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THESIS: Multiplier Hopf coquasigroups and their applications

SPECIALIZATION: Fundamental Mathematics

POSTGRADUATE: Tao Yang

MENTOR: Professor Gongxiang Liu
Abstract

The multiplier Hopf algebra extends the classic Hopf algebra structure to the sit-
uation where there is not necessarily an identity, and uses the Fourier transform to
construct its duality, solves the duality problem of a class of infinite-dimensional Hopf
algebras, and further develops the Pontryagin duality theorem. This thesis uses the
basic idea of the multiplier Hopf algebra theory to construct the dual of a class of
infinite-dimensional Hopf quasigroups, and obtains the concept of multiplier Hopf co-
quasigroups. On this basis, the properties and biduality theorem of infinite dimensional
Hopf quasigroups and multiplier Hopf coquasigroups are further discussed. Finally, as
an application of the Fourier transform, we consider the diagonal crossed product of
the infinite dimensional co Frobenius Hopf algebra, the relationship between the rep-
resentation category of the diagonal crossed product and the Yetter-Drinfeld category,
and the Drinfeld twist theory of multiplier Hopf algebras. This thesis is divided into

five chapters.
In Chapter 1, we provide the research background, motivation and main results.
In Chapter 2, we recall some basic concepts related to this thesis.

In Chapter 3, we first verifies that the integral is one-dimensional, and then uses
the integral to construct the dual of the infinite-dimensional Hopf quasigroup. This
dual has a structure similar to the multiplier Hopf algebra, but does not satisfy the
coassociativity. We call it multiplier Hopf coquasigroups. We also consider the case
where the underlying algebra is a *-algebra, and get a similar conclusion. At the end
of this chapter, we give our motivating example of the multiplier Hopf coquasigroup.

In Chapter 4, we first discuss the basic properties of multiplier Hopf coquasigroups,
such as the existence of local units, modular automorphism, and the uniqueness of
integrals et al. Secondly, similar to the classic multiplier Hopf algebra and algebraic

quantum group theory, we uses integrals and cointegrals to construct the duality of a
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discrete multiplier Hopf coquasigroup, and prove that this duality is a Hopf quasigroup.
Finally, it is proved that the biduality theorem is valid for Hopf quasigroups and discrete
multiplier Hopf coquasigroups.

In Chapter 5, we use the techniques of the previous two chapters to discuss the
representation category of the diagonal crossed product of an infinite dimensional co
Frobenius Hopf algebra, and prove that the representation category of the diagonal
crossed product is isomorphic to its Yetter-Drinfeld category. The Drinfeld twist on
the multiplier Hopf algebra is also discussed, and the quasitriangular structure and
duality of the new multiplier Hopf algebra after the Drinfeld twist transformation are
verified.

Keywords: Multiplier Hopf coquasigroup; Hopf quasigroup; Drinfeld twist; integral;
Yetter-Drinfeld category; diagonal crossed product.



Chapter 1 Introduction

§1.1 Background

Hopf algebras have important connections to quantum theory, Lie algebras, knot
and braid theory, operator algebras, and other areas of physics and mathematics. Since
V. G. Drinfel’d gave his lecture at the 1986 International Congress of Mathematicians
[15], Hopf algebras have been intensely studied in the last decades. Hopf algebras had
several generalizations, such as quantum groupoids, weak Hopf algebras, quasi-Hopf
algebras, multiplier Hopf algebras, Hopf (co)quasigroups, et al.

Multiplier Hopf algebras, introduced by A. Van Daele in 23], give a nice answer to
the dual of a class of infinite-dimensional Hopf algebras. Roughly speaking, an algebraic
quantum group is a multiplier Hopf x-algebra with a positive invariant functional (Haar
measure), the dual of an algebraic quantum group is also an algebraic quantum group,
and the dual of the dual is isomorphic to the original one, i.e., Pontryagin duality
holds. The non-degenerate faithful integrals play a key role in the dual. The theory
of multiplier Hopf algebra and algebraic quantum group was purely algebraic, and the
main technique is so-called Fourier transform.

Just as many Lie groups have an entirely algebraic description as commutative
Hopf algebras, J. Kim and S. Majid developed the corresponding theory of ’algebra-
ic quasigroups’ including the coordinate algebra k[S7] of the 7-sphere in [19]. They
defined the notion of a Hopf quasigroup and showed that a theory similar to that of
Hopf algebras was possible in this case. The first author in his following paper [18]
developed the integral theory for Hopf (co)quasigroups, Fourier transform, and showed
that a finite dimensional Hopf (co)quasigroup has a unique integration up to scalar
and an invertible antipode. The dual of a finite dimensional Hopf quasigroup is a Hopf
coquasigroup. Then a natural question arise: How about the dual of an infinite dimen-
sional Hopf quasigroup? This motivates the main object of this thesis: multiplier Hopf
coquasigroups, which can be considered as a generalization of multiplier Hopf algebras
and Hopf coquasigroups.

Fourier transform in multiplier Hopf algebra and multiplier Hopf coquasigroup is

a valuable tool to deal with infinite-dimensional case. Therefore, this thesis focus the



applications of Fourier transform on the dual of Hopf quasigroups and Hopf coquasi-

groups.

§1.2 Main results

In this subsection, some interesting results are listed.

For an infinite dimensional Hopf quasigroup H, the left faithful integral ¢ is unique
up to scalar.

Theorem 3.1.2 Let ¢’ be another left faithful integral on H, then ¢’ = Ay for

some scalar A € k, i.e., the faithful left integral on H is unique up to scalar.

Use this faithful left integral, we construct the integral dual H = {©(-h) |h € H}.

under the assumption
o((-h)), oW (h-)) € H, Vh,}i' € H,

we show that H has a structure similar to the multiplier Hopf algebra, i.e. multiplier
Hopf coquasigroup defined in Definition 3.2.11.

Theorem 3.2.12 Let (H, A) be an infinite dimensional Hopf quasigroup with a
faithful integral ¢ and a bijective antipode S. Then under Assumption 3.2.3 the inte-
gral dual (ﬁ , 3) is a regular multipler Hopf coquasigroup with a faithful integral.

Next, we consider the properties of a multiplier Hopf coquasigroup A. One of the
useful properties is the existence of local units:

Proposition 4.1.1 Let (A, A) be a regular multiplier Hopf coquasigroup with a
non-zero integral ¢. Given finite numbers of elements {a,as, -+ ,a,}, there exists an

element e € A such that a;e = a; = eq; for all i.

Using the local units, we can get

A = span{(id @ ¢)(A(a)(1 @ b)) | a,b € A},
A = span{(id ® ) ((1® a)A(b)) | a,b € A},

where 'span’ means the linear span of a set of element. This is useful in the dual
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construction of multiplier Hopf coquasigroup.

In order to construct the dual, we need the faithful left integrals. we show that
faithful left integrals is 1-dimensional.

Theorem 4.1.4 Let ¢’ be another faithful left integral on (A, A), then ¢’ = A\p
for some scalar A € k, i.e., the faithful left integral on A is unique up to scalar.

Using this kind of faithful left integrals, we construct the dual of discrete multiplier
Hopf coquasigroup, and get another main result:

Theorem 4.2.7 Let (A, A) be a regular multiplier Hopf coquasigroup of discrete
type with a faithful left integral ¢. Then (A\, 3) is a Hopf quasigroup.

Then, we consider the biduality theorem of Hopf quasigroup and discrete multiplier
Hopf coquasigroup, and get the following two results:

Theorem 4.3.1 Let (H, A) be a Hopf quasigroup, and (ﬁ, ﬁ) be the dual mutipli-
er Hopf coquasigroup of discrete type. For h € H and f € ﬁ, we set I'(h)(f) = f(h).
Then I'(h) € [?T for all h € H. Moreover, I' is an isomorphism between the Hopf
quasigroups (H,A) and (f[, E)

Theorem 4.3.2 Let (A, A) be a discrete multiplier Hopf coquasigroup, and (ﬁ, ﬁ)
be the dual Hopf quasigroup. For a € A and w € A, we set ['(a)(w) = w(a). Then
['(a) € ;T for all @ € A. Moreover, I' is an isomorphism between the multiplier Hopf
coquasigroup (A, A) and (:Z, E)

In the last chapter, we apply the techniques introduced in multiplier Hopf algebra
and multiplier Hopf coquasigroup theories to some special cases. First, we construct the
diagonal crossed product €9, s)cq H 1 H(a, 8) for an infinite dimensional coFrobenius
Hopf algebra H with «, f € Aut(H).

Proposition 5.1.1 Let H be a coFrobenius Hopf algebra with its dual multiplier
Hopf algebra H. Then A = D o.sycc Aws) = Dlapcc H 1 H(a, B) is a quasitrian-
gular G-cograded multiplier Hopf algebra with the following strucrures:

e For any (a, ) € G, A(a,p) has the multiplication given by

(poah)(geal) = p(alhay) » g 4 S7 B(h))) > he)l

forp,qefland h,l e H.



e The comultiplication on A is given by:

Awa,8),(16) + Alap)rs) — M (A, @A),
A(a,8),(v.0) (P B R) = A“P(p)(y @ v~ Bv)A(h).

e The counit €4 on A,y = D(H) is the counit on the Drinfel’d double of H.

e For any («, 5) € G, the antipode is given by

St Afag) — Ap)-1,
Stays) (P> h) = T(afS(h) © S7Hp)) in Ag 1 = Aa-1ap-1a-1)-

A crossing action £ : G — Aut(.A) is given by

8 _
20 Aps) — At = Alara-tas-16r-1gva-1);
7,9)

n(prah) =pofa~t paayT By(h).

e A generalized R-matrix is given by

R= Y BRapgmo= Y, exBlwevxl

(,8),(7,0)€G (,8),(7,0)€G

Then we consider the epresentation category of the diagonal crossed product, and
show it is isomorphic to the Yetter-Drinfeld category.
Theorem 5.1.5 For a coFrobenius Hopf algebra H,

YD (a, 8) = gy M- (1.1)

Theorem 5.1.7 For a coFrobenius Hopf algebra H and its G-cograded multipli-
er Hopf algebra A = @(aﬂ)ecﬁl >1 H(a, ), Rep(A) and YD(H) are isomorphic as

braided T-categories over G.

In the end, we consider Drinfeld twists of multiplier Hopf algebras, and determines

how the integral changes under a Drinfeld twist in multiplier Hopf algebras case.
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Theorem 5.2.11 Let (A, A) be a quasitriangular multiplier Hopf algebra with
generalized R-matrix R. Then (A7, A7) is also quasitriangular, and the quasitriangular

structure given by
R = J;'RJ.

Theorem 5.2.13 Let (A, A) be a counimodular algebraic quantum group with a

non-zero left (resp. right) integral ¢ (resp. ) and J be a Drinfeld twist. Then the

1

elements ¢’/ = u; — ¢ and ¢/ = ¢ ~ u;' are non-zero left and right integrals on

(A7, A7) respectively.



Chapter 2 Preliminaries

All spaces we considered are over a fixed field k. Let A be an (associative) algebra.
We do not assume that A has a unit, but we do require that the product, seen as a
bilinear form, is non-degenerated. This means that, whenever a € A and ab = 0 for
allb e A or ba =0 for all b € A, we must have that a = 0. Then we can consider the
multiplier algebra M(A) of A. Recall that M (A) is characterized as the largest algebra
with identity containing A as an essential two-sided ideal. In particularly, we still have
that, whenever a € M(A) and ab =0 for all b € A or ba = 0 for all b € A, again a = 0.
Furthermore, we consider the tensor algebra A @ A. It is still non-degenerated and we

have its multiplier algebra M (A ® A). There are natural imbeddings
ARACMA) @ M(A) C M(A® A).

In generally, when A has no identity, these two inclusions are stict. If A already has
an identity, the product is obviously non-degenerate and M(A) = A and M(A® A) =
A® A. More details about the concept of the multiplier algebra of an algebra, we refer
to [23].

Let A and B be non-degenerate algebras, if homomorphism f : A — M(DB) is
non-degenerated (i.e., f(A)B = B and Bf(A) = B), then has a unique extension to a
homomorphism M (A) — M (B), we also denote it f.

§2.1 Multiplier Hopf algebras

Now, we recall the definition of a multiplier Hopf algebra (see [23] for details).
A comultiplication on algebra A is a homomorphism A : A — M(A ® A) such that
A(a)(1 ® b) and (@ ® 1)A(b) belong to A ® A for all a,b € A. We require A to be

coassociative in the sense that
(@1 1)(AR)(AB)(I®e) =0 A)((a® DHAD)(1®1®Cc)

for all a,b,c € A (where ¢ denotes the identity map).
A pair (A, A) of an algebra A with a non-degenerate product and a comultipli-
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cation A on A is called a multiplier Hopf algebra, if the linear map 713,75 defined
by

Ti(a®b) = Aa)(1®b), Tr(a®b) = (a @ 1)A(b) (2.1)

are bijective.

The bijectivity of the above two maps is equivalent to the existence of a counit

and an antipode S satisfying (and defined by)

(e®1)(A(a)(1 ® b)) = ab, m(S ® 1) (A(a)(1 ®b)) = e(a)b, (2.2)
(t@e)((a®1)A(b) = ab, m(t® S)((a® 1)A(b)) = e(b)a, (2.3)

where € : A — k is a homomorphism, S : A — M (A) is an anti-homomorphism and
m is the multiplication map, considered as a linear map from A® A to A and extended
to M(A) ® A and A® M(A).

A multiplier Hopf algebra (A, A) is called regular if (A, A®P) is also a multiplier
Hopf algebra, where AP denotes the co-opposite comultiplication defined as AP =
7o A with 7 the usual flip map from A ® A to itself (and extended to M(A® A)). In
this case, A(a)(b® 1), (1®a)A(b) € A® A for all a,b € A. By Proposition 2.9 in [24],
a multiplier Hopf algebra (A, A) is regular if and only if the antipode S is bijective
from A to A.

Throughout this paper we freely use the coalgebra, Hopf algebra and multiplier
Hopf algebra terminology introduced in [4, 12,21, 23,24]. We will use the adapted
Sweedler notation (see [25]) for multiplier Hopf algebras, e.g., write any ® a(2)b for
A(a)(1 ®b) and abpy ® by for (a @ 1)A(b).

§2.1.1 Algebraic quantum groups and their dualities

Assume in what follows that (A, A) is a regular multiplier Hopf algebra. A linear
functional ¢ on A is called left invariant if (1 ® ¢)A(a) = p(a)l in M(A) for all a € A.
A non-zero left invariant functional ¢ is called a left integral on A. A right integral
can be defined similarly.

In general, left and right integrals are unique up to a scalar if they exist. And if

a left integral ¢ exists, a right integral also exists, namely ¢ o S. Although may be

7



different, left and right integrals are related. For a left integral ¢, there is a unique
group-like element (modular element) 6 € M(A) such that ¢(S(a)) = ¢(ad) for all
a € A.

For an algebraic quantum group (A, A) with integrals, define A as the space of
linear functionals on A of the form ¢(-a), where a € A. Then A can be made into a
regular multiplier Hopf algebra with a product(resp. coproduct A on 2) dual to the
coproduct A on A (resp. product of A). It is called the dual of (A, A). The various
objects associated with (ﬁ, 3) are denoted as for (A, A) but with a hat. However, we
use € and S also for the counit and antipode on the dual. The dual (ﬁ, 3) also has
integrals, i.e., the dual is also an algebraic quantum group. A right integral J on A
is defined by J(gp(-a)) = g(a) for all a € A. Repeating the procedure, i.e., taking the

-~

dual of (4, A), we can get A = A (see Theorem (Biduality) 4.12 in [24]).

From Definition 1.5 in [6], an algebraic quantum group A is called counimodular,
if the dual multiplier Hopf algebra A is unimodular integral, i.e., S=1in M (A). For
a counimodular algebraic quantum group, we have p(ab) = ©(bS?(a)) for all a,b € A

(see Proposition 1.6 in [6]).

Start with two regular multiplier Hopf algebras A and B together with a non-
degenerate bilinear map (-, ) from A x B to K satisfying certain properties. The main
property is the comultiplication in A is dual to the product in B and vice versa. For

more details, see [13].

For a € A and b € B, we can define multipliers a » b,b €4 a € M(B) and
b» a,a 4be M(A) in the following way. For ¢’ € A and V/ € B, we have: (b »
a)a' =Y (a@),b)ama’, (a» b)b' = (a,bo)bmyl', (a 4 b)a’ = (an),b)ap)a’ and
(b €a)b = (a,ba))beyb’. The regularity conditions on the dual paring (,) say that
the multipliers b » a and a €4 b in M(A) (resp. a » b and b <€ a in M(B)) actually
belong to A (resp. B). For more details, see [8].

We mention that (S(a),b) = (a,S(b)), (1a(a),b) = €(b) and (a, Lryp)) = €(b).
Sometimes without confusion we denote the unit 1,704y of M(A) by 1. We also use

bilinear forms on the tensor products in the following way

(a®d,bl) =/ {a,b){d,b), (bRa,d V)= {(d b)a,b)

8



for all a,a’ € A and b,/ € B. These bilinear forms are non-degenerate and can be

extended in a natural way to the multiplier algebra at one side.

§2.1.2 Multiplier Hopf T-coalgebras and their quasitriangular structures

Let (A, A) be a multiplier Hopf algebra and G a group with unit e. Assume that

there is a family of (non-trivial) subalgebras {A,},c of A so that
(1) A= D, cq Ap with A,A; = 0 whenever p,q € G and p # q.
(2) A(A,)(1®A) =A,®A, and (4, @ 1)A(A,,) = A, ® A, for all p,q € G.

Then (A, A) is called a G-cograded multiplier Hopf algebra(see |?,10]).
We extend the Sweedler notation for a comultiplication in the following way: for

any p,q € G,a € Ay, and a' € A,, we write
Apg(a)(1®d') = aqy) @ a@gd

Let A be a G-cograded multiplier Hopf algebra, then A has the form A = @pEG Ap.
Assume that there is a group homomorphism 7 : G — Aut(A). We call m an admis-

sible action of G on A if also the following requirements hold
(1) A(mp(a)) = (1, @ m,)A(a) for all a € A.
(2) m(Ay) = A, () Where p is an action of the group G on itself.

(3) Tp,(@) = Tpgp—1-
This means that the map 7 takes care of p not being the adjoint action. If p is the

adjoint action, 7 is called a crossing.

A group-cograded multiplier Hopf algebra A = ®p€G A, is said to be a multiplier
Hopf T'-coalgebra provided it is endowed with a crossing 7 such that each 7, preserves

the comultiplication and the counit, i.e., for all p,q,r € G,
(Mg ® M) Apr = Dgpg-1,9rq1Tq,  ETg =€,

and 7 is multiplicative in the sense that m,, = 7,7, for all p, ¢ € G. It can be considered

as generalization of crossed Hopf G-coalgebra introduced in |?].

9



Let A be a multiplier Hopf T-coalgebra, then we can construct a new regular mul-
tiplier Hopf algebra on A by deforming the comultiplication while the algebra structure
on A is kept (see Theorem 3.11 in [9]). The comultiplication deformation of A depends

on the crossing 7 in the following way: for all @ € A and o' € A,
Ala)(1®d') = (11 ® 1)(Aa)(1 @ a)).

Recall from [10], a G-cograded multiplier Hopf algebra with a crossing action 7 is
called quasitriangular if there is a multiplier R = ) R,, with R,, € M(A,® A,)

such that

p,q€G

(mp ® m,)(R) = R, RA(a) = (A)*P(a)R,
(A®)(R) = Ri3Rys,  (1® A)(R) = RisRia.

for all p € G and a € A. Sometimes we call R a generalized R-matrix.

§2.2 Hopf (co)quasigroups

Recall from [19] a Hopf quasigroup is possibly non-associative but unital algbera
H equipped with algebra homomorphisms A : H — H ® H, ¢ : H — k forming a

coassociative coalgebra and a map S : H — H such that

m(id @ m)(S ®id ® id)(A ® id) = € ® id = m(id @ m)(id ® S ® id)(A ® id),
m(m ®id)(id @ S ® id)(id® A) =id @ e =m(m ® id)(id ® id ® 5)(id @ A).

These two equations can be written more explicitly as: for all g,h € H,

Z S(hay)(h@)g) = Z hay (S(he)g) = Z (9S(h@y))he) = Z(Qh(n)s(h(z)) = ¢e(h)g,

where we write Ah = 3 h(1) ® h(2) and for brevity, we shall omit the summation signs.

The Hopf quasigroup H is called flexible if

hay(ghe) = (hwyg)he,  Vg,h € H, (2.4)

10



and alternative if also

hay(h@g) = (hayhe)g, h(9)9c2) = (hga))9@), Vg,h € H. (2.5)

H is called Moufang if

hay(9(hey 1)) = (hw@he)f,  Vhig f€H. (2.6)

It was proved that the antipode S is antimultiplicative and anticomultiplicative,

ie., forall g,h € H,
S(gh) = S)S(g),  A(SK) = S(ha) @ S(hq).

Moreover, if H is cocommutative flexible Hopf quasigroup, then S? = id and for all

g,h e H,

hay(95(h)) = (h1)9)S(h)-

Dually, we can obtain a Hopf coquasigroup by reversing the arrows on each map
in Hopf quasigroup.

A Hopf coquasigroup is a unital associative algebra A equipped with counital
algebra homomorphism A: A — A® A, ¢: A — k and a linear map S : A — A
such that for all a € A,

(m @ id)(S @ id @ id)(id © A)A = 1® id = (m & id)(id ® S ® id)(id ® A)A,
(id@m)(id ® S ® id)(A @ id)A = id ® 1 = (id @ m)(id ® id ® S)(A @ id)A.

In other word,

Slamy)ag)) ® ap)e) =1®a=an)S(ae)) ® ag)e):
a1 ® S(amy@)ae) = a® 1= am)a) @ auye2)S(ae)-

A Hopf coquasigroup is flexible if

a()a2)(2) ® a@)1) = a1)1)ae) © a)(2), Va € A, (2.7)

11



and alternative if also

a)a@2)1) ® a@)2) = 41)1)aa)e) o), (2.8)
a1) @ a)1)aE)2) = an) ® au@e)ae),  Ya €A (2.9)

A is called Moufang if

a(1)a(2)2)(1) @ a2)(1) @ a2)(2)(2) = A1)1)1)41)2) @ a1)(1)2) @ a2), Va € A, (2.10)

The term ’counital’ here means
(ld®e)A =id = (e ®id)A.

However, A is not assumed to be coassociative.

It was shown in [19] Proposition 5.2 that: Let A be a Hopf coquasigroup, then
(1) m(S ®id)A = pe = m(id ® S)A.
(2) S is antimultiplicative S(ab) = S(b)S(a) for all a,b € A.
(3) S is anticomultiplicative AS(a) = S(a(2)) ® S(a) for all a € A.

Hence a Hopf coquasigroup is Hopf algebra iff it is coassociative.
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Chapter 3 Hopf quasigroups with faithful integrals

For an infinite dimensional Hopf quasigroup, if the faithful integral exists, then it
is unique up to scalar. Base on the faithful integrals, we construct the integral dual of
a class of infinite dimensional Hopf quasigroups, and show that the integral dual has a
similar structure to Hopf coquasigroup, which is a regular multiplier Hopf coquasigroup

with a faithful integral.

§3.1 Integrals on Hopf quasigroups

Let H be a finite dimensional Hopf quasigroup and H* = Hom(H, k) be the dual

space with natural Hopf coquasigruoup structure given by

{ab, h) = (a,ha))(b, b)), (Ala),h @ g) = (a, hg),
<17 h> = 5(h)7 <a7 1> = 8(@), <S(a’)7 h> = <a’7 S<h)>

Then there is a natural question: For an infinite dimensional Hopf quasigroup H, how
about its dual?

Recall from [18], a left (resp. right) integral on H is a nonzero element ¢ € H*
(resp. ¥ € H* ) such that

(id @ o) A(h) = p(h)1y  (resp.(¢y ® id)A(h) =¥ (h)1g), Vh € H.
And from Lemma 3.3 in [18], we have that ¢ o S is a right integral on H.

Lemma 3.1.1 | [18]|, Lemma 3.4, 3.8] Let ¢ (resp. ) be a left (resp. right)
integral on H, then for h,g € H

haye(h@S(g)) = e (hS(9)) 92, haye(ghe) = S(9))e(9@h). (3.1)
V(S(9)ha))ha =¥ (S(ge)h)9a), Y(gmyh)ge) = (gha)S(hw). (3.2)

Proof From the proof of Lemma 3.4 and 3.8 in [18], we can easily check the above

equations also hold in infinite dimensional case. O

13



In the following, we will constuct the 'integral dual’ of a class of infinite dimensional
Hopf quasigroup. Let H be an infinite dimensional Hopf quasigroup with a bijective
antipode and a faithful left integral, i.e., p(gh) = 0,Vh € H = g = 0 and p(gh) =
0,Vge H= h=0.

First, we show that for the infinite dimensional Hopf quasigroup, the faithful left

integral is unique up to scalar.

Theorem 3.1.2 Let ¢ be another faithful left integral on H, then ¢’ = Ay for

some scalar A € k, i.e., the faithful left integral on H is unique up to scalar.

Proof From Lemma 3.1.1, we have hy¢(gh)) = S(9a))¢(9@)h) for all h,g € H.
Apply ¢’ to both expressions in this equation. Because ¢’ o S is a right integral, the
right hand side will give

©'(Sg01))e(9h) = ©(@'S(901))92)h) = ©(¢'S(g)1h - h) = ¢'S(g)e(h).

For the left hand side,

¢ (hayp(ghe)) = ¢'(ha))e(ghe) = ¢(9¢' (ha)he) = ¢(g0n),

where 8, = ¢'(h(1))h2). Therefore, ¢'S(g)p(h) = ¢(gép) for all h,g € H.

We claim that there is an element 6 € H such that d, = ¢(h)d for all h € H.
Indeed, for any h' € H

o(gp(h)on) = @(h)p(gon) = w(h')'S(g)e(h)
= p(h)¢'S(g)p(h') = w(h)p(gon)
= @(g9o(h)ow),

then p(h')on, = @(h)dy for all h,h' € H, since ¢ is faithful. Choose an b’ € H such
that ¢(h') = 1 and denote § = 0y, then &, = p(h)d.

If we apply €, we get

p(h)e(0) = <(dn) = e(¢'(ha)h)
= ¢'(hay)elhe) = ¢ (haelhw))
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= ¢(h)
for all h € H and with A = £(9), we find the desired result. O

Remark Similarly, the right faithful integral on H is unique up to scalar. How-
ever, it is a pity that the non-zero faithful integrals do not always exist in infinite

dimensional case, even for the special infinite dimensional Hopf algebra case.

Proposition 3.1.3 There is a unique group-like element 0 € H such that for all
heH

(1) (¢ @ id)A(h) = (h).

(2) pS(a) = ¢(ad).

Furthermore, if the antipode S is bijective, then (id ® ¢¥)A(h) = ¥ (h)§ .

Proof From the proof of Proposition 3.1.2, ¢(h)d = 6, = ¢'(ha))h) and ¢’ S(g)e(h) =
©(gdn), we take ¢’ = ¢ and get a element 6 € H such that (¢ ® id)A(h) = ¢(h)d and
©S(h) = @(hd). This gives the first part of (1) and (2).

If we apply € and A on the first equation, we find £(6) = 1 and A(d) = ® 4. by
Proposition 4.2 (1) in [19] S(§)d = 1 = §S(4), then S(6) = 6~'. Hence § is a group-like
element.

Because S flips the coproduct and if we let ¢ = p o S, we get

(id@Y)Ah) = STHS@Y)A(R) = S7H(S®poS)A(R)
= S7Hid® p)(S® S)A(h) = ST (id ® ) A“P(S(h))
= 5 pid)AS(h) 2 5 e(S(h))9)
= ()
This completes the proof. O

Remark (1) The square S? leaves the coproduct invariant, it follows that the
composition ¢ o S? of the faithful left integral ¢ with S? will again a faithful left
integral. By the uniqueness of faithful left integrals, there is a number 7 € k such that

poS?=rT1p.
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(2) If we apply (2) in Proposition 3.1.3 twice, we get
0(S%(a)) = ¢(S(a)d) = ¢(S(67'a)) = ¢((0 " a)d).

So ¢((67'a)d) = Tp(a).

§3.2 Integral dual

In this section, we will construct the dual of an infinite dimensional Hopf quasi-
group. This construction bases on the faithful integrals introduced in the last section.
Here, we also start with defining the following subspace of the dual space H*.

Definition 3.2.1 Let ¢ be a faithful left integral on a Hopf quasigroup H. We
define H as the space of linear functionals on H of the form ©(-h) where h € H, i.e.,

H={p(-h)|h e H}.

Lemma 3.2.2 Let H be a Hopf quasigroup and ¢ (resp. ) be a left (resp. right)
integral on H. If a € H, then there is a b € H such that ¢(ax) = ¢(zb) for all x € H.
Similarly, given ¢ € H, we have p € H so that p(zp) = ¥ (qz) for all x € H.

Proof By the equations (3.1) in Lemma 3.1.1 and (3.2), we have for any h,z € H,

(Y @) (zqn) @ pS(aw)) = Y(zqu)e®@S(aw)) = e(P(zqq)S(ae))
= opv(rme)ze) = v(zna)e(pze)
(zye(pr2))q) &) (S(pay)e(per)q)

I
<

= pe2)Y(S(pa))) = ¢<(¢(S (po))Q)P@))x)
= @((w oS ®id)((S'(q) ® 1)A(p))x)~

On the other hand, we also have

(¥ @ @) (zqn) @ pS(a)) = Y(zqw)e(PS(ae)) = ¢($(Q(1)<P(p5(Q(2))))>
= v(2(id© ¢ 8)(AW)(1® S ().

By Theorem 4.5 in [27], Galois maps 7} : a®b — A(a)(1®b) and Ts : a®b — (a®1)A(D)
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are bijective, then any element in H has the form (¢ 0S®id)((S™(¢)®1)A(p)). Hence

the above calculation will give us the formula ¢(ax) = ¢ (2b) for all = € H.

Similarly by computing (@) (S(g(2))z®ga)S(p)), we get the second assertion. O

Remark (1) In the proof of second part, we need Galois maps T3 : a®b — A(a)(b®
1) and Ty : a ® b +— (1 ® a)A(b) are bijective, which follows the fact that the antipode
S is bijective, and T3 ' : a ® b+ by ® S~ (b1y)a and Ty : a @ b — S~ a()) ® aq).
(2) From Lemma 3.2.2, we get that

H={o(-h)|h€ H} = {¢(h:) |h € H}.
and {p(h)|h € Hy = {¢(-h) |h € H}.

In the following, we need the following assumption to construct the dual.

Assumption 3.2.3
o((-h)), (W (h-)) € H, Yhh' € H. (3.3)
Remark Following this assumption, Proposition 3.2.3 (2) and 3.2.5, we have
{e(-h)|he H} ={p(h-)|he H}, Vh,h' € H.
Therefore,
H={p(h)|he H} = {(h) |h € H} = {p(h) |h € H} = {$(-h) | h € H}

and o ((-R)R), (1 (h-)) € H.

We start by making H into an algebra by dualizing the coproduct.

Proposition 3.2.4 For w,w' € ﬁ, we can define a linear functional ww’ on H by

the formula
(ww')(h) = (w @ w")A(h), Vhe H. (3.4)

Then ww' € H. This product on H ia associative and non-degenerate.
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Proof Let w,w’ € H and assume that w’ = ¢(-m) with m € H. we have

(ww')(h) = (w@p(m)Ah) = (w@)(Ah)(1 & m))

3.1

= w(hayp(hegm) = w<s_l(m(1)‘p(hm(2)))>
= o (h(wS mu)me))

We see that the product ww’ is well-defined as alinear functional on H and it has the
form ¢(-g), where g = wS™(m))me). So ww' € H. Therefore, we have defined a
product in H.

The associativity of this product in H is an consequence of the coassociativity of
Aon H.

To prove that the product is non-degenerate, assume that ww’ = 0 for all w € H.

From the above calculation, for any h € H, 0 = (ww')(h) = (h( “Hmay)me ))

then wS~!(m1))m) = 0 because of the faithfulness of ¢. This implies wS~*(m) =
for all w € H, i.e., p(S~ (m)h) = 0 for all h € H. We conclude that S~!(m) = 0 then
m =0, i.e., w' = 0. Similarly, ww’ = 0 for all v’ € H implies w = 0. O

Remark Under the assumption, the elements of H can be expressed in four dif-
ferent forms. When we use these different forms in the definition of product in H , we

get the following useful expressions:
(1) we(-a) = @(-b) with b = wS™(aq))a@); (2) we(a) = p(c) with ¢ = wS(am))a).
(3) Y(-a)w = Y(-d) with d = aqywS(a@); (4) ¥(a)w = (e) with e = aqywS (aw)).

Moreover, the multiplier algebra M (f-\l ) of H can be identified with the space H*.
Indeed, for f € H* and w € ﬁ fw,wf € ﬁ[ ; he counit ¢, as a linear functional on
H, is in fact the unit in the multiplier algebra M (H ) fw =0 (resp. wf = 0) for all
we H implies f = 0.

Let us now define the comultiplication A on H. Roughly speaking, the coproduct

is dual to the multiplication in H in the sense that

@(W),x ®y) = (w,zy), Vz,y€ H.
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Definition 3.2.5 Let wq, ws € ﬁ, then we put

o~

(w1 @ DA(w2), z®@y) = (w1 ®@wa, 1)@ T(2)Y) (3.5)
(Aw)1@w),z@y) = (w ®wa,xy) @ Y(z)) (3.6)

for all x,y € H.

We will first show that the functionals in Definition 3.2.7 are well-defined and
again in H & H.

~

Lemma 3.2.6 (w; ® 1)A(ws), A(w)(1@ws) € H® H. These above two formulas
define A(w) as a multiplier in M (H ® H) for all w € H.

Proof Let wy = ¢(a-) and wy = ¢ (b-), where a,b € H. For any =,y € H, we have

(w1 @ DAW,),z@y) = (0 @ws,z0) D T(2)Y)

= Plaz)P(bzey)) = (0¥ (arm)rey))
=" (b (aqyx)S™ (aw)y)) = P(amz)P (b(S™ (aw)y))
= <¢(a(1)') ®¢(b(5_1(a<2))')))($®y)-

By the assumption, we obtain that (w; ® 1)A(ws) is a well-defined element in H @ H.
It is similar for the A(w;)(1 ® ws).

Using the fact that the product in H is dual to the coproduct in H and A in H is
coassociative, it easily followings that ((w; ® 1)3(102)) (1®w;s) =(w ®1) (8(11}2)(1 ®
ws)). Therefore, A(w) is defined as a two-side multiplier in M(H @ H). O

Proposition 3.2.7 A:H— M(?[ ® ?[) is an algebra homomorphism, and also
(1 ® wy)A(ws), A(wy)(we ®1) € H® H.

Proof 1t is straightforward that A is an algebra homomorphism, since for all

r,ye H

(Awwy) (1@ ws), 2 @y) = (wiws ® ws, 7y ® Yz))
= (w1, z)Ya)m)) (e, TY)2))(Ws, Y2)),
Aw)A(w) (1@ w),z0y) = Aw)(f@g),70y) (Aw)(1ew)=fog)
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wy ® w3, T2)Y2)1) @ Y2)(2))

g
S
R
=
<
=

(
(A(ws)(1 ® ws), 2(2) @ Yea))
(
(

=
8
P
[
=
<
~
=
=
)
8
PN
®
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<
~
®
=
=
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=
S~
g
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<
=
®
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=
>
=

By the coassociativity of A of H, we get A(wiws)(1 ® ws) = A(w;)A(ws)(1 ® ws) for
all wy € H. This implies 3(11}1?,02) = ﬁ(wl)ﬁ(wg).

With the bijective antipode, the proof of the second assertion is similar to the

proof of Lemma 3.2.8. O

Let w € H and assume w = ¢(-a) with a € H then. Define £(w) = ¢(a) = w(ly).

Then £ is a counit on (H, A) as follows.

Proposition 3.2.8 ¢: H—>kisan algebra homomorphism satisfying

(id @ 8) (w1 @ 1)A(ws)) = wyw, (3.7)

for all wy, wy € .

Proof Firstly, let wy = ¢(a-) and wy = ¢(b), then wyws = ¢(c) with ¢ =
¢(aS(ba)))be). Therefore, if ¢ = p o S we have

Elwiwy) = o(c) :go(aS(b(l)))go(b(z))
= ¢(aS(baye(bwe)))) = w(a)e(b)

= E(wy)e(wy).

Secondly, let wy = ¥(a-) and wy = 1(b-), then we have

~

(w1 @ D)A(wz) = ¥(aa)) @Y (b(S (aw)-)),
Y(a)(b:) = Plagy )Y (bS™ agw)).
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Hence,

(id ®8) (w1 @ DA(ws)) = t(aq) ) (b(S™ (az)1))

Finally, the second formula is proven in a similar way, in this case letting w; =

o(-a) and we = @(+b). g

Let S: H —s H be the dual to the antipode of H, i.c., S(w) = w o S. Then it is
casy to see that S (w) € H, and we have the following property.

Proposition 3.2.9 S is antimultiplicative and coantimultiplicative such that

wow = (meid)(id® S ®id ((zd@A
m ® id
id®m)(id® S ®id

id®@m)(id ®id ®

( ) )
( )(S ©id @ id)
( ) )
( ) S)

Proof For wy,wy € H and any z € H,

(S(wiwy), ) = (wiwy, S(x)) = (wr, S(ws)) (wy, S(a1))
= (S(wy), 22){S(wp), x1) = (S(wp)S(wy), z)

This implies S is antimultiplicative.

(AS(w)(1® S(ws)), x@y) =" (S(wn) © S(ws), 190 @ yia)
1 Sy (ws, S(y)

(S
{
= (w1, 5(y)@5(@)) (wa, S(y) )
{
{
{

g

wy ® wi, S(Y)1) ® S(¥)2)S(x))

ws ® 1)A(w), S(y) © S(x))

(
(S ® S)A“P(w;)(1 ® S(ws)), x @ y),
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We conclude S is coantimultiplicative.

Finally, we show w' ® w = (m ® id)(id ® S ® i

other three formulas is similar.

(m @ id) (id >QM®AM
Ud@A( w)), T
= (((w' )<n®5 )Y)
<w®wx )®%mﬂﬂwmw>
= (Wowzey).

This completes the proof.

dxumgﬁx@/®nﬁ@m)mm

(w @ D)Aw))),z @)

® S(x2)) ®Y)

The equation in the Proposition 3.2.11 can be expressed by generalized Sweedler

notation as follows.

w @ w

As a consequence, the antipode S also satisfies

m(id © S)((w ® 1)A(w,

m(S @ id) (A(w) (1 © wy)) =

In fact, there is another way to prove.

(m(id ® S)((wy ® 1)A(w,)), z) (
(
(
(

E(we)w;.

ud®§x@h®n£w@
(U}1®1

wi ® wa), T(1yn) © L(1)(2)S (%

S (W) ® Wy
Wiryy ® W) () S (Wigy .
)) = E(wa)wy,

é\(wl)wg

),

® S(x

T(1) ® T(2))
@))
(2))>

(w2)), (1)

w1 @ wa, T ® 1)

Let ¢ be a right faithful integral on H. For w = ¢(a-) we set p(w) = e(a). Then
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we have the following result.
Proposition 3.2.10 ¢ defined above is a faithful left integral on H.

Proof 1t is clear that ¢ is non-zero. Assume w; = ¥(a-) and wy = ¥(b-) with

a,b € H, then

(w1 ® D)A®ws) = Ylay) @ (b(S™ (aw)")).

Therefore, we have

(id 2 ) ((w @ DAws)) = blap)) @ Pe (S (ae))
— la)e(b) = Blws)un.

Next, we show that @ is faithful. If wy,wy € H and assume wy; = Y(a) with
a € H, we have wiwy = w(a(l)wQS_l(a(g)) . ) Therefore, P(wiws) = wyS™1(a). If this
is 0 for all @ € H, then wy = 0, wile if this is 0 for all wy then a = 0. This proves the
faithfulness of . O

Now, we introduce an algebraic structure: multipler Hopf coquasigroup, general-
izing the ordinary Hopf coquasigroup to a nonunital case. Let A be an (associative) al-

gebra, may not has a unit, but the product, seen as a bilinear form, is non-degenerated.

Definition 3.2.11 A multipler Hopf coquasigroup is a nondegenerate associative
algebra A equipped with algebra homomorphisms A : A — M(A ® A)(coproduct),

e : A — k(counit) and a linear map S : A — A (antipode) such that

(1) Ti(a®b) = Ala)(1 ® b) and Th(a ® b) = (a ® 1)A(b) belong to A ® A for any
a,be A

(2) The counit satisfies (¢ ® id)T1(a ® b) = ab = (id ® €)Tz(a @ b).

(3) S is antimultiplicative and anticomultiplicative such that for any a,b € A

Slawy)ae)m) @ ae)e) =1®a=anS(aen) @ ae)e), (3.9)
ay) ® S(ame)ae) = a®1 = an)) @ au e Saw). (3.10)
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If the antipode S is bijective, then multipler Hopf coquasigroup (A, A) is called regular.

Remark (1) In multipler Hopf coquasigroup (A, A), T} and Ty are bijective. If
(A, A) is regular, then T3 and Ty are also. In fact, from (3) in Definition 3.2.11 we can
easily get

m(id ® S)((a ® 1)A(b)) = e(b)a,
m(S @ id)(Aa)(1®b)) = e(a)b.

(2) The equation (3.9) and (3.10) make sense. Take (3.9) for example, (3.10) is

similar.

b@ac = baw)S(apm) © ae)e)C
= (m®id)(ideS® z’d)((z‘d@ A)((be1)A@))(1e1® c)).

bany®a) = (b®1)A(a) € A®A, and then a1 ® a2 2)c € AR A. Therefore, b®ac =
ba(l)S(a@)(l)) @ a2)(2)C holds for all b, ¢ € A. This implies a(l)S(a(g)(l)) a2 = 1®a.

b®ac = S(au))aemb® aeec = S(a))aemra) ® az)@) @)y
= meid(Seidsid((deA)(A@len)leley)),

where b ® ¢ = A(z)(1 ® y). b® ac = S(ap))ae)a)b ® a)@ec for all b,c € A implies
1 ®a = S(am)ae)a) @ ae)e)-

(3) The comultiplication may be not coassociative. Multipler Hopf coquasigroup
weakens the coassociativity of coproduct in multiplier Hopf algebra, while algebraic
quantum hypergroup in [7| weakens the homomorphism of coproduct. This is the main

difference.

Following Definition 3.2.11, we get the main result of this section.

Theorem 3.2.12 Let (H,A) be an infinite dimensional Hopf quasigroup with a
faithful integral ¢ and a bijective antipode S. Then under Assumption 3.2.3 the inte-
gral dual (f] , 3) is a regular multipler Hopf coquasigroup with a faithful integral.
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Because (infinite dimensional) Hopf quasigroup (H, A) has the unit 15, then there
is a special element ¢ = ¢(-1y) € H such that for w € H

(wp)(h) = (w @ P)A(h) = p(h)w(l) = E(w)p(h).

This implies wp = &(w)y. We call ¢ a cointegral in (H,A).

Analogous to multiplier Hopf algebra case in [24], we say that a regular multiplier
Hopf coquasigroup with a faithful integral (A, A) is of discrete type, if there is a non-
zero element £ € A so that a = e(a)¢ for all a € A.

Then we have the integral dual (]TI , ﬁ) of infinite dimensional Hopf quasigroup
(H,A) is a multipler Hopf coquasigroup of discrete type.

§3.3 Multiplier Hopf coquasigroup: motivating example

In last section, we introduce the notion of multiplier Hopf coquasigroup, extending
Hopf coquasigroup to a nonunital case, and provided a interesting construction: the
integral dual of infinite dimensional Hopf quasigroups with integrals.

In the following, we firstly introduce the motivating example, where Assumption
4.3 naturally holds. And then we make some direct comments on multiplier Hopf co-

quasigroups.

Example 3.3.1 Let G be a infinite (IP) quasigroup with identity element e, by
definition u™!(uv) = v = (vu)u~! for all u,v € G. We have that the quasigroup algebra
kG is a Hopf quasigroup with the structure shown on the base element {u|u € G}

Alu)=u®u, eu)=1, S)=u"

The function d,,u € G on kG is given by 0,(v) = d,.,., where d,, is the kronecker delta.
Then 9, is the left and right integral on kG.

The integral dual k(G) = kG = {0c(-u)|u € kG} = {dy-1|u € kG} = {dc(u-)|u €
kG}. 0.((wv) = dp-1,1 € k(G) and b (u(v-)) = d-1,-1 € k(G). Assumption
3.2.3 naturally holds. Then (k(G), 3, g, §) is a multipler Hopf coquasigroup with the

structure as follows.
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As an algebra, k(G) is a nondegenerate algebra with the product

5u5v = 5u,v5v )

and 1 = )
given by

wee Ou is the umit in M(k(G)). The coproduct, counit and antipode are

AG) =D 0@ 0,14, E(04) = 0ue,  S(8u) = 6,1

veG

By the definition of @, we get the left integral on k(G) is the function that maps

every 0, to 1.

As in the theory of multiplier Hopf algebra in [23|, we also can define a multiplier
Hopf *-coquasigroup (A, A) over C, in which (A, A) is a regular multiplier Hopf co-
quasigroup with the coproduct, counit and antipode compatible with the involution .

ie.,

(1) The comultiplication A is also a *-homomorphism (i.e., A(a*) = A(a)*);

(2) e(a*) = £(a), where (-) means the conjugation of complex numbers;
(3) S(S(a)*)* =a.

Example 3.3.2 In Example 3.3.1 if £ = C, then C(G) is a multiplier Hopf -

coquasigroup.

Proposition 3.3.3 Let (A, A) be a multipler Hopf (x-)coquasigroup. Then (A4, A)
is a multiplier Hopf (x-)algebra introduced, if and only if the comultiplication A is coas-

sociative.

Proposition 3.3.4 If multipler Hopf coquasigroup (A, A) has the unit 1, then
(A, A) is the usual Hopf coquasigroup.

Following these two results, multipler Hopf coquasigroup can be considered as the
generalization of multiplier Hopf algebra and Hopf coquasigroup. Naturally, we can

define flexible, alternative and Moufang multipler Hopf coquasigroup.
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A multipler Hopf coquasigroup (A, A) is called flexible if
amae)e) @ ae)) = ana)ae) ® au)e), vVa e A, (3.11)

and alternative if also

a(1)a2)(1) ® a2)2) = a1)1)a1)2) @ a@), (3.12)
a) ® a@E)nae)e) = an)a) @ a)e)ae), VYo A (3.13)

A is called Moufang if

an)a@)@)(1) @ aE)1) @ )@@ = anmmame @ anme ®ae), Ya€ A, (3.14)

Remark (1) By 'cover technique’ introduced in [25], these four equations make
sense.

(2) From the dual, we can get that the integral dual (ﬁ] : ﬁ) of infinite dimen-
sional flexible (resp. alternative, Moufang) Hopf quasigroup (H,A) is a flexible (resp.

alternative, Moufang) multipler Hopf coquasigroup.
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Chapter 4 Multiplier Hopf coquasigroups

Let A be a multiplier Hopf coquasigroup introduced in last chapter. If the faithful
integrals exist, then they are unique up to scalar. For a multiplier Hopf coquasigroup
of discrete type A, its integral duality Ais a Hopf quasigroup, and the biduality Zl\ is
isomorphic to the original A as multiplier Hopf coquasigroups. This biduality theorem

also holds for a class of Hopf quasigroups with faithful integrals.

§4.1 Integrals on a multiplier Hopf coquasigroup

Let (A, A) be a regular multiplier Hopf coquasigroup with a faithful integral ¢.
Just as in the case of algebraic quantum group (see Proposition 2.6 in [14]) or algebraic
quantum hypergroups (see Proposition 1.6 in [7]), we show that the multiplier Hopf

coquasigroup (A, A) must have local units in the sense of the following proposition.

Proposition 4.1.1 Let (A, A) be a regular multiplier Hopf coquasigroup with a
non-zero integral ¢. Given finite numbers of elements {a;,as, -+ ,a,}, there exists an
element e € A such that a;e = a; = ea; for all 7.

Proof Tt is similar to the proof of Proposition 1.6 in [7]. Set the linear space
V ={(aay,aas, - ,aa,,aia,aa,--- ,apna) | a € Ay C A*.

Consider a linear functional on A2" that is zero on V. This means that we have

functionals w; and p; on A for i =1,2,---  n, such that

Zwi(aai) + Zpi(aia) =0 forallae A

i=1 i=1
Then for all x,a € A we have

n n

> (wi @ id) (Aa) (@ © 1)) + Y (s @ id) (a: © 1)A(a)))

= (w; ®id) ((1 ® z)Aa)(a; @ 1)) + Z(pZ ®id)((a; ® 1)(1 ® z)A(a))

1 i=1

VS

T

i
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= 0,

since (1 ® x)A(a) € A® A. Because the product in A is nondegenerate, we have for
all @ € A that

n n

> (wi @id)(A(a)(a; @ 1)) + Y (pi @ id) ((a; @ 1)A(a)) = 0.

i=1 =1

Now applying ¢ on this expression, we get

cp(a)(iw,;(ai) + ipi(ai)) =0 forallaec A

As integral ¢ is non-zero, we have

So any lieaner functional on A%" that is zero on the space V is also zero on the vec-
tor (ai,asz, - ,an,a1,a9, -+ ,a,). Therefore (aj,as, - ,a,,a1,a9, - ,a,) € V. This

means that there exists an element e € A such that a;e = a; = ea; for all 7. O

Recall from [7] that a linear functional f on A is called faithful if, for a € A, we
must have a = 0 when either f(ab) =0 for all b € A or f(ba) =0 for all b € A. Then

under the faithfulness we can get the following result.

Lemma 4.1.2 Let (A, A) be a multiplier Hopf coquasigroup. If f is a faithful

linear functional on A, then for any a € A there is an element e € A such that
a=(id® f)(A(a)(1®e)).

Proof Take a € A and set V = {(id @ f)(A(a)(1®b)) | b € A}, we need to show
a € V. Suppose that a ¢ V, then there is on A a functional w € A* such that w(a) # 0

while w|y =0, i.e.,

0= w((id @ f)(Ala)(1® b))) - f(((w ® id)A(a))b) for all b € A.
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Observe that (w ® id)A(a) € M(A) and not necessarily belongs to A. However,
we get f(((w ® id)A(a))b’b”) = 0 for all ¥',0” € A and by the faithfulness of f, we
must have ((w ® id)A(a))b’ =0 for all ¥’ € A.

If we apply the counit, w(a)e(b’) =0 for all b’ € A and hence w(a) = 0. This is a

contradiction. O

Similarly we have for a regular multiplier Hopf coquasigroup (A, A),

a€{(id® f)(1®b)A(a)) | be A}
a€{(f®id)((b®1)A(a)) | be A}
a€{(f®id)(Aa)(b®1)) | be A}

for any faithful f € A*. In particularly, when we assume that a left integral ¢ is
faithful, then

A = span{(id ® ¢)(A(a)(1®Db)) | a,b e A},
A = span{(id ® ) ((1® a)A(b)) | a,b € A},

where ’span’ means the linear span of a set of element.

Next, we give some equations on the left and right integral.
Proposition 4.1.3 Let ¢ (resp. 1) be a left (resp. right) integral on A, then for
a,be A

amyp(a@S0) = ¢(aSbu))ba,  agpbag) = S(bay)e(bea).  (4.1)
Y (S(a)b))be) =¥ (Sla)b)aq),  Plawblae = P(abw)S(be).  (4.2)
Proof We prove the first two equations on ¢, and the others are similar.

(2.5)

amp(a@S0) = an)(Sbaye)be)e



= ¢(aS(b)))be),

and
(2.4)
amyp(bag) = (S(0a)beim))ane(be) @)
= S(b) (be) (1)%) (boy@aw)
= Sbw)(bea) v (bea)e)
= 5(5(1))90(5(2)61)-
This completes the proof. O

Remark (1) Following Lemma 4.1.2, we can easily check that (3.1) and (3.2) make

sense.

(2) These formulas are useful in the following part. We take the first one for
example. When the antipode of (A, A) is bijective, apyp(a@) S(b)) = ¢(aS(ba)))be) is

equivalent to
S(id ® ) (A(a)(l ® b)) = (id @ ¢) (1 ® a)A(D)),
which is used to define the antipode in algebraic quantum hypergroup (see Definition

1.9 in [7]).

Set z = (id ® ¢)(A(a)(1 ® b)) and apply & on the above equation, we have
e(S(z)) = ¢(ab) = £(z). By Lemma 4.1.2 we get 0 S = ¢.

In the following, we will show the uniqueness of faithful left integrals.

Theorem 4.1.4 Let ¢’ be another faithful left integral on (A, A), then ¢’ = A\p

for some scalar A € k, i.e., the faithful left integral on A is unique up to scalar.

Proof From Proposition 4.1.3, we have a(1)¢(bay) = S(ba))¢(bya) for all a,b €
A. Apply ¢’ to both expressions in this equation. Because ¢’ o S is a right integral,
the right hand side will give

©'S(bay)e(b@ya) = w(9'S(bay)beya) = ©(@' S) 1) - a) = ¢'S(b)p(a).
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For the left hand side,

¢ (aqyp(bag))) = ¢'(aq))elbaw)) = e(be'(an))ae) = p(bda),

where d§, = ¢'(a(1))a(2). Therefore, ¢'S(b)p(a) = p(bd,) for all a,b € H.
We claim that there is an element § € M(A) such that J§, = p(a)d for all a € A.
Indeed, for any o’ € A

p(bp(a’)da) = (a’)p(bda) = p(a’)@'S(b)(a)
= pla)¢'S(b)p(a’) = p(a)p(biw)
= p(bp(a)da),
then ¢(a’)d, = p(a)dy for all a,a’ € A, since ¢ is faithful. Choose an o’ € A such that

p(a’) =1 and denote § = §,/, then §, = p(a)d.
If we apply ¢, we get

p(a)e(0) = e(da) = e(¥'(aq))ac))

for all a € A and with A = (), we find the desired result. O

Remark (1) Similarly, the right faithful integral on A is unique up to scalar.
However, as in the special infinite dimensional Hopf algebra case, the non-zero faithful

integrals do not always exist in infinite dimensional case.

(2) The uniqueness of the faithful integral also provides the uniqueness of the an-

tipode as in [7].

Proposition 4.1.5 There is a unique invertible element 6 € M (A) such that for
allae A

(1) (¢ ®id)A(a) = ¢(a)d and (id @ ¥)A(a) = (a)d.

(2) pS(a) = ¢(ad).
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Proof In the proof of Theorem 4.1.4, p(a)d = 6, = ¢'(an))ar) and ¢'S(b)p(a) =
©(bd,), we take ¢’ = ¢ and get a element 6 € M(A) such that (¢ ® id)A(a) = p(a)d
and ¢S (a) = ¢(ad). This gives the first part of (1) and (2).

If we apply € on the first equation, we find £(§) = 1. Because S flips the coproduct
and if we let ¢ = @ o S, we get

(id®@Y)Ala) =

It remains to show S™1(§) =61

If we apply ¢ to the formula (3.2) ¥(aq)b)a) = ¥(abuy)S(bw)), we get

Y(b)pla) = P(abu)pS(be) = U(abuv(be)) = ¥(ab(b)S™(5))
= P(b)Y(aS™(9))

foralla,b € A. Then ¢(a) = 1(aS~!(d)) for alla € A. Therefore, p(a) = pS(aS~(d)) =
¢(aS71(6)6) and so S71(0)d = 1ya). On the other hand, ¢(a) = pS(a) = p(ad) =
¥(adS71(0)) and so §S1(8) = 1pr(a). Hence, 6 is invertible and S~1(8) = 671, equiva-
lently S(§) =" O

Remark (1) The square S? leaves the coproduct invariant, it follows that the
composition ¢ o S? of the faithful left integral ¢ with S? will again a faithful left
integral. By the uniqueness of faithful left integrals, there is a number 7 € k such that
poS?=rTp.

(2) If we apply (2) in Proposition 4.1.3 twice, we get

¢(5%(a)) = ¢(S(a)d) = ¢(S(67'a)) = ¢((67'a)d) = (5 "ad).

So ¢(67'ad) = T¢(a).
(3) We call § the modular element as in algebraic quantum group. Here we cannot

conclude that A(§) = d ® ¢ due to lack of the coassociativity of A.
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Finally, just as in the algebraic quantum and algebraic quantum hypergroup case,

we will show the existence of the modular automorphism.

Proposition 4.1.6 (1) There is a unique automorphism o of A such that p(ab) =
¢(bo(a)) for all a,b € A. We also have ¢(o(a)) = ¢(a) for all a € A.

(2) Similarly, there is a unique automorphism ¢’ of A satisfying ¢ (ab) = 1 (bo’(a))

for all a,b € A. And also ¢ (0’(a))
Proof (1) For any p,q,z € A,

(¥ @ @) (zqa)y ®pS(4e)) =

On the other hand, we also have

(¥ @ ¢)(zq0) @ pS(ae)) =

=1(a) for all a € A.

P(zqa))e(PS(qw@)) = ¢ (P (rqu)S(qe))
o(pY(z)0)z(2)) = V(1)) (pr(2))
(eayepr@)a) = ¥ (Spn)e(per)q)

@(p(2)$)¢(S(P(1))Q) = @((w (S(P(l))Q)p@))x)
@((w o S®id)((S™ (q) ® 1)A(p)):c).

3
(2)

<=

V(@) (pS(ae)) = ¢ (2lane (pS(a2))))
v (a(id® oo ) (A1 @S r)).

Now assume that ¢ = poS. then we have oS = 7 and ¢(y) = ¢(yd) by Proposition

4.1.5 (2). Then the above calculation will give us

plax) =

o(ab) = %cp o S(zb)

%gp(mlﬁ) = cp(x(%lﬁ))
go(:rb)

forallz € A, where a = (0S®id) ((S7(q)®@1)A(p), b = (id®poS) (A(g) (105 (p)))

and b = b').

Because ¢ is faithful, the element b is uniquely determined by the element a. So

we can define o(a) = b. Moreover, by Lemma 4.1.2 and its remark, all element in A

are of the form a above, the map o is defined on all of A. The map o is injective by
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the faithfulness of ¢, it is also surjective because all element in A are also of the form

b above.

Take a,b,c € A, then

p(co(ab)) = ¢((ab)e) = p(abc) = p(a(be))
((bc)a(a)) - (b(ca<a))) - gp((ca(a))a(b))

(c(a(a)a(b))).

3S)

'
¥
It follows from the faithfulness of ¢ that o(ab) = o(a)o(b). So o : A — A is an

algebraic homomorphism. Apply this result twice, we have

p(ab) = p(bo(a)) = p(o(a)o(b)) = p(o(ab)) for all a,b e A.

By Proposition 4.1.1 A has local units, then A% = A, so ¢ is o-invariant.

(2) Using that ¢ = ¢ 0 S we can easily get the statement for .

P(ab) = @S(ab) = (S(b)S(a))
- go(o_lS(a)S(b) chS<bS_10_IS(a)>
- ¢(bs—1a—15(a)).

Therefore, o/ = S~to~1S. O

Remark In the proof of Proposition 4.1.6, we have

(e S@id)(S™(a) @ DAWP)7) = v (vid® o (A1 & 5™ (P))).

According to Lemma 4.1.2, we have that if a € A then there is a b € A such that
p(ax) = 1(xb) for all x € A. This result will be used in the next section.

As in the algebraic quantum group and hypergroup cases, the automorphism ¢ and
o' are called the modular automorphisms of A associated with ¢ and 1 respectively.

There are some extra properties derived from the above proposition.

Proposition 4.1.7 With the notation of above, we have
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(1) o’ =S to71S and o'(a) = do(a)d L.
(2) 0(6) = L6 and o'(0) = 16
(3) The modular automorphisms ¢ and ¢’ commute with each other.

(4) The modular automorphisms ¢ and ¢’ commute with S2.
(5) For all a € A, A(o(a)) = (5? ® 0)A(a) and A(0'(a)) = (¢! @ S72)A(a).

Compared with algebraic quantum groups, A on multiplier Hopf coquasigroup is
not necessarily coassociatve. This is a significant difference between the two objects.

Other than that, the proof is similar.

§4.2 Duality of discrete multiplier Hopf coquasigroups

In this section, we will construct the dual of (infinite dimensional) multiplier Hopf
coquasigroup of discrete type. The construction bases on the faithful integrals intro-
duced in the last section. Here, we also start with defining the following subspace of

the dual space A*.

Definition 4.2.1 Let ¢ be a faithful left integral on a regular multiplier Hopf
coquasigroup (A, A). We define A as the space of linear functionals on A of the form

¢(-a) where a € A, i.e.,
A={pl-a)|ae A},
Because of Proposition 4.1.3 and the following remark, we have

A={p(a)|ae A} = {¥(a) |a € A} = {p(a) | a € A} = {¥(-a) | a € A}.

Recall from [28] a regular multiplier Hopf coquasigroup (A, A) with a faithful
integral ¢ is called of discrete type, if there is a non-zero element £ € A so that
aé = e(a) for all a € A.

The element ¢ ia called a left cointegral. Similarly a right cointegral is a non-zero
element 77 € A so that na = £(a)n. The antipode will turn a left cointegral into a right

one and a right one into a left one.
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Following this definition, we conclude ¢(&) # 0. (If not, 0 = (a)p(§) = p(a&) for
all a € A, then £ = 0 by the faithfulness of . this is contradiction.)

We start by making a discrete multiplier Hopf coquasigroup (A, A) into an unital
algebra by dualizing the coproduct.

Proposition 4.2.2 For w,w’ € A\, we can define a linear functional ww’ on A by

the formula
(ww')(z) = (w @ w)A(z), Vz e A. (4.3)

Then ww' € A. This product on A is not necessarily associative, but has a unit.

Proof Let w,w’ € A and assume that w' = ¢(-a) with a € A. we have

(ww')(z) = (w®p(a)A(@) = (v p)(Al)(1®a))
= wagpea) 2 w(S aelae)) )
= go(x((wS_l ® id)A(a)))

We see that the product ww’ is well-defined as a linear functional on A and it has the
form o(-b), where b = (wS~! ® id)A(a). So ww' € A. Therefore, we have defined a
product in A

The associativity of this product in Aisa consequence of the coassociativity of A
on A, and A is not necessarily coassociative.

To prove that A has a unit, assume that there is a cointegral & € A so that

a = e(a)¢ for all a € A.

~

505290(-@{)614. O

Remark (1) Under the assumption, the elements of A can be expressed in four
different forms. When we use these different forms in the definition of product in ;1\,

we get the following useful expressions:
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(1) we(-a) = (b) with b = wS™ (a))ae); (2) we(a:) = (c:) with ¢ = wS(aq))ac).
(3) Y(-a)w =¢(-d) withd = amywS(ap)); (4) ¥(a)w = Y(e) with e = aywS ™ (a).

(2) The reason for being restricted to the discrete case is that there is no definition

of multiplier algebra M (A) for a non-associative algebra A.

Let us now define the comultiplication A on the unital algebra A Roughly speak-

ing, the coproduct is dual to the multiplication in A in the sense that
(Aw),z @ y) = (w,ay), Yo,y €A

We will first show that the above functional is well-defined and again in A® A.
Proposition 4.2.3 Let w € A, then we have A(w) € A®A and A is coassociative.

Proof The unit 1; =¢ = z/J(wsl(f)S(é) ) € A, and let w = (). Then

~~

Aw),z@y) = ((E®@1)AW),z@y) = (@ w,z0) D Ta)Y)
= (L@D 5(5)-) RY(b), Ty @ T(2)Y)

PS(§)
= wS;(f)@b <5(5)$(1))¢(b$(2)y) = #@%U(W(S(f)l‘u))x@)y)
(4.2) 1 1
= 050 <b¢(5(5(2))$)5(1)y> - Zb(ws—(f)s(ﬁ(z))x)w(b{u)y)
1
= <¢(¢S—@S(€(2))') ®¢<b€(1) '>,$®y>

Hence ﬁ(w) = @D(ws;@)S(f(g)) ) ® @/)(bf(l) : ) cA® A

The coassociativity is a direct consequence of the product associativity in A. O

Proposition 4.2.4 A:A— A®Ais an algebra homomorphism.
Proof 1t is straightforward that A is an algebra homomorphism, since for all

r,ye H

(A(wiws),z @y) = (wiws,zy) = (wi @ wy, Azy))
= (w1, z@)ym) (W2, T2)Y(2))
(Aw)A(ws), 2 @y) = (Alwy) ® Alwy), (z0) @ ya) ® (22) @ Ye2)))
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~

= (A(w), 20y ® y) ) (@A (w2), 2(2) @ Y(2))

= (wi,zmyym) (W2, T@)Y(2))

This completes the proof. O

Let w € A and assume w = ¢(-a) with a € A. Define e(w) = p(a) = w(laa)).
Then £ is a counit on (121\, ﬁ) as follows.

Proposition 4.2.5 ¢: A— kisan algebra homomorphism satisfying
(id® E)A(w) = w = (F@id)A(w) (4.4)

for all w € A.
Proof Firstly, let w; = ¢(a-) and wy = ¢(b-), then wyws = ¢(c:) with ¢ =
¢(aS(ba)))be). Therefore, if 1) = p o S we have

Ewiwy) = ¢(c) = p(aS(ba)))e(be)
= ©(aS(baye(be))) = ¢la)e(b)

= E(wy)e(wy).
Secondly, let w = ¢(-a), then we have

Aw),z@y) = (Aw)(13®e),2®y) = (w e, Tyn) DY)

= (p(a)® SO( : ﬁf)wyu) ® Y2))
1 1

m%(wy(l)a%@ (y2)€) = m@ (xy(l)go(y(g)f)a>

90(565‘1(5(1))90(%(2))@)

= <€0( : %51(5(1)%) ®<P( : 5(2)),13®y>-

Hence A(w) = gp( . @S_l(é‘(l))@ ® ¢( - €@). Therefore,

(id © ) A(w) = ¢<'$51(§(1))a>¢(€(2))
= ¢ '@Sl(&nﬂf@)))a) :SO< CL)



Finally, from Proposition 4.2.3 A(y(b-)) = ¢(wsl(£)5(§(2)) ) ® 1/)(65(1) ) Then

(E®id)A(w) = Q/J(ws;(g)s(ﬁm)))?ﬂ(b&u) ) ¢§(£)¢(b§(1)¢(5(§(2))) > = ¥(b-). This

completes the proof. O

Let S : A —s A be the dual to the antipode of A, i.c., S(w) = wo S. Then it is
casy to sce that S (w) € A, and we have the following property.

Proposition 4.2.6 S is antimultiplicative and coantimultiplicative such that

m(id @ m)(S @ id @ id)(A @ id) = £® id = m(id @ m)(id ® S @ id)(A @ id),
m(m @ id)(id ® S @ id)(id © A) = id @ € = m(m @ id)(id ® id ® S)(id ® A).

Proof For wy,w, € H and any x € H,

(S(wywy),x) = (wiwy, S(x)) = (wi, S(x9)) {ws, S(z)))
= (S(wn), ) (S(ws), zy) = (S(ws)S(w), x)

This implies S is antimultiplicative.

(AS(w),z®y) = (S(w),zy) = (w, S(xy)) = (w, S(y)S(x))
= (A(w),S(y) ® S(x)) = (AP(w), S(z) ® S(y))
= ((S®S)A“P(w),z ®y),

We conclude S is coantimultiplicative.
Finally, we show m(id @ m)(S ®id ®id)(A®id) = £®id, the other three formulas

is similar.

m(id @ m)(S @ id ® id)(A @ id)(w @ w'), z)
®id @ id)(A @ id) (w @ '), (id ® A)A(x))
®id)(w @ w'), (S ® id ® id)(id ® A)A(z))
wRw, (m®id)(S ®id®id)(id @ A)A(z))

S
A

w@w', Ly @ )
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= Z(w)w'(x).

This completes the proof. O

From now, we get the one main result of this section.

Theorem 4.2.7 Let (A, A) be a regular multiplier Hopf coquasigroup of discrete
type with a faithful left integral . Then (//1\, 3) is a Hopf quasigroup introduced in [19].

Let ¢ be a right faithful integral on A. For w = ¢(a-) we set p(w) = (a). Then

we have the following result.

Proposition 4.2.8 The functional @ defined above is a faithful left integral on
Hopf quasigroup (A\, 3)

Proof 1t is clear that @ is non-zero. Assume w = (b-), then by Proposition 4.2.3

~ 1
Aw) = ¥ (g Stém) ) @ v (b )
Therefore, we have
(14 AW) = V(g Sim)-)e(bn)
1 ~
= w(wS—(OS(S) -)e(d) = P(w)ly.

Next, we show that @ is faithful. If w, wy € A and assume w; = Y(a-) with a € A,
we have wiwy = ¥ (aqyw2S*(ag) - ). Therefore, G(wiws) = waS~ (a). If this is 0
for all « € H, then wy = 0, while if this is 0 for all ws then a = 0. This proves the
faithfulness of @. O

If we set QZ =po S as we do for the multiplier Hopf coquasigroup (A4, A), we find
that when w = ¢(-a)

Y(w) =FoS(w) = JwoS) = F(pS(S7(a))) = (S (a)) = e(a).
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§4.3 Biduality

Recall from [28] that the integral dual H of an infinite dimensional Hopf quasigroup
H is a regular multiplier Hopf coquasigroup of discrete type. Specifically, let H be an
infinite dimensional Hopf quasigroup with a faithful left integral ¢ and H = o(-H),
if o(-H) = ¢(H-) and ¢((-h)l'), (N (k")) € H for all b,/ € H, then H is a regular
multiplier Hopf coquasigroup of discrete type.

And by Theorem 4.7 the integral dual ?[ of the regular multiplier Hopf coquasi-
group of discrete type H is Hopf quasigroup. Then, how is the relation between H and
1’?[ ? Similarly, for a discrete multiplier Hopf coquasigroup A, Ais a Hopf quasigroup,
the relation of A and 2\ is what we care about. This is the content of the following

theorem (biduality theorem).

Theorem 4.3.1 Let (H, A) be a Hopf quasigroup, and (I/-j, 3) be the dual mutipli-
er Hopf coquasigroup of discrete type. For h € H and f € H, we set T'(h)(f) = f(h).
Then I'(h) € H for all h € H. Moreover, I' is an isomorphism between the Hopf
quasigroups (H,A) and (H A)

Proof For h € H, first we show that I'(h), as a linear functional on ﬁ, is in ?I
Indeed, let f = ¢(-S(h)) and take any f’ € H. By Proposition 4.4 in 28], f'f = ¢(-})
where h' = f'(h))S(h(1)). Therefore,

D(f'f) = e(h') = f(h) = D(h)(f).

So T(h) = &(-f) and T(h) € H.

It is clear that I is bijective between the linear space H and ;AI because of the
bijection of the antipode. I' respects the multiplication and comultiplication is straight-
forward because in both case the product is dual to the coproduct and vice versa. For

details,

hh') = (A(f),h @ I)

(T@T)(he ), A(f)) = CRTE),A)),
L(h), 1) =11 h)

fefAMm) = (T @T)A), fe f).

(C(hI), f) =

(f
A (
(AT(h).fo f) = (T(h

<
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Hence, I' is an isomorphism between H and H. O

Similarly, we can get another isomorphism.

Theorem 4.3.2 Let (A, A) be a discrete multiplier Hopf coquasigroup, and (A\, ﬁ)
be the dual Hopf quasigroup. For a € A and w € A, we set I'(a)(w) = w(a). Then

['(a) € Afor all a € A. Moreover, I' is an isomorphism between the multiplier Hopf
coquasigroup (A, A) and (A4, A).

As in the cases of algebraic quantum group and algebraic quantum group hyper-
group, all the results also hold for ( flexible (resp. alternative, Moufang)) multiplier
Hopf (%-) coquasigroups. At the end of this section, we return to our motivating ex-

ample of multipler Hopf coquasigroups.

Example 4.3.3 Let G be a infinite (IP) quasigroup with identity element e, by
definition v~ !(uv) = v = (vu)u~! for all u,v € G. The quasigroup algebra kG has a
natrual Hopf quasigroup structure. &, is the left and right integral on kG. The integral
dual k(@) introduced in [28] is a multipler Hopf coquasigroup of discrete type with the

structure as follows.

As an algebra, k(G) is a nondegenerate algebra with the product
5u5v = 5u,115v7

and 1 = >
given by

wee Ou 1s the unit in M (k(G)). The coproduct, counit and antipode are

£<5u) — 251; ® 5'L)*1u7 g<5u) - 5u,e7 S‘\((SU) - 5u*1'

veG

The left integral 3 and right integral ¢ on k(G) is the function that maps every ¢, to
1. 6. is the left and right cointegral in k(G).

Now, we construct the dual of k(G) as introduced in Section 4. Then

k(G) = {@(-0u) | u € G}.
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The element $(-0,) = zg(&i) maps ¢, to 1 and maps d,(v # u) to 0.
By Theorem 4.3.2, kG = @ as Hopf quasigroups. The isomorphism I' : kG —

—_—

k(G) is given by

T(u) = ¢(.¢(.S(u))>:17@(-56(.1{1))
_ @(%)

So if we identify ¢(-8,) with u, then k/(CT) = kG.
By Theorem 4.3.3, k(G) = kG as multiplier Hopf coquasigroups. The isomorphism
I:k(G) — kG is given by

@) = o(-8(-56)) =0.(-8(-0.,1))

So kG = k(G).

44



Chapter 5 Some special cases

In this chapter, we apply the techniques introduced in multiplier Hopf algebra and
multiplier Hopf coquasigroup theories to some special cases and get some interesting

results.

§5.1 Diagonal crossed products

For an infinite dimensional coFrobenius Hopf algebra H with «, § € Aut(H), the
diagonal crossed product @(m 8)eG Howoa H (o, B) is a quasitriangular multiplier Hopf
T-coalgebra. And its unital representation category is isomorphic to the generalized

Yetter-Drinfeld category YD(H) introduced in [20] as braided 7T'-categories.

§5.1.1 (a,3)-quantum double

Let H be a Hopf algebra, and o, 8 € Autpoyr(H). Denote G = Autpopp(H) X
Autpops(H), a group with multiplication

(a, B) * (v,0) = (ary, 07! ), (5.1.1)

The unit is (¢,¢) and (o, 8)7' = (a7, afta™).

Recall from [20], an («, 5)-Yetter-Drinfel’d module over H is a vector space M,
such that M is a left H-module (with notation h®m +— h-m) and a right H-comodule
(with notation M — M ® H,m — m() ® m) with the following compatibility

condition:

We denote by YD (a, B) the category of (a, 3)-Yetter-Drinfel’d modules, morphism
being the H-linear H-colinear maps.

If H is "finite-dimensional", then

n VD" (o, B) = HaH (a,8) M,

where H* 1 H(a, 3) is the diagonal crossed product, whose product is given by: for
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all p,g € H* and h,l € H,

(peah)(g>al) = p(alhu) » g 4« ST B(h)) = bzl (5.1.3)

One main question naturally arises: Does this isomorphism also hold for some "infinite-
dimensional" Hopf algebras?

For this question, we need to construct the diagonal crossed products of infinite-
dimensional Hopf algebras, which is a multiplier Hopf algebra rather than the usual
Hopf algebra. Let H be a coFrobenius Hopf algebra with a left integral ¢, then by [34]
H= ©(-H) is a regular multiplier Hopf algebra with integrals.

In the following proposition, we will show that the diagonal crossed product (5.1.3)

also holds for infinite-dimensional coFrobenius Hopf algebra.

Proposition 5.1.1 Let H be a coFrobenius Hopf algebra with its dual multiplier
Hopf algebra H. Then A = Do.sycc Aws) = Dlap)cc H < H(e, B) is a quasitrian-
gular G-cograded multiplier Hopf algebra with the following strucrures:

e For any (a, 3) € G, A(a,p) has the multiplication given by
(pr<h)(gp<l) = p(alhy) » g 4« S7'B(h))) < ha)l
for p,g € H and h,1 € H.

e The comultiplication on A is given by:

Awa,8),(16) F Alap)rs) — M (A @ Aps),
A(a,8),(r.0) (P B R) = A“P(p)(y @ v Bv)A(h).

e The counit €4 on A(,,) = D(H) is the counit on the Drinfel’d double of H.
e For any (o, 5) € G, the antipode is given by

St Aa,p) — Ap)-1s
St (pr<h) =T(aBS(h) ® S~ (p) in Awg-1 = Aa-1ap-1a-1)-
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e A crossing action £ : G — Aut(A) is given by

) . ~
) Ar.5) = Alag)rr.0)x(0.8) 1 = Afaratas-1671870-1),
Speah)=po ﬁa_ 1 oy~ By (h).

e A generalized R-matrix is given by

R = Z R(aﬂ ),(7,6) Z €l><lﬁ71<u>®1)l>Q1.

(e,8),(7,0)€G (00,8),(7,0)€G

Example 5.1.2 Let C' be an infinite cyclic group with generator ¢ and let m be
a positive integer. Let ¢ € N, the set of natural integers and A € C such that \’ is
a primitive mth root of 1. Let B be the algebra with generators ¢ and X satisfying
relations: ¢X = AXc and Xm = 0. Then B is a Hopf algebra with the structure
given by A(c) = c®c, AX) =X +X®1,¢e(c) =1,e(X) =0, S(c) = ¢! and
S(X)=—cX.

In [ [8], 2.2.1], the authors constructed the dual of infinite dimensional Hopf algebra
B, which is a multiplier Hopf algebra A = B with the linear basis {woY' | peZile
N,l < m}. For the details, the multiplier Hopf structure on A is given by the formula

_ I+ )
Wp,gWhi = Op—kit(g ?)-Whitgs

Awp) Zwm@wp k.05 AY)=DY +Y®]1,
kez

5(WJD,O) = 0p,0, S(Y) =0,
S(wpo) = w_po, S(Y)=-D"'Y,

where D = 7., /wjo and Y = >, ws,. Notice that DY = YD, Y™ = 0 and
Duwyo = *wio = wroD.
Then by Proposition 5.1.1 we can construct a G-cograded multiplier Hopf algebra

DT (H) with the multiplier Hopf structure as follows: The product in A, g is given
by

(1 X C)(wk’o X 1) = W0 X ¢, (1 & X)(wk,o (24 1) = Wk—i,0 (] X,
1Y ®1l)="Y®c (1X)(Y®1)=-a'10d+Y X+ 'Da1.
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The comultiplication, counit in A, ,), antipode are given by

D80 (@Wp0 © ) = D (Wpko © ¢) ® (wro ® ),
keZ

D)) @p0 ® X) = Y (Wpro @ ) ® (wio ® 7' X)
kEZ

+ Z(wp_k,o & ’Y_IX) ® (Wk,o ® 1)7
keZ

Ap,omY®c) =Y @)@ Dec)+ (1) (Y ®c),

Appon¥@X) =T ed)®Dea'X)+ Y 7' X)® (Do)
+1@d)@Y a ' X)+(1evy ' X)® (Y1),

e(wpoY' ® " X®) = 6,0 61,0 05,04 Sa,8) (Wro ® €) = wW_o ® L

Sta,p)(Wro ® X) = —B o \w i g ® X,

SepY ®c)=— Z Py, 0Y ®c ) and

PEZL

SapnY @X)=a1@c" + B-1a=1) Pw,pigY @c'X =57 Pue L.

PEZL PEZ

We can check that u®v = Zk,l kX! ®wy ;. Then by Theorem 5.1.4, the R-matrix
is given by

R= > Y d(1®dX)® (wy®l).

(,B),(A\Y)EG(KX) jEL,I<m

§5.1.2 Representation category of the diagonal crossed product

In the following, we will consider the properties of the representation category

ﬁNH(aﬁ)M of unital H < H(a, f)-modules.

Proposition 5.1.3 If M € zYD"(a, §), then M € et (o ./\/l with the structure
(poah)-m = p((h-m)u)(h-m)q).

Proof 1t is straightforward to check that (p > h) - ((q > [) - m) = ((p > h)(q >
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1)) -m. In fact,

(p<h) - ((qml)-m)
= (peah)- (q((T-m)w)(q- 1))
= (pah)- (a(BUe)mamasS™ (m))le) - m@)

= q(BUe)mmaS™ () p((hle) - me) ) (Plea) - M) )
= ¢(BUe)m@aS™ (ln)p(B(helw)maaS™ (hale)) (he)ls) - mo),

and

(peah)(g=al))-m
= (q(l),S 'B(hes) ae)s (b)) (pace) > hel)) - m
= {90, ST B(hs)) (aes), alhy ))(pQ(z))((h@ m)y) @ (heyl - m) o)
= (qwaS LB(hes)) ae) alhay)) (pae) (B(hwle)maaS ™ (hayla)) (hayle) - mo
= {4, 5" B a), (b)) (p, Bl la)mmasS™ (hle)
(2): B(ho)ls))m@ S ™ (hayln)) (hls) - mio)
= {a, BUs)m@aS™ (1)) P, Blhelw)mmaS™ (hole)) (he)ls) - mo).

Recall from Lemma 11 in [34], If M is a left unital H-module, then

p: M—M®H,
mHZS ) mt(pe)=v-meu

gives the H-comodule structure on M. Following this lemma, we get the following

proposition.

Proposition 5.1.4 It M € gy, 5 M, then M € #YD"(a, B) with structures

h-m=(epah)-m
m = my @ may = (S () }1) - m&t(pe).
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Proof Here we treat H and H as subalgebras of Hoea H (cr, B) in the usual way,

then it is easy to get M is an H-module and H-comodule.

To show M € gD (a, B), i.e., p(h-m) = hy - m) ® B(he))maaS  (ha)), it

is enough to verify that

(S7H (o) pah) @ t(-p() = (e 23 hiz)) (ST (@) pa1) ® B(hs)t(-pe2)) S~ (hay).

Viewing H H(o, 5)® H as a subspace of Hom(ﬁ, (PAI 1 H)(«, f)) in a natural way,

we only need to check that

(3.5) _
pxxh =" (ST o) > h)t(poa)

= (e2ah@) (S () 2 1)(p, Bhe)t(-p@)aS ™ (b))

holds for any p € H. Indeed, for any p’ € H ,

P, B(h)t(-p@)aS™ (hay))
P, B(h)t(-o@)as™ (hay))
P> b)) (pe2) 2 D{pay, B(hea) (pa), S~ (hay))
Py, Blh) ) (Ps), S~ (h)) P2y, ST B(hy)) Py, a(h))) (0'pes) b4 hs))
= ppxih.

P ) (S p) 1)
)

) (
P/ hgy) (S () B4 1)
(

(
(
(
{

This completes the proof. ]

Next, we get the main result of this section, generalizing the conclusion in [20]

and giving an answer to the question introduced in Section 1.

Theorem 5.1.5 For a coFrobenius Hopf algebra H,

nYD (o, B) = Fivati(a,8)M- (5.1.1)

Proof The correspondence easily follows from Proposition 5.1.1 and 5.1.2. Let

f: M — N be a morphism in zYD(a,f), ie., f is a module and comodule map.
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Then in ﬁNH(aﬂ)M,

(f@upm) = f(Sew)>al) -m)@t(pw)
p(f(m)) = (S pw) 1) f(m) @t(-pw).

(f@u)p(m) = p(f(m)) implies f is a H > 1-module map, and so a 5 YD (a, 8)-module
map. We define a functor F, g) : g YD?(a, B) — ﬁMH(O{,B)M as follows,

Fop(M)=M, and  Fagl(f) =1
Conversely, if f: M — N be a morphism in f-\IMH(a,ﬁ)M7 then

(f@pm) = f((S
= (S (pw) 1) - f(m) @ t(-pe)
p(f

Moy 1) -m) @t(pe)
()
(m)).

This shows that f is a H-comodule map. Then we similarly define a functor G, g) :

Fivatt (0,5 M — #YD" (a, B) by
Gap(M)=M, and  Gupg(f)=1

From above, I and G preserve the morphisms from each other. Also F, 3G (a,8) =
L) and G(a 5 Fla.5) = 1(a3)- We have established the equivalence between y VD" («, 3)

When o = 3 = ¢, then H H(t,t) = D(H) the quantum double of a coFrobenius
Hopf algebra. Then we have the following corollary, which is the main result in [34].

Corollary 5.1.6 For a coFrobenius Hopf algebra H, y YD = fisag M-

Let YD(H) be the disjoint union of ;YD (a, ) for every (o, 3) € G. Then
following Section 3 in [20] or [31,32] (H is a special multiplier Hopf algebra), we have

uYD™ is a braided T-category with the structures as follows

e Tensor product: if V € zYD"(a,8) and W € pYD¥(v,6) with a,B,7,6 €
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Aut(H), then V@ W € gYD" (ary, 5y~ By), with the structures as follows:

he(v@w)=7y(ha) vy By(he) - w,
VR W — (U (029 w)(()) ® (U & w)(l) = (U(O) & w(o)) & W(1)V(1)

forallve V,w e W.

e Crossed functor: Let W € g YD (v,d), define &, 5(W) = @AW = W as vector

space, with structures: for all a,a’ € A and w € W

a—w=7"Bya""(a) w,

W= Weps> @ Weis = W) @ aﬂ_l(w(l))-

Then @AW € g YD (o, B)# (7, 6)#(, B)™1) = gYD* (aya™, a6y fyar).

The functor £, g acts as identity on morphisms.

e Braiding: If V € z YD (o, B), and W € g YD (v,6). Take VIW = @AW define
a map CV,W:V®W—>VW®be

Clap) (v @ w) = wey ® B (wey) - v
forallveV and w e W.

Following from Theorem 5.1.3, we obtain the following result, generalizing Theo-

rem 3.10 in [20].

Theorem 5.1.7 For a coFrobenius Hopf algebra H and its G-cograded multiplier
Hopf algebra A = @(aﬂ)ecﬁ[ <1 H(a, ), Rep(A) and YD(H) are isomorphic as

braided T-categories over G.

§5.2 Notes on Drinfeld twists of multiplier Hopf algebras

This section determines how the integral changes under a Drinfeld twist in multi-
plier Hopf algebras case. For a multiplier Hopf algebra A with a Drinfeld twist J, we

construct a new multiplier Hopf algebra A”. Furthermore, if A is quasitriangular, then
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A7 is also. Finally, for a counimodular algebraic quantum group A, A’ is an algebraic
quantum group, and as an application we give the integral formula of H”, where H is

an infinite dimensional counimodular coFrobenius Hopf algebra.

§5.2.1 Drinfeld twists for multiplier Hopf algebras

In [2], the properties of Drinfeld twist for finite-dimensional Hopf algebras were
studied. For a given Hopf algebra or quasitriangular Hopf algebra, one gets another
such structure by twisting it with a Drinfeld twist, and the authors also determine how
the integral of the dual to finite-dimensional unimodular Hopf algebra changes under

a twist (see Theorem 3.4 in [2]).
However, the following question remains open:

(Q1) Does [ [2], Theorem 3.4] remains valid for any infinite-dimensional Hopf

algebras or any multiplier Hopf algebras?

To answer the question (Q1), we first define a twist of a multiplier Hopf algebra as
follows. Let (A, A) be a regular multiplier Hopf algebra. We first generalize the Drin-
feld twist to the multiplier Hopf algebra case, and then construct some new multiplier

Hopf algebras by this twist.

Definition 5.2.1 A twist of a regular multiplier Hopf algebra A is an invertible
element J € M(A ® A), which satisfies

AR)(J)(J@1) =0 A)(J)(1xJ). (5.2.2)
Remark (1) Taking the inverse of (5.2.2), we can get the equivalent equation:
oA =01 0o A)(J™).

Let R be a quasitriangular structure for a regular multiplier Hopf algebra (A, A) (the
definition will be recalled in Section 3), then following Proposition 3 in [34], we can get

that R~! is a Drinfeld twist.

(2) Applying (1 ® € ® ¢) to the equation (2.1), one sees that as in the Hopf case

c=(e®)(J) = (t®¢e)(J) is a non-zero scalar for the twist J. One can always replace
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J by ¢ 1J to normalize the twist in such a way that
(e@u)(J)=(®e)(J]) =1. (5.2.3)

In the following, we will always assume that J is normalized in this way.

(3) Let « € M(A) be an invertible element such that e(z) = 1. If J is a twist of
A, then so is J” := A(z)J(x~! @ 7). Indeed, it is similar to the one in Hopf algebra
case except that we should take the (unique) extension for the homomorphism ¢ ® A

and A®¢ from A® A to M(A®A). The twists J and J* are said to be gauge equivalent.

Example 5.2.2 (1) Let A and B be regular multiplier Hopf algebras and (A, B)
be a multiplier Hopf algebra pairing. Let W € M(A ® B) be the canonical element
defined in Definintion 4.1 in [8]. Then it is straightforward to check that

J=Wu=02:7)(71)(Wxlxl)

is a twist for the multiplier Hopf algebra A” @ B. Indeed, (A ® ¢)(J)(J ® 1) =
WiaWi6Wss = (0 @ A)(J)(1 @ J). Moreover, if A is an algebraic quantum group, Ais
its dual, and W € M (21\ ® A) be the canonical element, then J = Wy, is a twist for
multiplier Hopf algebra AP @ A

(2) Let G be an infinite group. Denote by B = kG the group algebra and by
A = k(G) the classic multiplier Hopf algebra. Then (k(G), kG) is a multiplier Hopf

algebra pairing, and

J=> (6,@e)®(1®yg)

geG

is a twist for multiplier Hopf algebra k(G)” ® kG, where e is the unit of group and
1=3" ccdy € M(A).

(3) Let H be a coFrobenius Hopf algebra with a left integral ¢ and A = ¢(-H)
be the dual multiplier Hopf algebra. a left cointegral ¢t € H satisfying ¢(t) = 1. Then
following from Lemma 9 in [34] the element J = ) (¢(-t2) ® 1) ® (¢ ® t(1)) is a twist
for multiplier Hopf algebra A? @ H.

(4) Let H be a Hopf algebra with a twist J, and A be a multiplier Hopf algebra.
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Then H ® A is a multiplier Hopf algebra with the product, coproduct, counit and

antipode as follows.

(h@a)(W ®@d)=hh ®@ad, Ah®a)=(®7&:)(Ah) R Aa)),
e(h®a) =e(h)e(a), S(h®a)=S(h)® S(a).

In this case, there is a twist Ji3 on H ® A, where Ji3 = (@ 7®1)(J ®1®1).

Furthermore, suppose that J(1®a), (1®a)J € M(A)®@ A and J(a®1),(a®1)J €
A® M(A) for all @ € A. At this time, so is J~* and we call J the Drinfeld twist for A.
We denote (a®1)J =aJV @ J? and J(a® 1) = JVa® J? in A® M(A).

Remark here the above assumptions are reasonable. Take the nontrival Example
5.2.2 (1) for example, the canonical elements W in many specific examples (e.g. Exam-
ple 5.2.2 (2) and Example 4.9 in [8]) satisfy the condition W (1®b), (1&b)W € M(A)®B
and W(a®1),(a®@1)W € A® M(B) for all a € A and b € B, Hence the above as-

sumption holds.

Under the above assumption, we can define a multiplier Q; = S(J1)J®) € M(A)
by

Qua=m(S®)(J(1®a)) € A,
aQ;=m(S®)(J(Sa)®1)) € A

for all a € A. This multiplier @ is invertible with the inverse Q;' = J-WS(J~-@).
Indeed, for any a,b € A

aQ;'Qsb = aJ " WS(J )S(IJM)JPp
= aJ WSV J-@) @
— aj/(l)J*(l)S(J(l)J*(2))€<J/(2))J(2)b
- at]’(l)J_(l)S(t](’g)J(l)J—(z))J/;2)J(2)b

)

= aJ) TSI @ ) @
1 1

= aJ{)S(JH) T @b
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and similarly aQ;'Q ;b = ab.

The element () ; satisfies

A(Qy) = (S®@8)(J3") Qs 2 Q )T, (5.2.4)

where J,;' = 7J7'. These equations make sense because of the extension of (anti-)

homomorphism (see Proposition A.5 in [23]).

By the Drinfeld twist J, we can get a new multiplier Hopf algebra as follows,
which generalizes the result in 2], and gives a positive answer to the question in the

beginning of this section.

Proposition 5.2.3 Let (A4, A) be a regular multiplier Hopf algebra. Then (A7, A7)
is also a regular multiplier Hopf algebra with the same algebra structure and counit as

(A, A), and the comultiplication and antipode are given by

A(a) = J'A(a)J,
S7(a) = Q;'S(a)Q,

for all a € A.

Proof 1t is sufficient to check the equivalent definition, i.e., equations (2.2) and
(2.3). Firstly, it is easy to check that A’ is a homomorphism and S” is a bijective

anti-homomorphism. In the following, we only check (2.2) and (2.3) is similar.

(e@0)(A(a)(1®0b)) = (e@)(J'A(a)J(1 ®0))
= (@) NEe®)(Ala) () ()b

= ab,
where the second equation holds because € ia a homomorphism.

m(S7 @ (AN (@)1 ®b) = m(ST®)(J T Ala)J(1®D))
= m(S‘] ® L)(J_(l)a(l)Jl(l) ® J_(Q)Q(Q)Jl(Q)b)
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= Q;lS(Ji(l)a(l)Jl(l))QJJi(Q)a(Q) J/(Q)b
= Q;ls(J/(l))S(a(l))S(J—(l))QJJ—(Q)a(2)J/(Z)b
= £(a)b.

The equation J'A(a)J(1 ® b) = J Wan)JW @ J-Pan J' @b makes sense, since
J(1®b) € A® A and denote it as J'V @ J' @b, and then A(a)(J'V @ J'Pb) € Ax A

by the "cover" technique shown in [25]. O

Remark The regular multiplier Hopf algebra A7 admits the Drinfeld twist J !,
because (A @ )(JH)(JT@1) = (@ AN)(J (1 ® J) is equivalent to (5.2.2).
It follows from Proposition 5.2.4 that the regular multiplier Hopf algebra (A”)7"

canonically isomorphic to A.

Proposition 5.2.4 Let J be a Drinfeld twist for multiplier Hopf algebra A. Then
for any a,b € A

aS(I M) @b = (a@b)(@Qs © 1)
]~ W8I ) @bS(Jy") = (aQ;" @ b)(S @ S)(J).

Proof We only check the first equation, and the second one is similar.

(@S JG @bIy) ] = aSY )J(Q)J(1)®bJ2)J(2)
P2 as (I TM)IG) TP @ b @)
= aS(J 1) (J(l)) DI @b
(J'

S(JMNJ? @b

IS

(2)

I
]

= aQ;®0,

SO (aS(J(l))J((f)) ®bJ((22))) J =aQ ;&b for any a,b € A. From the nondegenerate property

of the product, we have (S(J(l))Jl) ® J(Q))J = Q7 ® 1, by multiplier J~! from the

right side, we get the assertion. a

Recall from [11], let A be a regular multiplier Hopf algebra, an algebra X is called
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an A-module algebra if X is a unital A-module (we denote the A-action by >, then
A> X = X) and a> (z2') = (aq) > x)(a@) >2') for any a € A and 2,2’ € X. In the

following, we consider two kind of A’/-module algebras and their relations.

Proposition 5.2.5 Let A be a regular multiplier Hopf algebra with a Drinfeld
twist J, and X an A-module algebra (not necessarily with unit). Then there exists an

A7-module algebra X,, which has the same K-module structure as A and the action

of A7 on X, is that of A on X. The product of X, is defined by
zxy=m(J>(z®y)) (5.2.5)

for any z,y € X.
Proof First it is easy to show the product is well-defined. Then we check the

associativity of this new product as follows: for all z,y, 2z € X,

(Jo(x@y))*xz=m(J>(m(J>(zQy))  z))
= mme)(Ae)()(Jol)r(rey® 2)
= mam)(teA)(N)(1e ) (r0y e 2)
= m(Je(z@m(J>(y®2)))

(xxy)*z = m

= x*(y*2z).

Finally, we need to prove that the product in A, is compatible with the multiplier

Hopf algebra structure of A”. For all a € A” and z,y € X,

av(zxy) = m(A(a)J>(z@y)) =m(JA (a)> (z @ y))

= m(J > (afyy >z @ aly > y)) = (afyy > x) * (afy > y),

where A7(a)(1®b) = af}y @ ajyb. O

We recall from [3] that an (X,Y)-bimodule is a left X-module and a right Y-
module V' satisfying the compatibility condition: for x € X,y € Y and v € V, (z -
v)-y==x-(v-y). Now, we consider a unital (X,Y)-bimodule V' (i.e., X -V =V and
V.Y =V), where X and Y are A-module algebras and V' is also a left unital A-module.
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Compatibility between the structure of A and the (X, Y)-bimodule structure lead to

the following covariance requirement.

Definition 5.2.6 Let A be a regular multiplier Hopf algebra, and X,Y be A-
module algebras. A left A-module (X,Y')-bimodule (or 4 xMy-module) is an (X,Y)-
bimodule V', which is also a unital left A-module such that for any a € A, v € X,
yeYandov eV,

av(z-v) = (aqy>x)- (ap)>v), (5.2.6)

av(v-y) = (ap)>v)-(ap >y). (5.2.7)

An algebra E is a left A- module (X,Y')-bimodule algebra (or 4 xMy-algebra), if £

is an 4 x My-module and also an A-module algebra.

Proposition 5.2.7 Let A be a regular multiplier Hopf algebra with a Drinfeld
twist J, X and Y be A-module algebras. Given a 4 xMy-module V, there exists an
47 x,My,-module V,. The module V, =V as vector spaces and the left action of A7

on V, is that of A on V. The X, and Y, action on V, are respectively given by

zxv = -oJr(z®v), (5.2.8)
vky = -oJ>(v®y). (5.2.9)

If V = E is further an 4 x My-algebra, then E, is an 4 x, My,-algebra with the
product given in Proposition 5.2.5.

Proof First, we need to check that the two actions on V, are well-defined, i.e.,
(xaz")xv =z * (2’ xv) and v* (yy') = (v*y)xy'. Here we only check the first equation,

the second one is similar.

(x2Yxv = (m(Jr(x®y)))*v
= oJe(m(Jr>(z®y)) ®v),

CCDIGEEICEEED)

—~

= -o(m@L)
= ~o(b®‘)<
— .oj>(x®-oJ>(ar’®v))

~~

L@ A1 )b (z® 2’ @w))
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= -oJD(x@a:’*v)

= zx (2 *xv).

Then we check the compatibility between the left A”-action and the left X,-action.
Foranyac€ A’, v € X andv eV,

a>(zxv) = ab (-oJD(x@v)) =-0o(A(a)J)> (z®0)
= o(JAY(a))p(z®@v) =-0JpoA'(a)> (z @)
= (a‘é) > x) * (a‘é) > v).
Compatibility between the left A”-action and the right Y,-action is similar.
Finally, if V = E is an A-module algebra, then by Proposition 5.2.5, E, is A”-
module algebra. Combining the above result, we can easily get E, is an 4 x, My,-

algebra. a

Remark The equations (5.2.8) and (5.2.9) are well-defined. Indeed, for e.g.
(5.2.8), because X and V are unital A-modules, there exists a;,b; € A, z; € X and
v; € V such that z = ). a; >z, and v = Zj bj>v;. Then

o Jp(x®u) = Z -0 J(a; @bj)> (v, @v;) = Z(J(l)ai > ;) - (JPb, > vy),
1,J i,J

where }_, . JWa; @ J@b; € A® A. Therefore the equation (5.2.8) is reasonable, and
(5.2.9) is similar.

Given a unital A-bimodule V', we can consider the adjoint action: for a € A and
veV,awv=au - v-Slag) = aqyvS(ag)). In the following, we will consider the

algebra isomorphism between algebra X and X,.

Proposition 5.2.8 Consider a regular multiplier Hopf algebra A and an A-
bimodule X that is also an algebra (not necessarily with unit). If for all a € A
and x, 2’ € X, the "generalized associativity" conditions

(z2")a = z(2'a), (za)x’ = x(az’), a(za") = (ax)a’,
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hold, then the adjoint action makes X an A-module algebra. Given a twist J of the
regular multiplier Hopf algebra A, the twist deformed algebra X, is isomorphic to X

via the map

D, X, — X,
z = Dy(z) = (JY p )],

Proof Firstly, we check that X is an A-module algebra, i.e., a » (z2') = (an) »
z)(ap) » 2'). Indeed,

(aqy » 2)(a@ » ') = (agrS(aw))(apa’S(aw))

Then, we need to show that D; is an isomorphism. Obviously D; is a K-linear

map. It is also an algebra homomorphism, since for z,z’ € X,

z) ( J? e (JO m/)> jg)) J® = (JO p ) ( j(<12)>( T e 25 j((22)>)> jg)) J@
Finally, we need to check that if D is invertible. In fact, for x € X, the inverse
is given by D;'(z) = JWzJ-WS(J? J-@)) = JW2Q;1S(J3?). O

Remark Using (5.2.2) we can easily get that

Dy(x) = (JOw2)J® = Jlzs(Jy) P
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_ 2 _ 2
J@ g l)xS(J((l))J'(l)J( 2))J((2))J/(2)
= J 2SI )Qy,

and D1 (z) = D' (x).

Example 5.2.9 Given a unital left A-module algebra X (not necessarily with
unit), we consider the smash product A#X. By definition as a vector space A#X =
A® X, and the product is given by (a#x)(a'#2') = a(a’(l) -x)#a’@)x’, which we simply

rewrite as
avd'r" = alag) - v)agr’.

The algebra A#X is an A-module algebra with the action a » (za’) = (aq) - x)(a@) »
a’). The right A-module structure is given by (za)a’ = x(aa’). Then by the above
proposition we can get that deformed algebra (A#X), is isomorphic to A#X.

In the hypotheses of Proposition 5.2.8, the algebra X has an A’/-module algebra
structure given by the A7-adjoint action: for a € A’ and z € X,

awyx:= a{l)xSJ(aé)). (5.2.10)

We denote this A”-module algebra by (X, » ), then we have the following result, which
generalizes Theorem 3.10 in [3].

Theorem 5.2.10 The algebra isomorphism D; : X, — X is also an isomorphism
between the A7-module algebras (X,,») and (X, »;), i.e., D, intertwines A”7-action
» and »;: for any a € A7 and z € X,

Dylaw z)=aw; D;(z). (5.2.11)
Proof For any a € A’ and z € X,

Dyaw z) = JV(aw 2)S(J"NQ,
= JVaq)zS(aw)S(I)Q,
= J(_l)a(l)J(l)J’—(l)ajS(J(—Q)a(Q)J(Q)J’—(z))QJ
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= a{l)J”(l)xS(aé)J”(Q))QJ = a‘é)J”(l)xS(J”(z))S(aé))QJ
= apyJ " VeS(I7)Q,Q5" S ()@

= a{l)DJ(a:)SJ(a‘é))
= aw;Dy(z).
This completes the proof. O

§5.2.2 Quasitriangular structure and integral under a twist

Recall from [34], a regular multiplier Hopf algebra (A, A) is called quasitriangular
if there exists an invertible multiplier R in M (A ® A) which is subject to

(1) (A®)(R)=RBR®, (L@ A)(R) =RBR?,
(2) RA(a) = A®P(a)R for all a € A,
B) t®@e)(R)=1=(e®)(R).

Let (A, A) be a multiplier Hopf algebra. By Proposition 5.2.1.4, we get (A7, A7)
is also a multiplier Hopf algebra. When (A, A) is quasitriangular, how about (A7, A”)?

Theorem 5.2.11 Let (A, A) be a quasitriangular multiplier Hopf algebra with
generalized R-matrix R. Then (A7, A7) is also quasitriangular, and the quasitriangular

structure given by
R = J5'RJ.

Proof 1t is sufficient to check the equation (1), (2) and (3) in the definition of
quasitriangular. Firstly, we check R7A”(a) = (A7)*P(a)R’. In fact,

RIA(a) = Jy'RIT'Aa)J = J5'RA(a) ],
(ANYP(@)RT = 7(J'A(a)])Jn ' RT = J5 ' A (a) Jo1 Jo R
= J3' A (a)R.J.

Because (A, A) is quasitriangular, RA(a) = A®P(a)R, then the equation holds.
Secondly, by the extension of homomorphism e, it is easy to check that (¢ ®
RY) = 1= (e 0)(RY).
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Finally, we need to check (A7 @ )RY = R7PR™ and (1 @ AT)R7 = R7PRI™.
Here, we only show the proof of the first equation, and the second one is similar to

verify.

Forany 1@y € A® A, 2@y =3, A’(a;)(1 @ b;) because of Proposition 5.2.3.
Thus

(A @ )(R)(z®y:2)
= (A7® L)(RJ)(Z A(a;)(1®b) @ 2) = Z(AJ ®0)(R7(a; ® 2))(1© b © 1)
= > (e 1)<Az® 1) (Ja R (a; @ 2))(J ®21)(1 2b;®1)
= i(fl @ DA )(J5 ) (A )R)(A@)(J(a;@2)(J@)(1ebol)
_ i(J‘l @ 1)(A®@)(J3 )RBR®P(A @ ) (J)A @) (a; @ 2)(J@1)(1®b; 1)

= Z(J_l ® (A @) (JYRPRP(A®)(J)(J @ 1)

(J_ QDNAR)(a;@2)(J@1)(1®b 1)
= Y (DA () RPRP (@ A) (D)1 @ J) (I Aw)] @ (1@ b @ 2)

%

) J

a )@ J J V2 J MRBRB(L o AN N1 ) (z0y 2)
VI

ROV @ J=@ g AR J 3 J Oy @ J-ORORE Ji3 j

)
RO Wy @ =@ JORW Wy @ J=-0 j VR SR

(1)
~AORM W g J-AORWM JMy @ J-MRE) jO) =R j/(2)

_ RJ13RJ23<§U®y®Z),

DR j-M y() . g j-) ? R jWy J’(l)R(Q)J2 J(/g R/ j2)

(J= "
IO
= JOJIRO SOz @ JmORM D Wy @ J- 0 DRORE S
T2 (
J
J

where the penultimate equation holds because of (A®:)(J 1) (L@A)(J) = (JR1)(1®J).
O

From Theorem 5.2.6 and Proposition 2.6 in [10], we can easily get the following

result.
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Proposition 5.2.12 Let (A, A) be a quasitriangular multiplier Hopf algebra and
J a twist. Then for all a € A

(57)*(a) = gag™,

where g = pS(p) ™' and p = SJ(RJ(Q))RJO)

Because the integral play an important role in the Pontryagin duality, then the
following queation naturally arise:
(Q2) For a regular multiplier Hopf algebra (A, A) with an integral, does (A7, A7)

also admits a integral?

Before answering this question, we first consider a multiplier u; = Q;ls (Qy) in

M (A). By equation (5.2.4), we have

Auy) = A@Q;'9(Qy)) = J(Q;'9(Q)) ® Q;'S(Q))(S* @ S*)(J7)
= J(UJ@UJ)(SQ®SQ)(J_ )

Theorem 5.2.13 Let (A, A) be a counimodular algebraic quantum group with a
non-zero left (resp. right) integral ¢ (resp. ) and J be a Drinfeld twist. Then the
elements ¢/ = u; — ¢ and ¢/ = ¢ ~ u;' are non-zero left and right integrals on
(A7, A7) respectively.

Proof We need to check that (1®¢”)A7(a) = ¢’ (a)1, equivalently S(1@p’)A(a) =
©”(a)1. In deed, for any x € A, there exists b € A such that x = S(b). Thus

S(® @) (A (@)a = S @ uy = 9)(J Aa)])
= 5129 A@I(18u)S0) = SEe (b e 1) Ae)J(1 @ u,))
= S(®)(bJ W (1)J ®J‘(2)a(2)J(2)uJ):S(bJ‘(l)a(l)J(l)) (J-Pq J( Juy)
= S(JMS(aw) ST )S(b)p(agJPu,S* (T 2))
2SI SIS (TS B)p(ad s S ()
= woe(toa (UM ®J2)A<uj><<5®s><w S() @ SU™) )

(18 a)((Qr @ 1)J ) Aus) (S © S)(6Qs1 ® 1)(S @ 5)(1)))
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(12 9) (18 a)((Qs & 1)) (J(uy @ uy)(S2 @ $2)(J )
(82 ® $)())(S(@Qs) & D(S(B) © 1))

(12 9)((1©a)(Qr @ 1)(us @ u)(S(Qs1) @ 1)(S(H) ©1)))
e (1ealeu) (St o))

= ¢’(a)z,

where equation (1) holds because S(t ® ¢)(A(a)(1®b)) = (L@ )((1®a)A(b)) and (2)
holds because of Proposition 2.4. O

Note that Theorem 5.2.13 contains an answer to the question (Q) in Introduction.

Following Theorem 5.2.13 we can easily get the follwing result in the Hopf algebra case.

Corollary 5.2.14 Let (H,A) be an infinite-dimensional counimodular coFrobe-
nius Hopf algebra. ¢ (resp. 1) is the non-zero left (resp. right) integral on H and
J € H® H is a twist. Then the elements ¢/ = u; — ¢ and ¥/ = ¢ — uj' are

non-zero left and right integrals on (H”7, A7) respectively.

Example 5.2.15 Let G be an (infinite) abelian group, let kG be its group algebra
with coefficients in a field k, and let k(G) be the dual multiplier Hopf algebra. Then
D(G) = k(G)*P < kG is the Drinfeld double with the quasitriangular multiplier Hopf
algebra structure as follows. For any g,h,p,q € G,

(0g DA D) (O 41 q) = Og0pnp—1 X g, £(6y D) = 0y,

A(Ggap) = (0m1g0ap) ® (6, ap), S8, 0ap) = G191, 0 p ",
seG

R=> (1xg)® (§ye).

geG

In this case, the Drinfeld twist J = R™! = > (1 > g) ® (6,1 > €), where 1 =

geG
> gec 99 By Theorem 5.2.2.1 the quasitriangular structure in D(G)” is given by

R = Jy3'RI = (§ye)® (1 g).

geG
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Since Q; = S(JM)J? = D g Og gl uy = Q;'S(Q,) = 1 e, by Theorem
5.2.3 the left and right integrals on (D(G)”, A7) are given by ¢/ = ¢’ = f @ 4., where
f maps every d,,9 € G to 1.
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