Contemporary Mathematics
Volume 623, 2014
http://dx.doi.org/10.1090/conm/623/12462

On total Frobenius-Schur indicators

Gongxiang Liu and Siu-Hung Ng

ABSTRACT. We define total Frobenius-Schur indicator for each object in a
spherical fusion category C as a certain canonical sum of its higher indica-
tors. The total indicators are invariants of spherical fusion categories. If C is
the representation category of a semisimple quasi-Hopf algebra H, we prove
that the total indicators are non-negative integers which satisfy a certain di-
visibility condition. In addition, if H is a Hopf algebra, then all the total
indicators are positive. Consequently, the positivity of total indicators is a
necessary condition for a quasi-Hopf algebra being gauge equivalent to a Hopf
algebra. Certain twisted quantum doubles of finite groups and some exam-
ples of Tambara-Yamagami categories are discussed for the sufficiency of this
positivity condition.

1. Introduction

The representation category Rep(H) of a Hopf algebra H is certainly important
to the understanding of the algebraic structure of H. The monoidal structure
of Rep(H) has also been playing important roles in other areas of mathematics
and physics. For instance, the quantum invariants of knots, links or 3-manifolds
constructed from certain Hopf algebras are actually determined by the monoidal
structures of their representation categories [34].

Quasi-Hopf algebras are generalizations of Hopf algebras whose representation
categories are also monoidal categories. Two quasi-Hopf algebras are said to be
gauge equivalent if their representation categories are monoidally equivalent. For
any finite-dimensional quasi-Hopf algebra K over C, one can obtain another quasi-
Hopf algebra K" by twisting K with a gauge transformation F € K ® K [15],
but K and K are gauge equivalent. In general, two finite-dimensional quasi-
Hopf algebras K and H are gauge equivalent if, and only if, there exists a gauge
transformation F' € K ® K such that K¥ and H are isomorphic as quasi-bialgebras
(cf. [7.[26]). However, it is generally difficult to decide the gauge equivalence of
two finite-dimensional quasi-Hopf algebras if their Grothendieck rings happen to
be isomorphic.

For any finite group G, and a normalized 3-cocycle w on G with values in
C*, one can construct a semisimple quasi-Hopf algebra D“(G), called a twisted
quantum double of G [5]. Dijkgraaf, Pasquier and Roche have asked the question
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whether D¥ (@) is gauge equivalent to some Hopf algebra in [5]. One can even ask a
more general question: How can one determine whether a given finite-dimensional
quasi-Hopf algebra K over C is gauge equivalent to some Hopf algebra? In view of
the reconstruction theorem, the question is equivalent to ask for the existence of a
fibration, i.e. a C-linear, faithful and exact monoidal functor F : Rep(K) — Vectc,
where Vectc denotes the category of finite-dimensional C-linear spaces.

This simply stated question is generally difficult to answer. One can work out
the simplest example D“(Zs), where w is a non-trivial 3-cocycle of Zs. It is not
completely obvious that D“(Zs) is not gauge equivalent to any Hopf algebra [24].

The n-th Frobenius-Schur (FS) indicator v, (V) of a representation V of a
finite group was introduced for more than a century. It has been generalized to
the representations of a semisimple (quasi-)Hopf algebra [17][25], to the primary
fields of a rational conformal field theory [3], and more generally to the objects of
a pivotal categories [28]. These indicators are preserved by equivalences of pivotal
category [loc. cit.]. The arithmetical properties of the FS indicators also encrypt
the structure of the underlying tensor categories as well as the quasi-Hopf algebras.
For instance, the indicators of any complex representation of a finite group are

integers.
If V is an object of a spherical fusion category C over C, it has been shown
that the sequence v(V) := {v,(V)}nen of FS indicators is a periodic sequence of

cyclotomic integers. Moreover, there exists a global period N for all the higher
indicator sequences [27]. This global period, denoted by FSexp(C), is called the
Frobenius-Schur exponent of C, and it is also an invariant of spherical fusion cat-
egories. The representation category Rep(H) of a semisimple quasi-Hopf algebra
over C is a spherical fusion category [8], and we simply denote the Frobenius-Schur
exponent of Rep(H) by FSexp(H).

The FS indicators of a representation of a semisimple Hopf algebra are not
necessarily integers (see [14] for example). The integrality of indicators even fails
for the quantum doubles of finite groups. Iovanov, Mason and Montgomery recently
provided such an example of D(G) for some finite group G of order 5% in [10].
However, if we consider the total indicator 7(V) defined for any object V in a
spherical fusion category C by

(V)= vn(V)

where N = FSexp(C), then we have the following integrality and divisibility theorem
for quasi-Hopf algebras.

THEOREM A. Let H be a semisimple quasi-Hopf algebra over C. For any
finite-dimensional H-module V., U(V) is a non-negative integer which satisfies the
divisibility

FSexp(H) | (dim H) -7(V).

In addition, for semisimple Hopf algebras, we have obtained the positivity of
total indicators:

THEOREM B. Let H be a semisimple Hopf algebra C. Then, v(V) > ]\éidril—m; for
all finite-dimensional H-modules V, where N = FSexp(H). In particular, v(V) > 0
for any non-zero H-module V.
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Since FSexp(H) = exp(H) when H is a semisimple Hopf algebra, Theorem A
provides another perspective for a conjecture of Kashina [12l[13]: exp(H) divides
dim H for any semisimple Hopf algebra H over C. Moreover, Theorem B yields a
necessary condition for a semisimple quasi-Hopf algebra being gauge equivalent to
a Hopf algebra. However, this necessary condition may not be sufficient in general.
There are integral Tambara-Yamagami categories which has no fibration but their
total indicators are all positive. Nevertheless, the positivity of total indicators is a
necessary and sufficient for abelian twisted quantum doubles being gauge equivalent
to Hopf algebras.

The organization of the paper is as follows: In Section 2, we introduce the
definition of total Frobenius-Schur indicators and prove Theorem A. Section 3 is
devoted to the proof of Theorem B. In Section 4, we consider twisted quantum dou-
bles of D¥(G) of a finite abelian group G, and show that if D*(G) is commutative,
then D“(G) is gauge equivalent to a Hopf algebra if, and only if, (V') > 0 for all
V € Rep(D¥(G)). This provides an answer to a question of Dijkgraaf, Pasquier
and Roche [5, p69]. In Section 5, we compute the total indicators for some in-
tegral Tambara-Yamagami fusion categories, and we characterize those admitting
a fibration in terms of total indicators. As a consequence, semisimple quasi-Hopf
algebras with positive total indicators but not gauge equivalent to any Hopf algebra
are found.

2. Total Frobenius-Schur indicators

Throughout this paper, unless stated otherwise, we will work over the field C of
complex numbers; every monoidal category C in this paper is assumed to be C-linear
abelian with finite-dimensional Hom-spaces over C and a strict simple unit object
1c. All (quasi-)Hopf algebras are assumed to be semisimple and finite-dimensional
over C. We denote by Rep(H) the C-linear monoidal category of finite-dimensional
representations of a quasi-Hopf algebra H. The unit object of Rep(H), simply
denoted by 1, is the H-module C equipped with the trivial H-action.

In this section, we collect some conventions, and recall some basic definitions
and facts for the discussions in the remaining sections. The readers may refer to
[21181[22] for the basic theory of tensor categories and [141[171[26l28] for Frobenius-
Schur indicators. The aim of this section is to introduce the definition of total
Frobenius-Schur indicators (abbr. total indicators), and to prove Theorem A.

Let C be a left rigid monoidal category with tensor product ®. The left dual
of V e C is a triple (V*,db,ev) in which V* € C, and db : 1 — V ® V* and
ev: V*®V — 1 are respectively the associated dual basis and evaluation morphisms
of the left dual. The left duality on C can be extended to a monoidal equivalence
(—)*: C°? — C and hence (—)** : C — C defines a monoidal equivalence. A pivotal
structure on C is an isomorphism j : Id — (—)** of monoidal functors, and the pair
(C, ) is a called a pivotal category. We will simply say that C is a pivotal category
when the pivotal structure is understood without ambiguity.

In a pivotal category (C,j), one can define the left and right pivotal traces for
any endomorphism f:V — V in C as

ptr(f)i= (1B VeV L vey 2L vrg v 1),

Vit * ev
ptr(f) = (1 Loy L yrgy L8 gy 2, 1)

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



196 GONGXIANG LIU AND SIU-HUNG NG

respectively. Note that these traces are scalars as 1 is simple. A spherical category is
a pivotal category C in which ptr"(f) = p_tr"( f) for all endomorphisms f € C. In this
case, we simply write ptr for the functions ptr” as well as ptr?, and d(V') := ptr(idy)
is called the pivotal dimension of V. In addition, if C is semisimple with finitely
many simple objects up to isomorphism, then C is called a spherical fusion category
(cf. [8] for more details on fusion categories). In this case, d(V') is a non-zero real
number (cf. [8]), and the global dimension dimC of C is defined as

dimC= > d(V)?

Velrr(C)

where Irr(C) denotes a complete set of non-isomorphic simple objects of C.

By Miiger [23], the center Z(C) is a modular tensor category. In particular,
the associated twist (or ribbon structure) 6 has finite order [2,[85]. Moreover, the
forgetful functor F : Z(C) — C admits a two-sided adjoint K : C — Z(C).

Let V be an object in a pivotal category (C,j) with associativity isomorphism
®. We write V™ for the n-fold tensor power of V' € C with rightmost parentheses.
By coherence theorem, there is a unique isomorphism

oyl gy  yen

which is a composition of tensor products of id, ® and ®~'. One can define the
C-linear operator E‘(,n) :C(1, V@) — C(1,V®™) by setting

* P o
By (f) = (1 dby yr g yre LEDEVE (s g pomy g e 289,

vV ET—D
(V* @ V)@ Ven-1)gy VT eV,

yer-1 gy 27 V®") .
Following [28| Sect. 3], the n-th Frobenius-Schur indicator v, (V) of V' is defined
as the scalar
v (V) = Te(EY).

These indicators are proved to be invariant under pivotal equivalences, and v, (V)
is a cyclotomic integer in Q(¢,) where ¢, is a primitive n-th root of unity (cf. [28]).

Since the antipode of a semisimple Hopf algebra H is an involution [16], the
representation category Rep(H) is a spherical fusion category in which the pivotal
structure is the usual canonical isomorphism jy : V' — V** of finite-dimensional
vector spaces. In this case, the pivotal dimension d(V) of V' € Rep(H) is the
ordinary dimension of V. More generally, for a semisimple quasi-Hopf algebra H,
there is a unique (spherical) pivotal structure on Rep(H) such that d(V) is the
ordinary dimension of V for all V' € Rep(H) [8]. Moreover, v, (V) can be expressed
in terms of the associator, the quasi-antipode and the normalized integral A of H
(cf. [26] Sect. 4]). When H is a Hopf algebra, we recover the n-th Frobenius-Schur
indicator formula of V introduced in [17]:

(2.1) v (V) = xv (A)

where yy is the character of H afforded by V, A is the normalized integral of H
and A" = AjAy---A,,. Here, ;1 ® - -- @ 2, denotes the Sweedler notation of the
n-fold comultiplication of z € H.

The Frobenius-Schur exponent, denoted by FSexp(C), of a spherical category C
(cf. [27]) is the least positive integer n such that v, (V) = d(V) for all V € C. If such
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an integer does not exist, FSexp(C) is defined to be co. However, the Frobenius-
Schur exponent of a spherical fusion category is always finite because the following
theorem proved in [27, Thm. 4.1 and 5.5].

THEOREM 2.1. Let C be a spherical fusion category, 6 the twist of Z(C) and
K :C — Z(C) the two-sided adjoint of the forgetful functor F : Z(C) — C. Then,
forVec,

. 1
(i) v (V) = mp_tr (Ox(vy) for all V € C, and
(ii) FSexp(C) = ord(h) . O

For a simple object V € C, it is known that »1(V) = 1 if V =2 1, and 0
otherwise. The second indicator of V' can only be 0,1, —1 depending on whether
V is self-dual or not. By Theorem 21|, we know vy (V) = d(V) if N = FSexp(C).
The meaning of higher indicators of V' are more obscure and they are not rational
integers in general (cf. [I4, Ex. 7.5]). The theorem implies that the indicator
sequence v(V) = {vp(V)}nen of V is periodic for any object V' of a spherical
fusion category C. Moreover, FSexp(C) is the global period of all the indicator
sequences of C. The average value or the sum of these indicators over a period
should also be an important invariant.

DEFINITION 2.2. Let C be a spherical fusion category and N = FSexp(C). The
total Frobenius-Schur indicator of V € C, denoted by v(V), is defined as

N
p(V) =Y wi(V).

i=1

To prove Theorem A, we first derive a formula for the total indicator (V) of
an object V in a spherical fusion category C in terms of some data of the center
Z(C). Recall from [23] Proposition 8.1] that the forgetful functor F : Z(C) — C
has a two-sided adjoint K : C — Z(C). It follows from the semisimplicity of C, we
have

E(WV)= Y dim(ZC)K(V), X)X
Xelrr(Z(C))
for V € C, where Irr(Z(C)) is a complete set of non-isomorphic simple objects of
Z(C). For simplicity, we set
[U:V]e:=dim(C(U,V)) forallUV eC.
Since K is a left adjoint of F', Z(C)(K(V),X) =2 C(V,F(X)) and so
(K(V): X]ze)=[V: F(X)le

for X € Z(C) and V € C.

Since dim(C(U,V)) = dim(C(V,U)) = dim(C(U*,V*)), we have

[V:Ule=1[U:V]g=[U"V*]c forall U,V € C.
Thus, we have
(2.2) KWV)= > [F(X):V]eX.
Xelrr(2(C))

Let 0 be the twist of Z(C). For any X € Irr(Z(C)), we define wx € C by the

equation
9X = wx idX .
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Note that wx is an N-th root of unity by Theorem 2.1

PROPOSITION 2.3. Let C be a spherical fusion categories over C with FSexp(C) =
N, and V € C. Then

(i) o(V) is an algebraic integer invariant under pivotal equivalence, i.e. if F :
C — D defines an equivalence of pivotal categories, then v(V') = v(F(V)).

(ii) Moreover,

o N .
(233) V) = e XGIH%C))[F(X) Ve d(X)
0x =idx

where F': Z(C) — C is the forgetful functor.

PROOF. Statement (i) is an immediate consequence of the fact that v, (V') are
algebraic integers for all n, and that both v, (V') and FSexp(C) are invariant under
pivotal equivalences.

(ii) By Theorem 211 we have

(V) = Gimie) 220k = Gimo) XeIrr(z(c))[F(X) Ve wk d(X)
Therefore,
N
D(V) = ZW(V)
1711 N |
N dlm(C)Z [F(X) : Ve wy d(X)
=1 Xelrr(Z(C))
N
N dini(C) Yo IF(X): Ve wid(X)
Xelrr(Z(C)) i=1
T Nc > [F(X): V]ed(X)
lm( )XEIrr(Z(C))

UJX:1

Here, the last equality follows from the fact that wx is an N-th root of unity. O
We can now prove Theorem A.

PrOOF OF THEOREM A. Let H be a semisimple quasi-Hopf algebra. Consider
the canonical pivotal structure on Rep(H). Then Rep(H) is a spherical fusion
category with d(V) = dimV for all V' € Rep(H). In particular, dim(Rep(H)) =
dim H and d(X) is a non-negative integer for all X € Z(Rep(H)). It follows from
Proposition 23] (ii) that

N
PV)=g— D> [F(X):V]ed(X)
XEIrr(_Zl(C))
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is a non-negative rational number. By Proposition 23] (i), 7(V) is a non-negative
integer. Since

(V) dim H .
Xelrr(Z(C))
wle
we establish the divisibility N | (dim H) o(V'). O

If H is a semisimple Hopf algebra, exp(H) = ord(f) = FSexp(H) (cf. [6, Thm
2.5] and Theorem[2T]). Therefore, Theorem A is related to the following well-known
conjecture considered by Kashina [121[13].

CONJECTURE 2.4. Let H be a semisimple Hopf algebra over C. Then the ex-
ponent of H divides dim(H).

By the Cauchy theorem for Hopf algebras [14] Sect. 6] (see so [27], Thm. 8.4]),
dim H and exp(H) have the same prime factors. Thus, if ged{z(V) | V € Irr(H)} is
relatively prime to dim H, then the conjecture will be proved for H. However, the
Kac algebra K of dimension 8 is an example in which ged{z(V) |V € Irr(K)} =4
(see Example B6). Nevertheless, any upper bound of ged{r(V) | V € Irr(H)} will
shed light on the conjecture.

By Theorem A, 7(V) = 0 is an extreme value and it is possible for some quasi-
Hopf algebra demonstrated in the following example.

EXAMPLE 2.5. Let G be a finite group and w a normalized 3-cocycle on G with
coefficients in C*. Following [26] Sect. 7], one can construct a quasi-Hopf algebra
H(G,w) = (C[G]*, A, e, ¢, a, 8,5) where multiplication, identity, comultiplication
A, counit €, and antipode S are the same as the structure maps of the dual C[G]*
of the group algebra C[G], and ¢, a, and [ are given by

P = Z w(a,b,c)e(a) @e(b)®e(c), a=1, and B= Z w(a,a™ ' a) e(a),
a,b,ceG a€eG
where {e(x) | z € G} is the dual basis of G for C[G]*. If ' € Z3(G,CX) is
cohomologous to w, then H(G,w) can be twisted to the quasi-bialgebra H(G,w’)
by a gauge transformation (see [I5] XV] for gauge equivalence of quasi-bialgebras).
In particular, if w is a coboundary of the 2-cochain f : G x G — C*, then H(G,w)
can be twisted by the gauge transformation F'=3_ . f(a,b)e(a) ® e(b) to the
ordinary bialgebra C[G]*.
We now consider a special case when G is of order 2. Let G = {1,z} be an
abelian group of order 2 and w a 3-cocycle of G given by

w(a,b,c) = {

Then H = H(G,w) is a 2-dimensional commutative quasi-Hopf algebra. Let V be
the nontrivial simple H-module. As computed in [27, Ex. 5.4], FSexp(H) = 4 and
vn(V) = cos(%5"). Therefore, #(V) = 0.

-1 ifa=b=c=ux,
1 otherwise.

3. Proof of Theorem B

Example shows that 7(V) = 0 for some simple module V' of a semisimple
quasi-Hopf algebra. However, this cannot happen for semisimple Hopf algebras
which is stated in Theorem B. We will prove this theorem in this section.
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Recall that the Drinfeld double D(H) of a finite-dimensional Hopf algebra H
is the bicrossproduct H*°°P? 1 H (cf. [151[20]). In particular, D(H) is a finite-
dimensional Hopf algebra with comultiplication and multiplication of D(H) de-
scribed by

A(freaa) = (f2a1) ® (f1 > az)
and
(faa)(g>ab) = f(g(S™"(az)?a1)) pd azb

respectively, for f,g € H* and a,b € H. Here a; ® ay and f; ® fo are respectively
the Sweedler notation for the comultiplications of ¢ € H and f € H* with the
summation suppressed. The Hopf algebra D(H) admits a canonical universal R-
matrix R =Y, e > h; ® h' <11 where {h;}; and {h'}; are dual bases of H and H*
respectively.

It should be well-known to experts that Rep(D(H)) and Rep(D(H*)) are equiv-
alent braided monoidal categories. For the sake of completeness, we provide a proof
of the statement in terms of gauge equivalence for subsequent discussion.

LEMMA 3.1. Let H be a finite-dimensional Hopf algebra over any field k,
not necessarily semisimple. Then D(H) and D(H*) are gauge equivalent quasi-
triangular Hopf algebras via the gauge transformation R € D(H*) @ D(H™*), which
is the universal R-matriz of D(H*), and the algebra isomorphism

oc: D(H)— D(H"), fxa— (1xf)laxe).
Here, H** is identified with H as Hopf algebras under the natural isomorphism
j: H— H** of vector spaces.
PROOF. Since AJ ;. (x) = RAp(p-(z)R™" for all @ € D(H"), it suffices
to show that o : D(H) — D(H™*)®P is a bialgebra homomorphism, but this is
straightforward verification. |

The algebra isomorphism o : D(H) — D(H*) defines a braided monoidal
equivalence (Fy,&,id) : Rep(D(H*)) — Rep(D(H)) (cf. [15, XIIL.3.2]). Here,
F»> : Rep(D(H*)) — Rep(D(H)) is the C-linear functor with F, (V') defined
as the D(H)-module via the isomorphism o for V' € Rep(D(H*)), and F, :
Hompg+)(V, W) — Hompg)(FoV,FsW) the identity function. The coherence
isomorphism ¢ : F (V) @ F,(W) — F,(V @ W) is the left action of R~!, and
Fo(Ip+)) = Lpm)-

The Hopf algebra H* can be considered as a subalgebra of D(H) and D(H*)
via the embeddings i1 : H* — D(H™) and i3 : H* — D(H) defined by

i(f)=1af, do(f)=fl

respectively, for f € H*. It follows immediately from the definition of ¢ that we
have the commutative diagram of algebra maps:

(3.1) D(H) —2= D(H") .

This implies the following lemma for the two pairs of induction and restriction
functors.
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LEMMA 3.2. Let ResflﬁH*) and Resg(*H) be the restriction functors along the

embeddings i1 and iy respectively, and IndflgH*) and IndggH) the associated induc-
tion functors. Then we have

D(H") _ g D(H) D(H)

(3.2) Foolndy, and Resg. ' oF, ResD(H) O

The preceding lemmas hold for any finite-dimensional Hopf algebras. We now
turn to semisimple Hopf algebras H. In this case, C = Rep(H) is a spherical fusion
category, and the right center Z(C) of C is equivalent to the Rep(D(H)) as braided
monoidal category. Equipped with the canonical pivotal structure, Rep(D(H)) is
a modular tensor category with the twist 6§ given by the action of the Drinfeld
element of D(H). The forgetful functor F' : Z(C) — C is the restriction Res H(H)
which has a left adjoint IndD(H) : C — Z(C). Thus, by the uniqueness of adjoint

functor, K : Z(C) — C is equivalent to IndD(H) If V is a self-dual H-module, then
so is K(V'). This observation even holds for spherical fusion categories.

LEMMA 3.3. Let C be a spherical fusion category, Z(C) the center of C and
K :C — Z(C) the left adjoint of the forgetful functor F : Z(C) — C. Then K(V)
is a self-dual object of Z(C) whenever V € C is self-dual. In particular, K(1¢) is
self-dual. Moreover, if 0 is the twist of Z(C), then 0k 1.y = idg(1)-

Proor. Note that for X € Irr(Z(C)), X™* is isomorphic to a unique object of
Irr(Z(C)). Let V € C be self-dual. It follows from (2.2)) that

KWV)* = > F(X):V]e X*
Xelrr(2(C))

o > F(XY):V]eX
Xelrr(Z(C))

= Y. FX) Ve X

Xelrr(Z(C))

= Yo FX) Ve X
Xelrr(Z(C))

=~ Y F(X):V]eX
Xelrr(Z(C))

(
= K(V).

Here, the third isomorphism is a consequence of the fact that the forgetful functor
F : Z(C) — C defines a monoidal functor, and the last isomorphism follows from
the remark preceding Proposition [Z3l Since 1¢ is self-dual, and so is K(1¢).

By [29] Prop. 2.8 (iii)], [F'(X) : 1¢]c # 0 implies wx = 1. Therefore,

Or(1c) = Z [F(X):1clcbx = Z [F(X):1c]c idx =idge) -
Xelrr(Z(C)) Xelrr(Z(C))
This proves the last assertion. (Il

We can now prove Theorem B.
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PrOOF OF THEOREM B. Let C = Rep(H). In view of Proposition 2.3 (ii), it
suffices to show the inequality

S Resp™ X 1 Ve dim(X) > dim(V)
Xelrr(D(H))
Ox=idx
for all V' € C. This is equivalent to show that [Resg(H) W : Vl]e > 0 for some
D(H)-module W satisfying Oy = idw .
Recall that H* is also a semisimple Hopf algebra [16]. By Lemma B3] Y =
IndggH )(lH*) is a self-dual D(H*)-module and 0y = idy. Moreover,

(3.3) ve Y [U:lgeU
Uelrr(D(H*))

where C' = Rep(H*). Since Rep(D(H*)) and Rep(D(H)) are spherical categories
equipped with their canonical pivotal structures, F, : Rep(D(H*)) — Rep(D(H))
defines an equivalence of braided monoidal categories as well as pivotal categories.
Therefore, by [9] Prop. 6.2], we have

id]:(ry = fg(idy) = ]:g(gy) = 9]:UY .

In particular, W = F,Y is a self-dual D(H )-module satisfying 0y, = idy. Since
Indg(H) is a left adjoint of Resg(H), we have

[V Resfl(H) Wle = [Indg(H) ViWlze -
However, by Lemma 32 W = Indg(*H) 1z+. Therefore,

Homp(s (Ind ™V, W) = Homp(s) (nd™ v, nd ™ 15

Il

HOIHD(H) ((IndgiH) ]-H*) ® (Indg(H) V) 71D(H))

Hom p g ((Indﬁ(*H) lH*> ® (Indg(H) V) ,ID(H)) .

I

By [4, Thm. 8 (1)], we have
(mag™ 14-) @ (g™ v) = Doy Y
as D(H)-modules. Thus,
[nd ™V Wz ) = [DIH)™Y : 1pm) zc) = dim V,
and so [V : Resg(H) W]le = dim V. This completes the proof. O

DEFINITION 3.4. A quasi-Hopf algebra H is said to be genuine if H is not
gauge equivalent to any ordinary Hopf algebra.

Theorem B provides a sufficient condition for a semisimple quasi-Hopf algebra
being genuine.

COROLLARY 3.5. Let H be a semisimple quasi-Hopf algebra. If there exists
V € Rep(H) such that (V) =0, then H is a genuine quasi-Hopf algebra.
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PROOF. Assume contrary. Then H is gauge equivalent to a Hopf algebra H'.
There exists a monoidal equivalence F : Rep(H) — Rep(H’) (see [26, Thm. 2.2]).
Thus, F preserves their canonical pivotal structures (cf. [28]). By Proposition [23]
(i) and Theorem B, we have

v(V)=v(F(V)) >0

for all V' € Rep(H). O

The following example shows that the existence of vanishing total indicators
can also be a necessary condition for a genuine quasi-Hopf algebra.

EXAMPLE 3.6. There are exactly four gauge inequivalent 8-dimensional quasi-
Hopf algebras with five simple objects {a1, az, as, as, m} and fusion rules given by

4
{a1,a9,a3,a4} = Zo X Lo, mQ%E a; and ma; Zam=m
i=1

for i = 1,2,3,4. Their categories of representations are Tambara-Yamagami cate-
gories [32]. They are C[Q], C[D], the 8-dimensional Kac algebra K and its twisted
version K, (see [26] Sec.6] for details), where ) and D are, respectively, the quater-
nion group and the dihedral group of order 8. We can assume a; to be the unit
object. Then v, (a;) =1 for all n > 1. The objects as, as and a4 are 1-dimensional
representations of these algebras, and their orders are 2. The indicator v,(a;) =1
if n is even, and 0 otherwise, for ¢ = 2,3,4. Thus 7(a;) > 0 for ¢ = 1,2,3,4. By
[26] Sec. 6], we find the following table:

va(m) | vs(m) | va(m) | vs(m) | vg(m) | ve(m) | vs(m) | (m)
K 1 0 0 0 1 0 2 4
K, -1 0 0 0 -1 0 2 0
CID] 1 0 2 0 1 0 2 3
ClQI | -1 0 2 0 1 0 ) 1

In particular, the Frobenius-Schur exponents of K, K,,, C[D], C[Q] are 8,8,4,4 re-
spectively. The quasi-Hopf algebra K, is the only one in the list for which #7(m) = 0.
Therefore, K, is a genuine quasi-Hopf algebra. It is well-known that K, C[D], C[Q]
are all the noncommutative semisimple Hopf algebras of dimension 8 (cf. [19]).
Their corresponding indicators v, (m) can be computed using the formula 2.71]).

4. Twisted quantum doubles

The main result of this section is to show that existence of vanishing total
indicators is also a necessary condition for an abelian twisted quantum double,
considered in [24], being genuine.

The twisted quantum double D“(G) of G relative to a normalized 3-cocycle
w:G X G xG— C* is the semisimple quasi-Hopf algebra with underlying vector
space C[G]*®C|[G] in which multiplication, comultiplication A, associator ¢, counit
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¢ and quasi-antipode (S, «, ) are given by
(elg) ® 2)(e(h) @ y) = by(z,4)3y= nelg) © 2y,
Ale(g) @ x) = Z vz (h, k)e(h) ® x ® e(k) ® x,

hk=g
o= Y wlghk) e(g)@1oeh)@10e(k) @1,
g.h,keG
ele(g) @) =041, a=1, B= Z w(g, 971 9)e(g) @1,

geG
S(e(g) @) = bg-1(z,27) (g g™ ) e(z T g e @2,

where {e(g)|g € G} is the dual basis of {glg € G}, 04,1 is the Kronecker delta,
¢* =z gz, and

9 _ w(g, zy)w(z,y, (zy) ' gay)
g(xay) - —1 )
w(z,z"1gz,y)
w(z,y,9)w(g, 9" xg, 9 yg)
Yolz,y) =

w(z, 9,9~ "yg)
for any z,y,g € G (cf. [5LI5]).

As in [24], we denote by T'“ the set of all group-like elements of D“(G) and
call w abelian if D¥(G) is a commutative algebra. This can only happen when
G is abelian and T spans D“(G). The following theorem characterizes those
abelian twisted doubles of finite groups which are genuine quasi-Hopf algebras, and
it provides an answer for a question of Dijkgraaf, Pasquier and Roche posed in
[5l p69].

THEOREM 4.1. Let G be a finite abelian group, and w a normalized 3-cocycle of
G such that D¥(G) is a commutative algebra. Then D¥(G) is a genuine quasi-Hopf
algebra if, and only if, there exists V € Rep(D“(G)) such that v(V) = 0.

To prove this theorem, we need some preparations. Recall that an Eilenberg-
MacLane (EM) 3-cocycle of G is a pair (w, ¢) where w € Z3(G,C*) and ¢ a 2-cochain
of G satisfying the following conditions:

c(zy, z) w(z, z,y) o dayr) wly 2wy zz)
(@ 2oy 2) W@y Delenmy) - dm )@ w(ya2)
for all z,y,z € G. The EM 3-cocycle (w,c) is a coboundary if there exists a 2-
cochain h of G such that

(4.1)

h(z,y)
h(y,x)
The EM cohomology group H2,(G,C*) is then defined by
Z(G,C¥)
B3,(G,CX)
where Z3,(G,C*) and B3,(G,C*) are respectively the abelian groups of EM 3-
cocycles and 3-coboundaries.
For (w,c) € Z3,(G,C*), one can assign the function ¢(z) := c(x, z), called its
trace. The trace t of an EM 3-cocycle of GG is a quadratic function on G, that means

(i) t(z*) = t(x) for a € Z, and

w=06h and c(z,y)=

H;, (G, C) =
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(i) be(z,y) := t(tm(ff&) defines a bicharacter of G.

The following theorem of Eilenberg and Mac Lane is essential to the discussion in
this section (cf. [I8, Thm. 3] and [11] §7]).

THEOREM 4.2 (Eilenberg-MacLane). Let Q(G,C*) be the abelian group of all
quadratic functions from G to C*. The map assigning to each 3-cocycle its trace
induces an isomorphism

H3,(G,C*) = Q(G,C¥). O

REMARK 4.3. Recall the example of quasi-Hopf algebra H (G, w) defined in Ex-
ample [Z5] for a normalized 3-cocycle w on a finite group G. Let C = Rep(H (G, w)).
Then Irr(C) consists of a set of 1-dimensional representations V, indexed by G.
Moreover, a pair (w,c) is an EM 3-cocycle of a finite abelian group G if, and only
if, Rep(H (G, w)) is a braided spherical fusion category with the braiding given by

Cvavy = (Vx ® Vy —)C(I’y) Vy ® Vw)

for z,y € G.

For simplicity, we say that a quadratic function ¢ : G — C* of a finite abelian
group G can be obtained from a bicharacter b of G if t(x) = b(z, z) for all x € G.
We denote by K(G,C*) the set of all quadratic functions which can be obtained
from some bicharacters of G.

LEMMA 4.4. Let G be a finite abelian group and (w,c) an EM 3-cocycle of G
with trace t. Then:

(i) w is a coboundary if, and only if, t € K(G,C*).

(ii) w? is a 3-coboundary of G.

PRrROOF. Let us denote the cohomology class represented by the EM 3-cocycle
(w,c) of G as [(w,c)]. Then w is a coboundary if, and only if, [(w,c)] = [(1,D)]
for some 2-cochain b of G. By (@), b is a bicharacter of G and t(z) = c(z,z) =
b(z,xz) for all z € G. Therefore, t € K(G,C*). Conversely, suppose there exists
a bicharacter b on G such that b(x,z) = t(z) for all z € G. Since (1,b) is an EM
3-cocycle which has the same trace as (w, ¢), [(w,¢)] = [(1,b)] by Theorem In
particular, w is a coboundary. This proves statement (i).

(ii) By @I, b(z,y) := c(x,y)c(y, z) defines a bicharacter of G, and the trace of
the EM 3-cocycle (w?, ¢?) can be obtained from b. It follows from (i) that w? is a
coboundary. O

LEMMA 4.5. Let G be a finite abelian group and (w,c) an EM 3-cocycle of G.
Then w is a coboundary if, and only if, v(V) > 0 for all simple H(G,w)-module V.
In this case, H(G,w) is gauge equivalent to the Hopf algebra C[G]*.

PRrOOF. In view of Example 2.0 if w is a coboundary, then H(G,w) can be
twisted to the bialgebra C[G]* by a gauge transformation. It follows from Corollary
that 7(V)) > 0 for all simple H(G,w)-modules V. Conversely, we assume the
positivity of total indicators. Let ¢ be the trace of the EM 3-cocycle (w,c). By
Lemma (i), it is equivalent to show that ¢ € K(G,C*). Since G is a direct
sum of its cyclic subgroups, by [24] Lem. 6.2(i)], t € K(G,C*) if, and only if,
tc € K(C,C*) for each cyclic summand C of G, where t¢ denotes the restriction

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



206 GONGXIANG LIU AND SIU-HUNG NG

of t on C. Note that the restriction (w¢,cc) of (w,¢) on C is an EM 3-cocycle of
C' and its trace is equal to tc. Therefore, by Lemma [L4i), it is enough to prove
that we is a coboundary for each cyclic subgroup C of G.

By Lemma [4((ii), w? is a coboundary. We may simply assume w? = 1 as #(V)
are preserved by gauge equivalence of semisimple quasi-Hopf algebras. A complete
set of non-isomorphic simple H(G,w)-modules is given by Irr(H(G,w)) = {Vi|z €
G}. By [26] Prop. 7.1],

n—1
(4.2) Un (V) = 0gn 1 H w(z,z", x).
r=1

The equation implies that v,(V,) = 0 if £ { n where ¢ = ord(x). Since w? = 1,
w(z, 2", x) = £1 for all r € Z. By @2)), v¢(V,) = £1 and

ve (Vi) = ve (Vi) ¥

for all positive integer k. We claim that v¢(V,) = 1. Suppose not. Then v4(V,) =
—1. Let N = FSexp(H(G,w)). Then vy(V,) = dimV, = 1. Therefore, N/{ is
even and so 7(V,) = 0 which contradicts the assumption of the positivity of total
indicators.

We now have

-1
1=v(Vy) = Hw(x,xr,x).
r=1

Note that right hand side is also the ¢-th indicator of V, considered as an H(C, w¢)-
module where C' is the cyclic subgroup generated by x. Since v4(V,,) is invariant
under gauge transformations, the product depends only on the cohomology class of
we in H3(C,C*), which is a cyclic group of order £. A generating 3-cocycle ¢, as
described in [21], is defined by

d(a’, 2l ak) = g TR/
where 7 denotes the least non-negative residue of i modulo ¢, and ¢ a primitive

{-th root of unity. Thus, we is cohomologous to ¢* for some non-negative integer
0<a</{-1,and

-1
1= H qa(r-i-l—m)/f _ qa )
r=1
This implies ¢ = 0 and so w¢e is a coboundary. This completes the proof of the
lemma. (Il

Now we can proof Theorem [£.1]

Proor THEOREM [l By [24, Cor. 3.6], D¥(G) is spanned by the set T'“
of group-like elements when D“(G) is commutative. In particular, I'* is a finite
abelian group which fits into an exact sequence of abelian groups

152G =T 5G—1

determined by G and w. Moreover, D¥(G) is isomorphic to H(I'Y,w') as quasi-
bialgebras, where w’ € Z3(I'“,CX) is the inflation of w™! along the above map
I'Y — G [24), Sect. 9]. The braiding of Rep(D“(G)) determines an EM 3-cocycle
(W',c) of T*. By Lemma [£F] the existence of a vanishing total indicator if, and
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only if, &’ is a non-trivial 3-cocycle of I'. This is equivalent to that H(I'“,w’), or
equivalently D“(G), is a genuine quasi-Hopf algebra. O

5. Tambara-Yamagami categories

In this section, we study the positivity of total indicators for integral Tambara-
Yamagami categories associated with elementary p-groups [32]. By [8], these fu-
sion categories are monoidally equivalent to the categories of representations of
semisimple quasi-Hopf algebras. In [33], a necessary and sufficient condition is ob-
tained for an integral Tambara-Yamagami category admitting a fibration, i.e. it
is monoidally equivalent to the category of representations of a semisimple Hopf
algebra. By Corollary B3], positivity of total indicators is a necessary condition for
the existence of a fibration, but not sufficient in general. We will demonstrate the
sufficiency of positivity of total indicators for these integral Tambara-Yamagami
categories in this section.

Let A be a finite abelian group. Tambara and Yamagami [32] classified fusion
categories with a complete set of simple objects AL {m} satisfying the fusion rules

(5.1) a®bX=ab, a@m=EmEmQa, m®m%@:ﬂ (a,be A).
€A

They also showed that such categories are parametrized by pairs (x,7) where x
is a non-degenerate symmetric bicharacter of A, and 7 is a square root of |A|~!.
The corresponding fusion category, denoted by TY(A, x, 7), can be described more
precisely in the following definition.

DEFINITION 5.1. TY(A, x,7) is a skeletal fusion category over C with the set
of simple objects S := AU {m}. Hom-sets between elements of S are given by

C ifs=¢
N b
Hom(s, s) = { 0 otherwise

withidgy = 1 € C. The compositions of morphisms are obvious one. Tensor products
of elements of S are given by (5.1) (but with 2 replaced by =). The unit object 1 is
strict and equal to the identity e € A. The associativity constraint ® is determined
by

q)a,m,b - X(a, b) id,, : m — m,

Prain = (X(0,2)05,5id0 )y : Dz~ Py,

T€EA yeEA
P nm = (TX(@,y) " idm)ay s @ m— Pm,
€A yeA

where a,b € A, and the other ®,,,, (s,t,u € S) are identity morphisms. Duality
of TY(A,x,7) is described as follows: For a € A, a* := a~! with ev,,db, being
identity id.. For the object m, m* := m with morphisms ev,, =7 'm:m®m — 1
and db,, =¢:1 > m®m where 7 : m®m — 1 and ¢ : 1 — m®m are respectively
the canonical projection and embedding satisfying 7 = id;

Since the Frobenius-Perron dimension of TY(A, x, 7) is an integer, TY(A, x, T)
is pseudo-unitary by [8]. In particular, there exists a unique spherical pivotal
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structure j for which the pivotal dimension d(V') of an object V is equal to its
Frobenius-Perron dimension, i.e.

dla)=1 for ac€ A, and d(m)=+/|4].

One can verify directly that j, = id, for a € A, and j, = sgn(r)id,,, where
sgn(7) means the sign of the real number 7. We will always assume TY(A, x, 7) is
a spherical fusion category relative to this canonical pivotal structure j.

By [32], two Tambara-Yamagami categories TY(A4, x,7) and TY(A’, X', 7’) are
monoidally equivalent if, and only if, 7 = 7/ and there exists a group isomorphism
o: A — A satisfying x(a,b) = x'(o(a),o(b)) for all a,b € A (i.e. (4,x)and (4, x")
are isometric).

We now turn to the case of elementary p-groups V of order p”, where p is a
prime. Then V is an r-dimensional vector space over the finite field [F,, of order
p. A non-degenerate symmetric bilinear form B : V x V — F, on V determines
a non-degenerate symmetric bicharacter xp defined by xp(a,b) = exp(27iB(a,b));
moreover, the assignment B — xp is a one-to-one correspondence. Two bilinear
forms B and B’ respectively on the Fp-spaces V and V' are said to be isometric
if there exists an isomorphism o : V' — V' of F,-spaces such that B'(o(a),o(b)) =
B(a,b) for all a,b € V;. It is easy to see that two bilinear forms B, B’ are isometric
if, and only if, x g, xp’ are isometric bicharacters. Moreover, any bilinear form B
on a Fy-space is uniquely determined by its Gram matriz [B(v;, v;)];; relative to a
basis {v; }; of V. In particular, we will denote by By the bilinear form on [, whose
Gram matrix relative to the standard basis is the identity.

REMARK 5.2. The Tambara-Yamagami category TY(A4, x, 7) is integral if, and
only if, d(m) = \/W is an integer, or equivalently |A| is a square. In this case, by
[8], the fusion category is monoidally equivalent the representation category of a
semisimple quasi-Hopf algebra over C. If V is an elementary p-group of order p",
then TY(V, x,7) is integral if, and only if, r is even.

5.1. Characteristic two. We will show in this subsection that a Tambara-
Yamagami category associated with an elementary 2-group of square order admits
a fibration if, and only if, all its total indicators are positive.

Recall that all the non-degenerate alternating bilinear forms on V' = Fj with
r even are isometric. Any non-degenerate symmetric bilinear form on V', which is
not alternating, is isometric to By. In particular, there are exactly two isometric
classes of non-degenerate symmetric bilinear on F} when r is even. For odd 7, every
non-degenerate symmetric bilinear form is isometric to By (see, for example, [1]).

Using this classification of symmetric bilinear forms, the indicators of the object
m in these Tambara-Yamagami categories have been obtained by Shimizu [31], Thm.
6.3]: For any non-degenerate symmetric bilinear form B on F%, the n-th indicator
vy (m) of the simple object m in TY(F5, xp, 7) is zero if n odd. Moreover,

(i) if B is not alternating, then

52 var(m) = sgn(r)" (1\/?)7% (1 t/lik)

(ii) If r is even and B is alternating, then

sgn(7) if k is odd,
53) () = { 547

if k is even.
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We can now compute the total indicators for the integral Tambara-Yamagami cat-
egories associated with an elementary 2-group of square order.

PROPOSITION 5.3. Let V = F3‘, B a non-degenerate symmetric bilinear form
on'V, 7 a square root of |V|™1, and C = TY(V, xB,T).
(i) If B is not alternating, then FSexp(C) = 8 and v(m) = 2sgn(1) + 2°.
(i) If B is alternating, then FSexp(C) = 4 and v(m) = sgn(1) + 2°.
In particular, v(m) = 0 if, and only if, B is not alternating, { = 1 and sgn(r) = —1.

PRrROOF. Note that for all a € V', v,(a) =1 = d(a) if n is even, and 0 otherwise.

(i) If B is not alternating, then, by (52)), we have
va(m) =sgn(7), wva(m) =0, vg(m)=-sgn(r), vsg(m)= 2f = d(m).

Therefore, FSexp(C) = 8 and 7(m) = Zizl vor(m) = 2sgn(7) + 2°.
(i) If B is alternating, then, by (B3)), we have

vo(m) =sgn(r) and wvy(m) = 2° =d(m).

Therefore, FSexp(C) =4 and ©(m) = Ei:l vor(m) = sgn(7) + 2%
The last statement follows directly from statement (i) and (ii). O

COROLLARY 5.4. Let C be a Tambara-Yamagami category associated with an
elementary 2-group V of order 22¢. Then C is monoidally equivalent to Rep(H) for
some semisimple Hopf algebra H if, and only if, all its total indicators are positive.

Proor. By [33] Prop 5.5], C has a fibration if, and only if, C is not monoidally
equivalent to TY(F%, By, —2). It follows from Proposition (.3 that the simple ob-
ject m in C satisfies 7(m) > 0 if, and only if, C is not monoidally equivalent to
TY(F3, By, —2). This proves the corollary. |

5.2. Odd characteristic. In contrast to the characteristic two case, positivity
of total indicators may not be sufficient for the existence of fibration of an integral
Tambara-Yamagami category associated with an elementary p-group for odd p. We
will demonstrate this fact by computing the total indicators. By [30, Ch. 4], there
are exactly two isometric classes of non-degenerate symmetric bilinear form on an
r-dimensional F,-space. They are represented by By and B; whose Gram matrix
relative to the standard basis is given by

.10
0 U
where u can be any fixed quadratic nonresidue in Fp,, and I,._; denotes the identity

matrix of rank » — 1 . In particular, a non-degenerate symmetric bilinear form B
on F7 is determined by its discriminant det(B) in F) /(FxX)?, where

det B = det ([B(ei,ej)]ij) € ]F;: .

Therefore, the isometric class of a bilinear form B is uniquely determined by the
Legendre symbol (#) which is 1 if det B is a quadratic residue, and -1 otherwise.
We can now compute the total indicators using the following formula obtained by
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Shimizu [31, Thm. 6.1]: The n-th indicator of m in TY(F,, xp,7) for any non-
degenerate symmetric bilinear form B on F) is given by

0 if n is odd,
(5.4) wo(m) = { sen(r)Fep™ T (28)7 (=2) TV L BY i — 9k and p it k,

sgn(r)kepk (=2)™ (dLB)" if n = 2k and p | k,
where £, = /(5)).

PROPOSITION 5.5. Let V = ]Fff, xB the bicharacter associated with a non-
degenerate bilinear form B on'V, T a square root of |V|™1, and C = TY(V, x5, 7).

(i) If (%)E(M) sgn(7) = 1, then FSexp(C) = 2p and

v(m) =p" + (p— 1) sgn(r) .
(i) If (%)K(M) sgn(7) = —1, then FSexp(C) = 4p and v(m) = 0.

p

ProoOF. By [31] Thm. 3.2], v,,(a) = 0nq,0 for a € V. Therefore, p | FSexp(C).
To determine FSexp(C), it is enough to consider the values v, (m) with n = 2k and
p | k by virtue of (B4). Note that

HED) - (2 (52) -t

for some € = £1. Therefore, (5.4) becomes

0 if n is odd,
(5.5) vn(m) = { sgn(r)e"™ if n =2k and p1k,
e*pt if n =2k and p | k,

If € = 1, then vg,(m) = p* = d(m) and so FSexp(C) = 2p. Moreover,
p—1
p(m) = p’ + 3 van(m) = p' +sgn(r)(p—1).
k=1
If € = —1, then vg,(m) = —p* and vy, (m) = p*. Thus, FSexp(C) = 4p and

p(m) =Y vop(m)=0. O
k=1

COROLLARY 5.6. Let B be a non-degenerate symmetric bilinear form on V =
F2¢ and 7 = £p~*. Then C = TY(V,x,7) admits a fibration if, and only if,
v(s) > d(s) for all simple object s € C.

PRrROOF. By the preceding proposition, for s € V, #(s) > 2 > d(s). In partic-
ular, the inequality holds for all s € V' automatically. Therefore, we only need to
consider the simple object m.

By [33, Prop. 4.1], C admits a fibration if, and only if, 7 = p~* and B is
hyperbolic, i.e. the Gram matrix of B relative to some basis of Iﬁ‘ff is of the form

0|1 . o _1\ ¢
[ 7, OZ ], or equivalently, (d%B) = (71) .
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If C admits a fibration, then (%) (_71)6 =1=sgn(7) and so v(m) = p* +p —
1 > p* = d(m) by Proposition Conversely, if 7(m) > p’, then, by Proposition
B3 sgn(r) =1 and (#) (—?1)5 = 1, or equivalently (%) = (%)Z. Therefore, C
admits a fibration by the preceding paragraph. ]

REMARK 5.7. The corollary implies that there exists a genuine semisimple
quasi-Hopf algebra of which the total indicators of its representations are all posi-
tive. Let B be the bilinear form on IFZQf whose Gram matrix relative to the standard
Lua| 0

0 [(-1)
7 = —p*, then, by Corollary and Proposition [5.5] Ty(]FIQf ,XB,T) is monoidally
equivalent to Rep(H) of a genuine quasi-Hopf algebra H with positive total indi-
cators. Therefore, in general, the existence of vanishing total indicators is not a
necessary condition for a semisimple quasi-Hopf algebra being genuine.

basis is

771 |- Then (%) (_71)6 = —1. If we take sgn(r) = —1 or
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