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南京大学研究生毕业论文中文摘要首页用纸

毕业论文题目: 关于半单 Hopf代数 D(m, d, γ)/(y)的研究
基 础 数 学 专业 2019 级博士生姓名: 刘绵涛

指导老师（姓名，职称: 刘公祥 教授

摘 要

本论文旨在研究一类半单 Hopf 代数的表示理论。设 m, d 为两个自然数且满足
(1+m)d为偶数。令有限群G为Zmd×Zm,其生成元为 x, y，并满足生成关系 xmd = 1 =

ym, xy = yx。记 kG 为具有通常 Hopf 代数结构的群代数。记 kG 为其对偶 Hopf 代数，
即从 G 到 k 的函数代数。定义 Hopf 代数 H(m, d) 为 kG 和 kZ2 的阿贝尔扩张类，其中
σ 和 τ 满足 σ(xiyj, t, t) = (−1)−i2−i−2j

2 = (−1)
(i+2j)(i+2j−1)

2 及 τ(xigj, xkgl, t) = (−1)−jk.

则 H(m, d) 是半单的 Hopf 代数。
同时，Wu–Liu–Ding 在 [Adv. Math. 296 (2016), 1–54] 中引入了 Hopf 代数

D(m, d, γ)，他们给出了 Gelfand–Kirillov 维数为 1 的素正则 Hopf 代数的完整分类，
并构造了这类 Hopf 代数，商 Hopf 代数 D(m, d, γ)/(y) 是半单的。Hopf 代数的分类吸
引了广泛关注，而我们对半单 Hopf 代数的了解仍然有限。我们给出了半单 Hopf 代
数 D(m, d, γ)/(y) 正是阿贝尔扩张 H(m, d) 这一猜想的证明。令 m = 2, d = 2, 相应
的 H(2, 2) 正是 Kashina 在 [J. Algebra, 232(2000), p.617–663] 中定义的 Hc:σ0。我们首
先研究 H(2, 2) 上的所有单 Yetter–Drinfel’d 模 V 。我们证明了存在 88 个互不同构的
单的左 D(H(2, 2))-模，其中 32 个是一维的，其余 56 个是二维的。接着，我们分类
了所有在 H(2, 2) 上的单 Yetter–Drinfel’d 模 V 所对应的有限维 Nichols 代数。我们发
现其中存在由 Andruskiewitsch 和 Geraldi [8] 研究的非对角型 Nichols 代数。有限维的
对角型 Nichols 代数为 A1, A2 或量子平面，而非对角型的为 8 维或 16 维。

关键词: Abelian 扩张，Yetter–Drinfel’d 模，Hopf 代数，Nichols 代数。
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南京大学研究生毕业论文英文摘要首页用纸

THESIS: On the semisimple Hopf algebras D(m, d, γ)/(y)

SPECIALIZATION: Fundamental Mathematics

POSTGRADUATE: Miantao Liu

MENTOR: Professor Gongxiang Liu

Letm, d be two natural numbers satisfying that (1+m)d is even. LetG be a finite group
Zmd×Zm with generators x, y and generating relations xmd = 1 = ym, xy = yx. We denote
by kG the group algebra with the usual Hopf algebra structure. We denote by kG its dual
Hopf algebra, the algebra of functions from G to k. Let Hopf algebra H(m, d) be the class
of Abelian extensions of kZ2 by kG with σ(xiyj, t, t) = (−1)−i2−i−2j

2 = (−1)
(i+2j)(i+2j−1)

2

and τ(xigj, xkgl, t) = (−1)−jk. Then each H(m, d) is a semisimple Hopf algebra.
Meanwhile, Hopf algebrasD(m, d, γ)were introduced byWu–Liu–Ding in [Adv. Math.

296 (2016), 1–54], they gave a complete classification of prime regular Hopf algebras of
GK-dimension one and constructed these Hopf algebras. The quotient Hopf algebras of
D(m, d, γ)/(y) are semisimple Hopf algebras. The classification of Hopf algebras have
attracted a lot of attention and we still know very little about semisimple Hopf algebras,
we would like to study the representations of semisimple Hopf algebras in this thesis. We
proved that the semisimple Hopf algebrasD(m, d, γ)/(y) are exactly the Abelian extensions
H(m, d) andH(2, 2) is exactly the Hopf algebraHc:σ0 of Kashina in [J. Algebra, 232(2000),
pp.617–663] . We start with investigating all simple Yetter–Drinfel’d modules V over
H(2, 2). We proved that there are 88 non-isomorphic simple left D(H(2, 2))-modules, and
32 of them are one-dimensional and the other 56 ones are two-dimensional. Then we classify
all finite-dimensional Nichols algebras of simple Yetter–Drinfel’d modules V overH(2, 2).
We find the Nichols algebras of non-diagonal type which were studied by Andruskiewitsch
and Geraldi [8] .The finite dimensional Nichols algebras of diagonal type are either A1, A2

or quantum planes, and non-diagonal type ones are 8 or 16 dimensional.

Keywords: Abelian extension, Yetter–Drinfel’d modules, Hopf algebras, Nichols algebras.
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Chapter 1 Introduction

1.1 Backgrounds

Nichols algebras appear naturally in the classifications of pointed Hopf algebras [11]
and have many applications in other fields such as conformal field theory [26], and Lie
algebras [4]. Among them, Nichols algebras of diagonal type have attracted a lot of attention
and are now well understood [5, 3, 7, 6, 14, 17, 16, 15, 21]. Furthermore, authors are also
interested in finite-dimensional Nichols algebras of other types [21, 28, 32]. Meanwhile,
the Drinfel’d double of a Hopf algebra was introduced by Drinfel’d in order to study the
quasitriangular Hopf algebra. The representation theory of the Drinfel’d double of a Hopf
algebra has been studied for many years. The relation between the category of the left-right
Yetter–Drinfel’d modules overH and the category of left modules over the Drinfel’d double
D(H) has been considered in the paper [20]. IfH is a finite-dimensional Hopf algebra, then
these two categories are equivalent.

The Hopf algebrasD(m, d, γ)was introduced byWu–Liu–Ding [30], they gave a com-
plete classification prime regular Hopf algebras of GK-dimension one and they constructed
these Hopf algebras. Each quotient Hopf algebra D(m, d, γ)/(y) is a semisimple Hopf al-
gebra. The classification of Hopf algebras have attracted a lot of attention and we still know
very little about semisimple Hopf algebras, we would like to study the representations V
of these semisimple Hopf algebras. The finite-dimensional Nichols algebras of the Yetter–
Drinfel’d modules V have many new cases, and one can obtain many interesting results, but
the complete classification of finite-dimensional Nichols algebras are still under investiga-
tion and this will be my ongoing project in the future. And we also would like to consider
the following questions:

1



(1) Our goal is to determine which of our low-dimensional semisimple Hopf algebras
coincide with the known examples in the literature.

(2) Is it possible to classify all finite-dimensional Nichols algebras in this special case?

On the other hand, we have another class of semisimple Hopf algebras. Letm, d be two
natural numbers satisfying that (1+m)d is even. LetG be the finite groups Zmd×Zm with
generators x, y and generating relations

xmd = 1, ym = 1, xy = yx.

We denote by kG the group algebra with the usual Hopf algebra structure. We denote by kG

its dual Hopf algebra, the algebra of functions from G to k. Let Hopf algebra H(m, d) be
the class of Abelian extensions of kZ2 by kG in the sense of Masuoka [23] with

σ(xiyj, t, t) = (−1)
−i2−i−2j

2 = (−1)
(i+2j)(i+2j−1)

2

and
τ(xigj, xkgl, t) = (−1)−jk.

Then each H(m, d) is the semisimple Hopf algebra. We have the following conjecture.

Conjecture 1.1.0.1 (Gongxiang Liu). Each semisimple Hopf algebraD(m, d, γ)/(y) is ex-
actly an Abelian extension H(m, d).

For question (1), we found an interesting result that when we take m = 2 = d, then
D(2, 2, γ)/(y) is the 16-dimensional semisimple Hopf algebra Hc:σ0 of Kashina [18] (see
Table 1.1).

For question (2), the semisimpleHopf algebras in [18]with group-like elementsG(H) =

Z4×Z2 are the following 7 non-trivial ones described by the data (F,G, ◁, σ, τ ). The classi-
fications of finite-dimensional Nichols algebras over Hopf algebra of Kashina have attracted
a lot of attention and among of them,Hb:1, Hd;−1,1 andH∗

b:1 were studied by Zheng-Gao-Hu-
Shi in [32, 33, 34]. However, there are no studies on Hc:σ0 . We start with investigating all
simple Yetter–Drinfel’d modules V over H = H(2, 2)(= Hc:σ0).
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Ha:1 x ◁ t = x, y ◁ t = x2y;

σ(xiyj, t · t) = 1, τ(xiyj, xkyl, t) = (−1)jk.

Ha:y x ◁ t = x, y ◁ t = x2y;

σ(xiyj, t · t) = (−1)j, τ(xiyj, xkyl, t) = (−1)jk.

Hb:y x ◁ t = x3, y ◁ t = y;

σ(xiyj, t · t) = (−1)j, τ(xiyj, xkyl, t) = (−1)jk.

Hb:x2y x ◁ t = x3, y ◁ t = y;

σ(xiyj, t · t) = (−1)i+j, τ(xiyj, xkyl, t) = (−1)jk.

Hb:1 x ◁ t = x3, y ◁ t = y;

σ(xiyj, t · t) = 1, τ(xiyj, xkyl, t) = (−1)jk.

Hc:σ0 x ◁ t = xy, y ◁ t = y;

σ(xiyj, t, t) = (−1)
i(i−1)

2 , τ(xiyj, xkyl, t) = (−1)jk.

Hc:σ1 x ◁ t = xy, y ◁ t = y;

σ(xkyl, t · t) = (−1)
k(k−1)

2 ik, i2 = −1,
τ(xiyj, xkyl, t) = (−1)jk.

The semisimple Hopf algebras in [18] with group-like elements G(H) = Z4 × Z2

1.2 Organization and main results

The thesis is organized as follows.

In Chapter 2, we review some definitions, notations and results related toYetter–Drinfel’d
modules, Drinfel’d double, Nichols algebra and the Hopf algebra H .

The classification of Hopf algebras have attracted a lot of attention and we still know
very little about semisimple Hopf algebras, we would like to study the representations of
a class of semisimple Hopf algebras in this Chapter 3. We prove that there are 88 non-
isomorphic simple leftD(Hc:σ0)-modules, with 32 of them one-dimensional and the remain-
ing 56 two-dimensional. We then classify all finite-dimensional Nichols algebras of simple
Yetter–Drinfel’d modules V overHc:σ0 . Among these, we identify Nichols algebras of non-
diagonal type studied by Andruskiewitsch and Geraldi [8], which are of dimension 8, 16, or
infinite (see Lemma 3.3.0.4).
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In Chapter 4, we study the semisimple Hopf algebras D(m, d, γ)/(y). In section 4.1,
we introduces the Hopf algebras D(m, d, γ), and in section 4.2, we give some results about
their quotients D(m, d, γ)/(y).

In Chapter 5, we focus on the Abelian extensionsH(m, d) in section 5.1. In section 5.2,
we will present a proof of a conjecture by Gongxiang Liu (Conjecture 5.0.0.1). We prove
that each semisimple Hopf algebraD(m, d, γ)/(y) is exactly an Abelian extensionH(m, d).
In section 5.3, we will provide an example that appears in Chapter 3.

In Chapter 6, we will give the details of the computation for the simple Yetter–Drinfel’d
modules. In section 6.1, we will present the one-dimensional Yetter–Drinfel’d modules and
in section 6.2, we will present the two-dimensional ones.

Finally, in Chapter 7, we obtain my future research. Based on the results of Chapter 5,
we will present some finite-dimensional Nichols algebras over H(m, d).

Throughout the thesis, we work over an algebraically closed field k of characteristic
zero. All Hopf algebras in this thesis are finite dimensional. Our references for the theory
of Hopf algebras are [24, 25]. For a Hopf algebra H , the antipode of H will be denoted by
S .

4



Chapter 2 Preliminaries

In this Chapter, we review some definitions, notations and results related to Yetter–
Drinfel’d modules, Drinfel’d double and Nichols algebra.

2.1 Reminders on the Yetter–Drinfel’d modules

All concepts are standard, and one can find the detailed analysis about them in many
references (for instance [2, 25]).

Definition 2.1.0.1. Let H be a Hopf algebra with invertible antipode S ,

(1) A left-right Yetter–Drinfel’d module (V, ·, ρ) over H is a left H-module and a right
H-comodule ρ : V → V ⊗H satisfying the compatibility condition

ρ(h · v) = h2 · v0 ⊗ h3v1S−1(h1),

for h ∈ H, v ∈ V . The category of left-right Yetter–Drinfel’d modules over H is
denoted by HYDH .

(2) A left-left Yetter–Drinfel’d module (V, ·, ρl) is a leftH-module and a leftH-comodule
ρl : V → H ⊗ V satisfying the compatibility condition

ρl(h · v) = h1v−1S(h3)⊗ h2 · v0,

for h ∈ H, v ∈ V. The category of left-left Yetter–Drinfel’d modules over H is de-
noted by H

HYD.

5



LetH be aHopf algebra overkwith invertible antipodeS , theDrinfel’d doubleD(H) =

H∗cop ⊗ H is a Hopf algebra with tensor product coalgebra structure and algebra structure
defined by

(φ⊗ h)(φ′ ⊗ h′) = φ〈φ′
3, h1〉φ′

2 ⊗ h2〈φ′
1,S−1(h3)〉h′,

for all φ, φ′ ∈ H∗ and h, h′ ∈ H . The following well-known result is due to [20].

Lemma 2.1.0.2. Let H be a finite-dimensional Hopf algebra. Then the category HYDH

of left-right Yetter–Drinfel’d modules can be identified with the category D(H)M of left
modules over the Drinfel’d double D(H).

Remark 2.1.0.3. (1) Assume (V, ·, ρ) is a left-right Yetter–Drinfel’dmodule overH , where
ρ(v) = v0 ⊗ v1 for v ∈ V, h ∈ H . Let ρl(v) = S(v1)⊗ v0, then (V, ·, ρl) is a left-left
Yetter–Drinfel’d module over H .

(2) The category H
HYD is a braided monoidal category with braidings

cV,W (v ⊗ w) = v−1 · w ⊗ v0

for V,W ∈ H
HYD, and v ∈ V,w ∈ W .

2.2 Reminders on the Nichols algebras of vector spaces of
dimension 2

Let V be a vector space over k and c ∈ Aut(V ⊗ V ). The pair (V, c) is called a braided
vector space if c satisfies

(c⊗ id)(id⊗ c)(c⊗ id) = (id⊗ c)(c⊗ id)(id⊗ c).

and c is called a braiding of the braided vector space (V, c).

Definition 2.2.0.1. Given θ ∈ N, set Iθ = {1, 2, . . . θ}. The braided vector space (V, c) of
dimension θ is of diagonal type if there exist a basis {vi | i ∈ Iθ} of V and q = (qij)i,j∈Iθ ∈
kθ×θ such that

c(vi ⊗ vj) = qijvj ⊗ vi

for all i, j ∈ Iθ. In such case, q = (qij)i,j∈Iθ is called a braiding matrix of (V, c).

6



Definition 2.2.0.2. Let V ∈ H
HYD, a braided N-graded Hopf algebra R = ⊕n≥0R(n) in

H
HYD is called Nichols algebra of V if

(1) k ' R(0), V ' R(1) ∈ H
HYD.

(2) R(1) = P (R) = {r ∈ R | ∆R(r) = r ⊗ 1 + 1⊗ r}.

(3) R is generated as algebra by R(1).

Then, R is denoted by B(V ) = ⊕n≥0Bn(V ).

Remark 2.2.0.3. [10, 27, 28] The Nichols algebra B(V ) is completely determined by the
braided vector space. We recall the following maps:

Ωn,1 := id+ cn + cncn−1 + · · ·+ cncn−1 · · · c1 = id+ cnΩn−1,1,

Ω1 := id, Ω2 := id+ c, Ωn := (Ωn−1 ⊗ id) Ωn−1,1,

where Ωn,1 ∈ Endk
(
V ⊗(n+1)

)
, Ωn ∈ Endk (V ⊗n). As a vector space, the Nichols algebra

B(V ) is equal to

B(V ) = k⊕ V ⊕
∞⊕
n=2

V ⊗n/ kerΩn.

Let (V, c) be a finite-dimensional braided vector space. An important problem is to
determine the presentation and structure of B(V ), such as determining whether it has finite
dimension or finite Gelfand-Kirillov dimension.

Note that there are braided vector spaces (V, c) of dimension 2 not of diagonal type but
such that B(V ) are quantum planes. We now give some examples of braided vector space
(V, c) of dimension 2, where their Nichols algebras B(V ) are braided Hopf algebras and
B(V ) have quadratic relations [8].

(E1) We assume that k, p, q 6= 0 and k2 6= pq. The associated braiding is

(c(xi ⊗ xj))i,j∈I2 =

(
k2x1 ⊗ x1 kqx2 ⊗ x1 + (k2 − pq)x1 ⊗ x2

kpx1 ⊗ x2 k2x2 ⊗ x2

)
.

If k2 = −1 or pq = 1, then B(V ) have quadratic relations.
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(E2) We assume that k, p, q 6= 0 and k2 6= pq. The associated braiding is

(c(xi ⊗ xj))i,j∈I2 =

(
k2x1 ⊗ x1 kqx2 ⊗ x1 + (k2 − pq)x1 ⊗ x2

kpx1 ⊗ x2 −pqx2 ⊗ x2

)
.

If k2 = −1 or pq = 1, then B(V ) have quadratic relations.

(E3) We assume that k 6= 0, and either p 6= 0, or q 6= 0, or s 6= 0. The associated braiding
(c(xi ⊗ xj))i,j∈I2 is(

kx1 ⊗ x1 kx2 ⊗ x1 + qx1 ⊗ x1

kx1 ⊗ x2 + px1 ⊗ x1 kx2 ⊗ x2 + sx1 ⊗ x1 + px2 ⊗ x1 + qx1 ⊗ x2

)
.

If k2 = 1, then B(V ) have quadratic relations.

(E4) We assume that p, q 6= 0, p2 6= q2, a = p2 − q2 and b = p2 + q2. The associated
braiding (c(xi ⊗ xj))i,j∈I2 is(

(a+ 2pq)x1 ⊗ x1 + ax2 ⊗ x2 bx2 ⊗ x1 + ax1 ⊗ x2

bx1 ⊗ x2 + ax2 ⊗ x1 (a− 2pq)x2 ⊗ x2 + ax1 ⊗ x1

)
.

If 2p2 = −1 or 2q2 = 1, then B(V ) have quadratic relations.

(E5) We assume that p, q 6= 0, and either 6= q, or k 6= 0. The associated braiding is

(c(xi ⊗ xj))i,j∈I2 =

(
px1 ⊗ x1 qx2 ⊗ x1 + (p− q)x1 ⊗ x2

px1 ⊗ x2 −qx2 ⊗ x2 + kx1 ⊗ x1

)
.

If p = −1 or q = 1, then B(V ) have quadratic relations.

(E6) We assume that k 6= 0, and either p 6= 0, or q 6= 0. The associated braiding (c(xi ⊗
xj))i,j∈I2 is(

k2x1 ⊗ x1 k2x2 ⊗ x1 − kpx1 ⊗ x1

kx1 ⊗ (kx2 + px1) k2x2 ⊗ x2 + pqx1 ⊗ x1 + kqx1 ⊗ x2 − kqx2 ⊗ x1

)
.

If k4 = 1, then B(V ) have quadratic relations.

(E7) We assume that k, p, q 6= 0. The associated braiding is

(c(xi ⊗ xj))i,j∈I2 =

(
qx2 ⊗ x2 kx1 ⊗ x2

kx2 ⊗ x1 px1 ⊗ x1

)
.

If k = −1 or pq = 1, then B(V ) have quadratic relations.

8



(E8) We assume k 6= 0. The associated braiding is

(c(xi ⊗ xj))i,j∈I0 =

(
kx1 ⊗ x1 −kx2 ⊗ x1

−kx1 ⊗ x2 kx2 ⊗ x2 + kx1 ⊗ x1

)
.

If k2 = 1, then B(V ) have quadratic relations.

2.3 Reminders on Abelian extensions

We describe Hopf algebra H and give some reminders on Abelian extensions. For
Abelian extension, we refer to [1, 12, 23, 29] for related facts.

Definition 2.3.0.1. Let
(H) : K

ι→ H
π→ A

be a sequence of Hopf algebras and letK+ be the kernel of the counit ofK.

(1) Suppose ι is injective, π is surjective. So that we may regard ι as an inclusion, π as
quotient. The sequence (H) is called an extension of A by K if it satisfies

HK+ = Kerπ.

(2) An extension (H) is called an Abelian extension ifK is commutative andA is cocom-
mutative.

Remark 2.3.0.2. Let G be a finite group and kG be the group algebra with the usual Hopf
algebra structure. Its dual Hopf algebra (kG)∗ can be identified with kG, the algebra of
functions from G to k. If a Hopf algebraH can fit into an extension kG → H → kF, where
G,F are finite groups, then H can be described as a bicrossed product kG#σ,τkF : there
exist maps

G
◁← G× F

▷→ F,

G× F × F
σ→ k×,

G×G× F
τ→ k×,
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such that (F,G, ◁, ▷) is a matched pair of groups, (σ, τ) is a pair of compatible normal co-
cycles. That is, (F,G, ◁, ▷, σ, τ ) satisfies the following conditions,

(t ▷ gg′) = (t ▷ g)((t ◁ g) ▷ g′), (2.1)

tt′ ◁ g = (t ◁ (t′ ▷ g))(t′ ◁ g), (2.2)

σ(g ◁ t; t′, t′′)σ(g; t, t′t′′) = σ(g; t, t′)σ(g; tt′, t′′), (2.3)

σ(1; t, t′) = σ(g; 1, t′) = σ(g; t, 1) = 1, (2.4)

τ (gg′, g′′; t) τ(g, g′; g′′ ▷ t) = τ (g′, g′′; t) τ (g, g′g′′; t) , (2.5)

τ (1, g′; t) = τ(g, 1; t) = τ (g, g′; 1) = 1, (2.6)

and σ (gg′; t, t′) τ (g, g′; tt′) equals

σ (g; g′ ▷ t, (g′ ◁ t) ▷ t′) σ (g′; t, t′) τ (g, g′; t) τ (g ◁ (g′ ▷ t) , g′ ◁ t; t′) , (2.7)

for all g, g′, g′′ ∈ G, t, t′, t′′ ∈ F. The product, coproduct and antipode of

H ' kG#σ,τkF

in the basis {eg#t : g ∈ G, t ∈ F} has the form:

(eg#t) · (eg′#t′) = δg◁t,g′σ (g; t, t′) eg#tt′, (2.8)

∆(eg#t) =
∑

g′g′′=g

τ (g′, g′′; t) eg′# (g′′ ▷ t)⊗ eg′′#t, (2.9)

S (eg#t) = σ
(
g−1; g ▷ t, (g ▷ t)−1

)−1
τ
(
g−1, g; t

)−1
e(g◁t)−1#(g ▷ t)−1. (2.10)

For example, let G be the group

{x, y | x4 = 1 = y2, xy = yx}.

We denote by {eg}g∈G the dual basis of G in kG and denote by t the generator of Z2. Then
we can obtain H = Hc:σ0 in [18] as an Abelian extension of the following form

kG ι→ H
π→ kZ2.

equivalently, the Hopf algebra H is determined by (Z2, G, ◁, ▷, σ, τ ) where

▷ is a trivial action, x ◁ t = xy, y ◁ t = y, (2.11)

σ(xiyj, t, t) = (−1)
i(i−1)

2 , τ(xiyj, xkyl, t) = (−1)jk. (2.12)
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We denote by eγt the eγ#t for γ ∈ G. As an algebra,H is generated by {eg, t}g∈G and Hopf
algebra structure of H is given by

egeh = δg,heg, teg = eg◁tt, t
2 =

∑
g∈G

σ(g, t, t)eg, (2.13)

∆(eg) =
∑

h,k∈G, hk=g

eh ⊗ ek, ∆(t) = [
∑
g,h∈G

τ(g, h, t)eg ⊗ eh](t⊗ t), (2.14)

S(t) =
∑
g∈G

σ(g−1, t, t)−1τ(g, g−1, t)−1e(g◁t)−1t, S(eg) = eg−1 , (2.15)

ϵ(t) = 1, ϵ(eg) = δg,11, ∀g, h ∈ G. (2.16)
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Chapter 3 On the Hopf algebra Hc:σ0

In this Chapter, we start with investigating all simple Yetter–Drinfel’d modules V over
Hc:σ0 . We proved that there are 88 non-isomorphic simple left D(Hc:σ0)-modules, and 32
of them are one-dimensional and the other 56 ones are two-dimensional. Then we classify
all finite-dimensional Nichols algebras of simple Yetter–Drinfel’d modules V over Hc:σ0 .
We find once again the Nichols algebras of non-diagonal type which were studied by An-
druskiewitsch [8] and non-diagonal type ones are 8-, 16- or infinite dimensional.

This Chapter is organized as follows. In section 3, we describe the Drinfel’d double
D(Hc:σ0) of Hc:σ0 . We devote sections 4 and 5 to giving our main results (see Theorem
3.2.1.3 and Theorem 3.3.0.6).

3.1 The Drinfel’d double of Hc:σ0

In the following of this chapter, we let H be the Hopf algebra Hc:σ0 and G = {x, y |
x4 = 1 = y2, xy = yx}. In this section, we want to describe the Drinfel’d double D(H).
For this purpose, we define the following elements in H∗:

ζg :

{
eh 7→ δg,h

eht 7→ 0,
χh :

{
eg 7→ 0

egt 7→ δg,h
(g, h ∈ G). (3.1)

Deducing from the coalgebra structure of H , it is not hard to see that the algebraic
structure of H∗ is given by

ζxiyjζxkyl = ζxi+kyj+l , χxiyjχxkyl = (−1)jkχxi+jyj+l ,

ζxiyjχxkyl = 0 = χxkylζxiyj , 1H∗ = ε = ζ1 + χ1.
(3.2)
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Since exiyj , t (0 ≤ i ≤ 3, 0 ≤ j ≤ 1) are the generators of H and ζxiyj , χxiyj (0 ≤
i ≤ 3, 0 ≤ j ≤ 1) are the generators of H∗, the Drinfel’d double D(H) = H∗cop ▷◁ H is
generated by ζxiyj ▷◁ 1H , χxiyj ▷◁ 1H , 1H∗cop ▷◁ exiyj , 1H∗cop ▷◁ t, and we abbreviate them
by ζxiyj , χxiyi , exiyj , t.

Theorem 3.1.0.1. As an algebra, D(H) is generated by exiyj , t, ζxiyj , χxiyj , (0 ≤ i ≤
3, 0 ≤ j ≤ 1) with relations:

ζxiyjζxkyl = ζxi+kyj+l , χxiyjχxkyl = (−1)jkχxi+kyj+l ,

ζxiyjχxkyl = 0 = χxkylζxiyj ,
(3.3)

1 =
∑
g∈G

eg, egeg′ = δg,g′eg, teg = eg◁tt, t2 =
∑
g

σ(g; t, t)eg, (g, g′ ∈ G), (3.4)

egχh = χhegh(h−1◁t), egζh = ζheg, (g, h ∈ G), (3.5)

tζh = ζh◁t(
∑
g∈G

τ (h ◁ t, g; t) τ( (h ◁ t)g, h−1 ◁ t; t)τ(h ◁ t, h−1 ◁ t; t)egt), (h ∈ G),

tχh = χh◁t(
∑
g∈G

τ (h, g; t) τ(hg, h−1 ◁ t; t)τ(h ◁ t, h−1 ◁ t; t)egt), (h ∈ G).

(3.6)

Proof： We only verify two equations of (3.5) and (3.6). Due to the definition, it follows
that,

hf = (1H∗cop ▷◁ h)(f ▷◁ 1H) = h1 ⇀ f ↼ S−1(h3) ▷◁ h2 = 〈f1,S−1(h3)〉〈f3, h1〉f2 ▷◁ h2,

where h ∈ H, f ∈ H∗cop. Let k ∈ H , it is straightforward to show that

〈〈f1,S−1(h3)〉〈f3, h1〉f2, k〉 = 〈f,S−1(h3) · k · h1〉.

Our problem reduces to determine S−1(h3) · k · h1 in each case. Assume γ, g, h ∈ G and
k = eγ or eγt, after some tedious manipulation by (2.11), it follows that,

S−1( eg3 ) · eγ · eg1 = δg3−1,γ eγ · eg1 = δg3−1,γδγ,g1 eγ, (3.7)

S−1( eg3 t) = σ( g3
−1; t, t)τ( g3

−1, g3; t)e(g3◁t)−1 t,

S−1( eg3t ) · (eγ t) · (eg1 t) = τ( g3
−1, g3; t)δ((g3◁t)−1)◁t,γδ(g3◁t)−1,g1(eγ◁tt), (3.8)
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∆(t) = ∆(1 · t) = ∆ (Σgeg t) =
∑

g1,g2∈G

τ (g1, g2; t) (eg1 t)⊗ (eg2 t),

∆2(t) = (∆⊗ id)(∆(t)) =
∑

g1,g2,g3∈G

τ (g1, g2; t) τ(g1g2, g3; t)(eg1 t)⊗ (eg2 t)⊗ (eg3 t).

(3.9)

Let k = eγ , by (3.7), it follows that

〈ζh,S−1( eg3 ) · eγ · eg1〉 = δg3−1,γδγ,g1δγ,h,

〈(ζh)1,S−1(eg3)〉〈(ζh)3, (eg1)〉(ζh)2 = ζh,

egζh = ζheg, (g−1
3 = g1 = γ = h, eg2 = eg).

It is clear that relation holds for k = eγ t.

Let k = eγ t, due to (3.8) and (3.9), it follows that

〈χh, τ(g1, g2; t)τ(g1g2, g3; t)S−1( eg3 t ) · (eγ t) · (eg1 t)〉
= τ(g1, g2; t)τ(g1g2, g3; t)τ(g3

−1, g3; t)δ((g3◁t)−1)◁t,γδ(g3◁t)−1,g1δh◁t,γ ,

〈(χh)1,S−1(eg3 t)〉〈(χh)3, eg1 t〉(χh)2 = χh◁t,

tχh = χh◁t(
∑
g∈G

τ (h, g; t) τ(hg, h−1 ◁ t; t)τ(h ◁ t, h−1 ◁ t; t)(eg t)),

(g3
−1 ◁ t = γ ◁ t = h = g1, g2 = g).

Also, it is not hard to see that relation holds for k = eγ . □

3.2 The simple Yetter–Drinfel’d modules V over Hc:σ0

In the previous section, we already described the algebraic structure of the Drinfel’d
double D(H). In this section, we want to give all simple left D(H)-modules, equivalently,
give all simple Yetter–Drinfel’d modules V over H .

3.2.1 The simple left D(Hc:σ0
)-module

Let V be a left D(H)-module, we define Vµ = {v ∈ V | ehv = δµ,hv, h ∈ G}
for µ ∈ G, then V decomposes into a direct sum of Vµ’s as vector space. Furthermore, by
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the relations ζgχh = 0 = χhζg (g, h ∈ G) and 1H∗ = ε = ζ1 + χ1, it follows that as a
vector space Vµ decomposes into a direct sum of ζ1Vµ and χ1Vµ. Let S = {1, y, x2, x2y}
and T = {x, xy, x3, x3y} be the subsets of G. By (2.11), it follows that T and S are stable
under the action ◁ of t. Furthermore, the elements of S are fixed points under the action
above. We denote by ξ a primitive 4-th root of 1. We construct the following 32 one-
dimensional spaces together with the corresponding D(H)-action:

(1) V +
1,i (i = 0, 1, 2, 3) : the action of D(H) is given by

exkyl 7→ δxkyl,1, t 7→ 1, ζxkyl 7→ ξik,

χxkyl 7→ 0, (0 ≤ k ≤ 3, 0 ≤ l ≤ 1).

(2) V −
1,i (i = 0, 1, 2, 3) : the action of D(H) is given by

exkyl 7→ δxkyl,1, t 7→ −1, ζxkyl 7→ ξik,

χxkyl 7→ 0, (0 ≤ k ≤ 3, 0 ≤ l ≤ 1).

(3) V +
y,i (i = 0, 1, 2, 3) : the action of D(H) is given by

exkyl 7→ δxkyl,y, t 7→ 1, ζxkyl 7→ ξik(−1)l,
χxkyl 7→ 0, (0 ≤ k ≤ 3, 0 ≤ l ≤ 1).

(4) V −
y,i (i = 0, 1, 2, 3) : the action of D(H) is given by

exkyl 7→ δxkyl,y, t 7→ −1, ζxkyl 7→ ξik(−1)l,
χxkyl 7→ 0, (0 ≤ k ≤ 3, 0 ≤ l ≤ 1).

(5) V +
x2,i (i = 0, 1, 2, 3) : the action of D(H) is given by

exkyl 7→ δxkyl,x2 , t 7→ ξ, ζxkyl 7→ ξik,

χxkyl 7→ 0, (0 ≤ k ≤ 3, 0 ≤ l ≤ 1).

(6) V −
x2,i (i = 0, 1, 2, 3) : the action of D(H) is given by

exkyl 7→ δxkyl,x2 , t 7→ −ξ, ζxkyl 7→ ξik,

χxkyl 7→ 0, (0 ≤ k ≤ 3, 0 ≤ l ≤ 1).
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(7) V +
x2y,i (i = 0, 1, 2, 3) : the action of D(H) is given by

exkyl 7→ δxkyl,x2y, t 7→ ξ, ζxkyl 7→ ξik(−1)l,
χxkyl 7→ 0, (0 ≤ k ≤ 3, 0 ≤ l ≤ 1).

(8) V −
x2y,i (i = 0, 1, 2, 3) : the action of D(H) is given by

exkyl 7→ δxkyl,x2y, t 7→ −ξ, ζxkyl 7→ ξik(−1)l,
χxkyl 7→ 0, (0 ≤ k ≤ 3, 0 ≤ l ≤ 1).

(S0) We denote them through a unified way V ±
µ,i for µ ∈ {1, y, x2, x2y}, 0 ≤ i ≤ 3.

Lemma 3.2.1.1. The above 32 one-dimensional spaces together with the corresponding ac-
tion are D(H)-modules. Furthermore, all one-dimensional D(H)-modules belong to (S0).

Proof： It is straightforward to show that V ±
µ,i is a simple module through checking the

relations given in Theorem 3.1.0.1. Assume V is a one-dimensional D(H)-module. Take
a basis {v} of V . Since 1 =

∑
k,l

exkyl is a decomposition of 1 into orthogonal idempotents,

it follows that there exists µ ∈ G such that exkyl · v = δxkyl,µv, equivalently, v = eµv and
V = Vµ. Since tegv = eg◁ttv (g ∈ G), we have t · v ∈ Vµ◁t and this leads to µ ◁ t = µ,
equivalently, µ ∈ S. Assume V = χ1Vu and dimV = 1. But in this situation, egχh =

χhegh(h−1◁t), it induces χhvµ ∈ Vµ(h◁t)h−1 . In particular, χxvµ ∈ Vµy, this contradicts the fact
dimV = 1. Thus, we have

v = ζ1v, V = ζ1Vµ (µ ∈ S), χxkyl · v = 0, t · v = λv (λ ∈ k). (3.1)

According to (7.3), it follows that λ2v = t2v =
∑
g

σ(g, t, t)egv. Thus,

λ2 = σ(µ, t, t), λ = ±1 (µ = 1, y), λ = ±ξ (µ = x2, x2y).

Assume ζxv = mv, ζyv = nv, wherem,n ∈ k. By relation (3.3), it follows that

(ζx)
4 = ζx4 = ζ1, (ζy)

2 = ζy2 = ζ1. (3.2)

Thus, we have

v
(4.1)
= ζ1v = ζx4v

(4.2)
= (ζx)

4v = m4v, v
(4.1)
= ζ1v = ζy2v

(4.2)
= (ζy)

2v = n2v. (3.3)
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According to the relation (7.5), it follows that

tζxv = ζx◁t(
∑
g

τ (x ◁ t, g; t) τ( (x ◁ t)g, x−1 ◁ t; t)τ(x ◁ t, x−1 ◁ t; t)(egt))v,

tζyv = ζy◁t(
∑
g

τ (y ◁ t, g; t) τ( (y ◁ t)g, y−1 ◁ t; t)τ(y ◁ t, y−1 ◁ t; t)(egt))v.

Equivalently,
nτ (xy, µ; t) τ((xy)µ, x3y; t)τ(xy, x3y; t) = 1 (3.4)

Due to (3.3) (3.4), it follows that

m = ξi, i ∈ {0, 1, 2, 3},
n = 1, (µ = 1, x2),

n = −1, (µ = y, x2y).

(3.5)

By the above arguments, it follows that there are exactly 32 non-isomorphic one-dimensional
simple left D(H)-modules, as shown above. □

Next, we turn to two-dimensional case. Let i = 0, 1, 2, 3, we construct the following
16 two-dimensional spaces k〈v, w〉 together with the corresponding D(H)-action:

(1) W+
x,i,+ : Let 0 ≤ k ≤ 3, 0 ≤ l ≤ 1, we define χxkyl 7→ 0,

exkyl 7→

(
δxkyl,x 0

0 δxkyl,xy

)
, t 7→

(
0 1

1 0

)
,

ζx 7→

(
ξi 0

0 ξi

)
, ζy 7→

(
−1 0

0 1

)
.

(2) W+
x,i,− : Let 0 ≤ k ≤ 3, 0 ≤ l ≤ 1, we define χxkyl 7→ 0,

exkyl 7→

(
δxkyl,x 0

0 δxkyl,xy

)
, t 7→

(
0 1

1 0

)
,

ζx 7→

(
−ξi 0

0 ξi

)
, ζy 7→

(
1 0

0 −1

)
.

(3) W−
x3,i,+ : Let 0 ≤ k ≤ 3, 0 ≤ l ≤ 1, we define χxkyl 7→ 0,

exkyl 7→

(
δxkyl,x3 0

0 δxkyl,x3y

)
, t 7→

(
0 −1
1 0

)
,

ζx 7→

(
ξi 0

0 ξi

)
, ζy 7→

(
−1 0

0 1

)
.
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(4) W−
x3,i,− : Let 0 ≤ k ≤ 3, 0 ≤ l ≤ 1, we define χxkyl 7→ 0,

exkyl 7→

(
δxkyl,x3 0

0 δxkyl,x3y

)
, t 7→

(
0 −1
1 0

)
,

ζx 7→

(
−ξi 0

0 ξi

)
, ζy 7→

(
1 0

0 −1

)
.

(S1) We denote them through a unified wayW±
µ,i,± for µ ∈ {x, x3}, 0 ≤ i ≤ 3.

Let i = 0, 1, we construct the following 8 two-dimensional spaces k〈v, w〉 together
with the corresponding D(H)-action:

(1) X+
1,i : Let 0 ≤ k ≤ 3, 0 ≤ l ≤ 1, we define χxkyl 7→ 0,

exkyl 7→

(
δxkyl,1 0

0 δxkyl,1

)
, t 7→

(
0 1

1 0

)
,

ζx 7→

(
ξi 0

0 −ξi

)
, ζy 7→

(
−1 0

0 −1

)
.

(2) X+
y,i : Let 0 ≤ k ≤ 3, 0 ≤ l ≤ 1, we define χxkyl 7→ 0,

exkyl 7→

(
δxkyl,y 0

0 δxkyl,y

)
, t 7→

(
0 1

1 0

)
,

ζx 7→

(
ξi 0

0 −ξi

)
, ζy 7→

(
1 0

0 1

)
.

(3) X−
x2,i : Let 0 ≤ k ≤ 3, 0 ≤ l ≤ 1, we define χxkyl 7→ 0,

exkyl 7→

(
δxkyl,x2 0

0 δxkyl,x2

)
, t 7→

(
0 −1
1 0

)
,

ζx 7→

(
ξi 0

0 −ξi

)
, ζy 7→

(
−1 0

0 −1

)
.
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(4) X−
x2y,i : Let 0 ≤ k ≤ 3, 0 ≤ l ≤ 1, we define χxkyl 7→ 0,

exkyl 7→

(
δxkyl,x2y 0

0 δxkyl,x2y

)
, t 7→

(
0 −1
1 0

)
,

ζx 7→

(
ξi 0

0 −ξi

)
, ζy 7→

(
1 0

0 1

)
.

(S2) We denote them through a unified way X±
µ,i for µ ∈ {1, y, x2, x2y}, i = 0, 1.

Then we construct the following 16 two-dimensional spaces k〈v, w〉 together with the
corresponding D(H)-action:

(1) Yx,1 : Let 0 ≤ k ≤ 3 and 0 ≤ l ≤ 1, we define ζxkyl 7→ 0,

exkyl 7→

(
δxkyl,x 0

0 δxkyl,xy

)
, t 7→

(
0 −ξ
ξ 0

)
,

χx 7→

(
0 1

1 0

)
, χy 7→

(
1 0

0 −1

)
.

(2) Yx,2 : Let 0 ≤ k ≤ 3 and 0 ≤ l ≤ 1, we define ζxkyl 7→ 0,

exkyl 7→

(
δxkyl,x 0

0 δxkyl,xy

)
, t 7→

(
0 ξ

−ξ 0

)
,

χx 7→

(
0 1

1 0

)
, χy 7→

(
1 0

0 −1

)
.

(3) Yx,3 : Let 0 ≤ k ≤ 3 and 0 ≤ l ≤ 1, we define ζxkyl 7→ 0,

exkyl 7→

(
δxkyl,x 0

0 δxkyl,xy

)
, t 7→

(
0 −ξ
ξ 0

)
,

χx 7→

(
0 −1
1 0

)
, χy 7→

(
−1 0

0 1

)
.

(4) Yx,4 : Let 0 ≤ k ≤ 3 and 0 ≤ l ≤ 1, we define ζxkyl 7→ 0,

exkyl 7→

(
δxkyl,x 0

0 δxkyl,xy

)
, t 7→

(
0 ξ

−ξ 0

)
,

χx 7→

(
0 −1
1 0

)
, χy 7→

(
−1 0

0 1

)
.
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(5) Yx,5 : Let 0 ≤ k ≤ 3 and 0 ≤ l ≤ 1, we define ζxkyl 7→ 0,

exkyl 7→

(
δxkyl,x 0

0 δxkyl,xy

)
, t 7→

(
0 1

1 0

)
,

χx 7→

(
0 −1
1 0

)
, χy 7→

(
1 0

0 −1

)
.

(6) Yx,6 : Let 0 ≤ k ≤ 3 and 0 ≤ l ≤ 1, we define ζxkyl 7→ 0,

exkyl 7→

(
δxkyl,x 0

0 δxkyl,xy

)
, t 7→

(
0 −1
−1 0

)
,

χx 7→

(
0 −1
1 0

)
, χy 7→

(
1 0

0 −1

)
.

(7) Yx,7 : Let 0 ≤ k ≤ 3 and 0 ≤ l ≤ 1, we define ζxkyl 7→ 0,

exkyl 7→

(
δxkyl,x 0

0 δxkyl,xy

)
, t 7→

(
0 1

1 0

)
,

χx 7→

(
0 1

1 0

)
, χy 7→

(
−1 0

0 1

)
.

(8) Yx,8 : Let 0 ≤ k ≤ 3 and 0 ≤ l ≤ 1, we define ζxkyl 7→ 0,

exkyl 7→

(
δxkyl,x 0

0 δxkyl,xy

)
, t 7→

(
0 −1
−1 0

)
,

χx 7→

(
0 1

1 0

)
, χy 7→

(
−1 0

0 1

)
.

(9) Yx3,1 : Let 0 ≤ k ≤ 3 and 0 ≤ l ≤ 1, we define ζxkyl 7→ 0,

exkyl 7→

(
δxkyl,x3 0

0 δxkyl,x3y

)
, t 7→

(
0 ξ

ξ 0

)
,

χx 7→

(
0 −1
1 0

)
, χy 7→

(
1 0

0 −1

)
.

(10) Yx3,2 : Let 0 ≤ k ≤ 3 and 0 ≤ l ≤ 1, we define ζxkyl 7→ 0,

exkyl 7→

(
δxkyl,x3 0

0 δxkyl,x3y

)
, t 7→

(
0 −ξ
−ξ 0

)
,

χx 7→

(
0 −1
1 0

)
, χy 7→

(
1 0

0 −1

)
.
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(11) Yx3,3 : Let 0 ≤ k ≤ 3 and 0 ≤ l ≤ 1, we define ζxkyl 7→ 0,

exkyl 7→

(
δxkyl,x3 0

0 δxkyl,x3y

)
, t 7→

(
0 ξ

ξ 0

)
,

χx 7→

(
0 1

1 0

)
, χy 7→

(
−1 0

0 1

)
.

(12) Yx3,4 : Let 0 ≤ k ≤ 3 and 0 ≤ l ≤ 1, we define ζxkyl 7→ 0,

exkyl 7→

(
δxkyl,x3 0

0 δxkyl,x3y

)
, t 7→

(
0 −ξ
−ξ 0

)
,

χx 7→

(
0 1

1 0

)
, χy 7→

(
−1 0

0 1

)
.

(13) Yx3,5 : Let 0 ≤ k ≤ 3 and 0 ≤ l ≤ 1, we define ζxkyl 7→ 0,

exkyl 7→

(
δxkyl,x3 0

0 δxkyl,x3y

)
, t 7→

(
0 −1
1 0

)
,

χx 7→

(
0 1

1 0

)
, χy 7→

(
1 0

0 −1

)
.

(14) Yx3,6 : Let 0 ≤ k ≤ 3 and 0 ≤ l ≤ 1, we define ζxkyl 7→ 0,

exkyl 7→

(
δxkyl,x3 0

0 δxkyl,x3y

)
, t 7→

(
0 1

−1 0

)
,

χx 7→

(
0 1

1 0

)
, χy 7→

(
1 0

0 −1

)
.

(15) Yx3,7 : Let 0 ≤ k ≤ 3 and 0 ≤ l ≤ 1, we define ζxkyl 7→ 0,

exkyl 7→

(
δxkyl,x3 0

0 δxkyl,x3y

)
, t 7→

(
0 −1
1 0

)
,

χx 7→

(
0 −1
1 0

)
, χy 7→

(
−1 0

0 1

)
.

(16) Yx3,8 : Let 0 ≤ k ≤ 3 and 0 ≤ l ≤ 1, we define ζxkyl 7→ 0,

exkyl 7→

(
δxkyl,x3 0

0 δxkyl,x3y

)
, t 7→

(
0 1

−1 0

)
,

χx 7→

(
0 −1
1 0

)
, χy 7→

(
−1 0

0 1

)
.
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(S3) We denote them through a unified way Yµ,j for µ ∈ {x, x3}, 0 ≤ j ≤ 8.

Finally, we construct the following 16 two-dimensional spaces k〈v, w〉 together with
the corresponding D(H)-action:

(1) Z1,1 : Let 0 ≤ k ≤ 3 and 0 ≤ l ≤ 1, we define ζxkyl 7→ 0,

exkyl 7→

(
δxkyl,1 0

0 δxkyl,y

)
, t 7→

(
1 0

0 1

)
,

χx 7→

(
0 1

1 0

)
, χy 7→

(
1 0

0 −1

)
.

(2) Z1,2 : Let 0 ≤ k ≤ 3 and 0 ≤ l ≤ 1, we define ζxkyl 7→ 0,

exkyl 7→

(
δxkyl,1 0

0 δxkyl,y

)
, t 7→

(
−1 0

0 −1

)
,

χx 7→

(
0 1

1 0

)
, χy 7→

(
1 0

0 −1

)
.

(3) Z1,3 : Let 0 ≤ k ≤ 3 and 0 ≤ l ≤ 1, we define ζxkyl 7→ 0,

exkyl 7→

(
δxkyl,1 0

0 δxkyl,y

)
, t 7→

(
1 0

0 1

)
,

χx 7→

(
0 −1
1 0

)
, χy 7→

(
1 0

0 −1

)
.

(4) Z1,4 : Let 0 ≤ k ≤ 3 and 0 ≤ l ≤ 1, we define ζxkyl 7→ 0,

exkyl 7→

(
δxkyl,1 0

0 δxkyl,y

)
, t 7→

(
−1 0

0 −1

)
,

χx 7→

(
0 −1
1 0

)
, χy 7→

(
1 0

0 −1

)
.

(5) Z1,5 : Let 0 ≤ k ≤ 3 and 0 ≤ l ≤ 1, we define ζxkyl 7→ 0,

exkyl 7→

(
δxkyl,1 0

0 δxkyl,y

)
, t 7→

(
1 0

0 −1

)
,

χx 7→

(
0 1

1 0

)
, χy 7→

(
−1 0

0 1

)
.
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(6) Z1,6 : Let 0 ≤ k ≤ 3 and 0 ≤ l ≤ 1, we define ζxkyl 7→ 0,

exkyl 7→

(
δxkyl,1 0

0 δxkyl,y

)
, t 7→

(
−1 0

0 1

)
,

χx 7→

(
0 1

1 0

)
, χy 7→

(
−1 0

0 1

)
.

(7) Z1,7 : Let 0 ≤ k ≤ 3 and 0 ≤ l ≤ 1, we define ζxkyl 7→ 0,

exkyl 7→

(
δxkyl,1 0

0 δxkyl,y

)
, t 7→

(
1 0

0 −1

)
,

χx 7→

(
0 −1
1 0

)
, χy 7→

(
−1 0

0 1

)
.

(8) Z1,8 : Let 0 ≤ k ≤ 3 and 0 ≤ l ≤ 1, we define ζxkyl 7→ 0,

exkyl 7→

(
δxkyl,1 0

0 δxkyl,y

)
, t 7→

(
−1 0

0 1

)
,

χx 7→

(
0 −1
1 0

)
, χy 7→

(
−1 0

0 1

)
.

(9) Zx2,1 : Let 0 ≤ k ≤ 3 and 0 ≤ l ≤ 1, we define ζxkyl 7→ 0,

exkyl 7→

(
δxkyl,x2 0

0 δxkyl,x2y

)
, t 7→

(
ξ 0

0 ξ

)
,

χx 7→

(
0 1

1 0

)
, χy 7→

(
1 0

0 −1

)
.

(10) Zx2,2 : Let 0 ≤ k ≤ 3 and 0 ≤ l ≤ 1, we define ζxkyl 7→ 0,

exkyl 7→

(
δxkyl,x2 0

0 δxkyl,x2y

)
, t 7→

(
−ξ 0

0 −ξ

)
,

χx 7→

(
0 1

1 0

)
, χy 7→

(
1 0

0 −1

)
.

(11) Zx2,3 : Let 0 ≤ k ≤ 3 and 0 ≤ l ≤ 1, we define ζxkyl 7→ 0,

exkyl 7→

(
δxkyl,x2 0

0 δxkyl,x2y

)
, t 7→

(
ξ 0

0 ξ

)
,

χx 7→

(
0 −1
1 0

)
, χy 7→

(
1 0

0 −1

)
.
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(12) Zx2,4 : Let 0 ≤ k ≤ 3 and 0 ≤ l ≤ 1, we define ζxkyl 7→ 0,

exkyl 7→

(
δxkyl,x2 0

0 δxkyl,x2y

)
, t 7→

(
−ξ 0

0 −ξ

)
,

χx 7→

(
0 −1
1 0

)
, χy 7→

(
1 0

0 −1

)
.

(13) Zx2,5 : Let 0 ≤ k ≤ 3 and 0 ≤ l ≤ 1, we define ζxkyl 7→ 0,

exkyl 7→

(
δxkyl,x2 0

0 δxkyl,x2y

)
, t 7→

(
ξ 0

0 −ξ

)
,

χx 7→

(
0 1

1 0

)
, χy 7→

(
−1 0

0 1

)
.

(14) Zx2,6 : Let 0 ≤ k ≤ 3 and 0 ≤ l ≤ 1, we define ζxkyl 7→ 0,

exkyl 7→

(
δxkyl,x2 0

0 δxkyl,x2y

)
, t 7→

(
−ξ 0

0 ξ

)
,

χx 7→

(
0 1

1 0

)
, χy 7→

(
−1 0

0 1

)
.

(15) Zx2,7 : Let 0 ≤ k ≤ 3 and 0 ≤ l ≤ 1, we define ζxkyl 7→ 0,

exkyl 7→

(
δxkyl,x2 0

0 δxkyl,x2y

)
, t 7→

(
ξ 0

0 −ξ

)
,

χx 7→

(
0 −1
1 0

)
, χy 7→

(
−1 0

0 1

)
.

(16) Zx2,8 : Let 0 ≤ k ≤ 3 and 0 ≤ l ≤ 1, we define ζxkyl 7→ 0,

exkyl 7→

(
δxkyl,x2 0

0 δxkyl,x2y

)
, t 7→

(
−ξ 0

0 ξ

)
,

χx 7→

(
0 −1
1 0

)
, χy 7→

(
−1 0

0 1

)
.

(S4) We denote them through a unified way Zµ,j for µ ∈ {1, x2}, 0 ≤ j ≤ 8.
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Lemma 3.2.1.2. (1) The above 56 two-dimensional spaces (S1-S4) together with the cor-
responding action are D(H)-modules.

(2) The D(H)-modules (S1-S4) are irreducible.

Proof：

(1) We only verify the case (S3) since the other cases can be proved similarly. Let µ ∈
{x, x3}. Suppose v ∈ χ1Vµ,w = χx ·v and V = k〈v, w〉. Since egχh = χhegh(h−1◁t),
it follows that w ∈ χ1Vµy. Since t · vµ ∈ χ1Vµy, we can suppose t · v = λw. Let
AS = k〈χs〉s∈S be an algebra generated by {χs | s ∈ S}. Due to (3.3), it follows that
AS is a commutative algebra. Since every simple module over AS is 1-dimensional,
we can assume

χx2v = m̃v, χyv = ñv, (3.6)

where m̃, ñ ∈ k. By relation (3.3), it follows that

(χx2)2 = χx4 = χ1, (χy)
2 = χy2 = χ1. (3.7)

Thus, we have

v = χ1v
(4.7)
= (χx4)v

(4.7)
= (χx2)2v = m̃2v, v = χ1v

(4.7)
= χy2v

(4.7)
= (χy)

2v = ñ2v.

(3.8)

Let χsv = β(s)v for s ∈ S defined in (3.6). Then (β(x2))2 = β(x4) = 1, (β(y))2 =

β(y2) = 1. Since S is the subgroup of G and T = Sx, we have following actions of
D(H):

χsx(v) = τ(x, s, t)β(s)w = β(s)w,

χsx(w) = τ(s, x, t)β(s)β(x2)v,

χsw = β(s)τ(s, x, t)w, χsv = β(s)v,

t · w = t · χxv = λτ(xµy, x3y, t)β(y)β(x2)v,

t2v = λ2τ(xµy, x3y, t)β(y)β(x2)v = σ(µ, t, t)v,

λ2τ(xµy, x3y, t)β(y)β(x2) = σ(µ, t, t).

(3.9)

Due to (3.8) and (3.9), it follows that

m̃ = β(x2) = ±1, ñ = β(y) = ±1, λ2 =
σ(µ, t, t)

−β(y)β(x2)
. (3.10)

i.e. λ is determined by β(x2) and β(y). Thus, there are 16 two-dimensional left-
D(H)modules as (S3).
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(a) If k〈v+λw〉 is aD(H)-submodule of (S1), then ζxkyl(v+λw) (0 ≤ k ≤ 3, 0 ≤
l ≤ 1) and t(v + λw) belong to k〈v + λw〉. But

ζy(v + λw) = v − λw or − v + λw /∈ k〈v + λw〉,

this leads a contradiction. Thus, there are 16 non-isomorphic two-dimensional
simple D(H)-modules as (S1).

(b) (S2) follow in a similar manner as (a).

(c) If k〈v + λw〉 is a D(H)-submodule of (S3), then χxkyl(v + λw) must belong
to k〈v + λw〉 (0 ≤ k ≤ 3, 0 ≤ l ≤ 1). But χy(v + λw) /∈ k〈v + λw〉
by directly computation. Thus, there are 16 non-isomorphic two-dimensional
simple D(H)-modules, as shown in the (S3).

(d) The D(H)-modules in (S4) are simple by the same arguments as (c).

□

With these preparations, we can give the first main result.

Theorem 3.2.1.3. There are exactly 88 non-isomorphic simple Yetter–Drinfel’d modules
over H , and 32 of them are one-dimensional and the other 56 ones are two-dimensional.

TABLE 1. Simple Yetter--Drinfel'd modules over H

(S0) V +
1,0, V

+
1,1, V

+
1,2, V

+
1,3, V

−
1,0, V

−
1,1, V

−
1,2, V

−
1,3

V +
y,0, V

+
y,1, V

+
y,2, V

+
y,3, V

−
1,0, V

−
y,1, V

−
y,2, V

−
y,3

V +
x2,0, V

+
x2,1, V

+
x2,2, V

+
x2,3, V

−
x2,0, V

−
x2,1, V

−
x2,2, V

−
x2,3

V +
x2y,0, V

+
x2y,1, V

+
x2y,2, V

+
x2y,3, V

−
x2y,0, V

−
x2y,1, V

−
x2y,2, V

−
x2y,3

(S1) W+
x,0,−,W

+
x,1,−,W

+
x,2,−,W

+
x,3,−,W

+
x,0,+,W

+
x,1,+,W

+
x,2,+,W

+
x,3,+

W−
x3,0,W

−
x3,1,W

−
x3,2,W

−
x3,3 ,W

−
x3,0,W

−
x3,1,W

−
x3,2,W

−
x3,3

(S2) X+
1,0, X

+
1,1, X

+
y,0, X

+
y,1, X

−
x2,0, X

−
x2,1, X

−
x2y,0, X

−
x2y,1

(S3) Yx,1, Yx,2, Yx,3, Yx,4, Yx,5, Yx,6, Yx,7, Yx,8,
Yx3,1, Yx3,2, Yx3,3, Yx3,4, Yx3,5, Yx3,6, Yx3,7, Yx3,8,

(S4) Z1,1, Z1,2, Z1,3, Z1,4, Z1,5, Z1,6, Z1,7, Z1,8,
Zx2,1, Zx2,2, Zx2,3, Zx2,4, Zx2,5, Zx2,6, Zx2,7, Zx2,8,

Proof： By Lemmas 3.2.1.1, 3.2.1.2, there are 32 non-isomorphic one-dimensional and 56
non-isomorphic two-dimensional simple Yetter–Drinfel’d modules over H .
Due to Lemma 2.1.0.2 and 32 · 12 + 56 · 22 = 256 = dimD(H), we finish the proof. □
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3.2.2 Left-left Yetter–Drinfel’d modules

Lemma 3.2.2.1. Fix a basis of each module in (S0-S4), the following table give us braidings
of D(H)-modules (S0-S4) as left-left Yetter–Drinfel’d modules over H .

TABLE 2. Braidings of D(H)-modules in (S0, S1, S2, S4)

(S0) c(v ⊗ v) = ±(v ⊗ v)

(S1) q =

(
ξi ξi

−ξi ξi

)
,

(
ξi −ξi

ξi ξi

)
(i = 0, 1, 2, 3)

(S2) q =

(
1 1

1 1

)
,

(
−1 −1
−1 −1

)

(S4) q =

(
±1 ∓1
±1 ±1

)
,

(
±ξ ∓ξ
±ξ ±ξ

)
,

TABLE 3. Braidings of D(H)-modules in (S3)
c(v ⊗ v) = ±ξw ⊗ w c(v ⊗ v) = ∓w ⊗ w c(v ⊗ v) = ±w ⊗ w c(v ⊗ v) = ∓ξw ⊗ w

c(v ⊗ w) = ±ξv ⊗ w c(v ⊗ w) = ±v ⊗ w c(v ⊗ w) = ±v ⊗ w c(v ⊗ w) = ±ξv ⊗ w

µ = x c(w ⊗ v) = ±ξw ⊗ v c(w ⊗ v) = ±w ⊗ v c(w ⊗ v) = ±w ⊗ v c(w ⊗ v) = ±ξw ⊗ v

c(w ⊗ w) = ∓ξv ⊗ v c(w ⊗ w) = ±v ⊗ v c(w ⊗ w) = ∓v ⊗ v c(w ⊗ w) = ±ξv ⊗ v

c(v ⊗ v) = ∓w ⊗ w c(v ⊗ v) = ∓ξw ⊗ w c(v ⊗ v) = ∓ξw ⊗ w c(v ⊗ v) = ∓w ⊗ w

c(v ⊗ w) = ∓v ⊗ w c(v ⊗ w) = ±ξv ⊗ w c(v ⊗ w) = ∓ξv ⊗ w c(v ⊗ w) = ±v ⊗ w

µ = x3 c(w ⊗ v) = ∓w ⊗ v c(w ⊗ v) = ±ξw ⊗ v c(w ⊗ v) = ∓ξw ⊗ v c(w ⊗ v) = ±w ⊗ v

c(w ⊗ w) = ±v ⊗ v c(w ⊗ w) = ±ξv ⊗ v c(w ⊗ w) = ±ξv ⊗ v c(w ⊗ w) = ±v ⊗ v
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Proof： We only verify the case (S3). By the action of D(H), we can give following
H-comodule structure. Then we determine the braidings cV,W for V,W ∈ H

HYD.

ρ(v) = v ⊗ Σs∈Sβ(s)(est) + w ⊗ Σs∈Sβ(s)(exst),

ρ(w) = w ⊗ Σs∈Sβ(s)τ(s, x, t)(est) + v ⊗ Σs∈Sβ(s)β(x
2)τ(s, x, t)S(exst),

ρl(v) = Σs∈Sβ(s)S(est)⊗ v + Σs∈Sβ(s)S(exst)⊗ w,

ρl(w) = Σs∈Sβ(s)τ(s, x, t)S(est)⊗ w + Σs∈Sβ(s)β(x
2)τ(s, x, t)S(exst)⊗ v,

c(v ⊗ v) = Σs∈S[β(s)S(est) · v ⊗ v] + Σs∈S[β(s)S(exst) · v ⊗ w] = Σs∈S[β(s)

S(exst) · v ⊗ w],

c(v ⊗ w) = Σs∈S[β(s)S(est) · w ⊗ v] + Σs∈S[β(s)S(exst) · w ⊗ w] = Σs∈S[β(s)

S(exst) · w ⊗ w],

c(w ⊗ v) = Σs∈S[β(s)τ(s, x, t)S(est) · v ⊗ w] + Σs∈S[β(s)β(x
2)τ(s, x, t)

S(exst) · v ⊗ v] = Σs∈S[β(s)β(x
2)τ(s, x, t)S(exst) · v ⊗ v],

c(w ⊗ w) = Σs∈S[β(s)τ(s, x, t)S(est) · w ⊗ w] + Σs∈S[β(s)β(x
2)τ(s, x, t),

S(exst) · w ⊗ v] = Σs∈S[β(s)β(x
2)τ(s, x, t)S(exst) · w ⊗ v].

Due to (2.11), we have the following formula which will be used to calculate the braiding.

S(e1t) = e1t, S(eyt) = eyt, S(exyt) = ex3t,

S(ex3t) = (exyt), S(ext) = −ex3yt, S(ex2t) = −ex2t,

S(ex2yt) = −ex2yt, S(ex3yt) = −(ext).
(3.1)

Let µ = x, we get the following braiding:

c(v ⊗ v) = (−ex3yt+ β(y)ex3t+ β(x2)exyt− β(x2y)ext) · v ⊗ w = λβ(x2)w ⊗ w,

c(v ⊗ w) = (−ex3yt+ β(y)ex3t+ β(x2)exyt− β(x2y)ext) · w ⊗ w = λv ⊗ w,

c(w ⊗ v) = (−β(x2)ex3yt− β(x2y)ex3t+ exyt+ β(y)ext) · v ⊗ v = λw ⊗ v,

c(w ⊗ w) = (−β(x2)ex3yt− β(x2y)ex3t+ exyt+ β(y)ext) · w ⊗ v = −λβ(x2)v ⊗ v.

Let µ = x3, we get the following braiding:

c(v ⊗ v) = (−ex3yt+ β(y)ex3t+ β(x2)exyt− β(x2y)ext) · v ⊗ w = −λw ⊗ w,

c(v ⊗ w) = (−ex3yt+ β(y)ex3t+ β(x2)exyt− β(x2y)ext) · w ⊗ w = −λβ(x2)v ⊗ w,

c(w ⊗ v) = (−β(x2)ex3yt− β(x2y)ex3t+ exyt+ β(y)ext) · v ⊗ v = −λβ(x2)w ⊗ v,

c(w ⊗ w) = (−β(x2)ex3yt− β(x2y)ex3t+ exyt+ β(y)ext) · w ⊗ v = λv ⊗ v.

Thus, we get the braidings of left-left Yetter–Drinfel’d modules over H of table (S3).
□
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3.3 Finite dimensional Nichols algebras of V

In the previous section, we already gave all simple Yetter–Drinfel’d modules V overH .
In this section, we want to determine all the finite dimensional Nichols algebras of simple
Yetter–Drinfel’d modules over H .

First, we give the Nichols algebras of Yetter–Drinfel’d modules that appear in (S0).

Lemma 3.3.0.1. The Nichols algebras of one-dimensional simple Yetter–Drinfel’d modules
(V ±

µ,i, c±1)

(i = 0, 1, 2, 3) of H are as follows,

(1) B((V ±
µ,i, c1)) ' k[v], where c1(v ⊗ v) = v ⊗ v.

(2) B((V ±
µ,i, c−1)) ' k[v]/〈v2〉 =

∧
k〈v〉, and dim(B((V ±

µ,i, c−1))) = 2, where

c−1(v ⊗ v) = −v ⊗ v.

Proof： It is well-known that this claim holds. For (2), the Nichols algebra is of type A1. □

Second, we give the Nichols algebras of Yetter–Drinfel’d modules that appear in (S1).
Denote by (W±

µ,i,±, ci) (i = 0, 1, 2, 3) the simple Yetter–Drinfel’d modules ofH with braid-
ing matrices

q1 =

(
ξi ξi

−ξi ξi

)
, q2 =

(
ξi −ξi

ξi ξi

)
.

Lemma 3.3.0.2. Then Nichlos algebras of (W±
µ,i,±, ci) (i = 0, 1, 2, 3) are as follows,

(1) If i = 1 or 3, q = q1, thenB((W±
µ,i,±, ci)) ' T (W±

µ,i,±)/〈vw∓ξiwv,wv±ξivw, v4, w4〉,
and dim(B((W±

µ,i,±, ci))) = 16.

(2) If i = 1 or 3, q = q2, thenB((W±
µ,i,±, ci)) ' T (W±

µ,i,±)/〈vw±ξiwv,wv∓ξivw, v4, w4〉,
and dim(B((W±

µ,i,±, ci))) = 16.

(3) If i = 2, q = q1, q2, then Nichols algebras of (W±
µ,i,±, ci) are 8 dimensional and of

type A2.
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(4) If i = 0, q = q1, q2, then B((W±
µ,i,±, ci)) are infinite dimensional.

Proof：Let i = 1 or 3, then we have qijqji = 1 for all i 6= j, and the order of qii are all equal
to 4. By the result of ([9], [2, Example 27]), we have B((W±

µ,i,±, cj)) ' T (W±
µ,i,±)/〈vw −

q12wv,wv − q21v, v
4, w4〉 Furthermore, {va1wa2 : 0 ≤ ak ≤ 3} is a basis of B(W±

µ,i,±) and
dim(B((W±

µ,i,±, cj))) = Πi=1,2N
i = 16. For (1), (2), Nichols algebras are quantum planes.

(3) follows from ([13, Proposition 2.11]), Nichols algebras are of A2 type. For (4), it is easy
to show that B((W±

µ,i,±, cj)) are infinite dimensional. □

Next, we give the Nichols algebras of Yetter–Drinfel’d modules that appear in (S2).

Lemma 3.3.0.3. LetX±
µ,i (i = 0 , 1) be simple Yetter–Drinfel’d modules ofH with braiding

matrices

q =

(
ξi ξi

ξi ξi

)
(i = 0, 2).

Then Nichlos algebras of (X±
µ,i, ci) are as follows

(1) If i = 0, then B((X±
µ,i, ci)) ' S(X±

µ,i).

(2) If i = 2, then B((X±
µ,i, ci)) '

∧
(X±

µ,i), and dim(B((X±
µ,i, ci))) = 4.

Proof： The claims (1), (2) follow from ([2, example 31]). For (2), the Nichols algebra is
of type A1 × A1 and B((X±

µ,i, ci)) is a quantum plane. □

Weare in a position to give theNichols algebras of Yetter–Drinfel’dmodules that appear
in (S3) now. There are someNichlos algebras of non-diagonal types which were also studied
by Andruskiewitsch [8].

Lemma 3.3.0.4. Let r, p,m ∈ k, assume (Yµ,j, cr,p,m) (j = 0, 1, 2, 3, 4, 5, 6, 7, 8 , r, p,m ∈
k) be simple Yetter–Drinfel’d modules of H with braidings

c(v ⊗ v) = rw ⊗ w, c(v ⊗ w) = pv ⊗ w,

c(w ⊗ v) = pw ⊗ v, c(w ⊗ w) = mv ⊗ v.
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The Nichlos algebras of (Yµ,j, cr,p,m) are not of diagonal type and given as follow:

(1) If p = −1, rm = −1, then

B((Yµ,j, cr,p,m)) ∼= T (Yµ,j)/〈vw,wv, v4 + w4〉, dim(B((Yµ,j, cr,p,m))) = 8.

(2) If p = 1, then dim(B((Yµ,j, cr,p,m))) =∞.

(3) If rm = 1, p = ±i and r = −i, then

B((Yµ,j, cr,p,m)) ∼= T (Yµ,j)/〈w2 + iv2, vwvw,wvwv〉, dim(B((Yµ,j, cr,p,m))) = 16.

(4) If rm = 1, p = ±i, r = i, then

B((Yµ,j, cr,p,m)) ∼= T (Yµ,j)/〈w2 − iv2, vwvw,wvwv〉, dim(B((Yµ,j, cr,p,m))) = 16.

Proof： Since (Yµ,j, cr,p,m) is diagonal type if and only if p2 = rm ([8, Remark 3.15]),
it follows that the braidings are not of diagonal type. (1), (3), (4) are the results in ([8,
Proposition 3.16]). It is sufficient to prove (2), let n ∈ N and let

an = v ⊗ w ⊗ v ⊗ w ⊗ v ⊗ w ⊗ v ⊗ w · · ·︸ ︷︷ ︸
n

be a vector in B((Yµ,j, cr,1,m)). After direct computation, we have Ωn(an) = kan for some
k 6= 0 ∈ k. Thus, we have completed the proof. □

Finally, we give the Nichols algebras of Yetter–Drinfel’d modules that appear in (S4).

Lemma 3.3.0.5. Let (Zµ,j, ci) (j = 1, 2, 3, 4, 5, 6, 7, 8; i = 0, 1, 2, 3) be simple Yetter–
Drinfel’d modules over H with braiding matrices

q =

(
ξi −ξi

ξi ξi

)
.

Then the Nichols algebras of (Zµ,j, ci) are as follows,

(1) If i = 1or 3, then B((Zµ,j, ci)) ' T (Zµ,j)/〈vw ± ξiwv,wv ∓ ξivw, v4, w4〉 and

dim(B((Zµ,j, ci))) = 16.
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(2) If i = 2, then B((Zµ,j, ci)) ' T (Zµ,j)/〈vw − wv, v2, w2〉 and

dim(B((Zµ,j, ci))) = 8.

(3) If i = 0, then B((Zµ,j, ci)) is infinite dimensional.

Proof： This claim is similar as Lemma 3.3.0.2. □

With these preparations, we are in a position to classify all finite-dimensional Nichols
algebras of simple Yetter–Drinfel’d modules V over H now.

Theorem 3.3.0.6. Let V be the simple Yetter–Drinfel’d modules over H , all finite dimen-
sional Nichols algebras of V are as follows,

(1) Diagonal type: A1, A2 or quantum planes.

(2) Non-diagonal type: Nichols algebras B(V ) are 8 or 16 dimensional.

Proof： Let V ∈ H
HYD be the braided vector spaces of diagonal type. Due to the Lem-

mas 3.3.0.1, 3.3.0.2, 3.3.0.3, 3.3.0.5, it follows that Nichols algebras of V are finite dimen-
sional if and only ifB(V ) are of Cartan typeA1, A2 or quantum planes. Let V ∈ H

HYD be the
braided vector spaces of non-diagonal type, due to Lemma 3.3.0.4, it follows that Nichols
algebras of V are finite dimensional if and only if

p = −1, rm = −1

or
rm = 1, p = ±i.

i.e. Nichols algebras B(V ) are 8 or 16 dimensional. □

3.4 Conclusion

In this Chapter, we proved that there are 88 non-isomorphic simple leftD(H)-modules,
and 32 of them are one-dimensional and the other 56 ones are two-dimensional. Then
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we classify all finite-dimensional Nichols algebras of simple Yetter–Drinfel’d modules V
over H . We find the Nichols algebras of non-diagonal type which were studied by An-
druskiewitsch andGeraldi [8] . There are 8-, 16- or infinite dimensional (see Lemma 3.3.0.4).

In section 5.3, We will show thatH is exactly the Hopf algebraD(m, d, γ)/(y) of Wu–
Liu–Ding in [Adv. Math. 296 (2016), 1–54] with m = 2 and d = 2, where D(m, d, γ)/(y)

will be introduced in the Chapter 4.
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Chapter 4 On the Hopf algebras D(m, d, γ)/(y)

The Hopf algebras D(m, d, γ) were introduced by Wu–Liu–Ding [30], they gave a
complete classification of prime regular Hopf algebras of GK-dimension one and they con-
structed the Hopf algebras D(m, d, γ). As the quotient Hopf algebras of D(m, d, γ), we
obtain that each

D(m, d, γ)/(y)

is a semisimple Hopf algebra.

4.1 Hopf algebras D(m, d, γ)

In this section, we recall some well-known facts about the Hopf algebras D(m, d, γ).
Let m, d be two natural numbers satisfying that (1 + m)d is even and ξ a primitive 2m-th
root of 1. Define

ω := md, γ := ξ2.

As an algebra, each D = D(m, d, γ) is generated by

x±1, g±1, y, u0, u1, · · · , um−1,

subject to the following relations

xx−1 = x−1x = 1, gg−1 = g−1g = 1, xg = gx, (4.1)

xy = yx, yg = ξgy, ym = 1− xω = 1− gm, (4.2)

xui = uix
−1, yui = φiui+1 = ξxduiy, uig = γix−2dgui, (4.3)
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and

uiuj =


(−1)−jξ−jγ

j(j+1)
2

1
m
x− 1+m

2
dφiφi+1 · · ·φm−2−jy

i+jg, i+ j ⩽ m− 2,

(−1)−jξ−jγ
j(j+1)

2
1
m
x− 1+m

2
dyi+jg, i+ j = m− 1,

(−1)−jξ−jγ
j(j+1)

2
1
m
x− 1+m

2
dφi · · ·φm−1φ0 · · ·φm−2−jy

i+j−mg, otherwise,

where φi = 1− γ−i−1xd and 0 ⩽ i, j ⩽ m− 1.

The coproduct ∆, the counit ϵ and the antipode S of D(m, d, γ) are given by

∆(x) = x⊗ x, ∆(g) = g ⊗ g, ∆(y) = y ⊗ g + 1⊗ y, (4.4)

∆(ui) =
m−1∑
j=0

γj(i−j)uj ⊗ x−jdgjui−j; (4.5)

ϵ(x) = ϵ(g) = ϵ(u0) = 1, ϵ(y) = ϵ(us) = 0; (4.6)

S(x) = x−1, S(g) = g−1, S(y) = −yg−1, (4.7)

S(ui) = (−1)iξ−iγ− i(i+1)
2 xid+ 3

2
(1−m)dgm−i−1ui, (4.8)

for 0 ≤ i ≤ m− 1 and 1 ⩽ s ⩽ m− 1.

4.2 The quotient Hopf algebras D(m, d, γ)/(y)

As the notations in the section 4.1, letm, d be two natural numbers satisfying that (1+
m)d is even and ξ a primitive 2m-th root of 1. Assume

ω := md, γ := ξ2.

Then each quotient Hopf algebra D(m, d, γ)/(y), as an algebra, is generated by

x, g, u0, u1, · · · , um−1,

subject to the following relations

xg = gx, xω = 1, gm = 1, (4.1)

xui = uix
−1, ui = γ−ixdui, uig = γ−igui, (4.2)

uiuj =

{
(−1)−jξ−jγ

j(j+1)
2

1
m
x− 1+m

2
dφ0 · · ·φi−1 · · ·φm−1g, if i+ j ≡ 0 (modm),

0, otherwise,
(4.3)
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where φi = 1− γ−i−1xd and 0 ⩽ i, j ⩽ m− 1. The coproductD(m, d, γ)/(y), the counit ϵ
and the antipode S of D(m, d, γ)/(y) are given by

∆(x) = x⊗ x, ∆(g) = g ⊗ g,

∆(ui) =
m−1∑
j=0

uj ⊗ gjui−j,

ϵ(x) = ϵ(g) = ϵ(u0) = 1, ϵ(ui) = 0,

S(x) = x−1, S(g) = g−1,

S(ui) = (−1)iξ−iγ− i(i+1)
2 xid+ 3

2
(1−m)dgm−i−1ui, (4.4)

for 0 ≤ i ≤ m− 1.

In the following of this thesis, we will denote D(m, d, γ)/(y) as D for convenience.
Let C be the subspace spanned by

{giuj|0 ≤ i, j ≤ m− 1}.

Then C is simple coalgebra.

We have the following decomposition of D into simple coalgbras

D =
md−1⊕
i=0

m−1⊕
j=0

kxigj ⊕
d−1⊕
i=0

xiC.

It is not hard to see that the set

{xigj, xlgjuk|0 ≤ i ≤ md− 1, 0 ≤ j ≤ m− 1, 0 ≤ l ≤ d− 1, 0 ≤ k ≤ m− 1}

is a basis ofD. Denote byG be the group of all group-likes ofD. Then clearly every element
in D can be written uniquely in the following way:

f +
m−1∑
i=0

fiui

for f, fi ∈ kG and 0 ≤ i ≤ m− 1.

We use Z(D) to denote the center ofD. Next result helps us to determine the center of
D.
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Lemma 4.2.0.1. The element e = f +
∑m−1

i=0 fiui ∈ Z(D) if and only if

f, f0u0 ∈ Z(D)

and
f1 = . . . = fm−1 = 0.

Proof： The sufficiency is obvious. We just prove the necessity. At first, we show that

f1 = . . . = fm−1 = 0.

Otherwise, assume that, say, f1 6= 0. By assumption, ge = eg which implies that

gf1u1 = f1u1g.

By (5.2), f1u1g = γ−1gf1u1. So we have

γ−1gf1u1 = gf1u1

which is absurd. Similarly, we have

f2 = . . . = fm−1 = 0.

Secondly, let’s show that f ∈ Z(D). Also, by eui = uie and (4.3) we know that

fui = uif

for 0 ≤ i ≤ m−1. By definition, f commutes with all elements inG. Therefore, f ∈ Z(D).
Since e = f + f0u0 and e ∈ Z(D), we also obtain that

f0u0 ∈ Z(D).

□

Let ζ be amd th root of unity satisfying ζd = γ. Define

1xi :=
1

md

md−1∑
j=0

ζ−ijxj,

1gk :=
1

m

m−1∑
j=0

γ−kjgj.
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for 0 ≤ i ≤ md− 1 and 0 ≤ k ≤ m− 1. It is well-known that

{1xi 1
g
k|0 ≤ i ≤ md− 1, 0 ≤ k ≤ m− 1}

is also a basis of kG. Therefore, one can assume that

f =
md−1∑
i=0

m−1∑
j=0

aij1
x
i 1

g
j =

∑
i,j

aij1
x
i 1

g
j .

For any natural number i, we use i′ to denote the remainder of i divided bym.

Lemma 4.2.0.2. Let f =
∑

i,j aij1
x
i 1

g
j be an element in kG. Then f ∈ Z(D) if and only if

aij = amd−i,j−i′

for all 0 ≤ i ≤ md− 1, 0 ≤ j ≤ m− 1.

Proof： Define

1xi :=
1

d
(1 + ζ−ix+ ζ−2ix2 + . . .+ ζ−(d−1)ixd−1)

for 0 ≤ i ≤ md− 1. For any 0 ≤ k ≤ m− 1, it is not hard to see that the elements in

{1xi |i ≡ k (modm)}

are linear independent. Direct computation shows that

1xi uk =

{
1xi uk, if i ≡ k (modm),

0, otherwise,
(4.5)

uk1
x
i =

{
uk1

x
i , if i+ k ≡ 0 (modm),

0, otherwise.
(4.6)

and
1xmd−i = 1x

−1

i .

Therefore, we have

fuk =
∑
i,j

aij1
x
i 1

g
juk

=
∑
i,j

aij1
x
i uk1

g
j−k

=
∑

i≡k (mod m),j

aij1
x
i 1

g
juk,
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and

ukf =
∑
i,j

aijuk1
x
i 1

g
j

=
∑

i+k≡0 (mod m),j

aijuk1
x
i 1

g
j

=
∑

i+k≡0 (mod m),j

aij1
x−1

i uk1
g
j

=
∑

i+k≡0 (mod m),j

aij1
x
md−iuk1

g
j

=
∑

i+k≡0 (mod m),j

aij1
x
md−i1

g
j+kuk.

This means that fuk = ukf if and only if

ak+lm,j = am(d−l)−k,j−k

for some 0 ≤ k ≤ m− 1. From this, the proof is completed. □

Assume that f0 =
∑

i,j bij1
x
i 1

g
j . Using (4.5), we know that

f0u0 =
∑

i≡0 (mod m),j

bij1
x
i 1

g
ju0.

So we can assume that
f0 =

∑
i≡0 (mod m),j

bij1
x
i 1

g
j

directly. With this assumption, we have the following result.

Lemma 4.2.0.3. The element f0u0 belongs to the center of D if and only if

f0 =

{ ∑
j b0j1

x
01

g
j , if md is odd,∑

j b0j1
x
01

g
j +

∑
j bmd

2
,j1

x
md
2

1gj , if md is even. (4.7)

Proof： From xf0u0 = f0u0x, we have

xf0 = x−1f0,

which implies exactly the equation (4.7). The converse is straightforward. □

Next, we want determine when a central element is idempotent.
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Lemma 4.2.0.4. Let e = f + f0u0 be an element living in the center Z(D). Then e2 = e if
and only if

f = f 2 + f 2
0u

2
0

and
f0 = 2ff0.

Proof： By Lemma 4.2.0.1, f commutes with f0u0 and

(f0u0)
2 = f 2

0u
2
0.

From this, the lemma becomes clear. □

Lemma 4.2.0.5. Let f =
∑

i,j aij1
x
i 1

g
j and f0 =

∑
i,j bij1

x
i 1

g
j satisfying

e = f + f0u0

is a central element. Then e is an idempotent if and only if

asm,j = a2sm,j + b2sm,jζ
− 1+m

2
smdγj (0 ≤ s ≤ d− 1, 0 ≤ j ≤ m− 1), (4.8)

a2ij = aij (i 6≡ 0 (modm), 0 ≤ j ≤ m− 1), (4.9)

bij = 2aijbij (0 ≤ i ≤ md− 1, 0 ≤ j ≤ m− 1). (4.10)

Proof：We just translate the equivalent conditions in Lemma 4.2.0.4 into the equalities about
coefficients. □

By equation (4.10), we know that aij = 1
2
if bij 6= 0. By equation (4.8), we have that

bsm,j = ±
1

2

√
γ−jζ

1+m
2

smd

if bsm,j 6= 0. We use [.] to denote the floor function, i.e. for any rational number t, btc is the
biggest integer which is not bigger than t.

Proposition 4.2.0.6. Ifmd is even, then the following is a complete set of primitive central
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idempotents of D:

1

2
1x01

g
j +

1

2

√
γ−j1x01

g
ju0,

1

2
1x01

g
j −

1

2

√
γ−j1x01

g
ju0,

1

2
1xmd

2

1gj +
1

2

√
γ−j(−1) 1+m

2
d1xmd

2

1gju0,

1

2
1xmd

2

1gj −
1

2

√
γ−j(−1) 1+m

2
d1xmd

2

1gju0,

1xsm1
g
j + 1x(d−s)m1

g
j , (0 < s ≤ d− 1, s 6= d

2
, 0 ≤ j ≤ m− 1)

1xlm+i1
g
j + 1x(d−l−1)m+(m−i)1

g
j−i,

(0 ≤ l ≤ d− 1, 0 < i ≤ bm
2
c, 0 ≤ j ≤ m− 1).

If md is odd, then the following is a complete set of primitive central idempotents of
D:

1

2
1x01

g
j +

1

2

√
γ−j1x01

g
ju0,

1

2
1x01

g
j −

1

2

√
γ−j1x01

g
ju0,

1xsm1
g
j + 1x(d−s)m1

g
j ,

(0 < s ≤ d− 1, 0 ≤ j ≤ m− 1)

1xlm+i1
g
j + 1x(d−l−1)m+(m−i)1

g
j−i,

(0 ≤ l ≤ d− 1, 0 < i ≤ bm
2
c, 0 ≤ j ≤ m− 1).

Proof：According to Lemmas 4.2.0.2-4.2.0.5, we know all above elements are central idem-
potents. It is easy to find that the sum of these elements is just 1. So to show the result, it is
enough to show that they are all primitive central idempotents. We just prove this fact for the
case md even since the other case can be proved in the same way. In fact, by definition we
can find the elements in the last two lines presented in this proposition can be decomposed
into a sum of two idempotents which are not central, and so the simple modules correspond-
ing to these central idempotents have dimension ≥ 2. There are (d−2)m

2
+ (m−1)dm

2
cental

idempotents in the last two lines and 4m ones in the first two lines. Therefore, all of these
idempotents create an ideal with dimension≥ 4m+4( (d−2)m

2
+ (m−1)dm

2
) = 2m2d = dimD.

This implies they are all primitive. □
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Corollary 4.2.0.7. Ifmd is even, then as an algebra D has the following decomposition:

D = k(4m) ⊕M2(k)
(m

2d−2m
2

).

Ifmd is odd, then as an algebra D has the following decomposition:

D = k(2m) ⊕M2(k)
(m

2d−m
2

).

4.3 Conclusion

In this Chapter, we recall the definition of each Hopf algebras D(m, d, γ) and their
quotients. The Hopf algebras D(m, d, γ) were introduced by Wu–Ding–Liu [30]. In their
work, they gave a complete classification of prime regular Hopf algebras of GK-dimension
one and explicitly constructed the algebras D(m, d, γ). By taking quotients of D(m, d, γ),
we obtain the family of Hopf algebras

D(m, d, γ)/(y).

We study the properties of these quotient Hopf algebras. We will prove that each quotient
Hopf algebra D(m, d, γ)/(y) can be constructed by Abelian extension in next Chapter.
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Chapter 5 The Abelian extensions H(m, d)

Recall that each Hopf algebras D(m, d, γ)/(y) in section 4.2 is semisimple. We con-
sider the following questions in this chapter:

1) Can each D(m, d, γ)/(y) be constructed by an Abelian extension?

2) Can we classify all simple Yetter-Drinfeld modules V over D(m, d, γ)/(y)?

3) Can we classify all finite-dimensional Nichols algebras over D(m, d, γ)/(y)?

Let m, d be natural numbers such that (1 + m)d is even. Let G be the finite abelian
group

Zmd × Zm

generated by elements x and y with relations

xmd = 1, ym = 1, xy = yx.

We denote by kG the group algebra of G, equipped with the usual Hopf algebra structure,
and by kG its dual Hopf algebra, i.e., the algebra of functions from G to k.

Let H(m, d) be the class of Hopf algebras defined as Abelian extensions as follows,
Each H(m, d) is constructed as

D ' kG#σ,τkZ2,
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which is determined by the data (Z2, G, ◁, ▷, σ, τ ) given by

▷ is a trivial action,

g ◁ t = g,

x ◁ t = x−1g−1,

τ(xigj, xkgl, t) = γ−jk,

σ(xigj, t, t) = γ
−i2+i+2(m−1)j

2 .

We can show that each H(m, d) is a semisimple Hopf algebra.

For the question 1), we have the following conjecture.

Conjecture 5.0.0.1 (Gongxiang Liu). Each semisimple Hopf algebraD(m, d, γ)/(y) is ex-
actly constructed by an Abelian extension H(m, d).

We will prove this conjecture in section 5.1 and section 5.2. We will give an important
example in section 5.3. For the question 2) and 3), we will present some results in Chapter 7.

5.1 Abelian extension

As the same notation in section 4.2, we denote by D the Hopf algebra

D = D(m, d, γ)/(y).

It is straightforward to verify that the elements

xigj, xlgjuk

with 0 ≤ i ≤ md − 1, 0 ≤ j ≤ m − 1, 0 ≤ l ≤ d − 1 and 0 ≤ k ≤ m − 1, which form a
k-basis of D. Denote by G the group of all group-like elements of D:

G = Zmd × Zm = 〈 x, g | xmd = 1, gm = 1, xg = gx 〉.

For each xigj ∈ G, recall that we have

exigj = 1xi 1
g
j .
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It is clear that the set

{ exigj | 0 ≤ i ≤ md− 1, 0 ≤ j ≤ m− 1 }

forms a dual basis of G. LetK be their linear span. Then we can obtain that

K ∼= kG = (kG)∗.

Now we define the following elements of D:

t =
∑

i+j=m−1

giuj, A0 = xdtg−1, A1 = gAg−1, (5.1)

A2 = g2Ag−2, . . . , Am−1 = gm−1Ag−(m−1). (5.2)

Let B be them×m matrix

B =


gm−2 γ2gm−3 · · · γ2igm−i−2 · · · γ2(m−1)g−1

gm−2 γ3gm−3 · · · γ3igm−i−2 · · · γ3(m−1)g−1

...
...

...
gm−2 γm+1gm−3 · · · γ(m+1)igm−i−2 · · · γ(m+1)(m−1)g−1

 .

Proposition 5.1.0.1. The determinant of B is given by

| B |=


∏

1≤j<i≤m−1

(
γi+1 − γj+1

)
, ifm is odd,

g
m
2

∏
1≤j<i≤m−1

(
γi+1 − γj+1

)
, ifm is even.

Proof：We express the entries of B as follows. The rows are indexed by r = 1, . . . ,m and
the columns are indexed by c = 1, . . . ,m, respectively. The (r, c)-entry of B is given by

Br,c = γ(r+1)(c−1) gm−c−1.

Indeed, for c = 1 this yields gm−2, and for c = m we obtain g−1; the exponent of γ gives
γ(r+1)(c−1), reproducing the pattern γ2i, γ3i, . . . , γ(m+1)i when i = c− 1.

Next, factor the column-dependent power of g from each column: from column c factor
out gm−c−1. This gives

detB =

(
m∏
c=1

gm−c−1

)
det
(
γ(r+1)(c−1)

)
1≤r,c≤m

.

45



The total exponent of g is
m∑
c=1

(m− c− 1) =
m−1∑
k=0

(k − 1) =
m(m− 1)

2
−m =

m(m− 3)

2
,

so the prefactor equals g
m(m−3)

2 . The remaining determinant is of Vandermonde type. Set-
ting αr = γr+1 for r = 1, . . . ,m, the matrix (γ(r+1)(c−1)) consists of the column vectors
(1, αr, α

2
r , . . . , α

m−1
r )r. Therefore,

det
(
γ(r+1)(c−1)

)
=

∏
1≤j<i≤m

(αi − αj) =
∏

1≤j<i≤m

(
γi+1 − γj+1

)
.

Combining both factors, we obtain

detB = g
m(m−3)

2

∏
1≤j<i≤m

(
γi+1 − γj+1

)
.

Finally, we simplify the power of g using gm = 1. If m is odd, then m(m−3)
2

is divisible by
m, and hence g

m(m−3)
2 = 1. Ifm is even, writem = 2k; then

g
m(m−3)

2 = g k(2k−3) = (g k)2k−3 = g k,

since 2k − 3 is odd and g2k = 1. Thus g
m(m−3)

2 = gm/2 when m is even. Consequently, we
obtain that

detB =


∏

1≤j<i≤m

(
γi+1 − γj+1

)
, ifm is odd,

gm/2
∏

1≤j<i≤m

(
γi+1 − γj+1

)
, ifm is even.

□

Remark 5.1.0.2. If γ is a root of unity whose order is less than m, then there exist indices
i, j such that the determinant vanishes. In particular, when γ = 1 (order 1) and m ≥ 2,
the determinant is zero. When γ = −1 (order 2) and m ≥ 3, the determinant is zero.
However, for the exampleH(2, 2) in section 5.3, the determinant is non-zero due tom = 2.
Furthermore, in all our examples, since each γ is primitive root of unity, each determinant
of B is non-zero.

Theorem 5.1.0.3. Each Hopf algebra D is generated by x±1, g±1, and t.

Proof： From the relations xdui = γiui and γig−1ui = uig
−1, we can define the generates

Ai for i = 0, 1, 2, . . . ,m− 1 ,

A0 = xdtg−1 =
m−1∑
i=0

γ2igm−i−2ui.

46



and a sequence of similar elements:

Ai = giA0g
−i =

m−1∑
i=0

γ(i+2)igm−i−2ui, i = 0, 1, . . . ,m− 1.

LetB denote them×mmatrix considered in Proposition 5.1.0.1. The elementsA0, A1, . . . , Am−1

satisfy
A0 = xdtg−1 =

m−1∑
i=0

γ2i gm−i−2 ui,

Ak = gkA0g
−k = gAk−1g

−1 =
m−1∑
i=0

γ(k+2)i gm−i−2 ui, k = 1, . . . ,m− 1.

(5.3)

These relations are precisely equivalent to

(u0, u1, . . . , um−1)
T = B−1(A0, A1, A2, . . . , Am−1)

T . (5.4)

Since each Ak (k = 0, . . . ,m − 1) can be expressed in terms of x±1, g±1, and t, it follows
from equation (5.4) and the definition of B in Proposition 5.1.0.1 that every ui lies in the
subalgebra generated by these elements. Therefore, D is generated by x±1, g±1, and t as an
algebra. □

Example 5.1.0.4. Let m = 3, d = 2 and ξ6 = 1 = γ3, then D = 〈x, g, u0, u1, u2〉 with
following relations,

x6 = 1 = g3, u2
0 =

1
3
x−2dφ0φ1g,

u0u1 = 0 = u1u0, u0u2 = 0 = u2u0, u
2
2 = 0,

u1u2 =
1
γ
x−2dφ1φ2g, u2u1 = (−1)ξ−1 1

γ2x
−2dφ2φ0g,

φ0 = 1− γ−1xd, φ1 = 1− γ−2xd, φ2 = 1− xd,

xui = uix
−1, u0 = xdu0, γu1 = xdu1,

γ2u2 = xdu2, u0g = gu0, γu1g = gu1, γ
2u2g = gu2.

Let t = g2u0 + gu1 + u2, A = xdtg−1, A1 = g−1t, A2 = tg−1, i.e.

A = xdtg−1 = gu0 + γ2u1 + γg2u2

A1 = gAg−1 = g−1t = gu0 + u1 + g2u2

A2 = g2Ag−2 = tg−1 = gu0 + γu1 + γ2g2u2

We have:

u0 =
1
3
g
(
tg−1 + xdtg−1 + g−1t

)
u1 =

1
3

(
γ2tg−1 + γxdtg−1 + g−1t

)
u2 =

1
3
g
(
γtg−1 + γ2xdtg−1 + g−1t

)
 u0

u1

u2

 =
1

3

 g g g

γ 1 γ2

γ2g g γg


 A

A1

A2


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Thus, we have D = 〈x, g, t〉 with

x6 = 1, g3 = 1.

Recall that φi = 1− γ−i−1xd for 0 ⩽ i ⩽ m− 1.

Proposition 5.1.0.5. We have

φi · · · · · ·φm+i−2 =

{
m, if i− p ≡ 0 (modm),

0, otherwise.
(5.5)

Proof： By the definition of

expgq (0 ≤ p ≤ md− 1, 0 ≤ q ≤ m− 1)

and by the relation
ζd = γ = ξ2, (5.6)

we can obtain that

xnd =
∑
p

∑
q

γnpexpgq (5.7)

for all n in Z, and

x− 1+m
2

dgm−1 =
∑
p

∑
q

ξ−p(1+m)γm−1expgq . (5.8)

By the definition of φi, we obtain that φi · · · · · ·φm+i−2 is equals to

(1− γ−(i+1)xd)(1− γ−(i+2)xd) · · · (1− γ−(m+i−1)xd). (5.9)

By the equation (5.7) and (5.8), we obtain that the equation (5.9) is exactly the equation

m−1∏
k=1

(
md−1∑
p=0

m−1∑
q=0

(
1− γ−(i+k)γp

)
expgq

)
. (5.10)

By the equation (4.3), we get that equation (5.10) is equals to the equation:∑
p

∑
q

[(1− γ−(i+1)γp)(1− γ−(i+2)γp) · · · (1− γ−(m+i−1)γp)]expgq (5.11)
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This equation (5.11) is exactly the equation:∑
p

∑
q

γ(p−i)(m−1)[(1 + γi−p + (γi−p)2 · · · (γi−p)m−1]expgq . (5.12)

Thus, it is easy to show that

φi · · · · · ·φm+i−2 =

{
m, if i− p ≡ 0 (modm),

0, otherwise.
(5.13)

□
Theorem 5.1.0.6. As an algebra, D is generated by the elements

expgq(0 ≤ p ≤ md− 1, 0 ≤ q ≤ m− 1)

together with t, subject to the following relations:

expgq exp′gq′ = (δxpgq , xp′gq′ )expgq , (5.14)
md−1∑
p=0

m−1∑
q=0

expgq = 1, (5.15)

t2 =
md−1∑
p=0

m−1∑
q=0

γ
−p2+p+2(m−1)q

2 expgq (5.16)

t ex = ex−1g−1 t, (5.17)

t eg = eg t. (5.18)

Proof：We verify a part of the relations. First, we prove equation (5.16). Let

λ(i) =
1

m
(−1)m−i ξ−2i(i−1) (ξm−i)2.

It is easy to see that
λ(i) = λ(i′), i ≡ i′ (mod m). (5.19)

Thus, we can compute t2 as follows:

t2 =
m−1∑
i=0

(gm−1−iui)

(
m−1∑
l=0

gm−1−lul

)
(5.20)

(4.3)
=

m−1∑
i=0

gm−1−iui g
(m−1)−(m−i)um−i (5.21)

(4.2)
=

m−1∑
i=0

γ−i(i−1)gm−2uium−i. (5.22)
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By the equation (4.3), we get equation (5.22) is the eqaution
m−1∑
i=0

(−1)m−iγ−i(i−1) ξ−(m−i) γ
(m−i)(m−i+1)

2
1

m
φi · · ·φm+i−2 x

− 1+m
2

dgm−1. (5.23)

By the equation (4.5), we get the equation (5.23) is exactly the equation
m−1∑
i=0

λ(i)φi · · ·φm+i−2 x
− 1+m

2
dgm−1. (5.24)

By the equation (5.19), one can get the equation (5.24) is equal to
md−1∑
p=0

m−1∑
q=0

λ(i) ξ−p(1+m) γm−1expgq . (5.25)

=
md−1∑
p=0

m−1∑
q=0

ξp−p2 γm−1expgq (5.26)

=
md−1∑
p=0

m−1∑
q=0

γ
−p2+p+2(m−1)q

2 expgq . (5.27)

Therefore, equation (5.16) holds as claimed.
Next, we verify equation (5.17). Recall that ex = ex1g0 = 1x11

g
0 and eg = 1x01

g
1, where

1xi =
1

4

3∑
j=0

ζ−ijxj, 1gk =
1

2

1∑
j=0

γ−kjgj.

Thus, we have the following equation:

tex =
1

m2d
t(

md−1∑
j=0

ζ−jxj)(
m−1∑
l=0

gl) =
1

m2d

md−1∑
j=0

(ζ−jx−j)t(
m−1∑
i=0

gl) (5.28)

=
1

m2d

md−1∑
j=0

(ζ−jx−j)(
m−1∑
l=0

x−ldgl)t (5.29)

=
1

m2d

md−1∑
j=0

[
m−1∑
l=0

(ζjxj)(x−ldgl)]t (5.30)

=
1

m2d

md−1∑
j=0

(
m−1∑
i=0

ζjxj−ldgl)t (5.31)

=
1

m2d

nd−1∑
j=0

(
m−1∑
l=0

ζj−ldxj−ldζ ldgl)t (5.32)

(5.33)
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This is exactly the equation:

1

m2d
(
md−1∑
j=0

ζj−ldxj−ld)(
m−1∑
l=0

γlgl)t (5.34)

=
1

m2d
(
md−1∑
j=0

ζjxj)(
m−1∑
l=0

γlgl)t (5.35)

=
1

m2d
(
md−1∑
j=0

ζ−(md−1)jxj)(
m−1∑
l=0

γ−(m−1)lgl)t (5.36)

= (ex−1g−1)t. (5.37)

Finally, equation (5.18) follows by a similar argument:

teg =
1

m2d
t(

md−1∑
j=0

xj)(
m−1∑
l=0

γ−lgl) (5.38)

=
1

m2d
(
md−1∑
j=0

x−j)t(
m−1∑
l=0

γ−lgl) (5.39)

=
1

m2d
(
md−1∑
j=0

xj)(
m−1∑
l=0

γ−lx−ldgl) (5.40)

=
1

m2d
(
md−1∑
j=0

xj)(
m−1∑
l=0

γ−lgl) (5.41)

= egt. (5.42)

□

Proposition 5.1.0.7. The coproduct of t is given by

∆(t) = [
md−1∑
k′=0

m−1∑
l′=0

γ−kl′γ(m−2)lexk′yl′ ⊗
md−1∑
k=0

m−1∑
l=0

γ(m−2)lexkyl ](t⊗ t). (5.43)

Proof： Let 0 ≤ i ≤ m− 1, we know that ui is equal to the following equation:

1

m
gi+2(γ−2iA0 + γ−3iA1 + γ−4iA2 + · · · γ−(m+1)iAm−1) (5.44)

The equation (5.44) is exactly the equation (5.45) and equation (5.46)
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1

m
(γ−2ix2dgi−1 + γ−3ix3dgi−1 + · · ·+ γ−(m+1)ix(m+1)dgi−1)t, (5.45)

1

m
(γ−2ix2dgi−1 + γ−3ix3dgi−1 + · · ·+ γ−mixmdgi−1 + γ−(m+1)ix(m+1)dgi−1)t. (5.46)

Thus, the each element gm−1−i+jui−j is equal to

1

m
(γ2(j−i)x2dgm−2 + · · ·+ γm(j−i)xmdgm−2 + γ(m+1)(j−i)x(m+1)dgm−2)t. (5.47)

Let p = i− j, we can get the equation (5.48)

1

m
(γ−2px2dgm−2 + γ−3px3dgm−2 + γ−4px4dgm−2+

· · ·+ γ−mpxmdgm−2 + γ−(m+1)px(m+1)dgm−2)t. (5.48)

This is exactly the equation (5.49)

1

m
[
md−1∑
k=0

m−1∑
l=0

γ(m−2)l(1 + γ(k−p) + γ(k−p)2 + γ(k−p)3 + . . . γ(k−p)m−1

)exkylt. (5.49)

Thus, we get

gm−1−i+jui−j =
∑

(k≡p mod m)

m−1∑
l=0

γ(m−2)lexkylt. (5.50)
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Based on the equation (5.50), we obtain that

∆(t) =
m−1∑
i=0

∆
(
gm−1−iui

)
(5.51)

=
m−1∑
i=0

(
m−1∑
j=0

gm−1−iuj ⊗ gm−1−i+jui−j) (5.52)

=
m−1∑
i=0

(
m−1∑
j=0

gm−1−(j+i−j)uj ⊗ gm−1−(i−j)ui−j) (5.53)

=
m−1∑
i=0

(
m−1∑
j=0

gj−i(
m−1∑
j=0

gm−1−juj ⊗ gm−1−(i−j)ui−j) (5.54)

p=i−j
= (

m−1∑
j=0

g−p(
m−1∑
j=0

gm−1−juj ⊗ gm−1−pup) (5.55)

=
∑
p

g−pt⊗ gm−1−pup (5.56)

=
∑
p

[
md−1∑
k′=0

m−1∑
l′=0

γ−pl′exk′yl′ t⊗
∑

(k≡p mod m)

m−1∑
l=0

γ(m−2)lexkylt] (5.57)

=
∑
p

[
md−1∑
k′=0

m−1∑
l′=0

γ−pl′exk′yl′ ⊗
∑

(k≡p mod m)

m−1∑
l=0

γ(m−2)lexkyl ](t⊗ t) (5.58)

(5.59)

Let p = k, we get that the equation ∆(t) is equals to the equation (5.60):

∆(t) = [
md−1∑
k′=0

m−1∑
l′=0

γ−kl′γ(m−2)lexk′yl′ ⊗
md−1∑
k=0

m−1∑
l=0

γ(m−2)lexkyl ](t⊗ t) (5.60)

□
Let t be the generator of kZ2, assume ◁ and ▷ are the actions: G ◁← G × kZ2

▷→ kZ2.
Then (kZ2, G, ◁, ▷) is a matched pair of groups and (σ, τ ) is a pair of compatible normal
cocycles of (kZ2, G, ◁, ▷).

5.2 The proof of the Conjecture 5.0.0.1

Proof： Since dimD/dimkG = 2 is the smallest prime divisor of dimD, it follows from
[22] that F is normal. A finite-dimensional Hopf algebra of prime dimension p is isomorphic
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to the group algebra kZp [31]. Therefore, we have F ' kZ2. Based on the Section 2.3 and
Section 5.1, we obtain that each Hopf algebra D is an Abelian extension of kZ2 by kG.
Equivalently, D is the Hopf algebra H(m, d), constructed as the Abelian extension

D ' kG#σ,τkZ2,

which is determined by the data (Z2, G, ◁, ▷, σ, τ ) given by

x ◁ t = x−1g−1, g ◁ t = g, (5.1)

τ(xigj, xkgl, t) = γ−jk, (5.2)

σ(xigj, t, t) = γ
−i2+i+2(m−1)j

2 . (5.3)

□

5.3 An example H(2, 2)

Letm = 2 = d, the Hopf algebraH(2, 2) = D/(y) is generated by x, g, u0, u1, subject
to the following relations

x4 = 1 = g2,

xg = gx,

xui = uix
−1,

ui = γ−ix2ui (γ = −1),
uig = γ−igui (γ = −1),
u2
0 =

1
2
(xg + x3g),

u2
1 = −

γ
2ξ
(xg − x3g) (γ = −1),

u0u1 = 0 = u1u0,

where ξ is a primitive 2m-th root of 1 and ζ = i is a primitive dm-th root of 1 (in this
example, we fix ξ = −i and ζ = i ).

Let t = gu0+u1, then the Hopf algebraH is generated by x, g, t satisfying the relations

x4 = 1 = g2,

tx = x−1t,

tg = (x2g)t.

The coproducts of the generators are given by

∆(x) = x⊗ x, ∆(g) = g ⊗ g,
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∆(u0) = u0 ⊗ u0 + u1 ⊗ gu1,

∆(u1) = u0 ⊗ u1 + u1 ⊗ gu0.

Since ∆ is an algebra homomorphism, we have

∆(t) = ∆(gu0) + ∆(u1) = ∆(g)∆(u0) + ∆(u1).

Step 1. We compute ∆(gu0):

∆(gu0) = (g ⊗ g)(u0 ⊗ u0 + u1 ⊗ gu1)

= gu0 ⊗ gu0 + gu1 ⊗ g2u1.

Since g2 = 1, this simplifies to

∆(gu0) = gu0 ⊗ gu0 + gu1 ⊗ u1.

Step 2. Adding ∆(u1), we obtain

∆(t) = gu0 ⊗ gu0 + gu1 ⊗ u1 + u0 ⊗ u1 + u1 ⊗ gu0. (EDt)

Using the relations u1 = −x2u1 and g2 = 1, one checks that the operator

1

2

(
(1 + g)⊗ 1 + (1− g)⊗ x2

)
acts on t ⊗ t by transforming the terms gu0 ⊗ u1 and u1 ⊗ u1 into gu1 ⊗ u1 and u0 ⊗ u1,
respectively.

Step 3. Observe that
t⊗ t = (gu0 + u1)⊗ (gu0 + u1)

= gu0 ⊗ gu0 + gu0 ⊗ u1 + u1 ⊗ gu0 + u1 ⊗ u1.

Using the relations
u1 = −x2u1, gu1 = −x2gu1,

which hold in the casem = d = 2, the expression in (EDt) can be rewritten as

∆(t) =
1

2

(
(1 + g)⊗ 1 + (1− g)⊗ x2

)
(t⊗ t).

Therefore, the coproduct of t is given by

∆(t) =
1

2
((1 + g)⊗ 1 + (1− g)⊗ x2)(t⊗ t),
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∆(x) = x⊗ x, ∆(g) = g ⊗ g,

We compute the action of t on the primitive idempotent ex. Sincem = d = 2. We have
md = 4 and ζ = i is a primitive 4-th root of unity. Since γ = ζd = ζ2 = −1. For 0 ≤ i ≤ 3

and 0 ≤ k ≤ 1, recall that

1xi =
1

4

3∑
j=0

ζ−ijxj, 1gk =
1

2

1∑
j=0

γ−kjgj.

The idempotent ex. Since ex = ex1g0 = 1x11
g
0, we compute

1x1 =
1

4

(
1 + ζ−1x+ ζ−2x2 + ζ−3x3

)
=

1

4

(
1− ix− x2 + ix3

)
,

where we use ζ−1 = −i, ζ−2 = −1, and ζ−3 = i. Moreover,

1g0 =
1

2
(1 + g).

Hence
ex =

1

8

(
1− ix− x2 + ix3

)
(1 + g).

The idempotent ex3g. Since ex3g = ex3g1 = 1x31
g
1, we have

1x3 =
1

4

(
1 + ζ−3x+ ζ−6x2 + ζ−9x3

)
=

1

4

(
1 + ix− x2 − ix3

)
,

using ζ−3 = i, ζ−6 = −1, and ζ−9 = −i. Furthermore,

1g1 =
1

2
(1− g).

Therefore,
ex3g =

1

8

(
1 + ix− x2 − ix3

)
(1− g).
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We obtain that

tex = t
1

8

(
1 + i−1x+ i−2x2 + i−3x3

)
(1 + x2g)

=
1

8

(
1 + i3x3 + i2x2 + ix

)
(1 + x2g)t

=
1

8

(
1 + i3x3 + i2x2 + ix+ xg2 − ixg − g + ix3g

)
t

=
1

8

(
1 + ix+ i2x2 + i3x3

)
(1− g)t

=
1

8

(
1 + ix− x2 − ix3

)
(1− g)t

= ex3gt,

where the fourth equality follows from a direct regrouping of terms using x4 = 1 and g2 = 1.
Thus, we can also obtain that x ◁ t = xmd−1g−1.
We are going to computer teg. Recall that x4 = 1, g2 = 1, γ = −1, and

x2u0 = u0, x2u1 = −u1.

The element t is given by t = gu0 + u1. The primitive idempotent corresponding to g ∈ G

is
eg = 1x01

g
1 =

1

8
(1 + x+ x2 + x3)(1− g).

We compute teg directly. First,

teg = (gu0 + u1)
1

8
(1 + x+ x2 + x3)(1− g)

=
1

8
(1 + x−1 + x−2 + x−3)(gu0 + u1)(1− g)

=
1

8
(1 + x+ x2 + x3)(gu0 + u1)(1− g),

where we used x4 = 1 in the last equality. Next,

(gu0 + u1)(1− g) = gu0 − u0 + u1 − u1g

= gu0 − u0 + u1 − x2gu1.

Using the relation x2u1 = −u1, we obtain

x2gu1 = gx2u1 = −gu1,

and hence
(gu0 + u1)(1− g) = gu0 − u0 + u1 + gu1.
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Adding this equation into the previous expression yields

teg =
1

8
(1 + x+ x2 + x3)(gu0 − u0 + u1 + gu1)

=
1

8
(1 + x+ x2 + x3)(1− g)(gu0 + u1)

= eg t.

This equality relies essentially on the relation x2u1 = −u1. Therefore, we have

g ◁ t = g.

Recall that
t = gu0 + u1.

We compute t2 directly:

t2 = (gu0 + u1)(gu0 + u1)

= g2u2
0 + gu0u1 + u1gu0 + u2

1.

Using the relations
g2 = 1, u0u1 = u1u0 = 0,

this reduces to
t2 = u2

0 + u2
1.

By the defining multiplication rules of the ui in the casem = d = 2, we have

u2
0 =

1

2
(xg + x3g), u2

1 = −
γ

2ξ
(xg − x3g).

Since γ = −1, it follows that
u2
1 =

1

2ξ
(xg − x3g).

Therefore,
t2 =

1

2
(xg + x3g) +

1

2ξ
(xg − x3g)

=
1

2

(
1 + ξ−1

)
xg +

1

2

(
1− ξ−1

)
x3g.

Equivalently, expressing t2 in the idempotent basis

{ expgq | 0 ≤ p ≤ 3, 0 ≤ q ≤ 1 },

we claim that

t2 =
3∑

p=0

1∑
q=0

γ
−p2−p−2q

2 expgq ,
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Recall that we are given parameters m = d = 2, so we assume ζ = i (a primitive 4th
root of unity) and ξ = −i, and γ = ζd = ζ2 = −1. We are going to compare the following
two equations:

t2 =
3∑

p=0

1∑
q=0

γ
−p2−p−2q

2 expgq ,

and
t2 =

1

2
(1 + ξ−1)xg +

1

2
(1− ξ−1)x3g,

where ξ = −i is a primitive 4-th root of unity and

exigj = 1xi 1
g
j =

(
1

4

3∑
k=0

ζ−ikxk

)(
1

2

1∑
l=0

γ−jlgl

)
.

Explicit computation of the right-hand side

First, expand expgq :

expgq =
1

8

3∑
a=0

1∑
b=0

ζ−paγ−qbxagb.

Thus, ∑
p,q

γ
−p2−p−2q

2 expgq =
1

8

3∑
p=0

1∑
q=0

γ
−p2−p−2q

2

3∑
a=0

1∑
b=0

ζ−paγ−qbxagb.

Interchange sums:

=
1

8

3∑
a=0

1∑
b=0

(
3∑

p=0

ζ−paγ
−p2−p

2

1∑
q=0

γ−q(b+1)

)
xagb,

since γ
−p2−p−2q

2 = γ
−p2−p

2 γ−q and γ−qbγ−q = γ−q(b+1). Now compute the inner sum over q.
Since γ = −1,

1∑
q=0

γ−q(b+1) =
1∑

q=0

(−1)−q(b+1) =

2 if (−1)b+1 = 1,

0 if (−1)b+1 = −1.

Thus, the sum is nonzero only when b+ 1 is even, i.e., b = 1. For b = 1, it equals 2. Hence,

∑
p,q

γ
−p2−p−2q

2 expgq =
1

8

3∑
a=0

(
3∑

p=0

ζ−paγ
−p2−p

2

)
· 2 · xag =

1

4

3∑
a=0

S(a)xag,

where S(a) =
∑3

p=0 ζ
−paγ

−p2−p
2 .
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Evaluation of S(a)

With ζ = i and γ = −1, we have γ −p2−p
2 = (−1)−p2−p

2 = (−1)−
p(p+1)

2 = (−1)
p(p+1)

2 .
Compute for p = 0, 1, 2, 3:

p = 0 :
0(0 + 1)

2
= 0⇒ (−1)0 = 1, ζ−0a = 1,

p = 1 :
1 · 2
2

= 1⇒ (−1)1 = −1, ζ−a = i−a,

p = 2 :
2 · 3
2

= 3⇒ (−1)3 = −1, ζ−2a = i−2a = (−1)−a = (−1)a,

p = 3 :
3 · 4
2

= 6⇒ (−1)6 = 1, ζ−3a = i−3a = i−ai−2a = i−a(−1)a.

Thus,
S(a) = 1− i−a − (−1)a + i−a(−1)a = (1− (−1)a)(1− i−a).

If a is even, (−1)a = 1 so S(a) = 0. If a is odd, (−1)a = −1, so 1− (−1)a = 2, and

S(a) = 2(1− i−a).

Compute for odd a:

a = 1 : i−1 = −i⇒ 1− i−1 = 1 + i, S(1) = 2(1 + i),

a = 3 : i−3 = i−1i−2 = (−i)(−1) = i⇒ 1− i−3 = 1− i, S(3) = 2(1− i).

Therefore,

1

4

3∑
a=0

S(a)xag =
1

4

(
2(1 + i)xg + 2(1− i)x3g

)
=

1

2
(1 + i)xg +

1

2
(1− i)x3g.

Comparison with t2

Since ξ = −i, we have:

t2 =
1

2
(1 + ξ−1)xg +

1

2
(1− ξ−1)x3g =

3∑
p=0

1∑
q=0

γ
−p2−p−2q

2 expgq .
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Finally, if we compare the above formulas for the product and coproduct in H(2, 2)

with the corresponding formulas for kG#σ,τkF which are giving as follows:

egeh = δg,heg, teg = eg◁tt, t
2 =

∑
g∈G

σ(g, t, t)eg,

∆(eg) =
∑

h,k∈G, hk=g

eh ⊗ ek, ∆(t) = [
∑
g,h∈G

τ(g, h, t)eg ⊗ eh](t⊗ t),

S(t) =
∑
g∈G

σ(g−1, t, t)−1τ(g, g−1, t)−1e(g◁t)−1t, S(eg) = eg−1 ,

ϵ(t) = 1, ϵ(eg) = δg,11, ∀g, h ∈ G.

(5.1)

and using a surjective map

π : H → kZ2 = k〈1, ω〉;
t 7→ ω, expgq 7→ ε(expgq) = δexpgq ,1 · 1,
(u1 7→ g, u0 7→ 0).

(5.2)

We deduce

x ◁ t = x−1g−1, g ◁ t = g, (5.3)

τ(xigj, xkgl, t) = (−1)−jk, (5.4)

σ(xigj, t, t) = (−1)
−i2−i−2j

2 = (−1)
(i+2j)(i+2j−1)

2 . (5.5)

If we replace g by x2y, then the Hopf algebra H is determined by (Z2, G, ◁, ▷, σ, τ ), where
▷ is a trivial action,

x ◁ t = x−1g−1 = x−1x2y = xy, y ◁ t = y,

σ(xiyj, t, t) = (−1)
i(i−1)

2 ,

τ(xiyj, xkyl, t) = (−1)jk.

Thus, the Hopf algebra H(2, 2) is the Hc:σ0 of Kashina [18]. We have studied the Hopf
algebra Hc:σ0 in the chapter 3.

5.4 More examples

Casem = 2 and d is even

Let m = 2, x2d = 1, ζ2d = 1, γ2 = 1, ζd = γ = ξ2, γ−1 = ζ−d. Since m = 2 and d is
even, we have (1 +m)d is even. Each Hopf algebra

H = D(2, d, ξ)/(y)
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is generated by x, g, u0, u1, subject to the following relations

x2d = 1 = g2, xg = gx; (5.1)

xui = uix
−1, ui = (−1)−ix2ui, uig = (−1)igui; (5.2)

u2
0 =

1

2
(x− 3d

2 (1 + xd)), u2
1 =

1

2i
(x− 3d

2 (1− xd)), u0u1 = 0 = u1u0. (5.3)

Let t = gu0 + u1, we have

u1 =
1

2
(t− x2t), u0 =

1

2
(tg + x2tg).

Then the Hopf algebra D(2, d, ξ)/(y) is also generated by x, g, t satisfying the relations

x2d = 1 = g2,

tx = x−1t, tg = (x−dg)t,

t2 = u2
0 + u2

1,

∆(t) = 1
2
((1 + g)⊗ 1 + (1− g)⊗ xd)(t⊗ t),

tex = (ex2d−1g)t, teg = egt.

(5.4)

If we compare the formulas for the product and coproduct inH(2, d) with some correspond-
ing formulas for kG#σ,τkF, we deduce

x ◁ t = x2d−1g−1, g ◁ t = g, (5.5)

τ(xigj, xkgl, t) = (−1)−jk, (5.6)

σ(xigj, t, t) = (−1)
(i+2j)(i+2j−1)

2 . (5.7)

These formulae complete the description of H as a a bicrossed product kG#σ,τkF.

Casem = 3 and d = 2

Let m = 3, d = 2 and γ3 = 1, ξ2 = γ = ζ2, Following the Example 5.1.0.4, we have
D = 〈x, g, u0, u1, u2〉 = 〈x, g, t〉 with

x6 = 1, g3 = 1 and t = g2u0 + gu1 + u2.

Sincem = 3, d = 2, ξ6 = 1, γ3 = 1, and generators x, g, u0, u1, u2. Using the multiplication
and commutation relations

u0g = gu0, γu1g = gu1, γ2u2g = gu2,
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and the non-zero products

u2
0 =

1

3
x−4φ0φ1g, u1u2 =

1

γ
x−4φ1φ2g, u2u1 = −

1

γ2
ξ−1x−4φ2φ0g,

where the index p is taken modulo 6, q modulo 3. The φi factors are

φ0 = 1− γ−1x2, φ1 = 1− γ−2x2, φ2 = 1− γ−3x2.

We compute
t2 = (g2u0 + gu1 + u2)

2

= (g2u0)
2 + (gu1)u2 + u2(gu1)

= gu2
0 +

1

γ2
u1u2g −

1

γ
ξ−1u2u1g

=
1

3
x−4φ0φ1g

2 +
1

γ2
x−4φ1φ2g

2 − 1

γ
ξ−1x−4φ2φ0g

2.

Let expgq = 1
6

∑5
j=0

∑2
l=0 ζ

−pjγ−qlxjgl with ζ6 = 1 and γ3 = 1. Then t2 can be
expressed as a linear combination of expgq :

t2 =
5∑

p=0

2∑
q=0

cp,q expgq ,

where the coefficients cp,q are obtained as (−1)
(p+2q)(p+2q−1)

2 .

The coproduct is given by

∆(t) = ∆(g2u0 + gu1 + u2) = ∆(g2)∆(u0) + ∆(g)∆(u1) + ∆(u2).

Using

∆(gk) = gk ⊗ gk, ∆(ui) =
2∑

j=0

uj ⊗ gjui−j,

we compute each term:

∆(g2u0) = (g2 ⊗ g2)(u0 ⊗ u0 + u1 ⊗ gu2 + u2 ⊗ g2u1)

= g2u0 ⊗ g2u0 + g2u1 ⊗ g3u2 + g2u2 ⊗ g4u1

= g2u0 ⊗ g2u0 + g2u1 ⊗ u2 + g2u2 ⊗ gu1.

Similarly,
∆(gu1) = gu0 ⊗ gu1 + gu1 ⊗ g2u0 + gu2 ⊗ g3u2

= gu0 ⊗ gu1 + gu1 ⊗ g2u0 + gu2 ⊗ u2,

∆(u2) = u0 ⊗ u2 + u1 ⊗ gu1 + u2 ⊗ g2u0.
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Adding all terms, we obtain

∆(t) = ∆(g2u0) + ∆(gu1) + ∆(u2) = (g2 ⊗ g2)(u0 ⊗ u0 + u1 ⊗ gu2 + u2 ⊗ g2u1+

(g ⊗ g)(u0 ⊗ u1 + u1 ⊗ gu0 + u2 ⊗ g2u2) + u0 ⊗ u2 + u1 ⊗ gu1 + u2 ⊗ g2u0

= t⊗ g2u0 + g2t⊗ gu1 + gt⊗ u2.

On the other hand, we have

t⊗ t = (g2u0 + gu1 + u2)⊗ (g2u0 + gu1 + u2)

= g2u0 ⊗ g2u0 + g2u0 ⊗ gu1 + g2u0 ⊗ u2 + gu1 ⊗ g2u0 + gu1 ⊗ gu1 + gu1 ⊗ u2+

u2 ⊗ g2u0 + u2 ⊗ gu1 + u2 ⊗ u2.

In practice, one can factor out t⊗ t and write

∆(t) =
[ ∑
g,h∈G

τ(g, h, t)eg ⊗ eh

]
(t⊗ t),

where τ(g, h, t) are determined by the multiplication relations of uiuj and the commutation
relations with g and x. There are six non-zero terms in the sum corresponding to the indices
satisfying i+ j ≡ 0 (mod 3). And in this example, we have

τ(xigj, xkgl, t) = (−1)−jk.

5.5 Conclusion

In this Chapter, we study the Hopf algebras H(m, d). First, we explain what these
Abelian extensions are. Then, we prove a conjecture by Gongxiang Liu (Conjecture 5.0.0.1).
This proof is important and we will use this result later in Chapter 7 to help us classify the
Yetter–Drinfeld modules over H(m, d). To make things clear, we also work through a full
example for the algebra H(2, 2). This show how to proof of the conjecture by Gongxiang
Liu.

In this chapter, we focus on presenting the computational process for H(2, 2) because
it plays an important role in Chapter 3 and in the proof of the conjecture, and we need to
clarify that it is the 16-dimensional Hopf algebra Hc:σ0 . Great care must be taken in choos-
ing the generators and parameters, which is also why we emphasize providing the detailed
computations. The computations forH(2, d) andH(3, 2) follow similarly, we have omitted
some of the details.
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Chapter 6 The detailed calculation of Hc:σ0

Let H be the Hopf algebra Hc:σ0 in this Chapter. We will present the detailed compu-
tation for the Yetter–Drinfel’d modules of H in Chapter 3.

Let V = ⊕u∈GVu be the k-vector space, where Vµ = {v ∈ V | ehv = δµ,hv} defined
in Chapter 3. Recall that by the relations tegvu = eg◁ttvu, we have t · vu ∈ Vu◁t. Let
ζgv = α(g)v, where α : kG → k is an algebra map since ζgζg′ = ζgg′ . By the relations
ζxiyjχxkyl = 0 and 1H∗ = ε = ζ1 + χ1, we have the decomposition of Vu for u ∈ G(H):

Vu = ζ1Vu ⊕ χ1Vu.

Let S = {1, y, x2, x2y} and T = {x, xy, x3, x3y}, we have G = T ∪ S.

Remark 6.0.0.1. Let Vu (u ∈ G) be the D(H)-modules. By egVu = δg,uVu, it is clear that
they are pairwise non-isomorphic.

Let α, α′, β : G→ k be characters of G such that

ζgVu = α(g)Vu, ζgVuy = α′(g)Vuy.

Let χsVu = β(s)Vu for s ∈ S. Assume ξ is a primitive 4-th root of 1.

6.1 The one-dimensional Yetter–Drinfel’d modules

D(H) has 32 non-isomorphic one-dimensional irreducible representations as the fol-
lowing.

left action ζ1V1 ζ1Vx2 ζ1Vx2y ζ1Vy

t λ = ±1 λ = ±i λ = ±i λ = ±1
ζx α(x) = ξ α(x) = ξ α(x) = ξ α(x) = ξ

ζy α(y) = 1 α(y) = 1 α(y) = −1 α(y) = −1
eg δg,1 δg,x2 δg,x2y δg,y

Then (ζ1Vu, ρs) ∈ H
HYD with its module structure, comodule structure and braiding given

by
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ζ1V1 ζ1Vx2 ζ1Vx2y ζ1Vy

c(v ⊗ v) = v ⊗ v c(v ⊗ v) = ξ2v ⊗ v c(v ⊗ v) = −ξ2v ⊗ v c(v ⊗ v) = −v ⊗ v

Firstly, we assume V = ζ1Vu and fix u ∈ S.
If h ∈ S, we have t · vu ∈ Vu. Assume that t · vµ = λvµ when we let dim(V) = 1.

According to λ2vµ = t2vµ =
∑

g σ(g, t, t)egvµ. we know λ2 = σ(u, t, t). Let ζgv = α(g)v,
where α : G→ k is a characters of G.

In this situation, By tζhvµ = ζh◁t(
∑

g τ (h ◁ t, g; t) τ( (h ◁ t)g, h−1 ◁ t; t)τ(h ◁ t, h−1 ◁

t; t)(eg#t))vµ, we get

tζhvµ = λτ (h, µ; t) τ( hµ, h; t)τ(h, h; t)ζhvµ. (6.1)

In particular,α(y) = τ (y, µ; t) τ( yµ, y; t)τ(y, y; t)α(y) and τ (y, µ; t) τ( yµ, y; t)τ(y, y; t) =
1 for u ∈ S.

If h ∈ T , we have λ2 = −1, h ◁ t = hy and tvµ ∈ Vµ◁t = Vu. By tζhvµ =

ζh◁t(
∑

g τ (h ◁ t, g; t) τ( (h ◁ t)g, h−1 ◁ t; t)τ(h ◁ t, h−1 ◁ t; t)(eg#t))vµ, we see that

tζhvµ = λτ (hy, µ; t) τ( hyµ, h−1y; t)τ(hy, h−1y; t)ζhyvµ. (6.2)

In particular, α(x) = τ (xy, µ; t) τ( xyµ, x3y; t)τ(xy, x3y; t)α(x)α(y) for u ∈ S. Thus, we
have the the following equation:

ζxv1 = ζxyv1, ζxvy = −ζxyvy, ζxvx2 = ζxyvx2 , ζxvx2y = −ζxyvx2y. (6.3)

By 6.3 it follows that α(y) = 1 when u = 1, x2; α(y) = −1, when u = y, x2y.
Since α : kG→ k is an algebra map it follow that α4 = 1. Let ξ be a 4-th root of unity,

then there are 32 one-dimension irreducible representations as above table in this case.
Secondly, If V = χ1Vu and dimV = 1. But in this situation, egχh = χhegh(h−1◁t), it

follows that χhvµ ∈ Vµ(h◁t)h−1 . In particular, when h ∈ T , χxvµ ∈ Vµy, this is a contradic-
tion to dimV = 1. When V = ζ1Vu and u ∈ T , t · v ∈ Vuy, it also contradicts to dimV = 1.

Since V is a one-dimensional, we must have that ρ(v) = Σhi
v⊗hi with hi ∈ H . Since

f · v = Σhi
< f, hi > v for all f ∈ H∗, it follows that ρ(v) = v ⊗ Σh∈Gα(h)eh and

ρs(v) = Σh∈Gα(h)S(eh) ⊗ v. By c(v ⊗ v) = Σh∈Gα(h)S(eh) · v ⊗ v, we can see that the
braiding of left-left Yetter-Drinfeld module ζ1Vu is c(v ⊗ w) = ±v ⊗ v.

6.2 The two-dimensional Yetter–Drinfel’d modules

Let u ∈ T , vu ∈ ζ1Vµ, then D(H) has 16 non-isomorphic two-dimension irreducible
representations:
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left action V =< vx, vxy > V =< vx, vxy > < vx3 , vx3y > < vx3 , vx3y >

t

(
0 1

1 0

) (
0 1

1 0

) (
0 −1
1 0

) (
0 −1
1 0

)
ζx α(x) = ξ = −α′(x) α(x) = ξ = α′(x) α(x3) = ξ = −α′(x3) α(x3) = ξ = α′(x3)

ζy α(y) = 1, α′(y) = −1 α(y) = −1, α(y) = 1 α(y) = 1, α′(y) = −1 α(y) = −1, α(y) = 1

eg

(
δg,x 0

0 δg,xy

) (
δg,x 0

0 δg,xy

) (
δg,x3 0

0 δg,x3y

) (
δg,x3 0

0 δg,x3y

)

Then (ζ1Vu, ρs) ∈ H
HYD with its module structure, comodule structure and braiding

given by
V =< vx, vxy > V =< vx, vxy > < vx3 , vx3y > < vx3 , vx3y >

c(v ⊗ v) = ξ3v ⊗ v c(v ⊗ v) = ξ3v ⊗ v c(v ⊗ v) = ξv ⊗ v c(v ⊗ v) = ξv ⊗ v

c(v ⊗ w) = ξ3w ⊗ v c(v ⊗ w) = −ξ3w ⊗ v c(v ⊗ w) = ξw ⊗ v c(v ⊗ w) = −ξw ⊗ v

c(w ⊗ v) = −ξ3v ⊗ w c(w ⊗ v) = ξ3v ⊗ w c(w ⊗ v) = −ξv ⊗ w c(w ⊗ v) = ξv ⊗ w

c(w ⊗ w) = ξ3w ⊗ w c(w ⊗ w) = ξ3w ⊗ w c(w ⊗ w) = ξw ⊗ w c(w ⊗ w) = ξw ⊗ w

Firstly, we see that χhV = 0. If h ∈ T , since teg = eg◁tt and egζh = ζheg, we have
w = tvu = vµy ∈ Vuy and ζhvu ∈ Vu. Let ζgv = α(g)v, ζgw = α′(g)w, where α, α′ : G→ k

are characters of G. Let v = vu, w = t · v and V =< v,w > as a linear space.
Since

tζhvµ = ζh◁t(
∑
g

τ (h ◁ t, g; t) τ(h ◁ t)g, h−1 ◁ t; t)τ(h ◁ t, h−1 ◁ t; t)(eg · t))vµ

then we see that

tζhvµ = τ(hy, µy; t)τ(hµ, h−1y; t)τ(hy, h−1y; t)ζhyw. (6.1)

Since hy ∈ T , we can let h = hy. Thus, we have:

ζh(w) = τ(h, µy; t)τ(hyµ, h−1; t)τ(h, h−1; t)tζhy · v. (6.2)

In particular, we have
α′(x) = τ(xyµ, x3; t)α(x)α(y). (6.3)

If h ∈ S, we have tvu = vµy ∈ Vuy, ζhvu ∈ Vu by teg = eg◁tt and egζh = ζheg. Since
tζhvµ = ζh◁t(

∑
g τ (h ◁ t, g; t) τ( (h ◁ t)g, h−1 ◁ t; t)τ(h ◁ t, h−1 ◁ t; t)(eg · t))vµ it follows

that tζhvµ = τ(h, µy; t)τ(hyµ, h−1; t)τ(h, h−1; t)ζhvµy. Thus, we have

α′(h) = τ(h, µy; t)τ(hyµ, h−1; t)τ(h, h−1; t)α(h).

In particular, we see that

α′(y) = τ(y, µy; t)α(y) = −α(y). (6.4)

By (6.3)(6.4) it follows that
α(y) = −α′(y) = ±1,
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α′(x) = −α(x)α(y), α′(x)α′(y) = α(x),

α′(x3) = −α(x3)α(y), α′(x3)α′(y) = α(x3)

Since t2vµ =
∑

g σ(g, t, t)egvµ it follows that t · w = σ(u, t, t)v. Then the action of D(H)

on V can be defined as following:

t · v = w, t · w = σ(u, t, t)v, ζhv = α(h)v, (6.5)

ζh · w = τ(h, µy; t)τ(hyµ, h−1; t)τ(h, h−1; t)α(hy)w. (∀h ∈ T ) (6.6)

ζh · w = τ(h, µy; t)τ(hyµ, h−1; t)τ(h, h−1; t)α(h)w (∀h ∈ S). (6.7)

Since α, α′ are the characters it follows that α4(x) = 1 = α′4(x), α2(y) = 1 = α′2(y). If <
v+λw > is aD(H)-submodule of V =< v,w >, we see that ζh(v+λw) = α(h)v+α′(h)w

and t(v+λw) = w+λσ(u, t, t)v are belonging to< v+λw >. Then we have λ
λα′(h)

= 1
α(h)

and λσ(u, t, t) = 1. This means α(h) = α′(h) for all h ∈ G. But α(y) = −α′(y) 6= 0 in
above representations, so there are 16 two-dimension irreducible representations as above
table. Firstly, we have the right comodule structure

ρ(v) = v ⊗ Σh∈Gα(h)eh, ρ(w) = w ⊗ Σh∈Gα
′(h)eh,

ρs(v) = Σh∈Gα(h)S(eh)⊗ v, ρ(w) = Σh∈Gα
′(h)S(eh)⊗ w.

We only only verify the braiding of left-left Yetter-Drinfeld module ζ1Vu, u = x3.

c(v ⊗ v) = Σh∈Gα(h)S(eh) · v ⊗ v = ξv ⊗ v,

c(v ⊗ w) = Σh∈Gα(h)S(eh) · w ⊗ v = ξw ⊗ v,

c(w ⊗ v) = Σh∈Gα
′(h)S(eh) · v ⊗ w = −ξv ⊗ w,

c(w ⊗ w) = Σh∈Gα
′(h)S(eh) · w ⊗ w = ξw ⊗ w.

Let µ ∈ S, vu ∈ ζ1Vµ, then D(H) has 8 non-isomorphic two-dimension irreducible
representations (i = 0, 1):

left action V =< v1, tv1 > V =< vy, tvy > V =< vx2 , tvx2 > V =< vx2y, tvx2y >

α′(x) = ξi = −α(x), α(y) = −1 α′(x) = ξi = −α(x), α(y) = 1 α′(x) = ξi = −α(x), α(y) = −1 α′(x) = ξi = −α(x), α(y) = 1

t

(
0 1

1 0

) (
0 1

1 0

) (
0 −1
1 0

) (
0 −1
1 0

)

ζx

(
α(x) 0

0 α′(x)

) (
α(x) 0

0 α′(x)

) (
α(x) 0

0 α′(x)

) (
α(x) 0

0 α′(x)

)

ζy

(
α(y) 0

0 α(y)

) (
α(y)

0 α(y)

) (
α(y) 0

0 α(y)

) (
α(y) 0

0 α(y)

)

eg

(
δg,1 0

0 δg,1

) (
δg,y 0

0 δg,y

) (
δg,x2 0

0 δg,x2

) (
δg,x2y 0

0 δg,x2y

)
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(ζ1Vu, ρs) ∈ H
HYD with its module structure, comodule structure and braiding given by

V =< v1, tv1 > V =< vy, tvy > V =< vx2 , tvx2 > V =< vx2y, tvx2y >

α′(x) = ξi = −α(x), α(y) = −1 α′(x) = ξi = −α(x), α(y) = 1 α′(x) = ξi = −α(x), α(y) = −1 α′(x) = ξi = −α(x), α(y) = 1

c(v ⊗ v) = v ⊗ v c(v ⊗ v) = v ⊗ v c(v ⊗ v) = ξ2v ⊗ v c(v ⊗ v) = ξ2v ⊗ v

c(v ⊗ w) = w ⊗ v c(v ⊗ w) = w ⊗ v c(v ⊗ w) = ξ2w ⊗ v c(v ⊗ w) = ξ2w ⊗ v

c(w ⊗ v) = v ⊗ w c(w ⊗ v) = v ⊗ w c(w ⊗ v) = ξ2v ⊗ w c(w ⊗ v) = ξ2v ⊗ w

c(w ⊗ w) = w ⊗ w c(w ⊗ w) = w ⊗ w c(w ⊗ w) = ξ2w ⊗ w c(w ⊗ w) = ξ2w ⊗ w

If dimV > 1, then t·vmust can not belong to< v >. That is t·v ∈ ζ1Vu but t·v /∈< v >.
Then we assume V =< v,w = t · v >. By ζgζh = ζgh, ζ1ζg = ζg, ζgζg−1 = ζ1, we can
see that {eg}g∈G is isomorphic to G as abelian groups. Thus, we can let ζgv = α(g) · v and
ζgw = α′(g) · w, α, α′ : G→ k are characters of G. Then we can see that

t · v = w, t · w = σ(u, t, t)v, ζhv = α(h) · v, ζhw = α′(h) · w; (6.8)

ζh · w = ζht · v = τ(h, u, t)τ(hu, h−1, t)τ(h, h−1, t)tζh◁tv; (6.9)

α′(h) = α(h ◁ t)τ(h, u, t)τ(hu, h−1, t)τ(h, h−1, t). (6.10)

By (6.10) it follows that α′(y) = α(y). and α′(x) = α(xy) when u = 1, x2 and α′(y) =

α(y), α′(x) = −α(xy) when u = y or u = x2y.
For u = 1 or y, it is easy to see that < v + w >, < v − w > are submodules of

< vu, tvu >, when α(x) = α′(x), α(y) = α′(y). For u = x2 or x2y, it is easy to see that
< v+ iw >,< v− iw > are submodules of< vu, tvu >, when α(x) = α′(x), α(y) = α′(y).

ρ(v) = v ⊗ Σh∈Gα(h)eh, ρ(w) = w ⊗ Σh∈Gα
′(h)eh.

ρs(v) = Σh∈Gα(h)S(eh)⊗ v, ρs(w) = Σh∈Gα
′(h)S(eh)⊗ w.

We only only verify the braiding of left-left Yetter-Drinfeld module ζ1Vu, u = x2y.

c(v ⊗ v) = Σh∈Gα(h)S(eh) · v ⊗ v = ξ2v ⊗ v,

c(v ⊗ w) = Σh∈Gα(h)S(eh) · w ⊗ v = ξ2w ⊗ v,

c(w ⊗ v) = Σh∈Gα
′(h)S(eh) · v ⊗ w = ξ2v ⊗ w,

c(w ⊗ w) = Σh∈Gα
′(h)S(eh) · w ⊗ w = ξ2w ⊗ w.

Remark 6.2.0.1.

S(e1#t) = e1#t, S(ey#t) = ey#t, S(ex2#t) = −ex2#t, S(ex2y#t) = −ex2y#t,

S(ex#t) = −ex3y#t, S(exy#t) = ex3#t, S(ex3#t) = (exy#t), S(ex3y#t) = −(ex#t)
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Let µ ∈ T , if vu ∈ χ1Vµ, thenD(H) has 16 non-isomorphic two-dimension irreducible
representations:

left action V =< vx, vxy > V =< vx, vxy > V =< vx, vxy > V =< vx, vxy >

t

(
0 −λ
λ = ±i 0

) (
0 λ

λ = ±1 0

) (
0 λ

λ = ±1 0

) (
0 −λ
λ = ±i 0

)

χx

(
0 β(x2) = 1

1 0

) (
0 β(x2) = −1
1 0

) (
0 β(x2) = 1

1 0

) (
0 β(x2) = −1
1 0

)

eg

(
δg,x 0

0 δg,xy

) (
δg,x 0

0 δg,xy

) (
δg,x 0

0 δg,xy

) (
δg,x 0

0 δg,xy

)

left action < vx3 , vx3y > < vx3 , vx3y > < vx3 , vx3y > < vx3 , vx3y >

t

(
0 −λ
λ = ±1 0

) (
0 λ

λ = ±i 0

) (
0 λ

λ = ±i 0

) (
0 −λ
λ = ±1 0

)

χx

(
0 β(x2) = 1

1 0

) (
0 β(x2) = −1
1 0

) (
0 β(x2) = 1

1 0

) (
0 β(x2) = −1
1 0

)

eg

(
δg,x3 0

0 δg,x3y

) (
δg,x3 0

0 δg,x3y

) (
δg,x3 0

0 δg,x3y

) (
δg,x3 0

0 δg,x3y

)

Then (χ1Vu, ρs) ∈ H
HYD with new type braiding given by

(Vx,±i,±i,±i,∓i, c), (v = vx, w = χxvx) (Vx,∓,±,±,±, c),(v = vx, w = χxvx) (Vx,±,±,±,∓, c),(v = vx, w = χxvx) (Vx,∓i,±i,±i,±i, c),(v = vx, w = χxvx)

c(v ⊗ v) = ±iw ⊗ w c(v ⊗ v) = ∓w ⊗ w c(v ⊗ v) = ±w ⊗ w c(v ⊗ v) = ∓iw ⊗ w

c(v ⊗ w) = ±iv ⊗ w c(v ⊗ w) = ±v ⊗ w c(v ⊗ w) = ±v ⊗ w c(v ⊗ w) = ±iv ⊗ w

c(w ⊗ v) = ±iw ⊗ v c(w ⊗ v) = ±w ⊗ v c(w ⊗ v) = ±w ⊗ v c(w ⊗ v) = ±iw ⊗ v

c(w ⊗ w) = ∓iv ⊗ v c(w ⊗ w) = ±v ⊗ v c(w ⊗ w) = ∓v ⊗ v c(w ⊗ w) = ±iv ⊗ v

(Vx3,∓,∓,∓,±, c), (v = vx3 , w = χxvx3) (Vx3,∓i,±i,±i,±i, c), (v = vx3 , w = χxvx3) (Vx3,∓i,∓i,∓i,±i, c), (v = vx3 , w = χxvx3) (Vx3,∓,±,±,±, c), (v = vx3 , w = χxvx3)

c(v ⊗ v) = ∓w ⊗ w c(v ⊗ v) = ∓iw ⊗ w c(v ⊗ v) = ∓iw ⊗ w c(v ⊗ v) = ∓w ⊗ w

c(v ⊗ w) = ∓v ⊗ w c(v ⊗ w) = ±iv ⊗ w c(v ⊗ w) = ∓iv ⊗ w c(v ⊗ w) = ±v ⊗ w

c(w ⊗ v) = ∓w ⊗ v c(w ⊗ v) = ±iw ⊗ v c(w ⊗ v) = ∓iw ⊗ v c(w ⊗ v) = ±w ⊗ v

c(w ⊗ w) = ±v ⊗ v c(w ⊗ w) = ±iv ⊗ v c(w ⊗ w) = ±iv ⊗ v c(w ⊗ w) = ±v ⊗ v

By egχh = χhegh(h−1◁t) it follows that χhvu ∈ Vuy, ∀h ∈ T and χhvu ∈ Vu, ∀h ∈ S,
Let v = vu, w = χxvu, V =< v,w >, Since t · vu ∈ Vuy, we can suppose t · v = λw. Let
β : G→ k be a character and χsv = β(s)v for s ∈ S. Since abelian group S is the subgroup
of G and T = Sx, we can see that

(β(x))4 = β(x4) = 1, (β(y))2 = β(y2) = 1,

χsx(v) = τ(x, s, t)β(s)w = β(s)w

χsx(w) = τ(s, x, t)β(s)β(x2)v

χsw = β(s)τ(s, x, t)w, χsv = β(s)v

t · w = t · χxv = λτ(xuy, x3y, t)β(y)β(x2)v

t2v = t · (t · v) = t · (λw) = λ2τ(xuy, x3y, t)β(y)β(x2)v = σ(u, t, t)v

λ2τ(xuy, x3y, t)β(y)β(x2) = σ(u, t, t)
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We see that
β(x) = ξ, β(x2) = β(y) = ±1, λ2 =

σ(u, t, t)

−β(y)β(x2)
= ±1, (6.11)

If < v + λw > is a D(H)-submodule of V =< v,w >, we see that

χy(v + λw) = β(y)v − λβ(y)w ∈< v + λw > . (6.12)

Then we have β(y) = 0, this is a contradiction to β2(y) = 1. Thus, there are 16 two-
dimension irreducible representations as above.

ρ(v) = v ⊗ Σs∈Sβ(s)(es#t) + w ⊗ Σs∈Sβ(s)(exs#t),

ρ(w) = w ⊗ Σs∈Sβ(s)τ(s, x, t)(es#t) + v ⊗ Σs∈Sβ(s)β(x
2)τ(s, x, t)S(exs#t).

ρs(v) = Σs∈Sβ(s)S(es#t)⊗ v + Σs∈Sβ(s)S(exs#t)⊗ w,

ρs(w) = Σs∈Sβ(s)τ(s, x, t)S(es#t)⊗ w + Σs∈Sβ(s)β(x
2)τ(s, x, t)S(exs#t)⊗ v.

S−1( eg#t) = σ( g−1; t, t)τ( g−1, g; t)e(g◁t)−1#t

c(v⊗v) = Σs∈Sβ(s)S(es#t) ·v⊗v+Σs∈Sβ(s)S(exs#t) ·v⊗w = Σs∈Sβ(s)S(exs#t) ·v⊗w,

c(v⊗w) = Σs∈Sβ(s)S(es#t)·w⊗v+Σs∈Sβ(s)S(exs#t)·w⊗w = Σs∈Sβ(s)S(exs#t)·w⊗w,

c(w⊗ v) = Σs∈Sβ(s)τ(s, x, t)S(es#t) · v⊗w+Σs∈Sβ(s)β(x
2)τ(s, x, t)S(exs#t) · v⊗ v =

Σs∈Sβ(s)β(x
2)τ(s, x, t)S(exs#t) · v ⊗ v,

c(w⊗w) = Σs∈Sβ(s)τ(s, x, t)S(es#t) ·w⊗w+Σs∈Sβ(s)β(x
2)τ(s, x, t)S(exs#t) ·w⊗v =

Σs∈Sβ(s)β(x
2)τ(s, x, t)S(exs#t) · w ⊗ v

Let u = x, we get the following braiding:

c(v ⊗ v) = (−ex3yt+ β(y)ex3t+ β(x2)exyt− β(x2y)ext) · v ⊗ w = λβ(x2)w ⊗ w,

c(v ⊗ w) = (−ex3yt+ β(y)ex3t+ β(x2)exyt− β(x2y)ext) · w ⊗ w = λv ⊗ w,

c(w ⊗ v) = (−β(x2)ex3yt− β(x2y)ex3t+ exyt+ β(y)ext) · v ⊗ v = λw ⊗ v,

c(w ⊗ w) = (−β(x2)ex3yt− β(x2y)ex3t+ exyt+ β(y)ext) · w ⊗ v = −λβ(x2)v ⊗ v.

Let u = x3, we get the following braiding:

c(v ⊗ v) = (−ex3yt+ β(y)ex3t+ β(x2)exyt− β(x2y)ext) · v ⊗ w = −λw ⊗ w,
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c(v ⊗ w) = (−ex3yt+ β(y)ex3t+ β(x2)exyt− β(x2y)ext) · w ⊗ w = −λβ(x2)v ⊗ w,

c(w ⊗ v) = (−β(x2)ex3yt− β(x2y)ex3t+ exyt+ β(y)ext) · v ⊗ v = −λβ(x2)w ⊗ v,

c(w ⊗ w) = (−β(x2)ex3yt− β(x2y)ex3t+ exyt+ β(y)ext) · w ⊗ v = λv ⊗ v.

Let µ ∈ S and vu ∈ χ1Vµ, then D(H) has 16 non-isomorphic two-dimension irre-
ducible representations:

left action V =< v1, χxv1 > V =< vx2 , χxvx2 >

λ = ±1; β(y) = ±1; β(x2) = ±1 λ = ±i; β(y) = ±1; β(x2) = ±1

t

(
λ 0

0 λβ(y)

) (
λ 0

0 λβ(y)

)

χx

(
0 β(x2)

1 0

) (
0 β(x2)

1 0

)

χy

(
β(y)

0 −β(y)

) (
β(y)

0 −β(y)

)

eg

(
δg,1 0

0 δg,y

) (
δg,x2 0

0 δg,x2y

)

Then (χ1Vu, ρs) ∈ H
HYD with braiding given by

V =< v1, χxv1 > V =< vx2 , χxvx2 >

λ = ±1; β(y) = ±1; β(x2) = ±1 λ = ±i; β(y) = ±1; β(x2) = ±1
c(v ⊗ v) = ±v ⊗ v c(v ⊗ v) = ±iv ⊗ v

c(v ⊗ w) = ±w ⊗ v c(v ⊗ w) = ±iw ⊗ v

c(w ⊗ v) = ±v ⊗ w c(w ⊗ v) = ±iv ⊗ w

c(w ⊗ w) = ∓w ⊗ w c(w ⊗ w) = ∓iw ⊗ w

Firstly, we have t ·vu ∈ Vu. By egχh = χhegh(h−1◁t) it follows that χhvu ∈ Vuy, ∀h ∈ T

and χhvu ∈ Vu, ∀h ∈ S. Let v = vu, w = χxvu, V =< v,w > and suppose t · v = λv.
Let β : G → k be a character and χsv = β(s)v for s ∈ S. Since S and and T = Sx are
subgroups of G, we can see that:

(β(x))4 = β(x4) = 1, (β(y))2 = β(y2) = 1,

χsv = β(s)v, χsw = β(s)τ(s, x, t)w;

χsx(v) = β(s)τ(s, x, t)w, χsx(w) = τ(s, x, t)β(s)β(x2)v;

t · v = λv, t2v = λ2v = σ(u, t, t)v

t · w = t · χxv = −λτ(xu, x3y, t)β(y)w = λβ(y)w

The representations as above are two-dimension irreducible representations by the same ar-
guments as (6.12).
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It follows that

ρ(v) = v ⊗ Σs∈Sβ(s)(es#t) + w ⊗ Σs∈Sβ(s)τ(s, x, t)(exs#t),

ρ(w) = w ⊗ Σs∈Sβ(s)τ(s, x, t)(es#t) + v ⊗ Σs∈Sβ(s)β(x
2)τ(s, x, t)(exs#t).

ρs(v) = Σs∈Sβ(s)S(es#t)⊗ v + Σs∈Sβ(s)τ(s, x, t)S(exs#t)⊗ w,

ρs(w) = Σs∈Sβ(s)τ(s, x, t)S(es#t)⊗ w + Σs∈Sβ(s)β(x
2)τ(s, x, t)S(exs#t)⊗ v.

We obtain that
c(v ⊗ v) = Σs∈Sβ(s)S(es#t) · v ⊗ v = λv ⊗ v,

c(v ⊗ w) = Σs∈Sβ(s)S(es#t) · w ⊗ v = λw ⊗ v,

c(w ⊗ v) = Σs∈Sβ(s)τ(s, x, t)S(es#t) · v ⊗ w = λv ⊗ w,

c(w ⊗ w) = Σs∈Sβ(s)τ(s, x, t)S(es#t) · w ⊗ w == −λw ⊗ w.

6.3 Conclusion

In this Chapter, we have presented the detailed calculations of the simpleYetter–Drinfel’d
modules. We have classified the one-dimensional and two-dimensional Yetter–Drinfel’d
modules and provided explicit descriptions.

To summarize, our main contributions in this Chapter are:

• A complete list of one-dimensional Yetter–Drinfel’d modules.

• A complete list of two-dimensional Yetter–Drinfel’d modules.

• The explicit formulas for the action and coaction in each case.

These calculations serve as a foundation for the main results of the Chapter 3, in par-
ticular, for the study of Nichols algebras. We hope that this detailed calculation ofHc:σ0 will
be useful for reading this thesis.
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Chapter 7 Future work

The structure and properties of the Hopf algebrasH(m, d) have been established in the
preceding chapters. This chapter outlines our planned approach for classifying the Yetter-
Drinfel’dmodules ofH(m, d) viaAbelian extensions, whichmotivates the Conjecture 5.0.0.1
proved in Chapter 5. We will state the main results without presenting detailed proofs.

This classification of the Yetter-Drinfel’d modules of H(m, d) is carried out as fol-
lows. In section 7.1, we discuss the Drinfel’d double of H(m, d). Based on this, in section
7.2, we introduce the classification of the simple Yetter-Drinfel’d modules overH(m, d). Fi-
nally, some Nichols algebras associated with these simple modules are studied in section 7.3.
However, the finite-dimensional Nichols algebras of these Yetter-Drinfel’d modules V have
many new cases, and we have considered many interesting results, but the complete classi-
fication of finite-dimensional Nichols algebras are still under investigation, we will obtain
the complete classification in the future.

7.1 The Drinfel’d double of H(m, d)

Let G be the finite abelian group

Zmd × Zm

generated by elements x and y with relations

xmd = 1, gm = 1, xg = gx.

Let g, h ∈ G, recall that we define the following elements inH∗ = H(m, d)∗ in section 3.1,

ζg :

{
eh 7→ δg,h

eh#t 7→ 0,
χh :

{
eg 7→ 0

eg#t 7→ δg,h.
(7.1)

74



Firstly, we take a look at the Hopf algebra structure of H∗ with the base ζxiyj , χxkyl , (0 ≤
i, k ≤ md− 1, 0 ≤ j, l ≤ m− 1). Deducing from the coalgebra structure of H , we obtain

ζxiyjζxkyl = ζxi+kyj+l ,

χxiyjχxkyl = γ−jk+(m−2)lχxi+jyj+l ,

ζxiyjζxkyl = 0 = ζxkylζxiyj .

1H∗ = ε = ζ1 + χ1.

(7.2)

Then exiyj , t (0 ≤ i ≤ md−1, 0 ≤ j ≤ m) are the generators ofH(m, d) and ζxiyj , χxiyj (0 ≤
i ≤ md− 1, 0 ≤ j ≤ m) are the generators of H∗. The Drinfel’d double D(H) = H∗cop ▷◁

H is generated by ζxiyj ▷◁ 1H , χxiyj ▷◁ 1H , 1H∗cop ▷◁ exiyj , 1H∗cop ▷◁ t, and abbreviate them
by ζxiyj , χxiyi , exiyj , t. Then ζxiyjexkyl means (ζxiyj ▷◁ 1H)(1H∗cop ▷◁ exkyl). It is clear that
1D(H) = 1(H)∗cop ▷◁ 1H .

Let H = H(m, d), then we can generalize Theorem 3.1.0.1 to the setting of H.

Theorem 7.1.0.1. D(H) is generated by exiyj , t, ζxiyj , χxiyj (0 ≤ i ≤ md− 1, 0 ≤ j ≤ m)

with relations:
ζxiyjζxkyl = ζxi+kyj+l ,

χxiyjχxkyl = γ−jk+(m−2)lχxi+kyj+l ,

ζxiyjχxkyl = 0 = χxkylζxiyj ,

(7.3)

1 =
∑

γ∈G eγ, eγeγ′ = δγ,γ′eγ (γ, γ
′ ∈ G) ,

teg = eg◁tt, t2 =
∑

g σ(g; t, t)eg,
(7.4)

egχh = χhegh(h−1◁t), egζh = ζheg, (7.5)

tζh = ζh◁t(
∑

g τ (h ◁ t, g; t) τ( (h ◁ t)g, h−1 ◁ t; t)τ(h ◁ t, h−1 ◁ t; t)(eg#t)),
tχh = χh◁t(

∑
g τ (h, g; t) τ(hg, h

−1 ◁ t; t)τ(h ◁ t, h−1 ◁ t; t)(eg#t)).
(7.6)

Proof： The proof is same as Theorem 3.1.0.1. □

7.2 The simple Yetter–Drinfel’d modules V over H(m, d)

Let G be the finite abelian group

Zmd × Zm

generated by elements x and g with relations

xmd = 1, gm = 1, xg = gx.
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Based on the Conjucture 5.0.0.1 and its proof, we obtained that

H(m, d) = kG#σ,τkZ2.

We denote byD(H) its Drinfel’d doubleD(H(m, d)). Let S be a subset of G that is closed
under the action ◁ t, and let T = G \ S. Then G = T ∪ S.

In this section, we denote x ⊗ y ⊗ z by x · y · z. Let (V, c) be a braided vector space.
Assume {vi| 1 ≤ i ≤ n} is a basis of V . Recall that in Chapter 5,

▷ is a trivial action,

g ◁ t = g,

x ◁ t = x−1g−1,

τ(xigj, xkgl, t) = γ−jk,

σ(xigj, t, t) = γ
−i2+i+2(m−1)j

2 .

We will abbreviate σ(xigj) for σ(xigj, t, t) (resp. τ(xigj, xkgl)). We define a map η :

G×G→ k by requiring that η(s1, s2) = 1 for all s1, s2 ∈ S. Assume s ∈ S and λ ∈ k, let

α : G→ k

be an algebramap defined by ζg ·1 = α(g)1. We are now ready to generalize Theorem 3.2.1.3
to the setting of H(m, d).

Theorem 7.2.0.1. All non-isomorphic simple modules over D(H) are giving as following,

(1) One-dimensional case: Assume s ∈ S and λ ∈ k such that λ2 = 1. we obtain one-
dimensional simple modules Vs,λ,α = k over D(H), where the actions of D(H) on
Vs,λ,α is given by

eg · 1 = δg,s1, x · 1 = λ1, ζg · 1 = α(g)1, χg · 1 = 0,

for g ∈ G.

(2) Two-dimensional case: Assume s ∈ S, t ∈ T and assume α : G → k and β :

〈χs〉s∈S → k are algebra maps, where 〈χS〉s∈S is viewed as an algebra, then the two-
dimensional simple modules Vs,α, Vs,β, Vt,α Vt,β over D(H) are obtained as follows:

(a) Vs,α = k2 =< v1, v2 > and actions of D(H) on Vs,α is given by

eg · vi = δg,s, i ∈ {1, 2}, x · v1 = v2, x · v2 = σ(s)v1,

ζg · v1 = α(g)v1, ζg · v2 = η(g, s)α(g ◁ t)v2, χg · vi = 0, i ∈ {1, 2} for g ∈ G
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(b) Vs,β = k2 =< v1, v2 > and actions of D(H) on Vs,β is given by

eg · v1 = δg,s, eg · v2 = δg,sb, x · v1 = λv1, x · v2 = µv2, ζg · vi = 0, i ∈ {1, 2},

χs1 ·v1 = β(s1)v
1, χs1 ·v2 = η(s1, a)β(s1)v

2, χa·v1 = v2, χa·v2 = τ(a, a)β(a2)v1

where a ∈ S, b ∈ T and λ, µ ∈ k such that λ2 = σ(s), µ
λ
= λ(a, s)τ(a, b)−1β(b).

(c) Vt,α = k2 =< v1, v2 > and actions of D(H) on Vt,α is given by

eg · v1 = δg,t, eg · v2 = δg,tb (b ∈ T ), x · v1 = λv2, x · v2 = σ(t)v1,

ζg · v1 = α(g)v1, ζg · v2 = η(g, t)α(g ◁ t)v2, χg · vi = 0, i ∈ {1, 2}, g ∈ G,

(d) Vt,β = k2 =< v1, v2 > and actions of D(H) on Vt,β is given by

eg · v1 = δg,t, eg · v2 = δg,tb, x · v1 = λv2, x · v2 = σ(t)v1,

ζg.v
i = 0, i ∈ {1, 2},

χs · v1 = β(s)v1, χs · v2 = η(x ◁ t, s)β(s)v2, χa · v1 = λv2, χa · v2 = µv1

where a ∈ S, b ∈ T and λ, µ ∈ k such that

λ

µ
= η(t ◁ x, b)β(b)λ(a, t ◁ x)τ(a, b)−1, λµ = τ(a, a)β(a2).

Proof： The proof is similar to that of Theorem 3.2.1.3, so we omit the details here. □
We denote x⊗ y⊗ z by x · y · z. Let (V, c) be a braided vector space. Assume {vi| 1 ≤

i ≤ n} is a basis of V . Let λ, s, p, q ∈ k. We define two dimensional braided vector space
(V, c) as follows:

c(v1 ⊗ v1) = λv2 ⊗ v2, c(v1 ⊗ v2) = pv1 ⊗ v2,

c(v2 ⊗ v1) = qv2 ⊗ v1, c(v2 ⊗ v2) = sv1 ⊗ v1.

Then the braided vector space (V, c) is called of (λ, s, p, q)-type. If p = q, for simplicity, we
denote the above braided vector space as V (λ, s, p) and let v := v1, w := v2.

Remark 7.2.0.2. By Theorem 7.2.0.1, we know that all braided vector spaces arising from
simple Yetter-Drinfeld modules over kG#σ,τkZ2 are of the form described above.
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7.3 Some Nichols algebras over H(m, d)

In this section, we are going to determine some finite dimensional Nichols algebra of
simple Yetter-Drinfeld modules over kG#σ,τkZ2. However, the finite-dimensional Nichols
algebras of these Yetter-Drinfel’d modules V have many new cases, and we have consid-
ered many interesting results, but the complete classification of finite-dimensional Nichols
algebras are still under investigation, we will obtain the complete classification in the future.

Recall that we denote x⊗ y⊗ z by x · y · z and denote (λ, s, p, q) by the braided vector
space of (λ, s, p, q)-type. If p = q, for simplicity, we denote the above braided vector space
as V (λ, s, p) and let v := v1, w := v2.

Theorem 7.3.0.1. If q = 1 or q is not root of unity, then B((V, λ, s, p)) =∞.

Proof： Let n ∈ N. Consider the vector an := u1...un, where u2i−1 = v and u2i = w for
1 ≤ i ≤ [n

2
]. Then Ωn(an) = µnan for some µn 6= 0 ∈ k. Thus we have completed the

proof. □

Theorem 7.3.0.2. Let (V, c) be a braided vector space of (λ, s, p, q)-type. Then the Nichols
algebra

a) B((V, λ, s,−1)) <∞ if and only if λs is root of unity.

b) If λs is primitive n-th root of unity, then B((V, λ, s,−1)) ∼= k〈v, w | vw = wv =

0, v2n+1 = w2n+1 = 0, v2n + w2n = 0〉 and dimB((V, λ, s,−1)) = 4n.

Proof： Let c0 = 1, ci = 1− (λs)i, (i ≥ 1). We have:

Ω2(v · v) = (id+ c)(v · v) = (v · v + λw · w),
Ω2(w · w) = (id+ c)(w · w) = (w · w + sv · v),

Ω2(v · w) = 0, Ω2(w · v) = 0,

Ω3(v · v · v) = (1− λs)v · v · v, Ω3(w · w · w) = (1− λs)w · w · w,
Ω4(v · v · v · v) = v · v · v · v − λ2w · w · w · w),

Furthermore, it follows from

v2n · w = (−λ)nw2n+1,

v2n · v = v2n+1,

v2n+1 · v = v2n+2 + (−1)nλn+1w2n+2,
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v2n+1 · w = 0,

w2n · v = (−s)nv2n+1,

w2n · w = w2n+1,

w2n+1 · w = w2n+2 + (−1)nsn+1v2n+2,

w2n+1 · v = 0.

and by induction on n, we have:

Ω2n(v
2n) = c0c1 . . . cn−1[v

2n + (−1)n−1λnw2n],

Ω2n(w
2n) = c0c1 . . . cn−1[w

2n + (−1)n−1snv2n],

Ω2n+1(v
2n+1) = c0c1, . . . , cnv

2n+1,

Ω2n+1(w
2n+1) = c0c1, . . . , cnw

2n+1,

We can see Ω2n+1(v
2n+1) = 0 if and only if cn = 0 (i.e.(λs)n = 0), and we can also get

Ω2n(v
2n + w2n) = 0 from (λs)n = 0. This finish the claim (a) and (b). □

Lemma 7.3.0.3. Let n ∈ N. Assume A = 〈x, y| x2 = αy2〉 as algebra. If a = a1...a2n+1

where ai ∈ {x, y} for 1 ≤ i ≤ 2n+1, then a = βxyx...an+2...a2n+1 or a = βyxy...an+2...a2n+1

for some β ∈ k.

Proof：We prove inductively for n. It is obvious for n = 1. Assume n = k holds. If a =

a1...a2k+3, then we can assume a1...a2k+1 = xyx...ak+2...a2k+1 or a = βyxy...ak+2...a2k+1

by our induction assumption. Since the reason of symmetry, we can assume a1...a2k+1 =

βxyx...ak+2...a2k+1. If ak+1 = x, sincex2 = αy2, we only need to show the case ak+2...a2k+3 =

xyx...a2k+3, where ai and ai+1 are different symbol in {x, y}. Using x2 = αy2 again, we get
a = βxyx...ak+3...a2k+3. Similarly, one can prove that a = βyxy...ak+3...a2k+3 if ak+1 = x.
□

As an application of above lemma, we have

Theorem 7.3.0.4. If q is n-th primitive root of 1 and λs = 1, then B((V, λ, s, p)) <∞.

Proof： Directly, we have Ω2(w
2 − sv2) = 0. Thus B((V, λ, s, p)) is a quotient algebra of

A = 〈x, y| x2 = sy2〉. Next, we claim that B((V, λ, s, p))⊗(2n−1) = 0. Let u = u1...un and
t = t1...tn, where u1 = v (resp. t1 = w) and ui, ui+1 (resp. ti, ti+1) are different symbol in
{v, w}. Then we have Ωn(u) = Ωn(t) = 0. Thus u = t = 0. Let a = a1...a2n−1, where
ai ∈ {v, w}. Since Lemma 7.3.0.3, we have a = β1uan+1...a2n−1 or a = β2tan+1...a2n−1

for some β1, β2 ∈ k. Thus a = 0. This implies B((V, λ, s, p))⊗(2n−1) = 0. □
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