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Abstract

Pointed Hopf algebras include a good number of basic examples of Hopf algebras
and they have a very rich theory. This report is devoted to generalizing some classical
results on the structures and gauge invariants of pointed Hopf algebras to the case with
the dual Chevalley property (which means that the coradical is a Hopf subalgebra).
Besides a number of canonical theories for Hopf algebras, the main tools in this report
are especially so-called multiplicative and primitive matrices over coalgebras. As con-
clusions, we study an annihilation polynomial for the antipode, the exponent, and the
link-indecomposable components of Hopf algebras with the dual Chevalley property.
This report is divided into five chapters.

In Chapter 1, we provide the research backgrounds, motivations and main results.
In Chapter 2, we recall some basic concepts and main tools related to this report.

In Chapter 3, we study the antipode of a finite-dimensional Hopf algebra H with
the dual Chevalley property and obtain an annihilation polynomial for the antipode.
This generalizes an old result given by Taft and Wilson in 1974. As consequences, we
show that 1) the quasi-exponent of H is the same as the exponent of its coradical, that
is, qexp(H) = exp(Hy); 2) qexp(H x k(S?)) = qexp(H).

In Chapter 4, we discuss and compare properties of two notions of exponent of
finite-dimensional Hopf algebras, including invariance and finiteness. Specifically, one
notion is invariant under twisting and taking the Drinfeld double, exactly as the other
one. We also find that if the non-cosemisimplicity and dual Chevalley property hold,
both exponents are infinite in characteristic 0 but finite in positive characteristic.

In Chapter 5, we provide sufficient conditions for the link relation on simple sub-
coalgebras, and prove a formula on the products between link-indecomposable compo-
nents of Hopf algebras with the dual Chevalley property. Furthermore, we show that

each of its component is generated by a simple subcoalgebra, as a faithfully flat module

v



BRAFEL B AME L IRHE AR

(in fact, a projective generator) over a Hopf subalgebra which is the component con-
taining the unit element. Our conclusions generalize some relevant results on pointed
Hopf algebras, which were established by Montgomery in 1995.

Keywords: Hopf algebra; Dual Chevalley property; Antipode; Exponent; Gauge

invariant; Indecomposable coalgebra; Link relation; Faithful flatness.



Chapter 1 Introduction

§1.1 Background

General theories for Hopf algebras over a field were begun in 1960s. As important
cases of non-semisimple (or non-cosemisimple) ones among them, pointed Hopf algebras
has particularly a large number of classical structural results in the literature. The main
reason why pointed Hopf algebras were early considered is that the coradical is a group
algebra, so that the theory of groups could be sufficiently applied. This assumption
helps us to study pointed Hopf algebras with properties of their grouplike and primitive

elements, which are immediately defined through the coradical.

Our motivation for this report is to generalize some classical results on the struc-
tures and invariants of pointed Hopf algebras, with the tools of so-called multiplicative
and primitive matrices. Multiplicative and primitive matrices could be regarded as
generalizations of grouplike and primitive elements, respectively. Indeed, pointed Hopf
algebras must have the dual Chevalley property, which means that the coradical is a
Hopf subalgebra and is in fact a quite weak condition for arbitrary Hopf algebras. Thus
we aim to obtain some analogous results for the case with the dual Chevalley property.
Now we introduce the original ones on pointed Hopf algebras for the remaining of this

subsection.

Let H be a finite-dimensional Hopf algebra over a field k with the antipode .S, and
denote the composition order of S? by ord(S?). The order or annihilation polynomials
of S? has been studied for more than 40 years. The first most general result was given
by Radford [37] in 1976, which states that ord(S?) is always finite. Then the people
want to find an explicit bound for ord(S?). Actually, the people made the progress at

least in the following two different cases for H: semisimple case and pointed case.

As for the first case when H is semisimple, Kaplansky conjectured in [16] that
semisimple Hopf algebras are all involutory (that is, ord(S?) = 1), which is well-
known as the Kaplansky’s fifth conjecture and still open in small positive characteristic.
Moreover, when H is cosemisimple in addition, a positive answer was given by Etingof

and Gelaki [11]. The other case when H is pointed was once studied by Taft and
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Wilson [46] in 1974. They obtained the following annihilation polynomial:
(S —id)=! =0, (1.1)

where N is the exponent of the coradical and L denotes the Loewy length. This
formula implies directly that ord(S?) | N in characteristic 0 ( [13]) and ord(S?) | NpM

in characteristic p > 0 for some positive integer M ( [46]).

The notions of exponent of Hopf algebras have been introduced and studied since
1999. This process arised from a conjecture by Kashina [17,18] that nth Sweedler power
[n] is trivial on a semisimple and cosemisimple Hopf algebra of dimension n. She also
verified this property on a number of known examples. One notion of exponents for a
Hopf algebra H is considered to be the least positive integer n such that [n] is trivial,
which is denoted by exp,y(H) in this note. Actually it coincides with the exponent of a
group G when H is the group algebra kG.

However, the term “exponent” of Hopf algebras was first introduced by Etingof and
Gelaki [12]. Their definition of the exponent, denoted by exp(H), is slightly different
from exp,(H) considered above. They provided at first various properties for exp(H)
when H is finite-dimensional, especially the invariance properties. Specifically, this
exponent is invariant under the duality, taking the opposite algebra, twisting and taking
the Drinfeld double. One more important result in [12] is that exp(H) is finite and
divides dim(H)3, as long as H is semisimple and cosemisimple (and thus involutory).
This partially answers Kashina’s conjecture, because of an immediate observation that
exp(H) = expy(H) holds when H is involutory (or pivotal). Another result about the

finiteness is that exp(H) < oo in positive characteristic when H is finite-dimensional.

On the other hand, exp,(H) seems different from exp(H) for general Hopf algebras
by definitions. One might ask whether exp,(H) has similar properties with exp(H).
Some properties are studied by Landers et al. [21]. For instance, they showed that
expy(H) is also invariant under taking the opposite algebra. As for the finiteness, the
author and Zhu [27] found that exp,(H) = oo if H is non-cosemisimple in characteristic
0 with the dual Chevalley property, and that exp,(H) < oo if H is finite-dimensional
and pointed. Moreover, there are other researches involving exponents of Hopf algebras,

such as [13], [20], [36] and [41], etc.

It is known in Kaplansky [16] that any coalgebra could be written uniquely as

2



a direct sum of indecomposable subcoalgebras. The notion of the link relation (also
known as the connected relation) on simple subcoalgebras is a theoretical way to deter-
mine the direct summands, which are referred as the link-indecomposable components.
This was firstly shown by Shudo and Miyamoto [43]. Later in 1995, Montgomery [35]
refined the related knowledge with the language of quivers, and studied properties of
the link-indecomposable components of a pointed Hopf algebra. For any pointed Hopf
algebra H, she established a formula on the products of link-indecomposable compo-
nents. As consequences, H is free over a normal Hopf subalgebra H(;y which is exactly
the link-indecomposable component containing the unit element, and H is furthermore

a crossed product of a group over Hy).

§1.2 Main results

Our main result in Section 3 generalizes Formula (1.1) to the case when H has
the dual Chevalley property:
Theorem 3.1.1 Let H be a finite-dimensional Hopf algebra with the dual Chevalley
property. Denote N := exp(Hy) < oo and L := Lw(H). Then

(S*N —id)*t =0

holds on H.
An immediate but meaningful conclusion on the order of the antipode is:

Corollary 3.1.3 Let H, N and L be as in Theorem 3.1.1. Then
(1) If char k = 0, then ord(S?) | N;

(2) If char k = p > 0, then ord(S?) | ged(NpM, exp(H)), where M is a natural number
satisfying pM > L — 1.

Section 4 is an attempt to complete comparisons of properties between two notions
of the exponent exp,(H) and exp(H) where H is a finite-dimensional Hopf algebra.
Our first result is that exp,(H) is also invariant under twisting and taking the Drinfeld
double:

Proposition 4.1.5 Let H be a finite-dimensional Hopf algebra. Suppose J be a (left
or right) twist for H. Then expy(H”) = expy(H) and expy(D(H)) = expy(H).

3



Also, we show that if H is non-cosemisimple with the dual Chevalley property,
exp(H) is infinite in characteristic 0 but finite in positive characteristic:
Theorem 4.3.6 Let H be a finite-dimensional Hopf algebra with the dual Chevalley
property over k. Then

(1) If H is non-cosemisimple and char k = 0, then exp(H) = oo,

(2) Ifchark = p > 0, and denote N := lem(exp(Hy), expy(Hp)) < oo and L := Lw(H),
then exp(H) | Np™, where M is a positive integer satisfying p™ > L.

Section 5 is devoted to generalize some of these main results in [35] to non-pointed
Hopf algebras. Denote the link-indecomposable component of H containing the simple
subcoalgebra E by H(p), which is a subcoalgebra of H, and note again that H is the
direct sum of its different link-indecomposable components. Our final result states
that:

Theorem 5.2.8 Let H be a Hopf algebra over an arbitrary field k with the dual Cheval-
ley property. Denote the set of all the simple subcoalgebras of H by S. Then

(1) For any C € S, Hy= CHyy = HyyC;

(2) For any C,D €S, HeyHipy € >, Hp);
BeS, ECCD

(3) Hgy is a Hopf subalgebra.

Moreover as a direct corollary, the faithful flatness of H over the Hopf subalgebra
Hyy is followed:
Corollary 5.2.12(1) Let H be a Hopf algebra with the dual Chevalley property. Then

H is a projective generator of left as well as right H1y-modules.



Chapter 2 Preliminaries

§2.1 Basic Structures and Invariants of Hopf algebras

We recall the most needed knowledge about coalgebras and Hopf algebras in this
section. Through out this report, all vector spaces, coalgebras, bialgebras and Hopf
algebras are assumed to be over a field k. The tensor product over k is denoted simply
by ®. For a coalgebra (H, A, ¢) over a field k, Sweedler notation A(h) = > h1) ® h)
for h € H is always used.

§2.1.1 Coradical Filtration and Loewy Length

Recall the notion of the wedge on a coalgebra (H, A, ¢) that
VAW =AY WVoH+HQW)
for any subspaces V, W C H. There are further notations as follows:

ANV o=V
ANV = VA(ANTYV) (Vn>1).

Denote the coradical of H by Hy. The coradical filtration of H is a sequence of

subcoalgebras defined inductively as
H,y = HyAH, =N""Hy (n>0)

and always denoted by { H,,},,>0 in this report. These definitions could be found in [45,
Chapter 9].
The Loewy length (cf. [14, Lemma 2.2]) of a coalgebra H is denoted as

Lw(H) :=min{l >0 | H_, = H}

with convention H_; = 0 and min @ = oco. It is apparent that Lw(H) < oo if H is

finite-dimensional.



§2.1.2 Dual Chevalley Property

A Hopf algebra H is said to have the dual Chevalley property, if its coradical H,
is a Hopf subalgebra (or equivalently, Hy is a subalgebra of H and S(H,) C H,).
A well-known result about the dual Chevalley property is the following lemma (see

e.g. [34, Lemma 5.2.8]).

Lemma 2.1.1 Let H be a Hopf algebra H with the coradical filtration {H,},>0. Then

the followings are equivalent:
(1) Hy is a Hopf subalgebra of H;
(2) {Hy}n>0 is a Hopf algebra filtration.

§2.1.3 Exponent

Let (H,m,u, A, ¢) be a Hopf algebra with antipode S over a field k. For conve-

nience, we define following k-linear maps for any positive integer n:

my : H®n—>H, h1®h2®®hn|—>h1h2hn,
A, : H— H®" hHZh(l)@)h@)@'”@h(n).

When S is bijective, the notion of the ezponent of H introduced in [12] by Etingof
and Gelaki is defined as

exp(H) :=min{n >1|m,o([{d®S7?® - @S oA, =uoc}

with convention min @ = co. One of their most crucial ways to study the exponent is

the following identification [12, Theorem 2.5(2)|, when H is finite-dimensional:
exp(H) equals to the multiplication order of upm),

where up(g) is the Drinfeld element of the Drinfeld double D(H) ( [9]). We remark
that there is also another notion of “exponent" introduced by Kashina [17,18] (see also
Remark ?7).

It is known that if H is finite-dimensional, D(H) is also a Hopf algebra, whose

2

antipode is denoted by Sp(m). Moreover, Sp)® is in fact an inner automorphism
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determined by up) on D(H). Thus SD(H)2eXp(H)

becomes the identity map on D(H),
as long as exp(H) < co. Restricting this map onto the Hopf subalgebra H = e H C

D(H), we obtain the following fact immediately:

Corollary 2.1.2 Let H be a finite-dimensional Hopf algebra with antipode S. Ifexp(H) <
o0, then S2PWH) = id (the identity map on H).

There are two theorems [12, Theorem 4.3] and [12, Theorem 4.10| describing the

finiteness of the exponent. We state them below:

Lemma 2.1.3 Let H be a finite-dimensional Hopf algebra over k.

(1) If H is semisimple and cosemisimple, then exp(H) is finite and divides dim(H)?;

(2) If char k > 0, then exp(H) < oo.

As a conclusion of the theorems above, it is easy to check that the coradical of a finite-

dimensional Hopf algebra with the dual Chevalley property always has finite exponent:

Corollary 2.1.4 Let H be a finite-dimensional Hopf algebra with the dual Chevalley
property over k. Then exp(Hy) < oc.

Proof: If char k > 0, then this is a direct consequence of the (2) of the above lemma. If
char k = 0, the cosemisimple Hopf algebra Hj is also semisimple now by [23, Theorem

3.3]. Then (1) of the above lemma is applied.

§2.2 Coradical Orthonormal Idempotents

For any coalgebra H, its dual algebra with the convolution product is denoted by
H*. Now we refer a certain kind of family of idempotents in H* introduced by Radford
[39], which are called coradical orthonormal idempotents in this report. To introduce
them, let S be the set of simple subcoalgebras of H and the classical Kronecker delta
is denoted by 9.

Definition 2.2.1 Let H be a coalgebra. A family of coradical orthonormal idempotents

of H* is a family of non-zero elements {ec}ces in H* satisfying following conditions:

(1) ecep = dc.pec for C,D € S;



(2) > ec =¢ on H (distinguished condition);
ces

(3) ec|lp = é¢c,pelp for C,D € S.

The existence of (a family of) coradical orthonormal idempotents in H* for any
coalgebra H is affirmed in [39, Lemma 2| or [40, Corollary 3.5.15|, using properties of
injective comodules. It is always assumed that {ec}coes is a given family of coradical
orthonormal idempotents in H* for the remaining of this report.

We remark that when H is pointed, there is another way to construct coradical
orthonormal idempotents from [34, Theorem 5.4.2| for example, and some convenient

notations are used there. Similar notations for {ec}ces will be used in this report too:
“h=h+—ec,h’ =ep —~h,°WP =ep —~h+—ec, heH, C,DEeS,

where < and — are hit actions of H* on H. Specially if C' = kg is pointed, then we
also denote 9h := “h, b9 := h®, and V¢ := e — V, etc.
Some direct properties, which can be found in [27, Proposition 2.2|, are listed as

follows:

Proposition 2.2.2 Let H be a coalgebra. Then for all C, D € S, we have

(1) “HoP = 6cpC;

(2) °H,P C A™Y(C® “H,” + “H,” @ D);

(3) “HP C Ker(e) if C # D;

(4) Suppose V-C H is a k-subspace. We have following direct-sum decomposition:

(i) V=@V ifV isaleft coideal;

Ces

(ii) V= @ VP if V is a right coideal;
DES

(iii)) V= @ CVP if V is a subcoalgebra.
C.DeS

§2.3 Matrices over Coalgebras and Hopf algebras

As the main tools in this report are matrices over vector spaces, an evident lemma

should be noted as first:



Lemma 2.3.1 Let V be a vector space. For any matriz A over V', the followings are

equivalent:
(1) All the entries of A are linearly independent;

(2) All the entries of PAQ are linearly independent, for some invertible matrices P
and @) over k.

Moreover, we always say that two square matrices A and B over a vector space V
are similar, if there exists an invertible matrix L over k such that B = LAL~'. This

is denoted by A ~ B for simplicity.

§2.3.1 Multiplicative Matrices and Their Operations

The notion of the multiplicative matrices over coalgebras was once introduced
in [30]. This helps us generalize some results of pointed coalgebras or Hopf algebras
to the case of non-pointed ones. For our purposes, more properties of multiplicative
matrices are considered in this subsection. Let us start by recalling notations and

definitions.

Notation 2.3.2 Let V and W be vector spaces.

(1) For any matriz A := (Vij)mxn over V and matriz B := (w;;)nx over W, denote

the following matrix

A®B:= <Zvik®wkl> :
mxl

k=1

(2) For any matriz A = (Vij)mxn over V, denote the following matrix
AT = (’Uji)nxm;

(3) For any linear map f : V — W and a matriv A := (Vij)mxn over V, denote the

following matrix

FCA) = (f (Vi) e -

Then multiplicative matrices could be defined simply as follows.

Definition 2.3.3 Let (H,A,¢) be a coalgebra over k.

9



(1) A square matriz G over H is said to be multiplicative, if A(G) = G @ G and
e(G) = I (the identity matriz over k) both hold;

(2) A multiplicative matriz C is said to be basic, if its entries are linearly independent.

Clearly, all the entries of a basic multiplicative matrix C span a simple subcoalgebra
C of H. Conversely, when the base field k is algebraically closed, any simple coalgebra C'
has a basic multiplicative matrix C whose entries span C'. Moreover, we could describe

the uniqueness for C as follows:

Lemma 2.3.4 Let C be a simple coalgebra over k. Suppose that C is a basic multi-
plicative matriz of C'. Then D is also a basic multiplicative matrixz of C' if and only if

D~C.

Proof: A particular case of Skolem-Noether theorem follows the fact that: Any two
matric bases of a finite-dimensional matrix algebra are similar. Our desired lemma

would be its dual version.

Remark 2.3.5 One could easily verify that matrices similar to multiplicative ones are

also multiplicative, even if they are not basic.

This lemma states that for a simple coalgebra C, its basic multiplicative matrix
would be unique up to the similarity relation (over k). In fact as for an arbitrary
multiplicative matrix, we claim in the followings that it could be “decomposed” into

basic ones:

Proposition 2.3.6 Suppose G is an n X n multiplicative matriz over a coalgebra H.

Then
(1) There exist basic multiplicative matrices Cy,Ca, -+ ,C; over H, such that
Ci X -0 Ay
g~|
PR

where X;;’s are matrices over H for all 1 <i < j <t;

10



(2) If all the entries of G belong to the coradical of H, then there exist basic multiplica-

tive matrices Cy,Co, -+ ,Cy over H, such that
i, 0 -~ 0
G 0 Co 0
0 0 Cy

Proof: It is clear that all the entries of G span a subcoalgebra G of H. Define
an n-dimensional k-vector space V' := kv; @ kvy & - - - & kv,,, which becomes a right

G-comodule with structures

P(Ulav% t 7Un) = (Uluv% t 7Un) X g

(1) Evidently, V has at least one simple G-subcomodule, denoted by W. Suppose that

W has a linear basis {wy,ws, -+ ,w,}, and
Ci1 Ci2 - Cip
~ Ca1 Co2 -+ Cop
p(w17w27 e 7w7") - (wlaw27 T awr) X
Cr1 Crg -+ Cpp

holds for some ¢;;’s in G. Then according to [40, Theorem 3.2.11(d)| and its proof,
{cij | 1 <i,j < r} is linearly independent, and thus spans a simple subcoalgebra

with a basic multiplicative matrix Cy := (¢;j)rxr-

Now we suppose {wq,ws, -+, Wy, U, Ug -+ ,Up_,} is another linear basis of
V', which is extended from the basis of "W mentioned above. Choose the n x n

transition matrix L; over k such that

(Ul>v27"' :Un> = (wla"' y Wry Uy - - aun*T)le

and consider the comodule structure p at this equation. We could compute to

11



know that

(wla"' y Wry Upy v v 7un77“) & ng
- (wla"' y Wy, U, * - 7un—7')Ll®g

= (Ulav%"' 7vn)®g = P<U1,U27"' >/Un)

= p((w17 y Wy, U, * * ;Un—T)Ll)
= p(wla"' y Wry, Uty * ot 7un77")L1
~ [ C X
= (fwb... , Wy, U, © - 7un774) X ! ! Ll,
0 G

where G; is multiplicative (of size n —r) due to the axiom of comodules, and X} is

an r X (n — r) matrix over H. This follows that

C, X

ngLfl _ 1 1
0 G

If we repeat the process on G; for several times, an invertible matrix L over k

could be obtained, such that

Ci X -0 Ay
o | 0@ X_Qt
o 0 - G
holds for some basic multiplicative matrices Cy,Cs, - - - ,C; over G.

The reason is similar to (1) but noting that G is cosemisimple, which follows that
V is a completely irreducible G-comodule. In other words, there are simple G-

comodules Wy, Wy, -+, W, of V, such that

V=woW,o - W,

holds. If we choose linear bases for Wy, Wy, - -- | W, respectively, then simple sub-

coalgebras with basic multiplicative matrices Cy,Cs, - -+ ,C; are obtained as before.

12



The transition matrix L on V' from {v;, vy, ,v,} to the union of those bases

chosen above for Wy, Ws, - -- | W, would satisfy the property that
C, 0 -~ 0
LGL = ?2 . 0
0o 0 --- G

Now we turn to mention a binary operations on multiplicative matrices:

Lemma 2.3.7 Suppose A = (a;;)rxr and B = (b;j)sxs be multiplicative matrices over

a coalgebra H. Then
(1) The following rs x rs (block) matriz is multiplicative over the coalgebra H ® H :

CL11®B a1r®B aij®b11 aij®b18
G := : : ., where a;;QB = :
ar1®8 arr‘@B aij®bsl @ij®bss

(2) If H is moreover a bialgebra, then the following rs X rs matrices are both multi-

plicative over H:

allB tee CLer Abll e Abls
A B = : : and A B = :

arlB arrB .Ab51 Abss

Remark 2.3.8 The matriz A® B is supposed to be called the Kronecker product of A

and B. Clearly, the binary operation @ could be defined on arbitrary matrices over an

algebra in the same ways.

Proof:

(1) Consider the entry a;; ® by in the block a;; ® B. It is direct that

Afa; @b) = Y > (i ® brer) @ (arj @ ban).

r’'=1s'=1

13



Then we compute the entry in G ® G with the same position with a;; @ by in G.
This entry is

Z(Gﬂ ® bs') @ (a1 ® bgy) + Z(aiQ ® bys') @ (ag; ® bg)
s'=1 s’'=1
oD (A ® bry) @ (a5 ® byy)
=1
- Z Z(air’ ® bks’) X (a’r’j ® bs’l)-
r'=1s'=1
In conclusion, A(G) = G ® G. Another requirement £(G) = I, is evident, since
8(0@‘ X bkl) = 5ij5kl-
(2) Note that the multiplication m : H ® H — H is a coalgebra map. Thus A® B =

m(G) is multiplicative.

On the other hand, we consider the bialgebra H°P, whose multiplication is
opposite to H. It could be seen that A and B are still multiplicative over H®P,
since H and H°P share the same coalgebra structures. Therefore, A @' B is the

Kronecker product of B and A in H°? and thus multiplicative.

In the end of this subsection, some evident formulas on such Kronecker products
should be noted for later computations. For a matrix A = (a;;),xs over an algebra, we

denote the transpose of A by A" := (a;;)sxr-

Lemma 2.3.9 Let H be an associative algebra with an algebra anti-endomorphism S.

For any matrices Ay, A, - -+, A, over H, we have
S(ALAy - A)T = S(A)TS(A )T - S(ANDT

as long as the product A1 Az --- A, is well-defined.

Proof: The equation holds due to direct calculations.

Lemma 2.3.10 Let H be an algebra. Denote the identity matriz of size n by I,,.

14



(1) Suppose that A, xn, and By,,xn, are matrices over H. Then

(Ao B)T = AT o BY;

(2) Suppose that Ay, xn, s Bmyxn, and B! are matrices over H. Then

TL2><l2

(AeB)(I,, ©B)=A6BB.

(3) If H is furthermore a Hopf algebra with bijective antipode S, then for any multi-

plicative matriz Gy, over H, we have

S(G)G=65(G) =1, and S7HG)'G' =G"S7HG)" = I,.

Proof: Equations in (1) and (2) could be verified directly. The former equation in
(3) holds due to the definition of multiplicative matrices. As for the latter one, we

compute according to Lemma 2.3.9 that
STHG)TGT = STHG)TSTH(S(G)T = STH(S(6)G) T = SH(1,)T =1,

since S™! is an algebra anti-endomorphism on H. Of course, GTS *1(Q)T = 1,, holds
similarly.
§2.3.2 Non-Trivial Primitive Matrices

In this subsection, we turn to observe properties of primitive matrices. This notion

is a non-pointed analogue of primitive elements (see [27, Definition 3.2]).

Definition 2.3.11 Let (H,A,¢e) be a coalgebra over k. Suppose C,.y, and Dsys are

basic multiplicative matrices over H.
(1) Anrxs matriz X over H is said to be (C,D)-primitive, if A(X) =C @ X+X @ D;

(2) A primitive matriz X is said to be non-trivial, if there exist some entries of X does

not belong to the coradical Hy.

Remark 2.3.12 It is easy to show that ¢(X) = 0 for any primitive matrix X.

15



Using the method of coradical orthonormal idempotents, we could express any
element in H; as a sum of entries in multiplicative and primitive matrices. For any
subspace V' C H, we denote V N Ker(e) by V. The following lemma is important for
us (see [27, Theorem 3.1]).

Lemma 2.3.13 Assume that k is algebraically closed. Let H be a coalgebra, C, D be
simple subcoalgebras of H and C = (¢y;)rxr, D = (djj1)sxs be respectively basic multi-

plicative matrices for C' and D. Then

(1) If C # D, then for any w € “H,P, there exist rs-number of (C,D)-primitive
matrices

WD — (W) =i <1< <),
TX$8

)

such that w=>_>" w9 -

i
i=1j=1

(2) If C = D if we choose that C = D, then for any w € “ H\“, there exist rs-number

of (C,C)-primitive matrices

WD = (W) 1< <n1<) <)
rXSs

iJ — — — —

T S ..
such that w — Y > wg”) eC.
i=1j=1
It is clear that entries of primitive matrices must belong to H; := Hy A H,.

Moreover, there are further properties for non-trivial primitive matrices:

Proposition 2.3.14 Let C,D € S, and C,«,, Dsxs be their basic multiplicative ma-
trices, respectively. Suppose X := (x;;j)rxs 5 a (C,D)-primitive matriz. Then the

followings are equivalent:
(1) X is non-trivial;
(2) x;; ¢ Hy holds for all1 <i<rand1<j<s;

(3) {zi; | 1 < j < s} are linearly independent in Hy/H, (the quotient space) for
each 1 < i <7, and {z;; | 1 < i < r} are linearly independent Hy/H, for each
1<j<s.
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Proof: Denote that

Ci1 Ci2 '+ Cip dyy dig - dis

Co1 Co2 '+ Cop day dag -+ dog
C = _ ‘ _ and D=

Cr1 Cr2 " Cpp dsl ds2 e dss

(1)=(2): Assume (2) does not hold, and that is to say z;; € Hy for some ¢, j. The
condition that X is (C, D)-primitive provides the equation

A(z45) = Z Cik Q T + Z Ty @ dyj.
k=1 =1

Since {c;x | 1 < k < r} are linearly independent, we could find some linear functions
{fir | 1 <K <r}on H, such that (fy,cix) = o x holds for any 1 < &',k < r. Then
we obtain for each 1 < k < r that

(fr ®1id) o A(zy)) = za + Z<fk; Ti)dyj,

=1

which follows that

i = (fr ®id) o Alxy) = Y (fr, zu)dy € Ho+ D C Hy,
=1
due to our assumption that z;; € Hy.

Obviously there is a similar process on {d;; | 1 <1 < s}, and we conclude that the
assumption z;; € Hy would follow that z;, € Hy and x;; € Hy hold for all 1 < k <r
and 1 <[ <s. Consequently it is found that all the entries of X belong to H,, which
contradicts (1).

(2)=(3): For any 1 <i < r, suppose «; € k (1 < j < s) such that iloéjxij € H,.

j=
Then from the following computation

T

A (Z ajxij) = Z ;A (155) = Z oy (Z Cik & Tpj + Z Ty & dlj)
j=1 Jj=1 Jj=1

k=1 =1

= Z Cit @ (Z ozjxw) + Z ;T @ dj,
j=1

k=1 jl=1
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we know that

s s r s
Z a;xy @dyy = A (Z ajx,-j> - Z Ci. ® <Z aja:m) € Hy® Hy.
Jl=1 J=1 k=1 j=1

As a consequence, (2) and the linear independence of {d;; | 1 < ,j < s} follow that
a; = 0 forall 1 < j < s. Thus we conclude that {z;; | 1 < j < s} are linearly
independent in H,/H,.

The other desired linear independence in H;/Hj is obtained similarly.

(3)=-(1): This is direct.

For the remaining of this report, each element x € H \ Hy is said to be non-trivial
for convenience. Moreover, an arbitrary matrix X over H is also said to be non-trivial,
if some of its entries does not belong to Hy. Of course, they would be called trivial

otherwise.
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Chapter 3 An Annihilation Polynomial for the
Antipode

§3.1 An Annihilation Polynomial for the Antipode

Let H be a finite-dimensional Hopf algebra over k with the dual Chevalley property
and Hj be its coradical. We denote its Loewy length by Lw(H). In this section, our

aim is to prove the following annihilation polynomial for S? € Endy(H):

Theorem 3.1.1 Let H be a finite-dimensional Hopf algebra with the dual Chevalley
property. Denote N := exp(Hy) < oo and L := Lw(H). Then

(S*N —id)" ' =0

holds on H.

Remark 3.1.2 For a finite-dimensional pointed Hopf algebra, the same annihilation
polynomial was established by Taft and Wilson 46 years ago [46, Theorem 5]. So
above theorem can be regarded as a generalization since finite-dimensional pointed

Hopf algebras clearly have the dual Chevalley property.

Before the proof, an immediate but meaningful conclusion on the order of the
antipode should be noted as follows, which generalizes [13, Theorem 4.4] as well as [46,

Corollary 6] for the pointed case. We denote the composition order of S? by ord(S?).

Corollary 3.1.3 Let H, N and L be as in Theorem 3.1.1. Then

(1) If char k = 0, then ord(S?) | N;

(2) If char k = p > 0, then ord(S?) | ged(NpM, exp(H)), where M is a natural number
satisfying pM > L — 1.

Proof:

€ oraer o 1s finite, for 1s finite-dimensiona eorem . cn 1S
(1) The order of S is finite, for H is finite-dimensional [37, Th 1]. Then S2V i

semisimple in characteristic 0, but unipotent. It follows that S?V = id.
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(2) It is evident that S*M7" —id = (S?¥ —id)?" = 0. On the other hand, Lemma
2.1.2 implies that ord (S?) | exp(H).

We divide the proof of Theorem 3.1.1 into several steps which occupy the following

subsections.

§3.1.1 Antipode on Primitive Matrices

From now on, suppose that H is a finite-dimensional Hopf algebra with the an-
tipode S. With the help of the lemma above, we could in fact calculate the image of

a certain kind of primitive matrices under S?* for each positive integer n.

Lemma 3.1.4 Let C = (¢;j)rxr be a multiplicative matriz, and let X = (21,9, ,2,)"

be a (C, 1)-primitive matriz over H.
(1) S(X) = —S(C);

(2) S2(X) = ((S(C)X)TS2C)T)T. In other words, S2(z:) = 3 S(cupe)Tr, S2(Con,)
k1 ka=1
foreach 1 <1 <r;

(8) For any positive integer n,
S#(x) = [[s*7He) - ((S(e)x) sy )T - TSP (e) ]

Specifically, the (i,1)-entry of S*™(X) is

r

S2n(xl) = Z S [Ckal SZ(CICUCS) e S2n74(ck2n72k2n73>52n72(Cank2nf1)]

k1,k2, kan=1

Ly s [Ck3k232<ck5k4) T S2n_4(ck2n71k2n72)SQn_z(Cian)] .

Proof:

(1) The definition of (C,1)-primitive matrices means that A(X) =C @ X + X ® 1.
We map m o (S ®id) onto this equation and obtain

0=c(X) = S(CO)X + S(X),

which follows S(X) = —S5(C)X immediately.
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(2) According to (1) and lemma 2.3.9, it is direct that

SHX) = S(=S(0)X) = —(S(X)'S*C0)")" = —((=8(C)x)"s*(C)")"
= ((S(@)x)"s*)")"

(3) We prove it by induction on n. Assume that the equation holds for any multi-
plicative matrix C and (C, 1)-primitive matrix X in case n — 1. Note that S?(C) is
multiplicative and S?(X) is (5?(C), 1)-primitive, because S? is a coalgebra endo-

morphism (as well as an isomorphism) on H. Then

S (x;) = S™H(S* (@)

r

= Z S [S2(0k4k3) T S2n_4(Ck2n72k2n73)S2n_2(ck2nk2n71)}

k3,kq4, - kan=1

52 (xk3)52 [52(6k5k4> e SQn_4<0k2nf1k2nf2)SQn_2(Cik2n)}

r

= Z S [52<Ck4k3) U S2n74(Ck2n72k2n73)S2n72(ck2nk2n71)}

k3,ka, kan=1

( Z S(ckzkl)xkl‘sa(ckskz)) SQ [52(67%164) T S2n74<ck2n71k2n72)52n72<cik2n)}
k1,ko=1

= Z S [SQ(Ckz;ka) T SQn_4(Ck2n72k2n73)S2n_2(Ck2nk2n71)}

k1,k2,k3,ka, kon=1
S(Ckal)xkl 52(0k3k2)82 [SQ(C/?EJM) T S2n_4<ck’2n71k’2n72)S2n_2(cikzn)}

T

= Z S [Ckal 5’2(6164163) e S2n74(ck2n72k2n73)52n72(Ck2nk2nfl)i|

k1,k2,k3,kq, - kon=1

Lky 52 [Ck3k252(ck5k‘4) e S2n_4(ck2n71k2n72)52n_2(Cik%)] )

which is exactly the required equation in case n.

It is suggested in Lemma 3.1.4 that the mapping S? on (C, 1)-primitive matrices
is somehow similar to a “conjugate action by by C”. We show next that such an action

has finite order when H has finite exponent.

Lemma 3.1.5 Let C = (¢ij)rxr be a basic multiplicative matriz of a simple subcoalgebra
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C €S8 of H Assume that N := exp(H) < oo. Then for1 <i,j <r,

T

Z Ck2j52<ck4k3) T 32N74(Ck2N—21€2N—3)S2N72(Ck2Nk2N—1)

ka,k3, kany=1

® Ck3k252<ck5k4) T S2N74(Ck2N—1k2N—2>52N72<Cik2N)

=0;;(1®1),

which is the (i, j)-entry of the identity matriz T, ® I, € M,(H @ H).

Proof: Firstly it is known that exp(H*°P) = exp(H) = N according to [12, Proposition
2.2(4) and Corollary 2.6]. Here the antipode of dual Hopf algebra H* is also denoted
as S, and then the antipode of H*°P is actually S~!.

Let us prove the equation by taking values of the function f ® g € H* ® H* for
arbitrary f,g € H*. Note that

r

A2N(Cij) - § , Cikgny @ Chynkon 1 @+ * & Cighy ® Ckaj-
k2,k3,+ kon=1

The value of f ® g on the left side of the required equation is then

T

Z <f7 Ckzjsz(ck‘wa) T 82N74(Ck2N—2k2N—3)S2N72(Ck2Nk2N—1))

k2,k3, - kon=1

<gv Clsks 52(Ck5k4) T 52N74(Cl€2N71k2N72)52N72(CikzN»

r

= > (9 S Canan ) (i) SN T (Chanan 1)

k2,k3,+ kan=1

(Gv=1), SN (o rhan—2)) (Fv=1)s SN T (Chan_skan )
+{9@)s S (Crsra)) (F25 S (hara) ) (900 Chsha) (F1)s Chag)
OS2 (g SV () SN H gv—1) SN (Fv-))
- 5%(92)S*(f)90) fays <)
B <ZSQN72 90 fan) S gw—1 fw—n) - - 52(9(2>f(2))9<1>f(1>,Cz'j>
= (myPo (Id®(S™) 2@ - @ (S **?) 0 Aj(9f), i)
=(9f, 1){e,ci) = 6;5(f,1){g.1) = ([ ®g,0;5(1®1)).

The proof is now complete since f and g are arbitrary linear functions.
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The following proposition is a conclusion of two lemmas above.

Proposition 3.1.6 Let H be a finite-dimensional Hopf algebra with the dual Chevalley
property. Denote N := exp(Hy) < oco. Then for any basic multiplicative matriz C and
any (C,1)-primitive matriz X, we have S*N (X) = X.

Proof: Denote C = (¢ij)rxr and X = (z1,22,--+ ,z,)T. Since C is a multiplicative

matrix over Hy as well, Lemma 3.1.4(3) and Lemma 3.1.5 imply that for any 1 < i <r,

r

SQN (ZL‘Z) = Z S [Ck2/€1 S2<Ck4/€3) e S2N_4(Ck2N72k2N—3)SQN_2(CI<?2N'I€2N71):|

k1,k2, - kan=1

Ly 52 [Ckak’z SQ(Cksk’zL) T SQN_4(C’€2N71]€2N72)S2N_2(Cik2N)]

ki=1
That is to say, S*N(X) = X.
In Subsection §2.2, we have made the convention that a family of coradical or-
thonormal idempotents {ec}ces is always given. Now recall that according to Propo-

sition 2.2.2(4), the left coideal H;' could be decomposed as a direct sum:

H'=H"
ces
On the other hand, if we assume that k is algebraically closed, then every simple
subcoalgebra C' € § has a basic multiplicative matrix C, and thus each element in
“H,! is a sum of some entries in (C,1)-primitive matrices and some elements in Hj.
This is followed from Lemma 2.3.13. As a consequence, we could obtain the following

corollary that the transformation S*¥ on H;! equals to identity in this case.

Corollary 3.1.7 Let H be a finite-dimensional Hopf algebra with the dual Chevalley
property over an algebraically closed field k. Denote N := exp(Hy) < oo. Then

S2N |H11: idHll.

Proof: This is because S?V keeps any basic multiplicative matrix C as well as any

(C, 1)-primitive matrix.
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§3.1.2 Antipode on H;

Our first goal in this subsection is to give the following proposition.

Proposition 3.1.8 Let H be a Hopf algebra with the dual Chevalley property. Then
H, = H\' H,.

Proof: It seems that this is known and we give an approach to prove it for safety.
At first, using comultiplication and multiplication one can show that there is a right
Hy-Hopf module structure on H;/Hy. Secondly, it is straightforward to show that the
space of coinvariants of this right Hopf module is exactly (H;' + Hy)/Hy. At last, we
can apply the fundamental theorem of Hopf modules ( [25, Propostion 1]) to get the
result.

Proposition 3.1.8 provides that H;! and H, generate H;, by multiplication. Then
we can continue to investigate whether S?V could be identified with the identity map

on H; or not.

Proposition 3.1.9 Let H be a finite-dimensional Hopf algebra with the dual Chevalley
property over an algebraically closed field k. Denote N := exp(Hy) < oo. Then

SN = idy, .

Proof: We already know that the algebra morphism S2V restricted to subspaces H or
H,! is supposed to be the identity (Corollaries 2.1.2 and 3.1.7). Now that Proposition
3.1.8 gives H; = H,' - Hy, consequently 52V |7, = idg, holds in this case.

§3.1.3 Proof of Theorem 3.1.1

We remark firstly a classical result on coradical filtrations in [46, Proposition 4],

which holds for non-pointed coalgebras as well.

Lemma 3.1.10 ( /46, Proposition 4]) Let H be an arbitrary coalgebra. Let i be a
positive integer and ¢ : H — H be a coalgebra endomorphism, such that (p—id)(H;) C
H;_y for all0 < j <i. Then (¢ —id)(Hi11) € H;.

Proof of Theorem 3.1.1 when k is algebraically closed. Combining Lemma
3.1.10 and Proposition 3.1.9, it is clear that the statement of Theorem 3.1.1 holds when
the base field k is algebraically closed. O
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Next we want to prove Theorem 3.1.1 using the method of field extensions. For
the purpose, it is necessary to show that exp(Hy) and Lw(H) are invariant under field

extensions due to the dual Chevalley property. The following lemma seems also known.

Lemma 3.1.11 Let H be a finite-dimensional Hopf algebra with the dual Chevalley
property over k. Suppose K is a field extension of k, and H ® K denotes the extended
finite-dimensional K-Hopf algebra. Then

(1) H® K has the dual Chevalley property with coradical Hy ® K ;
(2) The coradical filtration of H ® K is {H, ® K },>0;

(3) Moreover exp(Hy ® K) = exp(Hy) and Lw(H ® K) = Lw(H).

Proof: The definition of H ® K could be found in [40, Exercise 7.1.8] for example.

(1) Regard Hy ® K — H ® K as a subspace canonically, which is in fact a Hopf
subalgebra over K. Meanwhile, Hy® K is cosemisimple because Hy is ( [22, Lemma

1.3]). Thus Hy ® K is contained in the coradical (H @ K)y.

On the other hand, the coalgebra structure of H ® K follows naturally that
{N"(Ho® K)}n>0 is a coalgebra filtration of H ® K, which implies that Hy® K D
(H ® K)o by [45, Proposition 11.1.1].

As a conclusion, the coradical (H ® K)o = Hy ® K, and the dual Chevalley
property for H® K could be obtained since Hy® K is closed under the multiplication
evidently.

(2) This could be inferred with (H ® K)o = Hy ® K as well as
(HH@ K)AN (H,® K)=(Hy\NH,) ® K

for each n > 0.

(3) The equation Lw(H ® K) = Lw(H) follows immediately from (2). The exponent

is invariant under field extensions is stated in [12, Proposition 2.2(8)].

Proof of Theorem 3.1.1 for general k. Let K := k be the algebraic closure
of k. Then H ® K is a finite-dimensional Hopf algebra over the algebraically closed
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field K. We know from Lemma 3.1.11 that H ® K has the dual Chevalley property,
exp(Hy ® K) = N and Lw(H ® K) = L according to our notations.
Therefore, if we denote the antipode and identity map of H ® K by Spgx and

idy gk respectively, then we already know that
(SH@KQN - idH@K)Lil - O (31)

holds in Endg(H ® K). Now we apply Equation (3.1) on element h® 1x € H® K for
h € H, and obtain
(S — i)"Y (h) @ 1 = 0.

This implies that (S —id)*~! = 0 holds in Endy(H) too. O

§3.2 Two Applications

In this section, we want to give two applications of our main result. Both of them

concern with an important gauge invariant which is called the quasi-exponent.

§3.2.1 A Generalization

In [13], they introduced a gauge invariant called the quasi-exponent for finite-
dimensional Hopf algebras, which has similar properties with the exponent but always
finite. Precisely, the quasi-exponent of a finite-dimensional Hopf algebra H, denoted
by qexp(H ), is defined to be the least positive integer n such that the nth power of the
Drinfeld element in D(H) is unipotent ( [13, Definition 2.1]).

When H is moreover pointed over C, there is a description of gexp(H) in the

following Etingof-Gelaki’s theorem (see [13, Theorem 4.6]).

Theorem 3.2.1 Let H be a finite-dimensional pointed Hopf algebra over C. Then
qexp(H) = exp(G(H)).

Its proof is based on following lemma which is a combination of [13, Lemma 4.2]

and [13, Proposition 4.3].

Lemma 3.2.2 Let H be a finite-dimensional Hopf algebra over C.
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(1) If H is filtered and let grH be its associated graded Hopf algebra. Then qexp(H) =
qexp(grH).

(2) Assume that H is graded with zero part H. Then
qexp(H) = lem(qexp(H g)), ord(5?)),

where lem denotes the least common multiple.

With the help of the lemma above and Corollary 3.1.3 (1), we generalize Theorem
3.2.1 to finite-dimensional Hopf algebras with the dual Chevalley property.

Theorem 3.2.3 Let H be a finite-dimensional Hopf algebra with the dual Chevalley
property over C. Then qexp(H) = exp(Hy).

Proof: As mentioned in Lemma 2.1.1, the dual Chevalley property implies that H is
a filtered Hopf algebra with the filtration {H, },>¢. Thus

qexp(H) = qexp(grH)

holds by Lemma 3.2.2 (1). Meanwhile, Lemma 3.2.2 (2) provides the equation

qexp(grH) = lem(qexp((grH ) o)), ord(Serr”))-

In fact, it could be shown that ord(Sg %) = ord(S?) in our situation. Precisely,
according to the definition of the associated graded Hopf algebra (e.g. [45, Chapter 11]),
ord(Sgr?) < ord(S?) holds evidently. On the other hand, if we assume ord(Sgn?) =
M < oo, the definition of grH follows that (S*M —id)"“(#) =0 on H. Thus S*M = id
holds as well, since S is semisimple in characteristic 0.

As a conclusion, we have

qexp(H) = qexp(grH) = lcm(qexp((ng)(o)),ord(SngQ))
= lem(qexp(Hp),ord(S?)) = qexp(Hy),

as long as we note that the zero part (grf ) = Ho. Besides, the last equation holds
because of Corollary 3.1.3 (1) by noting that qexp(Hy) = exp(H,).
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Since the quasi-exponent is a gauge invariant, we have the following corollary

which was known for pointed Hopf algebras (see [13, Corollary 4.8|):

Corollary 3.2.4 Let H and H' be two finite-dimensional Hopf algebras with the dual
Chevalley property over C. If they are twist equivalent, then exp(Hy) = exp(H'y).

Note that the quasi-exponent is invariant under taking duals of finite-dimensional
Hopf algebras. Thus a dual version of Theorem 3.2.3 could be given, which holds
for Hopf algebras with the Chevalley property. Recall that a finite-dimensional Hopf
algebra H is said to have the Chevalley property, if the tensor product of any two simple
H-modules is semisimple, or, equivalently, if the radical of H is a Hopf ideal. And it
is clear that H has the Chevalley property if and only if H* has the dual Chevalley
property. The dual version of Theorem 3.2.3 could be regarded as a generalization

of [13, Propostion 4.13|:

Corollary 3.2.5 Let H be a finite-dimensional Hopf algebra with the Chevalley proper-
ty over C, and let H/Rad(H) be its semisimple quotient. Then qexp(H) = exp(H /Rad(

§3.2.2 Quasi-Exponent of a Pivotal Hopf Algebra
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Chapter 4 Invariance and Finiteness for the

Exponent

§4.1 Exponents and Their Invariance

We start by recalling the definitions and basic properties of exponents. Let
(H,m,u, A, ) be a Hopf algebra with bijective antipode S over a field k. Sweedler
notation A(h) = > hay ® hg) for h € H is always used. We also denote following

k-linear maps for convenience:

my: H®" = H, hi®@hy® @ hy > hihy - hy,
A,: H— H® h|—>2h(1)®h(2)®...®h(n)

and the Sweedler power [n] :== m, o A, for each positive integer n. The two notions of

exponent ( |17,18] and [12]) of H are defined respectively as:

exp(H) = min{n>1|m,o(id®S?® - -® S ) oA, =uoce},

expy(H) = min{n >1|[n]:=m,o0A, =uoc}.
Moreover in this report, we always make following conventions to cover infinite cases:
e min J = oo;
e Fach positive integer divides oo, and oo divides oo;
e Any positive integer (or co) divided by oo must be oo itself.

It is immediate that whenever finite and infinite, exp,(H) = exp(H) when H is invo-
lutory.

Now we list invariance properties for exp(H) below, which are introduced in [12].
Recall that an element J € H ® H is called a left twist for H ( [9]), if J is invertible
satisfying

(Jel)-(Aid)(J) =01 J) - 1deA)(J),
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A Hopf algebra (H”,m,u, A’ ) with antipode S’ could be constructed afterwards.
Besides, the Drinfeld double of H is denoted by D(H).

Lemma 4.1.1 ( [12]) Let H be a finite-dimensional Hopf algebra. Then

(1) If exp(H) < oo, then my o (Id®S7?® -+ ® S™") o A,, = uoe if and only if
exp(H) [ n;

(2) exp(H") = exp(H);

(3) exp(HP) = exp(HP) = exp(H);

(4) If H'" is a Hopf subalgebra or quotient of H, then exp(H') | exp(H);

(5) Let H' be another Hopf algebra. Then exp(H ® H') = lem(exp(H), exp(H'));
(6) Let J be a (left or right) twist for H. Then exp(H”) = exp(H);

(1) exp(D(H)) = exp(H).

Remark 4.1.2 Items (1), (2), (4) and (5) are contained in [12, Proposition 2.2].
Item (3) is [12, Corollaray 2.6/, while (6) and (7) are respectively [12, Theorem 3.3
and Corollary 3.4].

Lemma 4.1.3 ( [17] and [21]) Let H be a finite-dimensional Hopf algebra. Then
(1) If expy(H) < oo, then [n] :==m, o A, = uoc if and only if expy(H) | n;

(2) expy(H") = expy(H);

(3) expy(H™) = expy(H*P) = expy(H);

(4) If H' is a Hopf subalgebra or quotient of H, then expy(H') | expy(H);

5) Let H' be another Hopf algebra. Then expy(H ® H') = lem(expy(H ), expo(H')).
0 0 0

Remark 4.1.4 Items (1), (2), (4) and (5) are direct and found in [17], and (3) is [21,
Proposition 2.2(2)].

We end this section by verifying that expy(H) is invariant under twisting and

taking the Drinfeld double as well.
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Proposition 4.1.5 Let H be a finite-dimensional Hopf algebra. Then

(6) Let J be a (left or right) twist for H. Then expy(H”) = expy(H);

(7) expy(D(H)) = expy(H).

Proof:

(6) Let J =>.J; @ J' € H® H be a left twist for H, and its inverse is denoted by
JP=5(JY); ® (J71)E We remark that the definition of S’ provides

7

S7(h) =Y HSIHS)S(I) I (Yhe H).

In order to compute the Sweedler power on H”?, we use the equation in [19,

Lemma 2.5] that
AP =m0 (@Al @id) [(1e )1 AR)(J 1) (Yhe H)

for each positive integer n. Meanwhile, the equation also holds when n = 0 with

conventions mo = u and AJ = e.

Assume expy(H7) := Ny < oo. It follows that my,—1 0 Af, _; = S7 on H”,
because they are both the convolution inverses of id € Homy(H?, H). Then for all

h € H, we make computations:

AN = g0 (Id @AY, ®@id) [(1e )1 @ AMR) (T @ 1)]
= myzo (id®S’ ®id) [(1® J)(1® Ah)(J '@ 1)]

= Z mg © (ld ®SJ & 1d) Z(Jfl)j X Jih(l)(Jil)j X th(g)
i,
= > (I8 (Jhay (T Thes
i,
= D (TSNS (Tihay(I7HY) ST T ke
2,9,k,l

= D (IS (T dihay (T TF) (J7) T hey.

i7j7k“7l
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Note that

Thus

Wl = N kS (T Tihay (T TF) (T T heg

7:7j7k7l

= Y S(h)he = ()L

That is to say [Ng] = w o ¢, and thus exp,(H) | expo(H”) by Lemma 4.1.3(1).
However, it is known that J~! is a left twist for H” and H = (H”)”"'. There-
fore, expy(H”) | expy(H) holds similarly. As a consequence, we have exp,(H”) =
expy(H). Of course, the process above also shows that expy(H”) = oo if and only

if expy(H) = o0.

The property holds when J is a right twist as well, since J~! is a left twist for
H at that time.

As mentioned in [21, Section 2], this could be inferred by the following isomorphism

between Hopf algebras introduced in [8]:
D(H) = (H**® H),,

where o : (f@h, f'@R) — (f, 1){f', h){e, 1') is a left 2-cocycle for H**°P @ H, and

(H*°P @ H), denotes the corresponding 2-cocycle deformation.

Specifically, according to Lemma 4.1.3 and the duality between (left) 2-cocycles

and twists, we could know that

expy(D(H)) = expy((H™P @ H),) = expy(((H™P ® H),)")
= expy(((H*P @ H)*)™) = expy((H*P @ H)")
= expy(H™P ® H) = lem(expy(H™P), expy(H))
= lem(expy(H"),expy(H)) = lem(expy(H), expo(H))
= expy(H),
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where o* denotes the left twist for (H*°P? ® H)* dual to o.

§4.2 Exponent and Quasi-Exponent of the Pivotal Semidirect
Product H x k{S?)

In this subsection, we concentrate on a kind of semidirect product of a Hopf
algebra H, which is denoted by H x k{S?). It is a pivotal Hopf algebra containing H
and appears in some researches such as [42]. Thus we think that it is interesting to
investigate the exponent and quasi-exponent of H x k({S?). Let us begin by recalling
the corresponding concepts.

In fact, exp(H) = expy(H) holds as long as H is pivotal. Recall that a Hopf
algebra H is said to be pivotal, if there exists a grouplike element g € H such that

Vh € H, S*(h) = ghg™.

Such a grouplike element g is called a pivotal element of H. The claim above could be

implied by the following lemma:

Lemma 4.2.1 ( [42, Lemma 4.2]) Let H be a Hopf algebra with a grouplike element
g € H. Define ¢ to be the inner automorphism on H determined by g. Then

(hg)!" = " hayplhe) -+ 0" (hm)g"
holds for each m > 1 and all h € H.

Corollary 4.2.2 Let H be a pivotal Hopf algebra. Then expy(H) = exp(H).

Proof: Suppose that the grouplike element g satisfies S%(h) = ghg™! for all h € H,
and then the automorphism S~2 is inner and determined by ¢g~!. It is provided by

Lemma 4.2.1 that
(hgfl)[n} — Z h(1)572(h(2)) o 5’72n+2(h(n))gfn (Vh e H, ¥n > 1).

Note that clearly the (multiplication) order of g divides lemexpy(H ), exp(H ). There-
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fore
[n] =uoe ifandonlyif m,o(id®S?®---®S ) oA, =uoe,

which means that exp,(H) = exp(H).

A known result is that any finite-dimensional H could be embedded into a pivotal
Hopf algebra, namely a semidirect product H x k{S5?). (See Step 2 in the proof of [42,
Theorem 4.1] for example, but the details would be recalled in the following definition.)
Thus, exp(H) and exp,y(H) are bounded by the equal exponents of H xk(S?), especially
when the latter is finite.

Let us recall the definition. First it is clear from [37, Theorem 1| that the subgroup
generated by S? € Endy(H) is finite, which is denoted by (S?) in this report.

Definition 4.2.3 Let H be a finite-dimensional Hopf algebra. The semidirect product
(or, smash product) H x k(S?) of H is defined through

o H xk(S?) = H®k(S?) as a coalgebra;

o The multiplication is that (h x S%)(k x S%) := hS% (k) x S20+)) for all h,k € H
and i,j € Z;

e The unit element is 1 x id;

o The antipode is then Spyxszy + h 3 S* — S7#F1(h) x S~2.

Note that this is indeed a pivotal Hopf algebra (e.g. [33, Theorem 2.13| and |44, Propo-
sition 2.3(1)]) with a pivotal element 1 x S? and H = H x id — H x k(S?) is an
inclusion of Hopf algebras.

The remaining of this section is devoted to establish a formula for exp(H xk(S5?)).
For this purpose, following notation should be given, which could be regarded as special

case of twisted exponents introduced in [41, Definition 3.1] and [36, Definition 3.1].

Notation 4.2.4 Let H be a finite-dimensional Hopf algebra. For any i € Z, we denote
expy;(H) :=min{n >1|m,o (ldeS*® - ® S22 6 A, = o e}.

Of course exp(H) is exactly exp_,(H) with the notation.
The formula for exp(H x k(S5?)) would be established by steps.
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Lemma 4.2.5 Let H be a finite-dimensional Hopf algebra. Then

(1) We have
exp(H x k(S?)) = lem(exp,,;(H) | i € Z);

(2) If H is quasitriangular, then for all i € Z,
expy (H) = expo(H) and expy_o(H) = exp(H)

hold, and thus
exp(H x k(S?)) = lem(expy(H), exp(H)).

Proof:

(1) Note that we have exp(H xk(S?)) = exp,(H xk(S5?)). Now for any positive integer
n and each h € H, i € Z, we calculate that

h 4 SQz [n] _ Zh SQ@ .. S n— 1)Z(h(n)) w G2

Therefore, the nth Sweedler power [n] sz on H x k(S?) is trivial if and only if
S?i = id and
0 (i[d®S*®--- @S2V oA, =uoe

both hold for all i € Z. In other words,
[Plits(s2) is trivial <= lem (ord(S™), expy(H) | € Z) | n

However, we know that ord(S?) | exp_,(H) by Corollary 2.1.2. As a conclusion,

exp(H x k{S?)) = lem(expy;(H) | i € Z) is obtained.

(2) Suppose that H is quasitriangular. According to [10, Section 3|, there exists a
grouplike element g € H determining the inner automorphism S* on H. Thus

Lemma 4.2.1 provides that
(hg")" = " h@y S (hey) - S (h)g™ (Vi€ Z)

holds for all h € H and each n > 1. It is clear that the (multiplication) order
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of g divides ged(expy(H),expy;(H)). Thus the choice of n being either exp,(H)
or expy;(H) in the equation must imply that n is divisible by the other one. We
conclude that exp,,(H) = expy(H) for each i € Z.

Similarly, the equation S*~2(h) = ¢*S~2(h)g~* implies that

mpo (iIdeS7?® - ®S2"?) o A, (hg")
= Z(h(1)9i)5_2(h(2)9i) - ST (Mg
= Dy (052 (he)g ™) - (¢S T (g™ YT - g
= Y hayS  (hg) - STV (hy)g™ (Vi€ 2)

holds for all h € H and each n > 1. The (multiplication) order of ¢ also divides
ged(exp(H ), expy;_o(H)). Thus exp,; o(H) = exp(H) for each i € Z due to the

same reason.
Corollary 4.2.6 Let H be a finite-dimensional Hopf algebra. Then
exp(D(H) x k(Spm)*)) = exp(H x k(5?)).
Proof: It is clear that ord(Sp(m)?) = ord(S?), and as a consequence exp(H x k(S?)) |
exp(D(H) x k(Sp(m?)) holds because of the inclusion of Hopf algebras:

H xk(S*) = D(H)xk{Spun?)

h x SZi — (8 > h) X SD(H)%-

On the other hand, it is well-known that D(H) is quasitriangular. Then according
to the invariance under taking the Drinfeld double (Proposition 4.1.5(7) and Lemma
4.1.1(7)), as well as Lemma 4.2.5(2),

exp(D(H) x k(Sp(m?)) = lem (expy(D(H)),exp(D(H)))
= lem (expy(H),exp(H)) | exp(H x k{S?)).

The proof is then completed.
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Corollary 4.2.7 Let H be a finite-dimensional Hopf algebra. Then

exp(H x k(S?)) = lem(exp,(H), exp(H)).

Proof: This is a consequence of Lemma 4.2.5, Corollary 4.2.6, and the invariance

under taking the Drinfeld double (Lemma 4.1.1(7) and Proposition 4.1.5):

exp(H x k(S?)) = exp(D(H) xk(Spim?*))
= lem (expy(D(H)), exp(D(H)))
= lcm (expy(H),exp(H)).

Remark 4.2.8 A similar result is [36, Theorem 3.4]. They describe the exponent of
smash coproduct H f k% with exp(G) and twisted exponents of H, where G acts as
Hopf algebra automorphisms on the involutory Hopf algebra H.

We finish this subsection by describing the quasi-exponent of H x C(S?) when
H has the dual Chevalley property over C. In this case H x C(S?) also has the dual
Chevalley property with the coradical Hy x C({S?).

Proposition 4.2.9 Let H be a finite-dimensional Hopf algebra with the dual Chevalley
property over C. Then

qexp(H x C(S?)) = exp(Hy) = qexp(H).

Proof: By Theorem 3.2.3, we know that exp(Hy) = qexp(H), and gexp(H x C(S?)) =
exp(Hy x C(S?)) which equals to lem(exp,,(Hy) | @ € Z) by Lemma 4.2.5(1). Since
Hy is semisimple over C, (S |g,)? = idg,. This implies that lem(exp,,(Hy) | i € Z) =
exp(Ho).
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§4.3 Finiteness of Exponents

In the final section, we study the finiteness (and upper bounds) of exp(H) and
expy(H) for a finite-dimensional Hopf algebra H. First recall in [12, Theorem 4.3| that
exp(H) < oo when H is semisimple and cosemisimple, and H must be involutory in this
case ( [11, Theorem 3.1]) which follows that expy(H) = exp(H) < oo holds. Therefore,
we are supposed to focus on the case when H is non-cosemisimple or non-semisimple.

Our results are mainly divided into two situations whether the characteristic of
the base field k is 0 or not. Note that when char k = 0, the semisimplicity and
cosemisimplicity for H are equivalent ( |23, Theorem 3.3]). Hence it is enough for us

to consider the following two cases:
e H is non-cosemisimple in characteristic 0;
e H is finite-dimensional in positive characteristic.

§4.3.1 Finiteness of exp,(H)

Recall in [12, Theorem 4.10] that exp(H) < oo as long as H is finite-dimensional
in positive characteristic. With the help of the semidirect product H xk(S?), we could

directly infer that exp,(H) is also finite in this case:

Proposition 4.3.1 Let H be a finite-dimensional Hopf algebra over a field k of positive

characteristic. Then expy(H) < 00.

Proof: Since H x k(S?) is finite-dimensional and pivotal over k, we know that
expo(H x k(S?)) = exp(H x k(S?)) < oo.

However, H < H x k(S5?%) is a Hopf subalgebra. Thus expy(H) < oo.
When H has the dual Chevalley property, we could discuss the finiteness of
exp,(H) more specifically.

Proposition 4.3.2 Let H be a finite-dimensional Hopf algebra with the dual Chevalley
property over k. Then

(1) If H is non-cosemisimple and char k = 0, then expy(H) = oo;
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(2) If char k = p > 0, and denote N := exp,(Hy) < oo and L := Lw(H), then
expy(H) | NpM, where M is a positive integer satisfying p™ > L.

Proof:
(1) This is |27, Theorem 4.1].

(2) We would show the divisibility by the same method as the proof of [42, Lemma
4.11].

Note that N < oo holds according to Proposition 4.3.1. Thus,
id*V(h) = AV =y o ()

for all h € Hy, where * denotes the convolution in Endy(H). One could also write

(id*N —uoe) |g,= 0. According to [42, Lemma 2.3], we know that
(id™N —uoe)** =0

holds on H.

As a consequence, id*N?" —yoe = (id*™N —uwo )" =0 if p™ > L, whenever
the characteristic p is 2 or an odd prime number. The desired divisibility is then

obtained, since exp,(H) is exactly the convolution order of id € Endy(H)

Remark 4.3.3 Item (2) generalizes [27, Theorem 5.1/, which holds when H is pointed

in positive characteristic.

The author apologizes that in our previous work [27, Theorem 5.1|, the upper
bound Np( L%j +1) for expy(H) (with the notations in Proposition 4.3.2(2)) is written
incorrect. This is because the incorrect upper bound is obtained by the wrong equation
Zlae3140] — Zde(l31+1) _ appearing in |27, Proposition 5.1], where |—] stands for
the floor function.

The equation should be corrected as follows:

logy, n|+1 llogy, n]+1
Zlaptw ] gaptes it _

Y
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which is deduced by a computation correcting the proof of |27, Proposition 5.1]:

dpl_logp n]+1 p\_logp n|+1 [logp n]+1

Z =(I+W) =]+ WP =7

in characteristic p > 0, for Z¢ = I +W, W+l = (0 and pl°% ™+ > n. As a result, the
correct upper bound for expy(H) in [27, Theorem 5.1] should be written as pl°g» (L=DI+1
or NpM for a positive integer satisfying p™ > L. The latter form is the same as the

one in Proposition 4.3.2(2) in this section.

§4.3.2 Primitive Matrices over Hopf Algebras

In this subsection, we introduce further properties of multiplicative and primitive
matrices over Hopf algebras.

As for later uses, we focus on existence and operation properties for certain non-
trivial primitive matrices over H, especially when H is non-cosemisimple with the dual
Chevalley property. The set of all the simple subcoalgebras of H is denoted by S for

convenience.

Lemma 4.3.4 Let H be a finite-dimensional non-cosemisimple Hopf algebra. Then:

(1) There ezists a non-trivial (C,1)-primitive matriz for some C € S with a basic
multiplicative matrixz C;
(2) If H has the dual Chevalley property, and suppose Ag € 1+ > D, then for

Deg\{k1}
any basic multiplicative matriz C and any non-trivial (C, 1)-primitive matriz X, we

have

ANX #0 and XAy #0.

Proof:

(1) This is a conclusion of |27, Proposition 4.3| and |27, Theorem 3.1].

Specifically, [27, Proposition 4.3] provides that there is a non-zero subspace
denoted as follows:

(“HNT :=“H'nKer(e) #0

for some C' € S. Choose some 0 # w € (“H;')*, and actually w ¢ H, since
(“H,")™ N Hy = 0 (due to the fact that “Hy' = d¢1k1).
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When C' = k1, then evidently w is a non-trivial primitive element, which is also
regarded as a non-trivial (1, 1)-primitive matrix; On the other hand when C' # k1,
it is followed from [27, Theorem 3.1(1)] that w € (“H;')* is a sum of some entries
of (C,1)-primitive matrices. Hence the non-triviality of w implies that one of these

matrices must be non-trivial.

(2) The dual Chevalley property of H implies that HyH,+H;Hy C H; (e.g. [34, Lemma
5.2.8]). Let 2 be an entry of X satisfying = ¢ Hy. Since A(x) € C ® H1 + H; ® 1,
it is evident that for any D € S\ {kl1},

g
T
=
N

C DC®DH,+DH,®D C Hy® H, + H, ® D,
A(D) € CD® HD+H,D®D C Hy® Hy + H, ® D,

both hold.

Now we choose a linear function e : H — k such that
e(l)=1 while e(D)=0 (VD € §\ {kl1}).

We find immediately that (id ®e) o A(z) € Ce(Hy) + ze(1) C Hy + x, because X

is (C, 1)-primitive. Further computations show that

(id®e) o A(Aoz) € (id®e)oA(z+ Y  Da)
DeS\{k1}

= (id®@e)oAx)+ > (id®@e)o A(Dx)
DeS\{k1}
C (Ho+z)+Hy = =+ Hy,

and similarly (id ®e) o A(zAg) €  + Hy. However = ¢ Hy, which follows that Agx
and A, are non-zero, then so are AgX and X'Ag.

The lemma above is actually enough for us to estimate exp,(H ) for a non-cosemisimple
Hopf algebra H. However if we try to compute exp(H), we need to know how S? acts

on primitive matrices by Proposition 3.1.6.

Proposition 4.3.5 Letk be an algebraically closed field of characteristic 0. Suppose H

s a finite-dimensional non-cosemisimple Hopf algebra with the dual Chevalley property
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over k. Denote N := exp(Hy). Then there exists a non-trivial (C,1)-primitive matriz

X for some basic multiplicative matrixz C, such that
(1) $*(C) =,

(2) S*(X) = qX, and

(3) S(C)X = q(XTS(C)")",

where q € k is an Nth root of unity.

Proof:

(1) Consider the finite-dimensional cosemisimple Hopf subalgebra Hj in characteristic
0, which is involutory by [24, Theorem 4]. In other words, S? |g, is the identity.
However, since all the entries of the multiplicative matrix C lie in Hy, we could
know that S?(C) = C holds.

(2) We know by Lemma 4.3.4(1) that there do exist non-trivial (C, 1)-primitive matrices
for some basic multiplicative matrix C. Let P # 0 be the finite-dimensional space

of all the (C,1)-primitive matrices over H.

Note that the dual Chevalley property ensures that Hj is involutory in char-

acteristic 0. Thus P is stable under S?. In fact, if we denote C = (¢ij)rxr, then

A(S*(w;)) = (S*®S?%) (zr: Cik @ Wy, + w; ® 1)

= ) S(en) ® S (wp) + S*(w;) ® (1)

k=1
T

— Zcik®82(wk)+52(wi)®1 (V1i<i<r)
k=1

for each (C,1)-primitive matrix W = (wy,ws,--- ,w,)T, and the equations show

that S?(W) is also (C, 1)-primitive.

Now we consider the representation of the cyclic group Zy5 on P defined by

n:We S*™W) (n€Zy, WEeP),
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which is well defined due to Proposition 3.1.6.

Clearly this is a direct sum of 1-dimensional representations. We claim that
one of these subrepresentations must have non-trivial basis X, otherwise there
would be no non-trivial (C, 1)-primitive matrices in P, a contradiction. Of course
the subrepresentation kX' provides that S?(X) = ¢X, where ¢ is an Nth root of

unity.

(3) It follows directly from the definition of (basic) multiplicative matrices that
S(C)C =CS(C) =1 (the identity matrix over H).

Now we show that because Hy is involutory, the equations S(C)TCT = CTS(C)Y =1

hold as well. In fact, we could compute that
se)yfet =see)ts*e)t = sse)e)t =S8t =1,

etc, where the second equality is due to the following computations if we denote
C:= (Cij>r><7’:

SEC)TSHC)" = (Sley))m., (S%(ei).,, = (S(ci))r (S*(eii)).,

s T

— S(Cki)‘Sa(Cjk))Tw = (ZS(S<Cjk>Cki)>T><T
— P

— S< r S(cjk)Cm)Tw = S(is(cm)%imﬂ
k=1 k=1

= S ((5(c))ur (€i1)r) T = S(S(C)C)"

Another equation concerned is according to Lemma 3.1.4(2) that
SHX) = ((S(0)x)"s*(C)")" = ((S(e)x)"Ch)",
which could be transformed as
S(€)X = (S*(X)'S(C))" = q(XTS(C)")".

The latter equality is due to item (2).
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§4.3.3 Finiteness with the Dual Chevalley Property

The finiteness of exp(H) is discussed at the end of this section. When H is non-
semisimple in characteristic 0, it is estimated that exp(H) is usually (and probably
always) infinite in [13, Section 1]. We show that this property is true as long as H has
the dual Chevalley property.

Theorem 4.3.6 Let H be a finite-dimensional Hopf algebra with the dual Chevalley
property over k. Then

(1) If H is non-cosemisimple and char k = 0, then exp(H) = oo;

(2) Ifchark = p > 0, and denote N := lcm(exp(Hy), expo(Hp)) < oo and L := Lw(H),
then exp(H) | Np™, where M is a positive integer satisfying p™ > L.

Proof:

(1) Without the loss of generality, k is assumed to be algebraically closed ( [12, Propo-
sition 2.2(8)]). We begin with the non-cosemisimplicity of H. According to Propo-
sition 4.3.5, there must be a non-trivial (C, 1)-primitive matrix X for some basic

multiplicative matrix C, satisfying
S2(X)=qX and SC)X =q¢ XS (0#£qek).
Now we focus on showing that

my o (Id®S*® -+ ® S5*7?) 0 A,(X) (4.1)
— X+C52(X)++Cn_152n_2(.)()
= X+ qCX+---¢" ¢t

n—1
- Soen
i=0
is non-zero for any n > 1. This claim would imply that exp,(H) = oo, since

g(X) =0 by Remark 2.3.12.

Denote the integral of Hy by Ay which belongs in 1+ > D. Clearly it
De§\{k1}
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satisfies that S(C)TAy = IAg. We compute first that for each i > 0,

g 'S(C) XA
= ¢'S(C)7!(S () JAo = ¢SO HgTHATS(C)) )
= ¢ TSE)THATS(O) AT = ¢S (C) AT AT
= ¢S XA =

= ¢ 'S(C)XA, = XA

)
)

holds, where the second equality is due to Proposition 4.3.5. As a consequence, for

any n > 1,

n—1
qfnJrlS (Z qzcz ) — Z qf(nflfi)s(c)nflfiXAO
=0
= ) q'S(CYXA = nXAy#0

according to Lemma 4.3.4(2) and char k = 0. It clearly follows that (4.1) must be

non-zero for any positive integer n, and thus exp,(H) = oc.

Finally, it follows from Lemma 4.2.5(2) that
exp(H) = exp(D(H)) = expy(D(H)) = expy(H) = oo.

Note that the inequality holds since H is a Hopf subalgebra of its Drinfeld double
D(H).

We claim that H x k{S?) has the dual Chevalley property and the Lowey length
L when H does so. In fact, recall that its coalgebra structure is H ® k(S?). Then
according to [40, Corollary 4.1.8], the coradical is exactly

(H x k(S?))o = Hy x k(S?),
which is a Hopf subalgebra by the definition. It also implies that
(H x k(5%)), ZHM 52)); = H, x k(S?)
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by [40, Corollary 4.2.2(c)], and we know that Lw(H x k(S?)) = Lw(H) as a

consequence.

On the other hand, the coradical Hy x k({S?) is pivotal and has exponent

exp(Ho x k(S%)) = expy(Ho x k(5?))
= lem(exp(Hp),expy(Hy)) = N.

According to Proposition 4.3.2(2), we find that exp,(H xk{S?)) divides Np™ where
M is a positive integer satisfying p™ > L. Consequently

exp(H) | Np"

holds as well, since exp(H) divides exp(H xk{S5?)) which equals to exp,(H xk(S5?)).

46



Chapter 5 The Link-Indecomposable Components

§5.1 Link-Indecomposable Coalgebras and Decompositions

§5.1.1 Link Relations and Matric Condition

The definitions involving link-indecomposable components were introduced in [35].
They were later presented by [40, Section 4.8] in a slightly different way, which will be
listed as follows in this report. Let H be a coalgebra over k, and denote the set of all
its simple subcoalgebras by S. Besides, the wedge product operation on H is denoted

by A.
Definition 5.1.1 Suppose that C, D € S.
(1) C and D are said to be directly linked in H, if C + D C CAND+ DAC;

(2) C' and D are said to be linked in H, if there is ann € N and Ey, Ey,--- ,E, € S,
such that C = FEy, D = E,,, and E; and E;,1 are directly linked in H for 0 <1 <n.

Note that the link relation in H is an equivalence relation on S. It could be
remarked that this relation is the same as which in [43]. Some relevant concepts and

results in the literature are recalled as follows.

Definition 5.1.2 (1) A link-indecomposable subcoalgebra of H is a subcoalgebra H' C

H, such that any two simple subcoalgebras of H' are linked in H';

(2) A link-indecomposable component of H is a mazimal link-indecomposable subcoal-

gebra of H.

It is known that the link-indecomposable components are closely related to the

decomposition of coalgebras. This could be seen by following lemmas.

Lemma 5.1.3 ( /40, Lemma 4.8.53]) Suppose H = H' ® H" is the direct sum of sub-
coalgebras H' and H". Let C,D € S be simple subcoalgebras of H. Then:

(1) If C C H" and D C H", then C' and D are not directly linked in H;

(2) If C and D are linked in H, then C;D C H or C,D C H".
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Lemma 5.1.4 ( [35, Theorem 2.1] and [40, Theorem 4.8.6])
(1) H is the direct sum of its link-indecomposable components;

(2) Suppose that H = @H(i) s the direct sum of non-zero link-indecomposable sub-

coalgebras of H. Then Hy’s are the link-indecomposable components of H.

Now we provide some sufficient conditions for simple subcoalgebras to be linked,
with the help of non-trivial matrices over H. For the purpose, we introduce a family of
so-called coradical orthonormal idempotents {ec}ces in H*, whose existence is affirmed

in [39, Lemma 2| or [40, Corollary 3.5.15] for any coalgebra H:

Definition 5.1.5 Let H be a coalgebra. {ec}ces C H* is called a family of coradical

orthonormal tdempotents in H*, if

eclp =d0cpelp, ecep =dcpec (for anyC,D € S), Z ec = €.
ces
It should be remarked that the sum ) .. qec is well-defined in H*, as long as
{ec}ces is orthogonal (hence linearly independent). This is because each h € H
belongs to a finite-dimensional subcoalgebra vanishing through all but finitely many
ec’s, as explained in the second paragraph of [39, Section 1].

Also, we would use following notations for convenience:
h=h+—coc, WP =ep—=h, “hWP=ep —=h+ec (foranyhe HandC,D € S),

where «— and — are hit actions of H* on H. Notations such as V¢ := e — V for a
subspace V of H are used as well.
It is shown in the next lemma how the coradical orthonormal idempotents are

applied to connect non-trivial wedges with non-trivial primitive matrices:

Lemma 5.1.6 Let C, D € S.

(1) Suppose {eg}rpes is a family of coradical orthonormal idempotents in H*. If C' A
D D C + D, then there exists some v € C' N D such that

=" ¢ H,.
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(2) Let C, D be basic multiplicative matrices of C and D, respectively. Then C' N D 2

C' + D if and only if there is a non-trivial (C, D)-primitive matriz over H.

Proof:

(1) Choose y € (C'A D)\ (C + D) and consider the sum

y=c—y—ce= Y (ep—y—ep) = » Y

E,FES E,FeS

We claim that:

— PyF € D holds when E # C, and

— Pyl € C holds when F # D.

In fact, since A(y) € C ® H+ H ® D, when E # C we find that
EyF = (Py)F € ((ep, CVH + (ep, HYD) " C D' C D.

The second claim holds similarly.

As a conclusion, we know that the summand “y? ¢ C + D, because of our
choice of y. Now we choose z := “y?. Clearly, x = “2” holds by the fact
that ec and ep are idempotents. Meanwhile, one could verify that the condition
r ¢ C+ D implies x ¢ Hy with a proof by contradiction, according to the hit

actions by {eg}pes.

Suppose that C' A D 2 C' + D holds, and then there exists some element
r="C%"e (CAD)\ Hy

according to (1). In fact we could know by direct computations that z € “H,”\ H,
holds, where H, = Hy A Hy. In order to show that C' and D are linked, we might
assume C' # D. Therefore, due to [27, Theorem 3.1](1), we could obtain a finite
number of (C,D)-primitive matrices, such that z is exactly the sum of some of
their entries. Now since x ¢ Hj is non-trivial, there must be a non-trivial (C,D)-

primitive matrix A within, and this could be our desired one.
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On the other hand, suppose that X is a (C, D)-primitive matrix. It is not hard
to know all the entries of a X must lie in C' A D. Thus, non-trivial ones would

belong to (C'A D)\ Hy, which follows that C' A D 2 C' + D holds as well.

Lemma 5.1.6(2) could be regarded as a non-pointed generalization of [40, Lem-
ma 15.2.2], which provides a condition for simple subcoalgebras to be directly linked.
Furthermore, a sufficient condition for the link relation could also be verified. Before
that, we need a lemma on triviality properties of block upper-triangular multiplicative

matrices (with basic diagonal) over a coalgebra H:

Lemma 5.1.7 Let {eg}pes be a family of coradical orthonormal idempotents in H*.

Suppose that

Gt Xip oo Ay
0 C -+ X
o (5.1)
0 0 - G
is a (block) multiplicative matriz over H, where Cy,Ca, - ,C; are basic multiplicative

matrices for Cp,Cs, -+ Cy € S respectively. Then
(1) Xy — C 2, is trivial;
(2) Py, is trivial for any D € S\ {C1}, and X" is trivial for any D' € S\ {C,}.

Proof: At first we claim that (2) is a direct consequence of (1). In fact ep and eg,

are orthogonal in H* when D # (', and then
Py, =Px, - (O x, ) =P (X, — “au@)

holds. Thus, P X}, is trivial because Xy, — “ A}, is so. Similarly, X2 is also trivial
when D" € S\ {C}.

Now we try to prove (1) by inductions on ¢t > 2. The case ¢ = 2 is not hard to
verify: Since A(Xyy) = C; ®@ Ao+ Xys & Cq, we could obtain 1 Xy = Xjo + (ec,, X12)Co
and then

DA% = Xy + Cilecy, X12) + (ecy, X12)Co. (5.2)

It follows that Xjs — 1 X;5,%2 is trivial as desired.

50



Assume that (1) holds for 2,3,--- ,¢—1, and then (2) holds as well. Note that we

could actually obtain by the inductive assumption that
X — 9,9, PAy; and AP are all trivial,

for each 1 <14 < j <t satisfying j —i <t — 2 and any D # C;, D' # C;. This is due
to the fact

Ci Xy -+ XAy
0 Ciy1 -0 Xigy
0 0 - G

is a multiplicative submatrix.

Consider the equation induced by the multiplicative matrix (5.1) that
A(Xy) =G ® Xip+ Xig @ Xy + -+ + Xy ® Ce, (5.3)
which also follows

ACx D) = 90X + X 0 X 4+ X, 0 GO
- Cl é CthgCt + 01X12 é XQtCt + M + CthgCt é Ct. (54)

However, we know by computations that

Xy @ Xy = Z XiF @ P, = % @ R, + Z X e P,
EeS DeS\{Cy}

holds for each 2 < k < t — 1. Hence the inductive assumption implies that all the

entries of matrices
X @ X — X @ %, 2<k<t-1)

belong to Hy ® Hy. Comparing Equations (5.3) with (5.4), we find that all entries of

the matrix

A('/Ylt - CletCt) - Cl é (Xlt - CletCt) - (Xlt - CletCt) ® Ct
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would still belong to Hy® Hj as a result. Consequently, a similar process with Equation

(5.2) provides that
Ay — X T)C — (X — T ALY = Cilecy, X — T ALY — (ec,, Xi — P XLT))C
is trivial, but in fact

Cr( Xy — C1 2y, C1)Ct = Cr,Cr — O (Cr x,C1)Cr — g,

We conclude in the end that &Xj; — €' X},¢* must be trivial.

Finally, we would show that the existence of non-trivial multiplicative matrices of

form (5.1) are sufficient for the desired link relation.
Proposition 5.1.8 Suppose C, D € S.

(1) Let {eg}pes be a family of coradical orthonormal idempotents in H*. If ¢ HP\ Hy #
&, then C' and D are linked;

(2) Suppose that

G X Xy
0 C X
'2 2 (5.5)
0 O Cy
is a (block) multiplicative matriz over H, where Cy,Co,--- ,Cy are basic multiplica-
tive matrices for Cp,Cy,--- ,Cy € S respectively. If X1y is non-trivial, then Cy and

C; are linked.

Proof:

(1) Denote the coradical filtration of H by {H,,},>o0 in this proof. It is evident that

C}fD ::C<LJJ}{n)L):: LJ C}YnD,

n>0 n>0

and we would show by induction on n > 1 that for each C, D € §, C and D are
linked if “H,” \ Hy # @.
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Consider the case when n = 1. At first we could find that “H;” C C A D. In

fact, this is due to following computations:

A(CHlD) g CH0®H1D+CH1®HOD
C C®H+H®D.

Therefore, (C' A D)\ (C + D) D “H,P \ Hy # @ holds, which follows that C' and
D are directly linked.

Now we assume that the above claim holds for 1,2, --- ,n—1, and suppose that
“H,P\ Hy # @. Without the loss of generality, one might moreover assume that
“H,P\ H, # @, otherwise “H,” = “H,P and this case is solved in the previous

paragraph. However, we could compute directly to know that

A(CHnD> g Zn: CHi & aniD g Z Xn: CH'L'E & EaniD~
1=0

EeS i=0

Discuss the following classified situations:

a) There exist some E € § and some 1 <i < n — 1 such that
CHZ‘E \ HQ 7£ @ and EHn_Z'D \ H{) 7& %)

both hold. Then by our inductive assumption, C' and F are linked, and mean-

while £ and D are linked.
b) For every £ € S and 1 <i <n — 1, we always have

CHiE - HO or EHn_iD g H().

This implies that

‘h*e*H, ” ¢ Hy@%H, ”+°H*® H,
C Hy® H,+ H,® H,
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holds for each £ € S and 1 <i <n — 1. In this situation, we find that

n—1
ACH,”) € How Hy+Y Y (“HF ©"H, ")+ H, @ H,
EeS i=1
g HO®Hn+Hn®HO7

which follows that “H,” C Hy A Hy = H;, a contradiction to our additional
assumption “H,P \ H, # @.

As a conclusion, C' and D must be linked.

(2) We know by Lemma 5.1.7(1) that Xy, — “* &};,“ must be trivial. Therefore, ©* Xy,
would also be non-trivial according to our requirement on Xj;. On the other hand,
evidently all the entries of ©* X% lie in the subspace “* H®, and thus non-trivial
ones would belong to ©* H\ Hy. It is concluded that C; and C; are linked according
to (1).

§5.1.2 Products of Link-Indecomposable Components

This subsection is devoted to study link-indecomposable components of a (non-
pointed) Hopf algebra. For the purpose and convenience in this chapter, we should
probably extend the definition of link relations onto arbitrary pairs of subcoalgebras

at first. Of course, it coincides with Definition 5.1.1 on simple subcoalgebras.

Definition 5.1.9 Let H be a coalgebra, and let H', H" be its subcoalgebras. We say
that H' and H" are linked, if both of following conditions hold:

e For each C € S contained in H', there exists an D € S contained in H”, such that
C and D are linked in H (in the sense of Definition 5.1.1);

e For each D € S contained in H”, there exists an C' € S contained in H', such that
C and D are linked in H.

Remark 5.1.10 Suppose that subcoalgebras H' and H" are linked (in the sense of
Definition 5.1.9). A direct discussion follows that for any E € S, H' N Hg) # 0 if
and only if H" N H gy # 0. In particular, H' is linked with some E € S, if and only if
H'C Hp.
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We turn to consider link relations for a Hopf algebra H. We need to mention at
first that when the antipode S of is bijective, it is a bijection on & and S(Hy) C Hy.
Now for each C' € §, denote the link-indecomposable component containing C' by H .

The following result is not hard:

Corollary 5.1.11 Let H be a Hopf algebra over a field k with the bijective antipode
S. Then for any C € S, S(Hc)) = Hg(c).

Proof: It is known by [40, Lemma 15.2.1] that C},Cy € S are linked, if and only if
simple subcoalgebras S(C4) and S(C5) are linked. This fact implies that S(H ) is
link-indecomposable and thus contained in Hgc).

On the other hand, the same reason concerning the coalgebra anti-isomorphism
S~ follows that S~ (Hg(c)) C Hs-105(c)) = H(c), which means that Hgcy € S(Hc)).
As a conclusion, S(H(¢y) = Hg(c) holds.

Now the products of link-indecomposable components of a Hopf algebra could be
considered. With the language of Definition 5.1.9, we start our process by describing

how products of simple subcoalgebras preserve their link relations:

Lemma 5.1.12 Let H be a Hopf algebra over an algebraically closed field k with the
bijective antipode S.

(1) Suppose Cy,Cy, D € S, and that Cy and Cy are directly linked. If
((C1D)o + (C2D)o)(S(D) + (D)) € Hy (5.6)
holds, then C1D and CsD are linked;
(2) Suppose C, Dy, Dy € S, and that Dy and Do are directly linked. If
(S(C) + S7HCNCD1)o + (CD2)o) € Hy (5.7)
holds, then C Dy and C'Dy are linked.

Here (C1 D)o denotes the coradical of the subcoalgebra C1D, and so on in conditions
(5.6) and (5.7).
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Proof:

(1) Assume that C; A Cy 2 C) + Cy without the loss of generality. Suppose Cy,Co, D
are basic multiplicative matrices of C'y, Cy, D with sizes r1, 1o, s, respectively. Then
by Lemma 5.1.6(2), there exists a non-trivial (Cy,Cy)-primitive matrix X'. Define

a square matrix

G X CtoD XoD
©D
0 Co 0 C,oD

Note that according to Lemma 2.3.7(2), matrices C; ® D, C, ® D and G are all

multiplicative.

Now we try to observe properties of the r1s X ros matrix X ® D in details. Of
course, each row of X ®D is a vector in H"**! which denotes the space of all row
vectors with rs entries from H. Moreover, we might regard these rows as vectors
in (H/Hy)"**! with entries from the quotient space H/H,. Similar conventions
are made for column vectors and spaces H'*"2* and (H/Hy)'*™*. We aim to show

that the following properties (i) and (ii) for the matrix X ® D both hold:

(i) The set of all its row vectors is linearly independent over H/Hy;

(ii)) The set of all its column vectors is linearly independent over H/H,.

At first we try to show that X ® D has property (i). Clearly, all the entries
of X ® D must belong to C1D A CoD, and thus trivial ones among them would
belong to (C1D)g + (CaD)o.

Assume on the contrary that (i) does not hold for X ® D, or equivalently,
there is an non-zero 1 X r;s matrix P over k such that P(X @ D) is trivial as
a row vector in H'*"2%. Moreover, clearly X ® D is actually a matrix over the
subcoalgebra C1D A CoD. Thus all entries of the trivial vector P(X ® D) would
belong to (C1D)y + (C2D)p.

However, we could compute by Lemma 2.3.10(2) that
P(X ®D)(,,®S(D))=PX©DS(D)) =P(X 06 I),
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whose entries all lie in ((C1 D)o + (C2D)g)S(D) C Hy due to our condition (5.6).
This is a contradiction to the fact that P(X ® I;) is a non-trivial row vector,
because X @ I, must have property (i) by the definition of our Kronecker product
© as well as Proposition 2.3.14(3).

On the other hand, a similar argument would follow that the matrix (X ©®D)T
has property (i) as well. Specifically, for any non-zero 1 x rys matrix @ over k, we

could compute by Lemma 2.3.10 again to know that:

QX oD, ©S7H(D)" = QT oD, o5 (D))
= QX" oD'ST(D))
= QXTolI),
whose entries would all lie in ((C1D)g + (CoD)o)S™H(D) C Hy by the condition
(5.6). Of course, this is equivalent to say X ® D has property (ii).

Next we turn to deal with G. It is followed by Proposition 2.3.6(1) that there

exist invertible matrices L and L, over k, such that

81 ylZ e ylt

0 & - Y
LEcoDL' =] 7 77| and

0 O &

-Fl ZIQ e Zlu

1 0 fQ ZQU

Ly(C2 © D)Ly = .

0 0 Fu

both hold, where &, &, - -+ , & and Fi, Fo, - - -, F, are basic multiplicative matrices

over H. Meanwhile we denote

Xy X o A
Xy Xy - Koy

L(xopLy' =| 7 7 T
Xy Xy o X
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where for each 1 <7 <t and 1 < j < u, the matrix &;; has the same number of
rows with &;, and has the same number of columns with F;. These notations are

concluded as follows:

81 ylt Xll Xlu

L 0 ; Lo\ [0 - & X o A
0 Ly 0 Ly* Fi - Zu
0 . .

0 Fu

as multiplicative matrices.

Recall that we has shown that X ® D has properties (i) and (ii). It is then not
hard to know that (i) and (ii) both hold for L;(X ® D)Ly " as well. Therefore, we

could obtain following two facts:

(I) For each 1 < i < ¢, there is some 1 < j < u such that &}; is non-trivial.

Meanwhile,

(II) For each 1 < j < u, there is some 1 <4 <t such that A}; is non-trivial.

Finally according to Proposition 5.1.8(2), the non-trivially of X;; implies that
the simple subcoalgebras corresponding to & and F; are linked. As a conclusion,

C1D and CyD are linked in the sense of Definition 5.1.9.

Consider the opposite Hopf algebra H°P with multiplication -°P and antipode S—!,

where our condition (5.7) becomes
(D1 -* C)g + (Dg - C)p) -°* (S7H(C) + S(C)) C H.

Of course Dy and D, are also directly linked in H°P, and thus subcoalgebras D;-°PC

and Dy -°P C' are linked according to (1). This is exactly our desired result.

With Lemma 5.1.12, a sufficient condition for H;) to be a Hopf subalgebra could

be given as follows.
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Proposition 5.1.13 Let H be a Hopf algebra over an algebraically closed field k with
the bijective antipode S. If
(Hayo® € Ho (5.8)

holds, then H is a Hopf subalgebra.

Proof: Clearly, the unit element 1 belongs to the subcoalgebra H;), and we know
by Corollary 5.1.11 that S(H1)) € H() holds as well. It remains to prove that Hy is
closed under the multiplication, which is written as H, (1)2 C H(,). However by Remark
5.1.10, we only need to show that each simple subcoalgebra E of H(1)2 is linked with
k1.

In fact, it is known that (H)® Hpy)o = (H(1))o ® (H(1))o, since k is algebraically
closed ( [40, Corollary 4.1.8] for example). Consider the multiplication on H as an
epimorphism Hy ® Hy — H (1)2 of coalgebras, and it is followed by [34, Corollary
5.3.5] that

(H(1)2)0 - (H(l))o2 = Z Z CD.

Cces DeS
CCHu) DEH)

Therefore, each simple subcoalgebra E of H (1)2 must be contained in some subcoalgebra
CD, where C' and D are both linked with k1.

Note that condition (5.8) and the fact S(Hn)) € Hgiy would imply that any
triples of simple subcoalgebras of H(;y would satisfy conditions (5.6) as well as (5.7).
As a consequence, for any C, D € S linked with k1, we find that C'D is linked with
(k1)?2 = k1 in final. It is concluded that H(;y* and k1 are linked, and the desired result
is obtained.

In order to study the products for arbitrary link-indecomposable components H ()
and H(p), we might require a stronger condition for H. Recall in the literature that
a finite-dimensional Hopf algebra H is said to have the dual Chevalley property, if its
coradical Hy is a Hopf subalgebra. In this chapter, we also use the term dual Chevalley
property to indicate a Hopf algebra H with its coradical H, as a Hopf subalgebra, even
if H is infinite-dimensional.

Evidently, when the antipode S'is bijective, the dual Chevalley property is equiv-
alent to the requirement that Hy> C Hy. On the other hand, the bijectivity of S is in

fact a consequence of the dual Chevalley property:
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Lemma 5.1.14 ( [38, Corollary 3.6]) Let H be a Hopf algebra. Suppose that H has
the dual Chevalley property, which means that its coradical Hy is a Hopf subalgebra.
Then the antipode S is bijective.

The following direct corollary is due to a similar argument as the end of the proof
of Proposition 5.1.13. Namely, the dual Chevalley property follows a fact that any
triples in & would satisfy conditions (5.6) and (5.7), since the antipode is bijective in

this case.

Corollary 5.1.15 Let H be a Hopf algebra over an algebraically closed field k with the
dual Chevalley property. Suppose Cy,Cy, Dy, Dy € S. If Cy,Cy are linked, and Dy, Do
are also linked, then C1 Dy and CyDy are linked.

Our main result could be a generalized version of |35, Theorem 3.2(1)]:

Proposition 5.1.16 Let H be a Hopf algebra over an algebraically closed field k with
the dual Chevalley property. Then

(1) For any C,D € S, HyHpy C > Hgy;
EeS, ECCD

(2) Hgyy is a Hopf subalgebra.

Proof:

(1) The proof is basically similar to which of Proposition 5.1.13. By Remark 5.1.10 as
well, it is sufficient to show that each simple subcoalgebra E' of Hc)Hp) is linked
with some F € S contained in CD.

The same argument follows (H ) Hpy)o € (H(cy)o(H(py)o at first, though in
fact the dual Chevalley property implies

(HieyHpy)o = (Hey)o(H(py)o = Z Z C'D'.

/C'ES p’es
C'CH ) D'CH(p)

Therefore, each simple subcoalgebra E' of H(¢yHpy must be contained in some

C'D’, where C’, C are linked, and D', D are linked.

60



Note that C'D is linked with this C"D’, according to Corollary 5.1.15. As a
consequence, we could know each simple subcoalgebra E’ of H)Hp) is linked

with some F € S contained in C'D, and the desired result is obtained.

(2) This is a particular case of Proposition 5.1.13, as the condition (5.8) would be
followed by the dual Chevalley property of H.

Remark 5.1.17 In fact, the assumption that k is algebraically closed is not necessary.

This would be shown as Theorem 5.2.8 in the next section.

§5.2 Further Presentations of Link-Indecomposable

Components

In this section, we try to find much more explicit presentations of the link-
indecomposable components for a Hopf algebra H with the dual Chevalley property.
Our main idea is to identify H with the smash coproduct Hy»< H/Hy"H as left Hy-
module coalgebras. However, the link-indecomposable decomposition of Hy»< H/Hy"H
is in fact determined by a semisimple decomposition of H, as a sense of relative
(Ho, (Hny)o)-Hopf bi(co)modules. This process would be stated in the following sub-

sections.

§5.2.1 Relative Hopf Bi(co)modules over Cosemisimple Hopf Algebras

We begin with a cosemisimple Hopf algebra J over an arbitrary field k, whose
antipode is then bijective according to [22, Theorem 3.3|. Suppose that K is a Hopf
subalgebra of J. Clearly K is also cosemisimple, and it is known that J is faithfully
flat (or a projective generator) over K by [4, Theorem 2.1].

Let "M (resp. M7,) denote the category consisting of relative (J, K)-Hopf mod-
ules which are right K-modules as well as left (resp. right) .J-comodules. One could
see [32, Section 1| for details of the definition. Now consider the k-linear abelian cate-
gory M. consisting of (J, J)-bicomodules M equipped with right K-module structure
which are Hopf modules both in ‘Mg and M7

Proposition 5.2.1 With notations above, "M, is semisimple.
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Proof: We aim to show that every short exact sequence
0=LLMN=0

in /M. splits. This, regarded as a short exact sequence in "M, splits K-linearly since
N is K-projective by [32, Corollary 2.9]. Consequently, there is a right K-module map
g : M — L such that ¢gf =id;.

Note that due to the cosemisimplicity (or rather, the coseparability) of .J, we have
a (J, J)-bicomodule map ¢ : J — k such that ¢(1) = 1. Moreover, if we denote the
(J, J)-bicomodule structures of L and M by

PM - M—>J®M®J,mr—>2m ) @ Moy @ my1),

pr L= JQL®J, 1Y Iy ®lo @l

then a retraction of py, (in ”M,) could be obtained as in |7, Theorem 1|, which is given
by
rp: JOLJ L, a®l@b— Y oS (a)loo(lnSh)).

Specifically, consider the right K-module and (.J, J)-bicomodule structures of J ®
L® J € M. defined by

(a®l®b)-c Zac(l ®leg) ® begy  and a®l®br—>Za(1)®a(2)®l®b(1)®b(2)

respectively for a,b € J, ¢ € K and [ € L, which clearly make J ® L ® J an object in
M. One could find that 7y is indeed a morphism in ‘M7, satisfying rpp; = idy by
direct computations. In fact, for any a,b € J, c€ K and [ € L,

r((a®l®b)-c) = ZTL(acl)®lc(2)®b63)
= > ¢ (ee) Hac))) (o) ¢ ((le))S(bee))
= > ¢l C<25 Hew)S™H(a)) loye @ (layew S(e)S(b)
= D ¢ (lnS7(@) loged (1S (b))
= > ¢ (lcnS (@) lod (lnSh) ¢
= r(a®l®b)c.
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We also compute that

prori(a®l®b)

= 3 o (9 1)5 < NioelanS®))

= > ol pr(l0) () S(b))

— Z¢(z )5~ 1(a z( D ®z(0)®l )&(li2)S(D))

= > 6l-2S a))l-1S ™ (aw)aq) @ o) @ 1) S (be))be o (S (b))
= Y dl1S M a)aq) ® Loy ® by el S (b))

= Y am @ ¢S (a@)le) @ ¢(l1)S(ba))be)

= D am®rs (a@) ® 1@ b)) ® bez)

due to the (J, J)-bicomodule map ¢ : J — k. Above computations are essentially the
same as the proof of |7, Lemma (3)(ii) on Page 101]

On the other hand, it is not hard to know that p); and id ®g ® id are both
morphisms in /M., since g is a right K-module map. Consequently, a morphism
rr(id ®g ®id)pys from M to L is found in M. However, we could know by gf = id,
that

rr(id®g ®@id)pyo f =rp(id®g ®id)(id @ f ®id)pr, = rppr = idy,

and thus the desired splitting is obtained.

It is evident that J is an object in “M7.. A simple subobject of J in My,
is precisely a non-zero minimal right K-module subcoalgebra of J, which would be
called a simple right K-module subcoalgebra of J. In fact, we could give more explicit

presentations of these simple right K-module subcoalgebras in our situation:

Corollary 5.2.2 Let J and K be as above. Then:
(1) J is the direct sum of all simple right K-module subcoalgebras of J;

(2) For every simple subcoalgebra C' of J, CK is a simple right K-module subcoalgebra
of J. In particular, K is a simple right K-module subcoalgebra of J;

(8) Each simple right K-module subcoalgebra K; is of the form CK, where C' could be

chosen as any simple subcoalgebra contained in K;;
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(4) Given simple subcoalgebras C and D of J, we have that CK = DK if and only if
C C DK if and only i«f CK 2 D.

Proof:

(1) This is followed by Proposition (5.2.1) directly.

(2) According to (1), every simple subcoalgebra C' of J would be contained in some
simple right K-module subcoalgebra K; of J. However, C'K is clearly a non-zero

subobject of K; in JM{.. Thus CK = K; holds due to the minimality of K.

(3) The reason is similar to the proof of (2), since K; must contain some simple sub-

coalgebra C' of J.

(4) It follows by (2) that CK and DK are both simple right K-module subcoalgebras
of J. The desired claim is then obtained according to (3).

§5.2.2 A Smash Coproduct and its Link-Indecomposable Components

We still let J be a cosemisimple Hopf algebra in this subsection, but let ) be a ir-
reducible coalgebra whose coradical () is spanned by a grouplike element g. Moreover,
suppose () is a right J-comodule coalgebra such that J coacts trivially on g, or namely,
g — ¢ ® 1 under this coaction @ — @ ® J. Then the smash coproduct ( |6, Section
4.2]) of @ with J is constructed as

H = J»(Q,
whose coalgebra structure is defined by
Aar<q) = Z(au) < q1)0) @ (a@qwn) *>=<qe) and c(ar<q) =e(a)e(q)

for any a € J and g € (). Furthermore, this is evident a left J-module coalgebra, via

the J-module structure
JROH — H, b® (ar<q) — bar<q.

Also, we have following straightforward descriptions of the coradical Hy of H:
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Lemma 5.2.3 Suppose J, Q) are defined as above, and H := J»<(@Q). Then:

(1) The coradical Hy is J @ kg = J as coalgebras;

(2) If we let
T H=Jw=Q—J®(Q/Q)=J, arqrs ac(q) (5.9)

denote the natural left J-module coalgebra projection, then for any subcoalgebra H'
of H, m(H') is the coradical of H'.

Proof:

(1) Since the right J-coaction on the unique grouplike g € @ is trivial, we find that the
cosemisimple subcoalgebra J ® kg cogenerates H (via wedge products). In fact,

one could verify that for any n > 1,
A(Jw<Q,) C (Jr<kg) @ H+ H® (Jr<Qp1)

holds according to A(Q,) C kg ® @ + Q@ ® Q,,—1, where {Q,},>0 denotes the

coradical filtration.

(2) Evidently 7 is a left J-module coalgebra map. On the other hand, as an irreducible
coalgebra, clearly Q@ = kg @& Q% holds. Note that Q" is a coideal of ). Therefore,
Jr< QT is also a coideal of H, and H = Hy® (J»< Q™) holds. It is not hard to see
that the coalgebra map 7 is exactly the projection from H to Hj, with respect to
this direct sum. Then the desired claim 7(H') = H|, could be shown, as a direct

application of [40, Proposition 4.1.7(a)| to 7y for example.

Another notion required is the coefficient space for comodules. In general, given
a right comodule V' = (V,p) over a coalgebra Z, the coefficient space Cz(V') is the
smallest subspace (indeed, subcoalgebra) Z" of Z such that p(V) C V ® Z’. See [40,
Theorem 3.2.11] for example.

Now with the construction of the smash coproduct H = J»< (), its indecomposable

decomposition of H could be determined under specific assumptions:

Lemma 5.2.4 Let K denote the smallest Hopf subalgebra of the cosemisimple Hopf
algebra J that includes the coefficient space C;(Q) of the right J-comodule Q). With

notations above, we have:
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(1) The coalgebra H decomposes as a direct sum of subcoalgebras:

H=K=Q, (5.10)

where K; are the simple right K-module subcoalgebras of J such that J = @, K;;

(2) If the coradical (H1y)o of Hpy is a Hopf subalgebra of J, and the coradical of

each link-indecomposable component of H is stable under the right multiplication
by (Hqy)o, then (5.10) gives the link-indecomposable decomposition of the coalgebra
H.

Proof:

(1)

Since K is a right K-module coalgebra, it then follows from our assumption K D

CJ(Q) that

A(Ki»<Q) C (Ki»<Q) ® (K;C;(Q)»=<Q) C (Ki»<Q) ® (K;»Q)

by definition. As a result, K;»<() is a subcoalgebra of H. This together with
Corollary 5.2.2(1) proves the desired claim.

Recall that we have regarded Hy = J ® kg = J, and hence the coradical of each
link-indecomposable component of H is identified as a subcoalgebra of the Hopf

algebra J.

Suppose that H' is a link-indecomposable component of H, and E is a sub-
coalgebra of the coradical H| of H'. We claim firstly that the coefficient space
C;(E»< Q) of the right coideal E'»< @ of H, regarded as a right J-comodule through
7 (5.9), is included in HJ.

In fact, as a right coideal, E»<() is a direct summand of H and hence an
injective comodule. On the other hand, its socle (E»< @)y, namely the direct sum

of all the simple right H-subcomodules, is of course included by Hy. Therefore

(Ew<Q)o=7((EwQ)o) ST(EwQ)=FE.

As a conclusion, E»< () is contained in the injective hull of E as a right coideal by
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[40, Proposition 3.5.6(1)]. Hence we could know that £ »< () is also contained in the
component H' according to [40, Lemma 3.7.1|. This implies that H' O Cy(E»<Q),
and consequently H) D C;(E»< Q) holds as well.

Now consider the link-indecomposable component H ), and choose the sub-
coalgebra I/ = k1. The claim above provides (H))o 2 C;(Q). It follows that if
(Hqy)o is a Hopf subalgebra of J, then it includes K = (K »<(Q)y. We conclude
that Hy 2 K»<(Q as subcoalgebras. Moreover, since H(jy is a indecomposable

direct summand of the coalgebra H, we then see from (5.10) that
H(l) :KKQ (511)

holds, and also (H(1))o = K as their coradicals.

Finally for any C' € S, assume that the coradical (Hcy)o of the component
H ey is right K-stable. We could know according to Corollary 5.2.2 that

(H)o 2 (Hy)oK 2 CK = K;

for some simple right K-module subcoalgebra K; of J. Then Hiy = K;j»<(Q
holds, as is seen from (5.10) by the same argument again. In a word, each link-

indecomposable component of H is of form K;»< (), which completes the proof.

Remark 5.2.5 [t is not clear whether K;»< (@ in (5.10) is indecomposable without the

assumptions of (2), so that the decomposition above may not be indecomposable.

§5.2.3 Presentations of Components with the Dual Chevalley Property

In this subsection, H is assumed to be a Hopf algebra with the dual Chevalley

property over an arbitrary field k. For convenience, let J = Hj be its coradical, and

Q:=H/J"H,

which is clearly a quotient right H-module coalgebra of H. In addition, () is a irre-

ducible coalgebra with the one-dimensional coradical Qo = k1 spanned by the natural
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image 1 of 1 € H, because (Q is cogenerated by

Furthermore, it could be known by [31, Theorem 3.1] that H is isomorphic to the
smash coproduct J»< (@ constructed. We recall this result with a bit more details, all

of which could be found in [31, Section 4].

Lemma 5.2.6 ( /31, Theorem 3.1]) Let H be a Hopf algebra with the dual Chevalley
property. Denote J := Hy and Q := H/Hy H respectively as above. Then:

(1) There exists a left J-module coalgebra retraction v : H — J of the inclusion J <
H.

Y

(2) Q turns into a right J-comodule coalgebra through the structure p : Q — Q & J

induced from

H—=Q®J, h Y hoy®S((ha)y(he),

where h — h represents the projection H — Q;

(8) The resulting left J-module coalgebra of smash coproduct of Q with J is isomorphic
to H through
H = <@, h Y y(hay) ® b, (5.12)

We remark that by taking the associated grading gr with respect to the coradical

filtration, the isomorphism (5.12) turns into the canonical isomorphism
gr H= Ji<R

of the graded Hopf algebra gr H onto the associated bosonization, where R = gr ), a
Nichols algebra in YD7. Since R is generated by (gr Q)(1) = P(Q), the space of the
primitives in @), it follows that the smallest Hopf subalgebras of J that includes the

following three coefficient spaces

Cy(Q), Cy(R), Cy(P(H))

coincide. We let K denote the coinciding Hopf subalgebra.
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The following proposition could be proved with the usage of Proposition 5.1.16

over the algebraic closure k of the base field k.

Proposition 5.2.7 Let H be a Hopf algebra with the dual Chevalley property over
k. Denote J := Hy and Q = H/H{ H respectively. Then (5.10) gives the link-

indecomposable decomposition of H.

Proof: We aim to verify the assumption of Lemma 5.2.4(2) for H. Firstly, consider the
Hopf algebra H ® k over the algebraically closed field k. Note that H @ k also has the
dual Chevalley property, since it is cogenerated by its cosemisimple Hopf subalgebra
J @k ([22, Lemma 1.3]).

Now it follows from Proposition 5.1.16(2) that the coradical of (H ®k)(;) is a Hopf
k-subalgebra of (H ® k)o = J @ k. Besides, since

(Hok)/(Jok)T(Hok) =(H/JTH) ok =Q Kk,

the smallest Hopf subalgebra of H ® k including C Ter(@Q ® k) is exactly K ® k. Thus
we see from Equation (5.11) on H ® k in the proof of Lemma 5.2.4(2) that

(Hok)q = (Kok) »g (Qok) = (K=Q) @k, (5.13)

which is indecomposable as a subcoalgebra of H ® k. Therefore, K »< (@ in H must be
indecomposable, and this is exactly H(;) because we know that (H ® E)(l) CHpy® k
holds. As a result, we have (H))o = K, a Hopf subalgebra of J.

On the other hand, applying the projection (5.9) on the subcoalgebra (H ® R)(l),
we know by Equation (5.13) that its coradical is

(H®k)1))o =Kok

It then follows from Proposition 5.1.16(1) that each link-indecomposable component
of H® k is right K ® k-stable. Consequently, a component of H turns, after the
base extension ®k, into a direct sum of some components in H ® k, which are right
K ® k-stable. Therefore, the original component of H and its coradical as well, are

right K-stable.
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Now we could improve the presentation for the link-indecomposable components

of H as follows, where S still denotes the set of all the simple subcoalgebras:

Theorem 5.2.8 Let H be a Hopf algebra over an arbitrary field k with the dual Cheval-
ley property. Then

(1) For any C € S, Hey=CHpy = Hq)C;

(2) For any C,D € S, H)yHipy C > Hpy;
EeS, ECCD

(3) Hny is a Hopf subalgebra.

Proof:

(1) Combining Proposition 5.2.7 and Corollary 5.2.2 with notations in this subsection,
we know that Hcy = CK»< (@ holds for any C' € §. Moreover, it follows from the
identification (5.12) H = J»< (@ as left J-module coalgebras that

The other equation Hcy = H(;)C' is obtained by the opposite-sided results above.

(2) This is followed by (1), namely,
HeyHipy = CHuyDHqy = CDHpy = ( > E) HyC Y Hp
EeS, ECCD EeS, ECCD

forany C, D € S.

(3) This is directly followed by (2) and Corollary 5.1.11.

Remark 5.2.9 Lemma 5.1.12 as well as Theorem 5.2.8 might fail for a Hopf algebra
H without the dual Chevalley property. A counter-example is presented as Example

5.53.2 in the next section.

In addition, we introduce an equivalence relation on S, defining that C' and D
are related if CK = DK (or equivalently KC' = K D), where K = (H(1))o as before.

Let S C S be a full set of chosen non-related representatives with respect to this
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equivalence relation. Then a presentation of the indecomposable decomposition of H

is stated as follows:

Corollary 5.2.10 Let H be a Hopf algebra over an arbitrary field k with the dual
Chevalley property. Then the link-indecomposable decomposition of H could be pre-

sented as

Proof: It suffices to show that for any C, D € S, CK = DK if and only if C' and D
are linked. This could be known from the fact CK »< () = Hy appearing in the proof
of Theorem 5.2.8(1) which holds for each C' € S.

This corollary partially generalizes Montgomery’s result |35, Theorem 3.2(4)] (and
its proof) for a pointed Hopf algebra H:

H = @ gH(l),

gE€G(H)/G(H (1))

where G(H) and G(H (1)) denote the set of all the grouplikes of H and H ), respectively.
Indeed when H is pointed, simple subcoalgebras spanned by g, ¢ € G(H) are related
(in the sense preceding Corollary 5.2.10) if and only if ¢gG(H1)) = ¢'G(H(1)). We also
remark that G(H)) is a normal subgroup of G(H) by [35, Theorem 3.2(3)].

One more corollary to mention is that the construction of H(jy is compatible with

base extension:

Corollary 5.2.11 Let H be a Hopf algebra with the dual Chevalley property over k.
Then for any field extension F/k,

(H®F)qy=Hu ®F.
Proof: Let I replace k in the proof of Proposition 5.2.7. Then by Theorem 5.2.8, the
coradical of (H ® F) is also a Hopf subalgebra. Consequently, equations as (5.13)

(H@F)q) = (K=Q)&F
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and H(;) = K»<Q hold in this situation as well.

§5.2.4 Properties for H over the Hopf Subalgebra H ;)

At the final of this section, the faithfully flatness and freeness of H as an H(j)-
module are discussed when H has the dual Chevalley property. In fact, the faithful
flatness could be replaced by a stronger property that H is a projective generator as a

H1)-module:

Corollary 5.2.12 Let H be a Hopf algebra with the dual Chevalley property. Then:
(1) H is a projective generator of left as well as right Huy-modules;

(2) For any C € S, Hc) is a finitely generated projective generator of left as well as
right H1y-modules.

Proof:

(1) By Lemma 5.1.4, there is a direct sum H = Hpy @ M, where M denotes the di-
rect sum of all link-indecomposable components of H excluding H ;). It follows by
Theorem 5.2.8(2) that HyM and M Hy are both contained in M. The faithful
flatness of H over H(y) is then obtained according to a combination of [4, Propo-

sitions 1.4 and 1.6].

Also, recall that Hopf algebras H and H(;) must have bijective antipodes,
since they both have the dual Chevalley property. As a result, we could find
by [32, Corollary 2.9] that H is even a projective generator as a left as well as right
H1)-module.

2) Clearly, it follows by Theorem 5.2.8(1) that each H) is finitely generated over
(@)
H(1y (on both sides). On the other hand, since each Hcy is a non-zero object

in g, M as well as "My, , the desired result is obtained from (1) according

to [32, Corollary 2.9] as well.

However, we could show that H is not always free over H(;) by an example in the
following.
We begin with an example of commutative cosemisimple Hopf algebras J which

is not free over some of its Hopf subalgebra K (see [47, Section 5| e.g.). One could
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choose also a right K-comodule V| such that the coefficient space C'x (V') and its image
S(Ck(V)) under the antipode S generate K. Let R be the symmetric algebra on V. Tt
is routine to verify that via diagonal K-coactions, R forms a right K-comodule Hopf
algebra containing the elements of V' as primitives. According to [1, Section 4], the

construction of smash coproduct of R with K gives rise to a commutative Hopf algebra
K» R,

which is the tensor product K ® R as an algebra.

Besides, since R is naturally a right J-comodule Hopf algebra, we have the anal-
ogous Hopf algebra
H :=JwR,

which includes K »< R as a Hopf subalgebra. Evidently H has coradical J ® 1 which
is also a Hopf subalgebra. Moreover, note that R is irreducible as a coalgebra with
grouplike element 1 on which J coacts trivially, and K is in fact the smallest Hopf
subalgebra of J that includes C;(R) by our choice of V. Thus we know that H;) =
K»< R, as is seen from Proposition 5.2.7 as well as Lemma 5.2.4. We conclude that
this H is not free over Hpy). Otherwise, if it were free, the tensor product ®zR/R*

would imply that J were free over K, a contradiction to our chosen example.

Finally, recall in [34, Theorem 3.2 that H(;) must be a normal Hopf subalgebra for
any pointed Hopf algebra H. When H is non-pointed, we pose the following question on
the normality of H(yy, although there are several positive examples such as T (2,1, —1)°

presented in Subsection §5.3.2,

Question 5.2.13 Let H be a Hopf algebra with the dual Chevalley property. Is the
Hopf subalgebra Hy normal in H?

It is not clear to us whether the answer to this question is positive or not, even
for gr H, for which (gr H)(;) is normal in gr H if and only if K is normal in J. This
last condition should be related with possible structures on P(R) as a Yetter-Drinfeld

module, or namely, as an object in ny.
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§5.3 Examples

For the remaining of this section, k is always assumed to be an algebraically closed
field of characteristic 0. Before specific examples, we provide an evident lemma which

helps us determine link-indecomposable components:

Lemma 5.3.1 Let H be a coalgebra, and Cy,Cs, - -+ ,C; be basic multiplicative matrices
of C1,Cs,--- ,Cy € S, respectively. Suppose that there is a multiplicative matriz of
form
G, X -0 Ay
g=| 7 . (5.14)
0O 0 - G

If Cy,Cs, - -+ Cy are linked, then all the entries of G belong to this link-indecomposable

component Hc,).

Proof: Since G is multiplicative, all its entries would span a subcoalgebra H’. Also,
C,Cy, - -+, C; are exactly all the simple subcoalgebras of H'. Thus if Cq,Cy, - - - , C; are
linked, then H’ is link-indecomposable and thus contained in the link-indecomposable

component.

§5.3.1 Without the Dual Chevalley Property

As mentioned in the end of Section §5.1, the dual Chevalley property might be
necessary for Lemma 5.1.12 or Corollary 5.1.15 in a way. We would show that the
following Hopf algebra, denoted by D(2,2,1/—1), does not satisfy the property in
Lemma 5.1.12. The structure is in fact a particular example of a certain classification

D(m,d,£) introduced in [50, Section 4.1|, where m and d are both chosen to be 2.

Example 5.3.2 Let /—1 be a fized square root of —1. As an algebra, D(2,2,+/—1) is

generated by *, gy, up, uy with relations:

ry=yzr, gr=uxg, yg=—gy, y'=1—a"=1-¢°
wr =1 vy, wig=(—=1)"¢ " u, yu; = (1+ (=1)"2*)ui_; = vV—-12"uy
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fori=0,1, and

1 V-1 1 V-1
ui = 595(1 + 29", uwouy = 5 zg 'y, wug = —§$9_1% up = —

r(1—x%)g .
The coalgebra structure and antipode are given by:

Alr) =z, Alg)=9®g, Aly) =10y+y@y,

Aug) = ug @ ug — ug ® 2 quy, Alur) =ug @uy +up ® 2 quy,

e(x) = e(g) = e(uw) = 1, e(y) =e(ur) =0,

S(z)=a7", S(g)=g7", S(y) =gy, S(uo) =2 guo, S(w)=—v-1a" .

With the application of the Diamond Lemma 2], we could know that D(2,2,+/—1)

has a linear basis
{a'¢7y' |0<i<3,j€Z 0<I<1}U{a'guy|ie€Z, 0<j1<1}. (5.15)

An equivalent but more general version is [49, Lemma 3.3|, but we write the basis in
this form (5.15) for our purposes. Furthermore, all the simple subcoalgebras and their

basic multiplicative matrices are also needed:

Proposition 5.3.3 The set of all the simple subcoalgebras of D(2,2,v/—1) is
S=1{ka'¢’ |0<i<3, jeZ}u{a'C |ieZ},
where C:=k{z % g/u; | 0 < 5,1 < 1} with a basic multiplicative matriz

U (51
C:= ,

—x2gu; 2 %guy
and z'C' # " C as long as i # i'.

Proof: Verified by the structure of D(2,2,v/—1) and direct computations. One could
see |49, Proposition 3.2] for more general cases.
Now we know that D(2,2,4/—1) does not have the dual Chevalley property, since

for ug, u; € C, their products ugu; and uiug do not belong to the coradical.
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Proposition 5.3.4 The link-indecomposable decomposition of H := D(2,2,/—1) is
n (@ ) (@),
0<i<3 i€Z

where Hiy =k{z'¢g’y' | 0 < 4,1 <1} = 2'Hyy and Hioy = 2'C.

Proof: On the one hand, note that A(z'¢’y) = 2'¢’ ® 2'¢’y + x'¢’y @ x'¢g’ ™! always
holds. Thus, for each fixed 0 < i < 3, the simple subcoalgebras (or grouplike elements)

i —2 i —1 i 7 i 2 i 3
, g ,rg ,r,x4,Trqg,xrqg, " ",

or equivalently

i—4 1—4 7 7 i+4 i+4
S, X , L g, r, x4g,x y L g,

are linked, and 2°¢’y belongs to this link-indecomposable component H, (@) We con-
clude that
k{z'¢’y' | j €Z, 0<1<1} C Hpy (0<i<3). (5.16)

On the other hand, the remaining non-pointed simple subcoalgebras clearly satisfy
k{z" ¥ g/u; | 0<j,l <1} =2'C C Hyuey (i € Z). (5.17)

However, the direct sum of the left-hand sides of (5.16) and (5.17) become ex-
actly D(2,2,4/—1), according to the form of the basis (5.15). The desired link-
indecomposable decomposition is then obtained as the direct sum of the right-hand

sides.

Remark 5.3.5 Note that as a pointed subcoalgebra, Hy would satisfy condition (5.8).
Thus it is a Hopf subalgebra, even though H = D(2,2,/—1) does not have the dual
Chevalley property.

Finally we could verify that D(2,2,1/—1) does not have the property in Lemma
5.1.12(1). Consider simple subcoalgebras k1, kg and C, and note that

C=kao gy |0<341<1}=k{z¥g 9y |0<5,1<1}
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holds since x72¢g = 22¢g~!. Clearly, k1 and kg are linked, but we could compute that

9C = g-k{a¥g7u |0< 4,1 <1} = k{z¥g" 7y | 0<4,1< 1}
= k{z¥g" Ty |0<1—4,1<1} = k{z> iy |0<4,1< 1}
= K"V u |0 <41 <1} = k2?0 < 4,1 <1}

= k{z*"¥g 7y |0<4,1<1} = 2°C,

which is not linked with C. That is to say, (k1)C and (kg)C are not linked, and hence
the property in Lemma 5.1.12(1) does not hold.

Moreover, one could find by direct computations that
HHe) = Hie) ® Hazey) € Hio

for example. Thus D(2,2,v/—1) dissatisfies the properties in Items (1) and (2) of
Theorem 5.2.8.

§5.3.2 Non-Degenerate Hopf Pairings

When H is infinite-dimensional, sometimes H (1) could be an idea for constructing
non-degenerate Hopf pairings. The notion of pairings of bialgebras or Hopf algebras

are due to [29]. This is also regarded as a sense of a quantum group in [48].

Definition 5.3.6 Let H and H® be Hopf algebras. A linear map (,) : H* @ H — k is
called a Hopf pairing (on H), if

(1) <ff/7h> - Z<f7 h(1)><f/7h(2)>7 (11) <f7 hh/> - Z<f(1)7h><f(2)7h/>7
(iii) (1,h) =e(h), (iv) (f, 1) =e(f),
(v) {f.S(h)) = (S(f); h)

hold for all f, f' € H® and h,h' € H. Moreover, it is said to be non-degenerate, if for
any f € H* and any h € H,
(f,H) =0 implies f =0, and (H®*, h) =0 implies h = 0.

Consider one of the infinite-dimensional Taft algebras ( [28, Example 2.7]), de-
noted by T,(2,1,—1). Suppose T (2,1,—1)* is chosen as the link-indecomposable

component of the finite dual 7 (2,1, —1)° containing the unit element. We would

7



show that the evaluation (,) : To(2,1,—1)* ® To(2,1, —1) — k is a non-degenerate
Hopf pairing.

Let us recall the structure of T(2,1,—1) and T, (2,1,—1)°. We remark that
the finite dual of infinite-dimensional Taft algebra T, (n,v,£) are once determined
in [15, Lemma 6.9] and [5, Corollary 4.4.6(III)| (see also [3, Proposition 7.2]). Here we
introduce the structure of To.(2,1, —1)° stated in [26, Section 3| with generators and

relations:

Example 5.3.7 (1) As an algebra, T (2,1, —1) is generated by g and x with relations:
9> =1, zg=—gx.

Then Ty (2,1,—1) becomes a Hopf algebra with comultiplication, counit and an-

tipode given by

Alg)=9g®g, Alx)=10z+xR®g, c(g)=1, e(z)=0,
S(g) =g, S(x) = gz.

Moreover, Tyo(2,1,—1) has a linear basis {¢g’z' | 0 < j <1, | € N}.
(2) As an algebra, Too(2,1,—1)° is generated by 1 (A € k), w, Eo, Ey with relations

1/0\1¢)\2 = ’l/})\1+>\27 wo = 17 wQ = 17 E12 = 07
wYy = Yy, FEyw =wkE;, Fiw=—-wk,
Eotpy = yEy, E1y = U\Ey, Ei1Ey = FEy2E,

for all X\, \1, \s € k. The coalgebra structure and antipode are given by:

Alw)=w®w, A(E) =18 E, + FE| ®uw,

A(E;) =1 FEy+ FyQwE; + E;® 1,

Ay) = (h @Un)(1 @ 1+ AE; @ wEy),

e(w) =e(n) =1, e(Br) =e(E2) =0,

Sw) =w, S(E) =wky, S(E)=—E, S(¥a) =1,
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for X € k. Note that {\w’ESE} | X €k, 0< 4,1 <1, s € N} is a linear basis.
Lemma 5.3.8 ( /20, Section 6]) To(2,1,—1)° has a Hopf subalgebra
Too(2,1,-1)* :=k{wE5E |0 < 5,1 <1, s € N},
such that the evaluation (,) : Teo(n,v,£)* @ Too(n,v,&) — k is a non-degenerate Hopf

paLring.

Finally, a similar process as Subsection §5.3.1 follows the link-decomposition of
Tw(2,1,—1)°, by which we could identify the Hopf subalgebra T..(2,1,—1)* with a

link-indecomposable component:
Proposition 5.3.9 The Hopf subalgebra Tn, (2,1, —1)® is exactly the link-indecomposable

component of T (2,1, —1)° containing the unit element 1.

Proof: Denote the Hopf algebra T,.(2,1, —1)° simply by H. We claim that
H = Hy @ <@ Hm) , (518)
Ack*

where

Hy = KWEE[0<4,1<1, se N} =Ty(2,1,-1)",
Hey = KW' EEL|0<4,1<1, seN}.

In details, evidently the set of simple subcoalgebras S contains
{kl, kw, Cy | A € k*},

Uy AUNEL

where C'y has a basic multiplicative matrix Cy := for each \ € k*,
wE)  Yhw
and hence wC = Cw = C.

One could find that

1 B, E,
E=10 w wk
0 O 1
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is a multiplicative matrix. Clearly k1 and kw are linked. For any 0 < 5,1 <1, s € N,

the element w’ E5E! is an entry (with some non-zero scalar) of the multiplicative matrix
EY. Thus
k{wESE; | 0<j,1<1, se N} C Hy,.

On the other hand, for any A € k* and 0 < 5,1 < 1, s € N, the element 1w’ F3E!
is an entry (with some scalar) of the multiplicative matrix £° ® Cy, whose diagonal is

made up with basic multiplicative matrices of C'y. Thus
k{aw’ B3E; |0 <1< 1, s € N} C H,).

It could be concluded that S = {k1, kw, C) | A € k*} and (5.18) holds.

Remark 5.3.10 When H is pointed, it is stated in [34, Theorem 3.2 that Hpy is
always a normal Hopf subalgebra. As for the example H = T (2,1, —1)° in this sub-
section, one could verify that Hy is also normal as a Hopf subalgebra, according the

equations such as
U BB _y = i\’ B3E' = W ESEL.

Some other examples might also be verified.
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