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B G 21 ke (i 8RB 5 X Hopf A%k H (m, d) 9 K Fl ke Zy HIBTDURY 3, Horp

(1425) (i+25—
2
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i2—i—2j

oM TR o(ziy 6 t) = (1) 2 =(=1)
W H (m, d) 751 Hopf fR%L.
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THESIS: On the semisimple Hopf algebras D(m, d,~)/(y)
SPECIALIZATION: Fundamental Mathematics
POSTGRADUATE: Miantao Liu

MENTOR: Professor Gongxiang Liu

Let m, d be two natural numbers satisfying that (1+m)d is even. Let G be a finite group
Zma X Zr, with generators x, y and generating relations ¢ = 1 = y™, xy = yx. We denote
by kG the group algebra with the usual Hopf algebra structure. We denote by k¢ its dual
Hopf algebra, the algebra of functions from G to k. Let Hopf algebra H(m, d) be the class

—i2—i—2j (i+24) (i+25—1)
2

of Abelian extensions of kZ, by k¢ with o(z'y’,t,t) = (=1)" 2~ = (=1)
and 7(2'¢g’, 2*¢',t) = (—1)77*. Then each H(m, d) is a semisimple Hopf algebra.

Meanwhile, Hopfalgebras D(m, d, ) were introduced by Wu—Liu—Ding in [Adv. Math.
296 (2016), 1-54], they gave a complete classification of prime regular Hopf algebras of
GK-dimension one and constructed these Hopf algebras. The quotient Hopf algebras of
D(m,d,~)/(y) are semisimple Hopf algebras. The classification of Hopf algebras have
attracted a lot of attention and we still know very little about semisimple Hopf algebras,
we would like to study the representations of semisimple Hopf algebras in this thesis. We
proved that the semisimple Hopf algebras D(m, d,~y)/(y) are exactly the Abelian extensions
H(m,d) and H (2, 2) is exactly the Hopf algebra H..,, of Kashina in [J. Algebra, 232(2000),
pp-617 — 663] . We start with investigating all simple Yetter—Drinfel’d modules V' over
H(2,2). We proved that there are 88 non-isomorphic simple left D(H (2, 2))-modules, and
32 of them are one-dimensional and the other 56 ones are two-dimensional. Then we classify
all finite-dimensional Nichols algebras of simple Yetter—Drinfel’d modules V' over H (2, 2).
We find the Nichols algebras of non-diagonal type which were studied by Andruskiewitsch
and Geraldi [8] .The finite dimensional Nichols algebras of diagonal type are either A;, A,
or quantum planes, and non-diagonal type ones are 8 or 16 dimensional.

Keywords: Abelian extension, Yetter—Drinfel’d modules, Hopf algebras, Nichols algebras.
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Chapter 1 Introduction

1.1 Backgrounds

Nichols algebras appear naturally in the classifications of pointed Hopf algebras [11]
and have many applications in other fields such as conformal field theory [26], and Lie
algebras [4]. Among them, Nichols algebras of diagonal type have attracted a lot of attention
and are now well understood [5, 3, 7, 6, 14, 17, 16, 15, 21]. Furthermore, authors are also
interested in finite-dimensional Nichols algebras of other types [21, 28, 32]. Meanwhile,
the Drinfel’d double of a Hopf algebra was introduced by Drinfel’d in order to study the
quasitriangular Hopf algebra. The representation theory of the Drinfel’d double of a Hopf
algebra has been studied for many years. The relation between the category of the left-right
Yetter—Drinfel’d modules over H and the category of left modules over the Drinfel’d double
D(H) has been considered in the paper [20]. If H is a finite-dimensional Hopf algebra, then

these two categories are equivalent.

The Hopf algebras D(m, d, ) was introduced by Wu—Liu—Ding [30], they gave a com-
plete classification prime regular Hopf algebras of GK-dimension one and they constructed
these Hopf algebras. Each quotient Hopf algebra D(m, d,~y)/(y) is a semisimple Hopf al-
gebra. The classification of Hopf algebras have attracted a lot of attention and we still know
very little about semisimple Hopf algebras, we would like to study the representations V'
of these semisimple Hopf algebras. The finite-dimensional Nichols algebras of the Yetter—
Drinfel’d modules V' have many new cases, and one can obtain many interesting results, but
the complete classification of finite-dimensional Nichols algebras are still under investiga-
tion and this will be my ongoing project in the future. And we also would like to consider
the following questions:



(1) Our goal is to determine which of our low-dimensional semisimple Hopf algebras

coincide with the known examples in the literature.

(2) Is it possible to classify all finite-dimensional Nichols algebras in this special case?

On the other hand, we have another class of semisimple Hopf algebras. Let m, d be two
natural numbers satisfying that (1 + m)d is even. Let G be the finite groups Z,,,q X Z,, with

generators x, y and generating relations
md __ 1 mo_ 1 _
=L vy =1 rTy=yr

We denote by kG the group algebra with the usual Hopf algebra structure. We denote by k¢
its dual Hopf algebra, the algebra of functions from G to k. Let Hopf algebra H(m, d) be
the class of Abelian extensions of kZ, by k¢ in the sense of Masuoka [23] with

o'y tt) = (~)7F Y = ()
and
T(2'g?, kgl t) = (—=1)7",

Then each H(m, d) is the semisimple Hopf algebra. We have the following conjecture.

Conjecture 1.1.0.1 (Gongxiang Liu). Each semisimple Hopf algebra D(m,d,~)/(y) is ex-
actly an Abelian extension H(m,d).

For question (1), we found an interesting result that when we take m = 2 = d, then
D(2,2,v)/(y) is the 16-dimensional semisimple Hopf algebra H..,, of Kashina [18] (see
Table 1.1).

For question (2), the semisimple Hopfalgebras in [ 18] with group-like elements G(H ) =
Z4 X 7 are the following 7 non-trivial ones described by the data (F', G, <, o, 7). The classi-
fications of finite-dimensional Nichols algebras over Hopf algebra of Kashina have attracted
a lot of attention and among of them, Hy., Hy.—1 1 and H;, were studied by Zheng-Gao-Hu-
Shi in [32, 33, 34]. However, there are no studies on H..,,. We start with investigating all
simple Yetter—Drinfel’d modules V over H = H(2,2)(= H..,,)-



Hyi |x<t =, y<t = 2%y;
o(aiy/ t-t) =1, 7(z'y, abyt 1) = (—1)7*.

Hy,y |zt =z, yat = 22y;
O_(xiyj>t ’ t) = (_1>j7 T(xiij%'kylat) = (_1)jk'

Hy.,, r<at = a3, y<t=1y;
O-(xiyj7t ' t) = (_l)jv T(xiyj7xkylat) = (_1)jk

Hyp2p |2 <t = 23, y<at =y;
O-(xiyj7t ' t) = (_]‘>i+ja T(xiyjaxkyl7t) = (_1)]k

Hy, |zt =23 y<at=uy;
o(x'yl,t-t) =1, T(2'y, byl t) = (—1)7F.

Heo, |zt =2y, y<t =y,
i(i—1)

O'(.I'iyj,t,t) = (_1) 2, T(xiijxkylut) = (_1)jk

Hep |2t =2y, y<t =y;

o(zhyl b t) = (=1) ik, 2 = —1
T(zty?, kyl 1) = (—1)*.

The semisimple Hopf algebras in [18] with group-like elements G(H ) = Z4 X 7o

?

1.2 Organization and main results

The thesis is organized as follows.

In Chapter 2, we review some definitions, notations and results related to Yetter—Drinfel’d
modules, Drinfel’d double, Nichols algebra and the Hopf algebra H.

The classification of Hopf algebras have attracted a lot of attention and we still know
very little about semisimple Hopf algebras, we would like to study the representations of
a class of semisimple Hopf algebras in this Chapter 3. We prove that there are 88 non-
isomorphic simple left D(H..,, )-modules, with 32 of them one-dimensional and the remain-
ing 56 two-dimensional. We then classify all finite-dimensional Nichols algebras of simple
Yetter—Drinfel’d modules V' over H..,,. Among these, we identify Nichols algebras of non-
diagonal type studied by Andruskiewitsch and Geraldi [8], which are of dimension 8, 16, or
infinite (see Lemma 3.3.0.4).



In Chapter 4, we study the semisimple Hopf algebras D(m, d,~y)/(y). In section 4.1,
we introduces the Hopf algebras D(m, d, ), and in section 4.2, we give some results about
their quotients D(m, d,v)/(y).

In Chapter 5, we focus on the Abelian extensions H (m, d) in section 5.1. In section 5.2,
we will present a proof of a conjecture by Gongxiang Liu (Conjecture 5.0.0.1). We prove
that each semisimple Hopf algebra D(m, d,y)/(y) is exactly an Abelian extension H(m, d).
In section 5.3, we will provide an example that appears in Chapter 3.

In Chapter 6, we will give the details of the computation for the simple Yetter—Drinfel’d
modules. In section 6.1, we will present the one-dimensional Yetter—Drinfel’d modules and
in section 6.2, we will present the two-dimensional ones.

Finally, in Chapter 7, we obtain my future research. Based on the results of Chapter 5,

we will present some finite-dimensional Nichols algebras over H (m, d).

Throughout the thesis, we work over an algebraically closed field k of characteristic
zero. All Hopf algebras in this thesis are finite dimensional. Our references for the theory
of Hopf algebras are [24, 25]. For a Hopf algebra H, the antipode of H will be denoted by
S.



Chapter 2 Preliminaries

In this Chapter, we review some definitions, notations and results related to Yetter—
Drinfel’d modules, Drinfel’d double and Nichols algebra.

2.1 Reminders on the Yetter—Drinfel’d modules

All concepts are standard, and one can find the detailed analysis about them in many

references (for instance [2, 25]).

Definition 2.1.0.1. Let H be a Hopf algebra with invertible antipode S,

(1) A left-right Yetter—Drinfel’d module (V, -, p) over H is a left H-module and a right
H-comodule p: V — V ® H satisfying the compatibility condition

p(h . U) == hg * Vo X hgvlS_l(hl),

for h € H,v € V. The category of left-right Yetter—Drinfel’d modules over H is
denoted by y YD

(2) A left-left Yetter—Drinfel’d module (V, -, p;) is a left H-module and a left H-comodule
pi oV — H ® V satisfying the compatibility condition

pl(h : U) = hlv_lS(hg) (%9 hg * Vo,

for h € H,v € V. The category of left-left Yetter—Drinfel’d modules over H is de-
noted by £YD.



Let H be a Hopfalgebra over k with invertible antipode S, the Drinfel’d double D(H ) =
H**°P @ H is a Hopf algebra with tensor product coalgebra structure and algebra structure
defined by

(p®h) (¢ @ h') = o, ha)gh ® ha{py, S (ha)) I,

forall o, € H* and h,h' € H. The following well-known result is due to [20].

Lemma 2.1.0.2. Let H be a finite-dimensional Hopf algebra. Then the category ;YD
of left-right Yetter-Drinfel’d modules can be identified with the category p(g)M of left
modules over the Drinfel’d double D(H ).

Remark 2.1.0.3. (1) Assume (V] -, p)is aleft-right Yetter—Drinfel’d module over H, where
p(v) =vy®uv forv e V,h € H. Let pj(v) = S(v1) ® vy, then (V, -, p;) is a left-left
Yetter—Drinfel’d module over H.

(2) The category ZYD is a braided monoidal category with braidings
cyw(v®@w) =v_1-w® v

for V,\W € #yD,andv € V,w € W.

2.2 Reminders on the Nichols algebras of vector spaces of

dimension 2

Let V be a vector space over k and ¢ € Aut(V ® V). The pair (V] ¢) is called a braided

vector space if ¢ satisfies
(c®id)(id ® ¢)(c ®id) = (id ® ¢)(c ® id)(id @ ¢).
and c is called a braiding of the braided vector space (V ¢).

Definition 2.2.0.1. Given # € N, set [, = {1,2,...60}. The braided vector space (V, c) of
dimension 6 is of diagonal type if there exist a basis {v; | i € Iy} of V and ¢ = (q;;)i jer, €
k?*? such that

c(vi @ vj) = Gijv; @ v;

forall i, j € Iy. In such case, ¢ = (¢;;): e, 1s called a braiding matrix of (V/ c).



Definition 2.2.0.2. Let V € ZYD, a braided N-graded Hopf algebra R = @,>oR(n) in
BYD is called Nichols algebra of V' if

(1) k ~ R(0),V ~ R(1) € YD,
2) R1)=P(R)={reR|Ap(r)=r®1+1a7}.

(3) R is generated as algebra by R(1).

Then, R is denoted by B(V') = @,,>08"(V).

Remark 2.2.0.3. /10, 27, 28] The Nichols algebra B(V) is completely determined by the
braided vector space. We recall the following maps:

Qn,l =id+cp tcpcpor + -+ Cpcpor e = 1d + Cnanl,h
Ql = ld7 QQ = 1d -+ C, Qn = (Qn—l & ld> Qn—l,l;

where 2, ; € Endy (V®(”+1) ) , 0, € Endy (V®™). As a vector space, the Nichols algebra
B(V) is equal to
BV)=kao VoV ke,

n=2

Let (V,c) be a finite-dimensional braided vector space. An important problem is to
determine the presentation and structure of 3(1/), such as determining whether it has finite

dimension or finite Gelfand-Kirillov dimension.

Note that there are braided vector spaces (V, ¢) of dimension 2 not of diagonal type but
such that B(V') are quantum planes. We now give some examples of braided vector space
(V,¢) of dimension 2, where their Nichols algebras B(1') are braided Hopf algebras and
B(V') have quadratic relations [8].

(E1) We assume that k., p, g # 0 and k? # pq. The associated braiding is

k? k k2 —
(c(@; ® xj))ijeb - ( DO ke ® o+ ( PO ® 2 ) .

kpxri ® g k2ro @ x4

If k* = —1 or pg = 1, then B(V) have quadratic relations.

7



(E2) We assume that k, p, ¢ # 0 and k? # pq. The associated braiding is

Koy @ 2y kqre @ x1 + (K% — pg)z1 & 19
kpxi ® xo —pqre ® Ty '

<C<xi ® Ij))i,jeﬂz = (

If k* = —1 or pg = 1, then B(V) have quadratic relations.

(E3) We assume that k& # 0, and either p # 0, or ¢ # 0, or s # 0. The associated braiding

(c(w; @ x4))ijer, 18

kx1 @ x kzo @ x1 + qr1 ® T3
ki1 @ 2o + pr1 @1 kXo @ To + 521 @ T1 +pro @ 1 +qr1 @ Ty |
If k* = 1, then B(V') have quadratic relations.

(E4) We assume that p,q # 0, p* # ¢*, a = p*> — ¢> and b = p? + ¢%. The associated

braiding (c(z; ® x;)); jer, 18

(a+2pg)r1 ® 11 + axy ® xo brs @ 11 + ar1 ® X9
bri Q 9 + axe @ 11 (a — 2pq)x2 X xo +axr; X xy .

If 2p* = —1 or 2¢> = 1, then B(V') have quadratic relations.
(ES) We assume that p, ¢ # 0, and either # g, or k # 0. The associated braiding is

pr1®x; qra @+ (p— @)y ® 29
Pr @ Ty —qra Ty +hkr, @31 |

(c(zi ® 7))ijer, = (

If p=—1 or ¢ = 1, then B(V') have quadratic relations.

(E6) We assume that k& # 0, and either p # 0, or ¢ # 0. The associated braiding (c(z; ®

xj))i,je]b is

Kz ® 4 k*xo @ 11 — kpry @ a
kxi @ (kxg + pry) kT ® 2o 4+ pgry @ 11 + kqry @ 20 — kqry @ 1 )

If k* = 1, then B(V') have quadratic relations.
(E7) We assume that k, p, ¢ # 0. The associated braiding is

k
(C(l’i ® xj))z’,jelg = (qx2 Omy KT8 I2> .

kro @ 1 pr1 @ 79

If k = —1 or pg = 1, then B(V') have quadratic relations.

8



(E8) We assume k # 0. The associated braiding is

kxy @ x1 —kxo ® 11
—kx1®x2 k$2®$2+k31’1®$1 .

(c(zi ® x))iger, = (

If k? = 1, then B(V') have quadratic relations.

2.3 Reminders on Abelian extensions

We describe Hopf algebra H and give some reminders on Abelian extensions. For
Abelian extension, we refer to [1, 12, 23, 29] for related facts.

Definition 2.3.0.1. Let
(H): K 5HS A

be a sequence of Hopf algebras and let K be the kernel of the counit of K.

(1) Suppose ¢ is injective, 7 is surjective. So that we may regard ¢ as an inclusion, 7 as
quotient. The sequence (H ) is called an extension of A by K if it satisfies

HK™* = Kern.

(2) Anextension (H) is called an Abelian extension if KX is commutative and A is cocom-

mutative.

Remark 2.3.0.2. Let G be a finite group and KG be the group algebra with the usual Hopf
algebra structure. Its dual Hopf algebra (kG)* can be identified with kC, the algebra of
functions from G to k. If a Hopf algebra H can fit into an extension k¢ — H — kF, where
G, F are finite groups, then H can be described as a bicrossed product kK#, ,KF: there

exist maps
GEGXFSF,

GxFxF5Kk,
G xGxFLK,



such that (F, G, <, ) is a matched pair of groups, (o, 7) is a pair of compatible normal co-

cycles. Thatis, (F, G, <,>, 0, 7) satisfies the following conditions,

(tegg) = (teg)((tag)>g), (2.1)
tt'ag=(t<(t'>9))(t' «yg), (2.2)
o(gat;t', t")o(g;t, t't") = o(g;t,t")o(g; tt', "), (2.3)
o(1;t t)—a(g,l,t)—a(g;t 1) =1, (2.4)
7(99,9"t)7(9,959">t) =7(d, 9" 1) T (9,9'9": 1), (2.5)
T(l,g’i) =7(9: 1;t) =7(9,9"51) = 1, (2.6)

and o (gq¢';t,t') 7 (g, ¢'; tt') equals
o(gig vt (g <at)>t)o(gst,t)7(g,95t)7(ga(g' pt), g at;t), (2.7)
forall g,¢',¢" € G, t,t',t" € F. The product, coproduct and antipode of
H ~ Kk, kF

in the basis {e,#t : ¢ € G,t € F'} has the form:

(eg#t) - (egttt') = Ogar g0 (g5, 1) ettt (2.8)

A (egft) = Z (9, 9" t) eg#t (¢" > 1) ® egnitt, (2.9)
9’9" =g

Seght) =0 (g7 "9t (g t)’l)_l (g "9 t)_l e(gan-1#(g>t) . (2.10)

For example, let G be the group
{z.y |2 =1=y" 2y = ya}.

We denote by {e, } ¢ the dual basis of G in k¢ and denote by ¢ the generator of Z,. Then
we can obtain H = H.,.,, in [18] as an Abelian extension of the following form

kY % H 5 KZs.
equivalently, the Hopf algebra H is determined by (Z,, G, <, >, 0, 7) where

> 1s a trivial action, <t = xy, y<4t =y, (2.11)

oyl tt) = (1) T, r(ay, 2k 1) = (1) (2.12)

10



We denote by et the e, #t for v € G. As an algebra, H is generated by {e,, t},c¢ and Hopf

algebra structure of H is given by

egen = Ogney, tey = egut, t* = Za(g,t,t)eg,

geG

Aleg) = D en®@er, Alt)=[)_ (g, ht)ey @ enl(t @),

h,kEG, hk=g

> olg )

geG
1, e(eg) = 9711,

g,heG

7(9»97%15)716(941?)—175’ 8(69) = €g-1,

Vg, h € G.

11

(2.13)

(2.14)

(2.15)

(2.16)



Chapter 3 On the Hopf algebra 11 .,

In this Chapter, we start with investigating all simple Yetter—Drinfel’d modules V' over
H..,,. We proved that there are 88 non-isomorphic simple left D(H..,,)-modules, and 32
of them are one-dimensional and the other 56 ones are two-dimensional. Then we classify
all finite-dimensional Nichols algebras of simple Yetter—Drinfel’d modules V' over H..,,.
We find once again the Nichols algebras of non-diagonal type which were studied by An-

druskiewitsch [8] and non-diagonal type ones are 8-, 16- or infinite dimensional.

This Chapter is organized as follows. In section 3, we describe the Drinfel’d double
D(H.,) of H.,,. We devote sections 4 and 5 to giving our main results (see Theorem
3.2.1.3 and Theorem 3.3.0.6).

3.1 The Drinfel’d double of 4.,

In the following of this chapter, we let H be the Hopf algebra H,.,, and G = {z,y |
' =1 = y?, vy = yx}. In this section, we want to describe the Drinfel’d double D(H).

For this purpose, we define the following elements in H*:

ep — 5gh €g 0
: ’ : Jh € @G). 3.1
gg { €ht —> 0, Xn { egt —> 5g,h (g ) ( )

Deducing from the coalgebra structure of H, it is not hard to see that the algebraic
structure of H* is given by

gx"'ijzkyl = C:ri'*‘kyj'*‘la Xaiyi Xakyl = (_1)ijxi+jyj+la (3 2)
Cziijxkyl =0= Xxkylgmiij Iy =¢e= Cl + X1

12



Since e,i,5, t (0 <4 <3, 0 < j < 1) are the generators of H and iy, Xaiyi (0 <
i <3, 0 < j < 1) are the generators of H*, the Drinfel’d double D(H) = H*? 1 H is
generated by (i D4 1, Xaigs D4 L, Lgcor DX €4iyi, 1pecor >4 ¢, and we abbreviate them
BY Catgr Xaigis Catyis

Theorem 3.1.0.1. As an algebra, D(H) is generated by e,iyi, t, Cuiyi, Xaiyi, (0 < 0 <
3, 0 < j < 1) with relations:

Ca:iyj kayl = Cm“fkyj“ y Xaiyi Xakyl = <_1)ijmi+kyj+l7

(3.3)
Cxiij;r"yl =0= Xaky! Cxiyj’

1= Z €gy  €gCy = Ogg€y teg = egut, t>= Za(g; t,they, (9,9 €@G), (3.4)
geG g

€gXh = XhCgh(h—1at); egCh = Cheg,  (9,h € G), (3.5)
tCh = Chat( > T(hat,g;t) T((hat)g,ht at;t)T(h<t, k™t at; t)egt), (h e G),
geG
txn = Xnat( Y 7 (h,g;t) T(hg, htat;t)r(h<at,h~t at; t)e,t), (h € Q).
geG

(3.6)

Proof: We only verify two equations of (3.5) and (3.6). Due to the definition, it follows
that,

hf = (].H*cop > h)(f > ]-H) = hl — f — S_l(hg) > hg = <f1,8_1(h3)><f3, h1>f2 > hQ,

where h € H, f € H*P. Let k € H, it is straightforward to show that

<<f178_1(h3)><f37 h1>f27k> = <fa S_l(h?)) k- h1>

Our problem reduces to determine S~!(h3) - k - hy in each case. Assume v,g,h € G and
k = e, or e,t, after some tedious manipulation by (2.11), it follows that,

ST eg ) €y €g = 0gym1y €0 €g = Oggm1,0y4, €5, (3.7)
SHewt)=0(g™ " t, OT(g57", gait)eqggan1 t,

8_1( €gst ) : (67 t) : (egl t) = T( 93_17 93;t)6((93<t)*1)<1t,75(93<1t)*1,91(efyqtt)v (3.8)

13



Alt)=A1-t)=A(Z,e,t) = Z T (g1, 92;t) (eg, ) @ (€9, 1),

91,92€G

Ao(t) = (A@id)(A®) = Y 7(91,928) (9192, 93:) (g, 1) ® (eg, 1) @ (e, 1).

91,92,93€G
(3.9)
Let k£ = e, by (3.7), it follows that
(Chi S (egs ) €y €gr) = Ogg150y,01 0,0,
((Ch)1s S (ega))((Gh)s, (1)) (Ch)2 = G,
egCh = Cheg, (95" = g1 =7 =h, eg, = eg).
It is clear that relation holds for k = e, t.
Let k& = e, t, due to (3.8) and (3.9), it follows that
(00701, 07 (92929505 (0, 0) - (1) - (e, 1)
= (g1, 92: 1) 7(9192, 93 )7(93 ™", 935 1) ((guat) 1)ty Olgaat) 1,1 Ohat.
((xn)1: S egs I(Xn)3s €9y 1) (X)2 = Xnars
txn = xnat(Y_ 7 (h, g;t) T(hg, bt at;t)r(hat,h™t at; £)(eq 1)),
e
(g5 ' at=y<at=h=g1, g2=g).
Also, it is not hard to see that relation holds for £ = e,,. [

3.2 The simple Yetter—Drinfel’d modules 1" over H_.,,

In the previous section, we already described the algebraic structure of the Drinfel’d
double D(H). In this section, we want to give all simple left D(H )-modules, equivalently,
give all simple Yetter—Drinfel’d modules V' over H.

3.2.1 The simple left D(H..,,)-module

Let V be a left D(H)-module, we define V,, = {v € V | eyv = 6,0, h € G}
for u € G, then V' decomposes into a direct sum of V,,’s as vector space. Furthermore, by

14



the relations (;x, = 0 = xn(y (9, € G) and 1y« = ¢ = (3 + X3, it follows that as a
vector space V,, decomposes into a direct sum of (;V,, and x1V,,. Let S = {1,y, 2% 2y}
and T = {z, zy, 23, 2%y} be the subsets of G. By (2.11), it follows that 7" and S are stable
under the action < of ¢. Furthermore, the elements of .S are fixed points under the action
above. We denote by £ a primitive 4-th root of 1. We construct the following 32 one-

dimensional spaces together with the corresponding D(H )-action:

(1) V5 (i =0,1,2,3) : the action of D(H) is given by

Cpkyl > (5xkyl71, t—1, kayz — Sik,

XxkylHO, (0§/€§3,0§l§1).

(2) Vi; (i =0,1,2,3) : the action of D(H) is given by

Cahyl F> 5xkyz’1, t—= =1, Cory = ﬁik,

Xxkyll—>0, (0§k‘§3,0§l§1).

(3) V,5 (i=0,1,2,3) : the action of D(H) is given by

Yy t— 1, gxkyl — fik(—l)l,

szyzi—>0, (0§/€§3,0§l§1).

Cokyl 7 5zk

4 V,,; (i=0,1,2,3) : the action of D(H) is given by

vy t— —1, kayl > fik<—1)l,

Xxkyz*—>0, (O§k§3,0§l§1).

Cpkyl 7 (Smk

(5) V5, (i =0,1,2,3) : the action of D(H) is given by
Catyl 7 Ohytar,  Er & Cory o EF,
Xary 0, (0< k<3, 0<1<1).

(6) V2, (i =0,1,2,3) : the action of D(H) is given by
Cabyl 7 Optyraz, T =€, Coryr v EF,

Xxkyl|—>0, (OSI{IS?),OSZSI).

15



(7 V5

z2y,i

(1 =0,1,2,3) : the action of D(H) is given by

Yo t'_>€7 C:ckyl Hfm(_l)la
Xxkyl|—>0, (0§/€§3, Oflgl).

Cpkyl > (Sxkyl 2

(8) V,z,, (i=0,1,2,3) : the action of D(H) is given by

Ckyl — 5xkyl7x2y, t— —g, kayz —> fik(—l)l,
Xakyt > 0, 0<k<3,0<I1<1).

(SO) We denote them through a unified way Vf,i forp € {1, y, 22, 2%y}, 0 <i < 3.

Lemma 3.2.1.1. The above 32 one-dimensional spaces together with the corresponding ac-
tion are D(H )-modules. Furthermore, all one-dimensional D(H )-modules belong to (S0).

Proof: It is straightforward to show that Vlf;- is a simple module through checking the

relations given in Theorem 3.1.0.1. Assume V' is a one-dimensional D(H )-module. Take

a basis {v} of V. Since 1 = }_ e, is a decomposition of 1 into orthogonal idempotents,
k1

it follows that there exists € G such that Cghyl + U = Ogky v, €quivalently, v = e, v and
V = V,. Since te,v = egqtv (g € G), we have t - v € V., and this leads to <t = g,
equivalently, 4 € S. Assume V = x,V, and dimV/ = 1. But in this situation, e,x; =
Xh€gh(h-14t)» it Induces xpv, € Viy(hap)p—1. In particular, x,v, € V,,, this contradicts the fact
dimV = 1. Thus, we have

v = (v, V=6V, (neld), Xakyt -0 =0, t-v=2»(Xek). (3.1)

According to (7.3), it follows that \>v = t?v = >_ (g, t,t)e,v. Thus,
g

M =o(utt), A==x1(u=1y), A==xE(u=2 2%).
Assume (v = mv, (,v = nv, where m,n € k. By relation (3.3), it follows that

(CJ?)4 = Ca:“ = Clv (Cy)Q = Cy2 = C1~ (32)

Thus, we have

o & G = Cpav 2 () =mrv, v (L Civ = (p2v 12 (¢,)%v = n’v. (3.3)
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According to the relation (7.5), it follows that

tCv = GO T (xat, g;t) T( (x < t)g, a7t <ty t)7(x <tz t <t; t)(egt))v,

tGv = Ca(Oo T (yat, g;t) T((y<t)g,y "t at;t)T(y <ty <t; t)(egt))v.
g

Equivalently,
nt (zy, s t) T((zy)p, 2°y; ) (2y, 2%y; 1) = 1 (3.4)
Due to (3.3) (3.4), it follows that

m=¢" ie{0,1,2,3},
n=1, (u=1, 2?), (3.5)
n=-1, (p=y, 2°y).
By the above arguments, it follows that there are exactly 32 non-isomorphic one-dimensional
simple left D(H)-modules, as shown above. O

Next, we turn to two-dimensional case. Let« = 0, 1,2, 3, we construct the following

16 two-dimensional spaces k(v, w) together with the corresponding D( H )-action:

(1) W5, Let0 <k <3, 0<1<1,wedefine y,, — 0,

0,4+
Opkyl s 0 0 1
Ehyl ’ , t—
0 (Sxkyl,xy 1 0
&0 ~1 0
z . R —
o ($0 oo (00
(2) W _:Let0 <k <3, 0<1<1,wedefine ki — 0,
T,, y
Opkyt o 0 0 1
Ephyl > ’ , t—
0 Oyl 2y 10
—£ 0 10
z . , — .
C ( 0 51 Cy O _1
(3) Wy, :Let0 <k <3,0<1<1,wedefine x,r, — 0,
5Ikyz s 0
Cphyl ' , t—
0 5xkyl7x3y
&0 -1 0
X }_> . 9 }_>
¢ ( 0 & G 0 1
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4) W, :Let0 <k <3, 0<1< 1, wedefine y ik, — 0,

(Bt 0 (0

6217 ) )

v 0 Syt aty 10
&0 10

z . y —> .

C <0 é'z Cy 0 1

(S1) We denote them through a unified way W;tli for p € {x, 2%}, 0 <i < 3.

Let i = 0,1, we construct the following 8 two-dimensional spaces k(v, w) together

with the corresponding D( H )-action:

(1) Xffi :Let0 <k <3,0<1<1, wedefine x,u, — 0,

5xkyl 1 O O ].
Cpkyl > ’ , t— ,
O 5xky’,1 1 O
&0 -1 0
o ], — .
C ( 0 _51 Cy O _1
(2) X\ :Let0 <k <3, 0<1<1,wedefine x,, — 0,
) 0 01
Cuhyl — 2y , t ,
0 Okl y 10
&0 10
RN ], — )
‘ ( 0 —& Cy 0 1
(3) X, :Let0 <k <3, 0<1<1,wedefine x,x, — 0,
Okt z2 0 0 -1
Chyl > ’ , t— ,
0 Oyl 42 10
&0 -1 0
z . s — .
C ( 0 _51 Cy 0 _1
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(4) X,

z2y,i

tLet0 <k <3, 0<1 <1, wedefine x,r, — 0,

Ogkyt 524 0 0 —1
Ephyl ' , t— ,
0 Oyl 2y 10
&0 1 0
z . , — .
(50 Go (10

(S2) We denote them through a unified way Xii forpu € {1, y, 22, 2%y}, i =0, 1.

Then we construct the following 16 two-dimensional spaces k(v, w) together with the

corresponding D( H )-action:

(1) Y1 : Let0 <k <3and 0 <[ <1, we define (yr, > 0,

Opkyt o 0 0 —¢
Cahyl FF ’ , t— ,
0 5mkyl7zy § 0
= 0 1 o 10
10 ) W o -1 )
(2) Yeo:LetO <k <3and0 <[ <1, wedefine (yx, — 0,
Opkyl » 0 0
Cahyl F> atyl , t— ¢ ,
0 Oyl 2y —£ 0
= 01 o 10
o) W o -1 )
(3) Yy3: Let0 <k <3and 0 <1 < 1, we define (ke > 0,
) 0 0 —
Cyhyl — atyl , t ¢ ,
0 5xkyl7xy 5 0
(0t N
X 1o |/ Xy 0 1)
(4) Yyu:LetO <k <3and0 <[ <1, wedefine (x> 0,
0 0 0
Eghyl F byl , t— ¢ ,
0 5xkyl7xy —5 0
= 0 —1 = -1 0
Xe 1o | Xy 0 1)
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() Yo

(6) Yag

(8) Yag

: Let0 <k <3and 0 <1 < 1, we define (yr,p > 0,

Cxkyl 7 (

5xkyl x

0

0
5.

N
e 10 |/

:Let0 <k <3and 0 <[ <1, wedefine (x, — 0,

Cpkyl —> (

J

hyl z

0

0
5,k

. 0 -1
X= 10 )

(7) Yo7 :LetO <k <3and 0 <[ <1, wedefine (yx, — 0,

Cxkyl 7 (

5xkyl x

0

(o
Xa 10)°

:Let0 <k <3and 0 <[ < 1, we define (k0 > 0,

Ckyl —> (
o

Cpkyl 7 (
N
Xz 1

Ok

zhyl

0

0
5.

0
5,

0 1
1 0)°

(9) Yys:: LetO <k <3and 0 <[ <1, we define (yry — 0,

(Sxkyl7x3

0
-1
0

0

§mkyl7x3y

)

b
vty

)
ylxy

b
vty

)
ylzy

)

(o
¢
1
e
Xy 0
(0
t—
1
(1
Xy .
(o
¢
1
N
Xy 0
(0
t—
1
N
Xy 0

(10) Y39 :Let0 <k < 3and 0 <1 < 1, we define (yr,p > 0,

Ckyl —> (
o

(smkyle
0

0 —1
10

0

)

Y
5xkyl a3y )
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(IT) Yos 3

: Let0 <k <3and 0 <1 <1, we define (i = 0,

0
t—
(¢

Cpkyl 7 (
(o
Xz 1

(5xk-yl7x3

0

1
O Y

0

(Smkyl@Sy

)

Xy —

(12) Yys 4 : Let0 <k <3and 0 <[ < 1, we define (x> 0,

(13) Yas5

(14) Yas 6

Ckyl —> (
o

Cpkyl 7 (
N
Xz 1

€kl — (
o

5$kyl7x3

0

0

5xkyl a3y

0 1
1 0)°

: Let0 <k <3and 0 <1 <1, we define (i = 0,

)
ylady )

:Let0 <k <3and 0 <[ <1, we define (k0 + 0,

)
ylady )

(Sxkyl7x3

0
1
O Y

(Sxkyz’ﬁ

0

0
5o

0
5o

0 1
1 0)°

)

(15) YVys7:Let0 <k <3and 0 <[ <1, we define (yr, 0,

)
ylady )

:Let0 <k <3and 0 <[ <1, we define (k0 > 0,

(16) Yas g

Cpkyl 7 (
N
Xz 1

€kl — (

(Sxkyl7x3

0

0
5ok

—1
O )

(Sxkyl’x3

0
0 -1

0
5o

yhady
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(S3) We denote them through a unified way Y, ; for u € {z, 2*}, 0 < j <8.

Finally, we construct the following 16 two-dimensional spaces k(v, w) together with

the corresponding D(H )-action:

(1) Zl,l :

(2) Zl,Q .

(3) Zl,S :

4) 21,4 :

(5) Z1,5 :

Let0 <k <3and 0 <[ <1, we define (.0 — 0,

Opkyt1 O 10
Cphyl ’ , t— ,
0 Oyl 4 0 1
= 01 = 10
o) R
Let0 <k <3and 0 <1 <1, we define ;0 — 0,
0 0 -1 0
Cphyl zhylL , t— )
0 Oyl 0 -1
. 0 1 = 10
10 ) R I

Let0 <k <3and 0 <1 <1, we define ;0 — 0,

5xkyl 1 0 1 0
Ephyl > ’ , t—
0 Satyty 0 1

N (1o
1o ) R W

Let0 <k <3and 0 < <1, we define ;0 — 0,

51@11 O
Cphyl > oY ,
Yy

0 5zkyl’ 0
= 0 —1 s 0
Xz 10 ) 1
Let0 <k <3and 0 < <1, we define ;0 — 0,
4] 0 10
Cpkyl > byl , t—
0 Oukyl y 0 -1
o 0 1 = -1
Xz 10 )’ Xy 0
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(6) Z1s: Let0 <k <3and0 <[ <1, we define (0 — 0,

Opkyt1 O -1 0
Cphyl ’ , t— ,
0 Oyl 4 0 1
= 01 = -1 0
X 10’ Xy 0 1)
(7) Zi7: Let0 <k <3and 0 <[ <1, we define (.0 — 0,
) 0 1 0
Ephyl F byl , t— ,
0 Sakyt sy 0 —1
o 0 -1 = -1 0
X A Xy 0o 1)
(8) Z1g: Let0 <k <3and 0 <[ <1, we define (0 — 0,
) 0 -1 0
Ephyl > abyl 1 , t— )
0 Oyl 4 0 1
= 0 —1 = -1 0
X 10 )’ Xy 0 1)

(9) Zy21: Let0 <k <3and 0 <[ <1, we define (yr,p — 0,

J 0
Ephyl Ty , t— §
0 6xkyl7x2y 0
1
0

01
Xz 10 ) Xy —

(10) Zy25: Let0 <k <3and 0 <[ <1, we define (yr, — 0,

Cphyl > ( 5xkyl’x2 0 ) , t— ( ¢ ) )
0 Styt aty 0 —¢

=}

[}

NAE (1
o) R

(11) Zy23: Let0 <k <3and 0 <[ < 1, we define (e > 0,

(5$kyz 2 0 f 0
Ephyl ’ s t— )
0 6xkyl7x2y 0 f

N NEX
o ) R
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(12) Zy24: Let0 <k <3and 0 <[ <1, we define (yr, — 0,

(Smkyl 2 0 —f 0
Eghyl F7 ’ , t— ,
0 5xkyl7x2y 0 —5
= 0 -1 o 10
1o ) W o -1 )
(13) Zy25: Let0 <k <3and 0 <[ <1, we define (yr, — 0,
0 0 0
Cphyl whyla? , t— ¢ ,
0 5mkyl7x2y 0 —f
— 01 >
Xz 1 O ) Xy
(14) Zy26: Let0 <k <3and 0 <[ <1, we define (yr, — 0,
Ok 0 —£ 0
Cphyl hyla? , t— ¢ ,
0 Oyl 42y 0 ¢
— 01 >
X:L" 1 0 9 Xy
(15) Zy27: Let0 <k <3and 0 <[ <1, we define (k0 > 0,
0 2 0 0
Ephyl > abyl , t— ; )
0 Oyl 42y 0 —¢
— 0 -1 >
Xz 10 ) Xy
(16) Zy25: Let0 <k <3and 0 <[ <1, we define (x> 0,
0 2 0 —£ 0
Ephyl 2ty , t— ¢ :
0 Oyl 22y 0 ¢
= 0 -1 = -1 0
Xe 1o ) Wl o1 )

(S4) We denote them through a unified way Z,, ; for p € {1, 2%}, 0 < j <8.
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Lemma 3.2.1.2. (1) The above 56 two-dimensional spaces (51-54) together with the cor-

2)

responding action are D( H )-modules.

The D(H)-modules (51-54) are irreducible.

Proof:

(1)

We only verify the case (S3) since the other cases can be proved similarly. Let p €
{x, £3}. Suppose v € x1V,,, w = x,-vand V = k(v, w). Since e,x; = XhCgh(h—1at)>
it follows that w € x;V),,. Since t - v, € X1V}, we can suppose t - v = Aw. Let
Ag = k(xs)ses be an algebra generated by {x; | s € S}. Due to (3.3), it follows that
Ag is a commutative algebra. Since every simple module over Ag is 1-dimensional,
we can assume

Xa2U = MU, XyU = N, (3.6)

where m,n € k. By relation (3.3), it follows that

(Xa2)® =Xt = X1 (Xy)* = X2 = x1- (3.7)
Thus, we have
4.7 4.7 ~ 4.7 4.7 ~
o= (o ()20 = tv, v =10 xpo Y ()0 = 7.
(3.8)

Let y,v = B(s)v for s € S defined in (3.6). Then (8(2?))? = B(z*) =1, (B(y))* =
B(y?) = 1. Since S is the subgroup of G and T' = Sz, we have following actions of
D(H):

Xsz(V) = 7(x, s,t)B(s)w = B(s)w,

Xso(w) = 7(s, ,t)B(s)B(z)v,

Xsw = B(8)7(s, z,t)w, xsv = B(s)v, (3.9)

tow =t x.v=A(zpy, 2y, 1)B(y)B(2*)v,

tP = N1(zpy, 2%y, t)B(y)B(a*)v = o(p, t, t)v,

N1 (zpy, 2%y, 1) B(y) B(2?) = o (p, t,t).
Due to (3.8) and (3.9), it follows that

~ B - B o(p,t,t)
m=p2?)==+1, n=pYy) ==+, I\N= ) (3.10)

i.e. \is determined by (3(x?) and 3(y). Thus, there are 16 two-dimensional left-
D(H)modules as (S3).
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(a) Ifk(v+ Aw) is a D(H )-submodule of (S1), then (i (v+Aw) (0 <k < 3,0 <
[ < 1) and t(v + Aw) belong to k(v + A\w). But

G+ Aw) =v—Awor —v+ Iw ¢ k(v+ w),

this leads a contradiction. Thus, there are 16 non-isomorphic two-dimensional
simple D(H )-modules as (S1).

(b) (S2) follow in a similar manner as (a).

(c) If k(v + Aw) is a D(H )-submodule of (S3), then x,x, (v + Aw) must belong
tok(v+ Aw) (0 < k < 3,0 <1 < 1) Butx,(v+ ) ¢ k(v+ Iw)
by directly computation. Thus, there are 16 non-isomorphic two-dimensional
simple D(H )-modules, as shown in the (S3).

(d) The D(H)-modules in (S4) are simple by the same arguments as (c).

With these preparations, we can give the first main result.

Theorem 3.2.1.3. There are exactly 88 non-isomorphic simple Yetter—Drinfel’d modules

over H, and 32 of them are one-dimensional and the other 56 ones are two-dimensional.

TABLE 1. Simple Yetter——-Drinfel'd modules over H

(S0)

vt vtV V-V Ve V-

Vi Vi Vi, Vi, Vigs Vias Via, Vig

+ vt vt vt V- V- V- U

Vior Voo Vo Vo Vi Vi Voo Vi

+ + + + - - - -
Vaz 1o Var s Var oo Vaz 15 Vaz 0 Vi 5

12709 12727
Vi Vi Ve Ve WVL LV
2 22y,3° " 22y,0° Y a2y, 1° " 22y,2° "22y3

+ +
‘/CCQy,O’ z4y,1° Vzgy 2°

+ + + + + + + +
Wao,— Wan o Waia s Wals - Welo o Wali o Woa o Was o
W Wa W Wo, Wo WL W, W

23,00 " 310 P32 "33 "3 00 T a310 320 "M 233

Xt Xit X, X X, X X o0 X

y,0°0 “Cy,1> <22 00 z2y,0° “Ta2y,1

}/:t,l, }/w,Qa Yx,37 }/;,45 }/w,f)a Yx,()'a }/;?,75 }/w,Sa
vai‘,b Y;c3,2a Yx3,3= Ya:3,4, Yx3,5, Yr3,6, Y’L‘3773 }/;3,8:

Zl,19 Zl,?: Zl,3: Z1,4s Z1,5: Zl,ﬁ: Zl,?: Z1,87
Z:L'z,lﬁ ZCL‘Q,Q? Zl'2,33 Z(E2,4’ Z;L'2,57 szﬁa Z;L'2,7a Zx2,8:

Proof: By Lemmas 3.2.1.1, 3.2.1.2, there are 32 non-isomorphic one-dimensional and 56

non-isomorphic two-dimensional simple Yetter—Drinfel’d modules over H.
Due to Lemma 2.1.0.2 and 32 - 1% + 56 - 22 = 256 = dimD(H ), we finish the proof. O
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3.2.2 Left-left Yetter—Drinfel’d modules

Lemma 3.2.2.1. Fix a basis of each module in (50-54), the following table give us braidings
of D(H )-modules (50-54) as left-left Yetter—Drinfel’d modules over H.

TABLE 2. Braidings of D(H)-modules in (S0,S1,52,54)

(S0) | c(lv®v)=+(v®Wv)
& ¢ & =& .

S1) | g = S - ~0,1,2 3

( ) q _57’ §Z>7 (é_l é—z >(/L ) ) ) )
11 1 -1

ol (4 (2)

sy oo £ LE ¥

=\ w1 ) we o+ )0

c(v®v)=FwRw
cvuw)=2vuw | c(v@w)==2lvRw
cwv)=twev | c(w®v)==+tlw v
c(ww)=+lvv

cv@w)=tvw
c(w®v) =tw v
cww)=+tvRv

)
cv@v)=Fwew | clv@v)=tww

(

(

c(v®v) = FwRw
clv@w)=+lvw
clw®v)=xfw®uv |c
clww)=xlvewv
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Proof: We only verify the case (S3). By the action of D(H), we can give following

H-comodule structure. Then we determine the braidings ¢y for V, W € £yD.

P
p

(v) = v ® XgesB(s)(est) + w @ XgesB(S)(exst),

(w) = w @ LeesB(s)T(s,2,t)(est) + v @ XeesB(s)B(x)T (s, 2, t)S (eust),
1(v) = YesB(8)S(est) @ v + EeesB(5)S(€ast) ® w,

pr(w) = SsesB(s)7(s, x, 1) S(est) ® w + sesB(s)B(2*)7(s, 2, 1) S(east) @ v,
(v ®v) = Vses[B(s )5( st) - v @ 0] + ses[B(5)S (€ast) - v @ w] = Vises[B(s)
S(exst) v @ wl,

c(v@w) = Xes[B(s)S(est) - w @ v] + Lses[B(5)S(€xst) - w @ w| = Xes[B(s)
S(east) - w @ w,

o8 1) = Seslio)r o 01S(0) 00 ]+ Zsl 000
S(egst) - v @] = Bees[B(5)B(2?) (s, 2, 1)S(€pst) - v R 0],

c(w @ w) = Tyes[B(s)T(s,2,1)S(est) - w @ w] + Bees[B(s)B(z*)7(s, 2, t),
S(epst) - w @ v] = Xees[B(s)B(x?) (s, 2,1)S(€rst) - w R v)].

w

)

Due to (2.11), we have the following formula which will be used to calculate the braiding.

S(eit) = eqt, S(eyt) = eyt, S(ezyt) = eyst,
S(egst) = (egyt), S(egt) = —eysyt, S(eg2t) = —ept, (3.1
S(egzyt) = —ez2,t, S(egsyt) = —(est).

Let 1 = x, we get the following braiding:

c(v®@v) = (—emyt + By)est + B(z?)eryt — B(z?y)est) - v @ w = AB(a?)w @ w,
c(v @ w) = (—egyt + By)est + B(x?) eyt — BlaPy)est) - w @ w = I @ w,
c(w@v) = (—f(a?)emyt — B(2%y)ewst + et + B(y)est) - v @ v = Aw @ v,

c(w@w) = (—f(a?)emsyt — B(x?y)est + et + B(y)est) - w @ v ==A3(z*)v ® v.

Let u = 23, we get the following braiding:

O

c(v @) = (—egsyt + B(y)ewst + B(a?)ent — B(z?y)est) - v @ w = —dw @ w,

c(v @ w) = (—euyt + B(y)ewst + B(x?)ent — B(z?y)est) - w @ w = —AB(z?)v ® w,
o @ v) = (~Aa2)essyt — Be2y)esst + eayt + B@)eat) -0 ® v = ~AB()w @,
c(w@w) = (—f(a?)emsyt — B(x?y)est + ext + B(y)est) - w @ v =@ v.

Thus, we get the braidings of left-left Yetter—Drinfel’d modules over H of table (S3).
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3.3 Finite dimensional Nichols algebras of V/

In the previous section, we already gave all simple Yetter—Drinfel’d modules V' over H.
In this section, we want to determine all the finite dimensional Nichols algebras of simple
Yetter—Drinfel’d modules over H.

First, we give the Nichols algebras of Yetter—Drinfel’d modules that appear in (.S0).
Lemma 3.3.0.1. The Nichols algebras of one-dimensional simple Yetter—Drinfel’d modules
(‘/;iu C:tl)

(1=0,1,2,3) of H are as follows,

(1) B((V,5, 1)) ~ K[v], where ¢1 (v @ v) = v @ v.

(2) B(( sz 1))

12

k[v]/{v?) = Ak{v), and dim(B((V.5, c

s €

_1))) = 2, where

c1(v®v)=—-vRw.

Proof: It is well-known that this claim holds. For (2), the Nichols algebra is of type A;. [J

Second, we give the Nichols algebras of Yetter—Drinfel’d modules that appear in (S1).
Denote by (Wu 4, Ci) (1= 0,1,2,3) the simple Yetter-Drinfel’d modules of H with braid-

ing matrices
0" = gz 51 . gz _ gz
1 _gi g ) ¢ g .

Lemma 3.3.0.2. Then Nichlos algebras of (Wu i4:Ci) (1= 0,1,2,3) are as follows,

(1) Ifi = 101‘3 q= thhenB(( uz:ﬁ:? )) = T(Wlfivi)/@wq:fiwv,wv:l:f%w,v‘*,w‘*),
and dlm(B((lei, ;) = 16.

(2) Ifi = 1or3, g = g, then B(WZE,

and dim(B(W,; +,¢:))) = 16.

¢)) ~ T(WZE,

1yi i)/<vwi€iwva lU’U:ng’UU)’ U4, U)4>,

(3) If i = 2, ¢ = qi, g2, then Nichols algebras of (W=

i+ Ci) are 8 dimensional and of

type As.
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4) Ifi =0, ¢ = q1, qo, then B((W, u ++Ci)) are infinite dimensional.

Proof: Leti = 1 or 3, then we have ¢;;q;; = 1 forall ¢ # j, and the order of ¢;; are all equal
to 4. By the result of ([9], [2, Example 27]), we have B((W, u 145 Cj)) = T(le L)/ (vw —
q1o2wv, WU — go1v, v, w*) Furthermore, {v¥w? : 0 < a; < 3} is a basis of B(szi) and
dim(B((WjZ +,¢))) = ;=12 N* = 16. For (1), (2), Nichols algebras are quantum planes.
(3) follows from ([ 13, Proposition 2.11]), Nichols algebras are of A, type. For (4), it is easy
to show that B((W=,

i+ Cj)) are infinite dimensional. O

Next, we give the Nichols algebras of Yetter—Drinfel’d modules that appear in (52).

Lemma 3.3.0.3. Let Xii (1 =10,1) be simple Yetter—Drinfel’d modules of H with braiding

matrices o
& & .
q (8 §’> © )

Then Nichlos algebras of (Xfl, ;) are as follows

(1) If i = 0, then B((X,;, c;)) ~ S(Xr,).

(2) Ifi = 2, then B((X;, ¢:)) ~ A(X,,), and dim(B((X};, ¢;))) = 4.

pir ©

Proof: The claims (1), (2) follow from ([2, example 31]). For (2), the Nichols algebra is

of type A; x A; and B((X=,, ¢;)) is a quantum plane. O

,uz’

We are in a position to give the Nichols algebras of Yetter—Drinfel’d modules that appear
in (53) now. There are some Nichlos algebras of non-diagonal types which were also studied
by Andruskiewitsch [8].

Lemma 3.3.04. Let r,p,m € k, assume (Y}, ;,¢rpm) (7 =0,1,2,3,4,5,6,7,8 ,r,p,m €
k) be simple Yetter—Drinfel’d modules of H with braidings

cv®v) =rw®w,cvew)=prw,
c(w®v) =pwev,c(ww)=mv®u.
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The Nichlos algebras of (Y}, ;, ¢ ) are not of diagonal type and given as follow:
(1) If p=—1,rm = —1, then
B((Yujs crpm)) = T(Yy;)/ (vw, wo, vt +w'), dim(B((Y,.j; Crpm))) = 8.

(2) If p = 1, then dim(B((Y,..j, Crpm))) = 0.

3) Ifrm =1, p= +iand r = —i, then

1%

B((Y,;,Crpm)) T(Yw)/<w2 + iv?, vwow, wowv), dim(B((Y,,;, crpm))) = 16.

4) Ifrm =1, p= +i, r =i, then

I

B((Y.;,Crpm)) T(Y,m-)/(w2 — ivz,vwvw,wvww, dim(B((Y,;, crpm))) = 16.

Proof: Since (Y, ¢ pm) is diagonal type if and only if p* = rm ([8, Remark 3.15]),
it follows that the braidings are not of diagonal type. (1), (3), (4) are the results in ([8,
Proposition 3.16]). It is sufficient to prove (2), let n € N and let

U, =VQUWRVAWRAVAWRVRW: -

n

be a vector in B((Y,;, ¢;1,m)). After direct computation, we have 2,,(a,) = ka,, for some
k # 0 € k. Thus, we have completed the proof. U

Finally, we give the Nichols algebras of Yetter—Drinfel’d modules that appear in (54).

Lemma 3.3.0.5. Let (Z,,,¢;) (j = 1,2,3,4,5,6,7,8; i = 0,1,2,3) be simple Yetter—
Drinfel’d modules over H with braiding matrices

AT
& ¢

Then the Nichols algebras of (Z,, ;, ¢;) are as follows,

(1) Ifi = lor 3, then B((Z,,,¢;)) ~T(Z,;)/{vw £ Ewv, wv F Evw, v*, w) and
dim(B((Z,,,ci))) = 16.
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(2) Ifi =2, then B((Z,,;,¢:)) ~T(Z,;)/{vw — wv,v* w?) and

dim(B((Z,;,ci))) = 8.

(3) If i = 0, then B((Z,, ;, ¢;)) is infinite dimensional.

Proof: This claim is similar as Lemma 3.3.0.2. O

With these preparations, we are in a position to classify all finite-dimensional Nichols
algebras of simple Yetter—Drinfel’d modules V' over H now.

Theorem 3.3.0.6. Let I be the simple Yetter—Drinfel’d modules over H, all finite dimen-

sional Nichols algebras of V' are as follows,

(1) Diagonal type: A;, A5 or quantum planes.

(2) Non-diagonal type: Nichols algebras (1) are 8 or 16 dimensional.

Proof: Let V € 2D be the braided vector spaces of diagonal type. Due to the Lem-
mas 3.3.0.1, 3.3.0.2, 3.3.0.3, 3.3.0.5, it follows that Nichols algebras of V" are finite dimen-
sional if and only if B(V') are of Cartan type A;, A, or quantum planes. Let V' € #YD be the
braided vector spaces of non-diagonal type, due to Lemma 3.3.0.4, it follows that Nichols

algebras of V' are finite dimensional if and only if
p=-1rm=-1

or

rm =1, p= +i.

i.e. Nichols algebras B(V') are 8 or 16 dimensional. O

3.4 Conclusion

In this Chapter, we proved that there are 88 non-isomorphic simple left D( H )-modules,
and 32 of them are one-dimensional and the other 56 ones are two-dimensional. Then
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we classify all finite-dimensional Nichols algebras of simple Yetter—Drinfel’d modules V'
over H. We find the Nichols algebras of non-diagonal type which were studied by An-
druskiewitsch and Geraldi [8] . There are 8-, 16- or infinite dimensional (see Lemma 3.3.0.4).

In section 5.3, We will show that H is exactly the Hopf algebra D(m, d,~)/(y) of Wu—
Liu-Ding in [Adv. Math. 296 (2016), 1-54] with m = 2 and d = 2, where D(m, d,~)/(y)
will be introduced in the Chapter 4.
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Chapter 4 On the Hopf algebras D(m,d,~)/(y)

The Hopf algebras D(m,d,~) were introduced by Wu—Liu-Ding [30], they gave a
complete classification of prime regular Hopf algebras of GK-dimension one and they con-
structed the Hopf algebras D(m, d,~y). As the quotient Hopf algebras of D(m,d,~), we
obtain that each

D(m,d,~)/(y)

is a semisimple Hopf algebra.

4.1 Hopf algebras D(m,d,~)

In this section, we recall some well-known facts about the Hopf algebras D(m, d, ).
Let m, d be two natural numbers satisfying that (1 + m)d is even and £ a primitive 2m-th
root of 1. Define
wi=md, 7:=¢&.

As an algebra, each D = D(m, d,~y) is generated by

+1 41
TG Y, Up, Upy -+ 5 Um—1,

subject to the following relations

el =xle =1, g9 '=glg=1 xg=gz, (4.1)
Ty =y, yg = £9Y, yt=1-2"=1-4g", (4.2)
TU; = wr Yu; = Pillip1 = fl’dui% U;g = ”Yiifmguh (4.3)
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and

wiuy = (=1)79g 7y Ly Sy, it+j=m-—1,
(_1)7‘7&7]47](];1) %x_#ds@i . Som_lspo e gpm_Q_jyi‘i'j*mg’ Otherwise’

where p; =1 — v lz?and 0 <i,j < m — 1.

The coproduct A, the counit € and the antipode S of D(m, d,~y) are given by

Alz) =2z, Alg)=9®g9, Aly)=y®g+1®y, (4.4)
m—1

A(w) =Y /"y @ 2 (4.5)
7=0

e(x) = €e(g) = e(ug) =1, €(y) = €e(us) = 0; (4.6)

S(x)y=a"", S(g)=g", Sly)=-yg ", (4.7)

S(ug) = (—1) iy it s 0mmdgmeicty, (4.8)

for0<i<m-—1landl<s<m-—1.

4.2 The quotient Hopf algebras D(m, d,~)/(y)

As the notations in the section 4.1, let m, d be two natural numbers satisfying that (1 +

m)d is even and ¢ a primitive 2m-th root of 1. Assume
wi=md, v:=¢.

Then each quotient Hopf algebra D(m, d,~)/(y), as an algebra, is generated by

X,g, Uy, UL, " 5, Um—1,
subject to the following relations

rg =gz, ¥ =1,9" =1, (4.1)

zu; = wirt w =y, wg =y g, 4.2)

. . JG+1) m n .
.~ L DY e Ly o g, if i+ § = 0 (mod m),
o 0, otherwise,

4.3)
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where p; =1 —~y 12?4 and 0 < i,j < m — 1. The coproduct D(m, d, )/ (y), the counit e
and the antipode S of D(m,d,~y)/(y) are given by

Alz)=r®2, Alg)=9®y,

S()y=z"", S(g)=97",

i(i+1)

S(u) = (=1)'¢7"y 2

Iid-{—%(l—m)dgm—i—lui’ (4.4)

for0 <¢<m-—1.

In the following of this thesis, we will denote D(m, d,~)/(y) as D for convenience.

Let C be the subspace spanned by
{g'u0 <45 <m —1}.
Then C' is simple coalgebra.

We have the following decomposition of D into simple coalgbras

md—1m—1 d—1
D= @ @kxigj &) @xiC.
i=0 j=0 =0

It is not hard to see that the set
{27 o' gPupl0<i<md—1,0<j<m—-1,0<1<d—-1,0<k<m—1}

is a basis of D. Denote by G be the group of all group-likes of D. Then clearly every element
in D can be written uniquely in the following way:

m—1
[+ Zfiui
i=0
for f,fie kGand0 <i<m — 1.

We use Z(D) to denote the center of D. Next result helps us to determine the center of
D.
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Lemma 4.2.0.1. The elemente = f + Zﬁ_ol fiu; € Z(D) if and only if

[ fouo € Z(D)

and

Otherwise, assume that, say, f; # 0. By assumption, ge = eg which implies that
gfiur = frurg.
By (5.2), fiurg = v 1gfiu;. So we have
v g fiur = gfiu

which is absurd. Similarly, we have

Secondly, let’s show that f € Z(D). Also, by eu; = u;e and (4.3) we know that

fui = u;f

for 0 < i < m—1. By definition, f commutes with all elements in G. Therefore, f € Z(D).
Since e = f + foug and e € Z (D), we also obtain that

foUQ € Z(D) .

Let ¢ be a md th root of unity satisfying (¢ = ~. Define



for0 <i<md-—1and 0 < k <m — 1. It is well-known that
{17190 <i<md - 1,0 <k <m—1}

is also a basis of £G. Therefore, one can assume that

md—1m—1
— 19 __ x19
f— E E aij]-i 1j = E aijli ]'j'
i=0 ;=0 i,J

For any natural number i, we use i’ to denote the remainder of i divided by m.
Lemma 4.2.0.2. Let f =},  a;;1719 be an element in kG- Then f € Z(D) if and only if
Ai5 = Amd—i,j—i

forall0 <i<md—-1,0<7<m—1.

Proof: Define
19 = é(l I T e N O )
for0 <¢ <md— 1. Forany 0 < k < m — 1, it is not hard to see that the elements in
{17]i = k (mod m)}

are linear independent. Direct computation shows that

17 if i=k d
1y — Tug, if 1 ' (mod m), @5)

0, otherwise,
17, ifi+k=0 d

l? = upl?, i H—. (mod m), 4.6)

0, otherwise.
and
Lraoi =177

Therefore, we have
_E : z19
fuk = Q5 11 1juk
i?j
_E : z, 19
= Qi 11 UL 1j—k
i?j

— 19
= E aijli 1juk,

i=k (mod m),j
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and
— 19
ukf = E aijuklilj
ihj

— 19
- E al-jukli 1j

i+k=0 (mod m),j

_ E zt 19
= aijli uklj

i+k=0 (mod m),j

— x g
= E aijlmd_iuklj
i+k=0 (mod m),j

— E 1T g
i+k=0 (mod m),j

This means that fu;, = wu f if and only if

Ak+im,j = Am(d—1)—k,j—k

for some 0 < k£ < m — 1. From this, the proof is completed. U

Assume that fo = >, ; b;;1719. Using (4.5), we know that

J YTy
foug = b 1719
olUo ijLi 15U0-
1=0 (mod m),j

So we can assume that

fo= > byl

1=0 (mod m),j

directly. With this assumption, we have the following result.

Lemma 4.2.0.3. The element fyuy belongs to the center of D if and only if

I >, bos 1517, if md is odd, @7
0 Zjbojlglg%—zjbm?d,jl:%dl?, if md is even. '
Proof: From x fouy = foupx, we have
zfo=x""fo,
which implies exactly the equation (4.7). The converse is straightforward. 0

Next, we want determine when a central element is idempotent.
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Lemma 4.2.0.4. Let e = f + fyug be an element living in the center Z (D). Then 2 = e if
and only if

f= 1+ fous
and

Jo=2ffo.

Proof: By Lemma 4.2.0.1, f commutes with fyu, and

2 2.2
(fouo)™ = foug.
From this, the lemma becomes clear. ]

Lemma 4.2.0.5. Let f =, - a;;1719 and fo = >, ; b;;1717 satisfying

Jj Tty
e=f+ fouo

is a central element. Then e is an idempotent if and only if

Qg = @2+, (M (0<s<d-1,0<j<m—1), (48)
a2, = ay (i#£0(modm), 0<j<m-—1), (4.9)

Proof: We just translate the equivalent conditions in Lemma 4.2.0.4 into the equalities about
coefficients. O
By equation (4.10), we know that a;; = % if b;; # 0. By equation (4.8), we have that

bom j = i% NI e smd

if by ; # 0. We use [.] to denote the floor function, i.e. for any rational number ¢, | ] is the

biggest integer which is not bigger than ¢.

Proposition 4.2.0.6. If md is even, then the following is a complete set of primitive central
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idempotents of D:
115;?1!? + 1\/Flﬂﬁlg.uo,
2 J

1f1~" \/7_3 12 1%y,
1 1 . 1

1z 19 _ —J(—
2ldelj+2 yI(—1)2

1 1 /7 Lim
T g — Mdqx g
El%dlj - 5 7 J(_l) I 2d1 U,

d
1% 19—1—19(5 _s) 19 (O<s§d—1,s#§,0§j§m—1)

sm=j m-=j>

+md
1I d ]_gU()7

lm+z]'g+1(d I—1)m~+(m— 1)15 X
(0<I<d-1,0<i< L;J, 0<j<m-—1).

If md is odd, then the following is a complete set of primitive central idempotents of
D:

1, 1 —
[ p——
_10136{ - _\/’Y_]lolguoa

SCg xr
12,19 + 18,19

sm~—j m=j>

0<s<d-—1,0<j<m-—1)
Ui 19+ Lty iy s

(0§l§d—1,0<i§L%J,ogjgm—l).

Proof: According to Lemmas 4.2.0.2-4.2.0.5, we know all above elements are central idem-
potents. It is easy to find that the sum of these elements is just 1. So to show the result, it is
enough to show that they are all primitive central idempotents. We just prove this fact for the
case md even since the other case can be proved in the same way. In fact, by definition we
can find the elements in the last two lines presented in this proposition can be decomposed
into a sum of two idempotents which are not central, and so the simple modules correspond-
(d—22)m + (m—zl)dm
idempotents in the last two lines and 4m ones in the first two lines. Therefore, all of these
idempotents create an ideal with dimension > 4m +4( (d_; m (m_; Jdmy — 9m2d = dim D.

This implies they are all primitive. U

ing to these central idempotents have dimension > 2. There are cental
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Corollary 4.2.0.7. If md is even, then as an algebra D has the following decomposition:
m2d—2m)

D = kU™ @ M,y (k)5

If md is odd, then as an algebra D has the following decomposition:

m2d—m)

D = k™ @ M, (k)" 2

4.3 Conclusion

In this Chapter, we recall the definition of each Hopf algebras D(m,d, ) and their
quotients. The Hopf algebras D(m, d,~) were introduced by Wu-Ding—Liu [30]. In their
work, they gave a complete classification of prime regular Hopf algebras of GK-dimension
one and explicitly constructed the algebras D(m, d, ). By taking quotients of D(m,d, ),
we obtain the family of Hopf algebras

D(m,d,~)/(y).

We study the properties of these quotient Hopf algebras. We will prove that each quotient
Hopf algebra D(m, d,~y)/(y) can be constructed by Abelian extension in next Chapter.
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Chapter 5 The Abelian extensions H (m, d)

Recall that each Hopf algebras D(m,d,~)/(y) in section 4.2 is semisimple. We con-
sider the following questions in this chapter:

1) Can each D(m,d,~)/(y) be constructed by an Abelian extension?
2) Can we classify all simple Yetter-Drinfeld modules V' over D(m,d,~)/(y)?

3) Can we classify all finite-dimensional Nichols algebras over D(m, d,v)/(y)?

Let m, d be natural numbers such that (1 + m)d is even. Let G be the finite abelian

group
Zmd X Z m

generated by elements x and y with relations

md

r =1 y" =1 zy=yx.

We denote by kG the group algebra of Gz, equipped with the usual Hopf algebra structure,
and by k¢ its dual Hopf algebra, i.e., the algebra of functions from G to k.

Let H(m,d) be the class of Hopf algebras defined as Abelian extensions as follows,

Each H(m, d) is constructed as
D =~ kG#U,Tkz’Q?
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which is determined by the data (Z,, G, <, >, 0, ) given by

> is a trivial action,

gt =y,

rdt = x_lg_l,

T(2'y’, g, t) =",

—i24it2(m—1)j
2

o(z'gl, t, t) =~

We can show that each H (m, d) is a semisimple Hopf algebra.

For the question 1), we have the following conjecture.

Conjecture 5.0.0.1 (Gongxiang Liu). Each semisimple Hopf algebra D(m, d,~)/(y) is ex-
actly constructed by an Abelian extension H (m, d).

We will prove this conjecture in section 5.1 and section 5.2. We will give an important
example in section 5.3. For the question 2) and 3), we will present some results in Chapter 7.

5.1 Abelian extension

As the same notation in section 4.2, we denote by D the Hopf algebra
D = D(m,d,~)/(y).
It is straightforward to verify that the elements
$i9j> xlgjuk

with0 <:<md—-1,0<7<m—-1,0<[<d—-1and0 < k <m — 1, which form a
k-basis of D. Denote by G the group of all group-like elements of D:

G="Tpa X Ly = (2,9 | 2™ =1, g" =1, 29 = gz ).
For each 2'¢’ € G, recall that we have

119
€rigi = 1715
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It is clear that the set
{epigi|0<i<md—1,0<j<m—-1}
forms a dual basis of G. Let K be their linear span. Then we can obtain that
K 2 k% = (kG)*.

Now we define the following elements of D:

t= > gu, Ag=atg!, A =gAg" (5.1)
i+j=m—1
Ay = g2Ag_27 s Ap1 = gm—lAg—(m—l)' (52)

Let B be the m X m matrix

gm—2 729m—3 . ,y2igm—i—2 . ,72(m—l)g—l

gmf2 ,73gm73 . ,YBzgmflfQ . 73(m71)g71
B = . . .

gm—2 ,ym-&-lgm—?) . ,y(m+1)igm—i—2 . ,y(m-i-l)(m—l)g—l

Proposition 5.1.0.1. The determinant of B is given by

H (fy”l — fyjH), if m is odd,
| B|= 1<j<i<m—1
e H (v =+, ifmiseven.
1<j<i<m—1
Proof: We express the entries of B as follows. The rows are indexed by r = 1,...,m and
the columns are indexed by ¢ = 1, ..., m, respectively. The (r, ¢)-entry of B is given by
Br,c _ ,y(r—i-l)(c—l) gm—c—l.

Indeed, for ¢ = 1 this yields ¢™~2, and for ¢ = m we obtain ¢ '; the exponent of v gives

/D=1 reproducing the pattern 4%, 7%, ... v(m+1)i wheni = ¢ — 1.

Next, factor the column-dependent power of g from each column: from column ¢ factor

out g™ ~~1. This gives

det B — (Hgm—c—l) det('y(r+1)(c_l))1§r,c§m'

c=1
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The total exponent of g is

3
L

m

Z(m—c—l): (k—l):T—m:T,

0

e
Il

c=1

(m—3

so the prefactor equals g 5= The remaining determinant is of Vandermonde type. Set-

ting o, = 7" for r = 1,...,m, the matrix (y"+9(=1) consists of the column vectors
(1, ., a2, ..., a™ 1), Therefore,
det (,y(r+1)(c71)) _ H (i — o) = H (,Yi+1 _ ,yj+1)‘
1<5<i<m 1<5<i<m

Combining both factors, we obtain

3)

detB=g" %5 [ ().

1<j<i<m
Finally, we simplify the power of ¢ using ¢ = 1. If m is odd, then m(rgf?’) is divisible by
m, and hence ¢ mo=t 1. If m is even, write m = 2k; then
m(m=3) _ e
g 2 :gk:(2k S)Z(gk)Qk 3:9k7
since 2k — 3 is odd and g?* = 1. Thus g = g™? when m is even. Consequently, we
obtain that
IT =+, if m is odd,
detB = ¢ 's/si=m
g™m/? H (7”1 — 7j+1), if m is even.
1<j<i<m

U

Remark 5.1.0.2. If ~ is a root of unity whose order is less than m, then there exist indices
1,7 such that the determinant vanishes. In particular, when v = 1 (order 1) and m > 2,
the determinant is zero. When 7 = —1 (order 2) and m > 3, the determinant is zero.
However, for the example H (2, 2) in section 5.3, the determinant is non-zero due to m = 2.
Furthermore, in all our examples, since each v is primitive root of unity, each determinant

of B is non-zero.

Theorem 5.1.0.3. Each Hopf algebra D is generated by %!, g*!, and ¢.

d 1

Proof: From the relations z%u; = ~'u,; and v'g~'u; = u;g~*, we can define the generates

A;fori=0,1,2,.... m—1,
m—1
AO _ xdtgfl _ Z ,VZigmfifQui.
=0
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and a sequence of similar elements:
m—1
Ai=g'Agg™ =Y AigmTi2y,i=0,1,. . m - 1
i=0

Let B denote the m xm matrix considered in Proposition 5.1.0.1. The elements Ag, A1, ..., A1

satisfy

;

m—1
AO — :Cdtgfl — Z ,}/QigmfifZ u;,
=0

(5.3)
m—1
A =g Agg™" = gAr1g7" = Z A BT gm=i=2q, k=1,...,m— 1.
\ i=0
These relations are precisely equivalent to
(U(), Uty ... ,Um_l)T = B_I(Ao, Aly A27 e ,Am_l)T. (54)
Since each Ay, (k = 0,...,m — 1) can be expressed in terms of 2t gt and ¢, it follows

from equation (5.4) and the definition of B in Proposition 5.1.0.1 that every u; lies in the
subalgebra generated by these elements. Therefore, D is generated by %!, g*!, and ¢ as an

algebra. O

Example 5.1.04. Let m = 3,d = 2and &% = 1 = ~3, then D = (x, g, ug, uy, up) with
following relations,

20 =1= g% uf = 327> o1,

upuy = 0 = uyug, Ugts = 0 = ugug, u3 = 0,

Ujg = %$_2d<ﬂ1¢2gau2ul =(-1) _1%237_2‘1802%9,

Yo = 1- ’7_1‘7"(17 Y1 = 1- 7_2:662 Yo = 11— xda

ru; = wz Tt ug = 2%, yuy = %,
Yuy = 2%y, Uugg = gug, YuLg = gui, Y:usg = gus.
Lett = g?ug + gu, + ug, A = 2%g™', A = g7 't, Ay = tg~ !, ie.
A= 2ltg™ = guo + 7w+ vg%us
A =gAg ! = g7t = guo + ur + g us
Ay = g Ag™? = tg™" = guo +yur + g’z

We have:

o = 59 (tg™" +a'tg™ +g7't) g 9 99 A
ur =5 (Vg™ +yaltgT + g7') w | =3 v 19 A
up = 1g (vtg™' +y*a%tg ™t + g7) Us 29 g g A,
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Thus, we have D = (z, g, t) with

Recall that p; = 1 — v lzdfor0 <i < m — 1.

Proposition 5.1.0.5. We have

m, if 1 —p =0 (modm),
(pl ...... @m—&—z—? = . ( ) (5.5)
0, otherwise.

Proof: By the definition of
ewge (0<p<md—1,0<qg<m-—1)

and by the relation
(P=y=¢, (5.6)

we can obtain that
=YY e o
p q
for all n in Z, and

- 1+md m—1 ZZ& p(1+m) m 16#’9‘1 (5.8)

By the definition of ¢;, we obtain that ¢; - - - - - - VOmai_o 18 equals to

(1 o ,y—(i+1)$d)(1 - ,y—(i+2)xd) L. (1 _ ,y—(m-i-i—l)xd). (59)

By the equation (5.7) and (5.8), we obtain that the equation (5.9) is exactly the equation

m—1 /md—1m— 1
< yOtE) )expgq>. (5.10)

k=1 p=0 q:0

By the equation (4.3), we get that equation (5.10) is equals to the equation:

ZZ D) (1 — =@ Dgp) (1 = D (5.11)
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This equation (5.11) is exactly the equation:

Z Z,y(p—i)(m—l)[(l + ,yz’—p + (,yi—p)2 e (Vi_p)m_l]eggpgq.
p q

Thus, it is easy to show that

m, if i —p =0 (modm),
()07, ...... gpm+172 p— .
0, otherwise.

Theorem 5.1.0.6. As an algebra, D is generated by the elements
ewrgr(0<p<md—1,0<g<m-—1)
together with ¢, subject to the following relations:

€xpga el«p’gq/ = (dppgq,mp’gq' )ezl’g%

md—1m—1
E E €xpge = 1,
p=0 ¢=0
md—1m—1 5
2 —p“+p+2(m—1)q
t° = E E Y 2 €xpga
p=0 ¢=0

te, = Cg—1g-1 t,

teg, =eq4t.

Proof: We verify a part of the relations. First, we prove equation (5.16). Let

A(i) = 2 (1 gD (gt

m
It is easy to see that

Ai)=A{"), i=14 (modm).

Thus, we can compute 2 as follows:

m—1 m—1
2= Z<gm—1—iui) (Z gm—l—lul>
=0 =0

m—1
(43) Z gm—l—iui g(m—l)—(m_i)um—i
i=0

m—1
42) Z ,y—i(i—l)gm—2uium_i'
i=0
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(5.15)

(5.16)

(5.17)
(5.18)

(5.19)
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By the equation (4.3), we get equation (5.22) is the eqaution

—_

3

(m—i)(m—i+1) 1 _ldmg g

(=) Ty T Ty TR T — g T (523)

I
=)

i

By the equation (4.5), we get the equation (5.23) is exactly the equation

Ai) @i pmsia a2 A, (5.24)

By the equation (5.19), one can get the equation (5.24) is equal to

md—1m—1
DD M@ e g (5.25)
p=0 ¢q=0
md—1m—1
> e P A e g (5.26)
p=0 ¢=0
md_tm] —p2+p+2(m—1)q
= YT 2 Egpga. (5.27)
0

M

p=0 ¢
Therefore, equation (5.16) holds as claimed.
Next, we verify equation (5.17). Recall that e, = e,1,0 = 171 and e, = 1317, where

1

3
1 i 1 o
:ZE ¢TI 1z:§§:7 ngJ'
=0

Thus, we have the following equation:

md—1 m—1 md—1 m—1

1 o 1 . .
te, = @t( IO )= ey S ) g (5.28)
=0 1=0 j=0 i=0
1 md—1 m—1
=g (a9 (> a Mgt (5.29)
=0 1=0
md—1 m—1

mzd ) Z ¢al) (Mg )]t (5.30)
Jj=0 1=0
md—1 m—1
_ m2d Z ZCJHCJ gl (5.31)

nd—1 m—1

= de > Z (It d Tl gl (5.32)
Jj=0 =0

(5.33)
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This is exactly the equation:

md—1 m—1

(3 (3 g

=0 1=0
1 md—1 m—1
= @(Z ) (Y gt
=0 1=0

m—1

=0

md—1
1 b .
:@(E ¢omimDIgd) (Y gy
j=0

= (€$71971>t.

Finally, equation (5.18) follows by a similar argument:

1 ; _
teg = @t( > )Y g
j=0 1=0
1 md—1 m—1
_ - -1 1
—@(Z$ N _179)
=0 1=0
1 md—1 m—1
= —=(D_ Q)
m -
7=0 =0
1 md—1 m—1
_ j -1 1
= @( : z?)( 7g")
7=0 =0
= eyt.

Proposition 5.1.0.7. The coproduct of ¢ is given by

md—1m—1 md—1m—1
—kl 2)1

= ZZ’V Ve @ Y A

=0 l'= k=0 [=0

Proof: Let0 <i < m — 1, we know that u; is equal to the following equation:
L —2i —3i —4i —(m+1)i
EngrQ(,y2A0+73A1+74A2+“_,y(+1)Am7

The equation (5.44) is exactly the equation (5.45) and equation (5.46)

51

(t®t).

1)

(5.34)

(5.35)

(5.36)

(5.37)

(5.38)

(5.39)

(5.40)

(5.41)

(5.42)

(5.43)

(5.44)



E(7_21x2d92_1 + 7—3zx3dgz—1 44 ,y—(m—i-l)zx(m—i-l)dgz—l)t’

i —2i_2d
m

(v~ % gifl + ,}/73ix3dgifl bt ,Yfmixmdgifl + ,Yf(m+1)ix(m+1)dgifl)t.

Thus, the each element g™ ' ~"Ju,_; is equal to
E(,}/Q(jfi)x2dgrr172 NN ,ym(jfi)xmdgm72 + ,Y(m+1)(jfi)x(m+1)dgm72)t'

Let p = ¢ — j, we can get the equation (5.48)

l(,y—Qpl,ngm—Q + 7—3pl,3dgm—2 + 7—4px4dgm—2_’_

et r‘)/_mpxmdgm_Q + 7_(m+1)px(m+l)dgm—2)t.

This is exactly the equation (5.49)

md—1 m—1
1 DD I e B DO e e R Lt P
M= =0
Thus, we get
m—1
gm—l—i+jui_j — Z ’Y(m_Q)lexkylt.
(k=p mod m) =0
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Based on the equation (5.50), we obtain that

7=0
m—1 m—1
— Z( gty @ gy, )
i=0 j5=0
m—1 m—1 m—1
_ (Z g]—z( gm—l—]u] ®gm 1—(z—j)u2_3)
=0 7=0 7=0
B m—1 m—1
p=t=J ( g—p( gm—l—juj ®gm 1—pup)
7=0 7=0
-,
p
md—1m—1 m—1
B35 IRNTID S SR
p k'=0 UI'=0 (k=p mod m) (=0
md—1m—1 m—1
153D ERTIPEID S SRCE ST
p k'=0 I'=0 (k=p mod m) =0

Let p = k, we get that the equation A(¢) is equals to the equation (5.60):

md—1m—1 md—1m—1
INCEHD D DER SIS S NS 1Y)
k'=0 I'=0 k=0 [=0

(5.51)

(5.52)

(5.53)

(5.54)

(5.55)

(5.56)

(5.57)

(5.58)

(5.59)

(5.60)

O

Let ¢ be the generator of kZ,, assume < and > are the actions: ¢ &G xkZy S kZs.

cocycles of (kZo, G, <, ).

5.2 The proof of the Conjecture 5.0.0.1
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Then (kZs, G, <, ) is a matched pair of groups and (o, 7) is a pair of compatible normal

Proof: Since dim D/dimk® = 2 is the smallest prime divisor of dim D, it follows from
[22] that F is normal. A finite-dimensional Hopf algebra of prime dimension p is isomorphic



to the group algebra kZ, [31]. Therefore, we have F' ~ kZ,. Based on the Section 2.3 and
Section 5.1, we obtain that each Hopf algebra D is an Abelian extension of kZ, by k¢.
Equivalently, D is the Hopf algebra H(m, d), constructed as the Abelian extension

D ~ kG#U,TkZ27

which is determined by the data (Z,, G, <, >, 0, T) given by

rat=x"t¢g7t, gat=y, (5.1)
T(z'g’, 2t t) = 7", (5.2)
o(z'g’, t, t) = vw (5.3)

[l

5.3 An example H(2,2)

Let m = 2 = d, the Hopf algebra H(2,2) = D/(y) is generated by x, g, ug, u1, subject
to the following relations

vt=1=g
rg = gr,
ru; = wr ",

up =yt (v = 1),

uig =v"gu; (y=-1),

ug = 5(xg +2%g),

ui = —g(zg —2%g9) (y=-1),

uouy = 0 = uyug,

where ¢ is a primitive 2m-th root of 1 and ¢ = ¢ is a primitive dm-th root of 1 (in this
example, we fix { = —tand ( = 7).

Lett = guo+uq, then the Hopfalgebra H is generated by z, g, ¢ satisfying the relations

vt =1=g%,
tr = 71t
tg = (a?g)t.

The coproducts of the generators are given by
Alz)=z®z, Alg) =9®y,
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Aug) = up ® up + 11 ® guy,
Auy) = ug @ uq + ug @ guy.

Since A is an algebra homomorphism, we have

A(t) = A(guo) + Aur) = A(g)A(uo) + A(u).

Step 1. We compute A(guy):
A(gug) = (9 ® g)(uo ® ug + uy @ guy)
= gug @ gug + gu; & gzul.

Since g? = 1, this simplifies to

A(gug) = guo ® gup + guy ® uy.

Step 2. Adding A(uy), we obtain
A(t) = guo @ gug + guy @ uy + up @ Uy + Uy @ gu. (EDt)

2

Using the relations u; = —x?u,; and g2 = 1, one checks that the operator

%((1+g)®1+(1—g)®x2)

acts on t ® t by transforming the terms gug ® u; and u; ® uy into gu; ® uy and ug ® uy,

respectively.

Step 3. Observe that
t®@t=(guo+u)® (guo+ uy)

= gup @ gug + gup @ up + up @ gup + Uy & u;.

Using the relations

2 2
Uy = —& up, qu; = —T gugy,

which hold in the case m = d = 2, the expression in (EDt) can be rewritten as

Alt) = %((1+g)®1+(1—g)®x2)(t®t).

Therefore, the coproduct of ¢ is given by
1
At) = 5((1 +9)@1+(1-g)@2*)(tt),
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Alr) =z, A(g) =9 ® g,

We compute the action of ¢ on the primitive idempotent e,.. Since m = d = 2. We have
md = 4 and { = i is a primitive 4-th root of unity. Since y = (¢ = (> = —1. For0 < i < 3
and 0 < k£ < 1, recall that

3
1 1 o
T __ —1J J g9 _ — —kj j
1i—4jE:0C 7, 1k—25fy qg’.

The idempotent e,. Since e, = e,1,0 = 1717, we compute

1
17 = Z(l + (Tl 4+ (P (PP
1
— 1_ c 02 - 3
4( i — 2® +1iz°),
where we use (! = —i, (72 = —1, and (3 = i. Moreover,
w=Lagg).
072
Hence 1
ey = §(1 — iz —2® +iz”) (1 + g).

The idempotent e,s,. Since e,3, = e,3,1 = 1317, we have

1
12 = Z(1 + (P 0+ C*9x3)
1
= (1 +iz- o —iz®),
using (7% =14, ("% = —1, and (~° = —i. Furthermore,
1
19=-(1—g).
1 2( 9)
Therefore,
1
Cy3g = g(l +iz —2® —iz”)(1 — g).
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We obtain that

tex:t% (L+i 'z +i 22" +i%2%) (1 + 2%g)
%(l—l—zx + i’z +zx)(1+x29)t
é(l—i—zx +i%2% iz 4+ xg® —irg — g +ix g)t
%( + iz + %22 +Zx)(1—g)t
é(l—i—m—m —zm)(l—g)t

= €g3gt,

where the fourth equality follows from a direct regrouping of terms using z* = 1 and ¢° = 1.
Thus, we can also obtain that z <t = ™4 1g~!.

We are going to computer te,. Recall that 2* =1, ¢ =1,y = —1, and

ZE2U0 = U, mzul = —Uup.

The element ¢ is given by ¢t = gug + uy. The primitive idempotent corresponding to g € G
is
19 1 2 3
eg = loly = §(1+$+$ +2°)(1 —g).

We compute te, directly. First,

1
teg = (quo+u1)<(1 4+ + 2+ x3)(1 - 9)

8
I+t +2 2+ 23 (guo +w)(1 —g)

| —oo| —

— 8(1 +r+2° —|—x3)(gu0 +uq)(1 — g),

where we used ! = 1 in the last equality. Next,

(quo +u1)(1 — g) = guo — uo +uy — urg
= gup — Ug + Uy — x29u1.

Using the relation z%u; = —u,, we obtain
2 2
T gu; = gruy = —gus,

and hence
(guo +w)(1 — g) = guo — ug + uy + gus.
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Adding this equation into the previous expression yields

|
teg = —(1+z + 2% + 2%)(guo — uo + w1 + guy)

8
= %(1 +x+ 22 +2%)(1 — g9)(guo + w1)
=e4t.
This equality relies essentially on the relation 2%u; = —u,. Therefore, we have
gt =gq.
Recall that
t = gug + uy.

We compute ¢? directly:

2 = (guo + 1) (guo + u1)
= g*uf + guouy + urguo + uj.
Using the relations
9> =1, upuy = urug = 0,
this reduces to
2 =g +ul.
By the defining multiplication rules of the u; in the case m = d = 2, we have

1
ug = 5(Tg + 29),  w

Since v = —1, it follows that

28
Therefore, . .
2 1 3 Lo 3
t—2(x9+x9)+2§(:v9 z°g)
1 _ 1 _
—5(14—5 1):cg+§(1—£ Yty

Equivalently, expressing ¢? in the idempotent basis
{€wga |0<p<3,0<g<1},

we claim that



Recall that we are given parameters m = d = 2, so we assume ( = ¢ (a primitive 4th
root of unity) and € = —i, and v = (¢ = (? = —1. We are going to compare the following
two equations:

p=0 ¢q=0
and . )
=51+ Neg+ 51 - Ny,
where £ = —i is a primitive 4-th root of unity and

3 1
) 1S 1
Cpigi = 1717 = (1 E S kiUk) (5 E g ]lgl> :
k=0

Explicit computation of the right-hand side

First, expand ez gq:

Thus,

zéii@gk Pay~ Z’Y b“)xg,

a=0 b=0 \p=0
. —p2—p—2q —p2—p _ —ab. — _ (b+1) .
since 7y~ 2 =72 y %and y Py 1 =471 . Now compute the inner sum over q.
Since v = —1,
1 1 e 1\b+1
Z,y—q(b—&—l _ Z(_l)—q(b—l—l) _ )2 if (1) =1,
=0 =0 0 if(—1)""=-1.

Thus, the sum is nonzero only when b + 1 is even, i.e., b = 1. For b = 1, it equals 2. Hence,

) 2-2% = - ZS a)x’q,

where S(a) = 37 C‘payfpzfp.

p=0
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Evaluation of S(a)

2- _p(p+1)
2

With( =iandy = —1, wehavey "z = = (=1)"z = = (—1)
Compute for p = 0,1, 2, 3:

(_1) p(p2+1) .

p=0 0(0;1) =0=(-1)"=1, (%=1,
p=1 1?2=1:(—1)1 =1, (=i
p=2: T2=3= (=1, (F=it= (- = (1)
p=3 % =6= (—1)f =1, (=% =2 _;a(_])

Thus,
Sa)=1—i "= (-1D)*+i*(-1)*=1— (=11 —i?).

Ifaiseven, (—1)* =1s0S(a) =0. Ifaisodd, (—1)* = —1,s01 — (—1)* = 2, and
S(a) =2(1 —i™%).

Compute for odd a:

a=1: it=—i=1-it=1+i S(1)=2(1+1),

a=3: it=iti?=(=i)(-)=i=1-i?=1-i, S3)=2(1-1).

Therefore,

3

}1 Z S(a)ztg =

1 1 :
(21 +d)zg +2(1 — i)a’g) = (L +i)eg+5(1— i)xlg.
a=0

N

Comparison with ¢

Since £ = —i, we have:

3 1
1 1 S
=S+ Nag+ 51—l =D 7T ey,
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Finally, if we compare the above formulas for the product and coproduct in H(2,2)

with the corresponding formulas for k“#, .k F' which are giving as follows:

€gen = Ogney, tey = eyut, t* = Za(g,t, t)eg,

geG
Aleg) = D en@er, Alt) =1 7(g,h.t)e, @ en)(t @),
hk€G, hk=g 9,h€G (5.1
St)=> o(g ' t.) ' 7(g. g7 1) egay-it, Sleg) = €41,

geG
€t) =1, e(ey) =411, Vg,heG.
and using a surjective map
7 H— kZy; =k(1,w);
t— w, Cxpga 7 Ef(@xpgq) = 53199%1 -1, (52)
(uy — g,up +— 0).

We deduce
rat=zx"tg7t, gat=y, (5.3)
T(2'g, kg t) = (=1) 77, (5.4)
. —i2_i_2j i4+25)(i4+2j—
o(righ 1) = (—1)T 5 = (=) (5.5)

If we replace g by x2y, then the Hopf algebra H is determined by (Z,, G, <, >, o, 7), where
> 1s a trivial action,

rat=a2"tg =2ty = xy, yat =y,

. i(i—1)
oyl tt) = (1) 7,

T(2'y 2ty t) = (—1)7k.

Thus, the Hopf algebra H(2,2) is the H,.,, of Kashina [18]. We have studied the Hopf
algebra H..,, in the chapter 3.

5.4 More examples

Case m = 2 and d is even

Letm=2,22=1,=1,72=1,"=~v=¢€2,7v1 = ("% Sincem = 2 and d is
even, we have (1 + m)d is even. Each Hopf algebra

H = D(2,d,&)/(y)
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is generated by x, g, ug, u1, subject to the following relations

' =1=g" zg = g (5.1)
Tu; = wr = (—1)_%2%‘7 u;g = (—1)i9ui§ (5.2)
1 1, .
ug= 5% (1), uf = o (a2 (1= 2%), ugu = 0= wu, (5.3)

Lett = gug + u1, we have

1 1
up = = (t — 2%t), uo = =(tg + x’tg).
2 2
Then the Hopf algebra D(2, d,£)/(y) is also generated by x, g, ¢ satisfying the relations
C(]2d =1= 92
tr = a7t tg = (27 9)t,
t? = ud + u?, (5.4)
Aty =3((1+g) @1+ (1 -g)@a")(te1),

tey = (eg2a-15)t,  leg = egyt.

If we compare the formulas for the product and coproduct in H (2, d) with some correspond-
ing formulas for k“#, .k F’, we deduce
rat =217l gat=yg, (5.5)
T(a'g’,xtgl t) = (1), (5.6)

U(Iigj,t,t) _ (_1)(i+2j)(;+2j*1) (57)

These formulae complete the description of H as a a bicrossed product k“#, .k F.

Casem =3 and d = 2

Letm = 3,d = 2and 72 = 1, £2 = v = (2, Following the Example 5.1.0.4, we have
D = (z,g,ug,ur,us) = (x, g, t) with
=1, ¢>=1 and t= g*up+ gui + us.

Sincem = 3,d = 2,£% = 1,43 = 1, and generators x, g, ug, U1, uo. Using the multiplication
and commutation relations

Ugg = guo, YUIG = Ui, Y U2g = Gus,
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and the non-zero products

1 1

_ _ I ., _
ug = gx 480090197 U U = 595 4%@29, UU1 = _¥€ ' 490290097

where the index p is taken modulo 6, ¢ modulo 3. The ; factors are

po=1-7""2% pi=1-97%" @o=1-7""2%

We compute
t* = (g%uo + gur + u)?

= (g*uo)” + (gu1)u2 + uz(gus)
1

= gug + —U1lUag — —& M usung
Y Y
1 2, 1y o 1,0 4 2
= ST pop1g” + ST p1pg” — =& T papeyg”
3 ¥ gl
Let €4pga = %Z?:o S Py dyigh with ¢8 = 1and 43 = 1. Then #2 can be

expressed as a linear combination of e, gq:

5 2
2
"= E E Cp,q Exprga,

p=0 ¢=0

. . (p+29) (p+29—1)
where the coefficients ¢, , are obtained as (—1) 2

The coproduct is given by
A(t) = A(g*ug + gur + us) = A(g*)A(uo) + A(g)A(ur) + Aus).
Using )
Alg)=g"®d" Alw) = u;®guy,
§=0
we compute each term:

A(g*uo) = (9° ® g°)(uo ® ug + ur ® gus + us ® g*uy)
= ¢%up ® g*up + g*uy ® gPus + g°us ® gtuy
= 92Uo 0%y 92U0 + 92U1 & ug + 92U2 & guy.

Similarly,
A(guy) = guo ® guy + guy @ g*ug + gus @ g usy

= guy @ gu; + guy ® g ug + gus ® us,
Auz) = up ® ug + Uy ® guy + uz ® g-ug.
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Adding all terms, we obtain

A(t) = A(g%uo) + Algur) + Auz) = (9° ® %) (uo @ ug + u1 ® gus + us @ g*us +
(9 ® g)(up @ uy + u1 @ gug + us @ g2us) + Uy @ Uz + Up @ guy + us @ g2ug
=t ® g%ug + ¢*t @ gui + gt @ us.

On the other hand, we have

t @t = (g%up + gus + uz) ® (g%up + gus + us)
= ¢%up ® g*up + g*ug @ gui + g*up ® us + gur ® g ug + gur ® guy + gui @ us+
Uy @ g2ug + us ® gui + Uy @ us.

In practice, one can factor out ¢ ® ¢ and write

A(t) = [ > 79 by t)eg ®eh] (t®t),

g,heG

where 7(g, h, t) are determined by the multiplication relations of u;u; and the commutation
relations with g and x. There are six non-zero terms in the sum corresponding to the indices

satisfying i + j = 0 (mod 3). And in this example, we have

(@'’ atg ) = (1),

5.5 Conclusion

In this Chapter, we study the Hopf algebras H(m,d). First, we explain what these
Abelian extensions are. Then, we prove a conjecture by Gongxiang Liu (Conjecture 5.0.0.1).
This proof is important and we will use this result later in Chapter 7 to help us classify the
Yetter—Drinfeld modules over H(m, d). To make things clear, we also work through a full
example for the algebra H(2,2). This show how to proof of the conjecture by Gongxiang
Liu.

In this chapter, we focus on presenting the computational process for H (2, 2) because
it plays an important role in Chapter 3 and in the proof of the conjecture, and we need to
clarify that it is the 16-dimensional Hopf algebra H..,,. Great care must be taken in choos-
ing the generators and parameters, which is also why we emphasize providing the detailed
computations. The computations for H (2, d) and H (3, 2) follow similarly, we have omitted
some of the details.
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Chapter 6 The detailed calculation of /7.,

Let H be the Hopf algebra H..,, in this Chapter. We will present the detailed compu-
tation for the Yetter—Drinfel’d modules of /' in Chapter 3.

Let V = @®uecVi be the k-vector space, where V, = {v € V | eyv = 0, ,v} defined
in Chapter 3. Recall that by the relations te,v, = eyqtv,, we have t - v, € V,q. Let
(v = a(g)v, where a : kG — k is an algebra map since (,(; = (4. By the relations
CoigiXakyt = 0 and 1+ = € = (1 + x1, we have the decomposition of V,, for u € G(H):

Vu = Clvu ) leu
Let S = {1,y,2% 2%y} and T' = {x, zy, 2%, 23y}, we have G = T U S.

Remark 6.0.0.1. Let V,, (u € G) be the D(H)-modules. By e,V,, = d,, V., it is clear that
they are pairwise non-isomorphic.

Let o, o/, B : G — k be characters of GG such that

Cg‘/;t = a(g)Vu, CgVuy - O{/(g>‘/;ty'

Let x sV, = B(s)V,, for s € S. Assume ¢ is a primitive 4-th root of 1.

6.1 The one-dimensional Yetter—Drinfel’d modules

D(H) has 32 non-isomorphic one-dimensional irreducible representations as the fol-

lowing.
left action av (V2 G Vazy GVy
t A==1 A=+ A=+ A==+1
Co az) =

=¢|a@)=¢| alz)=¢ | alzx)=¢
Gy oy)=1]aly)=1|aly)=-1|aly) =-1

g 0.1 99,2 Og.a2y Og.y

Then ({1 Vi, ps) € 2YD with its module structure, comodule structure and braiding given
by
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aV 1 Va2 1 Va2y GV
cv@v)=vRv | cv®v)=vRv | c(v®v)=—-vRv | c(vRv)=—vRV

Firstly, we assume V' = (;V,, and fix u € S.

If h € S, we have t - v, € V,. Assume that ¢ - v, = Av, when we let dim(V) = 1.
According to A*v, = t*v, = 3 0(g,t,t)egu,. we know A\* = o (u, t,t). Let (v = a(g)v,
where o : G — k is a characters of G.

In this situation, By t¢yv, = Grat (D2, 7 (W at, g;t) T((hat)g, h=t at;t)T(hat,h™" <
t; t) (e #t))v,, we get

tChv, = AT (h, s t) T(hy, b t)7(h, by )G, (6.1)

Inparticular, a(y) = 7 (y, p; t) 7(yp, y; )7 (y, y; H)a(y) and 7 (y, ;1) T(yp, y; )7 (y, y; t) =
1forue S.

If h € T, we have \* = —1, h<at = hy and tv, € Vo = Vi,. By tGu, =
Chat (3o, 7 (hat, git) T( (hat)g, h=t at;t)r(h<at,h=" at; t)(eg#t))v,, we see that
tChvy = AT (hy, g t) 7(Chyp, Ky )7 (hy, h™tys £) Gyt (6.2)

In particular, a(x) = 7 (zy, p; t) 7( Ty, 23y; t)7(2y, 23y; t)a(x)a(y) foru € S. Thus, we

have the the following equation:

C$U1 = Cﬂ:yvla szvy = _C:vyvya C:EU.’E2 = C$yvm27 szx2y - _gzyvm2y‘ (63)

By 6.3 it follows that a(y) = 1 when v = 1, 2%; a(y) = —1, when u = y, x2y.
Since o : kG — k is an algebra map it follow that a* = 1. Let £ be a 4-th root of unity,
then there are 32 one-dimension irreducible representations as above table in this case.
Secondly, If V= x,V, and dim V' = 1. But in this situation, e,xn = Xn€gn(h-1«t), it
follows that x4v, € V,hawn-1. In particular, when h € T', x,v, € V,,, this is a contradic-
tion to dimV = 1. WhenV = (;V,, andu € T, t - v € V,,,, it also contradicts to dim V' = 1.

Since V' is a one-dimensional, we must have that p(v) = 3,0 ® h; with h; € H. Since
f-v=2%, < fhy >vforall f € H*, it follows that p(v) = v ® Xpcca(h)e, and
ps(v) = Epega(h)S(en) ® v. By ¢(v @ v) = Epeqa(h)S(ep) - v ® v, we can see that the
braiding of left-left Yetter-Drinfeld module (;V, is c¢(v ® w) = v @ v.

6.2 The two-dimensional Yetter—Drinfel’d modules

Letu € T, v, € (1V,, then D(H) has 16 non-isomorphic two-dimension irreducible

representations:

66



left action V =< v,,05y > V =< 0, Uy >

, 01 01

10 10
Co a@)=¢=—-d(z) | alx)=E=d(z)
G ay)=ldy =-1|ay) =-La@ =1|aly)=1d(y) =-1

Sgu 0 gz O gas O Spas 0
€, . ¢ 9, ‘
g 0 Syuy 0 Oyay 0 Sty 0 S gty

Then ((;V,, ps) € #YD with its module structure, comodule structure and braiding

< Uy, Ugsy >

(v.) N}(TJ)J

a(@®) == —d(@)

given by

V =< 0,05y >

V =< 0,05y >

< Ugs, Ugsy >

< Vg3, U3y >

c(vev)=E8vev
cvew)=88wev
c(wev)=-Evew
c(w®@w)=wew

c(vew)=—-Ewev

clvev)=88vev

c(w®v)=E8vw
c(w®w) =wew

c(wv)=—-vew
c(wew)=wew

clv®v)=¢vv
c(vRw)=Ew®v

cv@w)=—-Cw®v

c(vev)=Eev

c(w@v)=Evew
c(w@w)=Eww

Firstly, we see that x,V = 0. If h € T, since te, = eyt and e,(, = (pe,y, we have
w = tv, = vy, € Vyyand (v, € V,. Let (v = ag)v, (yw = o/(g)w, where o, o/ : G — k
are characters of G. Let v = v,,w =t-vand V =< v, w > as a linear space.

Since

tChvy = Grat(Y_ 7 (hat, git) T(hat)g, A atst)r(hat, A= at; t)(eq - 1)),

g

then we see that

tCun = 7(hy, py; )7 (he, BNy )7 (hy, W™ 1ys £ Gy, (6.1)
Since hy € T, we can let h = hy. Thus, we have:
Chl(w) = T(h, pys )T (hyp, =5 )T (hy ™5 )t - . (6.2)
In particular, we have
o (z) = 7(xyp, 2 t)a(z)a(y). (6.3)

If h € S, we have tv, = vy, € Vi, Gyv, € V,, by teg = eyt and e,(, = (e, Since
tChvp = Cha(Do, 7 (h <t gst) T((hat)g, b=t at;t)T(hat,h=' at; t)(ey - t))v, it follows
that tCyv, = 7(h, py; )7 (hyp, =15 8)7(h, k™5 )0, Thus, we have

a'(h) = 7(h, py; )7 (hyp, K= 1) 7(h, Y5 t)a(h).
In particular, we see that

o (y) = 7(y, pys t)a(y) = —aly). (6.4)

By (6.3)(6.4) it follows that

a(y) = —a'(y) = £1,
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o (z) = —a(z)aly), o'(x)d'(y) = alz),
o/ (2%) = —a(2’)aly), o/ (z%)d (y) = a(a’)

Since t*v, = Y., 0(g,t,t)e4v, it follows that t - w = o(u,t,t)v. Then the action of D(H)
on V can be defined as following:

t-v=w, t-w=o(ut,t), v=alh), (6.5)
Ch-w = 7(h, py; )7 (hyp, )7 (h, A1 Ha(hy)w. (Yh € T) (6.6)
Cp-w = 7(h, py; )7 (hyp, )7 (h, A1 Ha(h)w (Vh € S). (6.7)

Since v, o are the characters it follows that o(z) = 1 = o/*(z),a?(y) = 1 = o’*(y). If <
v+ Aw >isaD(H)-submodule of V =< v, w >, we see that (;, (v+ Aw) = a(h)v+o/(h)w

and t(v+ \w) = w+ Ao (u, t, t)v are belonging to < v + A\w >. Then we have ﬁ(h) =2

and Ao (u,t,t) = 1. This means a(h) = o/(h) forall h € G. But a(y) = —a/(y) # 0 in
above representations, so there are 16 two-dimension irreducible representations as above
table. Firstly, we have the right comodule structure

p(v) = v ® Bpega(h)en, p(w) = w & Bpead! (h)ep,

ps(V) = Xpega(h)S(en) @ v, p(w) = Lpega’ (h)S(er) @ w.
We only only verify the braiding of left-left Yetter-Drinfeld module ¢;V,,, v = x*

c(v®@v) = Xpeqa(h)S(en) - v@v=~Ev®u,

c(v@w) = Ypega(h)S(ey) - w@v =Ew v,
c(w®@v) =Speed (h)S(en) v @ w=—&v @ w,
c(w@w) =Spega’(h)S(en) - w@w = Ew @ w.

Let p € S, v, € (1V,, then D(H) has 8 non-isomorphic two-dimension irreducible
representations (i = 0, 1):

left action V =<wy,tvy > V =<y, tv, > V =< vz, tvz > V =< 02y, o2y >

d(z)=¢=—az),a(y) =—1|d(z)=¢=—a@),ay)=1|d@)=¢=—a@),aly) =1 | d@) =¢=—a(x),aly) =1
. (0 1) <01> (04) (071)
10 10 10 10
¢ ( a(z) 0 > < a(z) 0 > ( ) ( a(z) 0 >
’ 0 o/ (z) 0 o (x) 0 o (x)
G ( a(y) 0 ) < a(y) > ( ay) 0 )
! 0 aly 0 ay) 0 aly
60,1 0 604/ 0
“ 0 G 0 5
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(1 Vi, ps) € YD with its module structure, comodule structure and braiding given by

V =< vy, tv; > V =<, tv, > V =< vz, tv,e > V =< vy, tvge, >
o(z) =& =—a(z),aly) = -1 | d(z) =& =—a(z),aly) =1 | () =& =—a(z),aly) = -1| d(z) =& = —a(z),aly) =1
c(v@v)=v®V c(v@v)=v®v cveov)=Ev®v cvev)=Eeu
c(v@w)=wev c(v@w)=wev cvew)=weu cvow)=wev
(w@v)=vew c(wev)=v®w c(wev)=vew c(wev)=vew
c(w@w)=w®w c(w@w)=w®w c(wew)=EEwow c(wew)=Ewew

IfdimV > 1, then ¢-v must can not belong to < v >. Thatist-v € (;V, butt-v ¢< v >.
Then we assume V =< v,w =t - v >. By (;¢ = (on, (1¢; = gy (C-1 = (1, We can
see that {e,},c¢ is isomorphic to G as abelian groups. Thus, we can let (,v = a(g) - v and

(w = d/(g) - w, o, : G — k are characters of G. Then we can see that

t-v=w, t-w=o(u,t,t)v,v=alh) v,Gw=da(h)- w; (6.8)
Ch W= Cht U= T(h’ U, t)T(hU, h_la t)T(h7 h_l’ t)tCthU; (69)
o (h) = a(h<at)T(h,u,t)7(hu, h =, t)7(h,h " t). (6.10)

By (6.10) it follows that o/(y) = a(y). and o/ (z) = a(xy) when u = 1,22 and o/(y) =
a(y), o/ (z) = —a(zry) when u = y or u = 2%y.

For u = 1 or y, it is easy to see that < v + w >, < v — w > are submodules of
< vy, tv, >, when a(z) = o/(x), a(y) = o/(y). For u = z? or 2y, it is easy to see that
< v+iw >, < v—iw > are submodules of < v, tv, >, when a(z) = o/(z), a(y) = (y).

p(v) = v @ Zpega(h)en, p(w) = w @ Bpead! (h)ep.
ps(v) = Zpega(h)S(en) @ v, ps(w) = Lpeaa’ (h)S(e) @ w.
We only only verify the braiding of left-left Yetter-Drinfeld module (,V,,, u = z2y.
c(v®v) = Bheqga(h)S(ey) -v@v =0 @,
c(v@w) = Tpeaa(h)S(er) - w @ v = 2w @ v,
c(w®@v) = Tpead(h)S(er) - v @ w = 20 @ w,
c(w ®w) = Lpead (h)S(en) - w @ w = Ew @ w.
Remark 6.2.0.1.

S(enttt) = extft, S(ey#t) = ey#ft, S(ena#tt) = —ey2fit, S(e2 #t) = —eu2 #t,

S(ex#tt) = —eys #t, S(egy#t) = egsttt, S(estt) = (exy#ft), S(ews,Ht) = —(e,#t)
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Letp € T, if v, € x1V),, then D(H) has 16 non-isomorphic two-dimension irreducible

representations:
left action V =< 0,0y > V =< vy, 05y > V =< 0,05y > V =< 0,00y >
0 ) Bea) [ Gas) | (Boad’)
A=4i 0 A==+1 0 A==£1 0 A=4i 0
0 B?) =1 0 B(z?) =-1 0 B(2?) = 0 B(2?)=-1
X ( 10 ) < 10 ) ( 10 ) ( 10 >
P Oyw O be O Ogw O
eg ( 0 5!/«’1‘!4 ) ( O 5’/1«'”/ ) < 0 (S.*']v'l"!/ > ( 0 6.’/«’1'4"1 )
left action < Uy, Ugdy > < Vg, Ugdy > < Vg, Ugdy > < Uy, Ugdy >
, (o —)\) <o )\) <0 >\> (0 —)\)
A==+1 0 A==4i 0 A==4i 0 A==+1 0
) 0 Bz*) =1 0 B(z?) =-1 0 B*) =1 0 B(z*) =-1
Xe <10 <10 ) (10 ) (10 >
Gpar 0 Gpur 0 Gyar 0 Gyar 0
“ ( 0 5.!/-1"!/ > < 0 ‘50,'#37/ ) ( 0 5.41,-%3,'/ ) ( 0 5!!-3?‘5’!/ >

Then (lem ps) S

B YD with new type braiding given by

(Vi i i i, €)s (0 = 03,0 = XoUs) | (Vg a, 4,4, 0),(0 =05, w0 = Xa¥s) | (Vo trmg, €)5(0 =0, 0 = Xa02) | (Vagri i i i €)5(0 = Vg, W = Xg0y)
c(v®v) = tiw@w c(v®v) =Fww c(v®v) =Ftww c(v®v) = Fiw@w
cv@w)=+ivew c(v@w)=Fv@w cv@w)=+v@w c(v@w) =+tivw
c(lw® 17) +iw®v c(w®v)=tw®v c(w®v)=tw®v c(w®v)=Hwev
c(w@w) =Fiv®v c(w@w)=+v®v c(w@w)=FvRv clw@w) =tivew

(Vﬂ;;,x,i«,c), (v=1vp,w= X.rl'w-"‘)

(Vu;'"‘,q:lii,il.iw C), (’U = Vg3, W = Xg L‘zi)

(Vs i i i ©)» (V= Vg, 0 = Xa03)

(Vs et 5 )5 (V= 033, 0 = XaUas)

c(v@v) =Fww c(v®@v) = Fiw@w clv® 1) Fiw @ w c(v®v) =Fww
c(v@w)=ForRw c(v® w) +iv @ w c(v@w)=Fiv@w c(v@w)=+tvw
c(w®v)=Fwev c(w®@v) =ziw®v c(wv)=Fiw®v c(w@v)=tw®v
c(w@w)=+tv®v c(w@w) =+iv@v c(wRw)=+iv®v cw@w)=+vQv

By egXn = Xn€gn(h-1) 1t follows that x,v, € Vi, Vh € T and x,v, € Vi, Vh € S,
Letv = vy, w = X0y, V =< v,w >, Since t - v, € V,,, we can suppose t - v = Aw. Let
f : G — kbe acharacter and y,v = [(s)v for s € S. Since abelian group S is the subgroup

of G and T' = Sz, we can see that

t-w=t-xv = M(auy, 23y, 1)
to=t-(t-v)=

Xsz (V)

Xsw(w)

XsW = ﬁ(S)T(S, xz, t)w7 XsU

= 7(z, 5,0)B(s)w = B(s)w

=7(s, x,t)B(s)B(z*)v

= B(s)v

N1 (zuy, 2y, )B(y)B(2?) = o(u,t,1)
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We see that
o(u,t,t)

—By)B(2?)

If < v+ Aw > is a D(H)-submodule of V =< v, w >, we see that

Blx) =& 8(a*) = Bly) = £1,1* = = 41, (6.11)

Xy(v+Aw) = B(y)v — AB(y)w €< v+ Aw > . (6.12)

Then we have 3(y) = 0, this is a contradiction to 5%(y) = 1. Thus, there are 16 two-

dimension irreducible representations as above.

p(v) = v ® sesB(s)(estt) + w @ XsesB(s)(exstt),
pw) = w @ TyesB(s)T(s,2,t)(esht) + v @ DoesB(s)B(2?)7 (5, 2, 1)S (exstt).
ps(v) = SiesB(s)S(esht) @ v + TyesB(s)S (exstt) ® w,
ps(w) = LoesB(s)7(s, 2, 1) S (e#t) @ w + LoesB(s) B(a?) (s, 2, 1) S (ensttt) @ v
S ety =o(g ' t, )7(g7", git)e(gan1#t
c(v®v) = EesB(5)S(estt) v @+ Eses8(5) S (eastht) v@w = TyesB(s) S (exstt) v@W,
c(v@w) = YeesB(5)S(eHt) wRv+X,es8(5)S(erstt) wRW = LiesB(8) S (easttt) wRw,
c(w®v) = LeesB(s)T(s,,1)S (eHt) - v @ w + LesB(s)B(2?)7(s, 7, 1) S(enHtt) - v @0 =
SsesB(s)B(x*)7(s, 2, 1)S (exsHt) -
c(wRw) = TeesB(8)7(s, 2, 1) S(esft) - w@Dw + Tees B(s) B()T(s, 2, 1) S (estt) - w RV =
SeesB(s)B(2%)7(s, 2, 1) S (exsHt) -

VR,

w Qv

Let u = z, we get the following braiding:
c(v @ V) = (—eunyt + B(Y)east + B(a?)ent — Bla?y)est) - v @ w = AB(2*)w @ w,

c(v @ w) = (—egsyt + B(Y)esst + B(a?)ent — Bla?y)est) - w @ w = Iv @ w,
c(w @ v) = (=B(x%)eg t — B(z?y)emst + exyt + B(y)est) v @ v = Aw @ v,
c(w® w) = (=f(a%)esnyt — B(xy)est + eyt + B(y)est) - w @ v = —AB(z*)v @ v.

Let u = 23, we get the following braiding:

c(v @ V) = (—egyt + B(y)east + B(a?)enyt — Bla?y)est) - v @ w = —Aw @ w,
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c(v @ w) = (—egsyt + B(y)esst + B(x?)enyt — Ba?y)est) - w @ w = —AB(z*)v @ w,
c(w @) = (—B(x?) et — B(a?y)ewst + enyt + B(y)est) - v @ v = —AB(2*)w @ v,
clw @ w) = (—B(x?) ez t — B(a?y)ewst + enyt + B(y)est) - w @ v = Iv @ v.

Let p € S and v, € X1V, then D(H) has 16 non-isomorphic two-dimension irre-
ducible representations:

left action V =< vg2, XaUp2 >

V =< vy, xav1 >
A= £1;8(y) = £1; B(a?) =

+1 | A =40 8(y) = £1; 8(x

==+l

t

(2]

()

Xz

Xy

il

(0" )

il

—B(y)

€g

b1 0
0 Gy

0ga2 0
0 Og.ay

Then (XIVw ps)

€ YD with braiding given by

V =< vy, xz01 >

V =< vz, XaUp2 >

A=+1;8(y) = £1; B(2?) = £1 | A = £i; B(y) = £1; B(x?) = +1
c(v@v)=tv®v c(v@v)=+ivv
cvew)=Fwev c(v@w) =tiw®v
c(wev)=tv®w ((HY®L) +iv @ w
c(w®@w) =Fww clw ®w) = Fiw ® w

Firstly, we have t - v, € V.. By egXn = Xn€gn(n-14) it follows that x,v, € Vi, Vh € T
and x,v, € V,,, Vh € S. Letv = v,,w
Let 5 : G — k be a character and x,v = f(s)v for s € S. Since S and and 7' = Sz are

subgroups of (G, we can see that:

= XzUu,V =< v,w > and suppose t - v = Av.

Xsv = B(s)v, xsw = B(s)7(s, z, t)w
Xsa (V) = B(8)7(5, @, t)w, Xeu(w) = 7(s, z,1)B(5)B(?)v;
t-v =2\, t?v = v = o(u,t,t)v
tow=t-x,v=—Ar(zu,2°y,1)B(y)w = AB(y)w

The representations as above are two-dimension irreducible representations by the same ar-

guments as (6.12).
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It follows that
p(v) = v R LeesB(s)(esttt) + w @ NgesB(8)T(s, , 1) (eystt),

pw) = w ® VeesB(s)T(s, 2, t)(es#t) + v @ LeesB(8)B(x)T(5, z, 1) (ems#t).
ps(V) = Xses8(s)S(estt) @ v+ XesB(8)T (s, x,1)S (e sH#t) @ w,
ps(w) = VeesB(s)7(s, x,1)S (esht) @ w + NaesB(s)B(x?)7(s, 2, 1) S (enstt) @ v.

We obtain that
c(v @) = TeesB(s)S(estt) - v@v = Av® v,

c(v@w) = Yses8(s)S(esttt) - w @ v = w v,
c(w®v) = YeesP(8)T(s,x,t)S(es#t) - v @ w = A ® w,

c(w@w) = Bsesf(s)7(s, 2, t)S(esHt) - w @ W == —Aw Q@ w.

6.3 Conclusion

In this Chapter, we have presented the detailed calculations of the simple Yetter—Drinfel’d
modules. We have classified the one-dimensional and two-dimensional Yetter—Drinfel’d
modules and provided explicit descriptions.

To summarize, our main contributions in this Chapter are:
* A complete list of one-dimensional Yetter—Drinfel’d modules.
* A complete list of two-dimensional Yetter—Drinfel’d modules.
» The explicit formulas for the action and coaction in each case.

These calculations serve as a foundation for the main results of the Chapter 3, in par-
ticular, for the study of Nichols algebras. We hope that this detailed calculation of H..,, will
be useful for reading this thesis.
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Chapter 7 Future work

The structure and properties of the Hopf algebras H (m, d) have been established in the
preceding chapters. This chapter outlines our planned approach for classifying the Yetter-
Drinfel’d modules of H (m, d) via Abelian extensions, which motivates the Conjecture 5.0.0.1
proved in Chapter 5. We will state the main results without presenting detailed proofs.

This classification of the Yetter-Drinfel’d modules of H(m,d) is carried out as fol-
lows. In section 7.1, we discuss the Drinfel’d double of H(m, d). Based on this, in section
7.2, we introduce the classification of the simple Yetter-Drinfel’d modules over H (m, d). Fi-
nally, some Nichols algebras associated with these simple modules are studied in section 7.3.
However, the finite-dimensional Nichols algebras of these Yetter-Drinfel’d modules V' have
many new cases, and we have considered many interesting results, but the complete classi-
fication of finite-dimensional Nichols algebras are still under investigation, we will obtain
the complete classification in the future.

7.1 The Drinfel’d double of H(m, d)

Let GG be the finite abelian group
Zimd X L,

generated by elements = and y with relations
md _ |

, gt =1, xg=gz.

Let g, h € G, recall that we define the following elements in H* = H(m, d)* in section 3.1,

0
Cg:{eh'_) 9,k Xh:{egr—>0 a1

epttt — 0, ettt — O p-
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Firstly, we take a look at the Hopf algebra structure of /* with the base iy, Xzhy, (0 <
i,k <md—1,0<j | <m—1). Deducing from the coalgebra structure of H, we obtain

g’L‘iyj C:ckyl = Cxi+kyj+la

Xawiyi Xakyt = ,y_jk+(m—2)lXxi+jyj+la
Cxiyﬂ' Cz’“yl =0= C:Jckyl Cxiyj'

1H* :€I§1—|—X1.

(7.2)

Thene,i,i,t (0 <i <md—1,0 < j < m) are the generators of H (m, d) and (i, Xaiys (0 <
i <md—1,0 < j < m) are the generators of H*. The Drinfel’d double D(H) = H**P

H is generated by Cyiyi D4 15, Xyiyi D4 Ly, Lgecop D4 €4y, 1pecop D T, and abbreviate them

Yl
by Cuiyss Xaiyis €xigi, t. Then (uiyiepr, means (Cuiys D4 1g)(Lgeeor >4 €4k,1). It is clear that
1’D(H) == 1(H)*cop > 1H

Let H = H(m,d), then we can generalize Theorem 3.1.0.1 to the setting of H.

Theorem 7.1.0.1. D(H) is generated by €y, t, Criyi, Xaigs (0 <7 <md—1,0<j <m)
with relations:
Cxiija:kyl = Cxi‘*kyﬂ'l?
Xaiyi Xakyl = ’}/_jk+(m_2)lxxi+k’yj+l, (7.3)
C:viijmkyl =0= Xyl <;tiyj7
1= ZweG €y, Eyey =0yy6y (7,7 €G),
teg = egut, 2 =3 0(g;t,t)egy,
€gXh = XhCgh(h—1<t) €gCh = Chey, (7.5)
tCh = Gat(3o, 7 (R at, git) T((hat)g, h=t at;t)(h at, h™" at; t)(ey#t)),
txn = Xnat (Do, 7 (R, g;t) T(hg, A=t at;t)r(hat, h=" at; t) (e #t)).

(7.4)

(7.6)

Proof: The proofis same as Theorem 3.1.0.1. 0

7.2 The simple Yetter—Drinfel’d modules V' over H(m, d)

Let GG be the finite abelian group
Zmd X Zm

generated by elements = and g with relations



Based on the Conjucture 5.0.0.1 and its proof, we obtained that
H(m,d) = k“#, ,kZ,.

We denote by D(H) its Drinfel’d double D(H (m, d)). Let S be a subset of G that is closed
under the action <, andlet 7’ =G\ S. Then G =T U S.
In this section, we denote z ® y ® z by x - y - z. Let (V, ¢) be a braided vector space.
Assume {v;| 1 < i < n} isabasis of V. Recall that in Chapter 5,
> is a trivial action,
gat=y,
rdt = x_lg_l,
T(a'y’, atgl 1) =47,
. —i2i42(m—1)j
o(x'g’, t, t) =~ B e
We will abbreviate o(zg?) for o(xig’, t, t) (resp. 7(z'g’, 2%g')). We define a map 7 :
G x G — k by requiring that 7)(sq, s2) = 1 for all 51, s € S. Assume s € S and \ € k, let
a:G—k

be an algebra map defined by (,-1 = «(g)1. We are now ready to generalize Theorem 3.2.1.3
to the setting of H(m, d).

Theorem 7.2.0.1. All non-isomorphic simple modules over D(H ) are giving as following,

(1) One-dimensional case: Assume s € S and \ € k such that \> = 1. we obtain one-
dimensional simple modules V; ,, = k over D(H), where the actions of D(H) on

Vs Ao 18 given by
eg-1=0,41, x-1=A1, (,-1=0a(g)l, x,-1=0,

forg € G.

(2) Two-dimensional case: Assume s € S, t € T and assume o : G — k and 3 :
(xs)ses — k are algebra maps, where (xg)scs is viewed as an algebra, then the two-
dimensional simple modules V; ,, Vi3, Vi Vip over D(H) are obtained as follows:

(@) Via =k* =<', v? > and actions of D(H) on V;, is given by
ey V' =044, 1 €{1,2}, z-v' =% x-0* =a(s)v,

G vt =algv', ¢ v =n(g,s)a(gat)v?, x,-v' =0, i€ {1,2} forge G
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(b) Vip =k? =< v',v? > and actions of D(H) on V; 4 is given by

gV =0, €9 02 =g, xovt = M0 20 =m0, (vt =0, 4 € {1,2},
Xs1'U1 - 6(31)017 Xsfv2 = 77(817a)ﬁ(81)1)2, Xa'vl = U27 Xa"U2 = T(a,a)ﬂ(Cﬂ)’Ul

where a € S,b € T'and A, i € ksuchthat \* = o(s), & = Xa, s)7(a,b)"'5(b).
(©) Vio =k?*=<v' v? > and actions of D(H) on V,, is given by

eg V= 0,4, g 0 =0y (bET), -0 =M, z-0* = o(t),

o vt =g, G- v =g, t)algat)®, xg-v' =0, i€ {1,2}, g€G,
(d) Vis =k* =< o' v? > and actions of D(H) on V, 4 is given by
g V= 0gpy g V2 =g, v vt = M2 10 = ot
(o' =0, i€ {1,2},
Xs * vt = 5(8)1}17 Xs - v = 77(7; at, 3)5(8)112’ Xa vt = >\U27 Xa * v = :uvl

where a € S,b € T and A, uu € k such that

% =n(taz,b)B(b)Aa,t<ax)T(a,b)”", A= 7(a,a)B(a?).

Proof: The proof is similar to that of Theorem 3.2.1.3, so we omit the details here. O

We denote @ y ® z by -y - z. Let (V] ¢) be a braided vector space. Assume {v;| 1 <
i <n}isabasis of V. Let A, s,p,q € k. We define two dimensional braided vector space
(V, c) as follows:

c(v1 @ V1) = Mg ® Vg, ¢(v] ® V) = pu1 R Vo,

c(v2 ® V1) = qua @ V1, c(V2 @ V2) = SV @ V1.

Then the braided vector space (V, ¢) is called of (), s, p, ¢)-type. If p = ¢, for simplicity, we
denote the above braided vector space as V' (A, s, p) and let v := vy, w := vs.

Remark 7.2.0.2. By Theorem 7.2.0.1, we know that all braided vector spaces arising from
simple Yetter-Drinfeld modules over kG#WkZQ are of the form described above.

77



7.3 Some Nichols algebras over H(m,d)

In this section, we are going to determine some finite dimensional Nichols algebra of
simple Yetter-Drinfeld modules over kG#akaZQ. However, the finite-dimensional Nichols
algebras of these Yetter-Drinfel’d modules V' have many new cases, and we have consid-
ered many interesting results, but the complete classification of finite-dimensional Nichols
algebras are still under investigation, we will obtain the complete classification in the future.

Recall that we denote © ® y ® z by « - y - z and denote (\, s, p, ¢) by the braided vector
space of (), s, p, q)-type. If p = ¢, for simplicity, we denote the above braided vector space

as V(A, s,p) and let v := vy, w := v,.

Theorem 7.3.0.1. If ¢ = 1 or ¢ is not root of unity, then B((V, A, s, p)) = oc.

Proof: Letn € N. Consider the vector a,, := uy...u,, where uq;_; = v and ug; = w for
1 <4 < [§]. Then Q,(a,) = pna, for some p, # 0 € k. Thus we have completed the
proof. U

Theorem 7.3.0.2. Let (V, ¢) be a braided vector space of (), s, p, ¢)-type. Then the Nichols
algebra

a) B((V, A, s,—1)) < oo if and only if As is root of unity.

b) If As is primitive n-th root of unity, then B((V, A, s, —1)) & k{v,w | vw = wv =
0, vt = @t = 0,0 + w? = 0) and dimB((V, \, s, —1)) = 4n.

Proof: Letcy=1,¢; =1— (\s)’, (i > 1). We have:

Q(v-v)=(id+c)(v-v)=(v-v+Iw-w),
Q(w-w) = (id+c)(w-w) = (w-w+ sv-v),
Qo(v-w) =0, Qw-v)=0,
Qv-v-v)=(1=As)v-v-v, Qw -w-w)=(1-As)w-w-w,

Uw-v-vv)=v-v-v-ov—Nw-w-w-w),
Furthermore, it follows from

UQn = (_)\)n,w2n+17
U2n Ly = ,U2n+1’

v2n+1 L = ,U2n+2 + (_1)n)\n+1w2n+2’
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v =0,

w2n = (_8)11?}2n+17

w2n W = w2n+1’
w2n+1 = w2n+2 + (_1)nsn+lv2n+2’

w .y =0.
and by induction on n, we have:

Do, (V2") = oy - - - Cpq VP + (=1)" I w7,
Qon (W) = coey . .. Cpr[W?™ + (=1)"Ls™0?"],

2n+1 2n+1
QQnJrl(U nt ) = CoC1,y - -, CpU i )

2n+1 2n+1
QQn+1(w nt ) = CoC1y - - -, CRW mt )

We can see 2y, 1(v*"™!) = 0 if and only if ¢, = 0 (i.e.(As)" = 0), and we can also get
Qo (V¥ + w?™) = 0 from (As)™ = 0. This finish the claim (a) and (b). O

Lemma 7.3.0.3. Let n € N. Assume A = (z,y| 2* = ay?) as algebra. If a = a;...a9,41
wherea; € {x,y}forl <i < 2n+1,thena = fayx...ay12...G42p41 0T @ = BYTY...Qp1o...Qop 1
for some 3 € k.

Proof: We prove inductively for n. It is obvious for n = 1. Assume n = £ holds. If a =
ajp...asx13, then we can assume aj...asg11 = TYT...Ak12...0251+1 OF @ = BYTY...Qk12...Aok 11
by our induction assumption. Since the reason of symmetry, we can assume a;...agg+1 =
LY. ..appo...a2p41. If ap1 = 2, since 22 = ay?, we only need to show the case aj....a9143 =
TYT...asp 13, Where a; and a;, ; are different symbol in {x, y}. Using 22 = ay? again, we get

a = Bryx...ap,3...a9+3. Similarly, one can prove that a = Syzy...ax,3...a0 43 1f ag 1 = T.

OJ

As an application of above lemma, we have

Theorem 7.3.0.4. If ¢ is n-th primitive root of 1 and As = 1, then B((V, A, s,p)) < oc.

Proof: Directly, we have Qy(w? — sv?) = 0. Thus B((V, A, s,p)) is a quotient algebra of
A = (x,y| 2* = sy?). Next, we claim that B((V, ), s,p))®@* 1) = 0. Letu = u...u,, and
t =t...t,, where uy = v (resp. t; = w) and w;, u; 11 (resp. t;,t;,1) are different symbol in
{v,w}. Then we have Q,(u) = Q,(f) = 0. Thusu =t = 0. Leta = a;...as,_1, where
a; € {v,w}. Since Lemma 7.3.0.3, we have a = [1ud,11...02p,—1 OF @ = Potpi1...021
for some 31, 3, € k. Thus a = 0. This implies B((V, ), s, p))®Z"=Y =0, O
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