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THESIS: Affine Nichols algebras and quantum affine (super)algebras

SPECIALIZATION: Fundamental Mathematics

POSTGRADUATE: Fengchang Li

MENTOR: Professor Gongxiang Liu
Abstract

The thesis is about the theory of Nichols algebras. In recent 20 years, the theory of
Nichols algebras is in the center of the theory of Hopf algebras. It plays a fundamental
role in the classification work on f.d. pointed Hopf algebras by Andruskiewitsch and
Schneider. Meanwhile, Nichols algebras of diagonal type (i.e. over abelian groups)
include a lot of important objects in the theory of quantum groups, e.g. the positive
part of Lusztig’s (small) quantum groups, Yamane’s (affine) quantum supergroups.
Moreover, Nichols algebras over non-abelian groups include the famous Fomin-Kirillov
algebras and other important objects in algebra. The thesis mainly focus on Nichols
algebras of diagonal type.

In the theory of Nichols algebras of diagonal type, around 2010 Heckenberger
found that these objects have surprising structures of Weyl groupoids and generalized
root systems, which is a perfect generalization of the Weyl groups and root systems
of Kac-Moody algebras. Naturally, people can ask the following questions: What is
affine Weyl groupoids, what is affine root systems, what properties do the Nichols
algebras with affine Weyl groupoids (we call them affine Nichols algebras) have, what
is the classification of affine Nichols algebras. The first two questions have concrete
answers, but the structure and classification of affine Nichols algebras are long time
difficult questions. Affine Nichols algebras contain the positive parts of the classical
affine quantum groups and the known affine quantum supergroups.

However, there were almost no results on the remaining affine Nichols algebras.
Among these objects, the easiest one is the positive part of quantum affine superalgebra
U,(A(0,2)™), or equivalently the affine Nichols algebra B(V). U,(A(0,2)®) is the
most fundamental one in the family of quantum affine superalgebras U, (A(2m, 2n)®).
The Lie superalgebras A(2m,2n)® have a unique property (difficulty), compared to
all the other affine Lie algebras and affine Lie superalgebras. That is, the imaginary
root 0 is odd and the imaginary root vectors do not necessarily commute with each
other. The only known results are, when v is transcendental, the Serre type defining
relations and the root multiplicities are determined. However, when v is only not a root
of unity, even the Serre type defining relations are unknown. The object U, (A(0,2)®)

together with a concrete non-commutativity relation at a low degree were announced
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by Yamane in his presentation at the Workshop on Mathematical Physics, Brazil,
ICM2018 Satellite. Yamane asked: The commutation relations are so complicated,
how to construct the Drinfeld second realization? The thesis gives the following results
on the structure of U,(A(0,2)™), when v is not a root of unity, including the answer

to Yamane’s question.

1. We give the Lyndon word type PBW basis of Lie superalgebra A(0,2)®, together

with the commutation relations among all the imaginary root vectors.

2. When v is not a root of unity, we prove that the defining relations satisfied by the
Chevalley generators of U} (A(0,2)™) or equivalently the corresponding Nichols
algebra B(V) are the quantum Serre relations, which means the Drinfeld-Jimbo
type realization of U,(A(0,2)®) is obtained.

3. Based on Lyndon word theory, we construct distinguished imaginary root vectors
and give an important estimation of their comultiplication in the form of generating

functions.

4. With this estimation, we determine all the root multiplicities and give a PBW basis
of UF(A(0,2)W).

5. We also describe concretely all the commutation relations among real root vectors
and distinguished imaginary root vectors using generating functions, that is, the
Drinfeld second realization is obtained for U (A(0,2)®), which must be the fun-
damental tool for studying general U,(A(2m, 2n)?) and the representation theory

of these quantum affine superalgebras.

6. We also give a new point of view for the choice of the Drinfeld generators (imagi-
nary root vectrs), that is, at the root space of every nd, there exists a distinguished
element s.t. this distinguished element with all the real root vectors of one side
generate a left (right) coideal subalgebras (of the positive part). This distinguished
element is just the Drinfeld generator of the imaginary root nd, used in the Drinfeld
second realization. We also research the corresponding one-sided coideal subalge-
bras in the case of U,(A(0,2)®). We prove that only at the root space of even
times ¢, there exists the one-sided coideal subalgebra under the same construction.
At the root space of odd times 4, there does not exist this kind of one-sided coideal

subalgebras. We also give a PBW basis for every one-sided algebras above.

7. We give a more precise estimation of the comultiplication of the root vectors of
U,(A(0,2)®), especially of the imaginary root vectors, which must be a key for fu-
ture research on the R-matrix of U, (A(0,2)®) and even general U, (A(2m, 2n)W).

vi
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Chapter 1 Introduction

§1.1 Background and main results

Quantum groups have been introduced formally in [Dri85] and [Jim85] as defor-
mations of the universal enveloping algebra U(g) of a Kac-Moody algebra g. Affine
quantum groups are also called quantum affine algebras, and the theories of their
representations are very rich, with many important applications in many branches
of mathematics and mathematical physics. In addition, quantum affine algebras
also have the famous Drinfeld second realizations, first appearing in [Dri87] and
then [Bec94], [Jin98|, [Dam12|, [Dam15], [JZ16]. Drinfeld second realizations are very
important for the theory of quantum affine algebras because they are crucial for the
study of representations; see, e.g. [CP91|, [CP98].

Affine Kac-Moody superalgebras are generalizations of affine Kac-Moody alge-
bras, defined and classified by van de Leur in [vdL89]. In this classification, there is
a special family named A(m,n)®. The main feature of A(m,n)® is that there exist
odd imaginary roots and that the imaginary root vectors do not necessarily commute
with each other. In addition, when m = n, the cardinality of the Serre-type defin-
ing relations is infinite (also in the quantum case) due to the one-dimensional center
spanned by the identity matrix. Motivated by the work [AT24] and for the exploration
of the quantum case, we give the Lyndon word type PBW basis of A(0,2)®. We also
describe the commutation relations among all the imaginary root vectors. See the

following results. See Section 2 for related notations.

Proposition 1.1.1 {X,,,Y,,, Lan, Mo,_1|n > 1} is a set of PBW generators (root vec-
tors) of UT(A(0,2)™), with respect to the following order:

}/'1>Y'2>...>Yn>...
> My > Mg > o> Moy > -+
>Lo> Ly > --> Loy, >+

> > X, > X > X

Proposition 1.1.2 The commutation relations of the imaginary root vectors Lo, and

Moy, 1 are the following:

(a) [L2m7 Lgn] = O



m—n

(b) [Mams1, Mayia] = 0 if m=+n is odd, [Map 41, Moy 1] = (—=1)" 2 2M} y1g1s fmtn

m

1S even.
(¢) [Lan, Mons1] =0, [Lamsa, Moni1] = 535 Mam2n13-

Quantum superalgebras and quantum affine superalgebras appeared first in [Yam94|
and [Yam99], respectively, which are foundational for these theories. In them, Yamane
defined quantum (affine) superalgebras abstractly, i.e., by the radical of a bilinear form,
which is similar to the non-super case introduced by [Lus93]. Then Yamane got the
defining relations satisfied by the Chevalley generators of affine Lie superalgebras and
the corresponding quantum affine superalgebras except the case of A(m,m)(2) and
A(m, m)®, which means the Drinfeld-Jimbo type realization is also obtained for these
quantum affine superalgebras.

For quantum affine superalgebras, the Drinfeld second realizations are also impor-
tant tools for studying representations. Related work appeared in [Yam99|, [HSTY08§],
[Zhal4], [BFK24], etc.

Next, we discuss U,(A(m,n)®) when m # n. When v is transcendental, the
defining relations satisfied by the Chevalley generators were known in [Yam99|, the
root multiplicities were known in [EG09|, which are the same as the root multiplicities
of the corresponding affine Lie superalgebra. However, no explicit form of a PBW
basis was given. When v is not a root of unity, the defining relations satisfied by
the Chevalley generators, the root multiplicities, PBW basis and the Drinfeld second
realization were all unknown.

In the last years, Nichols algebras attracted much interest from many branches of
mathematics such as Hopf algebras, quantum groups, algebraic geometry and number
theory, conformal field theory, etc. Concretely, Nichols algebras play an important
role in the classification of finite-dimensional pointed Hopf algebras; see [AS10]. Tt is
also well known that the theory of Nichols algebras is closely related to the theory of
quantum groups. In the finite case, the positive part of a Drinfeld-Jimbo type quantum
group is a Nichols algebra when v is not a root of unity; see Chapter 16 of [HS20]. In
the affine case, this is also true by [HK07|. If we define a quantum group abstractly
following Lusztig and Yamane, i.e., using the radical of the bilinear form, then the
positive part is just a Nichols algebra by definition.

In the present paper, we discuss mainly U,(sly) and U,(A(0,2)®) defined ab-
stractly. U,(A(0,2)®) is unavoidable for further research on U,(A(m,n)®). U,(sl,)
and U,(A(0,2)™) look similar and share some common properties, but are also very
different.

The Dynkin diagram of U, (sly) is



whereas the Dynkin diagram of U,(A(0,2)®) is

O——@
0 1

Ut (sly) is isomorphic the Nichols algebra B(U), where U is a braided vector space
of diagonal type with braiding matrix

g q!
' g

with respect to a basis {z1, 22} and ¢ = v?. The isomorphism maps the Chevalley
generators Ey, E; to x; and xy. The defining relations satisfied by the Chevalley
generators or equivalently x|, x5 are the quantum Serre relations when ¢ is not a root
of unity, for a proof see [HK07].

Ut (A(0,2)®) is isomorphic to the Nichols algebra B(V), where V is a braided

vector space of diagonal type with braiding matrix

q q!

' —q
with respect to a basis {z;,7,} and ¢ = v® Again, the isomorphism maps the
Chevalley generators Fy, E; to x; and z5. Conjecturally, the defining relations of

U (A(0,2)®) or equivalently B(V) are also the quantum Serre relations when ¢ is not

a root of unity. In the present paper, this will be proved in the following theorem.

Theorem 1.1.3 Suppose q is not a root of unity. The defining relations of B(V) sat-
isfied by the Chevalley generators are the quantum Serre relations (2.4), which means
that the Drinfeld-Jimbo type realization is obtained for U,(A(0,2)™).

The Nichols algebra B(V) first appeared in Cuntz’s classification of rank two
affine Nichols algebras [Cunl8]. An affine Nichols algebra is a Nichols algebra of
diagonal type with an affine Weyl groupoid or equivalently affine Tits arrangement,
see [CMW17|. All Nichols algebras in the classification in [Cun18| are quite unexplored
except Uy (sly), that is, B(U), which has been very well known. We believe that these
Nichols algebras have a Lie theoretic background.

By the reflection theory of Nichols algebras of diagonal type, see |[Hec06]; we
conclude that B(U) and B(V) share the same real roots, that is, nd + oy and nd + ao

3



for n > 0, where § = o + ay. The imaginary roots of B(U) are well known as nd,
n > 0, and the multiplicities are all 1. The only possible imaginary roots of B(V) are
also nd, but the multiplicities have been, in general, unknown. In this thesis, all the

root multiplicities of B(V) are determined and a PBW basis is given.

Theorem 1.1.4 Suppose q is not a root of unity, the multiplicities of 4nd and (2n+1)d

are 1, of (4n+2)4 is 2, which coincide with the root multiplicities of the Lie superalgebra

A(0,2)W) . The set of decreasing ordered products of elements in {X,,, Yy, Lop, Man_1,n €
N} forms a PBW basis of B(V). The order in {X,,Y,, Lan, Ma,_1,n € N} is

Xi<Xog< o <X, <
<o < Loy < Lopo < Lop_y < -+ < Loy
<"'<M2n,1<M2n,3<"'<M5<M3<M1

<Y, <---<Yy <Y

For strategic reasons, we use the notation X; and Y; for the two Chevalley gen-
erators Fy and E; of U} (322), or equivalently, the two basis vectors x; and x5 of the
braided vector space U. Let [, | be the braided bracket. Let L; = [Xy, Y]. Define

Xn+1 = [Xn, Ll], Yn+1 = [Ll,Yn], fOl" n Z 1.

Define L,, = [X1,Y,,] for all n > 1. Then, rewriting the relations in the Drinfeld second

realization, we obtain the following relations in B(U). Let = q—q~ !, [m], = q'r;__qulm

and define Lo = %, define L, for all n > 1 using the equation

i L, u" = exp(i OL,u™).
n=0 n=1

Then for all m,n,k > 1,

(b) [Xk’a [_/m] - [”;1qu+m’ [I_/mayk] = [m]qu+m7

m

(C) [Xna Xn—l—k'] - _[Xn—l—k—h Xn+1]7 [Yn+k; Yn] - _[Yn—l—l; Yn+k—1]7
(d) [Xma Yn] = Lm+n71-

We can define X,,,Y,,, L, similarly for B(V). It is not difficult to prove that

X, and Y, are still real root vectors. However, when one looks at the relations in

4



imaginary roots spaces, great difficulty appears. At degree 39, we have the following
relation:

L3 = %[LQ, Ly + 0L Ly — 013, (1.1)
and Ly, L; do not commute any more. Due to this non-commutativity, U,(A(0,2)®)
is much more complicated than U,(sly). The algebra U,(A(0,2)®) together with
this property (difficulty) and with Equation (1.1) was first announced by Yamane in
his presentation at the Workshop on Mathematical Physics, August 10-13, ICM2018
Satellite. Equation (1.1) is Equation (3.2a) in Prop. 3.2.1 of the present paper. In
general, it was unknown how to describe similar relations at higher degrees. In the
present thesis, we give a solution; see (3.24a) in Prop. 3.2.16. Moreover, we obtain the
Drinfeld second realization for B(V) or equivalently U; (A(0,2)™), see the following
theorem from Chapter 7.

Theorem 1.1.5 The algebra B(V) or equivalently U} (A(0,2)™) is generated by real
root vectors X,,, Y, for n > 0, imaginary root vectors Moy 1, Zsni2, Linso forn >0,

ZLin for n >0, with the following defining relations.

I:
Zinsay, Lin commute with all the imaginary root vectors, | Limi2, Lini2) = 0,¥Ym,n > 0.
2m+1
[D?ilm—l—% M2n+1] - [227”—_1](1 4m~+2n+3)
(Mo i1, Mop 1] = (—l)m‘Z‘_HZM,%thJrl if m+n is even, [Ma, 11, Mayi1] =0 if m +n is odd,
20iZ(u) = tan(20iZ(u)).
II:

XM = M(l)(—l)d(MW‘(k—l)ka(I\\/JI(Q)),
MY}, = (—1)" @) gy, (M1)) M),

where )
M Miopy=Mx1+1M)——M——

2n + 1]

Xk, Zinsal = 22"—[ L X

[ Xk, Zan+2] 1 4 +h+25
2n + 1]

Zania, Yi] = 22"[—qyn

[Zyn+2, Y] o+ 1 dn+k+2;

Xi€ = Loy (—1)EED g (8 ),

3



and
LYy = ()M @) gy (£4)) L),

where

Ly ® L =AL)=L®1+1® &+ 2(M(au) + iUt(bu))

/N

( — 20M; ® M + 26My & I\\/JIH) (1 4 20M; @ My + 20My; ® MI>

M(u) = 1+ (202ZQ 7 ’

[Xk’ao%éln] - [4n]qX4n+k7
[5%47” }/k] - [4n]qy4n+k>

f, g are defined in Subsection 6.2.

II:

[X2i+la Yr2n+2f(2i+1)] = L2n+17 [X2i> Yv2n+2—2i] = L/2n+17

[XQi—I—l; Yén+3—(2i+1)] - L2n+27 [XQ’Z) }/277,-}—3—21'] - L,2n+2)
together with 1 in Prop. 7.3.2, and t in Prop. 7.5.1.

We also identify every imaginary root nd of B(U) and every imaginary root of
2nd of B(V) with a left (right) coideal subalgebra which is minimal left(right) coideal
subalgebra in the sense of being N%-graded and intersecting the subalgebra generated
by all the imaginary root vectors nontrivially. We also give a more precise estimation
of Drinfeld generators of 2nd for B(V), which must be a key tool for studying R-matrix
of U,(A(0,2)™) and general U,(A(2m, 2n)®). We also give a PBW basis of every one-
sided coideal subalgebra mentioned above. See Propositions 8.1.7, 8.1.8, 8.2.4, 8.2.5,
8.2.6, 8.2.7 in Chapter 8.

Our main tool is Lyndon word theory, see |Kha99|, [Ros99|. There are many
excellent applications of the Lyndon word theory in Hopf algebra theory and Lie
theory, see [Hec06|, [HRZ08|, [Angl5|, [CHW16|, [AT24], [NT24], etc. In terms of
Lyndon word theory, if we define the order by x; < x5 for the basis of the braided
vector space U, then X,,,Y,, L, are the super-letters corresponding to the Lyndon
words

21 (2129)" Y, (2112)" g, 11 (T129)" g,

respectively.



We also use an important subquotient of Nichols algebras of diagonal type that
appeared in [GHO7] and [AAH19]. The subquotient is a braided Hopf algebra induced
by the braided Hopf algebra structure of the initial Nichols algebra. In [AAHI19],
[AG22], [AG23|, the subquotient played a central role in the proof of the conjecture
in [AAH21]| about the equivalence between the finiteness of the root system and the
finiteness of the GK dimension for Nichols algebras of diagonal type. The subquotient
is very beneficial in the study of B(V) because it has a very manageable comultipli-
cation, which can be used to detect possible relations in B(V), determine the root
multiplicities completely and describe the commutation relations in U} (A(0,2)®) be-
tween real root vectors and imaginary root vectors.

Moreover, in the Drinfeld second realization of Uu(szg), the loop-like generators
of the imaginary roots are described by the exponential series with coefficients in
Uv(szg). In the present paper, this method is also used and is very beneficial. In

addition, tangent and some other techniques of generating functions are crucial.



Chapter 2 Preliminaries
In the whole thesis, ¢ € C* and is not a root of unity. Let § = ¢ — ¢, [n], =
q;:qq:ln. Let N be the set of natural numbers, Ny be the set of natural numbers with 0.

All the brackets [ , ] in this thesis are braided brackets introduced in Section
2.2.4.3.

§2.1 Kac-Moody superalgebras

§2.1.1 Contragredient Lie superalgebra

Let I = {1,2,...,n} and let (a;;); jer be a complex matrix of rank [. Let H be
a complex vector space of dimension 2n — [ and H* its dual space. Given a complex

matrix A = (a;;); jer of rank [, there exist linearly independent sets
7 = {}tier and 77 = {h;}ier C H

such that «;(h;) = a;;. Then «; are called simple roots, h; are called simple coroots.

We set . .
Q= ZZ%, Qy = ZZ+@2‘-
i=1 i=1

The lattice Q is called the root lattice.

For o = ) ki € @, the number hta =) k; is called the height of a.

For 7 C 1, we define §(A,7) to be the Lie superalgebra generated by h and
{ei, fi }ier with defining relations:

lei, f;] = di;h; for 4,5 € I,

[h,e;] = ai(h)e;, [h, fi] = —ai(h)f; fori el and h € H,
lh, h'] = 0 for h, i € H,

deg(h) =0 for h € H,

deg(e;) = deg(f;) =0 for i ¢ T,

deg(e;) = deg(f;)) =1fori e .

Theorem 2.1.1 (a) Denote by iy (resp., n_) the subsuperalgebra in g(A, T) generated
by ex, €2, ... en (resp., fi, fo, .. fu), then

(A7) =ny & H®n_ (direct sum of vector spaces).



(b) iy and n_ are freely generated by ey, e, ...,e, and fi, fo, ..., fn, respectively.

(¢c) With respect to H one has the root space decomposition:

f}(A,T) = @ ga@H@( @ g—a)a

OLEQ+, a#0 a€Q+7 a0

where

Go = {x € g(A,7)|[h, x] = a(h)x for all h € H},
dim o < 00 and §o C iy for £a € Q4.

(d) Among the ideals intersecting H trivially there exists a unique mazimal ideal r in

G(A, 7). Furthermore,
r=(rnNn_)® (rNny) (direct sum of ideals).
The contragredient Lie superalgebra g(A, 7) is

g(A, T) - g(Aa T)/T'

The image of H and the e; and f; in this quotient are denoted by the same characters.
We call the e¢; and f; the Chevalley generators; the vectors e; are called positive
generators, the vectors f; are called negative generators. A is called the Cartan matrix
of g(A,7) and H its Cartan subalgebra.

We also have the root decomposition of g(A,7):
9(A,7) = B Yo

where g, = {z € g(A,7)|[h,z] = a(h)z for all h € H}. If o # 0 and g, # 0, then «
is called a root with multiplicity m(a) = dim g,. Obviously m(a) < co. Denote A
by the set of all roots. Set A, = AN@Q, and A_ = ANQ_, they are called positive

roots and negative roots. We have
A=A, UA_.
We also have

g(A,7)=n_® H ®ny, where ny = @ Ja-

aEAL

Set Ag = {a € Alga C g(A,7)5} and A1 = {a € Alga C g(A, 7)1} the sets of

9



even roots and odd roots. Then we have the following splitting

§2.1.2 Kac-Moody algebras and Kac-Moody superalgebras
Definition 2.1.2 A Lie algebra g(A) = g(A,0) is called a Kac-Moody algebra if A

satisfies the following conditions.

(1) ay; =2 for alli €T,

(2) a;j are non-positive integers for i # j;
(3) ai; =0 implies aj; = 0.

The definition of Kac-Moody superalgebra is generalized by Kac-Moody algebra.

We call A a generalized Cartan matrix if A satisfies the following conditions for ¢, j € I:

(1) a;; = 0 implies aj; = 0;
(2) if a;; =0, then i € T;

(3) if a;; # 0, then 25—] is a non-positive integer for ¢ # j;

i

(4) if a;; # 0 and 4 € 7, then 22 is a non-positive integer for i # j.

Definition 2.1.3 A contragredient Lie superalgebra g(A,T) is called a Kac-Moody

superalgebra if A is a generalized Cartan matrix.

§2.1.3 Affine Kac-Moody superalgebra, A(2m,2n)® and its loop realization

Naturally, a Lie superalgebra g has a Z-grading g = @,,., g(n) where g(0) is the

Cartan part and g(1) is the space of positive simple root vectors.

Definition 2.1.4 [vdL89] A Kac-Moody superalgebra g is said to be of finite growth
if the dimension of g(n) grows not faster than a polynomial in n and it is called affine

if it is not of finite dimension but of finite growth.

Similar to the classical loop realization of (twisted) affine Lie algebras in [Kac90],
twisted affine Kac-Moody superalgebras have a completely similar construction, we
refer to [vdL89).

10



Let g be a f.d. simple Kac-Moody superalgebra, let ¢ be an automorphism of

2mi

finite order m # 1. The eigenvalues of o are of the form €* where ¢ = e'm . Since o is

diagonalizable, its eigenspaces define a Z,,-grading of g:

9= EP 9(o), where g(0)x = {z € glo(z) = é*z}.

kEZLm

Let (, ) be a non-degenerate supersymmetric invariant bilinear form on g. Since
g is simple such a form exists and is unique up to a scalar factor.
Now fix an automorphism o of g of order m # 1. We define the subalgebra L(g, o)
of L(g) = L ® g by
L(g,0) = P t* @ (o).

kEZ

As a twisted analog of L(g) we further introduce

A

L(g,0) = L(g,0) ® Cc® Cd,
with

deg(c) = deg(d) = 0, and
[tz 4+ A+ pd, tx + ve + 7d) = " [z, y), + pit’y — vkt s + ko (7, y)c,

where z,y € g; A\, u,v, 7 € C and ¢ and d are the central element and the derivation.
When g = A(2m,2n) = sl(2m + 1|2n + 1), there exists an automorphism o of

order 4 as the following:

(ap,q)pg ‘ (Op)pg  (Bp2n+1)p
(cpa)pa (dpa)pa  (dp2ni1)p | ¥

(C2n+1,q)q (d2n+1,q)q d2n+1,2n+1

((—1 p+q+la2m+2—q,2m+2fp)p,q‘ (=D)P*9eoni1gomroplpg (=1 iconi12mi2-4)g

((_1 pratt ((_1)p+q+1d2n+1fq,2n+1fp)p,q <<_1)qid2n+1,2n+lfq)q

((—1)Q+1Zd2n+1fq,2n+1)q _d2n+1,2n+1

me+2—q,2n+1*p)P7q
(—=1)ibomy2-g2n+1)q

For more detailed information on affine Lie superalgebras A(2m,2n)® we refer
to [vdL89] and van de Leur’s PhD thesis Contragredient Lie superalgebras of
finite growth.

Remark 2.1.5 Affine Lie superalgebras A(2m,2n)") have a unique property (diffi-
culty), compared to all the other affine Lie algebras and affine Lie superalgebras. That

11



18, the imaginary root § is odd and imaginary root vectors do not necessarily commute

with each other.

§2.1.4 Affine Kac-Moody superalgebra A(0,2)® and its root system

In this thesis we focus on affine Kac-Moody superalgebra g(A, 7), where A is

(%)

I={1,2} and 7 = {2}. Tt is A(0,2)®, which is the most fundamental example of the
family A(2m,2n)@. Its Dynkin diagram is

O——®

In particular, the order 4 automorphism used in the loop realization is the follow-

ing:
ayp | bir bio 513 —ai C21 —C11 —1C31
cip | din dig dis A —byy | —daa  di2 idso
Co1 | do1 dog dag b1 dyy  —dyn —idy
c31 | ds1 dsp  dss —ibis | —tdaz  idyz  —ds3
Here 12 = —1.

Denote the two simple roots (positive) by a; and as. Then by the loop realization
or the reflection theory one can get the positive real roots are na; + (n + 1)ay and
(n + 1)y + nag, for n > 0, the imaginary roots are nd, where § = ay + as. The root
multiplicities of (4n +4)0 and (2n + 1)d is 1, of (4n + 2)4J is 2.

Meanwhile, the Serre type defining relations is also known in [Yam99|. Denote
the two positive Chevalley generators by X; and Y;. The Serre type defining relations
are

(X1, [X, (X, )] =0, [Y1, Y1, [Y1, Xq]]] = 0.

§2.1.5 Lyndon word basis of A(0,2)¥ and commutation relations among

imaginary root vectors

It is well-known that one can use Lyndon word theory to write root vectors for
Lie algebras and Lie superalgebras by a standard way, see [LR95].

Denote [X1,Y1] by Li. Define X,,11 = [X,, L1], Y1 = [L1,Y,]. Define L, =
[X1,Y,]. To describe the words of X; and Y;, we use 1 and 2 to represent them. Then

12



X,,Y,, L, correspond to Lyndon words
(121, (1212, 1(12)" 2.
Define M, = Ly, My, 1 = [La, Maop_1]. Mas,41 corresponds to the Lyndon word
(1122)"12.
We have the following order:

Y1>Y'2>...>Yn>...
>M1>M3>"'>M2n+1>"'
>Lo> Ly > > Loy >---

> X, > X > X

Proposition 2.1.6 {X,,,Y,, Ly,, My,_1|n > 1} is a set of PBW generators of UT(A(0,2)®).

Proof: With the algorithm in [LLR95], the proof of result is routine by some elementary
calculation. U

Proposition 2.1.7 The commutation relations of the imaginary root vectors Lo, and

Moy, 1 are the following:

(a) [L2m7 Lgn] = O

m—n

(b) [M2m+1>M2n+l] =0 m+n is odd, [M2m+1, M2n+1] = (—1) 2 2M}; +1+17 ifm+n

m

18 even.

(¢) [Lan, Mapi1] =0, [Lamya, Mani1] = QszM4m+2n+3-

Proof: It follows from direct computation by the loop realization of A(0,2)* above,

alternatively one can also get then directly from the Serre relations. U

Remark 2.1.8 This result tells us that the non-commutativity is strongly related to
odd 1maginary root vectors. Moreover if we want to construct the Drinfeld second
realization for the quantum case, one must find distinguished imaginary root vectors

having similar commutation relations to the above.
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§2.2 Affine Nichols algebras

In this section we mainly aim to introduce the definition of affine Nichols algebras
and the classification of rank 2 case.

§2.2.1 Braided vector spaces and the diagonal type case
Definition 2.2.1 Suppose V' is a vector space, c € GL(V @ V). We call a pair (V,c)

18 a braided vector space if ¢ satisfies
(c®id)(id® c)(c®id) = (id® c)(c ® id)(1d & c).

Remark 2.2.2 This equation is introduced independently by C.N. Yang and R.J. Baz-
ter in statistical mechanics and has important applications in many branches of math-

ematics.

Let K be a field. Let V' be a s-dimensional vector space with basis {1, ..., s},
I[={1,2,..,s} Let g = (g;;) € (K*)™L. Define ¢? € GL(V ® V) by

Cq(l'i X Ij) = Qijxj (029 Z;, Z,j € ]I
Then it is easy to see ¢ satisfies the Yang-Baxter equation.

Definition 2.2.3 We say a braided vector space (V, c) is of diagonal type if c = ¢ for

some matriz q and in addition q; # 1, i € L.

Definition 2.2.4 Let V be an s-dimensional braided vector space of diagonal type.
Let (z;)ier be a basis of V and let g = (¢;j)ijer be the braiding matriz with respect to
the basis (z;)ic1. The Dynkin diagram of V' with respect to this basis (x;);er is a labeled
graph with s vertices. The vertices correspond to i € 1 and are labeled by q;;. For any
1 <1,5 < s, there is an edge between vertex © and vertex j if and only if q;;q;; # 1. In

this case, q;;qj; 1s the label of this edge.

§2.2.2 Braided monoidal categories and Yetter-Drinfeld modules

In this subsection we mainly introduce the category of Yetter-Drinfeld modules,

which is a typical example of braided monoidal categories.

§2.2.2.1 Braided monoidal categories

For the definition of a monoidal category, we refer to [EGNO15].

A monoidal category is a collection (C,®,1,a,l,r) where
(a) C is a category;

14



(b) ® : C xC — C is a functor, called the tensor product;

(c) 1 € C is an object called the unit;

(d) axyz: (X®Y)®Z - X®(Y®Z) is an invertible natural transformation, called
the associativity constraint;

() Ix : X - X®1, ry : X - 1® X, are invertible natural transformations, called
the left and right unit constraints.

They are required to satisfy the pentagon and the triangle axioms as the following:

(Xe@Y)®2Z)@U ey » (XRY)® (ZeU)
aX,Y,Z®idUl laX,Y,Z@)U
XeY®Z)eU XY o (ZeU)

am idx®ay,z,U

Xe(Y®Z)oU)

and
(X®1)®Y Ly y X® (1Y)
lx(im %Ty
X®Y

A braided monoidal category is a monoidal category C provided with a natural
isomorphism cxy : X ® Y — Y ® X, called the braiding, that is required to fulfill the

hexagon axioms, meaning the following diagrams commute:

XeYV)RZ X4 XY eZ) S Ye2)oX

CX7Y®idl lay,z,x

YoX)oZ X4 yve(XeZ) Sy (ZeX),

XoY®Z) 24 (XeY)oZ 225 70 (XaY)

id®CY7zl lag,lX,Y
X((ZoY) X4 xXe2)oY X2 Ze X) oY,
forall X,Y,Z € C.

A monoidal category (C,®,1,a,l,7) is called strict if the maps ayy z,lx,rx are
the identity maps for all X,Y, Z € C. In this thesis the monoidal categories of interest
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are all categories of vector spaces with an additional algebraic structure and with
associativity and unit constraints as for vector spaces. We view the category of vector

spaces and related monoidal categories as strict monoidal categories.

§2.2.2.2 Yetter-Drinfeld modules

Let H be a Hopf algebra with bijective antipode S.

Definition 2.2.5 A Yetter-Drinfeld module over H is a vector space V' provided with

(a) a structure of left H-module -: H®V — V and

(b) a structure of left H-comodule 6: V — H ® V', such that

for any h € H and v € V, the following compatibility condition holds:
0(h - v) = hayv-nS(he) @ he)vo).

Then we have the category 2D of Yetter-Drinfeld modules, with morphisms being
linear maps that preserve both the action and the coaction.

Proposition 2.2.6 YD is a braided monoidal category with the tensor product of

modules and comodules and braiding

cvw(v @w) = vy - w gy, V,W cB YD, veV, weW,
ey (V@ w) = wey ® ST (wyy)) v, V,WegIYD, veV, weW.

§2.2.3 Braided Hopf algebras and Nichols algebras

Let C be a strict braided monoidal category. For proofs and more details we refer
to [HS20].

Proposition 2.2.7 Let V € C, and T(V) = @,>0T™(V) the tensor algebra of the
vector space V.

(1) T(V) is an algebra in C.

(2) For any algebra A in C and any morphism f :V — A in C, there is exactly one
algebra morphism ¢ : T(V) — A in C extending f.
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Definition 2.2.8 (1) Let (A, pa,na) and (B, up,ng) be algebras in C. Define pagp
and Nagp by

(A9 B) @ (A® B) 245" (40 A)(Be B) "% Ag B

K2KeK nASIE L A B.

Then (A® B, pasn, Nagp) is called the tensor product of algebras in C.

(2) Let (C,Ac,ec) and (D,Ap,ep) be coalgebras in C. Define Acgp and ecep by

id@CC,D ®id
—=

C®DE% (C®C)® (Do D) (C®D)® (C® D)

CoD—<22 , KoK=k
Then (C ® D, Acep, €cop) 1s called the tensor product of coalgebras in C.
Proposition 2.2.9 Let A, B,C, D be algebras in C.
(1) (A® B), tags, Nags s an algebra in C.

(2) The canonical isomorphism (A ® B) @ C = A® (B ® C) is an isomorphism of

algebras in C.

(3) Let ¢ : A — C and ¢ : B — D be morphisms of algebras in C. Then ¢ @ 1) :
A® B — C® D is a morphism of algebras in C.

Proposition 2.2.10 Let C, D, E, F be coalgebras in C.

(1) (C® D,Acep,€cop) is a coalgebra in C.

(2) The canonical isomorphism (C @ D) ®@ E = C ® (D ® E) is an isomorphisms of

coalgebras in C.

(3) Let ¢ : C' — E and vp : D — F be morphisms of coalgebras in C. Then ¢ @ 1 :
C®D — E®F is a morphism of coalgebras in C.
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Proposition 2.2.11 Let R be an object in C, and let

u:RR—->R n:K—-R A:R—-R®R, e: R—>K

be morphisms in C. Assume that (R, p,n) is an algebra and (R, A, €) is a coalgebra in

C. Then the following are equivalent.

(1) A and € are morphisms of algebras in C.
(2) p and n are morphisms of coalgebras in C.

Definition 2.2.12 Let R be an object in C, and let

u:RR—-R n:K—-R A:R—-R®R, e:R—K

be morphisms in C. Assume that (R, u,n) is an algebra and (R, A, €) is a coalgebra in
C. Then (R, p,n,A€) is a bialgebra in C if A and € are morphisms of algebras in C
or equivalently p and n are morphisms of coalgebras in C. Moreover, if an bialgebra R

admits an antipode S in C, then R is a Hopf algebra in C.

Definition 2.2.13 Let V € C, and T(V') the tensor algebra of V in C. Then by the

previous proposition, there are uniquely determined algebra morphisms in C
A:TV)=>TV)RT(V), e:T(V) =K
such that
Av)=1®@v+0v®1, €(v)=0
for allv eV, where T(V) @ T(V) is the tensor product of algebras in C.

Definition 2.2.14 Let V € C. Let I(V') be the largest coideal of T(V') contained in
@n>2T"(V). The Nichols algebra of V is defined by

B(V) =T(V)/I(V).

§2.2.4 Nichols algebras of diagonal type

Definition 2.2.15 IfV is of diagonal type, then we say B(V') is a Nichols algebra of
diagonal type.

Remark 2.2.16 For every braided vector space of diagonal type (V,c%), we can realize
it as a Yetter-Drinfeld module over H, where H 1s the group algebra of the free abelian
group I' generated by (g;)ic1 and q;; = x;(gi;). The comodule structure is d(z;) = g,

the module structure is g; - ©; = x;(9:)-
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§2.2.4.1 Examples of of Nichols algebras of diagonal type

We give some examples of Nichols algebras of diagonal type.
Example 2.2.17 Let V be a braided vector space of dimension 2, of diagonal type

q q

(1) The case g =1 is not of diagonal type strictly speaking because we require q; # 1.
Nevertheless, we have B(V) = S(V).

with braiding matriz <q q) .

(2) If g = —1, then B(V) = A(V).
§2.2.4.2 An equivalent definition of Nichols algebra of diagonal type
Let (V,c) be a braided vector space of diagonal type, with basis {z1,xs, ..., xs}

and braiding matrix (g;;)1<; j<s, where ¢;; = ¢;; for any 1 <14, j <s.

Proposition 2.2.18 There exists a unique bilinear form
(|):T(V)xT(V) = K such that (1]1) = 1, and:

(xilx;) = iy, for any 1, 7;
(zlyy') = (zly)(@ely), for any x,y,y" € T(V);
(z2'ly) = (zly) (@'ly), for any z,2’,y € T(V).
This is a symmetric form, for which we have:
(zly) =0, foranyx € T(V)y, y€T(V)n, gh €T, g#h.
The radical of this form {x € T(V) : (z|y) = 0,Vy € T(V)} coincides with I(V'), so
(+|-) induces a non-degenerate bilinear form on B(V)=T(V)/I(V).
§2.2.4.3 Braided brackets, Braided Jacobi identity and skew derivations

Let s € N, X = {xy,...,xs}. Let X be the set of words with letters in X. Let
V be a s-dimensional vector space with basis {z1,...,xs}. We can identify KX with
T(V). Then T(V) is a Z*-graded algebra determined by deg z; = a;,1 < i < s, where
{aq, ..., as} is the canonical basis of Z*.

Let ¢ be a braiding of V. The braided bracket of z,y € T'(V) is defined by

[x7y]c =mo (Zd - C)(x ®y)

Assume that (V, ¢) is of diagonal type with braiding matrix (g;;)1<;<s with respect
to the basis {z1,...,zs}, and let x : Z° x Z®* — K* be the bicharacter determined by
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the condition x(oy, ;) = ¢;; for each pair 1 < 4,5 < s. Then for each pair of Z°-
homogeneous elements u,v € X, ¢(u ® v) = qup0 @ U, Gy = X(deg u,deg v) € £*. In
such case, the “braided Jacobi identity" and skew derivations hold:

Hu7 U]v w} = [Uﬁ [U’ w“ - X(Oé, B)v[u, w} + X(Ba 7)[”7 w]v7
[u, vw] = [u, v]w + x(«, B)v[u, w],
[uv, w] = X (8, 7)[w, wlv + ulv, w],

where u, v, w are homogeneous elements in T'(V'), a, 3, v are the degrees of u, v, w.
If x(B,a)x(a, 5) = 1, then we have

[[U, U]a ’LU} = [u> [U7 ”LUH - X(a7 B)[U7 [U,, ’LUH (21)
§2.2.4.4 An important subquotient
Let H be a Hopf algebra with bijective antipode.

Proposition 2.2.19 Let B be a bialgebra in BYD, let K be a subalgebra of B and let
I be a subject of K in YD, such that it is a coideal of B, an ideal of K and

AK)CK®K+1®B.

Then K/I inherits a structure of bialgebra in 2YD from B.

Proof: See Prop. 3.8 in [AAH19|. O

Now we apply this proposition to the following. Let oy, as be the canonical basis
of Z*. Let V =V, @& V; be a direct sum in 2YD. Then B(V) has a unique N2-grading
(as a Hopf algebra in YD)

B(V) = (D B(V)

aEN%

such that deg V; = oy and deg Vo = ay. Let r € Q>o. We set

o o
le - @ B (V), B>1 - @ B (V),
a=aia1+azas€N3: a=aiai+aza€NZ:
aj>ras ai>raz

K21 :{ZEEB(V>|A(I) Gle(g)B(V)}, K>1 :K21ﬂB>1.
Lemma 2.2.20 K>, and K-, have the following properties.
(1) K>1 € B
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(2) K> is a subalgebra of B(V) in £YD.
(3) A(K>1) C K>1 @ K1 + Koy @ B(V).

(4) K< is an ideal of K>y and a coideal of B(V) in 2YD.

Proof: See Prop. 3.9 in [AAH19|. O
By this lemma we have the following proposition immediately.

Proposition 2.2.21 The braided Hopf algebra structure of B(V') induces a braided
Hopf algebra structure on Ks1/K~;.

For our braided vector space V, we know that V = Cx; @ Cxs, so B(V) has a
unique N2-grading as a braided Hopf algebra

B(V) = P B(V)

aeNg

such that deg x1 = ay, deg xo = as. Now set

Bsy = & B*(V), Boi = & B*(V),

a:a1a1+a2a26Ng: a:a1a1+a2a26Ng:
ai>az a1>az

K21 = {.CE < B(V) | A(.CL') S le & B(V)}7 K. = K21 N B>1.

The subquotient we use is K>1/K~;.

§2.2.5 Cartan graphs, Weyl groupoids and root systems over Cartan graphs

In this subsection we introduce Cartan graphs, Weyl groupoids and root systems
over Cartan graphs, which are perfect generalizations of the classical Weyl groups and

root systems.

§2.2.5.1 Cartan graphs and Weyl groupoids

Let (oy)ier for the standard basis of Z! for any finite set L.

Definition 2.2.22 Let 1 be an non-empty finite set, X a non-empty set, and r :
IxX - X, A:IxIxX — Z maps. For all i,j € 1T and X € X we write
ri(X) =r(i, X), af](- = A(i,5,X), and A = (afj{)i,jeﬂ. The quadruple G = G(I, X, r, A)
is called a semi-Cartan graph if for all X € X, the matriz A% is a Cartan matriz and

if the following holds:
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(CG1) Foralli €1, r? =id.

(CG2) Foralli,jeland X € X, a5 = pReiC ol

ij

For any X € X and any ¢ € I let
s; € Aut(Z'), s¥ (o) = oy — ajsoy for all j € L.

Example 2.2.23 Let I = {1,2}, X = X1, Xs, r1 be the nontrivial permutation and ro

15 the identity. Let
4X 2 -1 4Xe _ 2 -1 .
-3 2 )’ —4 2

Then this is a semi-Cartan graph.

Definition 2.2.24 Let X' be a set and M be a monoid. We denote by D(X, M) the
category with objects ObD(X, M) = X, and morphisms

Hom(X,Y)={(Y. £, X)|f € M} forall X, Y € X,
where composition of morphism is defined by
(Z,9,Y)o (Y, [, X)=(Z,9f,X) for al XY, Z € X, f,g € M.

Let G = G(I,X,r, A) be a semi-Cartan graph. We call the smallest subcategory of
D(X, End(Z")) which contains all morphisms (r;(X), s, X) the Weyl groupoid of G.
We write W(G) for this subcategory. The morphisms (r;(X), s, X) are usually abbre-

viated by sX or by s;, if no confusion is likely.

Remark 2.2.25 Let G = G(I, X, r, A) be a semi-Cartan graph, X € X and i € L.
X

Then it is easy to see s¥ = /'Y and (s;)2 = id. Therefore s¥ and s;'™) are inverse
morphisms. Consequently all morphisms of W(G) are invertible and hence W(G) is a

groupoid.

Definition 2.2.26 Let G = G(I, X, r, A) be a semi-Cartan graph. For all X € X, the
set

AX "¢ = Lw(oy) € Z'w € Hom(W(G), X),i € T}

is called the set of real roots of G at X. The real root o;,1 € 1, are called stmple. The

elements of
AT =AY ANG and AT 7O = A 0N —N;
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are called positive and negative, respectively.
The semi-Cartan graph G is called finite, if AX ™ is finite for all X € X.
For any X € X and 7,5 € I let

mf]( = |AX N (NoOéZ' + N()Oéj)l.

We say that G is a Cartan graph if the following hold.
(CG3) For all X € X, the set A ™ consists of positive and negative roots.
(CG4) Let X € X and i,j € I. If m;; < oo, then (ryry) ™) = X
§2.2.5.2 Root systems

Let G = G(I, X, r, A) be a Cartan graph.

Definition 2.2.27 For all X € X let RX be a subset of Z' with the following proper-

lies.

(1) 0¢ RX and o; € RX for all X € X and i € 1.
(2) R* CNJU-N] forall X € X.

(3) For any X € X andi €1, sX(RY) = R,

Then we say the pair (G, (R*)xex) is a root system over G. A root system over G
is said to be reduced if for all X € X and o € RX the root o and —a are the only
rational multiples of o in RX. A root system over G is finite if RX is a finite set for
all X € X.

Example 2.2.28 The pair (G, (AX ") xcx) is a root system over G. Indeed, Azioms
(1) and (3) follow from the definition of AX " for all X € X, and (2) follows from
(CG3). The root system (G, (AX ™) xcx) is reduced.

§2.2.6 Lyndon word theory and root systems of Nichols algebras of diag-
onal type

We follow the form of Lyndon word theory in [HZ18], for more details and a more
general case see [GHOT].
Follow the notations in Section 1.1. Define an ordering on X by x; < xo < ... < wg,

consider the lexicographic ordering on X. Let X* be the set of nonempty words in X.

Definition 2.2.29 A word u € X* is a Lyndon word if for any decomposition u = vw,

u, v € X*, we have u < w.
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Example 2.2.30 Let X = {1,2,3} with the usual ordering. Then 12 is a Lyndon
word, since 12 < 2. Also 12122 and 132 are Lyndon words. But 11,1212,21,121 are
not Lyndon words. The Lyndon words of length < 3 are

1,2,3,12,13,23,112, 113,122, 123, 132, 133, 223, 233.

Proposition 2.2.31 A word u € X* is a Lyndon word if and only if either u € X,
or there exist Lyndon words v,w such that v < w and u = vw. Moreover if w is a
Lyndon word and w = uv such that u € X*, v is a Lyndon word and |v| is mazimal

with these properties, then u is also a Lyndon word and u < uv < v.

Definition 2.2.32 Any word u of length at least two has a unique decomposition into
the product of two Lyndon words u = vw where the length of w is maximal. This

decomposition is called Shirshov decomposition.

Example 2.2.33 Let X = {1,2,3}. Then 123123233 is a Lyndon word and the Shir-
shov decomposition of this word is (123)(123233).

Let IL be the set of Lyndon words.

Theorem 2.2.34 Any w € X can be written uniquely as w = ujus - - - Uy, where
m € Ny, Uy, ..., up, € L and u,, < ... < uy < uy. Moreover u,, is the lexicographically

smallest proper end on w.

Example 2.2.35 1231233123122123 = (1231233)(123)(122123).

Recall that we identify KX with 7'(V'). For a Lyndon word u, we denote [u] €
T(V) inductively as follows:

(1) [u =u,ifueX,

(2) [u] = [[v], [w]] where u = vw is the Shirshov decomposition, if |u| > 2. [, | is the
braided bracket defined in Section 1.2.4.

We call [u] super-letters. Then the total ordering on X induces a total ordering on the

set of super-letters.

Lemma 2.2.36 Let w € L. Then [w] = w+ linear combination of terms w' where

|w'| = |w| and W' > w.
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Theorem 2.2.37 The set

{[ur)* [ug]®2 - - - [um)"™|m € No,u; € L for all 4,

Uy > Uy > "'Um,k’l,...,km ZO}

is a vector space basis of T(V).

Proof: By Thm. 2.2.34 and Lemma 2.2.36. U

Proposition 2.2.38 Let u,v € L. Assume that u < v. Then

[u][v] — x(deg u, deg v)[v][u] € > [ua] - - - [

W=UTUL UL, ULSU2> DU UV

If w=wuug---ugforu; >uy > -+ > up and uq, ..., up € L for some k € N, define
[w] by [ui][us] - [ux]. Denote M, by the vector space spanned by all [w] € T(V)

such that w = vivg -+ vg, V1 > Vg > -+ > v > u, vy, ..., € L for some k € N.

Proposition 2.2.39 Let u € .. Then

A(u)) —1@u —[u]®@1eT(V)® Ms,.

Proof: We refer to the proof of Prop. 3.6 in [GHOT7]. O
For a € Z*, let 0, € NU oo be the order of x(a,«). Let O, = {1, 04, 00}.

Definition 2.2.40 Let w € X*. We say that [w] is a root vector candidate if w = v*
for some Lyndon word v and k € Ogeq \{00}.

Definition 2.2.41 A root vector candidate [w] is called a root vector of B(V) if
[w] € B(V) is not a linear combination of elements of the form [vg]™ - - [v1]™, where
k,my,...,my € N and [v1], ..., [ug] are root vector candidates or equivalently root vectors
with v, > -+ > v > w.

Theorem 2.2.42 Let R C X* such that w € R if and only if [w] is a root vector.
Then the elements

[Uk]mk Ce. ['Ul]mI’ k - N, V1y.ory Uk & _R7 V) < Vg <00 < Vg,
V1<i<k, 0<m; < Ogey v, \{00}, (2.2)

form a vector space basis of B(V').
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Definition 2.2.43 Define
A, ={deg ulu € R}

of positive roots of B(V') and the root system

A=A, U-A_
of B(V). For any o € A, the number of uw € R with deg u = « is called the
multiplicity of a.

§2.2.7 Differential operators, reflections and Weyl groupoids of Nichols
algebras of diagonal type

In this subsection we introduce the reflection theory of Nichols algebras of diagonal

type, constructed by Heckenberger.
§2.2.7.1 Differential operators

We refer to Chapter 7 of [HS20].

Definition 2.2.44 Define right and left differential operators 0F,0F : B(V) — B(V),1 <

17

1< s by:
(1) 9F(1) = 9F(1) =0, 0f(z;) = OF(xj) = 6ij for all 1 <i,j < s.

(2) OF(zy) = 20R(y) + OF(x)x(ay, B)y for all 1 < i,j < s and z,y € B(V), y is

N§-homogeneous with degree 3.

(3) Ok (zy) = OF(x)y + x(a, a;)xdF(y) for all 1 < i,j < s and z,y € B(V), x is

Nj-homogeneous with degree .

Proposition 2.2.45 For x € B(V) and x is not a constant, in B(V) we have

§2.2.7.2 Reflections

Let V be a braided vector space of diagonal type with bicharacter y, realized in

BYD for group algebra H of some abelian group. Let i € I = {1,2,..., s} and let
hi =min{m’ > 11+ g + ¢ + -+ + g ' = 0} U {00}

Let K; be the subalgebra of B(V) generated by the elements (ad.z;)"(z;), m > 0,
J # 1, where
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(adewi)(y) = 23y — (9i - y)Ti-

Then we have the following Lemma,

Lemma 2.2.46 If h; = oo, then B(V) = K, ® Klx;], and if h; € N, then B(V) =
K; @ Klz;]/(x) as Z°-graded objects in HYD.

]

Proposition 2.2.47 For alli € 1, K; = 0 is a coideal subalgebra of B(V).
Proposition 2.2.48 Leti € . The following are equivalent.

(1) The algebra K; is finite generated.

(2) For all j € 1,7 # i, there exists my; > 0 such that (ad.x;)™ 5 (x;) = 0.

(3) For all j € 1,5 # 1, there exists m;; > 0 such that
L4 qgu+ g+ +q.” or gy q;q = 1.

For all i # j, m;; in (2) and m,; in (3) can be chosen to be the same.

Definition 2.2.49 Leti € I. We say that B(V') is i-finite, if K; is a finitely generated

algebra. In this case, let

af = —min{m € No|l + g + ¢, +---+ ¢ =0 or i3 Gij Q5 = 1}

ij
and a) = 2.
Note that KoF = (Kz;)* €2 YD.

Theorem 2.2.50 Let i € 1. Let B; be the subalgebra of End(B(V')) generated by the
endomorphisms

oF and L,y — vy, z €K,

Then the elements (OF)™L,, where m > 0 and z € K;, spans the vector space B;. If
B(V) is i-finite, then B; is generated as an algebra by V; €8 YD, where

Vi = Kof P @K (adex:) ™ (x;).
In this case, B; = B(V;) as graded braided Hopf algebras in BYD.

Theorem 2.2.51 Leti € 1. Assume that B(V) is i-finite. Let s} defined by sX(a;) =
a; — aj(a;) for all j € I. Then sy (A(B(V))) = A(B(V;)).
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Now we calculate the bicharacter corresponding to V;. For all w € Aut(Z"),
letw*x be the bicharacter on Z" defined by

wx(e, B) = x(w ™ (@), w™(B)).

Proposition 2.2.52 Let i € 1. Assume that B(V) is i-finite, and let V; be as in
Theorem 2.2.50.

Let x denote the set of bicharacters on Z". For all ¢ € T let

- (sX)*x if  is i-finite,
riix =X (X)) = (2.3)

X otherwise.

Then r? = id, and hence the map r; are bijections for all i € I. Let G be the subgroup
G = (r;|i € 1)

of the group of bijections of x. Let G(x) = {r(x)|r € G} be the G-orbit of x in Xx.

Theorem 2.2.53 Assume that X is i-finite for all x € G(x) and i € 1. Let X =
G(x),ri : X = X forieclasin (1.8), and AX = (afj)meﬂ for X € X such that ) =
for alli €1 and

ay; = —min{m € No|(L + @i + - - - + @7 )(Gi; Gijqs — 1) = 0}

foralli,j € 1i # j, where gy = X(ag, ) for all k,l € 1. Then G = G(I, X, r;, A) is a
Cartan graph. Then R = R(G, (AX)xea) is a root system of type G, where AX is the
root system for x defined in Def. 2.2.43.

Definition 2.2.54 Let (V,c) be a finite dimensional braided vector space of diagonal
type and let @ = (gij)ijer be a braiding matriz of V.. We say that q is of Cartan type

if there exist a Cartan matrizc A = (a;;); jer such that for alli,j €1,
Gijli; = Gy, where 0 < —ay; < ord(q) if i # J.

Proposition 2.2.55 Assume that V is of Cartan type with bicharacter x, then B(V)
18 i-finite for all v € 1 and afj = a;;. In addition, for all i € 1, V; with bicharacter x’'

18 also of Cartan type and afj, = a;j.

Example 2.2.56 Let V be a braided vector space of dimension 2, od diagonal type with
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braiding matrix (q q) . If q is a primitive Nth root of unity, then V is of Cartan
q

q

2 2—N
type <2 N 5 > . Thus if N = 3, then is of Cartan type Ay and dim B(V)=27.

Example 2.2.57 Assume that s = 2,q11 = q2 = —1 and q12 = g1 = q, when
q € K*,q* # 1. Let x1 =r1(x), X2 = m2(x). Ezplicit calculations show that

AXT — AX2 — AX — 2 -1
-1 2 )’

(r1(x) (i, @)))i =12 = ( _: _q; ) ;

—q q
2 -1
q —-q
(r2() (i, ) )i j=1.2 = (—ql _1 ) ,

and ror1(x) = r1(x),r1r2(x) = r2(x). Hence X = {x,r1(x),r2(x)}. This example
corresponds to the Lie superalgebra sl(2|1) with three different choices of the Cartan

subalgebra.

§2.2.8 Affine Nichols algebras

Now we are ready to define affine Nichols algebras.

Definition 2.2.58 Let G = G(I, X, r, A) be a Cartan graph. Assume there exist a
root system R over G. Let X € X be an object. Assume that there is exactly one
imaginary root in Rf and that there is no root system of type G with more than
one positive imaginary root at X. Then we call G affine Cartan graph and the Weyl
groupoid W(G) an affine Weyl groupoid. An affine Nichols algebra is a Nichols algebra
of diagonal type with an affine Weyl groupoid.

We talk about rank 2 case. Let V' be a two dimensional braided vector space of
diagonal type with a braiding matrix (¢;;)1<; j<2. Define the triple g by q = (¢1, ¢, ¢2)
by ¢11 = q1,¢22,q = G121 We say q is an affine triple if B(V) is an affine Nichols
algebra.

Theorem 2.2.59 Ifq = (qi1, q, q2) is an affine triple, then up to permutations of labels,

a1 q 4
its Dynkin diagram o——o is one of those listed in Figure 2.1 in the next page.
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| generalized Dynkin diagram | parameters | period

16 s ¢ € s (2)

2 gzigz ¢ € g (2)

3 g€—4g4 ¢ € ug (2)

S O S O S Y PO )

5 gg—mgi ¢ € p2 (2)

6 gC_4g4 ¢ € s (1,4)

7 gig ¢ € us (1,4)

8 gg—gg ¢ € o (1,4)

o| S ¢ ¢ € s (2.3.1,3)
10 s ¢ gﬁ g6‘<4 §8¢ ¢ ¢ € pin (4,1,3,3,1)

Cogeed
) Sere e ¢ ¢ € i (6,1,3,1)
| &1 g e C\{%1} | (2)
13 &1 g€ C\[+1} | (2)
| & Zgj P
q# =£1

Figure 2.1 Generalized Dynkin diagrams of affine bicharacters of rank two.
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§2.2.9 Braided vector space V, the Nichols algebra B(V) and the root
system of B(V)

Next we consider the following rank 2 affine Nichols algebra B(V) in Figure 2.1.

Let V be a 2-dimensional braided vector space of diagonal type with braiding
-1
matrix ( C_Jl 1 >, q is not a root of unity. B(V) is the main research object in this
q —-q
thesis. We will prove B(V) is isomorphic to U,(A(0,2)*)* with ¢ = v2.

-2 2

Then the real roots of B(V) are just the positive real roots of sly, namely (n+1)a;+nas

2 =2
It is easy to see B(V) is of affine Cartan type with Cartan matrix ( )

and naj + (n + 1)ag for n > 0. B(V) also has imaginary roots. The only possible
imaginary roots are nd, 0 = a3 + as and n > 1 but the multiplicities are in general

unknown.

Note that if 5 is an imaginary root, then we have x(5,a)x(a,) = 1 for all
a € N2, and hence (1.2.1) holds.

Remark 2.2.60 For UU(SZQ)+ when v s not a root of unity, the corresponding Nichols

-1
algebra is B(V'), where V' has braiding matriz < ?1 ¢ ) and q¢ = v*.
q q

§2.3 Quantum affine (super)algebras U,(sly) and U,(A(0,2)")

In this section we first introduce the definition of quantum affine algebra U, (sl,)
when v is not a root of unity. We give two realizations of U, (sly): The Drinfeld-Jimbo

type realization and the Drinfeld second realization. Then we introduce the quantum
affine superalgebra U,(A(0,2)%).

§2.3.1 U,(sly)
Let v € C* is assumed not to be a root of unity. For any integer » > 0 define

vt —v"

[r]e = o1

Definition 2.3.1 The quantum affine algebra Uv(szg) is the associative algebra over

C with generators ejt, KFi=0,1, and the following relations:
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KZKfl — K;lKi = 1,
KoK, = K1 K,
Kief Kt = o*2et
Kief K = v, i # j,
K- K[!

e —

[ei ) €4 _
v—0
[6(:)t7 6?:] =0,
(€7 )Ve; — Blu(ei)?e5er + [Bloeier () — e (e7)° =0, (i # j).
Moreover, Uv(szg) 18 a Hopf algebra over C with comultiplication
Alef) =ef @ Ki+1@ef,

Al =¢ @1+ K e,

and antipode

S(Kz) = K'_1> S(€+) = —6:[(;17 S(e'_l) = _Kie'_l'

(2 (3 (3 7

Then we introduce the famous Drinfeld second realization.

Definition 2.3.2 The quantum affine algebra UU(SZQ) 15 1somorphic to the associative
algebra over C with generators xif(k € Z),hy(k € Z — 0), K11, central elements C*

and the following relations:

CCl'=C'C=KK'=K'K =1,
1 Ck—CF

[hi, ] = 51«7—1E[2k]u—
Khy = h K,

Kot K™ = o™,

v—ovl

1 1
g 1] = £ 28, CTOE D

+ o+ t2 4+ 4+ 42 4+ 4+ 4 &
L1ty — VU Xy g =V T Ty — Ty L
1
+ 1 k—1
[z, 7] = (C" g1 — brya),

v — oL
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where the ¥y, and ¢ are defined by the following equalities of formal power series:

Zl/}ku = Kexp((v —v~ thu

iw_ku_k = K_lexp (v—v~ Z h_pu~
k=0

The isomorphism between these two realizations is given by:
Ko CK™', K| — K, ef = af,

ex o  K7Y e = C K.

Tt is well known that the positive part of U,(sly) is isomorphic to B(U). Then we
can rewrite the relations in the Drinfeld second realization in B(V) as following.

For degree reason We give new notation X; and Y; of the two Chevalley generators
Ey and E; of Uv(322)+ or equivalently the two base vectors x; and x5 of the braided
vector space U. Let [, | be the braided bracket. Define L; = [X, Y]]. Define

Xp = [ [Xy, La], Ln], -+ |, Ln], Yo = [La, [+ [y [Ly, Y2 ) -0,

where L, appear n — 1 times for both cases. Define L, = [X1,Y,,]. Then rewrite the

relations in the Drinfeld second realization, we have the following relations hold in
B(U):
Let 0 = ¢ — g~ . Define

i 0L, u" = exp(i O L,u™)
n=0 n=1

then Vm,n, k > 0,

(b) [Xk, Lin) = B X, Lo, Vi) = Y,
(C) [Xny Xn+k] = _{XnJrkfh Xn+1]7 [Yn+k; Yn] - _[YnJrl; Yn+k71]7
(d) [Xma Yn] - Lm+n—1'

§2.3.2 U,(A(0,2)™)

U,(A(0,2)®) is defined by Hiroyuki Yamane in [Yam99]. In this paper, first

Yamane defined the quantum affine superalgebras abstractly, i.e. by the radical of
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the standard bilinear form. Note that under this definition, the positive part of
U,(A(0,2)®) is just B(V) by definition.

Then Yamane determined the defining relations satisfied by the Chevalley gener-
ators of all the quantum affine superalgebras except A(m,m)® and A(m,m)® case.
This means if we view v as an element in C, then when v is transcendental, the defining
relations satisfied by the Chevalley generators of U,(A(0,2)®)* is

[E07 [EOv [E(Ja Elm = 07 [[[E07 E1]7 El]v El} = 07 (2‘4)

where Ey and F; are the Chevalley generators. In other words, the defining relations of
B(V) satisfied by the Chevalley generators are exactly these quantum Serre relations.
Moreover, the root multiplicities of U,(A(0,2)®) are also known by [EG09], when v
is transcendental. However, no PBW basis was given till now.

In addition, when v is not a root of unity, the defining relations satisfied by the
Chevalley generators, the root multiplicities, PBW basis are all unknown. The reason
is at A(0,2)™® and the quantum case, there exist odd imaginary roots and imaginary
root vectors do not necessarily commute with each other, which is introduced in the
following several paragraphs. In the following parts of this thesis, we overcome this
difficulty. For U} (A(0,2)®) or equivalently the Nichols algebra B(V), we give all the
commutation relations among the distinguished imaginary root vectors and give the
defining relations satisfied by the Chevalley generators, determine the root multiplici-
ties, and give a PBW basis.

By the reflection theory of Nichols algebras of diagonal type we conclude that
B(U) and B(V) share the same real roots, that is, nd + «; and nd + as for n > 0,
where 0 = a; + as. The imaginary roots of B(U) are well known to be nd, n > 0, and
the multiplicities are all 1. The only possible imaginary roots of B(V) are also nd, but
the multiplicities are in general unknown.

One can define X,,,Y,,, L, in the same way for B(V). It is easy to prove X,, and Y,
are still real root vectors. However, when one looks at the relations in the imaginary
root space, a big difficulty appears. At degree 39, we have the following relations:

0—1
L3 = T[LQ, Li] +0L1Ly — 0L3, (2.5)

and Lo, L do not commute any more. In general, it was unknown how to describe

these relations. In the present thesis, we give a solution.
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Chapter 3  The Nichols algebra B(V) and the

relations

In this chapter we aim to introduce the affine Nihcols algbera B(V) and determine

the main commutation relations in B(V).

§3.1 Some basic definitions and properties in B(V)

Let X,,, Y,, be the real root vector candidates corresponding to the Lyndon word
w1(z129)" " and (2122)" Loy,

Define L,, by [X1,Y,], LI, by [X2,Y,_1] (it is convenient to define Ly = L} =

[X1,Y1] and Ly = Ly = %) Then L, is the imaginary root vector candidate at nd

corresponding to the Lyndon word
w1 (z129)" 0.

Define Ly 1 = [Ln, L1], Ly = (L, + L) (it is convenient to define L, =0 for n < 0).

Define Ma, 11 = ad}, (L), where adx(Y") means [X,Y] for X,Y € B(V). Then
Moy, 1 is the imaginary root vector candidate at (2n+-1)d corresponding to the Lyndon
word

(.Tl.flngl,’g)nl’ll‘g.
We have the following order in terms of super-letters
Xi<Xo< o <X, <0
< o< L,< Ly 1 <Lp,o<---<lLly

< e < Moy < Mop_a < --- < My < M3 < M,

<...<}/7L<...<Y2<Y’1'

Lemma 3.1.1 If X,, and Y,, are not 0 in B(V), then they are root vectors at corre-

sponding degrees.

Proof: Note that X,, and Y,, are the biggest super-letters at corresponding degrees.

Then it follows from the definition of root vectors and degree reason. O
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Lemma 3.1.2 In B(V) we have
AY,) =Y, ®1+1®Y, mod B>; ® B(V)
and we have Xn € KZl; Ln € bi Yn ¢ bi Xn S K>1, Ln ¢ K>1.
Proof: A(Y,) follows from Prop. 2.2.39. Since L, = [X1,Y,], by the expression of

A(Y,), we have L, € Ks>;. In particular L; € K>;, then immediately X,, € K.

Other conclusions are obvious. O

Lemma 3.1.3 The following basic relations hold in B(V).
(a) [Xn, LY] = Xpao and [L3,Y,] = Vo
(b) Loy i1 = Lonyr + [Lan, L], Lo, 5 = Lonyo — [Lonya, L]

(c) Fiz n, if Vi <n, [Li_o, L3] =0, then [Xopi1, Yy ox] = Ly, V0 < k < ”T_l, k € Ny
and [Xopr2, Yo—(oksy] = L, VO < k < 252 k € Ny.

(d) [MQnJrl, Mgnfl] = [LQ,MQQn_l] fOT' alln Z 1. [f [LQ,MQQn_l] = O, then [M2n+3, Mgnfl] =

_2M22n+1 :

Proof: It follows from the braided Jacobi identity, skew derivations and definitions
directly. 0

§3.2 Main relations in B(V)

§3.2.1 Relations in root space with degree < 49

We have known quantum Serre relations hold in B(V):
[X17X2] - [}/27}/1] =0.

In degree < 44, we have the following relations. These relations are prepared to obtain
the central elements in the next subsection and as a starting point for the induction
proof of Prop. 3.2.17.
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Proposition 3.2.1 In B(V), the following relations hold.

[Xh LQ] = (q + 2)X3 9L1X2, (31&)
(X1, L] = X5 — 0L, X, (3.1b)
[Lg, }/1] = —|— 9}/2[/1, (31C)
(L5, Y1] = (q — 2)Ys + 0Y; Ly, (3.1d)
2L3 — GLlLé = 9L2L1 — [LQ, Ll]; (32&)
2L5 — OLLLy = 0Ly Loy + Lo, Ly, (3.2b)
~ 1 ~ 1 -~
L3 = 5(9[41[12 + 59[;2[4, (32C)
[XQ, LQ] X + 0L )(37 (33&)
[XQ, L ] (q — 2)X4 + 9L1X3, (33b)
[Ly, Yo] = qYy — OY3 L, (3.3d)
[L27L%] =0 ([M?an] _O)a 34&)
[Ls, L7] = 0. (3.4b)

Proof: [Xl, L/Q] = [Xl, [XQ, Yi]] = qX2L1 —FqilLlXQ = (]Xg —9L1X2. Then [Xl, Lz] =
(¢ +2)X3 — 0L, X5. Now we have proved (3.1a), (3.1b). Similarly, (3.1c), (3.1d) also
hold.

On one hand,

Hle L2]’ }/1} = [(q + 2)X3 - 9L1X27 Yi] (35)
= (q+2)Ls — 0(L1 Ly — 'Y X5).

On the other hand,

(X1, Ls], Y1) = [X1, [La, Y1]] — [La, Li] (3.6)
= [X1,qYs + 0Y3Ly] — [Ly, L]
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=qLs +0(LaLy + ¢ Y2 Xs) — [Lo, Ly].

Comparing (3.5) and (3.6) we get (3.2a) and equivalently (3.2b). (3.2¢) is the sum of
(3.2a) and (3.2b).
Using [X;, | to act on (3.2b) we can get

(q+q¢ ' +D)[Xe, Lol =qlg+q '+ D)Xy +0(q+q t+ 1)L X3,

Since ¢ is not a root of unity, we get (3.3a) and then immediately (3.3b). Similarly,
we get (3.3¢) and (3.3d).
Using [ ,Y5] act on (3.1a), by similar calculation we can get

(q+2)[Ly, L] = 0L Ly — OL3L,. (3.7)
Using [ ,Y1] act on (3.3a) we can get
q[Lo, L) = 0Ly Ly — 0Ly Ly — [Lo, L),
ie.,
(q—2)[Lo, L?) = OL4 Ly — 0L, Ls. (3.8)
Taking the sum of (3.7) and (3.8) we can get
2q[Ls, L3] = 0[L,, Li].

Since q is not a root of unity, we have [Lo, L2] = 0 or equivalently [Mjz, M;] = 0, which
is (3.4a). Then (3.4b) holds by (3.2a). O

Remark 3.2.2 We will use the technique in this proof frequently later, to produce new

relations in imaginary root space from known relations.

Remark 3.2.3 Compared to the case of U,(sly), (3.2a) tells us that Ly is no longer
a root vector in terms of Lyndon word theory. We will see later that for n > 1, Loy1q

are also no longer root vectors.

§3.2.2 Central elements in K>,/K-;

We will first prove that M3, ,, Ym > 0 commute with L,,, Vn > 0 in B(V).

Lemma 3.2.4 Suppose there is a number sequence {an}n21 in C and apio = Aay1+
Ba,,, for A, B € C. Suppose the roots x1, xs of 2> — Az — B = 0 are different, then
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o — acg‘*l(ag — xlal) — ‘T?71<6L2 — SL’QCLl)
" T2 — I '

The following proposition plays an important role in this paper. There are several
very useful corollaries after that. Moreover, in the next subsection, we will write this
proposition and its corollaries in the form of generating functions, which will be crucial
for the determination of the root multiplicities and the construction of the Drinfeld

second realization.

Proposition 3.2.5 For k > 0,we have the following relations in B(V).

Lyji1 = %9L1E4k + %ei%Ll + i[f"‘“’ Ms). (3.9a)
[Lag, L] = %9M3I~/4k—2 + %9f/4k;_2M3 + i[i4k—4, M;). (3.9b)
[Lapr2, L] = %eMgi% + %ei%Mg + 3[24“, Ms). (3.9¢)
Lipss = %9L1[~J4k+2 + %0E4k+2L1 + i[f@k, Ms]. (3.9d)
(L, L) = 0 = [Ly, L3] for n = 4k, 4k + 1,4k + 2,4k + 3. (3.9¢)
(Lo, Lug] = 0 and [Ly, Lapss] = 0. (3.9f)

Proof: We have known it holds for £ = 0 from Prop. 3.2.1. Suppose it holds for k,

we consider the case of k-+1. We denote anti bracket by [ |, [, i.e.,
[z,y]' = mo (id+c)(z ®y).

We have known [L;, L?] = 0 for ¢ < 4k+ 3 from induction hypothesis. Then by Lemma
313, [Xdayzlk—i—d] = L4k+5 and [X27Y21k:+3] = Lﬁlk+4' USng [ ,Y4k+3] act on (31&), on

one hand we have

[ X1, La], Yapys] = [(¢ + 2) X5 — 0L1Xo, Yigs] (3.10)
= (¢4 2)Lajpys — O(L1 Ly — ¢ YiyaXo).

On the other hand, from Lemma 3.1.3 (a), (3.1¢) and induction hypothesis we have

(Lo, Yakts) = qYapts + 0Yaprals,
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then

HXh Lz], Y4k+3] = [Xla qYap45 + 9Y4k+4L1] - [LQ, L4k+3] (3.11)
= qLapys + 0(Lapsaly + ¢ YagraXo) — [La, Lagrs).

Comparing (3.10) and (3.11) we get
2L4k+5 = 9L1L£1k+4 + 9L4k+4L1 - [Lg, L4k+3]. (312)
Similarly, using [ , Yir4o] act on (3.3a), on one hand we have

[ X2, Lo, Yapyo] = [q Xy + 0L, X35, Yy o] (3.13)
= qLYy5 + 0(L1Lagra + ¢ Yar i3 X3).

On the other hand we have

[[X2, La], Yagyo] = [Xo, (¢ + 2)Yag+a — 0Yapy3L1] — [La, Ly 5] (3.14)
= (q+2) Ly 5 — 0Ly 4 Ln — ¢ YaresXs3) — [La, Ly 5.

Comparing (3.13) and (3.14) we get
2L}y, 5 = 0Ly 4L1 + 0Ly Lagya + (Lo, Ly, ). (3.15)

Taking the sum of (3.12) and (3.15) we get

. 1 . 1 .
Lygys = §9L1L4k+4 + §9L4k+4[/1 + [Lo, [Lag2, L1]]

1 ~ 1 - -
= §9L1L4k+4 + §9L4k+4L1 + [La, [Lag+2, L1]]

1 ~ 1 - -
= §0L1L4k+4 + §0L4k+4L1 + [Lag+2, Ms).

Then (3.9a) holds.
Taking the difference of (3.12) and (3.15) we get

~ ~ 1 ~ 1 - 1.~
[Lag+a, L1] = [Lag+a, L1] = [La, Lagts] = [Lo, §9L1L4k+2 + §9L4k+2L1 + Z[L4k?M3H
(3.16)

1 ~ 1 - 1 -~
= §9M3L4k+2 + §9L4I<:+2M3 + Z[L4ka Ms).
Then (3.9b) holds.
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Now we have

(Laksa, L3] =[[Larsa, L], L]

1 .
259[M3, [Lg+2s L1H/ +

:(1

N |

1

4

1
2(59)2[]\4:?’ Luy)
1 1

=(—26%— =
(4 2

(for k = 0, we have [Ly, L?] =

Define A:—}lOQ - ;

1
2

0
=—(3)%
[Lagsa, L] =
Similarly we have
(Lag, M)

and the last one is

. 1 1 -
Q)Q[M:i L] + —9—[M3, [La—2, Ms]) —
(M3, 9M3L4k 9+ 9L4k o M3 +
1
- §[L4k7 Mi’?] -

)[iﬁlkv M32]

1L M) 1)

—_

[-Z4k7 MQ]

N |

1 4[L4k 45 Ms]]
(Z) [Lj—s, M]

— (P2, M2)

(M3, M3 =0.)

we have

A[Luy, M3] + B[Laj—a, M3).

= A[I:4k—47 M52] + B[£4k—87M$] — ...

[I:Sa M22k:—1] = A[i4, M22k+1]'
Note that
-, 3 1 1 .
[La, M3, 1) = [[La, Majqr], Moji] = [§0M2k+3L2 + §9L2M2k+3>M2k+1] = 0.
So now we have proved [Lujiq, L?] = 0 = [Lujra, L] and moreover [Lapss—a;, M3, =

0 for i > 0. Then automatically [Lazss, L] = 0 = [Lapys, L?].

Using induction hypothesis and the same technique in the proof of (3.9a), we can

get

[L27 L4k+4]

and

[LQ ) Lzlk+4]

— 0Ly Ly, 5 — L5l

(3.17)

Since we have known [Lagss, L?] = 0 = [Lyjsa, L?], then take the sum of (3.17) and
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(318) we get [Lz, E4k+4] =0= [EQ, l~}4k+4].

Also using the induction hypothesis and the same technique in the proof of (3.9a)

and (3.9b), we have (3.9¢), (3.9d) hold for k+1.
The last and most difficult part is to prove [L.s, L3] = 0.

Note that we have known

[f/4k+67 Ly] = [Lo, £4k+5] = _‘9M3L4k+4 + 9L4k+4M3 + 4[L4k+2, Ms),

then we have the following two arguments about [Lyxys, L7].
Argument 1: By (3.19),

[Lasvo, L3) =[[Lagrs, L], L1]

1 ~ 1 -
=—0[Ms, [Lagr4, L1]]" + Z[[L4k+2> Ms), Ly]

2
1 - 1 -~
(59)2[M37L4k+2] + 94[M3> [L4k, Ms]]" + Z[L4k+27 —2M7] -
1
1(9 + 2)[Lag 2, MZ] + 9 [Ms,[L4k>M5H
, 1
- 159(—1)[1\437 [Ms, Ly — (1) [Lap—a, MZ],

ie.,
(Lo, LY] = AlLapro, M3) + B[Lay—, MZ).

Similarly we have
[E4k+27 M32] = A[[Nz4k—27 Mg?] + B[[N/4k—67 M?} =

and the last one is .
[L67 M22k:+1] = _1(92 + 3)[L27 M22k:+3]‘

So we have
[Lagve, L3] = anyo[La, My 5],

where the sequence of number a,,n > 1 satisfies
Lo
ay = 1,a9 = _Z(Q +3), Gpro = Aayyq + Ba,.
Argument 2: Similarly to the proof of [Ly, L2] = 0, we have

(¢ + 2)[Lagse, L) = 0L, Ly, — OLag 7Ly — [La, Lagy6),
q[Lase, LY] = 0Ly 7Ly — 0Ly Lagy7 — [La, Ly 6]
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then take the sum of (3.20) and (3.21) we have
. . _ 1 -
[Lakre, L) = OLy Lyg 7 — OLapy 7Ly — §[L2, [Lagys, L1]]. (3.22)
We have known
- 1 - 1 - 1 -
L7 = §9L1L4k+6 + §9L4k+6[/1 + Z—L[L4k+4, Ms). (3.23)

So by (3.22) (3.23) and (3.19) we have

~ 1 ~ 1 - 1 - N
[Lakts, L] 2959@%7 Lakt6] + Qz[Lh [Lagya, Ms]]" — 5([L4k+67 L3] + [Lajys, Ms])

1 - 1 = /

— — 5(92 —+ 1)[L4k+65 L%] + QZ[Lla [L4k+47 MSH
1.1
-1

- 1 -~ 1.~
5 §0L1L4k+4 + §0L4k+4L1 + Z[L4k+27 M), Ms]

ie.,
N 1.
(34 6°)[Lajss, L7] = —Z[L4k+2a M3,

ie.,
B 1 B
(34 6°)[Lajrs, L7] = _Zak+1[L27 M3, 5.

In summary we have

[z4k+67 L%] = Ag42 [Z27 M22k+3]7

- 1 ~
(3 + 92)[L4k+6, L%] = —ZakJrl[LZa M22k+3]'

1 A2

So if 5 # 0, we have [Lyjy6, L?] = 0 and then [Lyjyq, L?] = 0. We use

02 —leak_;'_l
Lemma 3.2.4. Herea; =1, as = —%(02%—3), (pio = Aa, 1+ Ba, where A = —}192—%,
B = —(7)?. Then by Lemma 3.2.4 we have

Ay = (—%)"—1[271 —1],.

Then we have

1 A2 Lkt “1
=—(—= - 2k + 4], # 0,
346 —lay, (=) a+a)l lo #
when ¢ is not a root of unity. Hence [134k+6,L%] = 0 and moreover we know that
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[Lag+6-ai M3,,,] = 0 for i > 0. Then automatically [Lag.7, L?] = 0 = [Lyjy7, L3] and
similar to the proof of [Ls, L4k+4] =0= [LQ,L4k+4] before, we can get [Lo, L4k+6] =
0 = [Ly, Lpts]. Now (3.9¢) and (3.9f) holds. O

Remark 3.2.6 Note that in the proof of (3.9¢), (3.9d) and [Ly, Lypis] = 0, we get
five formulas completely similar to (3.12), (3.15), (3.16), (3.17), (3.18) corresponding
to different indices. We will not distinguish them by new labels when we refer to them
later.

m—n

Corollary 3.2.7 [M2m+1,M2n+1] =0 me—i—n 18 Odd, [M2m+1, M2n+1] = (-1) 2 2M2

m+n—+1

if m+n is even, and M3, commute with all L,, for all m,n > 0.

Proof: By an easy induction on m + n we can get the formula of [Ma,, 1, Moy y1].
Then we can see [Ly, M3, ;] = 0 for all n. In the proof of Prop. 3.2.5, we know M3, _,
commutes with all Ly,,. Then by Prop. 3.2.5, M3, ., commute with all L,, and this is
equivalent to M3, commute with all L,,. O

Remark 3.2.8 Note that in the proofs of Prop. 3.2.1, Prop. 3.2.5 and Corollary 3.2.7,
we only use quantum Serre relations.

Corollary 3.2.9 The comultiplication formulas of L,, and L, in K>,/K~, are as the
following.

A(Lay,) Z 0Loy—2; @ Lo — Z 0L, 1 _9; ® Liyo,

n—1

L/2n Z 9L2n 2i @ L/2i - Z OLon—1-2i ® L/1+2i7
A(Lapi1) Z OLopy1-2i © Lo; + Z OL5, o @ Lita,

Lini1) Z 0Ly 12 ® Lo; + Z 0Lon—2 ® LYy

=0

Proof: By L? commutes with L,, and an easy induction, we can get the expressions
of A(Lsy,) and A(Lg,11). Then we can get the expressions of A(L5,) and A(Ls,, ;)
by Lemma 3.1.3 (b). O
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Remark 3.2.10 Comparing to the formulas in Corollary 5.2.9, we recall that the

comultiplication formula in the subquotient Ksi/K~y of L, in Uj(szg) is
=0

corresponding to Prop. 4.3 in [CP91].

Corollary 3.2.11 L, and L}, are not 0 and linearly independent in B(V), for n > 0.

Proof: By Corollary 3.2.9 and an easy induction. U

Lemma 3.2.12 We have the following results using differential operators.

(a) 03(L}) = —q '0Xs, 03 (Yany1) = OLb,,, 05 (Yan) = —0LY,_y, 03 (Lan) = —0(X Ly, —
q 2Ly, 1 X1), 0% (Lons1) = O(X1Lh, — ¢ *Lh, X1).

(b) 81[/([/%) - qflgy% alL(XQTH-l) = 9L2n; alL<X2n> = 9L/2n—17 8%(L/2n) = Q(LIQn—lyl +
q72Y1L/2n—1)) 81[/([/271—&-1) - 0(L2nYi - quleLQn)'

Proof: By Lemma 3.1.3, Prop. 3.2.5 and induction. U

Corollary 3.2.13 In terms of the Lyndon word, X, and Y, are the root vectors at

the corresponding degrees.

Proof: By Lemma 3.1.1, Lemma 3.2.12, Corollary 3.2.11. U

Corollary 3.2.14 As an algebra K>1/K~1 is isomorphic to the subalgebra of B(V)

generated by L,, for n > 0. Then M3, ., are central elements in K»1/K-.

Proof: By Corollary 3.2.13 we have X,, and Y,, are real root vectors, then the only
possible imaginary root vectors are L, for n > 1 and their iterated commutators
according to the Lyndon word theory. By the expression of A(Y,) in Lemma 3.1.2,
we get K>, is the subalgebra generated by X,, and L, and K>, = K- & K_; where
K_; is the subalgebra generated by L, and K., is the subalgebra K>; N Bs,. This
means that as an algebra K>,/K~; is isomorphic to the subalgebra in B(V) generated
by L,. U

Remark 3.2.15 In summary, K>1/K~1 is a braided Hopf algebra whose algebra struc-

ture is nothing new, but has a manageable coalgebra structure.
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§3.2.3 Relations described by generating functions

In this subsection we will describe the relations in B(V) using generating func-
tions, which will be powerful in proofs of main theorems in this paper.
Let O :=q+q ', a= \/g, b:i\/%.

Let a1 =1, ay = %0, Qpyo = %Hanﬂ + %an, then by Lemma 3.2.4 we have

(%Q)”-(—%q*1Yf

Ay =
Hg+q™)

First, we introduce three fundamental generating functions in this paper.
Let

L(u) =Y 0Lyu™,
n=0

M(U) = Z M2n+1u2n+17

n=0

Z(u) = M, (=1)"u*"** = M(u)* (by Corollary 3.2.7).
n=0

For convenience of notation we denote M(hu), Z(hu) by M(h),Z(h) respectively for
h e C~.

Also for convenience of notation, we introduce

- 20
A(u) == Z 00,11 Mo u®™ ™ = ?((IM(CL) — bM(b)),

Z—? (a_lM(a) — b_lM(b)) ,

n=0

B(u) = Z QanMgnHuQ”H =
n=1
1
A'(u) = =A(iu), B'(u) := iB(iu).
i
Sometimes we just denote A(u), B(u) by A, B respectively.

Proposition 3.2.16 We have the following relations in the form of series.

A(w)L(u) = L(u)A'(u) = > " 0Ly, (3.24a)
B(u)L(u) = L(u)B'(u) = Y 0Loypqu® (3.24b)
[A,B] =0=[A', B]. (3.24¢)
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o 2 1 20

7 (0Z(a) + ¢7'2(h)), 1 B = =2 (qZ(b) + ¢ ' Z(a)). (3.24d)
SAG), L] = 77 (Za) ~ Z(B) = 5(1B° + A7) (3.24¢)

Proof: (3.24a), (3.24b) follow from Prop. 3.2.5 and (3.24c), (3.24d), (3.24e) follow
from Corollary 3.2.7. U

§3.2.4 More fundamental relations
In this section, we will use differential operators to get the expressions of
[Xla LZTJ? [Xla L;n]v [XQ’ LQn]? [X27 LIQn]

and

[LQ’m Yl]a [L2na Yi], [L2n7 }/2]7 [L2n7 }/2]

In general, by Lemma 3.1.3 (a) and L? lies in the center of the subalgebra generated
by all L,, one can get [Xy, Loy,| for k > 3 and others immediately.
Define two sequences of polynomials P, and Q,,:

Po=1,P,=q¢"+¢""+(-1)""'P,_1,
QO = ]-7 Qn - qn - qnil + <_1)nQn—1

We have

n ]-_ _q72 I-%J-i_l n n
PnzquLQJ §-+q_)2 +(_1> +1q 7

yL= (g
n = —1 n2 QLJ _1 n+l _n
Qu = (VP2 (e
PQn = Q2n~
The next proposition is for the proof of [fzgn, f)zm] =0, Vn,m > 1 in Prop. 3.2.21.
Proposition 3.2.17 We have the following relations in B(V).

n—1 n—1

(X1, Lon) =Y Pon1-20L0i Xon1-2i — > Pon-22i0 L Xon s, (3.25a)
i=0 i=0
n—1 n—1

[Xh Zq% = 216L/21X2n+1 2% — Zan - 210L21+1X2n 25 (3-25b)
=0 1=0
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n—1 n—1

[Xa, Lon] = Z G0 Ly Xono-0i + Z ¢*" 270 Ly Xon—2it1, (3.25¢)
i=0 =0
n—1 n—1

(X, Ly, ] = Z Qa2n—1-2i0L9; Xop1o-9; + Z Q2n—2-2i0L2i11Xon—2i41, (3.25d)
=0 1=0
n—1 n—1

[Lon, Y1) = Z ) CHIREPYY PV Z " 0Y o, 9i Laiy 1, (3.25€)
i=0 =0
n—1 n—1

(L5 V1] = Qon-1-20¥ans1-2iLb; + Y Qan—2-2:0Y2n_2: Ly 1, (3.25f)
i=0 1=0
n—1 n—1

[Lon, Ya] = Z Py —1-2i0Yon 10 0 Lo — Z Pon—2_2i0Yon_2i41L0i41, (3.25g)
=0 i=0
n—1 n—1

(L5, Ya] = Z " 0 940 0i L, — Z TRANEE") CICTIRY S (3.25h)
=0 i=0

Proof: We use induction. By Prop. 3.2.1 we know the proposition holds for n = 1.

Suppose the proposition holds for n, we consider the case of n + 1.
We have [La, .1, L3] = 0. Hence in B(V), by Lemma 3.2.12 we have
0 = 95 ([Lans1, L7))

= L2n+1(_q710X2) + 32R(L2n+1)[/§ - (L%af([QnJrl) + q710X2L2n+1)
= —q '0[X2, Lops1] + [05'(Lans1), L3],

ie.,
[X27 L2n+1] = Q[[Xb LIQn] + qileLIQnXb L%]a
again by Lemma 3.2.12.

Using induction hypothesis (3.25b), we have

n n—1
(X2, Lopi1] = Z q2n72i9L/2iX2n+372i - Z ) PYIRD, CHPry (3.26)
i=0 i=0

Then by (3.26),

[X17 Ll2n+2] = [Xh [X27 }/2n+1H = Q[X27 L2n+1] - 9L2n+1X2

n n—1

_ § : 2n—2i+1 ! 2 : 2n—21

- q eLQiXZnJrSfQi - q 9L21’+1X2n72i+2 - 9L2n+1X2
=0 i=0
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n

n
2n—2i+1p7/ 2n—2i
q eLQiX2n+3—2i - E q OLoit1Xon—2it2.

0 1=0

%

Since [X1, Lonyo] = [ X1, Ly, o] + [ X1, [Lon+1, L1]], so we need to calculate [X;, Lopy1].

(X1, Lony1] =[X1, Loy ] — [X1, [Lan, L]
X1, [Xa, Yau]] = [[ X1, Lan), Ln] + [ X2, Loy
( 1)[X27 LQTL] + QLQTLXQ - [[Xh L2n]7 Ll]

n—

_|_

[y

("2 + " )0 Loy Xon oo

D||1

.

3 o
L

+ ) (@ 0L Xopain

i=0
n—1

+ 0Lo, X5 — (Z Py 1-9i0(Loi Xont2-2; + Loiv1 Xont1-2;)
i=0

n—1
— Z Pop—o-2,0(L; 11 Xon—2i41 — L2i+2X2n—2i)) ;

1=0

by (3.25a), (3.25¢). By the definition of P,, we have

n—1 n
(X1, Lons1] = Z Poy_9i0L2; X0y 102 — Z P _2i0L9i Xoni0-9; + 0L2, Xo  (3.27)

i=0 i=1
n—1 n—1

+ Y Py 1-920L%  Xoni1-9; — Z Pop_1-2i0Loi 1 Xont1-9i
i=0 =0

n n—1
=Y Py 9005 Xonio o + Z Pop 120 Loi 1 Xon11-9i
i—0 i—0
Then

(X1, Lonyo] = [X1, Ly, o] + [ X1, [Lony1, Ln]]
= [X1, Ly, o) + [X1, Lonsa], Ln]] + [Xa, Lons]
= (q + 1)[Xs, Lons1] — 0Lop1 Xo + [ X1, Lons1], L1]].

By (3.26) and (3.27) and similar calculation, we have

(X1, Lopto] = Z Pony1-2i0L2i X0y 3-2; — Z Pon—2i0L%; 11 Xonio-9-

i=0 =0
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[X27 L2n+2]> [X27 Ll2n+2]> [L2n+2a Yl]a [L/2n+27 Yl]a [L2n+27 YQ]? [L,2n+27 YQ] follow from
a completely similar argument, we omit the details. U

Remark 3.2.18 Note that in Prop. 3.2.17, we use the abstract definition of a Nichols
algebra, that is, we use differential operators to derive certain relations. It would be
very tedious if we only use quantum Serre relations. However, one can prove that these

relations can also be derived only by quantum Serre relations, see the proof of Theorem
6.0.5.

Equation [Lop,, La,] = 0 is equivalent to
[L2m7 L2n] + [L/2m7 LQn] + [L2m7 LIQn] + [L/2m7 L/Zn] = 0.
So we need to know the expressions of each summand.
Lemma 3.2.19 Suppose [Egk,g,ng] =0V2<k<nandVN >0, then

[Lok—1, Lan 1] = [Lok—1, Lan 1] ¥1 < k < n and YN > 0.

Proof: We only need to prove
[Lon—1,[Lon, L1]] = [[Lan—2, 1], Lon41).
By Prop. 3.2.5,
1 ~ 1 - 1.~ .
LHS = 5(9[11[42”,2 + 59[127172[11 + Z[L2n747 Md]a [LQN? Ll]

= %9 [Lh [Lon—2, [Lan, Ll“]/ +i [[z2n—4vM3]7 [EQN’Ll]] :

- 1 ~ 1 - 1 -
RHS = [[LGm L], §9L1L2N + §9L2NL1 + Z[L2N72> MS]]

1 ~ ~ A B - ~
= —59 [Lh HLZn—%Ll];LQN]} + 1 [[LG—% Ly, [Lan—2, M3]}
Since [Lgy_2, Lan] = 0, we only need to prove

[[ign_4,M3], [E2N7L1]} = [[im—z,h], [L2N—2,M3ﬂ :

20



By using the expressions of [EQN, Lq] and [zgn,g, Ly] in Prop. 3.2.5 and similar calcu-

lation, we get that we only need to prove
(Lo, Ma], (Eav—a, Ms]| = [[Lano, Ms], [Lan—2, My |

Repeating these steps this lemma will be proved. Il

Lemma 3.2.20 Suppose Loy, Lay] = 0 for all k < n— 1 and for all N > 0, then
[fzgn, EQN] =0 for all N > 0 is equivalent to

—[[fan—m E2N+1], Ly + [[fz2N+2, I/Qn—fﬂ]v Li] =0 for all N > 0.

Proof: Considering [[ X1, Ls,], Yon], using the same technique as Prop. 3.2.5, we can
get

n—1

[L2n7 LQN] = Z PQn—l—Zie[L2n+2N—2ia LQZ]
1=0

n—1

/ /
+ E :PQTL—Q—?IH(L2i+1L2n+2N—2i—l - L2n+2N—2i—lL2i+1)‘
i=0

Note that in this calculation we do not need to care about terms with form Y, Ly X, or
Y.L, X.. All terms of this form would be canceled by Corollary 3.2.11 and Corollary
3.2.13. One can also verify this directly.

Similarly considering [[ X1, L}, ], Yan| we can get

—_

n—

(Lo, Lan] = ) _ ™" 770

™

I

q Lonton—2i, Ly;]

]
-1

2n—2—2i / !
+ q 0(L2i+1L2n+2N7172i - L2n+2N—1—2iL2i+1>‘
i=0

Similarly considering [[ X2, Loy], Yon_1] we can get

—_

3

q

[Lon, Lyn] = ) ™" 7%0]

™

I

/
L2n+2N72i7 LQ%]
(2
-1
2n—2—2in/ T/ /
+ q O( Loy, yon—1-2iLaiv1 — Lojpq Lanyan—1-2i)-
i=0

ol



Similarly considering [[ X3, L}, ], Yony_1] we can get

n—1

[L/2n7 LIQN] = Z Q2n7172i9[L/2n+2N72i7 L/Zz]
i=0

n—1

/ /
+ E Qan—2—20(Loy on—1-9iLbi 1 — LoiviLontan—1-2i)-
i=0

Then by the recursive construction of P,, @, and [f/%, EZN] =0VN >0, k<n-—1,

we have

[Lon, Lan] + [Ly,,, Lan] + [Li,, Lan] + [L,,, Ly
n—1

=Y (Pao-2i + "> 7*)0([Lanton—2i, Lai) — [Lbyyon—oi L]
i—0

n—1

+ Y Prno-2if([Liiirs Lo pon—i] = [Laist, Lanvan—2i-1])
=0
n—1

+ Z 0" 27 0([Lois, Lyyson—2i-1) = [Laiir, Lonsan—2i-1])-
i=0

We have the following identities by definition and Lemma 3.2.19:

[L2m7 LZn] - [LI

o> Loy = [£2m7 Lon] + [Lom, EQn], VYm,n > 0.

[Li1s Lynyon—ni—1] = [L2ir1, Lonsan—2i-1]

= [Loit1, Lonson—2i-1] + [Lois1s Lonton—2i—1) = 2[Lois1, Lontan—2i-1],
[Loit1s Loy yon—ni—1] = [Loir1s Lon+an—2i-1]

= [I/Zi—i-la z2n+2N—2i—1] — [IA/Zi—i-la Z2n+2N—2i—1] =0,V0<i<n—-1
Then by the above identities

[L2n7 LQN] + [LIQn’ LQN] + [L/2n7 LQN] + [LIQna LIQN]

—_

3

(Pop—o—9; + QQn_2_2i)9([z2n+2N—2i, I~f2i] + [z2n+2N—2i, -EQZ])

Il
o

n—1
+2 Z Pop—9-9i0[Loii1, Lonion—2i—1]
i=0

—_

3

(Pop—o—9; + q2n_2_2i)9 <_[I~/2n+2N—2i—lu [A/zz'+1]

Il
o

i
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+ [L, [i2n+2N—2i—17 EQ%H + [[z2n+2N—2i7 fz%—l], Ly] + [I/Qi—lu [A/2n+2N—2i+1])
n—1

+2 Z P2n7272i0[l-/2i+17 £2n+2N72i71]-
i=0

By the construction of P,, we get

_ 2n—2-2i 2n—4—2i
Pyn 99 =q —dq — Pop_4-9;.

Then
[LQna LQN] + [Ll2n7 L2N] + [L/2n7 L2N] + [L/2n7 LIQN]

n—1
= Z(PanZfZi + C]2n7272i)9(u—11, [i2n+2N72i717 im]] + [[f/2n+2N72i7 i2i71}, Ly]).
=0

)

When ¢ is not a root of unity, it is easy to see (Pa,_o_o; + ¢**"272)0 is not 0. Then

by induction hypothesis we can see
[Lon, Lon] + Loy, Lon] + [Lyy, Lon] + Ly, Loy] = 0
is equivalent to
—[[Lon-2, Lan+1], L) + [[Lan+2, Lan—s), L] = 0

for VN > 0. Ol

Define
Doy, = =[[Lak, Lon+1], Ln] + [[Lan2, Log—1], Ln].

Note that D, is related to N, but we omit it, because when we deal with D, later,

N is always fixed.

Define Ls, by the following formal power series:
6 Z Lonu® = exp(f Z Lopu®™).
n=0 n=1

Define Ci(P(u)) by the coefficient of u* in the power series P(u).

Proposition 3.2.21 There exists a series of number Roy, such that [Loy, L1] = Rop Moy 1
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and [Lam, Lan] = 0 for all k,m,n > 1. Rayy, is defined by

k-1
1
O Rop, =Cop—2 (59) + Cop—2 ( fexp ZQRan ))
] k-1 k-1
+ Cop_y <Z<eXP(Z 0 Ropu®™) — 1)) — Oy <eXp(Z 9R2nu2”)> )

n=1 n=1

Moreover, we have Ry, = 0 and R0 = ik.

Proof: We will prove this proposition by induction on n that [La,, L1] = RapMon i1
for some R,, and [ign, EQN] =0 for VN > 0.

For n = 1, we have know in Section 1 that [Ls, L;] = M3 which means Ry = 1
and coincide with the formula of Ry, when k = 1, and [EQ, EQN] =0 for VN > 0. Now
suppose this proposition holds for n < k, i.e we have known [EQn, L] = Rop Moy, 11 and
[E%,EQN] =0 forn < kand VN > 0, we consider n = k + 1.

First we will prove [E2k+2, L1] = Rogyo Moy 3 for some Royyo.

By Prop. 3.2.5 we know

QZ Lgnu :_€M3QZL27’Z QU

n=0

1 - 1, = -
+ 509 7; Lon_ou®™ Ms + 710 7; Lon_qu®™, Mj)

ie.,
0 Z Lgnu ——9u Mg@ Z LQn QU
- 1 .
+ §9U20 nz% LQn_QUQn_QMg + Z_JLU4 [0 HZ% L2n—4u2n_4, M5]
ie.,
lexp(0 Z Loyu®" :—GuQMgeXp 0 Z Lopu®" (3.28)

n=1

1
+ = Qu exp QZLQnu M3—|—4u exp( HZLgnu , Ms].

n=1 n=1
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Note that - -
exp(f Z Lopu®™) = exp(0 Z Lanu*)exp(0Lyu?)
n=1 n=2

, we denote exp(6 "7, Lo,u®") by exp(2) and in general exp(0 Y o2, Lo,u?") by exp(k)
for convenience. It is easy to get

exp(0Ls,u®) Ly = exp(adyp, u*") o Liexp(0La,u?).

Denote adyz, u®™ by My, for further convenience, where ad,z, means the operator
[0Ls,, ]. Now we analyze (3.28).

LHS = [exp(2), Li]exp(8Lou?) + exp(2) (exp(Ms) — 1) o Liexp(0Lyu?).

Keeping doing similar calculation under our induction hypothesis, we will get

k

LHS = ([exp(k: +1), L] +exp(k + 1) (exp(z Mas,) — 1) ° L1> : H exp(fLanu™).

n=1
Similarly, we can get

k
1 1
RHS = <§0u2M3eXp(k +1)+ §9u2exp(k + 1)exp(z May) o My

n=1

—|—iu4([exp(k + 1), M5] + exp(k + 1)(exp(z My,) —1)o M5)> : Eexp(@Lgnuzn).

n=1

Canceling the ending terms of both sides and comparing the coefficient of u?*2, we

will get
) k
0 Lok+2, L1] + Copia ((GXP(Z Ma,) —1) 0 L1>
n=1

k k
1 1 1
= Cgk (50]\/[3) + Cgk (ﬁeexp( E_l Mgn) @) Mg) + Cgk,Q (Z (eXp( E_l Mgn) — 1) o M5> s

Hence we have 0[Logy2, L1] = RopoMoy 3, where

k
1 1
RQk;J,_Q :Cgk <§9> + CQ]C <§0exp(; QRQHUQ”))
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k k
1
+ Cop_s (Z(GXP(; QRQRUQ") — 1)) — Copia (exp(z QRQ,LUQ")) )

n=1

Then we need to prove Do, = 0, for any N > 0. Fix N. Considering the formal power

series:
oo
0 E DQnUQn .
n=0

03" Dy — - [wzi%u%m,Ll X
n=0 n=0

- 1 ..
[L2N+27 §9U2L19 z% LQnUQn

1 =, 1 = -
+ 5911,29 Z Lgnuanl + Zu4 [9 Z LQnUQn, MgH s L1]
n=0 n=0
=—[A, L] + [[E2N+2,B]7L1] .

Now we calculate A and B. The calculation is similar to the previous. We have

k
A= Agio H exp (0 Lanu"),

n=1

where

n=1

k
Agya = [exp(k + 1), Loy 4] + exp(k + 1) (exp(z Moay,) — 1) o Lyn1.

k
B = By H exp(0 Laonu®™),

n=1

where

k
1 1
Baka =50u"Laexp(k + 1) + S0u*exp(k + Dexp(Y_ Man) o Ly

n=1

k
1
+ ZU4 <[exp(k‘ + 1), M3] + exp(k + 1) (exp(z Ma,) —1) 0 M3> :
n=1

Then

0o k ~ k .
0 Z Dopu®™ = — | Agp i H exp(0Lopu®™), L1 | + |[Lani2, Bokio H exp (6 Lo, u™)], L1]

n=0 n=1 n=1

o6



k
A2k;+2 H eXp(QLQnU%), Ly

n=1

k
[Lon 2, Boya)] H exp(6 Lo, u™), Ly

n=1

+

K
(—Askra + [Lons2, Bogso]) [ [ exp(0Lanu™), Ll] :

n=1

We need to prove that the coefficient of u* in 63 2 | Dy, u®" is 0.
It is enough to prove Cy <[<b HZ=1 exp(0 Lo, u®"), L1]> = 0, where

k
- - 1
d=— n) oL L —0u*L
exp(; Mo )O oN+1 t [ ON+2, 5 u” Ly
1 k 1 F
+§9u2exp(; Map) 0 Ly + u (eXp(nZl Mo,) = 1) o M3] .

We claim that ®y; := Cy(P) =0 for i < k.
We have @y = ¢y; <%6M2i+1z2N + %952NM21'+1 + %[zszz, M2i+3]>> where

k k
1 1
oy :C’Qz( — exp( E 0 Ronu™) + §0u2 + §8u2exp( g 0 Ropu™)
n=1 n=1

k
1 4 2n
+ v (exp(; ORopu) — 1))

Then ®9; = 0 for ¢ < k holds by this and the induction hypothesis of Ry; for ¢ < k.
It is not difficult to get the general formula of R,,,, we omit the details. U

Corollary 3.2.22 We have the following commutation relations in B(V).

(a) [E2m7 EQn] =0= [E2m7 EQn]

(b) [M2m+17M2n+1] = O zfm+n ’iS 0dd7 [M2m+17M2n+1] = (—1)m§n2M31+n+1 zfm+n
s even.
(c) [lem, Mani1] = Rom Moy ony1, where Ry, =0 and Rypio = 22Lm [2272;11](1‘

By these relations, the only possible imaginary root vectors are Ly, at 4nd, Ly, 1o and
M3, ., at (4n+2)8, Mapiq at (2n + 1)6.

Proof: These relations hold immediately by Prop. 3.2.21 and Prop. 3.2.5. Then by

induction on degree we can get these possible imaginary root vectors. U
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Remark 3.2.23 Notice that these commutation relations correspond perfectly with the

commutation relations among imaginary root vectors for the Lie superalgebra case, see
Prop. 2.1.7.

Remark 3.2.24 Note that these commutation relations between imaginary root vec-
tors are deried from Prop. 3.2.5, Corollary 3.2.7, Prop. 3.2.17. If we prove that
Prop. 3.2.17 can also be derived only from quantum Serre relations, then so are these

commutation relations between imaginary root vectors.
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Chapter 4  Comultiplication of K>/K-4

This section is about the comultiplication of B(V)’s subquotient K>;/K-1, which
is the most important part of this paper. The total determination of the root multiplic-
ities and the construction of the Drinfeld second realization of U} (A(0,2)®) all rely
on this. In this section, we also get some partial information about the commutation
relations between X; and the distinguished imaginary root vectors with manageable

comultiplication in K>1/K~.

§4.1 A(M(u)) and A(Z(u))
Proposition 4.1.1

1

1 —20M(u) ® M(u)’
1

1+ (26%)Z(u) ® Z(u)

A(M(u)) = <M(u) R1+1® M(u>)

A(Z(u)) = <Z(u) R1+1® Z(u))

Proof: We have
A(L)=Lo®@1—0L1 QL1 +1Q@ Ly, A(L1) =L ®1+1® L. (4.1)

Recall that My, 1 = [Lo, Ms,_1]. With (4.1) and Corollary 3.2.7, it is not difficult to
get A(M(u)). Since M(u)? = Z(u), we have

1

AZ(u)) = (M® 1+ 1®M) Ty

1 mMeiriem
—oMeM el +1eM)

1 1
=(M®1+1QM)?
M1+ 1M M T = 20M o M

1
1+ (26)2M? @ M?

=M*®1+1®M?)

:(Z®1+1®Z)1+(29)2Z®Z.

Define Z(u) by the following power series
arctan(20iZ(u)) = 20iZ(u).
We denote Z(u) by > 7 Zypiou®" 2.
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Proposition 4.1.2 Z(u) is primitive in the subquotient K>,/K<s1 and the leading

term of [ X1, Zani2] 18 22”%)(4”%, which means that Zy, . is not 0 in B(V).

Proof: arctan(z) = Llog(£2). Hence we just need to prove that 13292 is group-like.

A(LFHE 1+29%_(1+%Z®1)(1+1®2QZ)_1+26’Z®1+292
1-202° ~ 1-20 B0 ~ (1-20Z@1)(1—1®20Z) 1-20Z 1—20Z

By induction, it is easy to get the leading term of [Xy,20(—1)*M3, . ] is 2022 Xy 1.
Then the coefficient we want is

1
ﬁ@nm (arctan Z 29i22ku4k+2)> .

Let z = 2u?, then we need to calculate

1 o
%04%2 <arctan(92 T )) )

%arctan(e

z _ q 2n ,.2n ~—loo—2n2n
1—x2)_z<1—q2x2_1—q—2m2> quq — ;q T

Taking integral we get

o 2n+1 > —(2n+1)

n . q 2n+1

arctan D I SN

(0i— a:2 Z 2n+1 ’
n=0 n=0

then immediately we have that the coefficient we want is 22”%. O
§4.2 A(L)

Denote >_°° , 0Ly, u®™ by L, i.e., we have

exp(L) = L.

Define *(u) = A(L(u)).
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Proposition 4.2.1

11
*(u):<1—A®A+§B®—B

2
-1 1 2 2 1 -1 1 2 2 1
+(0 (;B*+A )+A-§B) ® (0 (B +4 )+A-§B)
cexp (L(u) ® 1+ 1 ® L(u))
i=#(u) - exp (L(u) ® 1+ 1® L(v)) .
and also
T T / / 1 ! ]' /
(u) =exp (L) ® 1+ 1@ L(w) - (1-A®A4 +5B ®5B
—11/2 2 /1/ —11/2 2 /1/
+(0 (ZB + A%)+ A 'EB)@)(@ (ZB + A%)+ A -§B)
:=exp (L(v) ® 1+1®@L(u)) - # (u).
Proof: By Corollary 3.2.9, in the subquotient, we have A(i%) =
Loy ®1—0Lyy 1 @ Ly +0Lop 2@ Lo — -+ 0Ly ® Loy — 0L @ Loy 1 + 1 ® Loy,
1. 1. 1. 1. 1. 1. 1. 1.
+9§L2n—2 X §L2 + 9§L2n—3 X §L3 + -+ 95133 X §L2n—3 + 9§L2 ® §L2n—27

Le., *(u) =

~2n n ~2nu " — ~2n+1u " 3 241U "
> Lo @Y OLyu™ = 0L ey 0L 2n+1
n=0 n=0

n=0 n=0
+i19£ u2n®§:19£ u2n+§:19£ u2n+1®§:19z u2n+1
pa 2 2n = 9 2n = 9 2n+1 o 9 2n+1 .
Then by (3.24a), (3.24b), (3.24e) in Prop. 3.2.16, it is easy to get the conclusion. [

Lemma 4.2.2
#(u)# (iu) = (14 (20)°Z(a) ® Z(a)) - (1 + (20)°Z(b) @ Z(D)) .
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Proof: By definitions of A, A" and B, B/,

#()# (iv) = (1 ~A®ATBE B (07 (B + A+ A B)

1

®(9*1(ZB2 + A%+ A- %B))

'(1+A®A—%B®%B+(—91(%B2+A2)+A-%B)

®(— 6—1(232 + A+ A %B)) :

Omitting a long but purely elementary calculation using (3.24c), (3.24d) in Prop.
3.2.16, we get the conclusion. U

Lemma 4.2.3 The leading term of [X1, Lay] is (q%*(—l)")(qnﬂ—l)n“)XQnH.

ng"=1(¢%-1)

Proof: We have log(1 + 0327 Ly,u®") = 03.°° | Ly,u®". By Prop. 3.2.17, we get
the leading term of [X;, sznu%] is

n— - _q72 " n— n
0((12 2—1:—q—2) + ¢ 1) Xop 1

0 C - - - n — n
= 1+q,QZ((q g ()" = g (—u)") Xonga

n=1
Then we have the leading term of [Xi, Ly, is

Z (¢ +a 2+ ¢ ()" — q—2(_u2>n)>> Xont1,

n=1

0-1Cy, (1 (1
CQ <0g +1+q_2

ie.,

1 1
1, -2 3y,2 2 20,2
((q q q )q (Y 1 q2U2 q ( U )1 U2)>) 2n+1

0-1Cy, (1 (1
CQ <0g +1+C]_2

Then by using the same technique as in Prop. 4.1.2 we have the leading term of

[Xl s Egn] is

(" + (=1)")(¢" + (=1)")
ng"(¢* — 1) .
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1

Define Ly, by the following, recall a = V3 b =iy,

> 20 Lyu™™ = > 20Lyu™ + %log (1—(20)°Z(a)®) + %log (1—(20)°Z(b)?).
n=1

n=1

Proposition 4.2.4 Ly, is primitive in the subquotient K>,/K~,. The leading term

of [X17i4n] is %X%H; which means Ly, is not 0 in B(V) when q is not a root of

unity.

Proof: Recall A(L(u)) = #(u), A(L(iu)) = *(iu), so A3, 20L4,u'") = log(*(u) *

k(u) - x(iu) = #(u) - exp (E(u) R1+1® E(u)) - exp (E(zu) R1+1® E(zu)) - (1)

= #(u) - exp <Z 20Lpu* " ®1+1® Z 29E4nu4"> - (i),
n=1 n=1
then

log(*(u) * (1u)) = Z 20Lpu ®1+1® Z 20 Lypu™™ + log(#(u)# (iu)),
n=1 n=1

since Ly, commute with all Ms,, ., by Corollary 3.2.22. Then by Lemma 4.2.2 and

Prop. 4.1.1 we can get that Ly is primitive immediately.

For the leading term of [ X, i4n], by Lemma 4.2.3 we have that the leading term

of [ X1, Loy is (q2n+(;;2i)1(é2t(1;1)n“)X2n+1. Recall that the leading term of [ X1, M22n+1]

is (—1)"22" Xy, ,5. Then we have the leading term of [X1, Ly, is

1 (29 (@™ +1)(¢* = 1) 1 a’u? )2))

~ Cn(—l 1— (20—
20 \ " gz —1) 3 og(1 =~ (20— i

1 b2 2
+C4n(§10g(1 — (20Tl;)4u4)2>)> X4n+1'

Then by the same technique as in Prop. 4.1.2 we can prove that the leading term of

(X1, Lay) is %XMHL O

However, for the comultiplication of Lu,,2, a similar calculation does not work
since Ly, is central in K>,/K<, but E4n+2 is not. We introduce new generating

functions.
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Define

Mi(u) = Z My 1u™™ ™ My (u) = Z My zu™ 2,
n=0

n=0

, sometimes we just use M and My for convenience.
Define

E = Z 9(4n + 2)[:4n+2u4”+2.
n=0

Proposition 4.2.5 In the subquotient K>1/K~1, we have

AC)=£L@1+1® L+ 2<9ﬁ(au) + fm(bu)>

( — 20M; @ M + 26My & MH> (1 + 20M; @ My + 20My ® MI>
- 1+ (202Z® 7 ‘

Proof: We know

L = log(L).

d

Since [f}gn, f}gm] = 0 for any m,n € N, using v - 7=

act on it, we have

Z 02n Ly, u®" = —dv—
n=1 L
Then P
d— _ u-LA(L)
Au-—1L) = 02nA(Ly, )u®" = — v _— 2
(w- L) ; (La2n) AD)

We view A(L)~! as right inverse. We have known A(L) = #(u)expL ® expL by Prop.
4.2.1.

d _

d — _ — — d— d—
= (u- @#(u)expL ® expll 4+ #(u)expL ® explL(u - @L RI1I+1l®u- %L))
~exp(—L) ® exp(~L)#(u)™"

=y - %#(U) . #(U>—1 + #(U)(u . %E@ 1+41Qu- %E)#(u)_l
= (u'%L@)l—i—l@u-%L)+u.%#(u)_#(u)—1
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— [(u - %E@ I1+1®u- C%E), #(u)|#(u) "

Let 2 be the operator u- £+ —[u- L@ 1+1@u-LL, ]

Then we just need to calculate
(Qo#(w)) - #(u)™". (0)

The calculation of (Q o #(u)) - #(u)~! is very long but elementary, using the
commutation relations between different M. The result of A(EL) is a part of A(u -
d%E) by degree. We will not write down all the details, but we will write down two

representative parts of (¢), see Prop. 4.2.7 and Prop. 4.2.8 below. O

The main tool is the following lemma, in which the commutation relations of
various generating functions with My, 1,n > 0 as coefficients are described. Recall
that M(u) = My(u) + My (u), we define My(u) — My (u) by M(u) and denote M(hu),

My (hu), My(hu), M(hu) by M(h), Mi(h), My (h), M(h) for convenience, where h €
Cx.

Lemma 4.2.6 We have the following relations in B(V).

[My(z), M ()] = 0 for any z,y € C, (4.22)
(), M(8)] = [PI(a). F0)] = 52 (Z(a) + Z(0)). (4.2b)
M(a), BA(8)) = [PI(a), M(8)] = -2 (Z(a) — (b)) (.20)
u- %Z(u) — (M (u)? — My ()?) = [M(u), M(x)]. (4.2d)

Proof: (4.2a) follows from Corollary 3.2.22 (b). (4.2b) and (4.2¢) follow from (4.2a)
and direct computation using Corollary 3.2.22 (b). (4.2d) also follows from direct
computation using Corollary 3.2.22 (b). O

Recall that by Lemma 4.2.2
#(u)# (iu) = (14 (20)°Z(a) ® Z(a)) - (14 (20)*Z(b) @ Z(b)) .
Denote (1 + (20)?Z(a) ® Z(a)) - (1 + (20)*Z(b) ® Z(b)) by C. Then (o) is

Q3 (u) - #'(iu)
C 7
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where

#(u):(l—A®A+%B®%B

+(9—1(3B2 + A%+ A %B) ® (9‘1@132 + A%+ A %B)>
#’(z’u):(lJrA@A—%B@%B
-1 1 2 2 1 —11 2 2 1
F(O(GB A —A-SB) @ (07 (; B+ A°) — A-3B) ).

For convenience, we denote §~1(1B% + A?) by T and denote the operator u - £ — [u -

du
d%IL(u), | by %*.
Proposition 4.2.7

Q(A@A—%B@%B)

=46 (Ml(a) 0% MI(G,) - MH(&) (%9 MH(a) + Ml(b) (059 M1<b> - MH(b) (%) MH<b)) .

Proof: We have

1 1 1 1 1 1
Q(A®A—§B®§B):*A®A+A®*A—(*§B®§B+§B®*§B).

First we focus on w A.

Denote adp, ()2 by ad, for € C. By Corollary 3.2.22 (c), we have

d — ad, ady
- —L L{|=4 L
[ du (), L] (1—ad2+1—ad§)o b
which means p q q
T adg adyp
- —L A =4 Au).
o 0, AW = U+ ) 0 Al

Meanwhile, it is easy to get

d _20( 1+ ad, 1+adbo

ue e A() = G (ag gt oM(a) — by M(b)).

Then

1+ ad, ad, ad, 20
A= —4 —4 M
* (1 —ad, 1 — ad? 1— ad%) (a)
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1+ ad, ad, ady 20
— —4 —4 —bMI(b).
(1—adb 1 — ad? 1—ad§> 0’ (®)

We also have
o Lyu, BM(D v
M = —
aMi(a) 1—ad, © bt (0) 1 — ad,

o) Llu.

Then we have

2 4 2 4 2
*A(u) = A'(u) 9( ady @ gy 2ada 0 L1u>

- le) — (@]
0"\ 1—adj1—ad, 1 —ad?1—ad,
4
= A'(u) + @(a_lMI(a) — b ™M (b)).
Similarly we have
1 1, 8
*§B(u) = —§B (u) -+ @(CLMH(CO — bMH(b))

M(u

Note that Mj(u) = %M(u), My (u) = %. Then we have

*A = ;(GQ'M(CL) +WF(R) + o~ M(a) — b M) )
*B — 93( — a™¢'Mi(a) — b ¢'F(b) + 4aMi(a) — 46MI(H))
A= %?(aM(a) —BM(B)), %B _ g(alM(a) _5M()).

By direct computation with these formulas, we get the expression of Q(A ® A —
5B®3B). O

Proposition 4.2.8

—_

(*(T+A._B)®(T+A-%B)+(T+A.%B)®*(T+A.%B))

— DN

(T-A--B)® (T —A-=B)

\)

— (20)" (%u - d%Z(b) @ Z(b) - Z(a) @ Z(a) + %u - %Z(a) & Z(a) - Z(b) @ Z(b)

+ OM (b)Min (b) ® Z(b) - Z(a) ® Z(a) + 2Mi(a)Mir(a) ® Z(a) - Z(b) ® Z(b))

+ symmetric part.

Remark 4.2.9 fu-L7Z(b)®Z(b)-Z(a) ® Z(a), u-LZ(a) ® Z(a) - Z(b) ® Z(b) and the

12
symmetric part correspond to the result of u - % acting on A(>°°7 | 20 Ly,u*™), which
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1s known in the proof of Prop. 4.2.4.

Proof: By Lemma 4.2.6 and Prop. 3.2.16 , we have the following relations

TiA. %B =~ S(0) — - M(B)M(a),
1. 46 26%
T-A- §B —?Z@L) + WZM(b)M(a),
1 20 /1 — — 20
*(T+A-5B) =7 <2M(a)M(a) — M(BM(b) - 5 Z(a)
Z—?Z(b) — iMI(b)M(a) — i@M(b)M(a)),

T2 — (A- %B)Q = — 40*Z(a)Z(b).

Then this proposition follows from direct computation.
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Chapter 5 A PBW basis of B(V)

In this chapter, we will determine the multiplicities of all the roots and give a
PBW basis of B(V). The main tool is the subquotient K>;/K-;. In detail, the key
step is to use the primitive element at certain degree in K>;/K-;. In the case of
Uv(szg), the Drinfeld generators of the imaginary roots are exactly these primitive

elements.

§5.1 Root vectors at (2n+ 1))

By Corollary 3.2.22, we know that the only possible root vector at (2n + 1) is
M2n+1-

Proposition 5.1.1 When q is not a root of unity, Ma,1 for n > 0 are root vectors.

Proof: Let Oy, be the subalgebra generated by {My;,1,0 < i < n}. By Prop. 4.1.1

we can get
A(Mapi1) € Mopy1 @ 1+ 1® Moy + 2015 @ Mo,y — 20Ms, 1 @ L3 + Qg3 ®@ O,y _s.

We use Theorem 2.2.42. My, 1 is a root vector if and only if My, ; is a linear
combination of L' Mi>MEFs ... MJ» . By the above formula, the comultiplication of
Ma,, 41 has term 2012 @ My, — 20Ms,,_1 ® L} but the comultiplication of L3 Ma, 4
can only have term L? @ My, 1 + Ms, 1 ® L?. Hence, by induction we can see that

My, 1 must be a root vector when ¢ is not a root of unity. ]

§5.2 Root vectors at (4n + 2)0 and 4nd

§5.2.1 M3

Since My, 41 is a root vector and x((2n+1)d, (2n+1)d) = —1, we should consider
M22n+1'

Proposition 5.2.1 M3, ., are root vectors when q is not a root of unity.

Proof: We use Theorem 2.2.42. Suppose M3, ., is not a root vector. Then the
only possibility is M3, is a linear combination of products of M3, in B(V), where

k < n — 1. Equivalently, Z,,.o is a linear combination of products of Z4;.o where
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k < n — 1, denoted this linear combination by II. Then Z4,,» — Il is 0 in B(V) and
must be primitive in K>;/K~;. Then it is easy to see the only possibility is IT = 0,
since Zypio are primitive in K>q/K-; and are root vectors in B(V) for £ < n — 1.
Then Zy,.2 is 0 in B(V), but by Prop. 4.1.2, we have known Z4,, 5 is not 0 in B(V),

contradiction. O

§5.2.2 Lo,

Proposition 5.2.2 Lo, are root vectors for n > 1 when q is not a root of unity.

Proof: We prove this by induction on n. We still use Theorem 2.2.42.

Ly is a root vector because [Lo, L1] = M3 and Mj is a root vector.

For L4, suppose Ly is not a root vector, then Ly = > k;, i, ;1 L’f M?Lgl, or equiv-
alently L, = ZthiQJIL?M;QE%I. By A(L,) in the proof of Prop. 4.2.4 and Lo is
a root vector, L2 and L?L, cannot appear in this linear combination. Then L4 can
only be a linear combination of L; M3 and Li. Then using adz, to act on Ly, we
get M2+ L M5 = 0, a contradiction. Then L, can only equal kL{, or equivalently
Ly = k(L?)?. Since Ly and L? are primitive in K>1/K<;, then the only possibility is
IOL4 = 0, but according to Prop. 4.2.4 IOL4 is not 0. Then L, must be a root vector.

Suppose it holds for n, we consider n + 1.

If n is even, then 2(n + 1) = 4m + 2 for m = §. Suppose Lyp» is not a root

vector, then
_ § : ) ] ) g2 L AgemAl T T J2m
L4m+2 - kjil7i27---712m+17]17---7]2nLL1 M3 M4m+l L2 L4m )
or equivalently

7 . z : / i1 A fio 12m+1 T J1 T j2m
L4m+2— k Ll M3 "'M4m+1L2 "'L4m.

11,8250+ ,52m 41,515+ 502m

By Prop. 4.2.5 and induction hypothesis, Lo, ..., Ly, cannot appear. Then
E4m+2 = Z k;g,ig,...,i2m+1 LZ11M§2 e Mifrzi:—ll

By Corollary 3.2.22 (¢), [Lyms2, L1] = RamioMumys. When ¢ is not a root of unity,
we know that Rg,.o is not 0 and My,,,3 is a root vector, contradiction. Then Ly, o
must be a root vector.
If n is odd, then 2(n + 1) = 4m for m = 2+, Suppose Lu,, is not a root vector,
then
Ly = Z Kisin iz jomy LA M2 < - ol Lﬁ,’ffgl
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or equivalently

7 _ / 21 12 192 TI1 T J2m—1
Lin=_k Li M2 . Mizm Lh... [im-t

11,82,-,82m,J1 5+, J2m—1

For the same reason as last paragraph, Lo, ..., Liy,_» cannot appear. Use adr, act on

Ly, similar to the case of Ly we get
7 _ " 11 12 7
Lym = § :kil,ig,...,ile M3 o 'M2%717

where 71,19, ..., i, must be even. Then equivalently

im

Lim=Y_ Ky i (22) % (Z6)E o (Zuma) ¥

Since i4m, Zoy Ly ooy Zam—o are primitive in K>q/K~1, the only possibility is [24,” =0,
but by Prop. 4.2.4 i4m is not 0. Then Ly, must be a root vector. O

§5.3 A PBW basis

Now we have the following theorem immediately.

Theorem 5.3.1 Suppose q is not a root of unity, the multiplicities of 4nd and (2n+1)d

are 1, of (4n+2)4 is 2, which coincide with the root multiplicities of the Lie superalgebra

A(0,2)W) . The set of decreasing ordered products of elements in {X,,, Yy, Lon, Map_1,n €
N} forms a PBW basis of B(V). The order in {X,, Y, Lon, Ma,_1,n € N} is

Xi<Xo<o <X, <+
<< Loy < Loy o< Loy g<---< Loy
< < Moy < May_3 < --- < My < Mz < My
< <Y, <o <Yyo <Y
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Chapter 6  The defining relations of B(V) satisfied
by the Chevalley generators

We first consider the commutation relations in B(V) between real root vectors.
By definition, [X,,,Y,] is just Ly, 4+,—1 or L], ., _; so we do not need to care about this
case. We only care about the relations between X,, and X,,, Y,, and Y,,. First, we

recall the U,:'_(SZQ) case because they have some common properties.
Proposition 6.0.1 In U} (sly) when v is not a root of unity, we have
[Xna Xn—l—r] = _[Xn—l-r—la Xn—l—l} and [Yn—l—mYn] - _[Yn+17Yn+r—1]

for n,r > 0. Moreover, these two relations can be derived from quantum Serre rela-

tions.

Proof: They are part of the relations in the Drinfeld second realization; see [CP91|.
The second conclusion can be derived from [HK07], or follows from a similar proof to
Lemma 6.0.2 below. U

Lemma 6.0.2 We have the following relations about X,, and Y, in B(V).
[Xn>Xn+1] = O, and [Yn—i-la Yn] = Oa

forn > 1. Moreover, these relations are derived by quantum Serre relations.

Proof: We deal with the first one, the second one is completely similar. In fact we

claim:
[Xn, Xn+2] == (—1>n+1[Xn+17 Xn+1}’ (61&)
[Xna Xn+3] = _[Xn+2>Xn+1]v (6'1b)
[Xos1, Xnia] =0, (6.1c)

for n > 0. We prove this claim by induction on n. First, [X;, X5] = 0 holds, which is
one of the quantum Serre relations.
n=1:

0= [[X1, Xao], L1] = [X1, X3] — [Xs, Xa],
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then (6.1a) holds. Then
0= [[X1, Xa] = [Xo, Xo, Li] = [ X1, Xu] + [Xo, X3] — ([Xo, X5] — [X5, Xa]).
N (X1, Xu] = —[X3, Xo],

which is (6.1b). We also have

0 =[[X1, Xy, Lo]
=[X1,¢Xy + 0L X3] + [(¢ + 2) X3 — 0L1 X5, X
=q[ X1, Xa] + 0(Xo X5 + L1[ X1, X3]) + (¢ + 2)[ X5, Xo] — 0(L1[ X2, Xa] — ¢X3X0)

which implies [ X5, X3] = 0, which is (6.1c).
For general case, the induction step follows from a completely similar argument

to the case of n = 1, using a fact that
[Xoki1, Lo] = (¢ + 2) Xogys — O0L1 Xogyo
and
[Xoky2, Lo] = qXopya + 0L1 Xopys.
Note that all of these formulas come from quantum Serre relations. U
Then the following corollary holds immediately.

Corollary 6.0.3 All [X,,, X,,] and [Y,, Y] can be expressed as a linear combination

of decreasing product of root vectors by quantum Serre relations.

Remark 6.0.4 Note that the commutation relations between X, and Y,, come from
the definition of Lyin—1 and L, and Prop. 3.2.5, which is derived by quantum
Serre relations. Then we get that the commutation relations between real root vectors

are all come from quantum Serre relations.

Theorem 6.0.5 Suppose q is not a root of unity. The defining relations of B(V) sat-
isfied by the Chevalley generators are the quantum Serre relations (2.4), which means
that the Drinfeld-Jimbo type realization is obtained for U,(A(0,2)®).

Proof: We have determined all the root vectors of B(V) in Theorem 5.3.1. Then it is
equivalent to prove that all the commutation relations between these root vectors can

be derived from quantum Serre relations. All of these relations are in Section 2 and
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the beginning of Section 5. As stated in Remark 3.2.8, 3.2.18, 3.2.24, 6.0.4, we get
these commutation relations almost completely from quantum Serre relations, except
Prop. 3.2.17.

We prove that all the commutation relations in Prop. 3.2.17 can be derived from
quantum Serre relations. We only prove the first half because the other half is com-
pletely similar. We need to show that the expressions of [ Xy, La,| and [Xs, Lo,1] for
n > 1 in Prop. 3.2.17, which are obtained by applying differential operators, can be
derived only by quantum Serre relations. Note that relations in Prop. 3.2.5 are all

come from quantum Serre relations, and we know (3.15):
2L/2n+1 = eLIQnLl + eLlLQTL + [L27 LIQn—l]

holds. Applying ady, to this equation, we will get the result of (q + ¢~ 1)[ X2, Loy)
and since ¢ is not a root of unity, we will get the expression of [Xy, La,] in terms
of ordered products of root vectors, repeatedly using induction hypothesis and the
following known relations derived by quantum Serre relations: (3.12), (3.15), (3.16),
(3.17), (3.18) and Corollary 3.2.7. On the other hand, also by these relations, it is
enough to get the expression of [ Xy, Lo,] in terms of ordered products of root vectors

from
[Xs, Loy = " Xopio + 92n729L/1X2n+1 + P00y Xon + -+ q0Lan 2 X4 + 0L, ,Xs.

Then these two expressions must be the same. This means the expression of [Xs, Loy,]
in Prop. 3.2.17 also comes from quantum Serre relations. The case of [Xs, Lo, 1] i8

completely similar. O
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Chapter 7 The Drinfeld second realization of
U (A(0,2))

We give the Drinfeld second realization of B(V) or U} (A(0,2)®), that is, choosing
distinguished root vectors and writing all the commutation relations among them. The
following three sections are denoted by “I&I" “I&R", “R&R", where “I",“R" means

distinguished imaginary root vectors and real root vectors, respectively.

§7.1 I&I

Proposition 7.1.1 The following commutation relations hold in B(V).

(a) i4n+4 and Zy o commute with all imaginary root vectors, [Limy2, Lany2] = 0,
VYm,n > 0.

(b) [M2m+17M2n+1] =0 me+n 18 0dd7 [M2m+17 M?n—l—l] = (—1)%2]\42 +n+1 me+n

m

s even.

(c) [(4m + 2)Lamya, Mapi1] = ng;_l[Qm + 1, Mams2n+3-

Proof: This holds immediately by Corollary 3.2.22. U

§7.2 I&R

First, we show that the comultiplication in K>;/K~; is closely related to these
relations.

Denote the subalgebra generated by L,,n > 1in B(V) by £. We identify £ with
the subquotient K>1/K-;. Denote the subalgebra generated by X,,n > 1, Y,,n > 1
by X and ). We have B(V) = )Y ® L ® X, as vector spaces.

Let T' € £ and suppose that 7" is homogeneous. Define d(T") by deg T = d(T')J.
Define fx, (1) = X and fx, (1), T € L by the leading term of [ X}, T7, i.e., some scale
of Xyiaer). Define gy, (1) =Y}, and gy, (T), T € L by the leading term of [T, Y], i.e.,

some scale of Yj 4 q(r).

Remark 7.2.1 It is very easy to determine fx, gy, precisely for any k > 1 by Prop.
8.2.17, Lemma 5.1.3 (a) and L? lies in the center of L.
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Lemma 7.2.2 A(X,) € X, ®1+1® X, + B(V) ® YL, i.e., no X; appears in the

right tensor factor for i < n.

Proof: This follows from the comultiplication of the super-letters, that is, Prop.
2.2.39. O

Lemma 7.2.3 Let T € L. A(T) € T(1) ® T{9) in the subquotient + LX & VL.
Proof: This also follows from Prop. 2.2.39. U

Proposition 7.2.4 Let T € L. We have
X T = Ty (=)0 £ (T,
and

TY; = (—1)F @) gy, (T(1))T (o).

Proof: We only prove the first one because the second one is similar. It is easy to
see for T € L,

k+d(T)
X, T = Z k;T; X;, for some T; € L. (7.1)

i=1

Consider the terms of type B(V) ® X; for some ¢, in the comultiplication of (7.1).

We use the two lemmas above. For LHS, all terms of this type are
Ty (=)™ ED @ fy, (Tiz)).
For RHS, all terms of this type are k;T; ® X;. Then we have
X, T = Toy (D)X T0) =D o (Tiy).

g

For My, 1, it is more convenient to write the relations in the language of gener-

ating functions. Recall that
M(U) _ Z M2n+1u2n+1.
n=0
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Proposition 7.2.5
XM = My (= 1) D £ (M),
and
MYy, = (—1)" @) gy, (M1)) M),
for any k > 1, where

1

Proof: This follows from Prop. 7.2.4 and M1y ® My) is known in the proof of Prop.
4.1.1. O

Recall that
arctan(20iZ(u)) = 20iZ(u).

We denote Z(u) by Y07 Zypou®" 2,

Proposition 7.2.6 In B(V) we have

nl2n+1
[Xk>Z4n+2] = 2 % An+k+2)

nl2n +1
[Z4n+27yk] =2° %Khﬂ-kn-

for any k> 1 and n > 0.

Proof: The first formula follows from Prop. 4.1.1 and 7.2.4, and Z,,.- lie in the

center of K>/K-; immediately. The second is completely similar. U

Proposition 7.2.7 In B(V), we have the following relations.

o an
[XkaLlln] - [47’3(]X4n+k’
o 4an
[L4n7 Yk’] = [4qunn+k
Proof: This follows from Prop. 4.2.4 and 7.2.4 immediately. U

For (4n + 2) Ly, it is more convenient to write the relations in the language of

generating functions. Recall that
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T Z 0(4n 4 2) Lyppou*" 2,

n=0

E : E 4An+3
M4n 1 u MH M4n 3U .
n=0

= DM (1 = M

Proposition 7.2.8

Xip€ = L0y (—D)MEED £ (8 o),

and
LY, = (—1)F @)y, (€))L
where
Ly Ley=AL)=LR1+1xL+ Q(SDT(au) + Qﬁ(bu))
and
(— 26My © My + 20May @ My ) (1 + 260My & Mg + 26My © M)
M) = 1+ (20229 Z '

Proof: This follows from Prop. 7.2.4 and 4.2.5. U

§7.3 R&R

§7.3.1 Relations between X,, and between Y,

Define a sequence of number sy =1, s1 = —1, so = —1, s3 =1 and s, = s,,44 for
n > 0. Define amap P: N — {0,1} C N by P(n) =0if nis even, P(n) = 1 if n is
odd.

Proposition 7.3.1 In B(V) the following relations hold for n,k > 1.

(X0, Xnvok—1] = —[Xntor—2, Xni1], (1)
k

(Xns Xnyor]) = spmt1) [ Xntor—1, Xnt1] + 2 Z SP(nt1)+i—1 [ Xnt2k—ir Xnti]

1=2

[Yitok—1, Ya] = —[Yat1, Yotor—2l,
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k

[Yn+2ka Yn] - SP(n) [Yn-i-la Yn+2k—1] + 2 Z SP(n)-l—i—l [Yn+i7 Yn+2k—i]
=2

Proof: These formulas hold by applying ad;, to the formulas in Lemma 6.0.2 repeat-
edly. Il

§7.3.2 The relations between X, and Y,,

First we have

[(Xoit1, Yonto—it1)) = Lont1, [Xoi, Yonio—2i] = L,2n+1a

[Xoit1, Yonts—(2ie1)] = Lont2, [Xoi, Yanis—2i] = Ly, io

However we do not use L, or L’ as generators, so we should use our generators to
n n bl

generate L, or L/ .
We have

> 20Lyu' = 20Lyu" + %log (1—(20)*Z(a)?) + %log (1—(20)°Z(b)%),

n=1

= Z 20 Ly u*" — log o cos(20iZ(a)) — log o cos(20i Z (b)),

, and i4n, Z(u), Lynyo are the generators we choose, then we get L(u) from our

generators. By

L(u) = exp(L(u))

, we can get ]i(u) from our generators.

Proposition 7.3.2 In B(V) we have
= 0 -1 -1 T
> Lt = 7 ((20 = a™)M(a) - (26— b7)M(B) ) L(w), (1)
Z@L%H <2a+a )M(a)—(2b+b—1)M(b))i(u),

ZmM - ( _ A - ﬁzM(b)Mm))L(u),

o o
> oL, = (1+ ??Z(b) + %zM(b)M( ))L(w).

n=0



Proof: By Lemma 3.1.3, we get

Z OLopi1 = Z 9£2n+1 - %Z 0z2n+17 Z 0Ly, = Z 0E2n+1 + % Z 9£2n+17
n=0 n=0 n=0 n=0 n=0 n=0

S 0L = 0L+ 530 0L = D 0~ 1D b

n=1 n=1 n=1 n=1 n=1 n=1

Meanwhile, by Lemma 4.2.6 in Appendix A, we have

-2
then the proposition holds by direct computation using Prop. 3.2.16. U

§7.4 The Drinfeld second realization

We summarize all the above results as a theorem.

Let0=q—q "0 =q+q ' a=/] b:z'\/q;l.

We choose X, Y, for n > 0, Mani1, Zanio, (41 + 2)Lapyo, (4n + 4)10}4n+4 for
n > 0 as root vectors at corresponding root. For simplicity of notation, we denote
(4n+2)E4n+2 by Zinio, 4n[o/4n by Z4,. We introduce the following generating functions
with root vectors as coefficients.

M(u) = Z ]\42n+1u2n+1 - Z ]\44n+1U4nJrl + Z M4n+3u4n+3 i= My (u) + M (u),
n=0

n=0 n=0

00
R E An+2
Z = Z4n+2U s

n=0
(o] o o0 (o]
£ = 2(471 + 2)0 Ly pu* 2 = Z 0 Lypiou™ 2 L= Z AnOLy,u*" = Z 0Ly u".
n=0 n=0 n=1 n=1
We use [u~! to denote the inverse operator of u - .

We define two new generating functions as follows.

Z(u) =) Mg, (1) ',
n=0

L(u) :=exp (/ u e+ /u_lé + %log ocos(20iZ(a)) + %log o COS(20iZ(b))> .

Theorem 7.4.1 The algebra B(V) or equivalently U} (A(0,2)™) is generated by real

root vectors X,, Y, for n > 0, imaginary root vectors Moy 1, Zsns2, Linso forn >0,
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ZLin for n >0, with the following defining relations.

I:
Zyni2y Lan commute with all the imaginary root vectors, [Lim+2, Linte) = 0,¥Ym,n > 0.
2m+1
[Limt2, Mopi1] = [22”1—_1]qM4m+2n+37
[Maymi1, Mania] = (_1>m2_n 2Mr2n+n+1 if m+mn is even, [May, 41, Moy y1] = 0 if m +n is odd,
20iZ(u) = tan(20iZ(u)).
II:

XiM = My (1) M) ®=D £ (M),
MY}, = (—1)" @) gy, (M1)) M),

where ]
M Mopy=Mx1+1M)—F—————
nl2n +1
[(Xt, Zanso) = 2 %szmmm
o121+ 1
[Zany2, Vi) = 2 % Ant k42
Xi€ = €y (— 1) ) E ry (€,
and
LY, = (-1)F @) gy (£1))L0),
where
Cy®Loy =AL)=L1+1® L&+ 2<9ﬁ(au) + 9)?(bu)>
and
. ( — 20M; ® M + 20My ® MH) (1 4 26M; @ My, + 20My; MI>
M(u) =

14+ (200227 ’
[Xka'ieln] = [4n]qX4n+k,
(Lin, Y] = [4n]Yanir,
f, g are defined in Subsection 6.2.
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IT:

(X211, Y2n+2—(2¢+1)] = Lont1, [Xoi, Yonio-2i] = ngn+1>

[X2i+17 Y72n+37(2i+1)] = L2n+27 [X2i7 Yv2n+3—2i] - L/2n+27

together with 1 in Prop. 7.3.2, and t in Prop. 7.5.1.
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Chapter 8 A more precise estimation of the
comultiplication of the Drinfeld generators and

one-sided coideal subalgebras

In this chapter we introduce more results related to the comultiplication of imag-
inary root vectors of affine Nichols algebras B(U) and B(V).

§8.1 B(U)

First we look at the Nichols algebra B(U), where U is a braided vector space of
diagonal type with the braiding matrix

g q*
' g

with respect to a basis {x1, 22} and ¢ is not a root of unity. It is easy to see that B(U)

if of Cartan type with the Cartan matrix

(%)

Suppose x; has degree aq, xo has degree ay. Then it is well known that the real
roots of B(U) are (n+ 1)ay + nas and na; + (n+ 1)ay for n > 0, the imaginary roots
are no for n > 0. The root multiplicities are all 1.

Then we construct all the root vectors of B(U). For convenience we denote x4, x5
by X; and Y7, and all the brackets below are the braided brackets. Define

Ll = [X171/1]7 X7L+1 = [X7L7L1]7 Y?’L+1 = [L17YTL]7

define
Ln - [Xla Yn]

Then {X,,Y,, L,} are the root vectors in terms of Lyndon word theory, they are also
used as generators in the Drinfeld second realization of quantum sly. Recall that
L, commutes with each other. Moreover, we have the following lexicographic order

induced by z; < x3:
Xi<Xo< oo <X, < (8.1)
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< o< Ly <o < Ly < Iy

<---<Y,<--- <Y, <Y

Denote the subalgebra generated by L, for n > 0 by L, denote the subalgebras
generated by X,, and Y, for n > 0 by X and Y respectively. Then we have

BU)XY®LRX

as linear spaces. Recall that £ is just the subquotient K>;/K~4, with a braided Hopf
algebra structure induced by the braided Hopf algebra structure of B(U).
Moreover, comparing Prop. 2.2.39 in Lyndon word theory, we have the following

more precise estimation of the comultiplication of all the root vectors.

Proposition 8.1.1 In B(U) we have the following descriptions on the comultiplica-
tion,

(a) A(X,) €EX,®14+1® X, + XYL,
(b) A(Y,) €Y, ®1+10Y, +LX®),

() A(Lp) € X0 0L, @ Ly i+ LX @ VL.

Proof: One can verify these formulas by induction. O

Let [m], = ©—=2", define L, for all n > 1 using the equation
q a—q

f: OL,u" = exp(i OL,u™).
n=1

n=0

Rewriting the relations in the Drinfeld second realization, we have

(X, L] = %Xm%, (8.2)

(L, Y] = %Yﬁm. (8.3)

Moreover, each L, is primitive in £ (not the full Nichols algebra).

For a homogeneous element 1" € L, define a function d by
deg T = d(T)9.

Lemma 8.1.2 L, is the only primitive element in L at the root space of nd, up to a
scale.
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Proof: Indeed L is the subalgebra generated by all L,, and note that all L, com-
mute with each other. Then £ is isomorphic to the universal enveloping algebra of an
abelian Lie algebra, then the primitive elements are exactly L,, and their linear com-
bination. However we will use the technique of the following proof frequently later, so
we write down it. In general, w € L is a linear combination of elements in the form of
LWLk ... Lk for s € N, each k; > 0 and d(L¥' L% - .. LF) = d(w). Suppose d(w) =n

and w is not L,, up to a scale. Then we have
w — AL, = wy - L** + other terms,

where ) is some constant, wy is not 0, “other terms” are in the form of [7;3 L’;é L
and k. < ks. Then we look at the comultiplication in £, if wy is not a constant, we
get the term wy ® L¥s. Due to the existence of this term and the maximality of k,, we
obtain a contradiction. Then w must be a scale of L,. If wy is a constant, then due

to the existence of the term L, ® L*~! we get the same result. O

Lemma 8.1.3 Suppose T € L and T is not a constant, then we have [X1,T] € LX
and [X1,T) ¢ L.

Proof: We prove by induction on d(T"). When d(T) = 1, we have T' = AL, for A # 0,
[X1,T] = AX5. Suppose this proposition holds for 7" s.t. d(T) < k, consider T s.t.
d(T) =k + 1. If T is primitive in £, then 7 must be ALy and obviously [X;,T] =
)\[C;((TT);‘]XHd(T). If T" is not primitive in £, then we have T(y ® T2y =T ®1—-1&T # 0,
where T(1) ® T(2) means the comultiplication of £ as a braided Hopf algebra. Now
suppose [X1,T] = 0, we look at its comultiplication, A([X7,T]) should also be 0. By

Prop. 8.1.1, we have that

A(T) S T(l) (%9 T(g) +LX ® YL,
then

A([Xl,T]) € [X1 RKI+1I® Xl,T(l) (%9 T(Q) +LX ® yﬁ},
€T ® [Xl,T(Q)] + LX ® B(U).

Since Ty @T(9y =T ®1—-1®T # 0, by induction hyperthesis we have A([X;,T7]) # 0,
contradiction. Then [X7,7] must be non-zero. It is obvious that [X;,7] € LX.

Moreover, since it is non-zero, [ X1, 7] ¢ £ holds for degree reason. O
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Lemma 8.1.4 For a homogeneous element w € YL, if [X1,w] € YL, then we have
we Y.

Proof: If not, we can write w as the following.

ko

k
U}:Zaz—}— Z a;b;,
i=1

i=ko+1

where k € N, 0 < kg < k — 1, all the a; for 1 <7 < k are in ) and are different PBW
type elements, and for kg + 1 < ¢ < k, all the b; € £ and are not constants. Then

k

Xla Xlaza'z Z a; 1]

1= k0+1
— leyaz + Z Xlaaz b + Z X aq, deg az)az[Xbb]
i=ko+1 i=ko+1

k
e YL+ Z x(ou, deg a;)a;[ Xy, b;]
i=ko+1

Then using Lemma 8.1.3, we get that [X;,w] € YLX and [X;,w] ¢ VL. O

Proposition 8.1.5 In B(U) we have

AL)EL,®L+1QL, +X®).

Proof: It is easy to see that
A(L) €L, @1 +1®L,+LX QYL.
For convenience we denote
=A(L,) - L,®1-1® L,
First we are going to prove that

weLlLXQY.
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If not, we can assume that

k k
w:i%@bi—i— > @b,
i=1

i=ko+1

where k € N, 0 < kg < k —1, all the a; for 1 < i < k are in LX and are different
PBW type elements, all the b; for 1 < i < ky are in ), all the b; for kg + 1 < i < k are
in YL but not in V.

Then we take the comultiplication of (8.2).

On the one hand, we have

A(%Xnﬂ):[X1®1+1®X1,Ln®1+1®[’"+w]

:%XnH@l—l—l@%XnH—i—[X1®1,w]+[1®X1,w]
[lg [nlg
€ - X1 ®14+1® " X1 +LX QYL+ [1® Xy, w]

Then we analyze the term [1 ® X, w]

ko k
[1®X1,w]:[1®X1,Za1®bl]+[1®X1, Z a2®bl}
i=1 i=ko+1
k

ELX QYL + Z X(a, deg a;)a; @ [X71, by

i=ko+1

By Lemma 8.1.4, for each i € {ko+1,-- -k}, we have [X1,b;] € YLX and [X4,b;] ¢ VL.
On the other hand, by Prop. 8.1.1,

A(%Xn-‘rl) S %Xn-‘rl ®1+1®

[n]anH +X VL.

n
Then we obtain a contradiction. This means we have proved that
A(L) €L, @1+1® L, +LX® .
Similarly by the same argument based on the comultiplication of (8.3) we can get that

A(L) €L, @1+1® L, + X ® LY.

Then we must have
AL)EL,®L+1QL, +X®).
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Remark 8.1.6 FEssentially the conclusion of Prop. 8.1.5 is not new. It appeared in the
famous paper |Dam98|. The similar estimation was done in the whole Hopf algebra, not
in the braided Hopf algebra (i.e. the positive part). The difference is very slight. We
write down the proof since in the next section we will use the same idea and technique
for the positive part of U,(A(0,2)%), i.e. the Nichols algebra B(V).

Proposition 8.1.7 We obtain a series of left coideal subalgebras P,, and right coidel
subalgebras Q,, corresponding tond. P, is the subalgebra generated by {L,,Y1,Ya, -+, Yy},
Q,, is the subalgebra generated by {L,, X1, Xs,--- ,X,}. Moreover they are minimal
left (right) coideal subalgebras who are N*-graded and intersect the subalgebra generated

by all the imaginary root vectors, i.e., L nontrivially.

Proof: By Prop. 8.1.1 (b), Prop. 8.1.5, it is easy to see that the subalgebra generated
by {L,,Y1,Ys,---,Y,} is a left coideal subalgebra. Moreover, by Prop. 8.1.5, A(L,)
must contain a term in CX,, ® Y;, and since L, is not zero, this term must also be
nonzero. Meanwhile, note that A(Y},) contains the term AL; ® Y,,_; for A € C*. Then

P,, is minimal. O

Proposition 8.1.8 {L,,Y1,Ys, -, Y, -} ({Ln, X1, X0, -+, Xy, -+ }) is a set of PBW
generators of Py, (Qy), with respect to the following order:

Yi>Yo>-oo>Y, > - >L,>--> X, > > Xy > X
Proof: By (8.2), (8.3) and the fact that they are PBW generators of B(U). O

§8.2 B(V)

we recall the Nichols algebra B(V), where V is a braided vector space of diagonal

g q!
' —q)’

with respect to a basis x1, 22 and ¢ is not a root of unity. Note that B(V) is also of

type with the braiding matrix

Cartan type with the Cartan matrix

52
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Then we get that B(V) has the same root system as B(U).
Recall that in B(V) we still define X,,, Y,,, L, in the same way as B(U). Still we
denote the subalgebras generated by X,,, L,, Y, forn > 1 by X, L, ), respectively.

Then we have
BV)2Y®RL® X,

as linear spaces. L is still the same as the subquotient K>;/K~;, with a braided Hopf
algebra structure induced by the braided Hopf algebra structure of B(V).

Similarly we have the following description on the comultiplication.

Proposition 8.2.1 In B(V) we have the following descriptions on the comultiplica-

tion,

(a) A(X,) €X,@1+1® X, + XYL,
(b) A(Y,) €Y, @1+1QY, +LX®Y,
(c) A(Ly) € S0 0L:i® Ly i + LX @ VL.

Proof: One can verify these formulas by induction. It is a little more complicated
then the case of Prop. 8.1.1, but still routine. U

Additionally, we define My, 1 by
Ml = L17 and M2n+1 = {LQ, Mgnfl] for n Z 1.
Recall that we have the following order induced by x; < zs:

Xi<Xo< - <X, <0
<o < Loy < Lopo < Lopy <+ < Lo
< e < Moy < Moz < --- < My < M3 < My

< <Y, < <Y<Y
The set of decreasing ordered products of elements in
{Xn7 Yn7 L2n7 M2n717 nec N}

forms a PBW basis of B(V).
Instead of using Lo, and M3, ;, we recall the following alternative choice of root

vectors. They have more manageable commutation relations and comultiplication
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formulas in £. Define L/, by [X,,Y,_]. Define L, = S(Ly+ L), Lo = Ly = Lo =

Define Ly, by the following formal power series:

0 i Lonu®™ = exp(f i Lapu®™).
n=0 n=1

Recall the following two generating functions

M(u) = Z M2n+1u2n+17

n=0

Z(u) = M3, (=1)"u™? = Mi(u)®.
n=0

We have

1

1 —20M(u) ® M(u)’
1

1+ (26%)Z(u) @ Z(u)

A(M(u)) = <M(u) R1+1® M(u>)

A(Z(u)) = <Z(u) R1+1® Z(u))
Let Og,11 be the subalgebra generated by {Mas;11,0 <i < n}. Then we can get
A(Mapi1) EMonit @ 14+ 1@ Moy +20L7 @ Moy — 20 My @ L3

+ O0g2,—3 @ Ogyy—3.

Define Z(u) by the following power series
arctan(20iZ(u)) = 260iZ(u).
We denote Z(u) by Y 0 ) Zyniou® 2. Then we have

A(Zupt2) = Zanto @1+ 1@ Zapya.

Define L, by the following, let a = \/g, b= i\/%,

[ee} . o0 B 1
; 20Lypu*" = 20L4u™ + Slog (1 (20)°Z(a)?)

n=1

+ %log (1—(20)°Z(b)?).
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Then

A(Lgy) = Lip ® 14 1@ Lyy. (8.6)
Define
M Z Mypqu Antl MH Z M4n+3u4n+3
n=0 n=0

, sometimes we just use Mj and My for convenience. Define
o
E 47’L +2 L4n+2U4n+2
n=0

To determine the comultiplication of Ly, o, we need to use generating functions. In
the subquotient K>;/K~1, we have

AR)=E®1+10 L+ z(zm(au) +sm(bu)) (8.7)

( — 20M; ® M + 20My & MH> (1 4 20M; @ My -+ 26Myp ® MI>

M) = 1+ (202Z3Z

In the case of B(V), we need a more delicate description on the subalgebra L.

Denote the subalgebra generated by Ly, and Lyno for n > 1 by Lo, note that it
is commutative. Denote the subalgebra generated by M, 1 for n > 1 by M. Then

we have the following linear spaces isomorphism:
LEM®R L.
Note that by (8.7), we get that
A(Lyny2) — Lins2 @1 —1® Lypyo € M@ M. (8.8)
Denote the linear space spanned by the set
(M MY - M;ﬁfﬂ for some n > 0 and ky, kg, -+ , kany1 € {0,1}}
by M. Denote the subalgebra generated by Zy,.o for n > 0 by Mz. Then we have

L=My @Mz L.
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We also recall the following commutation relations in L.

m—n

(a) if m+n is even, then [Mapi1, Moy1] = (1) 2 2M7. .., if m+nis odd, then
[M2n+1, M2m+1] =0ifm +n is Odd,

(b) Z4n+2 and Lm lie in the center of L.

(C) [E4n+27 I/4m+2] =0.

(d) [L4n+27 M2m+1] = 2% [227;—:11]qM4n+2m+3~

Then we are going to determine all the homogeneous primitive elements in L,

corresponding to each nd.

Proposition 8.2.2 In the braided Hopf algebra L, the only homogeneous primitive

elements are [O/4n and Zy,_o forn > 1.

Proof: Suppose w € L is homogeneous and primitive. Denote the natural map
M@ Ly — Lo by . Similar to Lemma 8.1.2, by (8.6) and (8.8), it is easy to see
w € M@ Ly. Moreover, m(w) € CLy, or CLy,_, for some n > 1.

Then we are going to determine w at every nd.

(2n + 1)0 : At first, we know that L; = M, is primitive in £. Then we consider
the case that d(w) > 3. For degree reason, we have w € M = Mj; ® M. Then by a
similar argument to the proof of Lemma 8.1.2, we have

w € AMayiq + My - My, where A € C*.
Recall that

A(Moyy1) EMapig @1+ 1® Mapyq +20L7 @ My, 1 — 20Ms, ;1 ® L3
+ 02,3 @ O3,

meanwhile, note that Z, = L2, A(Ma,_1Z,) contains
Zo @ Mop_y + Mop_y @ Zy,

then w can not be primitive. Then we get that at (2n+1)d, the only primitive element
is L1, up to a scale.

4nd: Since [O/4n is primitive, then it is equivalent to determine primitive elements
in M at every 4nd. By a similar argument to the proof of Lemma 8.1.2, it is impossible
to find them.
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(4n + 2)d: There are two possibilities, w € M or
W = ALgpyo + wo where wy € £ and \ # 0.

If w € M, sill by a similar argument to the proof of Lemma 8.1.2, w = Z4, 9.
Otherwise, consider [w, L;]. Since A(w) =w® 1+ 1@w, A(L;) =L ®1+1® L.
Then we have [w, Ly] is primitive. Meanwhile,

1 [2n+1]

[w,Ll] = )\2% on + 1qM4n+3 + [w07 Ll]

By the result of (2n + 1)d, [w, L1] can not be primitive, contradiction. Then Z, 5 is
the only primitive element at (4n + 2)J. O

Then we have the following description on the comultiplication of root vectors at
2nJ0.

Proposition 8.2.3 In B(V) we have

A(Z4n+2) S Z4n+2 ® 1 + 1 ® Z4n+2 + X ®y7
A(Lp) € Lin®14+1Q Ly + X @Y.

Proof: Note that in Prop. 8.2.2 we have determined all the primitive elements at 2nd
for n > 1. By the same arguments to Lemma 8.1.3, Lemma 8.1.4 and Prop. 8.1.5, we

can get these results. U

Recall that we have the following commutation relations:

(X, Lun] = [47:L]qX4n+ka (8.9)
(Lan, Yi] = [qunnm (8.10)
[(Xi, Zapso] = 2%%){%%”, (8.11)
[Zanta2, Yi] = 2%%}/&%”- (8.12)

Proposition 8.2.4 We obtain a series of left (right) coideal subalgebras Py, (Qan)
corresponding to 2nd.

Pinso (Qunio) is the subalgebra generated by the set

{Z4n+2a Y?la }/27 T 7}/4714-2} ({Z4n+27X17X27 T aX4n+2})-
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Pun (Qun) is the subalgebra generated by the set
{i—/4n7 Yla }/27 e 7Y;ln} ({z4na X17 X27 e 7X4n})~

Moreover they are minimal left (right) coideal subalgebras who intersect the sub-

algebra generated by all the imaginary root vectors, i.e., L nontrivially.

Proof: Similar to the proof of Corollary 8.1.7. U

Proposition 8.2.5 {z4n,Y1,Y2, Y} ({i4n,X1,X2, oo Xy, oo }) ds a set of
PBW generators of Py, (Qun), with the following order:

YVi>Ye> oo >Y, > o> Ly > o> X, > > Xy > X

{Z4ns2, Y1, Yo, Yo, oo} ({Zgnaa, X0, Xoy -+, Xy, -+ }) is a set of PBW generators
of Pinso (Qunie), with the following order:

Yi>Yo>-->Y, > > Zpo>- > X, > > Xy > X

Proof: By (8.9), (8.10), (8.11), (8.12) and the fact that they are PBW generators of
B(V). O

For the root vector of (2n 4 1)d and the other root vector of (4n+2)d, there exist

some “bigger” one-sided coideal subalgebras corresponding to them.

Proposition 8.2.6 In B(V) we have

A(Maps1) = Mapi1 @1+ 1@ Mapiy + MX @ YM.

Proof: This follows from an induction proof based on the formulas of A(Ls) and
A(Ly). O

Proposition 8.2.7 In B(V) we have

A(Lgni2) € Linta @1 +1® Lypio + MM+ MX @ YM.

Proof: By (8.7), we know that

A(Lupi2) € Linys ®141Q Lippo + MO M + LX @ VL.
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Then we need to give a more precise estimation on the last term. If not, regarding

Prop. 8.2.6 and
1 2n+1],

Lynio, 1] = — My, 8.13

[Lanto, L] 020 op 41 | Anss ( )
it is easy to obtain a contradiction by comparing the comultiplication of both sides of
(8.13). O
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