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Abstract

The main aim of this paper is to classify finite dimensional Hopf algebras, espe-

cially basic Hopf algebras. Our idea is to classify them through their representation

type and our methods relay heavily on the representation theory of finite dimensional

algebras.

In order to do so, we give four programs to classify finite dimensional Hopf

algebras as follows.

(1) Give an effective way to determine the representation type of a finite di-

mensional basic Hopf algebra;

(2) Classify finite dimensional basic Hopf algebras through their representation

type;

(3) Determine that when a finite dimensional Hopf algebra is Morita equivalent

to a finite dimensional basic Hopf algebra;

(4) Find some new ways to generalize the conclusions in (2) to general finite

dimensional Hopf algebras.

In order to resolve program (1), we attache every finite dimensional basic Hopf

algebra H a number nH which is called representation type number of H and proved

that (i) H is of finite representation type if and only if nH = 0 or nH = 1; (ii) H is

tame then nH = 2 and (iii) H is wild if nH � 3.

For program (2), we can classify finite dimensional basic Hopf algebras of finite

representation type completely now. Explicitly, they are consist of three classes: (i)

If H is semisimple, then H ∼= k(G)∗ for some finite group; (ii) If H is not semisimple

and chak is zero, then H is isomorphic the dual of the cross product between one

so called Andruskiewitsch-Schneider algebra and a group algebra; (iii) If H is not

semisimple and chak is not zero, then H is isomorphic the dual of the cross product

between one special algebra and a group algebra. We also can give the structure

theorem for basic Hopf algebra of tame type in the radical graded case. We can see

that in this case they are consist of five classes at most. More examples about tame

Hopf algebras are also given in this paper.

Generalized path (co)algebras give us one possibility to solve programs (3)(4).

We study so called isomorphism problem for generalized path coalgebras at first and

prove that k(∆, C) ∼= k(∆′,D) as coalgebras if and only if there is an isomorphism

of quivers ϕ : ∆ → ∆′ such that Si ∼= Tϕ(i) as coalgebras for i ∈ ∆0. The Gabriel’s

Theorem for generalized path (co)algebras are also given in this paper. The problem

of when there is a Hopf structure on generalized path coalgebra is settled.
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§1.1 ,-

1941 �� Hopf 	�)G�
"B072#�%C2-�H�KLF�G)3
43 Hopf ���2-Æ	��)�M���BAH�H��,G)�����B
2�.�G:�Æ

�M�Hopf ����/��N3 Hopf 2-�����/�ÆH&�D�//
I�+� Hopf ���/���+-�3@G343 Cartier-Kostent-Milnor-Moore

/2�/2Æ

01 1.1.1. ���� 0 ��(������� Hopf ������������

���)����*��Æ�+������ 0 ��(�����	���� Hopf

��������Æ

CD��
2-������O2�01 Hopf ���>��P��1�7O
2�01� Hopf ����I�%&�E<Æ2�+01 Hopf ����/FJ�
�	�IGÆ

).��KH���)L�L%�7=3� Hopf ����/I?�Q2��
-ÆJ�J;��M��G)+01 Hopf ����/��+�34/�K3N.

" 1 #+�89=89 Hopf ����/0
" 2 #+�:89 Hopf ����/0
" 3 #+��/1�� Hopf ����/0
" 4 #+�+N Hopf ����/Æ

�3���O�K@�3�@4/�K���+-���BÆ��D�/�
K��,: k �*;3 0 ����
�/ Hopf ���89�6646M Hopf �
��=89� [40]. L Etingof � Galaki ��/LM�+- [25], ���
:��
*;,�+� Hopf ����-��;�P+3:� 0 *;,��//F��ÆM
K���2�ÆN��*; 0 ��R:��89 Hopf ����/Æ+��/�K
����/�Q�4+� [55]. )�/�K�	����+-;�)�N [1] ��
�Æ

1



2 	�� ��

��DE/�K�J����/S�O�*; 0 ��R:��T Hopf ���
E�Æ�ULA�MD�%���3P�?@T Hopf ����/ÆD�����
�L N.Andruskiewitsch � H.-J.Schneider ;�Æ89��7���"P Radford

�,� bosonization [68] �?@ Nichols ��5�5��/T Hopf ��Æ���
�I?�O��NRÆM������QT�@�����2-P�T Hopf ��
��/ [5]. PK�2.�������>;�LG���� Hopf ���>�Æ5
6���>;�"P�����S/ Kaplansky �DH/+� Hopf ���V�Æ
RF��WT�N [4][5][6][7][30][32][33].

PK������3�
��;SLÆ89����"P quiver B0���
�Æ������21� Cibils-Rosso��/+, [15]. M������QT�:S
L3U����?@T Hopf ����/��Æ"P�������3N3 Mono-

mial Hopf ���T Hopf ��38M�/ÆPK�BF+09T Hopf ��"�4
4+01�#��/�;�2.����?�ÆRFT [12][65].

D+/�K�Q�AH�TV>73@6,��+,.

01 1.1.2. 
 p ������ k ����� 0 ���(�Æ
 k ����	��

p � Hopf ��,�*��-���� p 	�
�����Æ

CD6,�� A.Masuoka [51][52][53] B0�����J [57][58] �,���+
G�+,�P���.7�@�/���K/�/1�� Hopf ��ÆEJ��X
�1�3 p, p2, p3, pq, p2q K�KJ;+�+,SW�)1� ≤ 60 �<	Æ

��D4/�K� N.Andruskiewitsch, P.Etingof � S.Gelaki �H�TV��
���Æ P.Etingof � S.Gelaki EJ�866�89+N Hopf ���
����
XY� [26]. +�ZU+N Hopf ���+9�3?� [2].

�U+���Q�+�+01 Hopf ���/�7@���Y� [1][80] �Æ

§1.2 ./890:1�;<

L��F�+-���
�.7;+��/H�S�O�*N Hopf ���E
�Æ���O���>R+�/�1A�-�������ÆN;++01 Hopf

����/��Æ
)���-�+A/8��+-Æ�/��V���1KW�4�/+0

1��S�566�3@+/����:�/.+0�1��� Tame 1���



§1.2 ������	�� 3

Wild 1��ÆPK�/��4�/+01��S
 Morita �0�P��/-��
�ÆCD+[>��5��4�/+01� Hopf ��S
 Morita �0��/-
� Hopf ���P��@A/EJÆD��ZQ�3��.

2=���>?@��3� Hopf ��

3�JG��������,�3��/-�.
" 1 #�,�/+4����3/-� Hopf ����10
" 2 #2.�1��/+01-� Hopf ��0
" 3 #5/�/ Hopf ��	�,(
 Morita �0��/-� Hopf ��0
" 4 #5���61��" 2 #�+,72��1�+01 Hopf ��Æ

3�33-� (1), ���4/-� Hopf ��SL�\T 4���. ���

O��4/+01-� Hopf �� H , ��3052��/343 H ��1��
:]9� nH (T 4.1 F). ��)D4��6���3+01-� Hopf ����
1�/2Æ

01 1.2.1. 
 H �����	��5 Hopf ��� nH ��4���Æ

(i) H ���4������ nH = 0 � nH = 1;

(ii) �� H � tame ���
 nH = 2;

(iii) �� nH ≥ 3, 
 H � wild ��Æ

EJ��M/2)	��CR���NU�"RFTD4�#ÆL�@/2��
D� nH -��;�5/ H ��1Æ

��-�" 2 #���86?�3@+-Æ>>���A@���1KW��
��X�/+0�1� tame 1� Hopf ��M3S3�M� wild 1�Æ.7�
��86�,�+0�1�+01-� Hopf ���89�/Æ

01 1.2.2. (A) 
 H �����4�����	�5 Hopf ��Æ

(A.1) �� H �*���
������� G �� H ∼= (kG)∗;

(A.2) �� H 6�*���� k ���� 0 ���
������� α =

(G, g, χ, µ) �� H∗ ∼= A(α). �� A(α) �����������0
(A.3) �� H 6�*���� k ���� p ���
������ d0|n �

r ≥ 0 ��� d0 ��5���� q ∈ k �������

H∗ ∼= Cd(n) ⊕ · · · ⊕ Cd(n)



4 	�� ��

�� d = prd0 ≥ 2. -��� Hopf ��

H∗ ∼= Cd(n)#σk(G/N)

�� G = G(H) � N = G(Cd(n)).

(B) 
 H �����	� Hopf ��Æ��
(B.1) ������� G �� H ∼= (kG)∗ �

(B.2) ������� α = (G, g, χ, µ) �� H∗ ∼= A(α) �

(B.3) ����� H∗ ∼= Cd(n) ⊕ · · · ⊕ Cd(n)


 H �����4�����	�5 Hopf ��Æ

��+01 tame 1-� Hopf ���<	���.7;��,��=��<
	�+9/2Æ

01 1.2.3. 
 H �����	��5 Hopf ��Æ
 grH � tame �����

������ G ������������ I �� grH ∼= k < x, y > /I×(kG)∗ .
(1) I = (x2 − y2, yx− ax2, xy) �� 0 �= a ∈ k;

(2) I = (x2, y2, (xy)m − a(yx)m) �� 0 �= a ∈ k � m ≥ 1;

(3) I = (xn − yn, xy, yx) �� n ≥ 2;

(4) I = (x2, y2, (xy)mx− (yx)my) �� m ≥ 1;

(5) I = (yx− x2, y2)

�/2�6��)D����,ÆM+9/2J^�_T��=���+01
tame 1-� Hopf ���������Æ��:��<	��/�.7ÆD��/
U���Æ

��-�" 3 #�.7�+����F�+-ÆDK3K���+0�1�
+01 Hopf �� Morita �0��/-� Hopf ���[�VI=V��+G�Æ

01 1.2.4. 
 H �����4�����	 Hopf��Æ��� Morita�����

5 Hopf ���
�� Ext-quiver ������5 �-Æ������ Nakayama

��Æ

M/2�6��)DW�D4F��,Æ�/���+0�1�+01 Hopf

�� Morita �0��/-� Hopf ���\�VI��)DW���,Æ

��-�" 4 #������2.?@��2��?"=#���72]]



§1.3  ! 5

2<?"=#���33:Æ��>>72�/I��9 Gabriel’s /2Æ

01 1.2.5. 
 C ���!" CodimC0 ≤ 1 ����Æ� C0 = ⊕i∈ΛSi �� Si �

�����"� i ∈ Λ. 


(a) (=��� Wedderburn-Malcev /2) �� C ������ I ����#

# ! C = I ⊕ C0. $"�$�����Æ C # C0 ����%&Æ
(b) $� C1/C0 �� C0 ^'(� C/C0 ���%Æ

(i) ��������)* ψ : C ↪→ CoTC0(C1/C0).

(ii) (2<�9 Gabriel /2) 
 ∆ = (∆0,∆1) � CoTC0(C1/C0) � quiver,

C = {Si|i ∈ Λ}. 
��������)* ϕ : C ↪→ k(∆, C) �� ϕ(I1) ⊆ k(∆1, C)

�� I1 = I ∩ C1.

	�,(�/2<?"=#��8+ Hopf ��+9_�/���3)DW�
��)�F�?@Æ

01 1.2.6. &%&�+��� k(∆, C) �'���'()*��*� Hopf ��+

���� k(∆1, C) ��� k(∆0, C)-Hopf '(�'�((&"�,- 7.1.2 ��

���

�.Y`�������,M, quiver �	B"P���W;�)2��?
"=#���C���T#Æ

§1.3 DE

)��F������,���E�BBÆ��8�`��4��SL��U
F3NÆ

D���SWÆ�'�,���?@�Z�AA�B����/-����+
,Æ

DE��,���3L��C2�!ÆD�F���� quiver B0����
V�ab�+-Æ��ab�+-�)�)�L��3�L��PÆ��+� Hopf

���+-�)DEF��,Æ3�?@ Hopf ���A/*N� quiver ]] Hopf

quiver � covering quiver )D+F�3X-Æ�)�F��� wild ���>�Æ
Ringel ��//I�+,��)MF��,Æ

D+��,����+� smash <�A�Æ��+-�Y�+G��6D��



6 	�� ��

+-��3P)D4�D���Æ89�7�Z H � H∗ �89� Hopf ���
A ��/ H- 	��Æ)D�F����6� A � A#H 8+%%�991��
?1�ÆDEF���6���8+V%��1ÆD+F���6�):�VI
3 A#H � Nakayama ��6646 A � Nakayama ��Æ

D4�=?��+0�1�+01-� Hopf ����/ÆD�F��SL
;<��1��/<56�� covering quiver ��1�/2Æ��?��/
+01-� Hopf ���+01�6646:��/ Nakayama ��Æ)DE�D
+�D4F����'�M�,�+��%�6���Æ+0�1�+01-�
Hopf ���89�/)�)�F��,Æ

D��?@��+01-� tame 1 Hopf ����/Æ�����+,��
,�=��<	3�+01-� tame 1 Hopf ���+9/2ÆD�F����
, tame BF Frobenius ���89CÆMC������+,V����
PÆ=��<	3�+01-� tame 1 Hopf ���+9/2)DEF�?�Æ

DX�=?��	��+� tame Hopf ���>�Æ89�7���2.A
�61�9� tame Hopf ���>�]]'�<� Drinfeld 9ÆD�F���S
L quiver �	�'��/<566�A/���'�<� Ext-quiver ��� Ext-

quiver �	�'�Æ)DEF����?@�A/:89-� Hopf �'�<�,
� tame �Æ��6��+�A/-� Hopf ��S�+0�1,�M�<Y+

LQÆ��A/ Taft ��"5	��-�A/ Andruskiewitsch-Schneider ��#
�'�<�,� tame ���/\�VI%%)MF��,Æ�)�F���6�
��/;<� Andruskiewitsch-Schneider ��� Drinfeld 9��/ tame ��Æ

DW�;�=N���333���/-���D4-K����a[Æ��
��2<?=���ab�+-)D�F�3�,Æ;<�2<?=���%9�
�)DEF�333ÆD+F�,��2<�9 Gabriel /2ÆD4F���?@
2<?��ÆMF���.b�?@�� A � Ext-quiver � T (A/JA, JA/J

2
A) �

quiver ��BÆM�B���TP�)MF��,Æ�)�F��X-����/
2<?=����,8+ Hopf ��+9���Æ

D`�?@���/343? Hopf ��" Hopf �����72#�����
�CIÆ��1���%�����2.SL?'�CI�?@0�Æ��V
�/<�+-3�,Æ



+F% 7G89

)����X:��PKO����4�c/ k ��/��R:56;+�Z
�S� k [AZ�Æ���/�� A �a JA (5 J �,���
 A ���/) 3

A � Jacobson =Æ

§2.1 Quiver H:I;

�F�3�d/��ab��e��/<Æ%,�����6���,��.
;Æ��+� quiver B0��+-ÆRF�T [8][70].

0� 2.1.1. �/ quiver Q = (Q0, Q1, s, e) ���/+\\Æ�� Q0 �cTW�
Q1 �f\W� s � e �A/	 Q1 � Q0 �]]/<3 s(α) = i, e(α) = j �,

α : i→ j ��/	cT i �cT j �f\Æ

�, Q0 � Q1 S�+0W�7 Q 43�/+0 quiver. >����+�3�
quiver .

(i) An 1 • � •· · ·• � •

(ii) Kronecker quiver • �� •

(iii) �/cT�A/^g^ ��
��
� •��

��
�

7
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(iv) Qd3 n �-�^

•���•���• . . .

...

···•���•��	•
. . .

...

· · ·

Qd3 1 �-�^43 loop. Quiver Q ���V?�����f\�+__
C p = αn · · ·α1 �? e(αt) = s(αt+1) � 1 ≤ t < n �5J��/hb ei � i ∈ Q0.

��4 ei 3 .,+ 56/< s(ei) = e(ei) = i. ���V:[i? p = αn · · ·α1

��/< s(p) = s(α1) 6 e(p) = e(αn). �V:[i? p 343�//\^�,
s(p) = e(p).

0� 2.1.2. Z kQ �� Q ;+?3-�[AZ�Æ) kQ ���3���/<�
�e�.��? p, q �

p · q =




pq �, e(q) = s(p) a 6 p, q �:[i?

p �, q = es(p)

q �, p = ee(q)

0 0�

)��e�/<3��`=, kQ ��/+U��54/3 Q �?��Æ

�/+01�� A 43 �5 ��, A/JA �;X���a�Æ��;���
�=N?���_��Æ

01 2.1.1. (P.Gabriel) 
 A ����5���
��/��� quiver Q ��

� admissible �� I (- JN ⊆ I ⊆ J2 �� J ��"�.+0/���) ��

A ∼= kQ/I.

0�<1��� A �,2� (- ExtiA(−,−) = 0 � i ≥ 2) ��� I = 0.

/2 2.1.1 ���/P�� quiver 343 A � Ext-quiver. �/ quiver >;�

�3@���F@.c/ Si (i = 1, . . . , n) �:%99	�8MW�7M quiver �
cTW�� {1, . . . , n} 6	cT i �cT j �f\/�� dimkExt

1
A(Si, Sj).
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=> 2.1.2. 
 Λ ����5�� 1 = e1 + · · · + en ���/�5�/*3Æ1
Pi = Λei �Si = Pi/JΛPi � i = 1, . . . , n. 
����2� {1, . . . , n} ��0 i, j �
'��0�3��Æ

(a) dimk(ejJΛ/J
2
Λei).

(b) �( Sj � JΛPi/J
2
ΛPi ��1�Æ

(c) Pj � P ��1��� P → Pi → Si → 0 ��( Si �42%&*

3Æ
(d) dimkExt

1
Λ(Si, Sj).

)�F��3������4�c/ Q ��/+0 quiver.

0� 2.1.3. Quiver Q ��/� M ���3J\

M = (Mi, i ∈ Q0, fα, α ∈ Q1)

���4/ i ∈ Q0 �Mi ��/+03� k- Z��56�4/f\ α : i → j �
fα : Mi → Mj ��/ k- ]]Æa dimM 3\� (dimkMi)i∈Q0 5403 M �1
�\�Æ

�/A/� M = (Mi, i ∈ Q0, fα, α ∈ Q1) � N = (Ni, i ∈ Q0, gα, α ∈
Q1) �	 M � N �`] h : M → N ��3[A]] hi �j h = (hi : Mi →
Ni, i ∈ Q0) ��?�4�/f\ α : i → j 3\��k�.

Mi
�

hi
Ni

�
Mj

fα

�
Nj

gα

�
hj

a Repk(Q) � Q ��CIÆ

01 2.1.3. kQ ���	3(56�56 Repk(Q) ����Æ

0� 2.1.4. �/�� A 343� ��4�� ��,:�++0/l�%9��
;�3	Æ

A 343 tame � 5 A ��/ tame ���, A ��+0�1��56�
.@1� d > 0 �>)+0/ A-k[T ]- a	 Mi �?" 1 #�� Mi �3b k[T ]- 	
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��L�0" 2 #KJ;+�1�3 d � A ^	S%9� Mi⊗k[T ] k[T ]/(T − λ) �
λ ∈ k. ��KJ;+��X�+0�/0=S��@Æ

4 A � wild � 5 A ��/ wild ���,>)�/�3b k〈X, Y 〉 ��L�
A-k〈X, Y 〉- 	 B �?m� B ⊗k〈X,Y 〉 − 	+0QN k〈X, Y 〉 ^	CI�+0QN
A ^	CIf*	��;�A56[]%9Æ

01 2.1.4. 
 Q �����45 quiver. 


(1) kQ ���4������ Q "�4�6+7 Q ��� Dynkin 7��

���.

Dynkin ?

(i) An •1 •2· · ·• •n n ≥ 1

(ii) Dn

•1

•2





��
•3 • · · · • •n n ≥ 4

(iii) E6 •1 •2 •
4

•3

•5 •6

(iv) E7 •1 •2 •
4

•3

•5 •6 •7

(v) E8 •1 •2 •
4

•3

•5 •6 •7 •8

(2) kQ � tame ����� Q "�4�6+7 Q ��� Euclidean 7��

���.
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Euclidean ?

(i) Ãn •
1

•
2
· · ·• •

n+ 1

� �
n ≥ 1

(ii) D̃n

•1

•2





��
•3 • · · · • •��n− 1

•n+ 1



 •
n

n ≥ 4

(iii) Ẽ6 • • •

•

•

• •

(iv) Ẽ7 • • •

•

• • • •

(v) Ẽ8 • • •

•

• • • • •

�)����=�3?������'����D�]B)�V�ÆZ Σ ��

/g� V ��/ Σ- a	Æ�T (Σ, ΣVΣ) ���;�9�0�� 58
 T (Σ, V ).

�,��a n- �'�< V ⊗Σ V ⊗Σ · · · ⊗Σ V 3 V n �7�3gh!
 T (Σ, V ) =

Σ ⊕ V ⊕ V 2 ⊕ · · · ⊕ V i ⊕ · · · . Z V 0 = Σ 56e�/<3�D� Σ- a	%`

V i × V j → V i+j � i, j ≥ 0.

�1 2.1.5. 
 Σ ���
�V ��� Σ- '(Æ
 Λ ���
� f : Σ⊕V → Λ

���(&!".
(i) f |Σ : Σ → Λ ���
�90
(ii) 57 f |Σ : Σ → Λ � Λ 8/ Σ- '(Æ
 f |V : V → Λ ��� Σ- '(

(&Æ

��/��
�9 f̃ : T (Σ, V ) → Λ �� f̃ |Σ⊕V = f .
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�4�/ n ��a
∏

n(k) 3�/ k- ��0�3g�� k × · · · × k. 2.g%

` φ : k → ∏
n(k), :+�/�D� k ��+9�� φ(x) = (x, . . . , x) �;+�

x ∈ k. Z Σ =
∏

n(k) � V ��/ Σ- a	56 k ����	��P�0�Æc/
V ��/+01� k ^Z�Æ7�T�'�g T (Σ, V ) ��/ k- ��Æ��;�
�3��3 T (Σ, V ) 52�/ quiver Q = (Q0, Q1) .cTW Q0 �� {1, . . . , n} 0
Z ei 3D i Kb3 1 0=3 0 �\��cD:� Σ �^�dÆ7 ejV ei ��/ V

� k- �Z�Æ/<��+ dimkejV ei /f\	 i � j. �M���9�� quiver

Q = (Q0, Q1) 343 T (Σ, V ) � quiver.

���/?�� kQ �a J 3 kQ �;+f\;QN�2�Æ3@_��,�
?���'�����BÆ

=> 2.1.6. 
 Σ =
∏

n(k) � V ��� Σ- '(-� k '�6�7:�8���Æ
$� V �����	� k ^ !Æ�� Q �58�� T (Σ, V ) � quiver �
�
k- ���� φ : T (Σ, V ) → kQ �� φ(

⊕
j≥t) = J t �"� t ≥ 1.

����PS2 2.1.1 �_� 2.1.2 �`/�,
+�/	?���PK�/
�����%`Æ

§2.2 Hopf L@

��F����e��+�"H�# Hopf ���ab�/<�.;Æ��
+-ÆRFT [54][76][50][68]. ���=e��=�PiP Sweedler �ab�j
∆(h) =

∑
h(1) ⊗ h(2) � ρ(v) =

∑
v(−1) ⊗ v(0). 3��j���+,b�
ca�

�abÆ

��c/kJ86de Hopf ���/<ÆZ H ��/ Hopf ��Æ�/ H �
de t ∈ H 43�/ 3�* �, ht = ε(h)t �;+� h ∈ H . aM<�W3

∫ l

H
.

/F����;�/<b<��hb
∫ r

H
.

01 2.2.1. 
 H �����	� Hopf ��Æ

(1) dimk

∫ l

H
= dimk

∫ r

H
= 1.

(2) H ��� Frobenius ��Æ
(3) H �*����� ε(

∫ l

H
) �= {0} � ε(

∫ r

H
) �= {0}.

�/�� A 343 �9� �,>)�/:fE+U��4a[A1 (−,−) :

A × A → k �j (ab, c) = (a, bc) � (a, b) = (b, a) �;+ a, b, c ∈ A NUÆ�/+
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01� Hopf �� H ��4�6646 H ��	�6�Z�[���/��%9
"T [47][66] #Æ���
�.@+01 Hopf ���:� Drinfeld 9 D(H) ��	

6�Z�[���/��%9Æ;� D(H) ��/�4��Æ

0� 2.2.1. Z V ��/[AZ�� c : V ⊗V → V ⊗V ��/[A%9Æ7 (V, c)

43�/ A: ! �, c �H���"5 Yang-Baxter ��#��/3.

(c⊗ id)(id⊗ c)(c⊗ id) = (id⊗ c)(c⊗ id)(id⊗ c)

Z H ��/ Hopf ��Æ�/ H �� (3) Yetter-Drinfeld ( V %,��/

M H- 	��/M H- =	b2V�VI

δ(h · v) = h(1)v(−1)S(h(3)) ⊗ h(3) · v(0)

�� δ : V → H ⊗ V �=�P� h ∈ H, v ∈ V . L;+ H �� Yetter-Drinfeld 	

3N�CIa3 H
HYD.

�.@A/ Yetter-Drinfeld 	 M,N �/< cM,N : M ⊗N → N ⊗M 3

cM,N(m⊗ n) = m(−1) · n⊗m(0), m ∈M, n ∈ N

aXf6����
�.@ Yetter-Drinfeld 	 M � (M, cM,M) ��/H�Z�Æ

)CI H
HYD ��/����/+U�� (R,m, µ) �� m : R ⊗ R → R, µ :

k → R b2 R ��/ H �� Yetter-Drinfeld 	6 m � µ �CI H
HYD �

�`]Æ/F��)CI H
HYD ��/=����/=+U=�� (R,∆, ε) ��

∆ : R → R⊗R, ε : R→ k �? R ��/ H �� Yetter-Drinfeld 	6 ∆ � ε S
�CI H

HYD ��`]Æ

Z R, S � H
HYD �A/��Æ7�@/<�H� cS,R : S ⊗ R → R ⊗ S $

g��) Yetter-Drinfeld 	 R ⊗ S �/<�/ “cd ” ���+9)CI H
HYD

�Æ89�� R ⊗ S ���e</<3 mR⊗S := (mR ⊗ mS)(id ⊗ cS,R ⊗ id). �

�aM��3 R⊗S. �2��'����%����PH� c�g�2��k$ τ .

0� 2.2.2. �/) H
HYD �� A: Hopf �� � (R,m, µ,∆, ε, S) ��.

(1) (R,m, µ) � H
HYD ����0

(2) (R,∆, ε) � H
HYD ��=��0

(3) ∆ : R → R⊗R ��/��%`0
(4) µ � ε ���%`0



14 	)� 
*��

(5) n�]]) End(R) �e<;f��:�f���Z S.

Z A,H �A/ Hopf ��� π : A → H � ι : H → A �A/ Hopf ��%
`Æc/ πι = idH . /F�
-����2. H � π �o�8a<�9� A. EJ

���,��/<

R := Acoπ = {a ∈ A|(id⊗ π)∆(a) = a⊗ 1}

�1�O�:���/ Hopf ��PW��/ H
HYD �H� Hopf ��823@+

9.
• H ) R ��P��lh�P�0N0
• =�P� (π ⊗ id)∆ 0
• R � A ��/���0
• =e�� ∆R(r) = r(1)ιπS(r(2)) ⊗ r(3) �;+� r ∈ R.

Z R′ %,��/ H- 	����/ H- =	=��Æ��;�ÆN R′ � H

� :; 5 '� R′ ×H . �3[AZ��:�� R′ ⊗H . :%,��/���=�
��0e��=e��'/<3

(r × h)(s× f) = r(h(1) · s) × h(2)f

∆(r × h) = r(1) × (r(2))(−1)h(1) ⊗ (r(2))(0) × h(2)

� r, s ∈ R′, h, f ∈ H .

01 2.2.2. (i) R′ ×H ��� Hopf ����� R′ � H
HYD ����A: Hopf

��Æ
(ii) 
 R = Acoπ. 
 R � H

HYD ����A: Hopf ����� Hopf ��

A ∼= R×H.

§2.3 Hopf Quiver : Covering Quiver

�3�/*N���� Hopf ��h+A/*N� quiver.

0� 2.3.1. Z G ��/+0
� C �08O/WÆa�D�W3 N . �//m

� χ : C → N 43�/ ramification 5a/3 χ =
∑

C∈C χCC. �/�/ G �
ramification χ =

∑
C∈C χCC �7�T� Hopf quiver Γ(G,χ) �cTW� Γ0 = G �

0f\W/<3.�4�/ x ∈ Γ0, c ∈ C ∈ C ���+ χC /	 x � cx �f\Æ
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� 2.3.1. (i) Z G = 〈g|gn = 1〉 � χ = [g] �� [g] � g ;)�8O/�7�T
� Hopf quiver �

•1 ������• g

�• g2····• gn−3���	
• gn−2

�
• gn−1
�

�
��

(ii) Z G = K4 = {1, a, b, ab} � Klein 4d
� χ = [1] + [a] �7�T� Hopf

quiver �

•1 �� • a����
� ����

� •b �� •ab����
� ����

�

+���J?@. Hopf quiver �>� [12][15] �Æ���e�3�/ Cibils �

Rosso [15] �+,����
=� Hopf ��� Hopf quiver �]BÆ

0� 2.3.2. Z Q ��/ quiver � kQ ��;+?3-�[AZ�Æ��3 kQ 5

2��=e���/=9$�/N3�/=��Æ=e�/<3

∆(p) = p⊗ s(p) +

l−1∑
i=1

αl · · ·αi+1 ⊗ αi · · ·α1 + t(p) ⊗ p

�.@ p = αl · · ·α1 0=9$/<3

ε(p) =


 0 if l ≥ 1

1 if l = 0

�/=��43 Q �?=��5a3 kQc.

01 2.3.1. [15] 
 Q ��� quiver. 
��,-����.
(i) Q ��� (G,χ) � Hopf quiver;

(ii) kQc 'B��'()*��*� Hopf ��+�Æ

PK�/� Hopf ��"i0-� Hopf ��#+��@<� quiver � covering

quiver.
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0� 2.3.3. Z G��/+0
�W = (w1, w2, . . . , wn)��/ G�de�_CÆ�
�4W ��/ ;;�,�4�/ g ∈ G�_C W � (gw1g

−1, gw2g
−1, . . . , gwng

−1)

)X��/Pk��P3��%�Æ*'�� W )
��8O�P3�i/�Æ
���3@��/<�/ quiver 5a3 ΓG(W ) . ΓG(W ) cTW�� {vg}g∈G 0
:�f\�3@���,

{(ai, g) : vg−1 → vwig−1 |i = 1, 2, . . . , n, g ∈ G}

��4M quiver 3V�� W � covering quiver.

)�N [31] �JD��SL� covering quiver �/<5P0�?@-� Hopf

��Æ�/+01 Hopf ��43-���,:�3���-��Æ

� 2.3.2. (1) Z G = 〈g〉, gn = 1 6 W = (g) �7��� covering quiver �.
•v1������• vg

(a1, 1)

�• vg2

(a1, g
−1)

····• vgn−3
���	

• vgn−2

(a1, g
3)

�
• vgn−1

(a1, g
2)

�
�

��(a1, g)

(2) Z G = K4 = {1, a, b, ab} 3 Klein 4d
6 W = (1). 7��� covering

quiver �.

•1 •a����
� ����

� •b •ab����
� ����

�

3@/2�_T�� covering quiver ���A (T [31] /2 2.3 ).

01 2.3.2. 
 H � k �����	�5 Hopf ��Æ
������� G ��

�;; W = (w1, w2, . . . , . . . , wn) �� H ∼= kΓG(W )/I ��� admissible �� I.

�/+-J^�_T��-� Hopf ��� Ext-quiver � covering quiver. �

�G)�X-�3 Hopf quiver � covering quiver ��BÆ

�/�/ covering quiver ΓG(W ) �� W = (w1, w2, . . . , wn) ��/j_Æ
M3 W )8O�P3�i/��MK�3�/WU W ���8O/���5Æ
�k�1A�c/ W � C1, C2, . . . , Cm �5Æ/<�/ ramification χ 3 χC =



§2.4 �� Wild 9� 17

C ) {C1, C2, . . . , Cm} ����.. 7�3+\\ ΓG(W ) ∼= Γ(G,χ).

[/�Z Γ(G,χ) ��/ Hopf quiver �� χ =
∑

C∈C χCC. /< W 3 χC /

C �de���5ÆM3 W ��/+0W�;���;�)�K/<�/_�/
N3�/_CÆcD� W ��/j_6 ΓG(W ) ��/ covering quiver. `T��
3+\\ Γ(G,χ) ∼= ΓG(W ). +U��O����?�3@+-.

=> 2.3.3. �� quiver � covering quiver ������� Hopf quiver. �

EJ���1�7��,���ÆN?=���� Hopf +9���X�ÆN
Hopf quiver. P6��ÆN?���� Hopf +9,���X�ÆN�� covering

quiver.

§2.4 $C Wild L@

�F��)���,A/+,Æ�/L Karin Erdmann [23] �,ÆM+,��
��,K/ wild ���>�ÆP�/�=J�1��/BF������?P
R� C.M.Ringel.

01 2.4.1. ��7:���� kQ/I <� wild �Æ
(i)

• • • •

•
�

�
�

�
��

α












�

γ

•
�

�
�

�
��

δ

•












�

β

• • • •

�� I = 〈βα− δγ〉;
(ii)
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•

•

•
�

�
�•







�γ •

�
�

��

•

β

�� I = 〈γβ〉

3�=J�1�,BF���89�/���X��,;+�ZU wild �
� (j0.�"�_��� tame �5+01�) �Z� tame �� (j0�
N3
0� tame ���"_��). 3@/2�=J�1K�,�BF���89�
/Æ��L C.M.Ringel (T [69]) �,�Æ

01 2.4.2. (i) "��42 wild =>���

(a) k〈X, Y, Z〉/(X, Y, Z)2

(b) k〈X, Y 〉/(X2, XY, Y 2X, Y 3)

(b’) k〈X, Y 〉/(X2, Y X,XY 2, Y 3)

(c) k〈X, Y 〉/(X2, XY − αY X, Y 2X, Y 3) �� α �= 0

(d) k〈X, Y 〉/(X2 − Y 2, Y X)

(ii) "��4?=> tame ���

(1) k〈X, Y 〉/(XY, Y X)

(2) k〈X, Y 〉/(Y X −Xn, XY ) �� n ≥ 2

(3) k〈X, Y 〉/(Y X −Xn, XY − Y m) �� n ≥ 2, m ≥ 3

(4) k〈X, Y 〉/(Y X −X2, XY − αY 2) �� 0 �= α �= 1

(5) k〈X, Y 〉/(X2 − (Y X)nY, Y 2 − (XY )nX) �� n ≥ 1

(6) k〈X, Y 〉/(X2 − (Y X)nY, Y 2) �� n ≥ 1

(7) k〈X, Y 〉/(X2 − (Y X)n, Y 2 − (XY )n) �� n ≥ 2

(8) k〈X, Y 〉/(X2 − (Y X)n, Y 2) �� n ≥ 2

(9) k〈X, Y 〉/(X2, Y 2)



+D% Smash Q8ECFG

���� k ;���/.@:Æ

§3.1 HRI@

��P gl.dim(R) � w.dim(R) �'��g R M991��M?1�Æc/
H ��/89 Hopf ��� A ��/ H- 	��Æ)��F�����3/ A �
%C1�� A#H %C1���BÆ89����6��3@+-.

01 3.1.1. 
 H �����	 Hopf ��� A ��� H- (��Æ�� H � H∗

<�*���
 gl.dim(A#H)=gl.dim(A) @ w.dim(A#H)=w.dim(A).

3�6�M+-���>���C2�!BV�+-Æ

� (A#H)H = {x ∈ A#H|hx = ε(h)x}. �`6��,��/< (a#h)b =

a(h · b) �;+� a, b ∈ A, h ∈ H �7 A ��/ A#H- 	Æ��4��M���
ÆN A 3M A#H- 	ÆZ HomA#H(A,A#H) �;+�	 A � A#H � A#H-

	%`��� A#H 2.e�N3 A#H ^	Æ�, f ∈ HomA#H(A,A#H) �
7�`=� f(1) ∈ (A#H)H . EJ��� h ∈ H , ���+ hf(1) = f(h · 1) =

f(ε(h)1) = ε(h)f(1). ;� f(1) ∈ (A#H)H . P��K�� x ∈ (A#H)H . �,��

/< fx : A → A#H 2. fx(a) = ax �7 fx((b#h)a) = fx(b(h · a)) = b(h · a)x =∑
b(h1 ·a)ε(h2)x =

∑
b(h1 ·a)h2x = (b#h)ax = (b#h)fx(a)�;+ a, b ∈ A, h ∈ H .

MK fx ∈ HomA#H(A,A#H). �,��/<

ϕ : HomA#H(A,A#H) → (A#H)H by f → f(1)

φ : (A#H)H → HomA#H(A,A#H) by x → fx

7�`LG φ ◦ ϕ = id � ϕ ◦ φ = id. MM�

�1 3.1.2. 
 H �����	 Hopf ��� A ��� H- (��Æ
��## 
!

HomA#H(A,A#H) ∼= (A#H)H �

/< E : A#H → A2. E(
∑
a#h) =

∑
ε(h)a� a ∈ A, h ∈ H . cD�E �

�/b]Æ��j4:>��/ A#H- 	]]ÆEJ���;+� a, b ∈ A, m, n ∈
H ���+ E((a#m)(b#n)) = E(

∑
a(m1 · b)#m2n) =

∑
ε(m2n)a(m1 · b) =

ε(n)a(m · b) = (a#m)E(b#n). MM E ��/ A#H- 	b]ÆZ t ∈ H � H

��/: 0 M<����+3@_�.

19
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=> 3.1.3. 
 H �����	 Hopf ��� A ��� H- (��Æ
 A �%&

A#H- (����� a ∈ A �� t · a = 1.

><. A@� A ��/l] A#H- 	6646>) f ∈ HomA#H(A,A#H) �?
3\�k.

A

�

id
�

�
�

��

f

A#H �E A

�� E ���@/<� A#H-	b]Æ̀ T Ef = id6646 Ef(1) = 1M3

f, E � A#H-	%`ÆLS2 3.1.2��%9 HomA#H(A,A#H) ∼= (A#H)H ���
�
>) f : A→ A#H �? Ef(1) = 1 6646>) x ∈ (A#H)H �? E(x) =

1. P (A#H)H = (1#t)(A#1)(T [54] � 133 k). MK x = (1#t)(a#1) �:/
a ∈ A. MM�A�l] A#H-	6646>)�de a ∈ A�? E((1#t)(a#1)) =∑
E(t1 · a#t2) =

∑
ε(t2)t1 · a = t · a = 1. ��������Æ

�,��I A �[i� H- 	���j A = k 6�;+� h ∈ H, a ∈ k �
h · a = ε(h)a. 7L�@_� k ��/l] k#H (∼= H) - 	6646>) a ∈ k �

? t · a = ε(t)a = 1. P�� ε(t)a = 1 6646 ε(t) �= 0 ���0�O H ��/8
9 Hopf ��"T [54] �/2 2.2.1 #ÆMM��+3@7-.

 S 3.1.4. 
 H � k ����	 Hopf ���
 H �*����� k 8/.

,(�%& H- (Æ �

Z A ��/ H- 	��Æ�, H �89��7>)�/: 0 M<� t �?
ε(t) = 1. MK t · 1 = ε(t)1 = 1. L_� 3.1.3 � A ��/l] A#H- 	ÆMM�

 S 3.1.5. 
 H �����	*� Hopf ��� A ��� H- (��Æ
 A �%

& A#H- (Æ �

�eA/g R � S 43 Morita �� ��,���	CI��0�Æ.;Æ
���, R Morita �0� S �7 gl.dim(R)=gl.dim(S) 6 w.dim(R)=w.dim(S).

L Blattner-Montgomery Duality /2 (T [54] � 9.4 F) ��6 H �+01,�
A#H#H∗ Morita �0� A. MK��+�
 S 3.1.6. H �����	 Hopf���A��� H-(��Æ
 gl.dim(A#H#H∗)

=gl.dim(A) @ w.dim(A#H#H∗)=w.dim(A). �
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�1 3.1.7. H �����	*� Hopf ��� A ��� H- (��Æ
 P ���

3 A#H- (Æ
 P �%& A#H- (��� P ���%& A- (Æ

><. [�A;�aX?�M3 A#H ��/�L A- 	ÆX3��m���ÆN
\�AÆ�� A#H- 	 M � N �Z g : M → N � h : P → N �A/

A#H- 	%`b2 g �b�Æ3�6� P �3 A#H- 	�l]���X���/
%` f̃ ∈ HomA#H(P,N) b2 h = gf̃ . M3 P �3 A- 	�l]��;+>)
f ∈ HomA(P,N) �? h = gf ����ÆN A#H- 	��D���N3 A- 	Æ
/< f̃(p) =

∑
S(t1) · f(t2 · p) � p ∈ P , �� t ��/: 0 b<�b2 ε(t) �= 0. 7

L [17] �_� 2 ���+ f̃ � A#H- [A�Æ

01 3.1.1. �JK.��>>6� gl.dim(A#H)=gl.dim(A). 3M�>6.
gl.dim(A#H)≤gl.dim(A). EJ���86) [72] � [48] ��'?�.Æ3�8
9���"P�K�S2��,�/	aX�6�ÆcDÆ���pcZ A �99
1��+0��Y�O3 n. �.@ A#H- 	 N , ÆN0.@�/l]�3ÆLS
2 3.1.7, �%%�0�3 A- 	�l]�3ÆMK�:�D n- �Um�3 A- 	�

l]�ÆLS2 3.1.7,:�3 A#H-	��l]�Æ�@n p.dim(N)≤ n6 gl.dim

(A#H)≤gl.dim(A).

A@� A#H ��/ H∗- 	��2. f · (a#h) = a#(f ⇀ h) �� f ⇀ h =

Σf(h2)h1 � a#h ∈ A#H � f ∈ H∗. 7L�@+-���+ gl.dim((A#H)#H∗)≤
gl.dim(A#H). L7- 3.1.6, gl.dim(A)=gl.dim((A#H)#H∗). MM��

gl.dim(A) = gl.dim((A#H)#H∗) ≤ gl.dim(A#H) ≤ gl.dim(A)

;�� gl.dim(A#H)=gl.dim (A).

�� w.dim(A#H)=w.dim(A) �6�;�L gl.dim(A#H)=gl.dim(A) �6�
8M?�����A@���� w.dim(A#H)≤w.dim(A) 86) [48] �?�Æ �

)�F��)����,M/2���TP�:� Kaplansky D�V���
BÆ

 S 3.1.8. 
 H � H∗ �*���

(1) A#H �*����� A *��Æ
(2) A#H �,2���� A ,2�Æ
(3) A#H von Neumann &
��� A � von Neumann &
Æ �

Kaplansky D�V��O89 Hopf ����Z S b2 S2 = id. /2 3.1.1 �

MV���BL3@+-�,Æ
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=> 3.1.9. 
 H ���	*� Hopf ��Æ1��4� S -$�� k � dim(H) �=
0. 
 gl.dim(A#H)=gl.dim(A) �"�� H- (�� A /=��� S2 = id.

><. “\�A. ” �e H � H∗ �89��, S2 = id 6 char(k) �9X�
dim(H)( [71] �7- 3.5). MK\�AL/2 3.1.1 ?�Æ

“[�A.”M3H∗��/ H-	��2. a·f =
∑
f2(a)f1� a ∈ H, f ∈ H∗,

;� gl.dim(H∗#H)=gl.dim(H∗). P� [54] �7- 9.4.3, H∗#H ∼= Endk(H
∗). �

��/89��ÆMK 0 = gl.dim(H∗#H) = gl.dim(H∗). �@n H∗ ��89�Æ
L [25] �7- 3.2, S2 = id.

6 chark = 0, R.Larson � D.Radford 866�� Kaplansky D�V� (T

[39], [40]). Y.Sommerhäuser %%6���/V�6 chark > mm−4 �� m =

2(dim(H))2(T [74] �/2 4.2). P.Etingof � S.Gelaki 7�� Y.Sommerhäuser’s

��/+-�6���/V�) chark > dϕ(d)/2 �<Y3��NU��� 2 < d =

dimH (�� ϕ � Euler m��T [25] �/2 4.2). A@�����<	� k �*;
��9X� dim(H) �ÆMK_� 3.1.9 @n

 S 3.1.10. 
 H ��� d- 	*� Hopf ��� d > 2. $� chark = 0 �

chark > dϕ(d)/2. 
 gl.dim(A#H)=gl.dim(A). �

§3.2 I;L

)MF���c/ k �*;3 0. �����.o��6��, H �897 A

��1� A#H ��1��T�Æ

��d/�/abÆZ R ��/g6 M, N �A/ R- 	Æ�,�3 R- 	�
M � N ��/a�l�7��a3 M |N .

�1 3.2.1. 
 H �����	*� Hopf ��� A ��� H- (��Æ�>@�
�0/ A#H- ( X, � X|(A#H) ⊗A X.

><. /< ϕ : (A#H) ⊗A X → X 2. (a#h) ⊗ x → (a#h)x � a ∈ A, h ∈ H �

x ∈ X. cD� ϕ ��/ A#H- b]Æ

Z 0 �= t ∈ ∫ r

H
5c/ ε(t) = 1. /< ψ : X → (A#H)⊗AX 2. x → S(t′)⊗t′′x
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� x ∈ X. � a ∈ A, h ∈ H, x ∈ X, ��+

ψ(ax) = S(t′) ⊗ t′′ax = S(t′) ⊗ (t′′ · a)t′′′x
= S(t′)(t′′ · a) ⊗ t′′′x = (S(t′′)t′′′ · a)#S(t′) ⊗ t′′′x

= (a#S(t′)) ⊗ t′′x = aψ(x)

ψ(hx) = S(t′) ⊗ t′′hx = ε(h′)S(t′) ⊗ t′′h′′x

= h′S(h′′)S(t′) ⊗ t′′h′′′x = h′S(t′h′′) ⊗ t′′h′′′x

= hS(t′) ⊗ t′′x = hψ(x)

MK� ψ ��/ A#H- %`ÆS�cD ϕψ = idX . MM X|(A#H) ⊗A X.

=> 3.2.2. 
 H �����	*� Hopf ��� A ��� H- (��Æ
 A �

������� A#H $��Æ

><. “[�A. ” Z {B1, . . . , Bt} �:%9��;� A- 	�82W5c/ X �

�/�;�� A#H- 	Æ7�,� X =N A- 	���+ X ∼= ⊕t
j=1njBj MK

(A#H)⊗AX ∼= ⊕t
j=1(nj(A#H)⊗ABj). LS2 3.2.1, X � (A#H)⊗AX � A#H-

a�l�;����
>) i �? X � (A#H) ⊗A Bi � A#H- a�lÆMK�
�;+� i B;+�:%9� (A#H)⊗ABi ��;� A#H- a�l�,��/:
%9��;� A- 	�82WÆ;�� A#H �+0�1�Æ

“\�A. ” L� k �*;3 0 �;� H∗ ��89� (T [40]). L[�A�
6��� (A#H)#H∗ �+0�1�ÆL Blattner-Montgomery Duality /2�
(A#H)#H∗ ∼= Mn(A) � Morita �0� A. ;� A �+01�Æ

Z Λ ��/+01��Æ��/<�/;<� generic 56 (��/;�40
3 generic CI�M3:� tame ��MK� generic ((T [18]) +Gg�]B). :

��Z�;+��3b k[T ]- 	�+0QN�L�� Λ-k[T ]- a	Æ:�`]��
Λ-k[T ]- %`Æ��aMCI3 GC(Λ).

�1 3.2.3. 
 X ∈ GC(Λ). X � GC(Λ) ��6A*���� X⊗k[T ]k[T ]/(T−
λ) �� Λ-k[T ]/(T − λ)- '(�6A*�� λ ∈ k.

><. “\�A. ” cD��, X �;���7 X ⊗k[T ] k[T ]/(T − λ) ��;��Æ
“[�A.”c/>) Λ-k[T ]/(T−λ)-a	 N1� N2�? X⊗k[T ]k[T ]/(T−λ) =

N1 ⊕N2. 7

X ∼= X⊗k[T ]k[T ]/(T−λ)⊗k[T ]/(T−λ)k[T ] = (N1⊗k[T ]/(T−λ)k[T ])⊕(N2⊗k[T ]/(T−λ)k[T ])

�� k[T ] ��/ k[T ]/(T − λ) ^	M3�3�� k[T ]/(T − λ) ∼= k. LcZ� X

��;���;� N1 = 0 5 N2 = 0. ���O� X ⊗k[T ] k[T ]/(T − λ) ��;�
�Æ
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=> 3.2.4. 
 H �����	*� Hopf ��� A ��� H- (��Æ
 A �

tame ����� A#H $��Æ

><. “[�A. ” ���2. tame ���/<�6� A#H � tame �Æc
D� A#H ��+01�M3S7�;�L_� 3.2.2 � A ��+01�ÆZ d

��/�9�� X ��/�;�� (A#H)- 	Æc/ dimkX = d. LS2 3.2.1,

X|(A#H)⊗AX. ��a X 3 XA �,��ÆN X ��D���N3�/ A-	�
,(Æc/ XA = X1⊕· · ·⊕Xm �0�;�	�a��3Æ;�>) i ∈ {1, . . . , m}
�? X|(A#H) ⊗A Xi.

M3 X �1��+0��;� Xi 6D��+01�ÆL� A ��/ tame �
��;�++0/�3b k[T ] ^	��L� A-k[T ]- a	 Mj (j = 1, . . . , n) �?X
�+0�/1���� d��;� A-	K0=S%9� Mj⊗k[T ]k[T ]/(T−λ)�:
/ j �:/ λ ∈ k. 36 A#H � tame�����pc/ Xi

∼= Mij⊗k[T ]k[T ]/(T−λ)

�:/ ij ∈ {1, . . . , n} �:/ λ ∈ k. cD� (A#H) ⊗AMij ∈ GC(A#H).

��� (A#H)⊗AMij ) GC(A#H)��33�;���Z�(A#H)A⊗Mij =

⊕k∈IjM
k
ij
�� Ij ��/+0��bWÆLS2 3.2.3, Mk

ij
⊗k[T ] k[T ]/(T − λ) �3

A#H-k[T ]/(T−λ)-a	���;��Æ���O Mk
ij
⊗k[T ]k[T ]/(T−λ)�3 A#H-

	��;��M3 k[T ]/(T − λ) ∼= k. L�@X-�X|(A#H) ⊗AXi = (A#H)⊗A

Mij ⊗k[T ]k[T ]/(T−λ) = ⊕kM
k
ij
⊗k[T ]k[T ]/(T−λ). �@n X ∼= Mk

ij
⊗k[T ]k[T ]/(T−λ)

�:/ ij ∈ {1, . . . , n}, k ∈ Ij � λ ∈ k. M3WU {Mk
ij
}ij∈{1,...,n}, k∈Ij �+0��

A#H �� tame �Æ
“\�A. ” 06�/F�_� 3.2.2 “\�A ” �6�Æ3�89����0

m,ÆL� k �*;3 0 �;� H∗ ��89� (T [40]). L[�A�6���
(A#H)#H∗ � tame1�ÆL Blattner-Montgomery Duality/2�(A#H)#H∗ ∼=
Mn(A) � Morita �0� A. ;� A � tame 1�Æ

01 3.2.5. 
 H �����	*� Hopf ��� A ��� H- (��Æ
 A �

A#H �3��4��Æ

><. �e Drozd /I� tame–wild /2�O.@��+01�+01�����
tame ���� wild � (T [21]). MKL_� 3.2.2 �_� 3.2.4, ��?� A �

wild �6646 A#H � wild �Æ7U_� 3.2.2 �_� 3.2.4 �M+-���?
��6�Æ

M 3.2.6. A Drozd B� tame ���������?@�� tame ���AÆ�
��B�C tame-wild ���$D����	��BE� tame �BE� wild �Æ
�FGH�CB�GH���DI�+JEF�C22�FD��G/��K��
��H:Æ
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§3.3 Nakayama FG

�/	 M 43 uniserial ��,:��	W)Jq�B3��/M_WÆ�
/+01�� A 43 Nakayama �� �,:��;�l]��;��]	S�
uniserial �ÆX�89��K�	��NdKW� Nakayama ����/3�3
��hn���Æ�F�.b��2. smash <Ln>� Nakayama ���9�
�� Nakayama ��Æ�F���+-��

01 3.3.1. H �����	 Hopf ��� A ��� H- (��Æ�� H � H∗ �

*��� A ��� H- L���
 A#H ��� Nakayama ����� A ��

� Nakayama ��Æ

3�6�M/2���X�3@S2Æ

�1 3.3.2. �� H �*� Hopf ����� J � H- L���
 rad(A#H) ��

J#H.

><. a2��b] A→ A/J 3 p. �o�,��%` π : A#H → (A/J)#H 2

. π(
∑
a#h) =

∑
p(a)#h �;+� a ∈ A, h ∈ H . �`f6 Kerπ = J#H . M

K� A#H/J#H ∼= (A/J)#H . P� (A/J)#H ��/89��L7- 3.1.8 ��
@n rad(A#H) ⊆ J#H . PK�M3 (J#H)i = J i#H , ��+ J#H �^i2�

MK J#H ⊆ rad(A#H). ;�� rad(A#H) = J#H .

�e [8] ��������P�+-Æ;+��+,;�) [8] � IV.2 F��
�Æ

�1 3.3.3. 
 A ��� artin ��� J � A ��Æ
 A ��� Nakayama ��

��� A/J2 � Nakayama ��Æ

�1 3.3.4. 
 A ��� artin ��� J2 = 0. 
 A � Nakayama �����

A �M&) I(A) �%&�Æ

�1 3.3.5. 
 f : Λ → Γ ��� artin ����9Æ
'�����.
(i) Γ ���%&I Λ- (Æ
(ii) D��M& Γ- (<�M& Λ- (Æ

��>>O�3�6�/2 3.3.1 ���;�c/ A �= J b2 J2 = 0. E

J��LS2 3.3.3 ���
�/+01�� A � Nakayama �6646 A/J2 �
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Nakayama�ÆMK�A#H � Nakayama6646 A#H/(radA#H)2 � Nakayama

�ÆLS2 3.3.2 ���+ rad(A#H) = J#H . MK (rad(A#H))2 = J2#H . ��

-��LS2 3.3.2 �6��
 A#H/(J#H)2 ∼= (A/J2)#H . ;����6�/2
3.3.1 ���;�c/ A �= J b2 J2 = 0. �����X��Æj�	G)Qp
��4�c/ A �=� 2- ^i�Æ3@_��,�/2 3.3.1 ��/�\Æ

=> 3.3.6. �� H � H∗ �*� Hopf ��� A ��� H- L��Æ�� A#H

��� Nakayama ��
 A � Nakayama �Æ

><. 7US2 3.3.4�7K�O����=�3�6�M_��X6�.�, A#H

��]J I(A#H) � A#H- l]�7 A ��]J I(A) � A- l]�Æ���6
�5J���Æ

���
2.jL A ↪→ A#H �A#H �b�M�l] A- 	ÆM3 A#H l

]b A- 	���LS2 3.3.5 � I(A#H) ��/�] A- 	ÆM3 I(A#H) ��

/l] A#H- 	6 A#H ��/l] A- 	�MK I(A#H) ��/l] A- 	Æ;
� I(A#H) ��/Jq A �l]6�]� A- 	ÆMK I(A#H) Jq I(A) �3
�/a�lÆ�@n I(A) ��l] A- 	Æ

01 3.3.1 �JK.L_� 3.3.6, ���X6�, A� Nakayama �7 A#H

���ÆG)��c/ A� Nakayama�ÆL Blattner-Montgomery Duality/2�
���
 A#H#H∗ � Nakayama �ÆLS2 3.3.2, A#H �=� H∗- i/�ÆM
K"P_� 3.3.2 6��%%�����+ A#H �� Nakayama �Æ �
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§4.1 I;L@: Covering Quiver 8I;L@WX

���,��/ covering quiver"T/< 2.3.3 #� 4��� �/<Æ

0� 4.1.1. Z ΓG(W ) ��/ covering quiver. ΓG(W ) ��1�/<3 W �
q�j nΓG(W ) = |W |.

�/�/rp quiver Γ,��;�30�3@��/<PK�/43�k quiver

� quiver Γs .�, {1, . . . , n}� Γ�cTW�7 Γs �cTW� {1, . . . , n, 1′, . . . , n′}.
�4�/ Γ �rpf\

i· (a,b)−→ j· ���+ Γs �f\
i· (a,b)−→ j′· .

A@�/2 2.1.4 )3@+-�6��36�P�Æ

01 4.1.1. (Covering Quiver�����01) 
 ΓG(W )��� covering quiver,

|W | ��4���Æ$� A �����	���� Ext-quiver � ΓG(W ). 


(i) A ���4����� |W | = 0 � |W | = 1;

(ii) �� A � tame ��
 |W | = 2 0
(iii) �� |W | ≥ 3, 
 A � wild �Æ

><. (i): “\�A. ” 6 |W | = 0, ΓG(W ) �.�f\Æ�@n A ��/89�
�6D+0�1Æ6 |W | = 1, ΓG(W ) L��-�^3NÆ���
�/-��
�� Nakayama �6646:� Ext-quiver � An 5-�^Æ;� A �-���
��/ Nakayama ��ÆL�4�/ Nakayama ��S�+0�1 ( [8], 197 k)

6 A � Morita �0�:�-����;� A �+0�1Æ
“[�A. ” ���X6 A ��0�1��, |W | ≥ 2. 3�6���T�

���XÆN |W | = 2 �<	 (EJ�����6��, W ≥ 3, 7 A � wild �).

��a A �-���3 B(A). ���X6 B(A) ��0�1�ÆL/2 2.1.1 �
>)�/ admissible 2� I, �? kΓG(W )/I ∼= B(A). aL;+�f\QN�2�
3 J . L admissible 2��/<����+�/���b%`

B(A) � kΓG(W )/J2

MM����6 kΓG(W )/J2 ��+0�1�j;ÆcD�kΓG(W )/J2 � Jacob-

son =� 2- ^i��;� kΓG(W )/J2 i/�0�3K�Yo�� (T [8] X /2

27
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2.4 ):

Λ =


 kΓG(W )/J 0

J/J2 kΓG(W )/J




Λ � Ext-quiver �� ΓG(W ) �;� quiver (T [8] X /2 2.6 �6�).

Z W = (w1, w2). �, w1 = w2, ��;�LG ΓG(W ) �k quiver �3@	

� quiver ���5.

•i �� • j′

�@n Λ ��+0�1�M3cD�@ quiver � Kronecher quiver":��
Dynkin \#Æ

�, w1 �= w2, ΓG(W )s [+3K�� quiver .

•1 �� • j′1•j′2
�

•i2· · ·

�

•i1 · · ·

�, i1 = i2, ΓG(W )s �� Dynkin \MK Λ ��0�1�Æ�, i1 �= i2 �
��+

•1 �� • j′1•j′2
�

•i2�•j′3

�

•i1 � • j′4

�, j′4 = j′l � l = 1, 2, 3, ΓG(W )s �� Dynkin \MK Λ ��0�1�Æ
�,���%��s�@-�5L covering quiver �/<�>) it, is 5 j′t, j

′
s b

2 it = is 5 j′t = j′s. �l;O� ΓG(W )s �� Dynkin \MK Λ ��0�
1�Æ H.Krause [38] ��//I+,Oi/�0���+V%��1ÆMM�
kΓG(W )/J2 ��01�Æ	K B(A) ��+0�1�Æ

cD� (ii) ⇔ (iii). ;����6 (iii). M3 |W | ≥ 3, ��c/ W =

(w1, w2, w3, . . .). �q (i) � “[�A ” �6�����ÆN kΓG(W )/J2 ��k
quiver. �, w1 = w2, ΓG(W )s 8+3@�� quiver .
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•1 �� • j′1

�
•j
′
2

cD:�� Euclidean \�DK kΓG(W )/J2 ��/ wild ��Æ�, w1 �= w2,

�k�1A��c/ wi �= wj � 1 ≤ i �= j ≤ 3. �@n ΓG(W )s 8+3K��
quiver .

•
1

�

�
•j
′
3

� •�

•i11

j′1
� •i12�

•i21

•
j′2

�•i22

cD:�� Euclidean \�DK kΓG(W )/J2 ��/ wild ��Æ	K B(A) �

A � wild ��Æ

§4.2 +$QYZ

)�F�3@AF�����'�,+��%����6�3@/2ÆM/2
���+�+0�1�-� Hopf ����/�����Æ

01 4.2.1. 
 H �����	��5 Hopf ��Æ
 H ���4������
Nakayama ��Æ

M/2�\�A�cD�ÆMM+,����,[�A�6�Æ��)�F�
>�,M/2�D��6�Æ�e/2 2.3.2_T��+01-� Hopf��� Ext-

quiver � covering quiver. LM����, �5 Hopf ���4��� �/<Æ

0� 4.2.1. Z H ��/+01-� Hopf ��6 ΓG(W ) �0 Ext-quiver. H �
�1� nH /<3 nΓG(W ), j� nH = nΓG(W ) = |W |.

3@S2) [22] �86?�Æ

�1 4.2.2. ��6A*��5��� Nakayama ����� quiver ����5
 �## quiver Am �.
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01 4.2.1 �JK. “[�A. ” L Covering Quiver ��1�/2���
�
 H �+0�16646 nH = 0 5 nH = 1.

6 nH = 0, ΓG(W ) R+.�f\Æ;� H �89�6D Nakayama.

6 nH = 1, ΓG(W ) L-�^3N�LS2 4.2.2, H � Nakayama �Æ
“\�A. ” cDÆ �

§4.3 +FQYZ

DE���21� E.Green ��/+,Æ3�tr�/+,���>SL��
abÆ

��/ covering quiver ΓG(W ). ) ΓG(W ) �+�/�D�M G �P�j�
g · vh = vhg−1 � g · (ai, h) = (ai, gh) �.@ vh ∈ ΓG(W )0, (ai, h) ∈ ΓG(W )1 B

g ∈ G. c/ W = (w1, w2, . . . , . . . , wn) ��/j_ÆcD�_\ ΓG(W )/ ∼ G �L

�/cT� n / loop 3NÆ;�� kΓG(W )/ ∼ G %9�L n /p�QN��L
���j

kΓG(W )/ ∼ G ∼= k{x1, x2, . . . , xn}
a k{x1, x2, . . . , xn} 3 F . ���/ G- ����2.�/ xi ��3 wi (RF�T
[31]). L�3@+-��������4/3 Green /2 (T7- 4.5 � [31]). A
@����O���P [31] ��srÆ

�1 4.3.1. (Green /2) 
 kΓG(W ) ��� Hopf ����� Hopf +�A al-

lowable kG- '(+���Æ
 I � kΓG(W ) ��� admissible Hopf ��� F �

��� kΓG(W )/ ∼ G � G- *��A��ÆGH��N�E�ÆNF�GH� I

� I �GHI� F �0/���Æ

(a) I ��A�� F ����O���ÆÆ�� F/I �����	 G- *�

��Æ
(b) G- *� F/I- (56 ( ��	 G- *� F/I- (56) ��� kΓG(W )/I-

(56 ( ��	 kΓG(W )/I- (56). �

EJ��LMS2�6�"T [31] #����
6 I b2VI G · I ⊂ I �

I ·G ⊂ I ,� Green /2����ÆL�cD G · J2 ⊂ J2 6 J2 ·G ⊂ J2 (�� J

�L;+f\QN�2�), ;���+.

 S 4.3.2. G-*� F/J2-(56 (��	 G-*� F/J2-(56)��� kΓG(W )/J2-

(56 ( ��	 kΓG(W )/J2- (56). �
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3K�[2�����Æ

�1 4.3.3. 
 G ����Æ�� k{x, y} ��� G- *�+�� x, y �O�/�

 Λ = k{x, y}/(x, y)2 �6�6A* G- *�(���IÆ

><. cD� Λ = k{x, y}/(x, y)2 = k[x, y]/(x, y)2. 7 Λ ��/BF��Æ;� Λ

��/�;� Λ- 	6)%9@<3��P���;�l] Λ- 	ÆZ JΛ 3 Λ �
Jacobson =Æ7 J2

Λ = 0 6 JΛ
∼= S ⊕ S �� S = Λ/JΛ %9@<3�P��9 Λ-

	Æ
LcZ����
 x, y �m�dÆMK JΛ = (x)/(x, y)2⊕ (y)/(x, y)2 ��/ G-

�� Λ ��	Æ��j44�/+01 Λ- 	S��/ G- ��	ÆEJ���.@
Λ-	 C,>)�/�9� n�? nΛ� C �M3 Λ�P���;�l] Λ-	Æj�
>)�/b] π : nΛ � C �? nΛ/JΛnΛ ∼= C/JΛC. ;��cD Ker(π) ⊂ JΛnΛ.

M3 J2
Λ = 0, ;� JΛnΛ �89�Æ	89��:��� (x)/(x, y)2 � (y)/(x, y)2

nh�a�ÆMK� Kerπ %%��� (x)/(x, y)2 � (y)/(x, y)2 nh�a�Æ�@
n Kerπ ��/ nΛ � G- ���		K C ∼= nΛ/Kerπ � G- ���Æ

L [8] � 110 k�>�� Λ +�0�;� Λ- 	�%9/Æ;�L�@j4�
��?������Æ

 S 4.3.4. 
 k{x1, x2, . . . , xn} ��� G- *����$� x1, x2, . . . , xn �O�

/Æ�� n ≥ 2, 
 k{x1, x2, . . . , xn}/(x1, x2, . . . , xn)
2 �6�6A* G- *�(�

��IÆ

><. A@�>)�/�3 G- �����D�b]

k{x1, x2, . . . , xn}/(x1, x2, . . . , xn)
2 π� k{x1, x2}/(x1, x2)

2

MK�2.�/��b] π, ��+4�/ G- �� k{x1, x2}/(x1, x2)
2- 	��/

G- �� k{x1, x2, . . . , xn}/(x1, x2, . . . , xn)
2- 	Æ;�S2 4.3.3 �,�M7-Æ

01 4.2.1 �JK. ���6[�AÆZ H ��/-� Hopf ��6�+0
�1�ÆL/2 2.3.2, >)�/+0
 G ��/j_ W = (w1, w2, . . . , wn) �?
H ∼= kΓG(W )/I ��/ admissible 2� I. ��j4 n ≤ 1. S7�Z n ≥ 2. �e

kΓG(W )/ ∼ G ∼= k{x1, x2, . . . , xn} ��/ G- ����2.Z/ xi ��3 wi. �e

I ′ �/<ÆZ J �L;+f\QN�2�Æ7�`LG k{x1, x2, . . . , xn}/J2 =

k{x1, x2, . . . , xn}/(x1, x2, . . . , xn)
2. MKL7- 4.3.4, ��+ k{x1, x2, . . . , xn}/J2

+�0�;� G- ��	ÆL7- 4.3.2, ���
 kΓG(W )/J2 ��+0�1
�ÆM3 I ⊂ J2, ;�>)�D���%` kΓG(W )/I � kΓG(W )/J2. ;��
H ∼= kΓG(W )/I ��+0�1�Æ���/oqÆ;� n ≤ 1.



32 	�� ��.���JK Hopf 9�

6 n = 0, ) ΓG(W ) �R+f\Æ;� H 896D� Nakayama �Æ
6 n = 1, ΓG(W ) �L-�^3NÆ;� H � Nakayama �Æ �

� 4.3.1. Z q ��/ n- ��n9$=Æ�e Taft �� Tn2(q) ��/ Hopf ��
L g � x QN8+�B

gn = 1, xn = 0, xg = qgx

:�=e� ∆ �=9$ ε ��Z S �'3

∆(g) = g ⊗ g, ∆(x) = 1 ⊗ x+ x⊗ g

ε(g) = 1, ε(x) = 0

S(g) = g−1, S(x) = −xg−1

:��/-� Hopf�� (�/EJ;�L3KA/8�+-?�.Tn2 (q) ∼= Tn2(q)∗

� Tn2(q) ��/T� Hopf ��). ��j4:��/ Nakayama �� (M+-%%
;�L [12] 7,).

Z Tn2(q) 3 A. 7 JA = span{gixj |i = 0, 1, . . . , n− 1, j = 1, 2, . . . , n − 1} 6
J2
A = span{gixj |i = 0, 1, . . . , n− 1, j = 2, 3, . . . , n− 1}. a A/J2

A 3 Λ � A/J2
A �

socal 3 SocΛ. 7�`LG SocΛ = JA/J
2
A = span{gjx + J2

A|j = 0, 1, . . . , n − 1}.
/<�/[A%9

f : Λ/JΛ → SocΛ 2. (gi + J2
A) + JΛ → gix+ J2

A

� i = 0, 1, . . . , n−1. cD�f >��/ Λ-	%`Æ;��3 Λ-	�Λ/JΛ
∼= SocΛ.

�@n Λ ��/��]�� (Tps 12 � [8] � 135 k). ;�L [8] �_� 2.16

� Λ � Nakayama �Æ���
�/�� B � Nakayama �6646 B/J2
B �

Nakayama �ÆM3 Λ = A/J2
A, ;� A = Tn2(q) � Nakayama �ÆMK�+0

�1�Æ

M 4.3.5. Æ4��J)�O� Nakayama ���KF*���'PQRF3�N
SL���ÆMN�B��4��#PGH<QRHÆRO$�GHA'P��
� Auslander-Reiten quiver(Q [8]). ��� Nakayama ����5�TR���
Gabriel quiver BE��5 BE�## quiver Am. "'�4����5 Hopf �

�� Gabriel � Auslander-Reiten quiver �SL�Æ

§4.4 +DQYZ

�F��c/ k ��/*; 0 ���R:ÆD+����>>?@ grH �
+956� H �+0�16646 grH ���Æ�� H ��/+01�-�
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Hopf ��Æ

Z H ��/+01 Hopf ��6 JH �:� Jacobson =Æa grH �:�=�
����j�grH = H/JH⊕JH/J2

H⊕· · ·⊕Jm−1
H �, JmH = 0. �e�/ Hopf ��

H 43 *� ��, (i): �3[AZ�� H = ⊕H(n); (ii): H(i)H(j) ⊂ H(i+ j);

(iii) ∆(H(n)) ⊂ Σn
i=0H(i) ⊗H(n− i) 6 S(H(n)) ⊂ H(n). 3@S2EJ���9

� [54] �S2 5.2.8. MS2������`r�, grH ��/�� Hopf ��Æ

�1 4.4.1. grH = H/JH ⊕ JH/J
2
H ⊕ · · · ⊕ Jm−1

H ���*� Hopf �����

JH ��� Hopf ��Æ

><. “\�A. ” LcZ� H/JH ��/ Hopf ��MK JH ��/ Hopf 2�Æ
“[�A.” cD�:��/����ÆM3 S(J iH) ⊂ J iH � i ∈ {0, 1, . . . , m−1},

;� S(J iH/J
i+1
H ) ⊂ J iH/J

i+1
H .

���X6:�3�/=������j;ÆM3 JH ��/ Hopf 2��;�
∆ �,�/��%` ∆ : H/JH → H ⊗H/(H ⊗ JH + JH ⊗H) ∼= H/JH ⊗H/JH .

j� ∆(H/JH) ⊂ H/JH ⊗H/JH .

�`=���+[AZ���UC 0 → (H ⊗ J2
H + JH ⊗ JH + J2

H ⊗H)/(J2
H ⊗

H +H ⊗J2
H) → H/J2

H ⊗H/J2
H → (H ⊗H)/(H ⊗J2

H +JH ⊗JH +J2
H ⊗H) → 0. D

K�(H⊗H)/(H⊗J2
H+JH⊗JH+J2

H⊗H)��3-� ei⊗ej , ei⊗a, a⊗ei �� {ei}
� H/JH ��3-6 aqs JH/J

2
H ��3-Æ�@n (H⊗H)/(H⊗J2

H+JH⊗JH+

J2
H⊗H)�-$� H/JH⊗H/JH+H/JH⊗JH/J2

H+JH/J
2
H⊗H/JH �Æ7cD	�

ei⊗a, a⊗ei �de3N� H⊗JH+JH⊗H ) (H⊗H)/(H⊗J2
H+JH⊗JH+J2

H⊗H)

���3-Æj� (H ⊗ JH + JH ⊗ H)/(H ⊗ J2
H + JH ⊗ JH + J2

H ⊗ H) �-$
� H/JH ⊗ JH/J

2
H + JH/J

2
H ⊗ H/JH ��	K (H ⊗ JH + JH ⊗ H)/(H ⊗ J2

H +

JH ⊗ JH + J2
H ⊗ H) ∼= H/JH ⊗ JH/J

2
H + JH/J

2
H ⊗ H/JH . ;�� ∆(JH/J

2
H) ⊂

(H⊗JH+JH⊗H)/(H⊗J2
H+JH⊗JH+J2

H⊗H) ∼= H/JH⊗JH/J2
H+JH/J

2
H⊗H/JH .

� JH/J
2
H �<	/F���;�6��.@ i ∈ {2, . . . , m−1}�(H⊗H)/(H⊗

J iH + JH ⊗ J i−1
H + · · ·+ J iH ⊗H) �-$� H/JH ⊗H/JH +H/JH ⊗ JH/J

2
H + · · ·+

H/JH⊗J i−1
H /J iH+JH/J

2
H⊗H/JH+ · · ·+JH/J2

H⊗J i−2
H /J i−1

H + · · ·+J i−1
H /J iH⊗H/JH

�6

(H ⊗ J i−1
H + JH ⊗ J i−2

H + · · ·+ J i−1
H ⊗H)/(H ⊗ J iH + JH ⊗ J i−1

H + · · ·+ J iH ⊗H) ∼=

H/JH ⊗ J i−1
H /J iH + JH/J

2
H ⊗ J i−2

H /J i−1
H + · · ·+ J i−1

H /J iH ⊗H/JH

;� ∆(J i−1
H /J iH) ⊂ (H⊗J i−1

H +JH⊗J i−2
H + · · ·+J i−1

H ⊗H)/(H⊗J iH +JH⊗J i−1
H +

· · ·+J iH⊗H)0%9� H/JH⊗J i−1
H /J iH+JH/J

2
H⊗J i−2

H /J i−1
H +· · ·+J i−1

H /J iH⊗H/JH .

;� grH �3=�������Æ
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�e Green � Solberg (T [31] ) ��/+,�O-� Hopf ��� Jacobson

=��/ Hopf 2�Æ;���+3K�7-.

 S 4.4.2. 
 H ����5 Hopf ���
 grH ���*� Hopf ��Æ �

Z H, H0 �A/ Hopf ��6 π : H → H0 � ι : H0 → H � Hopf %`Æc
/ πι = idH0 , ;� π �b�6 ι �9�Æ/<

RH := Hcoπ = {h ∈ H|(id⊗ π)∆(h) = h⊗ 1}

L/2 2.2.2 (ii),

H ∼= RH ×H0 as Hopf �� s

�� “×” ��43a<5�EÆ

)�F�3K����H 4��/-� Hopf ��Æ;�L�K�7-���

 grH ��/�� Hopf ��ÆcD�H/JH =grH(0) � grH ��/ Hopf ���
6>)�/�D� Hopf ��b] π : grH → H/JH 6:� retraction ��jLÆ
��;�TP�K�X-ÆZ RH = {h ∈ H|(id ⊗ π)∆(h) = h ⊗ 1}, 7 grH ;�

2. RH � H/JH ��E�	�?�.

grH ∼= RH ×H/JH

=> 4.4.3. 
 H ����5 Hopf ��Æ RH SS�K����#Æ

(i) RH � grH �3��4��0
(ii) RH ���*��=>� Frobenius ��Æ

><. (i): L�E�/<�
�3�� grH ∼= RH#H/JH . ;� (i) �/2 3.2.5 �
aX+-Æ

(ii): >>��6� RH �������ÆEJ���`=��, h ∈ grH(n)

7 h′ιπS(h′′) ��t� H(n) �ÆPK� RH = {h′ιπS(h′′)|h ∈ H} (�EJ86)

[4] ��,). ;�� RH ����6 RH(n) = H(n) ∩ R.

X3�����6 RH ��/BF��Æ3M��X6 RH(0) = k1. ���

RH(0) = RH ∩ grH(0) = RH ∩H/JH . Z x ∈ RH ∩ H/JH , 7 ∆(x) = ∆(π(x)) =

(π ⊗ π)∆(x) = (π ⊗ id)(id ⊗ π)∆(x) = π(x) ⊗ 1. ;�� x = (ε ⊗ id)∆(x) =

ε(π(x))1 = ε(x)1. j� x ∈ k1 MK RH ∩H/JH = k1. u RH ��/BF��Æ
S3�P��.o���6 RH ��/ Frobenius ��Æ�/EJ;�aX?

��+��A@�.@+01H� Hopf ��S� Frobenius � (T 5.6 � Remark

5.8 � [29]) 6 RH ���/+01�H� Hopf ��Æ
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=> 4.4.4. 
 H � k �����5 Hopf��Æ
 H � Ext-quiver��� covering

quiver ΓG(W ) � RH � Ext-quiver �U7 ΓG(W )/ ∼ G.

><. H � Ext-quiver ��/ covering quiver ΓG(W ) EJ���/2 2.3.2.

�k�1A���c/ W = (w1, w2, . . . , wn). 7cD_\ ΓG(W )/G �L�/

cT� n/ loop3NÆM3 RH ��/BF���;�:� Ext-quiver �+�/c
TÆ;�36 RH � Ext-quiver ��_\ ΓG(W )/G ����X6 dimkRH(1) = n

M3 RH(1) = JRH
/J2

RH
.

L Ext-quiver�/<��dimk(JH/J
2
H) = |(ΓG(W ))1| = n|G|. j�dimk grH(1) =

n|G|. L%9 RH ×H/JH ∼= grH ���+�3[AZ� RH(1)×H/JH ∼= grH(1).

;� n|G| = dimk grH(1) = dimk(R(1) × H/JH) = dimk(RH(1))dimk(H/JH). �

eEJ"T [31] #�O�3 Hopf �� H/JH ∼= (kG)∗. ;� dimk(H/JH) = |G| 	
K dimkRH(1) = n.

+���[2���+.

01 4.4.5. 
 H �����	�5 Hopf ��� ΓG(W ) ��� Ext-quiver. 
 n

(i) grH ���4������ RH $��Æ
(ii): H ���4������ grH $��Æ

><. (i) EJ���_� 4.4.3 �*>Æ
(ii) ;�L3@X-aX?�ÆM3 RH ��/BF�� (_� 4.4.3 (ii)) �;

�:�+0�1�6646:� Ext-quiver L�/cT��/ loop �\3NÆ
"P_� 4.4.4, �@n grH �+0�1�6646 |W | = 0 5 |W | = 1(A@�
grH � Ext-quiver % H �V%�). ;��, grH �+0�1��LD����
���
 H � Nakayama 	K��+0�1�ÆL�@X-�����
�,
grH ��+0�1��7 |W | ≥ 2. ;� H ���+0�1�Æ

01 4.2.1 �JK. L/2 4.4.5 �6�����
 H �+0�1�66
46 |W | = 0 5 |W | = 1. LD�����6�� H � Nakayama �,:�+0

�1�Æ �

§4.5 \]

�F����/;+�+0�1�+01-� Hopf ��Æ6 H �89,�
��+ H = H/JH ∼= k × k × · · · × k. ���O� H ��k�Æ�/6t�+,
�O�/)�/��R: k �� H ��/89�k�+01 Hopf ��6646
H ∼= (kG)∗ �:/+0
Æ;������.o��/:89�+0�1�-�
Hopf ��Æ
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§4.5.1 T Monomial Hopf ���&U

�e�/��43 monomial �,>)�/ quiver Γ ��/+?QN� ad-

missible 2� I �? A ∼= kΓ/I. �/=�� C 43 comonomial �, C∗ ��/

monomial ��Æ�/+01 Hopf ��43 monomial ( comonomial) Hopf ���
,:�3��"=��#� monomial ( comonomial) �Æ;��cD����/+
01 Hopf �� H � monomial Hopf ��6646 H∗ ��/ comonomial Hopf

��Æ

�/��vu�3@) [12] "T7- 2.4 #�86?��S2Æ

�1 4.5.1. ��S*� Hopf ����� monomial Hopf ��������5
�� Nakayama �Æ �

;��]U/2 4.2.1 ��/S2���+.

 S 4.5.2. 
 H ���S*�� Hopf ��Æ
 H ���4����5 Hopf �

�������� monomial Hopf ��Æ �

;��3��/+0�1�-� Hopf ������X�/�/ monomial

Hopf ��Æ

§4.5.2 VW 0 XY� Monomial Hopf ��

) [12] ���J86�/�;+� comonomial Hopf ��6: k �*;3 0

(T/2 5.9 � [12]) ,Æm����e�/+-Æ

�1 4.5.3. 
 k �����(����� 0. ��K���TU�������

4.
{:89 comonomial Hopf k- ���%9/}

�

{k �
J\�%9/} �

)�K�S2���/
J\ (RFT [12]) ��/_C α = (G, g, χ, µ) +3

K u3N.
(1) �/+0
 G ��/ G ���d g �
(2) �/ G ��1 k- � χ �
(3) �/ µ ∈ k �? µ = 0 �, o(g) = o(χ(g)) 6�, µ �= 0 7 χo(χ(g)) = 1.
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M 4.5.4. ������ α = (G, g, χ, µ) ��4� comonomial Hopf �� A(α) Q

V� [12] ���Æ'V1�������A x �"�� h ∈ G 0/�BW�

xd = µ(1 − gd), xh = χ(h)hx, ∀ h ∈ G

�� d = o(χ(g)). B��WX ∆ ���� ε ��4 S *+���.

∆(x) = g ⊗ x+ x⊗ 1, ε(x) = 0,

∆(h) = h⊗ h, ε(h) = 1 ∀ h ∈ G,

S(x) = −g−1x, S(h) = h−1, ∀ h ∈ G.

§4.5.3 ZVWXY� Monomial Hopf ��

M3��UFYwQ����:�3	U�UFÆ)9/�UF�� k �*;
43 p. ��O�/�����/+018+9$�+U k- ��Æ

§4.5.3.1 
���

Z C ��/=��Æ:�/
dWU/<3

G(C) := {c ∈ C|∆(c) = c⊗ c, c �= 0}

cD� ε(c) = 1 � c ∈ G(C). � x, y ∈ G(C), a

Px,y(C) := {c ∈ C|∆(c) = c⊗ x+ y ⊗ c}

� x, y- �ndWUÆcD� ε(c) = 0 � c ∈ Px,y(C). A@� k(x − y) ⊆ Px,y(C).

�/de c ∈ Px,y(C) �:[i��, c /∈ k(x− y). A@� G(kQc) = Q0 �6

�1 4.5.5. [[12] �V� 1.1] � x, y ∈ Q0, GH� Px,y(C) = y(kQ1)x ⊕ k(x − y)

�� y(kQ1)x 4�A"��Æ x # y �.+5/� !Æ�+����S.,�
5�/����� x # y �.+Æ

���, comonomial =���89/<Æ

0� 4.5.1. kQc ��=�� C 43 comonomial ��,3K�VI�b2�.
(1) C Jq Q ��;�cT�f\0
(2) C Jq)�/�=�� Cd(Q) := ⊕d−1

i=0 kQ(i) ��:/ d ≥ 2, �� Q(i) �

;+�Qd3 i � Q ��?0
(3) C +�3L?	N�-Æ
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ÆN3K� quiver:

•e0�����
• e1

α0

�• e2

α1

····• en−3
���	

• en−2

αn−3

�
• en−1

αn−2

�
�

��αn−1

��a�/ quiver 3 Zn 54/3 () n ��5 . a pli 3 Zn �� ei 3V

TQd3 l �?Æ;���+ p0
i = ei 6 p1

i = αi.

�4�/ n- �9$= q ∈ k � Cibils � Rosso [15] 86) kZn(q) �/<��
��Qd����� Hopf ��+9Æj�

pli · pmj = qjl


 m+ l

l



q

pl+mi+j

S /<3� pli ]� (−1)lq−
l(l+1)

2
−ilpln−l−i ��


 m+ l

l



q

� Gauss El�B�Æ

0/<3


 m+ l

l



q

:= (l+m)!q
l!qm!q

�� l!q = 1q · · · lq 6 lq = 1 + q + · · ·+ ql−1.

3�Oj���a Cd(Zn) 3 Cd(n). j� Cd(n) � kZc
n �+;+?QDDU

� d �?3N��=��Æ

cD��,


 m+ l

l



q

= 0 �;+� 0 < m, l < d � m+ l ≥ d, 7 Cd(n) �

�/��� Hopf ��Æ

� 4.5.1. Z q ��/ d0- ��n9$=6 d0|n. c/ q ∈ k. )3�UF� (_�

4.5.10), ���6� d = ptd0 �:/:]9� t, 7


 d

l



q

= 0 �;+ 0 < l < d.
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L Gauss El�B���/b[�� (T [37]), j�
 n

k



q

=


 n− 1

k − 1



q

+ qk


 n− 1

k



q

��+


 m+ l

l



q

= 0 �;+� 0 < m, l < d � m+ l ≥ d. 7L�K�X-��

Cptd0(n) � kZn(q) ��/��� Hopf ��Æ��a�/ Hopf ��3 C(d0, t, n, q).

3K�+, ([12] �S2 2.3) �,� Cd(n) ���AÆ

�1 4.5.6. 
 A ���6A* comonomial ���Æ
 A � coFrobenius � (-�
A∗ � Frobenius) ��� A = k � A ∼= Cd(n) ��� n � d � d ≥ 2.

3K�S2 ([12] �S2 3.3) �X��Æ

�1 4.5.7. $�� Cd(n) ���� Hopf ��+�Æ
� Hopf ����@��G

H�

pli · pmj ≡ qjl


 m+ l

l



q

pl+mi+j (mod Cl+m(n))

� 0 ≤ i, j ≤ n− 1 � l,m ≤ d− 1. �� q ∈ k ��� n- ����Æ

§4.5.3.2 Cd(n) Y� Hopf ^_` Andruskiewitsch ^ Schneider a[

�F�.���, Cd(n) �8+ Hopf +9��/�0VI (/2 4.5.11) �5
�/;+�) Cd(n) ���� Hopf +9Æ�)���9� Cd(n) ��/ Hopf �
�r�Æ��+����X-L Andruskiewitsch � Schneider =,��/V�Æ

L Gauss El�B��/<�aX�v���+

�1 4.5.8. 
 q ��� d0- �5����Æ



 m+ l

l



q

= 0 ���

[
m+ l

d0

]
+

[
m+ l

pd0

]
+

[
m+ l

p2d0

]
+ · · ·+

[
m+ l

pid0

]
+ · · ·

−(

[
m

d0

]
+

[
m

pd0

]
+

[
m

p2d0

]
+ · · · +

[
m

pid0

]
+ · · · )
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−(

[
l

d0

]
+

[
l

pd0

]
+

[
l

p2d0

]
+ · · · +

[
l

pid0

]
+ · · · ) > 0

�1 4.5.9. 
 m > 1 ���&W�Æ


[m] +

[
m

p

]
+

[
m

p2

]
+ · · ·+

[
m

pi

]
+ · · ·

−([n] +

[
n

p

]
+

[
n

p2

]
+ · · · +

[
n

pi

]
+ · · · )

−([m− n] +

[
m− n

p

]
+

[
m− n

p2

]
+ · · ·+

[
m− n

pi

]
+ · · · ) > 0

�"�� 0 < n < m ��� m = pt ��� t ≥ 1.

><. 3�Oj���a

[m] +

[
m

p

]
+

[
m

p2

]
+ · · ·+

[
m

pi

]
+ · · ·

−([n] +

[
n

p

]
+

[
n

p2

]
+ · · · +

[
n

pi

]
+ · · · )

−([m− n] +

[
m− n

p

]
+

[
m− n

p2

]
+ · · ·+

[
m− n

pi

]
+ · · · )

3 Im,n.

“\�A. ” cD��;+� i ∈ N �
[
m
pi

]
−

[
n
pi

]
−

[
m−n
pi

]
≥ 0. ;��3�6

M����XLG�/ j ∈ N �?
[
m
pj

]
−

[
n
pj

]
−

[
m−n
pj

]
> 0. EJ��Z j = t ��

+ 1 =
[
pt

pt

]
>

[
n
pt

]
+

[
m−n
pt

]
= 0 �;+� 0 < n < m. �%���6��\�AÆ

“[�A. ” cD� p ≤ m. >>���j4 p|m. S7c/ m = kp + r 6

k ≥ 1, 0 < r < p. Z n = kp, 7�`=� Im,n = 0. ���cZoq�Æ
;+�1�Z m = pr(alp

l+· · ·+a1p+a0)�� r ≥ 16 ai < p� i = 1, 2, . . . , l.

Z n = a0p
r �7 m − n = pr(alp

l + · · · + a1p). 7�.@� 0 ≤ j ≤ r, ��+[
m
pj

]
= pr−j(alpl + · · ·+ a1p+ a0),

[
m−n
pj

]
= pr−j(alpl + · · ·+ a1p) 6

[
n
pj

]
= a0p

r−j.

�@n
[
m
pj

]
=

[
m−n
pj

]
+

[
n
pj

]
� j ≤ r. �, j > r,7 m = pj(alp

l−(j−r)+· · ·+aj−r)+
aj−r−1p

j−1+ · · ·+a0p
r. P��aj−r−1p

j−1+ · · ·+a0p
r ≤ (p−1)pj−1+ · · ·+(p−1)pr =

pj − pr < pj . ;�
[
m
pj

]
= alp

l−(j−r) + · · · + aj−r,
[
m−n
pj

]
= alp

l−(j−r) + · · · + aj−r

6
[
n
pj

]
= 0. �@n

[
m
pj

]
=

[
m−n
pj

]
+

[
n
pj

]
� j > r. 7U��X-���+[

m
pj

]
=

[
n
pj

]
+

[
m−n
pj

]
�;+� j 	K Im,n = 0. ��cZoqÆ;�����
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a0 = 0 5�;+� 2 ≤ i ≤ l � ai = 0. ��j4�+�/ i �? ai �= 0. EJ��
�, a0 �= 0, 7�@X-f6�;+� 2 ≤ i ≤ l � ai = 0. �, a0 = 0, 7�s�
K�X-���?� a1 = 0 5 ai = 0 �;+� l ≤ i ≤ 2. ;���5��+P�
�/ ai �? m = aip

r+i.

�, ai > 1, 7��@a ai = l1 + l2 �? l1l2 �= 0. Z n = l1p
r+i, 7�`LG

Im,n = 0. ��cZoqÆ;�� m = pr+i.

+���[2���;�?�3K���+-Æ

=> 4.5.10. 
 q ∈ k ��� d0-�5����Æ



 d

n



q

= 0�"�� 0 < n < d

��� d = prd0 ��� r.

><. 3�Oj�a[
m

d0

]
+

[
m

pd0

]
+

[
m

p2d0

]
+ · · ·+

[
m

pid0

]
+ · · ·

−(

[
n

d0

]
+

[
n

pd0

]
+

[
n

p2d0

]
+ · · · +

[
n

pid0

]
+ · · · )

−(

[
m− n

d0

]
+

[
m− n

pd0

]
+

[
m− n

p2d0

]
+ · · · +

[
m− n

pid0

]
+ · · · )

3 Im,n,q.

“\�A.” /F�S2 4.5.9�6����+ 1 =
[
prd0
prd0

]
>

[
n

prd0

]
+

[
prd0−n
pt

]
= 0

�;+� 0 < n < prd0. j� Id,n,q = 0 �;+� n < d 	K=JS2 4.5.8
 d

n



q

= 0 �;+� 0 < n < d.

“[�A. ” cD� d ≥ d0. ��j4 d0|d. �,�����+ d = kd0 + r �

? k ≥ 1, 0 < r < d0. Z n = kd0, 7`T Id,n,q = 0 	KLS2 4.5.8,


 d

n



q

�= 0.

��cZoqÆ
;����+ d

d0
��/�9�5a/3 m. �, m = 1, 7 d = p0d0. �,

m > 1, 7S2 4.5.8 �S2 4.5.9 f6 m = pr 	K d = md0 = prd0 �:/ r ≥ 1.

u� d = prd0 �:/ r ≥ 0.

01 4.5.11. Cd(n) �'� Hopf ��+���������� d0|n � r ≥ 0

��� d0 ��5���� q ∈ k �� d = prd0.
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><. “\�A. ” L_� 4.5.10,


 d

n



q

= 0 �;+� 0 < n < d. ;�> 4.5.1

tq�\�AÆ
“[�A. ” �, Cd(n) +�/ Hopf +9�7S2 4.5.7 @n>)�/ n- �

9$= q ∈ k �?

pli · pmj ≡ qjl


 m+ l

l



q

pl+mi+j (mod Cl+m(n))

���pc/ q ��/ d0- ��n9$=ÆL� Cd(n) �;+?�QdU� d �;

+


 m+ l

l



q

= 0 �;+� 0 < l,m < d � m+ l ≥ d. *'��


 d

n



q

= 0 �

;+� 0 < n < d. 	KL_� 4.5.10, ��+ d = prd0 �:/ r ≥ 0.

01 4.5.12. Cd(n)��>@'()*��*� Hopf+�<����� C(d0, t, n, q).

�� C(d0, t, n, q) �A 4.5.1 ���Æ

><. LS2 4.5.7 �/2 4.5.11 �6�����
.@�Qd����� Hopf +

9%9� C(d0, t, n, q) ��� d0|n � r ≥ 0 � q ∈ k ��/ d0 ���n9$=6
d = prd0.

3K�>��_T��) Cd(n) �5J>):��� Hopf +9Æ

� 4.5.2. ��) Cpd0(n) ��/:��� Hopf ��+9ÆZ q ∈ k ��/ d0- �
�n9$=6 d0|n. ��%%a pli 3 Zn �� ei 3VTQd3 l �?Æ/<.�
s1d0 + r1 < pd0 � s2d0 + r2 < pd0,

ps1d0+r1i ps2d0+r2
j = 0 if r1 + r2 ≥ d0

6

ps1d0+r1
i ps2d0+r2j = qr1j


 (s1 + s2)d0 + r1 + r2

s1d0 + r1



q

p
(s1+s2)d0+r1+r2
i+j

�, r1 + r2 < d0 6 (s1 + s2)d0 + r1 + r2 < pd0

6

ps1d0+r1
i ps2d0+r2

j = qr1j
((d0)!q)

p((s1 + s2)d0 + r1 + r2)!q
(s1d0 + r1)!q(s2d0 + r2)!q

(p
(s1+s2−p)d0+r1+r2
i+j −p(s1+s2−p)d0+r1+r2

i+j+pd0
)
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�, r1 + r2 < d0 6 (s1 + s2)d0 + r1 + r2 ≥ pd0. �Z/<3

S(pli) := (−1)lq−
l(l+1)

2
−ilpln−l−i

� l ≤ pd0. �5J��/ Hopf ��Æ:�9$d� p0
0 = e0. A@�:��Qd�

��Æ��;�LG�:�3���L p0
1, p

1
0 � pd00 QNÆ�/QT���+�3

�D�-Æ��%%;�2.QNd��B�?��/ Hopf ��Æ
Z n, d0, p, q ��Æ���/< A(n, d0, p, q). :�3��L g, x, y QN��B

3

gn = 1, xd0 = 0, yp = 1 − gpd0, xg = qgx, yg = gy, yx = xy

:�=e� ∆ �=9$ ε ��Z�'/<3

∆(g) = g⊗g, ∆(x) = x⊗1+g⊗x, ∆(y) = y⊗1+gd0⊗y+Σd0−1
i=1

1

(d0 − i)!q(i)!q
gixd0−i⊗xi

ε(g) = 1, ε(x) = ε(y) = 0

S(g) = gn−1, S(x) = −gn−1x, S(y) = −gn−d0y
2.suPaX�xw�
 A(n, d0, p, q)��/ Hopf��Æ��;�6��3 Hopf

��� A(n, d0, p, q) ∼= Cpd0(n) 2. g → p0
1, x → p1

0 and y → pd00 .

Z q ∈ k ��/ d0- ���n9$=6 d0|n, 7/2 4.5.11 tq��.@
Cptd0(n), ��+�/ Hopf ���r�

Cd0(n) � Cpd0(n) � Cp2d0(n) � · · · � Cptd0(n) (∗)

A@���, d0 = 1, C1(n) ���/ comonomial =��M3:R+.��f\Æ
P:��/ Hopf ��6cD%9��/
��Æ

�, d0 ≥ 2, 7 Cd0(n) Jq;+�cT�f\ÆLS2 4.5.5, ;+ kZn(q) �
/
d��ndS$� Cd0(n) �Æ	K�.@Qd�U� d0 �? β s/��L/

d��ndQNM3 β /∈ Cd0(n). 	K��, d0 ≥ 2, 7�.@ t ≥ 1 ����

Cptd0 �@L/
d��ndQNÆ�3���3@� Andruskiewitsch-Schneider

V�"T [4] #=?���[>�,: k �*;���;Æ

Andruskiewitsch-Schneider a[ Z H ��/$�*; 0 ��R:�+01�
T� Hopf ���7:L/
d��ndQNÆ

6: k �*;3 0 ,��K� Hopf ��r� (∗) ��
,G�ÆEJ��)
[12] �J866�� d = d0, j� Cd(n) = Cd0(n). ;��)��<	3Æ����
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5�@S/�K�V�M3 Cd0(n) 5J�L/
d��ndQN"T [12] �/2
3.6 #Æ

§4.5.3.3 Monomial Hopf ��

�F�A@.��X- comonomial Hopf ���+9Æ��>>6��//F
� [12] �/2 5.1 �+-Æ
.

�1 4.5.13. 
 C ��� comonomial ���Æ
 C '� Hopf ��+���

���������� C ∼= k ⊕ · · · ⊕ k �

C ∼= Cd(n) ⊕ · · · ⊕ Cd(n)

������� d0- �5������ d0|n � d = prd0 ≥ 2.

:�6�/F� [12] �/2 5.1 �6�Æ3�89����0m,Æ

><. “\�A. ” LcZ���+��3�/=��� C = C1 ⊕ · · · ⊕ Cl ��

Ci ∼= C1 �;+� 1 ≤ i ≤ l 6L/2 4.5.11, ���
 C1 8+�/ Hopf +9 H1.

7 H1 ⊗ kG � C ��/ Hopf +9�� G ��/.@y3 l �
Æ��6��\
�AÆ

“[�A. ” Z C ��/ comonomial =��5c/0�8+ Hopf +9ÆM
3�/+01� Hopf ��� coFrobenius ��;�	S2 4.5.6 ���
�3=�
� C 8+	� C = C1 ⊕· · ·⊕Cl ��4�/ Ci �3=����;���6 Ci = k

5 Ci = Cdi
(ni) �:/ ni � di ≥ 2.

��j4�,L�/ Ci = k, 7;+� Cj = k. EJ��S7�;�Z Cj =

Cd(n) �:/ j. Z α � Cj 	 x � y �f\ÆZ h � Ci = k ��P��/

dÆM3 C �/
dW��/
�;�>) g ∈ G(C) �? h = gx. 7 gα � C �
h, gy- �ndÆP�=J=���3 C = C1 ⊕ · · · ⊕ Cl � C R+ h, gy- �ndÆ
���/oqÆÆ

;��L�K�j4��, C �= k⊕ · · ·⊕ k, 7 C �3=��8+3K�	�

C = Cd1(n1) ⊕ · · · ⊕ Cdl
(nl)

64/ di ≥ 2. c/9$dJq) C1 = Cd1(n1) �Æ	 Montgomery ��/+,�

 ([56] �/2 3.2) C1 � C ��/� Hopf ��6

g−1
i Cdi

(ni) = Cdi
(ni)g

−1
i = Cd1(n1)
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�.@ gi ∈ G(Cdi
(ni)) �4/ i. 2.Yw Cdi

(ni) � Cd1(n1) ��/
d�/��
�L ni = n1 = n �4/ i. )Yw1���=� di = d1 = d �4/ i. G)M3

C1 = Cd(n) ��/ Hopf ���;+L/2 4.5.11 >)�/ d0- ��n9$=�?
d0|n 6 d = prd0 ≥ 2.

01 4.5.14. 
 H ���S*�� comonomial Hopf ��Æ
���� d0- �5
������ d0|n � d = prd0 ≥ 2. Y�������

H ∼= Cd(n) ⊕ · · · ⊕ Cd(n)

��� Hopf ��

H ∼= Cd(n)#σk(G/N)

�� G = G(H) and N = G(Cd(n)).

><. L [56] �/2 3.2 �S2 4.5.13 ���aX?����+-Æ

§4.5.3.4 ?@

4+�K�+-���+3K�+0�1-� Hopf ����//2Æ

01 4.5.15. (A) 
 H �����4�����	�5 Hopf ��Æ

(A.1) �� H �*���
������� G �� H ∼= (kG)∗;

(A.2) �� H 6�*���� k ���� 0 ���
������� α =

(G, g, χ, µ) �� H∗ ∼= A(α). �� A(α) ����X 4.5.4 �0
(A.3) �� H 6�*���� k ���� p ���
������ d0|n �

r ≥ 0 ��� d0 ��5���� q ∈ k �������

H∗ ∼= Cd(n) ⊕ · · · ⊕ Cd(n)

�� d = prd0 ≥ 2. -��� Hopf ��

H∗ ∼= Cd(n)#σk(G/N)

�� G = G(H) � N = G(Cd(n)).

(B) 
 H �����	� Hopf ��Æ��
(B.1) ������� G �� H ∼= (kG)∗ �

(B.2) ������� α = (G, g, χ, µ) �� H∗ ∼= A(α) �

(B.3) ����� H∗ ∼= Cd(n) ⊕ · · · ⊕ Cd(n)


 H �����4�����	�5 Hopf ��Æ
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><. (A.1) 86)�F�D�v�3x.ÆLS2 4.5.3 �/2 4.5.14, (A.2) �

(A.3) ;�aX?�����A@� H∗ ��/ comonomial Hopf ��Æ
M3 (kG)∗ �89�6�-���;� (B.1) @n H ��/+0�1�-

� Hopf ��Æ
LS2 4.5.3 �A 4.5.4, ���
 A(α) ��/ comonomial Hopf ��	K

(B.2) @n H ��/ monomial Hopf ��Æu�L7- 4.5.2, H +0�1�-
� Hopf ��Æ

86�
 Cd(n) ��/ comonomial =�� (T [12]). 	MEJ���
 (B.3)

@n H∗ ��/ comonomial Hopf ��	K H ��/ monomial Hopf ��Æj�
H ��/+0�1�-� Hopf ��Æ

M 4.5.16. (1) �F6Y/ZZ�GHV*F comonomial Hopf ���[XÆX@
#� [12] ��GH��� comonomial Hopf ��$\9� monomial Hopf ��Æ

(2) �� 4.5.15 � (A) >*������	��4���5 Hopf ���+

�Æ���@���� 4.5.15 �>* (B) �>* (A) �Y��>* (B) �$ Part

(A) "�� Hopf ��Z�"����	��4����5 Hopf ��Æ



+]% Tame L8UV Hopf L@

����c/ k ��/*; 0 ���R:Æ�����.����, tame �

�-� Hopf ���+9/2Æ

§5.1 Tame Eb\c Frobenius L@8$d^_eI

�F���+-�3K�/2Æ

01 5.1.1. 
 Λ ��� tame =>*�� Frobenius ��Æ
 Λ ∼= k < x, y > /I

�� I ���7:G�.
(1) I = (x2 − y2, yx− ax2, xy) � 0 �= a ∈ k;

(2) I = (x2, y2, (xy)m − a(yx)m) � 0 �= a ∈ k � m ≥ 1;

(3) I = (xn − yn, xy, yx) � n ≥ 2;

(4) I = (x2, y2, (xy)mx− (yx)my) � m ≥ 1;

(5) I = (yx− x2, y2)

���6�/2 5.1.1. 6D��[v>�,:�C2�!Æ�`LG�/+0
1�BF��� Frobenius 6646:� socle �1�3 1. �F�� Λ 4��
�/+01�BF Frobenius ��6 JΛ �:� Jacobson =Æ

.@ tame BF�� A [D�3@	�� quiver .

��
��
�

x

•��
��

�

y

��a�/ quiver 3 Q. L Gabriel /2 (T/2 2.1.1 ), ���
 A ∼= k <

x, y > /I �:/2� J2 ⊆ I ⊆ JN �� J �L x, y QN� k < x, y > �2�6
N ≥ 2. MM� dimkA ≥ 4 6��+�/�D�r�) A �Æ�T�/r����
aVT�����3 grA. ��O A � *� ��, A ∼=grA.

3��j���a x, y ) A �qÆ3 x, y.

�1 5.1.2. 
 Λ = kQ/I ���=>*� Frobenius ���� J2
Λ A x2 � y2 0

/Æ
 xy = 0 ��� I = (x2 − y2, yx− ax2, xy) � 0 �= a ∈ k � xy = yx = 0.

><. �X6[�AÆLcZ���+ Λ L 1, x, x2, · · · , y, y2, · · · 'NÆ��;�m
yx = xcw + ydz �� w, z �;f�6 w ∈ k[x], z ∈ k[y], c, d ≥ 2. 7 0 = xyx =

xc+1w 	K xc+1 = 0. M3 xcy = 0, ;� xc ∈ socΛ. ��-�� 0 = yxy = yd+1z

47
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MK��?� yd+1 = 0. M3 xyd = 0, ;� yd ∈ socΛ. �O� yx ∈ socΛ M3

socΛ � Λ �2�Æ
M3 yx �= 0 �;� xc � yd ���+�/�3 0. �k�1A�Z yd �= 0. M

3 Λ � Frobenius ��;� dimksocΛ = 1. 	K xc = byd � b ∈ k. �, b = 0,

7 xc = 0 6 xc−1 ∈ socΛ. �@n>)�/�9� i �? 0 �= xi ∈ socΛ. w�"P
socΛ �1�3 1, ��+ xi = b′yd � 0 �= b′ ∈ k. Z y′ = d

√
b′y �7 xi = y′d. M3

y′x �= 0 6 dimksocΛ = 1, ;� y′x = axi � 0 �= a ∈ k. M3 Λ ��/������
��
 i = 2 6 d = 2. j�>)�/b]. kQ/(x2−y′2, y′x−ax2, xy′) � Λ. M3

dimkkQ/(x
2 − y′2, y′x− ax2, xy′) = 4, ;� Λ ∼= kQ/(x2 − y′2, y′x− ax2, xy′).

�1 5.1.3. $� Λ ��� 4 	�=>*� Frobenius ��Æ
 Λ ����K��

����.
(1) kQ/(x2 − y2, yx− ax2, xy) � 0 �= a ∈ k

(2) kQ/(x2, y2, xy − ayx) � 0 �= a ∈ k.

><. Z x, y � JΛ �QNdÆM3 dimkΛ = 4 6 Λ � Frobenius ��;� xy �

yx t� Λ � socle.

(I): c/ xy = 0. �, yx �= 0, 7 y2 �= 0 6 x2 �= 0 M3 dimkΛ = 1. 	KLS
2 5.1.2, Λ ∼= kQ/(x2 − y2, yx− ax2, xy) � 0 �= a ∈ k.

�, yx = 0. )��<	����
 x2 = ay2 � 0 �= a ∈ k. Z u ∈ k 6

u2 = −a,7 X = x+uy, Y = x−uy�QNd6 X2 = Y 2 = x2+u2y2 = x2−ay2 = 0

� XY = Y X = x2−u2y2 = x2+ay2. 	K�Λ ∼= k < X, Y > /(X2, Y 2, XY −Y X).

�� (2) ��/*>Æ
(II): c/ xy �= 0 �= yx. 7 xy = cyx � 0 �= c ∈ k. L dimksocΛ = 1, ��+

x2 = axy 6 y2 = bxy. �, a = b = 0, 7 Λ ∼= kQ/(x2, y2, xy − cyx). S7��k
�1A�c/ a �= 0. Z Y = x− ay, 7 xY = 0. �%���x+<	 (I).

�1 5.1.4. 
 Λ ���=>*� Frobenius ��Æ

(i) �� Λ � tame �
 dimkJ

2
Λ/J

3
Λ ≤ 2.

(ii) �� dimkJ
2
Λ/J

3
Λ ≤ 1 
 dimkΛ = 4 � Λ ����� 5.1.1 (3) ����Æ

Æ

><. (i) �, dimkJ
2
Λ/J

3
Λ ≥ 3, 7>)�/%`q� wild � (T [69] � (2.1)). �

@n Λ � wild ����cZ Λ � tame �oqÆ
(ii) c/ dimkJ

2
Λ/J

3
Λ ≤ 1. 701�[D3�M3S7 x, y �$� socΛ �	K

socΛ �w�9�Æ;� x2, y2, xy, yx :��@%,3 0.

<	 (1): 5 x2 �= 0 5 y2 �= 0. �k�1A�c/ x2 �= 0. 	K xy = ax2, yx =

bx2 6 y2 = cx2 � a, b, c ∈ k M3 Λ ����6 dimkJ
2
Λ/J

3
Λ = 1.
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�, x3 �= 0, 7 xyx = ax3 = bx3 	K a = b. �@n xy = yx. jO Λ ��

k�	K Λ ��4��ÆL K.Erdmann ��/+, (T [23] �S2 III.4), ���

dimkΛ = 4 5 Λ ∼= kQ/(xm − yn, xy, yx). M3 Λ �����;� m = n.

�, x3 = 0, 7 x2y = ax3 = xyx = 0, y2x = cx3 = xy2 = 0, yx2 = bx3 =

0, yxy = bx2y = bx(xy) = abx3 = 0, y3 = cx2y = cax3 = 0. j�O J3
Λ = 0 	K

dimkJ
2
Λ = 1. u� dimkΛ = 4.

<	 (2): c/ x2 = 0 = y2. ��j4 xy �= 0 �= yx. S7 x 5 y �t�

socΛ 	K dimksocΛ > 1. ���;@�M3 Λ � Frobenius �Æu� xy = ayx �
0 �= a ∈ k 	K dimkΛ = 4.

3K�S2L K.Erdmann ) [23] (84 k) �,Æ

�1 5.1.5. 
 A���	�� 5� tame=>��Æ
� quiver� Q. 
 Λ ∼= kQ/L

�� L ���������.
(1) (xy, yx)

(2) (yx− x2, xy)

(3) (yx− x2, xy − ay2) �� a ∈ k � 0 �= a �= 1

(4) (x2, y2)

(5) (yx− x2, y2) �

�1 5.1.6. 
 Λ ���=>*� Frobenius ���� xy � yx �� J3
Λ. 
 Λ ∼=

kQ/(xn − yn, xy, yx) ���&W� n.

><. LcZ� xy � yx t� J3
Λ. M3 Λ ��/�����;� xy = yx = 0. M

3 Λ �+01���;�>)�9� mx � my �? xmx = ymy = 0 � xmx−1 �=
0 �= ymy−1. 	K� xmx−1, ymy−1 ∈ socΛ. ;� xmx−1 = cymy−1 � c �= 0. Z

y′ = my−1
√
cy, 7 xmx−1 = y′my−1. L Λ ��/�������+ mx − 1 = my − 1.

�@n��?�������Æ

�1 5.1.7. 
 Λ ���=>*� Frobenius ���� yx− x2 � xy �� J3
Λ. 


Λ ∼= kQ/(x2 − y2, yx− ax2, xy) � 0 �= a ∈ k.

><. j4. JΛ [�0// x′, y′ �� (x′y′) � (y′x′) �� J3
Λ �Æ�/j486

) [23] (T [23] �S2 III.7) 36�Æ
Lc/� yx− x2, xy ∈ J3

Λ. M3 Λ ������+ yx = x2 � xy = 0. ��

�
 yx �= 0 S7���K�j4oqÆLS2 5.1.2, ��?������Æ

�1 5.1.8. 
 Λ ���=>*� Frobenius ���� yx− x2 � xy− ay2 �� J3
Λ

�� 0 �= a �= 1. 
 dimkΛ = 4.
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><. Lc/ Λ �����;� yx = x2 � xy = ay2 � 0 �= a �= 1. 	K�
x3 = xyx = ay2x = ayx2 = ax3 � x2y = axy2 = a2y3 = ayxy = ax2y. M3 a �= 1,

;� x3 = 0 = x2y. M3 a �= 0, ;� xyx = y2x = yx2 = xy2 = y3 = yxy = 0. j

J3
Λ = 0 6 J2

Λ ⊆ socΛ. �@n dimkΛ = 4.

�1 5.1.9. Λ ���=>*� Frobenius ���� x2 � y2 �� J3
Λ. 
 Λ ∼=

kQ/(x2, y2, (xy)m− a(yx)m) � Λ ∼= kQ/(x2, y2, (xy)mx− (yx)my) ���&W�

m � a �= 0.

><. ���c/@n x2 = y2 = 0. Z m,n��%�9��? (xy)m �= 0, (xy)m+1 =

0, (yx)n �= 0 � (yx)n+1 = 0. 	K� (xy)mx, (yx)ny ∈ socΛ.

�, (xy)mx �= 0 �= (yx)ny, �� (yx)ny = a(xy)mx. �@n m = n. Z

y′ = ay �7 (y′x)my′ = (xy′)mx. j� Λ ∼= kQ/(x2, y′2, (xy′)mx− (y′x)my′).

�, (xy)mx �= 0 P%, (yx)ny = 0 ��� 0 �= (yx)n ∈ socΛ. ��?�
(xy)mx = a(yx)n � a �= 0. ���;@�M3 (xy)mx � (yx)n 8+�%��Æ/
F�� (xy)mx = 0 P%, (yx)ny �= 0 ���;@�Æ

P�S3�<	� (xy)mx = (yx)ny = 0. 	K (xy)m, (yx)n t� Λ � socle

	K (xy)m = a(yx)n � 0 �= a ∈ k. L Λ �������+ m = n. u?6Æ

�1 5.1.10. 
 Λ ���=>*� Frobenius ���� yx−x2 � y2 �� J3
Λ �Æ


 Λ ∼= kQ/(yx− x2, y2) � dimkΛ = 4.

><. �7���+ yx = x2 � y2 = 0. 	K xyx = x3 = yx2 = y2x = 0. MM
J3

Λ = (yxy) 6 J4
Λ = 0. u� dimkΛ ≤ 6.

�, dimkΛ �= 4, �� dimkΛ = 5 5 6. �, dimkΛ = 6, 7 Λ ∼= kQ/(yx −
x2, y2).

j4.dimkΛ �= 5. S7�dimkJ
2
Λ/J

3
Λ = 1 (�, dimkJ

2
Λ/J

3
Λ = 2,7 dimksocΛ =

2). LS2 5.1.4, ���
 dimkΛ = 4 5 Λ ∼= kQ/(xn − yn, xy, yx). ��S�
dimkΛ = 5 oqÆ

01 5.1.1 �JK.M3 Λ� tame?�LS2 5.1.4,��+ dimkJ
2
Λ/J

3
Λ ≤ 2.

�, dimkJ
2
Λ/J

3
Λ = 1, S2 5.1.4 @n Λ �/2 (1),(2),(3) ��:/��Æ

�, dimkJ
2
Λ/J

3
Λ = 2,7 dimkΛ/J

3
Λ = 5. �@n Λ/J3

Λ b2S2 5.1.5�VIÆ
	K�S2 5.1.6-5.1.10 �,�����Æ �

§5.2 Tame \cUV Hopf L@8;fWX

�F���+-��3K�+,Æ
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01 5.2.1. 
 H ����5 Hopf ��Æ
 grH � tame ���������

� G ������������ I �� grH ∼= k < x, y > /I × (kG)∗ .
(1) I = (x2 − y2, yx− ax2, xy) �� 0 �= a ∈ k;

(2) I = (x2, y2, (xy)m − a(yx)m) �� 0 �= a ∈ k � m ≥ 1;

(3) I = (xn − yn, xy, yx) �� n ≥ 2;

(4) I = (x2, y2, (xy)mx− (yx)my) �� m ≥ 1;

(5) I = (yx− x2, y2)

><. “[�A. ” >>��A@� grH ��/ Hopf �� (TS2 4.4.1)6 grH ∼=
RH × H/JH

(T_� 4.4.3 7�X-). ��K�L_� 4.4.3 � (i) � (ii) ���
�
 RH ��/ tame BF�� Frobenius ��ÆP��K� H/JH ��/�k

89 Hopf ��	K>)�/+0
 G �? H/JH ∼= (kG)∗. ;�L/2 5.1.1 �

grH ∼= RH ×H/JH , ��?�[�AÆ
“\�A. ” L/2 5.1.1, ���
 k < x, y > /I ��/ tame ��Æ7+-

;�aXL_� 4.4.3 � (i) ?�Æ

L Radford 5 Majid ��/+- (T [68][50]) ��, Λ �
(kG)∗
(kG)∗YD ���/

H� Hopf ���7��;�	N�E Λ × (kG)∗ ����/ Hopf �� (T/2
2.2.2). ���/ tame BF��� Frobenius �� A, �K?/25�@yq+0

 G �>)A�? A �

(kG)∗
(kG)∗YD ���/H� Hopf ��ÆEJ����.7>

��
�%�
�S>)Æ

`> 5.2.1. ��/ tame BF�� Frobenius �� A ���/+4����5/
�S>)+0
 G �? A �

(kG)∗
(kG)∗YD ���/H� Hopf ��Æ�,�%�
>

)��:�M�,Æ

3K�A/>�_T���:�*N� tame BF�� Frobenius ����%
�
 G �>)�Æ	K�5J>) tame ��-� Hopf ��Æ

� 5.2.1. Z q ��/ n- ��n9$=Æ�e Taft �� Tn2(q) ��/ Hopf ���
:�3��L g � x QN8+�B

gn = 1, xn = 0, xg = qgx

:�=e� ∆ �=9$ ε ��Z S �'3

∆(g) = g ⊗ g, ∆(x) = 1 ⊗ x+ x⊗ g

ε(g) = 1, ε(x) = 0
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S(g) = g−1, S(x) = −xg−1

���/-� Hopf ��M3 Tn2(q)/JTn2 (q) %9�^g
�� kZn ��6D
��/�k89��Æ

��ÆN H = T22(−1)⊗ T22(−1). ��aD�/ Taft ���QNd3 x, g K
DE/�3 y, h. cD��3[AZ� H = span{1⊗1, 1⊗h, g⊗1, g⊗h}⊕span{1⊗
y, 1⊗yh, g⊗y, g⊗yh, x⊗1, xg⊗1, x⊗h, xg⊗h}⊕span{x⊗y, x⊗yh, xg⊗y, xg⊗
yh}. aX;�?� JH = span{1⊗y, 1⊗yh, g⊗y, g⊗yh, x⊗1, xg⊗1, x⊗h, xg⊗
h}⊕ span{x⊗ y, x⊗ yh, xg⊗ y, xg⊗ yh}, H/JH = span{1⊗ 1, 1⊗ h, g⊗ 1, g⊗
h}, JH/J

2
H = span{1⊗y, 1⊗yh, g⊗y, g⊗yh, x⊗1, xg⊗1, x⊗h, xg⊗h}, J2

H =

span{x⊗ y, x⊗ yh, xg⊗ y, xg⊗ yh}. 	K H 5J��/=�� Hopf ��Æ;�
H ∼= RH×H/JH . u�H/JH ∼= k(Z2×Z2)6 dimk(H/JH) = 4. �@n dimkRH = 4

M3 dimkH = 16. L RH �/<����
 xg⊗1, 1⊗yh ∈ RH . P�cD dimk(k <

xg ⊗ 1, 1⊗ yh > /((xg ⊗ 1)2, (1 ⊗ yh)2, (xg ⊗ 1)(1⊗ yh)− (1 ⊗ yh)(xg ⊗ 1))) = 4.

;� RH
∼= k < X, Y > /(X2, Y 2, XY − Y X) �L/2 5.1.1, :� tame �Æ�@

n H �� tame �Æ

� 5.2.2. (a��) Z q��/ n-��n9$=6 m��/�9�b2 (m,n) = 1.

Z H = h(q,m) = k < y, x, g > /(xn, yn, gn − 1, gx− qxg, gy − qmyg, xy − yx) 60

��=e���Z�=9$�'3

∆(x) = x⊗ g + 1 ⊗ x, ∆(y) = y ⊗ 1 + gm ⊗ y, ∆(g) = g ⊗ g

S(x) = −xg−1, S(y) = −g−my, S(g) = g−1, ε(x) = ε(y) = 0. ε(g) = 1

���/ Hopf ��543y��Æ:��/-���M3 h(q,m)/Jh(q,m) ��/

�k89��Æ	��z+�y���T [6]. aXf6�
 RH = k < x′, y >

/(x′n, yn, x′y − qmyx′) �� x′ = xg−1 (T [3] � 1.4.2 ). *'���, n = 2, q =

−1, m = 1, 7 RH
∼= k < X, Y > /(X2, Y 2, XY + Y X). L/2 5.1.1 ����/

tame ��Æ	K� h(−1, 1) � tame �Æ
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�������� tame Hopf ���>�Æ��z{��>�@+�����
/;+� tame Hopf ��Æ

§6.1 Quiver 8cdei

�F���>�, quiver � 7:58 �/<ÆD)w�, quiver �	�'�
�-����'�<��BÆ

0� 6.1.1. Z Q, Γ �A/ quiver. 7 Q, Γ � 7:58 a3 Q⊗̃Γ 5/<3.

(Q⊗̃Γ)0 := {(i, a)|i ∈ Q0, a ∈ Γ0}

(Q⊗̃Γ)1 := {(i, α)|i ∈ Q0, α ∈ Γ1} ∪ {(β, a)|β ∈ Q1, a ∈ Γ0}
�

s(i, α) := (i, s(α)), s(β, a) := (s(β), a)

t(i, α) := (i, t(α)), t(β, a) := (t(β), a)

� 6.1.1. 3K� quiver �	�'�;�aXz,Æ

•1 �α •2⊗̃•1 �β •2 =

•(1, 3)

���
(α, 3) 

�

(1, β)
•(2, 3) •(1, 4)

���(α, 4)

�(2, β) •
(2, 4)

=> 6.1.1. 
 A,B ����5��Æ��H� Ext-quiver *+� QA � QB. 


A⊗ B � Ext-quiver � QA⊗̃QB.

3�6��/_����>��3C2�!Æ3K�S2=V��O9�Æ

�1 6.1.2. 
 A,B ����5��Æ
 A⊗B $����5��Æ

><. �`LG A⊗B � Jacobson =� JA ⊗B +A⊗ JB. 	K� A⊗B/JA⊗B ∼=
A/JA ⊗ B/JB = k(m) ⊗ k(n) = k(mn). u A⊗ B �-��Æ

L Gabriel /2����
�.@-��� A, ��>)P�� QA (j� A �
Ext-quiver) ��/ admissible 2� I �? kQA/I ∼= A.

53



54 	b� Tame Hopf 9��c�

: k �� quiver Q ��/ BW σ ��/? σ = Σn
i=1aipi � k- [A3U

σ = Σn
i=1aipi �� ai ∈ k 6 s(p1) = · · · = s(pn), t(p1) = · · · = t(pn). ��c/

4�/ pi �Qd��3 2. cD�.@� admissible 2� I �>)�BW ρ �?
I =< ρ >.

=> 6.1.1 �JK. ���a QA �cT3 i, j, . . . K QB �cT3 a, b, . . ..

���X6>) IA⊗B �?

kQA⊗̃QB/IA⊗B ∼= A⊗ B

L Gabriel /2�>)b] πA : kQA � A � πB : kQB � B 6 Ker(πA) :=<

ρA >, KerπB :=< ρB > � admissible 2��� ρA, ρB ��BWÆ
/< πA⊗B 3

(QA⊗̃QB)0 → A⊗ B, (i, a) → πA(i) ⊗ πB(a)

(QA⊗̃QB)1 → A⊗ B, (i, α) → πA(i) ⊗ πB(α), (β, a) → πA(β) ⊗ πB(a)

M3 πA and πB ���%`���+ πA⊗B|k(QA�⊗QB)0
��/��%`6 πA⊗B|k(QA �⊗QB)1

��/ k(QA⊗̃QB)0- a	%`ÆL'����{A����+��%`

πA⊗B : k(QA⊗̃QB) → A⊗ B

:cD�b]Æ
G)m���F@ πA⊗B �oÆZ σA � kQA ��BÆ�k�1A�c/ σA =

Σm
i=1kipi 6 pi = αin · · ·αi1. ��/< (σA, a) = Σm

i=1ki(αin, a) · · · (αi1, a) � a ∈
(QB)0. /F����/< (i, σB) � i ∈ (QA)0 � kQB ���B σB.

/< ρA⊗B := {(σA, a)|σA ∈ ρA, a ∈ (QB)0} ∪ {(i, σB)|σB ∈ ρB, i ∈ (QA)0} ∪
{(j, β)(α, a)− (α, b)(i, β)|�.@ α : i→ j, β : a→ b)}. L πA⊗B �/<���=
� KerπA⊗B ⊃< ρA⊗B >. 3K���6 KerπA⊗B =< ρA⊗B >.

cD�>)�D�	 kQA � k(QA⊗̃QB)/ < ρA⊗B > ��%`��D���%
`	 kQB � k(QA⊗̃QB)/ < ρA⊗B >. L��'�<�{A��>)�/��b]
π : kQA ⊗ kQB → k(QA⊗̃QB)/ < ρA⊗B > 2.

π(i⊗ a) = (i, a), π(i⊗ β) = (i, β)

π(α⊗ a) = (α, a), π(α⊗ β) = (α, β)

LaX�xw����
 t < ρA > ⊗kQB + kQA⊗ < ρB >⊂ Kerπ.

	K���+3K��k\.
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kQA ⊗ kQB/(< ρA > ⊗kQB + kQA⊗ < ρB >)

�

∼=
�

�
�

�
�

��
k(QA⊗̃QB)/ < ρA⊗B >

π

�πA⊗BA⊗B

�� π� πA⊗B �2. π� πA⊗B o��Æ	K�πA⊗B ��/%96 KerπA⊗B =<

ρA⊗B >":cD admissible #Æ;� A⊗B � Ext-quiver �	�'� QA⊗̃QB. �

��/-� Hopf ����e nH �:��1�Æ

 S 6.1.3. 
 H1 � H2 ����5 Hopf ��Æ
 nH1⊗H2 = nH1 + nH2.

><. ��	�'��/<�_� 6.1.1 �aX+-Æ
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� 1

T42(q) ⊗ T42(q′) � Ext-quiver 3

����
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���

��>)�/�/2 2.4.1 (i) �%�� quiver 58+V%��B
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L/2 2.4.1 � T42(q) ⊗ T42(q′) ��/ wild ��
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� 2

T42(q) ⊗ T32(q′) � Ext-quiver 3

����
�
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�

��>)�/�/2 2.4.1 (i) �%�� quiver 58+V%��B

• � • � •� •

•
�

�
�

�
��
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� • � •� • � •

L/2 2.4.1 � T42(q) ⊗ T32(q′) ��/ wild ��
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§6.2 eiQ

�/A/ Hopf �� H1 � H2. 	�,( H1 ⊗H2 � tame �_6 H1 � H2

�-����,(����M�,�/wxÆ

�F�D�/��+-��3K�/2Æ

01 6.2.1. 
 H1 � H2 ����5�S*� Hopf ��Æ�� H1 ⊗H2 � tame

��
 H1 � H2 <���4���Æ

><. L7- 6.1.3, ���
 nH1⊗H2 = nH1 + nH2 . L�1�/2� nH1⊗H2 = 2

	K nH1 = 1 6 nH2 = 1. w�"P�1�/2���+ H1 � H2 �+0�1
�Æ

�//2EJ�tq�3K�+-Æ

 S 6.2.2. 
 H1, H2 � H3 �\��5�S*� Hopf ��Æ
 H1 ⊗H2 ⊗H3 �

wild �Æ

><. ����/yU�/2 6.2.1 �6�ÆLc/� nHi
≥ 1 � i = 1, 2, 3. ;�

nH1⊗H2⊗H3 ≥ 3 	KL�1�/2� H1 ⊗H2 ⊗H3 � wild �Æ

	�//2���
�3�L'�<�9� tame -� Hopf ������X
ÆN+0�1�-� Hopf ���'�<ÆL [48], ���
�t1�+0�1
�-� Hopf ���� Taft ��� A(n, d, µ, q) ��9ÆL/<�A(n, d, µ, q) �3
+U��L g � x QN�0�B3

gn = 1, xd = µ(1 − gd), xg = qgx

:�=e� ∆ �=9$ ε ��Z S �'3 y

∆(g) = g ⊗ g, ∆(x) = 1 ⊗ x+ x⊗ g

ε(g) = 1, ε(x) = 0

S(g) = g−1, S(x) = −xg−1

��4�/ Hopf ��3 Andruskiewitsch-Schneider ��Æ

)�F��3�������3/	�,(A/ Taft ���'�<� tame

�Æ	�1�����3/	�,(A/ A(n, d, µ, q) �'�<� tame �Æ
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) 6.1 F���866� T42(q) ⊗ T42(q′) � T42(q) ⊗ T32(q′) � wild ��Æ3
K+-�����/	t�+,Æ
.

01 6.2.3. 
 k ����� 0 ���(�Æ Tm2(q)⊗ Tn2(q′) � tame ����

m = n = 2.

><. )> 5.2.1 ����EJ�866� T22(q)⊗ T22(q′) ��/��-� Hopf �
�ÆEJ��"P%%������;�6� H = Tm2(q) ⊗ Tn2(q′) �����Æ
L Radford �+, (T [68] �/2 3),

H ∼= RH ×H0 as Hopf �� s

aXxw� RH
∼= k < x, y > /(xm, yn, xy − yx). L/2 5.1.1 �:� tame 664

6 m = n = 2. 	K�//2�_� 4.4.3 �aX+-Æ

�//2_T��> 5.2.1 �� Tame -��P��<	�? Tm2(q)⊗ Tn2(q′)

� tame �ÆX3�����X- A(n, d, µ, q) �<	Æ�e [12] ��/+- (T

[12] �/2 4.3).

�1 6.2.4. 
 A = A(n, d, µ, q) � t = n/d− 1.

(i) �� µ �= 0, 
 A ∼= kZa
d/J

d ⊕Md(k) ⊕ · · · ⊕Md(k) (t � Md(k) �\f).

(ii) �� µ = 0, 
 A ∼= kZa
d/J

d ⊕ kZa
d/J

d ⊕ · · · ⊕ kZa
d/J

d ( t + 1 � kZa
d/J

d

�\f).

A@� kZa
d/J

d �3��:%9� Taft �� Td2(q) (�/EJ;�L3K�A
/8�+-?� 1: Taft �����9 Hopf ��0 2: (kZa

d/J
d)∗ ∼= Cd(d) ∼= Td2(q).

RF�T [12] � [14]).

01 6.2.5. 
 k ����� 0 ���(�Æ A(n, d, µ, q)⊗A(n′, d′, µ′, q′) � tame

���� d = d′ = 2.

><. a A = A(n, d, µ, q). >>����O�	�,( A ⊗ A � tame �ÆLS
2 6.2.4, �, µ �= 0, �� A⊗ A ∼= (kZa

d/J
d ⊕Md(k) ⊕ · · · ⊕Md(k)) ⊗ (kZa

d/J
d ⊕

Md(k)⊕· · ·⊕Md(k)) ∼= kZa
d/J

d⊗kZa
d/J

d⊕kZa
d/J

d⊗Md(k)⊕· · · kZa
d/J

d⊗Md(k)⊕
Md(k)⊗ kZa

d/J
d ⊕ · · · ⊕Md(k)⊗ kZa

d/J
d ⊕Md(k)⊗Md(k)⊕ · · · ⊕Md(k)⊗Md(k).

cD� Md(k) ⊗Md(k) ∼= Md2(k) �9��Æ kZa
d/J

d ⊗Md(k) ∼= Md(kZ
a
d/J

d) �

Morita �0� kZa
d/J

d. /F�� Md(k)⊗ kZa
d/J

d �� Morita �0� kZa
d/J

d. �

@n Md(k)⊗Md(k), kZ
a
d/J

d⊗Md(k), Md(k)⊗kZa
d/J

d S�+0�1�Æ;��
A ⊗ A � tame �6646 kZa

d/J
d ⊗ kZa

d/J
d � tame �ÆL/2 6.2.3 �M/2
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7�X-� A⊗ A � tame 6646 d = 2. /F����;�?����+-6
µ = 0 ,Æ

a A′ = A(n′, d′, µ′, q′). �/F�������
 A⊗ A′ � tame �6646
d = d′ = 2.

M3�� Hopf �� A(n, d, µ, q) 4+ d|n, ;���+.

 S 6.2.6. 
 k ����� 0 ���(�Æ A(n, d, µ, q) ⊗ A(n′, d′, µ′, q′) � wild

��� n � n′ �]�Æ

§6.3 Drinfeld g

�F���?@ Drinfeld 9 D(Γn,d). :� [24] � (A(n, d, µ, q))∗cop � Drin-

feld 9�72Æ�����+,��, D(Γn,d) �l]	�+9ÆLM���5/
� D(Γn,d) � Ext-quiver B�BÆ56� D(Γn,d) ��/ tame ��Æ�F��2
1� [24] 5z{kJ>=�*��Æ

�� Γn,d := kZn/J
d"�� d|n #�2. quiver ��B�F@�Æ�/ quiver

�.

•���•���• . . .

...

···•���•��	•
. . .

...

· · ·

08+ n /cT e0, · · · , en−1. ���a γmi � ei 3VTQd3 m �?Æ�B
��;+�Qd d ≥ 2 �?Æ

���, Γn,d � Hopf +9Æ��d/�/ d- ��n9$= q ��/ µ ∈ k.

∆(et) =
∑
j+l=t

ej ⊗ el + α0
t − β0

t , ∆(γ1
t ) =

∑
j+l=t

ej ⊗ γ1
l + qlγ1

j ⊗ el + α1
t − β1

t

ε(et) = δt0, ε(γ1
t ) = 0, S(et) = e−t, S(γ1

t ) = −qt+1γ1
−t−1
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��

αst = µ
d−1∑
l=s+1

∑
i+j=t

qjl(s)!q
l!q(d− l + s)!q

γli ⊗ γd+s−lj

βst = µ
d−1∑
l=s+1

∑
i+j+d=t

qjl(s)!q
l!q(d− l + s)!q

γli ⊗ γd+s−lj

=> 6.3.1. ��K��WX������4����� Γn,d ��� Hopf ��Æ

><. ���6� ∆ ��/��%`M30��+� Hopf ���|2��`f6
�Æ3M����X6� s, t ∈ {0, · · · , n− 1}, ��+

∆(es)∆(et) = ∆(δstet), ∆(γ1
set) = ∆(γ1

s )∆(et), ∆(etγ
1
s ) = ∆(et)∆(γ1

s )

EJ����+

∆(es)∆(et) = (
∑
j+l=s

ej ⊗ el + α0
s − β0

s )(
∑
j+l=t

ej ⊗ el + α0
t − β0

t )

= (
∑
j+l=s

ej ⊗ el)(
∑
j+l=t

ej ⊗ el) + (
∑
j+l=s

ej ⊗ el)α
0
t − (

∑
j+l=s

ej ⊗ el)β
0
t

+α0
s(

∑
j+l=t

ej ⊗ el) − β0
s (

∑
j+l=t

ej ⊗ el) + r

�� r = α0
sα

0
t −α0

sβ
0
t −β0

sα
0
t +β0

sβ
0
t 6cD� r ∈ Jd⊗kZn+kZn⊗Jd. ;� r = 0.

A@�) α0
t = µ

∑d−1
l=1

∑
i+j=t

qjl

l!q(d−l)!q γ
l
i ⊗ γd−lj ��4�/�.Y�O γli ⊗ γd−lj �

γli �5T� ei+l K γd−lj �5T� ej+d−l. ;�

(em ⊗ en)(γ
l
i ⊗ γd−lj ) �= 0

@n m + n = i + l + j + d − l = t + d. /F�� (γli ⊗ γd−lj )(em ⊗ en) �= 0 @n

m+ n = t. 	K�, s �= t+ p,

(
∑
j+l=s

ej ⊗ el)α
0
t = 0, β0

s (
∑
j+l=t

ej ⊗ el) = 0

K�, s �= t

(
∑
j+l=s

ej ⊗ el)β
0
t = 0, α0

s(
∑
j+l=t

ej ⊗ el) = 0

MM�, s �= t+ p 6 s �= t, 7 ∆(es)∆(et) = 0.
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�, s = t+ p,

∆(es)∆(et) = (
∑
j+l=s

ej ⊗ el)α
0
t − β0

s (
∑
j+l=t

ej ⊗ el) = α0
t − β0

s

= µ
d−1∑
l=1

∑
i+j=t

qjl

l!q(d− l)!q
γli ⊗ γd−lj − µ

d−1∑
l=1

∑
i+j+d=t+d

qjl

l!q(d− l)!q
γli ⊗ γd−lj

= 0

�, s = t, ∆(es)∆(et) =
∑

j+l=s ej⊗el−(
∑

j+l=s ej⊗el)β0
t+α

0
t (

∑
j+l=t ej⊗el) =∑

j+l=s ej ⊗ el − β0
t + α0

t = ∆(et).

4/� ∆(es)∆(et) = ∆(δstet).

X3�����6 ∆(γ1
set) = ∆(γ1

s )∆(et).

∆(γ1
s )∆(et) = (

∑
j+l=s

(ej ⊗ γ1
l + qlγ1

j ⊗ el) + α1
s − β1

s )(
∑
j+l=t

ej ⊗ el + α0
t − β0

t )

= (
∑
j+l=s

ej ⊗ γ1
l + qlγ1

j ⊗ el)(
∑
j+l=t

ej ⊗ el) + (
∑
j+l=s

ej ⊗ γ1
l + qlγ1

j ⊗ el)α
0
t

−(
∑
j+l=s

ej ⊗ γ1
l + qlγ1

j ⊗ el)β
0
t + α1

s(
∑
j+l=t

ej ⊗ el) − β1
s (

∑
j+l=t

ej ⊗ el)

/F� ∆(es)∆(et) = ∆(δstet) �6����+�, s �= t,

(
∑
j+l=s

ej ⊗ γ1
l + qlγ1

j ⊗ el)β
0
t = 0, α1

s(
∑
j+l=t

ej ⊗ el) = 0

K�, s �= t+ p,

(
∑
j+l=s

ej ⊗ γ1
l + qlγ1

j ⊗ el)α
0
t = 0, β1

s (
∑
j+l=t

ej ⊗ el) = 0

	K�, s �= t 6 s �= t+ p, 7 ∆(γ1
s )∆(et) = 0.
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�, s = t+ p,

∆(γ1
s )∆(et) = (

∑
j+l=s

ej ⊗ γ1
l + qlγ1

j ⊗ el)α
0
t − β1

s (
∑
j+l=t

ej ⊗ el)

=
∑
j+l=s

(ej ⊗ γ1
l + qlγ1

j ⊗ el)(µ

d−1∑
l=1

∑
i+j=t

qjl

l!q(d− l)!q
γli ⊗ γd−lj ) − β1

s

= µ

d−1∑
l=1

∑
i+j=t

qjl

l!q(d− l)!q
(γli ⊗ γd−l+1

j + qj+d−lγl+1
i ⊗ γd−lj ) − β1

s

= µ

d−1∑
l=2

∑
i+j=t

(
qjl

l!q(d− l)!q
+ qj(l−1)qj+d−l+1 1

(l − 1)!q(d− l + 1)!q
)γli ⊗ γd−l+1

j − β1
s

= µ

d−1∑
l=2

∑
i+j=t

qjl

l!q(d− l + 1)!q
γli ⊗ γd−l+1

j − β1
s

= 0

�, s = t,

∆(γ1
s )∆(et) = (

∑
j+l=s

ej ⊗ γ1
l + qlγ1

j ⊗ el) − (
∑
j+l=s

ej ⊗ γ1
l + qlγ1

j ⊗ el)β
0
t + α1

t (
∑
j+l=t

ej ⊗ el)

= (
∑
j+l=s

ej ⊗ γ1
l + qlγ1

j ⊗ el) − β1
t + α1

t = ∆(γ1
t )

��DE/��;�L/F�<	 s = t+ p �xw?�Æ
	K���+ ∆(γ1

set) = ∆(γ1
s )∆(et). �� ∆(etγ

1
s ) = ∆(et)∆(γ1

s ) ;�/F�
?�Æ

�1 6.3.2. ���� Hopf ��� (Γn,d)
∗cop ∼= A(n, d, µ, q) 57 γ̂0

1 → G, γ̂1
0 → X.

^P�GH�

∆(γmi ) = (
∑

s+t=i,v+l=m


 m

v



q

qvtγvs ⊗ γlt) + αmi − βmi

><. aXxw?�Æ

���a
∑

s+t=i,v+l=m


 m

v



q

qvtγvs ⊗ γlt 3 Mm
i . aXxw?�

�1 6.3.3.

(id⊗ ∆)Mm
l =

∑
m1+m2+m3=m,l1+l2+l3=l

qm1(l2+l3)+m2l3m!q
(m1)!q(m2)!q(m3)!q

γm1
l1

⊗ γm2
l2

⊗ γm3
l3
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(id⊗ ∆)αml = µ
∑

m1+m2+m3=d+m,l1+l2+l3=l

qm1(l2+l3)+m2l3m!q
(m1)!q(m2)!q(m3)!q

γm1
l1

⊗ γm2
l2

⊗ γm3
l3

(id⊗ ∆)βml = µ
∑

m1+m2+m3=d+m,l1+l2+l3+d=l

qm1(l2+l3)+m2l3m!q
(m1)!q(m2)!q(m3)!q

γm1

l1
⊗ γm2

l2
⊗ γm3

l3

=> 6.3.4. D(Γn,d) � Drinfeld _A''��O:`�.���������"�
(Γn,d)

∗cop ⊗ Γn,d. GH��/� GiXjγml ��� i, l ∈ {0, 1, . . . , n− 1}, 0 ≤ j,m ≤
d− 1. �K�BWab]�F����+�.

Gn = 1, Xd = µ(1 −Gd), GX = q−1XG

γml �W�"�5^+���WX�

γml G = q−mGγml (∗1)

�

(∗2) γml X =


 q−mXγml+1 − q−m(m)qγ

m−1
l+1 + ql+1−m(m)qGγ

m−1
l+1 �, m ≥ 1

Xγ0
l+1 − µ

(d−1)!q
(γd−1
l+1 − γd−1

l+1−d) + µql+1

(d−1)!q
G(γd−1

l+1 − γd−1
l+1−d) �, m = 0

><. ���6��� (∗1), (∗2). ���� (∗1), L Drinfeld 9�/<��

γml G = (1 ⊗ γml )(γ̂0
1 ⊗ 1)

=
∑

m1+m2+m3=m,l1+l2+l3=l

Cm1,m2,m3

l1,l2,l3
γ̂0

1(S
−1(γm3

l3
)?γm1

l1
) ⊗ γm2

l2
(I)

+µ
∑

m1+m2+m3=d+m,l1+l2+l3=l

Cm1,m2,m3

l1,l2,l3
γ̂0

1(S
−1(γm3

l3
)?γm1

l1
) ⊗ γm2

l2
(II)

−µ
∑

m1+m2+m3=d+m,l1+l2+l3+d=l

Cm1,m2,m3

l1,l2,l3
γ̂0

1(S
−1(γm3

l3
)?γm1

l1
) ⊗ γm2

l2
(III)

�� Cm1,m2,m3

l1,l2,l3
= qm1(l2+l3)+m2l3m!q

(m1)!q(m2)!q(m3)!q
. 2.vu���;�LG3K�+,Æ

��l (I), γ̂0
1(S

−1(γm3

l3
)?γm1

l1
) �= 0 �+ l1 = 1, l3 = n− 1, l2 = l,m1 = 0, m3 =

0, m2 = m. )��<	� Cm1,m2,m3

l1,l2,l3
= q−m. ;�� (I) = q−mγ̂0

1 ⊗ γml = q−mGγml .

/F����;�LG (II) = 0 � (III) = 0. u (∗1) ?6Æ
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�� (∗2),

γml X = (1 ⊗ γml )(γ̂1
0 ⊗ 1)

=
∑

m1+m2+m3=m,l1+l2+l3=l

Cm1,m2,m3

l1,l2,l3
γ̂1

0(S
−1(γm3

l3
)?γm1

l1
) ⊗ γm2

l2
(I)

+µ
∑

m1+m2+m3=d+m,l1+l2+l3=l

Cm1,m2,m3

l1,l2,l3
γ̂1

0(S
−1(γm3

l3
)?γm1

l1
) ⊗ γm2

l2
(II)

−µ
∑

m1+m2+m3=d+m,l1+l2+l3+d=l

Cm1,m2,m3

l1,l2,l3
γ̂1

0(S
−1(γm3

l3
)?γm1

l1
) ⊗ γm2

l2
(III)

��l (I), �`LG�++�<	�? γ̂1
0(S

−1(γm3

l3
)?γm1

l1
) �= 0. ���'�

(1) l1 = 0, l2 = l + 1, l3 = n− 1, m1 = 0, m2 = m− 1, m3 = 1

(2) l1 = 0, l2 = l + 1, l3 = n− 1, m1 = 0, m2 = m, m3 = 0

(3) l1 = 0, l2 = l + 1, l3 = n− 1, m1 = 1, m2 = m− 1, m3 = 0

��<	 (1), aXf6�

Cm1,m2,m3

l1,l2,l3
γ̂1

0(S
−1(γm3

l3
)?γm1

l1
) ⊗ γm2

l2
= −q−m(m)q1 ⊗ γm−1

l+1

��<	 (2), ��+

Cm1,m2,m3

l1,l2,l3
γ̂1

0(S
−1(γm3

l3
)?γm1

l1
) ⊗ γm2

l2
= −q−mγ̂1

0 ⊗ γml+1 = −q−mXγml+1

��<	 (3), ��+

Cm1,m2,m3

l1,l2,l3
γ̂1

0(S
−1(γm3

l3
)?γm1

l1
)⊗ γm2

l2
= −ql+1−m(m)qγ̂

0
1 ⊗ γm−1

l+1 = −ql+1−m(m)qGγ
m−1
l+1

��l (II), %%>)+�<	�? γ̂1
0(S

−1(γm3

l3
)?γm1

l1
) �= 0. :��

(1) l1 = 0, l2 = l + 1, l3 = n− 1, m1 = 0, m2 = d+m− 1, m3 = 1

(2) l1 = 0, l2 = l + 1, l3 = n− 1, m1 = 0, m2 = d+m, m3 = 0

(3) l1 = 0, l2 = l + 1, l3 = n− 1, m1 = 1, m2 = d+m− 1, m3 = 0

;��, m ≥ 1, ��+ γm2
l2

∈ Jd. L Γn,d �/<��:�: 0 �Æ	K
γ̂1

0(S
−1(γm3

l3
)?γm1

l1
) ⊗ γm2

l2
�= 0 @n m = 0.

c/ m = 0. ��<	 (1),

µCm1,m2,m3

l1,l2,l3
γ̂1

0(S
−1(γm3

l3
)?γm1

l1
) ⊗ γm2

l2
=

−µ
(d− 1)!q

γd−1
l+1

��<	 (2),

µCm1,m2,m3

l1,l2,l3
γ̂1

0(S
−1(γm3

l3
)?γm1

l1
) ⊗ γm2

l2
= 0
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��<	 (3),

µCm1,m2,m3

l1,l2,l3
γ̂1

0(S
−1(γm3

l3
)?γm1

l1
) ⊗ γm2

l2
=

µql+1

(d− 1)!q
Gγd−1

l+1

��l (III), %%>)+�<	��XÆNÆ
(1) l1 = 0, l2 = l + 1 − d, l3 = n− 1, m1 = 0, m2 = d+m− 1, m3 = 1

(2) l1 = 0, l2 = l + 1 − d, l3 = n− 1, m1 = 0, m2 = d+m, m3 = 0

(3) l1 = 0, l2 = l + 1 − d, l3 = n− 1, m1 = 1, m2 = d+m− 1, m3 = 0

�, m ≥ 1, ��%%+l (III) = 0. c/ m = 0. ��<	 (1),

µCm1,m2,m3

l1,l2,l3
γ̂1

0(S
−1(γm3

l3
)?γm1

l1
) ⊗ γm2

l2
=

−µ
(d− 1)!q

γd−1
l+1−d

��<	 (2),

µCm1,m2,m3

l1,l2,l3
γ̂1

0(S
−1(γm3

l3
)?γm1

l1
) ⊗ γm2

l2
= 0

��<	 (3),

µCm1,m2,m3

l1,l2,l3
γ̂1

0(S
−1(γm3

l3
)?γm1

l1
) ⊗ γm2

l2
=

µql+1

(d− 1)!q
Gγd−1

l+1−d

3�?@ D(Γn,d)�l]	�+9���>>� D(Γn,d)�33�� Γ0, · · · ,Γn−1

�a�ÆD)�'?@����Æ������� [24]. ����%%3���J
�P.�� [75][78].

=> 6.3.5. /� Eu := 1
n

∑
i,j∈Zn

q−i(u+j)Giej � u ∈ Zn ��6&�c�/�∑
u∈Zn

Eu = 1. Æ��

D(Γn,d) ∼=
⊕
u∈Zn

D(Γn,d)Eu

><. ���6� t EuX = XEu, 0=���`�Æ

EuX =
1

n

∑
i,j∈Zn

q−i(u+j)GiejX

=
1

n

∑
i,j∈Zn

q−i(u+j)Gi[Xej+1 − µ

(d− 1)!q
(γd−1
j+1 − γd−1

j+1−d) +
µqj+1

(d− 1)!q
G(γd−1

j+1 − γd−1
j+1−d)]
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A@�

∑
j∈Zn

q−i(u+j)µ

(d− 1)!q
(γd−1
j+1 − γd−1

j+1−d) =
∑
j∈Zn

q−i(u+j) µ

(d− 1)!q
γd−1
j+1 −

∑
j∈Zn

q−i(u+j) µ

(d− 1)!q
γd−1
j+1−d

=
∑
j∈Zn

q−i(u+j) µ

(d− 1)!q
γd−1
j+1 −

∑
l∈Zn

q−i(u+l+d) µ

(d− 1)!q
γd−1
l+1

=
µ

(d− 1)!q

∑
j∈Zn

(q−i(u+j) − q−i(u+j+d))γd−1
j+1

= 0

/F�� ∑
j∈Zn

q−i(u+j)µqj+1

(d− 1)!q
G(γd−1

j+1 − γd−1
j+1−d) = 0

u�

EuX =
1

n

∑
i,j∈Zn

q−i(u+j)GiXej+1

=
1

n

∑
i,j∈Zn

q−i(u+j)q−iXGiej+1

= X
1

n

∑
i,j∈Zn

q−i(u+j+1)Giej+1

= XEu

/< Γu := D(Γn,d)Eu. �K�_�_T��X?@ Γu. ��G)/<�� Γu

�^�dÆ:�U[���d�P��W;�P:��F@ Γu �-Æ

=> 6.3.6. 
 Eu,j =
∑n

d
−1

v=0 ej+vdEu � j ∈ Zd. 
 Eu,jEu,l = δjlEu,j �
∑d−1

j=0 Eu,j =

Eu. GHY� Eu,j = Eu,j′ ��� j ≡ j′ (mod d).

0�<�� Γu '��K�BW.

GEu,j = qu+jEu,j = Eu,jG, XEu,j = Eu,j−1X

γml Eu,j =


 Eu,j+mγ

m
l �, l ≡ j (mod d)

0 0:

><. ���6 XEu,j = Eu,j−1X. 0=�6�% [24] �_� 2.7 �6���%�Æ
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Eu,j−1X =

n
d
−1∑

v=0

(ej−1+vdX)Eu

=

n
d
−1∑

v=0

[Xej+vd − µ

(d− 1)!q
(γd−1
j+vd − γd−1

j+(v−1)d) +
µqj+vd

(d− 1)!q
G(γd−1

j+vd − γd−1
j+(v−1)d)]Eu

=

n
d
−1∑

v=0

Xej+vdEu = XEu,j

��@uz Γu ��3-��/��. Γu =
⊕d−1

s=1−d(Γu)s �� (Γu)s =

span{X tγmj Eu,j|j ∈ Zn, 0 ≤ m, t ≤ d − 1, m − t = s}. �� G �*;Z��
�.�, yEu,j � (Γu)s �d���+

G · yEu,j = qs+j+uyEu,j, yEu,j ·G = qj+uyEu,j

G)Z Fu,j := γd−1
j Eu,j � j ∈ Zn. �, j � Zn ��/d����0)

{1, . . . , d} ��a3 < j > K���0) {0, . . . , d− 1} ���a3 < j >−.

=> 6.3.7. ( ΓuFu,j '��K�7:.

•Hu,j

��

•
...

•Fu,j
��X•
��•

�•F̃u,j

•H̃u,j

�γ1
j�

•
...

��•

�� Hu,j := X<2j+u−1>−1Fu,j, F̃u,j := X<2j+u−1>−
Fu,j � H̃u,j := Xd−1Fu,j.

�_7�� ↓ 4� X ��8� ↑ 4���d��`e��^��.+��8��
+8<� G ���+8Æ

X@#� n 2j + u− 1 ≡ 0(mod d) T����f�.+6a�g�"'_(�
���GH� Hu,j = H̃u,j = Xd−1Fu,j @ F̃u,j = Fu,j.
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3�6�M_����X�3K�S2.

�1 6.3.8. (1) XmFu,j = 0 �� m ≥ d;

(2) $� m < d, 
/� γbd+j−m−1X
mFu,j ��

q−
b(2m−b+1)

2
(m)!q

(m− b)!q

∏
(q2j+u−1−(m−t+1)−1)Xm−bFu,j

�� b < m b
� 0.

><. (1): �X6� XdFu,j = 0. EJ�� XdFu,j = µ(1 − Gd)Fu,j = µ(Fu,j −
(qd−1+u+j)dFu,j) = µ(Fu,j − Fu,j) = 0.

(2): 2.Pv b �6MÆ6 b = 1, ��m�/f\	Mz2. X. "P_�

6.3.4 ���B���+

γ1
j+d−1−mX

mγd−1
j Eu,j = (q−1Xγ1

j−m+d − q−1γ0
j−m+d + qj−m−1+dGγ0

j−m+d)X
m−1γd−1

j Eu,j

= (q−1Xγ1
j−m+d − q−1(1 − q2(j−m+d)+u)γ0

j−m+d)X
m−1γd−1

j Eu,j (∗)

���xw γ0
j−m+dX

m−1γd−1
j �	�Æ

�, m = 1, cD γ0
j−m+dX

m−1γd−1
j = Xm−1γd−1

j

�, m > 1, γ0
j−m+dX

m−1γd−1
j

= [Xγ0
j−m+d+1−

µ

(d− 1)!q
(γd−1
j−m+d+1−γd−1

j−m+1)+
µqj−m+d+1

(d− 1)!q
G(γd−1

j−m+d+1−γd−1
j−m+1)]X

m−2γd−1
j

M3 m− 2 < d− 1, L)?�Qd��Pv��

γd−1
l Xm−2γd−1

j = 0 � l ∈ Zn

;��

γ0
j−m+dX

m−1γd−1
j = Xγ0

j−m+d+1X
m−2γd−1

j

= · · · = Xm−1γ0
j+d−1γ

d−1
j

= Xm−1γd−1
j
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	K�

(∗) = q−1Xγ1
j−m+dX

m−1γd−1
j Eu,j − q−1(1 − q2(j−m+d)+u)Xm−1γd−1

j Eu,j

= q−1X(q−1Xγ1
j−m+d+1 − q−1(1 − q2(j−m+d)+u+2)γ0

j−m+d−1)X
m−2γd−1

j Eu,j

−q−1(1 − q2(j−m+d)+u)Xm−1γd−1
j Eu,j

= q−2X2γ1
j−m+d+1X

m−2γd−1
j Eu,j + (−q−2 − q−1 + q2j−2m+u−1 + q2j−2m+u)Xm−1γd−1

j Eu,j

= · · ·
= q−mXmγ1

j+d−1γ
d−1
j Eu,j +

m∑
p=1

(−q−p + q2j−2m+u+p−2)Xm−1γd−1
j Eu,j

= q−m(m)q(q
2j−m+u−1 − 1)Xm−1γd−1

j Eu,j

=> 6.3.7 �JK. ����TPS2 6.3.8 ) b = 1 ,�<	���=�
γd+j−m−1X

mFu,j �� 0 �, m ≡ 2j+ u− 1 (mod d) 6S7� Xm−1Fu,j �: 0 �

eÆ �

0� 6.3.1. ��/< Zn ���/Pk3 σu(j) := d+ j− < 2j + u− 1 >. A@�
)_� 6.3.7 �\�	 Hu,j K��f\�� γ1

σu(j).

M 6.3.9. he8# σu(j) = j ��� < 2j+u−1 >= d, ��� < 2j+u−1 > �= d,


 σ2
u(j) = j + d Æ� σu �	�

2n
d
.

��G)����	 (���=�:���;�l]	�8MW).

�1 6.3.10. �� < 2j + u − 1 > �= d, 
���� d− < 2j + u − 1 >− −1 �/

Ku,j �� Hu,j = γ1
σu(j)−1Ku,j.

><. ÆN Hu,j = X<2j+u−1>−1γd−1
j Eu,j. ��>>m�/f\2. X. 7>)�/

�� α1, . . . , α2j+u−2 �?

Hu,j = X<2j+u−1>−1γd−1
j Eu,j

= qX<2j+u−1>−2γ1
j+d−3Xγ

d−2
j Eu,j + α1X

<2j+u−1>−2γd−2
j Eu,j

= q2X<2j+u−1>−3γ1
j+d−4X

2γd−2
j Eu,j + (α1 + α2)X

<2j+u−1>−2γd−2
j Eu,j
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��D+/��L3K�xw?�.

γ1
j+d−4X

2 = (q−1Xγ1
j+d−3 − q−1γ0

j+d−3 + qj+d−4Gγ0
j+d−3)X

= q−1X(q−1Xγ1
j+d−2 − q−1γ0

j+d−2 + qj+d−3Gγ0
j+d−3)

−q−1[Xγ0
j+d−2 −

µ

(d− 1)!q
(γd−1
j+d−2 − γd−1

j−2 ) +
µqj+d−1

(d− 1)!q
G(γd−1

j+d−2 − γd−1
j−2 )]

+qj+d−4G[Xγ0
j+d−2 −

µ

(d− 1)!q
(γd−1
j+d−2 − γd−1

j−2 ) +
µqj+d−1

(d− 1)!q
G(γd−1

j+d−2 − γd−1
j−2 )]

�

X<2j+u−1>−3γ1
j+d−4X

2γd−2
j Eu,j = X<2j+u−1>−3(q−2X2γ1

j+d−2 − q−1Xγ0
j+d−2

+qj+d−4GXγ0
j+d−2 − q−2Xγ0

j+d−2

+qj+d−4XGγ0
j+d−2)γ

d−2
j Eu,j

�s�K�.����+

Hu,j = · · ·
= q2j+u−2γ1

σu(j)−1X
<2j+u−1>−1γd−2

j Eu,j

+(α1 + · · ·+ α2j+u−2)X
<2j+u−1>−2γd−2

j Eu,j

��G))�)�/���DEl�s�K�.�a�+�/f\$�;+l
�7KÆ;��>)�� β ′

i, β
′′
i � βi �?3K���NU.

Hu,j = q2j+u−2γ1
σu(j)−1X

<2j+u−1>−1γd−2
j Eu,j + β ′

1X
<2j+u−1>−2γd−2

j Eu,j

= q2j+u−2γ1
σu(j)−1X

<2j+u−1>−1γd−2
j Eu,j

+β ′
1(q

2j+u−3γ1
σu(j)−1X

<2j+u−1>−2γd−3
j Eu,j + β ′′

2X
<2j+u−1>−3γd−3

j Eu,j)

= q2j+u−2γ1
σu(j)−1X

<2j+u−1>−1γd−2
j Eu,j + β1γ

1
σu(j)−1X

<2j+u−1>−2γd−3
j Eu,j

+β ′
2X

<2j+u−1>−3γd−3
j Eu,j

= · · ·
= q2j+u−2γ1

σu(j)−1X
<2j+u−1>−1γd−2

j Eu,j + γ1
σu(j)−1

<2j+u−1>∑
p=2

βp−1X
<2j+u−1>−pγd−p−1

j Eu,j

= γ1
σu(j)−1Ku,j

�� Ku,j ��3 d− < 2j + u− 1 > −1 = d− < 2j + u− 1 >− −1 �: 0 dÆ

0� 6.3.2. �, < 2j + u− 1 >= d, Z Ku,j = Fu,j. A@:��3 d− 1.
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G)��ÆN ΓuKu,j. 3K�+-�aX�Æ

=> 6.3.11. $� < 2j + u − 1 >= d. �� L(u, j) := ΓuKu,j. 
 L(u, j) '��

K�+�.

•
Hu,j = H̃u,j

�γ1
j�

•
...

•Fu,j = Ku,j = F̃u,j

��X•
��•

6 < 2j + u− 1 > �= d ,���+3K�+9.

=> 6.3.12. $� < 2j + u− 1 > �= d. 
( ΓuKu,j '��K�+�.

•Hu,j

��

•
...

•Fu,j
��•

•Ku,j
������ �����•F̃u,j

•Du,j

��

•
...

��•����������

����������

•H̃u,j

��

•
...

��•

•K̃u,j

������ �
�

��

•D̃u,j

��

•
...

��•

�� Du,j := Xd−<2j+u−1>−−1Ku,j, K̃u,j = Xd−<2j−u+1> � D̃u,j := Xd−1Ku,j.

�R� ↓ 4� X ��8� ↑ 4���d��`e��^��.+��8Æ ↗ �



§6.3 Drinfeld ! 73

H4���d��`e��^��.+��8Æ

36M���X���[2Æ

�1 6.3.13. � s < d, GH�

γ0
σu(j)−sX

s−1Ku,j = Xs−1γ0
σu(j)−1Ku,j

><.

γ0
σu(j)−sX

s−1Ku,j = [Xγ0
σu(j)−s+1 −

µ

(d− 1)!q
(γd−1
σu(j)−s+1 − γd−1

σu(j)−s+1−d)

+
µqσu(j)−s+1

(d− 1)!q
G(γd−1

σu(j)−s+1 − γd−1
σu(j)−s+1−d)]X

s−2Ku,j

�r�"P_� 6.3.4 � (∗2) ��`LG�.@Qd3 d− 1 �?���+

γd−1
i Xs−2Ku,j =

∑
cjlX

jγlmKu,j

�� l ≥ 2. S�LS2 6.3.9 �_� 6.3.7 � γlmKu,j = 0 � l ≥ 2. 	K

γ0
σu(j)−sX

s−1Ku,j = Xγ0
σu(j)−s+1X

s−2Ku,j

�s�/.����?������Æ

�1 6.3.14. GH� γtσu(j)−s−1X
sKu,j =

∑s
b=s−t+1 q

−bcb,sγb−s+t−1
σu(j)−b X

bHu,j+cs−t,sXs−tKu,j

�� cs,s = 1, cb,s = 0�� b < 0,� cb,s = ζs · · · ζb+1 �� ζs = (s)qq
−s(q−(2j+u−1)−s−

1) �� 0 ≤ b ≤ s− 1.
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><. 6��2.) t ��Pv?����m, t = 1 �<	.

γ1
σu(j)−s−1X

sKu,j = q−1Xγ1
σu(j)−sX

s−1Ku,j + (−q−1 + qσu(j)−s−1G)γ0
σu(j)−sX

s−1Ku,j

= q−1Xγ1
σu(j)−sX

s−1Ku,j + (−q−1 + qσu(j)−s−1G)Xs−1γ0
σu(j)−1Ku,j

= q−1Xγ1
σu(j)−sX

s−1Ku,j + (−q−1 + qσu(j)−s−1G)Xs−1Ku,j

= q−1Xγ1
σu(j)−sX

s−1Ku,j − (q−1 − q−2j−u+1−2s)Xs−1Ku,j

= q−1X(q−1Xγ1
σu(j)−s+1 − q−1γ0

σu(j)−s+1 + qσu(j)−sGγ0
σu(j)−s+1)X

s−2Ku,j

−(q−1 − q−2j−u+1−2s)Xs−1Ku,j

= q−2X2γ1
σu(j)−s+1X

s−2Ku,j − q−1X(q−1 − q−2j−u+1−2s+2)Xs−2Ku,j

−(q−1 − q−2j−u+1−2s)Xs−1Ku,j

= q−2X2γ1
σu(j)−s+1X

s−2Ku,j

−(q−1 + q−2 − q−2j−u+1−2s − q−2j−u+1−2s+1)Xs−1Ku,j

= · · ·
= q−sXsγ1

σu(j)−1Ku,j + ζsX
s−1Ku,j

�1 6.3.15. � 0 ≤ s ≤ d− < 2j + u − 1 >− −1, /� XsKu,j � XsF̃u,j �##

6B�Æ

><. �S2�6�% [24] ��S2 2.18 �6���%�Æ3�89����0m
,Æ

c/ αXsKu,j + βXsF̃u,j = 0 �� 0 ≤ s ≤ d− < 2j + u − 1 >− −1. e�
γs+1
σu(j)−1−s5"PS2 5.8���+ γs+1

σu(j)−1−sX
sF̃u,j � (q2j+u−1−(s+<2j+u−1>−(s+1)+1)−

1)X<2j+u−1>Fu,j":�� 0 #�: 0 �eÆ
PK�LS2 6.3.13 � γs+1

σu(j)−1−sX
sKu,j ��

∑s
b=0 q

−bcb,sγbσu(j)−bX
bHu,j. G

) ζp = 0 6646 p ≡ −2j − u + 1 (mod d). P��, 0 ≤ b + 1 ≤ p ≤
s ≤ d− < 2j + u − 1 >− −1, ��+ ζp �= 0 	K cb,s �= 0 �;+� b, s �

0 ≤ b+ 1 ≤ p ≤ s ≤ d− < 2j + u− 1 >− −1.

;�)�� αXsKu,j+βX
sF̃u,j = 0Aze� γs+1

σu(j)−1−s ?� αγs+1
σu(j)−1−sX

sKu,j

�: 0 �eK γs+1
σu(j)−1−sX

sKu,j �� 0 �;� α = 0 	K β = 0.

=> 6.3.11 �JK. TPS2 6.3.13 ) t = d − 1 = s �<	���=�
γd−1
σu(j)−dX

d−1Ku,j � F̃u,j �: 0 �e.
�, b ≤ d− < 2j + u− 1 >− −1, 7 cb,d−1 = 0;

�, b ≥ d− < 2j + u− 1 >− +1, 7 γb−1
σu(j)−bX

bHu,j = 0;

�)��, b = d− < 2j+u−1 >−, 7 γd−1
σu(j)−dX

d−1Ku,j � X<2j+u−1>γd−1
j Eu,j

�: 0 �eÆ
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;��*'��XsKu,j �= 0 �;+� s = 0, . . . , d− 1. S=�+9S;LM�
S2 6.3.14 ?�Æ �

L_� 6.3.11, �`LG;+;@� ΓuKu,j ��	Æ

 S 6.3.16. � < 2j + u− 1 > �= d, ( ΓuKu,j Z���U/;i.

ΓuKu,j ⊃ ΓuFu,j + ΓuD̃u,j ⊃ ΓuFu,j ⊃ ΓuF̃u,j ⊃ 0

�

ΓuKu,j ⊃ ΓuFu,j + ΓuD̃u,j ⊃ ΓuD̃u,j ⊃ ΓuF̃u,j ⊃ 0 �

6 < 2j + u− 1 > �= d ,���/< L(u, j) := ΓuKu,j/(ΓuFu,j + ΓuD̃u,j). LM
7-�:��/1�3 d− < 2j + u− 1 >− �9	�0)M7-�UN_C�UN
M�3 L(u, j), L(u, σu(j)), L(u, σ−1

u (j)) � L(u, j).

3��3 Γu 3�;�	�a����>LG� ΓuKu,j %9�6$� Γu ��
	Æ

�1 6.3.17. �� 0 ≤ h ≤ d− < 2j + u− 1 >− −1, 
IW Xh �# Γu ^(��
�. ΓuKu,j

∼=→ ΓuKu,jX
h.

><. 06�� [24] �S2 2.22 �6��/F�Æ
36MS2���[v>6be Xh � ΓuKu,j jL� ΓuKu,jX

h ��Æ;�
��6 h �Z��<	Æ3M����X6 H̃u,jX

h �= 0 � D̃u,jX
h �= 0. M3�L

_� 6.3.11, H̃u,j �� D̃u,j �:�f\�e<�;� H̃u,jX
h �= 0 yq D̃u,jX

h �= 0.

	K����XÆN H̃u,jX
d−<2j+u−1>−−1.

3�xwMl���X��//F�S2 6.3.8 ���B.

Xd−1γd−1
j Eu,jX

b = q−
b(2(d−1)−b+1)

2
(d− 1)!q

(d− 1 − b)!q

b∏
t=1

(q2j+(d−1)+u+t−1)Xd−1γd−1−b
j+b Eu,j+b

M|�) [24] �86�, (T:�S2 2.22 �6�). �`=�����<	�:�
���Æ"PM|����=� H̃u,jX

d−<2j+u−1>−−1 �
∏d−<2j+u−1>−−1

t=1 (q2j−1+u+t−
1)Xd−1γ<2j+u−1>−

j+d−<2j+u−1>−−1Eu,−j−u ":�� 0 #�: 0 �eÆ

��G)��3 Γu. A@��, < 2j+u− 1 > �= d, 	 ΓuKu,j �1�3 2d P
�, < 2j + u− 1 >= d, :�1�3 d.
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01 6.3.18. Γu '���O:*3�6A*(���.

Γu =
⊕
j∈Zn

d−<2j+u−1>−−1⊕
h=0

ΓuKu,jX
h

><. ��>>6�M��a�Æ) h ���a��M3�%�lS$��%�b
G-*;Z��ÆKK����a��M3:�+�%� socle:

⊕d−<2j+u−1>−−1
h=0 ΓuKu,jX

h

� socle �
⊕d−<2j+u−1>−−1

h=0 L(u, j)Xh �� L(u, j)Xh ∼= L(u, j).

�bL1��xw?�Æ>��6 d�w��dimk

⊕
j∈Zn

⊕d−<2j+u−1>−−1
h=0 ΓuKu,jX

h =
n
d
(d·d+2dd(d−1)

2
) = nd+nd(d−1) = nd2	K ndimk

⊕
j∈Zn

⊕d−<2j+u−1>−−1
h=0 ΓuKu,jX

h =

n2d2 = dimkD(Γn,d). ;� Γu =
⊕

j∈Zn

⊕d−<2j+u−1>−−1
h=0 ΓuKu,jX

h.

 S 6.3.19. 
 P (u, j) = ΓuKu,j �"�� l u, j. ( P (u, j) �%&�-��H�
4F6��%& D(Γn,d)- (���I��� u � j j� Zn.

� < 2j + u− 1 > �= d T���+��.

L(u, j)
�

�




L(u, σ−1
u (j)) L(u, σu(j))






�
�

L(u, j)

� < 2j + u− 1 >= d T� P (u, j) = L(u, j) ���Æ
0�<�� L(u, j) �4�4F6��� D(Γn,d)- (���I��� u � j j

� Zn. f�	�� d �Y�%&��� n2

d
�%&�(Æ

+���[2���;��, D(Γn,d) � quiver ��BÆ
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01 6.3.20. D(Γn,d) � Ext-quiver � n2

d
�c=�dC"�H�4��%&(#�

n(d−1)
2
�� quiver �\f.

•���
b

•���b���b •��	
b . . .

...

···•���b•���
b��	

b

���
b•

. . .

...

· · ·

_ quiver � 2n
d
�dC� 4n

d
.+Æ_ quiver ��BW� bb, bb � bb− bb. _

quiver �dC�4��( L(u, j), L(u, σu(j)), · · · , L(u, σ
2n
d
−1

u (j)).

><. M/2�6�% [24] �/2 2.25 �6���%�Æ

0� 6.3.3. �/�� A 43 �k biserial � �,:�-��� kQ/I b2.
(1) Q �.@cT���A/f\�VTÆ
(1)’ Q �.@cT���A/f\�5TÆ
(2) �/�/f\ β, >)���/f\ γ b2 s(β) = e(γ) �? βγ /∈ I.

(2)’ �/�/f\ β, >)���/f\ γ b2 e(β) = s(γ) �? γβ /∈ I.

3K�+-86) [23] �?� (T [23] � II.3.1 ).

�1 6.3.21. >@�k biserial ��� tame ���4���Æ �
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01 6.3.22. D(Γn,d) ��� tame ��Æ

><. L/2 6.3.19, ���
 D(Γn,d) ��/*N biserial ��60 quiver � cov-

ering quiver �5Æ	K�LS2 6.3.20 �:� tame 5+0�1�ÆwL�1
�/2����
 D(Γn,d) � tame �Æ



+h% jik (j) L@

��;�=N�3�33���/+01 Hopf ����/-�" 4 #���
a[Æ��72�2��?�� (?=��) �\T	K?�;<�2<?�� (2

<?=��). ��X-���+��2<? (=) ����A�Æ

§7.1 jikjL@

�F�,�2<?=���/<�:���-�+-Æ

Z ∆ = (∆0,∆1) ��/ quiver 6 C = {Si|i ∈ ∆0} ��3 k- =��Æ
Si �=e�a3 �i �=9$a3 εi.

⋃
i∈∆0

Si ��de43 C - () 0 �+

, 6�4�/ n ≥ 1, �/ C-() n �+ /<3 a1β1a2β2 · · ·anβnan+1, �� e

(s(β1)|β1 · · ·βn|e(βn)) � ∆ ��Qd n �?��4�/ i = 1, · · · , n, ai ∈ Ss(βi) �

an+1 ∈ Se(βn). G)ÆN�;+� C- ?3-� k- [AZ�	{	�3Kd�_ R

a1β1 · · ·βj−1(

m∑
l=1

kla
l
j)βjaj+1 · · ·anβnan+1 −

m∑
l=1

kla1β1 · · ·βj−1a
l
jβjaj+1 · · ·anβnan+1

�� (s(β1)|β1 · · ·βn|e(βn)) � ∆ �Qd n �?�4�/ i = 1, · · · , n, ai ∈ Ss(βi),

an+1 ∈ Se(βn), � kl ∈ k, alj ∈ Ss(βj) � l = 1, · · · , m. ) R �/<3K�=e��
=9$.�/ a1β1a2β2 · · ·anβnan+1, ��/<

�(a1β1a2β2 · · ·anβnan+1) =
n+1∑
i=1

a1β1 · · ·ai−1βi−1a
′
i ⊗ a′′i βiai+1 · · ·anβnan+1

*'�� �(ai) = �i(a) = a′i ⊗ a′′i � ai ∈ Si, i ∈ ∆0. =9$ ε /<3

ε(p) =


 0, �, p �Qd � n > 0

εi(p), �, p ∈ Si �:/ i ∈ ∆0

�`6�)�K�=e��=9$�/<3 R ��/ k- =��Æ�/=��43
∆ � C-+���. 5a3 R = k(∆, C). �1����4��/1�=��3 &�
+��� 6���
 ∆� C ,ÆcD�k(∆, C) ��/�Qd�����=��Æ
j�

k(∆, C) = k(∆0, C) ⊕ k(∆1, C) ⊕ k(∆2, C) ⊕ · · · ⊕ k(∆i, C) ⊕ · · ·
�� k(∆i, C) �L;+ k(∆, C) �Qd i � C- ?QN�Z�6 �(k(∆n, C)) ⊆∑n

i=0 k(∆i, C) ⊗ k(∆n−i, C).

79
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M 7.1.1. (i) X@#�� Si = k �D�� i ∈ ∆0, 
�K������ k(∆, C) "

�5^�+��� k∆ of ∆.

(ii) >@��� C A' @g ��� C- +��� k(∆, C). ?@��hCj ∆

�h���dC� quiver � C = {C} -AÆ^P�heeg��� k- ���@g

� C- +����k�6/��ÆA�� ∆ ���dC� quiver, ∆′ ���dC6

.+� quiver. 
 S1 ⊕ S2
∼= k(∆, S1 ⊕ S2) ∼= k(∆′, C = {S1, S2}) �>@����

� S1, S2. GH���\f�lJ��m-Æ

��;�� C- ?=���/�0�/<Æ3M���>F@�3;<�='
�=��Æ�/�/=�� C � C- a=	 M ∈ CMC . M"b#=	+9]]a
3 δL (δR). Z

CoTC(M) = C ⊕M ⊕M�2 ⊕ · · · ⊕M�n ⊕ · · ·

/<�/=9$ ε on CoTC(M) by

ε|M�i = 0 � i ≥ 1, � ε|C = εC

/< �|C = �C , �|M = δL + δR. �1��� m1 ⊗ · · · ⊗mn ∈M�n, ��/<

�(m1 ⊗ · · · ⊗mn) = δL(m1) ⊗m2 ⊗ · · · ⊗mn +m1 ⊗ · · · ⊗mn

+m1 ⊗ · · · ⊗mn + · · ·+m1 ⊗ · · · ⊗mn

+m1 ⊗ · · · ⊗ δR(mn)

∈ C ⊗M�n ⊕M ⊗M�n−1 ⊕M�2 ⊗M�n−2

⊕ · · · ⊕M�n−1 ⊗M ⊕M�n ⊗ C

)�% � � ε �/<3� CoTC(M) ��/=�� (T [60]) 543 C �a=	

M �='�=��Æ

Z R = k(∆, C)��/ C-?=��Æ�.@� x ∈ k(∆, C),a (x′)i⊗x′′ 3�(x)

��? x′ ∈ k(∆i, C) �l��Æ>���, x = a + bβc �� a ∈ k(∆0, C), bβc ∈
k(∆1, C), 7 (x′)0 ⊗ x′′ = a′ ⊗ a′′ + b′ ⊗ b′′βc. /F����/<3 �(x) ��?
x′′ ∈ k(∆i, C) �l��ÆcD� �(x) =

∑
i≥0(x

′)i ⊗ x′′ =
∑

i≥0 x
′ ⊗ (x′′)i.

=> 7.1.2. (1): �>@ C- +��� k(∆, C), k(∆n, C) ��� k(∆0, C)- '�(�

>@� n ≥ 0. '�(+�(&���.�>@� x ∈ k(∆n, C),

δL(x) := (x′)0 ⊗ x′′ � δR(x) := x′ ⊗ (x′′)0

(2): GH������ k(∆, C) ∼= CoTk(∆0,C)(k(∆1, C)).
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><. (1) >>A@� k(∆0, C) 4� k(∆, C) ��/�=��ÆEJ���`=�
k(∆0, C) = ⊕i∈∆0Si �, C = {Si|i ∈ ∆0}. �

∑
a1β1a2β2 · · ·anβnan+1 ∈ k(∆n, C),

��+

(id⊗ δL)δL(
∑

a1β1a2β2 · · ·anβnan+1) =
∑

(id⊗ δL)(a′1 ⊗ a′′1β1a2β2 · · ·anβnan+1)

=
∑

a′1 ⊗ a′′1 ⊗ a′′′1 β1a2β2 · · ·anβnan+1

= (�⊗ id)δL(
∑

a1β1a2β2 · · ·anβnan+1)

(ε⊗ id)δL(
∑

a1β1a2β2 · · ·anβnan+1) =
∑

(ε⊗ id)(a′1 ⊗ a′′1β1a2β2 · · ·anβnan+1)

=
∑

ε(a′1) ⊗ a′′1β1a2β2 · · ·anβnan+1

=
∑

a1β1a2β2 · · ·anβnan+1

	K k(∆n, C) ��/M k(∆0, C)- =	2. δL. /F����;�6� k(∆n, C) �

�/b k(∆0, C)- =	2.+9]] δR. (id⊗ δR)δL = (δL ⊗ id)δR ;�aX?�Æ
	K� k(∆n, C) ��/ k(∆0, C)- a=	Æ

(2)L (1), k(∆1, C)��/ k(∆0, C)-a=	Æ	K='�=�� CoTk(∆0,C)(k(∆1, C))

;�9��,�Æc/ a1β1a2⊗a3β2a4 ∈ k(∆1, C)�2. j�(id⊗δL−δR⊗id)(a1β1a2⊗
a3β2a4) = 0. P��`=� (id ⊗ δL − δR ⊗ id)(a1β1a2 ⊗ a3β2a4) = 0 6646
(�⊗ id)(a2 ⊗ a3) = (id⊗�)(a2 ⊗ a3). /F����+ a1β1a2 ⊗ · · ·⊗ a2n−1βna2n ∈
k(∆1, C)�n 6646 (�⊗id)(ai⊗ai+1) = (id⊗�)(ai⊗ai+1)� i = 2, 4, · · · , 2n−2.

/< F : k(∆, C) → CoTk(∆0,C)(k(∆1, C)) 2.

F |k(∆0,C)⊕k(∆1,C) := id, F (a1β1a2β2a3 · · ·anβnan+1) := a1β1�(a2)β2�(a3) · · ·�(an)βnan+1

�� a1β1a2β2a3 · · ·anβnan+1 ∈ k(∆n, C) � n ≥ 2. L k(∆, C) �=+UA�
��4+ (� ⊗ id)(a′i ⊗ a′′i ) = (id ⊗ �)(a′i ⊗ a′′i ) for i = 2, 3, · · · , n. �@n

a1β1�(a2)β2�(a3) · · ·�(an)βnan+1 ∈ k(∆1, C)�n � n ≥ 2. ;� F �x/<�Æ�
�y�kJ�f6 F ��/=��%`Æ

3�6� F �a]����, F �fÆ/< G : CoTk(∆0,C)(k(∆1, C)) → k(∆, C)

2.

G|k(∆0,C)⊕k(∆1,C) := id

6� a1β1a2 ⊗ a3β2a4 ⊗ · · · ⊗ a2n−1βna2n ∈ k(∆1, C)�n,

G(a1β1a2 ⊗ a3β2a4 ⊗ · · · ⊗ a2n−1βna2n) := a1β1ε(a2)a3β2 · · · ε(a2n−2)a2n−1βna2n

aX6�? FG = id � GF = id.
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3@�S2�='�=�� “{A� ”. �))K6�P�Æ

�1 7.1.3. (T [60] �/2 3.8 ) 
 X
ψ→ CoTC(M) �������9Æ
 ψn :=

pnψ : X →M�n � n ≥ 0, �� pn : CoTC(M) → M�n �%&Æ
 n

(1) ψ0 : X → C �������9Æ
(2) ψ1 : X → M ��� C- '�(�9��� X �57 ψ0 �ig� C-

'�(Æ
(3) � n ≥ 2, ψn ��� C- '�(�957

ψn : X

(n−1)→ X ⊗X ⊗ · · · ⊗X

ψ⊗n
1→ M⊗n

�� �(n) := (�(n−1)
X ⊗ idX)�X � n ≥ 2 � �(1) = �X.

(4) ψ = ψ0 ⊕ ψ1 ⊕ · · · ⊕ ψn ⊕ · · · . Æ�� ψ A ψ0 � ψ1 /�n�Æ

�1 7.1.4. (T [60] �/2 3.9) 
 ψ0 : X → C �������9� ψ1 X → M

��� C- '�(�9Æ
 ψn : X →M⊗n ��K�9�U/

ψn : X

(n−1)→ X ⊗X ⊗ · · · ⊗X

ψ⊗n
1→ M⊗n, n ≥ 2


 ψn ��� C- '�(�9� Im(ψn) ⊆M�n.

���D�� x ∈ X �h���N� i �� ψi(x) �= 0, 
 ψ : X → CoTC(M)

�������9��� ψ =
∑

i≥0 ψi.

�e=�� C �==r� {Cn} /<3.
C0 := C �9�=����

Cn := �−1(C ⊗ Cn−1 + C0 ⊗ C) for n ≥ 1

�� C0 43 C �==Æ7��+

Cn ⊆ Cn+1, n ≥ 0; C = ∪n≥0Cn; �(Cn) ⊆
n∑
i=0

Ci ⊗ Cn−i

T [54] � 60 kÆ

=> 7.1.5. �� C ����*�����
 CoTC(M) ��� (CoTC(M))0 "�

C.

><. cD� C ⊆ (CoTC(M))0. PK�aXxw� t ∧nCoTC(M)C = C ⊕M ⊕ · · · ⊕
M�n−1 6

�(∧nCoTC(M)C) ⊆
n∑
i=0

∧iCoTC(M)C ⊗∧n−iCoTC(M)C
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� n ≥ 1. 	K {∧nCoTC(M)C} � CoTC(M) ��/ ���o: (T [54] � 61 k).

L [54] �S2 5.3.4 ���+ C ⊇ (CoTC(M))0. MM� C = (CoTC(M))0.

Z C = {9=��Si|i ∈ ∆0} �:/ quiver ∆ = (∆0,∆1). 7 k(∆0, C) =

⊕i∈∆0Si ��/=89=��Æ	K�L_� 7.1.2 � 7.1.5, ��+.

 S 7.1.6. 
 C ��K"���Æ
 k(∆, C) ���� ⊕i∈∆0Si.

§7.2 Hflm

�)A 7.1.1 ;T����
�1�7A/2<?=��%9U[yq�:�
quiver �%9ÆP�����LG�,2<?=��/<)9=����72<?
=��%9tq:� quiver �%9Æ3M���4 k(∆, C) ��/ &% C- +��

� �,)�� C = {Si|i ∈ ∆0} �4�/ Si S�9�ÆPK�)D+F����6
��9 Gabriel /2;�72���=��2.�} C- ?=��Æ

�F���+,��.

01 7.2.1. 
 k(∆, C) � k(∆′,D)���&%&�+������ C = {Si|i ∈ ∆0}
� D = {Tj|j ∈ ∆′

0}. 
������ k(∆, C) ∼= k(∆′,D) ����� quiver �

�� ϕ : ∆ → ∆′ �� Si ∼= Tϕ(i) ������ i ∈ ∆0.

3�8NM/2�6����X���C2�!ÆZ D,E ⊆ C � C �A/�
=��Æ��/M C- =	 M 6�+9]]3 δL, a

DM := {m ∈M |δL(m) ∈ D ⊗M}

��/b C- =	 M �+9]] δR, a

MD := {m ∈M |δR(m) ∈M ⊗D}

��/ C- a=	 M , a

DME := {m ∈M |δL(m) ∈ D ⊗M, δR(m) ∈ M ⊗ E}

�1 7.2.2. �� C = ⊕i∈ICi � M ∈ MC, 
 M = ⊕i∈IMCi.

><. ab C- =	+9]]3 δR 6Z δR(m) =
∑
m0 ⊗m1 � m ∈ M . cD�

δR(m) =
∑
m0 ⊗m1 =

∑ ∑
i∈I m0i ⊗m1i �� m0i ⊗m1i ��;+�? m1 ∈ Ci

� δR(m) �l��ÆL�� (δR ⊗ id)δR = (id⊗�)δR ���vu� m0i ∈MCi �



84 	"� f#g ($) 9�

4�/ m0i ∈ m0i⊗m1i. 2.�P (id⊗ ε)δR = id ���?� m =
∑
m0iε(m1i) 	

K m ∈ ∑
i∈IM

Ci . ;� M =
∑

i∈IM
Ci . P��cD�� t

∑
i∈IM

Ci = ⊕i∈IMCi .

;� M = ⊕i∈IMCi .

/F����+.
�1 7.2.3. �� C = ⊕i∈ICi � M ∈ CM, 
 M = ⊕i∈I CiM .

=> 7.2.4. �� C = ⊕i∈ICi � M ∈ CMC, 
 M = ⊕i,j∈I CjMCi .

><. LS2 7.2.2, M = ⊕i∈IMCi . ��j4 MCi ��/M C- =	�	KS2
7.2.3 ;?+-Æ

�.@ m ∈MCi , Z δL(m) =
∑
m−1 ⊗m0 ∈ C ⊗M . �X6 m0 ∈MCi . EJ

��L (id⊗ δR)δL(m) = (δL ⊗ id)δR(m) ���+ m0 ∈MCi .

Z C = ⊕i∈ICi � CMC , CNC ∈ CMC . cD��/ C-a=	%` f : M → N

�%96646 f |CiMCj : CiMCj → CiNCj �3 Ci-Cj- a=	�%9� i, j ∈ I.

�e3K�+- (T [54] �S2 5.3.6):

�1 7.2.5. 
 f : C → D ���!����9�1 W1,W2 � C �: !��

ker(f) ⊆W1 ∩W2. 


f(W1 ∧W2) = f(W1) ∧ f(W2)

=> 7.2.6. 
 k(∆, C) � k(∆′,D) ��g��� 7.2.1 ��&%&�+���Æ�

� k(∆, C)
ψ∼= k(∆′,D) �


(1) ����'& ϕ : ∆0 → ∆′
0 �� Si ∼= Tϕ(i) � i ∈ ∆0

(2) ψ(k(∆0, C) ⊕ k(∆1, C)) = k(∆′
0,D) ⊕ k(∆′

1,D).

><. L7- 7.1.6, k(∆, C)� k(∆′,D)�==3 ⊕i∈∆0Si � ⊕j∈∆′
0
Tj. cD�ψ(Si)

� k(∆′,D) ��/: 0 9�=��M3 ψ ��/=���9]Æ	K>)P��

ϕ(i) ∈ ∆′
0 �? Si

ψ|Si∼= Tϕ(i). /F���;+� j ∈ ∆′
0, ψ

−1(Tj) �%9�:/

k(∆, C) � Si. MM� ϕ : ∆0 → ∆′
0 ��/a]6 Si ∼= Tϕ(i). �6�� (1).

L7- 7.1.6 �S2 7.2.5 �6���

ψ(k(∆0, C)⊕k(∆1, C)) = ψ(k(∆0, C)∧k(∆0, C)) = ψ(k(∆0, C))∧ψ(k(∆0, C)) = k(∆′
0,D)⊕k(∆′

1,D)

;� (2) ?6Æ

01 7.2.1 �JK.
“\�A. ” cDÆ
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“[�A. ” =J_� 7.2.6, ���X6) ∆ �	 i � j �f\/� tij ��
	 ϕ(i) � ϕ(j) �f\/� lϕ(i)ϕ(j). L_� 7.1.2,

k(∆, C) ∼= CoTk(∆0,C)(k(∆1, C)) k(∆′,D) ∼= CoTk(∆′
0,D)(k(∆

′
1,D))

a i(k(∆1, C))j := Si(k(∆1, C))Sj . cD����/�L Si-Sj- a=	�j�
i(k(∆1, C))j ∼= Si ⊗ (Vij) ⊗ Sj �:/ k- Z� Vij (TD+F), 6 tij = dim(Vij)

� i, j ∈ ∆0. /F�� lϕ(i)ϕ(j) = dim(Wϕ(i)ϕ(j)) �� Tϕ(i) ⊗ (Wϕ(i)ϕ(j)) ⊗ Tϕ(j)
∼=

ϕ(i)(k(∆′
1,D))ϕ(j) �3 Tϕ(i)-Tϕ(j)- a=	� i, j ∈ ∆0. L Si

ψ∼= Tϕ(i), Sj
ψ∼= Tϕ(j), 2

. ψ i(k(∆1, C))j N3�/ Tϕ(i)-Tϕ(j)- a=	� i, j ∈ ∆0. 	K�L�K�X-�
�,��@6� Tϕ(i)(k(∆1, C))Tϕ(j) ∼= Tϕ(i)(k(∆′

1,D))Tϕ(j) �3 Tϕ(i)-Tϕ(j)- a=	�
;�7 tij = lϕ(i)ϕ(j).

Z C = ⊕i∈∆0Si B D = ⊕j∈∆′
0
Tj. ��89��, k(∆1, C) �� D- a=	+

9ÆjM (b) D ^=	+93 ρL (ρR). �.@ aβb ∈ k(∆1, C),

ρL(aβb) = ψ(a′) ⊗ a′′βb, ρR(aβb) = aβb′ ⊗ ψ(b′′)

a aβb 3 aβb ) (k(∆0, C) ⊕ k(∆1, C))/k(∆0, C) 2.�D%`3�qÆK ψ(aβb)

� ψ(aβb) ) (k(∆′
0,D) ⊕ k(∆′

1,D))/k(∆′
0,D) �2.�D%`3�qÆ

/< (k(∆0, C) ⊕ k(∆1, C))/k(∆0, C) �� D- a=	+92. (��>�Pa

b ρL, ρR ):

ρL(aβb) = ψ(a′) ⊗ a′′βb, ρR(aβb) = aβb′ ⊗ ψ(b′′)

aXf6�:��x/<�5�, (k(∆0, C) ⊕ k(∆1, C))/k(∆0, C) ���/ D- a

=	+9Æ"P k(∆1, C) and (k(∆0, C)⊕k(∆1, C))/k(∆0, C) �� D- a=	+9�
�`=�3K�%9

(k(∆0, C) ⊕ k(∆1, C))/k(∆0, C)
πC→ k(∆1, C)

��/ D- a=	%`Æ/F���D%9

(k(∆′
0,D) ⊕ k(∆′

1,D))/k(∆′
0,D)

πD→ k(∆′
1,D)

��/ D- a=	%`��� (k(∆′
0,D)⊕ k(∆′

1,D))/k(∆′
0,D) �� D- a=	+9

3.
δL(cβd) = c′ ⊗ c′′βb, δR(cβd) = cβd′ ⊗ d′′

� c, d ∈ D, β ∈ ∆′
1.

/< φ : k(∆1, C) → k(∆′
1,D) �3C]]�UN.

k(∆1, C)
π−1

C→ (k(∆0, C)⊕k(∆1, C))/k(∆0, C)
ψ→ (k(∆′

0,D)⊕k(∆′
1,D))/k(∆′

0,D)
πD→ k(∆′

1,D)
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�� ψ /<3.�.@ aβb ∈ (k(∆0, C)⊕k(∆1, C))/k(∆0, C), ψ(aβb) := ψ(aβb). c

D�ψ ��/[A%9M3 ψ(k(∆0, C)) = k(∆′
0,D)�L_� 7.2.6 �ψ(k(∆0, C)⊕

k(∆1, C)) = k(∆′
0,D)⊕ k(∆′

1,D). ��j4 ψ ���/ D- a=	%`ÆEJ��
�.@� aβb ∈ (k(∆0, C) ⊕ k(∆1, C))/k(∆0, C), c/ ψ(aβb) =

∑
di +

∑
djβjej

� di ∈ Ti (i ∈ ∆′
0), djβjej ∈ k(∆′

1,D). L ψ ��/=��%`���+ (ψ ⊗
ψ)�(aβb) = �ψ(aβb). j�

ψ(a′)⊗ψ(a′′βb)+ψ(aβb′)⊗ψ(b′′) =
∑

d′i⊗d′′i +
∑

d′j⊗d′′jβjej+
∑

djβje
′
j⊗e′′j (∗)

at1l] k(∆′
0,D)⊕k(∆′

1,D) → (k(∆′
0,D)⊕k(∆′

1,D))/k(∆′
0,D) 3 π. m id⊗π

�P) (∗) �A|���?�

ψ(a′) ⊗ ψ(a′′βb) =
∑

d′j ⊗ d′′jβjej

PK�

(id⊗ ψ)ρL(aβb) = (id⊗ ψ)(ψ(a′) ⊗ a′′βb) = ψ(a′) ⊗ ψ(a′′βb)

�

δLψ(aβb) = δL(ψ(aβb)) = δL(
∑

djβjej) =
∑

d′j ⊗ d′′jβjej

	K�
(id⊗ ψ)ρL(aβb) = δLψ(aβb)

�@n ψ ��/M D-=	%`Æ/F����+:>��/b D- =	%`Æu�
ψ ��/ D- a=	%9ÆMM� φ = πDψπ

−1
C : k(∆1, C) → k(∆′

1,D) ��/ D- a

=	%9Æ;��
Tϕ(i)k(∆1, C)Tϕ(j)

φ∼= Tϕ(i)k(∆′
1,D)Tϕ(j)

�.@� i, j ∈ ∆0. ��8N�6�Æ �

M 7.2.7. (1)���� 7.2.1��A��5^�+��� k∆, k∆′, GH� k∆ ∼= k∆′

��� ∆ ∼= ∆′ �� k ���.,�����Æ
(2) 0�<�m-���F�#�� 7.2.1 � Si, Tj ������ph�b�

,C�ÆijX 7.1.1 (ii) ��A:kqGHh���>l�� Si r*3/��j

:������
��6jÆ

§7.3 jilg Gabriel WX

MF�4�� C = {9=��Si|i ∈ ∆0} �:/ quiver ∆ = (∆0,∆1).
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Z V ��/ k- Z��7 V ⊗ C ��/b C- =	2.+9]] id ⊗�C . �

�aM=	3 (V ) ⊗ C. /F����;�/< C ⊗ (V ), C ⊗ (V ) ⊗D �� D �

PK�/=��Æ�/b (M) C- =	 M (N) 43 �A� �,>)�/ k- Z�

V (W ) �? M ∼= (V )⊗C (N ∼= C ⊗ (W )). /F���/ C-D- a=	 CMD 43
�A� �, CMD ∼= C ⊗ (U) ⊗D �:/Z� U .

�`LG4�/b=	;�jL��/�L=	 (T [20] �7- 2 ). EJ

���.@b C- =	 M , �� δR ��/	 M � (M) ⊗ C � C- =	%`Æ

L� (id ⊗ ε)δR = id, δR ��/9]Æj� M
δR
↪→ (M) ⊗ C. /F����+

CM ↪→ C ⊗ (M), CMD ↪→ C ⊗ (M) ⊗D.

�1 7.3.1. 
 MC ∈ MC. 
���� k-  ! V !".
(1) M A')*# (V ) ⊗ C ��
(2) �>@� k-  ! W !" dim(W ) < dim(V ), M 6r)*# (W ) ⊗ C.

b2" 1 #" 2 #� k- Z� V 43 M �3�Lb C- =	��/ 42@g.

><. /< F = {V |M ↪→ (V ) ⊗ C, dim(V ) ≤ dim(M)}. cD� F ��/:
ZWM3 M ↪→ (M) ⊗ C. ��/< F ���/z_2. V ≤ W 6646
(V )⊗C ⊇ (W )⊗C. �, {Vi|i ∈ I}��/ F �{�7 ∩i∈I(Vi⊗C) = (∩i∈IVi)⊗C
� {Vi|i ∈ I} ���ÆL Zorn’s S2� F Jq�/Z�d V M3��;�Æ

/F���.@� CMD ∈ CMD (CN ∈ CM), ��;�LG CMD (CN) �
3�L C-D- a=	 (M C- =	) �ZUJGÆ

c/ M ∈ CMC ��3=�� C = ⊕i∈ICi. 	KL_� 7.2.4 � M =

⊕i,j∈I CiMCj = ⊕i,j∈I iM j ��� iM j := CiMCj . MM�>)�/ iM j �3�L
Ci-Cj- a=	�ZUJG Vij � i, j ∈ I. ��G);�/<�/ quiver. ZcTW
3 ∆0 = I. � i, j ∈ I, Z	 i � j �f\/�3 Vij �1�ÆcD��, iM j = 0,

7��R+	 i � j �f\Æ	K���?��/ quiver ∆ = (∆0,∆1) 54/3
CoTC(M) � quiver.

�e Heyneman-Radford (T [34]) ��/+-.

�1 7.3.2. �� f : D → E �������9�
 f ������ f |D1 ��

�Æ

=> 7.3.3. � C = {Si|Si �9=��, i ∈ I}. 
 C = ⊕i∈ISi, M ∈ CMC �

∆ = (∆0,∆1) � CoTC(M) � quiver. 
�����)* ψ : CoTC(M) ↪→ k(∆, C)
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�� ψ(M) ⊆ k(∆1, C).

><. L_� 7.1.2, k(∆, C) ∼= CoTk(∆0,C)(k(∆1, C)). ;��X6>)�/=��j
L ψ : CoTC(M) ↪→ CoTk(∆0,C)(k(∆1, C)). cD� ik(∆1, C)j ∼= Si ⊗ (Vij) ⊗ Sj

� i, j ∈ ∆0 �� Vij ��/
iM j �3�L Ci-Cj- a=	�ZUJGÆ	K�

iM j
fij

↪→ ik(∆1, C)j �3 Si-Sj- a=	� i, j ∈ ∆0.

a pn : CoTC(M) → M�n �t1l]� n ≥ 0. M3 id : CoTC(M) →
CoTC(M) ��/=��%`�LS2 7.1.3 ���+ p0, p1 �'�=��%`
� C- a=	%`Æ/< ψ0 : CoTC(M) → k(∆0, C) 3 p0 �9$%` idC :

C → k(∆0, C) = ⊕i∈∆0Si = C �UNÆcD� ψ0 ��/=��%`Æ�.@ x ∈
CoTC(M),a p1(x) =

∑
i,j∈∆0

imj
x � imj

x ∈ iM j . /< ψ1 : CoTC(M) → k(∆1, C)

2. ψ1(x) :=
∑

i,j∈∆0
fij(

imj
x). ψ1 ��/ C- a=	%`M3 p1, fij � i, j ∈ ∆0

��%�Æ
�YS2 7.1.4, �,��@6��>)+0�/ i �? ψi(x) �= 0, 7 ψ =∑

i≥0 ψi ��/=��%`��� ψi = ψ⊗i
1 ◦ �(i−1). P��cD�Æ	K� ψ =∑

i≥0 ψi ��/	 CoTC(M) � CoTk(∆0,C)(k(∆1, C)) =��%`ÆL_� 7.1.5 B

06�����
 CoTC(M) �==� C 6 ∧2
CoTC(M)C = C ⊕M . PK�L ψ �

/<� ψ|C⊕M �9�Æ;�LS2 7.3.2 � ψ : CoTC(M) ↪→ CoTk(∆0,C)(k(∆1, C))

�9�ÆcD� ψ(M) ⊆ k(∆1, C).

�e�/=�� C 343+ *s�� (T [54]) �,4�/9�=�� D 0

�9�� D∗ ��/�k���54 C �== C0 ��/=�k=�� (T [20]).

�1 7.3.4. (T [54] �/2 5.4.2) 
 C ������'�*s���
�� C �

����� I �� C = I ⊕C0 �� k-  !�-��������%&Æ C # C0.

Z {Cn} � C �==r�Æa π : C → C/C0 �t1�l]ÆM3 �(C0) ⊆
C0⊗C0 � �(C1) ⊆ C0⊗C1+C1⊗C0,��+A/]] δL : C1/C0 → C0⊗C1/C0�

δR : C1/C0 → C1/C0⊗C0,�� δL(π(x)) := (id⊗π)�(x), δR(π(x)) := (π⊗id)�(x)

� x ∈ C1. cD� C1/C0 ��/ C0- a=	2. δL, δR.

) [67], �/ k- �� A �1� DimA /<3 DimA = sup{n : Hn
k (A,M) �= 0

�:/ A- a	 M} �� Hn
k (A,M) @n�D n /B�) M �� Hochschild �%

CÆ*'�� DimA = 0 6646 A ��/�k k- ��ÆL [67] �7- 10.7b �
6 k ��/��/8�: (>� chark = 0 5 k ��/+0:) ,� A ��k�6
646 A +01689�Æ DimA = 1 66464�/ A p).@ A-A- a	 M

�M�W�;|�Æ=J/I� Wedderburn-Malcev /2 (T [67]), ��/+01
k- �� A �:�= r ��, DimA/r ≤ 1, 7 A/r �;=|�Æ��-����
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�/=�� C, ��/< CodimC = sup{DimD∗|D �.@ C �+01�=��}.
a p.dim(AM) 3 M ∈ AM �3M A- 	�l]1�Æ/F�� p.dim(MA) �

p.dim(AMA) 3 M �3b A � A- a	�l]1�Æ3K�S2�X��.

�1 7.3.5. (i) 
 A = A1 ⊕ · · ·⊕As �� A,Ai ��� (i = 1, · · · , s), 
 DimA =

max{DimAi : i = 1, · · · , s};
(ii) �� C = D1 ⊕ · · · ⊕ Ds ���� C, Di (i = 1, · · · , s), 
 CodimC ≥

max{CodimDi : i = 1, · · · , s}.

><. (i) ���
�/�� B ��@/<�1��� B �3 B- a	�l]1
� ( T [49] �D X ��D+F), j� DimB =p.dimBBB. a S = {1, . . . , s}. c
D�� i ∈ S, 2.�D���� Ai ��/ A- a	Æa�/ A- a	3 A(Ai)A. 7

AAA = ⊕s
i=1 A(Ai)A �3 A-a	Æ;��p.dim(AAA) = max{p.dim(A(Ai)A)|i ∈ S}.

M3 DimAi =p.dimAi
(Ai)Ai

, 3�6� (i), �X6 p.dim(A(Ai)A) =p.dim(Ai
(Ai)Ai

)

�4/ i ∈ S. 3�6M���>63K�j4.
Æ9 1: �.@ M ∈ AMA, M = ⊕i,j∈S iMj , �� iMj := AiMAj .

Æ9 2: Z f : AMA → ANA ��/ A- a	%`6� fij := f |
iMj
� i, j ∈ S.

7 fij(iMj) ⊆ iNj 6 f = ⊕i,j∈Sfij .

Æ9 3: � i, j ∈ S, fij ��/ Ai-Aj- a	%`��/ A- a	%`����
�ÆN A- a	 iMj ��D���N3 Ai-Aj- a	Æ

Æ9 4: �/�/ A- a	s	

0 −→M
f−→ N

g−→ L −→ 0

7:��U�66463K�s	��U�.

0 −→ iMj
fij−→ iNj

gij−→ iLj −→ 0

� i, j ∈ S.

Æ9 5: �, P ��/l] A- a	�7 iPi ��/l] Ai- a	� i ∈ S.

Æ9 6: Z Ai
PAi
��/l] Ai- a	�7 Ai

PAi
��/l] A- 	�� Ai

PAi

�� A- a	+9Lt1��%` πi : A→ Ai ;o�Æ
j4 1,2,3,4 �6�y�kJÆ��G)�6j4 5 � 6. �/3K� Ai- a	

\

iPi

M N
�
h

�g
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� M,N � Ai- a	� g : M → N ��/ Ai- a	b]6 h : iPi → N ��/

Ai- a	%`ÆZ pi : P → iPi �t1� A- a	l]� i ∈ S. cD�2.t1�
��l] πi : A → Ai, iPi, M, N N3 A- a	6 h, g ;� 3� A- a	%`Æ
	K��+3K� A- a	\.

P

iPi

M N

�
pi

�
h

�g

6 P ��/l] A- a	�>)�/ A- a	%` h : P → M �?3K�\�k.

P

iPi

M N

�
pi

�
�

�
�

�
�

�
��

h

�
h

�g

Z ιi : iPi → P �t1� A- a	�]Æ/< h̃ : iPi → M 3 h̃ := hιi. 	K h̃ �

�/ A- a	%`�6cD��/ Ai- a	%`ÆPK� gh̃ = ghιi = hpiιi = h �

@n��+3K��k\.

iPi

M N
�
h

�
�

���

�h

�g

MM� iPi ��/l] Ai- a	Æ�@nj4 5 ���ÆX3�����6j4 6.

Z Ai
PAi
��/l] Ai- a	�7:��/�LM Ai⊗Aopi - 	 M �a�l ( ��

��ÆN�/ Ai-a	���/M Ai⊗Aopi -	). ;� M ��/�� Ai⊗Aopi �n
h�a�Æ2.t1���l] πi : A→ Ai, Ai

PAi
� M N3 A- a	6 Ai

PAi
�

�/ M �3 A- a	�a�lÆP�cD�Ai ⊗Aopi ��/ A⊗Aop �3 A⊗Aop-

	�a�lÆMM� M ��/l] A- a		K Ai
PAi
��/l] A- a	Æ

�/ Ai �3 A- a	�/l]�3.

· · · → Pn→· · · → P1→P0 → Ai → 0
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7Lj4 4 �j4 5, ��+ Ai �3 Ai- a	�l]�3.

· · · → i(Pn)i→· · · → i(P1)i→i(P0)i → Ai → 0

�@n p.dim(Ai
(Ai)Ai

) ≤ p.dim(A(Ai)A). [/��/�/ Ai �3 Ai- a	�l]

· · · → Pn→· · · → P1→P0 → Ai → 0

7Lj4 6, :%%� Ai �3 A- a	�l]�3Æ;�� p.dim(A(Ai)A)

≤p.dim(Ai
(Ai)Ai

). u� p.dim(A(Ai)A) =p.dim(Ai
(Ai)Ai

).

(ii) M34�/ Di �+01�=��� i = 1, . . . , s %%� C ��=���
CodimC ≥ max{CodimDi : i = 1, · · · , s}.
�1 7.3.6. ������ C, CodimC0 = 0 ��� C �*s��Æ

><. “\�A. ” .@ C0 �+01�=�� D �=89=��ÆL C ��/+

�k==�=���S2 7.3.5, ��+ DimD∗ = 0. �@n CodimC0 = 0.

“[�A. ” �/�\;�LS2 7.3.5 �3@EJaX?�.�/�� A �

�k��6646 DimA = 0.

�F���+-�.

01 7.3.7. 
 C ���!" CodimC0 ≤ 1 ����Æ� C0 = ⊕i∈ΛSi �� Si �

�����"� i ∈ Λ. 


(a) (=��� Wedderburn-Malcev /2) �� C ������ I ����#

# ! C = I ⊕ C0. $"�$�����Æ C # C0 ����%&Æ
(b) $� C1/C0 �� C0 ^'(� C/C0 ���%Æ

(i) ��������)* ψ : C ↪→ CoTC0(C1/C0).

(ii) (2<�9 Gabriel /2) 
 ∆ = (∆0,∆1) � CoTC0(C1/C0) � quiver,

C = {Si|i ∈ Λ}. 
��������)* ϕ : C ↪→ k(∆, C) �� ϕ(I1) ⊆ k(∆1, C)

�� I1 = I ∩ C1.

><. (a): ��>>6��, C �+016 D��/����7	 D�D0 = D∩C0

�l] π ;�{}N3	 C � C0 �l]ÆZ α = π′ ◦ i �3KjL i : C0 → C �

b] π′ : C → C/Kerπ = E �UNÆ7 Kerα = {0} 6 Imα ⊆ E0. L [54] �7
- 5.3.5, E0 ⊆ Imα, 	K E0 = Imα. ;� α∗ : E∗ → (C0)

∗ ��/b��%`Æ
G)��;�j4>)�/ E∗ ���� B �? E∗ = B ⊕ Jac(E∗) 6 B ∼=

(C0)
∗. =J/I� Wedderburn-Malcev /2����X6 (C0)

∗ ∼= E∗/Jac(E∗) 6

Dim(C0)
∗ ≤ 1�0�)K��/2�cZVIÆ;����X6 (C0)

∗ ∼= E∗/Jac(E∗).

M3 α∗ : E∗ → (C0)
∗ ��/b��%`6 (C0)

∗ �89��;� Kerα∗ ⊇ Jac(E∗)
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�@n>)�/�D�b] E∗/Jac(E∗) � E∗/Kerα∗ ∼= (C0)
∗. 7�`LG (C0)

∗

� E∗/Jac(E∗) ��/a�lÆj� E∗/Jac(E∗) = (C0)
∗ ⊕ A �:/+0189

�� A. 	K?�>)�/��b] π : E∗ � (C0)
∗ ⊕ A. 7 π∗ : C0 ⊕ A∗ =

(C0)
∗∗⊕A∗ ↪→ E = E∗∗�3=��ÆP��A∗ �=89�Æ;��π∗ : C0⊕A∗ ↪→ E0.

LEJ E �== E0 �� Imα ∼= C0, ��?� A∗ = 0 	K (C0)
∗ ∼= E∗/Jac(E∗).

MM� E∗ = B ⊕ Jac(E∗) �� B ∼= (C0)
∗ �3��Æ7>)�/��l]

φ : (C0)
∗ → E∗ �? α∗ ◦ φ = id(C0)∗ . GZ π̃ = φ∗ ◦ π′, ���/	 C � C0 �l

]6{}� π.

GZ F 3;+�� (F, π), �� F � C ��=��6 π : F → F0 �l]Æ
M3 (C0, id) ��%��/��;� F �= ∅. ��-�� F ��/z_W2.

(F ′, π′) ≤ (F, π) 6646 F ′ ⊂ F 6 π|F ′ = π′

��TP Zorn S2?�Z�d (F, π). ��j4 F = C.

c/ F �= C. 7>) c ∈ C, c /∈ F . Z D �L c QN��=��Æ7
Im(π|F∩D) = (F ∩D)0. M3 D �+01����6�Qp,�O�TP� F ∩D ⊂
D ��+>)�/l] π1 : D → D0 :{}� π|F∩D. M3 (D, π1) � (F, π) +)

F ∩D �V%�l]�;�:�{}3�/l] π2 : F +D → (F +D)0. �% F

�Z�AoqÆ;� F = C.

(b): (i): L (a),>)�/=��l] p : C → C0. a I = ker(p). 7 C = C0⊕I.
/< ψ0 3 p �n�%` id : C0 → C0 �UNÆcD� ψ0 : C → C0 ��/=�
�%`Æ

cD� C � I S� C0- a=	2.M�b� C0- =	+9]] ρL := (p ⊗
id)�, ρR := (id⊗p)�,6 I ∼= C/C0�3 C0-a=	Æa I1 = I∩C1,7 C1 = I1⊕C0.

M3�(I1) ⊆ (I⊗C+C⊗I)∩(C0⊗C1+C1⊗C0) ⊆ I1⊗C0+C0⊗I1, I1��/ C0-a

=	ÆcD�I1
φ∼= C1/C0. L/2�cZ�>)�/	 C/C0 � C1/C0 � C0-a=	

l]Æ	K��?��/ C0-a=	l] p′′ : I → I1 M3 I ∼= C/C0 � I1 ∼= C1/C0.

at1�	 C � I � C0- a=	l]3 p′ 6/< ψ1 = φ ◦ p′′ ◦ p′ : C → C1/C0.

MM� ψ1 ��/ C0- a=	%`Æ
3�TPS2 7.1.4, ��X6�++0�/ ψi(x) �= 0 � x ∈ C, �� ψi =

ψ⊗i
1 ◦ �i−1 � i ≥ 1. �.@� x ∈ C, >) n �? x ∈ Cn M3 {Ci}i≥0 � C �
�/=��r�ÆA@� �(j−1)(Cn) ⊆ ∑

n1+···+nj=nCn1 ⊗ · · · ⊗ Cnj � j ≥ 1 �

ψ1(C0) = 0 �	K ψm(x) = 0 � m > n. ;��++0�/ ψi(x) �= 0 �4�/
x ∈ C.

TPS2 7.1.4, ��+�/=��%` ψ =
∑

i≥0 ψi : C → CoTC0(C1/C0). 3

�6� ψ �9�����X6 ψ|C1 �9�"LS2 7.3.2 #ÆP�� ψ �/<��
/O9+,Æ
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(ii): L_� 7.3.3, >)�/=��jL ψ′ : CoTC0(C1/C0)↪→k(∆, C) �?
ψ′(C1/C0) ⊆ k(∆1, C). Z ϕ : C → k(∆, C) �3K]]�UN

C
ψ
↪→ CoTC0(C1/C0)

ψ′
↪→ k(∆, C)

�`=� ϕ �������]]Æ

 S 7.3.8. 
 C ������!" CodimC0 = 0. � C0 = ⊕i∈ISi �� Si ��

���� i ∈ Λ. 


(i) ��������9 ψ : C ↪→ CoTC0(C1/C0).

(ii) 
 ∆ = (∆0,∆1) � CoTC0(C1/C0) � quiver, 
 C = {Si|i ∈ I}. ����
���)* ϕ : C ↪→ k(∆, C) �� ϕ(I1) ⊆ k(∆1, C) �� I1 = I ∩ C1.

><. L/2 7.3.7, ���X6 C1/C0 �3 C0- a=	� C/C0 �a�lÆPLc
Z�S2 7.3.6, C �== C0 ��k=�� (T [20]). ;�� C0 ⊗Ccop

0 ��/=8
9=�� ( [20] �_� 12 ). ;�4�/ C0- a=	�=89� (����� C0-

a=	=NM C0 ⊗ Ccop
0 - =	). MM�>)�/	 C/C0 � C1/C0 � C0- a=	

l]Æ

A@� (1): /2 7.3.7 (a) �+,� Wedderburn-Malcev /2�/72Æ
(2): [11] ����+,�j;<�= - �k1=����9 Gabriel /2��

7- 7.3.8 � (i).

(3): Yw/2 7.3.7 �� (ii) � (i) ���;�=���� [11] �0����

����9 Gabriel /2��%23Æ������9 Gabriel /2���"P2
<?=����9 Gabriel /2Æ

M 7.3.9. tJ 7.3.8 ��K>�m�ph�<�/=����H�>��p<l

nm�� C0 �*s�.
(1) C ���C����0
(2) k ���(�0
(3) chark = 0.

��4 CoTC0(C1/C0) � quiver 3 C � quiver. a/3 ∆C = ((∆C)0, (∆C)1).

�/A/ quiver ∆ = (∆0,∆1), ∆′ = (∆′
0,∆

′
1), ��O ι : ∆ ↪→ ∆′ �, ι ��/	

∆0 � ∆′
0 �9]6	 i � j �f\/����	 ι(i) � ι(j) �f\/��;+�

∆ �cT i, j. 3K�/2�,� ∆C �P�AÆ

01 7.3.10. $� C ������!" CodimC0 ≤ 1 � C1/C0 ����� C0-

'�( C/C0 ���%Æ� I � C ������ C = I ⊕ C0 �� k-  !�1
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I1 = I ∩ C1. ������ quiver ∆ = (∆0,∆1) �&%&�+��� k(∆,D)"�

�$� D = {Ti|i ∈ ∆0} #!" C
ψ
↪→ k(∆,D) @ ψ(I1) ⊆ k(∆1,D), 
 ι : ∆C ↪→ ∆

� Si ∼= Tι(i) � i ∈ ∆0.

><. A@L/2 7.3.7 (a), �%� I 4�>)�Æ
cD� ψ|Si

�q� k(∆,D) �/9��=��� i ∈ (∆C)0. L7- 7.1.6,

D := ⊕j∈∆0Tj � k(∆,D) �==Æ	K Im(ψ|Si
) = Tι(i) �P�� ι(j) ∈ ∆0. c

D� Si
ψ∼= Tι(j). MM�>)9] ι : (∆C)0 → ∆0 2. i → ι(i) 6�3=��

Si ∼= Tι(i).

X3�����X6 i � j �f\/����	 ι(i) � ι(j) �f\/�Æa
pi : k(∆,D) = CoTk(∆0,D)(k(∆1,D)) → k(∆i,D) 3t1l]� i ≥ 0. 7LS2

7.1.3, ψ1 = p1ψ : C → k(∆1,D) ��/ D- a=	%`�� C ��/ D- a=	2

. p0ψ. 	K ψ1|C1 : C1 → k(∆1,D) ���/ D- a=	%`M3 C1 ��/��

/�=��ÆcD� C1 = C0 ⊕ I1.

��j4 ψ1|I1 >��/ D- a=	%`ÆEJ���X6 I1 ���/ D-a=

	Æ���6:��/M D-=	M3��;�/F�6�b�<	ÆLM D-=	

+9]]�/< ρL(c) = p0ψ(c′)⊗c′′ � c ∈ C. ��)/2 7.3.7�6��86�

�(I1) ⊆ I1⊗C0+C0⊗I1. ;��ρL(I1) ⊆ p0ψ(I1)⊗C0+p0ψ(C0)⊗I1 = p0ψ(C0)⊗I1
M3 ψ(I1) ⊆ k(∆1,D) 	K p0ψ(I1) = 0. �@n ρL(I1) ⊆ D ⊗ I1 6 I1 ��/M
D- =	Æ

P� ψ1|I1 = ψ|I1 M3 ψ(I1) ⊆ k(∆1,D), �@n C1/C0 = I1 �3 D- a=	

;�jL� k(∆1,D). MM� Si(C1/C0)
Sj ↪→ Tι(i)k(∆1,D)Tι(j) �3 Tι(i)-Tι(j)- a=

	ÆZ Vij ��3�L Tι(i)-Tι(j)- a=	
Si(C1/C0)

Sj ��/ZUJGÆL k(∆,D)

�/<�>)�/ k- Z� Wij �? Tι(i)k(∆1,D)Tι(j) ∼= Tι(i) ⊗ (Wij) ⊗ Tι(j). A@�
	 i � j ) ∆C ��f\/�3 dim(Vij) 6	 ι(i) � ι(j) �f\/�� dim(Wij),

��?����M3 dim(Vij) ≤ dim(Wij).

) [56] ���J�3K���/<� C � quiver Γ(C) .cTW Γ(C) =

(Γ(C)0,Γ(C)1)3 C �9�=��0�.@A/9�=�� S1� S2,>) dim((S1∧C
S2)/(S1+S2))/	 S1 � S2 �f\Æ�/A/ quiver ∆ = (∆0,∆1), ∆′ = (∆′

0,∆
′
1),

��O ∆� ∆′ ��/ &: quiver �, ∆� ∆′ �� quiver 6 ∆0 = ∆′
0. I4 “2

” �|� groupoid2-Æ�/� groupoid G ⊆ G′ 432� groupoid�, G0 = G′
0

(T [73] � 88 k). ∆C � Γ(C) ��BL3K�/2�,.

01 7.3.11. $� C ������!" CodimC0 ≤ 1. 
 ∆C � Γ(C) ���&:

quiver.
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><. cD� (∆C)0 = Γ(C)0. 3�6� ∆C � Γ(C) ��/� quiver, ���X6
	 i � j ) ∆C ��f\/�����T Γ(C) ��f\/��;+ i, j ∈ (∆C)0.

��j43 Si-Sj-a=	�(Si∧C Sj)/(Si+Sj) ∼= i(C1/C0)
j �� i, j ∈ (∆C)0.

�/j486) [11]�?�Æ3�89���w6Æ>>���6� (Si∧C Sj)∩C0 =

Si + Sj . cD� Si + Sj ⊆ (Si ∧C Sj) ∩ C0. PK��,>)�/9�=��
Sl ⊆ (Si ∧C Sj) ∩C0 6 l �= i, j, 7 �(Sl) ⊆ Sl ⊗ Sl. 	K Sl �
t� Si ∧C Sj . M

M Si + Sj ⊇ (Si ∧C Sj) ∩ C0.

��/<�/]] ξ : (Si ∧C Sj)/(Si+Sj) → C1/C0 3 x+(Si+Sj) → x+C0

� x ∈ Si ∧C Sj. cD� ξ �x/<�Æ�, x+C0 = y+C0 � x, y ∈ Si ∧C Sj, 7
x−y ∈ C0∩(Si∧CSj) = Si+Sj 	K x+(Si+Sj) = y+(Si+Sj). �@n ξ ��/9
]ÆZ π : Si∧C Sj → (Si∧C Sj)/(Si+Sj)�t1�l]Æ/< δL : (Si∧C Sj)/(Si+
Sj) → Si⊗(Si∧CSj)/(Si+Sj)� δR : (Si∧CSj)/(Si+Sj) → (Si∧CSj)/(Si+Sj)⊗Sj
2. δL(π(x)) := (id ⊗ π)�(x), δR(π(x)) := (π ⊗ id)�(x) � x ∈ Si ∧C Sj . �`=
� (Si ∧C Sj)/(Si + Sj) ��/ Si-Sj- a=	60+9]]3 δL, δR. 	K ξ ��

/ Si-Sj- a=	jL	 (Si ∧C Sj)/(Si + Sj) � i(C1/C0)
j . MM�j4�?��,

��@6� ξ >��/b]Æ3M���>>6�
∑

i.j∈(∆C)0
Si ∧C Sj = C1. EJ

��L/2 4.7 �a C = C0 ⊕ I. �4�/ i ∈ ∆0, �3K���/< εi ∈ C∗ .
εi|Si

= ε|Si
, εi|Sj+I = 0 � j �= i. �.@ C1 ��d x ���=� x =

∑
i,j∈∆0

εi ⇀

x ↼ εj 6 εi ⇀ x ↼ εj ∈ Si ∧C Sj . MM� C1 =
∑

i.j∈(∆C)0
Si ∧C Sj 	K C1/C0 =∑

i.j∈(∆C)0
(Si ∧C Sj + C0)/C0 ⊆ ∑

i.j∈(∆C)0
i(C1/C0)

j = ⊕i.j∈(∆C)0
i(C1/C0)

j =

C1/C0, �� (Si ∧C Sj +C0)/C0 ⊆ i(C1/C0)
j 	 ξ ��/9]?�Æ�@n ξ ��

/b]Æ
a tij = dim((Si∧CSj)/(Si+Sj))� i, j ∈ (∆C)0. L%9 (Si∧CSj)/(Si+Sj) ∼=

i(C1/C0)
j � i, j ∈ (∆C)0, ��+

i(C1/C0)
j ↪→ Si ⊗ ((Si ∧C Sj)/(Si + Sj)) ⊗ Sj.

A@�	 i � j ) ∆C ��f\/� lij ��ZUJG i(C1/C0)
j �1��	K

lij ≤ tij .

§7.4 jikL@

���`�92<?=���\TK?�2<?��Æ2<?���/<86
) [16] ��,Æ

Z ∆ = (∆0,∆1) �/ quiver 6 A = {Ai : i ∈ ∆0} ��3 k- �� Ai 8+9$
ei.

⋃
i∈∆0

Ai �d ai 43 () 0 � A- +, :�VT�5TS� i. �4�/ n ≥ 1,

�/ () n � A- + P /<3 a1β1a2β2 · · · anβnan+1, �� (s(β1)|β1 · · · βn|e(βn))
��/ ∆ �Qd n �?��4�/ i = 1, · · ·, n � ai ∈ As(βi) � an+1 ∈ Ae(βn).

s(β1) � e(βn) �'43 P �VT�5T5� s(P ) = s(α1) 6 e(P ) = e(αn). G)
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ÆN�;+ A- ?3-� k- Z�	{3K	BdeQN�Z��_Z� R .

a1β1 · · ·βj−1(

m∑
i=1

kia
i
j)βjaj+1 · · ·βnan+1 −

m∑
i=1

kia1β1 · · ·βj−1a
i
jβjaj+1 · · ·βnan+1

�� (s(β1)|β1 · · · βn|e(βn)) � ∆ ��/Qd n �?6� i = 1, · · ·, n � ai ∈
As(βi), ki ∈ k � an+1 ∈ Ae(βn) � alj ∈ As(βj) � l = 1, · · ·, m. ) R �/<3K�e
�.�/A/de [a1β1a2β2 · · · anβnan+1] � [b1γ1b2γ2 · · · bnγnbn+1] �/<

[a1β1a2β2 · · · anβnan+1] · [b1γ1b2γ2 · · · bnγnbn+1]

=


 [a1β1a2β2 · · · anβn(an+1b1)γ1b2γ2 · · · bnγnbn+1], �, an+1, b1 ∈ Ai �%%� i

0, 0�

�`f6�K�e��x/<�5� R N3�/ k- ��Æ�/�� R 43 ∆ �
A- +��. a/3 R = k(∆,A) 54:3�/2<?��ÆcD�R ��/ A- a

	Æ

M 7.4.1. (i) R = k(∆,A) ���/��� ∆0 ��0
(ii) >@ ∆ ��+ (s(β1)|β1 · · ·βn|e(βn)) <A'u�� A- +57
� ai = ei.

Æ�5^�+�� k∆ A')*# A- +�� k(∆,A) �Æ�n$�� Ai = k �

D�� i ∈ ∆0, 
 k(∆,A) = k∆;

(iii) � R = k(∆,A), dimkR <∞ ��� dimkAi <∞ �D� i ∈ ∆0 � ∆

���6�+ ��� quiver.

G)��/<�/*N�'���5P:�uz2<?��Æ�/ A- +�5

8�� ��/'��� T (A,M) b2 (i) A =
⊕

i∈∆0
Ai ��3 k- �� A = {Ai :

i ∈ ∆0}, (ii) M =
⊕

i,j∈I iMj �+0QN Ai-Aj- a	 iMj �;+� i � j 6

Ak ·i Mj = 0 �, k �= i 6 iMj · Ak = 0 �, k �= j. �/ �A A- +�58��

��/ A- ?1'��� T (A,M) �:�4�/+0QN Ai-Aj- a	 iMj �;+
i � j ��/�La	+�/-Æ6M3-�y�� iMj �3+0QN	�yÆ�
� iMj �y/<3 iMj �3	��UQNdW�/�Æ

A- ?1'����2<?��;��3K���Vl9�.

��/ A- ?�� k(∆,A), Z A =
⊕

i∈∆0
Ai. �.@ i � j, Z iM

F
j ��L

Ai-Aj- a	6�	 i � j �f\3�LQNdÆcD��LQNd�/��� iM
F
j

�3+0QN	�yÆ/< Ak ·iMF
j = 0 �, k �= i 6 iM

F
j · Ak = 0 �, k �= j.

Z MF =
⊕

i→jiM
F
j , :cD��/ A- a	Æ	K��?�P���L A- ?1'

��� s T (A,MF ).
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[/�c/ T (A,M)��/ A-?1'���82�3 k-�� A = {Ai : i ∈ I}
b2 A =

⊕
i∈I Ai B+0QN Ai-Aj-a	 iMj b2 M =

⊕
i,j∈I iMj �Ak ·iMj = 0

�, k �= i 6 iMj · Ak = 0 �, k �= j. [i�� iMj = AiMAj . Z iMj �
y3 rij. G)��3 T (A,M) 52�/ quiver ∆ = (∆0,∆1) ��/2<?��
R = k(∆,A) .ZcTW3 ∆0 = I 0� i, j ∈ I, Z	 i� j �f\/�3 rij � iMj

�3 Ai-Aj- a	�yÆcD��, iMj = 0, 7R+	 i � j �f\Æ;����?
��/ ∆ = (∆0,∆1) 543 T (A,M) � quiver. %,?� A- ?�� R = k(∆,A)

543� T (A,M)�4� A- +��.

�F���.���X- T (A/J, J/J2) � quiver � A� Ext-quiver ��BÆ
��>�,�M�B��TPÆ

�1 7.4.2. 
 {Pi} �S��%&(�ab� {ei} �5�c�/T!" Pi ∼= Aei

� Si = Pi/JPi. 
 n dimkExt
1(Si, Sj) = dimk(ejJ/J

2ei).

><. 86) [8] ( 68 k) �?�Æ

=> 7.4.3. 
 mij = dimkExt
1(Si, Sj) � gij � AiJ/J

2Aj �� Ai-Aj- '(�	Æ

 n

(i)

gij ≤ mij ≤ ninjgij

�� Ai = Mni
(k), Aj = Mnj

(k) �

(ii) gij �= 0 ��� mij �= 0.

><. LS2 7.4.2, �,���3 1Ai
3�nd�� 1Ai

= ei11 + · · · + einini
�;+

� i, 7 dimkExt
1(Si, Sj) = dimk(e

j
kkJ/J

2eill) � 1 ≤ k ≤ nj � 1 ≤ l ≤ ni. MM�

dimkAiJ/J
2Aj = dimk1Ai

J/J21Aj

= ej11J/J
2ei11 + · · ·+ dimke

j
11J/J

2einini
+ ej22J/J

2ei11 + · · ·
+dimke

j
njnj

J/J2einini

= ninjdimkExt
1(Si, Sj)

= ninjmij

a�UQNdW3 {r1
ij, . . . , r

gij

ij }. �,4�/>�d@QN�/�L Ai-Aj- a

	�7 AiJ/J
2Aj �1�����Æ)��<	3� dimkAiJ/J

2Aj = n2
in

2
jgij 	K

n2
in

2
jgij = ninjmij �@n mij = ninjgij. P�/Z}�<	��4�/QNd�@
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QN�/9 Ai-Aj-a	Æ7 AiJ/J
2Aj �1���UÆ)��<	 dimkAiJ/J

2Aj =

ninjgij 	K ninjgij = ninjmij �@n mij = gij. MM�

gij ≤ mij ≤ ninjgij

(ii) �cD�Æ

/F�2<?=�����42<?�� k(∆,A) ��}��,4�/ Ai S
�P�� i ∈ ∆0.

 S 7.4.4. 
 k(∆,A) �����	&%&�+��Æo8�K��o� mij =

ninjgij.

><. L2<?���/<����
 AiJ/J
2Aj ��/�L Ai-Aj- a	Æ	K�

�K_��6��,�����Æ

�/_�;������uz+0�1�+01 Hopf ��� quiver.

 S 7.4.5. 
 H �����	 Hopf ������4��Æ$����5��Y
��� Hopf ��Æo8�K��o�GH�

mij = gij

-���GH� T (H/J, J/J2) � quiver � ∆ � H � Ext-quiver � Γ, 
 ∆ ∼= Γ.

><. M3:�-�����/ Hopf ���;�:�-�����/+0�1
�-� Hopf ��Æ	K:��1�3 1 5 0. MM� mij = 1 5 mij = 0. L�

K_����+ mij = gij.

 S 7.4.6. 
 H �����4�����	 Hopf ��Æ��� Morita ���

���5 Hopf ���
�� Ext-quiver ������ �6�-�Æ����
Nakayama ��Æ �

 S 7.4.7. 
 H �����4������	 Hopf ��Æ
 H ��5����
� Hopf ��������5���� 4.5.15 (A) �������Æ

><. cDÆ

��>;�TP�K�_��X-	�,(A/�}+012<?��� Morita

�0�Æ

=> 7.4.8. ����&%��	&�+�� k(∆,A) � k(∆′,A′) � Morita ��

��
 ninjgij = n′
in

′
jg

′
ij.
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><. M3:�� Morita �0��:��-����%9�Æ�@n:�� Ext-

quiver ��%�Æ;� mij = m′
ij . L7- 7.4.4, ��?������Æ

M 7.4.9. (1) ���v7�ph ninjgij = n′
in

′
jg

′
ij Y�p*�ÆA��&%&�+

��

•k � •M2(k) •M2(k) � •k

�H�� Morita �����BH��5��<� Kronecker ��Æ
(2) �kqr��K�ph (1) -6�p*�ÆA���&%&�+��

•M2(k) � •k � •M2(k) •k � •M2(k) � •k

�H6� Morita ������H��5���6���Æ

§7.5 jikjL@n8 Hopf ;f

�F���+-��.

01 7.5.1. &%&�+��� k(∆, C) �'���'()*��*� Hopf ��+

���� k(∆1, C) ��� k(∆0, C)-Hopf '(�'�((&"�,- 7.1.2 ��

��Æ

�e��/ Hopf �� H , �/ H- a	 M 43 H-Hopf a	�,:>��/

H- a=	6=	�P�a	%`Æ3K�_�tq��K/2��/�\Æ

=> 7.5.2. �� k(∆, C) �'���'()*��*� Hopf ��+��
 k(∆n, C)

��� k(∆0, C)-Hopf '(� n ≥ 1.

><. �.@ x ∈ k(∆n, C), /<

δL(x) := (x′)0 ⊗ x′′ � δR(x) := x′ ⊗ (x′′)0

L_� 7.1.2, )�%�=�P3� k(∆n, C) ��/ k(∆0, C)- a=	Æ%,�M
3 k(∆, C) �8+�/�Qd����� Hopf ��+9���+ k(∆n, C) ��

/ k(∆0, C)- a	2.e�Æ	K����)�.o���6=�P�a	%`Æ
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EJ��� v ∈ k(∆0, C) � P = a1β1a2 · · ·anβnan+1 ∈ k(∆n, C), ��;�c/
vP =

∑
i ciPi � ci ∈ k 6

Pi = ai1βi1ai2 · · ·ainβinai(n+1)

MM�

δL(vP ) =
∑

cia
′
i1 ⊗ a′′i2βi1ai2 · · ·ainβinai(n+1)

6

v · δL(P ) =
∑

v′a′1 ⊗ v′′a′′1β1a2 · · ·anβnan+1

M3 k(∆, C) ��/ Hopf �����?� ∆(vP ) = ∆(v)∆(P ). ;�

∆(vP ) =
∑

ci(a
′
i1⊗a′′i1βi1ai2 · · ·ainβinai(n+1)+· · ·+ai1βi1ai2 · · ·ainβina′i(n+1)⊗a′′i(n+1))

��

∆(v)∆(P ) =
∑

v′a′1 ⊗ v′′a′′1β1a2 · · ·anβnan+1 + · · ·+ v′a1β1a2 · · ·anβna′n+1 ⊗ v′′a′′n+1

Yw��2<?�Qd���+

∑
cia

′
i1 ⊗ a′′i2βi1ai2 · · ·ainβinai(n+1) =

∑
v′a′1 ⊗ v′′a′′1β1a2 · · ·anβnan+1

j� δL(vP ) = v · δL(P ). ��;�/F��6� δL >��/b	%`Æ/F��
δR �EX-Æ

X3��m���6�/2 7.5.1 �P�/�\Æ;���X�c/ k(∆0, C)

��/ Hopf ��6 k(∆1, C) ��/ k(∆0, C)-Hopf a	6=�P3 δL � δR. /<
ψ0 : X = k(∆, C) ⊗ k(∆, C) → k(∆0, C) �3K]]�UN.

X
p0⊗p0−→ k(∆0, C) ⊗ k(∆0, C)

m0−→ k(∆0, C)

�� m0 � k(∆0, C) �e�Æ

�1 7.5.3. ψ0 �������9Æ

><. ���P3b��QdÆ89��>��,��a2<?3 xi �7 xi �Q
d3 i. 	K��1���;�m X ���/d3

∑
cjlx

j
i ⊗ xlk � cjl ∈ k. MM�

∆ψ0(
∑

cjlx
j
i ⊗ xlk) = ∆(

∑
cjlx

j
0x

l
0) =

∑
cjl∆(xj0)∆(xl0)
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6

(ψ0 ⊗ ψ0)∆(
∑

cjlx
j
i ⊗ xlk) = (ψ0 ⊗ ψ0)(id⊗ τ ⊗ id)(

∑
cjl∆(xji ) ⊗ ∆(xlk))

= (ψ0 ⊗ ψ0)(
∑

cjlx
j
i
′ ⊗ xlk

′ ⊗ xji
′′ ⊗ xlk

′′)

=
∑

cjl(x
j
i
′)0(x

l
k
′)0 ⊗ (xji

′′)0(x
l
k
′′)0

=
∑

cjlx
j
0
′xl0

′ ⊗ xj0
′′xl0

′′

	K ∆ψ0 = (ψ0 ⊗ ψ0)∆. cD� εψ0 = ε. u� ψ0 ��/=��%`Æ

/< ψ1 : X = k(∆, C) ⊗ k(∆, C) → k(∆1, C) �3K]]�UN.

X
p0⊗p1⊕p1⊗p0−→ (k(∆0, C) ⊗ k(∆1, C)) ⊕ (k(∆1, C) ⊗ k(∆0, C))

ml⊕mr−→ k(∆1, C)

�� ml � mr �'�M�b	�PÆ

�1 7.5.4. ψ1 ��� k(∆0, C)- '�(�9Æ

><. ���6 ψ1 ��/M k(∆0, C)- =	%`M30��<	;�/F�6�Æ
Z

∑
cjlx

j
i ⊗ xlk � X ���/deÆ7

ψ1(
∑

cjlx
j
i ⊗ xlk) =

∑
cjlx

j
0 · xl1 +

∑
cjlx

j
1 · xl0

MM
δLψ1(

∑
cjlx

j
i ⊗ xlk) =

∑
cjlx

j
0 · δL(xl1) +

∑
cjlδL(xj1) · xl0

PK�

(id⊗ ψ1)δL(
∑

cjlx
j
i ⊗ xlk) = (id⊗ ψ1)(

∑
cjlψ0(x

j
i
′ ⊗ xlk

′) ⊗ xji
′′ ⊗ xlk

′′)

= (id⊗ ψ1)(
∑

cjl(x
j
i
′)0(x

l
k
′)0 ⊗ xji

′′ ⊗ xlk
′′)

=
∑

cjl(x
j
0
′)0(x

l
1
′)0 ⊗ xj0

′′ · xl1′′ +
∑

cjl(x
j
1
′)0(x

l
0
′)0 ⊗ xj1

′′ · xl0′′

=
∑

cjlx
j
0 · δL(xl1) +

∑
cjlδL(xj1) · xl0

;�� δLψ1 = (id⊗ ψ1)δL 	K ψ1 ��/M k(∆0, C)- =	%`Æ
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01 7.5.1 �JK. L_� 7.5.2, ���X6\�AÆ/<

ψn : X

(n−1)→ X ⊗X ⊗ · · · ⊗X

ψ⊗n
1→ k(∆1, C)⊗n, n ≥ 2

� ψ =
∑
ψn. LS2 7.5.3,S2 7.5.4�S2 7.1.4, ψ : k(∆, C)⊗k(∆, C) → k(∆, C)

��/=��%`Æ�@n k(∆, C) ��/a��Æ���
 k(∆, C) �==�
k(∆0, C) �K:��/ Hopf ��ÆMM�L Takeuchi ��/+, (T [77]), k(∆, C)

��/ Hopf ��ÆLe��/<����
:�Qd��Æ �



+m% ÆeinoHoppj8 Hopf L@

���� K �.@�/:6;+�Z�S� K- Z�Æ�����.��?
@? Hopf ����CIÆ

§8.1 Wi:hb

���
'�CI)��
 [37] 2-�V�������PÆ�F����>
>�, p5856 � w5856 �/<Æ��S�'�CI�72ÆX3���
%.��>��O���%��72� Hopf ����BÆ

0� 8.1.1. (i) [44] �/ p5856 C = (C, ⊗, a) ��/CI C 552��/'
�< ⊗ : C × C → C �+U}~ a �? �qs� NU�j�3K��z	

((U ⊗ V ) ⊗W ) ⊗X (U ⊗ (V ⊗W )) ⊗X

(U ⊗ V ) ⊗ (W ⊗X)

U ⊗ (V ⊗ (W ⊗X)) U ⊗ ((V ⊗W ) ⊗X)

�
aU,V,W ⊗idX

�
aU⊗V,W,X

�

aU,V ⊗W,X

�
aU,V,W⊗X

�
idU⊗aV,W,X

(�z|2)

� U, V, W, X ∈ C ��k�ÆC'�CI43 qt ��,+U� a ��/n�Æ
(ii): �/ w5856 C = (C, ⊗, I, a, l, r, l, r) ��/C'�CI (C, ⊗, a)

82 I ∈ C (439$�Z) ��Dpk.

l = lA : I ⊗ A −→ A, r = rA : A⊗ I −→ A

l = lA : A −→ I ⊗ A, r = rA : A −→ A⊗ I

�?��;+��Z A,B ∈ C, 3\�k.

(A⊗ I) ⊗B A⊗ (I ⊗B)

A⊗ B A⊗B

A⊗ B

�
aA,I,B

�����rA⊗idB

����� idA⊗lB

�����llA⊗B

����� llA⊗B

(�+N|2)

103
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�

lAlA = rArA (8.1)

lAlAlA = lA, lAlAlA = lA (8.2)

rArArA = lA, rArArA = rA (8.3)

l(A⊗B)⊗C l(A⊗B)⊗C = a−1
A,B,C(idA ⊗ lB⊗C lB⊗C)aA,B,C(lA⊗BlA⊗B ⊗ idC) (8.4)

lA⊗(B⊗C)lA⊗(B⊗C) = aA,B,C(lA⊗BlA⊗B ⊗ idC)a−1
A,B,C(idA ⊗ lB⊗ClB⊗C) (8.5)

�/?'�CI43 qt ��,:�3C'�CI�DD�Æ

cD��/?'�CI�/�C'�CI�6�/'�CI��/C'�CI
829$ I ��/M9$}~ l ��/b9$}~ r V�� I �?+N|2b2
(T [37, /< XI 2.1]).

� 8.1.1. �/�/'�CI T 5�;+��Z A ∈ T Z lA = l−1
A , rA = r−1

A ��
`=� T ��/?'�CIÆ

3��,�C'�CIP��?'�CI��?'�CIP��'�CI�>
����>SL [9],[42] ����V�\TÆ

0� 8.1.2. �/ uv'�� (A, µ, 1, ∆, ε) ��/+U�+9$��� (A, µ, 1)

582=+U�=e�. ∆ : A → A⊗A �B�/=9$ ε : A → K �?
∆(ab) = ∆(a)∆(b), ∀a, b ∈ A.

�/KJa��43 w'�� �,3K��BNU.

• (M−monoidal) : ε(abc) = ε(ab(1))ε(b(2)c), ∀a, b, c ∈ A

• (b−monoidal) : ε(abc) = ε(ab(2))ε(b(1)c), ∀a, b, c ∈ A

• (M - =monoidal) : (∆(1) ⊗ 1)(1 ⊗ ∆(1)) = 1(1) ⊗ 1(2) ⊗ 1(3)

• (b - =monoidal) : (1 ⊗ ∆(1))(∆(1) ⊗ 1) = 1(1) ⊗ 1(2) ⊗ 1(3)

�����L��P Sweedler ab5ca�bB��3bÆ

�� [64] ��sr�O��/KJa�� (A, µ, 1, ∆, ε) 3043?a�
�ÆK?a��3043 “a monoidal” ?a��Æ
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�1 8.1.1. [44] 
 A �����'B��##(& ∆ : A → A⊗A � ε : A → K

�� (ε ⊗ id)∆ = (id ⊗ ε)∆ = id. 
 A = (A, µ, 1, ∆, ε) ���uv'����

��K�ph/=.
(1) �"�� A- ( U � V , ## !�58� U ⊗ V ��� A- (57

a · (∑i ui ⊗ vi) = ∆(a)(
∑

i ui ⊗ vi) �"�� a ∈ A, ui ∈ U, vi ∈ V ;

(2) 56 A-Mod ���p5856'B (1) "���58�Æ

KJa���/<>>,G) [42] �Æ) [42] ���J6��=�k p Hopf

��"T/< 8.2.3 #� Drinfeld 9��/KJa��Æ?a��) [9] �?�\�
�?@Æ)�F�3K������c/ (A, µ, 1, ∆, ε) ��/+01KJa��
5a:��93 Â. ���
 A ��/KJa��6646 Â ��Æ6 A ��/
?a��6646 Â �� (T [9] � [64]). Z I = A⇀ 1̂, �� a ⇀ f = a(1)f(a(2))

�.@� a ∈ A � f ∈ Â. �`=� I ��/ A- 	2. ⇀. Z Rep(A) � A �
+01	��CIÆ

A@��K� A- 	;@��q��j� 1 · v = v � v ∈ V 5��4�NU
�Æ

�� Rep(A) ��Z V, W � V ⊗K W ��/ A- 	2. ∆.

��SL K- [A]].

lV : I ⊗ V −→ V 2. φ⊗ v → φ(1(1))1(2) · v

rV : V ⊗ I −→ V 2. v ⊗ φ → φ(1(2))1(1) · v
lV : V −→ I ⊗ V 2. v → 1(1) ⇀ 1̂ ⊗ 1(2) · v
rV : V −→ V ⊗ I 2. v → 1(1) · v ⊗ 1(2) ⇀ 1̂

��]]) Rep(A) ��DA;��`�6?Æ

�1 8.1.2. [64] ���������K�+J/=.
(1) �"�� V ∈ Rep(A) � lV <� A- ##���� A �3 -monoidal

�Æ
(2) �"�� V ∈ Rep(A) � rV <� A- ##���� A �I -monoidal

�Æ

A@�) [64] ��S2 8.1.2 %%�+-�)c/ Rep(A) L;+�+01q
A- 	3N,?��ÆP�LS2 8.1.2 ���ÆN Rep(A) �L;+�+01 A-
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	3NÆ�@nVI “q ” �;��{�Æ

�3S2 8.1.2 �/F���+

�1 8.1.3. (1) �"�� V ∈ Rep(A) � lV <� A ��� A �I -monoidal

�0
(2) "�� V ∈ Rep(A) � rV <� A ��� A �3 -monoidal �Æ

><. /F�S2 8.1.2.

=> 8.1.4. ��K����GH��K�+J/=.
(1) A �I� monoidal ����� 8.1.1 ��ph (8.4) /=�-

l(A⊗B)⊗C l(A⊗B)⊗C = a−1
A,B,C(idA ⊗ lB⊗C lB⊗C)aA,B,C(lA⊗BlA⊗B ⊗ idC)

�"�� A,B,C ∈ Rep(A).

(2) A �3� monoidal ����� 8.1.1 ��ph (8.5) /=�-�

lA⊗(B⊗C)lA⊗(B⊗C) = aA,B,C(lA⊗BlA⊗B ⊗ idC)a−1
A,B,C(idA ⊗ lB⊗C lB⊗C)

�"�� A,B,C ∈ Rep(A).

><. A@� lV lV (v) = rV rV (v) = 1 · v � ∀ v ∈ V , �� V ∈ Rep(A), 6 A ��/
A- 	2.e�Æ;�� (8.4) b26646 (∆ ⊗ id)∆(1) = (1 ⊗∆(1))(∆(1) ⊗ 1),

j� A �b= monoidal �Æ;���6�� (1).

�� (2), ��;�/F�6�Æ

)��[23���?�.

01 8.1.5. ��K�����uv'�� A ���w'����� Rep(A) �

��w5856Æ

><. “\�A ” �/�\LS2 8.1.2 �_� 8.1.4 aX?�Æ
“[�A ”LS2 8.1.2�S2 8.1.3�_� 8.1.4,P��.o��6��+N|

2��B (8.1) � (8.2) � (8.3). (8.1)� (8.2) � (8.3) ;�aXL l, r, l, r �/<?
�Æ��G)�6�+N|2ÆZ V, W �A/+01 A-	6 v ∈ V, w ∈W, f ∈ I.

�+N|2�0�

1 · (f(1(2))1(1) · v ⊗ w) = 1 · (v ⊗ f(1(1))1(2) · w) (∗)
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L I �/<����
>) A ��/de b �? f = b ⇀ 1̂, 	K�

LHS (∗) = ε(1(2)b)1
′1(1) · v ⊗ 1′′ · w

= 1(1)ε(1(3)b) · v ⊗ εt(1(2)) · w
= 1(1) · v ⊗ ε(1′1(2))1

′′ε(1(3)b) · w
= 1(1) · v ⊗ ε(1′1(2)b)1

′′ · w
= 1(1) · v ⊗ ε(1(2)b)1(3) · w

��DE/��L�B 1(1)1
′ ⊗ 1(2) ⊗ 1′′ = 1(1) ⊗ εt(1(2)) ⊗ 1(3) (T [9]) ?��D4

/��L A �M monoidal �KD�/��L A �b= monoidal.

RHS (∗) = 1(1) · v ⊗ ε(1′b)1(2)1
′′ · w

= 1(1) · v ⊗ ε(εs(1(2))b)1(3) · w
= 1(1) · v ⊗ ε(1(2)b)1(3) · w

��DE/��L�B 1(1) ⊗ 1′ ⊗ 1(2)1
′′ = 1(1) ⊗ εs(1(2)) ⊗ 1(3) (T [9]) K�)�/

��L ε(ab) = ε(εs(a)b) (T [9]). ;���6���� (∗).
M 8.1.6. � [64], �n��F Rep(A) ���v�"����	w A- (�58�

× ���
V ×W = {x ∈ V ⊗W |x = ∆(1) · x}

0�<��B><Fuv'�� A �3 monoidal �I monoidal ��� Rep(A)

���5856Æ
x� Ob(Rep(A)) � [64] �h�GH���:IÆ�GH58� ⊗ ���

"�5^�58�4wR [64] �� × B�ÆBx�C� [64] ��56 Rep(A)

6Xy( A �3"I#� monoidal +�Æz�GH57w5856��R585
6Bw"QA 8.1.1 #�56E#F"Q�� 8.1.5 #Æ

) [37] �� H-Mod ��/'�CI6 H ��/a��,Æ;��"PS2
8.1.1, /2 8.1.5 � [37], ��;�~U3K��B.

C'�CI ?'�CI '�CI

KJa�� ?a�� a��

�⊃ �⊃

�
Rep

�⊃

�
Rep

�⊃

�
Rep

(\ 2.1)

��
Rep−→ @n�>��KJa����CI��/C'�CIK C'�CI ⊃−→

?'�CI @n�/?'�CI�/��/C'�CI�Æ
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§8.2 rrb7eino

3�89����deDH�C'�CI�kJ����eH�'�CI"�
L Joyal � Street ) [35] �SL#���72^DH�C'�CIB0�/-�E
JÆA@��F�+-S;�) [44] ���Æ

Z C ��/8+'�< ⊗ : C × C → C ��/+U}~ a �CIÆa τ :

C × C → C × C 32��Pkm�. τ(V,W ) = (W,V ) �.@��CI C ��Z
V,W . �/ ��yxz c ��/�Dpk c : ⊗ → ⊗τ . �@n�.@���Z
(V,W ) ���+ cV,W : V ⊗W →W ⊗ V �?3\�k

V ⊗W W ⊗ V

V ′ ⊗W ′ W ′ ⊗ V ′

�
cV,W

�
f⊗g

�
g⊗f

�
cV ′,W ′

�;+�`] f, g.

4=�kD}~ c b2 Æqs� �,3K�\ (H1)

U ⊗ (V ⊗W ) (V ⊗W ) ⊗ U

(U ⊗ V ) ⊗W V ⊗ (W ⊗ U)

(V ⊗ U) ⊗W V ⊗ (U ⊗W )

�
cU,V ⊗W

��������
aV,W,U

��������

aU,V,W

��������
cU,V ⊗idW

�
aV,U,W

��������

idV ⊗cU,W

� (H2)

(U ⊗ V ) ⊗W W ⊗ (U ⊗ V )

U ⊗ (V ⊗W ) (W ⊗ U) ⊗ V

U ⊗ (W ⊗ V ) (U ⊗W ) ⊗ V

�
cU⊗V,W

��������a−1
W,U,V��������

a−1
U,V,W

��������
idU⊗cV,W

�
a−1

U,W,V
��������

cU,W⊗idV

�;+�CI C ���Z U, V, W ��k�Æ
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0� 8.2.1. Z (C, ⊗, a) ��/C'�CIÆ
(i) �/ C �� yA: c ��/=�kD}~5b2Xz|2 (H1) � (H2).

(ii) �/ yA:p5856 (C, ⊗, a, c) ��/C'�CI82�/DH� c.

�`=��,�/=�kD}~ (�/DH�) c ��/%9�7:��/=�
k}~ ( H�)[37].

0� 8.2.2. Z H = (H, µ, 1, ∆, ε) ��/KJa��Æ��4:� uvy��
� ��,>)�/ H ⊗H �d R �?�;+� x ∈ H ��+ ∆op(x)R = R∆(x)

�� ∆op(x) = x(2) ⊗ x(1). �/b2��VI�d R 43�/ {y R- |z. �/

KJa�� H 43 yA: �, H ��/KJD=�k�582�/{D R- }

~ R b2A/VI. (∆ ⊗ idH)(R) = R13R23, (idH ⊗ ∆)(R) = R13R12. ��<	
3�a3 (H,R).

�1 8.2.1. 
 H = (H, µ, 1, ∆, ε) ���uv'��Æ
p5856 H-Mod (Q

V� 8.1.1) �yA:���� H ���yA:uv'��Æ

><. “\�A ” Z H ��/DH�KJa��82�/{D R- }~ R. ��/
<�/%` cRV,W 	 V ⊗W � W ⊗ V 2. cRV,W (v ⊗ w) = τV,W (R(v ⊗ w)) �.@
� H- 	 V, W � v ∈ V, w ∈ W , �� τ(v ⊗ w) = w ⊗ v.

�.@� f ∈ HomH(V, V ′), g ∈ HomH(W,W ′), ��+ (g ⊗ f)cRV,W (v ⊗w) =

(g ⊗ f)τV,W (R(v ⊗ w)) = τV ′,W ′(R(f(v) ⊗ g(w))) = cRV ′,W ′(f ⊗ g)(v ⊗ w). 7 (g ⊗
f)cRV,W = cRV ′,W ′(f ⊗ g). �@n c ��/=�kD}~Æa R =

∑
i si ⊗ ti, 7�;

+� u ∈ U, v ∈ V, w ∈ W

aV,W,UcU,V⊗WaU,V,W ((u⊗ v) ⊗ w) = aV,W,UcU,V⊗W (u⊗ (v ⊗ w))

= aV,W,UτU,V⊗W (R(u⊗ (v ⊗ w)))

= aV,W,UτU,V⊗W (id⊗ ∆)(R)(u⊗ (v ⊗ w))

(idV ⊗ cU,W )aV,W,U(cU,V ⊗ idW )((u⊗ v) ⊗ w)

= (idV ⊗ cU,W )aV,W,U(τU,VR(u⊗ v) ⊗ w)

= (idV ⊗ cU,W )(
∑
i

tiv ⊗ (siu⊗ w))

=
∑
i

(tiv ⊗
∑
j

(tjw ⊗ sjsiu))

= aV,W,UτU,V⊗W (
∑
i,j

sjsiu⊗ (tiv ⊗ tjw))

= aV,W,UτU,V⊗WR13R12(u⊗ (v ⊗ w))
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P� (id⊗∆)(R) = R13R12, 	K n aV,W,UcU,V⊗WaU,V,W = (idV ⊗ cU,W )aV,W,U(cU,V ⊗
idW ). /F�� a−1

W,U,V cU⊗V,Wa−1
U,V,W = (cU,W ⊗ idV )a−1

U,W,V (idU ⊗ cV,W ).

	K�Xz|23b2Æ�@n c ��/DH�Æu� H-Mod ��/DH�
C'�CIÆ

“[�A ” c/)C'�CI H-Mod �>)�/DH� c. /< H ⊗H ��
�/de R 2. R = τH,H(cH,H(1 ⊗ 1)). �q Hopf ���<	 [37], ��;�6

R ��/{D R- }~5b2 (∆ ⊗ idH)(R) = R13R23, (idH ⊗ ∆)(R) = R13R12. �

��O H ��/H�KJa��82{D R- }~ R.

0� 8.2.3. �/a��43 p Hopf���,>) T ∈ HomK(H,H)�? idH∗T ∗
idH = idH , T ∗ idH ∗T = T . �� (f ∗ g)(h) = f(h(1))g(h(2)) � f, g ∈ HomK(H,H)

� h ∈ H . T 43�/ H � p�4.

C Hopf��>>�) [42]�S���)M*���343 “? Hopf�� ”. )

����+9���������U�J868N��BC�H��T [42][43][45].

P�%%�I4 “? Hopf �� ” >3P��3PK�����/<�T [9][10][63].

�������/��?@�ZÆ	K�3�
��A/�%� Hopf���72�
��gk;<� [42] �� “? Hopf �� ” 3 p Hopf �� 3/< 8.2.3 �;/<
��%Æ

� 8.2.1. Z H = (H, µ, 1,∆, ε, T ) ��/+01=�kC Hopf ��682;f
?�Z T b2 (T ∗ idH)(H) ⊆ C(H) ( H ���) � ∆T = τ(T ⊗ T )∆ � Tµ =

µτ(T⊗T ). �� µ� H ��e�ÆL [42], H � Drinfeld’s_ D(H) = (Hop)∗∞H

(�32� Hopf ��� Drinfeld’s 9�72) ��/DH�KJa��82{D R-

}~ R =
∑

i∈I(1∞ei) ⊗ (ei∞1) �� {ei}i∈I ��/ H �3[AZ���3-�
0�9- {ei}i∈I . 	KLS2 8.2.1, D(H)-Mod ��/DH�C'�CI6DH�
c 3 cV,W (v ⊗ w) = τV,W (R(v ⊗ w)) �� V � W � D(H)- 	6 v ∈ V, w ∈W .

§8.3 Æeino

�F��>>�,?'�CI���A��X3�tr ��_w5856�&

A:w5856 �/<5�M�uz? Hopf ����CIÆ

§8.3.1 ss�����

Z C = (C, ⊗, I, a, l, r, l, r) ��/?'�CIÆ���,9$ I ���A�Æ

�1 8.3.1. 
 f : V → U ��� C �9&Æ
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lU lUf = flV lV , rUrUf = frV rV

><. A@�L l, l ��DA���+3K��k\.

V I ⊗ V V

U I ⊗ V V
�

f

�lV

�

idI⊗f

�lV

�

f

�lU �lU

;� lU lUf = flV lV . P�/��;�/F�?�Æ

=> 8.3.2. �q7

(I ⊗ V ) ⊗W I ⊗ (V ⊗W )

V ⊗W V ⊗W

V ⊗W

�
aI,V,W

�����lV ⊗idW

����� lV ⊗W

�����llV ⊗W

����� llV ⊗W

(V ⊗W ) ⊗ I V ⊗ (W ⊗ I)

V ⊗W V ⊗W

V ⊗W

�
aV,W,I

�����rV ⊗W

����� idV ⊗rW

�����llV ⊗W

����� llV ⊗W

�"�� C ���v� (V, W ) ����Æ

3��j���a lV⊗W lV⊗W 3 llV⊗W . ����4�iPM����j�a
lV lV 3 llV , lV lV lV 3 lllV �Æ
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><. ÆN3\

(U ⊗ (I ⊗ V )) ⊗W

((U ⊗ I) ⊗ V ) ⊗W (U ⊗ (I ⊗ V )) ⊗W

(U ⊗ V ) ⊗W

U ⊗ (V ⊗W )

(U ⊗ I) ⊗ (V ⊗W ) U ⊗ ((I ⊗ V ) ⊗W )

U ⊗ (I ⊗ (V ⊗W ))

����������
id

����������

aU,I,V ⊗idW

�

aU⊗I,V,W

����������
(1)

�

aU,I⊗V,W

����������
(2)

�

aU,V,W

����������
(3)

����������
aU,I,(V ⊗W )

���������	
(4)

����������
idU⊗aI,V,W

�

(5)

�� (1) = ll(U⊗V )⊗W ((rU ⊗ idV ) ⊗ idW ), (2) = ll(U⊗V )⊗W ((idU ⊗ lV ) ⊗ idW ), (3) =

llU⊗(V⊗W )(rU ⊗ idV⊗W ), (4) = llU⊗(V⊗W )(idU ⊗ (lV ⊗ idW )), (5) = llU⊗(V⊗W )(idU ⊗
lV⊗W ).

KFXz	�kA�L�z|2?�� a ��DA�S2 8.3.1 tq�6�A
/��	��kAÆM3+N��kA�L9$��+N|2?�ÆcF���	
�k�M3 (��ca�+U}~ a �3b):

l(U⊗V )⊗W l(U⊗V )⊗W ((idU ⊗ lV ) ⊗ idW )(a⊗ idW )

= a−1(idU ⊗ lV⊗W lV⊗W )a(lU⊗V lU⊗V ⊗ idW )((idU ⊗ lV )a⊗ idW )

= a−1(idU ⊗ lV⊗W lV⊗W )a(lU⊗V lU⊗V (idU ⊗ lV )a⊗ idW )

= a−1(idU ⊗ lV⊗W lV⊗W )a(lU⊗V lU⊗V (rU ⊗ idV ) ⊗ idW )

= l(U⊗V )⊗W l(U⊗V )⊗W ((rU ⊗ idV ) ⊗ idW )

��D�/��P��VI (8.4) �D+/P���+N|2Æ	K�b3+N�
��k��j�

lU⊗(V⊗W )lU⊗(V⊗W )(idU ⊗ (lV ⊗ idW )) = lU⊗(V⊗W )lU⊗(V⊗W )(idU ⊗ lV⊗Wa)
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Z U = I 5)AzsU lV⊗W .

lV⊗W lI⊗(V⊗W )lI⊗(V⊗W )(idI ⊗ (lV ⊗ idW )) = lV⊗W lI⊗(V⊗W )lI⊗(V⊗W )(idI ⊗ lV⊗Wa)

LS2 8.3.1, ��+

lV⊗W l(V⊗W )l(V⊗W )(idI ⊗ (lV ⊗ idW )) = lV⊗W l(V⊗W )l(V⊗W )(idI ⊗ lV⊗Wa)

P/< 8.1.1 �VI (8.2) ���?�.

l(V⊗W )(idI ⊗ (lV ⊗ idW )) = l(V⊗W )(idI ⊗ lV⊗Wa)

�@n ("P l ��DA):

(lV ⊗ idW )l(I⊗V )⊗W = (lV⊗Wa)l(I⊗V )⊗W

)�KA|e� l(I⊗V )⊗W ���?�

(lV ⊗ idW )l(I⊗V )⊗W l(I⊗V )⊗W = (lV⊗Wa)l(I⊗V )⊗W l(I⊗V )⊗W

"PS2 8.3.1, ��?�+-.

l(V ⊗W )l(V⊗W )(lV ⊗ idW ) = l(V⊗W )l(V⊗W )(lV⊗Wa)

jD�/�z	�kÆP��z	;�/F�6?Æ

=> 8.3.3. 
 I w5856 C ���Æ�>@� C ��v�GH�
lV lI⊗V = lV (idI ⊗ lV ), rV rV⊗I = rV (rV ⊗ idI)

0�<���� lI ��� C ����

lI = rI

><. L l ��DA�

I ⊗ (I ⊗ V ) I ⊗ V

I ⊗ V V
�
idI⊗lV

�lI⊗V

�
lV

�lV

��+ lV lI⊗V = lV (idI ⊗ lV ). /F����+ rV rV⊗I = rV (rV ⊗ idI). X3���

6� lI = rI . >>�A@�

lI(lI ⊗ idI) = lI lI lI(lI ⊗ idI) = lI lI⊗I lI⊗I(lI ⊗ idI)

= lI lI⊗I lI⊗I(lI⊗Ia) = lI lI lI(lI⊗Ia)

= lI lI lI(idI ⊗ lI)a = lI lI⊗I lI⊗I(idI ⊗ lI)a

= lI lI⊗I lI⊗I(rI ⊗ idI) = lI lI lI(rI ⊗ idI)

= lI(rI ⊗ idI)
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��D 2�4�6�8/���LS2 8.3.1?��D 3/P��_� 8.3.2,D 5P��
M_��D�/�B�D 7P���+N|2Æ;����+ lI(lI⊗idI) = lI(rI⊗idI).
M3LcZ� lI ��/%9�;���+ lI ⊗ idI = rI ⊗ idI . L r ��DA�3K
A/\�k.

(I ⊗ I) ⊗ I I ⊗ I

I ⊗ I I
�

lI⊗idI

�rI⊗I

�

lI

�rI

(I ⊗ I) ⊗ I I ⊗ I

I ⊗ I I
�

rI⊗idI

�rI⊗I

�

rI

�rI

j� lIrI⊗I = rI(lI ⊗ idI), rIrI⊗I = rI(rI ⊗ idI). 	K

lIrI⊗I = rIrI⊗I

⇒ lIrI⊗IrI⊗I = rIrI⊗IrI⊗I

⇒ rIrI lI = rIrIrI (S2 8.3.1)

⇒ lI = rI (M3 rIrI = lI lI)

§8.3.2 ��"#$�ttu01

)�/�F����6�4�/?'�CI� w58�� �/DD?'�C
IÆ

0� 8.3.1. (i)Z C = (C, ⊗, I, a, l, r, l, r)� D = (D, ⊗, I, a, l, r, l, r)�A/?'
�CIÆ�/	 C � D � w58}: ��/+d3 (F, ϕ0, ϕ2) .�� F : C → D
��/m��ϕ0 ��/	 I � F (I)�%9K ϕ2(U, V ) : F (U)⊗F (V ) → F (U⊗V )

��3� (U, V ) 33b��D%9�?3K�\�k.

(F (U) ⊗ F (V )) ⊗ F (W ) F (U) ⊗ (F (V ) ⊗ F (W ))

F (U ⊗ V ) ⊗ F (W ) F (U) ⊗ F (V ⊗W )

F ((U ⊗ V ) ⊗W ) F (U ⊗ (V ⊗W ))

�
aF (U),F (V ),F (W )

�
ϕ2(U,V )⊗idF (W )

�
idF (U)⊗ϕ2(V,W )

�
ϕ2(U⊗V,W )

�
ϕ2(U,V⊗W )

�
F (aU,V,W )

(4.4.1)
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I ⊗ F (U) F (U)

F (I) ⊗ F (U) F (I ⊗ U)
�

ϕ0⊗idF (U)

�
lF (U)

�ϕ2(I,U)

�
F (lU )

F (U) I ⊗ F (U)

F (I ⊗ U) F (I) ⊗ F (U)
�

F (lU )

�
lF (U)

�
ϕ−1

2 (I,U)

�
ϕ−1

0 ⊗idF (U)

(4.4.2)

F (U) ⊗ I F (U)

F (U) ⊗ F (I) F (U ⊗ I)
�

idF (U)⊗ϕ0

�
rF (U)

�ϕ2(U,I)

�
F (rU )

F (U) F (U) ⊗ I

F (U ⊗ I) F (U) ⊗ F (I)
�

F (rU )

�
rF (U)

�
ϕ−1

2 (U,I)

�
idF (U)⊗ϕ−1

0

(4.4.3)

?'�m� (F, ϕ0, ϕ2) 43 qt ��,%9 ϕ0 � ϕ2 � D �n�Æ
(ii) �/	 C � D ?'�m�� �w58u� ��/�Dpk η : F → F ′

�?3K�\� (U, V ) ��k�.

F (I)

I

F ′(I)
�

η(I)

�
���
ϕ0





�ϕ′

0

F (U) ⊗ F (I) F (U ⊗ V )

F ′(U) ⊗ F ′(V ) F ′(U ⊗ V )
�
η(U)⊗η(V )

�ϕ2(U,V )

�
η(U⊗V )

�
ϕ′

2(U,V )

�/ �w58�� ��/�D?'�pk5%,��/�D%9Æ
(iii) �/?'�CI� w58�� ��/?'�m� F : C → D �?>)�

/?'�m� F ′ : D → C ��D?'�%9 η : idD
∼=−→ FF ′ � θ : F ′F

∼=−→ idC

�,>)	 C � D ��/?'��0���4 C � D � w58�� �Æv
u��, (F, ϕ0, ϕ2) � (F ′, ϕ′

0, ϕ
′
2) �?'�m��7 (F ′F, F ′(ϕ0)ϕ

′
0, F

′(ϕ2)ϕ
′
2)

��?'�m�Æn�m���/DD?'�m�Æ

� 8.3.1. �/?a�� H 43�/ w Hopf �� �,>)�/[A]] S : H →
H"43 �4 #��?.

µ(id⊗ S)∆(h) = (ε⊗ id)(∆(1)(h⊗ 1))



116 	r� ( dst-)u*f� Hopf 9�

µ(S ⊗ id)∆(h) = (id⊗ ε)((1 ⊗ h)∆(1))

S(h) = S(h(1))h(2)S(h(3)) ∀ h ∈ H

�����3x�+�? Hopf ���abWT [9][63]. Z f : H1 → H2 ��

/ Hopf ��%`Æ�/�/ H2- 	 V ���;�3 V 52�/ H1- 	+92

. a · v = f(a)v � a ∈ H1 � v ∈ V . ��9��?��?��/?'�m�
(f ∗, ϕ0, id) 	 Rep(H2) � Rep(H1). �� ϕ0 /<3.Z 1̂i ∈ Ĥi � Ĥi �9$d
� i = 1, 2 (�`=� H ⇀ 1̂ = Ht ⇀ 1̂), ��+

ϕ0 : εt(H1) ⇀ 1̂1 → εt(H2) ⇀ 1̂2 2. h ⇀ 1̂1 → f(h) ⇀ 1̂2

A@� f |(H1)t ��/a] (T [63]). ;� ϕ0 ��/ Rep(H1)��%9Æ2.[i�
PaX�6�����
 (f ∗, ϕ0, id)��/	 Rep(H2)� Rep(H1)�?'�m�Æ

X3���q'�CI�<	����6.@?'�CI�?'��0�/D
D�?'�CIÆ

Z S �;+L?'�CI C = (C, ⊗, I, a, l, r, l, r) ��Z;	N�+0_
C S = (V1, · · · , Vk) �/Æ9� k L/<�_C S = (V1, · · · , Vk) �QdÆ�,
S = (V1, · · · , Vk) � S ′ = (Vk+1, · · · , Vk+n) �A/:Z�_C���a S ∗ S ′ 3_

C S ∗ S ′ = (V1, · · · , Vk, Vk+1, · · · , Vk+n) 2.� S ′ �) S �)KÆ�.@� S �
_C S ���ZP C ��Z F (S) 2.Pv/<?�.

F ((V )) = V, F (S ∗ (V )) = F (S) ⊗ V

j�
F (V1, V2, · · · , Vk−1, Vk) = ((· · · (V1 ⊗ V2) ⊗ · · ·) ⊗ Vk−1) ⊗ Vk

���/<CI Cstr: :��Z3 S ��d�j C ��Z�+0_C�:�`]3
HomCstr(S, S ′) = HomC(F (S), F (S ′))

�%/<��/CI:�n��UNS�� C.

=> 8.3.4. 56 Cstr � C ������� C ���w5856Æ
><. ]] F : Cstr → C )`]W����n�	K�8MvJ�Æ�3 C �.@
�/�ZcD%9� F 3Qd3 1 �_C�qÆ;�� F �~g�Æ��6��
_� [T 37, _� XI 1.5]. vu� G(V ) = (V ) /<��/m� G : C → Cstr :�
F �;f�0ÆEJ����+ FG = idC � θ : GF → idCstr 2.�D%9

θ(S) = idF (S) : GF (S) −→ S
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��G)3 Cstr 52�/DD?'�CI�+9Æ0�'�<�/<�O9
�.��� S ⊗ S ′ = S ∗ S ′. �`=�:�+U�Æ

3�/<A/ Cstr �%`�'�<���>>9��/�D%9.
ϕ(S, S ′) : F (S) ⊗ F (S ′) → F (S ∗ S ′)

�.@�� (S, S ′) ∈ Cstr. :�/<�2.�_C S ′ �Qd�EPv?�.

ϕ(S, (V )) = idF (S)⊗V : F (S) ⊗ V → F (S ⊗ (V ))

�

ϕ(S, S ′ ∗ (V )) = (ϕ(S, S ′) ⊗ idV ) ◦ a−1
F (S),F (S′),V

�1 8.3.5. �� S, S ′, S ′′ � Cstr ���v�
GH�
ϕ(S, S ′ ∗ S ′′) ◦ (idS ⊗ ϕ(S ′, S ′′)) ◦ aF (S),F (S′),F (S′′) = ϕ(S ∗ S ′, S ′′) ◦ (ϕ(S, S ′) ⊗ idS′′)

><. ��� S ′′ �Qd�EPvÆ�, S ′′ = (V ), ��+

ϕ(S, S ′ ∗ (V ))(idS ⊗ ϕ(S ′, (V )))aF (S),F (S′),V = ϕ(S, S ′ ∗ (V ))aF (S),F (S′),V

= (ϕ(S, S ′) ⊗ idV )a−1
F (S),F (S′),V aF (S),F (S′),V

= (ϕ(S, S ′) ⊗ idV )

= ϕ(S ∗ S ′, (V )) ◦ (ϕ(S, S ′) ⊗ idV )

;+���S�L ϕ�/<?�Æ��+d3 (S, S ′, S ′′)NU���tq� (S, S ′, S ′′∗
(V )) ����6�T [37, S2 XI.5.2] �6�Æ

��G);�/<A/`] f : S → T � f ′ : S ′ → T ′ �'�< f ∗ f ′. L/
< f ��/	 F (S) � F (T ) �`]K f ′ �PK�/	 F (S ′) � F (T ′) �`]Æ
��2.3K��k\�/<:��'�< f ∗ f ′ .

F (S) ⊗ F (S ′) F (S ∗ S ′)

F (T ) ⊗ F (T ′) F (T ∗ T ′)
�
f⊗f ′

�ϕ(S,S′)

�
f∗f ′

�ϕ(T,T ′)

/<.
lS : (I) ∗ S → S 2. lS = lF (S)ϕ

−1((I), S)

lS : S → (I) ∗ S 2. lS = ϕ((I), S)lF (S)

rS : S ∗ (I) → S 2. rS = rF (S)ϕ
−1(S, (I))

rS : S → S ∗ (I) 2. rS = ϕ(S, (I))rF (S)



118 	r� ( dst-)u*f� Hopf 9�

=> 8.3.6. ��H������ Cstr = (Cstr, ∗, l, l, r, r) ���qtw5856Æ

><. Z S, S ′, T, T ′, P, P ′ ∈ Ob(Cstr) � f : S → T, g : T → P � f ′ : S ′ → T ′, g′ :

T ′ → P ′, 7

(g ∗ g′) ◦ (f ∗ f ′) = ϕ(P, P ′)(g ⊗ g′)ϕ−1(T, T ′)ϕ(T, T ′)(f ⊗ f ′)ϕ(S, S ′)

= ϕ(P, P ′)(g ◦ f ⊗ g′ ◦ f ′)ϕ(S, S ′)

= (g ◦ f) ∗ (g′ ◦ f ′)

idS ∗ idS′ = ϕ(S, S ′) ◦ (idF (S) ⊗ idF (S′))ϕ
−1(S, S ′)

= ϕ(S, S ′) ◦ idF (S)⊗F (S′)ϕ
−1(S, S ′)

= idS∗S′

;� ∗ ��/	 Cstr × Cstr � Cstr �m�Æ l, r, l, r ) Cstr ���DAL ϕ �

l, r, l, r ) C ���DA?�ÆX3�����6� Cstr ��+N|2 (A@�
llS∗T = llF (S∗T )):

lS∗T lS∗T (idS ∗ lT ) = llF (S∗T )ϕ(S, T )(idF (S) ⊗ lF (T )ϕ
−1((I), T ))ϕ−1(S, I ∗ T )

= llF (S∗T )ϕ(S, T )(idF (S) ⊗ lF (T ))aF (S),F (I),F (T )ϕ
−1(S ∗ I, T )

= ϕ(S, T )llF (S)⊗F (T )(idF (S) ⊗ lF (T ))aF (S),F (I),F (T )ϕ
−1(S ∗ I, T )

= ϕ(S, T )llF (S)⊗F (T )(rF (S) ⊗ idF (T ))ϕ
−1(S ∗ I, T )

= llF (S∗T )ϕ(S, T )(rF (S) ⊗ idF (T ))ϕ
−1(S ∗ I, T )

= llF (S∗T )ϕ(S, T )(rF (S)ϕ
−1(S, (I)) ⊗ idF (T ))ϕ

−1(S ∗ I, T )

= lS∗T lS∗T (rS ∗ idT )

��D 1 ��)�/���L Cstr �`]'�<�/<?��D 2 /��LS2
8.3.5 2.Z/ S ′ = I, S ′′ = T ?��D 3 /LS2 8.3.1, D 4 L C ��+N|
2�D 5 /ÆLS2 8.3.1 KD 6 /�L ϕ �/<?�Æ

cD�/< 8.1.1�VI (8.1) (8.2) (8.3)�b2�Æ���6� (8.4)M3 (8.5)

;�/F�?�Æ� (8.4), ��X6�

ll(S∗T∗P ) = (idS ∗ llT∗P )(llS∗T ∗ idP )

�;+� Cstr ��Z S, T, P .

��� P �Qd�PvÆ6 P �Qd3 1 (L ϕ �/<� ϕ(T, P ) = id), ��

?�
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(idS ∗ llF (T∗P ))(llF (S∗T ) ∗ idP )

= ϕ(S, T ∗ P )(idF (S) ⊗ llF (T∗P ))ϕ
−1(S, T ∗ P ) ◦ ϕ(S ∗ T, P )(llF (S∗T ) ⊗ idF (P ))ϕ

−1(S ∗ T, P )

= ϕ(S, T ∗ P )(idF (S) ⊗ llF (T∗P ))ϕ
−1(S, T ∗ P )(llF (S∗T ) ⊗ idF (P ))

= (ϕ(S, T ) ⊗ idF (P ))a
−1(idF (S) ⊗ llF (T∗P ))a(ϕ

−1(S, T ) ⊗ idF (P ))(llF (S∗T ) ⊗ idF (P ))

= (ϕ(S, T ) ⊗ idF (P ))a
−1(idF (S) ⊗ llF (T )⊗F (P )))a(llF (S)⊗F (T )ϕ

−1(S, T ) ⊗ idF (P ))

= (ϕ(S, T ) ⊗ idF (P ))ll(F (S)⊗F (T ))⊗F (P )(ϕ
−1(S, T ) ⊗ idF (P ))

= llF (S∗T∗P ) = llS∗T∗P

��D 3 /��L ϕ �/<�S2 8.3.5 ?��D 4 �D 6 L ϕ ��DA?
�KD 5 /L?'�CI C �� (8.4) ?�Æ

c/ P �QdU� n ,�������66Qd3 n ,����Æj�Z W

Qd3 1 ���X6� P ∗W ���.

llS∗T∗(P∗W ) = ll(S∗T )∗P∗W

= (idS∗T ∗ llP∗W )(ll(S∗T∗P ) ∗ idW )

= (idS∗T ∗ llP∗W )(idS ∗ llT∗P ∗ idW )(llS∗T ∗ idP∗W )

= (idS ∗ llT∗P∗W )(llS∗T ∗ idP∗W )

��D 2 �D 3 /��LcZ?�Æ

01 8.3.7. w5856 C � Cstr �w58���Æ
><. 3�6� Cstr �?'��0� C,��X~U?'�m���D?'�%9Æ
��>>j4+d3 (F, idI , ϕ) ��/	 Cstr � C ?'�m��� ϕ ��K/<
��D%9ÆEJ��S2 8.3.5 ��/�B (4.4.1) ����0	�K�B (4.4.2)

� (4.4.3) ;�L l, r �/<?�Æ_� 8.3.4 6���m� G ��/DD?'�

m�Æ�)��D%9 θ ��/�D'�%9Æ

M 8.3.8. GH$�� 8.3.7 �"{�qt;������{nmD��w5856

A'\u/��qtw5856Æ"|5856�v7���+�@|I}� Mac

Lane � Coherence ���-����p5856�"�Axz a ����U/@
58�#�7����Æ

§8.3.3 ��"#$v�ww

)�/UF��;+� K- [AZ�Sc/�+01�Æ

���
6 H ��/ Hopf��,�L;++01M H-	3N�CI H-Modf

��/82M�b�9�'�CI (T [37]). )C'�CI�<	3�����
�
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�/<�9�V�T�\TÆP����=��?'�CI����;�/<�Æ
��-�����6�? Hopf �� H ��CI��/82M�b�9�?'�
CIÆ�UF��;++�? Hopf ��U3x�\TS;�) [9][63] ���Æ

0� 8.3.2. Z C = (C, ⊗, I, l, r, l, r) ��/DD?'�CIÆ:��/?'�C
I682 3�_ �,�4�/ C ��Z V �>)�/�Z V ∗ �%`.

bV : I → V ⊗ V ∗, dV : V ∗ ⊗ V → I

�?.

(idV ⊗ dV )(bV ⊗ idV )lV = rV , (dV ⊗ idV ∗)(idV ∗ ⊗ bV )rV ∗ = lV ∗

DD?'�CI��/?'�CI82 I�_ �,�4�/ C ��Z V �>)�
/�Z V  �`].

b′V : I → V  ⊗ V , d′V : V ⊗ V  → I

�?.

(d′V ⊗ idV )(idV ⊗ b′V )rV = lV , (idV � ⊗ d′V )(b′V ⊗ idV �)lV � = rV �

3�OE���xw����, l, l, r, r ∈ Rep(H)"T 8.1 F#��0uz	
�.

�1 8.3.9. [9] (& kLH : xL → (xL ⇀ 1̂) �Æ HL # ĤR ������Æ(
& kRH : xR → (1̂ ↼ xR) ���Æ HR # ĤL �����Æ0�<��~���
ĤL ×HL, ĤR ×HR, ĤL ×HR, ĤR ×HL ��}<�S~;�Æ

A@�)/2 8.1.5 �����
 ĤR � Rep(H) ��9$ I. "P�KS2

��%9 kLH ���gk I 3 HL (= Ht) 	K l, l, r, r ;��0�@3.

lV : Ht ⊗ V −→ V 2. z ⊗ v → z · v
rV : V ⊗Ht −→ V 2. v ⊗ z → S−1(z) · v
lV : V −→ Ht ⊗ V 2. v → S(1(1)) ⊗ 1(2) · v
rV : V −→ V ⊗Ht 2. v → 1(1) · v ⊗ 1(2)

�;+� v ∈ V, z ∈ Ht, � h · z = εt(hz) � h ∈ H .
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"P H ��Z S ���;�6� Rep(H) �82M�b�9�Æ/< H )

V ∗ = HomK(V,K) � V  = HomK(V,K) ���P�'3.

(h · φ)(v) = φ(S(h) · v), � (h · φ)(v) = φ(S−1(h) · v)
�� h ∈ H, v ∈ V, φ ∈ HomK(V,K).

�;+� V ∈ Rep(H), ��/<�9`]

bV : Ht → V ⊗ V ∗, dV : V ∗ ⊗ V → Ht

b′V : Ht → V  ⊗ V , d′V : V ⊗ V  → Ht

3.�
∑

i φ
i ⊗ vi ∈ V ∗ ⊗ V �

∑
j vj ⊗ ψj ∈ V ⊗ V , �

dV (
∑
i

φi ⊗ vi) =
∑
i

φi(1(1) · vi)1(2)

d′V (
∑
j

vj ⊗ ψj) =
∑
j

ψj(1(2) · vj)S(1(1))

Z {fi}i � {ξi}i � V � HomK(V,K)�-6lV�9Æde
∑

i fi⊗ξi �
∑

i ξ
i⊗fi

�21�-��IÆ��-��;+� v ∈ V, ϕ ∈ HomK(V,K) ��+ ϕ =∑
i ϕ(fi)ξ

i � v =
∑

i fiξ
i(v). �

bV (z) = z · (
∑
i

fi ⊗ ξi), b′V (z) = z · (
∑
i

ξi ⊗ fi)

01 8.3.10. $� H ���w Hopf ��Æ��K���� Rep(H) ���'B3
�I�_�w5856Æ

><. L/2 8.1.5, ��86�
 Rep(H) ��/?'�CIÆ;����X6
dV , d

′
V � bV , b

′
V � H- [A�5b2

(idV ⊗ dV )(bV ⊗ idV )lV = rV , (dV ⊗ idV ∗)(idV ∗ ⊗ bV )rV ∗ = lV ∗ (8.6)

(d′V ⊗ idV )(idV ⊗ b′V )rV = lV , (idV � ⊗ d′V )(b′V ⊗ idV �)lV � = rV � (8.7)

L [62, _� 4.2], ���
 dV , bV � H- [A�Æ���X6 d′V , b
′
V � H- [A

�Æ���� (8.6)(8.7), ���6 (8.6) M3P�/;�/F�6�ÆI v ⊗ φ ∈
V ⊗ V , z ∈ Ht, h ∈ H

h · d′V (v ⊗ φ) = φ(1(2) · v)εt(hS(1(1)))

= φ(S−1(1(1)) · v)εt(h1(2)) = φ(S−1(εs(h(1))) · v)εt(h(2))

= φ(S−1(εs(1(1)h)) · v)1(2) = φ(S−1(h(2))S
−1(1(1))h(1) · v)1(2)

= φ(S−1(h(2))1(2)h(1) · v)S(1(1)) = (h(2) · φ)(1(2)h(1) · v)S(1(1))

= d′V (h(1) · v ⊗ h(2) · φ) = d′V (h · (v ⊗ φ))
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	K�d′V � H- [A�Æ3�6� b′V � H-[AA���X6 h · b′V (z) = b′V (h · z),
j ∑

i

h(1)z · ξi ⊗ h(2) · fi = 1(1)εt(hz) · ξi ⊗ 1(2) · fi

mD�/M��P) v ∈ V ����?��0VI

h(2)S
−1(h(1)z) · v = 1(2)S

−1(1(1)εt(hz)) · v

�`=�A|S�� S−1(εt(hz)) · v. ;�� b′V � H- [A�Æ��+

(idV ⊗ dV )(bV ⊗ idV )lV (v) = (idV ⊗ dV )(bV ⊗ idV )(S(1(1)) ⊗ 1(2) · v)
= (idV ⊗ dV )(S(1(2)) · fi ⊗ S(1(1)) · ξi ⊗ 1(3) · v)
= S(1(2)) · fi ⊗ S(1(1)) · ξi(1′1(3) · v)1′′
= S(1(2))S

2(1(1))1
′1(3) · v ⊗ 1′′

= 1(1) · v ⊗ 1(2) = rV (v)

(dV ⊗ idV ∗)(idV ∗ ⊗ bV )rV ∗(φ) = (dV ⊗ idV ∗)(idV ∗ ⊗ bV )(1(1) · φ⊗ 1(2))

= (dV ⊗ idV ∗)(1(1) · φ⊗ 1(2) · fi ⊗ 1(3) · ξi)
= (1(1) · φ)(1′1(2) · fi)1′′ ⊗ 1(3) · ξi
= 1′′ ⊗ 1(3)S

−1(1′1(2))1(1) · φ
= 1′′ ⊗ S−1(1′) · φ = S(1′) ⊗ 1′′ · φ
= lV (φ)

	K� (8.6) ?6Æ

§8.3.4 Zxx���"#$

�3H�'�CI��/�Y�)�UF������, &
A:w5856
�/<Æ���LGH�'�CI��H��;fA�3?'�CI���7;�
gÆ

0� 8.3.3. (i) ?'�CI C ���/ &
A: L���Dpk3N.

CV,W : V ⊗W −→W ⊗ V

CV,W : V ⊗W −→W ⊗ V
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�?3K�\�k.
(B1)

U ⊗ (V ⊗W ) (V ⊗W ) ⊗ U

(U ⊗ V ) ⊗W V ⊗ (W ⊗ U)

(V ⊗ U) ⊗W V ⊗ (U ⊗W )

�
�CU,V ⊗W

��������
aV,W,U

��������

aU,V,W

��������
�CU,V ⊗idW

�
aV,U,W

��������

idV ⊗ �CU,W

� (B2)

(U ⊗ V ) ⊗W W ⊗ (U ⊗ V )

U ⊗ (V ⊗W ) (W ⊗ U) ⊗ V

U ⊗ (W ⊗ V ) (U ⊗W ) ⊗ V

�
�CU⊗V,W

��������a−1
W,U,V��������

a−1
U,V,W

��������idU⊗ �CV,W

�
a−1

U,W,V
��������

�CU,W⊗idV

�� U, V,W � C ��Z6 C̃ 53 C 53 C;

PK�>b23K��B.

CV,WCW,VCV,W = CV,W , CV,WCW,VCV,W = CV,W

(ii) �/ &
A:w5856 ��/?'�CI C = (C,⊗, I, a, l, r, l, r, C, C)

8+�/�7H� (C,C).

6/< 8.3.3 ��?'�CI C ���/'�CI82�/H� C ,�MH�
C �D��/�7H��XZ C = C−1. kl;O��/�7H�?'�CI82
�/�7H���/82H��H�'�CI�72Æ

=> 8.3.11. �A:w5856"��� I #�>@���v V �GH�

lVCV,I = rV , rVCI,V = lV

lVCV,I = rV , rVCI,V = lV
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><. ���6 C �<	ÆEJ��L�7H��/<� C � C TV82V%�
A�Æ

ÆN\

(V ⊗ I) ⊗W V ⊗ (I ⊗W ) (I ⊗W ) ⊗ V

V ⊗W W ⊗ V I ⊗ (W ⊗ V )

(I ⊗ V ) ⊗W I ⊗ (V ⊗W ) I ⊗ (W ⊗ V )
�

CV,I⊗idW

�
aV,I,W

��������
(2)

�
(1)

�
CV,I⊗W

�
llW⊗V (lW ⊗idV )

��������
aI,W,V

�
CV,W

��������
id

��������

(3)

�
aI,V,W

�
lllV ⊗W

�
idI⊗CV,W

�
lllW⊗V

�� (1) = llV⊗W (idV ⊗ lW ), (2) = llV⊗W (rV ⊗ idW ), (3) = llV⊗W (lV ⊗ idW ).

Kz�Wz	��kA�M3 (B1),cF���	�L C ��DA�S2 8.3.1

?��3K���	�L l ��DA�S2 8.3.1 ?��M�+N�L�+N|2�
b3+N�L_� 8.3.2. 	K����Mz+N�kÆ�@n

llV⊗W (rV ⊗ idW ) = llV⊗W (lV ◦ CV,I ⊗⊗idW )

Z W = I. ;���+

rV llV⊗I(rV ⊗ idI) = rV llV⊗I(lVCV,I ⊗ idI)

⇒ llV rV (rV ⊗ idI) = llV rV (lVCV,I ⊗ idI)

⇒ llV rV rV⊗I = llV lVCV,IrV⊗I

⇒ rrV rV rV⊗I = lVCV,IrV ⊗I

⇒ rV rV⊗I = lVCV,IrV ⊗I

⇒ rV rrV⊗I = lVCV,IrV ⊗I
rV⊗I

⇒ rrV rV = rrV lVCV,I

⇒ rV = lVCV,I

��;�/F�6�DE/��Æ

01 8.3.12. 
 U, V,W ���&
A:w5856��vÆ
�K���q7�
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�.
(U ⊗ V ) ⊗W

(V ⊗ U) ⊗W U ⊗ (V ⊗W )

V ⊗ (U ⊗W ) U ⊗ (W ⊗ V )

V ⊗ (W ⊗ U) (U ⊗W ) ⊗ V

(V ⊗W ) ⊗ U (W ⊗ U) ⊗ V

(W ⊗ V ) ⊗ U W ⊗ (U ⊗ V )

W ⊗ (V ⊗ U)

�
�

�
�

�
���

�CU,V ⊗idV

�
�

�
�

�
���

aU,V,W

�

aV,U,W

�

idU⊗ �CV,W

�

idV ⊗ �CU,W

�

a−1
U,W,V

�

a−1
V,W,U

�

�CU,W ⊗idV

�

�CV,W ⊗idU

�

aW,U,V

�
�

�
�

�
���

aW,V,U

�
�

�
�

�
���

idW ⊗ �CU,V

�� C̃ � C � C.

><. ��;�"P)H�'�CI,V%��� (T [37, /2 XIII 1.3]) �6�

M/2Æ

�,?CI C �DD��7�K�HEz	��kA�0��B
(CV,W ⊗ idU)(idV ⊗ CU,W )(CU,V ⊗ idW ) = (idW ⊗ CU,V )(CU,W ⊗ idV )(idU ⊗ CV,W )

�@n�.@�Z V ��Dpk CV,V � Yang-Baxter ����/3Æ6DM3U
[�;f�Æ

�e�/ y\Jw Hopf �� H /<3 [61] ��/? Hopf ��82 R ∈
∆op(1)(H ⊗H)∆(1) B0 “f ” R ∈ ∆(1)(H ⊗H)∆op(1) b2

∆op(h)R = R∆(h)
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(id⊗ ∆)R = R13R12, (∆ ⊗ id)R = R13R23

RR = ∆op(1), RR = ∆(1)

�;+� h ∈ H , �� ∆op � ∆ �c6 R12 = R⊗ 1, R23 = 1 ⊗ R �Æ R 43 H

� R- |z.

A@�L RR = ∆op(1) � RR = ∆(1), R � R )�7�@<3�Vl;f
��j� RRR = R � RRR = R. ;�����)?'�CI�H���7��
�D�Æ

�1 8.3.13. ���y\Jw Hopf ���
� R- |z� R. 
�K�BW/=.

R∆op(h) = ∆(h)R, (id⊗ ∆)R = R12R13, (∆ ⊗ id)R = R23R13

><. 1): � h ∈ H �L ∆op(h)R = R∆(h) ���+ ∆op(h)RR = R∆(h)R j�
∆op(h) = R∆(h)R. Aze� R ���?�

R∆op(h) = ∆(h)R

2): ���6�� (id⊗ ∆)R = R12R13, M3P�/;/F�6�Æ>>�A@�

(id⊗ ∆)(RR) = (id⊗ ∆(R))(id⊗ ∆)(R)

= (id⊗ ∆)(R)R13R12

L RR = ∆(1), ���


(id⊗ ∆)(RR) = (id⊗ ∆)(∆(1)) = R12R13R13R12

;����+

(id⊗ ∆)(R)R13R12 = R12R13R13R12

⇒ (id⊗ ∆)(R)R13R12R12R13 = R12R13R13R12R12R13

⇒ (id⊗ ∆)(R)(id⊗ ∆)(∆op(1)) = R12R13(id⊗ ∆)(∆op(1))

⇒ (id⊗ ∆)(R) = R12R13

=> 8.3.14. 
 H �����	y\Jw Hopf ��Æ
 Rep(H) ���&
A:
w5856�'B3I�_Æ
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><. � Rep(H) �.@�Z V,W of Rep(H) �/< {CV,W} and {CV,W} 3.

CV,W (x) = R(2) · x(2) ⊗R(1) · x(1), CV,W (y) = R
(1) · y(2) ⊗R

(2) · y(1)

�� x = x(1) ⊗ x(2) ∈ V ⊗W, y = y(1) ⊗ y(2) ∈ V ⊗W � R = R(1) ⊗ R(2), R =

R
(1) ⊗ R

(2)
. aX6�?� C,C � H- [A��D�ÆL (id ⊗ ∆)R = R13R12 �

(∆ ⊗ id)R = R13R23 BS2 8.3.13, ���
/< 8.3.3 �� (B1), (B2) �b2
�Æ�� CV,WCV,WCV,W = CV,W � CV,WCV,WCV,W , :�;�L RR = ∆op(1) �

RR = ∆(1) aX?�Æ
L/2 8.3.10, Rep(H) 8+Mb�9Æ

���
? Hopf �� H � Drinfeld’s 9 D(H) = (Ĥop ⊗ H)/J ��/D+

N? Hopf �� [61], �� J �y� φ⊗ zh− (ε ↼ z)φ⊗ h, φ⊗ yh− (y ⇀ ε)φ⊗ h

de�[A~'�.@ z ∈ Ht, y ∈ Hs, φ ∈ Ĥ, h ∈ H . ;�6� J � Ĥop⊗H �
�/2� (T [61]). ;���+

 S 8.3.15. 
 H �����	w Hopf ���
 Rep(D(H)) ���&
A:w
5856'�3I�_Æ

�1��_� 8.3.14 �fU[��5�Æj���/+01? Hopf �� H , �

, Rep(H) ��/�7H�?'�CI8+Mb�9�7�����5/ H �S

�D+N�Æ

EJ��Z R′ = τH,HCH,H(1⊗ 1), R′ = CH,H(1 ⊗ 1), 7L C,C ��DA��
B (B1), (B2) B CCC = C, CCC = C, ��;�?�.

∆op(h)R′ = R′∆(h), ∆(h)R′ = R′∆op(h)

�.@ h ∈ H �

(id⊗ ∆)R′ = R′
13R

′
12, (∆ ⊗ id)R′ = R′

13R
′
23

(id⊗ ∆)R′ = R′
12R′

13, (∆ ⊗ id)R′ = R′
23R′

13

R′R′R′ = R′, R′R′R′ = R′

j�L R′ �S2 8.3.13 �b2��	K H ��/ “KJ ” DH�? Hopf ��X
�VI R′R′ = ∆op(1), R′R′ = ∆(1). P�3�/g�����+ R′ � R′ ��7
AÆj� R′R′R′ = R′, R′R′R′ = R′.
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§8.4 py

G)��3�/+-��z{2.\�4+��;X-�+,Æ3�Oj��
�aC'�CI3 PTC �?'�CI3 WTC �'�CI3 TC �KJa��3
AB �?a��3 WB �a��3 B �C Hopf ��3 PHA �? Hopf ��3
WHA � Hopf ��3 HA �K Drinfeld’s 93 DQD. 7 8.1 F�\ 2.1 p3

PTC WTC TC

AB WB B

�⊃ �⊃

�

Rep

�⊃

�

Rep

�⊃

�

Rep

LS2 8.2.1, > 8.2.1, 7- 8.3.15 ��T [37] �+-���+

DH�PTC �7H�WTC H�TC

PHA�DQD WHA�DQD HA�DQD

�⊃ �⊃

�
Rep

�⊃

�
Rep

�⊃

�
Rep

L/2 8.3.10, ?�

? 8+�9�WTC 8+�9�TC

PHA WHA HA

�⊃ �⊃

�
Rep

�⊃

�
Rep

�⊃

�
Rep

�� ? ��������
��) PTC �/<VT� “�9 ” ��?�\8
9Æ
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