
Full Terms & Conditions of access and use can be found at
https://www.tandfonline.com/action/journalInformation?journalCode=lagb20

Communications in Algebra

ISSN: (Print) (Online) Journal homepage: https://www.tandfonline.com/loi/lagb20

On the quasitriangular structures of abelian
extensions of ℤ2

Kun Zhou & Gongxiang Liu

To cite this article: Kun Zhou & Gongxiang Liu (2021): On the quasitriangular structures of abelian
extensions of ℤ2, Communications in Algebra, DOI: 10.1080/00927872.2021.1929274

To link to this article:  https://doi.org/10.1080/00927872.2021.1929274

Published online: 10 Jun 2021.

Submit your article to this journal 

Article views: 17

View related articles 

View Crossmark data

https://www.tandfonline.com/action/journalInformation?journalCode=lagb20
https://www.tandfonline.com/loi/lagb20
https://www.tandfonline.com/action/showCitFormats?doi=10.1080/00927872.2021.1929274
https://doi.org/10.1080/00927872.2021.1929274
https://www.tandfonline.com/action/authorSubmission?journalCode=lagb20&show=instructions
https://www.tandfonline.com/action/authorSubmission?journalCode=lagb20&show=instructions
https://www.tandfonline.com/doi/mlt/10.1080/00927872.2021.1929274
https://www.tandfonline.com/doi/mlt/10.1080/00927872.2021.1929274
http://crossmark.crossref.org/dialog/?doi=10.1080/00927872.2021.1929274&domain=pdf&date_stamp=2021-06-10
http://crossmark.crossref.org/dialog/?doi=10.1080/00927872.2021.1929274&domain=pdf&date_stamp=2021-06-10


On the quasitriangular structures of abelian extensions of Z2
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ABSTRACT
The aim of this paper is to study quasitriangular structures on a class of
semisimple Hopf algebras kG#r, skZ2 constructed through abelian exten-
sions of kZ2 by kG for an abelian group G. We prove that there are only
two forms of them and we get a complete list of all universal
R-matrices of the generalized Kac-Paljutkin algebra H2n2 (see Section 2 for
the definition).
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1. Introduction

In this paper and subsequent works, we try to determine possible quasitriangular structures on a
class of semisimple Hopf algebras arising from exact factorizations of finite groups. The well-
known eight-dimensional Kac-Paljutkin algebra K8 is a very special case of them. The idea of
constructing these semisimple Hopf algebras can be tracked back to G. Kac [2]: Suppose that L ¼
GC is an exact factorization of the finite group L, into its subgroups G and C, such that G \ C ¼
1: Associated to this exact factorization and appropriate cohomology data r and s, there is a
semisimple bicrossed product Hopf algebra H ¼ kG#r, skC (see Section 2 for the definition and
[3–5] for details and generalizations). The question of existence of quasitriangular structures on
kG#r, skC has been considered before. In 2011, S. Natale [7] proved that if L is almost simple,
then the extension admits no quasitriangular structure. She mainly used the conclusion that full
fusion subcategories of RepDxðGÞ are determined in [6, Theorem 5.1].

But for our purpose, we want to find more concrete quasitriangular structures rather than
absence of quasitriangular structures. So comparing the Natale’s viewpoint, we consider the other
extreme case: the almost commutative case. That is, we assume that both G and C are commuta-
tive groups. If we consider the method used in [7], then we will find that it does not apply to
our problems. Because the approach in [7] is based on the fact that a quasitriangular structure on
kG#r, skC determines a triple ðK1,K2,BÞ where K1, K2 are subgroups of G and B : K1 � K2 ! k�

is a G-invariant x-bicharacter in our case(see [7, Corollary 2.6]). But on the other hand, we don’t
know which triples exactly come from the quasitriangular structures on kG#r, skC: And even if
we find out which triples come from the quasitriangular structures on kG#r, skC, the x and the
G-invariant x-bicharacter B still need to be calculated. However, it is not easy. So we choose to
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use a more direct method to determine quasitriangular structures on kG#r, skC: As the start point,
we further assume that C is just the Z2 in this paper.

We find that there is a dichotomy on the forms of the quasitriangular structures of kG#r, skZ2

firstly. For convenience, we call one form trivial and the other form nontrivial. In principle, the
trivial form corresponds to the bicharacters and thus is not very complicated. Secondly, we get
some necessary conditions for the existence of nontrivial forms. As the main conclusion of this
paper, all universal R-matrices of Hopf algebras H2n2 are given explicitly.

This paper is organized as follows. In Section 2, we recall the definition of a Hopf algebra
kG#r, skZ2 and give an example of them. In Section 3, we show that there are only two possible
forms of quasitriangular structures on kG#r, skZ2 and give some necessary conditions for
kG#r, skZ2 preserving nontrivial quasitriangular structures. Using our necessary conditions, we
can easily get all universal R-matrices of Hopf algebras H2n2ðn > 2Þ:

Throughout the paper we work over an algebraically closed field k of characteristic 0. All
Hopf algebras in this paper are finite dimensional. For the symbol d in Section 2, we mean the
classical Kronecker’s symbol.

2. Abelian extensions of Z2

In this section, we recall the definition of kG#r, skZ2, and then we give an example of kG#r, skZ2

for guiding our further research.

2.1. The definition of kG#r, skZ2

Definition 2.1. A short exact sequence of Hopf algebras is a sequence of Hopf algebras and Hopf
algebra maps

K !i H !p A (2.1)

such that

(i) i is injective,
(ii) p is surjective,
(iii) KerðpÞ ¼ HKþ, Kþ is the kernel of the counit of K.

In this situation it is said that H is an extension of A by K [4, Definition 1.4]. An extension (2.1)
above such that K is commutative and A is cocommutative is called abelian. In this paper, we
only study the following special abelian extensions

kG !i A !p kZ2,

where G is a finite abelian group. Abelian extensions were classified by Masuoka (see [4,
Proposition 1.5]), and the above A can be expressed as kG#r, skZ2 which is defined as follows.

Let Z2 ¼ f1, xg be the cyclic group of order 2 and let G be a finite group. To give the descrip-
tion of kG#r, skZ2, we need the following data

(i) / : Z2 ! AutðGÞ is an injective group homomorphism.
(ii) r : G ! k� is a map such that rðg / xÞ ¼ rðgÞ for g 2 G and rð1Þ ¼ 1:
(iii) s : G� G ! k� is a unital 2-cocycle and satisfies that rðghÞrðgÞ�1rðhÞ�1 ¼ sðg, hÞsðg /

x, h / xÞ for g, h 2 G:
The aim of (i) is to avoid making a commutative algebra (in such case all quasitriangular struc-
tures are given by bicharacters and thus is known).
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Definition 2.2. [1, Section 2.2] As an algebra, the Hopf algebra kG#r, skZ2 is generated by
feggg2G and x satisfying

egeh ¼ dg, heg , xeg ¼ eg/xx, x
2 ¼

X
g2G

rðgÞeg , g, h 2 G:

The coproduct, counit and antipode are given by

DðegÞ ¼
X

h, k2G, hk¼g

eh � ek,DðxÞ ¼
X
g, h2G

sðg, hÞeg � eh
� �

ðx� xÞ,

�ðxÞ ¼ 1, �ðegÞ ¼ dg, 11,

SðxÞ ¼
X
g2G

rðgÞ�1sðg , g�1Þ�1eg/xx,SðegÞ ¼ eg�1 , g 2 G:

The following is an example of kG#r, skZ2 and we will discuss it in next sections.

Example 2.3. Let n 2 N and assume that w is a primitive nth root of 1 in k: Then the general-
ized Kac-Paljutkin algebra H2n2 [8, Section 2.2] belongs to kG#r, skZ2: By definition, the data
ðG, / , r, sÞ of H2n2 is given by the following way

(i) G ¼ Zn � Zn ¼ ha, bjan ¼ bn ¼ 1, ab ¼ bai and a / x ¼ b, b / x ¼ a:

(ii) rðaibjÞ ¼ wij for 1 � i, j � n:

(iii) sðaibj, akblÞ ¼ ðwÞjk for 1 � i, j, k, l � n:

Among of them, if we take n¼ 2 then the resulting Hopf algebra is just the well-known Kac-
Paljutkin 8-dimensional algebra K8: That’s the reason why we call H2n2 the generalized Kac-
Paljutkin algebra.

3. Forms of universal R-matrices

In this section, we will prove that for kG#r, skZ2 there are at most two forms of universal
R-matrices. Based on this observation, we determine all quasitriangular structures on generalized
Kac-Paljutkin algebras H2n2 (see Example 2.3).

3.1. Forms of universal R-matrices

Recall that a quasitriangular Hopf algebra is a pair (H, R) where H is a Hopf algebra and R ¼P
Rð1Þ � Rð2Þ is an invertible element in H �H such that

ðD� IdÞðRÞ ¼ R13R23, ðId� DÞðRÞ ¼ R13R12,D
opðhÞR ¼ RDðhÞ,

for h 2 H: Here by definition R12 ¼
P

Rð1Þ � Rð2Þ � 1,R13 ¼
P

Rð1Þ � 1� Rð2Þ and R23 ¼P
1� Rð1Þ � Rð2Þ: The element R is called a universal R-matrix of H or a quasitriangular struc-

ture on H.
To find the possible forms of universal R-matrices, we need the following Lemmas 3.1–3.3

which will help us to check the braiding conditions. The first lemma is well-known.

Lemma 3.1. [15, Proposition 12.2.11] Let H be a Hopf algebra and R 2 H � H. For f 2 H�, if we
denote lðf Þ :¼ ðf � IdÞðRÞ and rðf Þ :¼ ðId� f ÞðRÞ, then the following statements are equivalent

(i) ðD� IdÞðRÞ ¼ R13R23 and ðId� DÞðRÞ ¼ R13R12:
(ii) lðf1Þlðf2Þ ¼ lðf1f2Þ and rðf1Þrðf2Þ ¼ rðf2f1Þ for f1, f2 2 H�:

COMMUNICATIONS IN ALGEBRAVR 3



Lemma 3.2. Denote the dual basis of feg , egxgg2G by fEg ,Xggg2G, that is, EgðehÞ ¼ dg, h, EgðehxÞ ¼
0,XgðehÞ ¼ 0,XgðehxÞ ¼ dg, h for g, h 2 G. Then the following equations hold in the dual Hopf alge-

bra ðkG#r, skZ2Þ�:
EgEh ¼ Egh, EgXh ¼ XhEg ¼ 0, XgXh ¼ sðg, hÞXgh, g, h 2 G:

Proof. Direct computations show that

EgEhðekÞ ¼ EghðekÞ ¼ dgh, k, EgEhðekxÞ ¼ EghðekxÞ ¼ 0

for g, h, k 2 G: As a result, we have EgEh ¼ Egh: Similarly, one can get the last two equations. w

Let kG#r, skZ2 as before. We need following two notions which will be used freely throughout
this paper. Let

S :¼ fg j g 2 G, g / x ¼ gg, T :¼ fg j g 2 G, g / x 6¼ gg:
A very basic observation is:

Lemma 3.3. We have S � TT where TT ¼ fgh j g, h 2 Tg:

Proof. Clearly, for s 2 S, t 2 T, we have ts 2 T: From the Definition 2.2 we know that the action
/ is injective, therefore T 6¼ ;: Let t 2 T and it is obvious that S ¼ tðt�1SÞ and hence S � TT: w

With the help of S, T, we find that

Lemma 3.4. Let w1 : G� G ! k, w2 : G� G ! k, w3 : G� G ! k, w4 : G� G ! k be four
maps and define R as follows

R :¼
X
g, h2G

w1ðg, hÞeg � eh þ
X
g, h2G

w2ðg, hÞegx� eh

þ
X
g, h2G

w3ðg, hÞeg � ehxþ
X
g, h2G

w4ðg, hÞegx� ehx:

If R satisfies DopðegÞR ¼ RDðegÞ for g 2 G, then

(i) w2ðt, gÞ ¼ 0, t 2 T, g 2 G:
(ii) w3ðg, tÞ ¼ 0, t 2 T, g 2 G:
(iii) w4ðs, tÞ ¼ w4ðt, sÞ ¼ 0, s 2 S, t 2 T:

Proof. Because we have assumed that G is an abelian group, we get DopðegÞ ¼ DðegÞ: Since
DopðegÞR ¼ RDðegÞ for g 2 G from the condition, we know DðegÞR ¼ RDðegÞ: Observe that

feg , egxgg2G is a linear basis for kG#r, skZ2 and if we compare the two sides of the equation

DðegÞR ¼ RDðegÞ then we obtain the following equations

DðegÞ
X
h, k2G

w2ðh, kÞehx� ek
� �

¼
X
h, k2G

w2ðh, kÞehx� ek
� �

DðegÞ, (3.1)

DðegÞ
X
h, k2G

w3ðh, kÞeh � ekx
� �

¼
X
h, k2G

w3ðh, kÞeh � ekx
� �

DðegÞ, (3.2)

DðegÞ
X
h, k2G

w4ðh, kÞehx� ekx
� �

¼
X
h, k2G

w4ðh, kÞehx� ekx
� �

DðegÞ: (3.3)

Firstly, we analyze Equation (3.1) as follows
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DðegÞ
X
h, k2G

w2ðh, kÞehx� ek
� �

¼
X

h, k 2 G
hk ¼ g

w2ðh, kÞehx� ek, (3.4)

X
h, k2G

w2ðh, kÞehx� ek
� �

DðegÞ ¼
X

h, k 2 G
hk ¼ g

w2ðh / x, kÞeh/xx� ek: (3.5)

Note that if h 2 T, k 2 G such that hk ¼ g, then ehx� ek will appear in (3.4) while not in (3.5).
As a result, w2ðh, kÞ ¼ 0 for h 2 T, k 2 G and thus (i) has been proved.

Similarly, for Equation (3.2), there are the following equations

DðegÞ
X
h, k2G

w3ðh, kÞeh � ekx
� �

¼
X

h, k 2 G
hk ¼ g

w3ðh, kÞeh � ekx, (3.6)

X
h, k2G

w3ðh, kÞeh � ekx
� �

DðegÞ ¼
X

h, k 2 G
hk ¼ g

w3ðh, k / xÞeh � ek/xx: (3.7)

Observe that if h 2 G, k 2 T such that hk ¼ g, then eh � ekx will appear in (3.6) while not in
(3.7). Therefore w3ðh, kÞ ¼ 0 for h 2 G, k 2 T and so (ii) is proved.

For Equation (3.3), we obtain the following equations

DðegÞ
X
h, k2G

w4ðh, kÞehx� ekx
� �

¼
X

h, k 2 G
hk ¼ g

w4ðh, kÞehx� ekx, (3.8)

X
h, k2G

w4ðh, kÞehx� ekx
� �

DðegÞ ¼
X

h, k 2 G
hk ¼ g

w4ðh / x, k / xÞeh/x � ek/xx: (3.9)

Note that if h 2 S, k 2 T, then ehx� ekx and ekx� ehx will appear in (3.8) and not in (3.9). This
implies that w4ðh, kÞ ¼ 0 for h 2 S, k 2 T: Similarly, one can find that w4ðh, kÞ ¼ 0 for h 2 T, k 2
S: Therefore (iii) has been proved. w

Lemma 3.5. Let R be the element given in Lemma 3.4 and assume that ðD� IdÞðRÞ ¼
R13R23, ðId� DÞðRÞ ¼ R13R12. Then the following equations hold

(i) w2ðs1, s2Þ ¼ w3ðs1, s2Þ ¼ w4ðs1, s2Þ ¼ 0, s1, s2 2 S:
(ii) w1ðg, t2Þw4ðt1, t2Þ ¼ 0, g 2 G, t1, t2 2 T:
(iii) w1ðt1, gÞw4ðt1, t2Þ ¼ 0, g 2 G, t1, t2 2 T:

Proof. We have known lðXgÞlðXhÞ ¼ lðXgXhÞ for g, h 2 G due to Lemma 3.1. Let s 2 S and we can
find t1, t2 2 T such that t1t2 ¼ s because of Lemma 3.3 and hence the following equation holds

lðXt1Xt2Þ ¼ sðt1, t2ÞlðXt1t2Þ ¼ sðt1, t2Þ
X
g2G

w2ðt1t2, gÞeg þ
X
s2S

w4ðt1t2, sÞesx
� �

:

At the same time,

l Xt1ð Þl Xt2ð Þ ¼
X
t2T

w4 t1, tð Þetx
� � X

t2T
w4 t2, tð Þetx

� �

¼
X
t2T

w4 t1, tð Þw4 t2, t / xð Þetx2

¼
X
t2T

w4 t1, tð Þw4 t2, t / xð Þr tð Þet:
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Since lðXt1ÞlðXt2Þ ¼ lðXt1Xt2Þ, we get that w4ðs, s0Þ ¼ w2ðs, s0Þ ¼ 0 for s0 2 S and thus w4ðs, s0Þ ¼
w2ðs, s0Þ ¼ 0 for s, s0 2 S: Similarly by rðXt1ÞrðXt2Þ ¼ rðXt2Xt1Þ, one can get that w3ðs, s0Þ ¼ 0 for
s, s0 2 S: Therefore, (i) is proved.

It remains to show (ii) and (iii). We have known lðEgÞlðXt1Þ ¼ 0 due to Lemma 3.2. However,
a direct computation shows that lðEgÞlðXt1Þ ¼

P
t2T w

1ðg, tÞw4ðt1, tÞetx: Therefore w1ðg, tÞ
w4ðt1, tÞ ¼ 0 for g 2 G, t1, t 2 T: Similarly, by rðEgÞrðXt1Þ ¼ 0 we get that w1ðt, gÞw4ðt, t1Þ ¼ 0 for
g 2 G, t1, t 2 T: These are exactly (ii), (iii). w

The following proposition shows that universal R-matrices of kG#r, skZ2 has only two pos-
sible forms.

Proposition 3.6. Let R be the element given in Lemma 3.4 and assume that it is a universal
R-matrix of kG#r, skZ2. Then R must belong to one of the following two cases:

(i) R ¼ P
g, h2G w

1ðg, hÞeg � eh;

(ii) R ¼P
s1, s22S w

1ðs1, s2Þes1 � es2 þ
P

s2S, t2T w
2ðs, tÞesx� etþ

P
t2T, s2S w

3ðt, sÞet � esxþ
P

t1, t22T
w4ðt1, t2Þet1x� et2x:

Proof. Owing to Lemmas 3.4 and 3.5, we can assume that R has the following form:

R ¼
X
g, h2G

w1ðg, hÞeg � eh þ
X

s2S, t2T
w2ðs, tÞesx� et

þ
X

t2T, s2S
w3ðt, sÞet � esxþ

X
t1, t22T

w4ðt1, t2Þet1x� et2x:

If w4ðt1, t2Þ ¼ 0 for all t1, t2 2 T, then lðXt1Þ ¼ lðXt2Þ ¼ 0: Using Lemma 3.2 we know that
lðXt1ÞlðXt2Þ ¼ lðXt1Xt2Þ and as a result lðXt1Xt2Þ ¼ 0 for all t1, t2 2 T: For s 2 S, we can take
t1, t2 2 T such that s ¼ t1t2: Hence, we have that lðXt1Xt2Þ ¼ sðt1, t2Þð

P
t2T w

2ðs, tÞetÞ ¼ 0 which
implies that w2ðs, tÞ ¼ 0 for s 2 S, t 2 T: Similarly, by rðXt1Þ ¼ rðXt2Þ ¼ 0 and rðXt2Xt1Þ ¼P

t2T sðt2, t1Þw3ðt, sÞet , we have w3ðt, sÞ ¼ 0 for s 2 S, t 2 T: Since w2ðs, tÞ ¼ w3ðt, sÞ ¼ 0 for s 2
S, t 2 T, we know that R ¼ P

g, h2G w
1ðg, hÞeg � eh and therefore we get the first case.

If there are t0, t00 2 T such that w4ðt0, t00Þ 6¼ 0, then we will show that w1ðt, gÞ ¼ w1ðg, tÞ ¼ 0
for all g 2 G, t 2 T: For any g 2 G, we have w1ðg, t00Þw4ðt0, t00Þ ¼ 0 by (ii) of Lemma 3.5 and as a
result w1ðg, t00Þ ¼ 0: Since R is invertible and ðet � et00ÞR ¼ w4ðt, t00Þetx� et00x, we know that

w4ðt, t00Þ 6¼ 0 for t 2 T: Next, we use (ii) and (iii) of Lemma 3.5 repeatedly. We have
w1ðt, gÞw4ðt, t00Þ ¼ 0 due to (iii) of Lemma 3.5. Thus w1ðt, gÞ ¼ 0 for t 2 T, g 2 G: Since R is
invertible and ðet1 � et2ÞR ¼ w4ðt1, t2Þet1x� et2x for t1, t2 2 T, we get that w4ðt1, t2Þ 6¼ 0 for
t1, t2 2 T: Because w1ðg, tÞw4ðt1, tÞ ¼ 0 by (ii) of Lemma 3.5, we know that w1ðg, tÞ ¼ 0 for g 2
G, t 2 T and hence we get the second case. w

Remark 3.7. For simple, we will call a universal R-matrix R in case (i) (resp. case (ii)) of
Proposition 3.6 by a trivial (resp. non-trivial) quasitriangular structure.

3.2. Universal R-matrices of H2n2

To determine all universal R-matrices of H2n2 , we give necessary conditions for kG#r, skZ2 pre-
serving a non-trivial quasitriangular structure firstly. For any finite set X, we use jXj to denote
the number of elements in X.

Proposition 3.8. If there is a non-trivial quasitriangular structure on kG#r, skZ2, then

6 K. ZHOU AND G. LIU



(i) jSj ¼ jTj;
(ii) there is b 2 S such that b2 ¼ 1 and t / x ¼ tb for t 2 T;
(iii) jGj ¼ 4m for some m 2 N

þ;

Proof. Assume that R is a non-trivial quasitriangular structure on kG#r, skZ2, then we have
lðEt1ÞlðEt2Þ ¼

P
s2S w

3ðt1, sÞw3ðt2, sÞrðsÞes for t1, t2 2 T: In this situation, we claim that TT ¼ S. In
fact, suppose that there are t1, t2 2 T satisfying t1t2 2 T: Then it is easy to see that lðEt1t2Þ ¼P

s2S w
3ðt1t2, sÞesx which contradicts to the fact lðEt1ÞlðEt2Þ ¼ lðEt1t2Þ (Lemma 3.1). Thus, we have

TT ¼ S. Take a t 2 T: We get that tT � S and thus jTj � jSj: Since tS � T, jTj � jSj: As a
result, we have jTj ¼ jSj and thus (i) has been proved. Next, we will show (ii). Take a t0 2 T,
then we have T ¼ t0S: Let t0 / x ¼ t1 and denote b ¼ t�1

0 t1, then we have b 2 S by TT ¼ S. Since
t0S � T and ðt0sÞ / x ¼ ðt0sÞb, we have t / x ¼ tb for t 2 T: It is easy to know that b2 ¼ 1 since
/x is a group automorphism with order 2 and thus (ii) has been proved. Now let’s show (iii). By
definition, S is a subgroup of G and b2 ¼ 1: Therefore, we know that 2 j jSj: Since
ðHTML translation failedÞ and jSj ¼ jTj, we can see that jGj ¼ 4m for some m 2 N

þ: This com-
pletes the proof of (iii). w

Corollary 3.9. If jGj is an odd number or there are t1, t2 2 T such that t�1
1 ðt1 / xÞ 6¼ t�1

2 ðt2 / xÞ,
then kG#r, skZ2 has no non-trivial quasitriangular structure.

Proof. If kG#r, skZ2 has a non-trivial quasitriangular structure, then we obtain that jGj is an even
number and there is b 2 S such that t / x ¼ tb for t 2 T by (ii), (iii) of Proposition 3.8. Therefore
t�1ðt / xÞ 	 b for t 2 T and we have completed the proof. w

The following proposition determine all possible trivial quasitriangular structures.

Proposition 3.10. R is a trivial quasitriangular structure on kG#r, skZ2 if and only if

(i) R ¼ P
g, h2G wðg, hÞeg � eh for some bicharacter w on G;

(ii) wðg / x, h / xÞ ¼ wðg, hÞgðg, hÞ where gðg, hÞ ¼ sðg, hÞsðh, gÞ�1 for g, h 2 G:

Proof. We can assume that R ¼ P
g, h2G wðg, hÞeg � eh is a trivial quasitriangular structure on it.

Owing to ðD� IdÞðRÞ ¼ R13R23 and ðId� DÞðRÞ ¼ R13R12, we know (i). Expanding DopðxÞR ¼
RDðxÞ, one can get (ii). w

The following proposition is an application of above results and we get all universal R-matri-
ces of H2n2ðn � 3Þ:
Proposition 3.11. All universal R-matrices of H2n2ðn � 3Þ are given by

R ¼
X

1�i, j, k, l�n

aikþjlbilþjkeaibj � eakbl

for some a, b 2 k satisfying an ¼ bn ¼ 1:

Proof. Since n � 3, we know a�1ða / xÞ 6¼ b�1ðb / xÞ: Therefore H2n2 has no non-trivial quasi-
triangular structure by Corollary 3.9. Assume that R ¼ P

g, h2G wðg, hÞeg � eh is a trivial quasi-

triangular structure on H2n2 , then w is a bicharacter on G and it satisfies the following equations
by Proposition 3.10

wða, aÞn ¼ 1, wða, bÞn ¼ 1,

wðb, aÞ ¼ wða, bÞ, wðb, bÞ ¼ wða, aÞ: (3.10)
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Let wða, aÞ :¼ a,wða, bÞ :¼ b and using the above series of Equation (3.10), we get what we
want. w

Remark 3.12. If n¼ 2, then H8 is the 8-dimensional Kac-Paljutkin algebra K8. All possible quasi-
triangular structures on K8 were given in [16]. In Proposition 3.11, we only consider the case n �
3 and thus does not imply possible quasitriangular structures on K8. But one can get that through
using our argument directly. In fact, trivial quasitriangular structures on K8 can be given by
Proposition 3.11 too in which we only need to set the parameter n¼ 2. Non-trivial quasitriangu-
lar structures on K8 can be completely determined by using the (ii) in Lemma 3.1 and the equa-
tion DopðxÞR ¼ RDðxÞ:
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