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摘 要

本论文致力于建立具有双射对极的余拟 Hopf代数上的 Nichols代数的反射

理论。虽然 Hopf代数上的 Nichols代数反射理论已较为成熟，但在余拟 Hopf代

数框架下，由于不具有结合律，相关理论尚未建立。为了克服这一困难，我们引

入了余拟 Hopf代数上的有理 Yetter-Drinfeld模的概念，并证明了由对偶 Hopf代

数对联系的两个有理 Yetter-Drinfeld模范畴之间存在辫子幺半范畴等价。

利用这一等价性，我们将反射理论推广到了余拟Hopf代数的情形。我们定义

了反射算子，并证明了反射后的Nichols代数与原Nichols代数之间能够由上述辫

子幺半范畴等价联系起来。更重要的是，我们证明了如果一组单的Yetter-Drinfeld

模允许所有反射，则它们将生成一个半 Cartan图。

作为反射理论的应用，本论文提供了判断余拟 Hopf代数上的 Nichols代数

有限维性的新准则，并利用该理论重新证明了一类秩为 3的非对角型 Nichols代

数是无限维的。此外，我们还展示了仿射 Nichols代数可以在余拟 Hopf代数上

实现。

本文还研究了扭曲量子偶，它是一类特殊的拟 Hopf代数。我们给出了有限

交换群的扭曲量子偶与普通量子偶规范等价的充分条件，并确定了有限循环群

的扭曲量子偶何时是真实的。作为一个应用，我们给出了上述所说的一类秩为 3

的非对角型 Nichols代数是无限维的另一个证明。

最后，我们证明了交换群上的有限维余根基分次点余拟 Hopf代数的余模范

畴满足有限生成上同调的性质。

关键词：Nichols代数；余拟 Hopf代数；扭曲量子偶；上同调；张量范畴
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ABSTRACT
This thesis is dedicated to establishing the reflection theory of Nichols algebras

over coquasi-Hopf algebras with bijective antipodes. Although the reflection theory

for Nichols algebras over Hopf algebras is well-developed, the corresponding theory

in the framework of coquasi-Hopf algebras has not yet been established due to the

lack of associativity. To overcome this difficulty, we introduce the concept of ratio-

nal Yetter-Drinfeld modules over coquasi-Hopf algebras and prove that there exists a

braided monoidal equivalence between the categories of rational Yetter-Drinfeld mod-

ules related by a dual pair of Hopf algebras.

Using this equivalence, we extend the reflection theory to the setting of coquasi-

Hopf algebras. We define reflection of Yetter-Drinfeld modules and prove that the

reflected Nichols algebra and the original one can be related by the above braided

monoidal equivalence. More importantly, we prove that if a tuple of simple Yetter-

Drinfeld modules admits all reflections, they generate a semi-Cartan graph.

As an application of the reflection theory, this thesis provides a new criterion for

determining the finite-dimensionality of Nichols algebras over coquasi-Hopf algebras

and uses this theory to reprove that a class of rank 3 Nichols algebras of non-diagonal

type is infinite-dimensional. Furthermore, we demonstrate that affine Nichols algebras

can be realized over coquasi-Hopf algebras.

This thesis also investigates twisted quantum doubles, which are a special class of

quasi-Hopf algebras. We provide sufficient conditions for the twisted quantum double

of a finite abelian group to be gauge equivalent to an ordinary quantum double, and

III



determine when the twisted quantum double of a finite cyclic group is genuine. As an

application, we provide another proof for the infinite-dimensionality of the aforemen-

tioned class of rank 3 Nichols algebras of non-diagonal type.

Finally, we prove that the category of comodules of a finite-dimensional coradi-

cally graded pointed coquasi-Hopf algebra over an abelian group satisfies the property

of finitely generated cohomology.

KEYWORDS: Nichols algebra; Coquasi-Hopf algebra; Twisted quantum double; Co-

homology; Tensor category
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Chapter 1

Introduction

1.1 The classical setting: Nichols algebras over Hopf algebras

The classification of finite-dimensional pointed Hopf algebras has been one of the central prob-
lems in the theory of Hopf algebras over the past three decades. A crucial breakthrough in this
direction was achieved through the systematic study of Nichols algebras. Heckenberger introduced
the revolutionary concepts of semi-Cartan graphs and Weyl groupoids [46,47,48], which provide
powerful combinatorial tools for understanding the structure and classification of Nichols algebras.

The reflection theory of Nichols algebras represents one of the most important developments in
the field. Recall that a semi-Cartan graph is essentially a quadruple G = G(I,X, 𝑟, 𝐴) consisting of
a finite index set I, a set of points X, a set of reflection maps 𝑟, and a generalized Cartan matrix
𝐴𝑋 associated with each point 𝑋 ∈ X, satisfying specific compatibility axioms (see Definition 5.2.5
for details). The fundamental theorem states that a tuple of simple Yetter-Drinfeld modules over a
Hopf algebra with bijective antipode will give rise to a semi-Cartan graph provided that it admits all
reflections [8,45]. This result was proved again using a categorical approach in the setting of Hopf
algebras in [51].

The interplay between Weyl groupoid theory and reflection theory has led to spectacular progress
in the classification of finite-dimensional Nichols algebras. The classification program, initiated
by Andruskiewitsch and Schneider in a series of papers [9,10,11,12], aims to determine all finite-
dimensional pointed Hopf algebras over algebraically closed fields of characteristic zero whose group
of group-like elements is abelian. A cornerstone of this classification is Heckenberger’s complete
classification of finite-dimensional Nichols algebras of diagonal type [47]. Building on this classifi-
cation, Angiono made a breakthrough contribution by providing explicit presentations by generators
and relations for all Nichols algebras of diagonal type [13,16]. The lifting problem of Nichols alge-
bras of diagonal type has been addressed through cocycle deformation [3,15,2]. The classification
of finite-dimensional Nichols algebras over non-abelian groups has made excellent progress as well
[6,7,8,80,37,44,43,30,45,50,49,55,53,54].

1.2 From Hopf algebras to coquasi‑Hopf algebras

In this work, we focus on the more general setting of coquasi-Hopf algebras. The classification
of coradically graded pointed finite-dimensional coquasi-Hopf algebras over abelian groups has been
completed in [61,57,62,59,58,60,68].

1



In the classification of pointed Hopf algebras over abelian groups, Nichols algebras of non-
diagonal type do not appear. However, in the coquasi-Hopf algebra setting, Nichols algebras of
non-diagonal type do occur and present greater challenges. The authors in [60] used extensive
computations to establish that a certain class of such Nichols algebras is infinite-dimensional. We
later provided an alternative proof of their main result via categorically Morita equivalence [68].
Nonetheless, these arguments are not entirely natural, and we hope that the theory of semi-Cartan
graphs can be extended to coquasi-Hopf algebras. If such a generalization holds, it could be applied
to the classification of finite-dimensional coquasi-Hopf algebras over non-abelian groups.

1.3 Braided monoidal equivalence induced by a dual pair and its applica-
tion to reflection theory

While the reflection theory of Nichols algebras over Hopf algebras is mature, the parallel theory
for coquasi-Hopf algebras remains less developed due to the lack of associativity. In the present
work, we overcome several new difficulties that do not appear in the Hopf algebra settings. As a
result, we extend the reflection theory to arbitrary coquasi‑Hopf algebras 𝐻 with bijective antipode
[69,71].

Inspired by methods in [51,52], we can define rational modules of 𝐴 in C = 𝐻
𝐻YD. This allows

us to define the category 𝑅
𝑅YD(C)rat, which is proven to be a monoidal subcategory of 𝑅𝑅YD(C).

Now, consider two locally finite Hopf algebras 𝐴, 𝐵 in C with bijective antipodes related by a non-
degenerate Hopf pairing compatible with the grading, called a dual pair. We prove the following
result:
Theorem 1.3.1 (Theorem 3.4.6). There is a braided monoidal equivalence:

Ω : 𝐵𝐵YD(C)rat −→
𝐴
𝐴YD(C)rat.

Furthermore, we show that if 𝑉 is a finite-dimensional Yetter-Drinfeld module in 𝐻
𝐻YD, there is

a dual pair between B(𝑉) and B(𝑉∗). Thus the above theorem can be applied to Nichols algebras
to get the following braided monoidal equivalence:

Ω𝑉 : B(𝑉)
B(𝑉)YD(C)

rat
−→ B(𝑉∗)

B(𝑉∗)YD(C)
rat
.

Now we are going to state our main result. Let 𝜃 ≥ 1 be a positive integer, I = {1,2, .., 𝜃}
and 𝑀 = (𝑀1, . . . , 𝑀𝜃), where 𝑀1, . . . , 𝑀𝜃 ∈ 𝐻

𝐻YD are finite-dimensional irreducible Yetter-Drinfeld
modules. We say 𝑀 admits the 𝑖-th reflection for some 1 ≤ 𝑖 ≤ 𝜃 if for all 𝑗 ≠ 𝑖 there is a natural
number 𝑚𝑀

𝑖 𝑗 ≥ 0 such that ad(𝑀𝑖)𝑚
𝑀
𝑖 𝑗 (𝑀 𝑗 ) is a non-zero finite-dimensional subspace of B(𝑀), and

ad(𝑀𝑖)𝑚
𝑀
𝑖 𝑗 +1(𝑀 𝑗 ) = 0. Assume 𝑀 admits the 𝑖-th reflection. Then we set 𝑅𝑖 (𝑀) = (𝑉1, . . . ,𝑉𝜃),

where

𝑉 𝑗 =

{
𝑀∗
𝑖 , if 𝑗 = 𝑖,

(ad𝑀𝑖)𝑚
𝑀
𝑖 𝑗 (𝑀 𝑗 ), if 𝑗 ≠ 𝑖.

It is still a tuple of finite-dimensional irreducible Yetter-Drinfeld modules. By the above theorem,
we have a braided monoidal equivalence:

Ω𝑖 : B(𝑀𝑖)
B(𝑀𝑖)YD(C)

rat
−→ B(𝑀∗

𝑖 )
B(𝑀∗

𝑖 )
YD(C)

rat
.
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Then we prove the following theorem.

Theorem 1.3.2. (Theorem 5.2.3) With the above assumptions on 𝑀. Suppose 𝑀 admits the 𝑖-th
reflection for 1 ≤ 𝑖 ≤ 𝜃. Then there is an isomorphism of Hopf algebras in 𝐻

𝐻YD:

Θ𝑖 : B(𝑅𝑖 (𝑀)) � Ω𝑖
(
B(𝑀)coB(𝑀𝑖)

)
#B(𝑀∗

𝑖 ). (1.3.1)

Although our main conclusion appears consistent with the Hopf case, the specific details differ
significantly. Some details require adjustment or reformulation in this more general setting. Some
identities that are obviously valid in Hopf algebras require extensive computations to verify in our
context.

As a corollary, suppose 𝑀 admits all reflections and let X = {[𝑋] | 𝑋 ∈ F𝜃 (𝑀)}, see Definition
5.2.4 for related notation. We denote the generalized Cartan matrix 𝐴[𝑋] = (𝑎𝑋𝑖 𝑗 )𝑖, 𝑗∈I for each
[𝑋] ∈ X, where (𝑎𝑋𝑖 𝑗 )𝑖, 𝑗∈I is defined in Lemma 5.1.3. Let 𝑟 be the following map,

𝑟 : I×X →X, 𝑖× [𝑋] ↦→ [𝑅𝑖 (𝑋)] .

Then the quadruple
G(𝑀) = (I,X, 𝑟, (𝐴𝑋)𝑋∈X)

is a semi-Cartan graph.

1.4 An application of reflection theory

After establishing that 𝑀 gives rise to a semi-Cartan graph, several additional criteria for
determining the finite-dimensionality of the Nichols algebra can also be derived. We show that
if B(𝑀) is finite-dimensional, then the semi-Cartan graph G(𝑀) is a finite semi-Cartan graph.
Furthermore, if G(𝑀) is a standard finite semi-Cartan graph, that is 𝐴𝑋 = 𝐴𝑌 , for all 𝑋,𝑌 ∈ X,
then 𝐴𝑀 must be a finite Cartan matrix. At the same time, we prove that the dimension and
Gelfand-Kirillov dimension of the Nichols algebras are invariant under reflections.

As an application of these results, we apply this machinery to a crucial test case: a rank-
three Nichols algebra B(𝑀) = B(𝑀1 ⊕𝑀2 ⊕𝑀3) of non-diagonal type, originally identified in [60,
Proposition 4.1]. We provide an alternative proof.

We compute the Weyl groupoid of W(G(𝑀)), and show that the set of real roots of G(𝑀) at
each 𝑋 ∈ X is just the set of real roots of the Kac-Moody Lie algebra of type 𝐴(1)

2 . Furthermore, we
prove that G(𝑀) is a Cartan graph. Finally, utilizing the correspondence between Cartan graphs and
Tits cones [28,29], we demonstrate that this algebra is affine, meaning its Tits cone is a half-plane.
Our observations show that affine Nichols algebras can be realized over coquasi-Hopf algebras.

1.5 About an important class of quasi-Hopf algebras——twisted quantum
doubles

Given a finite group 𝐺 and a normalized 3-cocycle Φ ∈ 𝑍3(𝐺,C∗), Dijkgraaf-Pasquier-Roche
defined a certain quasi-Hopf algebra(twisted quantum double) 𝐷Φ(𝐺) in [31]. The motivation
for studying such a quasi-Hopf algebra comes from conformal field theory and vertex operator
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algebra, see [67,25,38]. Readers only need to understand that vertex operator algebras have a
representation theory. In particular, Huang proved in [64] that if V is 𝐶2-cofinite, rational, CFT
type (i.e. 𝑉 (1) = C1), and self dual (i.e. V � V′), then Rep(V) is a modular tensor category. Then
by reconstruction theory [75], there might be a weak quasi-Hopf algebra 𝐻 with the property that
Rep(𝐻) � Rep(V) as a modular tensor category. In the context of [31], the authors conjectured
that one can take 𝐻 to be a twisted quantum double 𝐷Φ(𝐺) of 𝐺 in the case when V is a so-called
holomorphic orbifold model, that is there is a simple vertex operator algebra W and a finite group
of automorphisms 𝐺 of W such that V =W𝐺 , see also [76]. This conjecture was proven to be true
in [32].

We consider the case when such a braided tensor equivalence holds:

Rep(𝐷Φ1 (𝐺1)) � Rep(𝐷Φ2 (𝐺2)) (1.5.1)

This is an interesting problem in its own right. The case in which the two twisted quantum doubles
in question are commutative, i.e. the two groups are abelian and the 3-cocycles are abelian 3-cocycle
was solved in [77]. In [42], the authors dealt with the case when 𝐺1 to be an elementary abelian
2-group and 𝐺2 turns out to be an extra-special 2-group. Here we are concerned with a particular
case of (1.5.1) when taking 𝐺1 as a finite abelian group, Φ1 is an arbitrary normalized 3-cocycle
and 𝐺2 is a finite group, Φ2 is trivial:

Rep(𝐷Φ1 (𝐺1)) � Rep(𝐷 (𝐺2)). (1.5.2)

We give a sufficient condition when equivalence (1.5.2) holds.

Theorem 1.5.1 (Theorem 6.3.4). Let 𝐺 be a finite abelian group and Φ a normalized 3-cocycle
on 𝐺 as in (2.6.1). If the following condition holds:

(i) 𝑎𝑖 = 0 for all 1 ≤ 𝑖 ≤ 𝑛,
(ii) 𝐴∩𝐵 = ∅.

Then 𝐷Φ(𝐺) will be gauge equivalent to 𝐷 (𝐺′) for a finite group 𝐺′.

For a quasi-Hopf algebra 𝐻, we say 𝐻 is genuine if it will never be gauge equivalent to a Hopf
algebra. Studying the genuineness of a twisted quantum double is another question. [77, Example
9.5] gives us the first example of genuine twisted quantum double, say 𝐷Φ(𝑍2), where Φ is the
nontrivial 3-cocycle on 𝑍2. In [72, Theorem 4.1], the authors showed that if 𝐺 is abelian, and Φ
is an abelian cocycle, then 𝐷Φ(𝐺) is genuine if and only if there exists 𝑉 ∈ Rep(𝐷Φ(𝐺)) such that
𝜈(𝑉) = 0, where 𝜈 is the total Frobenius-Schur indicator of Rep(𝐷Φ(𝐺)). Let 𝐺 be a finite cyclic
group and Φ a nontrivial 3-cocycle on 𝐺. We provide a discriminant method for whether 𝐷Φ(𝐺) is
genuine or not, also through using the explicit expression of 3-cocycles. Here is the result.

Theorem 1.5.2 (Theorem 6.5.3). Let 𝐺 � 𝑍𝑚 be a finite cyclic group and Φ(𝑔𝑖, 𝑔 𝑗 , 𝑔𝑘 ) = 𝜁𝑎𝑖[
𝑗+𝑘
𝑚 ]

𝑚

for 1 ≤ 𝑎 < 𝑚. Then 𝐷Φ(𝐺) is genuine if and only if (𝑚,2𝑎) ∤ (𝑚,𝑎).

As an application, we gave another different proof of [60, Proposition 4.1] using Theorem 6.3.4.
As a byproduct, we show that the Nichols algebras B(𝑀1 ⊕𝑀2 ⊕𝑀3) are infinite-dimensional where
𝑀1, 𝑀2, 𝑀3 are three different simple Yetter-Drinfeld modules of 𝐷8.
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1.6 On cohomology of pointed finite tensor categories

Let k be an algebraically closed field of characteristic zero. Given a finite tensor category C
over k, we may define the cohomology of C as follows:

H•(C,𝑉) = Ext•C (1,𝑉)

where 𝑉 is an object in C and 1 is the unit object in C. We mainly focus on the cohomological
finiteness property:

Definition 1.6.1. A finite tensor category C over k is said to have finitely generated cohomology
(FGC for brevity), if H•(C,1) is a finitely generated algebra and H•(C,𝑉) is a finitely generated
H•(C,1) -module for each 𝑉 in C.

In [36], Etingof and Ostrik proposed the well-known conjecture:

Conjecture 1.6.2. Any finite tensor category over k satisfies FGC.

For over twenty years, many beautiful results related to this conjecture have been obtained, es-
pecially from the perspective of Hopf algebras. For a finite-dimensional Hopf algebra 𝐻, the category
Rep(𝐻) of finite-dimensional representations is a finite tensor category. By abuse of terminology,
we say 𝐻 satisfies FGC if Rep(𝐻) does. Ginzburg and Kumar in [41] showed that all small quantum
groups satisfy FGC. Moreover, they computed their cohomology rings explicitly. In [78], Mastnak,
Pevtsova, Schauenberg and Witherspoon proved that any finite-dimensional pointed Hopf algebra
over an abelian group (i.e., whose group-like elements form an abelian group) satisfies FGC, subject
to mild restrictions on the order of the group. This result was later extended to all finite-dimensional
pointed Hopf algebras over abelian groups in [4]. Related results for fields of positive characteristic
can be found in [83] and [39].

On the other hand, some experts study this question from the perspective of category theory.
In [81], Negron and Plavnik characterized when the dual category and the center of a finite tensor
category C satisfy FGC, assuming C itself satisfies FGC. The condition of finitely generated coho-
mology is crucial in the theory of support varieties for finite tensor categories; further details may
be found in [21] and [22].

The classification of finite-dimensional coradically graded pointed coquasi-Hopf algebras over
abelian groups was completed in [58] and [60]. Based on the type of the associated Nichols algebra,
the classification divides into two cases: diagonal type and non-diagonal type. We address these
cases separately to establish our main result on finitely generated cohomology [70].

Theorem 1.6.3 (Theorem 8.4.5). Let 𝑀 be a finite-dimensional coradically graded pointed coquasi-
Hopf algebra over abelian groups, and C := Comod(𝑀), then C satisfies FGC.

1.7 Organization of this thesis

The paper is organized as follows. After reviewing preliminaries on coquasi-Hopf algebras, Yet-
ter–Drinfeld modules,bosonization and Nichols algebras in Section 2, we introduce rational modules
and establish equivalences of braided monoidal categories via dual pair in Section 3. In particular,
we specialize to Nichols algebras and their pairings. Section 4 is devoted to the general reflection
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theory: we study the projection of a Nichols algebra. Then in Section 5 we study reflections of
Nichols algebras and establish our main result. In section 6, we provide a sufficient condition for the
twisted quantum double of a finite abelian group will be gauge equivalent to the ordinary quantum
double of a finite group. Meanwhile, we give a criterion for a twisted quantum double of a finite
cyclic group is genuine. Section 7 deals with a detailed example. We give a realization of an affine
Nichols algebra over coquasi-Hopf algebra and show that it gives rise to a standard Cartan graph.
Finally, in Section 8, we study the cohomology of some pointed finite tensor categories. As a result,
we partially confirm the conjecture on finitely generated cohomology of finite tensor categories.
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Chapter 2

Preliminaries

In this section, we briefly recall the fundamental definitions and fix the notation for coquasi-
Hopf algebras and Yetter-Drinfeld modules. For a more detailed exposition and proofs of standard
properties, we refer the reader to [69,58]. Throughout the paper, k denotes an algebraically closed
field of characteristic zero.

2.1 Coquasi-Hopf algebras

By definition, coquasi-Hopf algebras are exactly the duals of Drinfeld’s quasi-Hopf algebras [33].
Their formal definition can be given as follows.

Definition 2.1.1. A coquasi-Hopf algebra is a coalgebra (𝐻,Δ, 𝜀) equipped with a compatible
quasi-algebra structure and an antipode (S, 𝛼, 𝛽). Namely, there exist:

• Two coalgebra homomorphisms:

𝑚 : 𝐻 ⊗𝐻→ 𝐻, 𝑎 ⊗ 𝑏 ↦→ 𝑎𝑏,

𝜇 : k→ 𝐻, 𝜆 ↦→ 𝜆1𝐻 ,

• A convolution-invertible map Φ : 𝐻⊗3 → k called an associator,
• A coalgebra antimorphism S : 𝐻→ 𝐻,
• Two linear functions 𝛼, 𝛽 : 𝐻→ k

such that for all 𝑎, 𝑏, 𝑐, 𝑑 ∈ 𝐻 the following equalities hold:

𝑎1(𝑏1𝑐1)Φ(𝑎2, 𝑏2, 𝑐2) = Φ(𝑎1, 𝑏1, 𝑐1) (𝑎2𝑏2)𝑐2, (2.1.1)
1𝐻𝑎 = 𝑎 = 𝑎1𝐻 , (2.1.2)

Φ(𝑎1, 𝑏1, 𝑐1𝑑1)Φ(𝑎2𝑏2, 𝑐2, 𝑑2) = Φ(𝑏1, 𝑐1, 𝑑1)Φ(𝑎1, 𝑏2𝑐2, 𝑑2)Φ(𝑎2, 𝑏3, 𝑐3), (2.1.3)
Φ(𝑎,1𝐻 , 𝑏) = 𝜀(𝑎)𝜀(𝑏), (2.1.4)

S(𝑎1)𝛼(𝑎2)𝑎3 = 𝛼(𝑎)1𝐻 , 𝑎1𝛽(𝑎2)S(𝑎3) = 𝛽(𝑎)1𝐻 , (2.1.5)
Φ(𝑎1,S(𝑎3), 𝑎5)𝛽(𝑎2)𝛼(𝑎4) = Φ−1(S(𝑎1), 𝑎3,S(𝑎5))𝛼(𝑎2)𝛽(𝑎4) = 𝜀(𝑎). (2.1.6)

Throughout this paper, we use the Sweedler sigma notation Δ(𝑎) = 𝑎1 ⊗ 𝑎2 for the coproduct
and 𝑎1 ⊗ 𝑎2 ⊗ · · · ⊗ 𝑎𝑛+1 for the result of the 𝑛-iterated application of Δ on 𝑎. We say 𝐻 has a
bijective antipode if S is bijective.
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A coquasi-Hopf algebra 𝐻 is pointed if the underlying coalgebra is so. Given a coquasi-Hopf
algebra, let {𝐻𝑛}𝑛≥0 be its coradical filtration, and

gr(𝐻) := 𝐻0 ⊕𝐻1/𝐻0 ⊕𝐻2/𝐻1 ⊕ · · ·

the corresponding coradically graded coalgebra. Then naturally (gr(𝐻),gr(Φ)) inherits from 𝐻 a
graded coquasi-Hopf algebra structure. Furthermore, for homogeneous elements 𝑎, 𝑏, 𝑐 ∈ gr(𝐻),
gr(Φ)(𝑎, 𝑏, 𝑐) = 0 unless they all lie in 𝐻0.

Following the definition in [17], we now recall the definition of a preantipode, which plays an
important role in further calculations.

Definition 2.1.2. [17, Definition 3.6] Let (𝐻,Φ) be a coquasi-bialgebra, a preantipode for 𝐻 is a
k-linear map S : 𝐻→ 𝐻 such that, for all ℎ ∈ 𝐻,

S(ℎ1)1ℎ2 ⊗ S(ℎ1)2 = 1𝐻 ⊗ S(ℎ),
S(ℎ2)1 ⊗ ℎ1S(ℎ2)2 = S(ℎ) ⊗ 1𝐻 ,
Φ(ℎ1,S(ℎ2), ℎ3) = 𝜀(ℎ).

Furthermore, [17, Remark 3.7] provides us a useful property:

ℎ1S(ℎ2) = 𝜀(S(ℎ))1𝐻 = S(ℎ1)ℎ2, for all ℎ ∈ 𝐻. (2.1.7)

Meanwhile, when 𝐻 is equipped with the structure of a coquasi-Hopf algebra with antipode (S, 𝛼, 𝛽),
then a preantipode for 𝐻 always exists.

Lemma 2.1.3. [17, Theorem 3.10] Let 𝐻 be a coquasi-Hopf algebra with antipode (S, 𝛼, 𝛽), then

S := 𝛽 ∗S ∗𝛼 (2.1.8)

is a preantipode for 𝐻, where ∗ denotes convolution product.

Example 2.1.4. A baby example of coquasi-Hopf algebra is (k𝐺,Φ), where 𝐺 is a group and Φ a
normalized 3-cocycle on 𝐺. It is well known that the group algebra k𝐺 is a Hopf algebra with:

Δ(𝑔) = 𝑔 ⊗ 𝑔, S(𝑔) = 𝑔−1, 𝜀(𝑔) = 1 for any 𝑔 ∈ 𝐺.

By extending Φ linearly, Φ : (k𝐺)⊗3 → k becomes a convolution-invertible map. Define two linear
functions 𝛼, 𝛽 : k𝐺→ k by:

𝛼(𝑔) := 𝜀(𝑔), 𝛽(𝑔) :=
1

Φ(𝑔,𝑔−1, 𝑔)

for any 𝑔 ∈ 𝐺. Then k𝐺 together with these Φ, 𝛼 and 𝛽 becomes a coquasi-Hopf algebra. We
denote this resulting coquasi-Hopf algebra by (k𝐺,Φ). For all 𝑔 ∈ 𝐺, we define

S(𝑔) = 1
Φ(𝑔,𝑔−1, 𝑔)

𝑔−1.

Then Lemma 2.1.3 shows S is a preantipode for (k𝐺,Φ).
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2.2 Yetter-Drinfeld module categories over coquasi-Hopf algebras

We now turn our attention to the Yetter-Drinfeld module category structure. The definition of
the Yetter-Drinfeld module category 𝐻

𝐻YD over an arbitrary coquasi-Hopf algebra 𝐻 was already
given in [18]. Since it plays a crucial role in our paper, we recall this definition.

Definition 2.2.1. [18, Definition 3.1] Let 𝐻 be a coquasi-Hopf algebra with associator Φ. A left-left
Yetter–Drinfeld module over 𝐻 is a triple (𝑉, 𝛿𝑉 ,▷) such that:

• (𝑉, 𝛿𝑉 ) is a left comodule of 𝐻 and we denote 𝛿𝑉 (𝑣) by 𝑣−1 ⊗ 𝑣0 as usual;
• ▷ : 𝐻 ⊗𝑉 →𝑉 is a k-linear map satisfying for all ℎ, 𝑙 ∈ 𝐻 and 𝑣 ∈ 𝑉 :

(ℎ𝑙)▷ 𝑣 = Φ(ℎ2, (𝑙2 ▷ 𝑣0)−1, 𝑙3)
Φ(ℎ1, 𝑙1, 𝑣−1)Φ((ℎ3 ▷ (𝑙2 ▷ 𝑣0)0)−1, ℎ4, 𝑙4)

(ℎ3 ▷ (𝑙2 ▷ 𝑣0)0)0, (2.2.1)

1𝐻 ▷ 𝑣 = 𝑣, (2.2.2)
(ℎ1 ▷ 𝑣)−1ℎ2 ⊗ (ℎ1 ▷ 𝑣)0 = ℎ1𝑣−1 ⊗ (ℎ2 ▷ 𝑣0). (2.2.3)

A morphism 𝑓 : (𝑉, 𝛿𝑉 ,▷) → (𝑉 ′, 𝛿𝑉 ′ ,▷′) is a colinear map 𝑓 : (𝑉, 𝛿𝑉 ) → (𝑉 ′, 𝛿𝑉 ′) such that 𝑓 (ℎ▷
𝑣) = ℎ▷′ 𝑓 (𝑣) for all ℎ ∈ 𝐻.

The category 𝐻
𝐻YD is a k-linear braided monoidal abelian category over the field k. The unit

object of 𝐻𝐻YD is k, which is regarded as an object in 𝐻
𝐻YD via trivial structures. For 𝑉,𝑊 ∈ 𝐻

𝐻YD,
the tensor product of Yetter-Drinfeld modules is defined by:

(𝑉, 𝛿𝑉 ,▷) ⊗ (𝑊,𝛿𝑊 ,▷) = (𝑉 ⊗𝑊,𝛿𝑉⊗𝑊 ,▷),

where 𝛿𝑉⊗𝑊 is given by
𝛿𝑉⊗𝑊 (𝑣 ⊗𝑤) = 𝑣−1𝑤−1 ⊗ 𝑣0 ⊗𝑤0,

and

ℎ▷ (𝑣 ⊗𝑤) = Φ(ℎ1, 𝑣−1,𝑤−2)Φ((ℎ2 ▷ 𝑣0)−1, (ℎ4 ▷ 𝑤0)−1, ℎ5)
Φ((ℎ2 ▷ 𝑣0)−2, ℎ3,𝑤−1)

(ℎ2 ▷ 𝑣0)0 ⊗ (ℎ4 ▷ 𝑤0)0. (2.2.4)

The braiding 𝑐𝑉,𝑊 :𝑉 ⊗𝑊 →𝑊 ⊗𝑉 is given by:

𝑐𝑉,𝑊 (𝑣 ⊗𝑤) = (𝑣−1 ▷ 𝑤) ⊗ 𝑣0. (2.2.5)

In [19], the authors proved that the category YD𝐻
𝐻 of right-right Yetter-Drinfeld module is

braided equivalent to Z𝑙 (M𝐻), which is the left center of the category of right comodules of 𝐻.
The proof for 𝐻

𝐻YD is completely dual. We need to recall the definition of right center here for
completeness.

Definition 2.2.2. For a coquasi-Hopf algebra 𝐻 with bijective antipode, the right center of the
category of left 𝐻-comodules Z𝑟 (𝐻M) has objects (𝑉, 𝑐−,𝑉 ), where 𝑉 ∈ 𝐻M and 𝑐𝑊,𝑉 :𝑊 ⊗𝑉 −→
𝑉 ⊗𝑊 is a natural transformation in 𝐻M that satisfies the commutative diagram
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(𝑋 ⊗𝑊) ⊗𝑉 𝑉 ⊗ (𝑋 ⊗𝑊)

𝑋 ⊗ (𝑊 ⊗𝑉)

𝑋 ⊗ (𝑉 ⊗𝑊) (𝑋 ⊗𝑉) ⊗𝑊

(𝑉 ⊗ 𝑋) ⊗𝑊

𝑐𝑋⊗𝑊,𝑉

𝑎𝑋,𝑊,𝑉

id𝑋 ⊗𝑐𝑊,𝑉 𝑎−1
𝑋,𝑉,𝑊

𝑐𝑋,𝑉 ⊗ id𝑊

𝑎𝑉,𝑋,𝑊

for all 𝑊, 𝑋 ∈𝐻 M and 𝑐k,𝑉 = id𝑉 . A morphism 𝑓 : (𝑉, 𝑐−,𝑉 ) −→ (𝑉 ′, 𝑐−,𝑉 ′) in the center is a right
𝐻-comodule map satisfying

𝑐𝑊,𝑉 ′ ◦ (id𝑊 ⊗ 𝑓 ) = ( 𝑓 ⊗ id𝑊 ) ◦ 𝑐𝑊,𝑉 .

for all 𝑊 ∈ 𝐻M.

The category Z𝑟 (𝐻M) is braided monoidal with tensor product (𝑉, 𝑐−,𝑉 ) ⊗ (𝑊,𝑐−,𝑊 ) = (𝑉 ⊗
𝑊,𝑐−,𝑉⊗𝑊 ).

Lemma 2.2.3. Let 𝐻 be a coquasi-Hopf algebra with bijective antipode. The category 𝐻
𝐻YD is

braided monoidal isomorphic to the right center of the category of left 𝐻-comodules Z𝑟 (𝐻M).

Proof. We construct mutually inverse braided monoidal functors between the two categories.
Let (𝑉, 𝑐𝑉,−) be an object in Z(𝐻M), we can define a left linear map on 𝑉 as follows:

▷ : 𝐻 ⊗𝑉 −→𝑉, ℎ▷ 𝑣 = (id𝑉 ⊗ 𝜀)𝑐𝐻,𝑉 (ℎ⊗ 𝑣) (2.2.6)

Let 𝑊 ∈ 𝐻M and 𝑤∗ ∈ 𝑊∗. Define the map 𝑓𝑤∗ : 𝑊 −→ 𝐻, 𝑓𝑤∗ (𝑤) = 𝑤−1𝑤
∗(𝑤0). Then 𝑓𝑤∗ is

𝐻-comodule map. By naturality of 𝑐−,𝑉 , we have

𝑐𝐻,𝑉 ◦ ( 𝑓𝑤∗ ⊗ id𝑉 )(𝑤 ⊗ 𝑣) = (id𝑉 ⊗ 𝑓𝑤∗) ◦ 𝑐𝑊,𝑉 (𝑤 ⊗ 𝑣)
= 𝑐𝐻,𝑉 (𝑤−1𝑤

∗(𝑤0) ⊗ 𝑣).

That is
𝑐𝐻,𝑉 (𝑤−1𝑤

∗(𝑤0) ⊗ 𝑣) = (id𝑉 ⊗ 𝑓𝑤∗) ◦ 𝑐𝑊,𝑉 (𝑤 ⊗ 𝑣).

Applying id𝑉 ⊗𝜀 to both sides leads to

𝑤∗(𝑤0) (𝑤−1 ▷ 𝑣) = (id𝑉 ⊗𝜀 ◦ 𝑓𝑤∗) ◦ 𝑐𝑊,𝑉 (𝑤 ⊗ 𝑣) = (id𝑉 ⊗𝑤∗) ◦ 𝑐𝑊,𝑉 (𝑤 ⊗ 𝑣).

This implies
𝑐𝑊,𝑉 (𝑤 ⊗ 𝑣) = (𝑤−1 ▷ 𝑣) ⊗𝑤0.

for all objects 𝑊 ∈ 𝐻M.
Since 𝑐k,𝑉 = id𝑉 and the unit map 𝑢 : k −→ 𝐻 is a left comodule map, where k has trivial

comodule structure and 𝐻 is a 𝐻-comodule via Δ. We have (2.2.2) holds:

1𝐻 ▷ 𝑣 = 𝜀(1𝐻)𝑣 = 𝑣.
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Next, for ℎ ∈ 𝐻, 𝑣 ∈ 𝑉 , since 𝑐𝐻,𝑉 is a left 𝐻-comodule map,

(ℎ1 ▷ 𝑣)−1ℎ2 ⊗ (ℎ1 ▷ 𝑣)0 ⊗ ℎ3 = 𝛿((ℎ1 ▷ 𝑣) ⊗ ℎ2) = ℎ1𝑣−1 ⊗ (ℎ2 ▷ 𝑣0) ⊗ ℎ3.

Applying 𝜀 to last the factor we have (2.2.3). While relation (2.2.1) is a consequence of hexagon
axiom applied to 𝑊 = 𝑋 = 𝐻. Note that 𝑐𝐻⊗𝐻,𝑉 ((ℎ ⊗ 𝑙) ⊗ 𝑣) = (ℎ1𝑙1 ▷ 𝑣) ⊗ (ℎ2 ⊗ 𝑙2). By hexagon
axiom it equals to

Φ(ℎ2, (𝑙2 ▷ 𝑣0)−1, 𝑙3)
Φ(ℎ1, 𝑙1, 𝑣−1)Φ((ℎ3 ▷ (𝑙2 ▷ 𝑣0)0)−1, ℎ4, 𝑙4)

(ℎ3 ▷ (𝑙2 ▷ 𝑣0)0)0 ⊗ (ℎ5 ⊗ 𝑙5).

By applying 𝜀 to the second and third factors we get (2.2.1). Then (𝑉, 𝛿,▷) becomes a left-left 𝐻
Yetter-Drinfeld module. It is easy to see for any morphism 𝑓 : (𝑉, 𝑐−,𝑉 ) −→ (𝑉 ′, 𝑐−,𝑉 ′), 𝑓 will be a
morphism in 𝐻

𝐻YD.
Conversely, for a Yetter-Drinfeld module 𝑉 and left 𝐻-comodules 𝑊 , 𝑋, use relation (2.2.5)

to define the natural transformation 𝑐𝑊,𝑉 . Then (2.2.1) implies that the hexagon axiom is fulfilled.
The equality (2.2.2) implies 𝑐k,𝑉 = id𝑉 . The morphism 𝑐𝑊,𝑉 being a left 𝐻-comodule map follows
from (2.2.3). This together makes (𝑉, 𝑐−,𝑉 ) an object in Z𝑟 (𝐻M). Similarly, a morphism in 𝐻

𝐻YD
is a morphism in Z𝑟 (𝐻M).

The two constructions are clearly inverse to each other. Furthermore, the braiding in 𝐻
𝐻YD

given by (2.2.5) coincides with the braiding of the right center under the above correspondence.
Hence we obtain a braided monoidal isomorphism. □

In order to simplify notation, we recall the following linear maps 𝑝𝑅, 𝑞𝑅, 𝑝𝐿, 𝑞𝐿∈ Hom(𝐻 ⊗
𝐻,k), which is introduced in [19],

𝑝𝑅 (ℎ,𝑔) = Φ−1(ℎ,𝑔1𝛽(𝑔2),S(𝑔3)),
𝑞𝑅 (ℎ,𝑔) = Φ(ℎ,𝑔3, 𝛼(S−1(𝑔2))S−1(𝑔1)),
𝑝𝐿 (ℎ,𝑔) = Φ(S−1(ℎ3)𝛽(S−1(ℎ2)), ℎ1, 𝑔),
𝑞𝐿 (ℎ,𝑔) = Φ−1(S(ℎ1)𝛼(ℎ2), ℎ3, 𝑔),

for any ℎ,𝑔 ∈ 𝐻. These maps satisfy the compatibility relations:

(ℎ1𝑔1)S(𝑔3)𝑝𝑅 (ℎ2, 𝑔2) = ℎ2𝑝𝑅 (ℎ1, 𝑔), (2.2.7)
(ℎ2𝑔3)S−1(𝑔1)𝑞𝑅 (ℎ1, 𝑔2) = ℎ1𝑞𝑅 (ℎ2, 𝑔), (2.2.8)
S(ℎ1) (ℎ3𝑔2)𝑞𝐿 (ℎ2, 𝑔1) = 𝑔1𝑞𝐿 (ℎ,𝑔2), (2.2.9)

𝑞𝑅 (ℎ1𝑔1,S(𝑔3))𝑝𝑅 (ℎ2, 𝑔2) = 𝜀(ℎ)𝜀(𝑔), (2.2.10)
𝑝𝐿 (S(ℎ1), ℎ3𝑔2)𝑞𝐿 (ℎ2, 𝑔1) = 𝜀(ℎ)𝜀(𝑔). (2.2.11)

With the above notation established, we can now prove the following lemma.

Lemma 2.2.4. Suppose 𝐻 has a bijective antipode.
(1) The equation (2.2.3) is equivalent to

(ℎ▷ 𝑣)−1 ⊗ (ℎ▷ 𝑣)0 = 𝑝((ℎ3 ▷ 𝑣0)−1, ℎ4)𝑞(ℎ1𝑣−2,S(ℎ6)) (ℎ2𝑣−1)S(ℎ5) ⊗ (ℎ3 ▷ 𝑣0)0. (2.2.12)
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(2) The equation (2.2.3) implies:

𝑣−1 ⊗ (ℎ▷ 𝑣0) = 𝑡 (ℎ3, 𝑣−1)𝑠(S(ℎ1), (ℎ4 ▷ 𝑣0)−1ℎ6)S(ℎ2)((ℎ4 ▷ 𝑣0)−2ℎ5) ⊗ (ℎ4 ▷ 𝑣0)0. (2.2.13)

Proof. (1): Suppose 𝑉 ∈ 𝐻
𝐻YD with a linear map ▷ : 𝐻 ⊗𝑉 → 𝑉 satisfying (2.2.3). For any 𝑣 ∈ 𝑉

and ℎ ∈ 𝐻, we have

(ℎ▷ 𝑣)−1 ⊗ (ℎ▷ 𝑣)0 = 𝜀(ℎ2)𝜀((ℎ1 ▷ 𝑣)−2)(ℎ1 ▷ 𝑣)−1 ⊗ (ℎ1 ▷ 𝑣)0
(2.2.8)
= 𝑞((ℎ1 ▷ 𝑣)−3ℎ2, 𝑆(ℎ4))𝑝((ℎ1 ▷ 𝑣)−2, ℎ3)(ℎ1 ▷ 𝑣)−1 ⊗ (ℎ1 ▷ 𝑣)0

(2.2.7)
= 𝑝((ℎ1 ▷ 𝑣)−1, ℎ4)𝑞((ℎ1 ▷ 𝑣)−3ℎ2,S(ℎ6)) ((ℎ1 ▷ 𝑣)−2ℎ3)S(ℎ5) ⊗ (ℎ1 ▷ 𝑣)0

(2.2.3)
= 𝑝((ℎ3 ▷ 𝑣0)−1, ℎ4)𝑞(ℎ1𝑣−2,S(ℎ6)) (ℎ2𝑣−1)S(ℎ5) ⊗ (ℎ3 ▷ 𝑣0)0.

Conversely, if (2.2.12) holds, we have

𝜀((ℎ▷ 𝑣)−1) (ℎ▷ 𝑣)0 = 𝑝((ℎ2 ▷ 𝑣0)−1, ℎ3)𝑞(ℎ1𝑣−1,S(ℎ4)) (ℎ2 ▷ 𝑣0)0. (2.2.14)

The origin equation comes from the following calculation,

(ℎ1 ▷ 𝑣)−1ℎ2 ⊗ (ℎ1 ▷ 𝑣)0 = 𝑝((ℎ3 ▷ 𝑣0)−1, ℎ4)𝑞(ℎ1𝑣−2,S(ℎ6)) ((ℎ2𝑣−1)S(ℎ5))ℎ7 ⊗ (ℎ3 ▷ 𝑣0)0
(2.2.8)
= 𝑝((ℎ3 ▷ 𝑣0)−1, ℎ4)𝑞(ℎ2𝑣−1,S(ℎ5))ℎ1𝑣−2 ⊗ (ℎ3 ▷ 𝑣0)0

(2.2.14)
= ℎ1𝑣−1 ⊗ (ℎ2 ▷ 𝑣0).

(2) We have

𝑣−1 ⊗ (ℎ▷ 𝑣0) = 𝜀(𝑣−1)𝜀(ℎ1)𝑣−2 ⊗ (ℎ2 ▷ 𝑣0)
(2.2.11)
= 𝑠(S(ℎ1), ℎ3𝑣−1)𝑡 (ℎ2, 𝑣−2)𝑣−3 ⊗ (ℎ4 ▷ 𝑣0)

(2.2.9)
= 𝑠(S(ℎ1), ℎ5𝑣−1)𝑡 (ℎ3, 𝑣−3)S(ℎ2)(ℎ4𝑣−2) ⊗ ℎ6 ▷ 𝑣0

(2.2.3)
= 𝑠(S(ℎ1), (ℎ4 ▷ 𝑣0)−1ℎ6)𝑡 (ℎ3, 𝑣−1)S(ℎ2) ((ℎ4 ▷ 𝑣0)−2ℎ5) ⊗ (ℎ4 ▷ 𝑣0)0.

□

Remark 2.2.5. Let 𝐻 be a coquasi-Hopf algebra with bijective antipode.
(1) [73, Theorem 2.8] The inverse braiding is given by:

𝑐−1
𝑉,𝑊 (𝑤 ⊗ 𝑣) = Φ−1(S(𝑣−2),𝑤−1, 𝑣−5)𝑞𝐿 (S−1(𝑣−1),𝑤−2𝑣−6)𝑝𝑅 ((S−1(𝑣−3 ▷ 𝑤0)−1),S−1(𝑣−4))

𝑣0 ⊗ (S−1(𝑣−3)▷ 𝑤0)0.
(2.2.15)

(2) [73, Proposition 2.5] The coquasi-Hopf algebra 𝐻 itself can be viewed as an object in 𝐻
𝐻YD

via the structures

𝛿𝐻 (ℎ) = ℎ1S(ℎ3) ⊗ ℎ2,

ℎ▷ ℎ′ = Φ(ℎ1, ℎ
′
1,S(ℎ′7))Φ(ℎ2ℎ

′
2,S(ℎ4ℎ

′
4), ℎ7)𝑔(ℎ5, ℎ

′
5)𝑞𝑅 (S(ℎ′6),S(ℎ6))ℎ3ℎ

′
3.

(2.2.16)
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Here
𝑔(ℎ, ℎ′) := Φ−1(S(ℎ1ℎ

′
1), ℎ3ℎ

′
3,S(ℎ′5)S(ℎ5))𝜒(ℎ4, ℎ

′
4)𝛼(ℎ2ℎ

′
2),

and
𝜒(ℎ, ℎ′) = Φ(ℎ1ℎ

′
1,S(ℎ′5),S(ℎ4))Φ−1(ℎ2, ℎ

′
2,S(ℎ′4))𝛽(ℎ3)𝛽(ℎ′3).

Example 2.2.6. For our purpose, we aim to describe Yetter-Drinfeld modules over coquasi-Hopf
algebra of the form (k𝐺,Φ), where 𝐺 is a finite group and Φ a 3-cocycle on 𝐺. Assume that 𝑉 is
a left 𝑘𝐺-comodule with comodule structure map 𝛿𝐿 :𝑉 → 𝑘𝐺 ⊗𝑉 . Define

𝑔𝑉 := {𝑣 ∈ 𝑉 | 𝛿𝐿 (𝑣) = 𝑔 ⊗ 𝑣}.

Thus
𝑉 =

⊕
𝑔∈𝐺

𝑔𝑉.

Here we call 𝑔 the degree of the elements in 𝑔𝑉 and denote deg𝑣 = 𝑔 for 𝑣 ∈ 𝑔𝑉 .
The left k𝐺-comodule (𝑉, 𝛿𝐿) is a left-left Yetter–Drinfeld module over the coquasi-Hopf algebra

𝐻 = (k𝐺,Φ) if there is a linear map ▷ : 𝐺 ⊗𝑉 →𝑉 such that for all 𝑒, 𝑓 ∈ 𝐺 and 𝑣 ∈ 𝑔𝑉 :

𝑒▷ ( 𝑓 ▷ 𝑣) = Φ(𝑒, 𝑓 , 𝑔)Φ(𝑒 𝑓 𝑔 𝑓 −1𝑒−1, 𝑒, 𝑓 )
Φ(𝑒, 𝑓 𝑔 𝑓 −1, 𝑓 )

(𝑒 𝑓 )▷ 𝑣, (2.2.17)

1𝐻 ▷ 𝑣 = 𝑣, (2.2.18)
𝑒▷ 𝑣 ∈ 𝑒𝑔𝑒−1

𝑉. (2.2.19)

The category of all left-left Yetter–Drinfeld modules over (k𝐺,Φ) is denoted by 𝐺
𝐺YDΦ. Sim-

ilarly, one can define left-right, right-left and right-right Yetter–Drinfeld modules over (k𝐺,Φ).
It is well-known that 𝐺𝐺YDΦ is a braided tensor category. More precisely, for any 𝑀,𝑁 ∈ 𝐺𝐺YDΦ,

the structure maps of 𝑀 ⊗ 𝑁 as a left-left Yetter–Drinfeld module are given by:

𝛿𝐿 (𝑚𝑔 ⊗ 𝑛ℎ) := 𝑔ℎ⊗𝑚𝑔 ⊗ 𝑛ℎ, (2.2.20)

𝑥▷ (𝑚𝑔 ⊗ 𝑛ℎ) :=
Φ(𝑥, 𝑔, ℎ)Φ(𝑥𝑔𝑥−1, 𝑥ℎ𝑥−1, 𝑥)

Φ(𝑥𝑔𝑥−1, 𝑥, ℎ)
𝑥▷𝑚𝑔 ⊗ 𝑥▷ 𝑛ℎ, (2.2.21)

for all 𝑥, 𝑔, ℎ ∈ 𝐺 and 𝑚𝑔 ∈ 𝑔𝑀, 𝑛ℎ ∈ ℎ𝑁.
The associativity constraint 𝑎 and the braiding 𝑐 of 𝐺𝐺YDΦ are given respectively by:

𝑎((𝑢𝑒 ⊗ 𝑣 𝑓 ) ⊗𝑤𝑔) = Φ(𝑒, 𝑓 , 𝑔)−1𝑢𝑒 ⊗ (𝑣 𝑓 ⊗𝑤𝑔), (2.2.22)
𝑐(𝑢𝑒 ⊗ 𝑣 𝑓 ) = 𝑒▷ 𝑣 𝑓 ⊗ 𝑢𝑒, (2.2.23)

for all 𝑒, 𝑓 , 𝑔 ∈ 𝐺, 𝑢𝑒 ∈ 𝑒𝑈, 𝑣 𝑓 ∈ 𝑓𝑉 , 𝑤𝑔 ∈ 𝑔𝑊 and 𝑈,𝑉,𝑊 ∈ 𝐺
𝐺YDΦ.

2.3 Bosonization for coquasi-Hopf algebras

Bosonization is a fundamental construction that builds a new Hopf algebra from a Hopf algebra
in the Yetter–Drinfeld category. In [27], the authors introduced bosonization for quasi-Hopf algebras.
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Dually, bosonization for coquasi-Hopf algebras is given in [18]. We recall this construction, as it
provides the setting for our later study of reflections via projection and coinvariants.

Let 𝐻 be a coquasi-Hopf algebra with associator Φ. Suppose 𝑅 is a Hopf algebra in 𝐻
𝐻YD, we

denote
𝑟1 ⊗ 𝑟2 := Δ𝑅 (𝑟).

Lemma 2.3.1. [18, Theorem 5.2] Let us consider on 𝑀 = 𝑅 ⊗𝐻 the following structures:

(𝑟 ⊗ ℎ)(𝑠 ⊗ 𝑘) = Φ(ℎ2, 𝑠−1, 𝑘2)Φ(𝑟−1, (ℎ3 ▷ 𝑠0)−1, ℎ5𝑘4)
Φ(𝑟−2, ℎ1, 𝑠−2𝑘1)Φ((ℎ3 ▷ 𝑠0)−2, ℎ4, 𝑘3)

𝑟0(ℎ3 ▷ 𝑠0)0 ⊗ ℎ6𝑘5,

𝑢𝑀 (𝑘) = 𝑘1𝑅 ⊗ 1𝐻 ,
Δ𝑀 (𝑟 ⊗ ℎ) = Φ−1(𝑟1

−1, 𝑟
2
−2, ℎ1)𝑟1

0 ⊗ 𝑟2
−1ℎ2 ⊗ 𝑟2

0 ⊗ ℎ3,

𝜀𝑀 (𝑟 ⊗ ℎ) = 𝜀𝑅 (𝑟)𝜀𝐻 (ℎ),
Φ𝑀 ((𝑟 ⊗ ℎ), (𝑠 ⊗ 𝑘), (𝑡 ⊗ 𝑙)) = 𝜀𝑅 (𝑟)𝜀𝑅 (𝑠)𝜀𝑅 (𝑡)Φ(ℎ, 𝑘, 𝑙),

where 𝑟, 𝑠, 𝑡 ∈ 𝑅, ℎ, 𝑘, 𝑙 ∈ 𝐻. With the above operations, 𝑅 ⊗ 𝐻 is a coquasi-bialgebra, which we
denote by 𝑅#𝐻.

Remark 2.3.2. The bosonization 𝑅#𝐻 can be further equipped with an antipode, making it a
coquasi-Hopf algebra. The antipode (S, 𝛼, 𝛽) is given by:

𝛼(𝑟#ℎ) = 0, 𝛼(1#ℎ) = 𝛼(ℎ),
𝛽(𝑟#ℎ) = 0, 𝛽(1#ℎ) = 𝛽(ℎ),
S(𝑟#ℎ) = 𝑚𝑅#𝐻 ◦ (S𝐻 ⊗S𝑅) ◦ 𝑐𝑅,𝐻 (𝑟 ⊗ ℎ) = S𝐻 (𝑟−1 ▷ ℎ)S𝑅 (𝑟0).

In particular, if 𝑟 is a primitive element in 𝑅, then

S(𝑟#1) = S𝐻 (𝑟−2)𝛼(𝑟−1)S𝑅 (𝑦0) = −S𝐻 (𝑟−2)𝛼(𝑟−1)𝑦0.

The antipode S is bijective if and only if S𝐻 and S𝑅 are bijective.

Now suppose 𝑁 and 𝐻 are both coquasi-Hopf algebras. Furthermore, assume there exist
morphisms of coquasi-Hopf algebras

𝜋 : 𝑁 → 𝐻 and 𝜎 : 𝐻→ 𝑁

such that 𝜋𝜎 = id𝑁 .

Lemma 2.3.3. [18, Theorem 5.8] Under above assumptions, 𝐿 := 𝑁co𝐻 is a Hopf algebra in 𝐻
𝐻YD.

For all 𝑎 ∈ 𝑁, we define the following linear map

𝜏(𝑎) = Φ𝑁 (𝑎1, (𝜎 ◦S𝐻 ◦ 𝜋(𝑎3))1, 𝑎4)𝑎2(𝜎 ◦S𝐻 ◦ 𝜋(𝑎3))2. (2.3.1)

Then 𝜏 : 𝑁 → 𝐿 is well-defined. For all 𝑟, 𝑠 ∈ 𝐿, ℎ ∈ 𝐻, 𝑘 ∈ k, the Yetter-Drinfeld module structure
of 𝐿 is given by

ad(ℎ)(𝑟) := 𝜏(𝜎(ℎ)𝑟) = Φ𝐻 (ℎ1𝑟−1,S(ℎ3)1, ℎ4) (ℎ2𝑟0)S(ℎ3)2,
𝑟−1 ⊗ 𝑟0 := 𝜌𝑅 (𝑟) := 𝜋(𝑟1) ⊗ 𝑟2.
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Moreover, 𝐿 is a Hopf algebra in 𝐻
𝐻YD via

𝑚𝐿 (𝑟 ⊗ 𝑠) := 𝑟𝑠, 𝑢𝐿 (𝑘) = 𝑘1𝑁 ,
Δ𝐿 (𝑟) := 𝜏(𝑟1) ⊗ 𝜏(𝑟2), 𝜀𝐿 (𝑟) := 𝜀𝑁 (𝑟),
S𝑅 = ad◦(id𝐻 ⊗𝜏 ◦S𝑁 ◦ 𝑖) ◦ 𝜌𝑅,

where 𝑖 : 𝐿 → 𝑁 is the embedding map. Furthermore, there is an isomorphism of coquasi-Hopf
algebra 𝜙 : 𝐿#𝐻→ 𝑁 given by

𝜙(𝑟 ⊗ ℎ) = 𝑟𝜎(ℎ), 𝜙−1(𝑎) = 𝜏(𝑎1) ⊗ 𝜋(𝑎2).

The following condition occurs frequently in this paper. We give an example here.

Example 2.3.4. Given 𝑅, 𝑅′ be two Hopf algebras in 𝐻
𝐻YD together with a surjective Hopf algebra

map 𝜋′ : 𝑅′ → 𝑅 and an injective map 𝜎′ : 𝑅→ 𝑅′ such that 𝜋′ ◦𝜎′ = id𝑅. Let 𝑀′ = 𝑅′#𝐻, and
𝑀 = 𝑅#𝐻. Obviously, these maps naturally extend to yield a surjective coquasi-Hopf algebra map
𝜋 : 𝑀′ → 𝑀 and an injective coquasi-Hopf algebra map 𝜎 : 𝑀 → 𝑀′, such that 𝜋 ◦𝜎 = id𝑀 .

Let 𝐾 := 𝑀′co𝑀 , then 𝐾 is an object in 𝑀
𝑀YD, with the following structures:

ad : 𝑀 ⊗𝐾 → 𝐾, ℎ⊗ 𝑘 ↦→Φ𝑀 (ℎ1𝑘−1,S𝑀 (ℎ3)1, ℎ4)(ℎ2𝑘0)S𝑀 (ℎ3)2,
𝜌 : 𝐾 → 𝑀 ⊗𝐾, 𝑘 ↦→ 𝜋(𝑘1) ⊗ 𝑘2.

To analyze the linear map ad in concrete calculations, the following computation is useful. Let 𝑦 ∈ 𝑅
be a primitive element. One can compute the preantipode S𝑀 (𝑦) in 𝑀.

S𝑀 (𝑦) = 𝛽 ∗S𝑀 ∗𝛼(𝑦) = 𝛽(𝑦1)S𝑀 (𝑦2)𝛼(𝑦3) = 𝛽(𝑦−1)S𝑀 (𝑦0) = −𝛽(𝑦−3)S𝐻 (𝑦−2)𝛼(𝑦−1)𝑦0.

Then we can proceed to calculate ad(𝑦)(𝑥), where 𝑥 ∈ 𝐾,

ad(𝑦)(𝑥) = 𝑦𝑥 + (𝑦−1𝑥)S𝑀 (𝑦0)
= 𝑦𝑥− (𝑦−4𝑥)𝛽(𝑦−3)(S𝐻 (𝑦−2)𝛼(𝑦−1)𝑦0)
= 𝑦𝑥−Φ(𝑦−7𝑥−1,S𝐻 (𝑦−3), 𝑦−1)𝛽(𝑦−6)((𝑦−5𝑥0)S𝐻 (𝑦−4))𝛼(𝑦−2)𝑦0.

(2.3.2)

On the other hand, note that for all ℎ ∈ 𝐻, Δ𝐻 (S(ℎ)) = 𝛽(ℎ1)S(ℎ3) ⊗ S(ℎ2)𝛼(ℎ4). Therefore, we
have

𝑦𝑥− ad(𝑦−1)(𝑥)𝑦0 = 𝑦𝑥−Φ(𝑦−4𝑥−1,S(𝑦−2)1, 𝑦−1)) ((𝑦−3𝑥0)S(𝑦−2)2)𝑦0

= 𝑦𝑥−Φ(𝑦−7𝑥−1,S(𝑦−4), 𝑦−1)𝛽(𝑦−6)((𝑦−5𝑥0)S(𝑦−3))𝛼(𝑦−2)𝑦0.

This implies
ad(𝑦) (𝑥) = 𝑦𝑥− ad(𝑦−1) (𝑥)𝑦0. (2.3.3)

2.4 Yetter-Drinfeld modules in an arbitrary braided monoidal category

In Section 3, we will investigate Yetter-Drinfeld modules over a Hopf algebra 𝐴 in the category
𝐻
𝐻YD. Since 𝐻𝐻YD is braided monoidal, we require the general framework of Yetter-Drinfeld modules
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in arbitrary braided monoidal categories. We recall the definition from [24], one may refer to [52,
Section 3.4] for more details. Now we let C be a braided monoidal category and 𝑅 a Hopf algebra
in C. The category of Yetter-Drinfeld modules 𝑅

𝑅YD(C) is well-defined.

Definition 2.4.1. Let 𝑅 be a Hopf algebra with bijective antipode in a braided monoidal category
C. Suppose that 𝑋 is a left module and left comodule over 𝑅 with structure map 𝜌𝑋 and 𝛿𝑋 . The
triple (𝑋, 𝜌𝑋 , 𝛿𝑋) is a Yetter-Drinfeld module if in addition, in HomC (𝑅 ⊗ 𝑋, 𝑅 ⊗ 𝑋),

(𝜇𝑋 ⊗ id) ◦ 𝑎−1
𝑅,𝑅,𝑋 ◦ (id⊗𝑐𝑋,𝑅) ◦ 𝑎𝑅,𝑋,𝑅 ◦ (𝛿𝑋 ◦ 𝜌𝑋 ⊗ id) ◦ 𝑎−1

𝑅,𝑋,𝑅 ◦ (id⊗𝑐𝑅,𝑋) ◦ 𝑎𝑅,𝑅,𝑋 ◦ (Δ𝑅 ⊗ id)
= (𝜇𝑅 ⊗ 𝜌𝑋) ◦ 𝑎−1

𝑅,𝑅,𝑅⊗𝑋 ◦ (id⊗𝑎𝑅,𝑅,𝑋 ◦ (id⊗𝑐𝑅,𝑅) ⊗ id) ◦ (id⊗𝑎−1
𝑅,𝑅,𝑋 ) ◦ 𝑎𝑅,𝑅,𝑅⊗𝑋 ◦ (Δ𝑅 ⊗ 𝛿𝑋).

It is known that the category 𝑅
𝑅YD(C) is a braided monoidal category. For 𝑋,𝑌 ∈ 𝑅

𝑅YD(C)
the braiding isomorphism in 𝑅

𝑅YD(C) is given by

𝑐YD
𝑋,𝑌 : 𝑋 ⊗𝑌 → 𝑌 ⊗ 𝑋,
𝑐YD
𝑋,𝑌 := (𝜌𝑌 ⊗ id𝑋) ◦ 𝑎−1

𝑅,𝑌,𝑋 ◦ (id𝑅 ⊗𝑐𝑋,𝑌 ) ◦ 𝑎𝑅,𝑋,𝑌 ◦ (𝛿𝑋 ⊗ id𝑌 ).

Remark 2.4.2. (1) According to the definition of 𝑐YD
𝑋,𝑌 , it is not hard to see, if 𝑋 ∈ 𝑅C and 𝑌 ∈ 𝑅C,

then 𝑐YD
𝑋,𝑌 is a morphism in C.

(2) [52, Proposition 3.4.5] Let 𝑉 be an object in C, (𝑉,𝜆) ∈ 𝑅C, and (𝑉, 𝛿) ∈ 𝑅C. Then the
following are equivalent.

(i) (𝑉,𝜆, 𝛿) is a left Yetter-Drinfeld module over 𝑅.
(ii) For all 𝑋 ∈ 𝑅C, 𝑐YD

𝑉,𝑋 is a morphism in 𝑅C.
(iii) 𝑐YD

𝑉,𝑅 is a morphism in 𝑅C, where 𝑅 is a left 𝑅-module by the multiplication in 𝑅.
(iv) For all 𝑋 ∈ 𝑅C, 𝑐YD

𝑋,𝑉 is a morphism in 𝑅C.
(3) In general, let (C,⊗,1, 𝑐) be a braided monoidal category, we can define the reverse monoidal

category C := (C,⊗,1, 𝑐), where for 𝑋,𝑌 ∈ C,

𝑐𝑋,𝑌 := 𝑐−1
𝑌,𝑋 : 𝑋 ⊗𝑌 → 𝑌 ⊗ 𝑋.

For 𝑋 ∈ 𝑅C and 𝑌 ∈ 𝑅C, let

𝑐YD
𝑋,𝑌 = 𝑐𝑋,𝑌 ◦ (𝜆𝑋 ⊗ id𝑌 ) ◦ ((S−1

𝑅 ⊗ id𝑋) ⊗ id𝑌 ) ◦ (𝑐𝑋,𝑅 ⊗ id𝑌 ) ◦ 𝑎−1
𝑋,𝑅,𝑌 ◦ (id𝑋 ⊗𝛿𝑌 ). (2.4.1)

By [52, Proposition 3.4.8], 𝑐YD
𝑌,𝑋 is an isomorphism in C with inverse 𝑐YD

𝑋,𝑌 .

The definition of the bosonization naturally extends to the case where 𝐾 is a Hopf algebra in
the braided monoidal category 𝑅

𝑅YD(C), where C is now an arbitrary braided monoidal category.
We collect several key results from [24,23,1] that will be important for the construction.

Lemma 2.4.3. [24, Theorem 3.9.5] There is a braided monoidal isomorphism from the Hopf bi-
module category to the Yetter-Drinfeld module category:

𝑅
𝑅C𝑅𝑅 � 𝑅

𝑅YD(C).

Lemma 2.4.4. [23, Proposition 4.2.3] Let 𝐴 be a Hopf algebra in C and 𝐾 a Hopf algebra in
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𝐴
𝐴YD(C). There is an obvious isomorphism of braided monoidal categories

𝐾#𝐴
𝐾#𝐴YD(C) � 𝐾

𝐾YD(𝐴𝐴YD(C)). (2.4.2)

Lemma 2.4.5. [1, Theorem 3.2] Let 𝐻 and 𝐴 be Hopf algebras in a braided monoidal category C.
Let 𝜋 :𝐻→ 𝐴 and 𝜄 : 𝐴→𝐻 be Hopf algebra morphisms such that 𝜋◦ 𝜄= id𝐴. If C has equalizers and
𝐴⊗ (−) preserves equalizers, there is a Hopf algebra 𝑅 in the braided monoidal category 𝐴

𝐴YD(C),
such that

𝐻 � 𝑅#𝐴.

Remark 2.4.6. Let 𝐻 be a coquasi-Hopf algebra with bijective antipode.
(1) By [27, Proposition 3.9, Lemma 4.5] and Lemma 2.4.3, we have a braided monoidal equiv-

alence
𝑅#𝐻
𝑅#𝐻YD � 𝑅

𝑅YD(C),

where C = 𝐻
𝐻YD.

(2) Since 𝐻
𝐻YD is an abelian category, the conditions in Lemma 2.4.5 hold automatically. That

is, we can talk about bosonization and taking coinvariants in 𝐻
𝐻YD without any restrictions.

2.5 Nichols algebras

Let C be an abelian braided monoidal category. We first recall the definition of Nichols algebras
B(𝑉) in C, where 𝑉 ∈ C is an arbitrary object. Then we are going to show that there is a non-
degenerate Hopf pairing between B(𝑉∗) and B(𝑉) when 𝑉 has a left dual 𝑉∗.

We denote by 𝑇 (𝑉) the tensor algebra in C generated freely by 𝑉 . Here we denote that

𝑉⊗𝑛 := (· · · ((𝑉 ⊗𝑉) ⊗𝑉) · · · ⊗𝑉) .

Then 𝑇 (𝑉) is isomorphic to
⊕

𝑛≥0𝑉
⊗𝑛 as an object. The tensor algebra 𝑇 (𝑉) is naturally a graded

Hopf algebra in C.
Let 𝑖𝑛 : 𝑉⊗𝑛 → 𝑇 (𝑉) be the canonical injection. We denote the total Woronowicz symmetriser

by
Wor(𝑐) =

⊕
𝑛≥1

𝑖𝑛 [𝑛]!𝑐,

where [𝑛]!𝑐 ∈ End(𝑉⊗𝑛) is the braided symmertriser. For explicit definition of [𝑛]!𝑐, one may refer
to [20, Section 5.6].

Definition 2.5.1. Let 𝑉 ∈ C. The Nichols algebra of 𝑉 is defined to be the quotient Hopf algebra

B(𝑉) := 𝑇 (𝑉)/kerWor(𝑐).

An equivalent characterization is given as follows.

Remark 2.5.2. [52, Definition 1.6.17] Let 𝑉 ∈ C and 𝐼 (𝑉) be the largest coideal of 𝑇 (𝑉) contained
in

⊕
𝑛≥2𝑇

𝑛 (𝑉). The Nichols algebra of 𝑉 is defined by

B(𝑉) := 𝑇 (𝑉)/𝐼 (𝑉).
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To facilitate further analysis, we assume C is a k-linear braided monoidal abelian category. In
this setting, the following equivalent definition of the Nichols algebra is more convenient.

Definition 2.5.3. [79, Definition 2.4] For a given object 𝑉 ∈ C, the Nichols algebra B(𝑉) is the
unique Hopf algebra in C that satisfies the following conditions:

(1) The Hopf algebra B(𝑉) is graded by the non-negative integers.
(2) The zeroth component of the grading satisfies B(𝑉)0 = k.
(3) The first component of the grading satisfies B(𝑉)1 = 𝑉 , and B(𝑉) is generated by 𝑉 as

an algebra in C.
(4) The subobject of primitive elements of B(𝑉) is 𝑉 .

Suppose C and D are braided monoidal abelian categories, and 𝐹 : C→D is a braided monoidal
equivalence of abelian categories. The following lemma plays a crucial role in our theory.

Lemma 2.5.4. Let 𝑉 ∈ C be an object and B(𝑉) be its corresponding Nichols algebra in C. Then

𝐹 (B(𝑉)) � B(𝐹 (𝑉))

as Hopf algebras in D.

Proof. Let 𝑉 ∈ C and 𝐽𝑉,𝑉 : 𝐹 (𝑉 ⊗𝑉) � 𝐹 (𝑉) ⊗ 𝐹 (𝑉) be the monoidal structure of 𝐹. Using 𝐽

repeatedly, we have
𝐹 (𝑉⊗𝑛) � 𝐹 (𝑉)⊗𝑛

for each 𝑛 ∈ N. Therefore we have 𝐹 (
⊕
𝑛∈N

𝑉⊗𝑛) �
⊕
𝑛∈N

𝐹 (𝑉⊗𝑛) �
⊕
𝑛∈N

𝐹 (𝑉)⊗𝑛. That is 𝐹 (𝑇 (𝑉)) �

𝑇 (𝐹 (𝑉)).
Recall that the Nichols algebras in C are of the form 𝑇 (𝑋)/𝐼 where 𝑋 ∈ C and 𝐼 is the unique

maximal graded Hopf ideal in 𝑇 (𝑉) generated by homogeneous elements of degree greater than or
equal to 2. According to 𝐹 (𝑇 (𝑉)) � 𝑇 (𝐹 (𝑉)), we have

𝐹 (𝑇 (𝑉)/𝐼) � 𝑇 (𝐹 (𝑉))/𝐹 (𝐼),

which is finite-dimensional as well. Here 𝐹 (𝐼) is a homogeneous Hopf ideal of degree greater than
or equal to 2 of 𝑇 (𝐹 (𝑉)). Note that Nichols algebra generated by 𝐹 (𝑉) must be of the form
𝑇 (𝐹 (𝑉))/𝐽, where 𝐽 is the unique maximal homogeneous graded Hopf ideal of 𝑇 (𝐹 (𝑉)) ∈ D with
degree greater than or equal to 2. Hence 𝐹 (𝐼) ⊂ 𝐽 and 𝑇 (𝐹 (𝑉))/𝐽 ⊂ 𝑇 (𝐹 (𝑉))/𝐹 (𝐼). On the other
hand, 𝐹−1 : D −→ C is inverse of 𝐹, which is an exact monoidal functor. Hence

𝐹−1(𝑇 (𝐹 (𝑉))/𝐽) � 𝑇 (𝐹−1(𝐹 (𝑉))/𝐹−1(𝐽) � 𝑇 (𝑉)/𝐹−1(𝐽) ⊇ 𝑇 (𝑉)/𝐼 .

So 𝐹−1(𝐽) ⊆ 𝐼, combining 𝐹 (𝐼) ⊆ 𝐽 implies 𝐹 (𝐼) = 𝐽, which leads to 𝐹 (𝑇 (𝑉)/𝐼) � 𝑇 (𝐹 (𝑉))/𝐽 and
the proof is done. □

2.6 Classification results of finite-dimensional coquasi-Hopf algebras

We briefly summarize the classification of finite-dimensional coradically graded pointed coquasi-
Hopf algebras over finite abelian groups, as established in [60].
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By definition, coquasi-Hopf algebras are exactly the dual of Drinfeld’s quasi-Hopf algebras [33].
These are coassociative coalgebras that need not be associative. Analogous to the Hopf algebra
case, the classification relies critically on: twisted Yetter-Drinfeld module categories 𝐺

𝐺YDΦ and
twisted Nichols algebras, where 𝐺 is a finite abelian group and Φ is a normalized 3-cocycle over 𝐺.
For formal definitions and examples, see [58, Section 2].

The classification of finite-dimensional coradically graded coquasi-Hopf algebra over abelian
groups hinges on the structure of the coradical (k𝐺,Φ), where Φ is a 3-cocycle on 𝐺. A complete
parametrization of 3-cohomology classes for finite abelian groups was achieved in [58] as follows.
Let 𝐺 be a finite abelian group and so there is no harm to assume that 𝐺 = 𝑍𝑚1 ×𝑍𝑚2 · · ·×𝑍𝑚𝑛 with
𝑚𝑖 | 𝑚𝑖+1 for 1 ≤ 𝑖 ≤ 𝑛−1. Denote 𝒜 the set of all N-sequences:

𝑎 = (𝑎1, 𝑎2, ..., 𝑎𝑙 , ..., 𝑎𝑛, 𝑎12, 𝑎13, ..., 𝑎𝑠𝑡 , ..., 𝑎𝑛−1,𝑛, 𝑎123, ..., 𝑎𝑟𝑠𝑡 , ...𝑎𝑛−2,𝑛−1,𝑛)

such that 0 ≤ 𝑎𝑙 < 𝑚𝑙 , 0 ≤ 𝑎𝑠𝑡 < (𝑚𝑠,𝑚𝑡), 0 ≤ 𝑎𝑟𝑠𝑡 < (𝑚𝑟 ,𝑚𝑠,𝑚𝑡), with indices ordered lexicograph-
ically. Let 𝑔𝑖 be the generator of 𝑍𝑚𝑖 , 1 ≤ 𝑖 ≤ 𝑛. For each 𝑎 ∈𝒜, define

Φ
(
𝑔𝑖11 · · ·𝑔𝑖𝑛𝑛 , 𝑔

𝑗1
1 · · ·𝑔 𝑗𝑛𝑛 , 𝑔𝑘1

1 · · ·𝑔𝑘𝑛𝑛
)
=

𝑛∏
𝑙=1

𝜁
𝑎𝑙𝑖𝑙

[
𝑗𝑙+𝑘𝑙
𝑚𝑙

]
𝑚𝑙

∏
1≤𝑠<𝑡≤𝑛

𝜁
𝑎𝑠𝑡 𝑘𝑠

[
𝑖𝑡+ 𝑗𝑡
𝑚𝑡

]
𝑚𝑠

∏
1≤𝑟<𝑠<𝑡≤𝑛

𝜁
𝑎𝑟𝑠𝑡 𝑘𝑟 𝑗𝑠𝑖𝑡
(𝑚𝑟 ,𝑚𝑠 ,𝑚𝑡 ) (2.6.1)

Here 𝜁𝑚 denotes a primitive 𝑚-th root of unity. We further define 𝒜′ as the subset of 𝒜 satisfying
𝑎𝑟𝑠𝑡 = 0 for all 1 ≤ 𝑟 < 𝑠 < 𝑡 ≤ 𝑛 and 𝒜′′ as the subset of 𝒜 satisfying 𝑎𝑖 = 0, 𝑎𝑠𝑡 = 0 for all 1 ≤ 𝑖 ≤ 𝑛,
1 ≤ 𝑠 < 𝑡 ≤ 𝑛.

Lemma 2.6.1. [58, Proposition 3.8]
{
Φ𝑎 |𝑎 ∈𝒜

}
forms a complete set of representatives of the

normalized 3-cocycles over 𝐺 up to 3-cohomology.

Among all the 3-cocycles over abelian groups, the class of abelian cocycles is particularly sig-
nificant. We may use 𝐷Φ(𝐺) to define abelian cocycles, which has been studied deeply in [77].

Definition 2.6.2. A 3-cocycle Φ on an abelian group 𝐺 is called abelian if 𝐷Φ(𝐺) is a commutative
algebra.

There’s a nice description when the 3-cocycle Φ𝑎 is abelian: which connected to the property
that a Yetter-Drinfeld module 𝑉 over 𝐺𝐺YDΦ is of diagonal type. For details, see [58, Section 3].

Lemma 2.6.3. [58, Corollary 3.13, Proposition 3.14] Let 𝐺 be a finite abelian group and Φ a
normalized 3-cocycle over 𝐺 as in (2.6.1), then

Φ is an abelian cocycle ⇐⇒ 𝑎𝑟𝑠𝑡 = 0 for all 1 ≤ 𝑟 < 𝑠 < 𝑡 ≤ 𝑛
⇐⇒ Every Yetter-Drinfeld module over (𝑘𝐺,Φ) is of diagonal type.

Abelian cocycles possess an additional remarkable property: they can be resolved within an
extended abelian group. Consider G � 𝑍𝑚2

1
× 𝑍𝑚2

2
× · · · × 𝑍𝑚2

𝑛
= ⟨g1⟩ × ⟨g2⟩ × · · · × ⟨g𝑛⟩. There is a

group surjection 𝜋 : G −→𝐺, g𝑖 ↦→ 𝑔𝑖, for 1 ≤ 𝑖 ≤ 𝑛. We may pull back the 3-cocycles over 𝐺 and
obtain a 3-cocycles over G. That is, the map

𝜋∗(Φ) : G×G×G −→ k×, (𝑔, ℎ, 𝑘) ↦→Φ(𝜋(𝑔), 𝜋(ℎ), 𝜋(𝑘)).
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is a 3-cocycle over G. Actually, 𝜋∗(Φ) is a coboundary. If we define 𝐽𝑎 via

𝐽𝑎 : G×G −→ k×, (g𝑥1
1 · · ·g𝑥𝑛𝑛 ,g

𝑦1
1 · · ·g𝑦𝑛𝑛 ) ↦→

𝑛∏
𝑙=1

𝜁
𝑎𝑙𝑥𝑙 (𝑦𝑙−𝑦′𝑙)
𝑚2

𝑙

∏
1≤𝑠<𝑡≤𝑛

𝜁
𝑎𝑠𝑡𝑥𝑡 (𝑦𝑠−𝑦′𝑠)
𝑚𝑠𝑚𝑡

,

then 𝜋∗(Φ𝑎) = 𝜕 (𝐽𝑎), This result corresponds precisely to [58].
The following theorem classifies finite-dimensional coradically graded pointed coquasi-Hopf al-

gebras over finite abelian groups.

Theorem 2.6.4. [60, Theorem 5.2] Let 𝑀 be a finite-dimensional coradically graded pointed
coquasi-Hopf algebra over a finite abelian group with the coradical 𝑀0 = (k𝐺,Φ). Then we have
𝑀 � B(𝑉)#k𝐺 for a Yetter-Drinfeld module of finite type 𝑉 ∈ 𝐺

𝐺YDΦ.

Remark 2.6.5. We elaborate on Theorem 2.6.4 and present related results. Recall that if 𝑉 ∈
𝐺
𝐺YDΦ, then we can define the support group 𝐺𝑉 :=< 𝑔 ∈ 𝐺 |𝑔 𝑉 ≠ 0 >, which is a subgroup of 𝐺.

(i) A Yetter-Drinfeld module 𝐺
𝐺YDΦ is said to be of finite type if

◦ 𝑉 has a standard basis. This is equivalent to the condition that 𝜔 |𝐺𝑉 is an abelian cocycle.
◦ Δ𝜒,𝐸 is an arithmetic root system and ht(𝛼) < ∞ for all 𝛼 ∈ Δ𝜒,𝐸 , where (𝜒,𝐸) is a pair

associated to 𝑉 .
(ii) By [60, Theorem 3.9], B(𝑉) is finite-dimensional if and only if 𝑉 is finite type. Furthermore,

in this case, B(𝑉) is isomorphic to a Nichols algebra of diagonal type in 𝐺𝑉

𝐺𝑉
YDΦ|𝐺𝑉 . Conversely, if

Φ |𝐺𝑉 is nonabelian, then B(𝑉) is infinite-dimensional by [60, Theorem 3.13].
(iii) The classification divides into two cases:
◦ Finite-dimensional twisted Nichols algebras of diagonal type over (𝐺,Φ) with Φ abelian;
◦ Finite-dimensional twisted Nichols algebras of non-diagonal type where Φ |𝐺𝑉 is abelian.
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Chapter 3

Rational Yetter-Drinfeld module over
coquasi-Hopf algebras

In this section, 𝐻 always represents a coquasi-Hopf algebra with a bijective antipode, and
C = 𝐻

𝐻YD denotes the Yetter-Drinfeld module category of 𝐻 . We investigate rational Yetter-
Drinfeld modules in 𝐻

𝐻YD, a notion that will be important for our later study of Nichols algebras
and their reflections.

3.1 Rational modules in 𝐻
𝐻YD

Since 𝐻 is a non-associative algebra, we cannot talk about modules over 𝐻 in the usual sense.
However, if 𝑅 is an algebra in C = 𝐻

𝐻YD, then the category 𝑅C of left 𝑅-modules in C is well-defined.
Motivated by [52, Definition 12.2.3], we now introduce the concept of rationality under the setting
of coquasi-Hopf algebras.

Definition 3.1.1. Let 𝑅 =
⊕

𝑛≥0 𝑅(𝑛) be an N0-graded Hopf algebra in C.
(1) A left module (𝑋,𝜆𝑋) over 𝑅 in C is called rational if for any 𝑥 ∈ 𝑋, there exists a natural

number 𝑛0 such that 𝜆(𝑅(𝑛) ⊗ 𝑥) = 0 for all 𝑛 ≥ 𝑛0. We denote the category of left rational module
over 𝑅 in C by 𝑅Crat.

(2) A left Yetter-Drinfeld module 𝑋 over 𝑅𝑅YD(C) is called rational if 𝑋 is rational as a module
of 𝑅 in C. We denote the corresponding category by 𝑅

𝑅YD(C)rat.

Remark 3.1.2. It is worth noting that for a locally finite N0-graded Hopf algebra 𝑅, this graded
definition of rationality coincides with the classical one. Intuitively, the condition 𝜆(𝑅(𝑛) ⊗ 𝑥) = 0
for large 𝑛 implies that the action on any element 𝑥 is nontrivial on a finite-dimensional truncation
of 𝑅, which recovers the standard notion of rationality in the non-graded setting.

A natural question arises：are rational modules closed under tensor products. The following
lemma ensures this.

Lemma 3.1.3. Let 𝑅 =
⊕

𝑛≥0 𝑅(𝑛) be an N0-graded Hopf algebra in C.
(1) The category 𝑅Crat is a monoidal subcategory of 𝑅C, which is closed under direct sums,

subobjects and quotient objects.
(2) The category 𝑅

𝑅YD(C)rat is a monoidal subcategory of 𝑅
𝑅YD(C), which is closed under

direct sums, subobjects and quotient objects.
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Proof. (1) Let 𝑉,𝑊 ∈ 𝑅Crat with 𝑅-action 𝜆𝑉 , 𝜆𝑊 respectively. It is standard that the tensor product
𝑉 ⊗𝑊 is an object in 𝑅C, with 𝑅-action

𝜆𝑉⊗𝑊 = (𝜆𝑉 ⊗𝜆𝑊 ) ◦ (𝑎−1
𝑅,𝑉,𝑅 ⊗ id𝑊 ) ◦ 𝑎𝑅⊗𝑉,𝑅,𝑊 ◦ ((id𝑅 ⊗𝑐𝑅,𝑉 ) ⊗ id𝑊 )

◦ (𝑎𝑅,𝑅,𝑉 ⊗ id𝑊 ) ◦ 𝑎−1
𝑅⊗𝑅,𝑉,𝑊 ◦ (Δ𝑅 ◦ id𝑉⊗𝑊 ).

Now take 𝑟 ∈ 𝑅(𝑚), we have

𝜆𝑉⊗𝑊 (𝑟 ⊗ (𝑣 ⊗𝑤)) =
Φ(𝑟2

−4, 𝑣−1,𝑤−3)Φ(𝑟1
−1, (𝑟2

−3 ▷ 𝑣0)−1, 𝑟
2
−1𝑤−1)

Φ(𝑟1
−2, 𝑟

2
−5, 𝑣−2𝑤−4)Φ((𝑟2

−3 ▷ 𝑣0)−2, 𝑟
2
−2,𝑤−2)

𝜆𝑉 (𝑟1
0 ⊗ (𝑟2

−3 ▷ 𝑣0)0) ⊗𝜆𝑊 (𝑟2
0 ⊗𝑤0).

Since 𝑟2
−3 ∈ 𝐻, and 𝑉 is an object in 𝐻

𝐻YD, we have (𝑟2
−3 ▷ 𝑣0)0 ∈ 𝑉 .

The expression 𝜆𝑉⊗𝑊 (𝑟 ⊗ (𝑣⊗𝑤)) is a finite sum. Thus, by the definition of the rational module,
there exists a natural number 𝑛1 such that for 𝑛 ≥ 𝑛1,

𝜆𝑉 (𝑅(𝑛) ⊗ (𝑟2
−3 ▷ 𝑣0)0) = 0.

Similarly, there is a natural number 𝑛2 such that

𝜆𝑊 (𝑅(𝑛) ⊗𝑤0) = 0,

for all 𝑛 ≥ 𝑛2.
Now we assume 𝑚 ≥ 2max{𝑛1, 𝑛2}, since 𝑅 is N0-graded, we have Δ𝑅 (𝑟) ∈

⊕
𝑝+𝑞=𝑚 𝑅(𝑝) ⊗

𝑅(𝑞). Therefore
𝜆𝑉⊗𝑊 (𝑅(𝑚) ⊗ (𝑣 ⊗𝑤)) = 0.

This implies 𝑉 ⊗𝑊 ∈ 𝑅Crat. Therefore, 𝑅Crat is a monoidal subcategory of 𝑅𝑅YD(C). The category
𝑅Crat is obviously closed under arbitrary direct sums, subobjects and quotient objects.

(2) The forgetful functor 𝑅
𝑅YD(C) → 𝑅C is monoidal. Thus, for 𝑉,𝑊 ∈ 𝑅

𝑅YD(C)rat, we have
𝑉 ⊗𝑊 ∈ 𝑅Crat. By definition it implies 𝑉 ⊗𝑊 ∈ 𝑅

𝑅YD(C)rat.
□

3.2 Properties of pairings

We now turn to the study of pairings in the category C = 𝐻
𝐻YD, which will later facilitate the

construction of dualities between comodules and rational modules.
Let 𝐴 and 𝐵 be objects in C, and 𝜔 : 𝐴 ⊗ 𝐵→ k is a morphism in C, called a pairing. For

subsets 𝑋 ⊆ 𝐴 and 𝑌 ⊆ 𝐵, we define

𝑋⊥ := {𝑏 ∈ 𝐵 | 𝜔(𝑥, 𝑏) = 0, for all 𝑥 ∈ 𝑋},
𝑌⊥ := {𝑎 ∈ 𝐴 | 𝜔(𝑎, 𝑦) = 0, for all 𝑦 ∈ 𝑌 }.

We say 𝜔 is non-degenerate, if 𝐴⊥ = 0 and 𝐵⊥ = 0.

Lemma 3.2.1. If 𝐸 is a subobject of 𝐴, then 𝐸⊥ is a subobject of 𝐵. Similarly, if 𝐹 is a subobject
of 𝐵, then 𝐹⊥ is a subobject of 𝐴.
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Proof. Let 𝐸 be a subobject of 𝐴, we need to show that 𝐸⊥ is an object in C. The proof of 𝐸⊥

being an 𝐻-comodule is the same as in the Hopf algebra case, see [51, Lemma 2.3].
To show 𝐻 ▷ 𝐸⊥ ⊆ 𝐸⊥. One needs to verify that for any 𝑏 ∈ 𝐸⊥, ℎ ∈ 𝐻 and 𝑒 ∈ 𝐸 ,

𝜔(𝑒, ℎ▷ 𝑏) = 0.

By hexagon axiom in C, we have the following commutative diagram:

𝐴⊗ (𝐻 ⊗ 𝐵) 𝐴⊗ (𝐵⊗𝐻)

(𝐴⊗𝐻) ⊗ 𝐵

(𝐻 ⊗ 𝐴) ⊗ 𝐵 𝐻 ⊗ (𝐴⊗ 𝐵)

(𝐴⊗ 𝐵) ⊗𝐻

id⊗𝑐𝐻,𝐵

𝑎−1
𝐴,𝐻,𝐵

𝑐−1
𝐻,𝐴 ⊗ id

𝑎𝐻,𝐴,𝐵
𝑐𝐻,𝐴⊗𝐵

𝑎−1
𝐴,𝐵,𝐻

Since 𝐸 is an object in C, for simplicity, we write 𝑐−1
𝐴,𝐻 (𝑒 ⊗ ℎ) =

∑
1≤𝑖≤𝑛 ℎ

𝑖 ⊗ 𝑒𝑖 for some natural
number 𝑛. Here ℎ𝑖 ∈ 𝐻, 𝑒𝑖 ∈ 𝐸 . Now

𝑐𝐻,𝐴⊗𝐵 ◦ 𝑎𝐻,𝐴,𝐵 ◦ (𝑐−1
𝐴,𝐻 ⊗ id)((𝑒 ⊗ ℎ) ⊗ 𝑏) =

∑
1≤𝑖≤𝑛

𝑐𝐻,𝐴⊗𝐵 ◦ 𝑎𝐻,𝐴,𝐵 ((ℎ𝑖 ⊗ 𝑒𝑖) ⊗ 𝑏)

=
∑

1≤𝑖≤𝑛
Φ(ℎ𝑖1, 𝑒

𝑖
−1, 𝑏−1)𝑐𝐻,𝐴⊗𝐵 (ℎ𝑖2 ⊗ (𝑒𝑖0 ⊗ 𝑏0))

=
∑

1≤𝑖≤𝑛
Φ(ℎ𝑖1, 𝑒

𝑖
−1, 𝑏−1)(ℎ𝑖2 ▷ (𝑒𝑖0 ⊗ 𝑏0)) ⊗ ℎ𝑖3.

(3.2.1)

Here 𝑏0 ∈ 𝐸⊥, because we have shown 𝐸⊥ is a 𝐻-comodule. Also, 𝑒𝑖0 ∈ 𝐸 for all 𝑖. Note that 𝜔 is
a morphism in C, and the braiding 𝑐 is a natural isomorphism, we have

(𝜔⊗ id) ◦𝑐𝐻,𝐴⊗𝐵 ◦𝑎𝐻,𝐴,𝐵 ◦ (𝑐−1
𝐴,𝐻 ⊗ id) ((𝑒⊗ ℎ) ⊗ 𝑏) =

∑
1≤𝑖≤𝑛

Φ(ℎ𝑖1, 𝑒
𝑖
−1, 𝑏−1)𝜔(𝑒𝑖0, 𝑏0) ⊗ ℎ𝑖2 = 0. (3.2.2)

Note that 𝑎−1
𝐴,𝐻,𝐵 (𝑒 ⊗ (ℎ⊗ 𝑏)) ∈ (𝐴⊗𝐻) ⊗ 𝐵, thus by the hexagon axiom, we obtain:

(𝜔⊗ 𝜀) ◦ 𝑎−1
𝐴,𝐵,𝐻 ◦ (id⊗𝑐𝐻,𝐵) ◦ 𝑎𝐴,𝐻,𝐵 (𝑎−1

𝐴,𝐻,𝐵 (𝑒 ⊗ (ℎ⊗ 𝑏))) = 0.

That is

Φ(𝑒−1, (ℎ1 ▷ 𝑏)−1, ℎ2)(𝜔⊗ 𝜀)((𝑒0 ⊗ (ℎ1 ▷ 𝑏)0) ⊗ ℎ3) = Φ∗ (𝜔⊗ 𝜀)(𝑒 ⊗ (ℎ1 ▷ 𝑏) ⊗ ℎ2) = 0. (3.2.3)

Note that Φ is convolution invertible, thus

𝜔(𝑒, ℎ▷ 𝑏) = 0 (3.2.4)

for all 𝑒 ∈ 𝐸 , 𝑏 ∈ 𝐸⊥, ℎ ∈ 𝐻. Consequently, 𝐸⊥ is a subobject of 𝐵. The proof of the other direction
is similar, and we omit it for simplicity. □
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The following construction of the Yetter-Drinfeld submodule generated by a subcomodule is
crucial for our subsequent analysis of rational modules.

Let 𝑉 ∈ 𝐻
𝐻YD and let 𝑉 ′ ⊆ 𝑉 be an 𝐻-subcomodule. We define the Yetter-Drinfeld submodule

generated by 𝑉 ′, denoted by ⟨𝑉 ′⟩, as the smallest Yetter-Drinfeld submodule of 𝑉 containing 𝑉 ′.
We provide an explicit filtration to construct ⟨𝑉 ′⟩.

• Set 𝑋0 :=𝑉 ′.
• Assume 𝑋𝑛 is defined. Let 𝑌𝑛 := span{ℎ▷ 𝑥 | ℎ ∈ 𝐻,𝑥 ∈ 𝑋𝑛}.
• Define 𝑋𝑛+1 as the smallest 𝐻-subcomodule of 𝑉 containing 𝑌𝑛:

𝑋𝑛+1 :=
∑
𝑦∈𝑌𝑛

span{𝑦0 | 𝛿𝑉 (𝑦) = 𝑦−1 ⊗ 𝑦0}.

Lemma 3.2.2. With the notation above, ⟨𝑉 ′⟩ = ⋃
𝑛≥0 𝑋𝑛.

Proof. It is direct to verify that ⋃
𝑛≥0 𝑋𝑛 is closed under the 𝐻-action and 𝐻-coaction by construction.

Since any Yetter-Drinfeld submodule containing 𝑉 ′ must contain 𝑋0 and be closed under the action
and coaction, it must contain each 𝑋𝑛. Thus, the union is minimal. □

Let 𝑉,𝑊 ∈ 𝐶, and 𝜔 a pairing of 𝐴, 𝐵 in 𝐶. We denote by Hom𝐶,rat(𝐴⊗𝑉,𝑊) the set of all 𝑔
in Hom𝐶 (𝐴⊗𝑉,𝑊) such that for all 𝑣 ∈ 𝑉 there is a finite-dimensional subobject 𝐹 ⊆ 𝐵 in 𝐶 with
𝑔(𝐹⊥ ⊗ 𝑣) = 0.

Proposition 3.2.3. Let 𝐴, 𝐵 ∈ 𝐶, 𝜔 a non-degenerate pairing of 𝐴, 𝐵 in 𝐶, and 𝑊 ∈ 𝐶. Assume
that for every 𝑏 ∈ 𝐵 there is a finite-dimensional subobject 𝐹 ⊆ 𝐵 in 𝐶 containing 𝑏. Then for all
𝑉 ∈ 𝐶, the map

𝐺𝑉 : Hom𝐶 (𝑉, 𝐵⊗𝑊) → Hom𝐶,rat(𝐴⊗𝑉,𝑊),

𝑓 ↦→ (𝐴⊗𝑉 id𝐴⊗ 𝑓−−−−−→ 𝐴⊗ (𝐵⊗𝑊)
𝑎−1
𝐴,𝐵,𝑊−−−−−→ (𝐴⊗ 𝐵) ⊗𝑊 𝜔⊗id−−−−→𝑊)

is bijective.

Proof. Step1:
We first show the map 𝐺𝑉 is well-defined and injective. Let 𝑓 ∈ Hom𝐶 (𝑉, 𝐵 ⊗𝑊), and 𝑔 =

𝐺𝑉 ( 𝑓 ). For each 𝑣 ∈ 𝑉 , by assumption, there is a finite-dimensional subobject 𝐹 ⊆ 𝐵 with 𝑓 (𝑣) =∑
𝑖∈𝐼 𝑏

𝑖 ⊗𝑤𝑖 ∈ 𝐹 ⊗𝑊 . Now for any 𝑎 ∈ 𝐹⊥, by definition of 𝐺𝑉 and Lemma 3.2.1, we have

𝑔(𝑎 ⊗ 𝑣) = Φ(𝑎−1, 𝑏
𝑖
−1,𝑤

𝑖
−1)𝜔(𝑎0, 𝑏

𝑖
0) ⊗𝑤

𝑖
0 = 0.

This shows 𝐺𝑣 ( 𝑓 ) ∈ HomC,rat(𝐴⊗𝑉,𝑊). If 𝑔 = 0, since 𝜔 is non-degenerate, we deduce that 𝑓 = 0.
Therefore 𝐺𝑉 is injective.

Step2:
Assume that 𝐵 is finite-dimensional. Then 𝐵 has a left dual 𝐵∗ = Hom(𝐵,k). Since 𝜔 is

non-degenerate, there is an isomorphism 𝐴 � 𝐵∗ in C via the following isomorphism:

HomC (𝐴⊗ 𝐵,k) � HomC (𝐴, 𝐵∗).
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Therefore 𝐴 is a left dual of 𝐵, which is finite-dimensional. We have such an isomorphism

HomC (𝑉, 𝐵⊗𝑊) � HomC (𝐴⊗𝑉,𝑊).

Since HomC,rat(𝐴 ⊗𝑉,𝑊) ⊆ HomC (𝐴 ⊗𝑉,𝑊), and 𝐺𝑉 is injective, we deduce that 𝐺𝑉 is bijective
when 𝐵 is finite-dimensional.

Step3:

We now extend the bijectivity to the general case when 𝐵 may be infinite-dimensional. Let
𝑉 ′ ⊆ 𝑉 be a finite-dimensional 𝐻-comodule, we denote ⟨𝑉 ′⟩ as the Yetter-Drinfeld submodule of 𝑉
generated by 𝑉 ′. Assume that ⟨𝑉 ′⟩ = 𝑉 ; we are going to prove that 𝐺𝑉 is surjective in this case.
Let 𝑔 ∈ HomC,rat(𝐴⊗𝑉,𝑊). Since 𝑉 ′ is finite-dimensional, the rationality of 𝑔 implies the existence
of a finite-dimensional subobject 𝐹 ⊆ 𝐵 in C such that 𝑔(𝐹⊥ ⊗𝑉 ′) = 0. By Lemma 3.2.1, 𝐹⊥ is an
object in C. Since 𝑔 is a morphism in C, by similar method in proof of Lemma 3.2.1, for all ℎ ∈ 𝐻,
we have

𝑔(𝐹⊥ ⊗ (ℎ▷𝑉 ′)) = 0.

By construction of ⟨𝑉 ′⟩, if we denote 𝑉 ′ as 𝑋0, this shows 𝑔(𝐹⊥ ⊗𝑌0) = 0.

Recall that 𝑋1 =
∑
𝑦∈𝑌0 span{𝑦0 | 𝛿𝑉 (𝑦) = 𝑦−1 ⊗ 𝑦0}, We are going to show 𝑔(𝐹⊥⊗ 𝑋1) = 0. Since

𝑔 is a morphism in C, we have

(id𝐻 ⊗𝑔) ◦ 𝛿(𝐹⊥ ⊗𝑌0) = 𝛿(𝑔(𝐹⊥ ⊗𝑌0))) = 0.

By definition of 𝑋1,the set span{𝑧0 | 𝛿(𝑧) = 𝑧−1 ⊗ 𝑧0, 𝑧 ∈ 𝐹⊥ ⊗𝑌0} = 𝐹⊥ ⊗ 𝑋1. This implies 𝑔(𝐹⊥ ⊗
𝑋1) = 0. By iterating this argument, we can prove that

𝑔(𝐹⊥ ⊗𝑉) = 0.

Note that we have a non-degenerate pairing

𝐴/𝐹⊥ ⊗ 𝐹→ k, 𝑎 ⊗ 𝑏 ↦→ 𝜔(𝑎, 𝑏).

Since 𝐹 is finite-dimensional, by the situation considered before, we have a bijective map

HomC (𝑉,𝐹 ⊗𝑊) � HomC,rat(𝐴/𝐹⊥ ⊗𝑉,𝑊).

Let 𝑔 ∈ HomC,rat(𝐴/𝐹⊥ ⊗𝑉,𝑊) be the morphism induced by 𝑔 and 𝑓 ∈ Hom(𝑉,𝐹 ⊗𝑊) be the
preimage of 𝑔. Then the preimage of 𝑔 is

𝑖 ◦ 𝑓 :𝑉 → 𝐵⊗𝑊,

where 𝑖 : 𝐹 ⊗𝑊 → 𝐵 ⊗𝑊 is an inclusion. Thus 𝐺𝑉 : HomC (𝑉, 𝐵 ⊗𝑊) � HomC,rat(𝐴 ⊗𝑉,𝑊) is
bijective in this case.

Step4:

It remains to prove the bijectivity for an arbitrary object 𝑉 ∈ C. Let

V = {⟨𝑉 ′⟩ | 𝑉 ′ ⊆ 𝑉 finite-dimensional 𝐻 − subcomodule}.
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By the finiteness theorem for comodules, we have 𝑉 =
⋃

𝑉 ′ finite-dimensional
𝑉 ′ as comodules. Note that

for all 𝑈1,𝑈2 ∈ V, there is an object 𝑈 ∈ V with 𝑈1∪𝑈2 ⊆𝑈, since 𝑈 is closed under direct sums.
Thus

𝑉 =
⋃
𝑈∈V

𝑈

as an object in C. Given 𝑔 ∈ HomC,rat(𝐴⊗𝑉,𝑊), let 𝑔𝑈 be the restriction of 𝑔 to 𝐴⊗𝑈, then there is
a morphism 𝑓𝑈 :𝑈→ 𝐵⊗𝑊 with 𝐺𝑉 ( 𝑓𝑈) = 𝑔𝑈 . For 𝑈1,𝑈2 ∈ V, let 𝑈1 ⊆𝑈2, we have 𝑓𝑈2 |𝑈1= 𝑓𝑈1 ,
since 𝐺𝑉 is injective. Hence the maps 𝑓𝑈 define a linear map 𝑓 :𝑉 → 𝐵⊗𝑊 by 𝑓 (𝑣) = 𝑓𝑈 (𝑣), where
𝑈 is an element in V containing 𝑣. This construction yields 𝐺𝑉 ( 𝑓 ) = 𝑔. Thus 𝐺𝑉 is bijective for
arbitrary 𝑉 . □

3.3 Bijection between comodules and rational modules

We begin by introducing the notion of Hopf pairings. For our purpose, we assume that 𝐴 and
𝐵 are locally finite N0-graded Hopf algebras in C = 𝐻

𝐻YD in this section. Since this does not affect
our study of Nichols algebras, we assume that 𝐴 and 𝐵 have bijective antipodes in C.

Definition 3.3.1. A morphism 𝜔 : 𝐴⊗𝐵→ k in C is called a Hopf pairing, if the following identities
hold:

𝜔 ◦ (𝜇𝐴 ⊗ id𝐵) = 𝜔 ◦ (id𝐴 ⊗𝜔⊗ id𝐵) ◦ (id𝐴 ⊗𝑎−1
𝐴,𝐵,𝐵) ◦ 𝑎𝐴,𝐴,𝐵⊗𝐵 ◦ (id𝐴⊗𝐴 ⊗Δ𝐵), (3.3.1)

𝜔 ◦ (𝜂𝐴 ⊗ id𝐵) = 𝜀𝐵, (3.3.2)
𝜔 ◦ (id𝐴 ⊗𝜇𝐵) = 𝜔 ◦ (id𝐴 ⊗𝜔⊗ id𝐵) ◦ (id𝐴 ⊗𝑎−1

𝐴,𝐵,𝐵) ◦ 𝑎𝐴,𝐴,𝐵⊗𝐵 ◦ (Δ𝐴 ⊗ id𝐵⊗𝐵), (3.3.3)
𝜔 ◦ (id𝐴 ⊗𝜂𝐵) = 𝜀𝐴. (3.3.4)

Moreover, we call a Hopf pairing 𝜔 : 𝐴⊗ 𝐵→ k a dual pair of locally finite N0-graded Hopf algebras
in C, if 𝜔 is non-degenerate and

𝜔(𝐴(𝑛), 𝐵(𝑚)) = 0, if 𝑛 ≠ 𝑚.

There are some useful properties of Hopf pairings, we list here for further use.

Remark 3.3.2. [52, Proposition 3.3.8] Under above assumptions, we have the following properties.
(1) Suppose 𝜔 : 𝐴⊗ 𝐵→ 1 is a dual pair in C, then

𝜔 ◦ (id⊗S𝐵) = 𝜔 ◦ (S𝐴 ⊗ id). (3.3.5)

(2) If 𝜔 : 𝐴⊗ 𝐵→ 1 is a dual pair, then

𝜔+ := 𝜔 ◦ 𝑐𝐵,𝐴 ◦ (S𝐵 ⊗S𝐴) : 𝐵⊗ 𝐴→ k, (3.3.6)
𝜔+cop := 𝜔+ ◦ (id𝐵 ⊗S−1

𝐴 ) : 𝐵cop ⊗ 𝐴cop → k. (3.3.7)

are dual pairs too.

The following lemma holds in general braided monoidal categories; here we cite this lemma for
simplicity.
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Lemma 3.3.3. [52, Proposition 3.3.9] Let C be an arbitrary braided monoidal category. Suppose
𝐴, 𝐵 are Hopf algebras in C. Assume that 𝑝 : 𝐴⊗ 𝐵→ 1 is a Hopf pairing, then we have two strict
monoidal functors:

𝐷1 : 𝐵C −→ 𝐴copC, (𝑉, 𝛿) ↦→ (𝑉,𝜆),

with 𝜆 = (𝐴⊗𝑉 id𝐴⊗𝛿−−−−−→ 𝐴⊗ (𝐵⊗𝑉)
𝑎−1
𝐴,𝐵,𝑉−−−−−→ (𝐴⊗ 𝐵) ⊗𝑉 𝑝⊗id𝑉−−−−−→𝑉)

(3.3.8)

and
𝐷2 : 𝐴

copC −→ 𝐵C, (𝑉, 𝛿) ↦→ (𝑉,𝜆),

with 𝜆 = (𝐵⊗𝑉 id𝐵 ⊗𝛿−−−−−→ 𝐵⊗ (𝐴⊗𝑉)
𝑎−1
𝐵,𝐴,𝑉−−−−−→ (𝐵⊗ 𝐴) ⊗𝑉 𝑝+cop⊗id𝑉−−−−−−−−→𝑉).

(3.3.9)

The main result of this subsection is to give a bijection between 𝐵-comodules in C and rational
𝐴cop-modules in C.

Proposition 3.3.4. Let (𝐴, 𝐵,𝜔) be a dual pair of locally finite N0-graded Hopf algebras in C =
𝐻
𝐻YD. The functor

𝐷1 : 𝐵C −→ 𝐴copCrat, (𝑉, 𝛿) ↦→ (𝑉,𝜆),

with 𝜆 = (𝐴⊗𝑉 id𝐴⊗𝛿−−−−−→ 𝐴⊗ (𝐵⊗𝑉)
𝑎−1
𝐴,𝐵,𝑉−−−−−→ (𝐴⊗ 𝐵) ⊗𝑉 𝜔⊗id𝑉−−−−−→𝑉)

is a strict monoidal isomorphism of categories.

Proof. Let 𝑉 be an object in 𝐻
𝐻YD. By Proposition 3.2.3, we have a bijection:

𝐺𝑉 : Hom𝐶 (𝑉, 𝐵⊗𝑉) → Hom𝐶,rat(𝐴⊗𝑉,𝑉),

𝑓 ↦→ 𝜆 = (𝐴⊗𝑉 id𝐴⊗ 𝑓−−−−−→ 𝐴⊗ (𝐵⊗𝑉)
𝑎−1
𝐴,𝐵,𝑉−−−−−→ (𝐴⊗ 𝐵) ⊗𝑉 𝜔⊗id−−−−→𝑉).

Note that Hom𝐶,rat(𝐴⊗𝑉,𝑉) is the set of all 𝜆 in Hom𝐶 (𝐴⊗𝑉,𝑉) such that for all 𝑣 ∈𝑉 , there is a
finite-dimensional object 𝐹 ⊆ 𝐵, such that 𝜆(𝐹⊥ ⊗ 𝑣) = 0. Since 𝐵 is locally finite, there is a natural
number 𝑛0 such that 𝐹 ⊆

⊕𝑛0
𝑖=0 𝐵(𝑖). Therefore 𝜆(𝐴(𝑛) ⊗ 𝑣) = 0 for all 𝑛 > 𝑛0. Thus if (𝑉,𝜆) ∈ 𝐴C,

where 𝜆 ∈ Hom𝐶,rat(𝐴⊗𝑉,𝑉), then (𝑉,𝜆) ∈ 𝐴Crat automatically.
Now we are going to prove (𝑉,𝜆) ∈ 𝐴Crat if and only if (𝑉, 𝛿) ∈ 𝐵C. That the condition

(𝑉, 𝛿) ∈ 𝐵C implies (𝑉,𝜆) ∈ 𝐴Crat follows from Lemma 3.3.3 and the above statement. On the other
hand, (𝑉,𝜆) ∈ 𝐴C is equivalent to

𝜆 ◦ (id𝐴 ⊗𝜆) = 𝜆 ◦ (𝜇𝐴 ⊗ id𝑉 ) ◦ 𝑎−1
𝐴,𝐴,𝑉 .

According to the definition of 𝜆,

𝜆 ◦ (id𝐴 ⊗𝜆) = (𝜔⊗ id𝑉 ) ◦ 𝑎−1
𝐴,𝐵,𝑉 ◦ (id𝐴 ⊗𝛿) ◦ (id𝐴 ⊗(𝜔⊗ id𝑉 )) ◦ (id𝐴 ⊗𝑎−1

𝐴,𝐵,𝑉 ) ◦ (id𝐴 ⊗(id𝐴 ⊗𝛿)).
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Since 𝛿, 𝜔 are morphisms in C, and the associative isomorphism is natural, we have

𝜆 ◦ (id𝐴 ⊗𝜆) = (𝜔⊗ id𝑉 ) ◦ 𝑎−1
𝐴,𝐵,𝑉 ◦ (id𝐴 ⊗(𝜔⊗ id𝐵⊗𝑉 )) ◦ (id𝐴 ⊗𝑎−1

𝐴,𝐵,𝐵⊗𝑉 ) ◦ (id𝐴 ⊗(id𝐴 ⊗(id𝐵 ⊗𝛿) ◦ 𝛿))
= (𝜔⊗ id𝑉 ) ◦ ((id𝐴 ⊗(𝜔⊗ id𝐵)) ⊗ id𝑉 ) ◦ (𝑎−1

𝐴,𝐴⊗𝐵,𝐵 ⊗ id𝑉 ) ◦ (id𝐴 ⊗𝑎−1
𝐴⊗𝐵,𝐵,𝑉 )

◦ (id𝐴 ◦𝑎−1
𝐴,𝐵,𝐵⊗𝑉 ) ◦ (id𝐴 ⊗(id𝐴 ⊗(id𝐵 ⊗𝛿) ◦ 𝛿)).

(3.3.10)
Now we write down explicit formula of 𝜆 ◦ (𝜇𝐴 ⊗ id𝑉 ) ◦ 𝑎−1

𝐴,𝐴,𝑉 ,

𝜆 ◦ (𝜇𝐴 ⊗ id𝑉 ) ◦ 𝑎−1
𝐴,𝐴,𝑉 = (𝜔⊗ id𝑉 ) ◦ 𝑎−1

𝐴,𝐵,𝑉 ◦ (id⊗𝛿) ◦ (𝜇𝐴 ⊗ id) ◦ 𝑎−1
𝐴,𝐴,𝑉 .

Since 𝜇𝐴 is a morphism in C, we have

𝜆 ◦ (𝜇𝐴 ⊗ id𝑉 ) ◦ 𝑎−1
𝐴,𝐴,𝑉 = (𝜔⊗ id𝑉 ) ◦ ((𝜇𝐴 ⊗ id𝐵) ⊗ id𝑉 ) ◦ 𝑎−1

𝐴⊗𝐴,𝐵,𝑉 ⊗ (id𝐴⊗𝐴 ⊗𝛿) ◦ 𝑎−1
𝐴,𝐴,𝑉 .

By equation (3.3.1), and by naturality of associative isomorphism,

𝜆 ◦ (𝜇𝐴 ⊗ id𝑉 ) ◦ 𝑎−1
𝐴,𝐴,𝑉

= (𝜔⊗ id𝑉 ) ◦ ((id𝐴 ⊗(𝜔⊗ id𝐵)) ⊗ id𝑉 ) ◦ ((id𝐴 ⊗𝑎−1
𝐴,𝐵,𝐵) ◦ 𝑎𝐴,𝐴,𝐵⊗𝐵 ◦ (id𝐴⊗𝐴 ⊗Δ𝐵) ⊗ id𝑉 )

◦ 𝑎−1
𝐴⊗𝐴,𝐵,𝑉 ◦ (id𝐴⊗𝐴 ⊗𝛿) ◦ 𝑎−1

𝐴,𝐴,𝑉

= (𝜔⊗ id𝑉 ) ◦ ((id𝐴 ⊗(𝜔⊗ id𝐵)) ⊗ id𝑉 ) ◦ ((id𝐴 ⊗𝑎−1
𝐴,𝐵,𝐵) ◦ 𝑎𝐴,𝐴,𝐵⊗𝐵 ⊗ id𝑉 )

◦ 𝑎−1
𝐴⊗𝐴,𝐵⊗𝐵,𝑉 ◦ 𝑎−1

𝐴,𝐴,(𝐵⊗𝐵)⊗𝑉 ◦ (id𝐴 ⊗(id𝐴 ⊗𝑎
−1
𝐵,𝐵,𝑉 )) ◦ (id𝐴 ⊗(id𝐴 ⊗(𝑎𝐵,𝐵,𝑉 ◦ ((Δ𝐵 ⊗ id𝑉 ) ◦ 𝛿)))).

(3.3.11)

For all 𝑎, 𝑎′ ∈ 𝐴, 𝑣 ∈ 𝑉 , we have 𝜆◦ (id𝐴 ⊗𝜆) (𝑎⊗ (𝑎′⊗ 𝑣)) = 𝜆◦ (𝜇𝐴 ⊗ id𝑉 ) ◦𝑎−1
𝐴,𝐴,𝑉 (𝑎⊗ (𝑎′⊗ 𝑣)).

By non-degeneracy of 𝜔 and Mac-Lane’s coherence theorem, this is equivalent to

(id⊗𝛿) ◦ 𝛿(𝑣) = 𝑎𝐵,𝐵,𝑉 ◦ (Δ𝐵 ⊗ id𝑉 ) ◦ 𝛿(𝑣).

Furthermore, we have 𝑣 = (𝜀𝐵 ⊗ id𝑉 ) ◦ 𝛿(𝑣) by equation (3.3.2). Therefore we deduce that (𝑉,𝜆) ∈
𝐴Crat if and only if (𝑉, 𝛿) ∈ 𝐵C.

Now let (𝑉, 𝛿), (𝑉 ′, 𝛿′) ∈ 𝐵C, and (𝑉,𝜆), (𝑉 ′,𝜆′) be the corresponding modules in 𝐴Crat, where
𝜆 = 𝐺𝑉 (𝛿), 𝜆′ = 𝐺′

𝑉 (𝛿′). It is direct that a map 𝑓 ∈ HomC (𝑉,𝑉 ′) is a 𝐵-comodule map if and only
if 𝑓 is a 𝐴-module map in C.

Note that (𝑉,𝜆) ∈ 𝐴Crat if and only if (𝑉,𝜆) ∈ 𝐴copCrat. Since the category 𝐴copCrat is a monoidal
subcategory of 𝐴copC by Lemma 3.1.3 and 𝐷1 is a strict monoidal functor by Lemma 3.3.3, we
deduce that 𝐷1 is a strict monoidal equivalence. Since 𝐺𝑉 is bijective, it is easy to see that the
inverse functor is given by

𝐷′
1 : 𝐴copCrat → 𝐵C, (𝑉,𝜆′) ↦→ (𝑉, 𝛿′),

where 𝛿′ is determined by 𝐺−1
𝑉 (𝜆′). Thus 𝐷1 is a strict monoidal isomorphism. □
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3.4 Monoidal equivalence between Yetter-Drinfeld module categories re-
lated by a dual pair

Let (𝐴, 𝐵,𝜔) be a dual pair of locally finite N0-graded Hopf algebras with bijective antipodes in
C = 𝐻

𝐻YD. The main result in this subsection is to show that there is a braided monoidal equivalence
(Ω, 𝛽) : 𝐵𝐵YD(C)rat →

𝐴
𝐴YD(C)rat.

By Remark 3.3.2, we have a dual pair of locally finite N0-graded Hopf algebras in C:

𝜔+cop : 𝐵cop ⊗ 𝐴cop −→ k,

𝜔+cop = 𝜔 ◦ 𝑐𝐵,𝐴 ◦ (S𝐵 ⊗S𝐴) ◦ (id𝐵 ⊗S−1
𝐴 )

= 𝜔 ◦ 𝑐𝐵,𝐴 ◦ (S𝐵 ⊗ id𝐴)
= 𝜔 ◦ 𝑐𝐵,𝐴 ◦ (id𝐵 ⊗S𝐴).

Recall that by Proposition 3.3.4, we now have two monoidal isomorphisms:

𝐷1 : 𝐵C → 𝐴copCrat, 𝐷2 : 𝐴
copC → 𝐵Crat, (3.4.1)

𝐷1(𝑉, 𝛿) = (𝑉,𝜆), 𝜆 = (𝐴⊗𝑉 id𝐴⊗𝛿−−−−−→ 𝐴⊗ (𝐵⊗𝑉)
𝑎−1
𝐴,𝐵,𝑉−−−−−→ (𝐴⊗ 𝐵) ⊗𝑉 𝜔⊗id𝑉−−−−−→𝑉), (3.4.2)

𝐷2(𝑉, 𝛿) = (𝑉,𝜆), 𝜆 = (𝐵⊗𝑉 id𝐵 ⊗𝛿−−−−−→ 𝐵⊗ (𝐴⊗𝑉)
𝑎−1
𝐵,𝐴,𝑉−−−−−→ (𝐴⊗ 𝐵) ⊗𝑉 𝜔+cop⊗id𝑉−−−−−−−−→𝑉). (3.4.3)

Our first objective is to prove the following braided monoidal equivalence:

Theorem 3.4.1. The functor

Γ : 𝐵𝐵YD(C)rat −→
𝐴cop

𝐴copYD(C)rat, (𝑉,𝜆, 𝛿) ↦→ (𝑉,𝜆, 𝛿), (3.4.4)

where 𝜆, 𝛿 are defined by (3.4.2), (3.4.3), and the morphism 𝑓 are mapped onto 𝑓 , is an equivalence
of braided monoidal categories.

The following lemma, which holds in the general setting of a braided monoidal category C , is
used to establish this theorem. Without loss of generality, we assume C is strict. Let 𝐴, 𝐵 be Hopf
algebras in C, and 𝑝 : 𝐴 ⊗ 𝐵→ 1 is a Hopf pairing, now we have two braided monoidal categories
𝐵
𝐵YD(C)rat and 𝐴cop

𝐴copYD(C)rat, with braiding 𝑐YD(C) and 𝑐YD(C) respectively.

Lemma 3.4.2. With above assumptions, let (𝑋, 𝛿𝑋) ∈ 𝐴copC, (𝑉, 𝛿) ∈ 𝐵C, and define

(𝑋,𝜆𝑋) = 𝐷2(𝑋, 𝛿𝑋), (𝑉,𝜆) = 𝐷1(𝑉, 𝛿).

where 𝐷1, 𝐷2 is given by Lemma 3.3.3, then we have

𝑐YD(C)
(𝑋,𝜆𝑋),(𝑉,𝛿) = 𝑐

YD(C)
(𝑋,𝛿𝑋),(𝑉,𝜆)

. (3.4.5)
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Proof. By definition of 𝑐YD , properties of Hopf pairing and naturality of braiding, we have

𝑐YD(C)
(𝑋,𝜆𝑋),(𝑉,𝛿) = 𝑐𝑋,𝑉 ◦ ((𝑝

+cop ⊗ id𝑋) ◦ (id𝐵 ⊗𝛿𝑋) ⊗ id𝑉 ) ◦ (S−1
𝐵 ⊗ id𝑋 ⊗ id𝑉 ) ◦ (𝑐𝑋,𝐵 ⊗ id𝑉 ) ◦ (id𝑋 ⊗𝛿)

= 𝑐𝑋,𝑉 ◦ (𝑝 ◦ 𝑐𝐵,𝐴 ⊗ id𝑋 ⊗ id𝑉 ) ◦ (id𝐵 ⊗𝛿𝑋 ⊗ id𝑉 ) ◦ (𝑐𝑋,𝐵 ⊗ id𝑉 ) ◦ (id𝑋 ⊗𝛿)
= (𝑝 ⊗ 𝑐𝑋,𝑉 ) ◦ (𝑐𝐵,𝐴 ⊗ id𝑋) ◦ (𝑐𝐴⊗𝑋,𝐵 ⊗ id𝑉 ) ◦ (id𝐴 ⊗ id𝑋 ⊗𝛿) ◦ (𝛿𝑋 ⊗ id𝑉 )
= (𝑝 ⊗ 𝑐𝑋,𝑉 ) ◦ (id𝐴 ⊗𝑐𝑋,𝐵 ⊗ id𝑉 ) ◦ (id𝐴 ⊗ id𝑋 ⊗𝛿) ◦ (𝛿𝑋 ⊗ id𝑉 )
= (𝑝 ⊗ 𝑐𝑋,𝐵⊗𝑉 ) ◦ (id𝐴 ⊗ id𝑋 ⊗𝛿) ◦ (𝛿𝑋 ⊗ id𝑉 )

= ((𝑝 ⊗ id𝑉 ) ◦ (id𝐴 ⊗𝛿) ⊗ id𝑋) ◦ (id𝐴 ⊗𝑐𝑋,𝑉 ) ◦ (𝛿𝑋 ⊗ id𝑉 ) = 𝑐YD(C)
(𝑋,𝛿𝑋),(𝑉,𝜆)

.

Here the second equality uses (3.3.5) and (3.3.7), the third and the sixth equalities use the naturality
of the braiding, the fourth and the fifth equalities use the braiding axiom. □

Now we return to the setting of coquasi-Hopf algebras. We want to restrict the Yetter-Drinfeld
module criterion to rational modules. Let 𝐵 be a locally finite N0-graded Hopf algebra in C = 𝐻

𝐻YD
with bijective antipode. Let (𝑉,𝜆) ∈ 𝐵Crat, and (𝑉, 𝛿) ∈ 𝐵C.

Lemma 3.4.3. Let 𝑋 ∈ 𝐵C, and assume that there is an index set 𝐼, a family 𝑋𝑖, 𝑖 ∈ 𝐼, of objects in
𝐵C, and morphisms 𝜋𝑖 : 𝑋→ 𝑋𝑖 in 𝐵C for all 𝑖 ∈ 𝐼 with ⋂

𝑖∈𝐼 ker(𝜋𝑖) = 0. Then if 𝑐YD
𝑉,𝑋𝑖

is a morphism
in 𝐵C for all 𝑖 ∈ 𝐼, then 𝑐YD

𝑉,𝑋 is a morphism in 𝐵C.

Proof. The proof of this lemma is parallel to [52, Lemma 12.2.5]. We omit here for simplicity. □

Lemma 3.4.4. The following are equivalent.
(1) For all (𝑋,𝜆𝑋) ∈ 𝐵Crat, 𝑐YD

𝑉,𝑋 is a morphism in 𝐵Crat.
(2) The object (𝑉,𝜆, 𝛿) belongs to 𝐵

𝐵YD(C)rat.

Proof. Suppose for all (𝑋,𝜆𝑋) ∈ 𝐵Crat, the map 𝑐YD
𝑉,𝑋 is a morphism in 𝐵Crat. Then by Remark 2.4.2,

we only need to prove that
𝑐YD
𝑉,𝐵 :𝑉 ⊗ 𝐵→ 𝐵⊗𝑉

is a morphism in 𝐵C. Now for all 𝑛 ≥ 0, let 𝑋𝑛 = 𝐵/
⊕

𝑖≥𝑛 𝐵(𝑖). The quotient map 𝜋𝑛 : 𝐵→ 𝑋𝑛 is a
morphism in 𝐵C. We have ⋂

𝑛≥0
ker(𝜋𝑛) = 0, 𝜇𝐵 (𝐵(𝑚) ⊗ 𝑋𝑛) = 0

for all 𝑚 ≥ 𝑛. Since 𝑋𝑛 is a rational 𝐵-module in C, 𝑐YD
𝑉,𝑋𝑛

is a morphism in 𝐵C. By Lemma 3.4.3,
𝑐YD
𝑉,𝐵 is a morphism in 𝐵C. Hence (𝑉,𝜆, 𝛿) ∈ 𝐵

𝐵YD(C)rat.
Suppose (𝑉,𝜆, 𝛿) ∈ 𝐵

𝐵YD(C)rat, we deduce that 𝑐YD
𝑉,𝑋 is a morphism in 𝐵C for any (𝑋,𝜆𝑋) ∈ 𝐵Crat

by Remark 2.4.2. Furthermore, 𝐵Crat is a monoidal full subcategory of 𝐵C, and 𝑉 ⊗ 𝑋, 𝑋 ⊗𝑉 ∈ 𝐵Crat.
Thus 𝑐YD

𝑉,𝑋 is a morphism in 𝐵Crat. □

Proposition 3.4.5. The following are equivalent.
(1) The object (𝑉,𝜆, 𝛿) belongs to 𝐵

𝐵YD(C)rat.
(2) The object (𝑉,𝜆, 𝛿) belongs to 𝐴cop

𝐴copYD(C)rat.
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(3) For all (𝑋,𝜆𝑋) ∈ 𝐵Crat, the following map is a morphism in 𝐵Crat

𝑐YD(C)
(𝑋,𝜆𝑋),(𝑉,𝛿) : (𝑋,𝜆𝑋) ⊗ (𝑉,𝜆) → (𝑉,𝜆) ⊗ (𝑋,𝜆𝑋).

(4) For all (𝑋, 𝛿𝑋) ∈ 𝐴copC, the following map is a morphism in 𝐴copC.

𝑐YD(C)
(𝑋,𝛿𝑋),(𝑉,𝜆)

: (𝑋, 𝛿𝑋) ⊗ (𝑉, 𝛿) → (𝑉, 𝛿) ⊗ (𝑋, 𝛿𝑋).

Proof. (1) ⇔ (3): The condition (1), by Lemma 3.3.2, is equivalent to the condition that for
all (𝑋,𝜆𝑋) ∈ 𝐵Crat, 𝑐YD

(𝑉,𝛿),(𝑋,𝜆𝑋) is a morphism in 𝐵Crat. Since we have assumed 𝐵 has a bijective
antipode, 𝑐YD

(𝑉,𝛿),(𝑋,𝜆𝑋) is an isomorphism with inverse 𝑐YD
(𝑋,𝜆𝑋),(𝑉,𝛿) . Hence (1) is equivalent to (3).

(2) ⇔ (4): This follows from Remark 2.4.2.
(3) ⇔ (4): By Lemma 3.4.2,

𝑐YD(C)
(𝑋,𝜆𝑋),(𝑉,𝛿) = 𝑐

YD(C)
(𝑋,𝛿𝑋),(𝑉,𝜆)

as a morphism in C. Then the equivalence of (3) and (4) follows from 𝐷2 : 𝐴copC → 𝐵Crat is a
monoidal isomorphism. □

Proof of Theorem 3.4.1. Let 𝑉 ∈ C, and

𝑆1 = {(𝜆, 𝛿) | (𝑉,𝜆) ∈ 𝐵Crat, (𝑉, 𝛿) ∈ 𝐵C},
𝑆2 = {(𝜆, 𝛿) | (𝑉,𝜆) ∈ 𝐴copCrat, (𝑉, 𝛿) ∈ 𝐴copC}.

We define a map 𝜙 : 𝑆1 → 𝑆2, by (𝜆, 𝛿) ↦→ (𝜆, 𝛿), where 𝜆, 𝛿 are given by

𝐷1(𝑉, 𝛿) = (𝑉,𝜆), 𝐷2(𝑉, 𝛿) = (𝑉,𝜆).

Thus 𝜙 is bijective since 𝐷1, 𝐷2 are monoidal isomorphisms.
Now that given (𝑉,𝜆, 𝛿) ∈ 𝐵

𝐵YD(C)rat, the object (𝑉,𝜆, 𝛿) ∈ 𝐴cop

𝐴copYD(C)rat by Proposition 3.4.5.
Since 𝜙 is bijective, we deduce that Γ is a monoidal equivalence. It is strict since 𝐷1 and 𝐷2 is strict.
To show Γ is braided, let 𝑋 = (𝑋,𝜆𝑋 , 𝛿𝑋) ∈ 𝐵

𝐵YD(C)rat, and Γ(𝑋) = (𝑋,𝜆𝑋 , 𝛿𝑋) ∈ 𝐴cop

𝐴copYD(C)rat. We
know that 𝑐YD(C)

(𝑋,𝜆𝑋),(𝑉,𝛿) is the braiding in 𝐵
𝐵YD(C)rat, and 𝑐YD(C)

(𝑋,𝛿𝑋),(𝑉,𝜆)
is the braiding of Γ(𝑋),Γ(𝑉)

in 𝐴cop

𝐴copYD(C)rat. By Lemma 3.4.2, the functor Γ is braided. Hence Γ is a strict braided monoidal
equivalence.

□

Our next goal is to build a monoidal equivalence between 𝐴cop

𝐴copYD(C)rat and 𝐴
𝐴YD(C)rat. It is

standard that

𝐴C → C𝐴, (𝑉,𝜆) ↦→ (𝑉,𝜆+), where 𝜆+ = 𝜆 ◦ 𝑐𝑉,𝐴 ◦ (id𝑉 ⊗S𝐴),
C𝐴 → 𝐴C, (𝑉,𝜆) ↦→ (𝑉,𝜆−), where 𝜆− = 𝜆 ◦ 𝑐𝐴,𝑉 ◦ (S−1

𝐴 ⊗ id𝑉 ),

are inverse isomorphisms of monoidal categories. Furthermore, suppose (𝑉,𝜆) ∈ 𝐴Crat, for 𝑣 ∈ 𝑉 ,
𝑐𝑉,𝐴 (𝑣⊗ 𝑎) is a finite sum of elements in 𝐴⊗𝑉 . By S𝐴 is a N0-graded map, we have (𝑉,𝜆+) ∈ C𝐴,rat.

31



Similarly, suppose (𝑉,𝜆) ∈ C𝐴,rat, we can deduce that (𝑉,𝜆−) ∈ 𝐴Crat.
Now we restrict the monoidal isomorphisms in [52, Theorem 3.4.15] to the rational Yetter-

Drinfeld modules, we have a braided monoidal equivalence:

(𝐹𝑟𝑙 , 𝛼) : YD(C)𝐴𝐴,rat →
𝐴
𝐴YD(C)rat, (𝑉,𝜆, 𝛿) ↦→ (𝑉,𝜆−, (S𝐴 ⊗ id𝑉 ) ◦ 𝑐𝑉,𝐴 ◦ 𝛿), (3.4.6)

𝛼𝑋,𝑌 = 𝑐
YD(C)𝐴𝐴
𝑌,𝑋 ◦ 𝑐𝑋,𝑌 , (3.4.7)

where morphisms 𝑓 are mapped onto 𝑓 . From [52, Theorem 3.4.16], we have a braided strict
monoidal equivalence:

𝐹𝑙𝑟 : 𝐴
cop

𝐴copYD(C)rat →YD(C)𝐴𝐴,rat, (𝑉,𝜆, 𝛿) ↦→ (𝑉,𝜆+, 𝑐𝐴,𝑉 ◦ 𝛿), (3.4.8)

where morphisms 𝑓 are mapped onto 𝑓 .
Our main result in this section establishes the braided monoidal equivalence between the cate-

gories of rational modules over dual pairs. The construction of the functor Ω relies on the interplay
between the equivalences established in the previous subsections, as illustrated in the following
diagram:

𝐵
𝐵YD(C)rat

𝐴cop

𝐴copYD(C)rat

𝐴
𝐴YD(C)rat YD(C)𝐴𝐴,rat

Γ
�

Ω 𝐹𝑙𝑟

𝐹𝑟𝑙

Theorem 3.4.6. The following functor is a braided monoidal equivalence:

(Ω, 𝛽) : 𝐵𝐵YD(C)rat →
𝐴
𝐴YD(C)rat, where (𝑉,𝜆𝐵, 𝛿𝐵) ↦→ (𝑉,𝜆𝐴, 𝛿𝐴),with

𝜆𝐴 = (𝐴⊗𝑉 id⊗𝛿𝐵−−−−−→ 𝐴⊗ (𝐵⊗𝑉)
𝑎−1
𝐴,𝐵,𝑉−−−−−→ (𝐴⊗ 𝐵) ⊗𝑉 𝜔⊗id−−−−→𝑉),

𝛿𝐴 = (𝑉 𝛿′−→ 𝐴⊗𝑉
S2
𝐴⊗id𝑉

−−−−−−→ 𝐴⊗𝑉
𝑐2
𝐴,𝑉−−−→ 𝐴⊗𝑉), where 𝛿′ is defined by

𝜆𝐵 = (𝐵⊗𝑉 id𝑉 ⊗𝛿′−−−−−→ 𝐵⊗ (𝐴⊗𝑉)
𝑎−1
𝐵,𝐴,𝑉−−−−−→ (𝐵⊗ 𝐴) ⊗𝑉 𝜔+⊗id𝑉−−−−−−→𝑉),

where morphisms 𝑓 are mapped onto 𝑓 . The monoidal structure is given by

(Ω, 𝛽) : 𝐵𝐵YD(C)rat →
𝐴
𝐴YD(C)rat, 𝛽𝑋,𝑌 = 𝑐

𝐵
𝐵YD(C)
𝑌,𝑋 ◦ 𝑐𝑋,𝑌 .

Proof. As depicted in the diagram above, we define the functor Ω as the composition:

Ω := 𝐹𝑟𝑙 ◦𝐹𝑙𝑟 ◦Γ.

We now compute the explicit structure of this composition. Let (𝑉,𝜆𝐵, 𝛿𝐵) ∈ 𝐵
𝐵YD(C)rat. Then

𝐹𝑟𝑙𝐹𝑙𝑟Γ(𝑉,𝜆𝐵, 𝛿𝐵) =𝐹𝑟𝑙𝐹𝑙𝑟 (𝑉,𝜆𝐴, 𝛿𝐴)
= 𝐹𝑟𝑙 (𝑉,𝜆𝐴+, 𝑐𝐴,𝑉 ◦ 𝛿𝐴)
= (𝑉, (𝜆𝐴+)−, (S𝐴 ⊗ id𝑉 ) ◦ 𝑐𝑉,𝐴 ◦ 𝑐𝐴,𝑉 ◦ 𝛿𝐴).
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Note that (𝜆𝐴+)− = 𝜆𝐴, while

𝜆𝐴 = (𝐴⊗𝑉 id𝐴⊗𝛿𝐵−−−−−−→ 𝐴⊗ (𝐵⊗𝑉)
𝑎−1
𝐴,𝐵,𝑉−−−−−→ (𝐴⊗ 𝐵) ⊗𝑉 𝜔⊗id𝑉−−−−−→𝑉).

This coincides with our definition of 𝜆𝐴.
Now we need to show (S𝐴 ⊗ id𝑉 ) ◦ 𝑐𝑉,𝐴 ◦ 𝑐𝐴,𝑉 ◦ 𝛿𝐴 equals 𝛿𝐴. Since S𝐴 and 𝑐𝐴,𝑉 are isomor-

phisms, we only need to prove:

𝛿′ = (S−2
𝐴 ⊗ id𝑉 ) ◦ 𝑐2

𝐴,𝑉 ◦ (S𝐴 ⊗ id𝑉 ) ◦ 𝑐2
𝐴,𝑉 ◦ 𝛿𝐴 = (S−1

𝐴 ⊗ id𝑉 ) ◦ 𝛿𝐴.

It suffices to show
(𝜔+ ⊗ id𝑉 ) ◦ 𝑎−1

𝐵,𝐴,𝑉 ◦ (id𝐵 ⊗(S−1
𝐴 ⊗ id𝑉 ) ◦ 𝛿𝐴) = 𝜆𝐵.

Since 𝑎 is a natural isomorphism, and 𝜔+cop = 𝜔+ ◦ (id𝐵 ⊗S−1
𝐴 ), we have

(𝜔+ ⊗ id𝑉 ) ◦ 𝑎−1
𝐵,𝐴,𝑉 ◦ (id𝐵 ⊗(S−1

𝐴 ⊗ id𝑉 ) ◦ 𝛿𝐴) = (𝜔+ ⊗ id𝑉 ) ◦ ((id𝐵 ⊗S−1
𝐴 ) ⊗ id𝑉 ) ◦ 𝑎−1

𝐵,𝐴,𝑉 ◦ (id𝐵 ⊗𝛿𝐴)
= (𝜔+cop ⊗ id𝑉 ) ◦ 𝑎−1

𝐵,𝐴,𝑉 ◦ (id𝐵 ⊗𝛿𝐴)
= 𝜆𝐵.

Where the last equality follows from the relation between 𝛿𝐴 and 𝜆𝐵 via the functor 𝐷2. Thus Ω

induces a monoidal equivalence Ω : 𝐵𝐵YD(C)rat →
𝐴
𝐴YD(C)rat.

For the monoidal structure of Ω, note that only the functor (𝐹𝑟𝑙 , 𝛼) is non-strict. Since 𝐹𝑙𝑟 and
Γ are braided, we have

𝛽𝑋,𝑌 = 𝑐
YD(C)𝐴

𝐴

𝐹𝑙𝑟Γ(𝑌 ),𝐹𝑙𝑟Γ(𝑋) ◦ 𝑐𝐹𝑙𝑟Γ(𝑋),𝐹𝑙𝑟Γ(𝑌 ) = 𝑐
𝐵
𝐵YD(C)
𝑌,𝑋 ◦ 𝑐𝑋,𝑌 .

Thus (Ω, 𝛽) : 𝐵𝐵YD(C)rat →
𝐴
𝐴YD(C)rat is a braided monoidal equivalence. Now we take the reverse

braiding, and it is direct that

(Ω, 𝛽) : 𝐵𝐵YD(C)rat →
𝐴
𝐴YD(C)rat, 𝛽𝑋,𝑌 = 𝑐

𝐵
𝐵YD(C)
𝑌,𝑋 ◦ 𝑐𝑋,𝑌

is a braided monoidal equivalence.
□

3.5 Applications to Nichols algebras over coquasi-Hopf algebras

We now specialize to the setting of Nichols algebras.
We are going to investigate the Hopf pairing between B(𝑉∗) and B(𝑉) when 𝑉 has a left dual

𝑉∗. There is a unique Hopf pairing 𝜔 : 𝑇 (𝑉∗) ⊗𝑇 (𝑉) → 1. It is shown in [74] that 𝜔 is given by

𝜔 |𝑉∗⊗𝑉= ev𝑉 .

and
𝜔𝑛 := 𝜔|𝑉∗⊗𝑛⊗𝑉⊗𝑛 = ev𝑉⊗𝑛 ◦(id𝑉∗⊗𝑛 ⊗[𝑛]!𝑐) = ev𝑉⊗𝑛 ◦([𝑛]!𝑐∗ ⊗ id𝑉⊗𝑛).

The Hopf pairing between 𝑉⊗𝑛 and 𝑉∗⊗𝑚 is 0 unless 𝑛 =𝑚. Here 𝑐∗ denotes the braided symmetriser
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of 𝑉∗.
The Hopf pairing between 𝑇 (𝑉) and 𝑇 (𝑉∗) induces a Hopf pairing between B(𝑉∗) and B(𝑉).

Note that the Hopf pairing 𝜔 vanishes on the kernels of the symmetrisers, and for all positive integer
𝑛, we have

𝜔𝑛 (ker[𝑛]!∗𝑐, 𝑉⊗𝑛) = 0, 𝜔𝑛 (𝑉∗⊗𝑛, ker[𝑛]!𝑐) = 0.

Now we return to the case of coquasi-Hopf algebra 𝐻 with bijective antipode. Let 𝑉 be a
finite-dimensional object in 𝐻

𝐻YD. Consequently, the Hopf pairing on the tensor algebras descends
to a well-defined Hopf pairing

𝜔 : B(𝑉∗) ⊗ B(𝑉) → k.

In particular,
𝜔(𝑉∗⊗𝑚,𝑉⊗𝑛) = 0, for all 𝑚 ≠ 𝑛,

and both B(𝑉) and B(𝑉∗) are locally finite N0-graded Hopf algebras in 𝐻
𝐻YD.

We consider 𝑇 (𝑉)⊥, by expression of 𝜔 it equals kerWor(𝑐∗) =
⊕

𝑛≥1 𝑖𝑛 ker( [𝑛]!∗𝑐). Similarly,
𝑇 (𝑉∗)⊥ = kerWor(𝑐). Since B(𝑉) = 𝑇 (𝑉)/kerWor(𝑐) and B(𝑉∗) = 𝑇 (𝑉∗)/kerWor(𝑐∗), we deduce
that 𝜔 : B(𝑉∗) ⊗ B(𝑉∗) → k is a dual pair of locally finite N0-graded Hopf algebras in 𝐻

𝐻YD.

Corollary 3.5.1. For any finite-dimensional 𝑉 ∈ 𝐻
𝐻YD, there exists a braided monoidal equivalence:

(Ω𝑉 , 𝛽𝑉 ) : B(𝑉)
B(𝑉)YD(C)

rat
−→ B(𝑉∗)

B(𝑉∗)YD(C)
rat
. (3.5.1)

Proof. This follows immediately from the existence of a dual pair 𝜔 : B(𝑉∗) ⊗ B(𝑉) → k and
Theorem 3.4.6 □

Let 𝐴, 𝐵 be N0-graded locally finite Hopf algebra in C with bijective antipodes and 𝜔 : 𝐴⊗𝐵→k

a dual pair. Recall the braided monoidal equivalence in Theorem 3.4.6:

Ω : 𝐵𝐵YD(C)rat −→
𝐴
𝐴YD(C)rat.

Corollary 3.5.2. The Nichols algebra B(𝑉) of any 𝑉 ∈ 𝐵
𝐵YD(C) is rational if 𝑉 is.

Proof. If 𝑉 is rational, then for any 𝑛 ∈ N≥1, 𝑉⊗𝑛 is rational in 𝐵
𝐵YD(C). Since 𝐵

𝐵YD(C)rat is
closed under direct sum and quotient by Lemma 3.1.3. Both objects 𝑇 (𝑉) =

⊕
𝑛≥0𝑉

⊗𝑛 and B(𝑉)
are rational. □

Now for 𝑄 ∈ 𝐵
𝐵YD(C)rat, B(𝑄) is an N0-graded Hopf algebra in 𝐵

𝐵YD(C)rat as well. The
following result is straightforward.

Corollary 3.5.3. Let 𝑄 ∈ 𝐵
𝐵YD(C)rat, then

Ω(B(𝑄)) � B(Ω(𝑄)) (3.5.2)

as N0-graded Hopf algebras in 𝐴
𝐴YD(C)rat.

Proof. It follows from Lemma 2.5.4 immediately. □
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3.6 The functor Ω under Z-gradings

Having established the duality for Nichols algebras, we now investigate how the functor Ω inter-
acts with gradings. Let N0-GrMk(resp.Z-GrMk) be the category of N0-graded vector spaces(resp.Z-
graded vector spaces). The functor N0-GrM𝑘 →Z-GrM𝑘 , which extends the N0-grading of an object
𝑉 in N0-GrM𝑘 to a Z-grading by setting 𝑉 (𝑛) = 0 for all 𝑛 < 0, is monoidal. This functor allows
us to view N0-graded coalgebras and coquasi-Hopf algebras as Z-graded coalgebras and Z-graded
coquasi-Hopf algebras, respectively.

Furthermore, suppose 𝐻 is a N0-graded coquasi-Hopf algebra. A Z-graded Yetter-Drinfeld
module 𝑉 over 𝐻 is by definition an object 𝑉 in 𝐻

𝐻YD(Z-GrM𝑘 ). In other words, 𝑉 is a Z-graded
vector space such that the map 𝐻 ⊗𝑉 →𝑉 and comodule structure maps 𝑉 → 𝐻 ⊗𝑉 are Z-graded.

Lemma 3.6.1. Suppose 𝐻 is a Z-graded coquasi-Hopf algebra.
(1) Let 𝐾 be a Nichols algebra in 𝐻

𝐻YD(Z -GrMk), and 𝐾 (1) = ⊕𝛾∈Z𝐾 (1)𝛾 a Z-graded object in
𝐻
𝐻YD(Z -GrMk). Then there is a unique Z-grading on 𝐾 extending the grading on 𝐾 (1). Moreover,
𝐾 (𝑛) is Z-graded in 𝐻

𝐻YD(Z -GrMk) for all 𝑛 ≥ 0.
(2) Let 𝐾 be a Z-graded braided Hopf algebra in 𝐻

𝐻YD(Z-GrM𝑘 ). Then the bosonization 𝐾#𝐻
is a Z-graded Hopf algebra with deg𝐾 (𝛾)#𝐻 (𝜆) = 𝛾 +𝜆 for all 𝛾,𝜆 ∈ Z.

(3) Let 𝐻0 ⊆ 𝐻 be a coquasi-Hopf subalgebra of degree 0, and 𝜋 : 𝐻 → 𝐻0 a coquasi-Hopf
algebra map with 𝜋 |𝐻0 = id. Define 𝑅 = 𝐻co𝐻0 . Then 𝑅 is a Z-graded braided Hopf algebra in
𝐻0
𝐻0
YD(Z-GrM𝑘 ) with 𝑅(𝛾) = 𝑅∩𝐻 (𝛾) for all 𝛾 ∈ Z.

Proof. (1) The module and comodule maps of 𝐾 (1) are Z-graded and hence the infinitesimal braiding
𝑐 ∈ Aut(𝐾 (1) ⊗𝐾 (1)), being determined by the module and comodule maps, is Z-graded. Moreover,
the structure map of 𝐾 (𝑛) for 𝑛 ∈ N are determined by 𝑐 and 𝐾 (1), since 𝐾 (1) generates 𝐾.
Therefore 𝐾 is a Z-graded objects in 𝐻

𝐻YD(Z -GrMk).
(2) and (3) are the same as the N0-graded case. □

From now on, 𝐻 represents a coquasi-Hopf algebra with bijective antipode, let 𝐴, 𝐵 ∈ 𝐻
𝐻YD be

locally finite N0-graded Hopf algebras with dual pairing 𝜔. Moreover,

𝜔(𝐴(𝑚), 𝐵(𝑛)) = 0, for all 𝑚 ≠ 𝑛.

To extend this construction to the Z-graded setting, we extend the N0-grading to Z-grading by

𝐴(𝑛) = 0, 𝐵(𝑛) = 0 for all 𝑛 < 0.

We endow 𝐴 with a new Z-grading as follows: deg(𝐴(𝑛)) = −𝑛 for all 𝑛 ∈ Z, which ensures that
𝜔 : 𝐴⊗ 𝐵→ k is Z-graded. Here, the grading of k is given by k(𝑛) = 0, if 𝑛 ≠ 0, and k(0) = k.

Now we return to the purpose of this subsection. We first introduce the following notation for
further use.

Definition 3.6.2. Let 𝐻 be a coquasi-Hopf algebra with bijective antipode, and C = 𝐻
𝐻YD. Suppose

𝑅 is an N0-graded Hopf algebra in 𝐻
𝐻YD. Let (𝑋,𝜆𝑋) be a 𝑅-module in C and (𝑌, 𝛿𝑌 ) be a 𝑅-
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comodule in C. For 𝑛 ≥ 0, we define:

F𝑛𝑋 = {𝑥 ∈ 𝑋 | 𝜆𝑋 (𝑅(𝑛) ⊗ 𝑥) = 0 for all 𝑖 > 𝑛},

F 𝑛𝑌 = {𝑦 ∈ 𝑌 | 𝛿𝑌 (𝑦) ∈
𝑛⊕
𝑖=0

𝑅(𝑖) ⊗𝑌 }.

With above notation, the functor Ω relates the operator F𝑛 to F 𝑛.

Lemma 3.6.3. Let 𝑁 be a finite-dimensional object in 𝐻
𝐻YD. Recall we have the following equiv-

alence of monoidal categories:

Ω : B(𝑁)
B(𝑁)YD(C)

rat
� B(𝑁∗)

B(𝑁∗)YD(C)
rat
.

Let 𝑉 ∈ B(𝑁)
B(𝑁)YD(C)

rat
, then we have

(1) F𝑛Ω(𝑉) = F 𝑛𝑉 for all 𝑛 ≥ 0.
(2) F 𝑛Ω(𝑉) = F𝑛 (𝑉) for all 𝑛 ≥ 0.
(3) Suppose 𝑉 is a Z-graded object in B(𝑁)

B(𝑁)YD(C), then Ω(𝑉) is a Z-graded object in B(𝑁∗)
B(𝑁∗)YD(C),

where the grading of Ω(𝑉) is given by Ω(𝑉) (𝑛) =𝑉 (−𝑛) for all 𝑛 ∈ Z.

Proof. Recall that the braided monoidal equivalence of abelian category

Ω : B(𝑁)
B(𝑁)YD(C)

rat
−→ B(𝑁∗)

B(𝑁∗)YD(C)
rat
,

sends
(𝑉,𝜆B(𝑁) , 𝛿B(𝑁)) ↦→ (𝑉,𝜆B(𝑁∗) , 𝛿B(𝑁∗)).

which is induced by the dual pair 𝜔 : B(𝑁∗) ⊗ B(𝑁) → k.
(1) Recall

𝜆B(𝑁∗) = (B(𝑁∗) ⊗𝑉
id⊗𝛿B(𝑁 )−−−−−−−→ B(𝑁∗) ⊗ (B(𝑁) ⊗𝑉)

𝑎−1
B(𝑁∗ ) ,B(𝑁 ) ,𝑉−−−−−−−−−−−→ (B(𝑁∗) ⊗ B(𝑁)) ⊗𝑉 𝜔⊗id𝑉−−−−−→𝑉),

Now for fixed 𝑛 ≥ 0, the kernel of the induced map:

B(𝑁∗) ⊗𝑉 −→ Hom(B(𝑁) (𝑛),𝑉), 𝑎 ⊗ 𝑣 ↦→ (𝑏 ↦→Φ(𝑎−1, 𝑏−1, 𝑣−1)−1⟨𝑎0, 𝑏0⟩𝑣0) (3.6.1)

is
⊕

𝑚≠𝑛B(𝑁∗)(𝑚) ⊗𝑉 . This means, if 𝑣 ∈ F 𝑛𝑉 , then for each 𝑖 > 𝑛, 𝜆B(𝑁∗) (B(𝑁∗) (𝑖) ⊗ 𝑣) = 0
by (3.6.1). On the other hand, if 𝑣 ∈ F𝑛 (𝑉,𝜆B(𝑁∗)), this will imply 𝛿(𝑣) ∈

⊕𝑛
𝑖=0B(𝑁)(𝑖) ⊗𝑉 . This

completes the proof of (1): F𝑛Ω(𝑉) = F𝑛 (𝑉,𝜆B(𝑁∗)) = F 𝑛𝑉 .
(2) For the second statement, recall 𝛿B(𝑁∗) is given by

𝛿B(𝑁∗) = (𝑉 𝛿′−→ B(𝑁∗) ⊗𝑉 SB (𝑁∗)2⊗id𝑉−−−−−−−−−−→ B(𝑁∗) ⊗𝑉
𝑐2
B(𝑁∗ ) ,𝑉−−−−−−−→ B(𝑁∗) ⊗𝑉), where 𝛿′ is defined by

𝜆B(𝑁) = (B(𝑁) ⊗𝑉 id𝑉 ⊗𝛿′−−−−−→ B(𝑁) ⊗ (B(𝑁∗) ⊗𝑉)
𝑎−1
B(𝑁 ) ,B(𝑁∗ ) ,𝑉−−−−−−−−−−−→ (B(𝑁) ⊗ B(𝑁∗)) ⊗𝑉 𝜔+⊗id𝑉−−−−−−→𝑉).
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By [52, Corollary 3.3.6, Lemma 12.2.11], (𝑉, 𝛿′) is B(𝑁∗)-comodule in 𝐻
𝐻YD, and we have:

F 𝑛 (𝑉, 𝛿′) = F 𝑛Ω(𝑉).

A similar argument to that in (1) shows that F𝑛 (𝑉) = F 𝑛 (𝑉, 𝛿′). Combining these together shows
F𝑛 (𝑉) = F 𝑛 (𝑉, 𝛿′) = F 𝑛Ω(𝑉).

(3) We regard B(𝑁) and B(𝑁∗) as Z-graded Hopf algebras in 𝐻
𝐻YD. Let 𝑉 =

⊕
𝑛∈Z𝑉 (𝑛) be

its gradation, and set Ω(𝑉) (𝑛) = 𝑉 (−𝑛) for all 𝑛 ∈ Z. Then for 𝑚 ≥ 0, by definition of 𝜌B(𝑁∗), we
have

𝜆B(𝑁∗) (B(𝑁∗) (𝑚) ⊗Ω(𝑉)(𝑛)) = 𝜆B(𝑁∗) (B(𝑁∗) (𝑚) ⊗𝑉 (−𝑛)) ⊆ 𝑉 (−𝑚−𝑛) = Ω(𝑉 (𝑚 +𝑛)).

On the other hand, by definition of 𝛿B(𝑁∗)

𝛿B(𝑁∗) (Ω(𝑉) (𝑛)) = 𝛿B(𝑁∗) (𝑉 (−𝑛)) ⊆
⊕
𝑖∈Z

B(𝑁∗)(𝑖) ⊗𝑉 (𝑖−𝑛) =
⊕
𝑖∈Z

B(𝑁∗)(𝑖) ⊗Ω(𝑉 (𝑛− 𝑖)).

The above two equations imply that Ω(𝑉) is a well-defined Z-graded object in B(𝑁∗)
B(𝑁∗)YD(C). □
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Chapter 4

Projections of Nichols algebras

Let 𝐻 be a coquasi-Hopf algebra with bijective antipode. In this section, we study the projection
of Nichols algebras in 𝐻

𝐻YD, which will play an important role when considering reflection of simple
Yetter-Drinfeld modules.

4.1 The structure of the space of coinvariants 𝐾

We first consider the projection of Nichols algebras for further study of reflection of Nichols
algebras.

For any 𝑀,𝑁 ∈ 𝐻
𝐻YD, there is a canonical surjection of braided Hopf algebra in 𝐻

𝐻YD

𝜋B(𝑁) : B(𝑀 ⊕ 𝑁) → B(𝑁), 𝜋B(𝑁) |𝑁= id, 𝜋B(𝑁) |𝑀= 0.

This surjection naturally induces a canonical projection of coquasi-Hopf algebras:

𝜋 = 𝜋B(𝑁)#id𝐻 : B(𝑀 ⊕ 𝑁)#𝐻→B(𝑁)#𝐻.

To simplify our notation, we introduce the following conventions:

A(𝑀 ⊕ 𝑁) := B(𝑀 ⊕ 𝑁)#𝐻, A(𝑁) := B(𝑁)#𝐻.

This projection allows us to construct the associated space of coinvariants. There is a natural
injection 𝜄 : A(𝑁) → A(𝑀 ⊕ 𝑁) such that 𝜋 ◦ 𝜄 = idA(𝑁).

Let 𝜋𝐻 : A(𝑀 ⊕ 𝑁) → 𝐻, and 𝜋′𝐻 : A(𝑁) → 𝐻 be the natural projection. These maps satisfy
a compatibility condition, namely, there exists a commutative diagram relating these projections:

A(𝑀 ⊕ 𝑁) A(𝑁)

𝐻

A(𝑁)

𝜋

𝜋′𝐻𝜋𝐻

𝜄
=
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Let
𝐾 =A(𝑀 ⊕ 𝑁)coA(𝑁)

be the space of right A(𝑁)-coinvariant elements with respect to the projection 𝜋. By virtue of
Lemma 2.3.3, 𝐾 inherits the structure of a braided Hopf algebra in A(𝑁)

A(𝑁)YD with A(𝑁)-coaction:

𝛿 : 𝐾 →A(𝑁) ⊗𝐾, 𝑥−1 ⊗ 𝑥0 =: 𝛿(𝑥) := 𝜋(𝑥1) ⊗ 𝑥2,

and a linear map:

ad : A(𝑁) ⊗𝐾 → 𝐾, 𝑎 ⊗ 𝑥 ↦→ ad(𝑎)(𝑥) = Φ(𝑎1𝑥−1,S(𝑎3)1, 𝑎4)(𝑎2𝑥0)S(𝑎3)2. (4.1.1)

Here, S denotes the preantipode of A(𝑁). We have the following two observations.

Lemma 4.1.1. The space 𝐾 coincides with B(𝑀 ⊕ 𝑁)coB(𝑁), which is precisely the space of right
B(𝑁)-coinvariant elements with respect to 𝜋B(𝑁).

Proof. Let 𝑋 ∈ 𝐾, then 𝑋1 ⊗ 𝜋𝐻 (𝑋2) = 𝑋1 ⊗ 𝜋′𝐻 ◦𝜋(𝑋2) = 𝑋 ⊗1. Hence 𝑋 ∈ A(𝑀 ⊕𝑁)co𝐻 =B(𝑀 ⊕
𝑁). Now, we assume 𝑋 is homogeneous. Under this assumption, we have

𝑋 ⊗ 1 = (id⊗𝜋)ΔA(𝑀⊕𝑁) (𝑋) = 𝑋1#𝑥2 ⊗ 𝜋(𝑋2) = 𝑋1#𝑥2 ⊗ 𝜋B(𝑁) (𝑋2).

On the other hand, consider the projection 𝛾 = id#𝜀 : A(𝑀 ⊕ 𝑁) → B(𝑀 ⊕ 𝑁). Applying this
projection yields

𝑋 ⊗ 1 = (𝛾 ⊗ id) (𝑋 ⊗ 1) = 𝑋1 ⊗ 𝜋B(𝑁) (𝑋2) = (id⊗𝜋B(𝑁)) (ΔB(𝑀⊕𝑁) (𝑋)).

This demonstrates that 𝑋 ∈ B(𝑀 ⊕ 𝑁)coB(𝑁), completing one direction of the proof.
Conversely, let 𝑋 ∈ B(𝑀 ⊕ 𝑁) be a homogeneous element with

(id⊗𝜋B(𝑁))ΔB(𝑀⊕𝑁) (𝑋) = 𝑋1 ⊗ 𝜋B(𝑁) (𝑋2) = 𝑋 ⊗ 1.

Since 𝜋B(𝑁) is k𝐺-colinear, we can deduce that

𝑋 ⊗ 1⊗ 1 = 𝑋1 ⊗ 𝑥2 ⊗ 𝜋B(𝑁) (𝑋2).

which implies 𝑋 ⊗ 1 = 𝑋1#𝑥2 ⊗ 𝜋B(𝑁) (𝑋2). Furthermore, observe that

(id⊗𝜋)ΔA(𝑀⊕𝑁) (𝑋#1) = 𝑋1#𝑥2 ⊗ 𝜋(𝑋2) = 𝑋1#𝑥2 ⊗ 𝜋B(𝑁) (𝑋2) = 𝑋 ⊗ 1.

Therefore, we conclude that 𝑋 ∈ 𝐾, establishing the reverse inclusion.
□

Having characterized the coinvariant space 𝐾, we now turn our attention to its primitive ele-
ments. Indeed, the space of primitive elements of 𝐾 remains an object in A(𝑁)

A(𝑁)YD.

Lemma 4.1.2. The space of primitive elements 𝑃(𝐾) = {𝑥 ∈ 𝐾 | Δ𝐾 (𝑥) = 𝑥⊗1+1⊗ 𝑥} is a subobject
of 𝐾 in A(𝑁)

A(𝑁)YD.

Proof. Let Δ𝐾 : 𝐾 → 𝐾 ⊗𝐾 be its comultiplication map and Δ̃ : 𝐾 → 𝐾 ⊗𝐾, 𝑥 ↦→ 1⊗ 𝑥 + 𝑥 ⊗ 1. We
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consider the following map

Δ̂ : 𝐾 → 𝐾 ⊗𝐾, 𝑥 ↦→ Δ𝐾 (𝑥) − Δ̃(𝑥).

Δ̂ is a comodule map since both Δ𝐾 and Δ̃ are colinear. Furthermore, for all 𝐴 ∈ A(𝑁)
A(𝑁)YD and

𝑋 ∈ 𝐾,

Δ̂(ad(𝐴)(𝑋)) = Δ𝐾 (ad(𝐴)(𝑋)) − ad(𝐴) (𝑋) ⊗ 1−1⊗ ad(𝐴)(𝑋)
= ad(𝐴)(Δ𝐾 (𝑋)) − ad(𝐴) (1⊗ 𝑋 + 𝑋 ⊗ 1)
= ad(𝐴)(Δ𝐾 (𝑋) − Δ̃(𝑋)).

Therefore Δ̂ is a morphism in A(𝑁)
A(𝑁)YD. We conclude that 𝑃(𝐾) is a subobject of 𝐾 in A(𝑁)

A(𝑁)YD,
because 𝑃(𝐾) is precisely the kernel of the map Δ̂. □

One may expect that 𝐾 is a Nichols algebra generated by ad(B(𝑁)) (𝑀). The following lemma
establishes that ad(B(𝑁)) (𝑀) is a subobject of 𝐾.

Lemma 4.1.3. Let 𝑀,𝑁 ∈ 𝐻
𝐻YD, 𝐾 = (A(𝑀 ⊕𝑁))coA(𝑁). The standard N0-grading of B(𝑀 ⊕𝑁)

induces an N0-grading on
𝐿 := ad(B(𝑁)) (𝑀) =

⊕
𝑛∈N

ad(𝑁)𝑛 (𝑀)

with degree deg(ad(𝑁)𝑛 (𝑀)) = 𝑛+1. Then 𝐿 is a N0-graded object in A(𝑁)
A(𝑁)YD. Moreover, 𝐿 ⊆ 𝐾

is a subobject of 𝐾 in A(𝑁)
A(𝑁)YD.

Proof. Let 𝑎 ∈ 𝑁 and 𝑥 ∈ B(𝑀 ⊕ 𝑁) be homogeneous elements. By equation (2.3.2), we have

ad(𝑎) (𝑥) = 𝑎𝑥− ad(𝑎−1)(𝑥)𝑎0.

The element ad(𝑎) (𝑥) is of degree deg(𝑋) +1 in the Nichols algebra B(𝑀 ⊕𝑁). Moreover, we have
ad(𝑁)𝑛 (𝑀) ∩ ad(𝑁)𝑚 (𝑀) = 0 for 𝑛 ≠ 𝑚. This implies the direct sum decomposition of 𝐿.

Since 𝑀 ⊆ 𝐾 and 𝐾 ∈ A(𝑁)
A(𝑁)YD, we conclude that 𝐿 = ad(B(𝑁)) (𝑀) ⊆ 𝐾. Note that

ad(B(𝑁)) (𝑀) ⊆ ad(A(𝑁)) (𝑀). Conversely, since 𝑀 ∈ 𝐻
𝐻YD, we have

ad(A(𝑁)) (𝑀) ⊆ ad(B(𝑁)) (ad(𝐻) (𝑀)) ⊆ ad(B(𝑁)) (𝑀).

Hence 𝐿 = ad(A(𝑁)) (𝑀).
It is clear that the map

ad : A(𝑁) ⊗ 𝐿→ 𝐿

is well-defined since ad satisfies the first axiom of Yetter-Drinfeld modules. Furthermore, the map
ad : A(𝑁) ⊗ 𝐿→ 𝐿 is N0-graded. Next, we want to show 𝐿 is a A(𝑁)-comodule. The comodule
structure is given by 𝛿𝐾 . For 𝑎 ∈ 𝑁 and 𝑥 ∈ 𝐿. Since 𝑎 is primitive in B(𝑀 ⊕ 𝑁), we have

ΔA(𝑀⊕𝑁) (𝑎) = 𝑎−1 ⊗ 𝑎0 + 𝑎 ⊗ 1.
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By Lemma 2.2.4(1), a direct computation shows:

𝛿𝐾 (ad(𝑎) (𝑥)) = 𝑝𝑅 ((ad(𝑎3)(𝑥0))−1, 𝑎4)𝑞𝑅 (𝑎1𝑥−2,S(𝑎6)) (𝑎2𝑥−1)S(𝑎5) ⊗ (ad(𝑎3)(𝑥0))0
= 𝑝𝑅 ((ad(𝑎0)(𝑥0))−1,1)𝑞𝑅 (𝑎−2𝑥−2,1)𝑎−1𝑥−1 ⊗ (ad(𝑎0)(𝑥0))−1

+ 𝑝𝑅 ((ad(𝑎−2) (𝑥0))−1, 𝑎−1)𝑞𝑅 (𝑎−4𝑥−2,1) (𝑎−3𝑥−1)S(𝑎0) ⊗ (ad(𝑎−2)(𝑥0))0
= 𝑎−1𝑥−1 ⊗ ad(𝑎0)(𝑥0) + 𝑝𝑅 ((ad(𝑎−2)(𝑥0))−1, 𝑎−1) (𝑎−3𝑥−1)S(𝑎0) ⊗ (ad(𝑎−2)(𝑥0))0.

Since 𝑥 ∈ 𝐿 =
⊕

𝑛≥0 ad(𝑁)𝑛 (𝑀). We proceed by induction on 𝑛. For 𝑛 = 0, note that ad(𝑎0) (𝑥0) ∈ 𝐿,
hence the first term lies in A(𝑁) ⊗ 𝐿. For the second term, note that ad(𝑎−2)(𝑥0) ∈𝑀, since 𝑎−2 ∈ 𝐻
has degree zero. Therefore (ad(𝑎−2) (𝑥0))0 ∈ 𝑀. Consequently, 𝛿𝐾 (ad(𝑎) (𝑥)) ∈ A(𝑁) ⊗ 𝐿.

Now we assume that for some fixed integer 𝑛0, we have 𝛿𝐾 (ad(𝑎)(𝑥)) ∈ A(𝑁) ⊗ 𝐿 for all
𝑥 ∈ ad(𝑁)𝑛′ (𝑀), where 𝑛′ ≤ 𝑛0. Then for 𝑎 ∈ 𝑁 and 𝑥 ∈ ad(𝑁)𝑛0+1(𝑀), since by definition
ad(𝑁)𝑛0+1(𝑀) = ad(𝑁) (ad(𝑁)𝑛0 (𝑀)), we have 𝛿𝐾 (𝑥) ∈ A(𝑁) ⊗ 𝐿 by the inductive hypothesis.
Thus ad(𝑎0)(𝑥0) ∈ ad(𝑁)(𝐿) ⊆ 𝐿. On the other hand, ad(𝑎−2) (𝑥0) ∈ 𝐿 as well. Since ad(𝑎−2) (𝑥0) ∈⊕𝑛0+1

𝑖=0 ad(𝑁)𝑖 (𝑀), we have (ad(𝑎−2) (𝑥0))0 ∈ 𝐿 by inductive hypothesis. This completes the induc-
tion, and we show 𝛿𝐾 : 𝐿 → A(𝑁) ⊗ 𝐿 is well-defined. The third axiom holds automatically since
𝐿 ⊆ 𝐾. Thus 𝐿 is a N0-graded object in A(𝑁)

A(𝑁)YD and is a subobject of 𝐾.
□

The following lemma is used to prove the semisimplicity of the object 𝐿 in the case that
𝑀 is semisimple. It guarantees 𝐿 to be a B(𝑁)-comodule in 𝐻

𝐻YD via restricting the following
composition to 𝐿,

𝛿 : B(𝑀 ⊕ 𝑁)
ΔB(𝑀⊕𝑁 )−−−−−−−→ B(𝑀 ⊕ 𝑁) ⊗ B(𝑀 ⊕ 𝑁)

𝜋B(𝑁 )⊗id
−−−−−−−→ B(𝑁) ⊗ B(𝑀 ⊕ 𝑁).

Lemma 4.1.4. For all 𝑥 ∈ 𝐿, we have ΔB(𝑀⊕𝑁) (𝑥) − 𝑥 ⊗ 1 ∈ B(𝑁) ⊗ 𝐿.

Proof. Recall 𝐿 =
⊕

𝑛∈N0
ad(𝑁)𝑛 (𝑀). We proceed by induction on 𝑛. Now let 𝑎 ∈ 𝑁 and 𝑥 ∈ 𝑀 be

homogeneous elements. A direct computation yields:

ΔB(𝑀⊕𝑁) (ad(𝑎) (𝑥)) = ΔB(𝑀⊕𝑁) (𝑎𝑥− (ad(𝑎−1) (𝑥)𝑎0))
= 𝑎𝑥 ⊗ 1+1⊗ 𝑎𝑥 + 𝑎 ⊗ 𝑥 + ad(𝑎−1)(𝑥) ⊗ 𝑎0 − ad(𝑎−1)(𝑥)𝑎0 ⊗ 1−1⊗ ad(𝑎−1)(𝑥)𝑎0 − ad(𝑎−1) (𝑥) ⊗ 𝑎0

− ad((ad(𝑎−1) (𝑥))−1)(𝑎0) ⊗ (ad(𝑎−1)(𝑥))0
= ad(𝑎) (𝑥) ⊗ 1+1⊗ ad(𝑎) (𝑥) + 𝑎 ⊗ 𝑥− ad((ad(𝑎−1)(𝑥))−1) (𝑎0) ⊗ (ad(𝑎−1) (𝑥))0.

Note that 𝑥 = ad(1)(𝑥) ∈ 𝐿. Since ad(𝑎−1)(𝑥) ∈ 𝐿, we have (ad(𝑎−1)(𝑥))0 ∈ 𝐿 by Lemma 4.1.3.
Therefore ΔB(𝑀⊕𝑁) (ad(𝑎)(𝑥)) − ad(𝑎)(𝑥) ⊗ 1 ∈ B(𝑁) ⊗ 𝐿.

For a fixed 𝑚 ∈ N0. We assume that for all 𝑦 ∈ ad(𝑁)𝑚′ (𝑀), 1 ≤ 𝑚′ ≤ 𝑚, we have

ΔB(𝑀⊕𝑁) (𝑦) − 𝑦 ⊗ 1 ∈ B(𝑁) ⊗ 𝐿.
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Now let 𝑎 ∈ 𝑁 and 𝑥 ∈ ad(𝑁)𝑚 (𝑀) be homogeneous, we have

ΔB(𝑀⊕𝑁) (ad(𝑎) (𝑥)) = ΔB(𝑀⊕𝑁) (𝑎𝑥− (ad(𝑎−1) (𝑥))𝑎0)
= (𝑎 ⊗ 1+1⊗ 𝑎) (𝑥1 ⊗ 𝑥2)

−
Φ(𝑎−5, 𝑥

1
−1, 𝑥

2
−2)Φ((ad(𝑎−4) (𝑥1

0))−1, (ad(𝑎−2)(𝑥2
0))−1, 𝑎−1)

Φ((ad(𝑎−4) (𝑥1
0))−2, 𝑎−3, 𝑥

2
−1)

×

((ad(𝑎−4) (𝑥1
0))0 ⊗ ((ad(𝑎−2)(𝑥2

0))0)(1⊗ 𝑎0 + 𝑎0 ⊗ 1).

Since the term 𝑥 ⊗ 1 lies in ΔB(𝑀⊕𝑁) (𝑥), let us consider this expression separately. The term
ad(𝑎)(𝑥) ⊗ 1 will occur in ΔB(𝑀⊕𝑁) (ad(𝑎)(𝑥)). Now the remaining terms are∑

𝑥1⊗𝑥2≠𝑥⊗1

Φ(𝑎−1, 𝑥
1
−1, 𝑥

2
−1)𝑎0𝑥

1
0 ⊗ 𝑥2

0 +
Φ(𝑎−3, 𝑥

1
−1, 𝑥

2
−2)

Φ((ad(𝑎−2)(𝑥1
0))−1, 𝑎−1, 𝑥

2
−1)

(ad(𝑎−2) (𝑥1
0))0 ⊗ 𝑎0𝑥

2
0

−
Φ(𝑎−6, 𝑥

1
−1, 𝑥

2
−2)Φ((ad(𝑎−5) (𝑥1

0))−2, (ad(𝑎−3) (𝑥2
0))−2, 𝑎−2)

Φ((ad(𝑎−5)(𝑥1
0))−3, 𝑎−4, 𝑥

2
−1)Φ((ad(𝑎−5) (𝑥1

0))−1, (ad(𝑎−3)(𝑥2
0))−1, 𝑎−1)

×

(ad(𝑎−5)(𝑥1
0))0 ⊗ (ad(𝑎−3) (𝑥2

0))0𝑎0

−
Φ(𝑎−5, 𝑥

1
−1, 𝑥

2
−2)Φ((ad(𝑎−4)(𝑥1

0))−2, (ad(𝑎−2) (𝑥2
0))−3, 𝑎−1)

Φ((ad(𝑎−4)(𝑥1
0))−3, 𝑎−3, 𝑥

2
−1)

×

Φ((ad(𝑎−4)(𝑥1
0))−1, (ad((ad(𝑎−2)(𝑥2

0))−2)(𝑎0))−1, (ad(𝑎−2) (𝑥2
0))−1)×

(ad(𝑎−4)(𝑥1
0))0(ad((ad(𝑎−2) (𝑥2

0))−2) (𝑎0))0 ⊗ (ad(𝑎−2) (𝑥2
0))0.

By assumptions,
ΔB(𝑀⊕𝑁) (𝑥) − 𝑥 ⊗ 1 ∈ B(𝑁) ⊗ 𝐿.

Therefore the first term lies in B(𝑁) ⊗ 𝐿. For the third term, note that Φ is convolution invertible,
thus the third term becomes∑

𝑥1⊗𝑥2≠𝑥⊗1

Φ(𝑎−3, 𝑥
1
−1, 𝑥

2
−2)

Φ((ad(𝑎−2) (𝑥1
0))−1, 𝑎−1, 𝑥

2
−1)

(ad(𝑎−2) (𝑥1
0))0 ⊗ ad(𝑎−1)(𝑥2

0)𝑎0.

Combining the second and third terms together yields∑
𝑥1⊗𝑥2≠𝑥⊗1

Φ(𝑎−3, 𝑥
1
−1, 𝑥

2
−2)

Φ((ad(𝑎−2) (𝑥1
0))−1, 𝑎−1, 𝑥

2
−1)

(ad(𝑎−2)(𝑥1
0))0 ⊗ ad(𝑎0) (𝑥2

0).

By assumption, ∑
𝑥1⊗𝑥2≠𝑥⊗1 𝑥

1 ⊗ 𝑥2 ∈ B(𝑁) ⊗ 𝐿, therefore this term lies in B(𝑁) ⊗ 𝐿. The last term
belongs to B(𝑁) ⊗ 𝐿 by similar reason, which completes the induction and proves the lemma.

□

4.2 The semisimplicity of the object 𝐿

We now turn to the structural analysis of the object 𝐿, whose properties are useful to our
subsequent arguments regarding Nichols algebras.
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Recall that a graded coalgebra is a coalgebra 𝐶 provided with a grading 𝐶 =
⊕

𝑚∈N0
𝐶𝑚 such

that Δ(𝐶𝑚) ⊆
⊕

𝑖+ 𝑗=𝑚𝐶
𝑖 ⊗𝐶 𝑗 . Let Δ𝑖, 𝑗 :𝐶𝑚 →𝐶𝑖 ⊗𝐶 𝑗 denote the map pr𝑖, 𝑗Δ, where 𝑚 = 𝑖+ 𝑗 and

pr𝑖, 𝑗 :𝐶 ⊗𝐶→𝐶𝑖 ⊗𝐶 𝑗 . More generally, if 𝑖1, . . . , 𝑖𝑛 ∈ N0 and 𝑖1 + · · · + 𝑖𝑛 = 𝑚, then Δ𝑖1,...,𝑖𝑛 is defined
by the commutative diagram

𝐶𝑚
⊕

𝑗1+ 𝑗2+···+ 𝑗𝑛=𝑚
𝐶 𝑗1 ⊗𝐶 𝑗2 ⊗ · · · ⊗𝐶 𝑗𝑛

𝐶𝑖1 ⊗𝐶𝑖2 ⊗ · · · ⊗𝐶𝑖𝑛

Δ𝑛−1

pr𝑖1,..,𝑖𝑛
Δ𝑖1,..,𝑖𝑛

This framework naturally leads us to consider the maximal coideal in a graded coalgebra. For
notational convenience, we write Δ1,1,...,1 as Δ1𝑛 . Let 𝐼𝐶 (𝑛) = ker(Δ1𝑛) for all 𝑛 ≥ 1, and

𝐼𝐶 =
⊕
𝑛≥1

𝐼𝐶 (𝑛) =
⊕
𝑛≥2

𝐼𝐶 (𝑛).

Note that 𝐼𝐶 (1) = 0 since Δ1 = id.

Lemma 4.2.1. [52, Lemma 1.3.13, Proposition 1.3.14]
(1) Assume that 𝐶 is connected, that is, 𝐶0 is one dimensional. Then 𝐼𝐶 ⊆ 𝐶 is a coideal of 𝐶.
(2) Assume that 𝐶 is connected. Then the following are equivalent.

(𝑎) 𝐶 is strictly graded, that is, 𝑃(𝐶) = 𝐶1.
(𝑏) For all 𝑛 ≥ 2, Δ1𝑛 : 𝐶𝑛 → (𝐶1)⊗𝑛 is injective.
(𝑐) For all 𝑛 ≥ 2, Δ1,𝑛−1 : 𝐶𝑛 → 𝐶1 ⊗𝐶𝑛−1 is injective.
(𝑑) 𝐼𝐶 = 0.

The following technical result provides the necessary machinery to analyze the semisimplicity
properties of 𝐿.

Lemma 4.2.2. [52,Proposition 13.2.3] Let 𝐶 be an N0-graded coalgebra, 𝑋 an N0-graded left
𝐶-comodule, and 𝑌 a 𝐶-subcomodule of 𝑋. Let 𝑘 > 0 be an integer. Assume that the map
𝛿𝑋𝑛−𝑘,𝑘 : 𝑋 (𝑛) → 𝐶 (𝑛− 𝑘) ⊗ 𝑋 (𝑘) is injective for all 𝑛 ≥ 𝑘, and 𝑌 is not contained in

⊕𝑘−1
𝑖=0 𝑋 (𝑖).

Then 𝑌 ∩
⊕𝑘

𝑖=0 𝑋 (𝑖) ≠ 0.

Lemma 4.2.3. If 𝐿′ ⊆ 𝐿 is a non-zero A(𝑁)-subcomodule, then 𝐿′∩𝑀 ≠ 0.

Proof. We begin by observing that B(𝑀 ⊕𝑁) carries a natural left B(𝑁)-comodule structure in the
category 𝐻

𝐻YD, defined via the composition:

𝛿 : B(𝑀 ⊕ 𝑁)
ΔB(𝑀⊕𝑁 )−−−−−−−→ B(𝑀 ⊕ 𝑁) ⊗ B(𝑀 ⊕ 𝑁)

𝜋B(𝑁 )⊗id
−−−−−−−→ B(𝑁) ⊗ B(𝑀 ⊕ 𝑁).

Now let 𝑋 ∈ 𝐿, then 𝛿(𝑋) ∈ B(𝑁) ⊗ 𝐿 by Lemma 4.1.4, which implies that L inherits an N0-graded
B(𝑁)-comodule structure via the restriction of 𝛿 : 𝐿→B(𝑁) ⊗ 𝐿.

Suppose 𝑋 ∈ 𝐿 (𝑛) for 𝑛 ≥ 1, consider the component map 𝛿𝑛−1,1 : 𝐿 (𝑛) →B(𝑁)(𝑛−1) ⊗ 𝐿 (1) =
B(𝑁)(𝑛−1) ⊗𝑀. By Lemma 4.1.4, ΔB(𝑀⊕𝑁) (𝑋) = 𝑋 ⊗ 1+B(𝑁) ⊗ 𝐿, it follows that

𝛿𝑛−1,1(𝑋) = (ΔB(𝑀⊕𝑁))𝑛−1,1(𝑋).
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As Nichols algebras are strictly graded connected coalgebras, the map (ΔB(𝑀⊕𝑁))𝑛−1,1 is injective,
and hence so is 𝛿𝑛−1,1. We now apply Lemma 4.2.2 with 𝐶 = A(𝑁)

A(𝑁)YD, 𝑋 = 𝐿, 𝑌 = 𝐿′ and 𝑘 = 1.
Since 𝐿 (0) = 0 by its gradation, we conclude that 𝐿′∩ 𝐿 (1) = 𝐿′∩𝑀 ≠ 0, which completes the
proof. □

Now we are ready to show the semisimplicity of 𝐿.

Lemma 4.2.4. (1) Assume 𝑀 =
⊕

𝑖∈𝐼 𝑀𝑖 is a direct sum in 𝐻
𝐻YD. Let 𝐿𝑖 = adB(𝑁) (𝑀𝑖) for all

𝑖 ∈ 𝐼. Then we have such a decomposition in A(𝑁)
A(𝑁)YD

𝐿 =
⊕
𝑖∈𝐼

𝐿𝑖 .

(2) If 𝑀 is irreducible in 𝐻
𝐻YD, then 𝐿 = ad (B(𝑁)) (𝑀) is irreducible in A(𝑁)

A(𝑁)YD.

Proof. (1) It suffices to show that the sum is direct. Suppose, for contradiction, that the sum is
not a direct sum. Then there exists an index 𝑘 ∈ 𝐼 such that 𝐿𝑘 ∩

∑
𝑖≠𝑘 𝐿𝑖 ≠ 0. By Lemma 4.2.3,

this implies
(𝐿𝑘 ∩

∑
𝑖≠𝑘

𝐿𝑖) ∩𝑀𝑘 ≠ 0,

hence ∑
𝑖≠𝑘 𝐿𝑖 ∩𝑀𝑘 ≠ 0. But since 𝑀𝑘 lies in degree one in 𝐿𝑘 , we obtain∑

𝑖≠𝑘

𝑀𝑖 ∩𝑀𝑘 ≠ 0,

contradicting the directness of the sum 𝑀 =
⊕

𝑖∈𝐼 𝑀𝑖 .

(2) Now let 0 ≠ 𝐿′ ⊆ 𝐿 be a subobject in A(𝑁)
A(𝑁)YD. Then 𝐿′∩𝑀 ≠ 0 by Lemma 4.2.3. Fur-

thermore, 𝐿′∩𝑀 is a subobject of 𝑀 in 𝐻
𝐻YD. But 𝑀 is irreducible in 𝐻

𝐻YD, then 𝐿′∩𝑀 = 𝑀.
Hence

𝐿 = ad(A(𝑁)) (𝑀) = ad(A(𝑁)) (𝐿′∩𝑀) ⊆ 𝐿′,

which implies 𝐿′ = 𝐿. We conclude that 𝐿 is irreducible. □

4.3 𝐾 is a Nichols algebra

We now proceed to prove that 𝐾 possesses the structure of a Nichols algebra in an appropriate
Yetter-Drinfeld module category. To complete our analysis, we require an additional result concerning
coalgebra filtrations. Let 𝐶 be a coalgebra. Recall that an N0-filtration of 𝐶 is a family of subspaces
𝐶𝑛, 𝑛 ≥ 0, of 𝐶 satisfying

• 𝐶𝑛 is a subspace of 𝐶𝑚 for all 𝑚,𝑛 ∈ N0 with 𝑛 ≤ 𝑚
• 𝐶 =

⋃
𝑛∈N0𝐶𝑛,

• Δ𝐶 (𝑥) ∈
∑𝑛
𝑖=0𝐶𝑖 ⊗𝐶𝑛−𝑖 for all 𝑥 ∈ 𝐶𝑛, 𝑛 ∈ N0.

Lemma 4.3.1. Let 𝐶 be a coalgebra having an N0-filtration {𝐶𝑛}𝑛≥0. Let𝑈 be a non-zero comodule
of 𝐶. Then there exists 𝑢 ∈𝑈 \ {0} such that 𝛿(𝑢) ∈ 𝐶0 ⊗𝑈.

Proof. Let 𝑥 ∈𝑈 \ {0}. Then there exists 𝑛 ∈ N0 with 𝛿(𝑥) ∈ 𝐶𝑛 ⊗𝑈. If 𝑛 = 0, we are done. Assume
now that 𝑛 ≥ 1 and let 𝜋0 :𝐶→𝐶/𝐶0 be the canonical linear map. Since 𝐶 =

⋃
𝑛∈N0𝐶𝑛 is a coalgebra
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filtration, there is a maximal 𝑚 ∈ N0 such that

𝜋0(𝑥−𝑚) ⊗ · · · ⊗ 𝜋0(𝑥−1) ⊗ 𝑥0 ≠ 0.

Let 𝑓1, . . . , 𝑓𝑚 ∈ 𝐶∗ with 𝑓𝑖 |𝐶0 = 0 for all 𝑖 ∈ {1, . . . ,𝑚} such that

𝑦 := 𝑓1(𝑥−𝑚) · · · 𝑓𝑚 (𝑥−1)𝑥0 ≠ 0.

Then 𝛿(𝑦) = 𝑓1(𝑥−𝑚−1) · · · 𝑓𝑚 (𝑥−2)𝑥−1 ⊗ 𝑥0 ∈ 𝐶0 ⊗𝑈 by the maximality of 𝑚. □

Theorem 4.3.2. There is an isomorphism

𝐾 � B(𝐿) (4.3.1)

of Hopf algebras in the category A(𝑁)
A(𝑁)YD. In particular, 𝑃(𝐾) = 𝐿.

Proof. We endow a non-standard grading on B(𝑀 ⊕ 𝑁) via setting deg(𝑀) = 1 and deg(𝑁) =
0. Under this grading, B(𝑀 ⊕ 𝑁) remains a N0-graded Hopf algebra in 𝐻

𝐻YD. Furthermore,
B(𝑀 ⊕ 𝑁)#𝐻 becomes a N0-graded coquasi-Hopf algebra with deg(𝐻) = 0. Now we are going to
show 𝐾 is a Nichols algebra by verifying the axiom in Definition 2.5.3.

(1) It follows directly that 𝐾 inherits an N0-graded Hopf algebra in A(𝑁)
A(𝑁)YD with 𝐾 (𝑛) =

𝐾 ∩ (B(𝑀 ⊕ 𝑁)#𝐻) (𝑛).
(2) We have 𝐾 (0) = 𝐾 ∩ (B(𝑀 ⊕ 𝑁)#𝐻)(0) = 𝐾 ∩ (B(𝑀 ⊕ 𝑁) (0) = k.
(3) Note that 𝐾 (1) = 𝐾 ∩ (B(𝑀 ⊕ 𝑁)#𝐻) (1) = 𝐾 ∩ (B(𝑀 ⊕ 𝑁)(1)) = ad(B(𝑁)) (𝑀) = 𝐿. We

are going to show 𝐾 is generated by its degree one component 𝐿. Let 𝐾′ be the subalgebra of 𝐾
generated by 𝐿 in A(𝑁)

A(𝑁)YD, which is an object in A(𝑁)
A(𝑁)YD with structures induced by tensor product

of 𝐿. Now we let 𝑊 be the image of 𝐾′#B(𝑁) under the isomorphism 𝐾#B(𝑁) � B(𝑀 ⊕ 𝑁). It
suffices to show that 𝑊 = B(𝑀 ⊕ 𝑁). Note that 𝑀 ⊕ 𝑁 ⊆𝑊 since 𝑀,𝑁 ⊆𝑊 . Thus, we need only
verify that 𝑊 forms a subalgebra of B(𝑀 ⊕ 𝑁).

The key observation is the stability of 𝐾′ under the map of B(𝑁). Indeed, 𝐿 itself is stable
under the map of B(𝑁). Now consider arbitrary homogeneous elements 𝑦, 𝑧 ∈ 𝐿 and 𝑎 ∈ A(𝑁), by
(2.2.4),

ad(𝑎) (𝑦 ⊗ 𝑧)

=
Φ(𝑎1, 𝑦−1, 𝑧−2)Φ((ad(𝑎2)(𝑦0))−1, (ad(𝑎4) (𝑧0))−1, 𝑎5))

Φ((ad(𝑎2)(𝑦0))−2, 𝑎3, 𝑧−1)
(ad(𝑎2) (𝑦0))0 ⊗ (ad(𝑎4) (𝑧0))0.

Since 𝐿 is an object in A(𝑁)
A(𝑁)YD, it follows that ad(𝑎) (𝑦⊗ 𝑧) ∈ 𝐿 ⊗ 𝐿. Thus 𝐾′ remains stable under

the map induced by B(𝑁) by induction.
As both 𝐾′ and B(𝑁) are subalgebras of B(𝑀 ⊕ 𝑁), we only need to examine the case when

𝑎 ∈ 𝑁 and 𝑥 ∈ 𝐾′ . In this situation:

ad(𝑎) (𝑥) = 𝑎𝑥− ad(𝑎−1)(𝑥)𝑎0.

Since ad(𝑎)(𝑥) ∈ 𝐾′ and ad(𝑎−1) (𝑥)𝑎0 ∈ 𝐾′#B(𝑁), we conclude that 𝑎𝑥 ∈ 𝐾′#B(𝑁). Hence its
image lies in 𝑊 . Thus 𝑊 is a subalgebra of B(𝑀 ⊕ 𝑁), which establishes that 𝐾 is generated by 𝐿
in A(𝑁)

A(𝑁)YD.
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(4) To show 𝑃(𝐾) = 𝐾 (1), that is, there is no primitive element in 𝐾 (𝑛), 𝑛 ≥ 2. Suppose, for
contradiction, that there exists a nonzero subspace 𝑈 ⊆ 𝑃(𝐾 (𝑛)) for some positive integer 𝑛. By
Lemma 4.1.2, 𝑈 is an object in A(𝑁)

A(𝑁)YD, since deg(𝑁) = deg(𝐻) = 0. Now, consider the coalgebra
filtration on B(𝑁)#𝐻 given by (B(𝑁)#𝐻)0 = 𝐻, (B(𝑁)#𝐻)1 = 𝐻 +𝑁. Applying Lemma 4.3.1, we
find a nonzero element 𝑢 ∈𝑈 such that 𝛿𝐾 (𝑢) = 𝑢−1 ⊗ 𝑢0 ∈ 𝐻 ⊗𝑈. Note that

𝛿𝐾 (𝑢) = (𝜋 ⊗ id)ΔA(𝑀⊕𝑁) (𝑢).

Therefore
ΔA(𝑀⊕𝑁) (𝑢) = 𝑢 ⊗ 1+𝑢−1 ⊗ 𝑢0.

Applying the map id#𝜀 ⊗ id, we obtain

ΔB(𝑀⊕𝑁) (𝑢) = (id#𝜀 ⊗ id)Δ(𝑢) = 1⊗ 𝑢 +𝑢 ⊗ 1,

which implies that 𝑢 is a primitive element in B(𝑀 ⊕ 𝑁). However, since 𝐾 (𝑛) is generated by
𝐿 = ad(B(𝑁)) (𝑀), the element 𝑢 must have degree at least 𝑛 in the standard grading of B(𝑀 ⊕𝑁).
This leads to a contradiction, as primitive elements in a Nichols algebra lie in degree one.

□

4.4 From the Nichols algebra back to the space of coinvariants

We now turn to a converse of the preceding result under an additional restriction.
Let 𝐶 be a coalgebra and 𝐷 ⊆ 𝐶 be a subcoalgebra. Let 𝑉 be a left comodule of 𝐶 with

comodule structure 𝛿 :𝑉 → 𝐶 ⊗𝑉 . We denote the largest 𝐷-subcomodule of 𝑉 by

𝑉 (𝐷) = {𝑣 ∈ 𝑉 | 𝛿(𝑣) ∈ 𝐷 ⊗𝑉}.

Lemma 4.4.1. Let 𝑁 ∈ 𝐻
𝐻YD and 𝑊 ∈ A(𝑁)

A(𝑁)YD. Assume that 𝑊 =
⊕

𝑖∈𝐼𝑊𝑖 is a decomposition
into irreducible objects in A(𝑁)

A(𝑁)YD(Z -GrMk). Let 𝑀 =𝑊 (k𝐺), and 𝑀𝑖 = 𝑀 ∩𝑊𝑖 for all 𝑖 ∈ 𝐼.
(1) 𝑀 =

⊕
𝑖∈𝐼 𝑀𝑖 is a decomposition into irreducible objects in 𝐻

𝐻YD(Z -GrMk).
(2) For all 𝑖 ∈ 𝐼, 𝑀𝑖 is the Z-homogeneous component of 𝑊𝑖 of minimal degree, and 𝑊𝑖 =

B(𝑁)▷𝑀𝑖 =
⊕

𝑛≥0𝑁
⊗𝑛▷𝑀𝑖.

Proof. Let 𝑊 =
⊕

𝑛∈Z𝑊 (𝑛) be the Z-grading of 𝑊 in A(𝑁)
A(𝑁)YD. Then 𝑀 is a Z-graded object

in 𝐻
𝐻YD with homogeneous components 𝑀 (𝑛) = 𝑀 ∩𝑊 (𝑛) for all 𝑛 ∈ Z. It is clear that 𝑀 =⊕
𝑛∈Z

⊕
𝑖∈𝐼 𝑀𝑖 (𝑛) =

⊕
𝑖∈𝐼 𝑀𝑖, where 𝑀𝑖 = 𝑀 ∩𝑊𝑖 =𝑊𝑖 (𝐻).

We now show that each 𝑀𝑖 is an irreducible object in 𝐻
𝐻YD(Z -GrMk) for each 𝑖 ∈ 𝐼. First,

by Lemma 4.3.1, we have 𝑀𝑖 ≠ 0. Suppose 0 ≠ 𝑀′
𝑖 ⊆ 𝑀𝑖 is a homogeneous subobject in 𝐻

𝐻YD, and
let 𝑚𝑖 be the degree of 𝑀′

𝑖 . Define
𝑊′
𝑖 := B(𝑁)▷𝑀′

𝑖 .

Using a method similar to that in Lemma 4.1.3, one verifies that 𝑊′
𝑖 is an Z-graded A(𝑁)-

subcomodule. Moreover, A(𝑁) ▷ (B(𝑁) ▷ 𝑀′
𝑖 ) ⊆ A(𝑁) ▷ 𝑀′

𝑖 = B(𝑁) ▷ 𝑀′
𝑖 . Therefore 𝑊′

𝑖 is a
Z-graded subobject of 𝑊𝑖 in A(𝑁)

A(𝑁)YD. The object 𝑊′
𝑖 is concentrated in degrees ≥ 𝑚𝑖, and its

degree 𝑚𝑖’s component is exactly 𝑀′
𝑖 . Since 𝑊𝑖 is irreducible, we must have 𝑊′

𝑖 =𝑊𝑖. Therefore,
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𝑀′
𝑖 =𝑊

′
𝑖 ∩𝑀 =𝑊𝑖 ∩𝑀 = 𝑀𝑖, which establishes the irreducibility of 𝑀𝑖. Moreover, 𝑀𝑖 is indeed the

homogeneous component of 𝑊𝑖 of minimal degree. Finally, for each 𝑖 ∈ 𝐼 and 𝑛 ∈ N0,

deg(𝑁⊗𝑛▷𝑀𝑖) = 𝑛+deg(𝑀𝑖),

since the map B(𝑁)#k𝐺 ⊗𝑊𝑖 → 𝑊𝑖 is Z-graded. It follows that B(𝑁) ▷ 𝑀𝑖 =
⊕
𝑛≥0

𝑁⊗𝑛 ▷ 𝑀𝑖 as

required. □

Theorem 4.4.2. Let 𝑁 ∈ 𝐻
𝐻YD and (𝑊,▷, 𝛿) be a semisimple object in the category A(𝑁)

A(𝑁)YD(Z -GrMk)
with linear map ▷ : A(𝑁) ⊗𝑊 →𝑊 . Here A(𝑁) is equipped with the standard N0-grading. Let
B(𝑊) be the Nichols algebra of 𝑊 in A(𝑁)

A(𝑁)YD and define 𝑀 =𝑊 (𝐻). Then there is a unique
isomorphism

B(𝑊)#B(𝑁) � B(𝑀 ⊕ 𝑁) (4.4.1)

of braided Hopf algebras in 𝐻
𝐻YD which is the identity on 𝑀 ⊕ 𝑁.

Proof. Let 𝑊 =
⊕

𝑖∈𝐼𝑊𝑖 be the decomposition of 𝑊 into irreducible objects in the category
A(𝑁)
A(𝑁)YD(Z -GrMk). Then 𝑀 is an object in 𝐻

𝐻YD with decomposition into irreducible objects
𝑀 =

⊕
𝑖∈𝐼 𝑀𝑖 :=

⊕
𝑖∈𝐼 𝑀 ∩𝑊𝑖. Moreover, we have 𝑊𝑖 = B(𝑁) ▷ 𝑀𝑖 =

⊕
𝑛∈N0

𝑁⊗𝑛 ▷ 𝑀𝑖 for each
𝑖 ∈ 𝐼.

Let deg(𝑀𝑖) = 𝑚𝑖 for each 𝑖 ∈ 𝐼. We endow 𝑊𝑖 a new grading by 𝑊𝑖 =𝑊𝑖 with

𝑊𝑖 (𝑛) =𝑊 (𝑛+𝑚𝑖 −1) = 𝑁𝑛−1 ▷𝑀𝑖, for all 𝑛 ∈ N0.

With the new grading, 𝑊 =
⊕

𝑖∈𝐼𝑊𝑖 remains an object in A(𝑁)
A(𝑁)YD since degree shifting preserves

graded modules and graded comodules. Moreover, 𝑊 (𝑛) = 0 for all 𝑛 ≤ 0. So the Nichols algebra
B(𝑊) is an N0-graded Hopf algebra in A(𝑁)

A(𝑁)YD. Note that B(𝑊) � B(𝑊), as both are determined
by the same module and comodule maps. Under this grading, 𝑊 (0) = 0 and 𝑊 (1) = 𝑀, and the
degree zero and degree one part of the Nichols algebra B(𝑊) are

B(𝑊) (0) = k, B(𝑊) (1) = 𝑀.

Moreover, B(𝑊)#(B(𝑁)#𝐻) is an N0-graded coquasi-Hopf algebra, and

𝑅 := B(𝑊)#B(𝑁) = (B(𝑊)#(B(𝑁)#𝐻))co𝐻

is a N0-graded Hopf algebra in 𝐻
𝐻YD. Its degree 0 part is k, and its degree 1 part is 𝑀 ⊕ 𝑁.

We are going to show 𝑅 is a pre-Nichols algebra in 𝐻
𝐻YD. It remains to show 𝑅 is generated

by 𝑀 ⊕ 𝑁 as an algebra in 𝐻
𝐻YD. It is direct to see that 𝑅 is generated by 𝐾 (1) = B(𝑁) ▷ 𝑀 and

𝑁. It therefore suffices to prove that B(𝑁) ▷ 𝑀 =
⊕

𝑛≥0𝑁
⊗𝑛 ▷ 𝑀 is contained in the subalgebra

generated by B(𝑁) and 𝑀. To see this, we proceed by induction on 𝑛. For the base case, take
elements 𝑥 ∈ 𝑀 and 𝑦 ∈ 𝑁. Inside the coquasi-Hopf algebra B(𝑊)#(B(𝑁)#𝐻), we have

𝑦𝑥 = (𝑦1 ▷ 𝑥)𝑦2 = (𝑦−1 ▷ 𝑥)𝑦0 + (𝑦▷ 𝑥).

Since 𝑀 ∈ 𝐻
𝐻YD and 𝑦−1 ∈ 𝐻, the term 𝑦 ▷ 𝑥 is contained in the subalgebra generated by B(𝑁)

and 𝑀. Since B(𝑁)▷𝑀 is an object in A(𝑁)
A(𝑁)YD, 𝛿(𝑦▷ 𝑥) ∈ A(𝑁) ⊗ (𝑁 ▷𝑀). This implies terms
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like (𝑦 ▷ 𝑥)0 are contained in the subalgebra generated by B(𝑁) and 𝑀. Let us fix 𝑘 ≥ 0, for all
𝑧 ∈ B(𝑁)(𝑘′) and 𝑥 ∈ 𝑀, where 𝑘′ ≥ 𝑘. We assume the element 𝑧▷ 𝑥 as well as (𝑧▷ 𝑥)0 lie in the
subalgebra generated by B(𝑁) and 𝑀, then for homogeneous 𝑦 ∈ 𝑁,

(𝑦𝑧)▷ 𝑥 = Φ(𝑦−1, (𝑧2 ▷ 𝑥0)−1, 𝑧3)
Φ(𝑦−2, 𝑧1, 𝑥−1)

𝑦0 ▷ (𝑧2 ▷ 𝑥0)0

=
Φ(𝑦−2, (𝑧2 ▷ 𝑥0)−1, 𝑧3))

Φ(𝑦−3, 𝑧1, 𝑥−1)
(𝑦−1 ▷ (𝑧2 ▷ 𝑥0)0)𝑦0 −

Φ(𝑦−1, (𝑧2 ▷ 𝑥0)−1, 𝑧3)
Φ(𝑦−2, 𝑧1, 𝑥−1)

𝑦0(𝑧2 ▷ 𝑥0)0.

By the induction hypothesis, (𝑦𝑧)▷ 𝑥 lies in the subalgebra generated by B(𝑁) and 𝑀. Therefore,
𝑅 is generated by 𝑀 ⊕ 𝑁, and hence a pre-Nichols algebra of 𝑀 ⊕ 𝑁.

By the universal property of B(𝑀 ⊕ 𝑁), there exists a surjective morphism of N0-graded Hopf
algebras in 𝐻

𝐻YD:
𝜌 : 𝑅→B(𝑀 ⊕ 𝑁), 𝜌 |𝑀⊕𝑁= id .

This induces a surjective coquasi-Hopf algebra map:

𝜌#id : 𝑅#𝐻→B(𝑀 ⊕ 𝑁)#𝐻.

Let 𝐾 = (B(𝑀 ⊕ 𝑁)#𝐻)coB(𝑁)#𝐻 . Then we obtain two bijective coquasi-Hopf algebra maps:

𝑅#𝐻→B(𝑊)#(B(𝑁)#𝐻), 𝐾#(B(𝑁)#𝐻) → B(𝑀 ⊕ 𝑁)#𝐻.

Then the map 𝜌#id thus induces a surjective map of coquasi-Hopf algebras

𝜌′ : B(𝑊)#(B(𝑁)#𝐻) → 𝐾#(B(𝑁)#𝐻), 𝜌′ | (𝑀⊕𝑁)= id .

Moreover, the following diagram commutes:

B(𝑊)#(B(𝑁)#𝐻) 𝐾#(B(𝑁)#𝐻)

B(𝑁)#𝐻 B(𝑁)#𝐻

𝜌′

𝜀B(𝑊)#idB(𝑁)#𝐻 𝜀𝐾#idB(𝑁)#𝐻

id

since 𝜌 |𝑀⊕𝑁 = id. As B(𝑁)#𝐻 acts on 𝐾 via adjoint map. Theorem 4.3.2 implies that 𝐾 �
B(ad(B(𝑁)) (𝑀)). Therefore 𝜌′ induces a surjective map

𝜙 : B(𝑊) → B(ad(B(𝑁)) (𝑀))

in A(𝑁)
A(𝑁)YD between the right coinvariant subspaces of 𝜀B(𝑊)#idB(𝑁)#𝐻 and 𝜀𝐾#idB(𝑁)#𝐻 , satisfying

𝜙 |𝑀= id. Furthermore, there is a surjective map in A(𝑁)
A(𝑁)YD:

𝜙1 : B(𝑁)▷𝑀 → ad(B(𝑁)) (𝑀), 𝜙1 |𝑀= id .

Since 𝑀 =
⊕

𝑖∈𝐼 𝑀𝑖 is a decomposition into irreducible objects in 𝐻
𝐻YD, each ad(B(𝑁)) (𝑀𝑖) is
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irreducible in A(𝑁)
A(𝑁)YD. On the other hand, each B(𝑁) ▷ 𝑀𝑖 is irreducible as well. Thus 𝜙1 is

an isomorphism in A(𝑁)
A(𝑁)YD, and it follows that 𝜙 is an isomorphism of Hopf algebra in A(𝑁)

A(𝑁)YD.
Consequently, 𝜌#id𝐻 = 𝜙#idA(𝑁) is an isomorphism of coquasi-Hopf algebras. Therefore,

𝜌 = (𝜌#id𝐻)co𝐻 : B(𝑊)#B(𝑁) → B(𝑀 ⊕ 𝑁)

is an isomorphism of Hopf algebras in 𝐻
𝐻YD.

□
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Chapter 5

Reflection of Nichols algebras over
coquasi-Hopf algebra with bijective
antipode

In this chapter, we develop reflections of Nichols algebras over arbitrary coquasi-Hopf algebras
with bijective antipode. The reflection allows us to systematically relate different Nichols algebra
realizations through a well-defined transformation procedure.

5.1 Definition of reflection and basic properties

Fix a positive integer 𝜃 and denote the index set I = {1,2, ..., 𝜃}.
Definition 5.1.1. Let F𝜃 denote the class of all 𝜃-tuples 𝑀 = (𝑀1, . . . , 𝑀𝜃), where 𝑀1, . . . , 𝑀𝜃 ∈
𝐻
𝐻YD are finite-dimensional Yetter-Drinfeld modules. If 𝑀 ∈ F𝜃 , we define

B(𝑀) := B(𝑀1 ⊕ · · · ⊕𝑀𝜃).

Two tuples 𝑀,𝑀′ ∈ F𝜃 are called isomorphic, denoted 𝑀 � 𝑀′, if 𝑀 𝑗 � 𝑀′
𝑗 in 𝐻

𝐻YD for all j. The
isomorphism class of 𝑀 ∈ F𝜃 is denoted by [𝑀].

For 1 ≤ 𝑖 ≤ 𝜃 and 𝑀 ∈ F𝜃 , we say the tuple 𝑀 admits the 𝑖-th reflection 𝑅𝑖 (𝑀) if for all
𝑗 ≠ 𝑖 there is a natural number 𝑚𝑀

𝑖 𝑗 ≥ 0 such that (ad𝑀𝑖)𝑚
𝑀
𝑖 𝑗 (𝑀 𝑗 ) is a non-zero finite-dimensional

subspace of B(𝑀), and (ad𝑀𝑖)𝑚
𝑀
𝑖 𝑗 +1(𝑀 𝑗 ) = 0. Assume 𝑀 admits the 𝑖-th reflection. Then we set

𝑅𝑖 (𝑀) = (𝑉1, . . . ,𝑉𝜃), where

𝑉 𝑗 =

{
𝑀∗
𝑖 , if 𝑗 = 𝑖,

(ad𝑀𝑖)𝑚
𝑀
𝑖 𝑗 (𝑀 𝑗 ), if 𝑗 ≠ 𝑖.

Such a question arises naturally: how do the irreducibility properties behave under reflections?
The following result provides a reassuring answer.
Lemma 5.1.2. Suppose 𝑀 ∈ F𝜃 admits the 𝑖-th reflection for some 𝑖 ∈ I, and 𝑀 𝑗 is irreducible for
each 𝑗 ∈ I. Then each 𝑅𝑖 (𝑀) 𝑗 is irreducible in 𝐻

𝐻YD for 1 ≤ 𝑗 ≤ 𝜃.
Proof. By definition, 𝑅𝑖 (𝑀) is defined, thus 𝑅𝑖 (𝑀)𝑖 � 𝑀∗

𝑖 is irreducible since 𝑀𝑖 is. For 𝑗 ≠ 𝑖,
we observe that ad(B(𝑀𝑖)) (𝑀 𝑗 ) =

⊕𝑚𝑖 𝑗

𝑛=0 ad(𝑀𝑖)𝑛 (𝑀 𝑗 ). Consider the embedding 𝐻→A(𝑀𝑖) and
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the projection A(𝑀𝑖) → 𝐻. The object ad(𝑀𝑖)𝑚𝑖 𝑗 (𝑀 𝑗 ) belongs to 𝐻
𝐻YD. Moreover, it is obvious

that ad(B(𝑀𝑖)) (𝑀 𝑗 ) is generated by ad(𝑀𝑖)𝑚𝑖 𝑗 (𝑀 𝑗 ) as a A(𝑀𝑖)-comodule. Now suppose 0 ≠ 𝑃 ⊂
ad(𝑀𝑖)𝑚𝑖 𝑗 (𝑀 𝑗 ) is a Yetter-Drinfeld submodule in 𝐻

𝐻YD. Let ⟨𝑃⟩ be the A(𝑀𝑖)-subcomodule of
adB(𝑀𝑖)(𝑀 𝑗 ) generated by 𝑃, defined explicitly as

⟨𝑃⟩ := {⟨ 𝑓 , 𝑥−1⟩𝑥0 | 𝑥 ∈ 𝑃, 𝑓 ∈ Hom(A(𝑀𝑖),k)}.

We want to prove ⟨𝑃⟩ is a Yetter-Drinfeld submodule of adB(𝑀𝑖)(𝑀 𝑗 ) in 𝐴(𝑀𝑖)
𝐴(𝑀𝑖)YD. To see this,

for all 𝑎 ∈ A(𝑀𝑖) and 𝑥 ∈ 𝑃, by Lemma 2.2.4,

ad(𝑎) (⟨ 𝑓 , 𝑥−1⟩𝑥0) = ⟨ 𝑓 , 𝑥−1⟩ ad(𝑎)(𝑥0)
= ⟨ 𝑓 , 𝑝𝐿 (S(𝑎1), (ad(𝑎4)(𝑥0))−1𝑎6)𝑞𝐿 (𝑎3, 𝑥−1)S(𝑎2) ((ad(𝑎4) (𝑥0))−2𝑎5)⟩(ad(𝑎4) (𝑥0))0.

One may view 𝑠 := 𝑝𝐿 (S(𝑎1), ·𝑎6) and 𝑡 := ⟨ 𝑓 , 𝑞𝐿 (𝑎3, 𝑥−1)S(𝑎2)( ·𝑎5)⟩ as two linear functions,
thus

ad(𝑎)(⟨ 𝑓 , 𝑥−1⟩𝑥0) = 𝑡 ∗ 𝑠 ((ad(𝑎4) (𝑥0))−1) (ad(𝑎4)(𝑥0))0.

Hence ad(𝑎) (⟨ 𝑓 , 𝑥−1⟩𝑥0) ∈ ⟨𝑃⟩. This ensures the first axiom of a Yetter-Drinfeld module, and the
third axiom holds automatically. Therefore ⟨𝑃⟩ is a Yetter-Drinfeld submodule of adB(𝑀𝑖) (𝑀 𝑗 ) in
𝐴(𝑀𝑖)
𝐴(𝑀𝑖)YD.

Since ad(B(𝑀𝑖)) (𝑀 𝑗 ) is irreducible in 𝐴(𝑀𝑖)
𝐴(𝑀𝑖)YD by Lemma 4.2.4 (2), and 𝑃 ≠ 0, we have

⟨𝑃⟩ = ad(B(𝑀𝑖)) (𝑀 𝑗 ). It is direct to see that ⟨𝑃⟩ =
⊕𝑚𝑖 𝑗

𝑖=0 ⟨𝑃⟩ ∩B𝑖 (𝑀𝑖 ⊕𝑀 𝑗 ). Then

𝑃 = ⟨𝑃⟩ ∩B𝑚𝑖 𝑗 (𝑀𝑖 ⊕𝑀 𝑗 ) = adB(𝑀𝑖) (𝑀 𝑗 ) ∩B𝑚𝑖 𝑗 (𝑀𝑖 ⊕𝑀 𝑗 ) = ad(𝑀𝑖)𝑚𝑖 𝑗 (𝑀 𝑗 ).

This establishes the irreducibility. □

Lemma 5.1.3. Suppose 𝑀 ∈ F𝜃 and 𝑀 admits 𝑖-th reflection for each 𝑖 ∈ I. We define 𝑎𝑀𝑖𝑖 = 2 for
all 1 ≤ 𝑖 ≤ 𝜃 and define 𝑎𝑀𝑖 𝑗 = −𝑚𝑀

𝑖 𝑗，then (𝑎𝑀𝑖 𝑗 )𝑖, 𝑗∈I is a generalized Cartan matrix.

Proof. To establish this result, we need only verify: if 1 ≤ 𝑖 < 𝑗 ≤ 𝜃 such that 𝑎𝑀𝑖 𝑗 = 0, then 𝑎𝑀𝑗𝑖 = 0.
Let 𝑋 ∈ 𝑀𝑖,𝑌 ∈ 𝑀 𝑗 be homogeneous. A direct computation yields:

ΔB(𝑀) (ad(𝑋) (𝑌 )) = ΔB(𝑀) (𝑋𝑌 − (ad(𝑥) (𝑌 ))𝑋)
= (1⊗ 𝑋 + 𝑋 ⊗ 1) (1⊗𝑌 +𝑌 ⊗ 1) − (ad(𝑥) (𝑌 ) ⊗ 1+1⊗ ad(𝑥) (𝑌 )) (1⊗ 𝑋 + 𝑋 ⊗ 1)
= 𝑋𝑌 ⊗ 1+ 𝑋 ⊗𝑌 +1⊗ 𝑋𝑌 + ad(𝑥) (𝑌 ) ⊗ 𝑋
− ad(𝑥) (𝑌 ) ⊗ 𝑋 − ad(𝑥)(𝑌 )𝑋 ⊗ 1−1⊗ ad(𝑥) (𝑌 )𝑋 − ad(𝑥𝑦𝑥−1) (𝑋) ⊗ ad(𝑥)(𝑌 )
= ad(𝑋)(𝑌 ) ⊗ 1+1⊗ ad(𝑋) (𝑌 ) + 𝑋 ⊗𝑌 − 𝑐2(𝑋 ⊗𝑌 ).

Note that 𝑎𝑀𝑖 𝑗 = 0 implies ad(𝑋) (𝑌 ) = 0, from which we deduce 𝑋 ⊗𝑌 −𝑐2(𝑋 ⊗𝑌 ) = 0. This establishes
(id−𝑐2)(𝑀𝑖 ⊗ 𝑀 𝑗 ) = 0. Furthermore, we have (id−𝑐2)𝑐(𝑀 𝑗 ⊗ 𝑀𝑖) = 0. Since the braiding 𝑐 is
invertible, it follows that (id−𝑐2)(𝑀 𝑗 ⊗𝑀𝑖) = 0. Consequently, ΔB(𝑀) (ad(𝑌 ) (𝑋)) = 0 in B(𝑀𝑖 ⊕𝑀 𝑗 ),
for all 𝑋 ∈ 𝑀𝑖,𝑌 ∈ 𝑀 𝑗 , which implies ad(𝑌 )(𝑋) = 0. We conclude that 𝑎𝑀𝑗𝑖 = 0, as required. □

Lemma 5.1.4. Suppose 𝑀 � 𝑁 in F𝜃 , if 𝑀 admits the 𝑖-th reflection for some 𝑖 ∈ I, so does 𝑁.
Furthermore, 𝑅𝑖 (𝑀) � 𝑅𝑖 (𝑁) and 𝑎𝑀𝑖 𝑗 = 𝑎𝑁𝑖 𝑗 for each 𝑗 ∈ I.
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Proof. Let 𝜙 : 𝑀 → 𝑁 be an isomorphism of tuples with each component 𝜙 𝑗 : 𝑀 𝑗 → 𝑁 𝑗 an iso-
morphism of Yetter-Drinfeld modules. We first demonstrate that 𝜙𝑖 induces a unique morphism
B(𝜙𝑖) : B(𝑀𝑖) → B(𝑁𝑖).

The tensor algebra map 𝑇 (𝜙𝑖) : 𝑇 (𝑀𝑖) → 𝑇 (𝑁𝑖) is a morphism of bialgebras in 𝐻
𝐻YD. Since

𝑇 (𝜙𝑖) is a N0-graded coalgebra map, it sends the coideal 𝐼 (𝑀𝑖) =
⊕

𝑛≥2 ker(𝛿1𝑛) to 𝐼 (𝑁𝑖). Hence 𝜙𝑖
descends to a well-defined morphism B(𝜙𝑖) : B(𝑀𝑖) → B(𝑁𝑖). This morphism is N0-graded, as its
restriction to each homogeneous component B(𝑉) (𝑛) is induced by 𝜙⊗𝑛𝑖 . Explicitly, for any 𝑛 ∈ N0
and 𝛾, 𝛾1, . . . , 𝛾𝑛 ∈ N0 with 𝛾 = 𝛾1 + · · · +𝛾𝑛, we have

B(𝜙𝑖) (𝑉 (𝛾1) · · ·𝑉 (𝛾𝑛)) = 𝜙𝑖 (𝑉 (𝛾1)) · · ·𝜙𝑖 (𝑉 (𝛾𝑛)) ⊆ B(𝑊)(𝛾).

The claim on the surjectivity of B(𝜙𝑖) is immediate, while injectivity follows from the equation

Δ1𝑛𝜙
⊗𝑛
𝑖 = 𝜙⊗𝑛𝑖 Δ1𝑛

for all 𝑛 ∈N0. We thus obtain an equivalence of categories: 𝐴(𝑀𝑖)
𝐴(𝑀𝑖)YD � 𝐴(𝑁𝑖)

𝐴(𝑁𝑖)YD. For each 𝑗 ≠ 𝑖 ∈ I,

ad(B(𝜙𝑖)) (𝜙 𝑗 ) : ad(B(𝑀𝑖)) (𝑀 𝑗 ) � ad(B(𝑁𝑖)) (𝑁 𝑗 )

is an isomorphism of N0-graded objects in 𝐴(𝑀𝑖)
𝐴(𝑀𝑖)YD. In particular, ad(𝑀𝑖)𝑚

𝑀
𝑖 𝑗 (𝑀 𝑗 ) � ad(𝑁𝑖)𝑚

𝑀
𝑖 𝑗 (𝑁 𝑗 ) ∈

𝐻
𝐻YD and ad(𝑁𝑖)𝑚

𝑀
𝑖 𝑗 +1(𝑁 𝑗 ) = 0. This establishes both 𝑎𝑀𝑖 𝑗 = 𝑎𝑁𝑖 𝑗 and 𝑅𝑖 (𝑀) � 𝑅𝑖 (𝑁). □

5.2 Main result

Recall from Remark 2.4.2, let 𝐴 be a Hopf algebra in 𝐻
𝐻YD with bijective antipode, we have

such a braided monoidal isomorphism

𝐹 : 𝐴𝐴YD(C) � 𝐴#𝐻
𝐴#𝐻YD .

Now restricting to rational Yetter-Drinfeld modules, we denote the image of 𝐹 by 𝐴#𝐻
𝐴#𝐻YDrat, which

is a monoidal full subcategory of 𝐴#𝐻
𝐴#𝐻YD.

From now on, we always fix a tuple 𝑀 = (𝑀1, . . . , 𝑀𝜃) ∈ F𝜃 , with each component 𝑀𝑖 being
irreducible for 𝑖 ∈ I. By Corollary 3.5.1, we have such a braided tensor equivalence for each 𝑖 ∈ I.

Ω𝑖, : B(𝑀𝑖)
B(𝑀𝑖)YD(C)

rat
−→ B(𝑀∗

𝑖 )
B(𝑀∗

𝑖 )
YD(C)

rat
. (5.2.1)

By abusing notation, we again denote the following monoidal equivalence by Ω𝑖.

𝐴(𝑀𝑖)
𝐴(𝑀𝑖)YD

rat
� B(𝑀𝑖)

B(𝑀𝑖)YD(C)
rat

→ B(𝑀∗
𝑖 )

B(𝑀∗
𝑖 )
YD(C)

rat
�
𝐴(𝑀∗

𝑖 )
𝐴(𝑀∗

𝑖 )
YD

rat

Lemma 5.2.1. The following are equivalent:
(1) 𝑀 admits 𝑖-th reflection for some 𝑖 ∈ I.
(2) B(𝑀)coB(𝑀𝑖) belongs to 𝐴(𝑀𝑖)

𝐴(𝑀𝑖)YD
rat

.

Proof. (1) ⇒ (2): Let 𝑊 =
⊕

𝑗≠𝑖𝑀 𝑗 , and define 𝑄 = adB(𝑀𝑖)(𝑊). By Lemma 4.2.4, we have the
decomposition 𝑄 =

⊕
𝑗≠𝑖𝑄 𝑗 , where each 𝑄 𝑗 = adB(𝑀𝑖)(𝑀 𝑗 ) is irreducible in 𝐴(𝑀𝑖)

𝐴(𝑀𝑖)YD. Applying
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Theorem 4.3.2 yields an isomorphism of Hopf algebras:

B(𝑀)coB(𝑀𝑖) � B(𝑄).

Now by assumption, there is an integer 𝑚 such that ad(𝑀𝑖)𝑚 (𝑊) = 0. This implies that ad(𝑀𝑖)𝑚 (𝑄) =
0. Thus 𝑄 is rational, thus B(𝑄) as well as B(𝑀)coB(𝑀𝑖) are rational by Lemma 3.1.3(3).

(2) ⇒ (1): The condition (2) implies that 𝑄 is rational in 𝐴(𝑀𝑖)
𝐴(𝑀𝑖)YD. Furthermore, 𝑀 admits

the 𝑖-th reflection by definition. □

Lemma 5.2.2. With above assumptions on 𝑀, and suppose 𝑀 admits the 𝑖-th reflection with
𝑅𝑖 (𝑀) = (𝑉1, . . . , 𝑀

∗
𝑖 , . . . ,𝑉𝜃), then the following equalities hold.

ad(B(𝑀𝑖)(𝑀 𝑗 )) =
𝑚𝑖 𝑗⊕
𝑛=0

ad(𝑀𝑖)𝑛 (𝑀 𝑗 ), 𝑉 𝑗 = F0(adB(𝑀𝑖)(𝑀 𝑗 )),

Ω𝑖 (ad(B(𝑀𝑖) (𝑀 𝑗 ))) =
𝑚𝑖 𝑗⊕
𝑛=0

ad(𝑀∗
𝑖 )𝑛 (𝑉 𝑗 ), 𝑀 𝑗 � ad(𝑀∗

𝑖 )𝑚𝑖 𝑗 (𝑉 𝑗 ).

Proof. The first equality follows directly from the decomposition:

ad
(
B(𝑀𝑖) (𝑀 𝑗 )

)
=

⊕
𝑛≥0

ad(𝑀𝑖)𝑛 (𝑀 𝑗 ).

For the second statement, the inclusion 𝑉 𝑗 ⊆ F0(adB(𝑀𝑖) (𝑀 𝑗 )) is immediate. Suppose, for
contradiction, that the containment is proper. Then there exists a nonzero 𝑋 ∈ ad(𝑀𝑖)𝑙 (𝑀 𝑗 ) for
0 ≤ 𝑙 ≤ 𝑚𝑖 𝑗 − 1 such that 𝑋 ∈ F0(adB(𝑀𝑖)(𝑀 𝑗 )). The Yetter-Drinfeld submodule generated by 𝑋
is contained in

⊕𝑙
𝑘=0 ad(𝑀𝑖)𝑘 (𝑀 𝑗 ). However, since 𝑉 𝑗 ≠ 0, and ad(B(𝑀𝑖)(𝑀 𝑗 )) is irreducible in

𝐴(𝑀𝑖)
𝐴(𝑀𝑖)YD by Lemma 4.2.4(ii), this leads to a contradiction. Hence, 𝑉 𝑗 = F0(adB(𝑀𝑖)(𝑀 𝑗 )).

For the third statement, we consider the category 𝐴(𝑀𝑖)
𝐴(𝑀𝑖)YD(Z -GrMk) by setting deg(𝑀𝑘 ) = 1

for 1 ≤ 𝑘 ≤ 𝜃. Then ad(𝑀𝑖)𝑙 (𝑀 𝑗 ) has degree 𝑙+1 for 1 ≤ 𝑙 ≤𝑚𝑖 𝑗 . By Lemma 3.6.3, Ω𝑖 (ad(𝑀𝑖)𝑙 (𝑀 𝑗 )) =
ad(𝑀𝑖)𝑙 (𝑀 𝑗 ) is Z-graded with deg(Ω𝑖 (ad(𝑀𝑖)𝑙 (𝑀 𝑗 ))) = −1− 𝑙. Moreover,

F 0Ω𝑖 (adB(𝑀𝑖) (𝑀 𝑗 )) = F0(adB(𝑀𝑖)(𝑀 𝑗 )) = ad(𝑀𝑖)𝑚𝑖 𝑗 (𝑀 𝑗 ) =𝑉 𝑗 .

Since Ω𝑖 (ad(B(𝑀𝑖) (𝑀 𝑗 ))) is irreducible in 𝐴(𝑀∗
𝑖 )

𝐴(𝑀∗
𝑖 )
YD, with the minimal degree part 𝑉 𝑗 . By Lemma

4.4.1,

Ω𝑖
(
ad

(
B(𝑀𝑖) (𝑀 𝑗 )

) )
= ad

(
B(𝑀∗

𝑖 )(𝑉 𝑗 )
)
=

𝑚𝑖 𝑗⊕
𝑛=0

ad(𝑀∗
𝑖 )𝑛 (𝑉 𝑗 ).

In particular, we have

𝑀 𝑗 = F 0 adB(𝑀𝑖) (𝑀 𝑗 ) = F0 adB(𝑀∗
𝑖 )(𝑉 𝑗 ) = ad(𝑀∗

𝑖 )𝑚𝑖 𝑗 (𝑉 𝑗 ).

□

The next theorem gives a natural explanation of reflections of tuples of Yetter-Drinfeld modules.
Although the proof strategy parallels that of Hopf algebra cases, we include the details here for the
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sake of completeness and the reader’s convenience.

Theorem 5.2.3. With above assumptions on 𝑀, and suppose 𝑀 admits the 𝑖-th reflection, then
there is an isomorphism of Hopf algebras in 𝐻

𝐻YD:

Θ𝑖 : B(𝑅𝑖 (𝑀)) � Ω𝑖
(
B(𝑀)coB(𝑀𝑖)

)
#B(𝑀∗

𝑖 ). (5.2.2)

Proof. Let 𝑁 =
⊕

𝑗≠𝑖𝑀 𝑗 , and define 𝑄 = adB(𝑀𝑖) (𝑁). By Lemma 4.2.4(1), we have the decompo-
sition 𝑄 =

⊕
𝑗≠𝑖𝑄 𝑗 , where each 𝑄 𝑗 = adB(𝑀𝑖)(𝑀 𝑗 ) is irreducible in 𝐴(𝑀𝑖)

𝐴(𝑀𝑖)YD. Applying Theorem
4.3.2 yields an isomorphism of Hopf algebras:

B(𝑀)coB(𝑀𝑖) � B(𝑄).

Now observe that the functor Ω𝑖 sends Nichols algebras to Nichols algebras by Corollary 3.5.3.
Therefore,

Ω𝑖
(
B(𝑀)coB(𝑀𝑖)

)
� Ω𝑖 (B(𝑄)) � B(Ω𝑖 (𝑄)).

Hence, in the category 𝐻
𝐻YD,

Ω𝑖
(
B(𝑀)coB(𝑀𝑖)

)
#B(𝑀∗

𝑖 ) � B(Ω𝑖 (𝑄))#B(𝑀∗
𝑖 ).

Since 𝑄 is a direct sum of irreducible objects, it is semisimple. The equivalence Ω𝑖 preserves
semisimplicity, so Ω𝑖 (𝑄) is also semisimple in 𝐴(𝑀∗

𝑖 )
𝐴(𝑀∗

𝑖 )
YD(Z -GrMk) by Lemma 3.6.3(3). Then we

apply Theorem 4.4.2 to obtain

B (Ω𝑖 (𝑄)) #B(𝑀∗
𝑖 ) � B

(
F 0(Ω𝑖 (𝑄)) ⊕𝑀∗

𝑖

)
.

According to Lemma 5.2.2 and Lemma 3.6.3(2), F 0(Ω𝑖 (𝑄)) = F0(𝑄) =
⊕

𝑗≠𝑖𝑉 𝑗 . Thus

B(Ω𝑖 (𝑄))#B(𝑀∗
𝑖 ) � B

(⊕
𝑗≠𝑖

𝑉 𝑗 ⊕𝑀∗
𝑖

)
� B(𝑅𝑖 (𝑀)).

Combining the above isomorphisms, we conclude that in 𝐻
𝐻YD, there is an isomorphism of Hopf

algebras:
Θ𝑖 : B(𝑅𝑖 (𝑀)) � Ω𝑖

(
B(𝑀)coB(𝑀𝑖)

)
#B(𝑀∗

𝑖 ).

□

Having defined individual reflections, we now extend this notion to sequences of reflections,
which will be important for our study of repeated reflections of tuples.

Definition 5.2.4. Let 𝑀 ∈ F𝜃 , with each 𝑀𝑖 is irreducible for 𝑖 ∈ I. For 𝑙 ∈ N0 and 𝑖1, 𝑖2, ..., 𝑖𝑙 ∈ I.
(1) We say 𝑀 admits the reflection sequence (𝑖1, 𝑖2, ..., 𝑖𝑙) if 𝑙 = 0 or 𝑀 admits the 𝑖1-th reflection

and 𝑅𝑖1 (𝑀) satisfies the reflection sequence (𝑖2, 𝑖3, ..., 𝑖𝑙).
(2) We say 𝑀 admits all reflection sequences if 𝑀 admits reflection sequence (𝑖1, 𝑖2, ..., 𝑖𝑙) for

all 𝑙 ∈ N0 and 𝑖1, 𝑖2, ..., 𝑖𝑙 ∈ I.

54



For 𝑀 ∈ F𝜃 admitting all reflections, we denote

F𝜃 (𝑀) = {𝑅𝑖1 (...(𝑅𝑖𝑙 (𝑀))...) | 𝑙 ∈ N0, 𝑖1, .., 𝑖𝑙 ∈ I}.

Definition 5.2.5. Let I be a non-empty finite set, X a non-empty set, 𝑟 : I×X→X, 𝐴 : I×I×X→Z
maps. For all 𝑖, 𝑗 ∈ I and 𝑋 ∈ X we write 𝑟𝑖 (𝑋) = 𝑟 (𝑖, 𝑋), 𝑎𝑋𝑖 𝑗 = 𝐴(𝑖, 𝑗 , 𝑋) and 𝐴𝑋 = (𝑎𝑋𝑖 𝑗 )𝑖, 𝑗∈I ∈ ZI×I.
The quadruple G =G(I,X, (𝑟𝑖)𝑖∈𝐼 , (𝐴𝑋)𝑋∈X) is called a semi-Cartan graph if for all 𝑋 ∈ X, the matrix
𝐴𝑋 is a generalized Cartan matrix, and the following axioms hold.
(𝐶𝐺1) For all 𝑖 ∈ I, the map 𝑟𝑖 satisfies 𝑟2

𝑖 = idX.
(𝐶𝐺2) For all 𝑖 ∈ I, 𝑋 ∈ X, 𝐴𝑋 and 𝐴𝑟𝑖 (𝑋) have the same 𝑖-th row.

As a consequence of Theorem 5.2.3, we obtain the following corollary.

Corollary 5.2.6. Let 𝑀 = (𝑀1, . . . , 𝑀𝜃) ∈ F𝜃 with each component 𝑀𝑖 is irreducible.
(1) For each 𝑖 ∈ I, suppose 𝑀 admits 𝑖-th reflection, then 𝑅𝑖 (𝑀) admits 𝑖-th reflection. Fur-

thermore, we have:
𝑅2
𝑖 (𝑀) � 𝑀, (5.2.3)

and
𝑎𝑀𝑖 𝑗 = 𝑎

𝑅𝑖 (𝑀)
𝑖 𝑗 , (5.2.4)

for all 1 ≤ 𝑗 ≤ 𝜃.
(2) Suppose 𝑀 admits all reflections. We define the set

X = {[𝑃] | 𝑃 ∈ F𝜃 (𝑀)},

and the map
𝑟 : I×X →X, 𝑖× [𝑋] ↦→ [𝑅𝑖 (𝑋)] .

Furthermore, we assume each B(𝑃𝑖) is finite-dimensional for 𝑃 ∈ X and 𝑖 ∈ I, then

G(𝑀) = (I,X, 𝑟, (𝐴𝑋)𝑋∈X),

where 𝐴[𝑋] = (𝑎𝑋𝑖 𝑗 )𝑖, 𝑗∈I for all [𝑋] ∈ X, is a semi-Cartan graph.

Proof. (1) By  Lemma 5.2.2, 𝑅𝑖 (𝑀) = (𝑉1, ..., 𝑀
∗
𝑖 , ...,𝑉𝜃). Note that

adB(𝑀∗
𝑖 )(𝑉 𝑗 ) = Ω𝑖

(
adB(𝑀𝑖) (𝑀 𝑗 )

)
.

It follows that
adB(𝑀∗

𝑖 )
1−𝑎𝑀𝑖 𝑗 (𝑉 𝑗 ) = 0,

which implies that 𝑅𝑖 (𝑀) admits 𝑖-th reflection and 𝑎𝑀𝑖 𝑗 = 𝑎
𝑅𝑖 (𝑀)
𝑖 𝑗 for all 𝑗 ≠ 𝑖. It is clear that the

𝑖-th position of 𝑅2
𝑖 (𝑀) is isomorphic to 𝑀𝑖. For 𝑗 ≠ 𝑖,

F0
(
adB(𝑀∗

𝑖 ) (𝑉 𝑗 )
)
= F0

(
Ω𝑖

(
ad

(
B (𝑀𝑖) (𝑀 𝑗 )

) ) )
= F 0(ad(B(𝑀𝑖)) (𝑀 𝑗 )) = 𝑀 𝑗 .

Therefore 𝑅2
𝑖 (𝑀) 𝑗 � 𝑀 𝑗 for all 𝑗 ≠ 𝑖, and hence 𝑅2

𝑖 (𝑀) � 𝑀.
(2) It follows by (1) and the definition of semi-Cartan graph. □
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5.3 A criterion for finite-dimensional Nichols algebras

Building upon the framework developed in the preceding sections, we now present some appli-
cations of the semi-Cartan graph theory for Nichols algebras over certain coquasi-Hopf algebras. We
establish several criteria that connect the finite-dimensionality of a Nichols algebra to the finiteness
and structure of its associated semi-Cartan graph and Weyl groupoid. Then we apply this theory to
provide a new proof for the key result in [60].

We still work on the setting of 𝐻𝐻YD, where 𝐻 is coquasi-Hopf algebra with bijective antipode.
Now fix a positive integer 𝜃 and denote the index set I = {1,2, ..., 𝜃}. Let 𝑀 = (𝑀1, . . . , 𝑀𝜃) ∈ F𝜃 .
We endow a Z𝜃-grading on B(𝑀) by setting

deg(𝑀𝑖) = 𝛼𝑖, 1 ≤ 𝑖 ≤ 𝜃,

where 𝛼𝑖, 1 ≤ 𝑖 ≤ 𝜃 are the standard basis of Z𝜃 . For each 𝛽 ∈ Z𝜃 , define the homogeneous component
B(𝑀)𝛽 = {𝑥 ∈ B(𝑀) | deg(𝑥) = 𝛽}, and the support of B(𝑀) as

SuppB(𝑀) := {𝛽 ∈ Z𝜃 | B(𝑀)𝛽 ≠ 0}.

Lemma 5.3.1. For each 𝑖 ∈ I, suppose 𝑀 admits 𝑖-th reflection,

SuppB(𝑀) ∪SuppB(𝑀∗) = SuppB(𝑅𝑖 (𝑀)) ∪SuppB(𝑅𝑖 (𝑀)∗), (5.3.1)
𝑠𝑀𝑖 (SuppB(𝑀) ∪SuppB(𝑀∗)) = SuppB(𝑅𝑖 (𝑀)) ∪SuppB(𝑅𝑖 (𝑀)∗). (5.3.2)

Proof. Regarding B(𝑀) as an N0-graded object in 𝐻
𝐻YD, by [79, Lemma 2.6] the graded dual of

B(𝑀) is isomorphic to B(𝑀∗). We thus obtain an isomorphism of N0-graded objects in 𝐻
𝐻YD:

B(𝑀) ⊗ B(𝑀∗) � 𝐾𝑖 ⊗B(𝑀𝑖) ⊗𝐾gr-dual
𝑖 ⊗B(𝑀∗

𝑖 ).

Similarly, for the reflected tuple, we have

B(𝑅𝑖 (𝑀)) ⊗ B(𝑅𝑖 (𝑀)∗) � 𝐾𝑖 ⊗B(𝑀∗
𝑖 ) ⊗𝐾

gr-dual
𝑖 ⊗B(𝑀𝑖).

Since 𝐴 ⊗ 𝐵 � 𝐵 ⊗ 𝐴 as Z𝜃-graded vector spaces. the supports on both sides coincide, which
establishes the first claim.

The second claim follows directly from the definition of 𝑠𝑀𝑖 . □

Next, we show that reflections preserve the dimension of Nichols algebras.

Lemma 5.3.2. Suppose dimB(𝑀) <∞, then 𝑀 gives rise to a semi-Cartan graph, and dimB(𝑅𝑖 (𝑀)) =
dimB(𝑀) for each 𝑖 ∈ I.

Proof. For each 𝑖 ∈ I, as vector spaces, we have the isomorphism B(𝑀) � 𝐾𝑖 ⊗B(𝑀𝑖). Therefore
𝐾𝑖 is finite-dimensional, and ad(B(𝑀𝑖)) (𝑀 𝑗 ) is finite-dimensional for each 𝑗 ∈ I. It follows by
definition that 𝑀 admits the 𝑖-th reflection. Applying the equivalence Ω𝑖, we obtain Ω𝑖 (𝐾𝑖) = 𝐾𝑖 ∈
𝐴(𝑀∗

𝑖 )
𝐴(𝑀∗

𝑖 )
YD and B(𝑅𝑖 (𝑀)) � 𝐾𝑖 ⊗ B(𝑀∗

𝑖 ) as vector space. Since B(𝑀𝑖) is finite-dimensional, we
have dimB(𝑀𝑖) = dimB(𝑀∗

𝑖 ). Therefore dimB(𝑅𝑖 (𝑀)) = dimB(𝑀) for each 𝑖 ∈ I. By iterated
reflections, 𝑀 admits all reflections and gives rise to a semi-Cartan graph. □
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Before we state the next lemma, we recall the definition of a finite semi-Cartan graph.

Definition 5.3.3. We denote by D(X,End(ZI)) to be the category with objects ObD(X,End(ZI)) =
X, and morphisms

Hom(𝑋,𝑌 ) = {(𝑌, 𝑓 , 𝑋) | 𝑓 ∈ End(ZI)},

where the composition of morphisms is defined by

(𝑍,𝑔,𝑌 ) ◦ (𝑌, 𝑓 , 𝑋) = (𝑍,𝑔 𝑓 , 𝑋), for all 𝑋,𝑌, 𝑍 ∈ X, 𝑓 , 𝑔 ∈ End(ZI).

Let 𝛼𝑖, 1 ≤ 𝑖 ≤ 𝜃 be the standard basis of ZI, and

𝑠𝑋𝑖 ∈ Aut(ZI), 𝑠𝑋𝑖 (𝛼 𝑗 ) = 𝛼 𝑗 − 𝑎𝑋𝑖 𝑗𝛼𝑖, for all 𝑗 .

We call the smallest subcategory of D(X,End(ZI)) which contains all morphisms (𝑟𝑖 (𝑋), 𝑠𝑋𝑖 , 𝑋)
with 𝑖 ∈ I, 𝑋 ∈ X the Weyl groupoid of G, denoted by W(G).

Definition 5.3.4. Let G = (I,X, 𝑟, (𝐴𝑋)𝑋∈X) be a semi-Cartan graph. For all 𝑋 ∈ X, the set

Δ𝑋,re = {𝜔(𝛼𝑖) ∈ ZI | 𝜔 ∈ Hom(W(G), 𝑋), 𝑖 ∈ I}

is called the set of real roots of G at 𝑋. We call the semi-Cartan graph G is finite, if Δ𝑋,re is finite
for all 𝑋 ∈ X.

We now relate the finiteness of the Nichols algebra to the structure of the associated semi-Cartan
graph.

Lemma 5.3.5. Suppose B(𝑀) is finite-dimensional, then the semi-Cartan graph G(𝑀) is finite.

Proof. Let 𝑊 = 𝑀1 ⊕ · · · ⊕𝑀𝜃 . Clearly, the homogeneous degrees of elements in 𝑊 lie in the union
𝑊 ⊆ SuppB(𝑀) ∪SuppB(𝑀∗). For 1 ≤ 𝑗 ≤ 𝜃, we apply equations (5.3.1),(5.3.2), together with
the fact that 𝑅2

𝑖 (𝑀) � 𝑀 to obtain

𝑠𝑅𝑖 (𝑀)
𝑖 (𝛼 𝑗 ) ⊆ 𝑠𝑅𝑖 (𝑀)

𝑖 (SuppB(𝑀) ∪SuppB(𝑀∗))
= 𝑠𝑅𝑖 (𝑀)

𝑖 (SuppB(𝑅𝑖 (𝑀)) ∪SuppB(𝑅𝑖 (𝑀∗)))
= SuppB(𝑀) ∪SuppB(𝑀∗).

We recall that every element 𝜔 ∈ Hom(W(G), 𝑀) can be expressed as an iteration of simple reflec-
tions. It follows that Δ𝑀,re ⊆ SuppB(𝑀) ∪SuppB(𝑀∗). Now, since B(𝑀) is finite-dimensional,
the set SuppB(𝑀) is finite. Moreover, as vector spaces, B(𝑀) � B(𝑀∗)gr-dual, so SuppB(𝑀∗) is
also finite. Combining these observations, we conclude that Δ𝑀,re is finite. The same reasoning
applies to any 𝑁 ∈ 𝑋: we have

Δ𝑁,re ⊆ SuppB(𝑁) ∪SuppB(𝑁∗).

Then Δ𝑁,re is again finite by Lemma 5.3.2. Therefore, G(𝑀) is a finite semi-Cartan graph. □

Lemma 5.3.6. [45, Lemma 5.1] Suppose G = (I,X, 𝑟, (𝐴𝑋)𝑋∈X) is a semi-Cartan graph. Then G
is finite semi-Cartan graph if and only if the Weyl groupoid W(G) is finite.
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Definition 5.3.7. Suppose G = (I,X, 𝑟, (𝐴𝑋)𝑋∈X) is a semi-Cartan graph. If 𝐴𝑋 = 𝐴𝑌 for all 𝑋,𝑌 ∈
X, then G is called a standard semi-Cartan graph.

The proof of the next theorem is similar to that in the Hopf algebra situations; we write it down
here for completeness.

Theorem 5.3.8. Let 𝑀 = (𝑀1, . . . , 𝑀𝜃) ∈ F𝜃 , where each 𝑀𝑖 is irreducible for all 𝑖 ∈ I. If dimB(𝑀) <
∞ and G(𝑀) is standard, then 𝐴𝑀 must be a finite Cartan matrix.

Proof. Since dimB(𝑀) < ∞, Lemma 5.3.5 implies that G(𝑀) is a finite Semi-Cartan graph. By
Lemma 5.3.6, W(G(𝑀)) is finite, in particular, Hom(W(G(𝑀))) is finite.

Let 𝑊 (𝐴𝑀) be the Weyl group of the Kac-Moody Lie algebra of the Cartan matrix 𝐴𝑀 . Note
that

𝑊 (𝐴𝑀) = ⟨𝑠𝑀𝑖 ∈ Aut(Z𝜃) | 1 ≤ 𝑖 ≤ 𝜃⟩.

Since G(𝑀) is standard, we know that

Hom(W(G(𝑀))) −→𝑊 (𝐴𝑀), (𝑌, 𝑠, 𝑋) ↦→ 𝑠

is well-defined and surjective. Therefore𝑊 (𝐴𝑀) is finite, which implies that 𝐴𝑀 is of finite type. □

Proposition 5.3.9. Let 𝑀 = (𝑀1, . . . , 𝑀𝜃) ∈ F𝜃 with each component 𝑀𝑖 is irreducible. Suppose
𝑀 admits 𝑖-th reflection, then

GKdimB(𝑀) = GKdimB(𝑅𝑖 (𝑀)).

Proof. Since 𝑀𝑖 is finite-dimensional, the Nichols algebra B(𝑀𝑖) is finitely generated in degree 1.
Consequently, the Gelfand-Kirillov dimension is well-defined. Now that 𝑀 admits 𝑖-th reflection, we
have

B(𝑀)coB(𝑀𝑖) (1) =
⊕
𝑗≠𝑖

(adB(𝑀𝑖)) (𝑀 𝑗 )

is finite-dimensional. We have B(𝑀) ≃ B(𝑀)coB(𝑀𝑖)#B(𝑀𝑖) by Theorem 5.2.3. Further, B(𝑀)coB(𝑀𝑖)

is generated by B(𝑀)coB(𝑀𝑖) (1) by Theorem 4.3.2. Then we have B(𝑀)coB(𝑀𝑖) (1) +𝑀𝑖 generates
B(𝑀) and B(𝑀)coB(𝑀𝑖) (1) +𝑀∗

𝑖 generates Ω𝑖 (B(𝑀)coB(𝑀𝑖))#B(𝑀∗
𝑖 ), and

(B(𝑀)coB(𝑀𝑖) (1) +𝑀𝑖)𝑛 =
𝑛⊕
𝑘=0

B(𝑀)coB(𝑀𝑖) (1)𝑛−𝑘#𝑀 𝑘
𝑖 in B(𝑀)coB(𝑀𝑖)#B(𝑀𝑖),

(B(𝑀)coB(𝑀𝑖) (1) +𝑀∗
𝑖 )𝑛 =

𝑛⊕
𝑘=0

B(𝑀)coB(𝑀𝑖) (1)𝑛−𝑘#(𝑀∗
𝑖 )𝑘 in Ω𝑖 (B(𝑀)coB(𝑀𝑖))#B(𝑀∗

𝑖 )

for all 𝑛, where 𝑀 𝑘
𝑖 means 𝑘-fold product of 𝑀𝑖 in B(𝑀𝑖). Recall that both B(𝑀𝑖) and B(𝑀∗

𝑖 )
are finitely generated N0-graded algebras, and there is a non-degenerate dual pairing between them
which is compatible with the grading. Thus dim𝑀 𝑙

𝑖 = dim(𝑀∗
𝑖 )𝑙 < ∞ for all 𝑙 ∈ N0. Therefore the
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definition of GKdim implies that

GKdimB(𝑀) = limsup
𝑛→∞

logdim(B(𝑀)coB(𝑀𝑖) (1) +𝑀𝑖)𝑛
log𝑛

= limsup
𝑛→∞

logdim(B(𝑀)coB(𝑀𝑖) (1) +𝑀∗
𝑖 )𝑛

log𝑛
= GKdimΩ𝑖 (B(𝑀)coB(𝑀𝑖))#B(𝑀∗

𝑖 ).

Hence the theorem holds since B(𝑅𝑖 (𝑀)) ≃ Ω𝑖 (B(𝑀)coB(𝑀𝑖))#B(𝑀∗
𝑖 ) as Hopf algebras in 𝐻

𝐻YD.
□

59



Chapter 6

On gauge equivalence of twisted quantum
double

We study the quantum double of a finite abelian group 𝐺 twisted by a 3-cocycle and give a
sufficient condition for when such a twisted quantum double will be gauge equivalent to an ordinary
quantum double of a finite group. Moreover, we will determine when a twisted quantum double of
a cyclic group is genuine.

6.1 Twisted quantum doubles

We recall the definition of the twisted quantum double for the sake of completeness of the
thesis.

Definition 6.1.1. The twisted quantum double 𝐷Φ(𝐺) of a finite group 𝐺 with respect to the
3-cocycle Φ on 𝐺 is the semisimple quasi-Hopf algebra with underlying vector space (k𝐺)∗ ⊗k𝐺 in
which multiplication, comultiplication Δ, associator 𝜙, counit 𝜀, antipode S, 𝛼 and 𝛽 are given by

(𝑒(𝑔) ⊗ 𝑥) (𝑒(ℎ) ⊗ 𝑦) = 𝜃𝑔 (𝑥, 𝑦)𝛿𝑔𝑥 ,ℎ𝑒(𝑔) ⊗ 𝑥𝑦,
Δ(𝑒(𝑔) ⊗ 𝑥) =

∑
ℎ𝑘=𝑔

𝛾𝑥 (ℎ, 𝑘)𝑒(ℎ) ⊗ 𝑥 ⊗ 𝑒(𝑘) ⊗ 𝑥,

𝜙 =
∑

𝑔,ℎ,𝑘∈𝐺
Φ(𝑔, ℎ, 𝑘)−1𝑒(𝑔) ⊗ 1⊗ 𝑒(ℎ) ⊗ 1⊗ 𝑒(𝑘) ⊗ 1,

S(𝑒(𝑔) ⊗ 𝑥) = 𝜃𝑔−1 (𝑥, 𝑥−1)−1𝛾𝑥 (𝑔,𝑔−1)−1𝑒(𝑥−1𝑔−1𝑥) ⊗ 𝑥−1,

𝜀(𝑒(𝑔) ⊗ 𝑥) = 𝛿𝑔,1, 𝛼 = 1, 𝛽 =
∑
𝑔∈𝐺

Φ(𝑔,𝑔−1, 𝑔)𝑒(𝑔) ⊗ 1,

where {𝑒(𝑔) |𝑔 ∈ 𝐺} is the dual basis of {𝑔 ∈ 𝐺}, and 𝛿𝑔,1 is the Kronecker delta, 𝑔𝑥 = 𝑥−1𝑔𝑥, and

𝜃𝑔 (𝑥, 𝑦) =
Φ(𝑔,𝑥, 𝑦)Φ(𝑥, 𝑦, (𝑥𝑦)−1𝑔𝑥𝑦)

Φ(𝑥, 𝑥−1𝑔𝑥, 𝑦)
,

𝛾𝑔 (𝑥, 𝑦) =
Φ(𝑥, 𝑦, 𝑔)Φ(𝑔,𝑔−1𝑥𝑔,𝑔−1𝑦𝑔)

Φ(𝑥, 𝑔, 𝑔−1𝑦𝑔)

for any 𝑥, 𝑦, 𝑔 ∈ 𝐺.
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6.2 Module category and categorically Morita equivalence

Module categories are important tools in the theory of tensor categories. It is parallel to module
theory over a ring. Its definition is similar to that of a tensor category, see [35, Definition 7.1.1]
for explicit definitions. The theory of categorically Morita equivalence is a categorical analogue of
Morita equivalence in ring theory, which plays an important role in the theory of module category.
Definition 6.2.1. Let C be a tensor category with enough projective objects. A module category
ℳ over C is called exact if for any projective object 𝑃 ∈ C and any object 𝑀 ∈ℳ the object 𝑃⊗𝑀
is projective in ℳ.

For an exact indecomposable right module category, one can form the dual category C∗
ℳ

:=
FunC (ℳ,ℳ), that is, the category of module functors from ℳ to itself. It is known that C∗

ℳ
is

also a tensor category.
Definition 6.2.2. Let C, D be tensor categories. We will say that C and D are categorically Morita
equivalent if there is an exact indecomposable C-module category ℳ and a tensor equivalence
D𝑜𝑝 � C∗

ℳ
.

Here is a basic example of categorically Morita equivalence.
Example 6.2.3. Let 𝐺 be a finite group and let C = Vec𝐺 . The category Vec is an exact Vec𝐺-
module category via the forgetful tensor functor Vec𝐺 →Vec. Consider the dual category (Vec𝐺)∗Vec.
By definition, a Vec𝐺-module endofunctor 𝐹 of Vec consists of a vector space 𝑉 := 𝐹 (k) and a
collection of isomorphisms

𝛾𝑔 ∈ Hom(𝐹 (𝛿𝑔 ⊗k), 𝛿𝑔 ⊗ 𝐹 (k))) = Endk(𝑉).

By axioms of module functors, the map 𝑔 ↦→ 𝛾𝑔 : 𝐺 −→ GL(𝑉) is a representation of 𝐺 on 𝑉 .
Conversely, any such representation determines a Vec𝐺-module endofunctor of Vec. The homomor-
phisms of representations are precisely morphisms between the corresponding module functors. Thus,
(Vec𝐺)∗Vec � Rep(𝐺)op, i.e., the categories Vec𝐺 and Rep(𝐺) are categorically Morita equivalent.

6.3 On gauge equivalence between 𝐷Φ(𝐺) and 𝐷 (𝐺′)

Throughout this section, let 𝐺 = 𝑍𝑚1 × 𝑍𝑚2 × · · ·× 𝑍𝑚𝑛 with 𝑚𝑖 | 𝑚𝑖+1 for 1 ≤ 𝑖 ≤ 𝑛−1 and Φ be
a normalized 3-cocycle with the following form:

Φ
(
𝑔𝑖11 · · ·𝑔𝑖𝑛𝑛 , 𝑔

𝑗1
1 · · ·𝑔 𝑗𝑛𝑛 , 𝑔𝑘1

1 · · ·𝑔𝑘𝑛𝑛
)
=

𝑛∏
𝑙=1

𝜁
𝑎𝑙𝑖𝑙

[
𝑗𝑙+𝑘𝑙
𝑚𝑙

]
𝑚𝑙

∏
1≤𝑠<𝑡≤𝑛

𝜁
𝑎𝑠𝑡 𝑘𝑠

[
𝑖𝑡+ 𝑗𝑡
𝑚𝑡

]
𝑚𝑠

∏
1≤𝑟<𝑠<𝑡≤𝑛

𝜁
𝑎𝑟𝑠𝑡 𝑘𝑟 𝑗𝑠𝑖𝑡
(𝑚𝑟 ,𝑚𝑠 ,𝑚𝑡 ) . (6.3.1)

We first recall the result of categorically Morita equivalence in [85]:
Lemma 6.3.1. [85, Theorem 3.9] Let 𝐺 and 𝐺′ be finite groups, 𝜂 ∈ 𝑍3(𝐺,C∗) and 𝜂 ∈ 𝑍3(𝐺′,C∗)
be normalized 3-cocycles. Then the tensor categories Vec𝜂𝐺 and Vec𝜂𝐺′ are categorically Morita
equivalent if and only if the following conditions are satisfied:

(1) There exist isomorphism of groups:

𝜙 : 𝐻 ⋊
𝐹
𝐾

�−→ 𝐺, 𝜙′ : 𝐻 ⋊
𝐹̂
𝐾

�−→ 𝐺′ (6.3.2)
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for some finite group 𝐾 acting on the abelian normal group 𝐻, with 𝐹 ∈ 𝑍2(𝐾,𝐻) and 𝐹̂ ∈ 𝑍2(𝐾,𝐻)
where 𝐻 := Hom(𝐻,C∗).

(2) There exists 𝜀 : 𝐾3 −→ C∗ such that

𝐹̂ ∧𝐹 = 𝛿𝐾𝜀. (6.3.3)

Here 𝐹̂ ∧𝐹 (𝑘1, 𝑘2, 𝑘3, 𝑘4) := 𝐹̂ (𝑘1, 𝑘2) (𝐹 (𝑘3, 𝑘4)) .
(3) The cohomology classes satisfy the equations [𝜙∗𝜂] = [Φ] and [𝜙′∗𝜂] = [Φ′] with

Φ ((ℎ1, 𝑘1) , (ℎ2, 𝑘2) , (ℎ3, 𝑘3)) := 𝐹̂ (𝑘1, 𝑘2) (ℎ3) 𝜀 (𝑘1, 𝑘2, 𝑘3) ,
Φ′ ((𝜌1, 𝑘1) , (𝜌2, 𝑘2) , (𝜌3, 𝑘3)) := 𝜀 (𝑘1, 𝑘2, 𝑘3) 𝜌1 (𝐹 (𝑘2, 𝑘3)) .

(6.3.4)

For simplicity, we will regard Φ (resp. Φ′) as a normalized 3-cocycle on 𝐺 and 𝐻⋊
𝐹̂
𝐾 (resp. 𝐺′

and 𝐻 ⋊
𝐹̂
𝐾 ) simultaneously in what follows. A simple but useful application of this lemma is the

following:
Corollary 6.3.2. Let 𝐺 be a finite abelian group. If VecΦ𝐺 is categorically Morita equivalent to
Vec𝐺′ for a finite group 𝐺′, then

(i) The choice of 𝜀 in Lemma 6.3.1 must be 𝜀(𝑘1, 𝑘2, 𝑘3) = 1 for all 𝑘1, 𝑘2, 𝑘3 ∈ 𝐾.
(ii) The crossed product 𝐺 = 𝐻 ⋊

𝐹
𝐾 in Lemma 6.3.1 is actually a direct product. That is, the

decomposition of 𝐺 must be of the form 𝐺 = 𝐻 ×𝐾 for an abelian normal subgroup 𝐻.
Proof. Suppose VecΦ𝐺 is categorically Morita equivalence to Vec𝐺′ . By Lemma 6.3.1, There exists
isomorphism of groups: 𝐻 ⋊

𝐹
𝐾

�−→ 𝐺, 𝐻 ⋊
𝐹̂
𝐾

�−→ 𝐺′ for abelian normal subgroup 𝐻 of 𝐺. By
assumption, the normalized 3-cocycle Φ′ of 𝐺′ is trivial. That is

Φ′ ((𝜌1, 𝑘1) , (𝜌2, 𝑘2) , (𝜌3, 𝑘3)) = 𝜀 (𝑘1, 𝑘2, 𝑘3) 𝜌1 (𝐹 (𝑘2, 𝑘3)) ≡ 1

for all 𝑘1, 𝑘2, 𝑘3 ∈ 𝐾 and 𝜌1, 𝜌2, 𝜌3 ∈ 𝐻.
We first assume 𝜀 is nontrivial, then there exist 𝑘′, 𝑘′′, 𝑘′′′ ∈ 𝐾 such that 𝜀(𝑘′, 𝑘′′, 𝑘′′′) ≠ 1, then

Φ′ ( (1𝐻 , 𝑘′) , (𝜌2, 𝑘
′′) , (𝜌3, 𝑘

′′′, )
)
= 𝜀(𝑘′, 𝑘′′, 𝑘′′′)1𝐻 (𝐹 (𝑘1, 𝑘2)) = 𝜀(𝑘′, 𝑘′′, 𝑘′′′) ≠ 1.

This implies Φ′ will never be identically equal to 1, which is a contradiction.
Suppose the crossed product is not a direct product. Then 𝐹 ∈ 𝑍2(𝐾,𝐻) is nontrivial, and

there exist 𝑘′, 𝑘′′ ∈ 𝐾 such that 𝐹 (𝑘′, 𝑘′′) ≠ 1𝐻 . So we can choose a character 𝜌 ∈ 𝐻̂ such that
𝜌 (𝐹 (𝑘′, 𝑘′′)) ≠ 1 and consider the ratio

Φ′ ((𝜌, 𝑘1) ,
(
1𝐻̂ , 𝑘2

)
,
(
1𝐻̂ , 𝑘3

) )
Φ′ ( (1𝐻̂ , 𝑘1

)
,
(
1𝐻̂ , 𝑘2

)
,
(
1𝐻̂ , 𝑘3

) ) = 𝜌 (𝐹 (𝑘1, 𝑘2)) ≠ 1.

Thus one of the values of Φ′ cannot be one. This leads to a contradiction as well. □

Keeping the notation above, we will give a sufficient condition for categorically Morita equiva-
lence between VecΦ𝐺 and Vec𝐺′ in this subsection. Now let 𝐺 = 𝑍𝑚1 × 𝑍𝑚2 × · · · × 𝑍𝑚𝑛 with 𝑚𝑖 | 𝑚𝑖+1
for 1 ≤ 𝑖 ≤ 𝑛−1. The 3-cocycle Φ as in (6.3.1).

𝑎 = (𝑎1, 𝑎2, ..., 𝑎𝑙 , ..., 𝑎𝑛, 𝑎12, 𝑎13, ..., 𝑎𝑠𝑡 , ..., 𝑎𝑛−1,𝑛, 𝑎123, ..., 𝑎𝑟𝑠𝑡 , ...𝑎𝑛−2,𝑛−1,𝑛) ∈𝒜
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where 0 ≤ 𝑎𝑙 < 𝑚𝑙 , 0 ≤ 𝑎𝑠𝑡 < (𝑚𝑠,𝑚𝑡), 0 ≤ 𝑎𝑟𝑠𝑡 < (𝑚𝑟 ,𝑚𝑠,𝑚𝑡). For a fixed 𝑎 ∈𝒜, define the following
sets:

𝐴1 :=
{
𝑖 |𝑎𝑖 𝑗 ≠ 0,1 ≤ 𝑖 < 𝑗 ≤ 𝑛

}
, 𝐴2 :=

{
𝑖 |𝑎𝑖 𝑗 𝑘 ≠ 0,1 ≤ 𝑖 < 𝑗 < 𝑘 ≤ 𝑛

}
,

𝐵1 :=
{
𝑗 |𝑎𝑖 𝑗 ≠ 0,1 ≤ 𝑖 < 𝑗 ≤ 𝑛

}
, 𝐵2 :=

{
𝑗 , 𝑘 |𝑎𝑖 𝑗 𝑘 ≠ 0,1 ≤ 𝑖 < 𝑗 < 𝑘 ≤ 𝑛

}
.

Let 𝐴 = 𝐴1 ∪ 𝐴2, 𝐵 = 𝐵1 ∪𝐵2.

Theorem 6.3.3. Let 𝐺 be a finite abelian group and Φ is a normalized 3-cocycle on 𝐺 as in (2.6.1).
If

(i) 𝑎𝑖 = 0 for all 1 ≤ 𝑖 ≤ 𝑛,
(ii) 𝐴∩𝐵 = ∅.

Then VecΦ𝐺 is categorically Morita equivalent to Vec𝐺′ for a finite group 𝐺′.

Proof. Let 𝑎𝑖 = 0 for all 1 ≤ 𝑖 ≤ 𝑛 and 𝐴∩ 𝐵 = ∅. Denote 𝐼 = {1,2, · · · , 𝑛}. Clearly 𝐴, 𝐵 ⊂ 𝐼. Now
take 𝐻 =

∏
𝑖∈𝐴
𝑍𝑚𝑖 =

∏
𝑖∈𝐴

⟨𝑔𝑖⟩, and 𝐾 =
∏
𝑗∈𝐼\𝐴

𝑍𝑚 𝑗 =
∏
𝑗∈𝐼\𝐴

⟨𝑔 𝑗 ⟩, then 𝐺 � 𝐻 ×𝐾. Define

𝐹̂
©­«

∏
𝑚∈𝐼\𝐴

𝑔𝑖𝑚𝑚 ,
∏
𝑚∈𝐼\𝐴

𝑔
𝑗𝑚
𝑚

ª®¬ =
∏
𝑝<𝑞

𝑝∈𝐴1,𝑞∈𝐵1

(𝜒𝑝)𝑎𝑝𝑞 [
𝑖𝑞+ 𝑗𝑞
𝑚𝑞

] ∏
𝑟<𝑠<𝑡

𝑟∈𝐴2,𝑠,𝑡∈𝐵2

(𝜒𝑟)
𝑎𝑟𝑠𝑡𝑚𝑟

(𝑚𝑟 ,𝑚𝑠 ,𝑚𝑡 ) 𝑗𝑠𝑖𝑡

where 𝜒𝑝 ∈ 𝑍𝑚𝑝 is primitive. 𝐹̂ lies in 𝑍2(𝐾, 𝐻̂) by direct computation. We are now going to show
VecΦ𝐺 is categorically Morita equivalent to Vec𝐻⋊

𝐹̂
𝐾 by Lemma 6.3.1:

Equation (6.3.2) is satisfied. If we set 𝜀 : 𝐾3 → 𝑘× to be identically 1, then (6.3.3) is satisfied
since 𝐹̂ ∧𝐹 (𝑘1, 𝑘2, 𝑘3, 𝑘4) = 𝐹̂ (𝑘1, 𝑘2) (𝐹 (𝑘3, 𝑘4)) = 1 = 𝛿𝐾𝜀. Note

Φ
(
𝑔𝑖11 · · ·𝑔𝑖𝑛𝑛 , 𝑔

𝑗1
1 · · ·𝑔 𝑗𝑛𝑛 , 𝑔𝑘1

1 · · ·𝑔𝑘𝑛𝑛
)
=

∏
1≤𝑝<𝑞≤𝑛

𝜁
𝑎𝑝𝑞𝑘 𝑝

[
𝑖𝑞+ 𝑗𝑞
𝑚𝑞

]
𝑚𝑝

∏
1≤𝑟<𝑠<𝑡≤𝑛

𝜁
𝑎𝑟𝑠𝑡 𝑘𝑟 𝑗𝑠𝑖𝑡
(𝑚𝑟 ,𝑚𝑠 ,𝑚𝑡 )

=
∏
𝑝<𝑞

𝑝∈𝐴1,𝑞∈𝐵1

𝜁
𝑎𝑝𝑞𝑘 𝑝 [

𝑖𝑞+ 𝑗𝑞
𝑚𝑞

]
𝑚𝑝

∏
𝑟<𝑠<𝑡

𝑟∈𝐴2,𝑠,𝑡∈𝐵2

𝜁
𝑎𝑟𝑠𝑡 𝑘𝑟 𝑗𝑠𝑖𝑡
(𝑚𝑟 ,𝑚𝑠 ,𝑚𝑡 )

since 𝑎𝑝𝑞 = 0 if 𝑝 ∉ 𝐴1 or 𝑞 ∉ 𝐵1 and 𝑎𝑟𝑠𝑡 = 0 if 𝑟 ∉ 𝐴2 or 𝑠 ∉ 𝐵2 or 𝑡 ∉ 𝐵2. On the other hand

𝐹̂
©­«
∏
𝑛∈𝐼\𝐴

𝑔𝑖𝑛𝑛 ,
∏
𝑛∈𝐼\𝐴

𝑔
𝑗𝑛
𝑛
ª®¬ (

∏
𝑚∈𝐴

𝑔𝑘𝑚𝑚 ) =
∏
𝑝<𝑞

𝑝∈𝐴1,𝑞∈𝐵1

𝜁
𝑎𝑝𝑞𝑘 𝑝 [

𝑖𝑞+ 𝑗𝑞
𝑚𝑞

]
𝑚𝑝

∏
𝑟<𝑠<𝑡

𝑟∈𝐴2,𝑠,𝑡∈𝐵2

𝜁
𝑎𝑟𝑠𝑡

𝑚𝑟 𝑘𝑟 𝑗𝑠𝑖𝑡
(𝑚𝑟 ,𝑚𝑠 ,𝑚𝑡 )

𝑚𝑟

=
∏
𝑝<𝑞

𝑝∈𝐴1,𝑞∈𝐵1

𝜁
𝑎𝑝𝑞𝑘 𝑝 [

𝑖𝑞+ 𝑗𝑞
𝑚𝑞

]
𝑚𝑝

∏
𝑟<𝑠<𝑡

𝑟∈𝐴2,𝑠,𝑡∈𝐵2

𝜁
𝑎𝑟𝑠𝑡 𝑘𝑟 𝑗𝑠𝑖𝑡
(𝑚𝑟 ,𝑚𝑠 ,𝑚𝑡 ) .
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Hence

Φ
(
𝑔𝑖11 · · ·𝑔𝑖𝑛𝑛 , 𝑔

𝑗1
1 · · ·𝑔 𝑗𝑛𝑛 , 𝑔𝑘1

1 · · ·𝑔𝑘𝑛𝑛
)
= Φ((

∏
𝑚∈𝐴

𝑔𝑖𝑚𝑚 ,
∏
𝑛∈𝐼\𝐴

𝑔𝑖𝑛𝑛 ), (
∏
𝑚∈𝐴

𝑔
𝑗𝑚
𝑚 ,

∏
𝑛∈𝐼\𝐴

𝑔
𝑗𝑛
𝑛 ), (

∏
𝑚∈𝐴

𝑔𝑘𝑚𝑚 ,
∏
𝑛∈𝐼\𝐴

𝑔𝑘𝑛𝑛 ))

=
∏
𝑝<𝑞

𝑝∈𝐴1,𝑞∈𝐵1

𝜁
𝑎𝑝𝑞𝑘 𝑝 [

𝑖𝑞+ 𝑗𝑞
𝑚𝑞

]
𝑚𝑝

∏
𝑟<𝑠<𝑡

𝑟∈𝐴2,𝑠,𝑡∈𝐵2

𝜁
𝑎𝑟𝑠𝑡 𝑘𝑟 𝑗𝑠𝑖𝑡
(𝑚𝑟 ,𝑚𝑠 ,𝑚𝑡 )

= 𝐹̂ (
∏
𝑛∈𝐼\𝐴

𝑔𝑖𝑛𝑛 ,
∏
𝑛∈𝐼\𝐴

𝑔
𝑗𝑛
𝑛 ) (

∏
𝑚∈𝐴

𝑔𝑘𝑚𝑚 ).

Thus the first equation of (6.3.4) has been verified.
Since 𝐺 � 𝐻×𝐾 = 𝐻⋊

𝐹
𝐾 where 𝐹 (𝑘1, 𝑘2) = 1𝐻 for all 𝑘1, 𝑘2 ∈ 𝐾. Then 𝜌(𝐹 (𝑘1, 𝑘2)) = 1 for all

𝜌 ∈ 𝐻̂ and 𝑘1, 𝑘2 ∈ 𝐾. Thus

Φ′ ((𝜌1, 𝑘1) , (𝜌2, 𝑘2) , (𝜌3, 𝑘3)) = 1 = 𝜌1(𝐹 (𝑘2, 𝑘3)).

We have verified all conditions in Lemma 6.3.1. Hence VecΦ𝐺 is categorically Morita equivalent to
Vec𝐻̂⋊

𝐹̂
𝐾 if 𝑎𝑖 = 0 for all 1 ≤ 𝑖 ≤ 𝑛 and 𝐴∩𝐵 = ∅. □

This theorem implies Theorem 6.3.4 directly.

Theorem 6.3.4. Let 𝐺 be a finite abelian group and Φ a normalized 3-cocycle on 𝐺 as in (2.6.1).
If the following condition holds:

(i) 𝑎𝑖 = 0 for all 1 ≤ 𝑖 ≤ 𝑛.
(ii) 𝐴∩𝐵 = ∅.

Then 𝐷Φ(𝐺) will be gauge equivalent to 𝐷 (𝐺′) for a finite group 𝐺′.

Proof. According to Theorem 6.3.3, if 𝑎𝑖 = 0 for all 1 ≤ 𝑖 ≤ 𝑛 and 𝐴∩𝐵 = ∅, then VecΦ𝐺 is categorically
Morita equivalent to Vec𝐺′ for some finite group 𝐺′. By [35, Theorem 3.1], the centers of these
two fusion categories are braided equivalent. It is known that the center is equivalent to the
representation category of the corresponding Drinfeld double [84]. That is, Rep(𝐷Φ(𝐺)) is braided
tensor equivalent to Rep(𝐷 (𝐺′)). Hence 𝐷Φ(𝐺) will be gauge equivalent to 𝐷 (𝐺′) by Theorem
2.2 in [82]. □

A natural question is under what conditions 𝐺′ can be a finite abelian group. The following
corollary provides the answer.

Corollary 6.3.5. Let 𝐺 be a finite abelian group and Φ a normalized 3-cocycle on 𝐺 as above.
Then VecΦ𝐺 is categorically Morita equivalent to Vec𝐺′ for a finite abelian group 𝐺′ if

(1) 𝑎𝑖 = 0 for all 1 ≤ 𝑖 ≤ 𝑛 and 𝑎𝑟𝑠𝑡 = 0 for all 1 ≤ 𝑟 < 𝑠 < 𝑡 ≤ 𝑛,
(2) 𝐴1 ∩𝐵1 = ∅.

Proof. We first assume the condition (i) and (ii) in Theorem 6.3.3 hold. Thus there’s a finite
group 𝐺′ such that VecΦ𝐺 is categorically Morita equivalence to Vec𝐺′ . By construction, 𝐺′ �
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(∏
𝑖∈𝐴
𝑍𝑚𝑖 ) ⋊

𝐹̂
( ∏
𝑗∈𝐼\𝐴

𝑍𝑚 𝑗 ) where 𝐹̂ is defined to be

𝐹̂
©­«

∏
𝑚∈𝐼\𝐴

𝑔𝑖𝑚𝑚 ,
∏
𝑚∈𝐼\𝐴

𝑔
𝑗𝑚
𝑚

ª®¬ =
∏
𝑝<𝑞

𝑝∈𝐴1,𝑞∈𝐵1

(𝜒𝑝)𝑎𝑝𝑞 [
𝑖𝑞+ 𝑗𝑞
𝑚𝑞

] ∏
𝑟<𝑠<𝑡

𝑟∈𝐴2,𝑠,𝑡∈𝐵2

(𝜒𝑟)
𝑎𝑟𝑠𝑡𝑚𝑟

(𝑚𝑟 ,𝑚𝑠 ,𝑚𝑡 ) 𝑗𝑠𝑖𝑡 .

Then 𝐺′ is abelian ⇔ (
∏
𝑚∈𝐴

𝑔𝑖𝑚𝑚 ,
∏
𝑛∈𝐼\𝐴

𝑔𝑖𝑛𝑛 ) · (
∏
𝑚∈𝐴

𝑔
𝑗𝑚
𝑚 ,

∏
𝑛∈𝐼\𝐴

𝑔
𝑗𝑛
𝑛 ) = (

∏
𝑚∈𝐴

𝑔
𝑗𝑚
𝑚 ,

∏
𝑛∈𝐼\𝐴

𝑔
𝑗𝑛
𝑛 ) · (

∏
𝑚∈𝐴

𝑔𝑖𝑚𝑚 ,
∏
𝑛∈𝐼\𝐴

𝑔𝑖𝑛𝑛 )

⇔ 𝐹̂
©­«
∏
𝑛∈𝐼\𝐴

𝑔𝑖𝑛𝑛 ,
∏
𝑛∈𝐼\𝐴

𝑔
𝑗𝑛
𝑛
ª®¬ = 𝐹̂ ©­«

∏
𝑛∈𝐼\𝐴

𝑔
𝑗𝑛
𝑛 ,

∏
𝑛∈𝐼\𝐴

𝑔𝑖𝑛𝑛
ª®¬

⇔
∏
𝑝<𝑞

𝑝∈𝐴1,𝑞∈𝐵1

(𝜒𝑝)𝑎𝑝𝑞 [
𝑖𝑞+ 𝑗𝑞
𝑚𝑞

] ∏
𝑟<𝑠<𝑡

𝑟∈𝐴2,𝑠,𝑡∈𝐵2

(𝜒𝑟)
𝑎𝑟𝑠𝑡𝑚𝑟 𝑗𝑠𝑖𝑡
(𝑚𝑟 ,𝑚𝑠 ,𝑚𝑡 ) =

∏
𝑝<𝑞

𝑝∈𝐴1,𝑞∈𝐵1

(𝜒𝑝)𝑎𝑝𝑞 [
𝑗𝑞+𝑖𝑞
𝑚𝑞

] ∏
𝑟<𝑠<𝑡

𝑟∈𝐴2,𝑠,𝑡∈𝐵2

(𝜒𝑟)
𝑎𝑟𝑠𝑡𝑚𝑟 𝑖𝑠 𝑗𝑡
(𝑚𝑟 ,𝑚𝑠 ,𝑚𝑡 )

⇔ 𝐴2, 𝐵2 = ∅.

This is equivalent to 𝑎𝑟𝑠𝑡 = 0 for all 1 ≤ 𝑟 < 𝑠 < 𝑡 ≤ 𝑛. Thus if (1) and (2) hold, then 𝐺′ is abelian. □

If 𝐺 is a cyclic group, then conditions (i),(ii) in Theorem 6.3.3 are also necessary. In fact, for any
cyclic group 𝐺 � 𝑍𝑚 =< 𝑔 |𝑔𝑚 = 1 > with a normalized 3-cocycle Φ𝑎 given by Φ𝑎 (𝑔𝑖, 𝑔 𝑗 , 𝑔𝑘 ) = 𝜁

𝑎𝑖[ 𝑗+𝑘
𝑚 ]

𝑚 ,
where 0 ≤ 𝑎, 𝑖, 𝑗 , 𝑘 < 𝑚, we have the following proposition.

Proposition 6.3.6. The fusion category VecΦ𝑎

𝐺 is categorically Morita equivalent to Vec𝐺′ for a
finite group 𝐺′ if and only if 𝑎 = 0.

Proof. The sufficiency follows from Theorem 6.3.3. Now suppose that VecΦ𝑎

𝐺 is categorically Morita
equivalent to Vec𝐺′ for a finite group 𝐺′. By Corollary 6.3.2, 𝐺 must be direct product of two
subgroups, like 𝐺 � 𝐻×𝐾 and the function 𝜀 should be 1. Since 𝐺 is cyclic, then 𝐻 and 𝐾 must be
cyclic subgroups. Moreover, |𝐻 | should be coprime to |𝐾 |, hence H2(𝐾, 𝐻̂) = {1}. Thus Φ𝑎 should
be 1 by formula (6.3.4). That is, 𝑎 = 0. □

But in general the conditions (i) and (ii) in Theorem 6.3.3 both are not necessary as the following
example shows.

Example 6.3.7. Let 𝐺 � 𝑍2 × 𝑍2 × 𝑍2 = ⟨𝑔1⟩ × ⟨𝑔2⟩ × ⟨𝑔3⟩ and

Φ
(
𝑔𝑖11 𝑔

𝑖2
2 𝑔

𝑖3
3 , 𝑔

𝑗1
1 𝑔

𝑗2
2 𝑔

𝑗3
3 , 𝑔

𝑘1
1 𝑔

𝑘2
2 𝑔

𝑘3
3

)
= (−1)𝑖2 [

𝑗2+𝑘2
2 ] (−1)𝑘1 [

𝑖2+ 𝑗2
2 ] (−1)𝑘1 [

𝑖3+ 𝑗3
2 ] (−1)𝑘2 [

𝑖3+ 𝑗3
2 ] .

In this case, 𝑎 = (0,1,0,1,1,1,0) ∈𝒜, 𝑎2 ≠ 0 and 𝐴1 ∩𝐵1 ≠ 0.
Take 𝐻 � 𝑍2 = ⟨𝑔1⟩ and 𝐾 � 𝑍2 × 𝑍2 = ⟨𝑔1𝑔2⟩ × ⟨𝑔3⟩. Obviously, 𝐺 � 𝐻 ×𝐾. Define

𝐹̂ : 𝐾 ×𝐾 → 𝐻̂, 𝐹̂ ((𝑔1𝑔2)𝑖2 , 𝑔𝑖33 , (𝑔1𝑔2) 𝑗2 , 𝑔 𝑗33 ) = 𝜒[ 𝑖2+ 𝑗22 ]
1 𝜒

[ 𝑖3+ 𝑗32 ]
1 ,

where 𝜒1 generates 𝐻̂. Let 𝐺′ = 𝐻̂⋊
𝐹̂
𝐾, we are going to show VecΦ𝐺 is categorically Morita equivalent

to Vec𝐺′ .
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Define 𝜀 : 𝐾3 → C∗ as 𝜀 ≡ 1, then equation (6.3.3) holds. Note that

Φ(𝑔(𝑖1−𝑖2)
′

1 ((𝑔1𝑔2)𝑖2 , 𝑔𝑖33 ), 𝑔
( 𝑗1− 𝑗2)′
1 ((𝑔1𝑔2) 𝑗2𝑔 𝑗33 ), 𝑔(𝑘1−𝑘2)′

1 ((𝑔1𝑔2)𝑘2𝑔𝑘3
3 ))

= Φ
(
𝑔𝑖11 𝑔

𝑖2
2 𝑔

𝑖3
3 , 𝑔

𝑗1
1 𝑔

𝑗2
2 𝑔

𝑗3
3 , 𝑔

𝑘1
1 𝑔

𝑘2
2 𝑔

𝑘3
3

)
= (−1)𝑖2 [

𝑗2+𝑘2
2 ] (−1)𝑘1 [

𝑖2+ 𝑗2
2 ] (−1)𝑘1 [

𝑖3+ 𝑗3
2 ] (−1)𝑘2 [

𝑖3+ 𝑗3
2 ] ,

and
𝐹

(
((𝑔1𝑔2)𝑖2 , 𝑔𝑖33 ), ((𝑔1𝑔2) 𝑗2 , 𝑔 𝑗33 )

)
(𝑔(𝑘1−𝑘2)′

1 ) = (−1) (𝑘1−𝑘2)′ [
𝑖2+ 𝑗2

2 ] (−1) (𝑘1−𝑘2)′ [
𝑖3+ 𝑗3

2 ]

for 0 ≤ 𝑖1, 𝑖2, 𝑗1, 𝑗2, 𝑘1, 𝑘2 ≤ 1. Actually,

(−1)𝑖2 [
𝑗2+𝑘2

2 ] (−1)𝑘1 [
𝑖2+ 𝑗2

2 ] (−1)𝑘1 [
𝑖3+ 𝑗3

2 ] (−1)𝑘2 [
𝑖3+ 𝑗3

2 ]

(−1) (𝑘1−𝑘2)′ [
𝑖2+ 𝑗2

2 ] (−1) (𝑘1−𝑘2)′ [
𝑖3+ 𝑗3

2 ]

=
(−1)𝑖2 [

𝑗2+𝑘2
2 ] (−1)𝑘1 [

𝑖2+ 𝑗2
2 ] (−1)𝑘1 [

𝑖3+ 𝑗3
2 ] (−1)𝑘2 [

𝑖3+ 𝑗3
2 ]

(−1)𝑘1 [
𝑖2+ 𝑗2

2 ] (−1)−𝑘2 [
𝑖2+ 𝑗2

2 ] (−1)𝑘1 [
𝑖3+ 𝑗3

2 ] (−1)−𝑘2 [
𝑖3+ 𝑗3

2 ]

= (−1)𝑘2 [
𝑖2+ 𝑗2

2 ] · (−1)𝑖2 [
𝑗2+𝑘2

2 ] = 1.

Thus Φ
(
𝑔𝑖11 𝑔

𝑖2
2 𝑔

𝑖3
3 , 𝑔

𝑗1
1 𝑔

𝑗2
2 𝑔

𝑗3
3 , 𝑔

𝑘1
1 𝑔

𝑘2
2 𝑔

𝑘3
3

)
= 𝐹

(
((𝑔1𝑔2)𝑖2 , 𝑔𝑖33 ), ((𝑔1𝑔2) 𝑗2 , 𝑔 𝑗33 )

)
(𝑔(𝑘1−𝑘2)′

1 ) and the first
equation in (6.3.4) holds. Obviously, if we define the 3-cocycle Φ′ on 𝐺′ as

Φ′ ≡ 1.

Then the second equation in (6.3.4) holds. Hence we have proved VecΦ𝐺 is categorically Morita
equivalent to Vec𝐺′ .

6.4 The structure of 𝐷Φ(𝐺)

In the article [31], the authors asked whether or not 𝐷Φ(𝐺) can be obtained by twisting a Hopf
algebra. In [77, Example 9.5], the authors have shown that 𝐷Φ(𝑍2) is genuine for Φ being the
normalized 3-cocycle on 𝐺 whose cohomology class is nontrivial. This gives a negative answer to
the above question. In this section, we will investigate when a twisted quantum double of a cyclic
group is genuine, that is, it cannot be obtained by twisting a Hopf algebra. Let 𝐺 be an abelian
group and Φ an abelian 3-cocycle on 𝐺. Let ΓΦ be the group of all group-like elements in 𝐷Φ(𝐺),
and denote Φ𝑔 (𝑥, 𝑦) = Φ(𝑔,𝑥,𝑦)Φ(𝑥,𝑦,𝑔)

Φ(𝑥,𝑔,𝑦) for 𝑔,𝑥, 𝑦 ∈ 𝐺.

Lemma 6.4.1. [77, Corollary 3.6] With the notation above, 𝐷Φ(𝐺) is spanned by the set of group-
like elements ΓΦ and it is a commutative algebra. In particular, Φ𝑔 is a 2-coboundary for any
𝑔 ∈ 𝐺.

Moreover, ΓΦ can be seen as an abelian extension, which may help us to figure out the explicit
structure of 𝐷Φ(𝐺).

Lemma 6.4.2. [77 Proposition 3.8] Let 𝐺̂ be the character group of 𝐺, then ΓΦ is an extension

1 −→ 𝐺̂ −→ ΓΦ −→ 𝐺 −→ 1. (6.4.1)
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For each 𝑔 ∈𝐺, let Φ𝑔 = 𝛿𝜏𝑔 for a 1-cochain 𝜏𝑔 :𝐺→C×. The 2-cocycle 𝛽 associated to this central
extension is given by

𝛽(𝑥, 𝑦) (𝑔) =
𝜏𝑥 (𝑔)𝜏𝑦 (𝑔)
𝜏𝑥𝑦 (𝑔)

Φ𝑔 (𝑥, 𝑦). (6.4.2)

From now on, let 𝐺 = 𝑍𝑚 = ⟨𝑔⟩ be a finite cyclic group and Φ(𝑔𝑖, 𝑔 𝑗 , 𝑔𝑘 ) = 𝜁𝑎𝑖[
𝑗+𝑘
𝑚 ]

𝑚 be a nontrivial
normalized 3-cocycle. In this case, 𝐺 = 𝑍𝑚 = ⟨𝜒⟩, where 𝜒(𝑔) = 𝜁𝑚. We will determine when 𝐷Φ(𝐺)
is genuine. The first task is to figure out the group structure of ΓΦ. Since ΓΦ is totally determined
by 𝐷Φ(𝐺), it is independent of the choice of 𝜏𝑥 for each 𝑥 ∈ 𝐺.

Lemma 6.4.3. Let 𝜏𝑔𝑖 (𝑔 𝑗 ) = 𝜁𝑎𝑖 𝑗𝑚2 for all 0 ≤ 𝑖, 𝑗 ≤ 𝑚. then 𝛿𝜏𝑔𝑖 = Φ𝑔𝑖 . Further, 𝛽(𝑔𝑖, 𝑔 𝑗 ) = 𝜒2𝑎[ 𝑖+ 𝑗𝑚 ]

in this case.

Proof. Direct computation shows that

𝛿𝜏𝑔𝑖 (𝑔 𝑗 , 𝑔𝑘 ) =
𝜏𝑔𝑖 (𝑔 𝑗 )𝜏𝑔𝑖 (𝑔𝑘 )
𝜏𝑔𝑖 (𝑔( 𝑗+𝑘)′)

=
𝜁
𝑎𝑖 𝑗

𝑚2 𝜁
𝑎𝑖𝑘
𝑚2

𝜁
𝑎𝑖( 𝑗+𝑘)′
𝑚2

= 𝜁
𝑎𝑖[ 𝑗+𝑘

𝑚 ]
𝑚 = Φ𝑔𝑖 (𝑔 𝑗 , 𝑔𝑘 ).

Here ( 𝑗 + 𝑘)′ denotes the reminder of 𝑗 + 𝑘 modulo 𝑚. Now

𝛽(𝑔 𝑗 , 𝑔𝑘 )(𝑔𝑖) =
𝜏𝑔 𝑗 (𝑔𝑖)𝜏𝑔𝑘 (𝑔𝑖)
𝜏𝑔 ( 𝑗+𝑘 ) (𝑔𝑖)

Φ𝑔𝑖 (𝑔 𝑗 , 𝑔𝑘 ) = 𝜁
2𝑎𝑖[ 𝑗+𝑘

𝑚 ]
𝑚 .

Hence 𝛽(𝑔𝑖, 𝑔 𝑗 ) = 𝜒2𝑎[ 𝑖+ 𝑗𝑚 ] . □

Note that ΓΦ consists of all group-like elements, hence it is beneficial to explicit formulas of all
group-like elements. By [77], a nonzero element 𝑢 in 𝐷Φ(𝐺) is a group-like element if and only if

𝑢 = 𝜎𝜏 (𝛼,𝑥) =
∑
𝑔∈𝐺

𝛼(𝑔)𝜏𝑥 (𝑔)𝑒(𝑔) ⊗ 𝑥. (6.4.3)

for 𝛼 ∈ 𝐺 and 𝑥 ∈ 𝐺. Here we have assumed 𝐺 is a cyclic group, we can simplify the expression of
𝜎𝜏 (𝛼,𝑥).

Lemma 6.4.4. (i) We have 𝜎𝜏 (𝜒 𝑗 ,1) = 𝜒 𝑗 ⊗ 1 and 𝜎𝜏 (𝜒 𝑗 , 𝑔) =
∑𝑚−1
𝑖=0 𝜁𝑎𝑖

𝑚2𝜁
𝑖 𝑗
𝑚 𝑒(𝑔𝑖) ⊗ 𝑔, where 0 ≤

𝑗 ≤ 𝑚−1.
(ii) Let 𝑠 = 𝜎𝜏 (𝜒,1), 𝑡 = 𝜎𝜏 (1, 𝑔), then ΓΦ has the following presentation:〈

𝑠, 𝑡 |𝑡
𝑚2

(𝑚,2𝑎) = 𝑠𝑚 = 1, 𝑠2𝑎 = 𝑡𝑚, 𝑠𝑡 = 𝑡𝑠
〉
. (6.4.4)

Proof. First, by direct computation

𝑒(𝑔𝑖) = 1𝑖 =
1
𝑚

𝑚−1∑
𝑙=0

𝜁−𝑙𝑖𝑚 𝜒𝑙 , (6.4.5)

𝜒 𝑗 =
𝑚−1∑
𝑖=0

𝜁
𝑖 𝑗
𝑚 𝑒(𝑔𝑖). (6.4.6)
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Then

𝜎𝜏 (𝜒 𝑗 ,1) =
𝑚−1∑
𝑖=0

𝜒 𝑗 (𝑔𝑖)𝜏1(𝑔𝑖)𝑒(𝑔𝑖) ⊗ 1 =
𝑚−1∑
𝑖=0

𝜁
𝑖 𝑗
𝑚 𝑒(𝑔𝑖) ⊗ 1 = 𝜒 𝑗 ⊗ 1,

and

𝜎𝜏 (𝜒 𝑗 , 𝑔) =
𝑚−1∑
𝑖=0

𝜒 𝑗 (𝑔𝑖)𝜏𝑔 (𝑔𝑖)𝑒(𝑔𝑖) ⊗ 𝑔 =
𝑚−1∑
𝑖=0

𝜁𝑎𝑖
𝑚2𝜁

𝑖 𝑗
𝑚 𝑒(𝑔𝑖) ⊗ 𝑔.

By multiplication rule of twisted quantum double,

𝜎𝜏 (1, 𝑔) ·𝜎𝜏 (𝜒,1) = 𝜎𝜏 (𝜒,𝑔) = 𝜎𝜏 (𝜒,1) ·𝜎𝜏 (1, 𝑔).

Suppose 0 ≤ 𝑙 ≤ 𝑚−1, we have

𝜎𝜏 (1, 𝑔)𝑙 =
𝑚−1∑
𝑖=0

𝜁𝑎𝑖𝑙
𝑚2 𝑒(𝑔𝑖) ⊗ 𝑔𝑙 = 𝜎𝜏 (1, 𝑔𝑙).

Moreover,

𝜎𝜏 (1, 𝑔)𝑚 =
𝑚−1∑
𝑖=0

𝜁𝑚𝑎𝑖
𝑚2 𝑒(𝑔𝑖)𝜃𝑔𝑖 (𝑔𝑚−1, 𝑔) ⊗ 1 =

𝑚−1∑
𝑖=0

𝜁2𝑎𝑖
𝑚 𝑒(𝑔𝑖) ⊗ 1 = 𝜒2𝑎 ⊗ 1 = 𝜎𝜏 (𝜒,1)2𝑎 .

It is easy to verify that 𝜎𝜏 (𝜒,1)𝑚 = 1 and thus 𝜎𝜏 (𝜒,1)2𝑎 has order 𝑚
(𝑚,2𝑎) . This implies that 𝜎𝜏 (1, 𝑔)

has order 𝑚2

(𝑚,2𝑎) . Obviously, each 𝜎𝜏 (𝜒 𝑗 , 𝑔𝑘 ) can be expressed as a production of some powers of
𝜎𝜏 (1, 𝑔) and 𝜎𝜏 (𝜒,1). Thus we get the desired presentation of ΓΦ. □

ΓΦ is actually a metacyclic group, for details, see [56]. In general, it is not easy to determine
the group structure of ΓΦ, while in our case ΓΦ can be obtained without much difficulty.

Proposition 6.4.5. We have ΓΦ � 𝑍(2𝑎,𝑚) × 𝑍 𝑚2
(2𝑎,𝑚)

.

Proof. It is obvious that ΓΦ is an abelian group and has order 𝑚2. By the presentation of ΓΦ, the
number of generators of ΓΦ, must be equal to or less than 2. Thus we may write ΓΦ � 𝑍𝑚1 × 𝑍𝑚2 ,
where 𝑚1 | 𝑚2. Consider the element 𝜎𝜏 (1, 𝑔) and we know that its order is 𝑚2

(2𝑎,𝑚) . Hence ΓΦ

has a cyclic subgroup ⟨𝜎𝜏 (1, 𝑔)⟩ of order 𝑚2

(2𝑎,𝑚) . If (2𝑎,𝑚) = 1, then 𝜎𝜏 (1, 𝑔) has order 𝑚2. So
ΓΦ � 𝑍𝑚2 = ⟨𝜎𝜏 (1, 𝑔)⟩. Actually, we may regard it as 𝑍1 × 𝑍𝑚2 for consistency.

If (2𝑎,𝑚) ≠ 1, then 𝑚2

(2𝑎,𝑚) is strictly less than 𝑚2. We claim that for an arbitrary element
ℎ = 𝜎𝜏 (𝜒𝑖, 𝑔 𝑗 ), 0 ≤ 𝑖, 𝑗 < 𝑚, the order of ℎ will be less than or equal to 𝑚2

(2𝑎,𝑚) . The case 𝑖 = 𝑗 = 0 is
trivial and for the case 𝑖 ≠ 0 but 𝑗 = 0, we haveord(ℎ) = 𝑚

(𝑚,𝑖) ≤ 𝑚 ≤ 𝑚2

(𝑚,2𝑎) . The remaining case is
when 𝑗 ≠ 0, by direct computation.

ℎ
𝑚2

(𝑚,2𝑎 𝑗 ) = (𝜎𝜏 (𝜒,1)𝑖𝑚 ·𝜎𝜏 (1, 𝑔) 𝑗𝑚)
𝑚

(𝑚,2𝑎 𝑗 )

= (𝜎𝜏 (𝜒,1)2𝑎 𝑗 )
𝑚

(𝑚,2𝑎 𝑗 )

= 1.

So ord(ℎ) ≤ 𝑚2

(𝑚,2𝑎 𝑗) . Note that (𝑚,2𝑎 𝑗) ≥ (𝑚,2𝑎), hence 𝑚2

(𝑚,2𝑎 𝑗) ≤
𝑚2

(𝑚,2𝑎) . So ⟨𝜎𝜏 (1, 𝑔)⟩ is a maximal
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subgroup of ΓΦ. Since ΓΦ � 𝑍𝑚1 × 𝑍𝑚2 with 𝑚1 | 𝑚2, ⟨𝜎𝜏 (1, 𝑔)⟩ must be isomorphic to 𝑍𝑚2 . Hence
𝑍𝑚1 has order (2𝑎,𝑚). So ΓΦ � 𝑍(2𝑎,𝑚) × 𝑍 𝑚2

(2𝑎,𝑚)
. □

Let us recall an approach to determine whether a 3-cohomology on a finite abelian group is
nontrivial or not.

Let 𝐻 � 𝑍𝑚1 × 𝑍𝑚2 × · · ·× 𝑍𝑚𝑛 be a finite abelian group and (𝐵•, 𝜕•) be the bar resolution of 𝐻.
By applying HomZ𝐻 (−,k×) we get a complex (𝐵∗

•, 𝜕
∗
• ), where k× is a trivial 𝐻-module. In [58], the

authors defined another free resolution (𝐾•, 𝑑•) for arbitrary abelian groups and constructed a chain
map 𝐹• from (𝐾•, 𝑑•) to (𝐵•, 𝜕•). For our purpose, we only need the morphism 𝐹3, see [58 Lemma
3.9] :

𝐹3 : 𝐾3 → 𝐵3,

Ψ𝑟,𝑠,𝑡 ↦→ [𝑔𝑟 , 𝑔𝑠, 𝑔𝑡] − [𝑔𝑠, 𝑔𝑟 , 𝑔𝑡] − [𝑔𝑟 , 𝑔𝑡 , 𝑔𝑠] + [𝑔𝑡 , 𝑔𝑟 , 𝑔𝑠] + [𝑔𝑠, 𝑔𝑡 , 𝑔𝑟] − [𝑔𝑡 , 𝑔𝑠, 𝑔𝑟] ,

Ψ𝑟,𝑟,𝑠 ↦→
𝑚𝑟−1∑
𝑙=0

( [
𝑔𝑙𝑟 , 𝑔𝑟 , 𝑔𝑠

]
−

[
𝑔𝑙𝑟 , 𝑔𝑠, 𝑔𝑟

]
+

[
𝑔𝑠, 𝑔

𝑙
𝑟 , 𝑔𝑟

] )
,

Ψ𝑟,𝑠,𝑠 ↦→
𝑚𝑠−1∑
𝑙=0

( [
𝑔𝑟 , 𝑔

𝑙
𝑠, 𝑔𝑠

]
−

[
𝑔𝑙𝑠, 𝑔𝑟 , 𝑔𝑠

]
+

[
𝑔𝑙𝑠, 𝑔𝑠, 𝑔𝑟

] )
,

Ψ𝑟,𝑟,𝑟 ↦→
𝑚𝑟−1∑
𝑙=0

[
𝑔𝑟 , 𝑔

𝑙
𝑟 , 𝑔𝑟

]
,

for 1 ≤ 𝑟 < 𝑠 < 𝑡 ≤ 𝑛, where the symbols like Ψ𝑟,𝑟,𝑟 are terms in the resolutions (𝐾•, 𝑑•). Moreover,
we have the following observation since 𝐹∗

3 induces an isomorphism between 3-cohomology groups.

Lemma 6.4.6. Let 𝜙 in (𝐵∗
•, 𝜕

∗
• ) be a 3-cocycle. Then 𝜙 is a 3-coboundary if and only if 𝐹∗

3 (𝜙) is
a 3-coboundary.

The following lemma provides a criterion for whether a 3-cochain 𝑓 ∈ HomZ𝐻 (𝐾3,k
×) is 3-

coboundary.

Lemma 6.4.7. [58 Lemma 3.3] The 3-cochain 𝑓 ∈ HomZ𝐻 (𝐾3,k
×) is 3-coboundary if and only if

for all 1 ≤ 𝑖 < 𝑗 ≤ 𝑛, there are 𝑔𝑖, 𝑗 ∈ k× such that

𝑓 (Ψ𝑖,,𝑖, 𝑗 ) = 𝑔𝑚𝑖

𝑖, 𝑗 , 𝑓 (Ψ𝑖, 𝑗 , 𝑗 ) = 𝑔
−𝑚 𝑗

𝑖, 𝑗 , and 𝑓 (Ψ𝑙,𝑙,𝑙) = 1, 𝑓 (Ψ𝑟,𝑠,𝑡) = 1. (6.4.7)

for 1 ≤ 𝑙 ≤ 𝑛 and 1 ≤ 𝑟 < 𝑠 < 𝑡 ≤ 𝑛.

6.5 On genuineness of twisted quantum double

In [72] , the authors gave a criterion for when a twisted quantum double with an abelian cocycle
to be genuine.

Lemma 6.5.1. [72, Theorem 4.1, Lemma 4.5] Let 𝐺 be a finite abelian group, and Φ a normalized
abelian 3-cocycle of 𝐺. Then 𝐷Φ(𝐺) is a genuine quasi-Hopf algebra if, and only if Φ′ ∈ 𝑍3(ΓΦ,C×)
is a nontrivial 3-cocycle of ΓΦ, where Φ′ ∈ 𝑍3(ΓΦ,C×) is the inflation of Φ−1 along the above map
ΓΦ −→ 𝐺.
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Now it suffices to determine whether Φ′ is nontrivial on ΓΦ � 𝑍(2𝑎,𝑚)×𝑍 𝑚2
(2𝑎,𝑚)

or not. Obviously,
if Φ′ is nontrivial on 𝑍 𝑚2

(2𝑎,𝑚)
, then Φ′ will be nontrivial on ΓΦ. Hence, we first consider this condition.

Proposition 6.5.2. Let 𝐺 � 𝑍𝑚 be a finite cyclic group and Φ(𝑔𝑖, 𝑔 𝑗 , 𝑔𝑘 ) = 𝜁𝑎𝑖[
𝑗+𝑘
𝑚 ]

𝑚 for 1 ≤ 𝑎 < 𝑚.
If (𝑚,2𝑎) ∤ (𝑚,𝑎), then Φ′ is nontrivial on ΓΦ.

Proof. Since ΓΦ is the extension of 𝐺 by 𝐺. there is a obvious group surjection

𝜋 : ΓΦ −→ 𝑍𝑚 : 𝜎𝜏 (𝜒,1) 𝑗 ↦→ 1,
𝜎𝜏 (1, 𝑔)𝑖 ↦→ 𝑔𝑖 .

Hence 𝜋∗(Φ−1) will actually be the restriction of Φ′ to 𝑍 𝑚2
(2𝑎,𝑚)

.

To show 𝜋∗(Φ−1) is nontrivial, it suffices to show 𝐹∗
3 (𝜋∗(Φ−1)) (Ψ1,1,1) does not equal 1 by

Lemmas 6.4.6 and 6.4.7. By definition of 𝐹3,

𝐹∗
3 (𝜋∗(Φ−1)) (Ψ1,1,1) = 𝜋∗(Φ−1) (

𝑚2
(2𝑎,𝑚) −1∑
𝑙=0

[𝜎𝜏 (1, 𝑔),𝜎𝜏 (1, 𝑔)𝑙 ,𝜎𝜏 (1, 𝑔)])

= Φ−1(
𝑚2

(2𝑎,𝑚) −1∑
𝑙=0

[𝑔,𝑔𝑙 , 𝑔])

= (𝜁−𝑎𝑚 )
𝑚

(2𝑎,𝑚) .

Note that (𝜁−𝑎𝑚 )
𝑚

(2𝑎,𝑚) = 1 if and only if 𝑚
(𝑚,𝑎) |

𝑚
(𝑚,2𝑎) , that is, (𝑚,2𝑎) should divide (𝑚,𝑎). Hence if

(𝑚,2𝑎) ∤ (𝑚,𝑎), then Φ′ is nontrivial on 𝑍 𝑚2
(2𝑎,𝑚)

, hence on ΓΦ. □

Theorem 6.5.3. Let 𝐺 � 𝑍𝑚 be a finite cyclic group and Φ(𝑔𝑖, 𝑔 𝑗 , 𝑔𝑘 ) = 𝜁𝑎𝑖[
𝑗+𝑘
𝑚 ]

𝑚 for 1 ≤ 𝑎 < 𝑚.
Then 𝐷Φ(𝐺) is genuine if and only if (𝑚,2𝑎) ∤ (𝑚,𝑎).

The necessity of Theorem 6.5.3 is obvious by Proposition 6.5.2, since Φ′ being a 3-coboundary
on ΓΦ will imply (𝑚,2𝑎) | (𝑚,𝑎).

Now we need to deal with the case (𝑚,2𝑎) | (𝑚,𝑎). Unfortunately, it is difficult to write down
the explicit generator of 𝑍(2𝑎,𝑚). We avoid this difficulty via the following result. By [59, Lemma
2.16], it is harmless to assume 𝑍(2𝑎,𝑚) = ⟨𝜎𝜏 (𝜒,1) ·𝜎𝜏 (1, 𝑔)𝑏⟩ = ⟨𝜎𝜏 (𝜒,𝑔𝑏)⟩ for 0 ≤ 𝑏 ≤ (2𝑎,𝑚).
Note that this assumption requires

𝑚 | 𝑏(2𝑎,𝑚), and 𝑚 | (2𝑎,𝑚) +2𝑎[ 𝑏(2𝑎,𝑚)
𝑚

] .

since 𝜎𝜏 (𝜒,𝑔𝑏) (2𝑎,𝑚) = 1. With all preparations complete, we now prove Theorem 6.5.3.

Proof of Theorem 6.5.3. We only need to show Φ′ is a 3-coboundary on ΓΦ if (𝑚,2𝑎) | (𝑚,𝑎). For
consistency, we regard 𝜎𝜏 (1, 𝑔) as the first generator and 𝜎𝜏 (𝜒,𝑔𝑏) as the second generator. We
have already shown 𝐹∗

3 (𝜋∗(Φ−1)) (Ψ1,1,1) = 1. It remains to verify the conditions in Lemma 6.4.7.
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By direct computations, we have

𝐹∗
3 (𝜋∗(Φ−1)) (Ψ2,2,2) = 𝜋∗(Φ−1)(

(2𝑎,𝑚)−1∑
𝑙=0

[𝜎𝜏 (𝜒,𝑔𝑏),𝜎𝜏 (𝜒,𝑔𝑏)𝑙 ,𝜎𝜏 (𝜒,𝑔𝑏)]

= Φ−1(
(2𝑎,𝑚)−1∑
𝑙=0

[𝑔𝑏, (𝑔𝑏)𝑙 , 𝑔𝑏])

=
(2𝑎,𝑚)−1∏
𝑙=0

(𝜁−𝑎𝑚 )𝑏[
(𝑏𝑙)′+𝑏

𝑚 ] .

We have 𝑚 | 𝑎𝑏 since (2𝑎,𝑚) | (𝑚,𝑎),(𝑚,𝑎) | 𝑎 and 𝑚 | (2𝑎,𝑚)𝑏 by assumption, thus

𝐹∗
3 (𝜋∗(Φ−1)) (Ψ2,2,2) = 1.

Next we are going to compute 𝐹∗
3 (𝜋∗(Φ−1)) (Ψ1,2,2) and 𝐹∗

3 (𝜋∗(Φ−1)) (Ψ1,1,2). We have

𝐹∗
3 (𝜋∗(Φ−1)) (Ψ1,1,2)

= 𝜋∗(Φ−1) (
𝑚2

(2𝑎,𝑚) −1∑
𝑙=0

[𝜎𝜏 (1, 𝑔)𝑙 ,𝜎𝜏 (1, 𝑔),𝜎𝜏 (𝜒,𝑔𝑏)] − [𝜎𝜏 (1, 𝑔)𝑙 ,𝜎𝜏 (𝜒,𝑔𝑏),𝜎𝜏 (1, 𝑔)]

+ [𝜎𝜏 (𝜒,𝑔𝑏),𝜎𝜏 (1, 𝑔)𝑙 ,𝜎𝜏 (1, 𝑔)])

=

𝑚2
(2𝑎,𝑚) −1∏
𝑙=0

Φ−1(𝑔𝑙′ , 𝑔, 𝑔𝑏)Φ−1(𝑔𝑏, 𝑔𝑙′ , 𝑔)
Φ−1(𝑔𝑙′ , 𝑔𝑏, 𝑔)

=

𝑚2
(2𝑎,𝑚) −1∏
𝑙=0

(𝜁−𝑎𝑚 )𝑏[ 𝑙
′+1
𝑚 ] = 1.

since 𝑚 | 𝑎𝑏 by the analysis above. On the other hand,

𝐹∗
3 (𝜋∗(Φ−1)) (Ψ1,2,2)

= 𝜋∗(Φ−1)(
(2𝑎,𝑚)−1∑
𝑙=0

[𝜎𝜏 (1, 𝑔),𝜎𝜏 (𝜒,𝑔𝑏)𝑙 ,𝜎𝜏 (𝜒,𝑔𝑏)] − [𝜎𝜏 (𝜒,𝑔𝑏)𝑙 ,𝜎𝜏 (1, 𝑔),𝜎𝜏 (𝜒,𝑔𝑏)]

+ [(𝜎𝜏 (𝜒,𝑔𝑏)𝑙 ,𝜎𝜏 (𝜒,𝑔𝑏),𝜎𝜏 (1, 𝑔)])

=
(2𝑎,𝑚)−1∏
𝑙=0

Φ−1(𝑔,𝑔(𝑏𝑙)′ , 𝑔𝑏)Φ−1(𝑔(𝑏𝑙)′ , 𝑔𝑏, 𝑔)
Φ−1(𝑔(𝑏𝑙)′ , 𝑔, 𝑔𝑏)

=
(2𝑎,𝑚)−1∏
𝑙=0

(𝜁−𝑎𝑚 ) [
(𝑏𝑙)′+𝑏

𝑚 ] .

If 𝑏 = 0, then 𝐹∗
3 (𝜋∗(Φ−1)) (Ψ1,2,2) = 1. If we take 𝑔1,2 = 1, then equation (6.4.7) holds, thus Φ′ is a

3-coboundary. If 𝑏 ≠ 0, then (𝑏((2𝑎,𝑚) −1))′+ 𝑏 equals 𝑚 since 𝑚 | 𝑏(2𝑎,𝑚) by assumption. Thus

𝐹∗
3 (𝜋∗(Φ−1)) (Ψ1,2,2) = (𝜁−𝑎𝑚 )

𝑏 (2𝑎,𝑚)
𝑚 .
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In this case, take 𝑔1,2 = 𝜁
𝑎𝑏
𝑚
𝑚 . Since (𝑚,2𝑎) | 𝑚 and 𝑚 | 𝑎𝑏, we have

𝑔−(2𝑎,𝑚)1,2 = (𝜁−𝑎𝑚 )
𝑏 (2𝑎,𝑚)

𝑚 = 𝐹∗
3 (𝜋∗(Φ−1)) (Ψ1,2,2),

and
𝑔

𝑚2
(2𝑎,𝑚)
1,2 = 𝜁

𝑎𝑏
𝑚

𝑚
(2𝑎,𝑚)𝑚

𝑚 = 1 = 𝐹∗
3 (𝜋∗(Φ−1)) (Ψ1,1,2).

As a result, if (𝑚,2𝑎) | (𝑚,𝑎), then Φ′ is a 3-coboundary on ΓΦ. Hence 𝐷Φ(𝐺) is genuine if and
only if (𝑚,2𝑎) ∤ (𝑚,𝑎). □

Next we will investigate when (𝑚,2𝑎) ∤ (𝑚,𝑎) holds. This can provide a more intuitive criterion.

Theorem 6.5.4. Let 𝐺 � 𝑍𝑚 be a finite cyclic group and Φ(𝑔𝑖, 𝑔 𝑗 , 𝑔𝑘 ) = 𝜁𝑎𝑖[
𝑗+𝑘
𝑚 ]

𝑚 for 1 ≤ 𝑎 < 𝑚. Let
𝑚 = 2𝑛

∏
𝑖 𝑝

𝑎𝑖
𝑖 and 𝑎 = 2𝑛′

∏
𝑗 𝑝

𝑏 𝑗

𝑗 be their prime decompositions, where 𝑛,𝑛′ ≥ 0. Then 𝐷Φ(𝐺) is
genuine if and only if 𝑛′ < 𝑛.

Proof. Suppose 𝑚 = 2𝑛
∏
𝑖 𝑝

𝑎𝑖
𝑖 and 𝑎 = 2𝑛′

∏
𝑗 𝑝

𝑏 𝑗

𝑗 be their prime decompositions. Then

(𝑚,2𝑎) = (2𝑛
∏
𝑖

𝑝𝑎𝑖𝑖 ,2
𝑛′+1

∏
𝑗

𝑝
𝑏 𝑗

𝑗 ) = (2𝑛,2𝑛′+1) · (
∏
𝑖

𝑝𝑎𝑖𝑖 ,
∏
𝑗

𝑝
𝑏 𝑗

𝑗 ).

and
(𝑚,𝑎) = (2𝑛

∏
𝑖

𝑝𝑎𝑖𝑖 ,2
𝑛′

∏
𝑗

𝑝
𝑏 𝑗

𝑗 ) = (2𝑛,2𝑛′) · (
∏
𝑖

𝑝𝑎𝑖𝑖 ,
∏
𝑗

𝑝
𝑏 𝑗

𝑗 ).

Thus (𝑚,2𝑎) ∤ (𝑚,𝑎) if and only if (2𝑛,2𝑛′+1) ∤ (2𝑛,2𝑛′). This is equivalent to 𝑛′ < 𝑛. □

Remark 6.5.5. (i) Note that if 𝑚 is odd, then 𝐷Φ(𝐺) will never be genuine for arbitrary 0 ≤ 𝑎 < 𝑚.
This conclusion is consistent with [77，Theorem 9.4].

(ii) According to Proposition 6.3.6, if 𝐺 is cyclic, 𝐷Φ(𝐺) will never be gauge equivalent to
𝐷 (𝐺′) for arbitrary finite group 𝐺′ by the theory of categorically Morita equivalence, but 𝐷Φ(𝐺)
may be gauge equivalent to a Hopf algebra by Theorem 6.5.3.
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Chapter 7

On infinite-dimensionality of a class of
Nichols algebras

In this section, we consider a rank three Nichols algebra B(𝑀) of non-diagonal type in [69],
which plays a central role in classification of finite-dimensional Nichols algebra in 𝐺

𝐺YDΦ, where
𝐺 is a finite abelian group and Φ is a 3-cocycle on 𝐺. We prove it to be infinite-dimensional in
different ways. Moreover, we prove G(𝑀) gives rise to a standard Cartan graph and find a root
system over G(𝑀). At the same time, we show that B(𝑀) is affine in the sense of [29].

7.1 The first proof of Theorem 7.1.2

The purpose of this section is to give a new proof of Proposition 4.1 in [60] through applying
our previous observations.

Let G = Z𝑚1 ×Z𝑚2 ×Z𝑚3 = ⟨g1⟩ × ⟨g2⟩ × ⟨g3⟩ with 𝑚1 | 𝑚2, 𝑚2 | 𝑚3, and

Ψ
(
g
𝑖1
1 g

𝑖2
2 g

𝑖3
3 ,g

𝑗1
1 g

𝑗2
2 g

𝑗3
3 ,g

𝑘1
1 g

𝑘2
2 g

𝑘3
3

)
= (−1)𝑘1 𝑗2𝑖3 (7.1.1)

be a 3-cocycle on 𝐺, where 0 ≤ 𝑖𝑙 < 𝑚1, 0 ≤ 𝑗𝑙 < 𝑚2, 0 ≤ 𝑘 𝑙 < 𝑚3, 1 ≤ 𝑙 ≤ 3.
Let 𝑉1,𝑉2,𝑉3 ∈ G

GYDΨ be simple modules such that deg(𝑉1) = g1, deg(𝑉2) = g2, deg(𝑉3) = g3
and dim(𝑉1) = dim(𝑉2) = dim(𝑉3) = 2. Moreover, 𝑉1 =

{
𝑋′

1, 𝑋
′
2
}
,𝑉2 =

{
𝑌 ′

1,𝑌
′
2
}
,𝑉3 =

{
𝑍′1, 𝑍

′
2
}

can be
assumed satisfying the following equations:


g1 ▷ 𝑋′

𝑖 = −𝑋′
𝑖 , 𝑖 = 1,2,

g2 ▷ 𝑋′
1 = 𝑋

′
1,g2 ▷ 𝑋′

2 = −𝑋′
2,

g3 ▷ 𝑋′
1 = 𝑋

′
2,g3 ▷ 𝑋′

2 = 𝑋
′
1.


g2 ▷𝑌 ′

𝑖 = −𝑌 ′
𝑖 , 𝑖 = 1,2,

g3 ▷𝑌 ′
1 = 𝑌

′
1,g3 ▷𝑌 ′

2 = −𝑌 ′
2,

g1 ▷𝑌 ′
1 = 𝑌

′
2,g1 ▷𝑌 ′

2 = 𝑌
′
1,


g3 ▷ 𝑍′𝑖 = −𝑍′𝑖 , 𝑖 = 1,2,
g2 ▷ 𝑍′1 = 𝑍

′
1,g2 ▷ 𝑍′2 = −𝑍′2,

g1 ▷ 𝑍′1 = 𝑍
′
2,g1 ▷ 𝑍′2 = 𝑍

′
1.

Remark 7.1.1. (i) Note that 𝑚1,𝑚2,𝑚3 must be even. Indeed, from the relation 𝑋𝑖 = 𝑒𝑚1 ▷ 𝑋𝑖 =
(−1)𝑚1𝑋𝑖, it follows that 𝑚1 is even. Similarly 𝑚2,𝑚3 are even.

(ii) B(𝑉1), B(𝑉2), B(𝑉3) are finite-dimensional Nichols algebras by [60, Proposition 2.12].
Moreover, B(𝑉1 ⊕𝑉2), B(𝑉1 ⊕𝑉3), B(𝑉2 ⊕𝑉3) are finite-dimensional by [63, Proposition 5.1].

(iii) The requirement dim(𝑉1) = dim(𝑉2) = dim(𝑉3) = 2 is in fact necessary, otherwise the cor-
responding Nichols algebra must be infinite-dimensional.
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Theorem 7.1.2. [60, Proposition 4.1] With above notation, B(𝑉1 ⊕𝑉2 ⊕𝑉3) is infinite-dimensional.

It should be emphasized that the above theorem plays the key role in that paper and the original
proof relays on heavy computations. The purpose of the following context is to give a new proof of
this theorem through applying reflection theory of Nichols algebras.

To simplify the proof, we proceed with the following reduction. Let 𝐺 = Z2 ×Z2 ×Z2 = ⟨𝑔1⟩ ×
⟨𝑔2⟩ × ⟨𝑔3⟩, and

Φ
(
𝑔𝑖11 𝑔

𝑖2
2 𝑔

𝑖3
3 , 𝑔

𝑗1
1 𝑔

𝑗2
2 𝑔

𝑗3
3 , 𝑔

𝑘1
1 𝑔

𝑘2
2 𝑔

𝑘3
3

)
= (−1)𝑘1 𝑗2𝑖3 ,

be a 3-cocycle on 𝐻, where 0 ≤ 𝑖𝑙 , 𝑗𝑙 , 𝑘 𝑙 ≤ 1, 1 ≤ 𝑙 ≤ 3. By [60 Lemma 3.5], we may give a complete
list of irreducible Yetter-Drinfeld modules over 𝐺

𝐺YDΦ. In particular, when restricting to those
irreducible Yetter-Drinfeld modules that generate finite-dimensional Nichols algebras, we see that
the isomorphism classes are given by the set

𝑆 = {[ℎ𝑀] | ℎ𝑀 is irreducible, ℎ ∈ Z2 ×Z2 ×Z2 − {1, ℎ1ℎ2ℎ3}}. (7.1.2)

There are exactly six isomorphism classes. Here ℎ𝑀 represents the simple Yetter–Drinfeld module
has comodule structure

ℎ𝑀 := {𝑤 ∈ 𝑀 | 𝛿𝑀 (𝑤) = ℎ⊗𝑤}.

We now choose explicit representatives of 𝑆. For 1 ≤ 𝑖 ≤ 6, let 𝑀𝑖 ∈ 𝑆 be pairwise non-isomorphic
simple modules such that dim(𝑀𝑖) = 2, and deg(𝑀1) = 𝑔1, deg(𝑀2) = 𝑔2, deg(𝑀3) = 𝑔3, deg(𝑀4) =
𝑔1𝑔2, deg(𝑀5) = 𝑔1𝑔3, deg(𝑀6) = 𝑔2𝑔3. Moreover, we may take

𝑀1 = {𝑋1, 𝑋2}, 𝑀2 = {𝑌1,𝑌2}, 𝑀3 = {𝑍1, 𝑍2},
𝑀4 = {𝑅1, 𝑅2}, 𝑀5 = {𝑆1, 𝑆2}, 𝑀6 = {𝑇1,𝑇2},

satisfying the following relations:


𝑔1 ▷ 𝑋𝑖 = −𝑋𝑖, 𝑖 = 1,2,
𝑔2 ▷ 𝑋1 = 𝑋1, 𝑔2 ▷ 𝑋2 = −𝑋2,

𝑔3 ▷ 𝑋1 = 𝑋2, 𝑔3 ▷ 𝑋2 = 𝑋1.


𝑔2 ▷𝑌𝑖 = −𝑌𝑖, 𝑖 = 1,2,
𝑔3 ▷𝑌1 = 𝑌1, 𝑔3 ▷𝑌2 = −𝑌2,

𝑔1 ▷𝑌1 = 𝑌2, 𝑔1 ▷𝑌2 = 𝑌1.


𝑔3 ▷ 𝑍𝑖 = −𝑍𝑖, 𝑖 = 1,2,
𝑔2 ▷ 𝑍1 = 𝑍1, 𝑔2 ▷ 𝑍2 = −𝑍2,

𝑔1 ▷ 𝑍1 = 𝑍2, 𝑔1 ▷ 𝑍2 = 𝑍1.
(𝑔1𝑔2)▷ 𝑅𝑖 = −𝑅𝑖, 𝑖 = 1,2,
𝑔1 ▷ 𝑅1 = 𝑅1, 𝑔1 ▷ 𝑅2 = −𝑅2,

𝑔3 ▷ 𝑅1 = 𝑅2, 𝑔3 ▷ 𝑅2 = 𝑅1.


(𝑔1𝑔3)▷𝑇𝑖 = −𝑇𝑖, 𝑖 = 1,2,
𝑔1 ▷𝑇1 = 𝑇1, 𝑔1 ▷𝑇2 = −𝑇2,

𝑔2 ▷𝑇1 = 𝑇2, 𝑔1 ▷𝑇2 = 𝑇1.


(𝑔2𝑔3)▷ 𝑆𝑖 = −𝑆𝑖, 𝑖 = 1,2,
𝑔2 ▷ 𝑆1 = 𝑆1, 𝑔2 ▷ 𝑆2 = −𝑆2,

𝑔1 ▷ 𝑆1 = 𝑆2, 𝑔1 ▷ 𝑆2 = 𝑆1.

Remark 7.1.3. The category 𝐺
𝐺YDΦ

fd is rigid. It is straightforward to verify that for each 1 ≤ 𝑖 ≤ 6,
𝑀∗
𝑖 does exist with 𝑀∗

𝑖 � 𝑀𝑖. This implies 𝑀∗
𝑖 ∈ 𝑆 as well. Moreover, B(𝑀𝑖) � B(𝑀∗

𝑖 ) as Hopf
algebras in 𝐺

𝐺YDΦ.

Theorem 7.1.4. Let 𝑀 = (𝑀1, 𝑀2, 𝑀3) be the 3-tuple, then 𝑀 admits all reflections and G(𝑀) is
a standard semi-Cartan graph. In particular, the Cartan matrix is

©­­«
2 −1 −1
−1 2 −1
−1 −1 2

ª®®¬ .
74



To establish this result, we first prove the following key lemma:

Lemma 7.1.5. For all 1 ≤ 𝑖 ≠ 𝑗 ≤ 6, if deg(𝑀𝑖) · deg(𝑀 𝑗 ) ≠ 1, ℎ1ℎ2ℎ3, then ad(𝑀𝑖)2(𝑀 𝑗 ) = 0.
Moreover, ad(𝑀𝑖)(𝑀 𝑗 ) ∈ 𝑆, and as Yetter-Drinfeld module in 𝐺

𝐺YDΦ, we have

ad(𝑀𝑖)(𝑀 𝑗 ) � ad(𝑀 𝑗 )(𝑀𝑖). (7.1.3)

We list the following isomorphism for further use

ad(𝑀1) (𝑀2) � 𝑀4,ad(𝑀1) (𝑀3) � 𝑀5,ad(𝑀1) (𝑀4) � 𝑀2,

ad(𝑀1) (𝑀5) � 𝑀3,ad(𝑀2) (𝑀3) � 𝑀6,ad(𝑀2) (𝑀4) � 𝑀1,

ad(𝑀2)(𝑀6) � 𝑀3,ad(𝑀3) (𝑀5) � 𝑀2,ad(𝑀3) (𝑀6) � 𝑀2

ad(𝑀4)(𝑀5) � 𝑀6,ad(𝑀4)(𝑀6) � 𝑀5,ad(𝑀5) (𝑀6) � 𝑀4.

(7.1.4)

Proof. This proof involves extensive but analogous computations. We begin by establishing that
ad(𝑀1)2(𝑀2) = 0. To this end, we compute the coproducts:

Δ (ad(𝑋1) (𝑌1)) = 1⊗ ad(𝑋1) (𝑌1) + ad(𝑋1) (𝑌1) ⊗ 1+ 𝑋1 ⊗ (𝑌1 +𝑌2) ,
Δ (ad(𝑋1) (𝑌2)) = 1⊗ ad(𝑋1) (𝑌2) + ad(𝑋1) (𝑌2) ⊗ 1+ 𝑋1 ⊗ (𝑌1 +𝑌2) ,
Δ (ad(𝑋2) (𝑌1)) = 1⊗ ad(𝑋2) (𝑌1) + ad(𝑋2) (𝑌1) ⊗ 1+ 𝑋2 ⊗ (𝑌1 −𝑌2) ,
Δ (ad(𝑋2) (𝑌2)) = 1⊗ ad(𝑋2) (𝑌2) + ad(𝑋2) (𝑌2) ⊗ 1+ 𝑋2 ⊗ (𝑌2 −𝑌1) .

From these we deduce the relations:

ad(𝑋1) (𝑌1) − ad(𝑋1) (𝑌2) = 0,
ad(𝑋2) (𝑌1) + ad(𝑋2) (𝑌2) = 0.

(7.1.5)

Therefore ad(𝑀1) (𝑀2) = span{ad(𝑋1)(𝑌1),ad(𝑋2)(𝑌1)}. Now since 𝑋2
1 = 0, we have

ad(𝑋1)2 (𝑌1) = 𝑋1(𝑋1𝑌1 −𝑌2𝑋1) − ℎ1 ▷ ((𝑋1𝑌1 −𝑌2𝑋1))𝑋1 = 0

which implies ad(𝑋1)2 (𝑌1) = ad(𝑋1)2 (𝑌2) = 0. Meanwhile,

ad(𝑋2) (ad(𝑋1) (𝑌1)) = ad(𝑋2) (ad(𝑋1) (𝑌2)) = 0.

Since

Δ(ad(𝑋2) (ad(𝑋1) (𝑌1))) = (1⊗ 𝑋2 + 𝑋2 ⊗ 1) (1⊗ ad(𝑋1) (𝑌1) + ad(𝑋1) (𝑌1) ⊗ 1+ 𝑋1 ⊗ (𝑌1 +𝑌2)
− (1⊗ ad(𝑋1) (𝑌1) + ad(𝑋1) (𝑌1) ⊗ 1+ 𝑋1 ⊗ (𝑌1 +𝑌2)) (1⊗ 𝑋2 + 𝑋2 ⊗ 1)
= 1⊗ ad(𝑋2) (ad(𝑋1) (𝑌1)) + ad(𝑋2) (ad(𝑋1) (𝑌1)) ⊗ 1

,

where we have used equation (7.1.5). A similar argument shows ad(𝑋2)2 (𝑌1) = 0 and
ad(𝑋1) (ad(𝑋2) (𝑌1)) = 0. We conclude that ad(𝑀1)2(𝑀2) = 0.

By Lemma 5.1.2, the object ad(𝑀1)(𝑀2) ∈ 𝐺
𝐺YDΦ is simple. Since deg(ad(𝑀1) (𝑀2)) = ℎ1ℎ2,

ad(𝑀1)(𝑀2) � 𝑀4. Furthermore, by proof of Lemma 5.1.4, we have an isomorphism of N0-graded
objects adB(𝑀1)(𝑀4) � adB(𝑀1)(ad(𝑀1) (𝑀2)). Since ad(𝑀1)2(𝑀2) = 0, we have ad(𝑀1)2(𝑀4) =
0 since it has same degree as ad(𝑀1)2(𝑀2) in the standard N0-grading. Therefore, ad(𝑀1)(𝑀4) is
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irreducible and one readily verifies that ad(𝑀1)(𝑀4) � 𝑀2 in 𝐺
𝐺YDΦ.

Analogous computations yield:

ad(𝑀2)2(𝑀1) = ad(𝑀4)2(𝑀1) = 0.

These identities further imply:

ad(𝑀2) (𝑀1) � 𝑀4, ad(𝑀4)(𝑀1) � 𝑀2,

and

ad(𝑀2)2(𝑀4) = ad(𝑀4)2(𝑀2) = 0,
ad(𝑀2)(𝑀4) � 𝑀1, ad(𝑀4) (𝑀2) � 𝑀1.

We now proceed to prove ad(𝑀1)2(𝑀3) = 0:

Δ (ad(𝑋1) (𝑍1)) = 1⊗ ad(𝑋1) (𝑍1) + ad(𝑋1) (𝑍1) ⊗ 1+ 𝑋1 ⊗ 𝑍1 + 𝑋2 ⊗ 𝑍2,

Δ (ad(𝑋1) (𝑍2)) = 1⊗ ad(𝑋1) (𝑍2) + ad(𝑋1) (𝑍2) ⊗ 1+ 𝑋1 ⊗ 𝑍2 + 𝑋2 ⊗ 𝑍1,

Δ (ad(𝑋2) (𝑍1)) = 1⊗ ad(𝑋2) (𝑍1) + ad(𝑋2) (𝑍1) ⊗ 1+ 𝑋2 ⊗ 𝑍1 + 𝑋1 ⊗ 𝑍2,

Δ (ad(𝑋2) (𝑍2)) = 1⊗ ad(𝑋2) (𝑍2) + ad(𝑋2) (𝑍2) ⊗ 1+ 𝑋2 ⊗ 𝑍2 + 𝑋1 ⊗ 𝑍1.

It is straightforward to observe that:

ad(𝑋1) (𝑍1) − ad(𝑋2) (𝑍2) = 0,
ad(𝑋2) (𝑍1) + ad(𝑋1) (𝑍2) = 0.

(7.1.6)

Hence ad(𝑀1)(𝑀3) = span{ad(𝑋1) (𝑍1),ad(𝑋2)(𝑍1)}. By 𝑋2
1 = 𝑋2

2 = 0,

ad(𝑋1)2 (𝑍1) = 𝑋1(𝑋1𝑍1 − 𝑍2𝑋1) − ℎ1 ▷ (𝑋1𝑍1 − 𝑍2𝑋1)𝑋1 = 0,
ad(𝑋1)2(𝑍2) = 𝑋1(𝑋1𝑍2 − 𝑍1𝑋1) − ℎ1 ▷ (𝑋1𝑍2 − 𝑍1𝑋1)𝑋1 = 0,
ad(𝑋2)2 (𝑍1) = 𝑋2(𝑋2𝑍1 − 𝑍2𝑋2) − ℎ1 ▷ (𝑋2𝑍1 − 𝑍2𝑋2)𝑋2 = 0,
ad(𝑋2)2(𝑍2) = 𝑋2(𝑋2𝑍2 − 𝑍1𝑋2) − ℎ1 ▷ (𝑋2𝑍2 − 𝑍1𝑋2)𝑋2 = 0.

Combining this with (7.1.6) implies ad(𝑀1)2(𝑀3) = 0. As in the first case, we can derive the
following identities:

ad(𝑀3)2(𝑀1) =ad(𝑀1)2(𝑀5) = ad(𝑀3)2(𝑀5) = ad(𝑀5)2(𝑀1) = ad(𝑀5)2(𝑀3) = 0.
ad(𝑀1)(𝑀3) � ad(𝑀3)(𝑀1) � 𝑀5,

ad(𝑀1) (𝑀5) � ad(𝑀5)(𝑀1) � 𝑀3,

ad(𝑀3) (𝑀5) � ad(𝑀5) (𝑀3) � 𝑀1.

Now we turn to proving ad(𝑀2)2(𝑀3) = 0:

Δ (ad(𝑌1) (𝑍1)) = 1⊗ ad(𝑌1) (𝑍1) + ad(𝑌1) (𝑍1) ⊗ 1,
Δ (ad(𝑌1) (𝑍2)) = 1⊗ ad(𝑌1) (𝑍2) + ad(𝑌1) (𝑍2) ⊗ 1+2𝑌1 ⊗ 𝑍2,
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Δ (ad(𝑌2) (𝑍1)) = 1⊗ ad(𝑌2) (𝑍1) + ad(𝑌2) (𝑍1) ⊗ 1+2𝑌2 ⊗ 𝑍1,

Δ (ad(𝑌2) (𝑍2)) = 1⊗ ad(𝑌2) (𝑍2) + ad(𝑌2) (𝑍2) ⊗ 1.

Then ad(𝑌1)(𝑍1) = ad(𝑌2)(𝑍2) = 0 and ad(𝑀2)(𝑀3) = {ad(𝑌1)(𝑍2),ad(𝑌2)(𝑍1)}. By 𝑌2
1 = 𝑌2

2 = 0,

ad(𝑌1)2(𝑍2) = 𝑌1(𝑌1𝑍2 + 𝑍2𝑌1) − ℎ2 ▷ (𝑌1𝑍2 + 𝑍2𝑌1)𝑌1 = 0,
ad(𝑌2)2 (𝑍1) = 𝑌2(𝑌2𝑍1 − 𝑍1𝑌2) − ℎ2 ▷ (𝑌2𝑍1 − 𝑍1𝑌2)𝑌2 = 0.

On the other hand, since ad𝑌2(𝑍2) = 0, and 𝑌1𝑌2 +𝑌2𝑌1 = 0. The following identity holds.

Δ(ad(𝑌2) (ad(𝑌1) (𝑍2))) = (1⊗𝑌2 +𝑌2 ⊗ 1)(1⊗ ad(𝑌1) (𝑍2) + ad(𝑌1) (𝑍2) ⊗ 1+2𝑌1 ⊗ 𝑍2)
− (1⊗ ad(𝑌1) (𝑍2) + ad(𝑌1) (𝑍2) ⊗ 1+2𝑌1 ⊗ 𝑍2) (1⊗𝑌2 +𝑌2 ⊗ 1)
= 1⊗ ad(𝑋2) (ad(𝑋1) (𝑌1)) + ad(𝑋2) (ad(𝑋1) (𝑌1)) ⊗ 1.

Similarly, ad(𝑌1) (ad(𝑌2) (𝑍1)) = 0. Hence ad(𝑀2)2(𝑀3) = 0. We list all identities which can be
obtained in this case.

ad(𝑀3)2(𝑀2) =ad(𝑀2)2(𝑀6) = ad(𝑀6)2(𝑀2) = ad(𝑀3)2(𝑀6) = ad(𝑀6)2(𝑀3) = 0.
ad(𝑀2) (𝑀3) � ad(𝑀3) (𝑀2) � 𝑀6,

ad(𝑀2) (𝑀6) � ad(𝑀6) (𝑀2) � 𝑀3,

ad(𝑀3) (𝑀6) � ad(𝑀6) (𝑀3) � 𝑀2.

The final case to confirm is ad(𝑀4)2(𝑀5) = 0:

Δ (ad(𝑅1) (𝑇1)) = 1⊗ ad(𝑅1) (𝑇1) + ad(𝑅1) (𝑇1) ⊗ 1+𝑅1 ⊗𝑇1 −𝑅2 ⊗𝑇2,

Δ (ad(𝑅1) (𝑇2)) = 1⊗ ad(𝑅1) (𝑇2) + ad(𝑅1) (𝑇2) ⊗ 1+𝑅1 ⊗𝑇2 +𝑅2 ⊗𝑇1,

Δ (ad(𝑅2) (𝑇1)) = 1⊗ ad(𝑅2) (𝑇1) + ad(𝑅2) (𝑇1) ⊗ 1+𝑅2 ⊗𝑇1 +𝑅1 ⊗𝑇2,

Δ (ad(𝑅2) (𝑇2)) = 1⊗ ad(𝑅2) (𝑇2) + ad(𝑅2) (𝑇2) ⊗ 1+𝑅2 ⊗𝑇2 −𝑅1 ⊗𝑇1.

Then it is direct to see that
ad(𝑅1) (𝑇1) + ad(𝑇2) (𝑅2) = 0,
ad(𝑅2) (𝑇1) − ad(𝑅1) (𝑇2) = 0.

(7.1.7)

Hence ad(𝑀4)(𝑀5) = span{ad(𝑅1) (𝑇1),ad(𝑅2) (𝑇1)}. By 𝑅2
1 = 𝑅

2
2 = 0,

ad(𝑅1)2 (𝑇1) = 𝑅1(𝑅1𝑇1 +𝑇2𝑅1) − (ℎ1ℎ2)▷ (𝑅1𝑇1 +𝑇2𝑅1)𝑅1 = 0,
ad(𝑅1)2(𝑇2) = 𝑅1(𝑅1𝑇2 −𝑇1𝑅1) − (ℎ1ℎ2)▷ (𝑅1𝑇2 −𝑇1𝑅1)𝑅1 = 0,
ad(𝑅2)2 (𝑇1) = 𝑅2(𝑅2𝑇1 +𝑇2𝑅2) − (ℎ1ℎ2)▷ (𝑅2𝑇1 +𝑇2𝑅2)𝑅2 = 0,
ad(𝑅2)2(𝑇2) = 𝑅2(𝑅2𝑇2 −𝑇1𝑅2) − (ℎ1ℎ2)▷ (𝑅2𝑇2 −𝑇1𝑅2)𝑅2 = 0.

Combining this with (7.1.7) implies ad(𝑀4)2(𝑀5) = 0.
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The following identities can be obtained in this case.

ad(𝑀4)2(𝑀6) =ad(𝑀6)2(𝑀4) = ad(𝑀6)2(𝑀5) = ad(𝑀5)2(𝑀6) = ad(𝑀5)2(𝑀4) = 0.
ad(𝑀4)(𝑀5) � ad(𝑀5)(𝑀4) � 𝑀6,

ad(𝑀4) (𝑀6) � ad(𝑀6)(𝑀4) � 𝑀5,

ad(𝑀5) (𝑀6) � ad(𝑀6)(𝑀5) � 𝑀4.

We have listed all cases, which proves this lemma. □

To establish that the tuple 𝑀 admits all reflections, the following structural observation is
essential.

Lemma 7.1.6. Suppose 𝑀 admits the reflection sequence (𝑖1, 𝑖2, .., 𝑖𝑙), where 𝑖1, .., 𝑖𝑙 ∈ {1,2,3}.
Then for 𝑗 ∈ {1,2,3},

deg(𝑅𝑖𝑙 (...(𝑅𝑖1 (𝑀))...) 𝑗 ) ≠ 1, ℎ1ℎ2ℎ3. (7.1.8)

and
3∏
𝑗=1

deg(𝑅𝑖𝑙 (...(𝑅𝑖1 (𝑀))...) 𝑗 ) = ℎ1ℎ2ℎ3.

Proof. We prove it by induction. For the base case 𝑙 = 1, Lemma 5.1.4 gives,

𝑅1(𝑀) � (𝑀1, 𝑀4, 𝑀5), 𝑅2(𝑀) � (𝑀4, 𝑀2, 𝑀6), 𝑅3(𝑀) � (𝑀5, 𝑀6, 𝑀3).

It is straightforward to verify that for each 1 ≤ 𝑖, 𝑗 ≤ 3, ∏3
𝑗=1 𝑅𝑖 (𝑀) = ℎ1ℎ2ℎ3.

Now assume, for some 𝑙 ≥ 2, that 𝑀 admits the reflection sequence (𝑖1, 𝑖2, .., 𝑖𝑙−1), and

3∏
𝑗=1

deg(𝑅𝑖𝑙−1 (...(𝑅𝑖1 (𝑀))...) 𝑗 ) = ℎ1ℎ2ℎ3.

Let us denote deg(𝑅𝑖𝑙−1 (...(𝑅𝑖1 (𝑀))...) 𝑗 ) = ℎ′𝑗 for each 1 ≤ 𝑗 ≤ 3, where ℎ′𝑗 ∈ Z2×Z2×Z2. Then for
any 1 ≤ 𝑖𝑙 ≤ 3, we compute

3∏
𝑗=1

deg(𝑅𝑖𝑙 (...(𝑅𝑖1 (𝑀))...) 𝑗 ) = (
∏
𝑘≠𝑖𝑙

ℎ′𝑘ℎ𝑖𝑙 )ℎ−1
𝑖𝑙

= ℎ1ℎ2ℎ3,

which establishes the second claim.
Without loss of generality, suppose for the sake of contradiction that deg(𝑅𝑖𝑙 (...(𝑅𝑖1 (𝑀))...)1) =

ℎ1ℎ2ℎ3. We must have deg(𝑅𝑖𝑙 (...(𝑅𝑖1 (𝑀))...)2) = deg(𝑅𝑖𝑙 (...(𝑅𝑖1 (𝑀))...)3) = ℎ′ by the second
claim. If 𝑖𝑙 = 1, then

𝑅𝑖𝑙−1 (...(𝑅𝑖1 (𝑀))...) = (ℎ1ℎ2ℎ3, ℎ1ℎ2ℎ3ℎ
′, ℎ1ℎ2ℎ3ℎ

′),

which contradicts the assumption. If 𝑖1 = 2,the degrees become

𝑅𝑖𝑙−1 (...(𝑅𝑖1 (𝑀))...) = (ℎ1ℎ2ℎ3ℎ
′, ℎ′,1),
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and if 𝑖1 = 3
𝑅𝑖𝑙−1 (...(𝑅𝑖1 (𝑀))...) = (ℎ1ℎ2ℎ3ℎ

′,1, ℎ′).

Both of which again lead to contradictions.
A similar contradiction arises if we assume deg(𝑅𝑖𝑙 (...(𝑅𝑖1 (𝑀))...)1) = 1,

deg(𝑅𝑖𝑙 (...(𝑅𝑖1 (𝑀))...)2) = 𝑘′, deg(𝑅𝑖𝑙 (...(𝑅𝑖1 (𝑀))...)3) = 𝑘′′, where 𝑘′ · 𝑘′′ = ℎ1ℎ2ℎ3. Now if 𝑖𝑙 = 1,
we have

𝑅𝑖𝑙−1 (...(𝑅𝑖1 (𝑀))...) = (1, 𝑘′, 𝑘′′).

If 𝑖𝑙 = 2, we obtain
𝑅𝑖𝑙−1 (...(𝑅𝑖1 (𝑀))...) = (𝑘′, 𝑘′, 𝑘′𝑘′′),

and if 𝑖𝑙 = 3
𝑅𝑖𝑙−1 (...(𝑅𝑖1 (𝑀))...) = (𝑘′′, 𝑘′𝑘′′, 𝑘′′).

All cases lead to contradictions. This completes the induction. □

Proof of Theorem 7.1.4. We proceed by induction to show that 𝑀 admits all reflection sequences.
Without loss of generality, we first consider the 1st-reflection. By proof of Lemma 7.1.5, for all
1 ≤ 𝑗 ≤ 3, we have 𝑅1(𝑀) 𝑗 ∈ 𝑆. Recall that two tuples 𝑀 and 𝑀′ are isomorphic if and only if their
corresponding components are isomorphic. 𝑅1(𝑀) � (𝑀1, 𝑀4, 𝑀5). By Lemma 5.1.4, 𝑅𝑖 (𝑅1(𝑀)) �
𝑅𝑖 (𝑀1, 𝑀4, 𝑀5) for 1 ≤ 𝑖 ≤ 3. Applying Lemma 7.1.5 again, we conclude that (𝑀1, 𝑀4, 𝑀5) admits
the 𝑖-th reflection by analogous reasoning.

Now, suppose 𝑀 admits the reflection sequence (𝑖1, 𝑖2, . . . , 𝑖𝑙−1), where 1 ≤ 𝑖1, ..., 𝑖𝑙−1 ≤ 3. Then
we have deg(𝑅𝑖𝑙−1 (...(𝑅𝑖1 (𝑀))...) 𝑗 ) ≠ 1, ℎ1ℎ2ℎ3 for 1 ≤ 𝑗 ≤ 3 and ∏3

𝑗=1 deg(𝑅𝑖𝑙−1 (...(𝑅𝑖1 (𝑀))...) 𝑗 ) =
ℎ1ℎ2ℎ3. Consequently, for any 1 ≤ 𝑚 < 𝑛 ≤ 3, the product

deg(𝑅𝑖𝑙−1 (...(𝑅𝑖1 (𝑀))...)𝑚) ·deg(𝑅𝑖𝑙−1 (...(𝑅𝑖1 (𝑀))...)𝑛)

is neither 1 nor ℎ1ℎ2ℎ3. Therefore 𝑀 admits the (𝑖1, 𝑖2, ..., 𝑖𝑙−1, 𝑖𝑙)-th reflection by Lemma 7.1.5.
This completes the induction and shows that 𝑀 admits all reflection sequences.

For any 𝑁 ∈ F3(𝑀), we have deg(𝑁𝑖) ≠ 1, ℎ1ℎ2ℎ3 for 1 ≤ 𝑖 ≤ 3 by Lemma 7.1.6. Therefore,
B(𝑁𝑖) is finite-dimensional since 𝑁𝑖 belongs to 𝑆. Thus 𝑀 gives rise to a semi-Cartan graph G(𝑀).

Now for all 𝑁 ∈ F3(𝑀), Lemma 7.1.5 implies that the generalized Cartan matrix 𝐴𝑁 is given
by ©­­«

2 −1 −1
−1 2 −1
−1 −1 2

ª®®¬
Thus G(𝑀) is a standard semi-Cartan graph. □

Corollary 7.1.7. The Nichols algebra B(𝑀) is infinite-dimensional.

Proof. G(𝑀) is a standard semi-Cartan graph by Theorem 7.1.4. Suppose, for contradiction, that
B(𝑀) is finite-dimensional, then 𝐴𝑀 is a finite Cartan matrix by Theorem 5.3.8. However

𝐴𝑀 =
©­­«

2 −1 −1
−1 2 −1
−1 −1 2

ª®®¬
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is not a finite Cartan matrix. This contradiction implies that B(𝑀) must be infinite-dimensional. □

Proof of Theorem 7.1.2. By Remark 7.1.1(1), there is a group surjection satisfying

𝜋 : G −→ 𝐺, g𝑖 ↦→ 𝑔𝑖, 1 ≤ 𝑖 ≤ 3.

Furthermore, 𝜋∗(Φ) = Ψ.
We construct such a linear map for 1 ≤ 𝑗 ≤ 2,

𝐹 :𝑉1 ⊕𝑉2 ⊕𝑉3 → 𝑀1 ⊕𝑀2 ⊕𝑀3, 𝑋
′
𝑗 ↦→ 𝑋 𝑗 ,𝑌

′
𝑗 ↦→ 𝑌 𝑗 , 𝑍

′
𝑗 ↦→ 𝑍 𝑗

A direct verification shows that for each 1 ≤ 𝑖 ≤ 3, 𝑣𝑖 ∈ 𝑉𝑖 and g ∈ G, the following compatibilities
hold:

(𝜋 ⊗ 𝐹)𝛿𝑉𝑖 (𝑣𝑖) = 𝛿𝑀𝑖 (𝐹 (𝑣𝑖)),
𝐹 (𝑔▷ 𝑣𝑖) = 𝜋(𝑔)▷ 𝐹 (𝑣𝑖).

By [58, Lemma 4.4], we deduce that
B(𝑉) � B(𝑀)

in the sense of [58, Definition 4.3]. It follows that B(𝑉) is infinite-dimensional. □

7.2 Nichols algebras over 𝐷8 of rank 3

We first recall the basic notation of irreducible Yetter-Drinfeld modules over groups. Let 𝐺 be
a finite group, O a conjugacy class of 𝐺 , 𝑠 ∈ O fixed, (𝜌,𝑉) an irreducible representation of 𝐺𝑠,
where 𝐺𝑠 is the centralizer of 𝑠 in 𝐺. Let 𝑡1 = 𝑠, ..., 𝑡𝑀 be a numeration of O and let 𝑔𝑖 ∈𝐺 such that
𝑔𝑖𝑠𝑔

−1
𝑖 = 𝑡𝑖 for all 1 ≤ 𝑖 ≤ 𝑀. Then the corresponding irreducible Yetter-Drinfeld module 𝑀 (O, 𝜌)

is defined as follows: As a vector space, it is simply
⊕

1≤𝑖≤𝑀 𝑔𝑖 ⊗𝑉 . Let 𝑔𝑖𝑣 := 𝑔𝑖 ⊗ 𝑣 ∈ 𝑀 (O, 𝜌),
1 ≤ 𝑖 ≤ 𝑀, 𝑣 ∈ 𝑉 . If 𝑣 ∈ 𝑉 and 1 ≤ 𝑖 ≤ 𝑀, then the coaction and the action of 𝑔 ∈ 𝐺 are given by

𝛿(𝑔𝑖𝑣) = 𝑡𝑖 ⊗ 𝑔𝑖𝑣, 𝑔▷ (𝑔𝑖𝑣) = 𝑔 𝑗 (𝛾 ◦ 𝑣),

where 𝑔𝑔𝑖 = 𝑔 𝑗𝛾 and 𝛾 ◦ 𝑣 = 𝜌(𝛾) (𝑣) for some 1 ≤ 𝑗 ≤ 𝑀,𝛾 ∈ 𝐺𝑠. The Yetter-Drinfeld module
𝑀 (O, 𝜌) is a braided vector space with braiding given by

𝑐(𝑔𝑖𝑣 ⊗ 𝑔 𝑗𝑤) = 𝑡𝑖 ▷ (𝑔 𝑗𝑤) ⊗ 𝑔𝑖𝑣 = 𝑔ℎ (𝛾 ◦ 𝑣) ⊗ 𝑔𝑖𝑣

for any 1 ≤ 𝑖, 𝑗 ≤ 𝑀, 𝑣,𝑤 ∈ 𝑉 , where 𝑡𝑖𝑔 𝑗 = 𝑔ℎ𝛾 for unique ℎ, 1 ≤ ℎ ≤ 𝑀 and 𝛾 ∈ 𝐺𝑠.
Next, we describe the well-known classification result of finite-dimensional Nichols algebras

generated by irreducible Yetter-Drinfeld modules over 𝐷8. Recall that the dihedral group 𝐷8 is
generated by 𝑥 and 𝑦 with the following presentation〈

𝑥, 𝑦 | 𝑦2 = 1 = 𝑥4, 𝑦𝑥𝑦 = 𝑥−1〉
and let 𝜒 be a character of ⟨𝑥⟩ such that 𝜒(𝑥) = 𝜔 is a primitive 4-th root of unity.

Lemma 7.2.1. [5 Theorem 3.1] Let 𝑀 (O, 𝜌) be the irreducible Yetter-Drinfeld module over 𝐷8
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corresponding to a pair (O, 𝜌). Assume that its Nichols algebra is finite-dimensional, then (O, 𝜌) is
one of the following:

(i) (O𝑥2 , 𝜌), where 𝜌 ∈ 𝐷8 satisfies 𝜌(𝑥2) = 1.
(ii) (O𝑥ℎ , 𝜒 𝑗 ), where ℎ = 1 𝑜𝑟 3, and 𝜔ℎ 𝑗 = −1.
(iii) (O𝑦, sgn⊗ sgn) or (O𝑦, sgn⊗𝜀), where sgn⊗ sgn, sgn⊗ sgn ∈ 𝐷𝑦

8, 𝐷𝑦
8 = ⟨𝑦⟩ ⊕

〈
𝑥2〉 � 𝑍2 × 𝑍2.

(iv) (O𝑥𝑦, sgn⊗ sgn) or (O𝑥𝑦, sgn⊗𝜀), where sgn⊗ sgn, sgn⊗ sgn ∈ 𝐷𝑥𝑦
8 , 𝐷𝑥𝑦

8 = ⟨𝑥𝑦⟩ ⊕
〈
𝑥2〉 � 𝑍2 ×

𝑍2.

Remark 7.2.2. (i) In all above cases, dim𝑀 (O, 𝜌) = 2 and dimB(O, 𝜌) = 4.
(ii) It is obvious that

𝑀 (O𝑥 , 𝜒) � 𝑀 (O𝑥3 , 𝜒3)

as irreducible Yetter-Drinfeld modules. Meanwhile, there are isomorphisms of braided vector spaces

𝑀 (O𝑦, sgn⊗ sgn) � 𝑀 (O𝑥𝑦, sgn⊗ sgn),

𝑀 (O𝑦, sgn⊗𝜀) � 𝑀 (O𝑥𝑦, sgn⊗𝜀).

We will prove all Nichols algebras generated by three pairwise nonisomorphic Yetter-Drinfeld
modules over 𝐷8 are infinite-dimensional. Our main ingredients are generalized Cartan matrix and
Heckenberger’s classification of finite-dimensional Nichols algebra of rank ≥ 3. We first recall the
definition of the Cartan matrix. We assume 𝐼 is a finite non-abelian group in this subsection.

Definition 7.2.3. Let 𝐼
𝐼YD be the Yetter-Drinfeld module category over 𝐼 and 𝜃 ∈ N and 𝐼 =

{1, ..., 𝜃}. For 𝑁 = (𝑁1, 𝑁2, ..., 𝑁𝜃) where 𝑁𝑖 are simple Yetter-Drinfeld module for all 𝑖, let

𝑎𝑁𝑖 𝑗 =

{
−∞ if (ad𝑁𝑖)𝑚

(
𝑁 𝑗

)
≠ 0 for all 𝑚 ≥ 0,

−sup
{
𝑚 ∈ N0 : (ad𝑁𝑖)𝑚

(
𝑁 𝑗

)
≠ 0

}
otherwise

for all 𝑖 ∈ 𝐼 and 𝑗 ∈ 𝐼 \ {𝑖}. Moreover, let 𝑎𝑁𝑖𝑖 = 2 for all 𝑖 ∈ 𝐼. Then 𝐴𝑁 = (𝑎𝑁𝑖 𝑗 )𝑖, 𝑗∈𝐼 is called the
generalized Cartan matrix of N.

SThus far, the classification of finite-dimensional Nichols algebras in the usual Yetter-Drinfeld
module category has made significant progress. In [54], Heckenberger has classified all finite-
dimensional Nichols algebra over a non-abelian group of rank ≥ 3. We briefly recall the relevant
results.

Definition 7.2.4. [54, Definition 2.1] Let 𝜃 ∈ N, 𝑀 = (𝑀1, 𝑀2, ..., 𝑀𝜃) ∈ 𝐼
𝐼YD with each 𝑀𝑖 simple

is called braid-indecomposable if there exists no decomposition 𝑀′⊕𝑀′′ of
⊕𝜃

𝑖=1𝑀𝑖 with 𝑀′, 𝑀′′ ≠ 0
such that (id−c2) (𝑀′⊗𝑀′′) = 0.

Definition 7.2.5. [54, Definition 2.2] Let 𝜃 ∈N, 𝑀 = (𝑀1, 𝑀2, ..., 𝑀𝜃) ∈ 𝐼
𝐼YD with each 𝑀𝑖 simple.

Let 𝐴 = (𝑎𝑖 𝑗 ) be the generalized Cartan matrix of 𝑀, we say 𝑀 has a skeleton if:
(1) for all 1 ≤ 𝑖 ≤ 𝜃, there exists 𝑠𝑖 ∈ supp𝑀𝑖, and 𝜎𝑖 ∈ 𝐺𝑠𝑖 such that 𝑀𝑖 � 𝑀 (O𝑠𝑖 ,𝜎𝑖), and
(2) for all 1 ≤ 𝑖 < 𝑗 ≤ 𝜃 with 𝑎𝑖 𝑗 ≠ 0, at least one of 𝑎𝑖 𝑗 , 𝑎 𝑗𝑖 is −1.

In this case the skeleton of 𝑀 is a partially oriented partially labeled loopless graph with 𝜃

vertices with the following properties:
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• For all 1 ≤ 𝑖 ≤ 𝜃, the 𝑖-th vertex is symbolized by |supp𝑀𝑖 | = dim𝑀𝑖 points. If dim𝑀𝑖 = 1, then
the vertex is labeled by 𝜎𝑖 (𝑠𝑖). If dim𝑀𝑖 = 2 and there is an additional restriction on 𝑝 = 𝜎𝑖

(
𝑠′𝑖𝑠

−1
𝑖

)
,

where supp𝑀𝑖 =
{
𝑠𝑖, 𝑠

′
𝑖

}
, then the 𝑖-th vertex is labeled by (𝑝). Otherwise there is no label.

• For all 𝑖, 𝑗 ∈ {1, . . . , 𝜃} with 𝑖 ≠ 𝑗 there are 𝑎𝑖 𝑗𝑎 𝑗𝑖 edges between the 𝑖-th and 𝑗-th vertex. The
edge is oriented towards 𝑗 if and only if 𝑎𝑖 𝑗 = −1, 𝑎 𝑗𝑖 < −1.

• Let 1 ≤ 𝑖 < 𝑗 ≤ 𝜃 with 𝑎𝑖 𝑗 < 0. If supp𝑀𝑖 and supp𝑀 𝑗 commute, then the connection between
the 𝑖-th and 𝑗-th vertex consists of continuous lines. Otherwise the connection consists of dashed
lines. The connection is labeled with 𝜎𝑖 (𝑠 𝑗 )𝜎𝑗 (𝑠𝑖) if dim𝑀𝑖 = 1 or dim𝑀 𝑗 = 1, and otherwise it is
not labeled.

The next Theorem gives a criterion to determine when B(𝑀) ∈ 𝐼
𝐼YD is finite-dimensional.

Theorem 7.2.6. [54,Theorem 2.5] Let 𝜃 ∈N≥3. Let 𝐼 be a non-abelian group and 𝑀 = (𝑀1, 𝑀2, ..., 𝑀𝜃)
with each 𝑀𝑖 simple and supp𝑀 generates 𝐼. Assume that 𝑀 is braid-indecomposable. Then the
following are equivalent:

(1) 𝑀 has a skeleton of finite type.
(2) B(𝑀) is finite-dimensional.
(3) 𝑀 admits all reflections and the Weyl groupoid W(𝑀) of 𝑀 is finite.

A complete classification result of skeletons of finite type with at least three vertices over
arbitrary field is given simultaneously, see [54].

Let us return to the dihedral group 𝐷8 case. There are six nonisomorphic irreducible Yetter-
Drinfeld modules over 𝐷8. For simplicity, denote 𝑀1 =𝑀 (O𝑥2 , 𝜌) = span {1𝑢1,1𝑢2}, 𝑀2 =𝑀 (O𝑥 , 𝜒) =
span {1𝑣, 𝑦𝑣}, 𝑀3 = 𝑀 (O𝑦, sgn⊗ sgn) = span {1𝑤1, 𝑥𝑤1}, 𝑀4 = 𝑀 (O𝑦, sgn⊗𝜀) = span {1𝑤2, 𝑥𝑤2},
𝑀5 = 𝑀 (O𝑥𝑦, sgn⊗ sgn) = span {1𝑤3, 𝑥𝑤3}, 𝑀6 = 𝑀 (O𝑥𝑦, sgn⊗𝜀) = span {1𝑤4, 𝑥𝑤4}. For simplicity,
we denote 𝑆 :=

{
𝑀 = (𝑀𝑖, 𝑀 𝑗 , 𝑀𝑘 ) | 1 ≤ 𝑖 < 𝑗 < 𝑘 ≤ 6

}
. Now we are going to state the main result

of this subsection. Actually, it follows directly from computations.

Theorem 7.2.7. The Nichols algebra B(𝑀) = B(𝑀𝑖 ⊕ 𝑀 𝑗 ⊕ 𝑀𝑘 ) is infinite-dimensional for all
1 ≤ 𝑖 < 𝑗 < 𝑘 ≤ 6.

This theorem relies on the following lemmas. We deal with the cases where supp(𝑀) is an
abelian group at first. In these cases, 𝑀 can be reduced to a diagonal type Yetter-Drinfeld module
over supp(𝑀).

Lemma 7.2.8. Let 𝑀 = (𝑀𝑖, 𝑀 𝑗 , 𝑀𝑘 ), where 1 ≤ 𝑖 < 𝑗 < 𝑘 ≤ 6. Suppose

𝑀 ∈ 𝑆1 := {(𝑀1, 𝑀2, 𝑀𝑘 ) | 3 ≤ 𝑘 ≤ 6} .

Then B(𝑀) is infinite-dimensional.

Proof. Note supp(𝑀1 ⊕𝑀2) = ⟨𝑥⟩ � 𝑍4. By restriction, B(𝑀1 ⊕𝑀2) ∈ 𝑍4
𝑍4
YD is of diagonal type.

Hence we choose a new basis of 𝑀1 by setting 𝑡1 = 1𝑢1 + 𝑖(1𝑢2) and 𝑡2 = 1𝑢1 − 𝑖(1𝑢2). Then
𝑀1 ⊕𝑀2 = span {𝑡1, 𝑡2,1𝑣, 𝑦𝑣}. Direct computation gives the braiding matrix:

©­­­­«
−1 −1 1 1
−1 −1 1 1
−𝑖 𝑖 −1 −1
𝑖 −𝑖 −1 −1

ª®®®®¬
.
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The corresponding generalized Dynkin diagram is of the form

-1

-1

-1

-1

𝑖
−𝑖 −𝑖𝑖

which does not appear in the classification of arithmetic root system [47]. So B(𝑀1 ⊕ 𝑀2) is
infinite-dimensional, hence B(𝑀) is infinite-dimensional.

□

Lemma 7.2.9. If 𝑀 ∈ 𝑆2 := {(𝑀1, 𝑀3, 𝑀4), (𝑀1, 𝑀5, 𝑀6)}, then B(𝑀) is infinite-dimensional.

Proof. We will prove B(𝑀) = B(𝑀1 ⊕ 𝑀3 ⊕ 𝑀4) is infinite-dimensional, the other case is simi-
lar. Note that supp(𝑀1 ⊕ 𝑀4 ⊕ 𝑀5) � 𝑍2 × 𝑍2 = ⟨𝑦⟩ ×

〈
𝑥2〉 By restriction, B(𝑀) ∈ 𝑍2×𝑍2

𝑍2×𝑍2
YD

is of diagonal type, We choose a new basis of 𝑀1 via 𝑡1 = 1𝑢1 + 1𝑢2, 𝑡2 = 1𝑢1 − 1𝑢2. Then
𝑀 = span {𝑡1, 𝑡2,1𝑤1, 𝑥𝑤1,1𝑤2, 𝑥𝑤2} by direct computation, the corresponding braiding matrix is

©­­­­­­­­«

−1 −1 1 1 1 1
−1 −1 −1 −1 1 1
−1 1 −1 1 −1 −1
1 −1 1 −1 −1 −1
−1 1 −1 1 −1 −1
1 −1 1 −1 −1 −1

ª®®®®®®®®¬
.

The corresponding generalized Dynkin diagram is of the form

-1 -1

-1

−1

−1 −1

-1 -1

-1

−1

−1 −1

which does not appear in the classification of arithmetic root system [47]. So B(𝑀) is infinite-
dimensional. □

We are going to deal with the cases which not appear in Lemmas 7.2.8 and 7.2.9. It is obvious
that supp(𝑀) = 𝐷8 in these cases. We are going to use Theorem 7.2.6 to show B(𝑀) are all
infinite-dimensional.

Lemma 7.2.10. Suppose 𝑀 = (𝑀𝑖, 𝑀 𝑗 , 𝑀𝑘 ) ∈ 𝑆 \ 𝑆1 ∪ 𝑆2, then 𝑀 is braid-indecomposable.

Proof. It is not difficult to observe that as long as for any 𝑖, 𝑗 1 ≤ 𝑖 < 𝑗 ≤ 6, (id−𝑐2)(𝑀𝑖 ⊗𝑀 𝑗 ) ≠ 0,
then 𝑀 is braid-indecomposable for all 𝑀 ∈ 𝑆 \ 𝑆1 ∪ 𝑆2. In particular, we will not consider braid-
indecomposability of 𝑀1 ⊕𝑀2 since B(𝑀1 ⊕𝑀2) is infinite-dimensional by Lemma 7.2.8. We will
compute one case as an example and and list the complete results in the following table.
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We are going to show 𝑀1 ⊗𝑀3 is braid-indecomposable. Choose 1𝑢1 ⊗ 1𝑤1 ∈ 𝑀1 ⊗𝑀3. Note
𝛿(1𝑢1) = 𝑥2 ⊗ 1𝑢1 and 𝛿(1𝑤1) = 𝑦 ⊗ 1𝑤1. Then 𝑐(1𝑢1 ⊗ 1𝑤1) = 𝑥2 ▷ (1𝑤1) ⊗ 1𝑢1 = −1𝑤1 ⊗ 1𝑢1, and
𝑐(−1𝑤1 ⊗ 1𝑢1) = −𝑦▷ (1𝑢1) ⊗ 1𝑤1 = 1𝑢2 ⊗ 1𝑤1. Hence

(id−𝑐2) (1𝑢1 ⊗ 1𝑤1) = 1𝑢1 ⊗ 1𝑤1 −1𝑢2 ⊗ 1𝑤1 ≠ 0.

Table 7.1: Braiding-Indecomposability of 𝑀

𝑀𝑖 ⊗𝑀 𝑗 𝑥 ⊗ 𝑦 ∈ 𝑀𝑖 ⊗𝑀 𝑗 , s.t. (id−𝑐2) (𝑥 ⊗ 𝑦) ≠ 0. 𝑀𝑖 ⊗𝑀 𝑗 𝑥 ⊗ 𝑦 ∈ 𝑀𝑖 ⊗𝑀 𝑗 , s.t. (id−𝑐2) (𝑥 ⊗ 𝑦) ≠ 0.
𝑀1 ⊗𝑀3 1𝑢1 ⊗ 1𝑤1 𝑀1 ⊗𝑀4 1𝑢1 ⊗ 𝑥𝑤2
𝑀1 ⊗𝑀5 1𝑢1 ⊗ 1𝑤3 𝑀1 ⊗𝑀6 1𝑢1 ⊗ 𝑥𝑤4
𝑀2 ⊗𝑀3 1𝑣 ⊗ 𝑥𝑤1 𝑀2 ⊗𝑀4 1𝑣 ⊗ 𝑥𝑤2
𝑀2 ⊗𝑀5 1𝑣 ⊗ 1𝑤3 𝑀2 ⊗𝑀6 1𝑣 ⊗ 1𝑤4
𝑀3 ⊗𝑀4 1𝑤1 ⊗ 𝑥𝑤2 𝑀3 ⊗𝑀5 1𝑤1 ⊗ 𝑥𝑤3
𝑀3 ⊗𝑀6 1𝑤1 ⊗ 𝑥𝑤4 𝑀4 ⊗𝑀5 1𝑤2 ⊗ 𝑥𝑤3
𝑀4 ⊗𝑀6 1𝑤2 ⊗ 𝑥𝑤4 𝑀5 ⊗𝑀6 1𝑤3 ⊗ 𝑥𝑤4

□

Proposition 7.2.11. Suppose 𝑀 = (𝑀𝑖, 𝑀 𝑗 , 𝑀𝑘 ) ∈ 𝑆 \ 𝑆1 ∪ 𝑆2, then B(𝑀) = B(𝑀𝑖 ⊕𝑀 𝑗 ⊕𝑀𝑘 ) is
infinite-dimensional.

Proof. We choose a few cases to compute, as the others are similar. The key is to determine the
generalized Cartan matrix for each 𝑀, then draw the corresponding skeleton and finally apply the
Theorem 7.2.6 finally.

Take 𝑀 = (𝑀1, 𝑀3, 𝑀5), we first calculate the number 𝑎𝑀13. Note that ad1𝑢1 (1𝑤1) = 1𝑢1 ·1𝑤1 +
1𝑤1 · 1𝑢1, ad1𝑢1 (𝑥𝑤2) = 1𝑢1 · 𝑥𝑤1 + 𝑥𝑤1 · 1𝑢1, ad1𝑢2 (1𝑤1) = 1𝑢2 · 1𝑤1 + 1𝑤1 · 1𝑢2, and ad1𝑢2 (𝑥𝑤1) =
1𝑢2 · 𝑥𝑤1 + 𝑥𝑤1 ·1𝑢2. Then we take coproduct of these elements.

Δ(ad1𝑢1 (1𝑤1)) = 1⊗ ad1𝑢1 (1𝑤1) + ad1𝑢1 (1𝑤1) ⊗ 1+1𝑢1 ⊗ 1𝑤1 −1𝑢2 ⊗ 1𝑤1,

Δ(ad1𝑢1 (𝑥𝑤1)) = 1⊗ ad1𝑢1 (𝑥𝑤1) + ad1𝑢1 (𝑥𝑤1) ⊗ 1+1𝑢1 ⊗ 𝑥𝑤1 +1𝑢2 ⊗ 𝑥𝑤1,

Δ(ad1𝑢2 (1𝑤1)) = 1⊗ ad1𝑢2 (1𝑤1) + ad1𝑢2 (1𝑤1) ⊗ 1+1𝑢2 ⊗ 1𝑤1 −1𝑢1 ⊗ 1𝑤1,

Δ(ad1𝑢2 (𝑥𝑤1)) = 1⊗ ad1𝑢2 (𝑥𝑤1) + ad1𝑢2 (𝑥𝑤1) ⊗ 1+1𝑢2 ⊗ 𝑥𝑤1 −1𝑢1 ⊗ 𝑥𝑤1.

Obviously, ad1𝑢1 (1𝑤1) + ad1𝑢2 (1𝑤1) = 0 and ad1𝑢1 (𝑥𝑤1) + ad1𝑢2 (𝑥𝑤1) = 0 by their coproduct. Hence
ad𝑀1 (𝑀3) = span

{
ad1𝑢1 (1𝑤1),ad1𝑢2 (𝑥𝑤1)

}
.

Next, since 1𝑢2
1 = 1𝑢2

2 = 1𝑤2
1 = 𝑥𝑤2

1 = 0, we have ad1𝑢1 (ad1𝑢1 (1𝑤1)) = 1𝑢1 · (1𝑢1 · 1𝑤1 + 1𝑤1 ·
1𝑢1) − 𝑥2 ▷ (1𝑢1 ·1𝑤1 +1𝑤1 ·1𝑢1)1𝑢1 = 0 as well as ad1𝑢2 (ad1𝑢2 (𝑥𝑤1)) = 0. Moreover

ad1𝑢2 (ad1𝑢1 (1𝑤1)) = 1𝑢2 · (1𝑢1 ·1𝑤1 +1𝑤1 ·1𝑢1) − 𝑥2 ▷ (1𝑢1 ·1𝑤1 +1𝑤1 ·1𝑢1) ·1𝑢2

= 1𝑢2 ·1𝑢1 ·1𝑤1 +1𝑢2 ·1𝑤1 ·1𝑢1 −1𝑢1 ·1𝑤1 ·1𝑢2 −1𝑤1 ·1𝑢1 ·1𝑢2

= 1𝑢2 · (−1𝑢2 ·1𝑤1 −1𝑤1 ·1𝑢2) − (−1𝑢2 ·1𝑤1 −1𝑤1 ·1𝑢2) ·1𝑢2 = 0.

where in the last equation we use the fact that ad1𝑢1 (1𝑤1)+ad1𝑢2 (1𝑤1) = 0.We can prove ad1𝑢1 (ad1𝑢2 (𝑥𝑤1)) =
0 similarly. Thus ad2

𝑀1
(𝑀3) = 0.
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Using the same method, we can prove ad𝑀1 (𝑀5) ≠ 0 and ad𝑀3 (𝑀5) ≠ 0. But ad2
𝑀1

(𝑀5) =

ad2
𝑀3

(𝑀5) = 0. Hence 𝑀 = (𝑀1, 𝑀3, 𝑀5) has Cartan matrix
©­­«

2 −1 −1
−1 2 −1
−1 −1 2

ª®®¬.
It is not surprising that for all 𝑀 ∈ 𝑆 \ 𝑆1 ∪ 𝑆2, the Cartan matrix of 𝑀 are all

©­­«
2 −1 −1
−1 2 −1
−1 −1 2

ª®®¬,
because their Yetter-Drinfeld module structures are similar. We omit the proof for simplicity.

Although they have the same Cartan matrix, the corresponding skeletons may be different.
If (𝑖, 𝑗 , 𝑘) ∈ {(1,3,5), (1,3,6), (1,4,5), (1,4,6)}, the corresponding skeleton will be the first

picture.
If (𝑖, 𝑗 , 𝑘) ∈ {(2,3,4), (3,4,5), (3,4,6), (3,5,6), (4,5,6), (2,5,6)}, the corresponding skeleton

will be the second picture.
If (𝑖, 𝑗 , 𝑘) ∈ {(2,3,5), (2,3,6), (2,4,5), (2,4,6)}, the corresponding skeleton will be the third

picture.

: :

:

: :

:

: :

:

None of the skeletons above appear in [54 Figure2.1], hence by Theorem 7.2.6, dim(B(𝑀)) = ∞
for all 𝑀 ∈ 𝑆 \ 𝑆1 ∪ 𝑆2. □

Proof of Theorem 7.2.7. It is direct from Lemma 7.2.8, 7.2.9 and Proposition 7.2.11. □

7.3 A second proof of Theorem 7.1.2

Now let 𝐺 be an abelian group with a nontrivial 3-cocycle Φ and 𝐻 is a finite group. Let
𝐺
𝐺YDΦ

fd denote the full subcategory of 𝐺
𝐺YDΦconsisting of all finite-dimensional twisted Yetter-

Drinfeld modules. Suppose 𝐹 : 𝐺
𝐺YDΦ

fd −→ 𝐼
𝐼YDfd is an equivalence of fusion categories, we have

the following lemma.

Lemma 7.3.1. For each 𝑋 ∈ 𝐺
𝐺YDΦ

fd, we have the following equations with respect to dimensions:

dimk(𝑋) = FPdim(𝑋) = FPdim(𝐹 (𝑋)) = dimk(𝐹 (𝑋)).

Proof. There’s an equivalence of fusion categories: 𝐺
𝐺YDΦ

fd � Z(VecΦ𝐺) � Rep(𝐷Φ(𝐺)). By [35,
Example 5.13.8], dimk(𝑋) = FPdim(𝑋) for all 𝑋 ∈ 𝐺

𝐺YDΦ
fd.

Note 𝐺
𝐺YDΦ

fd and 𝐼
𝐼YDfd are all fusion categories and 𝐹 is a tensor functor, then by [35,

Proposition 4.5.7]
FPdim𝐺

𝐺
YDΦ

fd
(𝑋) = FPdim𝐼

𝐼YDfd
(𝐹 (𝑋)).
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The last equation FPdim(𝐹 (𝑋)) = dimk(𝐹 (𝑋)) can be obtained via using the same result as the
first equation. □

We return to the situation considered in 𝐺
𝐺YDΦ, recall here 𝑀1, 𝑀2, 𝑀3 ∈ 𝐺

𝐺YDΦ be three 2-
dimensional pairwise non-isomorphic simple objects with deg(𝑀1) = 𝑔1, deg(𝑀2) = 𝑔2, deg(𝑀3) = 𝑔3.

Proposition 7.3.2. The category 𝐺
𝐺YDΦ

fd is braided fusion equivalent to 𝐷8
𝐷8
YDfd.

Proof. The existence of the finite group 𝐻 follows immediately from Theorem 6.3.3. Explicitly, take
𝐴 = ⟨𝑒⟩, 𝐾 = ⟨ 𝑓 ⟩ × ⟨𝑔⟩, 𝐹 = 1 in Lemma 6.3.1. Let

𝐹̂ ( 𝑓 𝑖2𝑔𝑖3 , 𝑓 𝑗2𝑔 𝑗3) = 𝜒 𝑗2𝑖3 ,

where 𝜒 ∈ 𝐴 is primitive such that 𝜒(𝑔1) = −1. and let 𝜀 ≡ 1, By Theorem 6.3.3, Vec𝜔𝐺 and
Vec𝑍̂2⋊

𝐹̂
(𝑍2×𝑍2) are categorically Morita equivalent. Let 𝐻 = 𝑍̂2 ⋊

𝐹̂
𝑍2 × 𝑍2. Actually, 𝐻 is isomorphic

to 𝐷8 since 𝐻 has the following presentation

< (1, ( 𝑓 , 𝑔)), (1, ( 𝑓 ,1)) | (1, ( 𝑓 , 𝑔))4 = (1, (1,1)) = (1, ( 𝑓 ,1))2,

(1, ( 𝑓 ,1)) · (1, ( 𝑓 , 𝑔)) · (1, ( 𝑓 ,1)) = (1, ( 𝑓 , 𝑔))−1 > .

Hence
𝐺
𝐺YDΦ

fd ≃Z(Vec𝜔𝐺) ≃ Z(Vec𝐷8) ≃
𝐷8
𝐷8
YDfd

as braided fusion category. □

Now we are going to prove Theorem 7.1.4.

Proof of Theorem 7.1.4. Let 𝑀 = (𝑀1, 𝑀2, 𝑀3) be the 3-tuple. Since 𝑀1, 𝑀2, 𝑀3 are pairwise non-
isomorphic, simple and 𝐹 : 𝐺𝐺YDΦ

fd −→
𝐷8
𝐷8
YDfd is a braided fusion equivalence then 𝐹 (𝑀1), 𝐹 (𝑀2)

and 𝐹 (𝑀3) are pairwise nonisomorphic and simple.
Suppose B(𝑀) ∈ 𝐺

𝐺YDΦ
fd is finite-dimensional, then 𝐹 (B(𝑀)) must be a finite-dimensional

Nichols algebra of rank 3 in 𝐷8
𝐷8
YDfd since 𝐹 maps Nichols algebra in 𝐺

𝐺YDΦ
fd to Nichols algebra in

𝐷8
𝐷8
YDfd by Lemma 2.5.4. But all Nichols algebra generated by three pairwise nonisomorphic simple

Yetter-Drinfeld module over 𝐷8 are infinite-dimensional by Theorem 7.2.7. This is a contradiction,
so B(𝑀) is infinite-dimensional. □

7.4 The Cartan graph of B(𝑀)

We denote the Weyl groupoid structure on G(𝑀) by W(G(𝑀)). Furthermore, the set of real
roots of G(𝑀) at 𝑋

Δ𝑋,re = {𝜔(𝛼𝑖) ∈ ZI | 𝜔 ∈ Hom(W(G(𝑀)), 𝑋), 𝑖 ∈ I}

can be formulated explicitly. Since G(𝑀) is standard, it is obvious that Δ𝑋,re = Δ𝑌,re for all 𝑋,𝑌 ∈
𝐹3(𝑀) and

Hom(W(G(𝑀)), 𝑋) →𝑊 (𝐴(1)
2 ), (𝑌, 𝑠, 𝑋) ↦→ 𝑠

is bijective, where 𝑊 (𝐴(1)
2 ) is the Weyl group of the affine Lie algebra of type 𝐴(1)

2 .
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For an affine Lie algebra of type 𝐴(1)
2 (and more generally for any symmetrizable Kac–Moody

algebra), the set of real roots is closed under the action of the Weyl group, and every real root can be
obtained from a simple root by applying a sequence of fundamental reflections, see [66, Proposition
5.1]. If we denote 𝛿 = 𝛼1 +𝛼2 +𝛼3. Then

Δ𝑀,re = {𝛼+ 𝑘𝛿 | 𝛼 ∈ Φ𝐴2 , 𝑘 ∈ Z}. (7.4.1)

Here Φ𝐴2 = ±{𝛼2, 𝛼3, 𝛼2 +𝛼3}, which corresponds to the root of Lie algebra of type𝐴2. This agree-
ment is expected because the semi-Cartan graph is standard, and thus Δ𝑀,re coincides with the
set of real roots for the affine Lie algebra of type 𝐴(1)

2 . Unfortunately, Δ𝑀,re is an infinite set, by
definition G(𝑀) is not a finite semi-Cartan graph.

Definition 7.4.1. (1) A semi-Cartan graph G is called connected if the groupoid W(G) is con-
nected, that is, if for any two objects 𝑋,𝑌 of G there is a morphism from 𝑋 to 𝑌 in W(G).

(2) A semi-Cartan graph G is called simply connected if for any two points 𝑋,𝑌 of G there is
at most one morphism from 𝑋 to 𝑌 in W(G).

(3) For any 𝑋 ∈ X and 𝑖, 𝑗 ∈ I let

𝑚𝑋
𝑖 𝑗 = |Δ𝑋 re ∩ (N0𝛼𝑖 +N0𝛼 𝑗 ) |.

We say that G is a Cartan graph if the following hold.
(CG3) For all 𝑋 ∈ X, the set Δ𝑋 re consists of positive and negative roots.
(CG4) Let 𝑋 ∈ X, and 𝑖, 𝑗 ∈ I. If 𝑚𝑋

𝑖 𝑗 <∞, then (𝑟𝑖𝑟 𝑗 )𝑚
𝑋
𝑖 𝑗 (𝑋) = 𝑋.

Proposition 7.4.2. The quadruple G(𝑀) is a connected and simply connected Cartan graph.

Proof. Since 𝑀 admits all reflections, G(𝑀) is a connected semi-Cartan graph. Moreover, the fact
that Hom( [𝑀], [𝑀]) = id[𝑀] implies that G(𝑀) is simply connected.

The condition (CG3) is obvious, since Δ𝑋,re = Δ𝑌,re for all 𝑋,𝑌 ∈ 𝐹3(𝑀) and Δ𝑀,re consists of
positive and negative roots.

For (CG4), by definition,

𝑚𝑀
12 =| Δ𝑀,re ∩ (N0𝛼1 +N0𝛼2) |= 3.

Now by direct computation of reflection, see [69, Lemma 6.12],

(𝑟1𝑟2)3(𝑀) � 𝑟1𝑟2𝑟1𝑟2𝑟1(𝑀4, 𝑀2, 𝑀6) � 𝑟1𝑟2𝑟1𝑟2(𝑀4, 𝑀1, 𝑀5) � 𝑟1𝑟2𝑟1(𝑀2, 𝑀1, 𝑀3)
� 𝑟1𝑟2(𝑀2, 𝑀4, 𝑀6) � 𝑟1(𝑀1, 𝑀4, 𝑀5) � (𝑀1, 𝑀2, 𝑀3).

We deduce that (𝑟1𝑟2)3( [𝑀]) = [𝑀]. Similarly, for all 𝑖, 𝑗 ∈ {1,2,3} and 𝑋 ∈ X, one can prove
𝑚𝑋
𝑖 𝑗 = 3, and

(𝑟𝑖𝑟 𝑗 )3( [𝑋]) = [𝑋] .

Hence G(𝑀) is a Cartan graph. □

Definition 7.4.3. Let G = G(I,X, 𝑟, 𝐴) be a Cartan graph. For all 𝑋 ∈ X let 𝑅𝑋 be a subset of ZI

with the following properties.
(1) 0 ∉ 𝑅𝑋 and 𝛼𝑖 ∈ 𝑅𝑋 for all 𝑋 ∈ X and 𝑖 ∈ I.
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(2) 𝑅𝑋 ⊆ NI
0 ∪−NI

0 for all 𝑋 ∈ X.
(3) For any 𝑋 ∈ X and 𝑖 ∈ I, 𝑠𝑋𝑖 (𝑅𝑋) = 𝑅𝑟𝑖 (𝑋).
(4) If 𝑖, 𝑗 ∈ I and 𝑋 ∈ X such that 𝑖 ≠ 𝑗 and 𝑚𝑋

𝑖 𝑗 in Definition 7.4.1 is finite, then (𝑟𝑖𝑟 𝑗 )𝑚
𝑋
𝑖 𝑗 (𝑋) = 𝑋.

Then we say that the pair (G, (𝑅𝑋)𝑋∈X) is a root system over G. A root system over G is said to
be reduced if for all 𝑋 ∈ X and 𝛼 ∈ 𝑅𝑋 the roots 𝛼 and −𝛼 are the only rational multiples of 𝛼 in
𝑅𝑋 . A root system is said to be finite if for all 𝑋 ∈ X, 𝑅𝑋 is finite.

If G is a Cartan graph, the pair (G, (Δ𝑋,re)𝑋∈X) is a reduced root system over G by [52, Example
10.4.4]. The following corollary follows immediately.

Corollary 7.4.4. Let 𝑀 be the 3-tuple as above, then (G(𝑀), (Δ𝑋,re)𝑋∈X) is a reduced root system
over G(𝑀). Furthermore, there is no finite root system over G.

Proof. The second claim follows from the fact that G is not a finite Cartan graph and [52, Theorem
10.4.7]. □

7.5 The Tits cone induced by (G(𝑀), (Δ𝑋,re)𝑋∈X) is a half plane

In [28,29], the authors showed that most Nichols algebras over Hopf algebras can define a Tits
cone, via their root systems. In particular, they call a Nichols algebra affine if the corresponding
Tits cone is a half plane. The following is their main observation:

Theorem 7.5.1. [29, Theorem 1.1] There exists a one-to-one correspondence between connected,
simply connected Cartan graphs permitting a root system and crystallographic Tits arrangements
with reduced root system.

Under this correspondence, equivalent Cartan graphs correspond to combinatorially equivalent
Tits arrangements and vice versa, giving rise to a one-to-one correspondence between the respective
equivalence classes.

A crystallographic Tits arrangement consists of a pair (A,𝑇), where A is a set of linear
hyperplanes in R𝑟 , and 𝑇 is a Tits cone in R𝑟 , satisfying some additional conditions. For explicit
definition of crystallographic Tits arrangements, one may refer to [29, Definition 3.1].

Now return to the 3-tuple 𝑀 in 𝐺
𝐺YDΦ, we have proved that (G(𝑀), (Δ𝑋,re)𝑋∈X) is a connected

and simply connected Cartan graph with a reduced root system, thus it should produce a Tits cone
in R3. Our goal in this subsection is to calculate the corresponding Tits cone.

We briefly recall the calculation of the Tits cone when given a connected simply connected
Cartan graph G = G(I,X, (𝑟𝑖)𝑖∈𝐼 , (𝐴𝑋)𝑋∈X) with a root system 𝑅 = (Δ𝑋,re)𝑋∈X. Fix an object 𝐴 ∈ X.
Let 𝑉 = R𝑟 (where 𝑟 = |𝐼 |) and fix a linear isomorphism 𝜓 : Z𝐼 →𝑉∗ sending the standard basis to a
basis {𝜙1, . . . , 𝜙𝑟} of 𝑉∗. Define the set of roots R = 𝜓(Δ𝐴,re) ⊂ 𝑉∗.

For any object 𝐵 ∈X, since G is connected and simply connected, there exists a unique morphism
𝑤𝐵 ∈ Hom(𝐴, 𝐵) in the Weyl groupoid. Define the linear map 𝜓𝐵 = 𝜓 ◦𝑤−1

𝐵 : Z𝐼 → 𝑉∗. Then the
set R𝐵 := 𝜓𝐵 ({𝑒𝑖}𝑖∈𝐼) forms a basis of 𝑉∗, called the root basis at 𝐵. The corresponding chamber
is defined as the open simplicial cone

𝐾𝐵 :=
⋂
𝛽∈R𝐵

𝛽+ = {𝑥 ∈ 𝑉 | 𝛽(𝑥) > 0 for all 𝛽 ∈ R𝐵}.
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Let K = {𝐾𝐵 | 𝐵 ∈ X}. The set of hyperplanes is

A := {𝜙⊥ | 𝜙 ∈ R}.

Finally, the Tits cone is defined as the convex hull of all chambers:

𝑇 := conv

(⋃
𝑋∈X

𝐾𝑋

)
.

Theorem 7.5.1 guarantees that (A,𝑇) is a crystallographic Tits arrangement. The next proposition
seems to be new, although those who are familiar with affine Nichols algebras may regard it as a
known fact.

Proposition 7.5.2. Let G = G(I,X, 𝑟, 𝐴) be a connected, simply connected standard Cartan graph,
with (Δ𝑋,re)𝑋∈X a reduced root system over G. If the Cartan matrix 𝐴 is affine, then the corre-
sponding Tits cone 𝑇 in the sense of Theorem 7.5.1 is a half plane.

Proof. We denote 𝑟 = |I|. Since 𝐴 is affine, it is automatically symmetrizable, then there exists a
positive vector 𝑣 = (𝑣1, 𝑣2, .., 𝑣𝑟) ∈ Z≥0 such that 𝑣𝑇 𝐴 = 0, that is

𝑟∑
𝑖=1
𝑣𝑖𝑐𝑖 𝑗 = 0 for all 𝑗 .

For simplicity, we use 𝑋 to represent its isomorphism class [𝑋] ∈ X. We fix a base object 𝑀. Let
𝑉 = R𝑟 and fix a linear isomorphism 𝜓 : Z𝑟 → 𝑉∗ sending the standard basis vectors {𝛼1, 𝛼2, ..., 𝛼𝑟}
to a basis {𝜙1, 𝜙2, ..., 𝜙𝑟} of 𝑉∗. Define the set of roots R = 𝜓(Δ𝑀,re) ⊂ 𝑉∗.

For any object 𝑋 ∈ X, there is a unique morphism 𝑤𝑋 ∈ Hom(𝑀, 𝑋) in the Weyl groupoid.
Define 𝜓𝑋 = 𝜓 ◦𝑤−1

𝑋 : Z𝑟 →𝑉∗. The set of root basis at 𝑋 is

𝐵𝑋 = 𝜓𝑋 ({𝛼1, 𝛼2, ..., 𝛼𝑟}),

and the associated chamber is

𝐾𝑋 =
⋂
𝛽∈𝐵𝑋

𝛽+ = {𝑥 ∈ 𝑉 | 𝛽(𝑥) > 0 for all 𝛽 ∈ 𝐵𝑋 }.

We now prove that

𝑇 = conv

(⋃
𝑋∈X

𝐾𝑋

)
coincides with the half-space 𝛿+ where 𝛿 = 𝑣1𝜙1 + 𝑣2𝜙2 + ...+ 𝑣𝑟𝜙𝑟 .

Now let 𝑋,𝑌 ∈ X, such that 𝑟𝑖 (𝑋) = 𝑌 for some 𝑖 ∈ 𝐼. By [29, Proposition 3.5], if 𝐵𝑋 =
{𝛽1, 𝛽2, ...𝛽𝑟} is indexed compatibly with 𝐵𝑌 = {𝛽′1, 𝛽′2, 𝛽′𝑟}, then

𝛽′𝑖 = −𝛽𝑖, 𝛽′𝑗 = 𝛽 𝑗 − 𝑐 𝑗𝑖𝛽𝑖 ( 𝑗 ≠ 𝑖).
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Consequently,
𝑟∑
𝑗=1
𝑣 𝑗 𝛽

′
𝑗 =

∑
𝑗≠𝑖

𝑣 𝑗 (𝛽 𝑗 − 𝑐 𝑗𝑖𝛽𝑖) − 𝑣𝑖𝛽𝑖

=
∑
𝑗≠𝑖

𝑣 𝑗 𝛽 𝑗 −
∑
𝑗≠𝑖

(𝑣 𝑗𝑐 𝑗𝑖 − 𝑣𝑖)𝛽𝑖

=
∑
𝑗≠𝑖

𝑣 𝑗 𝛽 𝑗 + 𝑣𝑖𝛽𝑖 =
𝑟∑
𝑗=1
𝑣 𝑗 𝛽 𝑗 .

Note that in this case 𝐾𝑋 and 𝐾𝑌 are adjacent chambers, hence the sum 𝛿𝑋 :=
∑
𝛽∈𝐵𝑋 𝛽 is invariant

under adjacent chambers. Since the Cartan graph is connected, this sum is independent of the
chamber 𝑋; we denote this common value by 𝛿.

For any 𝑋 ∈ X and any 𝑥 ∈ 𝐾𝑋 , we have 𝛽(𝑥) > 0 for all 𝛽 ∈ 𝐵𝑋 . Hence

𝛿(𝑥) =
∑
𝛽∈𝐵𝑋

𝛽(𝑥) > 0.

So 𝐾𝑋 ⊂ 𝛿+. Since 𝛿+ is convex, the convex hull 𝑇 of the union of all chambers also satisfies 𝑇 ⊆ 𝛿+.
Consider the affine plane 𝐻1 = {𝑥 ∈ 𝑉 | 𝛿(𝑥) = 1}. The intersection of each chamber 𝐾𝑋 with

𝐻1 is non‑empty because for any 𝑥 ∈ 𝐾𝑋 we have 𝛿(𝑥) > 0, so 𝑥/𝛿(𝑥) ∈ 𝐾𝑋 ∩𝐻1. Moreover, each
chamber 𝐾𝑋 is a r‑dimensional open simplicial cone. The intersection of 𝐾𝑋 with 𝐻1 is a non‑empty
(𝑟 − 1)-dimensional simplex. In the theory of affine reflection groups, Δ := 𝐾𝑋 ∩𝐻1 is known as a
fundamental alcove. A classical result [65, Chapter 4] states that the affine Weyl group 𝑊 =𝑊 (𝐴)
acts simply transitively on the set of alcoves and that the closures of the alcoves tile the Euclidean
space 𝐻1, i.e.

𝐻1 =
⋃
𝑤∈𝑊

𝑤(Δ).

and the interiors of distinct alcoves are disjoint. Hence the collection {𝐾𝑋 ∩𝐻1}𝑋∈X forms a tessel-
lation of 𝐻1. It covers 𝐻1 completely and the interiors of different members do not overlap.

The point 𝑥/𝛿(𝑥) must lie in the closure of some simplex. Consequently, we can find finitely
many vertices 𝑝1, . . . , 𝑝𝑛 of these simplices, where each vertex belongs to some chamber 𝐾𝑋𝑖 ∩𝐻1
and non‑negative coefficients 𝑡1, . . . , 𝑡𝑛 with ∑𝑛

𝑖=1 𝑡𝑖 = 1 such that

𝑥 =
𝑛∑
𝑖=1
𝛿(𝑥)𝑡𝑖𝑝𝑖 =

𝑛∑
𝑖=1
𝑡𝑖 (𝛿(𝑥)𝑝𝑖).

Each 𝛿(𝑥)𝑝𝑖 belongs to 𝐾𝑋𝑖 because 𝐾𝑋𝑖 is a cone. Hence 𝑥 is a convex combination of points from⋃
𝑋 𝐾

𝑋 , so 𝑥 ∈ 𝑇 . This proves 𝛿+ ⊆ 𝑇 . Now we obtain 𝑇 = 𝛿+. Thus, by the philosophy of Theorem
7.5.1, the Tits cone corresponding to (G, (Δ𝑋,re)𝑋∈X) is a half plane. □

Now return to the 3-tuple 𝑀 in 𝐺
𝐺YDΦ, we have proved that (G(𝑀), (Δ𝑋,re)𝑋∈X) is a connected

and simply connected standard Cartan graph with a reduced root system, thus it should produce a
Tits cone in R3.

Corollary 7.5.3. Under the equivalence of Theorem 7.5.1, the Tits cone corresponding to (G(𝑀), (Δ𝑋,re)𝑋∈X)
is a half plane. That is, the Nichols algebra B(𝑀) is an affine Nichols algebra.

90



Remark 7.5.4. (1) This means we realize an affine Nichols algebra over a coquasi-Hopf algebra,
which broadens the approaches to realizing affine Nichols algebras.

(2) We hope to prove that a semi-Cartan graph induced by a Nichols algebra over 𝐻
𝐻YD is

actually a Cartan graph, which would endow it with more beautiful properties.
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Chapter 8

Cohomology of Pointed Finite Tensor
Categories

We consider the finite generation property for cohomology algebra of pointed finite tensor
categories via de-equivariantization and exact sequence of finite tensor categories. As a result, we
prove that for all finite-dimensional coradically graded coquasi-Hopf algebras over abelian group,
their corepresentation categories have finitely generated cohomology.

8.1 De-equivariantization of finite tensor categories

In this subsection, we review the definition of de-equivariantization and present key results
related to this construction.

Definition 8.1.1. (i) Let C be a finite braided tensor category. Suppose there is a braided tensor
functor 𝑖̃ : C → 𝑍 (D), such that the functor 𝑄 : C 𝑖̃→ 𝑍 (D) 𝐹→D is a fully faithful tensor functor,
where 𝐹 is the forgetful functor. Then we say 𝑖 is a central embedding.

(ii) For any central embedding Rep(𝐺) → D, we can define the de-equivariantization D𝐺 ,
which is the tensor category of O(𝐺)-modules in D, where O(𝐺) is the linear dual of the group
algebra.

Let 𝐺 be a finite group. There exists a profound relationship between braided central Hopf
subalgebras of a Hopf algebra 𝐻 and central embeddings Rep(𝐺) → 𝐻

𝐻YD.

Definition 8.1.2. Let 𝐻 be a finite-dimensional Hopf algebra. A braided central Hopf subalgebra
of 𝐻 is a pair (𝐾,𝑟), where 𝐾 ⊂ 𝐻 is a Hopf subalgebra, and 𝑟 : 𝐻 ⊗𝐾 → 𝑘 is a bilinear form such
that:

𝑟 (ℎℎ′, 𝑘) = 𝑟 (ℎ′, 𝑘1) 𝑟 (ℎ, 𝑘2) , (8.1.1)
𝑟 (ℎ, 𝑘𝑘′) = 𝑟 (ℎ1, 𝑘) 𝑟 (ℎ2, 𝑘

′) , (8.1.2)
𝑟 (ℎ,1) = 𝜀(ℎ), 𝑟 (1, 𝑘) = 𝜀(𝑘), (8.1.3)

𝑟 (ℎ1, 𝑘1) 𝑘2ℎ2 = ℎ1𝑘1𝑟 (ℎ2, 𝑘2) , (8.1.4)
𝑟 (𝑘, 𝑘′) = 𝜀 (𝑘𝑘′) , (8.1.5)

for all 𝑘, 𝑘′ ∈ 𝐾, ℎ, ℎ′ ∈ 𝐻.
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Lemma 8.1.3. [14, Theorem 3.4] Let 𝐻 be a Hopf algebra and 𝐾 ⊂ 𝐻 a commutative Hopf
subalgebra. Then the following set of data are equivalent:

(1) A map 𝑟 : 𝐻 ⊗𝐾 → 𝑘 such that (𝐾,𝑟) is a braided central Hopf subalgebra of 𝐻.
(2) A braided tensor functor 𝐹 : 𝐾M →Z(𝐻M) = 𝐻

𝐻YD such that the composition with the
forgetful functor Z(𝐻M) = 𝐻

𝐻YD → 𝐻M is fully faithful.

8.2 Cohomology of finite tensor categories

In this section, C and D are finite tensor categories. We present essential lemmas regarding
their cohomology for subsequent applications.

Lemma 8.2.1. [40, Theorem 1.2.1] Let 𝐻 be a finite-dimensional pointed Hopf algebra whose
group of group-like elements is abelian. Then Comod(𝐻) as well as Rep(𝐻) satisfies FGC.

Lemma 8.2.2. [81, Proposition 3.3] If 𝐹 : D → C is a surjective tensor functor, and D satisfies
FGC, then C satisfies FGC.

Lemma 8.2.3. [81, Theorem 4.4] Suppose 𝐹 : D →C is a de-equivariantization of D with respect
to a central embedding Rep(𝐺) → D, or equivalently an equivariantization of C with respect to a
𝐺-action. Then D satisfies FGC if and only if C satisfies FGC.

The authors of [34] generalized Bruguieres and Natale’s definition of exact sequences of tensor
categories, introducing a new notion of exact sequences with respect to module categories. For
brevity, we omit the explicit definition here.

Lemma 8.2.4. [81, Corollary 8.13] Let

B −→ C −→D ⊠End(M)

be an exact sequence of finite tensor categories. In particular, if we assume that D is a fusion
category, then there is a natural identification of k-algebras

H•(B,1) = H•(C,1).

Furthermore, for any object𝑉 in C , there is an identification of H•(C,1)-modules, H•(B,ℋ0
C (D,𝑉)) =

H•(C,𝑉), where the definition of ℋ0
C is given in [81, Definition 8.10].

8.3 Proof of diagonal type case

In this section, given a finite-dimensional coradically graded coquasi-Hopf algebra of diagonal
type, we prove that Comod(𝑀) satisfies FGC. We begin by recalling key classification results.

In this section, let 𝐺 � 𝑍𝑚1 × 𝑍𝑚2 × · · · × 𝑍𝑚𝑛 = ⟨𝑔1⟩ × ⟨𝑔2⟩ × · · · × ⟨𝑔𝑛⟩ with an abelian 3-cocycle
𝜔𝑎 and G � 𝑍𝑚2

1
× 𝑍𝑚2

2
× · · · × 𝑍𝑚2

𝑛
= ⟨g1⟩ × ⟨g2⟩ × · · · × ⟨g𝑛⟩. We assume B(𝑉) ∈ 𝐺

𝐺YDΦ𝑎 is a finite-
dimensional Nichols algebra of diagonal type. Without loss of generality, we can assume 𝐺 = 𝐺𝑉
(the support group of 𝑉). In [58 Section 4], the authors provided a method to classify such twisted
Nichols algebras. Here, we adopt an equivalent approach to describe the ’return trip’ transformation
between twisted and ordinary Nichols algebras for later use.
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Figure I Figure II

Given B(𝑉) ∈ 𝐺
𝐺YDΦ𝑎

B(𝑉) � B(𝑉D) ∈ G
GYD𝜋∗ (Φ𝑎)

B(𝑉D) is twisted equivalent to B(𝑉D)𝐽
−1
𝑎 ∈ G

GYD Given Nichols algebra B(𝑉 ′) ∈ G
GYD

B(𝑉 ′)𝐽𝑎 ∈ G
GYD𝜕 (𝐽𝑎)

B(𝑉 ′)𝐽𝑎 � B(𝑉) ∈ 𝐺
𝐺YDΦ𝑎

If [58, (4.8)] holds

Let us illustrate the above figures explicitly via the language of root data. Let D = (D𝜒,𝐸 , 𝑆, 𝑋)
be a root data, where:

◦ D𝜒,𝐸 is a Dynkin diagram of an arithmetic root system Δ𝜒,𝐸 ;
◦ 𝑆 = (𝑠𝑖 𝑗 )𝑚×𝑛, 𝑋 = (𝑥𝑖 𝑗 )𝑛×𝑚 are two matrices satisfying certain conditions (see [58, Definition

4.14]).
By [58, Corollary 4.13], for each root data D, there exists unique 𝑎 ∈𝒜′ such that the following

equation holds for all 1 ≤ 𝑖 ≤ 𝑛 and 1 ≤ 𝑗 ≤ 𝑚.

𝜁
𝑚𝑖𝑥𝑖 𝑗

𝑚2
𝑖

= 𝜁
𝑎𝑖𝑠 𝑗𝑖𝑚𝑖

𝑚2
𝑖

∏
𝑖<𝑘≤𝑛

𝜁
𝑎𝑖𝑘 𝑠 𝑗𝑘𝑚𝑖
𝑚𝑖𝑚𝑘

(8.3.1)

For each root data D, we can define a Nichols algebra B(𝑉D) ∈ G
GYD𝜋∗ (Φ𝑎) as follows. Let 𝑉D be

the Yetter–Drinfeld module in G
GYD𝜋∗ (Φ𝑎) with a canonical basis {𝑋𝑖 | 1 ≤ 𝑖 ≤ 𝑚} such that

𝛿𝐿 (𝑋𝑖) =
𝑛∏
𝑘=1

g
𝑠𝑖𝑘
𝑘 ⊗ 𝑋𝑖, g𝑖 ▷ 𝑋 𝑗 = 𝜁

𝑥𝑖 𝑗

𝑚2
𝑖

𝐽𝑎

(
𝑔𝑖,

∏𝑛
𝑘=1g

𝑠𝑖𝑘
𝑘

)
𝐽𝑎

(∏𝑛
𝑘=1g

𝑠𝑖𝑘
𝑘 , 𝑔𝑖

) 𝑋 𝑗 .
The second statement of [58, Theorem 4.15] states each twisted Nichols algebra in 𝐺

𝐺YDΦ𝑎

must be isomorphic to B(𝑉D) ∈ G
GYD𝜋∗ (Φ𝑎) for some root data D. This is exactly what Figure I

says.
The first part of that theorem shows that each Nichols algebra in G

GYD𝜋∗ (Φ𝑎) satisfying equation
(8.3.1) must be isomorphic to B(𝑉D) ∈ G

GYD𝜋∗ (Φ𝑎) for some root data D. Moreover, B(𝑉D) will
be uniquely isomorphic to a twisted Nichols algebra in 𝐺

𝐺YDΦ𝑎 . This corresponds to Figure II.
This completes the classification of finite-dimensional twisted Nichols algebras of diagonal type,

and consequently, all finite-dimensional coquasi-Hopf algebras of diagonal type.
For each𝑉 ′ ∈ G

GYD𝜋∗ (Φ𝑎), one may define a finite-dimensional Nichols algebra B(𝑉 ′) ∈ G
GYD𝜋∗ (Φ𝑎)

and thus a finite-dimensional coquasi-Hopf algebra 𝐻𝐽𝑎 = B(𝑉 ′)#kG. Through the processes of
twisting and bosonization, we obtain a finite-dimensional coradically graded pointed Hopf algebra:

𝐻 = B(𝑉 ′)𝐽−1
𝑎 #kG.

On the other hand, if 𝑎 satisfies equation (8.3.1), we can define a finite-dimensional coquasi-Hopf
algebra

𝑀 � B(𝑉)#k𝐺,

where B(𝑉) is isomorphic to B(𝑉 ′). Note that G contains a subgroup G̃ =
〈
g
𝑚1
1

〉
×

〈
g
𝑚2
2

〉
× · · · ×
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〈
g
𝑚𝑛
𝑛

〉
� 𝐺. We now state our main result:

Proposition 8.3.1. With the above notions, if equation (8.3.1) holds for all 1 ≤ 𝑖 ≤ 𝑛 and 1 ≤ 𝑗 ≤ 𝑚,
then we have such a tensor equivalence

Comod(𝐻)G̃ � Comod(𝑀). (8.3.2)

Proof. Let 𝜒𝑖 be the generator of 𝑍𝑚2
𝑖

such that 𝜒𝑖 (g𝑖) = 𝜁𝑚2
𝑖

for all 1 ≤ 𝑖 ≤ 𝑛. Define 𝜙 : G̃→ Ĝ by:

𝜙((g𝑚1
1 )𝑦1 · · · (g𝑚𝑛

𝑛 )𝑦𝑛) =
𝑛∏
𝑙=1

𝜒
𝑎𝑙𝑦𝑙𝑚𝑙

𝑙

∏
1≤ 𝑗<𝑘≤𝑛

𝜒
𝑎 𝑗𝑘 𝑦 𝑗𝑚𝑘

𝑘 . (8.3.3)

Let 𝑘 = (g𝑚1
1 )𝑦1 · · · (g𝑚𝑛

𝑛 )𝑦𝑛 ∈ G̃. Then for any 𝑘′ ∈ G̃ and each generator 𝑋 𝑗 , 1 ≤ 𝑗 ≤ 𝑚, we have

< 𝑘′, 𝜙(𝑘) >= 1,

𝑘 ▷ 𝑋 𝑗 =
𝑛∏
𝑖=1

𝜁
𝑚𝑖𝑦𝑖𝑥𝑖 𝑗

𝑚2
𝑖

𝑋 𝑗
(8.3.1)
=

𝑛∏
𝑖=1

𝜁
𝑎𝑖𝑦𝑖𝑠 𝑗𝑖𝑚𝑖

𝑚2
𝑖

∏
1≤𝑖<𝑙≤𝑛

𝜁
𝑎𝑖𝑙𝑠 𝑗𝑙𝑦𝑖𝑚𝑖
𝑚𝑖𝑚𝑙

𝑋 𝑗 =<
𝑛∏
𝑙=1

g
𝑠 𝑗𝑙
𝑙 , 𝜙(𝑘) > 𝑋 𝑗 .

Hence, the pair (G̃, 𝜙) satisfies the condition (b) in [14, Proposition 4.3], yielding a braided central
Hopf subalgebra (kG̃, 𝑟) of 𝐻. As G̃ is abelian, we have Rep(G̃) � Comod(kG̃) as fusion categories.
By Lemma 8.1.3, there exists a braided tensor functor 𝐹 : Rep(G̃) →Z(𝐻M) = 𝐻

𝐻YD whose com-
position with the forgetful functor Z(𝐻M) = 𝐻

𝐻YD → 𝐻M is fully faithful. This guarantees the
existence of the de-equivariantization Comod(𝐻), which is defined as the tensor category of left
kG̃-modules in Comod(𝐻).

On the other hand, there is an epimorphism of coquasi-Hopf algebras:

𝜋 := ( 𝑓 ⊗ 𝑝) : 𝐻𝐽𝑎 = B(𝑉D)#kG −→ 𝑀 = B(𝑉)#k𝐺.

where 𝑝 : kG → k𝐺 is given by g𝑖 ↦→ 𝑔𝑖 is surjective and 𝑓 : B(𝑉D) → B(𝑉) is an isomorphism.
Direct computation shows:

k𝐺 = (𝐻𝐽𝑎)co𝜋 :=
{
𝑥 ∈ 𝐻𝐽𝑎 | (id⊗𝜋) (Δ(𝑏)) = 𝑏 ⊗ 1

}
.

It follows by [26, Example 6.4] that kG̃ admits a structure of commutative algebra in Z(Comod(𝐻𝐽𝑎)),
making the tensor category of left kG̃-modules in Comod(𝐻𝐽𝑎) tensor equivalent to Comod(𝑀).
Note that, Comod(𝐻) � Comod(𝐻𝐽𝑎) as tensor categories since 𝐻𝐽𝑎 and 𝐻 differ by a cocycle-
deformation. Hence the tensor category of left kG̃-modules in Comod(𝐻) is tensor equivalent to
Comod(𝑀). We conclude: Comod(𝐻)G̃ � Comod(𝑀). □

Theorem 8.3.2. For each finite-dimensional coradically graded coquasi-Hopf algebra 𝑀 of diagonal
type, Comod(𝑀) satisfies FGC.

Proof. Given a finite-dimensional coradically graded pointed coquasi-Hopf algebra 𝑀 � B(𝑉)#k𝐺
of diagonal type, Figure I associates it to a unique Hopf algebra 𝐻 � B(𝑉D)𝐽

−1
𝑎 #kG. The equation

(8.3.1) holds automatically for 𝐵(𝑉D) by [58, Theorem 4.15]. Then by Proposition 8.3.1, there is a
subgroup G̃ ⊆ G such that Comod(𝐻)G̃ � Comod(𝑀). Since Comod(𝐻) satisfies FGC by Lemma
8.2.2, so does Comod(𝑀) by Lemma 8.2.3. □
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Remark 8.3.3. The referee pointed out that [14, Proposition 4.3] can simplify the proof of Propo-
sition 8.3.1. We acknowledge the referee for providing this better approach.

8.4 Non-diagonal type case and proof of Theorem 8.4.5

The classification result of finite-dimensional twisted Nichols algebras of non-diagonal type is
much simpler, but the procedure is more difficult, see [60]. We first characterize all finite-dimensional
simple twisted Nichols algebras of non-diagonal type over abelian groups.

Lemma 8.4.1. [60, Proposition 2.12] Suppose 𝑉 ∈ 𝐺
𝐺YDΦ is a simple twisted Yetter-Drinfeld

module of non-diagonal type, deg(𝑉) = 𝑔. Then B(𝑉) is finite-dimensional if and only if V is one
of the following two cases:

(C1) 𝑔▷ 𝑣 = −𝑣 for all 𝑣 ∈ 𝑉,
(C2) dim(𝑉) = 2 and 𝑔▷ 𝑣 = 𝜁3𝑣 for all 𝑣 ∈ 𝑉 .

Remark 8.4.2. In [60], the authors showed the following results.
(1) For a rank-2 Yetter-Drinfeld module 𝑉 = 𝑉1 ⊕𝑉2 with 𝑉1,𝑉2 are simple but nonisomorphic,

B(𝑉) is finite-dimensional if and only if dim(𝑉1) = dim(𝑉2) = 2 and 𝑉1,𝑉2 are of type (C1) with
some additional restriction.

(2) Any 𝑉 of rank 3 with pairwise nonisomorphic simple twisted Yetter-Drinfeld modules yields
an infinite-dimensional Nichols algebra B(𝑉).

For brevity, we focus on simple twisted Yetter-Drinfeld modules of non-diagonal type, as our
methods extend directly to rank 2. Consider the group

𝐺 � ⟨𝑔1, 𝑔2, ..., 𝑔𝑛⟩

for 𝑛 ≥ 3, since 𝜔 is a non-abelian 3-cocycle. Let 𝑉 ∈ 𝐺
𝐺YDΦ be of either type (C1) or (C2) with

deg(𝑉) = 𝑔1 and dim(𝑉) = 𝑚 ≥ 2. By [60, Proposition 3.10, Theorem 3.9], there is a finite abelian
group

G � ⟨g1⟩ × ⟨g2⟩ × · · · × ⟨g𝑛⟩

with generators g𝑖, such that ord(g𝑖) = ord(𝑔𝑖)2. Moreover, there exists a group epimorphism
𝜋 :G−→𝐺 satisfying 𝜋(g𝑖) = 𝑔𝑖 and a section 𝜄 to 𝜋 such that 𝜄(𝑔𝑖) =g𝑖 for all 1 ≤ 𝑖 ≤ 𝑛. Furthermore,
there exists 𝑉 ∈ G

GYD𝜋∗Φ such that B(𝑉) � B(𝑉), 𝜋∗(𝜔) ∈ 𝒜′′ and the support group G𝑉 of 𝑉 is
⟨g1⟩. The following lemma is immediate.

Lemma 8.4.3. The bosonization 𝐻 := B(𝑉)#kG𝑉 is a Hopf algebra and satisfies FGC.

Proof. Since 𝜋∗𝜔 ∈𝒜′′, the restriction 𝜋∗𝜔 |G𝑉×G𝑉×G𝑉
≡ 1. By [60, Corollary 3.16], B(𝑉) is isomor-

phic to a Nichols algebra of diagonal type in G𝑉

G𝑉
YD(retaining the notation B(𝑉) for simplicity).

Thus 𝐻 := B(𝑉)#kG𝑉 is a Hopf algebra, with an abelian group of group-like elements. Hence 𝐻
satisfies FGC by Lemma 8.2.1. □

Let 𝑀 := B(𝑉)#k𝐺 and 𝑀 := B(𝑉)#kG. To prove Comod(𝑀) satisfies FGC, we are going to
show Comod(𝑀) does, leveraging the surjective coquasi-Hopf algebra map 𝑀 → 𝑀.

Theorem 8.4.4. Both Comod(𝑀) and Comod(𝑀) satisfy FGC.
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Proof. Clearly, 𝑀 and 𝐻 are generated by group-like and skew primitive elements. Since dim(𝑉) =𝑚
and B(𝑉) � B(𝑉). We may assume 𝑉 = span {𝑥1, 𝑥2, ..., 𝑥𝑚}. Thus, 𝑀 is generated by{

𝑥1, 𝑥2, ..., 𝑥𝑚,g
𝑖
𝑗 | 0 ≤ 𝑖 < 𝑚2

𝑗 , 1 ≤ 𝑗 ≤ 𝑛
}
,

while 𝐻 is generated by {
𝑥1, 𝑥2, ..., 𝑥𝑚,g

𝑖
1 | 0 ≤ 𝑖 < 𝑚2

1
}
.

The injective coquasi-Hopf algebra map 𝑖 : 𝐻→𝑀, 𝑥 𝑗#g𝑖1 ↦→ 𝑥 𝑗#g𝑖1 for 0 ≤ 𝑖 ≤ 𝑛−1, 1 ≤ 𝑗 ≤ 𝑚,
induces a fully faithful tensor functor

𝜄 : Comod(𝐻) −→ Comod(𝑀). (8.4.1)

Note that 𝑝 : G → G/G𝑉 is a group epimorphism given by 𝑝(g1) = 1 and 𝑝(g𝑖) = g𝑖 for all
2 ≤ 𝑖 ≤ 𝑛 and 𝜋 : B(𝑉) → k,1B(V) ↦→ 1B(𝑉) , 𝑥𝑖 ↦→ 0 is an algebra map and a coalgebra map. This
yields a coquasi-Hopf algebra surjection:

𝑓 = (𝜋 ⊗ 𝑝) : B(𝑉)#kG −→ kG/G𝑉 , 𝑥#g ↦→ 𝜋(𝑥)#𝑝(g).

which induces a surjective tensor functor:

𝐹 : Comod(𝑀) → Vec
𝜔G/G

𝑉

G/G𝑉
. (8.4.2)

We denote the fusion category Vec
𝜔G/G

𝑉

G/G𝑉
as D for simplicity. Since 𝑓 ◦ 𝑖(𝑥#g𝑖1) = 𝜋(𝑥)#1 ∈ k, we see

that 𝐹 ◦ 𝜄(𝑋) ∈Vec for all 𝑋 ∈Comod(𝐻) by the definitions of 𝜄 and 𝐹. That is Comod(𝐻) ⊆ Ker(𝐹).

All categories involved are comodule categories of finite-dimensional coquasi-Hopf algebras.
Hence FPdim(Comod(𝐻)) = dimk(𝐻), FPdim(Comod(𝑀)) = dimk(𝑀) and FPdim(D) = dimkk(G/G𝑉 )
by [35, Example 6.1.9]. Clearly,

dimk(𝑀) = dimk(𝐻) ·dimkk(G/G𝑉 ).

Hence
FPdim(Comod(𝑀)) = FPdim(Comod(𝐻)) ·FPdim(D). (8.4.3)

By [34, Theorem 3.4], there is an exact sequence of finite tensor category

Comod(𝐻) −→ Comod(𝑀) −→D . (8.4.4)

Lemma 8.2.4 provides a natural identification of k-algebras

H•(Comod(𝐻),1) = H•(Comod(𝑀),1).

Since Comod(𝐻) satisfies FGC by Lemma 8.4.3, H•(Comod(𝑀),1) is a finitely generated algebra.
Moreover, for each 𝑊 ∈ Comod(𝑀), there is an identification of H•(Comod(𝑀),1) module via

H•(Comod(𝐻),ℋ0
Comod(𝑀) (D,𝑊)) = H•(Comod(𝑀),𝑊).
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Since H•(Comod(𝐻),ℋ0
Comod(𝑀)

(D,𝑊)) is a finitely generated module of H•(Comod(𝐻),1), H•(Comod(𝑀),𝑊)
is a finitely generated module of H•(Comod(𝑀),1). Hence Comod(𝑀) satisfies FGC. Recall that
there is a surjection of coquasi-Hopf algebras 𝑀 → 𝑀, which induces a surjective tensor functor
Comod(𝑀) → Comod(𝑀). Thus Comod(𝑀) satisfies FGC by Lemma 8.2.2. □

Theorem 8.4.5. Let 𝑀 be a finite-dimensional coradically graded pointed coquasi-Hopf algebra
over abelian groups, and C := Comod(𝑀), then C satisfies FGC.

Proof. Since C � Comod(𝑀) for some finite-dimensional coradically graded coquasi-Hopf algebra
𝑀 over an abelian group, the result follows directly from Theorem 8.3.2 and 8.4.4. □
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