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Abstract. Let H be a semisimple Hopf algebra over an algebraically closed field k of
characteristic p > dimy (H)*/2. We show that the antipode S of H satisfies the equality
S?(h) = uhu™', where h € H, u = S(A(2))A(1) and A is a nonzero integral of H. The
formula of S? enables us to define higher Frobenius-Schur indicators for the Hopf algebra
H. This generalizes the notion of higher Frobenius-Schur indicators from the case of
characteristic 0 to the case of characteristic p > dimy(H )1/ 2. These indicators defined here
share some properties with the ones defined over a field of characteristic 0. In particular, all
these indicators are gauge invariants for the tensor category Rep(H) of finite-dimensional
representations of H.
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1 Introduction

Linchenko and Montgomery [9] generalized the classical Frobenius-Schur (FS) in-
dicators from group-theoretic result to the setting of a semisimple involutory Hopf
algebra H. They also defined higher FS indicators v, (V) by using an idempotent
integral A of H, namely,

vn(V) =xv(Aqy---Apy) forn>1, (1.1)

where xy is the character afforded by finite-dimensional representation V' of H. The
higher F'S indicators were later extensively studied by Kashina et al. for semisimple
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Hopf algebras over an algebraically closed field of characteristic zero [6], and by
Ng and Schauenburg for semisimple quasi-Hopf algebras over the field of complex
numbers [12]. The notion of higher FS indicators has been generalized to objects
of a pivotal category [11, 13].

The notion of higher FS indicators for semisimple Hopf algebras over a field
of positive characteristic seems not to be considered (except for those semisimple
involutory Hopf algebras). For a semisimple Hopf algebra H with antipode S over
a field k of positive characteristic p, it is known that S%(h) = uhu™!, where h € H
and u is a unit of H (see [15, Theorem 5(a)]). This induces a functorial isomorphism
Ju:id = (=)** of the representation category Rep(H). If we define the n-th FS
indicator of V along the lines of [11] to be the trace of a certain k-linear operator
associated to the functorial isomorphism j,, then the FS indicator defined here
depends on the choice of u. Hence, it is not an invariant of the tensor category
Rep(H). Even if, a priori, the FS indicator depends on u, with a good choice of u
it may be an invariant of the tensor category Rep(H).

In the present paper, we consider the notion of higher F'S indicators for a finite-
dimensional semisimple Hopf algebra H over an algebraically closed field k of char-
acteristic p > dimy (H )1/ 2, We need to point out that the Hopf algebra H here
is not known to be involutory unless the characteristic p is larger than a certain
number (see [3, 16]). For the antipode S of H, we first obtain a formula for S?:

5?(h) =uhu~!, where h € H, u= S(A@2))Ax),

which is constructed entirely in terms of a nonzero integral A of H. According to
the formula of S?, we have an isomorphism of H-modules

Juyv: V—V" juv@®)@) =3%u-v) forveV,deV*

which is functorial in V. As the element u is not necessarily a group-like element,
the functorial isomorphism j,: id — (—)** is not necessarily a tensor isomorphism.
In other words, the category Rep(H) of finite-dimensional representations of H is
not necessarily pivotal with respect to the structure j,. Even so, using the functo-
rial isomorphism jy,, we may still define the n-th FS indicator v, (V) of V to be the
trace of a certain k-linear operator as Ng and Schauenburg did in [11].

By comparison with the case of characteristic 0, we will see that this definition of
a F'S indicator in positive characteristic may be the best choice and many properties
of a F'S indicator are preserved in positive characteristic. Similarly to the case of
characteristic 0, the n-th FS indicator v, (V') defined here can be entirely described
in terms of the integral A of H and the character xy of V:

Vn(V) = Xv(uilA(l) cee A(n)) forn > 1. (12)

Moreover, the formula (1.2) does not depend on the choice of the nonzero integral
A and it recovers the original formula (1.1) when the characteristic of k is zero and
A is idempotent.

Note that the formula (1.2) can be written as v, (V) = xv(u™'P,(A)) forn > 1,
where P, is the n-th Sweedler power map of H. Clearly, the n-th Sweedler power
map P, is valid for all n € Z, and this motivates us to extend the n-th F'S indicator
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from n > 1 to n € Z. That is, by definition, v, (V) = xv(u™tP,(A)) for all n € Z.
Similarly to the case of characteristic 0 (see [5, 6]), by replacing V' with the regular
representation H, we reconstruct the n-th indicator of H, a notion defined by the
trace of the map S o P,_;. Similarly to the case of characteristic 0 again, V' and its
dual V* have the same higher FS indicators. In particular, similarly to the case of
characteristic 0, the n-th FS indicator v, (V') defined here is a gauge invariant of the
tensor category Rep(H) for any n € Z and any finite-dimensional representation
V of H. Here, a quantity f(H) defined for each Hopf algebra H is called a gauge
invariant if f(H) = f(H') for any Hopf algebra H' with Rep(H') being tensor
equivalent to Rep(H).

The paper is organized as follows: In Section 2, we give some basic results on
semisimple Hopf algebras. In Section 3, we deduce a formula of S? by comparing two
different forms of the character xy of the regular representation H. We investigate
some properties of the element u = S(A(3))A(1) and show that the integral A of
H is cocommutative if and only if S? = id. In Section 4, we generalize the notion
of higher FS indicators from characteristic 0 case to characteristic p > dimy (H)/?
case, and we find that the indicators defined here share some common properties
with the ones defined over a field of characteristic 0. In Section 5, we show that the
n-th FS indicators are gauge invariants of the tensor category Rep(H).

2 Preliminaries

Throughout this paper, H is a finite-dimensional semisimple Hopf algebra over an
algebraically closed field k of characteristic p. We need to add a special condition
p > dim]k(H)l/2 so as to make sure that dimy V' # 0 for any simple H-module V.
We stress that all results presented here are also valid for the case of characteristic
0, although we only deal with the case of characteristic p > dimy (H)'/2.

As a Hopf algebra, H has a counit €, antipode S, multiplication m and comul-
tiplication A. The comultiplication A(a) will be written as A(a) = a() ® a(g) for
a € H, where we omit the summation sign. We denote by A and A the left and
right integrals of H and H*, respectively, so that A\(A) = 1. Since the semisimple
Hopf algebra H is unimodular, the left and right integrals of H are the same. We
refer to [10] for basic theory of Hopf algebras.

If V is a finite-dimensional H-module, then V is also called a representation of H
via the algebra homomorphism py : H — Endg (V') given by py (h)(v) =h-v for he H
and v € V. We will make no distinction between the two notions. The character
of V is the map xy: H — k given by xv(h) = tr(py(h)) for h € H. The k-linear
dual space V* is also an H-module via (h - 9)(v) := 9¥(S(h) -v) for h € H, ¥ € V*
and v € V. In particular, the dual module V* has the character yy» = xy oS. The
category Rep(H) of finite-dimensional representations of H is a semisimple tensor
category, where the monoidal structure stems from the comultiplication A.

Recall that the dual Hopf algebra H* has an H-bimodule structure given by

(@ — f)(b) = f(ba), (f + a)(b)= f(ab) fora,be H, f € H*.

In addition, (H*,~) and (—, H*) are free H-modules generated by A, that is to
say, H* = A\ — H and H* = H — X (see [15, Corollary 2(b)]). This provides an
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associative and non-degenerate bilinear form H x H — k given by a x b — A(ab)
for a,b € H. Moreover, the pair (H,\) is a Frobenius algebra with the Frobenius
homomorphism A satisfying the equality (see [15, Eq. (1)])

a = )\(aA(l))S(A(Q)) = )\(S(A(Q))G)A(l) for a € H. (2.1)

The pair A1) ® S(A(g)) satisfying (2.1) is called the dual basis of H with respect to
the Frobenius homomorphism A.

The semisimplicity of H shows that there exists a unit » in the Hopf algebra
H such that S?(a) = uau™" for a € H (see [15, Theorem 5(a)]). Since the right
integral A\ of H* satisfies A(ab) = A(S?(b)a) for all a,b € H (see [15, Theorem
3(a)]), the Hopf algebra H is a symmetric algebra with a symmetric bilinear form
H x H — k given by a X b — Auab) = (A — u)(ab) = (v = N)(ab), where
A u = u — X holds because A(au) = A\(S%(u)a) = A(ua) for all a € H. Using
(2.1) we may see that the pair Ay @ u™'S(A(z)) is a dual basis of H with respect
to A —u (= u — X) (see also [2, Lemma 1.4(2)]). The symmetry of the Frobenius
homomorphism A — u (= u — \) means

A(l) ® u’lS(A(g)) e ’uflS(A(g)) ® A(l)- (2.2)

By Wedderburn’s theorem, the semisimple Hopf algebra H is isomorphic to a
direct sum of full matrix algebras over k, namely, H = @, .; My, (k). Let e; be the
idempotent of H satisfying He; = Mgy, (k). Then {e;};c; forms a complete set of
central primitive idempotents of H. Let V; be a simple left module (unique up to
isomorphism) over the matrix algebra My, (k). Then dimy(V;) = d; and {V;}ier
forms a complete set of simple left H-modules up to isomorphism. The left regular
representation H has the decomposition H = @, ; Vi@di as H-modules, so the
character y g of the left regular representation H is equal to Y _._; d;X;, where each
X is the character of V;.

For any simple H-module V; and any ¢ € Endyx(V;), we use the dual basis
Ay ® u=tS(A(2)) with respect to the Frobenius homomorphism A < u to define
the map Z(¢) € Endk(V;) by Z(¢)(v) = Aqye(u™tS(A(2))v) for v € V;. Note that
Z(p) lies in End gy (V;) = k. There exists a unique element ¢; € k such that

iel

Z(p) = citr(p)idy, for all ¢ € Endg(V5).

Such an element c¢;, depending only on the isomorphism class of V;, is called the
Schur element associated to V; (see [4, Theorem 7.2.1]). Since H is semisimple, it
follows from [4, Theorem 7.2.6] that the Schur element ¢; # 0 in k and the Frobenius
homomorphism A < w can be written explicitly as follows:

1
u=1u—N\ Z . Xi (2.3)
i€l
3 A Formula for the Square of Antipodes

In this section, we will provide a formula for S? by virtue of a nonzero integral A of
H. Then we study some properties of the element u := S(A))A1y. In particular,
we will give a sufficient and necessary condition for S? = id via the integral A.
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Let u be a unit of H satisfying S?(a) = uau~" for all a € H. We fix a left
integral A of H and a right integral A of H* such that A(A) = 1. Denote by {V;}icr
the set of all simple left H-modules up to isomorphism. For each V; we write ¢; for
the Schur element of V; associated to the dual basis Aq) ® u='S(A()) of H with
respect to the Frobenius homomorphism A — u. We denote by {e;};cs the set of
all central primitive idempotents of H. First we establish a relationship between
the elements u and u = S(A(2))A ).

Proposition 3.1. With the notions above, we have u = uY .., dimg(V;)c;e;,

which is a unit of H.

icl

Proof. Note that each central primitive idempotent e; acts as the identity on V; and
annihilates V; for j # ¢. It follows that x;(e;) = dimy(V;) if ¢ = j and 0 otherwise.
By (2.3), xi(a) = xi(ae;) = 3251 C%_Xj(ciaei) = (u = N)(cae;) = (ucie; — N)(a).
Thus y; = uc;e; — A, and hence

XH = Zdimk(Vi)xi = uZdimﬂ((Vi)ciei — A\ (3.1)

iel i€l
For any map ¢ € Endy(H), the trace of ¢ is tr(¢) = AM@(S(A2)))Aq)) (see [15,
Theorem 2]). Taking into account that ¢ = L,, where L, is the left multiplication
operator of H by a, we get x(a)=tr(Lq) =A(aS(A2))Aq)) = (S(Aw)Aq)—A)(a).
This implies xg = S(A(2))A1) — A. Comparing it with (3.1) and using the non-
degeneracy of the Frobenius homomorphism A, we have

S(A@y)Aay = uz dimy (V;)c;e;.

icl

Since p > dims(H)'/2, it follows that p? > dimy(H)=3",; dimy(V;)? > dimu (V7).
Hence, p > dimg(V;) and dimy(V;) # 0 in k for any ¢ € I. Thus, the element u is
the same as S(A2))A(1) up to a central unit ), dimy (Vi)c;e;. O
Remark 3.2. Proposition 3.1 also holds if the field k has characteristic 0. In this
case, 5? = id (see [7] or [8]), implying that u = S(A¢))Aq) = S(A@2))S?*(A)) =
S(S(A@))A@) =e(A).

Proposition 3.1 gives a formula for S$2, namely,

i€l

S%(a) =uau~! for a € H,

where u = S(A(2))A(1). In what follows, we will replace u with u. In this case, the
equality (2.2) turns out to be

A(1) & u_ls(A(z)) = u_IS(A(g)) ® A(l), (3.2)

which is the dual basis of H with respect to the Frobenius homomorphism A\ — u.
The Schur element associated to the simple H-module V; under the new dual basis
Ay ®u=tS(A(z)) with respect to the Frobenius homomorphism A < u is m
Therefore, the equality (2.3) turns out to be

A—u=u—A=> dime(Vi)xi = xz. (3.3)
el
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By applying [2, Theorem 1.5] and (3.2), we obtain the expression of each central
primitive idempotent e; of H as follows:

e; = dlmk(M)XZ(A(l))u*IS(A(g)) = dlm]k(%)Xz(u71S(A(2)))A(1) (34)

Let g € G(H) and o € Alg(H, k) be the modular elements of H and H*, respec-
tively. Recall that the Radford formula of S* has the form (see [14, Proposition
6]) S*(a) = a=! — (gag™') + a. Since H is unimodular, i.e., a = ¢, the Radford
formula of S* now becomes S*(a) = gag~'. The distinguished group-like element g
and integral A of H satisfy the following useful equality (see [15, Theorem 3(d)]):

Ay ® Ay = Ay @ S*(Agz))g. (3.5)

After these preparations, we give some properties of the element u.

Proposition 3.3. The element u = S(A(2))A(y) satisfies the following properties:
(1) u= XH(A(l))S(A(Q))

(2) A(l)u_lS(A(Q)) =1.

(3) Aleq) = dimy (Vi)xs(u™). .

(4) uS(u) = Suyu=e(A) ¥, Melite;.

(5) S(u=t)u =uS(ut), which is the distinguished group-like element g of H.

Proof. (1) It follows from (3.4) that e;u = dimy (V;)xi(A1))S(A(2y). Thus, we see
that u =73, ;equ= 3 dimu(Vi)xi(A1))S(A2)) = xu (M) S(A)).

(2) Since Ay ®u " S(Aa)) = u'S(Aw)) @ Ay by (3.2), we obtain the desired
result by multiplying the tensor factors together.

(3) Since €; = dimy (Vi) xi(Ay)u"tS(Aa)), it follows that

e; = ueiu_l = dlm]k(V;)Xl(A(l))S(A(g))u_l

Hence, A(e;) = dimg (Vi) xi(Aq))A(S(Az))u™t) = dimg (Vi) xi(u™?), where the last
equality follows from (2.1).

(4) For any a € H, S3(a) = S(S?(a)) = S(uau™!) = S(u=1)S(a)S(u), and
S3(a) = S?(S(a)) = uS(a)u—!. It follows that S(u)u is a central unit of H. The
equality uS(u) = S(u)u holds because S(u) = S(S?(u)) = S?(S(u)) = uS(u)u.
For the central unit uS(u), we suppose that uS(u) = .., kie;, where each scalar
k; #0in k. Then e;u~! = kiieiS(u). We have

Aes) = (u™ = xa)(es) = xa(eru?) = kiimeism))

)
— dim%(vi)(m oS)(u) = (hm%(m(xi 0 5)(S(A@)Aw)
= W) (0 9)(a () = TR

It follows that k; = %ﬁ;gw and uS(u) =3, kie; = (M) Y, ; %ei.
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(5) Note that Ay @ Agy = Ay @ S*(A(2))g by (3.5). Applying S ® id to both
sides of this equality and multiplying the tensor factors together, we have u = S(u)g
or g=S(uHu. O

Corollary 3.4. For any central primitive idempotent e; of H, A(e;) = A(S(e;)).

Proof. We define S(e;) = e;« for some i* € I. Then V* = V;«, or equivalently,
Xi ©S = X (see [2, Lemma 1.8]). By Proposition 3.3(3),

A(S(ei)) = Aei) = dimu (V- )xi- (u™h) = dimue (V) xi(S(u™1)).
Since uS(u)=e(A) > ¢, %ez, we get S(u™!)= A) Yier Wei. Thus,

A(S(e:)) = dimy (Vi) xi(S(u™"))

A €; A €;
- e:(/\)d(mi(mX*“) = (A)d(lml(v)xz(Aa)S(A( ) = Aes).
This completes the proof. 0

If the field k has characteristic 0, then the antipode S of H satisfies S? = id
(see [7] or [8]). This further implies that the integral A of H is cocommutative (see
[7, Proposition 2(b)]). The following result shows that A being cocommutative is
equivalent to S? = id when the characteristic of k is larger than dimy (H)/2.

Proposition 3.5. Let H be a finite-dimensional semisimple Hopf algebra over a
field k of characteristic p > dimy (H)'/2. The following statements are equivalent:
(1) The nonzero integral A of H is cocommutative.
(2) The nonzero integral A of H* is cocommutative.

(3) % =id.

Proof. Tt can be seen from [15, Corollary 5] that (2) and (3) are equivalent. We next
show that (1) and (3) are equivalent. If A is cocommutative, then u = S(A))A) =
S(A(l))A (2) = €(A). Tt follows from S%(a) = uau~! that S? = id. Conversely, if
52 = id, then u = S(A )A(l) = S(A(g))SQ(A(l)) = S(S(A(l))A(2)) = €(A) By
Proposition 3.3, we have g = S(u™")u = 1. Since Ay @ A1y = Ay @ S?(A(2))g by
(3.5), it follows that Aoy ® A1y = A1) ® A(g). This completes the proof. O

4 Higher FS Indicators

For the field k of characteristic 0, the n-th FS indicators of finite-dimensional rep-
resentations of semisimple Hopf algebras have been studied in [6]. In this section,
we will generalize these indicators from the case of characteristic 0 to the case of
characteristic p > dimy(H)'/? and describe them via a nonzero integral A of H.
Let us begin with the following preparations.

Let H be a finite-dimensional semisimple Hopf algebra over the field k of char-
acteristic p > dimy (H)'/? with a nonzero integral A and u = S(A(2))Aq1y. Applying
A,_1 ®id to both sides of the equality Ay @A) = Ay ®S?(A(2))g (see (3.5)), we
have A(Q) K& A(n) ® A(l) = A(l) R Q A(n—l) & SQ(A(n))g Since g = uS(ufl)
and 52 (Amy) = uA(n)u’l, the above equality induces the following equality:

A(g) [N A(n) & u_lA(l) = A(l) (SR A(nfl) & A(n)S(u_l) (41)
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Note that the category Rep(H) of finite-dimensional representations of H is a
semisimple tensor category. Let j,: id — (—)** be a natural isomorphism between
the identity functor and the functor of taking the second dual. It is completely
determined by a collection of H-module isomorphisms

Juy: V—V"" juv®)@)=>9u) forveV, deV"

The inverse of jyu v is j;}/: V** — V given by a j;},(a), where j;},(a) ev
satisfies the equality ﬁ(j;},(a)) = a(S7H(u™1)¥) for ¥ € V*. Since S?(h) = uhu~!
and u is not known to be a group-like element, the natural isomorphism j, is not
necessarily a tensor isomorphism. Although the representation category Rep(H)
with respect to the structure j, is not necessarily pivotal, we may still define higher
FS indicators for any finite-dimensional representation of H using the structure j,
of Rep(H).

We denote by V®" the n-th tensor power of V, where V®° is the trivial H-
module k. For any natural number n > 1, we define the following k-linear map:

Ey : Hompy(k, V®") — Hompy (k, V®"), f— E(f),

where E7(f) is an H-module morphism from k to V" given by

Er(f): kWL yrg Vs = V@ ke Ve D208,y g pen g s
VI, (1) g 1 id®j; 3, ven

Here the maps coevy- and evy are the usual coevaluation morphism of V* and
evaluation morphism of V, respectively. If we set f(1) = Y v ® --- @ v, € V&,
the above definition of E{;(f) shows that

E{}(f)(l)ZZUQ®~-~®Un®u’1U1. (4.2)
Similarly to [11], we define the n-th FS indicator of V' to be the trace of the

linear operator EY, as follows:

Definition 4.1. Let H be a finite-dimensional semisimple Hopf algebra over a
field k of characteristic p > dimy (H)/2. For any finite-dimensional representation
V of H, the n-th FS indicator of V is defined by v, (V) = tr(E}) for n > 1.

Similarly to the characteristic 0 case, the n-th FS indicator of V' defined above
can also be described by a nonzero integral A of H:

Theorem 4.2. Let A be a nonzero integral of H and u = S(A(2))A(1). Suppose
that xyv is the character of a finite-dimensional representation V of H. Then we
have v, (V) = xv(u tAgy -+ Agyy) forn > 1.

Proof. We first show that the equality v, (V) = xv(u™*Aq) -+ A(y)) holds for an
idempotent integral A. Suppose that « is the following k-linear map:

a: VO S VO 0 Q@ @y — 13 @ @ Uy ® V1,
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and d = a o (u_lA(l) @A) ® - ®Ag,). We have
§(01®v2® - @ vy) = a(u Ayur @ Ayv2 ® -+ @ Ay vn)
=ANoyv2 @+ @ Ayyvy @ u_lA(l)vl
=A@ @ Ap_1)vn ® A(n)S(ufl)vl (by (4.1))
=A (1®--®v, @S(u o). (4.3)
This shows 6(V®") C A- V& = (V®)H Note that the map
®: Hompg(k, V) — (VOH  F1 5 £(1)

is an H-module isomorphism. We claim that the following diagram is commutative:

ETL
Homy (k, V") — > Homy (k, V")

(Ve s (Ve

Indeed, for any f € Hompg (k, V®"), we suppose that f(1) = > 1 ®---®@uv, € V&
It follows from f(1) = f(A-1) = A- f(1) that

Zv1®~-~®vn:ZA(l)v1®~-~®A(n)vn. (4.4)
On the one hand, by (4.3) we have
(6o®)(f)=0(f(1)=6(D m® - ®v,) =A- (D 129+ @v, @ S(u )vn).
On the other hand, we have
(@oEY) (/) =Ep(NH(1) =) va®---@uv, @u vy (by (4.2))
= Z Ayv2 ® -+ @ Ayvn ® u_lA(l)vl (by (4.4))
=D A2 ®@-- @ Apuo1yvn ® Ay S(u™ oy (by (4.1))
=A (Y@ @, @ S(u ).
We obtain § o ® = ® o Ef}, or equivalently, B = &~ 0§ o ®. It follows that
va(V) = (B} = tryen (9)
= tryen (0o (W' Ag) @A) ® - ®@ Ay))
=try(u Ay Ay)
= Xv(u_lA(l) Ay,

where the equality tryen(ao (uflA(l) X A(g) R ® A(n))) = trv(uflA(l) e A(n))
follows from [6, Lemma 2.3]. We have shown that v,,(V) = xv(u™ Ay - Ag)),
where A is idempotent. Since u_lA(l) -++ A,y does not depend on the choice of
the nonzero integral A, the equality v, (V) = xv(u™tAgy -+ A¢y)) holds for any
nonzero integral A of H. O
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Remark 4.3. 1If the field k has characteristic 0 and A is idempotent then we get
u = ¢(A) = 1. In this case, the n-th FS indicator of V' is xv (A1) - - - A¢ny), which is
the one defined in [6, Definition 2.3].

In the rest of this section, we will extend the n-th FS indicator v, (V) of V from
n > 1ton € Z. Recall that the n-th Sweedler power map P,,: H — H is defined by

Ay - A(n) for n > 1,
P,(a) = ¢ €(a) for n =0,
S(a(l))-~-5(a(,n)) for n < —1.
From the n-th Sweedler power map P, of H, we see that v, (V) = xy(u=tP,(A))

for n > 1. However, this expression is well-defined for any integer n. Thus, we may
extend this formula from n > 1 to any integer n, stated as follows.

Definition 4.4. Let H be a finite-dimensional semisimple Hopf algebra over a field
k of characteristic p > dimy, (H )1/ 2. For any finite-dimensional representation V' of
H and n € Z, the n-th FS indicator of V is defined by v,(V) = xv(u='P,(A)),
where u = S(A(2))A).

Remark 4.5. (1) Note that S(A) = A. The n-th FS indicator of V' can be written as
xv(u! - Aemy) forn > 1,
vp(V) =< xv(u™! ( )) forn =0,
xv(ut - Ay)  forn < -1

(2) By Proposition 3.3(4) we have
P Alei)
1 Iy — N e e Z(H).
u S ZEGI =CA) dimy( ,Z_)Qe, € Z(H)
It follows that

w(V) = (A)Xv( _1) =e(A)xv(u~'S(u —1)5(u))
- Z dlm )2 xv(eiS Z dlm ) )2 XV(elS(A(l))SQ(A@)))

_ (61) _ )\(el)
= ZEZI Ty (V2 Xv(eiSQ(A(Q))S(Au))) =e(A) ZEZI T (V2 Yv(es).

(3) vo1(V) = (V) = xv(u™'A) = xv ()

(4) By [17, Proposition 3.1], A(1)Ae) and A)A(q) are both central elements
of H, and they are determined by the values that the characters x; for all i € T
take on them. It follows from Xz(A(l)A(Z)) = Xz(A(Q)A(l)) that A(l)A(g) = A(Q)A(l)
Therefore, v_o(V) = 1a(V).

The higher FS indicators of any simple module V; can be described as follows:

Proposition 4.6. For any n € Z and any simple module V; with the character x;,
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\ _ Xi(Pa(A)A(e:)
Proof. Since P,(A) € Z(H) for any n € Z (see [17, Proposition 3.1)), it follows that

Poy(A) = 3,0, Siie,. The n-th FS indicator of V; is

- i(Pr(A) 1y Xa(Pr(A))A(es)
(V) = (™ Py ()) = Ay () = MBS,
where the last equality follows from Proposition 3.3(3). O

For any semisimple Hopf algebra over a field k of characteristic 0, the finite-
dimensional representation V and its dual V* have the same n-th FS indicators
for all n > 1 (see [6, Section 2.3]). The following result shows that this result also
holds for the n-th FS indicators defined for the Hopf algebra H over a field k of
characteristic p > dim; (H)'/2.

Proposition 4.7. Let H be a finite-dimensional semisimple Hopf algebra over a
field k of characteristic p > dimy (H)'/2. Let V be a finite-dimensional representa-
tion of H with the dual V*. We have v,,(V) = v, (V*) for all n € Z.

Proof. Since S(A) = A, we have S(P,(A)) = P,(A) for any n € Z. For the case
n > 1, the n-th FS indicator of V* is
v (V) = (xv+) (W™ Py(A)) = (xv 0 S)(u™' Py(A))
= XV(A(l) . A(n)S(u_l)) = XV(A(2) s A(n)u_lA(l)) (by (41))
= Xv(uilA(l)A(z) cee A(n)) = Vn(V)

For the case n < —1, the n-th FS indicator of V* is

(V™) = (XV*)(uilpn(A)) =(xvo S)(uilpn(A))
= xv(Acny - Ay Su™h) = xv (S Ay -+ Ay)
= xv(Su u A4 S)A ) - Ag)  (by (4.1))
= xv(AmuT Ay A) = xv (T Ay Ay) = va(V).

For the case n = 0, we set S(e;) = e;+ for any ¢ € I. Then * is a permutation of I,
Vi« 2 V* and A(e;») = A(e;) by Corollary 3.4. We have

vo(V*) =e(A) Z % xv(S(e;)) (by Remark 4.5(2))
iel H

dim]k

=¢e(A) lezl (m)\ie(;iy xv(ei) =e(A) 2 din);]ie(%)/i)Q xv(e;) = vo(V).

This completes the proof. O

Kashina et al. have shown in [6, Proposition 2.5] that the n-th FS indictor of
the regular representation of a semisimple Hopf algebra over a field of characteristic
0 can be described as tr(S o P,_1) for n > 1. The following result shows that this
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formula also holds for the n-th F'S indicators defined for the Hopf algebra H over a
field k of characteristic p > dimg (H)'/2.

Proposition 4.8. Let H be a finite-dimensional semisimple Hopf algebra over a
field k of characteristic p > dimy (H)'/2. For any n € Z, the n-th FS indictor of the
regular representation of H can be written as v, (H) = tr(So P,_1), where P,,_1 is
the (n — 1)-th Sweedler power map of H.

Proof. We choose a left integral A of H and a right integral A of H* such that

A(A) = 1. For any n € Z, by Radford’s trace formula [15, Theorem 2|, we have
61(S 0 Pa_1) = tr(Pa_1 0 5) = A(S(A)) (Pa-1 0 )(Aqr)))

AS(A @) Pa-1(S(A)))) = AMA ) Pa-1(A(2)))

A(Pa(R)) = xr(u™ ' P,(A)) (by (3.3)) = v (H). 0

5 Gauge Invariants

In this section, we will show that the n-th FS indicator v, (V') defined in Section 4
is a gauge invariant of the tensor category Rep(H) for any n € Z and any finite-
dimensional representation V' of the semisimple Hopf algebra H.

Recall from [1] that a (normalized) twist for a semisimple Hopf algebra H is an
invertible element J € H ® H that satisfies (e ® id)(J) = (id® £)(J) = 1 and

(A2id)(J)(J®1) = (idoA)(J)1eJ).

We write J = JU @ J@ and J! = J-O @ J-@ where the summation is
understood.

Given a twist J for H, one can define a new Hopf algebra H” with the same
algebra structure and counit as H, for which the comultiplication A’ and antipode
S7 are given, respectively, by

A‘](a) = J_lA(a)J and S‘](a) = Q}lS(a)QJ

for a € H, where Q; = S(JM)J®) which is an invertible element of H with the
inverse Q5" = J~(MS(J~2). With the notions above, we have the following result:

Proposition 5.1. Let H be a finite-dimensional semisimple Hopf algebra over a
field k of characteristic p > dimy (H)'/? and V a finite-dimensional representation
of H. The n-th FS indicator v, (V') of V is invariant under twisting for any n € Z.

Proof. Let A be a nonzero integral of H and J a normalized twist for H. It follows
from [17, Theorem 3.4] that P (A) = P,(A), where P/ and P, are the n-th Sweedler
power maps of H” and H, respectively. Moreover, P, (A) is a central element of H
(see [17, Proposition 3.1]). Since A7(A) = Q;lA(l) ® A(2)Q@y, it follows that

u’ = 57 (A2Q,)Q; Ay = Q5 S(Q))u, (5.1)

where u = S(A(2))A(1). For an H-module V' with the character xyv, we define v/
to be the same as V as a k-linear space, but thought of as an H”-module. Then
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the character of V7 is also xy. For any n € Z, we have

vn(V7) = xv ((0!) "B/ (M) = xv (u™'S(Q;1)QuP] (M) (by (5.1))
= xv (' S(Q;1)QuP.(A))
= xv(u 'S (T~ SIS (M) TP P, (A))
= xv(J"Pu (I~ W)S(IM) I P, (M)
= xv(u ' S(T M) S(IM) TP P, (A)T )
= xv( SIS I =P P, (M)
= xv (@ Py (M) = v (V).

This completes the proof. O

We are now ready to state the main result, which says that higher F'S indicators
are gauge invariants of the tensor category Rep(H).

Theorem 5.2. Let H and H’' be two finite-dimensional semisimple Hopf algebras
over a field k of characteristic p > dimy(H)'/?. If F: Rep(H) — Rep(H') is an
equivalence of tensor categories, then v, (V) = v,(F(V)) for any n € Z and any
finite-dimensional representation V of H.

Proof. Since the k-linear equivalence F: Rep(H) — Rep(H') is a tensor equiva-
lence, it follows from [12, Theorem 2.2] that H and H’ are gauge equivalent in
the sense that there exists a twist J of H such that H’ is isomorphic to H” as
bialgebras. Let o: H — HY be such an isomorphism. Then o is automatical-
ly a Hopf algebra isomorphism. The isomorphism ¢ induces a k-linear equiva-
lence (—)7: Rep(H) — Rep(H') as follows: for any finite-dimensional H-module
V,V? =V as a k-linear space with the H’-module action given by h'v = o(h')v for
W e H veV,and f° = f for any morphism f in Rep(H). Moreover, the equiv-
alence F is naturally isomorphic to the k-linear equivalence (—)° (see [5, Theorem
1.1]). Therefore,
Un(F(V)) = v, (V).

Let A’ be a nonzero integral of H' and S’ the antipode of H’'. Note that the map
o: H' — H”’ is a Hopf algebra isomorphism. It follows that o(A’) = A, which is
a nonzero integral of H” and o(P.(A’)) = P/(A), where P! and P; are the n-th
Sweedler power maps of H' and H”, respectively. In particular,

a((u) P (A) = (u”) T R (A),
where u’ = 5'(A{y))A(;) and u’ = 57(Ai))A(1y. We have

va(V7) = xve ((0) 71 P ()
= xv(o((0) 7 P (M)
= xv ()7 P (A))
= Vn(VJ) vn(V),
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where the last equality follows by Proposition 5.1. We conclude that for any n € Z
and any finite-dimensional representation V' of H, v, (F(V)) = v, (V). O
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