(v)i�EE�(y�i�� F [x℄ i�[E	( F vi�6E�/ V ;`$i (dd (moni
 order). D^$`$i-$w�\�E ann(v) i`$-$�|$�a � +TU4P$ (minimal polynomial), a� m� (x), U min(�). ^( F �i6�I�|$�?( ann(v) = hm� (x)i[ p(x)V = f0g ds�d m� (x)jp(x);U p(�) = 0 ds�d m� (x)jp(x):NQTix
`6i0v�2
0�Ni�℄��x
�� � iY��|$v,a" m� (�) = 0 i��Wi`$i-$�|$��
`!�v,Y��|$�� A (C F �i$$Æ`� A iY��|$ mA(x) (" p(A) = 0i��Wi`$i-$�|$ p(x) 2 F [x℄.u��� � A A B (y<
`�R mA(x) = mB(x), \Y��|$Ny<s6.�� � 2 L(V ) iY��|$BA � y3i
`iY��|$(ySi�� � S (N V i�N�R S i-$w(wr � jS iY��|$�3) 1v � 2 L(V ), �=�O�Nhvi = fp(x)vj p(x) 2 F [x℄g:



. 74 . n i p ~ 0 � i N x 
 � � s i � z�j-$wa m(x). ?( m(x) (wr � = � jhvi iY��|$ (l 2) �). �m(x) = a0 + a1x+ � � �+ an�1xn�1 + xn;R�d B = (v; xv; � � � ; xn�1v) = (v; �(v); � � � ; �n�1(v))(~0�i hvi i$�V�td B (x
g2i��ZN�660 ri; i = 0; 1; � � � ; n� 1, "hr0v + r1xv + � � �+ rn�1xn�1v = 0;\ (r0 + r1x+ � � �+ rn�1xn�1)v = 0;R (r0 + r1x+ � � �+ rn�1xn�1)hvi = f0g;/ m(x)j(r0 + r1x+ � � �+ rn�1xn�1), ^ep ri = 0; i = 0; � � � ; n� 1.Md B �E hvi.hvivE$E>( p(x)v; p(x) 2 F [x℄i�$�o p(x)M(Y��|$ m(x),h p(x) = q(x)m(x) + r(x)^& deg r(x) < degm(x) = n. 9? m(x)v = 0; / p(x)v = r(x)v; ^0L hvi vD;E>z; r(x)v i�$�!	(hvi = fr(x)vj deg r(x) < degm(x)g = span (B):/g� B ( hvi i$�V��`� � NV B gsi
` [�℄B .d i = 0; ; � � � ; n� 2, R �(�i(v)) = �i+1(v):�9? m(x) ( � iY��|$�/�(�n�1(v)) = �n(v) = �(a0 + a1� + � � �+ an�1�n�1)(v)= �a0v � a1�(v)� � � � � an�1�n�1(v):



x5.2 T�zf0�o . 75 .?( � NV B gsi
`a C[m(x)℄,�B = BC[m(x)℄;� C[m(x)℄ = 0BBBBBB� 0 0 0 �a01 0 ... �a10 1 ... ...... ... . . . 0 �an�20 0 1 �an�1
1CCCCCCA ;C[m(x)℄ Da�|$m(x) = a0 + a1x+ � � �+ an�1xn�1 + xni qk{ (
ompanian matrix). ^m�-$�|$v,�� � 2 L(V ); V i$$��i S Da � - ^M (� -
y
li
), �ZN v 2 S, "h fv; �(v); � � � ; �m�1(v)g( S i$�V�^& m = dim(S).?(;� S ( V i�Z� S ( V i�O�Nds�dF( V i � �O��i�� � hvi ( V i$$�O�N�� hvi i-$w (\ � = � jhvi iY��|$) ( m�(x) = a0 + a1x+ � � �+ an�1xn�1 + xn;R B = (v; xv; � � � ; xn�1v) = (v; �(v); � � � ; �n�1(v))( hvi i$�V� � � B ��i
` [�℄B ( m�(x) i<
` C(m�(x)).x5.2 R|r℄+;f1) ;1�$x��%�	�(o�$pvi�zv$�-E~0�iviy:�v$ 4.3.5 Ea



. 76 . n i p ~ 0 � i N x 
 � � s i � z0w 5.2.1 (T�zfHqOZ�Z0^X�o4}) % V GoNHT�zf� � 2 L(V ). % � 0^U8R.Gm� (x) = pe11 (x) � � � penn (x);�~ pi(x); i = 1; � � � ; n, 0PV�B0��yw02b8R.�} V y�oG�R V = Vp1 � � � � � Vpn ;�~ Vpi = fv 2 V j peii (�)(v) = 0g0 V 0���zf (��), 9 � jVpi 0^U8R.Gmin(� jVpi ) = peii (x); i = 1; � � � ; n:qb�� Vpi ; i = 1; � � � ; n, yd{�oG � - ^X�zfÆ^X���0�R Vpi = hvi;1i � � � � � hvi;kii;�~ � jhvi;ji 0^U8R.Gmin(� jhvi;j i) = pei;ji (x); i = 1; � � � ; n; j = 1; � � � ; ki9 ei = ei;1 � ei;2 � � � � � ei;ki � 1; i = 1; � � � ; n;V 0#1h� pei;ji (x), as0 � 0#1h��m;� � Fbu4�L��|� V y�oG � - ^X�zf0�RV = (hv1;1i �+ � � � � hv1;k1i)� � � � � (hvn;1i � � � � � hvn;kni): (5.2.1)Nv$ 4.3.5 v� xw � = pe11 � � � penn , ^& pi; i = 1; � � � ; n, aI6y�i>E�Nv$ 5.2.1 v�9 pi(x); i = 1; � � � ; n, aI6ySi6�I�|$�9? F [x℄ ({$zbO�/>EA6�IE($pi�7�O�zv$�(�vy<+,si/��$�� V = S � T; S; T z( � 2 L(V ) gsi6.��i�RD (S; T )uL(redu
e) � . � V = S � T , s� jS : S ! S [ � jT : T ! T



x5.2 T�zf0�o . 77 .�1( S; T �ix
���a � = �� �, �ZN V i��i S A T , "h (S; T ) IM � , [� = � jS ; � = � jT :� C = (
1; � � � ; 
s) ( S i$�V� D = (d1; � � � ; dt) ( T i$�V�R B =(
1; � � � ; 
s; d1; � � � ; dt); s + t = n, ( V i$�V�?(
` [� ℄B �(�E���r
` (blo
k diagonal matrix)[� ℄B = � [�℄C 00 [�℄D � :^�W5f � ��za�$x
��ihBiv��Rf (5.2.1). � Bi;j (�O�N hvi;ji iV��B = (B1;1; � � � ;Bn;kn)a V iV�R9v$ 5.2.1,[� ℄B = 264 [�1;1℄B1;1. . .[�n;kn ℄Bn;kn 375 ;^& �i;j = � jhvi;ji; i = 1; � � � ; n; j = 1; � � � ; ki.�O�N hvi;ji ;-$w pei;ji (x), \wr �i;j ;Y��|$ pei;ji (x). ?(� degpei;ji (x) = di;j;R Bi;j = (vij ; �ij(vij); � � � ; �di;j�1ij (vij))( hviji i$�V� i = 1; � � � ; n; j = 1; � � � ; ki. ?(;0w 5.2.2 % V 0oNHT�zf� � 2 L(V ) 0^U8R.Gm� (x) = pe11 (x) � � � penn (x);�~2b8R. pi(x); i = 1; � � � ; n, 0V�PB0�yw0�} V o�oV = (hv1;1i � � � � � hv1;k1i)� � � � � (hvn;1i � � � � � hvn;kni)



. 78 . n i p ~ 0 � i N x 
 � � s i � z�~ hvi;ji; j = 1; � � � ; n; j = 1; � � � ; ki, 0 V 0^X�zf� �ij = � jhvi;j i 0^U8R.0 V 0#1h� min(�ij) = peiji (x);�~ ei = ei;1 � ei;2 � � � � � ei;ki � 1:#1h�m � Fbu4�% deg pei;ji (x) = di;j, }Bi;j = (vi;j ; �ij(vij); � � � ; �dij�1ij (vij))0 hviji 0b�\� � P7q\B = (B1;1; � � � ;Bn;kn)0t�0�{7lt�
[� ℄B =

0BBBBBBBBBBBB�
C[pe1;11 (x)℄. . .C[pe11 (x)℄. . .C[pen;1n (x)℄. . .C[pen;knn (x)℄

1CCCCCCCCCCCCA :
&.p�0t� G � 0 pw��Z$ (rational 
anoni
al form). �YyX![� ℄B = diag(C[pe1;11 (x)℄; � � � ; C[pen;knn (x)℄):mT�zf0^X�o0FbZ4}��`0o}�ÆY.0Fb0�v$ 5.2.2, 7
`iB�a��+
` A `$m (M{{�rx���iW�) y<?$$;$/��$i
`�9UP�;�C F �/$
`(y<ids�dFG;ySiKj/��v$ 5.2.1 [v$ 5.2.2 (x
`6iu�g$�X℄C�p�FGBlz�1$$C�i~0�i�N$$x
.Qsi�z�X`6�pFGBlmz�1N$$C�i
`Ny<.Qsi�"�



x5.3 Ja�|$�JajAJa~0 . 79 .x5.3 5|4P$�5|�r5|R|1) � p(x) = a0 + a1x+ � � � + an�1xn + xn; C[p(x)℄ aj<
`�9A = xI � C[p(x)℄ = 0BBBBBB� x 0 � � � 0 a0�1 x � � � 0 a10 �1 . . . ...... ... x an�20 0 � � � �1 x+ an�1
1CCCCCCA :

u� A ( x; a0; � � � ; an�1 i>6�a� A = A(x; a0; � � � ; an�1). �d� det(xI � C[p(x)℄) = p(x).� d n = 2, Rdet(A(x; a0; a1)) = ���� x a0�1 x+ a1 ���� = x(x+ a1) + a0= a0 + a1x+ x2 = p(x);d n = 3, Rdet(A(x; a0; a1; a2)) = ������� x 0 a0�1 x a10 �1 x+ a2 �������= x ���� x a1�1 x+ a2 ����+ a0 �����1 x0 �1 ����= a0 + a1x+ a2x2 + x3 = p(x):�$�i n, ��2$�n$�U��hfdet(A(x; a0; � � � ; an�1)) = xdet(A(x; a1; � � � ; an�1)) + (�1)n+1(�1)n�1a0:97Uf�^j? x(xn�1 + an�1xn�2 + � � �+ a1) + a0 = p(x).9��h� � � 2 L(V ); R ( � i;$/��$�RC� (x) = det(xI �R) =Yi;j pei;ji (x);^$�2$Da � i 5|4P$ (eigenpolynomial).



. 80 . n i p ~ 0 � i N x 
 � � s i � zNx
`6R�i0v�\\tv,
`iJa�|$��GMv,x
��iJa�|$�Æ` A iJa�|$v,a CA(x) = det(xI �A).9U�h� � A A B y<�R CA(x) = CB (x). \Ja�|$Ny<s6.�	 x
�� � iJa�|$BA � y�3i
`iJa�|$yj�
 x
�� � iJa�|$( � iKj/�iFW�2) � 2 F (x
�� � 2 L(V ) iJa�|$ C� (x) i'�ds�ddet(�I �R) = 0:\
` �I �R (k.i�� dim(V ) = d, R � i;$/��$ R a d� d i
`�/ det(�I �R) = 0 ds�dZN�6~0 x 2 F d, "h(�I �R)x = 0;\ Rx = �x:� v 2 V (�6~0"h [v℄B = x, ^& B ( V iV" � i
`a R, R�$jg? �(v) = �v:0h 5.3.1 % � 2 L(V ), 4� � 2 F 0 � 0bC 5|� (eigenvalue), %)|>�T� v 2 V , -/ �(v) = �v:�+ v G � 0d � G?��0 5|R| (eigenve
tor).� A a F �i
`� � 2 F ( A iJaj�ZN�62~0 x, "hAx = �x:^�D x a A i( � aJajiJa~0��$$&viJaj �, D;( � aJajiJa~0e�6~0��EV i$$��i�Da � iJa�i (eigenspa
e). a� E�.9U�h� � 2 F ( � 2 L(V ) i$$Jajds�dF( � iJa�|$ C� (x)i'�



x5.3 Ja�|$�JajAJa~0 . 81 .� � 2 F ( � 2 L(V ) iJajds�dF( � iY��|$ m� (x) i'�� � 2 F ( � 2 L(V ) iJajds�dF(A � y3i�C
`iJaj�	 
`iJajNy<+,s6.�
 � � (
`i$$Jaj�RJa�i E� (lWÆG�(�I �A)(x) = 0iz�Ei�i�^&mdL��� ( � iJajds�d; 0 6= v 2 V , "h�(v) = �v:� dim(V ) = d; B a V i$�V�9 �B : V ! F d a9 �B(u) = [u℄B v,iS,�� A = [� ℄B , R � = (�B)�1A�B :?( �(v) = �v 	( (�B)�1A�B(v) = �v = (�B)�1��B(v);\ A�B(v) = ��B(v):^0L � ( A i$$Jaj�/g� � ( � i$$Jajds�dF( A iJaj�� A6SiJaj�3iJa~0(x
g2i�\�� vi 2 E�i ; i =1; � � � ; k, R fv1; � � � ; vkg x
g2�J1m�� �1; � � � ; �k (x
�� � 2 L(V )i6SiJaj�R E�i \ E�j = f0g.� � vi; i = 1; � � � ; k, (x
y2i�RND;�h	ix
�Da6i$�v�;$$�}i$��ar1v1 + � � �+ rjvj = 0;o � �7�$�h r1�(v1) + � � �+ rj�(vj) = 0:



. 82 . n i p ~ 0 � i N x 
 � � s i � z\ r1�1v1 + � � � + rj�jvj = 0;N r1v1 + � � �+ rjvj = 0 �F( �1, MA�$ykhr2(�2 � �1)v2 + � � � + rj(�j � �1)vj = 0:b^($$(}ix
�Da6i$��/D; ri = 0; i = 1; � � � ; j.9? � iJa�|$ C� (x) (D;Kj/�iFW�� � iY��|$a m� (x) = pe11 (x) � � � pein (x);/ m� (x)jC� (x). 9Uhfy i0w 5.3.1 % � 2 L(V ), }� ^U8R. m� (x) r?�8R. C� (x) oPB0:h��� (Caley-Hamilton 4}): m� (x)jC� (x), a� C� (�) = 0.x5.4 Jordan ��Z$;wb~0�iiE$x
�� � z;;$/��$�\�D;;$/��$i
`i|M�E$$/��$ZD�u��;$/��$P6(}fGk℄iT�
;jai�$��$�y iJ/iv��fG�(hf(ajai/��$�^xy iJ/iv�(�� � 2 L(V ), FiY��|$�(�zax
/�iFW�\m� (x) = (x� �1)e1 � � � (x� �n)en : (5.4.1)d$$�|$NC F ��(�zax
/�iFW��D�|$�(N F ��3 (split).�C F ��$��6i�|$i'�N F v�D F a`6�*i (alge-brai
 
losed). /g�N`6�*C�6�I�|$m;x
�|$�/�+��6�|$N F ��3�`6�*Cjai(�(�6C�R0;$/��$� hviji (�O�N�j-$waKj/� pei;ji (x), 9?� pei;ji (x) 1z�
�(o�a V i � - �O��i��zVaBij = (vi;j ; �i;j(vi;j); � � � ; �dij�1i;j (vi;j)):



x5.4 Jordan �ÆY. . 83 .bd � iY��|$( (5.4.1) ��jKj/�apeiji (x) = (x� �i)eij :^��fG�((Lsm�zV�9? dim(hviji) = degpeiji (x), *lGij = (vij ; (�ij � �i)(vij); � � � ; (�ij � �i)eij�1(vij))!( hviji i$�V�a Gij vn k $V~0a bk, Rd k = 0; � � � ; eij � 2 ���i;j(bk) = �i;j[(�i;j � �i)k(vi;j)℄ = (�ij � �i + �i)[(�i;j � �i)k(vij)℄= (�i;j � �i)k+1(vi;j) + �i(�i;j � �i)k(vi;j)= bk+1 + �ibk;d k = eij � 1 ��37(�i;j � �i)k+1(vi;j) = (�i;j � �i)eij (vi;j) = 0;�h �i;j(b(ei;j�1)) = �b(ei;j�1):/g�y�?V Gij ; �ij = � jhvi;ji D�3i
`a eij � eij `g(�i; eij) = 0BBB��i 0 � � � � � � 01 �i ...0 1 . . . 00 0 � � � 1 �i1CCCA :^$
`Da �i i Jordan t (Jordan blo
k). \ Jordan �aN{�rx�E>a �i, NW�rx�E>a 1, j�E>a6�?(N�z�iVG�"<?v$ 5.2.2, ;0w 5.4.1 %;� � 2 L(V ) 0^U8R.|t F &y���am� (x) = (x� �1)e1 � � � (x� �n)en ;} V y�oGV = (hv1;1i � � � � � hv1;k1i)� � � � � (hvn;1i � � � � � hvn;kni)



. 84 . n i p ~ 0 � i N x 
 � � s i � z�~ hvi;ji 0 V 0 � - ^X�� �i;j = � jhvi;j i 0^U8R.G V 0#1h�min(�ij) = (x� �i)eij ;�~ ei = ei;1 � ei;2 � � � � � ei;ki � 1:�V#1h�m � Fbu4�	Gij = (vij ; (�ij � �i)(vi;j); � � � ; (�ij � �i)eij�1(vi;j))0 hvi;ji 0b�\�}r � 7j0t�|\G = (G1;1; � � � ;Gn;kn)L0�{t�
[� ℄G =

0BBBBBBBBBBBB�
g(�1; e1;1). . .g(�1; e1;k1). . .g(�n; en;1). . .g(�n; en;kn)

1CCCCCCCCCCCCA :
&�0t� G � 0 Jordan �ÆY. (Jordan 
anoni
al form).7
`iB��N`6�*C F �E$
`zy<?`$i$$ Jordan/��$�!	(�D;i Jordan /��$i~�E1Ny<+,si/��$ZD�� � ; Jordan /��$ g, R g v{�rx�E>	(Ja�|$ C� (x)i' (!�y6). !	(� g v{�rxE> �i LviW6	(Ja�|$i' �i iy6�v$ 5.4.1 (x
`6i8$$u��X℄C�p�FBlz�1N`6�*C�i$$~0�iN$$x
.Qsi�z�X`6�p�FBlz�1N`6�*C�i
`Ny<.Qsi�"�
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+��Z$1) Nn�pn 4 xv�[n	p 3 xv}Æ1XW�i([j�i	xy ����+����:��[
6���PI�1FGi$�ja
u�� V;W a F �;wbXW�i� � 2 L(V;W ), RZN`$ix
.Q�� : W ! V v,a h�(v); wi = hv; ��(w)i;^& v 2 V;w 2W . �� Da � i+����� v (XW�i� � 2 L(V ), R � Da�+� (U��HJ), �: �� = � ;Da:�� � (7�s �� = ��1; Da
6�� ��� = ��� .���^���iJaj[Ja�i�� � � (�+��R � iJa�|$i'z(�i�!	(9�Ja�|$i'|(�i�� t� V (�~0�i� � ( C� (x) i'�R; v 6= 0, " �(v) = �v. ?( h�(v); vi = h�v; vi = �hv; vi:9? � (�+�� h�(v); vi = hv; �(v)i = hv; �vi = ��hv; vi/ � = ��, \ � a�i�� V (�~0�i�R � � V iQ$�Vj�3i
`(��D` A.?( C� (x) = CA(x). / A (��D`������i C n i$$�+�x
�����JDd�jJa�|$i'(�i�o A ���iU�i
`�jJa�|$($�i�/hd�� � � (:i�R � iJaji��ja 1.� � � a:[ �(v) = �v, R���hv; vi = h�v; �vi = h�(v); �(v)i = hv; vi/ j�j2 = 1, \ j�j = 1.� � � a
6��� �; � a � i6SiJaj�R�3iJa��iIy
q�J1m��+���B:��i6SJaj�3iJa��iIy
q�
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 � � s i � z� � �(v) = �v; �(w) = �w, ^& v; w 6= 0, R�hv; wi = h�(v); wi = hv; ��(w)i = hv; ��wi = �hv; wi;9 � 6= � eL hv; wi = 0. ^&7f ��(w) = �w, ;ln	p 3 xv 3) 
6��i
u�pJi;$/��$[ Jordan /��$$�6(�r
`��Cv�s�Ma�r
`�0h 5.5.1 % V 0oNH�℄zf� � 2 L(V ). %o V 0�K�k\ O -/[� ℄O 0bC7lt��} �q�b3
L (orthogonal diagonalizable).0w 5.5.1 % V 0oNHB�℄zf�i. V &bCOZ;� � yd�k7lW-�p-=0�K0�ii. � 0 V &0bC�K;��=0�F�0-�p-=0?��w0,0�iii. � 0 V &0bC�K;��=0n0-�p-=0?��0v7�wG 1.� i. � � (�XW�ii$$
6���s � iY��|$i>/��za m� (x) = (x� �1)e1 � � � (x� �k)ek ;R9�>�zv$� V ��zaV = V1 � � � � � Vk:9n	pn 3 xv;2
6��i
u	�;Vi = fv 2 V j (� � �i)ei(v) = 0g= fv 2 V j (� � �i)(v) = 0g = E�i ; i = 1; � � � ; k:/ � jVi iY��|$a x� �i, / ei = 1; i = 1; � � � ; k. /g�V = E�1 � � � � � E�k :9pJi�f V ��za
qhBV = E�1 
? � � � 
? E�k :



x5.5 �℄zf&;�0�ÆY. . 87 ./7E$Ja�ii
6
qV�Dm�a � iJaj,P$$
6
qV�\ � (�(
q�rMi�
g�� � �
q�rM�R V ;$$
6
qV O = fu1; � � � ; ukg, jv �(ui) = �iui; i = 1; � � � ; k. ?(hui; ��(uj)i = h�(ui); uji = �ihui; uji= �iÆij = �jÆij = hui; ��juji;/ ��(uj) = ��juj . /g����(uj) = ��j�(uj) = ��j�juj = �j��juj= �j��(uj) = ���(uj);/ � a
6�ii. 'f�+���(
6i�RJaj�(�i�
g�� � (
6i�sJaj�(�i�R�3? �j i�CJa~0 uj , ;��(uj) = ��juj = �juj = �(uj):9?^� uj (Ja~0,EiV�/ � �+��iii. dL"<? ii.�J&L1�XW�i�x
�� � �
q�rMiI Pm( � (
6i�sJ&L�XW�i�x
���
q�rMiI Pm�0w 5.5.2 oNH,�℄zf V &0bCOZ;� � y�k7lW-�p-� 0�F�0�� � � ( V ��+����R9pJi�� � iY��|$�N R ��3�9n	pn 3 xv2?�+���i
u
[pJ 3
 hf� V ; � iJa~0�Ei
6
qV�dL"<?v$ 5.5.1.
Æ~7
`�d�� � �
q�rM�R V ;
6
qV O, "h [� ℄O�rM�9? [� ℄O (��Di�/[��℄O = [� ℄�O = [� ℄TO = [� ℄O :/ �� = � .v$ 5.5.1 [ 5.5.2 i
`�$a
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 � � s i � z0w 5.5.3 i. ( A 0bCB=��})|n� U -/ UAU�1 07l�-�p- A 0�K0�bC�KB=� A 0�:Æ?-�p- A 0?��wG,0�bC�KB=� A 0n�-�p- A 0?��0v7�wG 1.ii. A 0bC,=��})|�k� O -/ OAO�1 07l�-�p- A07 0� (�y4} 2.3.5)2) �J&L1
6��A�+����1N�6C C [�6C R �i/��$(�r`�vN�&L�6C R �i:��i/��$�� � (�:�R � = � + �� = � + ��1 (�+�i�/;$�JajiZ%Z��Nv$ 5.5.1 vT�� V ��zaV = E�1 
? � � � 
? E�k ;^& E�i = fv 2 V j (� + ��1 � �i)(v) = 0g;U�F( � , E�i = fv 2 V j (�2 � �i� + 1)(v) = 0g:� �i = 2, R9? � (
6i�;E2 = fv 2 V j (� � 1)2(v) = 0g = fv 2 V j (� � 1)(v) = 0g:� �i = �2, ;E�2 = fv 2 V j (� + 1)2(v) = 0g = fv 2 V j (� + 1)(v) = 0g:/�� � NJa�i E2 [ E�2(�ZNiN) �iwr�1	(F( +1 U �1.d �i 6= �2, � v 2 E�i . �= Spanfv; �(v)g. ^( E�i vi$$6.��i�/a �(�(v)) = �2(v) = �i�(v)� v. ?(�E�i = Spanfv; �(v)g 
? Spanfv; �(v)g?:,�^$7z�E$ E�i �za�b��ii
qhB� � NE$��i�(�:i� V = E2
? E�2
? D1
? � � � 
? Dm^& dim(Di) = 2, E$|N � s6.�
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`\��9?� D i�+
6
qV � i
`(
qi�/�[� ℄ = � a b
 d� ;R a2 + b2 = 1;
2 + d2 = 1;a
+ bd = 0:9? det([� ℄) = 1, \ ad� b
 = 1;z^�ÆG�h d = a; 
 = �b, /[� ℄ = � a b�b a� :9? (a; b) ( R2 viad~0�/ (a; b) = (
os �; sin �), ^& � a�6�/[� ℄ = � 
os � sin �� sin � 
os �� :7Um��;0w 5.5.4 % � 0oNH,�℄zf V &0bCn;��} V obC�K�k\�-/ � 0t�o�{Y.0BBBBBBBBBBBBBBBBB�
1 . . . 1 �1 . . . �1 � 
os �1 sin �1� sin �1 
os �1�. . .� 
os �k sin �k� sin �k 
os �k�

1CCCCCCCCCCCCCCCCCA : (5.5.1)
v$ 5.5.4 i
`�$a
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 � � s i � z0w 5.5.5 % A 0�kt��})|�k� O, -/ OAO�1 0Y$ (5.5.1) 0t��
x5.6 >ZNn 1 xv'�9f�'p(oC F �i~0�i V �� F �i�|$O F [x℄ �iN�?(�$pviy:�(�-Ea~0�iiB��^	hf1$q2��y i�zv$�Nn;p 1 xv�P9fO R �i$$ R{ N�d R = Z (b6O) ��RZ{N	( Abel��!	(�(o Abel��� Z{N�?(!�(o�$pviy:�-Ea Abel �iB��!�(hf��y i�zv$��: G ($$;w�Ei Abel ��R G �(+a$$;w�Ei Z{N�9v$ 4.3.1,G �(�za$$WN Gtor B$$�9 Z{N Gfree ihB�� Gfree ita r, R Gfree � Zr.Gtor !(;w�Ei�� x1; � � � ; xm (Fi$��EE�?( Gtor iE$E>z�(7^��EE�0%�9?^��EEiwz(;wi�/g�Gtor ($$;w Abel ��9v$ 4.3.2, � Gtor iwa � = pe11 � � � penn , ^& pi; i = 1; � � � ; n a6S>6�R Gtor ��za Gtor = Gp1 � � � � �Gpn;^& Gpi = fv 2 Gtorj peii v = 0g, \ Gpi a Gtor iwa peii i���\ Gpi aGtor i Sylow pi{ ��� i = 1; � � � ; n.^& }+i(��?;w Abel� G ;/$wi�℄�j$k jGj (\ GvE>i$6), j�(k G �a Z{Ni6M�i�EE�$����^/$w(6Si�N�$~Nviw(kG℄� (R0� G i Sylow p{ ��(kG iwa pm i���jv pm��jGj, s pm+1-jGj. Sylow p{ ���ZN�/UN�~v Gpi +( Gtor i Sylow pi{ ���)9v$ 4.3.3, ;w Sylow pi{ ��� pi a>6� i = 1; � � � ; n, �(�zE$��O pi{ ��ihB�\Gpi = Gi;1 � � � � �Gi;ki; i = 1; � � � ; n:



x5.6 �a . 91 .^& Gi;j awa pei;ji i�O pi{ ��� j = 1; � � � ; ki sA
ei = ei;1 � ei;2 � � � � � ei;ki :jgma peiki j peik�1i j � � � jpei ; i = 1; � � � ; n:7Um��;(siv$0w 5.6.1 (oN)!0 Abel!0�o4}) % G0bCoN)!0 Abel!�} G yd�o! r CJN^X�!`bVoN^X p{ �!0�R� r RoN^X p{ �!0m pei;ji ; j = 1; � � � ; ki; i = 1; � � � ; n, 0 G &b�E ����a�CoN)! Abel !BG-�p-=
0���E PB�^	(n;pv{$zbO�;w�ENi�zv$-E;w�E Abel��iB���(�L�^Z|z�1;w�E Abel �i�"eL�d�^�X�62?x
`6i�_�D(�a�a�7(u%N$�i;*�7�
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