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ABSTRACT

This thesis is dedicated to establishing the reflection theory of Nichols algebras
over coquasi-Hopf algebras with bijective antipodes. Although the reflection theory
for Nichols algebras over Hopf algebras is well-developed, the corresponding theory
in the framework of coquasi-Hopf algebras has not yet been established due to the
lack of associativity. To overcome this difficulty, we introduce the concept of ratio-
nal Yetter-Drinfeld modules over coquasi-Hopf algebras and prove that there exists a
braided monoidal equivalence between the categories of rational Yetter-Drinfeld mod-
ules related by a dual pair of Hopf algebras.

Using this equivalence, we extend the reflection theory to the setting of coquasi-
Hopf algebras. We define reflection of Yetter-Drinfeld modules and prove that the
reflected Nichols algebra and the original one can be related by the above braided
monoidal equivalence. More importantly, we prove that if a tuple of simple Yetter-
Drinfeld modules admits all reflections, they generate a semi-Cartan graph.

As an application of the reflection theory, this thesis provides a new criterion for
determining the finite-dimensionality of Nichols algebras over coquasi-Hopf algebras
and uses this theory to reprove that a class of rank 3 Nichols algebras of non-diagonal
type is infinite-dimensional. Furthermore, we demonstrate that affine Nichols algebras
can be realized over coquasi-Hopf algebras.

This thesis also investigates twisted quantum doubles, which are a special class of
quasi-Hopf algebras. We provide sufficient conditions for the twisted quantum double

of a finite abelian group to be gauge equivalent to an ordinary quantum double, and

I



determine when the twisted quantum double of a finite cyclic group is genuine. As an
application, we provide another proof for the infinite-dimensionality of the aforemen-
tioned class of rank 3 Nichols algebras of non-diagonal type.

Finally, we prove that the category of comodules of a finite-dimensional coradi-
cally graded pointed coquasi-Hopf algebra over an abelian group satisfies the property

of finitely generated cohomology.

KEYWORDS: Nichols algebra; Coquasi-Hopf algebra; Twisted quantum double; Co-

homology; Tensor category
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Chapter 1

Introduction

1.1 The classical setting: Nichols algebras over Hopf algebras

The classification of finite-dimensional pointed Hopf algebras has been one of the central prob-
lems in the theory of Hopf algebras over the past three decades. A crucial breakthrough in this
direction was achieved through the systematic study of Nichols algebras. Heckenberger introduced
the revolutionary concepts of semi-Cartan graphs and Weyl groupoids [46,47,48], which provide
powerful combinatorial tools for understanding the structure and classification of Nichols algebras.

The reflection theory of Nichols algebras represents one of the most important developments in
the field. Recall that a semi-Cartan graph is essentially a quadruple G = G(I,X,r, A) consisting of
a finite index set I, a set of points X, a set of reflection maps r, and a generalized Cartan matrix
AX associated with each point X € X, satisfying specific compatibility axioms (see Definition 5.2.5
for details). The fundamental theorem states that a tuple of simple Yetter-Drinfeld modules over a
Hopf algebra with bijective antipode will give rise to a semi-Cartan graph provided that it admits all
reflections [8,45]. This result was proved again using a categorical approach in the setting of Hopf
algebras in [51].

The interplay between Weyl groupoid theory and reflection theory has led to spectacular progress
in the classification of finite-dimensional Nichols algebras. The classification program, initiated
by Andruskiewitsch and Schneider in a series of papers [9,10,11,12], aims to determine all finite-
dimensional pointed Hopf algebras over algebraically closed fields of characteristic zero whose group
of group-like elements is abelian. A cornerstone of this classification is Heckenberger's complete
classification of finite-dimensional Nichols algebras of diagonal type [47]. Building on this classifi-
cation, Angiono made a breakthrough contribution by providing explicit presentations by generators
and relations for all Nichols algebras of diagonal type [13,16]. The lifting problem of Nichols alge-
bras of diagonal type has been addressed through cocycle deformation [3,15,2]. The classification
of finite-dimensional Nichols algebras over non-abelian groups has made excellent progress as well
[6,7,8,80,37,44,43,30,45,50,49,55,53,54].

1.2 From Hopf algebras to coquasi-Hopf algebras

In this work, we focus on the more general setting of coquasi-Hopf algebras. The classification
of coradically graded pointed finite-dimensional coquasi-Hopf algebras over abelian groups has been
completed in [61,57,62,59,58,60,68].



In the classification of pointed Hopf algebras over abelian groups, Nichols algebras of non-
diagonal type do not appear. However, in the coquasi-Hopf algebra setting, Nichols algebras of
non-diagonal type do occur and present greater challenges. The authors in [60] used extensive
computations to establish that a certain class of such Nichols algebras is infinite-dimensional. We
later provided an alternative proof of their main result via categorically Morita equivalence [68].
Nonetheless, these arguments are not entirely natural, and we hope that the theory of semi-Cartan
graphs can be extended to coquasi-Hopf algebras. If such a generalization holds, it could be applied
to the classification of finite-dimensional coquasi-Hopf algebras over non-abelian groups.

1.3 Braided monoidal equivalence induced by a dual pair and its applica-
tion to reflection theory

While the reflection theory of Nichols algebras over Hopf algebras is mature, the parallel theory
for coquasi-Hopf algebras remains less developed due to the lack of associativity. In the present
work, we overcome several new difficulties that do not appear in the Hopf algebra settings. As a
result, we extend the reflection theory to arbitrary coquasi-Hopf algebras H with bijective antipode
[69,71].

Inspired by methods in [51,52], we can define rational modules of A in C =#YD. This allows
us to define the category RYD(C)_,, which is proven to be a monoidal subcategory of RYD(C).
Now, consider two locally finite Hopf algebras A, B in C with bijective antipodes related by a non-
degenerate Hopf pairing compatible with the grading, called a dual pair. We prove the following
result:

Theorem 1.3.1 (Theorem 3.4.6). There is a braided monoidal equivalence:

Q:3Y D), — 4YD(C)

rat rat’

Furthermore, we show that if V is a finite-dimensional Yetter-Drinfeld module in Zyl), there is
a dual pair between B(V) and B(V*). Thus the above theorem can be applied to Nichols algebras
to get the following braided monoidal equivalence:

Qy g YD) — oy YD) .

Now we are going to state our main result. Let 6 > 1 be a positive integer, I ={1,2,..,6}
and M = (My,...,My), where My,...,My € ZMZ) are finite-dimensional irreducible Yetter-Drinfeld
modules. We say M admits the i-th reflection for some 1 <i < 6 if for all j #i there is a natural
number mﬁf > 0 such that ad(M,-)m% (M) is a non-zero finite-dimensional subspace of 8(M), and

ad(M;)™ii +1(Mj) =0. Assume M admits the i-th reflection. Then we set R;(M) = (Vi,...,Vp),

where
M, if j=1i,
Vi= M L
(adM;)" i (M), if j#i.

It is still a tuple of finite-dimensional irreducible Yetter-Drinfeld modules. By the above theorem,
we have a braided monoidal equivalence:

Y D(C) ﬁﬁﬁ)

S YyD(C)



Then we prove the following theorem.

Theorem 1.3.2. (Theorem 5.2.3) With the above assumptions on M. Suppose M admits the i-th
reflection for 1 <i < 6. Then there is an isomorphism of Hopf algebras in Zy D:

0 : B(R(M)) = Q, (B(M)Cof’(Mf))#B(M,.*). (1.3.1)

Although our main conclusion appears consistent with the Hopf case, the specific details differ
significantly. Some details require adjustment or reformulation in this more general setting. Some
identities that are obviously valid in Hopf algebras require extensive computations to verify in our
context.

As a corollary, suppose M admits all reflections and let X = {[X] | X € Fy(M)}, see Definition
5.2.4 for related notation. We denote the generalized Cartan matrix AlX] = (alXj),-,jeH for each
[X] € X, where (le;)i,je]l is defined in Lemma 5.1.3. Let r be the following map,

r:IxX - X, ix[X]+— [R(X)].

Then the quadruple
g(M) = (I[aX’r’ (AX)XEX)

is a semi-Cartan graph.

1.4 An application of reflection theory

After establishing that M gives rise to a semi-Cartan graph, several additional criteria for
determining the finite-dimensionality of the Nichols algebra can also be derived. We show that
if B(M) is finite-dimensional, then the semi-Cartan graph G(M) is a finite semi-Cartan graph.
Furthermore, if G(M) is a standard finite semi-Cartan graph, that is AX = AY, for all X,Y € X,
then AM must be a finite Cartan matrix. At the same time, we prove that the dimension and
Gelfand-Kirillov dimension of the Nichols algebras are invariant under reflections.

As an application of these results, we apply this machinery to a crucial test case: a rank-
three Nichols algebra B(M) = B(M; & M, ® M3) of non-diagonal type, originally identified in [60,
Proposition 4.1]. We provide an alternative proof.

We compute the Weyl groupoid of W(G(M)), and show that the set of real roots of G(M) at
each X € X is just the set of real roots of the Kac-Moody Lie algebra of type Aél). Furthermore, we
prove that G(M) is a Cartan graph. Finally, utilizing the correspondence between Cartan graphs and
Tits cones [28,29], we demonstrate that this algebra is affine, meaning its Tits cone is a half-plane.
Our observations show that affine Nichols algebras can be realized over coquasi-Hopf algebras.

1.5 About an important class of quasi-Hopf algebras——twisted quantum
doubles

Given a finite group G and a normalized 3-cocycle ® € Z3(G,C*), Dijkgraaf-Pasquier-Roche
defined a certain quasi-Hopf algebra(twisted quantum double) D®(G) in [31]. The motivation
for studying such a quasi-Hopf algebra comes from conformal field theory and vertex operator



algebra, see [67,25,38]. Readers only need to understand that vertex operator algebras have a
representation theory. In particular, Huang proved in [64] that if V is C,-cofinite, rational, CFT
type (i.e. V(1) =Cl1), and self dual (i.e. V =V’), then Rep(V) is a modular tensor category. Then
by reconstruction theory [75], there might be a weak quasi-Hopf algebra H with the property that
Rep(H) = Rep(V) as a modular tensor category. In the context of [31], the authors conjectured
that one can take H to be a twisted quantum double D®(G) of G in the case when V is a so-called
holomorphic orbifold model, that is there is a simple vertex operator algebra W and a finite group
of automorphisms G of W such that V=WY, see also [76]. This conjecture was proven to be true
in [32].
We consider the case when such a braided tensor equivalence holds:

Rep(D®'(G1)) = Rep(D®2(G»)) (1.5.1)

This is an interesting problem in its own right. The case in which the two twisted quantum doubles
in question are commutative, i.e. the two groups are abelian and the 3-cocycles are abelian 3-cocycle
was solved in [77]. In [42], the authors dealt with the case when G| to be an elementary abelian
2-group and G, turns out to be an extra-special 2-group. Here we are concerned with a particular
case of (1.5.1) when taking G as a finite abelian group, @, is an arbitrary normalized 3-cocycle
and G, is a finite group, @, is trivial:

Rep(D®'(G1)) = Rep(D(G»)). (1.5.2)

We give a sufficient condition when equivalence (1.5.2) holds.

Theorem 1.5.1 (Theorem 6.3.4). Let G be a finite abelian group and ® a normalized 3-cocycle
on G as in (2.6.1). If the following condition holds:

(i) a;i=0forall1<i<n,

(i) ANB=0.
Then D®(G) will be gauge equivalent to D(G") for a finite group G’.

For a quasi-Hopf algebra H, we say H is genuine if it will never be gauge equivalent to a Hopf
algebra. Studying the genuineness of a twisted quantum double is another question. [77, Example
9.5] gives us the first example of genuine twisted quantum double, say D®(Z,), where ® is the
nontrivial 3-cocycle on Z;. In [72, Theorem 4.1], the authors showed that if G is abelian, and ®
is an abelian cocycle, then D®(G) is genuine if and only if there exists V € Rep(D®(G)) such that
¥(V) =0, where ¥ is the total Frobenius-Schur indicator of Rep(D®(G)). Let G be a finite cyclic
group and ® a nontrivial 3-cocycle on G. We provide a discriminant method for whether D®(G) is
genuine or not, also through using the explicit expression of 3-cocycles. Here is the result.
Theorem 1.5.2 (Theorem 6.5.3). Let G = Z,, be a finite cyclic group and ®(g’,g’,g*) = {Zi[%]
for 1 <a <m. Then D®(G) is genuine if and only if (m,2a) { (m,a).

As an application, we gave another different proof of [60, Proposition 4.1] using Theorem 6.3.4.
As a byproduct, we show that the Nichols algebras 8(M| & M, & M3) are infinite-dimensional where
M, M, M5 are three different simple Yetter-Drinfeld modules of Dg.



1.6 On cohomology of pointed finite tensor categories

Let k be an algebraically closed field of characteristic zero. Given a finite tensor category C
over k, we may define the cohomology of C as follows:

H*(C,V) = Ext(1,V)

where V is an object in C and 1 is the unit object in C. We mainly focus on the cohomological
finiteness property:

Definition 1.6.1. A finite tensor category C over k is said to have finitely generated cohomology
(FGC for brevity), if H*(C,1) is a finitely generated algebra and H*(C,V) is a finitely generated
H*(C,1) -module for each V in C.

In [36], Etingof and Ostrik proposed the well-known conjecture:
Conjecture 1.6.2. Any finite tensor category over k satisfies FGC.

For over twenty years, many beautiful results related to this conjecture have been obtained, es-
pecially from the perspective of Hopf algebras. For a finite-dimensional Hopf algebra H, the category
Rep(H) of finite-dimensional representations is a finite tensor category. By abuse of terminology,
we say H satisfies FGC if Rep(H) does. Ginzburg and Kumar in [41] showed that all small quantum
groups satisfy FGC. Moreover, they computed their cohomology rings explicitly. In [78], Mastnak,
Pevtsova, Schauenberg and Witherspoon proved that any finite-dimensional pointed Hopf algebra
over an abelian group (i.e., whose group-like elements form an abelian group) satisfies FGC, subject
to mild restrictions on the order of the group. This result was later extended to all finite-dimensional
pointed Hopf algebras over abelian groups in [4]. Related results for fields of positive characteristic
can be found in [83] and [39].

On the other hand, some experts study this question from the perspective of category theory.
In [81], Negron and Plavnik characterized when the dual category and the center of a finite tensor
category C satisfy FGC, assuming C itself satisfies FGC. The condition of finitely generated coho-
mology is crucial in the theory of support varieties for finite tensor categories; further details may
be found in [21] and [22].

The classification of finite-dimensional coradically graded pointed coquasi-Hopf algebras over
abelian groups was completed in [58] and [60]. Based on the type of the associated Nichols algebra,
the classification divides into two cases: diagonal type and non-diagonal type. We address these
cases separately to establish our main result on finitely generated cohomology [70].

Theorem 1.6.3 (Theorem 8.4.5). Let M be a finite-dimensional coradically graded pointed coquasi-
Hopf algebra over abelian groups, and C := Comod(M), then C satisfies FGC.

1.7 Organization of this thesis

The paper is organized as follows. After reviewing preliminaries on coquasi-Hopf algebras, Yet-
ter—Drinfeld modules,bosonization and Nichols algebras in Section 2, we introduce rational modules
and establish equivalences of braided monoidal categories via dual pair in Section 3. In particular,
we specialize to Nichols algebras and their pairings. Section 4 is devoted to the general reflection



theory: we study the projection of a Nichols algebra. Then in Section 5 we study reflections of
Nichols algebras and establish our main result. In section 6, we provide a sufficient condition for the
twisted quantum double of a finite abelian group will be gauge equivalent to the ordinary quantum
double of a finite group. Meanwhile, we give a criterion for a twisted quantum double of a finite
cyclic group is genuine. Section 7 deals with a detailed example. We give a realization of an affine
Nichols algebra over coquasi-Hopf algebra and show that it gives rise to a standard Cartan graph.
Finally, in Section 8, we study the cohomology of some pointed finite tensor categories. As a result,
we partially confirm the conjecture on finitely generated cohomology of finite tensor categories.



Chapter 2

Preliminaries

In this section, we briefly recall the fundamental definitions and fix the notation for coquasi-
Hopf algebras and Yetter-Drinfeld modules. For a more detailed exposition and proofs of standard
properties, we refer the reader to [69,58]. Throughout the paper, k denotes an algebraically closed
field of characteristic zero.

2.1 Coquasi-Hopf algebras

By definition, coquasi-Hopf algebras are exactly the duals of Drinfeld's quasi-Hopf algebras [33].
Their formal definition can be given as follows.

Definition 2.1.1. A coquasi-Hopf algebra is a coalgebra (H,A,e) equipped with a compatible
quasi-algebra structure and an antipode (S,a,8). Namely, there exist:
» Two coalgebra homomorphisms:

m:H®H —>H, a®bwr ab,

u:k—H, A Ay,

» A convolution-invertible map ® : H ®3 5 Kk called an associator,
» A coalgebra antimorphism S : H — H,
» Two linear functions a,: H — k

such that for all a,b,c,d € H the following equalities hold:

ay(bic1)®@(az, b, cz) = ®(ay,by,c1)(azbz)cy,
lga=a=aly,
®(ay,by,c1d)@(azba, c2,da) = (b1, c1,d1)@(ar, baca, da)®(az, bs, c3),
®(a,1y,b) =e(a)e(b),
S(ana(az)az =a(a)ly, ai1f(ax)S(az)=p(a)ly,
®(a1,S(a3),as)B(ar)a(as) =@~ (S(ar1),a3,S(as))a(az)B(as) = £(a).
Throughout this paper, we use the Sweedler sigma notation A(a) = a; ® a, for the coproduct

and a; ®a; ® -+~ ® a4 for the result of the n-iterated application of A on a. We say H has a
bijective antipode if S is bijective.



A coquasi-Hopf algebra H is pointed if the underlying coalgebra is so. Given a coquasi-Hopf
algebra, let {H,},>0 be its coradical filtration, and

gl‘(H) =Hoy®H/Hy®oH,/H & ---

the corresponding coradically graded coalgebra. Then naturally (gr(H),gr(®)) inherits from H a
graded coquasi-Hopf algebra structure. Furthermore, for homogeneous elements a,b,c € gr(H),
gr(®)(a,b,c) =0 unless they all lie in Hy.

Following the definition in [17], we now recall the definition of a preantipode, which plays an
important role in further calculations.

Definition 2.1.2. [17, Definition 3.6] Let (H,®) be a coquasi-bialgebra, a preantipode for H is a
k-linear map S : H — H such that, for all h € H,

S(hi1)1ha®S(h1)2=15®S(h),
S(h2)1® h1S(h2)2 = S(h) ® 1g,
®(h1,S(h2), h3) = e(h).

Furthermore, [17, Remark 3.7] provides us a useful property:
h]S(l’lz) = 8(8(]1))1]1 = S(h])hz, forall he H. (217)

Meanwhile, when H is equipped with the structure of a coquasi-Hopf algebra with antipode (S, a, 8),
then a preantipode for H always exists.

Lemma 2.1.3. [17, Theorem 3.10] Let H be a coquasi-Hopf algebra with antipode (S,a,f3), then
S:=B*S*a (2.1.8)
is a preantipode for H, where x denotes convolution product.

Example 2.1.4. A baby example of coquasi-Hopf algebra is (kG,®), where G is a group and ® a
normalized 3-cocycle on G. It is well known that the group algebra kG is a Hopf algebra with:

Ag)=g®g, S(g) =g ', e(g)=1 foranygegG.

By extending ® linearly, ® : (kG)®* — k becomes a convolution-invertible map. Define two linear
functions @, 8 : kG — k by:

1
(g.87'.8)

for any g € G. Then kG together with these ®,a and 8 becomes a coquasi-Hopf algebra. We
denote this resulting coquasi-Hopf algebra by (kG,®). For all g € G, we define

a(g) =¢e(g), PB(g):= >

1 -1
— .
®(g.g7'.¢8)

Then Lemma 2.1.3 shows S is a preantipode for (kG,®).

S(g) =

8



2.2 Yetter-Drinfeld module categories over coquasi-Hopf algebras

We now turn our attention to the Yetter-Drinfeld module category structure. The definition of
the Yetter-Drinfeld module category ZyZ) over an arbitrary coquasi-Hopf algebra H was already
given in [18]. Since it plays a crucial role in our paper, we recall this definition.

Definition 2.2.1. [18, Definition 3.1] Let H be a coquasi-Hopf algebra with associator ®. A left-left
Yetter—Drinfeld module over H is a triple (V,6y,>) such that:

» (V,0y) is a left comodule of H and we denote 6y(v) by v_1 ® vg as usual;
» >:H®V —V is a k-linear map satisfying for all h,l € H and v € V:

D(hy, (la>vo)-1,13)
D(hy,11,v-1)P((h3> (I2>v0)o)-1,h4,14)
lg>v=v, (2.2.2)
(h] > V)_lhz ® (h] > V)Q =hv® (hz > v()).

(hl)l>v = (/’l3l> (lzDVo)o)o, (221)

A morphism f : (V,oy,>) — (V',6y,>") is a colinear map f : (V,0y) — (V’,8y+) such that f(h>
v)=hv' f(v) forallhe H.

The category ZMZ) is a k-linear braided monoidal abelian category over the field k. The unit
object of #Y D is k, which is regarded as an object in #Y D via trivial structures. For V,W e 2y D,
the tensor product of Yetter-Drinfeld modules is defined by:

(V,ov,>)® (W, ow,>) = (VO W, dvew,>),
where dygw is given by
Svew (VO W) =v_1w_1 ® Vo ® wy,

and

D(h1,v_1,w_2)D((ha>vo)-1, (ha>wo)-1, hs)
D((hy>vo)-2,h3,w_1)

he>(vew) = (h2>v0)o® (ha> wo)o. (224)

The braiding cyw : VW — WYV is given by:

cvw(vew)=(voi>w)Qvy. (2.2.5)

In [19], the authors proved that the category J/@Z of right-right Yetter-Drinfeld module is
braided equivalent to Z;(M™), which is the left center of the category of right comodules of H.
The proof for gyz) is completely dual. We need to recall the definition of right center here for
completeness.

Definition 2.2.2. For a coquasi-Hopf algebra H with bijective antipode, the right center of the
category of left H-comodules Z,(* M) has objects (V,c_y), where Ve UM and cyy : W®V —>
V®W s a natural transformation in ¥ M that satisfies the commutative diagram
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CXeW,V
(XW) @V ———— VR (XQW)

ax,V “X,W

X@(WeYV) (VeX)eWw

id)ﬂ@Ck a1 /X,’V ®idy

X,V,W
X(VeW) — (XV)eW

for all W, X € M and ¢y =idy. A morphism f: (V,c_y) — (V',c_y) in the center is a right
H-comodule map satisfying

cwy o (idw®f) = (f ®idw) ocwy.

for all W e I M.

The category Z,(fM) is braided monoidal with tensor product (V,c_y)® (W,c_w) = (V®
W5C—,V®W)'

Lemma 2.2.3. Let H be a coquasi-Hopf algebra with bijective antipode. The category ZM D is
braided monoidal isomorphic to the right center of the category of left H-comodules Z.(% M).

Proof. We construct mutually inverse braided monoidal functors between the two categories.
Let (V,cy._) be an object in Z(¥ M), we can define a left linear map on V as follows:

>:H®V-—V, h>v=(dy®¢)cygy(h®v) (2.2.6)

Let W € M and w* € W*. Define the map f,+ : W — H, f,,» (W) = w_iw*(wg). Then f,+ is
H-comodule map. By naturality of c_y, we have

cayo (fir ®idy)(w®v) = (idy ® fi+) o cw v (w ® V)
=cuy(w_1w*(wo) ®Vv).

That is
cay(woiw (wo) ®v) = (idy ® i) occw v (w®v).

Applying idy ®e to both sides leads to
w*(wo)(w-1>v) = (idy ®e o fi«) occwy(w®v) = (idy ®w™) o ey (w ®v).

This implies
cwy(w®v) =(w_1>v)Qwy.

for all objects W € I M.
Since cky =1idy and the unit map u : k — H is a left comodule map, where k has trivial
comodule structure and H is a H-comodule via A. We have (2.2.2) holds:

lg>v=e(lg)v=v.
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Next, for h € H, v €V, since cpy is a left H-comodule map,
(l’ll > V)_1h2® (hl > V)0® hy = (5((]11 > V) ®h2) =hiv1® (h2 > VQ) ® hs3.

Applying & to last the factor we have (2.2.3). While relation (2.2.1) is a consequence of hexagon
axiom applied to W =X = H. Note that cyeupv((h®l)®v) = (hil1>Vv)® (hy ®[2). By hexagon
axiom it equals to

D(ha, (2> vo)-1,13)

hyw (1 hs®1s).
q)(hl,ll,v—l)q)((h3l>(lzDvO)o)_l,h4’l4)( 35 (12> v0)0)o ® (hs ®15s)

By applying & to the second and third factors we get (2.2.1). Then (V,51>) becomes a left-left H
Yetter-Drinfeld module. It is easy to see for any morphism f: (V,c_y) — (V',c_y’), f will be a
morphism in #YD.

Conversely, for a Yetter-Drinfeld module V and left H-comodules W, X, use relation (2.2.5)
to define the natural transformation cy y. Then (2.2.1) implies that the hexagon axiom is fulfilled.
The equality (2.2.2) implies ¢y =idy. The morphism cw.y being a left H-comodule map follows
from (2.2.3). This together makes (V,c_y) an object in Z,.( M). Similarly, a morphism in ZJZ)
is a morphism in Z.(AM).

The two constructions are clearly inverse to each other. Furthermore, the braiding in ZJ/Z)
given by (2.2.5) coincides with the braiding of the right center under the above correspondence.
Hence we obtain a braided monoidal isomorphism. O

In order to simplify notation, we recall the following linear maps pr, gr, pr, g€ Hom(H ®
H,k), which is introduced in [19],

pr(h,g) =@ ' (h,g18(g2),S(g3)),
qr(h.g) = ®(h,g3, (S (82)S ' (g1)),
pr(h.g) = (S (h3)B(S™" (h2)). h1.8).
qr(h,g) =@ (S(h)a(hy), hs,g).

for any h,g € H. These maps satisfy the compatibility relations:

(h181)S(g3)pr(h2,82) = hapr(h1,8), (2.2.7)
(h283)S™"' (81)qr(h1.82) = hiqr(h2.8), (2.2.8)
S(h)(h382)qr(h2,81) = g191(h. 82), (2.2.9)
qr(h181,5(83))pr(h2,82) = £(h)e(g), (2.2.10)
pr(S(h1),h3g2)qr(h2, 81) = e(h)&(g). (2.2.11)

With the above notation established, we can now prove the following lemma.

Lemma 2.2.4. Suppose H has a bijective antipode.
(1) The equation (2.2.3) is equivalent to

(h>v)_1® (h>v)o = p((h3>vo)-1,hs)q(h1v_2,8(he))(hav_1)S(hs) ® (h3>vg)o.  (2.2.12)
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(2) The equation (2.2.3) implies:
Vo1 ® (h>vo) =t(h3,v_1)s(S(h1), (ha>vo)-1he)S(h2) ((ha> vo)-2hs) ® (ha>vo)o.  (2.2.13)

Proof. (1): Suppose V € ZMZ) with a linear map > : HQV — V satisfying (2.2.3). For any v eV
and h € H, we have

(h>v)_1® (h>v)o=e(h)e((h1>v)2)(h>Vv)_1®(hi>V)o

P2 G ((h1 > v)-3h2, S(ha)) p((hy > V)2, h3) (hy > v)-1 ® (h1 > v)o

CZD o ((hy > V)1, ha) (> v) -3k, S(he)) (1 > v)-2h3) S (hs) ® (hy & v)o

C2ZY b((h3 5 vo)-1. ha)qg(h1v—2.S(he)) (hav_1)S (hs) ® (h3 > vo)o.

Conversely, if (2.2.12) holds, we have
e((h>v)-1)(h>v)o=p((ha>vo)-1,h3)q(h1v-1,8(ha)) (h2>vo)o. (2.2.14)
The origin equation comes from the following calculation,

(h1>v)-1ha® (h1>v)o = p((h3>vo)-1,h4)q(h1v-2,8(he)) ((h2v-1)S(hs))h7 ® (h3 > vo)o

228
228 p((h3>v0)-1,ha)g(hav_1,S(hs))hiv_2 ® (h3>vo)o

2.2.14
( =1 )hlv_l ®(h2>\/0).

(2) We have

vo1® (h>vo) =e(vo1)e(h1)v_2® (ha > vo)
2.2.11
L (S hsv_1)t(hv2)v_3® (ha > vo)

22.9
P27 §(S(h1). hsv_1)t(h3,v_3)S () (h4v_2) ® hg > vo

G2 (S (), (ha v0)-1he)t(h3,v-1)S(h2) ((hs > vo)—2hs) ® (st vo)o.

O
Remark 2.2.5. Let H be a coquasi-Hopf algebra with bijective antipode.
(1) [73, Theorem 2.8] The inverse braiding is given by:
cpwwev) =0 (S(v_2),w_1,v-5)qL (S (v_1),w_2v_6) pr((S™ (v_3> w0)-1), S (v_4))
vo® (87! (v_3) > wo)o.
(2.2.15)

(2) [73, Proposition 2.5] The coquasi-Hopf algebra H itself can be viewed as an object in YD
via the structures
0n(h) =h1S(h3) ® hy,

’ ’ ’ ’ ’ ’ ’ ’ (2216)
hoh' = ®(hy, h),S(h7)D(hahly, S(hahy), h7)g (hs, hs)qr(S(hg),S(he)) h3hy.
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Here
g(h, 1) := @7 (S(hih)), hah'y, S(h5)S (hs)) x (ha, Hy)a(hahy),

and
x(h,h) = ®(h 1), S(h,), S (ha)) @ (ha, by, S () B(h3) B(H).

Example 2.2.6. For our purpose, we aim to describe Yetter-Drinfeld modules over coquasi-Hopf
algebra of the form (kG,®), where G is a finite group and ® a 3-cocycle on G. Assume that V is
a left kG-comodule with comodule structure map 6 : V — kG ® V. Define

§V:={veV|dL(v)=g®V}.

V:@gv.

geG

Thus

Here we call g the degree of the elements in 8V and denote degv =g for v € V.
The left kG-comodule (V,d1) is a left-left Yetter—Drinfeld module over the coquasi-Hopf algebra
H = (kG,®) if there is a linear map > : GV — V such that for all e, f € G and v € 8V

D(e, f,8)P(efgf e e, )

e>(frv)= o fef17) (ef)>v, (2.2.17)
ly>v=v, (2.2.18)
epvey. (2.2.19)

The category of all left-left Yetter—Drinfeld modules over (kG,®) is denoted by gMD‘D. Sim-
ilarly, one can define left-right, right-left and right-right Yetter—Drinfeld modules over (kG,®).

It is well-known that gMDCD is a braided tensor category. More precisely, for any M, N € gm)‘l’,
the structure maps of M ® N as a left-left Yetter—Drinfeld module are given by:

61 (mg®@mny) :=gh®@mg @ny, (2.2.20)
®(x,g,h)®(xgx !, xhx™! x)
®(xgx1,x,h)

x> (mg®ny) = X>my X > ny, (2.2.21)

for all x,g,h € G and my €M, ny, € hN .
The associativity constraint a and the braiding ¢ of gyz)‘b are given respectively by:

a((ue®vy)@we) =®(e, f,8) U ® (v ®w,), (2.2.22)
c(Ue®vys)=e>vy®iu,, (2.2.23)

foralle,f,g € G, u. €U, vy elv, we € SW and U,V,Wegyi)q).

2.3 Bosonization for coquasi-Hopf algebras

Bosonization is a fundamental construction that builds a new Hopf algebra from a Hopf algebra
in the Yetter—Drinfeld category. In [27], the authors introduced bosonization for quasi-Hopf algebras.
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Dually, bosonization for coquasi-Hopf algebras is given in [18]. We recall this construction, as it
provides the setting for our later study of reflections via projection and coinvariants.
Let H be a coquasi-Hopf algebra with associator ®. Suppose R is a Hopf algebra in ZJ/Z), we

denote
rler? = Ag(r).

Lemma 2.3.1. [18, Theorem 5.2] Let us consider on M = R® H the following structures:
D(hy,s-1,k2)P(r_1, (h3> s0)-1, hsks)
D(r-2, by, 52k )P ((h3> 50)-2, ha, k3)
MM(k) =klp®1y,
Ay (r®@h) =07 (r! 12, h)rg®r* hy ®ri ® hs,
em(r®h) =er(r)eu(h),
Dy ((reh),(s®k),(t®l)) =er(r)er(s)er(t)®(h,k,1),

(l’®h)(5®k): I’o(h3l>S0)o®h6k5,

where r,s,t € R, h,k,l € H. With the above operations, R® H is a coquasi-bialgebra, which we
denote by R#H.

Remark 2.3.2. The bosonization R#H can be further equipped with an antipode, making it a
coquasi-Hopf algebra. The antipode (S, a,p) is given by:

a(r#h) =0, a(1#h) =a(h),
B(r#h) =0, B(1#h) =p(h),
S(r#h) =mpar o (Sp®SR) ocru(r ® h) = Sp(r_1 > h)Sg(ro).

In particular, if r is a primitive element in R, then
S(r#1) = Sy (r-2)a(r-1)Sr(yo) = =Su(r-2)a(r-1)yo.

The antipode S is bijective if and only if Sy and Sg are bijective.

Now suppose N and H are both coquasi-Hopf algebras. Furthermore, assume there exist
morphisms of coquasi-Hopf algebras

n:N—>H ando:H— N

such that mo- =1idy.

Lemma 2.3.3. [18, Theorem 5.8] Under above assumptions, L := N js a Hopf algebra in Zyi).
For all a € N, we define the following linear map

7(a) =®y(ay,(coSyon(as))i,as)ar(ooSyomn(asz)),. (2.3.1)

Then T : N — L is well-defined. For allr,s € L, he H, k € k, the Yetter-Drinfeld module structure
of L is given by

ad(h)(r) :==7(o(h)r) = ®y(hir-1,S(h3)1, ha) (haro)S(h3)2,
ro1Q®ro:=pr(r):=n(r))r;.
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Moreover, L is a Hopf algebra in Zy D via

mp(r®s):=rs, up (k) =kly,
Ap(r) =t(r))®t(r2), &r(r):=en(r),
Sk =ado(idg®T oSy 0i) o pg,

where i : L — N is the embedding map. Furthermore, there is an isomorphism of coquasi-Hopf
algebra ¢ : L#H — N given by

p(reh)=ra(h), ¢ '(a)=1(a1)®n(a).
The following condition occurs frequently in this paper. We give an example here.

Example 2.3.4. Given R, R’ be two Hopf algebras in ZJ/Z) together with a surjective Hopf algebra
map 7’ : R” — R and an injective map o’ : R — R’ such that n’ oo’ =idg. Let M’ = R'#H, and
M = R#H. Obviously, these maps naturally extend to yield a surjective coquasi-Hopf algebra map
m: M — M and an injective coquasi-Hopf algebra map o : M — M’, such that moo =1idy,.

Let K := M’°M then K is an object in %y@, with the following structures:

ad: M®K — K,h®k +— ®pr(hik_1,Sy(h3)1,ha)(hako)Spy(h3)a,
p: K> MK,k n(k)) ®k.

To analyze the linear map ad in concrete calculations, the following computation is useful. Let y € R
be a primitive element. One can compute the preantipode Sy;(y) in M.

Su(y)=B*Su*a(y)=p(y1)Su(y2)a(ys) =B(y-1)Su(yo) = =B(y-3)Su(y-2)a(y-1)yo.

Then we can proceed to calculate ad(y)(x), where x € K,

ad(y)(x) = yx+(y-1x)Sm (yo)
= yx — (y-4%)B(y-3) (Su(y-2)a(y-1)y0) (2.3.2)
= yx =D (y-7x-1,S(y-3), y-1)B(y-6) ((y-5x0) St (y-4))@(y-2) yo.

On the other hand, note that for all h € H, Ag(S(h)) = B(h1)S(h3) ® S(hy)a(hg). Therefore, we
have

yx—ad(y_1)(x)yo = yx = P(y_4x_1,S(y-2)1,¥-1)) ((y=3x0)S(y-2)2) yo
= yx =D (y-_7x-1,8(y-4), y-1)B(y-6) ((y-5x0)S(y-3)) @ (y-2) yo.

This implies
ad(y)(x) = yx —ad(y-1)(x)yo. (233)
2.4 Yetter-Drinfeld modules in an arbitrary braided monoidal category

In Section 3, we will investigate Yetter-Drinfeld modules over a Hopf algebra A in the category
ZyZ). Since Zyi) is braided monoidal, we require the general framework of Yetter-Drinfeld modules
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in arbitrary braided monoidal categories. We recall the definition from [24], one may refer to [52,
Section 3.4] for more details. Now we let C be a braided monoidal category and R a Hopf algebra
in C. The category of Yetter-Drinfeld modules ﬁyD(C) is well-defined.

Definition 2.4.1. Let R be a Hopf algebra with bijective antipode in a braided monoidal category
C. Suppose that X is a left module and left comodule over R with structure map px and 6x. The
triple (X, px,0x) is a Yetter-Drinfeld module if in addition, in Hom¢c(R® X, R ® X),

(ux ®id) oag'p y o (id®cx,r) 0 ag x,r © (6x 0 px ®id) 0ag'y go (id®cr x) o arrx o (Ar ®id)

= (LR ® px) © R g Ry © (Id®ar g x © (Id®cg r) ®id) 0 (id®ag'y y) 0 ar .k Rex © (AR ®Ox).

It is known that the category RYD(C) is a braided monoidal category. For X,Y € RYD(C)
the braiding isomorphism in RyZ)(C) is given by

YD
YD XQY 5 Y®X,

%? (py ®idx) oagly y o (idg ®cx.y) oar x.y © (6x ®idy).

Remark 2.4.2. (1) According to the definition of c%?, it is not hard to see, if X e ®C and Y € xC,

then C‘;? is a morphism in C.

(2) [52, Proposition 3.4.5] Let V be an object in C, (V,1) € gC, and (V,5) € RC. Then the
following are equivalent.
(i) (V,A,6) is a left Yetter—DrinfeId module over R.
(ii For all X € rC, c is a morphism in zC.

)
(iii) ¢y is a morph|sm in RC, where R is a left R-module by the multiplication in R.
(iv) For all X e ke, cyD is a morphism in XC.

(3) In general, let (C’,®, 1,¢) be a braided monoidal category, we can define the reverse monoidal
category C :=(C,®,1,¢), where for X,Y € C,

For X € C and Y € RC, let

E}%’? = EX,Y o(Ax®idy)o ((81;1 ®idy)®idy) o (EX,R ®idy) o a;(TR,Y o (idy ®dy). (2.4.1)

By [52, Proposition 3.4.8], c¥ is an isomorphism in C with inverse c%?

The definition of the bosonization naturally extends to the case where K is a Hopf algebra in
the braided monoidal category XY D(C), where C is now an arbitrary braided monoidal category.
We collect several key results from [24,23,1] that will be important for the construction.

Lemma 2.4.3. [24, Theorem 3.9.5] There is a braided monoidal isomorphism from the Hopf bi-
module category to the Yetter-Drinfeld module category:

ReR =Ry D(0).
Lemma 2.4.4. [23, Proposition 4.2.3] Let A be a Hopf algebra in C and K a Hopf algebra in
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ﬁy D(C). There is an obvious isomorphism of braided monoidal categories
KAYD(C) = RYD (LY D(C)). (2.4.2)

Lemma 2.4.5. [1, Theorem 3.2] Let H and A be Hopf algebras in a braided monoidal category C.
Letn:H— A andt: A— H be Hopf algebra morphisms such that mot=1id4. If C has equalizers and
A® (—) preserves equalizers, there is a Hopf algebra R in the braided monoidal category gy D(0),
such that

H = R#A.

Remark 2.4.6. Let H be a coquasi-Hopf algebra with bijective antipode.
(1) By [27, Proposition 3.9, Lemma 4.5] and Lemma 2.4.3, we have a braided monoidal equiv-
alence
renY D = RYD(C),

where C = Zyz).
(2) Since #Y D is an abelian category, the conditions in Lemma 2.4.5 hold automatically. That
is, we can talk about bosonization and taking coinvariants in gyz) without any restrictions.

2.5 Nichols algebras

Let C be an abelian braided monoidal category. We first recall the definition of Nichols algebras
B(V) in C, where V € C is an arbitrary object. Then we are going to show that there is a non-
degenerate Hopf pairing between B(V*) and B(V) when V has a left dual V*.

We denote by T(V) the tensor algebra in C generated freely by V. Here we denote that

Vo= (- ((VOV)RV)---®V).

Then T (V) is isomorphic to ., V" as an object. The tensor algebra T'(V) is naturally a graded
Hopf algebra in C.

Let i, : V®" — T(V) be the canonical injection. We denote the total Woronowicz symmetriser

n>0

by
Wor(e) = (D inlnl.

where [n]!. € End(V®") is the braided symmertriser. For explicit definition of [n]!., one may refer
to [20, Section 5.6].

Definition 2.5.1. Let V € C. The Nichols algebra of V is defined to be the quotient Hopf algebra
B(V):=T(V)/kerWor(c).
An equivalent characterization is given as follows.

Remark 2.5.2. [52, Definition 1.6.17] Let V € C and I(V) be the largest coideal of T(V) contained
in 0,5, T"(V). The Nichols algebra of V is defined by

BV):=TV)/I(V).
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To facilitate further analysis, we assume C is a k-linear braided monoidal abelian category. In
this setting, the following equivalent definition of the Nichols algebra is more convenient.

Definition 2.5.3. [79, Definition 2.4] For a given object V € C, the Nichols algebra B(V) is the
unique Hopf algebra in C that satisfies the following conditions:

(1) The Hopf algebra B(V) is graded by the non-negative integers.

(2) The zeroth component of the grading satisfies B(V)q = k.

(3) The first component of the grading satisfies B(V), =V , and B(V) is generated by V as
an algebra in C.

(4) The subobject of primitive elements of B(V) is V.

Suppose C and D are braided monoidal abelian categories, and F : C — D is a braided monoidal
equivalence of abelian categories. The following lemma plays a crucial role in our theory.

Lemma 2.5.4. Let V € C be an object and B(V) be its corresponding Nichols algebra in C. Then
F(B(V)) = B(F(V))
as Hopf algebras in D.

Proof. Let Ve C and Jyy : F(V®V) = F(V)® F(V) be the monoidal structure of F. Using J
repeatedly, we have
FV®") = F(V)™"

for each n € N. Therefore we have F(EPV®") = (P F(V®") = G F(V)®". That is F(T(V)) =

neN neN neN
T(F(V)).
Recall that the Nichols algebras in C are of the form T'(X)/I where X € C and [ is the unique
maximal graded Hopf ideal in T(V) generated by homogeneous elements of degree greater than or
equal to 2. According to F(T(V)) =T(F(V)), we have

F(T(WV)/D =T(FV))/F(),

which is finite-dimensional as well. Here F(I) is a homogeneous Hopf ideal of degree greater than
or equal to 2 of T(F(V)). Note that Nichols algebra generated by F(V) must be of the form
T(F(V))/J, where J is the unique maximal homogeneous graded Hopf ideal of T(F(V)) € D with
degree greater than or equal to 2. Hence F(I) cJ and T(F(V))/J CcT(F(V))/F(I). On the other
hand, F~!: 9D — C is inverse of F, which is an exact monoidal functor. Hence

F U T(F(W) D) 2 T(F(F(V)/F' () =T(V)/F'(J)) 2T(V)/I.
So F~1(J) I, combining F(I) C J implies F(I) =J, which leads to F(T(V)/I) = T(F(V))/J and
the proof is done. O
2.6 Classification results of finite-dimensional coquasi-Hopf algebras

We briefly summarize the classification of finite-dimensional coradically graded pointed coquasi-
Hopf algebras over finite abelian groups, as established in [60].
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By definition, coquasi-Hopf algebras are exactly the dual of Drinfeld’ s quasi-Hopf algebras [33].
These are coassociative coalgebras that need not be associative. Analogous to the Hopf algebra
case, the classification relies critically on: twisted Yetter-Drinfeld module categories gMZ)q) and
twisted Nichols algebras, where G is a finite abelian group and @ is a normalized 3-cocycle over G.
For formal definitions and examples, see [58, Section 2].

The classification of finite-dimensional coradically graded coquasi-Hopf algebra over abelian
groups hinges on the structure of the coradical (kG,®), where ® is a 3-cocycle on G. A complete
parametrization of 3-cohomology classes for finite abelian groups was achieved in [58] as follows.
Let G be a finite abelian group and so there is no harm to assume that G = Z,,, X Z,,, - - - X Z,,,,, with
m; | miy1 for 1 <i <n-—1. Denote & the set of all N-sequences:

Q = (a19a25 ---9al9 ---’an’012,013’ ---aasl” ---,an—l,naa123, ---,arst’ ---an—Z,n—l,n)

such that 0 < a; <my, 0 < ay < (mg,m;), 0 < a,y < (m,,mg,m;), with indices ordered lexicograph-
ically. Let g; be the generator of Z,,,, 1 <i <n. For each a € &/, define

0L gin oll oL gl ki i ““5 T arsikr jisi
R s Gkt @61)
1<s<t<n 1<r<s<t<n

Here ¢,, denotes a primitive m-th root of unity. We further define o/’ as the subset of & satisfying
arss=0forall 1 <r<s<t<nandd” as the subset of & satisfying a; =0, a;, =0 for all 1 <i <n,
I<s<t<n.

Lemma 2.6.1. [58, Proposition 3.8] {leg € .Qi} forms a complete set of representatives of the
normalized 3-cocycles over G up to 3-cohomology.

Among all the 3-cocycles over abelian groups, the class of abelian cocycles is particularly sig-
nificant. We may use D®(G) to define abelian cocycles, which has been studied deeply in [77].

Definition 2.6.2. A 3-cocycle ® on an abelian group G is called abelian if D®(G) is a commutative
algebra.

There’s a nice description when the 3-cocycle ®, is abelian: which connected to the property
that a Yetter-Drinfeld module V over gyz)‘l’ is of diagonal type. For details, see [58, Section 3].

Lemma 2.6.3. [58, Corollary 3.13, Proposition 3.14] Let G be a finite abelian group and ® a
normalized 3-cocycle over G as in (2.6.1), then

@ js an abelian cocycle < a,; =0 forall1 <r<s<t<n

&= Every Yetter-Drinfeld module over (kG,®) is of diagonal type.

Abelian cocycles possess an additional remarkable property: they can be resolved within an
extended abelian group. Consider G = Zm% XZm§ XX Zyp = (g1) X (g2) X+ X(gn). Thereis a
group surjection 7: G— G, g;+— g;, for 1 <i <n. We may pull back the 3-cocycles over G and
obtain a 3-cocycles over G. That is, the map

(D) :GxGxG — k%, (g,h,k)— ®©(n(g),n(h),n(k)).
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is a 3-cocycle over G. Actually, 7*(®) is a coboundary. If we define J, via

n

n i=yp) stXt s_'_/g

JyiGXG— 1, (g7 girgl g o [ 29 T 9,
=1

mi
1<s<t<n

then 7*(®,) = d(J,), This result corresponds precisely to [58].
The following theorem classifies finite-dimensional coradically graded pointed coquasi-Hopf al-
gebras over finite abelian groups.

Theorem 2.6.4. [60, Theorem 5.2] Let M be a finite-dimensional coradically graded pointed
coquasi-Hopf algebra over a finite abelian group with the coradical My = (kG,®). Then we have
M = B(V)#KkG for a Yetter-Drinfeld module of finite type V € gy D,

Remark 2.6.5. We elaborate on Theorem 2.6.4 and present related results. Recall that if V €
g)/i)cp, then we can define the support group Gy :=<g € G |¥ V # 0>, which is a subgroup of G.

(i) A Yetter-Drinfeld module gyi)q) is said to be of finite type if

o V has a standard basis. This is equivalent to the condition that w |g, is an abelian cocycle.

o A, g is an arithmetic root system and ht(a) < oo for all @ € A, g, where (y,E) is a pair
associated to V.

(i) By [60, Theorem 3.9], B(V) is finite-dimensional if and only if V is finite type. Furthermore,
in this case, B(V) is isomorphic to a Nichols algebra of diagonal type in (G;XyZ)CDIGv. Conversely, if
® |, is nonabelian, then B(V) is infinite-dimensional by [60, Theorem 3.13].

(iii) The classification divides into two cases:

o Finite-dimensional twisted Nichols algebras of diagonal type over (G,®) with ® abelian;

o Finite-dimensional twisted Nichols algebras of non-diagonal type where @ |, is abelian.
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Chapter 3

Rational Yetter-Drinfeld module over
coquasi-Hopf algebras

In this section, H always represents a coquasi-Hopf algebra with a bijective antipode, and
C= ZMZ) denotes the Yetter-Drinfeld module category of H . We investigate rational Yetter-
Drinfeld modules in gyz), a notion that will be important for our later study of Nichols algebras
and their reflections.

3.1 Rational modules in £YD

Since H is a non-associative algebra, we cannot talk about modules over H in the usual sense.
However, if R is an algebra in C = Zyi), then the category rC of left R-modules in C is well-defined.
Motivated by [52, Definition 12.2.3], we now introduce the concept of rationality under the setting
of coquasi-Hopf algebras.

Definition 3.1.1. Let R = @nZOR(n) be an Ny-graded Hopf algebra in C.

(1) A left module (X,Ax) over R in C is called rational if for any x € X, there exists a natural
number ngy such that A(R(n) ®x) =0 for all n > ny. We denote the category of left rational module
over R in C by gC.x.

(2) A left Yetter-Drinfeld module X over RY D(C) is called rational if X is rational as a module
of R in C. We denote the corresponding category by gy D(C)

rat’

Remark 3.1.2. It is worth noting that for a locally finite Ny-graded Hopf algebra R, this graded
definition of rationality coincides with the classical one. Intuitively, the condition A(R(n) ® x) =0
for large n implies that the action on any element x is nontrivial on a finite-dimensional truncation
of R, which recovers the standard notion of rationality in the non-graded setting.

A natural question arises: are rational modules closed under tensor products. The following
lemma ensures this.

Lemma 3.1.3. Let R=P,.,R(n) be an Ny-graded Hopf algebra in C.

(1) The category grCyy is @ monoidal subcategory of gC, which is closed under direct sums,
subobjects and quotient objects.

(2) The category gy D(C),, s a monoidal subcategory of gy D(C), which is closed under
direct sums, subobjects and quotient objects.
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Proof. (1) Let V,W € grC,, with R-action Ay, Ay respectively. It is standard that the tensor product
V®W is an object in gC, with R-action

Avew = (ly ® Aw) o (ag)y r ®idw) 0 aggy.rw © ((idg ®cgv) ®idy)
o (arry ®idw) 0 Aggry w© (Ar o idvew).

Now take r € R(m), we have

d)(ril, V—I’W—3)q)(r11’ (1’33 > VO)—I’rglw—l)

Ayew(r® (vew)) = Ay (ry ® (r23 > v0)0) ® Aw (1§ ® wo).

D(rl,,r2e,vaw ) ®((r23 > vo)-2,72,,w_2)
Since r%B € H, and V is an object in ZJZ), we have (r%3l> vo) € V.

The expression dygw (r® (v®w)) is a finite sum. Thus, by the definition of the rational module,
there exists a natural number n; such that for n > ny,

Ay (R(n) ® (r25>vo)o) = 0.
Similarly, there is a natural number n; such that
Aw(R(n) ® wo) =0,

for all n > ny.

Now we assume m > 2max{nj,n,}, since R is No-graded, we have Ag(r) € EBp+q:mR(p) ®
R(g). Therefore
Avew (R(m)® (vew)) =0.

This implies VW € gCrar. Therefore, gC,, is @ monoidal subcategory of gyD(C). The category

RCrat is obviously closed under arbitrary direct sums, subobjects and quotient objects.
(2) The forgetful functor gyD(C) — grC is monoidal. Thus, for V,W € gyz)(c*)rat, we have
VW € grC.a. By definition it implies VW € gy@(C)rat.
O

3.2 Properties of pairings

We now turn to the study of pairings in the category C = ZJD, which will later facilitate the
construction of dualities between comodules and rational modules.

Let A and B be objects in C, and w: A® B — k is a morphism in C, called a pairing. For
subsets X C A and Y C B, we define

X+ :={beB|w(x,b)=0, for all x € X},
Yt:={ae€A|w(a,y)=0, forall yeY}.

We say w is non-degenerate, if A* =0 and B+ =0.

Lemma 3.2.1. IfE is a subobject of A, then E* is a subobject of B. Similarly, if F is a subobject
of B, then F* is a subobject of A.
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Proof. Let E be a subobject of A, we need to show that E* is an object in C. The proof of E*+
being an H-comodule is the same as in the Hopf algebra case, see [51, Lemma 2.3].
To show H> E+ C E+. One needs to verify that for any b€ EX, he H and e € E,

w(e,h>b)=0.

By hexagon axiom in C, we have the following commutative diagram:

id®CH’B
A®(H®B) ————— A®(B®H)

-1 -1
aA’FV YB,H

(A®H)®B (A®B)®H
iy ®k . AA@B
(H®A)®B ———— H® (A®B)

Since E is an object in C, for simplicity, we write c;lH(e@)h) = Y 1<icnh' ® €' for some natural
number n. Here h' € H, ¢' € E. Now

CH,A®B© AH,A,B© (CZ,IH ®id)((e®h)®D) = Z caspoansp((h'®e)®b)

1<i<n

= D kel b)enass(My @ (€y®b0) (31
1<i<n

- Z DK e | b_y) (> (el ® bo)) ® .
1<i<n

Here bg € E*+, because we have shown E* is a H-comodule. Also, ef) € E for all i. Note that w is
a morphism in C, and the braiding c is a natural isomorphism, we have

(w@id)ocy aepoan.ape(c, y®id)((e®h)®b) = Z D (hi e, bo1)w(el,bo)®h,=0. (3.2.2)

1<i<n
Note that a;"lH’B(e® (h®b)) e (AQ H)® B, thus by the hexagon axiom, we obtain:
(w®eg)o a;"lB’H o(id®cy p) o aA’H,B(a;LIH’B(e ®(h®b)))=0.
That is
®(e_1,(hi>b)-1,h)(w®e)((eg® (h1>Db)g) @h3) =P+ (wRe)(e®(h1>b)®hy) =0. (3.2.3)
Note that @ is convolution invertible, thus
w(e,h>b)=0 (3.2.4)

foralle€ E, be E*, he H. Consequently, E* is a subobject of B. The proof of the other direction
is similar, and we omit it for simplicity. m]
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The following construction of the Yetter-Drinfeld submodule generated by a subcomodule is
crucial for our subsequent analysis of rational modules.
Let Ve ZMZ) and let V' C V be an H-subcomodule. We define the Yetter-Drinfeld submodule
generated by V’, denoted by (V’), as the smallest Yetter-Drinfeld submodule of V containing V".
We provide an explicit filtration to construct (V’).
= Set Xy :=V’.
s Assume X, is defined. Let Y, :=span{h>x|he H,x € X,,}.
» Define Xj,41 as the smallest H-subcomodule of V containing Y,;:

Xus1:= ) span{yo | 6v(y) = y-1 ®yo}.
VEY,

Lemma 3.2.2. With the notation above, (V') =, Xn-

Proof. Itis direct to verify that (J,.» X, is closed under the H-action and H-coaction by construction.
Since any Yetter-Drinfeld submodule containing V/ must contain X and be closed under the action
and coaction, it must contain each X,,. Thus, the union is minimal. m]

Let V,W € C, and w a pairing of A, B in C. We denote by Hom¢ 12t (A®V,W) the set of all g
in Hom¢c (A ®V,W) such that for all v € V there is a finite-dimensional subobject F C B in C with
g(Ftev)=0.

Proposition 3.2.3. Let A,B € C, w a non-degenerate pairing of A,B in C, and W € C. Assume
that for every b € B there is a finite-dimensional subobject F C B in C containing b. Then for all
V eC, the map

Gy :Hom¢(V,B®W) — Homc 0 (AQV, W),

. . -1 .
ida®f aaBW wid

P (AQV —— A®(BAW) —— (A®B) W — W)
is bijective.

Proof. Stepl:

We first show the map Gy is well-defined and injective. Let f € Hom¢(V,B® W), and g =
Gy(f). For each v € V, by assumption, there is a finite-dimensional subobject F C B with f(v) =
Y b'ow' € F®W. Now for any a € F*, by definition of Gy and Lemma 3.2.1, we have

gla®v) = q)(a—l,bi_l,wi_l)w(ao, bg) ®W6 =0.

This shows G, (f) € Homg o (A®V,W). If g =0, since w is non-degenerate, we deduce that f =0.
Therefore Gy is injective.

Step2:

Assume that B is finite-dimensional. Then B has a left dual B* = Hom(B, k). Since w is
non-degenerate, there is an isomorphism A = B* in C via the following isomorphism:

Hom¢ (A ® B, k) = Hom¢ (A, BY).
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Therefore A is a left dual of B, which is finite-dimensional. We have such an isomorphism
Hom¢(V,BQ W) = Hom¢(AQV,W).

Since Homg 12((A®V,W) C Hom¢(A®V, W), and Gy is injective, we deduce that Gy is bijective
when B is finite-dimensional.

Step3:

We now extend the bijectivity to the general case when B may be infinite-dimensional. Let
V' C V be a finite-dimensional H-comodule, we denote (V') as the Yetter-Drinfeld submodule of V
generated by V’. Assume that (V') =V; we are going to prove that Gy is surjective in this case.
Let g € Homg 1o (A®V,W). Since V' is finite-dimensional, the rationality of g implies the existence
of a finite-dimensional subobject F C B in C such that g(F+*®V’) =0. By Lemma 3.2.1, F* is an
object in C. Since g is a morphism in C, by similar method in proof of Lemma 3.2.1, for all h € H,
we have

g(Fre(h>V'))=0.

By construction of (V’), if we denote V’ as Xj, this shows g(F*®Y;) =0.

Recall that X1 = ¥ ,.cy, span{yo | 6v(y) = y-1 ® yo}, We are going to show g(F*®X;) =0. Since
g is a morphism in C, we have

(idy ®g) 0 S(F*®Yy) = 6(g(F+ ®Y)))) =0.

By definition of Xj,the set span{zg | 6(z) =z-1®2z0, z€ F-®Yo} = F-® X;. This implies g(F* ®
X1) =0. By iterating this argument, we can prove that

g(Fre®V)=0.
Note that we have a non-degenerate pairing
A/FF®F -k, a®b+— w(a,b).
Since F is finite-dimensional, by the situation considered before, we have a bijective map
Hom¢ (V,F @ W) = Homg 1o (A/F-®V,W).

Let g € Homg 1o (A/F-®V,W) be the morphism induced by g and f € Hom(V,F ® W) be the
preimage of g. Then the preimage of g is

iof:V—>BW,

where i : FQW — BQW is an inclusion. Thus Gy : Homg(V,B® W) = Homg 1o((A® V,W) is
bijective in this case.

Step4:

It remains to prove the bijectivity for an arbitrary object V € C. Let

V={(V’)| V' CV finite-dimensional H —subcomodule}.
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By the finiteness theorem for comodules, we have V = U V'’ as comodules. Note that
V'’ finite-dimensional

for all Uy, U, € V, there is an object U € V with Uy UU, C U, since U is closed under direct sums.

Thus
v={Ju
UeV

as an object in C. Given g € Homg 1a((AQV,W), let gy be the restriction of g to A®U, then there is
a morphism fy: U — BQW with Gy (fy) =gu. For Uj,Us €V, let Uy C U, we have fu, |v,= fu,,
since Gy is injective. Hence the maps fy define a linear map f:V — B®W by f(v) = fuy(v), where
U is an element in V containing v. This construction yields Gy(f) =g. Thus Gy is bijective for
arbitrary V. O

3.3 Bijection between comodules and rational modules

We begin by introducing the notion of Hopf pairings. For our purpose, we assume that A and
B are locally finite Ny-graded Hopf algebras in C = Zy@ in this section. Since this does not affect
our study of Nichols algebras, we assume that A and B have bijective antipodes in C.

Definition 3.3.1. A morphism w: A® B — k in C is called a Hopf pairing, if the following identities

hold:
w o (/JA ®idg) =wo (idg ®w ®idg) o (idy ®a;}373) OdA,A,B9B© (idaga ®AB), (331)
wo(na®idp) = &p, (3.3.2)
wo (ida®up) =wo (ids @w ®idp) o (ida ®aj 'y 5) 0 aa.a.8e8 © (As ®idpep), (3.3.3)
wo (idy®np) = €4. (3.3.4)

Moreover, we call a Hopf pairing w: A® B — k a dual pair of locally finite Ny-graded Hopf algebras
in C, if w is non-degenerate and

w(A(n),B(m)) =0, if n# m.
There are some useful properties of Hopf pairings, we list here for further use.

Remark 3.3.2. [52, Proposition 3.3.8] Under above assumptions, we have the following properties.
(1) Suppose w:A®B — 1 is a dual pair in C, then

wo (Id®Sp) =wo (S ®id). (3.3.5)
(2) If w: A®B — 1 is a dual pair, then

w i=wocppro(Sp®S4) : B®A >k, (3.3.6)
WP == w¥ o (idp®S,") : BEP @ AP — Ik

are dual pairs too.

The following lemma holds in general braided monoidal categories; here we cite this lemma for
simplicity.
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Lemma 3.3.3. [52, Proposition 3.3.9] Let C be an arbitrary braided monoidal category. Suppose
A, B are Hopf algebras in C. Assume that p: A® B — 1 is a Hopf pairing, then we have two strict
monoidal functors:

BC—>ACOPE, (V,6)|—>(V,/_l),
it (3.3.8)
with 1= (A®V A®(B®V) (A®B)®V V)

and cop— _
Dy "C — pC, (V,6) 1 (V,1),

l .
idg® +COp®ldv

with A= (B®V—>B®(A®V) BN (B®A)®V—>V).

(3.3.9)

The main result of this subsection is to give a bijection between B-comodules in C and rational
A®P-modules in C.

Proposition 3.3.4. Let (A,B,w) be a dual pair of locally finite Ny-graded Hopf algebras in C =
HYD. The functor

D] . BC — ACOPErat, (V96) = (V /l)

-1
g, w®idy

with 1= (AeV 4%, Ae (BoV) =2Y (AeB) oV 2%, v)

is a strict monoidal isomorphism of categories.

Proof. Let V be an object in ZMZ). By Proposition 3.2.3, we have a bijection:

Gy : Hom¢(V,B®V) — Homc 1t (A®V,V),

da f _1 w®id

froA= (A®V A®(B®V) —— (A®B)®V———>V)

Note that Hom¢ (2t (A®V,V) is the set of all A in Homc(A®V,V) such that for all v € V, there is a
finite-dimensional object F C B, such that A(F+®v) =0. Since B is locally finite, there is a natural
number ng such that F C @?EOB(i). Therefore A(A(n)®v) =0 for all n > ng. Thus if (V,1) € 4C,
where 4 € Homc 2t (A®V,V), then (V, 1) € 4Cq automatically.

Now we are going to prove (V,1) € 4C,y if and only if (V,8) € BC. That the condition
(V,8) € BC implies (V, 1) € 4C,y follows from Lemma 3.3.3 and the above statement. On the other
hand, (V,A) € 4C is equivalent to

Ao (idg®1) =Ao (us®idy) o a;"lA’V.
According to the definition of A,

Ao (idg®1) = (w@idy) oay 'y, 0 (ida ®9) o (ids ®(w ®idy)) o (ida ®ay, g /) © (ida ®(id4 ®)).
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Since 8, w are morphisms in C, and the associative isomorphism is natural, we have

Ao (idy ®1) = (w®idy) o a;‘}B’V o (idg ®(w ®idpgy)) o (id4 ®a;‘}B7B®V) o (id4 ®(id4 ®(idp ®9) 0 6))
= (w®idy) o ((i[ds ®(w®idp)) ®idy) 0 (a3 sgp p ®idy) 0 (ida ®ay g 5 )

o (idaoay'p pey) © (ida ®(ida ®(idp ®3) 05)).
(3.3.10)

1
VA V!

Now we write down explicit formula of Ao (us ®idy)ca,
Ao (ua®idy)o a;‘}A’V = (w®idy)o a;\}B,V 0 (id®0d) o (ua ®id) o a;\}A’V.
Since uy4 is a morphism in C, we have
Ao (ua®idy)oay'y , = (widy) o ((a®idp) ®idy) 0ayy, 5y @ (idaga ®5) 0ayy .

By equation (3.3.1), and by naturality of associative isomorphism,

Ao (ua®idy)o a;;,lA,V

= (w®idy) o ((id4 ®(w®idp)) ®idy) o ((idy ®aZ}B,B) oas A BeB° (1dags ®Ap) ®idy)
0 g py © (idaea®5)0ay's y

= (w®idy) o ((ids ®(w®idp)) ®idy) o ((ida ®ay'y 5) 0 an 4 Bap ®idy)

©Urpa BoBY © a;x,lA,(B@B)@V o (ida ®(ids ®aj's ) 0 (ids ®(ida ®(ap,py © ((Ap®idy) 06)))).
(3.3.11)

For all a,a’ € A, v €V, we have 10 (idy ®1)(a® (a’®V)) =0 (us ®idy) oa;"A v(@a®(@aev)).
By non-degeneracy of w and Mac-Lane's coherence theorem, this is equivalent to

(id®d) 0 d(v) = appyvo(Ap ®idy) o d(v).

Furthermore, we have v = (g ®idy) o §(v) by equation (3.3.2). Therefore we deduce that (V,2) €
ACra if and only if (V,6) € BC.

Now let (V,6),(V’,8") € BC, and (V,1), (V',A’) be the corresponding modules in 4Crq, where
A=Gy(9), ' =G{(¢'). Itis direct that a map f € Hom¢(V,V’) is a B-comodule map if and only
if fis a A-module map in C.

Note that (V,1) € oG if and only if (V,1) € gcorCrar. Since the category acorCrat is a monoidal
subcategory of 4«»C by Lemma 3.1.3 and D; is a strict monoidal functor by Lemma 3.3.3, we
deduce that D is a strict monoidal equivalence. Since Gy is bijective, it is easy to see that the
inverse functor is given by

D' : penCra = °C, (V. 2) > (V.5"),
where ¢’ is determined by G‘_,l (A"). Thus Dy is a strict monoidal isomorphism. O
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3.4 Monoidal equivalence between Yetter-Drinfeld module categories re-
lated by a dual pair

Let (A, B,w) be a dual pair of locally finite Ny-graded Hopf algebras with bijective antipodes in
:gyz). The main result in this subsection is to show that there is a braided monoidal equivalence
(Q,B) :gMD(C) — QMD(C’)

By Remark 3.3.2, we have a dual pair of locally finite Ny-graded Hopf algebras in C:

rat rat’

W*EP - BEOP @ ACOP __, e
W P =wocpa0(Sp®S4)o (idp ®S;1)
:(,()OCB’AO(SB®idA)

=wocpao(idp®S,).

Recall that by Proposition 3.3.4, we now have two monoidal isomorphisms:

Di: BC - ACOPErat» D : ACOPE — BCrat (3-4-1)
Ay w

DI(V,6)=(V,2), 1= (AeV 12, Ae (BoV) 22, Amy PV A@B) eV 2, y), (3.4.2)
71 WP

D>(V,3) = (V,2), 1= (BoV -2 Be(AeV) 22 (A B)ov LY, ). (343)

Our first objective is to prove the following braided monoidal equivalence:

Theorem 3.4.1. The functor

r:5YD(C),, — 4wYD(C)

(V.1.8) - (V. 1.5), (3.4.4)

rat’

where 1,6 are defined by (3.4.2), (3.4.3), and the morphism f are mapped onto f, is an equivalence
of braided monoidal categories.

The following lemma, which holds in the general setting of a braided monoidal category C , is
used to establish this theorem. Without loss of generality, we assume C is strict. Let A, B be Hopf
algebras in C, and p: A® B — 1 is a Hopf pairing, now we have two braided monoidal categories
gy.@(C)r and ﬁigi}/@(a) with braiding YP©) apd YD©) respectively.

Lemma 3.4.2. With above assumptions, let (X,6x) € "C, (V,6) € BC, and define
(X, Ax) = D2(X,6x), (V,1) = Di(V.6).
where D1, D> is given by Lemma 3.3.3, then we have

_YD(C) _ YD(©)

Xx0.(V.0) ~ C(x5x.v.D)’ (3.4.5)
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Proof. By definition of ¢¥?, properties of Hopf pairing and naturality of braiding, we have

=Y D(C)

Cox A0AV.8) = cxvo ((prP®idy) o (idp ®dx) ®idy) o (S)_,;1 ®idy ®idy) o (cx g ®idy) o (idx ®4)

=Cxyo (p o0CpA® idy ®idy) o (idp ®5X ®idy) o (EX,B ®idy) o (idx ®9)
= (p®Cxy)o(cpa®idy)o (Capx,p®idy) o (ids ®idy ®) o (6x ®idy)
=(p®Cxy)o(idy®cy p®idy) o (idy ®idy ®5) o (6x ®idy)

= (p®Tx,pev) 0 (ids ®idx ®5) o (6x ®idy)

YD(C)

= ((p®idy) o (idy ®8) ®idy) o (idy ®Cxy) o (6x ®idy) = C X ST

Here the second equality uses (3.3.5) and (3.3.7), the third and the sixth equalities use the naturality
of the braiding, the fourth and the fifth equalities use the braiding axiom. O

Now we return to the setting of coquasi-Hopf algebras. We want to restrict the Yetter-Drinfeld
module criterion to rational modules. Let B be a locally finite Ny-graded Hopf algebra in C = ZMZ)
with bijective antipode. Let (V,1) € gCr, and (V,6) € BC.

Lemma 3.4.3. Let X € gC, and assume that there is an index set I, a family X;,i € I, of objects in
BC, and morphisms rt; : X — X; in gC for alli € I with (;c;ker(m;) =0. Then ifcgg is a morphism

YD

in pC for all i € 1, then ¢y,

is a morphism in gC.
Proof. The proof of this lemma is parallel to [52, Lemma 12.2.5]. We omit here for simplicity. O

Lemma 3.4.4. The following are equivalent.
(1) For all (X,Ax) € Crat, c%? is @ morphism in gCrat.
(2) The object (V,4,8) belongs to 8Y D(C)

rat’

Proof. Suppose for all (X,Ax) € pCrat, the map cg’? is @ morphism in gCps. Then by Remark 2.4.2,
we only need to prove that
V2 :V®B—B®V

is a morphism in gC. Now for all n >0, let X,, = B/
morphism in 3C. We have

B(i). The quotient map 7,,: B — X), is a

i>n

[ker(ra) =0, up(Bm)®X,)=0
n>0
for all m > n. Since X,, is a rational B-module in C, cgg?"
cgg is a morphism in gC. Hence (V,4,0) € g)/D(C)rat.
Suppose (V,1,6) € gMZ)(C)rat, we deduce that ca? is a morphism in gC for any (X, Ax) € pCrat
by Remark 2.4.2. Furthermore, gC:a is @ monoidal full subcategory of gC, and VR X, X ®V € gCiy.

Thus c%? is a morphism in gCra. |

is a morphism in 3C. By Lemma 3.4.3,

Proposition 3.4.5. The following are equivalent.
(1) The object (V,A,8) belongs to gyD(C)mt.

(2) The object (V,1,5) belongs to 4.x Y D(C)

Acop rat”
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(3) For all (X,Ax) € pCrat, the following map is a morphism in gCy

PO (XA @ (V.A) > (V.A) 8 (X, dx).

(4) For all (X,6x) € 4" C, the following map is a morphism in A“"C.

YD(C) . ry rs rs rs
CxXF0.vD) (X,6x)®(V,6) = (V,6) ® (X, 6x).
Proof. (1) < (3): The condition (1), by Lemma 3.3.2, is equivalent to the condition that for

all (X,1Ax) € pCrat, c%/z?s) (Xody) is @ morphism in gCry. Since we have assumed B has a bijective

is an isomorphism with inverse o

(XA, (V.6)" Hence (1) is equivalent to (3).

; YD
antipode, ClY.5).(X Ax)
(2) & (4): This follows from Remark 2.4.2.

(3) © (4): By Lemma 3.4.2,

/D) CM)(C)
C(Xx),(V.0) = (X,6%),(V,2)

as a morphism in C. Then the equivalence of (3) and (4) follows from D; : APC 5 pCrat is a

monoidal isomorphism. ]
Proof of Theorem 3.4.1. Let V € C, and

S1={(4,6) | (V,2) € pCa, (V. 6) € °C},
SZ = {(Z, 5) | (V,Z) c Acoparat, (V, 5) c Acopa}.

We define a map ¢ : S| — S3, by (1,8) — (1,6), where 1,68 are given by
D(V,8)=(V,2), Dy(V,6)=(V,A).

Thus ¢ is bijective since D1, D, are monoidal isomorphisms.
Now that given (V,2,6) € 5YD(C), . the object (V,1,6) € 4y D(C)_, by Proposition 3.4.5.
Since ¢ is bijective, we deduce that I" is a monoidal equivalence. It is strict since D and D>, is strict.

To show [ is braided, let X = (X, Ax,6x) € BYD(C)_, and T(X) = (X, Ax,6x) € 2n Y D(C). . We

rat

-YD(C) BYyan MD(C) .1
know that Cix g (V) 1S the braiding in pYD(C) . 2 C X5 VD) is the braiding of T'(X),T'(V)

ﬁzzin(C) By Lemma 3.4.2, the functor I' is braided. Hence I' is a strict braided monoidal
equwalence
O

Our next goal is to build a monoidal equivalence between Acopyz)(c) and ﬁyD(C)rat. It is
standard that

AC = Cy, (V,1) = (V,A4), where 1, =2ocy 40 (idy ®S4),
Ca — aC, (V,A) > (V, 1), where 1_=10Cay o (S;' ®idy),

are inverse isomorphisms of monoidal categories. Furthermore, suppose (V,1) € oCa, for v €'V,
cv,a(v®a) is a finite sum of elements in A®V. By Sy is a Ny-graded map, we have (V,4,) € Ca yy.
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Similarly, suppose (V,A) € Ca 1o, We can deduce that (V,4-) € oCrat.
Now we restrict the monoidal isomorphisms in [52, Theorem 3.4.15] to the rational Yetter-
Drinfeld modules, we have a braided monoidal equivalence:

(Fri,@) : YD(C)} 1 = 4YD(C) o (V,2,6) = (V,A-,(Sa®idy) o cy 4 09), (3.4.6)

rat’
Yy
axy =Cy X( i ocxy, (3.4.7)
where morphisms f are mapped onto f. From [52, Theorem 3.4.16], we have a braided strict
monoidal equivalence:

Acop

Fir : 4 D(C)y = YD(C)} o (V,2,6) = (V, Asscay 06), (3.4.8)

rat

where morphisms f are mapped onto f.
Our main result in this section establishes the braided monoidal equivalence between the cate-
gories of rational modules over dual pairs. The construction of the functor Q relies on the interplay
between the equivalences established in the previous subsections, as illustrated in the following

diagram:
BYD(C)  ———s— LY D(C)

rat =

|
|
Q) \LFH
4

2YD(C) —— YD)}

rat

rat

Theorem 3.4.6. The following functor is a braided monoidal equivalence:

Q.0 8YyD(C),,, —4YD(C),,, where (V,15,55) > (V,4,84), with
—1
A=AV 225 Ag(Bav) 22 (AeB) oV L2 v),

5 S2eidy v . .
oA=(V—>AQV —— AQV —— A®V), where ¢ is defined by
—1

/lB_(B®V B®(A®V) (B®A)®V

dv

V),

where morphisms f are mapped onto f. The monoidal structure is given by

DIC) —

By
(Q.8): 3YD(C)y = 4YD(C),yr Bxy=chy  oTxy.

rat
Proof. As depicted in the diagram above, we define the functor Q as the composition:

Q:=F, oFjol.
We now compute the explicit structure of this composition. Let (V,1p,05) € gyD(C)rat. Then

Fo F,T(V,A8,68) =F 1 F1;(V,24,64)
= rl(V,Zw CA,V © a)
= (V,(Aas)—, (Sa®idy)ocya0cayoda).
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Note that (14,)- = A4, while

id A ®Jp w®1dv

A=AV —5 A®(B®V) (A®B)®V V).

This coincides with our definition of A4.
Now we need to show (S84 ®idy)ocysa0cayoda equals d4. Since Sp and ¢4y are isomor-
phisms, we only need to prove:

& = (8,2 ®idy) 05 0 (Sa®idy) o] 004 = (S, ®idy)05,.
It suffices to show
(w*@idy) oay'y o (idp®(S;' ®idy)054) = A5.

Since a is a natural isomorphism, and w*°°P = w* o (idg ®S7!), we have
P A

(w*®idy) oay'y o (idp®(S;' ®idy) 064) = (w' ®idy) o (([dp®S;") ®idy) 0apy o (idp®d4)
= (w**P®idy) o a;},lA,V o (idg®d4)

=Ap.

Where the last equality follows from the relation between 64 and Ap via the functor D,. Thus Q
induces a monoidal equivalence Q : gy@(C)rat — ﬁy@(C)rat.

For the monoidal structure of Q, note that only the functor (F,;,@) is non-strict. Since Fj, and
I" are braided, we have

- JD(C)A —pYDEC) —
Bxy = Cr reyym,rx) © CFuT(X).F,T(¥) = Cy x  ©Cxy.

Thus (, B) :gyi)(C)mt — Q‘VZ)(C)Mt is a braided monoidal equivalence. Now we take the reverse
braiding, and it is direct that

gyD(C) —
Cyx  °Cxy

(QB): 5YD(C),, — 4YD(C).. Bxy

rat

is a braided monoidal equivalence.

3.5 Applications to Nichols algebras over coquasi-Hopf algebras

We now specialize to the setting of Nichols algebras.
We are going to investigate the Hopf pairing between B(V*) and B(V) when V has a left dual
V*. There is a unique Hopf pairing w : T(V*) @ T(V) — 1. It is shown in [74] that w is given by

w |y-gy=evy.

and
Wy = W|yengyen = eVyen o(idy+en ®[n]!.) = evyen o([n] !+ @ idyen).

The Hopf pairing between V®" and V*®™ is 0 unless n =m. Here ¢* denotes the braided symmetriser
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of V*.
The Hopf pairing between T'(V) and T(V*) induces a Hopf pairing between B(V*) and B(V).
Note that the Hopf pairing w vanishes on the kernels of the symmetrisers, and for all positive integer

n, we have
wy(ker[n]%, V) =0, w,(V*®", ker[n]!.) =0.

Now we return to the case of coquasi-Hopf algebra H with bijective antipode. Let V be a
finite-dimensional object in gyz). Consequently, the Hopf pairing on the tensor algebras descends
to a well-defined Hopf pairing

w:BVHY®B(V) > k.

In particular,
w(V*E" VY =0, for all m #n,

and both B(V) and B(V*) are locally finite Ny-graded Hopf algebras in ZyZ).

We consider T(V)*, by expression of w it equals ker Wor(c*) = @nzl inker([n]!7). Similarly,
T(V*)* =kerWor(c). Since B(V) =T (V)/kerWor(c) and B(V*) =T (V*)/ker Wor(c*), we deduce
that w: B(V*) @ B(V*) — k is a dual pair of locally finite Ny-graded Hopf algebras in ZJZ).

Corollary 3.5.1. For any finite-dimensional V € gy D, there exists a braided monoidal equivalence:

L B(V) B(V)
(Q.Bv) ¢ gy YD(C)  — 5y YD(C) . (3.5.1)

Proof. This follows immediately from the existence of a dual pair w: B(V*)® B(V) — k and
Theorem 3.4.6 m|

Let A, B be Ny-graded locally finite Hopf algebra in C with bijective antipodes and w: A®B — k
a dual pair. Recall the braided monoidal equivalence in Theorem 3.4.6:

Q:3YD(C),, — 4YD(C)

rat rat”

Corollary 3.5.2. The Nichols algebra B(V) of any V € BYD(C) is rational if V is.

Proof. If V is rational, then for any n € N>y, V®" is rational in gMZ)(C). Since gyl)(C) is

rat
closed under direct sum and quotient by Lemma 3.1.3. Both objects T(V) = @nzo V& and B(V)

are rational. O

B(Q) is an Ny-graded Hopf algebra in BYD(C)_ as well. The

rat

Now for Q € gMD(C)rat,
following result is straightforward.

Corollary 3.5.3. Let Q € BYD(C)_,, then

Q(B(Q)) = B(Q(Q)) (3.5.2)

as Ny-graded Hopf algebras in f‘y D(C)

rat”

Proof. It follows from Lemma 2.5.4 immediately. O
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3.6 The functor Q under Z-gradings

Having established the duality for Nichols algebras, we now investigate how the functor Q inter-
acts with gradings. Let No-Gr My (resp.Z-Gr My ) be the category of Ny-graded vector spaces(resp.Z-
graded vector spaces). The functor No-Gr My — Z-Gr My, which extends the Ny-grading of an object
V in No-GrM; to a Z-grading by setting V(n) =0 for all n <0, is monoidal. This functor allows
us to view Ny-graded coalgebras and coquasi-Hopf algebras as Z-graded coalgebras and Z-graded
coquasi-Hopf algebras, respectively.

Furthermore, suppose H is a Ny-graded coquasi-Hopf algebra. A Z-graded Yetter-Drinfeld
module V over H is by definition an object V in ZMZ)(Z—Ger). In other words, V is a Z-graded
vector space such that the map H®V — V and comodule structure maps V. — H®V are Z-graded.

Lemma 3.6.1. Suppose H is a Z-graded coquasi-Hopf algebra.

(1) Let K be a Nichols algebra in ZJZ) (Z-Gr My), and K(1) =®,czK (1), a Z-graded object in
Zy D(2Z-Gr My.). Then there is a unique Z-grading on K extending the grading on K(1). Moreover,
K(n) is Z-graded in 1Y D(Z-Gr My,) for all n > 0.

(2) Let K be a Z-graded braided Hopf algebra in ZM D(Z-GrMy). Then the bosonization K#H
is a Z-graded Hopf algebra with deg K (y)#H (A1) =y+A for all y,A € Z.

(3) Let Hy C H be a coquasi-Hopf subalgebra of degree 0, and n: H — Hy a coquasi-Hopf
algebra map with rt|y, =id. Define R = H®Ho. Then R is a Z-graded braided Hopf algebra in
oY D(Z-GrMy) with R(y) = RNH(y) for all y € Z.

Proof. (1) The module and comodule maps of K(1) are Z-graded and hence the infinitesimal braiding
ce Aut(K(1)®K (1)), being determined by the module and comodule maps, is Z-graded. Moreover,
the structure map of K(n) for n € N are determined by ¢ and K(1), since K(1) generates K.
Therefore K is a Z-graded objects in ZyD(Z-GrMIk).

(2) and (3) are the same as the Ny-graded case. |
From now on, H represents a coquasi-Hopf algebra with bijective antipode, let A,B € ZJ/Z) be
locally finite Ny-graded Hopf algebras with dual pairing w. Moreover,
w(A(m),B(n)) =0, forall m #n.
To extend this construction to the Z-graded setting, we extend the Ny-grading to Z-grading by
A(n)=0, B(n)=0 forall n<0.

We endow A with a new Z-grading as follows: deg(A(n)) = —n for all n € Z, which ensures that
w:A®B — k is Z-graded. Here, the grading of k is given by k(n) =0, if n # 0, and k(0) = k.

Now we return to the purpose of this subsection. We first introduce the following notation for
further use.

Definition 3.6.2. Let H be a coquasi-Hopf algebra with bijective antipode, and C = ZMD. Suppose
R is an Ny-graded Hopf algebra in Zy.@. Let (X,Ax) be a R-module in C and (Y,dy) be a R-
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comodule in C. Forn >0, we define:
FoX={xeX|Ax(R(n)®x) =0 for all i > n},

FY ={yeY|sy(y) € @R(i) ®Y}.

i=0

With above notation, the functor Q relates the operator ¥, to F".

Lemma 3.6.3. Let N be a finite-dimensional object in ZJD. Recall we have the following equiv-
alence of monoidal categories:

. B(N) ~ B(N)
B(N)“yD(C) - B(N*)yD(C)rat

LetV e gg%;yﬂ(C)rat, then we have

(1) Fu(V) =F"V for all n > 0.
(2) F"Q(V) =F,(V) for all n > 0.
(3) Suppose V is a Z-graded object in B(N)MD(C) then Q(V) is a Z-graded object in BV )yD(C),

B(N*)
where the grading of Q(V) is given by Q(V)(n) V(-n) for all n € Z.
Proof. Recall that the braided monoidal equivalence of abelian category
. B(N) _, BV
B(N)JD(C) BN yD(C)
sends
(V. gy, 08(v) = (V, g+, 08(N%))-
which is induced by the dual pair w: B(N*) ® B(N) — k.
(1) Recall
-1
id
dsvs = (BN ®V 2N, g(N*) @ (B(N) V) — 22, (g(N) 9 B(N)) @V 220 v),

Now for fixed n > 0, the kernel of the induced map:
B(N*)®V — Hom(B(N)(n),V), a®v (b ®(a_i,b_1,v_1) " {ag, bo)vo) (3.6.1)

is @,,., B(N*)(m)®V. This means, if v e 7"V, then for each i > n, Agn+(B(N*)(i)®v) =0
by (3.6.1). On the other hand, if v € %, (V,Agy+)), this will imply §(v) € B'_, B(N)(i)®V. This
completes the proof of (1): F,Q(V) = F(V,Agn+)) = F"V.

(2) For the second statement, recall §g(y+) is given by

2
Sg(N*)2®idy Cg(N*),v

S = (V5 8(vy eV 2 Y, g(vy eV B(N*)®V), where & is defined by

a-l
B(N),B(N*),V W ®1dv
é

Asn = (BN oV 225, 8(N)® (B(N) V) (B(N)® B(N*)) @V ==Y V).
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By [52, Corollary 3.3.6, Lemma 12.2.11], (V,¢’) is B(N*)-comodule in Zy@, and we have:
F(V,8)=F"Q(V).

A similar argument to that in (1) shows that #,(V) = F"(V,8’). Combining these together shows
Fu(V)=F"(V,8") =F"Q(V).

(3) We regard B(N) and B(N*) as Z-graded Hopf algebras in Zyi). Let V=0, V(n) be
its gradation, and set Q(V)(n) =V (-n) for all n € Z. Then for m > 0, by definition of pg(y+), we
have

Ag(v (B(N*)(m) @ Q(V) (1)) = Ag(n+) (B(N*)(m) ® V(~n)) € V(-m—n) = Q(V(m+n)).
On the other hand, by definition of gy

S5v (V) (1) = 65(v+)(V(-n)) € D BN () @ V(i —n) = P B(N") (1) @ Q(V (n—1)).

i€Z i€Z

The above two equations imply that Q(V) is a well-defined Z-graded object in ﬁgﬁ:;yﬂ(cy O
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Chapter 4

Projections of Nichols algebras

Let H be a coquasi-Hopf algebra with bijective antipode. In this section, we study the projection
of Nichols algebras in ZMZ), which will play an important role when considering reflection of simple
Yetter-Drinfeld modules.

4.1 The structure of the space of coinvariants K

We first consider the projection of Nichols algebras for further study of reflection of Nichols
algebras.
For any M,N € ZMZ), there is a canonical surjection of braided Hopf algebra in ZMZ)

ngw) : B(IM®N) —» B(N), ngw) Iv=id, mgw) Im=0.
This surjection naturally induces a canonical projection of coquasi-Hopf algebras:
n=ngn#idy : B(M ®N)#H — B(N)#H.
To simplify our notation, we introduce the following conventions:
AMSN) =B(MaeN)#H, A(N) :=B(N)#H.

This projection allows us to construct the associated space of coinvariants. There is a natural
injection ¢ : A(N) — A(M @ N) such that ot =idg).

Let npy : AM®N) — H, and 7y, : A(N) — H be the natural projection. These maps satisfy
a compatibility condition, namely, there exists a commutative diagram relating these projections:

A(N)

L =
AM & N) d A(N)
Ty ﬂ-;-l

H



Let
K = A(M & N)©AW)

be the space of right A(N)-coinvariant elements with respect to the projection 7. By virtue of
Lemma 2.3.3, K inherits the structure of a braided Hopf algebra in AN y D with A(N)-coaction:

A(N)
0:K—>AN)®K, x_1®x9=:6(x):=m(x1)®x2,
and a linear map:
ad: AN)®K - K, a®x> ad(a)(x)=®(aix_1,S(a3)i,as)(arxo)S(asz);. (4.1.1)

Here, S denotes the preantipode of A(N). We have the following two observations.

Lemma 4.1.1. The space K coincides with B(M & N)<°BWN) | which is precisely the space of right
B(N)-coinvariant elements with respect to wg ().

Proof. Let X € K, then X1 ® 7y (X2) = X1 ®np,0n(X2) =X®1. Hence X € AMeeN)°H =B(Meo
N). Now, we assume X is homogeneous. Under this assumption, we have

X®1=(i[den)Aamen (X) = X'#2 @ n(X?) = X #x? @ mg(n) (X?).

On the other hand, consider the projection y =id#e : A(M & N) — B(M & N). Applying this
projection yields

X®l=(y®id)(X®1) = X'®rgn) (X?) = (i[d®rsw)) (Asmen) (X)).

This demonstrates that X € B(M & N)<°Z™) completing one direction of the proof.
Conversely, let X € B(M @ N) be a homogeneous element with

(id®rgn))Agman) (X) = X' @mgn) (X)) =X ® 1.
Since mg(y) is kG-colinear, we can deduce that
Xolel=X'ex’ergu(X?).
which implies X ® 1 = X '#x? ®7rg(N)(X2). Furthermore, observe that
(1Id®m)Aamen) (X#1) = X2 @ (X)) = X'#? @ gy (XD = X ® 1.

Therefore, we conclude that X € K, establishing the reverse inclusion.
O

Having characterized the coinvariant space K, we now turn our attention to its primitive ele-

ments. Indeed, the space of primitive elements of K remains an object in ﬁ%;yﬂ.
Lemma 4.1.2. The space of primitive elements P(K) ={x € K | Ax(x) =x®1+1Q®x} is a subobject

. A(N)
of K in ﬂ(N)J/Z).

Proof. Let Ak : K — K®K be its comultiplication map and AK—>K®K, x> 1ox+x®1. We
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consider the following map
A:K > K®K, x> Ag(x)—Ax).

A is a comodule map since both Ag and A are colinear. Furthermore, for all A € ?E%;yﬂ and
Xek,

Z(ad(A)(X)) =Ag(ad(A)(X))—ad(A)(X)®1-1®ad(A)(X)
=ad(A)(Ax(X)) —ad(A) (19X +X®1)
=ad(A)(Ak(X) - A(X)).

Therefore A is a morphism in ﬁ%y@. We conclude that P(K) is a subobject of K in ;Ex;y@,

because P(K) is precisely the kernel of the map A. O

One may expect that K is a Nichols algebra generated by ad(B(N))(M). The following lemma
establishes that ad(B(N))(M) is a subobject of K.

Lemma 4.1.3. Let M,N € ZMZ), K =(AMeN))°AN) " The standard Ny-grading of B(M & N)
induces an Ny-grading on
L :=ad(B(N))(M) = (P ad(N)" (M)
neN

A(N)

with degree deg(ad(N)"(M))=n+1. Then L is a Ny-graded object in AN)

: . . AN)
is a subobject of K in ﬂ(N)yZ).

YD. Moreover, L C K

Proof. Let a € N and x € B(M & N) be homogeneous elements. By equation (2.3.2), we have
ad(a)(x) =ax—ad(a-1)(x)ao.

The element ad(a)(x) is of degree deg(X)+1 in the Nichols algebra B(M & N). Moreover, we have

ad(N)"(M)nad(N)™(M) =0 for n # m. This implies the direct sum decomposition of L.
Since M C K and K € ﬁ%y@, we conclude that L =ad(B(N))(M) C K. Note that
ad(B(N))(M) C ad(A(N))(M). Conversely, since M € BY D, we have

ad(A(N))(M) < ad(B(N))(ad(H)(M)) < ad(B(N))(M).

Hence L =ad(A(N))(M).
It is clear that the map
ad: AN)®L — L

is well-defined since ad satisfies the first axiom of Yetter-Drinfeld modules. Furthermore, the map
ad : A(N)® L — L is Nyg-graded. Next, we want to show L is a A(N)-comodule. The comodule
structure is given by dg. For a € N and x € L. Since a is primitive in 8(M @ N), we have

Aﬂ(M@N)(a) =a_1®ap+a®l.
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By Lemma 2.2.4(1), a direct computation shows:

ok (ad(a)(x)) = pr((ad(az)(xo))-1,a4)gr(aix-2,8(as))(axx-1)S(as) ® (ad(as)(xo))o
= pr((ad(ao)(x0))-1,1)gr(a-2x-2,1)a_1x-1 ® (ad(ap) (x0))-1
+pr((ad(a_2)(x0))-1,a-1)gr(a-—sx_2,1)(a_3x_1)S(ao) ® (ad(a_2)(xo0))o
= a_1x-1 ®ad(ao)(xo) + pr((ad(a-2)(x0))-1,a-1)(a-3x-1)S(ao) ® (ad(a-2)(xo))o-

Sincexe L= @nzo ad(N)"(M). We proceed by induction on n. For n=0, note that ad(ag)(x¢) € L,
hence the first term lies in A(N)® L. For the second term, note that ad(a—_;)(xg) € M, sincea_, € H
has degree zero. Therefore (ad(a_3)(xg))o € M. Consequently, 6x(ad(a)(x)) € A(N)Q L.

Now we assume that for some fixed integer ng, we have §g(ad(a)(x)) € A(N)Q L for all
x € ad(N)" (M), where n’ < ng. Then for a € N and x € ad(N)™*!(M), since by definition
ad(N)™* (M) = ad(N)(ad(N)"™(M)), we have dg(x) € A(N)® L by the inductive hypothesis.
Thus ad(ag)(x¢) € ad(N)(L) € L. On the other hand, ad(a_»)(xg) € L as well. Since ad(a_»)(xp) €
@ggl ad(N) (M), we have (ad(a_>)(xg))o € L by inductive hypothesis. This completes the induc-
tion, and we show 6k : L — A(N)Q L is well-defined. The third axiom holds automatically since

L C K. Thus L is a Ny-graded object in ﬁ%y@ and is a subobject of K.

The following lemma is used to prove the semisimplicity of the object L in the case that
M is semisimple. It guarantees L to be a B(N)-comodule in ZJ/Z) via restricting the following
composition to L,

Ag(menN) Tg(N)®I

5. BMaN) 2", g(MaN) e BMeN) 2% g8(N) e B(MaN).

Lemma 4.1.4. For all x € L, we have Ag(pen)(x)—x®1 € B(N)® L.

Proof. Recall L = EB%NO ad(N)"(M). We proceed by induction on n. Now let a € N and x € M be
homogeneous elements. A direct computation yields:

Agmen)(ad(a)(x)) = Agmen) (ax — (ad(a-1)(x)ao))

=ax®1l+1®ax+a®x+ad(a_;)(x) ®ap—ad(a_1)(x)ap®1—-1®ad(a_1)(x)ap—ad(a_1)(x) @ ay
—ad((ad(a-1)(x))-1)(ao) ® (ad(a-1)(x))o
=ad(a)(x)®@1+1®ad(a)(x)+a®x—ad((ad(a—;)(x))-1)(ap) ® (ad(a-1)(x))o.

Note that x =ad(1)(x) € L. Since ad(a_1)(x) € L, we have (ad(a_1)(x))o € L by Lemma 4.1.3.
Therefore Ag(pen)(ad(a)(x)) —ad(a)(x)®1 € B(N)®L.

For a fixed m € Ny. We assume that for all y € ad(N)"™ (M), 1 <m’ < m, we have
Agmen)(y) —y®1 € B(N)®L.
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Now let @ € N and x € ad(N)™ (M) be homogeneous, we have

Agmen)(ad(a)(x)) = Agmen)(ax — (ad(a-1)(x))ao)
=(a®l+1®a)(x' ®x?)
~ ®(a_s,x,x%,)@((ad(a-4)(xy))-1, (ad(a-2) (x3))-1,a-1) y
®((ad(a—4)(x)))-2,a-3,x% )
((ad(a-4)(x)))o® ((ad(a-2) (x5))o) (1 @ ag+ap®1).

Since the term x® 1 lies in Aguen)(x), let us consider this expression separately. The term
ad(a)(x) ® 1 will occur in Ag(yen)(ad(a)(x)). Now the remaining terms are

®(a_3,x;,x2)
®((ad(a—2)(xy))-1,a-1,x%))
~ D(a_g,x' |, x%,)D((ad(a—s)(x}))-2, (ad(a—3)(x3))-2,a—2) «

®((ad(a-s)(xy))-3,a-4,x )P ((ad(a_s)(x)))-1. (ad(a—3) (x5))-1.a-1)
(ad(a-s)(xg))o ® (ad(a3) (x3))oao
~ ®(a_s,x!;,x2))®((ad(a—4)(xp))-2, (ad(a—z)(x(z)))—s,a—l)x
®((ad(a-4)(xy))-3,a-3,x,)

@((ad(a-4)(xy))-1, (ad((ad(a_2)(x3))-2) (a0))-1, (ad(a_2)(x5))-1)X
(ad(a_4)(x}))o(ad((ad(a—2) (x3))-2)(a0))o ® (ad(a—2) (x3))o.

> @l a2 agxg @ x+ (ad(a-) (x§))o ® aox]

xlex2#x®1

By assumptions,
Ag(M@N)(X) -x®1¢€ B(N) ®L.

Therefore the first term lies in B(N) ® L. For the third term, note that @ is convolution invertible,
thus the third term becomes

3 20 (i) o wadta ) (Do
®((ad(a—) (x}))-1,a-1,x%)) ‘ ‘

xlex2#x®1

Combining the second and third terms together yields

dD(a_3,xll,x%2) X )
xl®;x®l ®((ad(a—2)(x)))-1,a-1,x*) (ad(a—2)(xo))o ®ad(ao) (xp)-

By assumption, Y 1g 2401 X! ®x% € B(N) ® L, therefore this term lies in B(N)® L. The last term
belongs to B(N) ® L by similar reason, which completes the induction and proves the lemma.
m|

4.2 The semisimplicity of the object L

We now turn to the structural analysis of the object L, whose properties are useful to our
subsequent arguments regarding Nichols algebras.
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Recall that a graded coalgebra is a coalgebra C provided with a grading C = @meNo C™ such
that A(C™) C @Hj:m.C"@Cj. Let A;;: C" — C'® C/ denote the map pr; jA, where m =i+ j and
pr;;: C®C — C'®C’. More generally, if iy,...,i, € Ny and i1 +---+i, =m, then A;, _; is defined

by the commutative diagram

om A & CheChrg. - --@Cin
Jitjatetjn=m

AT
pril,-win

Ch'eChe. .- Cin

This framework naturally leads us to consider the maximal coideal in a graded coalgebra. For

notational convenience, we write A1 1 as Ajn. Let Ic(n) =ker(Ay») for all n > 1, and

.....

Ie=Plcn) =Plcm).

n>1 n>2

Note that I¢(1) =0 since A =id.

Lemma 4.2.1. [52, Lemma 1.3.13, Proposition 1.3.14]
(1) Assume that C is connected, that is, CY is one dimensional. Then Ic C C is a coideal of C.
(2) Assume that C is connected. Then the following are equivalent.

(a) C is strictly graded, that is, P(C) =C".

(b) Foralln>2, A : C" — (CH®" is injective.

(c) Foralln>2, Ap,_1:C"— C'®C™ ! is injective.

(d) Ic =0.

The following technical result provides the necessary machinery to analyze the semisimplicity
properties of L.

Lemma 4.2.2. [52,Proposition 13.2.3] Let C be an Ny-graded coalgebra, X an Ny-graded left
C-comodule, and Y a C-subcomodule of X. Let k >0 be an integer. Assume that the map
62(_](,,{ : X(n) > C(n—k)® X (k) is injective for all n > k, and Y is not contained in @l].:olX(i).
Then Y N, X (i) #0.

Lemma 4.2.3. If L’ C L is a non-zero A(N)-subcomodule, then L’ M # 0.

Proof. We begin by observing that 8(M & N) carries a natural left 8(/N)-comodule structure in the
category Zyi), defined via the composition:

Ag(meN) Tg(N)®i

5. B(MaN) 2", g(MaN) e BMeN) %% 8(N) e B(MaN).

Now let X € L, then §(X) € B(N)® L by Lemma 4.1.4, which implies that L inherits an Ny-graded
B(N)-comodule structure via the restriction of § : L — B(N)Q L.

Suppose X € L(n) for n > 1, consider the component map 6,-1,1 : L(n) » B(N)(n—-1)®L(1) =
B(N)(n—1)®M. By Lemma 4.1.4, Ag(pyen)(X) =X®1+B(N)®L, it follows that

On-1,1(X) = (Ag(man))n-1,1(X).
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As Nichols algebras are strictly graded connected coalgebras, the map (Agmen))n-1,1 is injective,
and hence so is 0,-1,1. We now apply Lemma 4.2.2 with C :%x;yZ), X=L, Y=L and k=1.
Since L(0) =0 by its gradation, we conclude that L'NL(1) =L’ NM # 0, which completes the
proof. O

Now we are ready to show the semisimplicity of L.

Lemma 4.2.4. (1) Assume M =P, ., M; is a direct sum in ZyD. Let L; =ad B(N)(M;) for all

i € I. Then we have such a decomposition in ?E%;y D

L:@L,-.

iel
(2) If M is irreducible in BY D, then L =ad (B(N)) (M) is irreducible in gE]NV;MZ).
Proof. (1) It suffices to show that the sum is direct. Suppose, for contradiction, that the sum is
not a direct sum. Then there exists an index k € I such that Ly N}, L; #0. By Lemma 4.2.3,
this implies
(LkaL,-)ka 0,
i#k

hence ;. Li N My # 0. But since My lies in degree one in Ly, we obtain

ZM,- NM; #0,
i#k
contradicting the directness of the sum M =P, M;.
(2) Now let 0# L’ C L be a subobject in ;‘Ex;yﬂ. Then L' M # 0 by Lemma 4.2.3. Fur-
thermore, L’ N M is a subobject of M in ZJ/Z). But M is irreducible in ZJ/Z), then L'"M =M.
Hence

L=ad(A(N))(M)=ad(A(N))(L'nM)C L,

which implies L’ = L. We conclude that L is irreducible. O

4.3 K is a Nichols algebra

We now proceed to prove that K possesses the structure of a Nichols algebra in an appropriate
Yetter-Drinfeld module category. To complete our analysis, we require an additional result concerning
coalgebra filtrations. Let C be a coalgebra. Recall that an Ny-filtration of C is a family of subspaces
Cy,, n >0, of C satisfying

» C, is a subspace of C,, for all m,n € Ny with n <m
= C= UneNo G,
» Ac(x) € Z;’zOCi@)Cn_i for all x € C,,, n € Ny,.

Lemma 4.3.1. Let C be a coalgebra having an Ny-filtration {C,},>0. Let U be a non-zero comodule
of C. Then there exists u € U\ {0} such that 6(u) € Co®U.

Proof. Let x € U\ {0}. Then there exists n € Ny with 6(x) € C,QU. If n =0, we are done. Assume
now that n > 1 and let g : C — C/Cy be the canonical linear map. Since C =, Cn is a coalgebra
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filtration, there is a maximal m € Ny such that
70 (X_m) ® -+ @mo(x_1) ®x¢ # 0.

Let fi,..., fm € C* with f|c, =0 for all i € {1,...,m} such that
y = fi(xom) - fm(x=1)x0 # 0.
Then 6(y) = fi(x—m=1) -+ fin(x=2)x_1 ®x9 € Co ® U by the maximality of m. O
Theorem 4.3.2. There is an isomorphism
K = B(L) (4.3.1)

of Hopf algebras in the category ﬁg%;ﬂ D. In particular, P(K) = L.

Proof. We endow a non-standard grading on B(M @ N) via setting deg(M) =1 and deg(N) =
0. Under this grading, B(M @& N) remains a Ny-graded Hopf algebra in gyz). Furthermore,
B(M & N)#H becomes a Ny-graded coquasi-Hopf algebra with deg(H) =0. Now we are going to
show K is a Nichols algebra by verifying the axiom in Definition 2.5.3.

(1) It follows directly that K inherits an Ny-graded Hopf algebra in gg%;y@ with K(n) =
KNn(B(MaN)#H)(n).

(2) We have K(0) =KN(B(M & N)#H)(0)=KN(B(M&N)(0) =k.

(3) Note that K(1) =KN(B(M @& N)#H)(1)=KN(B(M&N)(1)) =ad(B(N))(M)=L. We
are going to show K is generated by its degree one component L. Let K’ be the subalgebra of K
generated by L in ﬁ%y@, which is an object in ﬁg%;ﬂ@ with structures induced by tensor product
of L. Now we let W be the image of K’#8(N) under the isomorphism K#B(N) = B(M & N). It
suffices to show that W =8(M & N). Note that M ® N C W since M,N C W. Thus, we need only
verify that W forms a subalgebra of B(M & N).

The key observation is the stability of K’ under the map of B(N). Indeed, L itself is stable
under the map of B(N). Now consider arbitrary homogeneous elements y,z € L and a € A(N), by
(2.2.4),

ad(a)(y®z)
_ ®(a1,y-1,2-2)P((ad(a2) (yo))-1, (ad(a4) (20))-1,95))
®((ad(az)(yo))-2,a3,2-1)

(ad(a2)(y0))o® (ad(a4)(z0))o-

Since L is an object in ﬁg%;)].@, it follows that ad(a)(y®z) € LQ L. Thus K’ remains stable under
the map induced by B(N) by induction.

As both K’ and B(N) are subalgebras of B(M @& N), we only need to examine the case when
a € N and x € K’ . In this situation:

ad(a)(x) =ax—ad(a-1)(x)ap.

Since ad(a)(x) € K’ and ad(a-1)(x)ag € K'#B(N), we conclude that ax € K'#B8(N). Hence its
image lies in W. Thus W is a subalgebra of 8(M & N), which establishes that K is generated by L
. A(N)

in ﬂ(N)JIZ).
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(4) To show P(K) = K(1), that is, there is no primitive element in K(n), n > 2. Suppose, for
contradiction, that there exists a nonzero subspace U C P(K(n)) for some positive integer n. By

Lemma 4.1.2, U is an object in ﬁg%;)].@, since deg(N) =deg(H) =0. Now, consider the coalgebra
filtration on B(N)#H given by (B(N)#H)o=H, (B(N)#H), = H+N. Applying Lemma 4.3.1, we

find a nonzero element u € U such that dx(u) =u_1 ®ug € HQU. Note that

ok (u) = (r®id)Aamen) ().

Therefore
Aamen) () =u®1+u_j ®uo.

Applying the map id#e ®id, we obtain
Agmen) (1) = (id#e®id)A(u) = 1Qu+u®1,

which implies that u is a primitive element in 8(M @& N). However, since K(n) is generated by
L=ad(B(N))(M), the element u must have degree at least n in the standard grading of B(M @& N).
This leads to a contradiction, as primitive elements in a Nichols algebra lie in degree one.

O

4.4 From the Nichols algebra back to the space of coinvariants

We now turn to a converse of the preceding result under an additional restriction.

Let C be a coalgebra and D C C be a subcoalgebra. Let V be a left comodule of C with
comodule structure 6 : V — C®V. We denote the largest D-subcomodule of V by

V(D)={veV|§(v)eDV}.
A(N) —

Lemma 4.4.1. Let N BYD and W € Ay D- Assume that W = (H
into irreducible objects in ?EZ;M@(Z—GU\AE{). Let M =W(kG), and M; =MnNW; for all i € I.

(1) M =P, M; is a decomposition into irreducible objects in Zy D(Z-Gr My,).

(2) For all i € I, M; is the Z-homogeneous component of W; of minimal degree, and W; =
B(N) > M; = @nzON(gm > M;.

g Wi is a decomposition

Proof. Let W =, ., W(n) be the Z-grading of W in ﬁ%y@. Then M is a Z-graded object
in ZMD with homogeneous components M(n) = M NW(n) for all n € Z. It is clear that M =
@neZ @ie] M;(n) = @ieIMi' where M; =M NW; =W;(H).

We now show that each M; is an irreducible object in ZyD(Z—GrM]k) for each i € I. First,
by Lemma 4.3.1, we have M; # 0. Suppose 0 # M C M; is a homogeneous subobject in Zyi), and
let m; be the degree of M. Define

W, := B(N)> M.
Using a method similar to that in Lemma 4.1.3, one verifies that W/ is an Z-graded A(N)-
subcomodule. Moreover, A(N) > (B(N)>M)) C A(N)> M = B(N)> M;. Therefore W/ is a

Z-graded subobject of W; in ﬁ%y@. The object W/ is concentrated in degrees > m;, and its

degree m;'s component is exactly M. Since W; is irreducible, we must have W/ = W;. Therefore,
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M! =W NM =W;NM = M;, which establishes the irreducibility of M;. Moreover, M; is indeed the
homogeneous component of W; of minimal degree. Finally, for each i € I and n € Ny,

deg(N®” > M;) =n+deg(M,),

since the map B(N)#kG @ W; — W; is Z-graded. It follows that B(N)> M; = HN®" > M; as
n=0
required. m|

Theorem 4.4.2. [etN € Z.VZ) and (W,>,6) be a semisimple object in the category?lgx;y@ (Z-Gr My)
with linear map > : A(N)®W — W. Here A(N) is equipped with the standard Ny-grading. Let
B(W) be the Nichols algebra of W in ﬁg%;)]@ and define M = W(H). Then there is a unique
isomorphism

BW)#B(N) =B(M@a&N) (4.4.1)
of braided Hopf algebras in gy D which is the identity on M & N.

Proof. Let W = B,_,; W; be the decomposition of W into irreducible objects in the category
ﬁg%;y@(Z—Ger). Then M is an object in Zyi) with decomposition into irreducible objects
M =@, Mi:=P,.;MNW,;. Moreover, we have W; = B(N) > M; = P, N > M; for each
iel.

Let deg(M;) = m; for each i € I. We endow W; a new grading by W; = W; with

neNy

Wi(n) =W(n+m;—1)=N"""> M;, for all n e N,.

A(N)
A(N)

graded modules and graded comodules. Moreover, W(n) =0 for all n < 0. So the Nichols algebra

B(W) is an Ny-graded Hopf algebra in AN Y. Note that B(W) = B(W), as both are determined
A(N)

by the same module and comodule maps. Under this grading, W(0) =0 and W(1) = M, and the
degree zero and degree one part of the Nichols algebra 8(W) are

With the new grading, W = @HW,- remains an object in Y D since degree shifting preserves

BW)(0) =k, B(W)(1)=M.
Moreover, B(W)#(B(N)#H) is an Ny-graded coquasi-Hopf algebra, and
R :=B(W)#B(N) = (B(W)#(B(N)#H))°H

is a Np-graded Hopf algebra in gyz). Its degree O part is k, and its degree 1 part is M ® N.

We are going to show R is a pre-Nichols algebra in ZJD. It remains to show R is generated
by M@ N as an algebra in gy@. It is direct to see that R is generated by K(1) =8(N)> M and
N. It therefore suffices to prove that B(N)> M =P, N®" > M is contained in the subalgebra
generated by B(N) and M. To see this, we proceed by induction on n. For the base case, take
elements x € M and y € N. Inside the coquasi-Hopf algebra B(W)#(B(N)#H), we have

yx=(y1>x)y2=(y-1>x)yo+(y>x).

Since M € gyz) and y_; € H, the term y > x is contained in the subalgebra generated by B(N)

and M. Since B(N)> M is an object in ﬁg%g}/@, o(y>x) e A(N)Q (N> M). This implies terms
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like (y>x)o are contained in the subalgebra generated by B(N) and M. Let us fix k >0, for all
z€ B(N)(k’) and x € M, where k’ > k. We assume the element z>x as well as (z> x)g lie in the
subalgebra generated by B(N) and M, then for homogeneous y € N,

D(y_1,(z2>x0)-1,23)

(yz)>x= yo > (22> X0)o

D(y_2,21,X-1)
D(y_2,(z2>x0)-1,23)) D(y_1,(z2>x0)-1,23)
= — 1 (y=1> (22> x0)0) Yo — ! yo(z21> x0)o.
D(y_3,21,x_1) D(y_p,21,X-1)

By the induction hypothesis, (yz) > x lies in the subalgebra generated by 8(N) and M. Therefore,
R is generated by M & N, and hence a pre-Nichols algebra of M & N.

By the universal property of 8(M & N), there exists a surjective morphism of Ny-graded Hopf
algebras in #Y D:
p:R>BM®N),p |men=1d.

This induces a surjective coquasi-Hopf algebra map:
p#id: R#H — B(M & N)#H.
Let K = (B(M & N)#H)°BM#H  Then we obtain two bijective coquasi-Hopf algebra maps:
R#H — B(W)#(B(N)#H), K#(B(N)#H) — B(M & N)#H.
Then the map p#id thus induces a surjective map of coquasi-Hopf algebras
p i BW)#(B(NWHH) — K#(B(N)#H), p' |(men)=1id.

Moreover, the following diagram commutes:

B(W)#(B(N)#H) K#(B(N)#H)
egw)#idg(nyun ex#idgnyun
id
B(N)#H B(N)#H

since p |yen =1d. As B(N)#H acts on K via adjoint map. Theorem 4.3.2 implies that K =
B(ad(B(N))(M)). Therefore p’ induces a surjective map

¢ : B(W) — B(ad(B(N))(M))
A(N)
AN)

¢ |m=1d. Furthermore, there is a surjective map in ﬁg%;yﬂz

in Y D between the right coinvariant subspaces of egw)#idgv)un and ex#idgyysn, satisfying

¢1:B(N)>M — ad(B(N))(M), ¢ |u=id.
Since M = P, _; M; is a decomposition into irreducible objects in Zyi), each ad(B(N))(M;) is
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irreducible in ﬁ%y@. On the other hand, each B(N) > M; is irreducible as well. Thus ¢; is

an isomorphism in ?Eﬁg)]@, and it follows that ¢ is an isomorphism of Hopf algebra in ﬁ%y@_
Consequently, p#idy = ¢#id4(y) is an isomorphism of coquasi-Hopf algebras. Therefore,

p = (p#idy)°H : BW)#B(N) — B(M @& N)

is an isomorphism of Hopf algebras in £YD.
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Chapter 5

Reflection of Nichols algebras over
coquasi-Hopf algebra with bijective
antipode

In this chapter, we develop reflections of Nichols algebras over arbitrary coquasi-Hopf algebras
with bijective antipode. The reflection allows us to systematically relate different Nichols algebra
realizations through a well-defined transformation procedure.

5.1 Definition of reflection and basic properties

Fix a positive integer 6 and denote the index set I={1,2,...,0}.

Definition 5.1.1. Let ¥ denote the class of all 6-tuples M = (M, ...,My), where My,...,My €
Zy D are finite-dimensional Yetter-Drinfeld modules. If M € ¥4, we define

B(M) :=B(M; @& Mp).

Two tuples M, M’ € Fy are called isomorphic, denoted M = M’, if M; = M;. in Zyi) for all j. The
isomorphism class of M € ¥y is denoted by [M].

For 1 <i <6 and M € ¥y, we say the tuple M admits the i-th reflection R;(M) if for all
J #1 there is a natural number mf‘;l > 0 such that (adMi)m?f (M;) is a non-zero finite-dimensional

subspace of B(M), and (adM,-)ml[“fH(Mj) =0. Assume M admits the i-th reflection. Then we set
R;(M) = (Vy,...,Vy), where

J' =

M, if j =i,
(ad M) (M), if j #i.

Such a question arises naturally: how do the irreducibility properties behave under reflections?
The following result provides a reassuring answer.

Lemma 5.1.2. Suppose M € Fy admits the i-th reflection for some i € I, and M; is irreducible for
each j €. Then each R;(M); is irreducible in Zy@ for1 <j<6.
Proof. By definition, R;(M) is defined, thus R;(M); = M} is irreducible since M; is. For j #1i,

we observe that ad(B8(M;))(M;) = @”m:i{)ad(Mi)”(Mj). Consider the embedding H — A(M;) and
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the projection A(M;) — H. The object ad(M;)™(M,) belongs to Zy@. Moreover, it is obvious
that ad(B(M;))(M;) is generated by ad(M;)" (M;) as a A(M;)-comodule. Now suppose 0 # P C
ad(M;)™ii(M;) is a Yetter-Drinfeld submodule in Zy.@. Let (P) be the A(M;)-subcomodule of
adB(M;)(M;) generated by P, defined explicitly as

(P) :={(f.x-1)xo | x € P, f € Hom(A(M;), k) }.

We want to prove (P) is a Yetter-Drinfeld submodule of ad B(M;)(M;) in g%ﬁ;ﬂ@. To see this,
for all a € A(M;) and x € P, by Lemma 2.2.4,

ad(a) ((f,x-1)x0) = (f,x-1)ad(a)(xo)
=(f,pr(S(a1),(ad(a4)(x0))-1a6)qr(a3,x_1)S(az)((ad(a4)(x0))-2as))(ad(as)(xo))o.

One may view s := p;(S(ay),—-ae) and 1 :=(f,qr(as,x-1)S(az)(—-as)) as two linear functions,
thus

ad(a) ((f,x-1)x0) =15 ((ad(a4)(x0))-1) (ad(a4)(x0))o-

Hence ad(a)({f,x_1)x9) € (P). This ensures the first axiom of a Yetter-Drinfeld module, and the
third axiom holds automatically. Therefore (P) is a Yetter-Drinfeld submodule of ad B(M;)(M;) in

A(M;)
A(Mi)yZ).
Since ad(B(M;))(M;) is irreducible in ﬁg%;;yi) by Lemma 4.2.4 (2), and P # 0, we have

(Py=ad(B(M;))(M;). It is direct to see that (P) = @Z’(f) (PYNB(M;®M;). Then
P= <P> N B™Mi (Ml D Mj) = adB(M,)(MJ) ﬂBmij(M,‘ @Mj) = ad(M,-)m"f(Mj).
This establishes the irreducibility. O

Lemma 5.1.3. Suppose M € Fy and M admits i-th reflection for each i € 1. We define ag’l =2 for

all 1 <i <6 and define af‘f = —mf.JV.’ , then (afj".’ )ije1 is a generalized Cartan matrix.

Proof. To establish this result, we need only verify: if 1 <i < j <@ such that al’.‘f =0, then a% =0.

Let X € M;,Y € M; be homogeneous. A direct computation yields:

Ay (ad(X)(Y)) = Ag () (XY = (ad(x) (Y))X)
=(1X+X01)(1®Y+Y®1)—(ad(x)(Y)®@1+1®ad(x)(Y)) (18X +X®1)
=XY®1+X®Y+1®XY+ad(x)(Y)®X
—ad(x)(Y)® X —ad(x)(¥Y)X®1-1®ad(x)(¥Y)X —ad(xyx ") (X) ®ad(x)(Y)
=ad(X)(Y)®1+1®ad(X)(Y)+X Y -c2(X®Y).

Note that af.‘J/.I =0 implies ad(X)(Y) =0, from which we deduce X ®Y —c?(X ®Y) =0. This establishes
(id—cz)(M,-®Mj) = 0. Furthermore, we have (id—cz)c(Mj®M,-) = 0. Since the braiding c is
invertible, it follows that (id—c?) (M;®M;) =0. Consequently, Ag(y)(ad(Y) (X)) =0in B(M;&M;),
for all X € M;,Y € M;, which implies ad(Y)(X) =0. We conclude that a% =0, as required. O

Lemma 5.1.4. Suppose M = N in Fy, if M admits the i-th reflection for some i € I, so does N.
Furthermore, R;(M) = R;(N) and af.‘J’.I = ag for each j € 1.
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Proof. Let ¢ : M — N be an isomorphism of tuples with each component ¢;: M; — N; an iso-
morphism of Yetter-Drinfeld modules. We first demonstrate that ¢; induces a unique morphism
B(¢i) : B(M;) = B(N;).

The tensor algebra map T(¢;) : T(M;) — T(N;) is a morphism of bialgebras in Zy@. Since
T(¢;) is a Ny-graded coalgebra map, it sends the coideal 1(M;) = @nZZ ker(d1») to I(N;). Hence ¢;
descends to a well-defined morphism B(¢;) : B(M;) — B(N;). This morphism is Ny-graded, as its
restriction to each homogeneous component B(V)(n) is induced by ¢lf®”. Explicitly, for any n € Ny
and v,¥1,...,Yn € Ng with y =y +---+7y,, we have

B(¢)(V(y)--V(yn) =i(V(y1) -+ ¢:(V(yn)) S BW) ().

The claim on the surjectivity of B(¢;) is immediate, while injectivity follows from the equation
Apng?" = ¢7" An

for all n € Ny. We thus obtain an equivalence of categories: ﬁ%yﬂ ~ gglef;MZ). Foreach j #i€l,

ad(B(¢:))(¢;) : ad(B(M;))(M;) = ad(B(N;))(N;)
. . . . . A(Mi) . mM ~ mM
is an isomorphism of Ny-graded objects in A(M,).VZ). In particular, ad(M;)"/ (M;) =ad(N;)" (N;) €
HYD and ad(N;)" "' (N;) = 0. This establishes both a2 = a¥ and R;(M) = Ri(N). O

5.2 Main result

Recall from Remark 2.4.2, let A be a Hopf algebra in gyz) with bijective antipode, we have
such a braided monoidal isomorphism

F:AYD(C) =411y pD.

Now restricting to rational Yetter-Drinfeld modules, we denote the image of F by A#HJ/Z)rat, which

A#H
: : A#H
is a monoidal full subcategory of 43 ;Y D.

From now on, we always fix a tuple M = (M,...,My) € Fy, with each component M; being
irreducible for i € I. By Corollary 3.5.1, we have such a braided tensor equivalence for each i € I

B(M;)

L B(M;)
2, yD(C)rat — B(M;)

ey YD(C) . (5.2.1)

By abusing notation, we again denote the following monoidal equivalence by €;.

B(M?)
B(M?)

_ AL

A(M;) ~ B(M;) ~
ID, IDO),, — = A

A(M;) ¢~ B(M;) yD(C)rat

YD
rat
Lemma 5.2.1. The following are equivalent:
(1) M admits i-th reflection for some i € 1.

coB(M;) A(M;)
(2) B(M) belongs to A(Mi)y@rat'

Proof. (1) = (2): Let W = @jiiMf' and define Q =ad B(M;)(W). By Lemma 4.2.4, we have the

decomposition Q = P ., Q;, where each Q; =ad B(M;)(M;) is irreducible in AMD) vy, Applying

J#i A(M;)
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Theorem 4.3.2 yields an isomorphism of Hopf algebras:
B(M)©BM) ~ B(Q).

Now by assumption, there is an integer m such that ad(M;)" (W) =0. This implies that ad(M;)"(Q) =
0. Thus Q is rational, thus B(Q) as well as B(M)°3M are rational by Lemma 3.1.3(3).

(2) = (1): The condition (2) implies that Q is rational in ﬁ%ﬁ;y@. Furthermore, M admits
the i-th reflection by definition. O

Lemma 5.2.2. With above assumptions on M, and suppose M admits the i-th reflection with
Ri(M)=(Vy,....,M},...,Vy), then the following equalities hold.

m,-j

ad(B(M;)(M;)) = @ ad(M)"(M;), Vi =Fo(adB(M;)(M;)),
=0

Q;(ad(B(M;)(M;))) = @ad(M,-*)"(Vj), M; = ad(M;)"™ (V)).
n=0

Proof. The first equality follows directly from the decomposition:

ad (B(M;)(M;)) = ) ad(M,)" (M;).

n>0

For the second statement, the inclusion V; € Fo(adB(M;)(M;)) is immediate. Suppose, for
contradiction, that the containment is proper. Then there exists a nonzero X € ad(Ml-)l(Mj) for
0 <1< m;;—1 such that X € Fy(adB(M;)(M;)). The Yetter-Drinfeld submodule generated by X
is contained in @izoad(Mi)k(Mj). However, since V; # 0, and ad(8(M;)(M;)) is irreducible in

‘:%’:;yﬂ by Lemma 4.2.4(ii), this leads to a contradiction. Hence, V; = Fo(ad B(M;)(M;)).

For the third statement, we consider the category ﬁ%‘:;y@(Z—Ger) by setting deg(My) =1
for 1 <k <6. Then ad(Mi)l(Mj) has degree [+1 for 1 </ <m;;. By Lemma3.6.3, Q,-(ad(M,-)l(Mj)) =

ad(M;)!(M;) is Z-graded with deg(Q;(ad(M;)'(M;))) = —1—1. Moreover,

FOQi(ad B(M;) (M) = Foad B(M;) (M) = ad(M;)" (M;) = V.

Since Q;(ad(B(M;)(M;))) is irreducible in ﬁ%’:;)]@, with the minimal degree part V;. By Lemma
441, ’
m,'j
Qi (ad (B(My)(M;))) = ad (B(M])(V))) = P ad(M])" (V).
n=0

In particular, we have
M; = F2ad B(M;)(M;) = Foad B(M;")(V;) = ad(M;)™1 (V).
O

The next theorem gives a natural explanation of reflections of tuples of Yetter-Drinfeld modules.
Although the proof strategy parallels that of Hopf algebra cases, we include the details here for the
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sake of completeness and the reader’s convenience.

Theorem 5.2.3. With above assumptions on M, and suppose M admits the i-th reflection, then
there is an isomorphism of Hopf algebras in gy D:

0 : B(R;(M)) = & (B(M)COB(Mi))#B(Mi*). (5.2.2)
Proof. Let N = @j#Mj, and define Q =ad B(M;)(N). By Lemma 4.2.4(1), we have the decompo-
sition Q = @j# Q;, where each Q; =adB(M;)(M;) is irreducible in Q%Z;VD. Applying Theorem

4.3.2 yields an isomorphism of Hopf algebras:
B(M)©BM) =~ B(Q).

Now observe that the functor €; sends Nichols algebras to Nichols algebras by Corollary 3.5.3.
Therefore,
Q (B(M)*EM)) = Qi(8(0)) = B((0)).

Hence, in the category #Y D,
0, (B(M)COB(M")) HB(M?) = B(Q:(Q)#B(M)).

Since Q is a direct sum of irreducible objects, it is semisimple. The equivalence Q; preserves

A(M?)yZ)(Z—GrM]k) by Lemma 3.6.3(3). Then we

semisimplicity, so €;(Q) is also semisimple in AM®)

apply Theorem 4.4.2 to obtain
B(Q,(Q)#B(M)) = B(F(u(0) 8 1 ).

According to Lemma 5.2.2 and Lemma 3.6.3(2), F(Q:(Q)) = Fo(Q) = @j#Vj. Thus

Bviem;

J#

B(Qi(Q)#B(M;) = B = B(Ri(M)).

Combining the above isomorphisms, we conclude that in ZMZ), there is an isomorphism of Hopf
algebras:

O B(R(M)) = ©; (B(M)“EM ) 48().

O

Having defined individual reflections, we now extend this notion to sequences of reflections,
which will be important for our study of repeated reflections of tuples.

Definition 5.2.4. Let M € ¥y, with each M; is irreducible fori €. Forl € Ny and iy,i>,...,i; € L.
(1) We say M admits the reflection sequence (i1, i, ...,i;) if =0 or M admits the i -th reflection
and R;, (M) satisfies the reflection sequence (i,i3,...,ij).
(2) We say M admits all reflection sequences if M admits reflection sequence (iy,i»,...,i;) for
alll e Ny and iy,is,...,i; €.
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For M € ¥4 admitting all reflections, we denote
Fo(M) = {Ri, (..(Ry, (M))...) | 1 € No, iy € T).

Definition 5.2.5. Let I be a non-empty finite set, X a non-empty set, r : IxX — X, A: IXIxX —>Z
maps. For alli,j €l and X € X we write r;(X) =r(i, X), al.)j =A(i,j,X) and AX = (aé)i,jd e 7™
The quadruple G = G(I, X, (ri)ie1, (AX)xex) is called a semi-Cartan graph if for all X € X, the matrix
AX is a generalized Cartan matrix, and the following axioms hold.

(CG1) For alli €1, the map r; satisfies ri2 =idy.

(CG2) Foralliel, X e X, AX and A" %) have the same i-th row.

As a consequence of Theorem 5.2.3, we obtain the following corollary.

Corollary 5.2.6. Let M = (M,,...,My) € Fy with each component M; is irreducible.
(1) For each i €1, suppose M admits i-th reflection, then R;(M) admits i-th reflection. Fur-
thermore, we have:

R*(M) =M, (5.2.3)
and
R;(M
all =afi™, (5.2.4)

forall1<j<86.
(2) Suppose M admits all reflections. We define the set

X={[P]| PeFo(M)},

and the map
r:IxX — X, ix[X] — [Ri(X)].

Furthermore, we assume each B(P;) is finite-dimensional for P € X and i €1, then
G(M) = (LX,r,(A%)xex),
where AX] = (Clgj-)i’je]l for all [X] € X, is a semi-Cartan graph.
Proof. (1) By Lemma 5.2.2, R{(M) = (V1,...,M,...,Vy). Note that
adB(M;)(V;) =Q; (adB(M;)(M;)).

It follows that "
adB(M?)' i (V) =0,

which implies that R;(M) admits i-th reflection and af.‘j’.’ :af;."(M) for all j #i. It is clear that the
i-th position of R?(M) is isomorphic to M;. For j #1,

Fo (ad B(M;)(V))) = Fo (i (ad (B (M;) (M))))) = F° (ad(B(My))(M;)) = M;.

Therefore R?(M); = M; for all j #i, and hence R?*(M) = M.
(2) It follows by (1) and the definition of semi-Cartan graph. o
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5.3 A criterion for finite-dimensional Nichols algebras

Building upon the framework developed in the preceding sections, we now present some appli-
cations of the semi-Cartan graph theory for Nichols algebras over certain coquasi-Hopf algebras. We
establish several criteria that connect the finite-dimensionality of a Nichols algebra to the finiteness
and structure of its associated semi-Cartan graph and Weyl groupoid. Then we apply this theory to
provide a new proof for the key result in [60].

We still work on the setting of ZMZ), where H is coquasi-Hopf algebra with bijective antipode.
Now fix a positive integer § and denote the index set I={1,2,...,0}. Let M = (M,...,My) € Fy.
We endow a Z’-grading on B(M) by setting

deg(M;)=a;, 1 <i<6,

where @;, 1 <i <6 are the standard basis of Z?. For each 8 € Z?, define the homogeneous component
B(M)g={x € B(M) | deg(x) =B}, and the support of B(M) as

SuppB(M) :={B€Z’ | B(M)g # 0}.
Lemma 5.3.1. For eachi €], suppose M admits i-th reflection,

Supp B(M) U Supp B(M™) = Supp B(R;(M)) USuppB(R;(M)"), (5.3.1)
st (Supp B(M) U Supp B(M*)) = Supp B(R;(M)) U Supp B(R;(M)"). (5.3.2)

Proof. Regarding B(M) as an Ny-graded object in gy@, by [79, Lemma 2.6] the graded dual of
B(M) is isomorphic to B(M*). We thus obtain an isomorphism of Ny-graded objects in ZyD:

B(M)®B(M*) = K; @ B(M;) @ K& """ @ B(M]).
Similarly, for the reflected tuple, we have
B(Ri(M)) ® B(R(M)*) = K, ® B(M}) 9 K& " © B(M;).

Since A® B= B® A as Z’-graded vector spaces. the supports on both sides coincide, which
establishes the first claim.
The second claim follows directly from the definition of slM. O

Next, we show that reflections preserve the dimension of Nichols algebras.

Lemma 5.3.2. Suppose dim B(M) < oo, then M gives rise to a semi-Cartan graph, and dim B(R;(M)) =
dimB(M) for each i €1.

Proof. For each i €I, as vector spaces, we have the isomorphism B(M) = K; ® B(M;). Therefore
K; is finite-dimensional, and ad(8B(M;))(M;) is finite-dimensional for each j € I. It follows by
definition that M admits the i-th reflection. Applying the equivalence Q;, we obtain Q;(K;) =K, €
/:EZ’Z;LVZ) and B(R;(M)) = K; ® B(M) as vector space. Since B(M;) is finite-dimensional, we
have dimB(M;) = dimB(M}). Therefore dimB(R;(M)) = dimB(M) for each i € . By iterated
reflections, M admits all reflections and gives rise to a semi-Cartan graph. O
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Before we state the next lemma, we recall the definition of a finite semi-Cartan graph.

Definition 5.3.3. We denote by D(X,End(Z")) to be the category with objects Ob D(X,End(Z")) =
X, and morphisms
Hom(X,Y) ={(Y,f,X) | f € End(Z")},

where the composition of morphisms is defined by
(Z,8,Y)o(Y,f,X)=(Z,gf.X), forall X,Y,Z € X, f,g € End(Z").
Let a;, 1 <i <0 be the standard basis of Z', and
le € Aut(Zh), le(a/j) =a;— aga/,-, for all j.

We call the smallest subcategory of D(X,End(Z")) which contains all morphisms (ri(X),le ,X)
withiel, X € X the Weyl groupoid of G, denoted by ‘W (G).

Definition 5.3.4. Let G = (I,X,r,(AX)xex) be a semi-Cartan graph. For all X € X, the set
A = {w(@;) € Z' | w e Hom(W(G), X),i € I}

is called the set of real roots of G at X. We call the semi-Cartan graph G is finite, if A is finite
for all X € X.

We now relate the finiteness of the Nichols algebra to the structure of the associated semi-Cartan
graph.
Lemma 5.3.5. Suppose B(M) is finite-dimensional, then the semi-Cartan graph G(M) is finite.

Proof. Let W=M;&---® My. Clearly, the homogeneous degrees of elements in W lie in the union
W C SuppB(M) U SuppB(M*). For 1 < j <86, we apply equations (5.3.1),(5.3.2), together with
the fact that R*(M) = M to obtain

st (ay) € s5 (Supp B(M) U Supp B(M™))
= 55" (Supp B(R;(M)) USupp B(R;(M")))
= Supp B(M) U Supp B(M™).

We recall that every element w € Hom(“W(G), M) can be expressed as an iteration of simple reflec-
tions. It follows that AY" C SuppB(M) U SuppB(M*). Now, since B(M) is finite-dimensional,
the set SuppB(M) is finite. Moreover, as vector spaces, B(M) = B(M*)e-da 5o Supp B(M*) is
also finite. Combining these observations, we conclude that A is finite. The same reasoning
applies to any N € X: we have

AN C Supp B(N) U Supp B(N*).
Then AN is again finite by Lemma 5.3.2. Therefore, G(M) is a finite semi-Cartan graph. O

Lemma 5.3.6. [45, Lemma 5.1] Suppose G = (I,X,r,(AX)xcx) is a semi-Cartan graph. Then G
is finite semi-Cartan graph if and only if the Weyl groupoid ‘W (G) is finite.
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Definition 5.3.7. Suppose G = (IX,r,(AX)xex) is a semi-Cartan graph. If AX = AY for all X,Y €
X, then G is called a standard semi-Cartan graph.

The proof of the next theorem is similar to that in the Hopf algebra situations; we write it down
here for completeness.

Theorem 5.3.8. Let M =(M,,...,My) € Fg, where each M; is irreducible for alli € I. IfdimB(M) <
oo and G(M) is standard, then AM must be a finite Cartan matrix.

Proof. Since dimB(M) < oo, Lemma 5.3.5 implies that G(M) is a finite Semi-Cartan graph. By
Lemma 5.3.6, W(G(M)) is finite, in particular, Hom(‘W (G (M))) is finite.

Let W(AM) be the Weyl group of the Kac-Moody Lie algebra of the Cartan matrix AM. Note
that
w(AM) = (slM eAut(Z%) |1 <i<#).

Since G(M) is standard, we know that
Hom(W(G(M))) — W(AM), (Y,5,X) s

is well-defined and surjective. Therefore W(AM) is finite, which implies that A is of finite type. O

Proposition 5.3.9. Let M = (M,,...,My) € Fg with each component M; is irreducible. Suppose
M admits i-th reflection, then

GKdim B(M) = GKdim B(R;(M)).

Proof. Since M; is finite-dimensional, the Nichols algebra 8(M;) is finitely generated in degree 1.
Consequently, the Gelfand-Kirillov dimension is well-defined. Now that M admits i-th reflection, we
have

B(M)©EM) (1) = (] (ad B(M:)) (M)
J#
is finite-dimensional. We have B(M) ~ B(M)°EM)#B(M;) by Theorem 5.2.3. Further, B(M)EM:)
is generated by B(M)©°B3Mi (1) by Theorem 4.3.2. Then we have B(M)°EM (1) + M; generates
B(M) and B(M)COB(Mi)(1)+Mi* generates Qi(B(M)COB(Mi))#B(Mi*), and

n
(B(M)®EM) (1) 4+ M) = @B(M)C()B(Mﬂu)"—k#Mik in B(M)*°EMgg(M,),
k=0

(BOD©FM (1) +M7)" = D BOH©TM () (M) in Qu(BM)©TM)#B(M))
k=0

for all n, where Ml.k means k-fold product of M; in B(M;). Recall that both B(M;) and B(M)
are finitely generated Ny-graded algebras, and there is a non-degenerate dual pairing between them
which is compatible with the grading. Thus dili.l = dim(Mi*)l < oo for all [ € Ny. Therefore the
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definition of GKdim implies that

| i M coB(M;) 1 M; n
GKdim B(M) = limsup ogdim(B(M) (1) +M;)

n—oo IOgI’l
logdim(B(M)©BM (1) 4 M>)" ,
= limsup gdim(5(M) () +M;) = GKdimQ;(B(M)©°ZMN4B(M?).
00 logn !

Hence the theorem holds since B(R;(M)) =~ Q;(B(M)°BM\#B(M:) as Hopf algebras in LY D.
O
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Chapter 6

On gauge equivalence of twisted quantum
double

We study the quantum double of a finite abelian group G twisted by a 3-cocycle and give a
sufficient condition for when such a twisted quantum double will be gauge equivalent to an ordinary
quantum double of a finite group. Moreover, we will determine when a twisted quantum double of
a cyclic group is genuine.

6.1 Twisted quantum doubles

We recall the definition of the twisted quantum double for the sake of completeness of the
thesis.

Definition 6.1.1. The twisted quantum double D®(G) of a finite group G with respect to the
3-cocycle ® on G is the semisimple quasi-Hopf algebra with underlying vector space (kG)* ® kG in
which multiplication, comultiplication A, associator ¢, counit &, antipode S, a and 8 are given by

(e(g) ®x)(e(h)®Yy) =04(x,y)04x ne(g) ®xy,
Ale(g)®x) = Z ve(hk)e(h)®@x®e(k)®x,
hk=g
¢= Z D(g,hk) 'e(g)®1®@e(h)®1®e(k)®1,
g.hkeG
S(e(g)®x) =01 (x,x ) yi(g. g H e g ) @x7!,

s(e(g)®x) =051, a=1, B=) d(gg ' ge(®®l,
geG

where {e(g)|g € G} is the dual basis of {g € G}, and 6,1 is the Kronecker delta, g* =x"'gx, and

®(g,x,y)D(x,y, (xy) gxy)
®(x,x 1gx,y) ’

O (x,y,g)P(g, 87 xg, g7 vg)
D(x,2,87'yg)

Hg(x’y) =

Ye(x,y) =
for any x,y,g € G.
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6.2 Module category and categorically Morita equivalence

Module categories are important tools in the theory of tensor categories. It is parallel to module
theory over a ring. lIts definition is similar to that of a tensor category, see [35, Definition 7.1.1]
for explicit definitions. The theory of categorically Morita equivalence is a categorical analogue of
Morita equivalence in ring theory, which plays an important role in the theory of module category.

Definition 6.2.1. Let C be a tensor category with enough projective objects. A module category
A over C is called exact if for any projective object P € C and any object M € ./ the object P® M
is projective in M .

For an exact indecomposable right module category, one can form the dual category C’, :=
Func (M, ), that is, the category of module functors from . to itself. It is known that C7, is
also a tensor category.

Definition 6.2.2. Let C, D be tensor categories. We will say that C and D are categorically Morita
equivalent if there is an exact indecomposable C-module category ./ and a tensor equivalence
DoP =C* .

/A

Here is a basic example of categorically Morita equivalence.

Example 6.2.3. Let G be a finite group and let C = Vecis. The category Vec is an exact Vecg-
module category via the forgetful tensor functor Vecg — Vec. Consider the dual category (Vecg)y,,-
By definition, a Vecg-module endofunctor F of Vec consists of a vector space V := F(k) and a
collection of isomorphisms

¥, € Hom(F (5, ®k),5,® F(k))) = Endg (V).

By axioms of module functors, the map g+ vy, : G — GL(V) is a representation of G on V.
Conversely, any such representation determines a Vecg-module endofunctor of Vec. The homomor-
phisms of representations are precisely morphisms between the corresponding module functors. Thus,
(Vecg)ye. = Rep(G)®P, i.e., the categories Vecg and Rep(G) are categorically Morita equivalent.

6.3 On gauge equivalence between D®(G) and D(G’)

Throughout this section, let G =Z,,, X Z,, X - -+ X Zy,, with m; | mj; for 1 <i <n-1 and ® be
a normalized 3-cocycle with the following form:

i i J1 J ki k s alil[jml ] aSlkS[i,';tj,] arstkr Jsit

n _ rstKr]s
(I)(gl "'gnn’gl 1 8n -8 "'gnn) - | |(m1 | | g’"s‘ | | g(mr,ms,m,)' (631)
=1 1<s<t<n 1<r<s<t<n

We first recall the result of categorically Morita equivalence in [85]:

Lemma 6.3.1. [85, Theorem 3.9] Let G and G’ be finite groups, n € Z*(G,C*) and 7} € Z*(G’,C")
be normalized 3-cocycles. Then the tensor categories Vecg and Vecg, are categorically Morita
equivalent if and only if the following conditions are satisfied:

(1) There exist isomorphism of groups:

¢:H>;Ki>G, ¢ HxK— G’ (6.3.2)
F
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for some finite group K acting on the abelian normal group H, with F € Z*(K,H) and F € Z*(K, H)
where H := Hom(H,C*).
(2) There exists € : K> —> C* such that

FAF =6ge. (6.3.3)

Here F A F (k1. ko, k3, ks) == F(ky, ko) (F(k3,ks)).
(3) The cohomology classes satisfy the equations [¢*n] = [®] and [¢"* 7] = [®’] with

@ ((h1, k1), (ha, ka), (h3,k3)) = F (k1. ka) (h3) & (ki k2, k3),
D" ((p1.k1) . (p2,k2), (p3,k3)) := & (k1, ko, k3) p1 (F (K2, k3)) .
For simplicity, we will regard @ (resp. @) as a normalized 3-cocycle on G and H =K (resp. G’
£

(6.3.4)

and I:I\>jK ) simultaneously in what follows. A simple but useful application of this lemma is the
2
following:

Corollary 6.3.2. Let G be a finite abelian group. If Vecc(l;> is categorically Morita equivalent to
Vecg for a finite group G’, then

(i) The choice of € in Lemma 6.3.1 must be e(ky,ka,k3) =1 for all ki, k», k3 € K.

(ii) The crossed product G = H >I;1K in Lemma 6.3.1 is actually a direct product. That is, the

decomposition of G must be of the form G = HX K for an abelian normal subgroup H.

Proof. Suppose Vec‘g is categorically Morita equivalence to Vecg:. By Lemma 6.3.1, There exists
isomorphism of groups: H?K = G, ﬁ>jK =, G’ for abelian normal subgroup H of G. By
F

assumption, the normalized 3-cocycle @ of G’ is trivial. That is

' ((p1,k1),(p2,k2),(p3,k3)) =& (ki, ko, k3) p1 (F (ko,k3)) =1

for all k],kz,k3 € K and P1,P2,P3 € ﬁ
We first assume ¢ is nontrivial, then there exist k’,k”, k" € K such that e(k’,k”, k") # 1, then

@’ ((1ﬁ7k/) » (PZ»k”) s (PSa k”,’)) = 8(k,’k//’k,,/)1ﬁ (F(klakZ)) = 8(k,’k”’k”/) # 1.

This implies @ will never be identically equal to 1, which is a contradiction.

Suppose the crossed product is not a direct product. Then F € Z*(K,H) is nontrivial, and
there exist k’, k” € K such that F(k’,k”) # 1. So we can choose a character p € H such that
o (F(k’,k”)) # 1 and consider the ratio

' ((p, k1), (1g.k2) . (15.k3))
' ((1g.k1), (1g.k2), (15, k3))

Thus one of the values of @’ cannot be one. This leads to a contradiction as well. m|

=p (F(ki,k2)) # 1.

Keeping the notation above, we will give a sufficient condition for categorically Morita equiva-
lence between Vecg and Vecg: in this subsection. Now let G = Z,,, X Z,,,, X - - - X Z,,, with m; | m;y;
for 1 <i<n-1. The 3-cocycle @ as in (6.3.1).

Q = (a15a2’ ---aal9 '--9an’a129a139 ---’ast» ---’an—l,n’a123a ---9a}’St’ ---an—Z,n—l,n) e d
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where 0 < a; <my, 0 < agy < (mg,my), 0< ag < (m,,mgs,m;). For a fixed a € o/, define the following
sets:

Ay ={ila;j #0,1<i<j<n},  Ay:={ilaj#0,1<i<j<k<n},
By :={jla;j #0,1<i<j<n},  By:={j,klajx#0,1<i<j<k<n}.

Let A=A{UA,, B=B;UB)>.

Theorem 6.3.3. Let G be a finite abelian group and ® is a normalized 3-cocycle on G as in (2.6.1).
If

(i) ai=0 forall 1 <i<n,
(i) ANB=0.

Then Vech) is categorically Morita equivalent to Vecg for a finite group G’.

Proof. Let a; =0 for all 1 <i <n and ANB=0. Denote I ={1,2,---,n}. Clearly A,BCI. Now

take H = [[Z;, = [1(g), and K= [] Z,, = [] (g;), then G = Hx K. Define
i€A i€A Jel\A jeI\A

[ 1w [1ear]= |] () U [T OCuymeimmdi

mel\A menA r<q r<s<t
PEAL,qEB, reAy,s,teB,

where x, € Zm: is primitive. F lies in Z2(K,H) by direct computation. We are now going to show
Vecg is categorically Morita equivalent to Vecy..x by Lemma 6.3.1:
F

Equation (6.3.2) is satisfied. If we set & : K> — k* to be identically 1, then (6.3.3) is satisfied
since ' AF(ky, ko, k3, ks) =F(ky,ky) (F(k3, ka)) =1=06ge. Note

l +]q
. . a ..
1] I Jn ki k _ rq p mg arstkr]slt
(D(gl N gn”,g] "8n -8 '“g”n) B I I Emp é;(mr,ms,mt)
1<p<g<n 1<r<s<t<n
l +]q
— | | apq p mq | | évaritkrjsit
N (my,mg,m;)
P<q r<s<t
pEAL,qEB; r€Ay,s,t€B;

since a,, =0if pgAyorqg¢ By anda,y=0if rg Ay or s¢ By or t ¢ B>. On the other hand

my kr jsit

[Tei [T | Tekn= [] < ol l_[ (o T

nel\A nel\A meA P<q r<s<t
peAL,qEB; reAs,s,teBy
l +J
— n "qu [ q l_[ {arsterS‘it
- (mr»ms’mf).
r<q r<s<t
PEA1,gE€B reAs,s,teBy
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Hence

4 .n i ." k n| — m ." m kn
<I>(glf“~gi1,g{"'-gil ,gll--'g’,i)—cb((]—[g’ [ ] e (] Lem [ am-( ek [] g0

meA nel\A meA nel\A meA nel\A

— apq P[l +J(1 arstkt‘jsit

a n l_[ g(mrams’mt)
p<q r<s<t

PpEAL,q€B) reAj,s,teBy

=P g [ | (] ]2k

nel\A nel\A meA

Thus the first equation of (6.3.4) has been verified.
Since G 2= HxK = H?K where F(ky,ky)=1p for all ki, ko € K. Then p(F(ky,kz)) =1 for all

peﬁ and ky,k» € K. Thus

D' ((p1,k1),(p2,k2),(p3,k3)) =1 = p1(F(ka, k3)).

We have verified all conditions in Lemma 6.3.1. Hence Vecg is categorically Morita equivalent to

Vecy,.x if ai=0forall 1 <i<nand ANB=0. ]
F

This theorem implies Theorem 6.3.4 directly.

Theorem 6.3.4. Let G be a finite abelian group and ® a normalized 3-cocycle on G as in (2.6.1).
If the following condition holds:

(i) ai=0 forall 1 <i<n.

(i) ANB=0.
Then D®(G) will be gauge equivalent to D(G’) for a finite group G’.

Proof. According to Theorem 6.3.3, ifa;=0forall 1 <i<nand ANB =0, then Vecg is categorically
Morita equivalent to Vecgs for some finite group G’. By [35, Theorem 3.1], the centers of these
two fusion categories are braided equivalent. It is known that the center is equivalent to the
representation category of the corresponding Drinfeld double [84]. That is, Rep(D®(G)) is braided
tensor equivalent to Rep(D(G’)). Hence D®(G) will be gauge equivalent to D(G’) by Theorem
2.2 in [82]. m|

A natural question is under what conditions G’ can be a finite abelian group. The following
corollary provides the answer.

Corollary 6.3.5. Let G be a finite abelian group and ® a normalized 3-cocycle on G as above.
Then Vecg is categorically Morita equivalent to Vecg: for a finite abelian group G’ if

(1) a;=0forall1<i<nanda,;=0foralll<r<s<t<n,

(2) AiNB;=0.

Proof. We first assume the condition (i) and (ii) in Theorem 6.3.3 hold. Thus there's a finite
group G’ such that Vecg’ is categorically Morita equivalence to Vecg:. By construction, G’ =
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([1Zm;)>( 1 Zn,;) where F is defined to be
i€A Fjena

l_lg ﬂg]m - l—[ (Xp)apq[%] 1—[ (xy) Tr-ms 7 st

mel\A meA P<q r<s<t
PEA1,qEBy reds,s,teBy

Then G is abelian & (| ei | | &)~ (| e [ [ e =] Jems | ] e (] L [ | &

meA nel\A meA nel\A meA nel\A meA nel\A
F‘ in j" j— F ln
< 8n > 8n | = g 8n
nel\A nel\A nel\A neI\A
a [M] arstmrJsit Jatig 1974 arstMrisjt
= 1—[ (Xp) Pat mq l—[ (Xr)(mr,ms,mz) = 1—[ (X ) pal ’"q n (Xr)(mr,ms,mz)
pr<q r<s<t pP<q r<s<t
pEA|,qEB; reAs,s,t€B; pEA|,q€B; reAs,s,t€B;

© A2, By =0.
This is equivalent to a, =0 forall 1 <r <s <t <n. Thusif (1) and (2) hold, then G’ is abelian. O

If G is a cyclic group, then conditions (i),(ii) in Theorem 6.3.3 are also necessary. In fact, for any
al[’ ]

cyclic group G = Z,, =< g|g™ = 1 > with a normalized 3-cocycle ®,, given by ®,(g’, g/, ") =
where 0 < a,i, j,k < m, we have the following proposition.

Proposition 6.3.6. The fusion category VeccGD“ is categorically Morita equivalent to Vecg: for a
finite group G’ if and only if a = 0.

Proof. The sufficiency follows from Theorem 6.3.3. Now suppose that Vecga is categorically Morita
equivalent to Vecg: for a finite group G’. By Corollary 6.3.2, G must be direct product of two
subgroups, like G = Hx K and the function & should be 1. Since G is cyclic, then H and K must be
cyclic subgroups. Moreover, |H| should be coprime to |K|, hence H*(K,H) = {1}. Thus ®, should
be 1 by formula (6.3.4). That is, a =0. o

But in general the conditions (i) and (ii) in Theorem 6.3.3 both are not necessary as the following
example shows.

Example 6.3.7. Let G = Z, X Zy xZr =(g1) X {g2) %X (g3) and

ki _k j
® (g’llg?g?,g{lgézgf,gllgzzgg ) = (~1)P1”

bR L P (Rl
In this case, a =(0,1,0,1,1,1,0) e &, ao #0 and A;NB; #0.
Take H =7, ={g1) and K = Zy xZ> ={g1g2) X {g3). Obviously, G = Hx K. Define

[252] (555

F:KxK—H, F((g182)"85. (818228 =x, > x; °

where y; generates H. Let G’ = I:I>jK, we are going to show Vecg is categorically Morita equivalent
F

to Vecq:.
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Define & : K> — C* as & = 1, then equation (6.3.3) holds. Note that

(g (818289087 (918289).81" 7 ((2182)24)
B R R e

iv i> 13 _J1_J2 J3 [3J3

:CI)(gl g2g3 »87 8> g3 agl g2 g3 ): (_1)i2[

and
(((glgz)’z,g3) ((glgz)“,g;))(g”“ k)'y = (=) kiR T52] (p)(ki=ko) 955
for 0 <iy,ia, j1,j2, k1, ko < 1. Actually,

Jatky

[3/1 [313

=k

"5"’1’5]

(- 1>k 2=k
(—1)k=k2)'l ( 1) ki=ka)'l
(=12 (- 1>’ﬂ (G e G
(=R (1)l (R Byl
= (~1)RlFE (Rl <

(-1

2 3 J'3]

+J
323]

ki—ka)’ -
Thus CD(ng’fg?,g{‘gézg?,gl 25’85 ) (((glgz)’z,g3) ((glgz)”,g3*))(g( 7)) “and the first
equation in (6.3.4) holds. Obviously, if we define the 3-cocycle @ on G’ as

' =1.

Then the second equation in (6.3.4) holds. Hence we have proved Vecg is categorically Morita
equivalent to Vecg:.

6.4 The structure of D®(G)

In the article [31], the authors asked whether or not D®(G) can be obtained by twisting a Hopf
algebra. In [77, Example 9.5], the authors have shown that D®(Z,) is genuine for ® being the
normalized 3-cocycle on G whose cohomology class is nontrivial. This gives a negative answer to
the above question. In this section, we will investigate when a twisted quantum double of a cyclic
group is genuine, that is, it cannot be obtained by twisting a Hopf algebra. Let G be an abelian
group and ® an abelian 3-cocycle on G. Let I'® be the group of all group-like elements in D®(G),

and denote @, (x,y) = W for g,x,y €G.

Lemma 6.4.1. [77, Corollary 3.6] With the notation above, D®(G) is spanned by the set of group-
like elements T'® and it is a commutative algebra. In particular, ®, is a 2-coboundary for any
geq.

Moreover, I'® can be seen as an abelian extension, which may help us to figure out the explicit
structure of D®(G).

Lemma 6.4.2. [77 Proposition 3.8] Let G be the character group of G, then T® is an extension

1—G—TI%—G—1. (6.4.1)
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For each g € G, let ®, =674 for a 1-cochain 7, : G — C*. The 2-cocycle B associated to this central
extension is given by

7 (8)7y(8)

B(x,y)(g) = (@)

(Dg(xa)’)- (642)

From now on, let G = Z,, = (g) be a finite cyclic group and ®(g’, g/, g*) = {m o be a nontrivial
normalized 3-cocycle. In this case, G=Z,= =(x), where x(g) = n. We will determine when D®(G)
is genuine. The first task is to figure out the group structure of I'®. Since I'® is totally determined
by D®(G), it is independent of the choice of 7, for each x € G.

Lemma 6.4.3. Let 7, (g)) = {;izj for all 0 <i,j <m. then 67, = ®,:. Further, B(g',g)) :)(2“[%]
in this case.

Proof. Direct computation shows that

i k .
o Te(@Ta(eh) I e
i J k = g g = = a =
6Tg’(g 8 ) Ti( (j+k)’) ai(j+k)’ gm (I) (g »8 )
8 8 m2

Here (j+ k)’ denotes the reminder of j+k modulo m. Now

i ki = e 8T (8D 2ail 4]
B(g’.g")(g") = e D,i(g’.8") =4 :
Hence B(g',g/) = x>, O

Note that I'® consists of all group-like elements, hence it is beneficial to explicit formulas of all
group-like elements. By [77], a nonzero element u in D®(G) is a group-like element if and only if

u=or(a,x)= ) a(g)r(g)e(s) ®x. (6.4.3)
geG

for @ € G and x € G. Here we have assumed G is a cyclic group, we can simplify the expression of
or(a,x).

Lemma 6.4.4. (i) We have o-(x/,1) =x'®1 and o-(x’.8) = X5 : ,';{e(gi)®g, where 0 <
Jj<m-1.
(i) Let s=0r(x,1),t =0(1,g), then T'® has the following presentation:
m2
<s,t|t<m’2a> =s"=1, s =", st= ts>. (6.4.4)

Proof. First, by direct computation

. =
e(g)=1i=— > "X\ (6.4.5)
=0
m—1
x'=> " Cle(g)). (6.4.6)
i=0



Then | |
o 1) = > X (@mghe(@h el =) Lle(ghel=x o],
i=0 i=0
and

e (! g)-ng)Tg(g)e(g)@g Zg ne(g®g.

By multiplication rule of twisted quantum double,

or(1,8) o (x,1) =0 (x,8) =0 (x, 1) - 0:(1, ).

Suppose 0 </ <m—1, we have

m—1
oe(1,9) = > le(gh @5 = (1,8
i=0

Moreover,
(1, g)’”—Zé“’"‘”e(g )i (8" 1,g>®1—2 Gtle(gh @1 = ®1 =0y, 1)

It is easy to verify that o (y, 1) =1 and thus o+ (y, 1)>* has order ﬁ This implies that o (1, g)

has order (mm—22a) Obviously, each o (x/,g*) can be expressed as a production of some powers of
o+(1,2) and o7 (x,1). Thus we get the desired presentation of I'®. O

I'® is actually a metacyclic group, for details, see [56]. In general, it is not easy to determine
the group structure of I'®, while in our case I'® can be obtained without much difficulty.

Proposition 6.4.5. We have I'® = Z2y iy XZ 2

(2a,m)

Proof. It is obvious that I'® is an abelian group and has order m?. By the presentation of I'®, the

number of generators of I'® must be equal to or less than 2. Thus we may write | Zp, X Zp,,
. . . 2

where m; | my. Consider the element o (1,g) and we know that its order is % Hence I'®

has a cyclic subgroup (o (1,g)) of order % If (2a,m) =1, then o+(1,g) has order m?. So

I'®=27,=(0:(1,2)). Actually, we may regard it as Z; x Z,» for consistency.

2 7, : . .
If (2a,m) # 1, then ’Z:—m) is strictly less than m?. We claim that for an arbitrary element

h=0.:(x",g’), 0<i,j <m, the order of i will be less than or equal to (2 m) Thecasei=j=0is

trivial and for the case i # 0 but j =0, we haveord(h) = ) Sm< Gsg 2 3 The remaining case is
when j # 0, by direct computation.

h(m—ZuJ) = (O-T(X’ l)lm : O-T(l’g)]m)m
= (o (x, 1)) a7
=1.

m2

So ord(h) < naa]) . Note that (m,2aj) > (m,2a), hence (m 52 S ( . So (0+(1,g)) is a maximal
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subgroup of I'®. Since I'® = Z,,, X Z,,, with m| | my, {0+(1,g)) must be isomorphic to Z,,. Hence

Zn, has order (2a,m). So I'® = ZoamyXZ 2 - O
(2a,m)

Let us recall an approach to determine whether a 3-cohomology on a finite abelian group is
nontrivial or not.

Let H = Z,,, XZyy, XX Zy;, be a finite abelian group and (B.,d.) be the bar resolution of H.
By applying Homzy (—, k™) we get a complex (B}, d;), where k* is a trivial H-module. In [58], the
authors defined another free resolution (K., d,) for arbitrary abelian groups and constructed a chain
map F, from (K,.,d.) to (B.,d). For our purpose, we only need the morphism F3, see [58 Lemma
3.9]:

F3 . K3 — Bg,
Vs [8r85.8) — [85.8r 8] — (82 81-85] + (8- 872 85) + [85. 81,87 ] — [81-85-84] >

m,—1

Wrs ) ([gi,gr,gs] — [k g5 8¢ + [gs,gi,gr]),
[=0

ms—1

Uros o 3 ([8r8hgs] ~ [8h grogs] + [l g0 8r]).
=0

my—1

L [ B
1=0

for 1 <r <s <t <n, where the symbols like ¥, ,, are terms in the resolutions (K.,d.). Moreover,
we have the following observation since F; induces an isomorphism between 3-cohomology groups.

Lemma 6.4.6. Let ¢ in (B;,0;) be a 3-cocycle. Then ¢ is a 3-coboundary if and only if F;(¢) is
a 3-coboundary.

The following lemma provides a criterion for whether a 3-cochain f € Homzy(K3,k>) is 3-
coboundary.

Lemma 6.4.7. [58 Lemma 3.3] The 3-cochain f € Homzy(K3,Kk>) is 3-coboundary if and only if
for all 1 <i < j <n, there are g; ; € k* such that

fViip) =gl f(¥ij)=g; s and f(Pr)=1, f(¥r)=1 (6.4.7)

forl<l<nandl<r<s<t<n.

6.5 On genuineness of twisted quantum double

In [72] , the authors gave a criterion for when a twisted quantum double with an abelian cocycle
to be genuine.

Lemma 6.5.1. [72, Theorem 4.1, Lemma 4.5] Let G be a finite abelian group, and ® a normalized
abelian 3-cocycle of G. Then D®(G) is a genuine quasi-Hopf algebra if, and only if ® € Z3(I'®,CX)
is a nontrivial 3-cocycle of T'®, where @ € Z3(I'®,CX) is the inflation of ®~! along the above map
r* —agG.
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Now it suffices to determine whether @’ is nontrivial on I'® = ZamyXZ _,2 ornot. Obviously,
(2a,m)

if @’ is nontrivial on Z > , then @ will be nontrivial on I'®. Hence, we first consider this condition.
(2a,m)

Proposition 6.5.2. Let G = Z,, be a finite cyclic group and ®(g', g/, g*) = g’il[ ! for 1 <a<m.
If (m,2a) 1 (m,a), then @' is nontrivial on T'®.

Proof. Since I'® is the extension of G by G. there is a obvious group surjection
n:T®—2Z,:0:(x, 1) > 1,
O-T(lag)i = gi'
Hence n*(®~!) will actually be the restriction of @ to Z ,» .

(2a,m)

To show 7*(®~!) is nontrivial, it suffices to show F;(ﬂ*(dfl))(‘l’],l,]) does not equal 1 by
Lemmas 6.4.6 and 6.4.7. By definition of F3,

2

(2:1n,m) -1

F3(x* (@) (P10 =7 (@) ( > [oe(1,8),07(1,8) o (1,8)])
=0

m2

2a,m)

1
=o7'( > [g.¢'2)

=0

=( gn—f‘) @am) .

Note that ({n‘f‘)@;?m) =1 if and only if (n;"—a) | % that is, (m,2a) should divide (m,a). Hence if

(m,2a) f (m,a), then ® is nontrivial on Z ,> , hence on I'®. O
(2a,m)

o il it
Theorem 6.5.3. Let G = Z,, be a finite cyclic group and ®(g', g/, g") = {m[ ! for 1 <a<m.
Then D®(G) is genuine if and only if (m,2a) {1 (m,a).

The necessity of Theorem 6.5.3 is obvious by Proposition 6.5.2, since @ being a 3-coboundary
on I'® will imply (m,2a) | (m,a).

Now we need to deal with the case (m,2a) | (m,a). Unfortunately, it is difficult to write down
the explicit generator of Z(,,,). We avoid this difficulty via the following result. By [59, Lemma
2.16], it is harmless to assume Z(24,m) = (0 (x,1) c07(1,8)") = {0 (x,8")) for 0 < b < (2a,m).
Note that this assumption requires

m|b(2a,m), and m| (2a,m)+2a|

b(2a,m)
m I

since o+ (v, g?)®*™ = 1. With all preparations complete, we now prove Theorem 6.5.3.

Proof of Theorem 6.5.3. We only need to show @’ is a 3-coboundary on I'® if (m,2a) | (m,a). For
consistency, we regard o (1,g) as the first generator and o (y,g") as the second generator. We
have already shown F3”‘(7T*(<I)_1))(‘P1,1,1) = 1. It remains to verify the conditions in Lemma 6.4.7.

70



By direct computations, we have

(2a,m)-1

Fy(r (@) (Wa22) =7 @) Y [0 (18" (8" (8]
=0
(2a,m)—1

=o' > g% (e") ")
=0

(2a,m)-1

(bl) +b
(&
=0

We have m | ab since (2a,m) | (m,a),(m,a) | a and m | (2a,m)b by assumption, thus
Fi(n* (@) (P222) = 1.
Next we are going to compute F;(ﬂ*(q)_l))(‘{ll,lz) and F;(n*(d)‘l))(‘l’l,l,g). We have

Fi(z* (@) (¥11.2)
m2
(2:1,m)_1

= (@ Y [oe(1,8) e (1,8), 0 (x.8")] = [0 (1,8)!, e (x> 8”), 7 (1,2)]

+[o(x.g"), 0 (1,8) o (1,8)])

2

m

T 07880 (g% 8" 9)
- =1 (ol ob
i o-1(g",8".8)
2
(2am)l

‘|—[ ((ma)b[lﬂ

since m | ab by the analysis above. On the other hand,

Fi(n* (@) (W1.22)
(2a,m)-1
= (@ D [oe(1,8), 04 (x.8") e (x,8")] = [0+ (1 8°) o= (1, 8), 7 (x,87)]

+[ (o (x-8") o (x, 87), o (1,8)])

2a,m)-1 _ _ ’ _ ’
1T 98" g (6P 6 e)
o D-1(g)', g, 8b)
(2a,m)—1

l—l ({ma) (m) +h)

If b =0, then F;(ﬂ*(q)_l))(‘{ll,z’z) =1. If we take g1 2 =1, then equation (6.4.7) holds, thus @' is a
3-coboundary. If b #0, then (b((2a,m)—1))"+b equals m since m | b(2a,m) by assumption. Thus

b(am)

Fy (" (@) (Pi22) = (&)
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ab
In this case, take g2 =¢," . Since (m,2a) | m and m | ab, we have

g 2em = (4,0 "5 = By (n (071) (W2,

and
2

g(Zam) gm amy™ =1 —F (m*(d~ l))(Tl 12)

As a result, if (m,2a) | (m,a), then @ is a 3-coboundary on I'®. Hence D®(G) is genuine if and
only if (m,2a) t (m,a). |

Next we will investigate when (m,2a) 1 (m,a) holds. This can provide a more intuitive criterion.

Theorem 6.5.4. Let G = Z,, be a finite cyclic group and ®(g',g/,g") = §m U for 1 <a<m. Let
=2" Hipl‘.” and a =2" [1; pfj be their prime decompositions, where n,n’ > 0. Then D®(G) is
genuine if and only if n’ < n.

Proof. Suppose m =2"[]; p{" and a = 2 [, p?j be their prime decompositions. Then

. ’ b ’ . b
(m2a)="[ [pe 2 [ [p}) = 2D -([ [p ] [P7)
i J i J

and

<m@—wfh%ﬂrhﬂ—wvﬂ<ﬁpljm

Thus (m,2a) t (m,a) if and only if (27,27+1) t (2,2""). This is equivalent to n’ < n. |

Remark 6.5.5. (i) Note that if m is odd, then D®(G) will never be genuine for arbitrary 0 < a < m.
This conclusion is consistent with [77, Theorem 9.4].

(i) According to Proposition 6.3.6, if G is cyclic, D®(G) will never be gauge equivalent to
D(G’) for arbitrary finite group G’ by the theory of categorically Morita equivalence, but D®(G)
may be gauge equivalent to a Hopf algebra by Theorem 6.5.3.

72



Chapter 7

On infinite-dimensionality of a class of
Nichols algebras

In this section, we consider a rank three Nichols algebra 8(M) of non-diagonal type in [69],
which plays a central role in classification of finite-dimensional Nichols algebra in gyz)‘b, where
G is a finite abelian group and ® is a 3-cocycle on G. We prove it to be infinite-dimensional in
different ways. Moreover, we prove G(M) gives rise to a standard Cartan graph and find a root
system over G(M). At the same time, we show that B(M) is affine in the sense of [29].

7.1 The first proof of Theorem 7.1.2

The purpose of this section is to give a new proof of Proposition 4.1 in [60] through applying
our previous observations.

Let G =Zy, X Zyy X Ly = {g1) X {g2) X {g3) with my | my, my | m3, and

(el el ol el e el el el ) = (-0 (7.11)

be a 3-cocycle on G, where 0 <i; <my, 0< j; <myp, 0< k;<m3, 1 <1<3.

Let Vi,V,,V3 € gﬂ@qj be simple modules such that deg(V1) = g, deg(V2) = g2, deg(V3) =23
and dim(V}) =dim(V;) =dim(V3) = 2. Moreover, V| = {X’,Xé} Vo= {Y’,YZ’} V3= {Z’,Zé} can be
assumed satisfying the following equations:

> X =-X/,i=12, @Y ==Y, i=1,2, o3> 72 =-7,i=12,
gzDXi:XI,gQDX’:—Xé, g3>Y{:Y’,g3I>Y/:—Y2,, gzDZi:Zi,gQDZ,:—Zé,
g3l>Xi:X’,g3>X’:Xi. g1>Y{:Y’,g1I>Y’:Y1,, g1>Zi:Z,,gll>Z/:Zi.

Remark 7.1.1. (i) Note that mj,m,,m3 must be even. Indeed, from the relation X; =™ > X; =
(=1)™X;, it follows that m is even. Similarly my,m3 are even.

(i) B(V1), B(V,), B(V3) are finite-dimensional Nichols algebras by [60, Proposition 2.12].
Moreover, B(V, & V,), B(V) @& V3), B(V, @ V3) are finite-dimensional by [63, Proposition 5.1].

(iii) The requirement dim(V;) = dim(V,) = dim(V3) =2 is in fact necessary, otherwise the cor-
responding Nichols algebra must be infinite-dimensional.
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Theorem 7.1.2. [60, Proposition 4.1] With above notation, B(V, &V, @& V3) is infinite-dimensional.

It should be emphasized that the above theorem plays the key role in that paper and the original
proof relays on heavy computations. The purpose of the following context is to give a new proof of
this theorem through applying reflection theory of Nichols algebras.

To simplify the proof, we proceed with the following reduction. Let G =7, XZy XZp = (g1) X
(g2) X (g3), and

® (g7 85eh ) g el gl b gl ) = (D),
be a 3-cocycle on H, where 0 < iy, j;,k; <1, 1 <1<3. By [60 Lemma 3.5], we may give a complete
list of irreducible Yetter-Drinfeld modules over gyz)‘b. In particular, when restricting to those
irreducible Yetter-Drinfeld modules that generate finite-dimensional Nichols algebras, we see that
the isomorphism classes are given by the set

S={["M]| "M is irreducible, h € Zy X Z»xZs— {1, h1h2h3}}. (7.1.2)

There are exactly six isomorphism classes. Here "M represents the simple Yetter-Drinfeld module

has comodule structure
"M={weM|su(w)=how}.

We now choose explicit representatives of S. For 1 <i <6, let M; € S be pairwise non-isomorphic
simple modules such that dim(M;) =2, and deg(M;) = g1, deg(M,) = g», deg(M3) = g3, deg(My) =
2182, deg(Ms) = g1 g3, deg(Mg) = g2g3. Moreover, we may take

My ={X1,X2}, My={Y1.Y2}, M3={Z,2,},
My ={R1,Ry}, Ms={S1,5:}, Mec={T1,T>},

satisfying the following relations:

> Xi=—X, i=1.2, @Y =Y, i=12, e3> Zi=-Z, i=12,

2> X1 =X, X=-X3, (gl =Y,>h=-, 8> 21 =21,8>2r=-1,
g3l>X1:X2,g3>X2=X1. g1>Y1:Y2,g1DY2:Y1. g1>Z1:Z2,g1l>Zzzzl.

(g182) > Ri=—Ri, i=1,2, (8183)>Ti=-T;, i=1,2, (8283) > Si=—S;, i=1,2,

g1>R1=Ri,g1>Ro=-R;, (@11 =T, 51i>Th=-T2, (&>81=S81,8>5=-5,

83> R =Ry,83> Ry =R;. g1 =T,g1>T=T. g1>81=582,81>8=S5.
Remark 7.1.3. The category gMZ)q)fd is rigid. It is straightforward to verify that for each 1 <i <6,
M does exist with M = M;. This implies M € S as well. Moreover, B(M;) = B(M;) as Hopf
algebras in gyz)d’.

Theorem 7.1.4. Let M = (M, M>,M3) be the 3-tuple, then M admits all reflections and G(M) is
a standard semi-Cartan graph. In particular, the Cartan matrix is

2 -1 -1
-1 2 -1
-1 -1 2



To establish this result, we first prove the following key lemma:

Lemma 7.1.5. For all 1 <i# j <6, if deg(M;)-deg(M;) # 1,h1hyhs, then ad(M;)*(M;) = 0.
Moreover, ad(M;)(M;) € S, and as Yetter-Drinfeld module in gyi)@, we have

ad(M;)(M;) = ad(M;)(M;). (7.1.3)
We list the following isomorphism for further use

ad(M1)(M>) = My,ad(M1)(M3) = Ms,ad(M)(My) = M>,
ad(M1)(Ms) = M3,ad(M>)(M3) = Me,ad(M>) (M) = My,
ad(M>)(Mg) = M3,ad(M3)(Ms) = M3,ad(M3)(Me) = M,
ad(My4)(Ms) = Me,ad(My)(Me) = Ms,ad(Ms)(Me) = My.

(7.1.4)

Proof. This proof involves extensive but analogous computations. We begin by establishing that
ad(M,)*>(M>) =0. To this end, we compute the coproducts:

A(ad(X;) (Y1) = 1®ad(Xy) (Y1) +ad(X;) (Y1) ®1+X; ® (Y1 +12),
A(ad(X;) (Y2)) = 1®ad(X)) (Y2) +ad(X;) (2) ® 1+ X, ® (Y1 +12),
A(ad(Xz) (Y1) = 1®@ad(X2) (Y1) +ad(Xz) (Y1) ®1+X2® (Y1 -T2),
A(ad(Xz) (Y2)) = 1®@ad(X2) (Y2) +ad(Xz) (2) ® 1+ X, ® (Y2 —11).

From these we deduce the relations:

ad(Xy) (Y1) —ad(X;) (Y2) =0,

(7.1.5)
ad(X>) (Y1) +ad(Xz) (Y2) =0.

Therefore ad(M1)(M>) = span{ad(X;)(¥1),ad(X>)(¥1)}. Now since X? =0, we have
ad(X1)? (Y1) = X1 (X1 Y1 = Y2 X1) — hi > (XY - V2X1)) X1 =0
which implies ad(X;)? (Y;) = ad(X;)? (Y2) = 0. Meanwhile,
ad(X2) (ad(X1) (Y1) = ad(X2) (ad(X1) (Y2)) = 0.

Since

A(ad(X2) (ad(X;) (Y1) = (1@ X2+ Xo @ 1) (1 ®@ad(X;) (Y1) +ad(X1) (Y1) ® 1+ X, ® (Y1 +Y2)
—(I®ad(X;) (Y1) +ad(X)) (Y1)R1+X1(Y1+Y2)) (1@ X+ Xo® 1),
= 1®ad(X2) (ad(X1) (Y1)) +ad(X2) (ad(X1) (1)) &1

where we have used equation (7.1.5). A similar argument shows ad(X»)? (¥;) =0 and
ad(X;) (ad(X») (Y1)) =0. We conclude that ad(M;)?(M,) = 0.

By Lemma 5.1.2, the object ad(M;)(M>) € Y D? is simple. Since deg(ad(M)(M)) = hyhs,
ad(M;)(M;) = M. Furthermore, by proof of Lemma 5.1.4, we have an isomorphism of Ny-graded
objects ad B(M;)(My) = ad B(M;)(ad(M;)(M>)). Since ad(M;)*>(M>) =0, we have ad(M;)?(My) =
0 since it has same degree as ad(M;)?(M>) in the standard Ny-grading. Therefore, ad(M;) (M) is
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irreducible and one readily verifies that ad(M;)(My) = M; in gyﬂq).
Analogous computations yield:
ad(M,)*(M,) = ad(My)*(M;) = 0.
These identities further imply:
ad(M>)(My) = My, ad(My)(M;) = M>,
and

ad(Ma)*(My) = ad(My)*(M2) = 0,
ad(M)(My) = My, ad(My)(M>) = M;.

We now proceed to prove ad(M;)?*(M3) = 0:

A(ad(Xy) (Z1)) =1®ad(X)) (Z))+ad(X)) (Z)®1+ X1 ®Z1 + X2 ® Z»,
A(ad(X1) (Zp)) =1®ad(X)) (Z2) +ad(X1) (Z2) @1+ X1 @ Zr+ X2 ® Zy,
A(ad(X>) (Z1)) =1®ad(X2) (Z1)+ad(X2) (Z)® 1+ X2 ® Z1 + X1 ® Z»,
A(ad(X2) (Z2)) = 1®ad(X?) (Z2) +ad(X2) (Z2) @1+ X2 @ Zr+ X1 ® Z;.

It is straightforward to observe that:

ad(X1) (Z1) —ad(X2) (Z2) =0,

(7.1.6)
ad(Xz) (1) +ad(Xy) (22) = 0.

Hence ad(M,)(M3) = span{ad(X;)(Z;),ad(X2)(Z;)}. By X12 = Xz2 =0,

ad(X1)*(Z)) = X\(X1Z1 — Z,X1) — i > (X1 Z1 — Z,X1) X, =0,
ad(X1)*(Z2) = X1(X1Z2 - Z1X1) = hi > (X122 — Z1X1) X, =0,
ad(X2)* (Z1) = X2(X2Z1 — ZoX5) — 1 > (X2Z1 — Z,X5) X =0,
ad(X2)*(Z2) = X2(X2Z2 = Z1X2) — 1 > (XaZo = Z1 X2) X2 = .

Combining this with (7.1.6) implies ad(M;)?(M3) = 0. As in the first case, we can derive the
following identities:
ad(M3)*(My) =ad(My)*(Ms) = ad(M3)*(Ms) = ad(Ms)*(M;) = ad(Ms)*(M3) = 0.
ad(M,)(M3) = ad(M3)(M,) = Ms,
ad(M1)(Ms) = ad(Ms)(M;) = M3,
ad(M3)(Ms) = ad(Ms)(M3) = M.

Now we turn to proving ad(M,)?(M3) = 0:

A(ad(11) (Z1)) =1®ad(X1) (Z1) +ad(Y1) (Z1) ® 1,
A(ad(Y1) (Zp)) =1®ad(Y1) (Zy)+ad(Y1) (Z2) @ 1+2Y, ® Z»,
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A (ad(Yz) (Zl)) =1® ad(Yz) (Zl) +ad(Y2) (Zl) R1+2Y,® 7,
A(ad(Y2) (Z2)) = 1®ad(Y2) (Z2) +ad(Y2) (Z2) ® 1.

Then ad(Y1)(Z1) = ad(¥2)(Z2) = 0 and ad(M2) (M3) = {ad(Y1)(Z2),ad(Y2)(Z1)}. By Y} =Y =0,

ad(Y1)2(Zy) = Y1 (Y1 Zo + ZoY1) — ha> (Y1 Zo + ZoY)Y) =0,
ad(Y2)? (Z1) = Ya(YaZ) = Z1Ys) — hy > (Y2Zy — Z1Y2) Y5 = 0.

On the other hand, since adY>(Z;) =0, and Y Y, +Y,Y; =0. The following identity holds.

A(ad(Y>) (ad(Y1) (Z£2))) = (1@ Y2+ Y2 ® 1) (1 ®ad(Yy) (Z2) +ad(Yy) (Z2) @ 1 +2Y1 ® Z»)
—(1®ad(Y)) (Zy)+ad(Y1) (Z) ®142Y1®7,)(1®Y2+Y,®1)
=1®ad(X>) (ad(X,) (Y1)) +ad(X>) (ad(X1) (Y1) ® 1.

Similarly, ad(Y;)(ad(Y2)(Z;)) =0. Hence ad(M>)*(M3) =0. We list all identities which can be
obtained in this case.

ad(M3)*(M>) =ad(M3)*(Me) = ad(Ms)*(M>) = ad(M3)*(Me) = ad(Me)*(M3) =0.
ad(M)(M3) = ad(M3)(M>) = M,
ad(M,)(Ms) = ad(Ms)(M>) = M3,
ad(M3)(Ms) = ad(Me)(M3) = M,.

The final case to confirm is ad(M3)*(Ms) = 0:

A(ad(Ry) (Th)) =1®ad(R;) (T1) +ad(Ry) (T1) @1+ R, ®T1 — R, ® 1>,
A(ad(Ry) (1)) =1®ad(R;) (Tr) +ad(R1) (1) ® 1+ R @Th + R, T,
A(ad(Ry) (T1)) =1®ad(Ry) (T1) +ad(Ry) (T1) @1+ R, QT1 + R T,
A(ad(R;) (1)) =1®ad(Ry) (T>) +ad(Ry) (T) ® 1+ R, @ T) — R ®Tj..
Then it is direct to see that
ad(R;) (T) +ad(T2) (R2) =0,

(7.1.7)
ad(R2) (T1) —ad(Ry) (T2) = 0.

Hence ad(My4)(Ms) = span{ad(R;)(T}),ad(R;)(T})}. By R% = R% =0,

ad(R1)>(T1) = Ri(RiTi + TaRy) = (hiha) > (RiT1 + ToR1) Ry =0,
ad(R)*(T2) = Ri(RiT>» —TiRy) — (h1hy) > (R T, — TiR1)Ry =0,
ad(R2)% (T1) = Ro(RoTy +ToRy) — (hihy) > (RoTi +ToR2) R, =0,
ad(Ry)*(T2) = Ro(RyTr = TiRy) — (1 hy) > (RyT — TiRy) Ry = 0.

Combining this with (7.1.7) implies ad(Mj)?(Ms) = 0.
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The following identities can be obtained in this case.

ad(M4)*(Ms) =ad(Me)*(Ms) = ad(Me)*(Ms) = ad(Ms)*(Me) = ad(Ms)*(M4) = 0.
ad(My)(Ms) = ad(Ms)(Ms) = Mo,
ad(M4)(Me) = ad(Me)(Ms) = Ms,
ad(Ms)(Me) = ad(Me)(Ms) = M.

We have listed all cases, which proves this lemma. m]

To establish that the tuple M admits all reflections, the following structural observation is
essential.

Lemma 7.1.6. Suppose M admits the reflection sequence (iy,iz,..,i;), where iy,..,i; € {1,2,3}.
Then for j € {1,2,3},
deg(Ri,(---(Ril(M))---)j) # 1,h1hyhs. (718)

and X
| [de(®s,(...(R,, (M)...);) = hyhohs.
J=1

Proof. We prove it by induction. For the base case / =1, Lemma 5.1.4 gives,
R (M) = (My,M4,Ms), Ry(M) = (Ms, M2, Ms), R3(M) = (Ms, Mg, M3).

It is straightforward to verify that for each 1 <1i,j <3, H;zl R;(M) = hyhyhs.
Now assume, for some [ > 2, that M admits the reflection sequence (iy,i»,..,i;-1), and

3
| [deg(Ri , (...(Ri,(M))...);) = hiahs.
j=1

Let us denote deg(R;,_, (...(R;;(M))...);) = h} for each 1 < j <3, where h;. € Zny X ZpXZy. Then for
any 1 <i; <3, we compute

3
[ Tdeg(Ri,(-..(Ri, (m))...);) = (| | ki) ;!
j=1

k#i;
= hihyhs,

which establishes the second claim.

Without loss of generality, suppose for the sake of contradiction that deg(R;,(...(R;, (M))...)1) =
hihahz. We must have deg(R;,(...(R;,(M))...)2) = deg(R;,(...(R;,(M))...)3) = h’ by the second
claim. If i; =1, then

R, (...(Riy(M))...) = (h1hah3, hihohsh', hihahsh'),
which contradicts the assumption. If i = 2,the degrees become
Ril*l ((Rll (M))’) = (h1h2h3hl9h,9 1)’
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and if i1 =3
RiH ((Rll(M))) = (hlh2h3h/, l,h,)-

Both of which again lead to contradictions.

A similar contradiction arises if we assume deg(R;,(...(R;;(M))...)1) =1,
deg(R;,(...(R;;(M))...)2) = k', deg(R;,(...(R;;(M))...)3) = k", where k"-k"” = hihah3. Now if i; =1,
we have

Ri,  (..(Ri;y(M))...) = (1K', k).

If i; =2, we obtain
Ri[—l("'(Ril (M))___) — (k”k/’ k,k”),

and if i; =3
Rip_ (..(Riy (M))...) = (K", K'K", k").

All cases lead to contradictions. This completes the induction. |

Proof of Theorem 7.1.4. We proceed by induction to show that M admits all reflection sequences.
Without loss of generality, we first consider the 1st-reflection. By proof of Lemma 7.1.5, for all
1 <j <3, wehave R{(M); €S. Recall that two tuples M and M’ are isomorphic if and only if their
corresponding components are isomorphic. Rj(M) = (M, M4, Ms). By Lemma 5.1.4, R;(R;(M)) =
R;(My, M4, Ms) for 1 <i < 3. Applying Lemma 7.1.5 again, we conclude that (M, My, Ms) admits
the i-th reflection by analogous reasoning.

Now, suppose M admits the reflection sequence (i1,i2,...,i;-1), where 1 <ij,...,i;-1 <3. Then
we have deg(R;,_,(...(R;;(M))...);) # 1,h1hahs for 1 < j <3 and Hizldeg(Rilfl(...(Ril(M))...)j) =
hihyhs. Consequently, for any 1 <m < n <3, the product

deg(R;, ,(...(R;;(M))...)n) -deg(R;, ,(...(R;;(M))...)n)

is neither 1 nor hjhohs. Therefore M admits the (iy,i,...,i;_1,i;)-th reflection by Lemma 7.1.5.
This completes the induction and shows that M admits all reflection sequences.
For any N € #3(M), we have deg(N;) # 1,hjhyhs for 1 <i <3 by Lemma 7.1.6. Therefore,
B(N;) is finite-dimensional since N; belongs to S. Thus M gives rise to a semi-Cartan graph G(M).
Now for all N € 73(M), Lemma 7.1.5 implies that the generalized Cartan matrix AV is given

by
2 -1 -1
-1 2 -1
-1 -1 2
Thus G(M) is a standard semi-Cartan graph. O

Corollary 7.1.7. The Nichols algebra B(M) is infinite-dimensional.

Proof. G(M) is a standard semi-Cartan graph by Theorem 7.1.4. Suppose, for contradiction, that
B(M) is finite-dimensional, then AM is a finite Cartan matrix by Theorem 5.3.8. However

2 -1 -1
AM=-1 2 -1
-1 -1 2
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is not a finite Cartan matrix. This contradiction implies that 8(M) must be infinite-dimensional. O
Proof of Theorem 7.1.2. By Remark 7.1.1(1), there is a group surjection satisfying
n:G—G, gi—g, 1<i<3.

Furthermore, 7n*(®) = V.
We construct such a linear map for 1 < j <2,

F:ViehheV;>MeMeMs, X, XY =Y,Z— Z,

A direct verification shows that for each 1 <i <3, v; € V; and g € G, the following compatibilities
hold:

(m® F)ov,(vi) = 6, (F(vi)),
F(g>v;) =n(g)>F(v;).

By [58, Lemma 4.4], we deduce that
B(V) = B(M)

in the sense of [58, Definition 4.3]. It follows that B(V) is infinite-dimensional. o

7.2 Nichols algebras over Dg of rank 3

We first recall the basic notation of irreducible Yetter-Drinfeld modules over groups. Let G be
a finite group, O a conjugacy class of G , s € O fixed, (p,V) an irreducible representation of G,
where G* is the centralizer of s in G. Let t; =s,...,t) be a numeration of O and let g; € G such that
g,-sgl.‘1 =t; for all 1 <i < M. Then the corresponding irreducible Yetter-Drinfeld module M (O, p)
is defined as follows: As a vector space, it is simply P, ;. &®V. Let giv:=g;®v e M(O,p),
1<i<M,veV.IfveVand 1<i< M, then the coaction and the action of g € G are given by

o(giv)=t;®gv, g (gv)=g;j(yov),

where gg; = g;¥ and yov = p(y)(v) for some 1 < j < M,y € G*. The Yetter-Drinfeld module
M (O, p) is a braided vector space with braiding given by

c(gvegw)=t>(gw)®gv=gn(yov)®gyv

forany 1<i,j <M, v,weV, where t;g; = gpy for unique h, 1 <h <M and y € G°.

Next, we describe the well-known classification result of finite-dimensional Nichols algebras
generated by irreducible Yetter-Drinfeld modules over Dg. Recall that the dihedral group Dg is
generated by x and y with the following presentation

(x,y | y2 =1 :x4,yxy :x_1>
and let y be a character of (x) such that y(x) = w is a primitive 4-th root of unity.

Lemma 7.2.1. [5 Theorem 3.1] Let M(O,p) be the irreducible Yetter-Drinfeld module over Dg
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corresponding to a pair (O, p). Assume that its Nichols algebra is finite-dimensional, then (O, p) is

one of the following:

(i) (Op,p), where p € Dg satisfies p(x%) = 1.

(ii) (Oyn,x7), where h=1 or 3, and w"/ = -1.

(iii) (Oy,sgn®sgn) or (Oy,sgn®e), where sgn®sgn, sgn®sgn € Dy, Dy = (y)&(x?) = Zyx Z,.

(iv) (Oxy,sgn®sgn) or (Oyy,sgn®e), where sgn®sgn, sgn®@sgn € D , DY’ = (xyy® (x?) = Zy %
Z.

Remark 7.2.2. (i) In all above cases, dimM (O, p) =2 and dimB(0, p) = 4.
(ii) It is obvious that
MOy, x) = M(Op, x°)

as irreducible Yetter-Drinfeld modules. Meanwhile, there are isomorphisms of braided vector spaces
M(O,,sgn®sgn) = M(Oy,,sgn®sgn),
M(Oy,sgn®e) = M(Oyy,5gn®¢).

We will prove all Nichols algebras generated by three pairwise nonisomorphic Yetter-Drinfeld
modules over Dg are infinite-dimensional. Our main ingredients are generalized Cartan matrix and
Heckenberger's classification of finite-dimensional Nichols algebra of rank > 3. We first recall the
definition of the Cartan matrix. We assume [ is a finite non-abelian group in this subsection.

Definition 7.2.3. Let ;yD be the Yetter-Drinfeld module category over I and 8 € N and I =
{1,...,08}. For N =(N1,N»,...,Ng) where N; are simple Yetter-Drinfeld module for all i, let

v |- if (adN;)™ (N;j) #0 for all m >0,
—sup {m €Ny : (adN;)™ (N;) # 0} otherwise

for all i € I and j € I\{i}. Moreover, let a =2 for all i € I. Then AN = (aN),]GI is called the
generalized Cartan matrix of N.

SThus far, the classification of finite-dimensional Nichols algebras in the usual Yetter-Drinfeld
module category has made significant progress. In [54], Heckenberger has classified all finite-
dimensional Nichols algebra over a non-abelian group of rank > 3. We briefly recall the relevant
results.

Definition 7.2.4. [54, Definition 2.1] Let 0 e N, M = (M, M», ...,My) € }VZ) with each M; simple
is called braid-indecomposable if there exists no decomposition M’ ® M" of @le M; with M’,M" +0
such that (id—c*) (M’ @ M") =0.

Definition 7.2.5. [54, Definition 2.2] Let 0 e N, M = (M, M5, ..., My) € §y1) with each M; simple.
Let A = (a;;) be the generalized Cartan matrix of M, we say M has a skeleton if:
(1) for all 1 <i <0, there exists s; € supp M;, and o; € G such that M; = M(O;,,0), and
(2) for all' 1 <i < j <6 witha;; #0, at least one of a;j,a;; is —1.

In this case the skeleton of M is a partially oriented partially labeled loopless graph with 6
vertices with the following properties:
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e For all 1 <i <6, the i-th vertex is symbolized by |supp M;| = dim M; points. If dimM; =1, then
the vertex is labeled by o (s;). If dim M; =2 and there is an additional restriction on p = o; (slfsl._l),
where supp M; = {s,-,sl’.}, then the i-th vertex is labeled by (p). Otherwise there is no label.

e Foralli,je{l,...,0} withi# j there are a;;a;; edges between the i-th and j-th vertex. The
edge is oriented towards j if and only if a;; = —1,a;; < 1.

o let1<i<j<6witha;; <0. If suppM, and supp M; commute, then the connection between
the i-th and j-th vertex consists of continuous lines. Otherwise the connection consists of dashed
lines. The connection is labeled with o;(s;)o(s;) if dimM; =1 or dimM; =1, and otherwise it is
not labeled.

The next Theorem gives a criterion to determine when B(M) € 5yD is finite-dimensional.

Theorem 7.2.6. [54,Theorem 2.5] Let 6 e N>3. Let I be a non-abelian group and M = (M, M>, ..., My)
with each M; simple and supp M generates I. Assume that M is braid-indecomposable. Then the
following are equivalent:

(1) M has a skeleton of finite type.

(2) B(M) is finite-dimensional.

(3) M admits all reflections and the Weyl groupoid ‘W (M) of M is finite.

A complete classification result of skeletons of finite type with at least three vertices over
arbitrary field is given simultaneously, see [54].

Let us return to the dihedral group Dg case. There are six nonisomorphic irreducible Yetter-
Drinfeld modules over Dg. For simplicity, denote M =M (O,2, p) =span{luy, luz}, Mo =M (Oy, x) =
span{1v,yv}, M3 = M(O,,sgn®sgn) =span{lw,xwi}, My = M(O,,sgn®¢) = span{lwy,xws},
Ms = M (Oyy,sgn®sgn) = span{1ws,xw3}, Mg = M(Oxy,sgn®e) =span{lwy,xw4}. For simplicity,
we denote § := {M =(M;,M;M)|1<i<j<k< 6}. Now we are going to state the main result
of this subsection. Actually, it follows directly from computations.

Theorem 7.2.7. The Nichols algebra B(M) = B(M; ® M; ® My) is infinite-dimensional for all
I<i<j<k<eé.

This theorem relies on the following lemmas. We deal with the cases where supp(M) is an
abelian group at first. In these cases, M can be reduced to a diagonal type Yetter-Drinfeld module
over supp(M).

Lemma 7.2.8. Let M = (M;,M;,My), where 1 <i < j <k <6. Suppose
MeS) ={(M,My,My)|3<k<6}.
Then B(M) is infinite-dimensional.

Proof. Note supp(M; & M) = (x) = Z4. By restriction, B(M, ® M) € gjyi) is of diagonal type.
Hence we choose a new basis of M| by setting t; = lu; +i(luy) and t, = luy —i(lupz). Then
M, ® My = span{ty,tp, 1v,yv}. Direct computation gives the braiding matrix:

-1 -1 1 1
-1 -1 1 1
- i -1 -1
i - -1 -1



The corresponding generalized Dynkin diagram is of the form

-1 -1

-1 -1

which does not appear in the classification of arithmetic root system [47]. So B(M; & M) is
infinite-dimensional, hence B(M) is infinite-dimensional.
O

Lemma 7.2.9. If M € S :={(M,M3,My), (M, Ms,Mg)}, then B(M) is infinite-dimensional.

Proof. We will prove B(M) = B(M| ® M3 ® M,) is infinite-dimensional, the other case is simi-
lar. Note that supp(M; & M4 @& Ms) = Z, X Zr = (y) X <x2> By restriction, B(M) € giigyﬂ
is of diagonal type, We choose a new basis of M| via t; = luy + lup, tp = luy — luy.  Then

M =span{ti,tp, lwy,xwq, 1wy, xwy} by direct computation, the corresponding braiding matrix is

-1 -1 1 1 1 1
-1 -1 -1 -1 1 1
-1 1 -1 1 -1 -1
1 -1 1 -1 -1 -1}
-1 1 -1 1 -1 -1
1 -1 1 -1 -1 -1

The corresponding generalized Dynkin diagram is of the form

which does not appear in the classification of arithmetic root system [47]. So B(M) is infinite-
dimensional. O

We are going to deal with the cases which not appear in Lemmas 7.2.8 and 7.2.9. It is obvious
that supp(M) = Dg in these cases. We are going to use Theorem 7.2.6 to show B(M) are all
infinite-dimensional.

Lemma 7.2.10. Suppose M = (M;,M;,My) € S\ S1US>, then M is braid-indecomposable.

Proof. It is not difficult to observe that as long as for any i,j 1 <i<j <6, (id—cz)(M,@Mj) #0,
then M is braid-indecomposable for all M € §\ S;US,. In particular, we will not consider braid-
indecomposability of M| & M, since B(M; @ M) is infinite-dimensional by Lemma 7.2.8. We will
compute one case as an example and and list the complete results in the following table.
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We are going to show M| ® M3 is braid-indecomposable. Choose 1u; ® 1w € M} ® M3. Note
§(1uy) =x*>® luy and §(1w1) = y®@ 1wy. Then c(lu; @ Iwy) =x>> (Iw1) ® lu; = —1w; ® luy, and
c(=Iw;®1uy) =—=y> (luy) 1wy = luy ® Iw;. Hence

(id—c?) (lu; ® 1w1) = Lu; @ Iwy — lur ® lwy £ 0.

Table 7.1: Braiding-Indecomposability of M

M;®@M; | x®yeM;®M;, s.t. (id—c?)(x®y) #0. M;®@M; | x®yeM;®M;, s.t. (id—c?)(x®y) #0.
M, ® M; lu; ® 1wy M, @M,y luy ® xwy
M| ® Ms lu; ® 1wy M| ® Mg lu @xwy
My @ M; lvexw M Q@ My lvexw,
M;> @ Ms Iv®lw; M> ® Mg Iv® 1wy
M3 @ My Iwi ®@xwy M3 ®@ Ms; Iwi ®xws
M3 ® Mg Iw ®@xwy My ® Ms Twy @ xw3
My ® Mg Iwy ®xwy M5 ® Mg Iws ®xwy

O

Proposition 7.2.11. Suppose M = (M;,M;,My) € S\ S1US>, then B(M)=B(M;®M; ® My) is
infinite-dimensional.

Proof. We choose a few cases to compute, as the others are similar. The key is to determine the
generalized Cartan matrix for each M, then draw the corresponding skeleton and finally apply the
Theorem 7.2.6 finally.

Take M = (M, M3, Ms), we first calculate the number a’l‘é. Note that ady,, (Iwy) = lu; - 1w +
Iwy - luy, adyy,, (xwz) = lug -xwi +xwy - luy, adyy,, (Iwy) = lug - lwy + 1wy - lup, and ady,, (xwy) =
luy-xwi+xwi-luy. Then we take coproduct of these elements.

A(adyy,, (Iwy)) =1®ady,, (1wy) +ady,, (Iw) @ 1+ 1u; @ lwy — lup ® 1wy,
A(adyy,, (xw1)) = 1®ady,, (xw) +ady,, (xw;) @ L+ 1u; @ xwi + luy @ xwy,
A(adyy,, (Iwy)) =1®ad,(1wy) +adi,(Iw) @ 1+ lup @ lwy — lu; @ 1wy,
A(ady,, (xw1)) = 1®ady,, (xwi) +ady,, (xw1) @ 1+ lup @ xwy — lu; @ xwy.

Obviously, ady,, (1wy) +ady,,(1w;) =0 and ady,, (xw;) +ad;,, (xw;) =0 by their coproduct. Hence
adyy, (M3) = span {ady,, (1w1),ad,, (xwi)}.

Next, since 1u% = lu% = lw% :xw% =0, we have ady,, (ady,, (1w1)) = luy - (lug - 1wy + 1wy -
Lup) =x?> (luy - 1wy + 1wy - Luy) lug =0 as well as adj,, (adyy, (xw1)) =0. Moreover

adluz(adlul(lwl)) = 1u2-(1u1 . 1W1 + 1w1 . 1u1) —x21> (1u1 . 1W1 +1W1 . lul) . 1u2
=1uy-luy-Iwi+1uy - Iwy - lug —lug - 1wy - lup — Iwy - lug - lus

= luz-(—luz- 1w1 - 1W1 . 1142) - (—1142- 1W1 - 1W1 : luz) : 1u2 =0.

where in the last equation we use the fact that ady,, (1w;)+ad;,, (1w;) =0.We can prove ady,, (ad,, (xw1)) =
0 similarly. Thus aldﬁ,ll (M3) =0.
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Using the same method, we can prove ady, (Ms) # 0 and ady,(Ms) # 0. But adﬁ,i,1 (Ms) =

2 -1 -1
ad2, (Ms) =0. Hence M = (M, M3, Ms) has Cartan matrix [ -1 2 —11|.
M3
-1 -1 2
2 -1 -1
It is not surprising that for all M € §\ §; US>, the Cartan matrix of M are all | -1 2 -1},
-1 -1 2

because their Yetter-Drinfeld module structures are similar. We omit the proof for simplicity.

Although they have the same Cartan matrix, the corresponding skeletons may be different.

If (i,7,k) € {(1,3,5), (1,3,6), (1,4,5), (1,4,6)}, the corresponding skeleton will be the first
picture.

If (i, j, k) €{(2,3,4), (3,4,5), (3,4,6), (3,5,6), (4,5,6), (2,5,6)}, the corresponding skeleton
will be the second picture.

If (i,7,k) € {(2,3,5), (2,3,6), (2,4,5), (2,4,6)}, the corresponding skeleton will be the third
picture.

None of the skeletons above appear in [54 Figure2.1], hence by Theorem 7.2.6, dim(8(M)) = co
forall M € S\ S1US>. O

Proof of Theorem 7.2.7. It is direct from Lemma 7.2.8, 7.2.9 and Proposition 7.2.11. O

7.3 A second proof of Theorem 7.1.2

Now let G be an abelian group with a nontrivial 3-cocycle ® and H is a finite group. Let
gyi)% denote the full subcategory of gyl)q)consisting of all finite-dimensional twisted Yetter-
Drinfeld modules. Suppose F : gMZ)% — fMZ)fd is an equivalence of fusion categories, we have
the following lemma.

Lemma 7.3.1. For each X € gy Z)gzl, we have the following equations with respect to dimensions:
dimy (X) = FPdim(X) = FPdim(F (X)) = dimy (F(X)).

Proof. There's an equivalence of fusion categories: SY D = Z(Vec®) = Rep(D®(G)). By [35,
Example 5.13.8], dimy (X) = FPdim(X) for all X € Y DF,.
Note gyzx?; and fMZ)fd are all fusion categories and F is a tensor functor, then by [35,
Proposition 4.5.7]
FPdimg o (X) = FPdimyy 5, (F(X)),
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The last equation FPdim(F (X)) = dimy (F (X)) can be obtained via using the same result as the
first equation. O

We return to the situation considered in gyz)‘b, recall here My, M», M5 € gyz)‘l’ be three 2-
dimensional pairwise non-isomorphic simple objects with deg(M;) = g, deg(M>) = g5, deg(M3) = g3.

Proposition 7.3.2. The category gJ/Z)g’i is braided fusion equivalent to g:)/i)fd.

Proof. The existence of the finite group H follows immediately from Theorem 6.3.3. Explicitly, take
A=(e), K=(f)x(g), F=1in Lemma 6.3.1. Let

ﬁ(fizgté’szgjs) :ijis,

where y € A is primitive such that y(g;) =—1. and let £ =1, By Theorem 6.3.3, Vec{ and
Vec- are categorically Morita equivalent. Let H = Z, < Z, X Z,. Actually, H is isomorphic
Zz;(szzz) 7

to Dg since H has the following presentation

<(L(£,8), (L(fD) (1L, (f,9)*=(1,(1,1) = (1, (f, 1)),
(1’(f’1)) : (1’(f’g)) ' (1’(f’ 1)) = (la(f’g))_l >

Hence
GY D = Z(Vecy) = Z(Vecp,) = 'Y Dy
as braided fusion category. O

Now we are going to prove Theorem 7.1.4.

Proof of Theorem 7.1.4. Let M = (M, M,, M3) be the 3-tuple. Since My, M>, M5 are pairwise non-
isomorphic, simple and F : gyi)f% — g:yi)fd is a braided fusion equivalence then F(M;), F(M>)
and F(M3) are pairwise nonisomorphic and simple.

Suppose B(M) € gqu)fd is finite-dimensional, then F(8B(M)) must be a finite-dimensional
Nichols algebra of rank 3 in g:yl)fd since F' maps Nichols algebra in gyz)q’fd to Nichols algebra in

ggyz)fd by Lemma 2.5.4. But all Nichols algebra generated by three pairwise nonisomorphic simple
Yetter-Drinfeld module over Dg are infinite-dimensional by Theorem 7.2.7. This is a contradiction,
so B(M) is infinite-dimensional. O

7.4 The Cartan graph of B(M)

We denote the Weyl groupoid structure on G(M) by W (G(M)). Furthermore, the set of real
roots of G(M) at X

A" = {w(a;) € Z' | w e Hom(W(G(M)),X),i € I}

can be formulated explicitly. Since G(M) is standard, it is obvious that A% = AV™® for all X,Y €
F3(M) and
Hom(W(G(M)).X) —» W(AL"), (¥,5,X) s

is bijective, where W(Agl)) is the Weyl group of the affine Lie algebra of type Aél).
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For an affine Lie algebra of type Aél) (and more generally for any symmetrizable Kac-Moody
algebra), the set of real roots is closed under the action of the Weyl group, and every real root can be
obtained from a simple root by applying a sequence of fundamental reflections, see [66, Proposition
5.1]. If we denote § = @ +az+a3. Then

AMT — (o + k6 | a € Dy, k €Z). (7.4.1)

Here @4, = +{a2, @3, a2 + a3}, which corresponds to the root of Lie algebra of typeA,. This agree-
ment is expected because the semi-Cartan graph is standard, and thus AM-™ coincides with the
set of real roots for the affine Lie algebra of type Aél). Unfortunately, AM-® is an infinite set, by
definition G(M) is not a finite semi-Cartan graph.

Definition 7.4.1. (1) A semi-Cartan graph G is called connected if the groupoid W (G) is con-
nected, that is, if for any two objects X,Y of G there is a morphism from X toY in W(G).

(2) A semi-Cartan graph G is called simply connected if for any two points X,Y of G there is
at most one morphism from X toY in W(G).

(3) Forany X e X and i,j €l let

mi =|A%Xren (Noa; +Noa)|.

We say that G is a Cartan graph if the following hold.
(CG3) For all X € X, the set AX"® consists of positive and negative roots.
(CG4) Let X € X, and i,j €L If m¥ <oco, then (rr))"s(X) =X,

Proposition 7.4.2. The quadruple G(M) is a connected and simply connected Cartan graph.

Proof. Since M admits all reflections, G(M) is a connected semi-Cartan graph. Moreover, the fact
that Hom([M], [M]) =id[p implies that G(M) is simply connected.

The condition (CG3) is obvious, since A% = AY® for all X,Y € F3(M) and AM™ consists of
positive and negative roots.

For (CG4), by definition,

m% =| AMen (Noa1 +Noap) |= 3.
Now by direct computation of reflection, see [69, Lemma 6.12],

(r1r2) (M) = rirorirary (My, My, Mg) = rirarira(Ma, My, Ms) = rirar (Mo, My, M3)
= riro(Ma, Ma, Me) = 11 (M1, Ma, Ms) = (M, M>, M3).
We deduce that (r1r2)3([M]) = [M]. Similarly, for all i,j € {1,2,3} and X € X, one can prove
mfg =3, and
(rirp)*([X]) = [X].
Hence G(M) is a Cartan graph. O
Definition 7.4.3. Let G = G(I,X,r,A) be a Cartan graph. For all X € X let RX be a subset of Z!

with the following properties.
(1) 0¢ RX and a; e RX forall X € X and i €.
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(2) R¥ CNjU-N; for all X € X.

(3) Forany X € X andi€l, s¥(RX) =R,

(4) Ifi,j el and X € X such thati# j and mi in Definition 7.4.1 is finite, then (r,-rj)ml?.(i (X)=X.
Then we say that the pair (G,(RX)xex) is a root system over G. A root system over G is said to
be reduced if for all X € X and a € RX the roots @ and —a are the only rational multiples of « in
RX. A root system is said to be finite if for all X € X, RX s finite.

If G is a Cartan graph, the pair (G, (A*™)xcx) is a reduced root system over G by [52, Example
10.4.4]. The following corollary follows immediately.

Corollary 7.4.4. Let M be the 3-tuple as above, then (G(M), (A%X™)xex) is a reduced root system
over G(M). Furthermore, there is no finite root system over G.

Proof. The second claim follows from the fact that G is not a finite Cartan graph and [52, Theorem
10.4.7]. o

7.5 The Tits cone induced by (G(M), (AX™)xcx) is a half plane

In [28,29], the authors showed that most Nichols algebras over Hopf algebras can define a Tits
cone, via their root systems. In particular, they call a Nichols algebra affine if the corresponding
Tits cone is a half plane. The following is their main observation:

Theorem 7.5.1. [29, Theorem 1.1] There exists a one-to-one correspondence between connected,
simply connected Cartan graphs permitting a root system and crystallographic Tits arrangements
with reduced root system.

Under this correspondence, equivalent Cartan graphs correspond to combinatorially equivalent
Tits arrangements and vice versa, giving rise to a one-to-one correspondence between the respective
equivalence classes.

A crystallographic Tits arrangement consists of a pair (A,T), where A is a set of linear
hyperplanes in R", and T is a Tits cone in R”, satisfying some additional conditions. For explicit
definition of crystallographic Tits arrangements, one may refer to [29, Definition 3.1].

Now return to the 3-tuple M in gyz)‘l’, we have proved that (G(M), (AX™)xcx) is a connected
and simply connected Cartan graph with a reduced root system, thus it should produce a Tits cone
in R3. Our goal in this subsection is to calculate the corresponding Tits cone.

We briefly recall the calculation of the Tits cone when given a connected simply connected
Cartan graph G = G(L X, (ri)icr, (AX)xex) with a root system R = (A%¥™)xcx. Fix an object A € X.
Let V=R” (where r = |I|) and fix a linear isomorphism ¢ : Z! — V* sending the standard basis to a
basis {¢1,...,¢,} of V*. Define the set of roots R =y (AY™) c V*.

For any object B € X, since G is connected and simply connected, there exists a unique morphism
wp € Hom(A, B) in the Weyl groupoid. Define the linear map yp = wow]_,‘;1 :Z — V*. Then the
set R :=yp({e;}ics) forms a basis of V*, called the root basis at B. The corresponding chamber
is defined as the open simplicial cone

KB:= () pr={x e V|B(x) >0 for all g c R®}.

BERB
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Let K = {K® | Be X}. The set of hyperplanes is
A:={¢" | p eR}.

Finally, the Tits cone is defined as the convex hull of all chambers:

VLS

XeX

T :=conv

Theorem 7.5.1 guarantees that (A, T) is a crystallographic Tits arrangement. The next proposition
seems to be new, although those who are familiar with affine Nichols algebras may regard it as a
known fact.

Proposition 7.5.2. Let G=G(I,X,r,A) be a connected, simply connected standard Cartan graph,
with (AX™®)xex a reduced root system over G. If the Cartan matrix A is affine, then the corre-
sponding Tits cone T in the sense of Theorem 7.5.1 is a half plane.

Proof. We denote r = |I|. Since A is affine, it is automatically symmetrizable, then there exists a
positive vector v = (vi,V2,..,v,) € Zso such that v A =0, that is

r

Zvicij =0 for all j.

i=1

For simplicity, we use X to represent its isomorphism class [X] € X. We fix a base object M. Let
V =R’ and fix a linear isomorphism ¢ : Z" — V* sending the standard basis vectors {ay,as,...,a,}
to a basis {¢1, 2, ...,¢,} of V*. Define the set of roots R =y (AM:7) c V*.

For any object X € X, there is a unique morphism wx € Hom(M, X) in the Weyl groupoid.
Define yx =y owy! : Z" — V*. The set of root basis at X is

BX = 17[/)(({@’1,&2, ...,a’r}),

and the associated chamber is

KX = ﬂ,8+:{x€V|ﬁ(x)>0fora||,8€BX}.

peBX

We now prove that

T =conv U KX

XeX

coincides with the half-space 6* where § =vi¢| +vodo+... 4V, ;.

Now let X,Y € X, such that r;(X) =Y for some i € I. By [29, Proposition 3.5, if BX =
{B1.B2....By} is indexed compatibly with B ={g/,3,,5,}, then

Bi=-Bi.  Bi=Bj—cjifi (J#i).
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Consequently,

r

Zvjﬁ} = Zvj(ﬁj—cjiﬁi)—viﬁi

= i
= Zvjﬁj—Z(VjCji—vi)ﬁi
i i
,
= ZV]',B]' +V,'ﬂi = ZVJ',BJ'.
i =1

Note that in this case K* and K are adjacent chambers, hence the sum 5y := 2gepx B is invariant
under adjacent chambers. Since the Cartan graph is connected, this sum is independent of the
chamber X; we denote this common value by 6.

For any X € X and any x € KX, we have B(x) > 0 for all 8 € BX. Hence

5(x) = Z B(x) > 0.

BeBX

So KX c 6*. Since 6% is convex, the convex hull T of the union of all chambers also satisfies T C §*.

Consider the affine plane H; = {x € V| §(x) = 1}. The intersection of each chamber k¥ with
H, is non-empty because for any x € KX we have §(x) > 0, so x/6(x) € KX nHj. Moreover, each
chamber KX is a r-dimensional open simplicial cone. The intersection of KX with H; is a non-empty
(r — 1)-dimensional simplex. In the theory of affine reflection groups, A := KX N H; is known as a
fundamental alcove. A classical result [65, Chapter 4] states that the affine Weyl group W =W (A)
acts simply transitively on the set of alcoves and that the closures of the alcoves tile the Euclidean
space Hi, i.e.

H = U w(A).
wew

and the interiors of distinct alcoves are disjoint. Hence the collection {KX N H;}xex forms a tessel-
lation of H;. It covers H; completely and the interiors of different members do not overlap.

The point x/d(x) must lie in the closure of some simplex. Consequently, we can find finitely
many vertices pi, ..., p, of these simplices, where each vertex belongs to some chamber K% N H;
and non-negative coefficients #1,...,t, with 3", #; = 1 such that

X = ané(x)t,-pi = Zn:ti(5(x)l?i)~
i=1 i=1

Each (x)p; belongs to K% because K% is a cone. Hence x is a convex combination of points from
Uyx KX, so x € T. This proves 6* CT. Now we obtain 7 = ¢*. Thus, by the philosophy of Theorem
7.5.1, the Tits cone corresponding to (G, (AX™)xcx) is a half plane. O

Now return to the 3-tuple M in gy@“’, we have proved that (G(M), (AX™)xex) is a connected
and simply connected standard Cartan graph with a reduced root system, thus it should produce a
Tits cone in R3.

Corollary 7.5.3. Under the equivalence of Theorem 7.5.1, the Tits cone corresponding to (G(M), (AX™)xex)
is a half plane. That is, the Nichols algebra B(M) is an affine Nichols algebra.
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Remark 7.5.4. (1) This means we realize an affine Nichols algebra over a coquasi-Hopf algebra,
which broadens the approaches to realizing affine Nichols algebras.

(2) We hope to prove that a semi-Cartan graph induced by a Nichols algebra over ZMZ) is
actually a Cartan graph, which would endow it with more beautiful properties.
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Chapter 8

Cohomology of Pointed Finite Tensor
Categories

We consider the finite generation property for cohomology algebra of pointed finite tensor
categories via de-equivariantization and exact sequence of finite tensor categories. As a result, we
prove that for all finite-dimensional coradically graded coquasi-Hopf algebras over abelian group,
their corepresentation categories have finitely generated cohomology.

8.1 De-equivariantization of finite tensor categories

In this subsection, we review the definition of de-equivariantization and present key results
related to this construction.

Definition 8.1.1. (i) Let C be a finite braided tensor category. Suppose there is a braided tensor

functor i : C — Z(D), such that the functor Q : C 5z (D) LN D is a fully faithful tensor functor,
where F is the forgetful functor. Then we say i is a central embedding.

(i1) For any central embedding Rep(G) — D, we can define the de-equivariantization Dg |,
which is the tensor category of O(G)-modules in D, where O(G) is the linear dual of the group
algebra.

Let G be a finite group. There exists a profound relationship between braided central Hopf
subalgebras of a Hopf algebra H and central embeddings Rep(G) — Zyi).

Definition 8.1.2. Let H be a finite-dimensional Hopf algebra. A braided central Hopf subalgebra
of H is a pair (K,r), where K C H is a Hopf subalgebra, and r : H® K — k is a bilinear form such
that:

r(hi' k) =r (W k) r(h k), ( )
r(h,kk’) =r(hi,k)r(hy, k'), ( )
r(h,1)=&(h), r(l,k)=e(k), (8.1.3)

r(hi, k1) koho = hikyr (ha, k2), ( )
r(k, k") =¢e(kk’), ( )

forall k,k’ e K, h,h’' € H.
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Lemma 8.1.3. [14, Theorem 3.4] Let H be a Hopf algebra and K ¢ H a commutative Hopf
subalgebra. Then the following set of data are equivalent:

(1) Amapr: H®K — k such that (K,r) is a braided central Hopf subalgebra of H.

(2) A braided tensor functor F : ¥ M — Z(AM) = Zy D such that the composition with the
forgetful functor Z(" M) = ZJ/Z) — B M is fully faithful.

8.2 Cohomology of finite tensor categories

In this section, C and D are finite tensor categories. We present essential lemmas regarding
their cohomology for subsequent applications.

Lemma 8.2.1. [40, Theorem 1.2.1] Let H be a finite-dimensional pointed Hopf algebra whose
group of group-like elements is abelian. Then Comod(H) as well as Rep(H) satisfies FGC.

Lemma 8.2.2. [81, Proposition 3.3] If F: D — C is a surjective tensor functor, and D satisfies
FGC, then C satisfies FGC.

Lemma 8.2.3. [81, Theorem 4.4] Suppose F : D — C is a de-equivariantization of D with respect
to a central embedding Rep(G) — D, or equivalently an equivariantization of C with respect to a
G-action. Then D satisfies FGC if and only if C satisfies FGC.

The authors of [34] generalized Bruguieres and Natale's definition of exact sequences of tensor
categories, introducing a new notion of exact sequences with respect to module categories. For
brevity, we omit the explicit definition here.

Lemma 8.2.4. [81, Corollary 8.13] Let
B— C— DREnd(M)

be an exact sequence of finite tensor categories. In particular, if we assume that D is a fusion
category, then there is a natural identification of k-algebras

H*(8,1)=H*(C,1).

Furthermore, for any objectV in C , there is an identification of H*(C, 1)-modules, H* (8B, %CO (D,V)) =
H*(C,V), where the definition of %CO is given in [81, Definition 8.10].

8.3 Proof of diagonal type case

In this section, given a finite-dimensional coradically graded coquasi-Hopf algebra of diagonal
type, we prove that Comod(M) satisfies FGC. We begin by recalling key classification results.

In this section, let G = Z,,,, X Z,,,, X -+ - X Z,,, =(g1) X {(g2) X --- X (gy) with an abelian 3-cocycle
wg and G = Z,2 X Z,2 X+ X Z,2 = (g1) X (g2) X - X (gx). We assume B(V) € SY D% is a finite-
dimensional Nichols algebra of dlagonal type. Without loss of generality, we can assume G = Gy
(the support group of V). In [58 Section 4], the authors provided a method to classify such twisted
Nichols algebras. Here, we adopt an equivalent approach to describe the 'return trip' transformation
between twisted and ordinary Nichols algebras for later use.
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Given B(V) € gyﬂ% B(V’)Jﬂ ~ B(V) E gy@@g
| [1f 58, (4.8)] holds
B(V) = B(VZ)) € gyﬂn*(Qg) B(V,)Jﬁ c gyﬂa(@

! I

B(Vp) is twisted equivalent to B(V@)Jﬂ_1 € gyi) Given Nichols algebra B(V’) € gyﬂ

Figure | Figure Il

Let us illustrate the above figures explicitly via the language of root data. Let D = (D, ,S,X)
be a root data, where:
£ is a Dynkin diagram of an arithmetic root system A, g;
S = (8i/)mxn: X = (Xij)uxm are two matrices satisfying certain conditions (see [58, Definition
4.14]).
By [58, Corollary 4.13], for each root data D, there exists unique a € o/’ such that the following
equation holds for all 1 <i<mand 1 <j <m.

= ] ™ (8.3.1)

i<k<n

For each root data D, we can define a Nichols algebra B(Vp) € gy.@”*(d’z) as follows. Let Vg be
the Yetter—Drinfeld module in gm)’f*(% with a canonical basis {X; | 1 <i < m} such that

Sik
6L(X)—l_[g”"®X gi>X;= {x” (81 MMici )XJ-.
" Ty ( k= 1g2k’gl)

The second statement of [58, Theorem 4.15] states each twisted Nichols algebra in gyz)%
must be isomorphic to B(Vp) € gy.@”*(q’ﬂ) for some root data 9. This is exactly what Figure |
says.

The first part of that theorem shows that each Nichols algebra in gyﬂ"*(% satisfying equation
(8.3.1) must be isomorphic to B(Vyp) € gyﬂ”*(q)ﬁ) for some root data 9. Moreover, B(Vyp) will
be uniquely isomorphic to a twisted Nichols algebra in gyz)%. This corresponds to Figure Il.

This completes the classification of finite-dimensional twisted Nichols algebras of diagonal type,
and consequently, all finite-dimensional coquasi-Hopf algebras of diagonal type.

Foreach V' € gy@”*@d, one may define a finite-dimensional Nichols algebra B(V’) € gyi)”*(q’ﬂ)
and thus a finite-dimensional coquasi-Hopf algebra H’a = B(V")#kG. Through the processes of
twisting and bosonization, we obtain a finite-dimensional coradically graded pointed Hopf algebra:

H =8V #G.

On the other hand, if a satisfies equation (8.3.1), we can define a finite-dimensional coquasi-Hopf
algebra
M = B(V)#kG,

where B(V) is isomorphic to B(V’). Note that G contains a subgroup G= <g’1"‘> X <g;12> X e X
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<gz1"> =~ (G. We now state our main result:

Proposition 8.3.1. With the above notions, if equation (8.3.1) holds for all 1 <i<n and1<j<m,
then we have such a tensor equivalence

Comod(H)g = Comod(M). (8.3.2)

Proof. Let y; be the generator of Z; such that y;(g;) =,z for all 1 <i <n. Define ¢: G-oG by:

S((g]")" - ( >y">—1_[x“”’”” [T xm. (8.3.3)

1<j<k<n
Let k= (g]")" - (g,")"" € G. Then for any k’ € G and each generator X;, 1 <j <m, we have

<k',p(k)>=1,

k[> X l_[é’ lylleX (8. ’3 1) 1—[ ,y,sj,m, 1_[ gmzzsjlyzm, L=< l_lgsjl ¢(k) > X]

1<i<I<n

Hence, the pair (G, ¢) satisfies the condition (b) in [14, Proposition 4.3], yielding a braided central
Hopf subalgebra (kG,r) of H. As G is abelian, we have Rep(Gr) Comod(kG) as fusion categories.
By Lemma 8.1.3, there exists a braided tensor functor F : Rep(G) —-ZHEM) = Hy@ whose com-
position with the forgetful functor Z(* M) =YD — # M is fully faithful. Th|s guarantees the
existence of the de-equivariantization Comod(H), which is defined as the tensor category of left
kG-modules in Comod(H).

On the other hand, there is an epimorphism of coquasi-Hopf algebras:

=(f®p): H'=B(Vp)HkG — M = B(V)#kG.

where p : kG — kG is given by g; > g; is surjective and [ : B(Vp) — B(V) is an isomorphism.
Direct computation shows:

kG = (H’2)®°7 := {x e H’= | (id®n)(A(b)) =b® 1} .

It follows by [26, Example 6.4] that kG admits a structure of commutative algebra in Z(Comod(H"<)),
making the tensor category of left kG-modules in Comod(H’<) tensor equivalent to Comod(M).
Note that, Comod(H) = Comod(H’«) as tensor categories since H’« and H differ by a cocycle-
deformation. Hence the tensor category of left kG-modules in Comod(H) is tensor equivalent to
Comod(M). We conclude: Comod(H)z = Comod(M). O

Theorem 8.3.2. For each finite-dimensional coradically graded coquasi-Hopf algebra M of diagonal
type, Comod(M) satisfies FGC.

Proof. Given a finite-dimensional coradically graded pointed coquasi-Hopf algebra M = B(V)#kG
of diagonal type, Figure | associates it to a unique Hopf algebra H = B(VD)@[#E{G. The equation
(8.3.1) holds automatically for B(Vp) by [58, Theorem 4.15]. Then by Proposition 8.3.1, there is a
subgroup G C G such that Comod(H)g = Comod(M). Since Comod(H) satisfies FGC by Lemma
8.2.2, so does Comod(M) by Lemma 8.2.3. O
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Remark 8.3.3. The referee pointed out that [14, Proposition 4.3] can simplify the proof of Propo-
sition 8.3.1. We acknowledge the referee for providing this better approach.

8.4 Non-diagonal type case and proof of Theorem 8.4.5

The classification result of finite-dimensional twisted Nichols algebras of non-diagonal type is
much simpler, but the procedure is more difficult, see [60]. We first characterize all finite-dimensional
simple twisted Nichols algebras of non-diagonal type over abelian groups.

Lemma 8.4.1. [60, Proposition 2.12] Suppose V € gyl)cp is a simple twisted Yetter-Drinfeld
module of non-diagonal type, deg(V) =g. Then B(V) is finite-dimensional if and only if V is one
of the following two cases:

(Cl)gpv=—vforallveV,

(C2) dim(V)=2and gov=_v forallveV.

Remark 8.4.2. In [60], the authors showed the following results.

(1) For a rank-2 Yetter-Drinfeld module V =V; @V, with V},V, are simple but nonisomorphic,
B(V) is finite-dimensional if and only if dim(V;) = dim(V,) =2 and V},V; are of type (C1) with
some additional restriction.

(2) Any V of rank 3 with pairwise nonisomorphic simple twisted Yetter-Drinfeld modules yields
an infinite-dimensional Nichols algebra B(V).

For brevity, we focus on simple twisted Yetter-Drinfeld modules of non-diagonal type, as our
methods extend directly to rank 2. Consider the group

G ={(g1,82,---8n)

for n > 3, since w is a non-abelian 3-cocycle. Let V € gyz)d’ be of either type (C1) or (C2) with
deg(V) =g; and dim(V) =m > 2. By [60, Proposition 3.10, Theorem 3.9], there is a finite abelian

group
G = (g1) X (@) X X{(gn)

with generators g;, such that ord(g;) = ord(g;)?>. Moreover, there exists a group epimorphism
7: G —> G satisfying m(g;) = g; and a section ¢ to & such that ¢(g;) = g; for all 1 <i <n. Furthermore,
there exists V € gyz)”*d’ such that B(V) = B(V), n*(w) € 4" and the support group Gy; of V is
(g1). The following lemma is immediate.

Lemma 8.4.3. The bosonization H := B(V)#IkGV is a Hopf algebra and satisfies FGC.

Proof. Since n*w € &”, the restriction m*w |G\7XGVXGVE 1. By [60, Corollary 3.16], B(V) is isomor-
phic to a Nichols algebra of diagonal type in gfyﬂ(retaining the notation B(V) for simplicity).
14

Thus H := B(V)#Ik@v is a Hopf algebra, with an abelian group of group-like elements. Hence H
satisfies FGC by Lemma 8.2.1. O

Let M := B(V)#kG and M := B(V)#KkG. To prove Comod(M) satisfies FGC, we are going to
show Comod(M) does, leveraging the surjective coquasi-Hopf algebra map M — M.

Theorem 8.4.4. Both Comod(M) and Comod(M) satisfy FGC.
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Proof. Clearly, M and H are generated by group-like and skew prlmltlve elements. Since dim(V)=m
and B(V) = B(V). We may assume V = span{x{,x2,....X, }. Thus, M is generated by

{xl,xz,...,xm,g; |0<i< m%, 1<j< n},
while H is generated by

{xl,xz,.. xm,gl |0<i <m1}

The injective coquasi-Hopf algebra mapi: H — M, xj#g’i |—>)cj#gi1 forO0<i<n-1,1<j<m,
induces a fully faithful tensor functor

¢ : Comod(H) — Comod(M). (8.4.1)

Note that p : G — G/Gy; is a group epimorphism given by p(g;) =1 and p(g;) = g; for all
2<i<nand n:8B(V) = k,1g¢) = 1gwv), x;+ 0is an algebra map and a coalgebra map. This
yields a coquasi-Hopf algebra surjection:

f=(r®p): B(V)#LG — kG/GCy, x#g - n(x)#p(g).
which induces a surjective tensor functor:

F : Comod(M) — VecG (8.4.2)

/G

We denote the fusion category VecG/G as D for simplicity. Since foz(x#gl) m(x)#1 € k, we see
that Fou(X) € Vec forall X € Comod(H) by the definitions of t and F. That is Comod(H) € Ker(F).

All categories involved are comodule categories of finite-dimensional coquasi-Hopf algebras.
Hence FPdim(Comod(H)) = dimy (H), FPdim(Comod(M)) = dimy (M) and FPdim(D) = dimy k(G/Gy)
by [35, Example 6.1.9]. Clearly,

dimy (M) = dimy (H) - dimy, k(G/Gy).

Hence
FPdim(Comod(M)) = FPdim(Comod(H)) - FPdim(D). (8.4.3)

By [34, Theorem 3.4], there is an exact sequence of finite tensor category
Comod(H) — Comod(M) — D. (8.4.4)
Lemma 8.2.4 provides a natural identification of k-algebras
H*(Comod(H), 1) = H*(Comod(M), 1).

Since Comod(H) satisfies FGC by Lemma 8.4.3, H*(Comod(M), 1) is a finitely generated algebra.
Moreover, for each W € Comod(M), there is an identification of H*(Comod(M), 1) module via

H*(Comod(H), #?° (D, W)) = H*(Comod (M), W).

Comod(M )
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Since H® (Comod(H),%gomod(M) (D, W)) is a finitely generated module of H*(Comod(H), 1), H*(Comod(M), W)

is a finitely generated module of H*(Comod(M),1). Hence Comod(M) satisfies FGC. Recall that
there is a surjection of coquasi-Hopf algebras M — M, which induces a surjective tensor functor
Comod(M) — Comod(M). Thus Comod(M) satisfies FGC by Lemma 8.2.2. O

Theorem 8.4.5. Let M be a finite-dimensional coradically graded pointed coquasi-Hopf algebra
over abelian groups, and C := Comod(M), then C satisfies FGC.

Proof. Since C = Comod(M) for some finite-dimensional coradically graded coquasi-Hopf algebra
M over an abelian group, the result follows directly from Theorem 8.3.2 and 8.4.4. O
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