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ABSTRACT

We introduce the notion of BB-tilting-cotilting equivalence and show that it co-
incides with the classical notion of tilting-cotilting equivalence for the class of perma-
nently representation-finite algebras. We use this result to re-classify piecewise heredi-
tary algebras of Dynkin types in a uniform manner. We show that, for gentle one-cycle
algebras, being derived equivalent is equivalent to being BB-tilting-cotilting equivalent.
Finally, we construct an infinite number of permanently representation-finite gentle al-
gebras, as a first step toward the tilting-cotilting equivalence classification of gentle

algebras.
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Chapter 1. Introduction

One of the significant achievements of the 20th-century algebraic representation
theory is the classification of iterated tilted algebras of Dynkin types. According to their
derived categories, these algebras are divided into classes indexed by Dynkin diagrams
A,(n>21),D,(n>4)and E, (n = 6,7, 8). Historically, this classification was accom-
plished separately for Dynkin types A, D and E in [1], [2] and [3]. Their methods are,
however, mutually different. For type A, [1] demonstrates that for gentle tree algebras,
tilting processes preserve their local gentleness. For type D, [2] eliminates various non-
acceptable subquivers to force the shape of algebras; the proof is quite demanding on
preliminaries. Finally, for type E, [3] processes a computer programme, beginning with
path algebras and recursively constructing algebras tilted from those already obtained.

It turns out that BB-tilting modules provide a unified framework for all three
cases. The main idea is that path algebras of Dynkin quivers satisfy rather strong
representation-finiteness constraints, so that a tilting step can be replaced by a sequence
of BB-tiltings. See Proposition 3.10 and Chapter 4. for more details.

This idea may have first appeared in [4, Section IV.6], where it is shown that if A
is a Dynkin quiver, then any iterated tilted algebra A of kA is connected to kA via a
sequence of algebras A = A, A}, .-+, A; = kA such that each successive algebra A,
is tilted from A; by a splitting APR-tilting module. See also [5] for a generalisation,
where the authors tried to connect a path algebra of Euclidean type to its representation-
finite iterated tilted algebra via a sequence of APR-tilting and APR-cotilting modules,
not necessarily separating. Our result is, in some sense, both weaker and stronger, for it
is formulated by the wider class of BB-(co)tilting modules without caring about split-
tingness or separatingness, but it is applicable to any algebra such that representation-
finiteness is preserved throughout its derived equivalence class; see Chapter 4 & 5 for

such an application. Moreover, our new proof of these old results merely employs ele-
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mentary knowledge limited to the scope of tilting theory.

Gentle algebras have been fairly well-studied in the past 30 years. Among this
class of algebras, the recognition problem of derived equivalence has been completely
resolved nowadays; see [6-7] and literature cited therein. Particular sub-classes, like
gentle one-cycle algebras and gentle two-cycle algebras, are dealt with respectively in
[8-9] and [10-11]. Worth mentioning is that, certain “elementary transformations” on
the bound quiver that preserve derived equivalence, originally realised in [12] by two-
term tilting complexes, are in fact realised by BB-tilting modules. This suggests the
possibility that for some gentle algebras, their derived equivalence class could coincide
with their tilting-cotilting equivalence class. Indeed, this is true for gentle one-cycle al-
gebras, as we shall prove in Section 5.2, and non-degenerate gentle two-cycle algebras,
as proved in [10-11].

For gentle algebras with more cycles, nothing is known about their tilting-cotilting
equivalence. However, the problem should be considerably more tractable for gentle
algebras that satisfy the same representation-finiteness constraints as path algebras of
Dynkin type. In Section 5.2 we will give this idea a try.

The paper is organised as follows. In Chapter 2, we recall basic knowledge and
fix notations. In Chapter 3, we introduce BB-tilting-cotilting equivalence among finite-
dimensional algebras, induced by BB-tilting and BB-cotilting modules, and show, by a
careful observation of two partial orderings on the set of tilting modules, that it coincides
with the classical notion of tilting-cotilting equivalence for permanently representation-
finite algebras. As applications, we re-classify iterated tilted algebras of Dynkin types
in Chapter 4, and make a first attempt to classify gentle algebras up to tilting-cotilting

equivalence in Chapter 5.



Chapter 2. Preliminaries

Let us recall some basic notation. Throughout this chapter, let k be an algebraically

closed field.

2.1. Representation theory of finite-dimensional algebras

In this section, we quickly review the key points of algebraic representation theory.

A quiver is a quintuple Q = (Q,, Oy, s, t) consisting of a set of vertices O, a set
of arrows O, two mappings s, : Q; — O, that assign to each arrow «a its starting
vertex s(a) and its terminating vertex 7(a). A path of length n (n > 1) is a sequence
p = a; -+ a, of arrows such that #(e;) = s(a; ) for 1 <i < n—1; we define its starting
vertex s(p) = s(a;) and its terminating vertex #(p) = #(e,,). For each v € Q, we assign
a trivial path e, of length 0, such that s(e,) = t(e,,) = v. The concatenation pq of two
paths p, g is defined when #(p) = s(q).

The path algebra kQ of the quiver Q has as basis the set of all paths in Q, and its
multiplication - is induced by concatenation: p - ¢ = pq if t(p) = s(q),and p-q =0
otherwise. In what follows we always assume that kQ is finite-dimensional, which is
the case precisely when Q is a finite quiver, i.e., Q, and Q, are both finite sets.

An ideal I C kOQ is called admissible if there exists an integer m > 2 such that
(radkQ)™ C I C (rad [kQ)Z, where rad kQ denotes the radical of kQ, which equals the
ideal generated by all arrows (or length-1 paths) in Q. A bound quiver algebra is an

algebra of the form kQ/I for some quiver Q and admissible ideal 1.

Theorem 2.1 (/13, Corollary 6.10, Theorem 3.7]) Every finite-dimensional k-algebra
A is Morita equivalent to a bound quiver algebra kQ/1I, where Q is a finite quiver and

1 is an admissible ideal of kQ. a

Let A be a finite-dimensional k-algebra. Algebraic representation theory studies
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module categories of such algebras as A. The module category A-mod is a Krull-
Schmidt abelian k-category with enough projectives and injectives, so the central goal
is to classify the indecomposable modules of A and the morphisms between them. By
Theorem 2.1, for the purpose of this project it suffices to consider bound quiver algebras.

In particular, for path algebras we have the following fundamental result:

Theorem 2.2 The representation-finite path algebras are precisely path algebras of
Dynkin quivers [13, Section VII.2(a)]. The representation-tame path algebras are pre-
cisely path algebras of Euclidean quivers [13, Section VII.2(b)]. The representation-
wild path algebras are precisely path algebras of quivers not in the above two classes

(called wild quivers). O

For the description of module categories of path algebras of Dynkin and Euclidean
quivers, see [ 13, Chapter VII] and [14], respectively.

In the 1970s Auslander—Reiten theory prevailed in algebraic representation the-
ory. It provides algebraic or combinatorial information about indecomposable objects
and morphisms in A-mod. Recall that a morphism f : X — Y is irreducible if f
is neither a section nor a retraction, but in any factorisation f = gh, either A is a sec-
tion or g is a retraction. An exact sequence 0 — X i) Y 5 Z = 0in A-mod
is called an Auslander—Reiten sequence or an almost splitting sequence if both f
and g are irreducible morphisms. In such exact sequences X and Z must be inde-
composable, and in fact the whole sequence is determined up to isomorphism by the
first term X or the last term Z. We define the Auslander—Reiten quiver I'(A-mod) to
be the quiver whose vertices correspond to representatives of isomorphism classes of
indecomposable A-modules, whose arrows correspond to irreducible morphisms. On
I'(A-mod) we define the Auslander—Reiten translation 7, which assigns every non-

projective indecomposable module Z to the module X in the Auslander—Reiten se-

quence 0 > A - Y — Z — 0. For details, see [13, Chapter [V].



2.2. Tilting theory

2.2. Tilting theory

Tilting theory was formulated in the 1980s. It is an essential tool in algebraic rep-
resentation theory, capable of comparing two module categories via the tilting functors.

Let A be a finite-dimensional algebra, and let T be an A-module. Recall that

Definition 2.3 T is a partial tilting module if it satisfies:
(D)pd, T < 1,
(2) Ext\ (T, T) = 0.

Moreover, T is a tilting module if it also satisfies:

(3) There is an exact sequence 0 - A — Ty — T; = OwithT,, T, € addT.
And dually,

Definition 2.4 T is a partial cotilting module if it satisfies:
(1)id,T<1;
(2) Ext\ (T, T) = 0;

Moreover, T is a cotilting module if it also satisfies:

(3) There is an exact sequence 0 — T; - Ty - DA — O with T, T} € addT.

In what follows, we will only talk about tilting modules and invite the reader to
formulate the dual version for cotilting modules.

Let T be a tilting A-module and B = End 4(T). The key observation of tilting the-
ory is that the module category of A and B, although non-equivalent in most cases, are
related by two tilting functors. Consider two full subcategories 7 (T'), F(T) of A-mod

and two full subcategories X(T), Y(T') of B-mod, where

T(T)={M, | IsurjectionT" - M} ={M, | Extz(T, M) =0},
F(T)={M, | Jinjection M — (z,T)"} = {M,|Hom(T, M) =0},
X(T) = D{gN | Finjection N — (r5T)"} ={Ng|N QT =0},

YV(T) = D{gN | JinjectionT" — N} = {Np | Tor/lq(N, T) = 0}.
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Lemma 2.5 IfT is a tilting module, then (T (T'), F(T)) is a torsion pair of A-mod and

(X(T), Y(T)) is a torsion pair of B-mod. O

A tilting A-module T is said to be separating (resp. splitting) if we have 7 (T") U
F(T) = A-mod (resp. X(T) U Y(T) = B-mod).
The tilting theorem was first formulated by S. Brenner and M. C. R. Butler, and

later reformulated by D. Happel in the following way:

Lemma 2.6 Let T be a tilting A-module and B = End 4(T'). Then there are two mu-

tually quasi-inverse triangulated equivalences induced by the derived functors

RHom (T, —) : D’(4) — D’(B),

T @) — : D’(B) > D’(A).

We identify A-mod as a full subcategory of DP(A) consisting of objects concentrated in
degree 0 and similarly for B-mod in D®(B). Then

T(T)={M € A-mod | RHom (T, M) € B-mod[0]},
F(T)=1{M € A-mod | RHom,(T', M) € B-mod[1]},
X(T)={N € B-mod | T ®% N € A-mod[1]},

Y(T)={N € B-mod | T ®} N € A-mod[0]},

and RHom 4(T', —) and T ®]§ — restricts to two pairs of equivalences:

Homi(T,-) : T(T) «— Y(T) : T @z —,

Exth(T,-) : F(T) «— X(T) : TorR(T,-).
Proof. See [13, Theorem 3.8] and [4, Section III.3]. O

We remark that there is a notion of “generalized tilting modules”, which will not
be used in our paper. For its definition, see [4, Chapter III].

Another topic in tilting theory is the completion of partial tilting modules. For any
module T, denote by #T" the number of pairwise non-isomorphic indecomposable direct

summands of T'. Denote by K,(A) the Grothendieck group of A.

6



2.3. [Iterated tilted algebras

Definition 2.7 A partial tilting module T is called almost complete if it satisfies that

#T = rank Ky(A) — 1.
The following lemmas are well-known.

Lemma 2.8 If T is a partial tilting module, then there exists a module E such that

T & E is a tilting module.

Proof. See [13, Lemma 2.4]. O

Remark. E is called a completion of 7. We note that the completion constructed in
[loc. cit.] is called the Bongartz completion of 7. The Bongartz completion E of T can
be characterized, up to multiplicity of direct summands, by the property that 7 (T @ E),

the class of modules generated by T' @ E, is the largest torsion class containing 7.

Lemma 2.9 If T is a partial (co)tilting module, then #T' < rank Ky(A). Moreover, T
is a (co)tilting module if and only if #I' = rank K,(A).

Proof. See [13, Corollary V1.4.4]. O

2.3. lterated tilted algebras

Let A be a finite acyclic quiver and x be a vertex. The reflection of A at x is
defined in two cases: when x is a sink, it is the new quiver o (A) obtained from A
by reversing all arrows directing in x; when x is a source, it is the new quiver o, (A)
obtained from A by reversing all arrows directing out of x. We define an equivalence
relation on the class of finite acyclic quivers as follows: A ~ A’ if and only if there is a
sequence of finite acyclic quivers A = Ay, Ay, -+, A, = A', such that A, +1 1s obtained

as a reflection of A,.

Definition 2.10 ([4, IV.1.1, IV.4.1, IV.4.4]) Let A be a finite acyclic quiver and A be
a finite-dimensional algebra.
(1) A is a piecewise hereditary algebra of type A if A is derived equivalent to kA.
(2) A is tiltable to kA if there exists a sequence of algebras A = Ay, Ay, -+, A =
kA and a tilting B;-module M; for each i, such that B; | = Endp (M;).

7
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(3) A is an iterated tilted algebra of type A if there exists a sequence of algebras
A = Ay, Ay, -+, Ay = kA and a splitting tilting B;-module M, for each i, such that
B;,1 = Endp (M)).

Lemma 2.11 ([4, Corollary IV.5.5]) The three concepts are equivalent. a

Historically, the classification of iterated tilted algebras has been accomplished in

several cases: [1] for type A, [2] for type D, [3] for type Eg, E;, Eg and [8] for type A.

2.4. Gentle algebras, geometric models and derived invariants

Let A be a finite-dimensional basic algebra.

Definition 2.12 A is called a gentle algebra if A = kQ/I, in which:

(G1) Each vertex is the source of at most two arrows and the target of at most two
arrows.

(G2) For each arrow a . x — y, there is at most one arrow [} with source y such
that af € I and at most one arrow y with target x such that ya € I.

(G3) For each arrow a . x — y, there is at most one arrow [} with source y such
that af & I and at most one arrow y with target x such that ya & 1.

(G4) The ideal I is generated by paths of length 2.

A is called a gentle tree algebra (resp. gentle n-cycle algebra) if the underlying
unoriented graph |Q| of the quiver Q is a tree (resp. a graph with precisely n cycles,

or equivalently, #edges — #vertices = n — 1).

Gentle algebras first arose in the context of the classification of iterated tilted al-
gebras of type A, see [8]. They are a specific subclass of string algebras, whose module
categories have been described in [15, Section 3] in terms of string objects and band ob-
jects. Their derived categories are also determined in [16-18] and described via graded
arcs and closed curves on the associated dissected surfaces; see [19]. The derived equiv-
alence class of a gentle algebra is completely determined by the homotopy class of the
foliation associated to the dissected surface; see [7]. This recovers some of the long-

known combinatorial invariants, like the AG-invariant [6].



2.4. Gentle algebras, geometric models and derived invariants

For later use, let us briefly recall the geometric model introduced in [7].

Definition 2.13 A marked surface is a triple (S, M, P), where

(1) S is a smooth oriented compact surface of genus g, whose boundary 08 has
b # 0 components.

(2) M = M_ U M, is a finite set of marked points on 0.S. The elements of M, and
M, are represented by symbols - and e, respectively. They are required to alternate on
each component of 98, and each such component has to contain at least one marked
point.

(3) P = P, is a finite set of marked points in the interior of S, called punctures.

The elements of P, are represented by symbols e.

We choose the clockwise orientation as the orientation of .S, so that, around a point
of S, the orientation is locally given by the clockwise orientation of the plane.

We now consider arcs on .S. An arc on S is a smooth map y : [0,1] — S. By
convention, arcs are considered up to homotopy (relative to endpoints), so it does not

harm to require, in what follows, that y((0, 1)) lies in the interior of .S.

Definition 2.14 Let (S, M, P) be a marked surface.
(1) An e-arc is a non-contractible arc with endpoints in M.

(2) An e-arc is a non-contractible arc with endpoints in M, U P,.

Definition 2.15 On the surface (S, M, P), a collection of pairwise non-intersecting
and pairwise different o-arcs {y,, -+ ,v,} is admissible if the arcs y,, -+ ,y, do not en-
close a subsurface containing no punctures of P, and with no boundary segment on
its boundary. A maximal admissible collection of --arcs is called an admissible o-

dissection.

The notion of admissible e-dissection is defined similarly.

Proposition 2.16 ([7, Proposition 3.13]) Let (S, M, P) be a marked surface, and let
A be an admissible o-dissection. There exists a unique admissible e-dissection A* (up

to homotopy) such that each arc of A" intersects exactly one arc of A. O
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The above data uniquely determine a gentle algebra, as follows:

Definition 2.17 Let A be an admissible o-dissection of a marked surface (S, M, P).
We define a gentle k-algebra A(A) = kQ(A)/I(A) as follows:

o the vertices of Q(A) are in bijection with the --arcs in A.

e for each marked point - and for any o-arcs i and j meeting at -, add an arrow
from i to j in Q(A) every time j comes immediately after i in the counter-clockwise
order around o;

e the ideal I1(A) is generated by the following relations: whenever i and j meet at
a marked point as above, and the other end of j meets k at a marked point as above,

then the composition of the corresponding arrows i — j and j — k is a relation.

As [7, Theorem 4.3] claims, the assignment (S, M, P, A) — A(A) defines a bijec-
tion from the set of homeomorphism classes of marked surfaces with an admissible dis-
section (S, M, P, A) to the set of isomorphism classes of gentle algebras. (S, M, P, A)
is called the geometric model of A(A). Indecomposable objects and morphisms of the
module category and the derived category of A(A) can be described by (graded) arcs
and (graded) intersections on (S, M, P, A); these will not be used in the remaining part
of our paper.

To describe derived invariants of A(A), we associate, to an admissible e-dissection
A" on (S, M, P), a unique (up to homotopy) line field 8 : .S — P(T.S) on S, which is

illustrated as below (see [7, 3.3] for details):

Let S' C C be the unit circle and let f : S — S be a smooth closed curve. Suppose
that £ (1) = x(, f'(1) = v, and denote the homotopy class of f in 7, (.S, xy) by {f}; up

to homotopy, we may let v = 0(x,). Then there is a long exact sequence of homotopy

10



2.5. The Hasse quiver of a partially ordered set

groups associated to the fibre bundle .S N P(T.S) 2 s
15(S, xg) = 1 (S, 1) = 1, (P(T'S), [0p]) = 7,(S, xg) = m(S', 1) = L.

Since the universal covering of .S is contractible, 7,(S, x) = 0, and so there is a short

exact sequence of groups:

0— 7(SL, 1) = 7, (P(TS), [0y]) = (S, xg) — 1.
=7
We define two elements { Z/}, {X/¥} € z,(P(TS), [vy]), where Z/(¢) = [f'(1)] €
P(Tr)S) and Xf’e(t) = 6(f(1)). Since p,, sends both elements to { f'} € 7;(S, x), we
see that { Z/ }~1{X/%} € Ker D, and thus determines a unique integer wy(f). We call
wy(f) the winding number of f with respect to the line field . If 8 is given by an

admissible e-dissection A" on (S, M, P), then we also denote the winding number by

w™ (f).

Theorem 2.18 ([7, Theorem 6.1]) Let A and A’ be gentle algebras, and let (S, M, P)
and (S', M', P") be marked surfaces with admissible e-dissections A" and A'™* associ-
ated to A and A’, respectively. Then A and A’ are derived equivalent if and only if
there exists an orientation-preserving homeomorphism ® : (S, M, P) — (S',M’', P")

such that for any simple closed curve 6 on (S, M, P), we have
wh (@) = w (5). 0

It is important to note that, the winding number of a closed curve circling a bound-
ary component of (.S, M, P, A) recovers the well-known AG-invariant. For details, see

[7, Remark 6.2].

2.5. The Hasse quiver of a partially ordered set

Let (P, <) be a partially ordered set. For two elements x,y € P, we define an

interval [x, y] to be the subset {z € P | x < z < y} of P.

11
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The Hasse quiver associated to (P, <) is a quiver H p ., whose vertices bijectively
correspond to elements of P and for two elements x, y € P, there is an arrow x — y in
Hp <) if and only if x < y and there exists no element that lies strictly between x and
y, e, [x,y] = {x,y}.

We record two elementary facts about Hasse quivers for later use:

(1) A finite partially ordered set is completely determined by its Hasse quiver.

(2) The Hasse quiver of the interval ([x, y], <) equals the full subquiver of H p

consisting of vertices in [x, y].

12



Chapter 3. BB-tilting-cotilting equivalence of algebras

3.1. BB-(co)tilting modules and mutations of algebras

In this section, we introduce the notion of left and right mutations of algebras via
BB-(co)tilting modules and show some of their properties. We introduce the notion of
BB-tilting-cotilting equivalence among finite-dimensional basic algebras.

To begin with, let us recall the definition and some characterisations of BB-(co)tilting

modules.

Definition 3.1 Let A be a finite-dimensional basic algebra.

(1) A BB-tilting module is a tilting module with exactly one non-projective inde-
composable direct summand.

(2) A BB-cotilting module is a cotilting module with exactly one non-injective

indecomposable direct summand.

Lemma 3.2 Let A be a finite-dimensional basic algebra and A = P @ Q with P
indecomposable. Then the following statements are equivalent:

(1) There is a BB-tilting module T with Q as a direct summand;

(2) f : P — Q, the left minimal (add Q)-approximation of P, is injective.

(3) O is a faithful A-module;

(4) ST := D(AJA(l — e)A) is non-injective and pd ,(z~'S*) < 1, where D :
A-mod — mod-A is the standard duality functor, e is the primitive idempotent corre-
sponding to P and v~ is the inverse Auslander—Reiten translation of A-mod.

Moreover, if all these conditions hold, then T = Q @ Coker f and Coker f =

s,

Proof. (1)=(2): P is clearly the Bongartz completion of Q. So if there exists another

completion X of Q, by [20, Lemma 2.1] there will be an exact sequence 0 — P L

13
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Qo' 5 X - 0, where f is the left minimal (add Q)-approximation of P. Clearly f
must be an injection.

(2)=(3): By assumption, there is an injection P — Q™ for some integer m. Since
P @ Q™ contains A as a submodule, it is faithful. Since Q™ contains P as a submodule,
Q" is faithful. Finally, Q is faithful.

(3)=(1): By [21, Corollary 2.24], Q admits two different completions. One is P,
the other one must be non-projective.

(1)-(3)=(4): By [20, Lemma 2.1], the BB-tilting module containing Q as a direct
summand must be Q @ Coker f. To deduce that Coker f = z~!(S%) we modify the
proof of [22, Proposition 7.4].

To the short exact sequence 0 — P L Q' - X — 0 where X = Coker f we

apply the Nakayama functor v to obtain the exact sequence
vf
0-Y ->vP—>v0 - vX >0

where Y = Kervf. Since v : A-proj — A-inj is an equivalence, v f is the left minimal
(add vQ)-approximation of vP. By chasing a diagram, one can show that Y satisfies
Hom,(Y,vQ)=0,s0Y C § * since the latter is the maximal submodule of vA satisfy-
ing the same property. We show the inverse inclusion ST C Y. Since S* has a simple
socle, there is an injective envelope i : ST — vP. Since Hom 4(S*,vQ) = 0, i factors
through Y — vP, making ST a submodule of Y. So Y =~ S* and tX =~ S* by the
construction of z.

One can easily see that 0 @ 7~'.S* is a BB-tilting module: ST must be non-
injective, for otherwise z=!.S* = 0 and f would become a ridiculous isomorphism;
pd(z71.8%) < 1 is obvious.

(4)=(1): It follows from [23, Theorem 2.32]. O

We remark that our definition of BB-(co)tilting modules follows [22, Definition
7.3]. This is a generalisation of the classical definition in [24, Theorem IX], which re-
quires that Exti4 (S, S) = 0 where .S is the simple module corresponding to the primitive

idempotent e.
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3.1. BB-(co)tilting modules and mutations of algebras

There is a dual version of Lemma 3.2 for BB-cotilting modules.

Now we introduce the notion of mutations of algebras via BB-(co)tilting modules.

Definition 3.3 Let A be a finite-dimensional basic algebra, A = P @ Q where P is
an indecomposable projective module, e is the primitive idempotent corresponding to
P.
(1) If the BB-tilting module T containing Q as a direct summand exists, we say that
A is left mutable at e and define the left mutation of A at e to be u (A) := End 4(T).
(2) If the BB-cotilting module T containing vQ as a direct summand exists, we say
that A is right mutable at e and define the right mutation of A at e to be u, (A) :=

End 4(T).

In practice, when dealing with an algebra A given by a bound quiver, we shall say
that A is “left mutable at vertex i if it is left mutable at the idempotent associated with
vertex i, and write ,ul.+ (A) for the resulting algebra under mutation. Other terminologies
and notations modify in the same manner.

We shall show some properties of left and right mutations of algebras.

Proposition 3.4 Let A be a finite-dimensional basic algebra, A = P @ Q where P is
an indecomposable projective module, e is the primitive idempotent corresponding to
P.

(1) A is left mutable at e if and only if u;(A) is right mutable at ', where e’
is the primitive idempotent corresponding to Hom (T, X), T is the BB-tilting module
containing Q and X is its unique non-projective summand. Moreover, u, (uF(A) = A.

(2) A is right mutable at e if and only if u, (A) is left mutable at e', where e’ is
the primitive idempotent corresponding to Hom 4(X,T), T is the BB-cotilting module

containing vQ and X is its unique non-injective summand. Moreover, H, (u, (A)) = A.

Proof. Up to duality, we only show (1).

Denote by T = Q @ X the BB-tilting module containing X as the unique non-
projective summand. Then T is also a left tilting module of B = puJ(A) [13, Lemma
3.3(b)] and we have an isomorphism of algebras A = End(5z7)°? [13, Lemma 3.3(c)].

By applying the duality functor D we have A = End((DT)g) where DT is clearly a

15



Chapter 3. BB-tilting-cotilting equivalence of algebras

BB-cotilting B-module. The idempotent of B corresponding to the unique non-injective
summand Hom 4o (DT, DX) is clearly the idempotent e’ corresponding to the projec-

tive summand Hom 4 (7', X'). So we conclude that H, (uf (A)) = A. O

We can thus consider the equivalence relation among finite-dimensional basic al-
gebras defined as follows: A ~ B if and only if there exists a sequence of algebras
A = By, By, -, B; = B, such that B;; = Endp (T}) where T; is a BB-tilting or BB-
cotilting B;-module. We refer to A and B as being BB-tilting-cotilting equivalent (or
being mutation equivalent if one likes).

There is another well-known notion called tilting-cotilting equivalence, which is
defined as above, but using arbitrary tilting and cotilting modules. In the next section,

we will investigate under what conditions these two equivalence relations coincide.

3.2. Permanently representation-finite algebras

We shall introduce the class of permanently representation-finite algebras, since for
algebras in this class, it will be proved that BB-tilting-cotilting equivalence is equivalent

to tilting-cotilting equivalence.

Definition 3.5 An algebra A is called permanently representation-finite if any alge-

bra derived equivalent to A is representation-finite.

Such algebras are not as rare as the reader might suppose. Familiar examples in-
clude piecewise hereditary algebras of Dynkin types, gentle one-cycle algebras that
fail to satisfy the clock condition (i.e., algebras with discrete derived category [9]), as
well as some non-degenerate gentle two-cycle algebras [11]. These examples share the
common feature that their derived equivalence classes are known, thus allowing further
subdivision into BB-tilting-cotilting equivalence classes. These will be investigated in
the next two chapters.

To show that for permanently representation-finite algebras, BB-tilting-cotilting
equivalence coincides with tilting-cotilting equivalence, we need techniques on partial
orders among tilting modules. Using these, we can realise a step of (co)tilting as a

sequence of left (right) mutations.

16



3.3. Two partial orders

3.3. Two partial orders

Let A be a finite-dimensional algebra. On the set tilt(A) of isomorphism classes of
basic tilting A-modules, there exist two partial orders whose definitions we now recall.
For details see [20,25].

The mutation order. If M is an almost complete partial tilting module, there
exist at most two non-isomorphic indecomposable partial tilting modules X, Y such
that T} ;=M @ X and T, := M @Y are tilting modules. We let T; > T, if X is the
Bongartz completion of M and say that 75 is a tilting mutation of 7} at X. It’s proved in
[20, Lemma 2.1] that the mutation relation “>" on tilt(A) cannot form oriented cycles,
so it extends to a partial order on tilt(A), denoted by “>”. To be precise, two tilting
modules 7', T’ satisfies T > T’ if and only if there exists a chain of tilting mutations
T=Ty,>T,>-->T, =T intilt(A). Three facts are needed later:

Facts. (1) If X is the Bongartz completion of M, then there is an injection X —
M’ for some M’ € add M.

(2) If Y is not the Bongartz completion of M, then there is a surjection M’ — Y
for some M’ € add M.

(3) If both completions X and Y exist, then there is a short exact sequence 0 —
X L M Sy S 0, with M’ € add M, such that f is a minimal left (add M)-
approximation and g is a minimal right (add M )-approximation.

The torsion class order. This partial order on tilt(A), denoted by “>", is induced
by inclusion between torsion classes generated by tilting modules. To be precise, two
tilting modules T, T’ satisfy T > T’ if and only if there is an inclusion Gen(T) 2
Gen(T"), where Gen(T) is the torsion class generated by T.

These two partial orders, although different in general, are connected by the fol-

lowing theorem.
Theorem 3.6 ([25, Theorem 2.1]) The Hasse quivers of > and > coincide.

Proof. The proof of [25, loc. cit.] for generalised tilting modules works perfectly in

our case after some obvious and mild modifications. O

17



Chapter 3. BB-tilting-cotilting equivalence of algebras

By a chain of tilting mutations in tilt(A), we mean a finite sequence of tilting
mutations Ty > T} > --- > T. The following lemma gives conditions for the existence

of a chain between two tilting modules.

Lemma 3.7 Suppose T > T' in tilt(A). If the interval [T',T] is finite, then there

exists a chain of tilting mutations T =Ty > Ty > --- > T, =T'.

Proof. Either partial order on [T, T] is the restriction of the respective partial order
on tilt(A), so the two associated Hasse quivers on [T, T'] must coincide, both being the
restriction of two identical Hasse quivers on tilt(A). Since any finite partially ordered set
is uniquely determined by its Hasse quiver, we conclude that “>" and “>" coincide on
[T’,T]. We thus have T > T’ by assumption. Since > is extended by tilting mutations,
we conclude that there exists a chain of tilting mutations T =T, > T} > - > T, =T’

as required. O

Corollary 3.8 Iftilt(A) is a finite set, which is the case when A is representation-finite,

the same conclusion as in Lemma 3.7 holds. O

3.4. BB-tilting-cotilting equivalence

Corollary 3.8 has the following consequence.

Lemma 3.9 Suppose that tilt(A) is finite. For any tilting module T, fix a chain of
tilting mutations A =Ty > T, > - > T, =T from AtoT and let B; = End 4(T;). Then
B, is tilted from B;, using M; := Hom,(T;,T;,,) as a tilting B;-module. Moreover,

M, is a BB-tilting module.

Proof. By Corollary 3.8, the two partial orders on tilt(A) coincide. Hence, from T} >

1

T, we get T, | € Gen(T;). Using [13, Lemma 3.2] we obtain

Homp (M;, M;) = Hom (T}, T;11) = By,

Extp (M;, My) = Ext} (T,1, Ty1) = 0.

18



3.4. BB-tilting-cotilting equivalence

Since there is exactly one indecomposable summand of T} ; which is not one of T}, we
see that M, has exactly one non-projective direct summand. To conclude that M, is a
BB-tilting B;-module, we must show that pdp M; < 1.

Since T}, is a tilting mutation of T}, there exists an almost complete partial tilting
module T’ and two indecomposable partial tilting modules U, U, such that T; = T’ &
U,and T;,; =T’ @ U,, and there is a short exact sequence 0 > U; > T" - U, - 0

with T"” € add T'. Applying Hom 4(T}, —) we get an exact sequence of B;-modules
0 — Hom (T}, U,) - Hom (T}, T") - Hom (T}, U,) - Ext}(T;,U;) = 0.

Clearly the third term is the required summand X in M, and the first term is the required
indecomposable projective B;-module P;. Since P, is clearly the Bongartz completion
of B; \ P; (the complement of P;), we conclude that X is obtained by mutating B at P;.

The above exact sequence also shows that pdg M; < 1. O

In short, we have shown that if A is representation-finite, a step of ordinary tilting
from A to B can be realised as a sequence of left mutations A = B; ~ - ~ B, = B.
There is also a dual result on replacing a step of cotilting from A to B by a sequence
of right mutations, under the assumption that the set of cotilting modules cotilt(A) is
finite, or even that A is representation-finite.

Now we can state and prove the asserted result.

Proposition 3.10 Let A be a permanently representation-finite algebra. Then any

algebra tilting-cotilting equivalent to A is also BB-tilting-cotilting equivalent to A.

Proof. The condition guarantees that if B is connected to A by a sequence of tiltings
and cotiltings as A = B, ~ B; ~ --- ~ B = B, then every B; is representation-finite
and each step of (co)tilting B; ~ B, can be replaced by a sequence of BB-(co)tiltings
by (the dual of) Lemma 3.9. a

We remark that, for general algebras, derived equivalence is coarser than tilting-
cotilting equivalence, which is also coarser than BB-tilting-cotilting equivalence. We

also remark that our result holds for “permanently tilting-cotilting-finite” algebras, which
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Chapter 3. BB-tilting-cotilting equivalence of algebras

means that any algebra derived equivalent to it has a finite number of tilting modules
and cotilting modules. However, such a condition is not very handy and we do not delve

into it.
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Chapter 4. Application 1: classification of piecewise hereditary

algebras of Dynkin types

The “BB-tilting-cotilting” toolkit established in the previous chapter can be applied
to determine the class of piecewise hereditary algebras of Dynkin types. In this chapter,
based on general knowledge of piecewise hereditary algebras in [4], we build a method
applicable to each Dynkin type.

Let A be a Dynkin quiver.

Lemma 4.1 Suppose A, is a set of pairwise non-isomorphic algebras. Then A,
forms a set of representatives of piecewise hereditary algebras of type A up to iso-
morphism if and only if the following conditions hold:

(1) Each A € A, admits a sequence of left or right mutations to kA,

(2) Ay is closed under left mutations and taking opposite algebras.
Condition (2) can be replaced by

(2') A, is closed under left or right mutations.

Proof. Necessity follows from general facts that piecewise hereditary algebras are pre-
cisely iterated tilted algebras (thus tiltable to path algebras) [4, Corollary IV.5.5], are
closed under taking opposites [4, Corollary IV.5.6] and are permanently representation-
finite when A is Dynkin since we know by direct calculation that kA is derived-finite,
i.e., D’(kA) admits finitely many nonisomorphic indecomposable objects up to isomor-
phism.

Sufficiency: Condition (1) shows that each element of A, is derived equiva-
lent to kA, hence piecewise hereditary of type A. In particular, they are permanently
representation-finite. It is well-known that B is tilted from A if and only if AP is tilted
from B°P. Hence, to show that a piecewise hereditary algebra A of type A belongs to

A, it suffices to show that A°P can be iterated tilted from kA°P. But this follows imme-
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Chapter 4. Application 1: piecewise hereditary algebras

diately from (2) that A, is closed under left mutations. Similarly, using that B is tilted
from A if and only if A is cotilted from B, to show that a piecewise hereditary algebra
A of type A belongs to A ,, it suffices to show that A can be iterated cotilted from kA.

But this follows immediately from (2') that .4, is closed under right mutations. O

In practice, Condition (2) is handier than Condition (2") since forming opposite
algebras takes almost no effort. Also, right mutations in (1) could be omitted without
harm, but nevertheless we allow right mutations in order to add flexibility in our proofs.

Note that our proof does not work for non-Dynkin quivers since it relies on Lemma

3.9, which assumes representation-finiteness.

4.1. Type A

Now we deal with the case of Dynkin type A.

Proposition 4.2 The set A A, Of representatives of isomorphism classes of gentle tree
algebras with n vertices forms a set of representatives of isomorphism classes of piece-

wise hereditary algebras of type A,,.

Proof. We verify the two conditions in Lemma 4.1.

(2) The class of gentle tree algebras is clearly closed under taking opposites. For
the other part, we explicitly show how a gentle tree algebra A = kQ/I changes under
left mutations. Suppose that 1 is a mutable vertex of A. The only possibilities of left

mutations at vertex 1 are illustrated below.

k % * *

NS v
NS
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4.1. Type A

/
\

SN Ve \

In the above figure, each “x” represents a branch attached to a given vertex and may

66 2

be empty, in which case all arrows and relations containing this should be erased.
Note that if vertex 1 has only one immediate predecessor, it cannot be located in the
middle of a relation, since otherwise P(1) would be non-left mutable; whereas if 1 has
two immediate predecessors, it is always left mutable. The effect of a left mutation can
thus be understood as transforming vertex 1 into vertex 1’ and modifying arrows and
relations as shown above.

Since the proofs of both cases are rather easy, we omit them and note that for
arbitrary gentle algebras a formula for left mutations is proved in Lemma 5.3.

(1) This is classical; see, e.g., [ 13, Proposition [X.6.1] or [1, Theorem 2.3]. Nonethe-

less, we re-prove it using our mutation toolkit. Let A be a gentle tree algebra with at

least one relation. If A has the following shape:

€,

where the “x” on arrow a is nonempty, we perform left mutations on vertices 1,2, .-+, n

in order to stuff these vertices into arrow a and thus eliminate a relation aff = 0. Op-
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Chapter 4. Application 1: piecewise hereditary algebras

positely, if A has the following shape:

(I3

where the “#”” on arrow « is nonempty, we perform right mutations on vertices 1,2, --- , n
in order to stuff these vertices into arrow a and thus eliminate a relation fa = 0. Re-
peating these processes, we end up with a gentle tree algebra with no relations, i.e., a

path algebra of type A. a

4.2. TypeD

We apply Lemma 4.1 to the classification for Dynkin type D. To describe the set
Ap, weneed to introduce the concepts of branch extensions and branch co-extensions.
For details the reader is referred to [26, §XV.1-§XV.3].

Let A = kQ/I be a bound quiver algebra, A’ = kQ'/I' be a full bound subquiver
algebra of A and i be a vertex of Q with at most 2 neighbours in Q’. Denote by Q, the full
subquiver of A consisting of i and its neighbours in Q’. We say that A is obtained from
A’ by a branch extension at i if the full bound subquiver algebra formed by (Q\ Q")UQ,

is a branch, i.e., a full bound subquiver algebra of the full branch shown as below:

O ——> 0 —> 0

o
O«—— 0«—— ©
[ ]
O¢«—— O«—— O
o
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4.2. TypeD

in which every composition of a horizontal arrow and a vertical arrow is zero, and vice
e 9

versa. The bullet vertex “e” is called the germ of the branch.

In what follows, we use an asterisk “x” to indicate a branch extension.

Proposition 4.3 ([2, Théoreme 7.2]) The set Ap, of the algebras shown below forms

a set of representatives of isomorphism classes of iterated tilted algebras of type D,,.

3k %

S
/ \ (D1)

| |

*%./ \.% x (D2)

\./

%k %
L e e pe Wi e (D3)
e g, o

2 D

(D5)

Remark. Compare type (D4) with the one shown in [2, Théoréme 7.2].

Proof. We verify the two conditions in Lemma 4.1. It can be directly seen from the
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Chapter 4. Application 1: piecewise hereditary algebras

figure that each of the five classes from (D1) to (D5) is closed under taking opposites,
and so is Ap . This observation will simplify our proof.

(2) It suffices to work out all left mutations in each case and verify that the newly
obtained algebra is still in Ap, . For conciseness, all proofs are omitted and only non-
obvious left mutations shall be exhibited. Since in this proof we only do left mutations,
to simplify the writing we shall omit all the words “left” in this part.

(D1) The only non-obvious mutations are those at three bullet vertices. Observe

that the rightmost bullet is never mutable. So there remain two cases:

2 *k
1/ \3 _ */Y/ 2

O oe— 0t — 3k ——

*1 *1

*3 *1
/

\ '\
>|<<—1‘/ \3%* -

1 |

In the boundary case, where both paths from vertex 3 to vertex 1 are of length 2, the

mutation at vertex 1 sends the algebra into (D4), as shown below:

>k<—] rrrrrrrrrrrr 3<i / \1/

4—34—*
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4.2. TypeD

C‘ 2

(D2) Four cases deserve consideration. First, the mutation at the lower left
which we now denote by “1”, is shown as follows. Notice that if “x,” is nonempty, so

should be “x,”, or else vertex 1 would be non-mutable.

% k k %k
° °
He— @ @ e % de—— @ ] @ — %k
N7 — (\. e
*lkl%*z sk *1 471*2 %
*l3 *3

For the two bullet vertices on the middle vertical line, the mutation gives rise to an

algebra in (D4) as follows (by symmetry, we only mutate the upper one):

K e—— @

\ / .

[ J
—_
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Chapter 4. Application 1: piecewise hereditary algebras

Finally, for the rightmost bullet vertex, the mutation is as follows:

* % % %
1 \\j{
>l<<—. /04—*
= :\./
¥ SPR SEI /P
T
* *

(D3) Every vertex in the branch represented by a “x”, if mutable, mutates as in gen-
tle tree algebras. Moreover, by 4.2, such a mutation preserves family (D3). We remark
that the germ vertex of the rightmost “x” is non-mutable. As to the bullet vertices, the
right one, being a source, is also non-mutable. Therefore, we only exhibit the mutation

at vertex 1:

We obtain now an algebra in (D1).

(D4) Mutating at the leftmost bullet vertex yields an algebra in (D2):

1T

73 -

The middle bullet vertex is mutable if and only if the leftmost “x” is empty, or else the

0O — %

— %

* - *

%

* —> 0“—>*
s

%

lower right “x” is nonempty. Mutation in each case is shown below, yielding an algebra
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4.2. TypeD

in class (D1) or (D5), respectively:

SN PR
S = DN
sk o sk 0471,
7N 7N
*1 *2 *1 *2

° 1 ° x ° o : *
= /T
* * I

Finally, the rightmost bullet vertex is always non-mutable. The calculation of mutations
at other vertices is relatively straightforward.
(D5) This case is analogous to (D3). For an algebra in (D5), a mutation at a “x”

leaves it in (D5) or leads it to (D3), while a mutation at the leftmost bullet vertex leads

it to (D4):
* * — 1’
| /|
4—07%0 —— ) 7_0
J |
% *

(1) Suppose A is an algebra in Ap, . By results of (2), we can reduce the question
as follows:

If A € (D2), by mutating a bullet vertex on the middle vertex line we may transform
it into type (D4).

If A € (D4), by mutating the middle bullet vertex we may transform it into type
(D1) or (D5).

If A € (D)), by tilting and cotilting mutations at vertices in “*” we may transform
it into type (D3).

If A € (D3), by mutating the leftmost vertex, it falls into class (D1).

Finally, for A € (D1), we explicitly construct a sequence of tilting and cotilting

mutations to turn it into a path algebra. By left and right mutations, we may stuff all
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Chapter 4. Application 1: piecewise hereditary algebras

branches into the main path, such that A becomes

]

Repeatedly mutating the leftmost bullet vertex (see case (D1)), we end up with the path

algebra of the following quiver:

The proof is now complete. O

4.3. Remarks on type E

We shall not exhibit the classification of piecewise hereditary algebras of types
E¢, E; and Eg since it would be better done using a computer, the result comprising
dozens of pages of long tables of frames. The algorithm is as follows: begin with the
path algebra kA, form all of its left mutations and their opposites, and keep doing the
same thing for newly obtained algebras until no new algebra emerges. Our algorithm
calculates only BB-tilting modules, while a similar algorithm in [3] calculates almost
all tilting modules over algebras already constructed. Although in [3] there is a further
reduction in workload by dismissing those tilting modules without projective summand,

the task is still tedious. By comparison, our method is more convenient.
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Chapter 5. Application 2: classification of gentle algebras up to

tilting-cotilting equivalence

Since gentle algebras are known to be closed under derived equivalence [27], a
natural problem is their classification under tilting-cotilting equivalence, which, up to
now, is far from being accomplished. In this chapter, by applying our methods, we make
a first attempt to this problem by first settling the problem for gentle one-cycle algebras,
then showing that there exist infinitely many permanently representation-finite gentle
algebras, among which the aforementioned problem can be reduced to the classification

under BB-tilting-cotilting equivalence.

5.1. BB-tilting-cotilting equivalence classification of gentle one-cycle

algebras

Let us begin with a review of the derived classification of gentle one-cycle alge-

bras, cf., [6,8].

Lemma 5.1 Any gentle one-cycle algebra A is derived equivalent to precisely one of
the following algebras:
(1) The path algebra of the Euclidean quiver of type Am’n.

(2) The bound quiver algebra kQ(r, m, n)/I(r, m, n) shown as below:

o X2

] — .. 5 n—r—1

@ A1
a_ a_q .
(—m) —= (=1 0 n—r
Ay 7 7 Oy

n—1 <+ — prtl

Ay Aot
where I is generated by r paths a,_ .o, _,. . 1,0, . 10, . 5,0, 1.

31



Chapter 5. Application 2: gentle algebras

Moreover, case (1) happens if and only if A satisfies the clock condition , i.e., in
the unique cycle of A, the number of clockwise relations equals that of counterclockwise

relations. O
In what follows, we shall call the above algebras “standard” ones.

Lemma 5.2 Gentle one-cycle algebras that do not satisfy the clock condition are per-

manently representation-finite.

Proof. A gentle algebra is representation-finite if and only if there exists a band on its
bound quiver. As to gentle one-cycle algebras, this condition is further equivalent to the
fact that there is at least one relation on the unique cycle of its bound quiver. In view of

the above classification, our result follows. O

Thus, by Proposition 3.10, to classify derived-discrete gentle one-cycle algebras
under tilting-cotilting equivalence, it suffices to classify them under BB-tilting-cotilting
equivalence. It is therefore natural to investigate how a gentle algebra modifies under

left mutations.

Lemma 5.3 Consider a gentle algebra A = kQ/I and fix a vertex i.
(1) If there is only one arrow ending with i, then all possible left mutations at i are

shown as below:

\/
- N
\, / - s \k
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5.1.  Gentle one-cycle algebras

where in the first case, we allow s = k.
(2) If there are two arrows ending with i, then all possible left mutations at i are

shown as below:

~_ ~__
51 J1 ky 51 J1
S >< v <
SNON T N <
) J2 2 Sy

PN /\

A

LN
>/ e

~_ 7 \ ~_ 7

\/

>/\
=

-(
(

o
T, - ST

/\
\/

where in the first case, we allow any of the equalities s| = $,, j| = jy. k; = ky to be

true; in the other three cases, we allow s = k.

Remark. This result is really a generalization of the one that appeared in the proof

of Proposition 4.2. It is said to have first appeared in an unpublished manuscript by
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Chapter 5. Application 2: gentle algebras

T. Holm, J. Schréer and A. Zimmermann, which is fortunately included in [10, §7.1-
§7.3]. It is proved there that these “elementary transformations” are given by tilting
complexes and thus preserve derived equivalences. Our result shows that two of them
are even realised by left mutations. But in general, the one given in [10, §7.2] is not

realised by a left mutation.

Proof. Before beginning, we make some general remarks on how we prove these for-
mulae. Let A = kQ/I. For a BB-tilting module T = P’ @ X where P’ is the comple-
ment of the projective module P corresponding to vertex i, denote B = End ,(T") and
suppose B = kQ'/I’. Then Q' is the opposite of the quiver of irreducible morphisms
of the category add T and I’ is given by all vanishing composites of these irreducible
morphisms. The calculation of Q’ is divided into three steps:

1. Delete from Q the vertex i and all adjacent arrows, and add a new arrow j — k
whenever there exists an arrow a . j — i, an arrow f . i — k such that aff # 0.
Here j, k can be equal. This produces Q \ {i}, the opposite of the quiver of irreducible
morphisms of add P’.

2. Add to Q \ {i} a new vertex i’ and whenever there is an arrow « : j — i
in the original quiver Q, add a new arrow &’ : i’ — j. Such arrows as a’ represents
components of g in the almost-split exact sequence 0 - P — P” 5, X - 0 which
must be irreducible since g is right minimal almost-split.

3. Analyse which paths of Q \ {i} factor through one of the paths created in step
2. Usually this requires specific analysis for each case.

We show, as examples, the first case of (1) and the second case of (2).

For the first case of (1), denote by a, f,y the arrows i — s, j — i, k — j.
The left minimal add(A \ P(i))-approximation of P(i) produces a short exact sequence
0— P(i) ﬂ P(j) i X — 0. The relation y# = 0 gives a vanishing of composition
P(P)P(y) = 0, so P(y) factors through h as P(y) = fh, where f : X — P(k). Thus,
the resulting mutated quiver is shown as stated, where the three arrows j — s, i’ — j,
k — i’ are, respectively, induced by fy, A, f.

y 8 e

o B
For the second case of (2), denote i — s, i — ji, j; = i, j, = i, k = j.

The left minimal add(A \ P(i))-approximation of P(i) produces a short exact sequence
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5.1.  Gentle one-cycle algebras

P(y)
P h
0 - P®) M P(j;) @ P(j,) M X — 0. Since in the following solid diagram

[P(J/)]
0—— p3i) L2

h
P(jp) @ P(jp) - X ——0

\f
[(%\ J,l

P(k)

the composition from P(i) to P(k) vanishes, P(e) factors through h as P(e) = fh.

Since in the following solid diagram

[#(5)

0—— P() " PG @ POy S X 0

f
[0%\ ¥ :

P(j,)

the composition from P(i) to P(j,) vanishes, P(6f) factors through g as P(6f) = f>g.
Thus, the resulting mutated quiver is shown as stated, where the new arrows j; —

S, jo = i,i’ = j;,i’ = jy,k — i’ are induced by P(ya), f5, g, h, f}, respectively. O
Now comes our main result.

Proposition 5.4 Any gentle one-cycle algebra admits a sequence of left mutations

and right mutations to a derived representative of gentle one-cycle algebras.

Proof. Let A = kQ/I be a gentle one-cycle algebra. Denote by C the unique cycle of
O and fix an orientation of the underlying graph of C such that the number of clockwise
relations is not less than the number of counterclockwise relations.

Step 1. To a branch “x” attached to C at vertex “e”:

% %

N

we apply left and right mutations as for gentle tree algebras to turn it into a quiver of type
A, equi-oriented as the arrow connecting “«” and “e”; see part (1) the proof of Proposi-

€ 9

tion 4.2 for details. If two such branches are attached to “e”, we apply right mutations to
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the vertices of the directing-out branch in order to stuff them into the directing-in branch,
using the same trick as in Proposition 4.2. As a result, we have reduced A = kQ/I to a

€

form, in which the local shape around each vertex “e” on C is one of the figures below:

S @ —— ¥
@ — %

Here “x” indicates a branch of equi-oriented type A; the horizontal arrows are on C,
drawn obeying the chosen orientation of C. Notice that all relations of A lie on C now.

Step 2. In this step, we devise a procedure to eliminate two relations on C if
one is clockwise, the other is counterclockwise and the latter is the relation following
immediately after the former on C in the clockwise orientation. Graphically, we are in

the following situation:

where the relation at 2 is thought of as following the one at 1 in the clockwise orientation
of C, and there is no other relation on C within. Notice that at “e”’s lying between 1
and 2 there are neither relations nor branches.

To eliminate them, first apply APR-(co)tiltings to sink vertices between 1 and 2 to

turn the quiver into the following shape:

C———

DN — %

1.e., there is a vertex 3 between 1 and 2 such that all arrows between 1 and 3 direct

clockwise and all arrows between 3 and 2 direct counterclockwise. We remark that the
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5.1.  Gentle one-cycle algebras

number of (counter)clockwise arrows between 1 and 2 does not change during each step
of APR-(co)tilting.

Then we apply left mutations to the vertex i immediately succeeding 1 on C until
i = 3 and apply left mutations to the vertex j immediately succeeding 2 on C until

j = 3. This turns the quiver into the following shape:

%
* % 2 * .\
| J | |
. 1 3 5 or better 3 |
N o / \ |
- - | .

k

(The two “e”’s shown above can be the same vertex.)

e 99

Now we apply a left mutation at vertex 3. Regarding whether or not the two “e”’s

shown above are the same vertex, we have two results:

e e
N L N
vz \ S
\* \*

Finally, we redo Step 1 to stuff all branches at vertex 3’ into the cycle C. In the
resulting algebra, a pair of relations has been thus eliminated.

Repeating the whole procedure as above, we can reduce A to the form where there
are only clockwise relations on the cycle C and A has the local forms as required in the
end of Step 1.

Step 3-1. If there is no relation on the cycle C, then A is a path algebra. Applying
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APR-tiltings to its sink vertices, we can transform it into the path algebra of type Am,n
for some integers m, n.

Step 3-2. If there are some relations on C, we will further transform A such that all
the arrows on C direct clockwise and are consecutive on C. Label the relations on C by
integers 1, ---, r in clockwise order. Assume temporarily that » > 2. We want to make
all the arrows between 1 and 2 orient clockwise. Graphically, we are in the following

situation

——— %

o — %

where the segments between 1 and 2 indicate arrows with arbitrary fixed orientations.

Applying APR-(co)tiltings to vertices between 1 and 2, we can transform it into

“H%%

:‘[\347*

where arrows between 1,i direct clockwise, arrows between i, j direct counterclock-
wise; here i, j are just symbols, not referring to any actual number. Applying left muta-
tions to vertices immediately succeeding 1 for several times, we may further transform

A into

<7
M — %

Apply left mutations to vertices from i to the vertex immediately preceding j, and the
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5.1.  Gentle one-cycle algebras

result is

* 1’ i ° *
° j I 22—

Repeat this procedure to the part of C between 2 and 3, ---, r and 1, and the goal is
accomplished.

The case r = 1 is treated similarly by thinking of the two vertices labelled by 1
and 2 in the above figures as the same.

Now the algebra A has the following form:

| ]

r—1

L]

Before step 4, one should, as usual, sort the branches “x” as in Step 1, such that each full

D «— %

subquiver consisting of a branch “x” and the e to which it is attached is a path algebra
of equi-oriented type A.

Step 4. The algebra A will be transformed into a standard one in 5.1(2). Notice
that A is already standard if there is only one relation on its cycle C. So we avoid
triviality by assuming there are r > 2 relations on C, labelled 1,2, ---, r consecutively
in counterclockwise order, as in the above figure. Let ! = (/,--,/,) where [, = the

length of the branch “x” attached to vertex i. If /; > 0, we arrange the quiver in the
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lower left form:

|
/ 3/./\
\1,/ \*
— 2/
\*

After mutating at vertex 1 and relabelling, / becomes (/1 —1,/,+1, /3, -+, 1,). Repeating
this procedure, we can turn / into (0, ---, 0, z:=1 [;). Now there is only one branch on
the cycle C, attached to vertex r, and the algebra A is of the standard form. The proof

is thus complete. O

Corollary 5.5 For two gentle one-cycle algebras, being derived equivalent is equiv-

alent to being tilting-cotilting equivalent.

Proof. Sufficiency is trivial since tilting and cotilting preserve derived categories. Ne-

cessity is implied by Proposition 5.4. a

Remark. Even for gentle two-cycle algebras, similar partial results hold. A gentle
two-cycle algebra is called non-degenerate if #¢ , = 3 where ¢ is its AG-invariant. In
[10-11] it is shown that for two non-degenerate gentle two-cycle algebras, being derived

equivalent is the same as being tilting-cotilting equivalent.
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5.2. An infinite number of permanently representation-finite gentle

algebras

We consider a special subclass of gentle algebras, among which there exists an

infinite number of permanently representation-finite gentle algebras.

Definition 5.6 A gentle algebra A, with associated surface S, is called non-degenerate,
if it satisfies the following equivalent conditions:

(1) S is of genus 0O;

(2) S is planar, i.e., embeddable into the 2-dimensional plane;

(3) If A is gentle n-cycle, then S has n + 1 boundary components,;

(4) If A is gentle n-cycle, its AG-invariant ¢ 4 satisfies #p, =n+ 1.

This definition mimics the concept “non-degenerate gentle algebras with two cy-

cles” introduced in [10-11]. They deserve special focus because of the following result.

Proposition 5.7 A non-degenerate gentle algebra is uniquely determined, up to de-

rived equivalence, by its AG-invariant.

Remark. This result has already appeared in [28, Theorem 1.8(1)].

Proof. Let A, A’ be two non-degenerate gentle algebras, whose associated surface
models are (S, M, P,A),(S’,M’', P', A), respectively. Suppose that A and A’ share
the same AG-invariant. By [7, Remark 6.2], there is a 1-1 correspondence 6 between
the two sets of boundary components of S and S’, such that each boundary component
0;S of S has the same number of marked points e and the same winding number with
the corresponding boundary component 6(9;5) of S’. Choose an orientation-preserving
homeomorphism @ : S — S’ sending each boundary component 9,5 of S to 6(9;S)
of S’; note that such ® exists. By [7, Theorem 6.1], it remains to show that, for any
simple closed curve 6 on (S, M, P, A) we have w? (®(8)) = w?(8). Since § does not

intersect itself, it is of the following shape, where m equals the number of boundary
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components encircled by o:

We can bend ¢ into the following shape and divide it at self-intersections:

Furthermore, by making 6 self-tangent at all self-intersections, we may cut 6 at these
self-intersections and reassemble the resulting segments (which is permissible, since
the winding number is essentially given by an integral) to obtain that

dm—4

wh@) = Y wh)
i=1

2m=2

wA(E) + Y W) + WP Bgpor) + 10 (B3 1)
i=2

m m—1
D wtr)+ Y whity)
i=1 i=1

= Y wh(y) = 2m—1),
i=1
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5.2. Permanently representation-finite gentle algebras

where the y; and the /; are loops shown below:

T T
O - 808
8 /

Let us turn to studying the curve ®(5) on S’. Clearly, a bending of 5 as above

yields a bending of ®(5), hence

m m—1
w® (@(8) = Y w (@) + Y, wh (@)
i=1 i=1

Ify; is sufficiently close to 0,5, then ®(y;) is also sufficiently close to ®(9,5) = 6(9;.5),
so w (@) = wA(y,.). On the other hand, /; is null-homotopic in S, so ®(/;) is also
null-homotopic in .S’, and since @ is orientation-preserving, it follows that w (D)) =
wA(li) = —2. In conclusion, we have shown that w? (®(8)) = w(S) for any simple

closed curve § in the interior of .S, and the proposition follows. O

Remark. In the above proof, we only used the winding number of n “inner” boundary
components. This is because, if ¢ = {(a;,b;) | i = 1,---,n+ 1}, then by [7, Proposition

3.12, Remark 6.2] we must have

n+1 n+1

Y b= a+2n-1).
i=1

i=1

So, in what follows, we will always fix a boundary component as the unique “outer”
one 0,5, which means that the unbounded connected component of the complement of
0,S 1s disjoint from .§. We will only focus on the winding numbers of inner boundary

components.

It is well-known that a gentle algebra is representation-finite if and only if there

is no band on its quiver. Thus, the next task is to investigate sufficient conditions on
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geometric models that avoid the occurrence of bands. To do this, we make the following
conventions. Let A = kQ/I be a gentle algebra, (S, M, P, A) be its geometric model.
Viewing Q as a graph, we can embed Q into .S, such that each vertex of Q is sent to the
middle point of the corresponding e-arc in the e-dissection, and each edge of Q is sent
to a simple curve in S encircling a triangle. We identify Q with its image in .S. Then it
is proved in [19, Proposition 1.22] that Q is a deformation retract of .S, and we take a

retractionr : .S — Q.

Proposition 5.8 Suppose that A = kQ/I is a gentle algebra and (S, M, P, A) is its
associated marked surface with admissible dissections. If there is a band on A, then

there exists a smooth closed curve y in the interior of S whose winding number is 0.

Proof. Choose a band p on A and write it like p = p;p; 1. Dor—q Pz_zl’ where each p;
is a path in A. Using the embedding O — S, the band p uniquely determines a closed
curve y on S, in the manner introduced just before this proposition. The local picture

of y is as below:

P1

D>

From this and [7, Lemma 3.18], we immediately see that wA(y) =0. O

With the above preparations, we can state the main result of this section.

Theorem 5.9 Suppose that A is a non-degenerate gentle n-cycle algebra whose as-
sociated geometric model is (S, M, P, A). For the i-th inner boundary component 0;S
(i=1,-,n), let n; be the number of marked points e € 9,.S, c; be the number of e-arcs
in A with one endpoint on 0;S (if both endpoints are on 0;S, this e-arc is counted twice),
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5.2. Permanently representation-finite gentle algebras

Then, A is permanently representation-finite if w; > 2 fori =1, -+, n.

Proof. Assume, to the contrary, that there exists a band p on A = kQ/I, which deter-
mines a closed curve on S. Choose such a p of minimal length. We will show that there
exists another band p’, of the same length, which determines a simple closed curve y’
onsS.

So, if y, up to homotopy, always self-intersects, then there are 4 possibilities for

the shape of p (blue curve):

== XD

The last two cases cannot occur, because these would yield two shorter bands, contra-
dicting the minimality of y. While in the first two cases, we can always change the

direction of p at its self-intersection to obtain p’ as follows:

D= OO

Clearly we eliminated one self-intersection. Repeating this procedure, we obtain a band
p’ whose associated closed curve y' is simple. But, this contradicts Proposition 5.8 and

the formula in the proof of Proposition 5.7:

wi(y) = ) whr) —2m—1)>2,
i=1

where m is the number of inner boundary components enclosed by y. a
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Corollary 5.10 Among the gentle algebras satisfying conditions in Theorem 5.9, be-

ing tilting-cotilting equivalent is equivalent to being BB-tilting-cotilting equivalent.
Proof. This follows directly from Theorem 5.9 and Proposition 3.10. a

Thus, the classification problem for such gentle algebras up to tilting-cotilting

equivalence is solved, algorithmically.

Example 5.11 Consider the following marked surface (S, M, P) with prescribed AG-
invariant {(1,3),(1,3),(2,0)}:

() ()

The following figure shows all admissible dissections of (S, M, P) up to homeomor-

phism, and the corresponding gentle algebra:
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5.2. Permanently representation-finite gentle algebras

The above 8 gentle algebras form a derived equivalence class. They are permanently
representation-finite. Moreover, a few minutes’ calculation shows that they are mutually
BB-tilting-cotilting equivalent. More generally, it has been shown in [10] that for all
non-degenerate gentle two-cycle algebras, being derived equivalent implies being BB-

tilting-cotilting equivalent. O

At the end of this paper, we raise several problems for further research:

Problem 1. Do there exist two permanently representation-finite gentle algebras
which are derived equivalent but not tilting-cotilting equivalent?

Problem 2. If the answer to Problem 1 is affirmative, is there any numerical in-
variant that distinguishes them up to tilting-cotilting equivalence?

Problem 3. How can our work be generalized to deal with degenerate gentle al-
gebras?

Problem 4. How can our work be generalized to deal with gentle algebras that are

not permanently representation-finite?
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