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ABSTRACT

We contribute to the classification of Hopf algebras with finite Gelfand-Kirillov
dimension, GK-dimension for short, through the study of Nichols algebras over the
infinite dihedral group D, and the quaternion group Qg. We find all the irreducible
Yetter-Drinfeld modules V' over D and Qg, and determine which Nichols algebras
B(V) of V are finite GK-dimensional. Furthermore, we consider GK-dimensions of

Nichols algebras of semisimple Yetter-Drinfeld modules.
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Chapter 1 Introduction

1.1 Background

The Gelfand-Kirillov dimension, was first introduced by I. M. Gelfand and A. A.
Kirillov in [28-29]. In 1976, Borho and Kraft studied systematically the properties of the
Gelfand-Kirillov dimension in [22]. This dimension now serves as one of the standard
invariants in the study of noncommutative algebras. In the past decades, Hopf algebras
with finite GK-dimensions were investigated, see [15,23-26,30-31,37-38,43-46,48-50].

Nichols algebras, appeared for the first time in the thesis of W. Nichols [39], and the
small quantum group u,(sl3), was introduced, where g is a primitive cubic root of one.
Also, by Woronowicz [47], they were discovered independently as the invariant part
of his non-commutative differential calculus. It was observed in [16-17] that Nichols
algebras are basic invariants of pointed Hopf algebras.

As stated in [18], the classification problem of pointed Hopf algebras has three

parts:
(1) Structure of the Nichols algebras B(V).
(2) The “lifting” problem: describe all pointed Hopf algebras A with G(A) = I" such
that
grA = B(V)#kI,
where grA is the graded coalgebra associated to the coradical filtration, and G(A)
is the group of the group-like elements of A.

(3) Generation in degree one: determine which Hopf algebras A are generated by

group-like and skew-primitive elements, that is grA is generated in degree one.
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For the first step of the “Lifting Method” stated by Nicolas Andruskiewitsch [14], the
following problems arise naturally: Given a group I', and a Yetter-Drinfeld modules V'

over kI',
(1) when is dim B(V') finite? or
(2) when is GKdimB(V) finite?
For the first problem, there are two main results:

(1) Istvan Heckenberger gave the classification of all finite-dimensional Nichols al-

gebras of diagonal type in [33], using the Weyl groupoid defined in [32];

(2) The defining relations of the finite-dimensional Nichols algebras of diagonal type

were given by Ivan Angiono in [19].

see the survey [3] for more details on the classification of B(V'), when B(V') is of di-
agonal type. Let G be a group, and C the field of all complex numbers. One problem
is to find all the Nichols algebras 3(V') with finite dimension for any V' € gyD, the
Yetter-Drinfeld modules over the group algebra kG. The cases when G is a finite simple
group were studied in [7-12,17,27]. Precisely, for the symmetric groups or alternating
groups, it was proved in [17] and [27] that, except for some particular cases, (9?’" or
(96A ™ collapses ( a conjugacy class O collapses if dim B(O, q) = oo for any 2-cocycle
q). Similarly, it is shown [7-12] that, if @ is a non-trivial unipotent conjugacy class in
a Chevalley or Steinberg group, or a sporadic group different from the Moster M, ©
collapses except for some particular cases.

For the second problem, M. Rosso [41] pointed out that the finite Gelfand-Kirillov
dimension is a crucial requirement for Uq+ (g). Great progress was acheived when G is an
abelian group, see [4,6]. It was proved that, if V (g, £) is ablock, then GKdimB(V (g, ¢)) <
oo if and only # = 2 and €2 = 1. Also, the Gelfand-Kirillov dimension of Nichols al-
gebras of direct sums of blocks and points are considered.

If G is a non-abelian group, whether GKdimB(V') < oo is largely unknown, where
Ve g)?D. In this thesis, we consider the infinite dihedral group D, and the quaternion

group Qg. We prove the main results:



1.2 Organization

Theorem 1.1.1. The only Nichols algebras of the finite dimensional irreducible Yetter-
Drinfeld modules over kD, with finite GK-dimension, up to isomorphism, are those

in the following list.
(1) B(Opyn, pyy) forn € N.
(2) B(Oy,Sy).
(3) BO,.S)).
4) BOy,S}).
(5) By, S;).

Theorem 1.1.2. The only Nichols algebras of the finite dimensional irreducible Yetter-
Drinfeld modules over kQg with finite GK-dimension, up to isomorphism, are those in

the following list.
(1) B(Oy,p;), with1 <i <5.
(2) B(Oy, ¢o), B(Oy, $2)
(3) B(O,2,p;), with 1 <i < 5.
(4) B(Oy, ¢g), BO,, by).

(5) B(Oyy: do), B(O,y. hr).

1.2 Organization

In Chapter 2, we recall some basic definitions, including braided vector spaces,
Yetter-Drinfeld modules,racks,Nichols algebras, Gelfand-Kirillov dimension, and the
groups we consider in this thesis.

In Chapter 3, we give the irreducible Yetter-Drinfeld modules V' & gyD over
the infinite dihedral group G = D, and consider when GKdimB(}V') < oo. Also,
we consider when Nichols algebras of semisimple Yetter-Drinfeld modules are finite

GK-dimensional.
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In Chapter 4, we consider the quaternion group Qg. We list all the irreducible
Yetter-Drinfeld modules V' over Qg, and give the cases when GKdimB(}') < 0. In ad-
dition, we give a large numbers of semisimple Yetter-Drinfeld modules whose Nichols

algebras are finite GK-dimensional.
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2.1 Notations

k algebraic closed field

i the imaginary unit \/—_1

q e € G,

N the set of all natural numbers
7. the set of all integers

C the set of all complex numbers
G group

H Hopf algebra

2YD the category of Yetter-Drinfeld modules over the Hopf algebra H

O, conjugacy class in a group G corresponding to g.
G* the set of centralizers of g in G.
Z(A) the center of an algebra A

GL(V) the general linear group over V'

GKdimA the Gefand-Kirillov-dimension of an algebra A

2.2 Coalgebras and Hopf algebras

Definition 2.2.1. [40] A coalgebra over the field k is a triple (C, A, €), where C is a

vector space overk,and A : C - C® C, € : C — k are linear maps such that

(A®Ide) e A =(Ide ®A)o A,
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and

(£®Idc)°A:IdC:(Idc®8)°A,

namely, the following diagrams

de ® A
CRC——CRCRC cCRC
e®Id Id- ® ¢
A A®Ide /A ‘
A —_
C cCC k® C C CQRk
commute. [ ]

Definition 2.2.2. [40] A bialgebra over k is a tuple (A, m, n, A, €), where (A, m, i) is an

algebra and (A, A, €) is a coalgebra over k, such that A and € are algebra maps. [

Definition 2.2.3. [40] A Hopf algebra over k is a bialgebra A over k such that the
identity map Id, has an inverse .S in the convolution algebra End(A), namely, there

exist S € End(A) such that

me(SQIdy)e A=nee=mo(Id, ® S)-A. [ ]

2.3 Braided vector spaces

Definition 2.3.1. [1] Let V' be a vector space , c € GL(V @ V). (V,c¢) is said to be a

braided vector space if c is a solution of the braid equation

(c®i1d)Id®c)c®id) = (Id ® ¢)(c ® id)(id ® ¢), ]

We call a braided space (V, ¢) diagonal type if there exists a matrix q = (g;;); j; With

ije



2.4 Yetter-Drinfeld modules

q;; € I and g;; # 1 for any i, j € [ such that

2.4 Yetter-Drinfeld modules

Definition 2.4.1. [1,Definition 3] Let H be a Hopf algebra with bijective antipode S
A Yetter-Drinfeld module over H is a vector space V' provided with
(1) astructure of left H-module y : H @ V — V and

(2) astructure of left H-comodule 6 : V — H @ V, such that

forall h € H and v € V, the following compatibility condition holds:
0(h - v) = hyo-1yS(he)) ® he) - V-

The category of left Yetter-Drinfeld modules is denoted by gyD. [

In particular, if H = kG is the group algebra of the group G, then a Yetter-Drinfeld
module over H is a G-graded vector space M = @, M, provided with a G-module

structure such that g - M, = M,,-1.

g

It can be shown that each Yetter-Drinfeld module V' € gyz) is a braided vector

space with the braiding structure
c(x®y = XY ® Xy X, V€E gyD

The category of Yetter-Drinfeld modules over kG is denoted by gyD. Let O C
G be a conjugacy class of G, then we denote by gyD(O) the subcategory of gyD
consisting of all M € gyD with M = @ .o M.

Definition 2.4.2. [34,Definition 1.4.15] Let g € G, and let V' be a left kG-module.

Define

Mg, V) =kG Qg V
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as an object in g)?D(Og), where M (g, V') is the induced kG-module, the G-grading is

given by
deglhQuv)=hr>g, foralheG,veV,
and the kG-comodule structure is
s(h®@v)=(h>g) Qh®v). l

LetV € gyD. Let I(V') be the largest coideal of T'(V') contained in €Bn>2T”(V). The
Nichols algebra of V' is defined by B(V) = T(V)/1(V'). B(V) is called diagonal type
if (V, ¢) is of digonal type.

By the following lemmas and their proofs, we can find all the irreducible Yetter-
Drinfeld modules M (g, V) in g)?D, once we have known the corresponding irreducible
representations (p, V) of kG*. The corresponding Nichols algebra of M (O,, V') is de-
noted by B((Dg, p) or B((Dg, V).

Lemma 2.4.1. [34,Lemma 1.4.16]Letg € G, M € gyD(Og). Then M (g, M) —-> M

is an isomorphism of Yetter-Drinfeld modules in gyD.

Lemma 2.4.2. [34,Corollary 1.4.18] Let {O, |/ € L} be the set of the conjugacy
classes of G. There is a bijection between the disjoint union of the isomorphism classes

of the simple left kG* -modules, I € L, and the set of isomorphism classes of the simple

Yetter-Drinfeld modules in gyz).

2.5 Racks

Definition 2.5.1. [13, Definition 1.1] Let X be a non-empty set, > : X X X — X be

a function. (X, >) is said to be a rack if
(1) foranyi € X, ¢; : X — X is a bijection, where ¢;(j) =i > j;

)ik =>(G>j)>(>k),VijkeEX. (]



2.6 Nichols algebras

Example 2.5.1. Let G be a group, X = QisaconjugacyclassinG,> : X XX — X

is the conjugacy action in G, thatis, i > j =i ji~!. Then (X, >) is a rack.

Definition 2.5.2. [1,Section 2.1.5] Let W be a vector space, (X, >) be a rack, and let

q: X XX — GL(W) be a 2-cocycle, that is, the following equation holds:

Ax y>z4y,z = D>y, x> 2Yx, 2

LetV =kX @ W,e, v : e, ® vand let ¢4 be the braiding given by

cllexv@eyw) =e (wWRev,x,ye X,v,weW.

nyqx,y

Then V said to be a braided vector space of rack type. [

2.6 Nichols algebras

In this section, we recall the definition of Nichols algebras.

Definition 2.6.1. [34,Definition 1.6.16] Let V' € gyD. An Nj-graded connected
Hopf algebra R in gyD is a Nichols algebra of V, if

() R =V in JYD,

(2) R s generated as an algebra by R(1), and

(3) Ris strictly graded, that is, P(R) = R(1). [
Alternatively, the Nichols algebra can be constructed as a quotient of 7'(V").

Definition 2.6.2. [34,Definition 1.6.18] Let V' € gyD. Let I(V') be the largest coideal
of T'(V) contained in @n>2 T" (V). The Nichols algebra of V' is defined by

BWV)=TW)/IV). [

It is shown in [34,Theorem 1.6.18] that this B(V') is indeed a Nichols algebra of V'
defined as Definition 2.6.1.
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2.7 Gelfand-Kirillov dimension

The Gelfand-Kirillov dimension, GK-dimension for short, becomes a powerful
tool to study noncommutative algebras, especially for those with infinite dimensions.

For the definition and properties of the GK-dimension we refer to [36].

Definition 2.7.1. [36] The Gelfand-Kirillov dimension of a k-algebra A is
GKdim(A) = sup Elogn dim(V"),
14

where the supremum is taken over all finite dimensional subspaces V' of A. [

As for finite GK-dimension, we need the following result

Lemma 2.7.1. [1,Theorem 6] If either its Weyl groupoid is infinite and dim V' = 2, or
else V' is of affine Cartan type, then GKdimB(V') = 0.

Example 2.7.1. [1] Let A be a finitely generated k-algebra. Then GKdim(A) = 0 if

and only if dim A < 0.

Example 2.7.2. [1] Let A = k[X}, -+, X ;] be the polynomial algebra over k in d in-

determinates X, -+, X ;. Then
GKdim(A) = d.

Example 2.7.3. [1] Let g be a finite dimensional Lie algebra, U(g) /J g be its universal
enveloping algebra. Then GKdim(U (g)) = dim g.

For k-algebras A and B, by [36,Lemma 3.10], we have GKdim(A®;, B) < GKdim(A)+
GKdim(B). In particular, if A is a left H-module algebra, then GKdim(A#H) <
GKdim(A) + GKdim(H ), where A#H is the smash product of A and H. For alge-

bras with infinite GK-dimensions, the following result is useful:

Lemma 2.7.2. [2,Theorem 2.6] Let G be a finitely generated group, M € gyD satis-

fies @ = suppM is a infinite conjugacy class. Then GKdimB(M #kG = oo.
This lemma can be used as a criteria for infinite GK-dimensions.

10



2.8 The infinite dihedral group D

2.8 The infinite dihedral group D,

As we are familiar,
Dy, = (h,glg® = 1,ghg = h™') = {1,g, k", gh", h"g, gh"g|n € N},
where
gl =g (W) '=gh'"sg, (gh")'=gh", (g7 =h"g, (gh"®)" =h".
Consider the conjugacy classes in D .

O,={1}, O, ={h",gh"g}={h",h™"},Vn €N,

O, = {g.gh*", h*"gln €N}, O, = (W*'g,gh® |k €N}
The centralizers of one element in each conjugacy class are as follows:

G'=D,, G ={xeG|xg=gx})={lg}=7,,

G" = [{1,h*, gh*glk eNY =7, G ={1,gh}) ~17,.
Consider all the cosets of G¢ in G. For any n € N,

gG8 = G8, h'gGE® = h"GE = (", h'g),

gh"gG® = {gh",gh"g}, gh"G*® ={gh",gh"g}.
Therefore, a representative of complete cosets of G over G¢ is
{1,h", gh"|n € N},

Similarly, consider all the cosets of G". Representatives of complete cosets of G

11
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over G" and G4" are
{L,g}, {L,h",gh"|n €N},
respectively.

2.9 The quaternion group Qg

As we are familiar, Qg = (x,y|lx* = 1,y* = x%,xy = yx~1) is generated by two

elements, precisely,

Qg = {1,x,x%, X%, y, xy, x>y, x>y}

where x™! = x3, x?= xz,y_1 = xzy, and (xy)_1 = x3y.

There are five conjugacy classes in G = Qg:
O, ={1},0, = {x,.x’},02 = {x*},O, = {1,x*y},0,, = {xy.x’y}.
Choose one element in each conjugacy class, and we compute the centralizers:
G'l=G, G =(x)27, G =G, G =0)=7Z, GY=(xy)=7,

By [35,Exercise 17.1],there are four 1-dimensional irreducible representations (p;, V;) 1 ¢;<4 €
Irr(Qg), and one 2-dimensional irreducible representation, denoted by (ps, V5). The

character table of (p;, V;) is as follows:

n 1l 1 1 1 1
n 11 1 -1 -1
»no1lo1 1 1 -1

e 11 <1 -1 1

12
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Infinite Dihedral Group D,

3.1 The Nichols algebra B(O},., p)

Proposition 3.1.1. For any n € N and any irreducible representation (p, V') € Irr(Gh"),
GKdimB(Opn, p) < oo if and only if (p, V) is the trivial representation or the sign rep-

resentation.

Proor. Consider an irreducible Yetter-Drinfeld-module kG @ V = (1Q V)P (g®
V), where (p, V) € Irr(Ghn) is an irreducible representation of kG"". By the theory of
representations of groups [42], V' one-dimensional, because G"" is and abelian group.

Let V' = kx. The module structure of M (O, p) is as follows:

g - (1®x)=g® p()(x), - (1®x) =18 p(h")(x),
gh" - (1®x) =g ® p(h")(x), h'g-(1®x)=g® p(h™")(x),
gh"g - (1®x)=1® p(gh"g)(x), g-(g®x)=1& p(1)(x),

h" - (g ®x)=g® p(h™")(x), gh" - (g ®x) =1® p(gh"g)(x),
h'g - (g ®x) = 1® p(h")(x), gh"g - (g ® x) = g ® p(h")(x).

The comodule structure 6 : M(Opn, p) = kG @ M (Opn, p) of M(Opn, p) is

6(1®@x) =101 ®@x)=hrhQ (1R x),

(g®x)=(E>rhNRE®x)=h"'Q(E ).

Then kG @y V is a Yetter-Drinfeld module over G.
Now we will compute the GK-dimension of the Nichols algebra of M (O, p).
First consider the case of the trivial representation (e, V') of G"". That is, the mod-

ule structure of M (Oyn, €) 1s trivial. The braiding of M (O, p) is given as follows.

13
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Write x; = 1 ® x, x, = g ® x. Then we have

c(x;®x1)=x1Qxy, clx;®x,)=x,Qxy,

(X ®@ X)) =x1 ®Xy, (X, ®@x5) =X X5.

The braiding matrix is

Therefore, B(Ojn,€) = S(W), the symmetric algebra over W, by [1,Example 31],
which has GK-dimension 2.
In general, for any irreducible representation of G" , we have h - x = ax, for some

a € k*. Write p, for the representation. Therefore, the braiding of M (O, p,) is

c(x; ® x1) = ax; ® xy, c(x; ® xp) = a_]xz & xq,

i, ®x)=a"'x; @ x5, (X, @ Xy) = ax, @ x,.

The braiding matrix is

which is of finite type. Therefore GKdimB(Oj,, p,) < oo by [32,Theorem 1]. If a® #1,
-2

then the corresponding Dynkin diagram is e ¢, By [5,Theorem 1.2] and

[2,Remark 1.6] or by going through the list 0f [33,59-124], we have GKdimB(Oy., p,) =

oo for all aZ;é 1. (]

14



3.2 The Nichols algebra BO,, p)

3.2 The Nichols algebra B(0O,, p)

Since all the irreducible representations of Z, are the unit representation and sign
representation, we have the corresponding irreducible Yetter-Drinfeld modules M (O,, €)
and MO,, sign).

Let X = {1,h", gh"|n € N}. Then

M(Oy.0) = P h, ® kx,

yeX

where the degree of each A, is given by
deg(hy) = h, > g.

3.2.1 The Yetter-Drinfeld module M(O,, sign)

The module structure of M ((Dg, sign) is

g-(I®x)=-1®x, h-(1Q®x)=hQx,

g (gh®x)=hQ®x, h-(gh®x)=-1Qx,
g-(M"@x)=gh"®x, h-(W"@x)=h""Q@x,

g EN"®x)=h"Q®x, h-(gh"@x)=gh" ' @x,n>2.

The comodule structure is
3(1@x)=g®@(1®x), 8h"®x)=h"g® (" ®x), &(gh"®x)=_gh™® (gh"® x).
Foranyn > 1, let
a,=h"®x, b,=gh"®@x, ay=1Qx.

Then the module structure is as follows:

15
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h-ay=ay, h-a,=a,,, h-b,=

—-a;, n=1
The comodule structure is
S(ag) =g ®ay, 6a,) =h"g®a, &b, =gh™Qb,.
The braiding of M (O,, sign) is
ca, ®a,)=h"-b,®a,.

From the module structure we obtain that A*™ - b, = b,_, if 2m < n, and h*™ - b, =

—ay,,_, 1f 2m > n. Therefore,

byrm®a,, 2m<n
cla, ®a,) =

-y, ®a,, 2m>=n
Foranyn > 1 and m > 0,
c(a,®b,) =ay,,,®a,,.
Forn>2and m > 1, we have

ay_om XD, 2m < n
cb, ®b)=gh* b, &b, =4 ,

_b2m—n X bm’ 2m

WV
3

C(bm b bl) =8y ® bm = _b2m—1 by bm’

C(bm b an) =8 Bmin by bm = b2m+n ® bm

16



3.2 The Nichols algebra BO,, p)

3.2.2 The Yetter-Drinfeld module M(O,, ¢)

The module structure of M (O, €) is

g-(1®x)=1Qp(g)x) =1Qx,
h-(1®x)=h® p(1)(x) =h®x,

g - (M"®x)=gh" @ p(1)(x) =gh" @ x,
h-(h" Q@ x) =h"" @ p(1)(x) = "' @ x,
g (gh"®@x)=h"® p(l)(x) =h"Qx,
h-(gh®x)=1Q p(g)(x) =1Qx,

h-(gh" @ x) = gh"™' @ p(1)(x) = gh"™' ® x,n > 2.
The comodule structure is
3(1@x)=g®@(1®x), 8h"®@x)=h"g@ (" ®x), &(gh"®x)=_gh™® (gh"® x).
Forn > 1, let
a,=h"®x, b,=gh"®@x, ay=1Qx.
Then the action and coaction are
g-ag=4ap, g-a,=b,, g-b,=a,

h-ay=a, h-a,=a,.,, h-b,=

ay, n=1
8(ag) =g ®ay, 6(a,)=h"g®a, b0b,)=gh’®b,.

The braiding of M (O, €) is as follows:

c(a,®a,)=h"g -a,®a,=h""b,Qa,,

17



Chapter 3 Finite GK-dimensional Nichols Algebras over the Infinite Dihedral Group D,

If 2m < n, then

h*™ . b, =b

n—2m-
If 2m > n, then

2. b, = aypm_p,-
Therefore, we have

byom®a,, 2m<n
c(a,®a, = ,

Arppn R a,, 2m=n

c(ty ® by) = h*"g - b, ® ay, = Gppyy ® Gy
hold for any n,m € N. For any n > 2, we have

5 Ay om @b, 2m<n
c(b, ®b,)=gh™ -b,®0b,, = ,
by ®b,, 2m=n

c(by ®b)=gh*™ by @b, =g ayu_i ® by =byp_| ® by,

C(bm ® an) = thm ca, ® bm =8 Ay ® bm = b2m+n ® bm'
Clearly, dim B(O,, p) = o0, since the Yetter-Drinfeld modules are of infinite dimension.
For the GK-dimension we have

Proposition 3.2.1. GKdimB(O,, p) = oo for p = signand p = e.

Proor. Using Lemma 2.7.2, let M = M (Og, p). Then GKdimB(Og, pHkD, = oo
since suppM (O, p) = O, is an infinite conjugacy class. But GKdimkD,, < oo, this
implies the GKdimB(O,, p) = o0, since GKdimB(O,, p)#kD,, < GKdimB(O,, p) +
GKdimkD . [
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3.3 The Nichols algebra B(O,s p)

3.3 The Nichols algebra B(O,,, p)

Since G&" ~ Z, has only 2 irreducible representations, the unit representation and
sign representation, we have the irreducible Yetter-Drinfeld modules M (O, €) and
M(@O,, sign).

Let X = {1,h", gh"|n € N}. Then

M((Qgh, sign) = @ hy R kx,
yeX

where h, is a renumeration of X, and
deg(hy) = hy > gh.

The module structure is

g-(1®x)=h®p(gh)(x), g-(h"®x)=gh"® p(1)(x),
g-gh"®x)=h"®p()(x), h-(1®x)=h® p(1)(x),
h-(h"®@x)=h""' @ p(1)(x), h-(gh"! @ x) =gh" ® p(1)(x),
h-(gh® x) =h® p(gh)(x),

where n > 1.

The comodule structure is

0(1@x)=(1>ghh)@(1Q®@x)=gh® (1 Qx),
SW@x)=W">ghh@NWQx)=h""g @M Q x),

8(gh" ® x) = (gh" > gh) ® (gh" ® x) = gh*" ' ® (gh" ® x).

3.3.1  The Yetter-Drinfeld module M(O,,, sign)

Let

apy=1®x, a,=h"®x, b,=gh"Q x.
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Chapter 3 Finite GK-dimensional Nichols Algebras over the Infinite Dihedral Group D,

Then we obtain the module structure

The comodule structure is

8(ag) = gh®a, 6(a)=h""'g®a, b0b,)=egh” @b,

The braiding structure is

bn_2m+1®am n>2m-—1
c(am ® an) =9 B c(am ® bn) = an+l ® am’
-y, ®a, n<2m-—1

Ay omr1 @b, n>2m-—1
C(bm ® bn) =9 ) C(am ® aO) = —dyy ® s
_b2m—n+l ® bm n<2m-—1

c(a,®b)=a,,®a,, c(b, ®a,) =byrp_1 ® by,
(b, ® ay) = by,_| @b, c(by ® by) = =by,_1 ® by,
clag ® ap) = by ® ay, clag ® a,) = b,y @ ay,
clag®b,) = a,_; ® ay, c(ag ® b)) = —b; ® ay,
c(b; ® ag) = by @ by, c(b; ® a,) = b,y ® by,
c(b; ® b)) =a,_, @by, c(b; ® by) = —b; ® by.

3.3.2 The Yetter-Drinfeld module M (O, €)

As in the case M (Ogy, sign), we write

ap=1®x, a,=h"®x, b,=gh"Qx.
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3.4 The Nichols algebra B(O,, p)

Then we have the action and coaction

g ap = 4ap, g'an:bn’ g'bn:an’
h'an:an—H’ h'bn+1:bn’ h-b1=a1,
8(ap) = gh ® ay, 8(a,)=h""'g®a,, 5(b,) =gh®™ 1 ®b,.

The braiding structure is

byomy1 ®a,,, n>2m-—1

c(am ® an) = < ” C(am ® bn) = an+1 ® am?
| @2m—n @ > n<2m-—1

Ay ome1 ®b,, n>2m-—1

c(b, ®b,) =1 . c(a, ®ay) =ay, ®a,,
k_b2m—n+1 ® bm’ n<2m-—1

c(a, ® b)) =ay, ®a,, c(by, ®a,) =byop_1 ® by,
(b, ® ag) = by,_| @b, c(by, ® by) = by ® by,
clag ® ag) = by ® ay, clap ® a,) = b,y @ ay,
clag®b,) = a,_, ® a, c(ay ® by) = by ® ap,

c(by ® ag) = by @ by, c(by ® a,) = b, ® by,
c(b; ®b,) = a, | ® by, c(b; ® b)) = by ® by.

It is easy to see that dim M (O,,, €) = dim M (O, sign) = oo. For the GK-dimension

of B(Ogp, p), we have
Proposition 3.3.1. GKdimB(O,, p) = oo for p = signand p = e.

PrROOF. Similar to the proof of Proposition 3.2.1. [

3.4 The Nichols algebra B(0Oy, p)

To determine the Nichols algebras associated to the conjugacy class O, we need
to find all the left simple D -modules. Let S be any left simple D -module. Then
Endem(S) = kidg by Schur’s lemma. For any a € Z(kD,), the map f, : § —
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Chapter 3 Finite GK-dimensional Nichols Algebras over the Infinite Dihedral Group D,

S,s — a- s, is a module map. So (h + h_l) -5 = As for some A € k, and hence the
representation

p : kD, — End(S)

induces a representation
5 kD /(h+h~' =) — End(S).

In other words, every simple left kD -module is a simple left kD_/(h + h~' — A)-

module.

3.4.1 Representations of kD_/(h+ h™' — 1)

Lemma 3.4.1. The center of kD, is k[A + h_l], and for A € k,
dimkD_/(h+h~! = 1) < c0.

Proor. Let A; = kD /(h + h~' = 2). In A, h+ h~! = 4, by direct computation, the

following relations hold:
hg=Aig—gh, h*>=ih—1, W =ih*—h, -, W' =in"-n"1=0.

Therefore, A" can be spaned by 1 and 4 in R. Hence gh", h"g, and gh"g can be spaned
by 1,g,h,gh. We see thatdim A, < 4. |

By the following lemma, we need to find all primitive othogonal idempotents of

A

Lemma 3.4.2. [21,Corollary 5.17] Suppose that A, = ;AP - P e, A is a decom-
position of A into indecomposable submodules. Every simple right A-module is iso-

morphic to one of the modules

S(1) = tope; A, -+, S(n) = tope,A.
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3.4 The Nichols algebra B(O,, p)

Now compute the idempotents of A,. Let
(X + X8 + X3h + x48h)? = x| + X,8 + X3h + x48h.

By the following lemma, we will find the primitive idempotents of an algebra.

Lemma 3.4.3. [21,Corollary 4.7 ] An idempotent e € A is primitive if and only if the
algebra eAe =~ EndeA has only two idempotents O and e, that is, the algebra eAe is

local.
. 1 .
Taking x5 =0, x, = to Xy = 0, we obtain
1 1
e = 5(1 + g), €y = 5(1 — g), 1= €] + €,
which is a decomposition of 1. By direct computation, the following equalities hold:
ejA;, =k(g+ 1)+ k(gh+h), eA;=k(g—1)+k(gh—h).

Since dim A, < oo, the Jacobson radical rad e; A; = Nilrad e; A is the nil ideal, we
need to find all nilpotent elements of e; A, and e, A ;.

Leta=1+g,b= h+ gh. Then we have

a* = 2a, ab=72b,

ba= Aa, b*=Ab.

Lemma 3.4.4. (x;a+ x,b)" = (2x; + Ax,)" "' (x;a + x,b).

Proor. If n = 2, then

(xja+ xzb)2 = x%a2 + x1x5ab + x;x,ba + x%b2 = 2x%a +2x1x,b + Ax1 x50 + /lx%b

= (2x] + Ax|Xp)a + (Ax5 + 2x1x2)b = (2x| + Axp)x a + (2x] + Ax;)x,b.
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By induction on n,
(x1a + x,b)" = (xya + x,b)"(x1a + x,b) = 2x; + Axy)"(x,a + x,b). n

Let [x;(g + 1) + x,(gh + h)]" = 0. We have x; = —%xz. Therefore, the set of all

nilpotent elements is
. A
Nilrad e; A = Ik(—Ea + b).

Therefore, rad e; A; = ]k(—%a + b).

Letc=1-g,d =h—gh. Then
c2=2¢c, d*=id, cd=2d, dc=Aic.

Lemma 3.4.5. (x;c + x,d)" = 2x; + Ax,)""1(x ¢ + x,d)

Let (x;c +x,d)" = 0. We have x; = —%xz. Therefore, the set of all nilpotent elements

is
. A
Nilrad e, A = E{(_EC +d),

andrad e, A, = lk(—gc +d).

Consequently,

Lemma 3.4.6. Lete, = %(1 +g)and e, = %(1 — g). Then the simple right modules of

A, are
A A
elAA/]k(—Ea +b) and eZAA/]k(—Ec +d),

where Ae k,a=1+g,b=h+gh,c=1-g,d =h - gh.

In particular, the simple modules of A, are e; A and e, A,
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3.4 The Nichols algebra B(O,, p)

kD, -modules We can consider the left simple modules of kD . Let
e =tl+g. e=i(-g
1= 5 &) 275 g)-
Then
Ajer=k(l1+¢g)+ k(h~' + gh), Ao =k(l1 —g)+ k(h~! — gh).
Leta=1+gb=h"'4+gh,c=1-g,d=h"! = gh. Then we have

a* = 2a, ab = Aa, ba = 2b, b% = Ab,

2 =2c, cd = Ac, de=2d, d* = ad.

By the first paragraph of this section and Lemma 3.4.6 we have

Lemma 3.4.7. The simple left kD -modules are
A A
Aielﬂk(—ia +b) and A/lez/]k(—zc + d).
Precisely, if 4 # 0, then the corresponding simple modules are
ST =ka, S; =ke,
where the module structures are
A
g-a=a, h-a=§a, g-c=—-c, h-c==c.

If A =0, then

S§ =Age; =k(1+g) + k(h™ + gh),

Sy = Ages =k(1 —g) + k(h™" — gh).
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The module structures are

Proor. If A # 0, then the module structures of S(J)r and S are

gra=g(l+g)=g+1=aq,
h-a=h(l+g)=h+hg=41-—h"'+ (g - gh)
=ﬂ(1+g)—(h_1—gh)=/la—b=%a,
g-c=g(l-g=g-1=-c,
h-c=h(l-g)=h—-hg=A—-h"")—(A—gh)

=,1(1—g)—(h—l—gh)=,1c—d=§c.
If A = 0, then the module structures of Sar and S are

gra=g(l+g)=g+1=aq,

h-a=h(1+g) =h+hg=(-h"")—gh=—b,

g-b=gh ' +ghy=gh™'+h=—-gh—h"' =—b,
h-b=hh"+gh)=1+hgh=a,
gre=gll-g=g-1=-c

g-d=gh™ —ghy=gh™ —h=hg—(-h")=h"" ~gh=d,
h-c=h(l—g)=h—hg=—h"'—(-gh) = —d,

h-d=hh'—ghy=1-hgh=1-g=c.
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3.4 The Nichols algebra B(O,, p)

3.4.2 The irreducible Yetter-Drinfeld modules

Let G = D, . From Lemma 2.4.1 and Lemma 2.4.2 we obtain all the irreducible

Yetter-Drinfeld modules in gyD(Ol):

M(1,5) =kG Qs S; =1 Qka+1® kb,
M(1,8;) =kG Q6 S; =1 Q@ ke +1®Kkd,
M(1,87) =kG Q6 S, =1®ka,

M(1,57)=kG ®y; S, =1® ke.
Letv; =1 ®aand v, = 1 ® b. Then the A;-module structure is

g =g U®a)=1Qg-a=1Qa=uv,,
g0,=¢g-(1Q®H=1Qg-b=1Q (=b) = —v,,
h-vi=h-1Q®a)=1Qh-a=1Q (-b) =—-v,,

h-vy=h-(1®b)=1Qh-b=1Qa=uv;.
The comodule structure is
6())=601®a)=10(1®a)=1Quv;, (1) =06(10bH=100(1R®b)=1Qv,.

The braiding structure is

C(U1®U1):U1®U1, C(U1®02):U2®U1,

C(U2 ® U]) = U ® Uy, C(U2 ® Uz) =0 ® ;.

Therefore, the braiding matrix is

Hence GKdimB(V) = 2 by [1,Example 31].
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Consider kG Q.5 SO_ =1Q®@kc+1Q®kd. Letw; =1®cand w, =1Q®d. Then

the A;-module structure is

g'w1=g(1®c)=1®g'c=1®(—c)=—w1,
g w=8g1@d)=1Qg-d=1Qd =w,,
how =h(1®c)=1@h-c=18 (=d) = —w,,

how,=h(1@d)=1®@h-d=1Qc=uw,.

The comodule structure is

o(w))=01®c)=1Q0(IR®c)=1Qw;, 6(w))=61Qd)=10(1Qd)=1Q w,.

By direct computation, the braiding structure is

c(w @uwp) =w; @uwy, cw @uw, =uw,uw,

C(LUZ ® wl) = W ® Wy, C(LU2 (024 LU2) =W, ® Wws.

11
Therefore, the braiding matrix is

1 1
Hence GKdimB(O,, S;) = 1 by [1,Example 31].

Consider kG @ 5 S/J{ = 1 ® ka. Let w = 1 @ a. Then the A ;-module structure is

gw=g-(1®a)=1Qg-a=1Qa=uw,

h-w=h-(1®a)=l®h-a=1®%a=%w.

The comodule structure is

(W) =601Qa)=10(1Ra)=1Q w.
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The braiding structure is

(W w)=wep W wyp =weuw.

Therefore, GKdimB(Oy, S7) = 1.

Now we consider kG ®y S, = 1 ® ke. Let v = 1 ® ¢. Then the A;-module

structure is

g v=¢g-1®c)=1Q¢g-c=1Q(—c)=—v,

h-v=h-(1®c)=1®h-c=1®%c=%v.

The comodule structure is

o) =01Q®c)=10(1QRc)=1Quv.

The braiding structure is

c(v®v) = V=1 U®U(0) =vQ® 0.
Therefore, GKdimB(O,, S))=1
3.5 Finite GK-dimensional Nichols algebras of semisimple Yetter-
Drinfeld modules over D,

Through the discusion above, we have the following finite dimensional irreducible

Yetter-Drinfeld modules V' with GKdim/B(V) < oo.

M(Oh”’pil) = |k.x1 + kXZ,
MO, S) = kG @y ST = 1 @ ka+ 1@ kb,
MO, S;) = kG @y Sy = 1 @ ke + 1@ kd,

MO, S)) =kG @ S} =1®Ka,
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M(Ol,S;) = kG ®]1{G S; =1 ® ke.

where 4 # 0. In this section we consider when the Nichols algebra of a semisimple

Yetter-Drinfeld module has a finite Gelfand-Kirillov dimension.

Proposition 3.5.1. Let M = M(Oym,p,) ® M(Opn,p,) with a,b € {x1}. Then
GKdimB(M) < oo if and only if a = b.

ProoF. The braiding matrix is given as follows:

Ifa=5b=1,then BIM(Opm, p,)D®M (O, pp) = S(M(Opm, p)B M (O, pp)), Wwhose

GK-dimension is 4 [1,Example 27]. If a = b = —1, then the braiding matrix is

-1 -1 -1 -1
-1 -1 -1 -1
q:
-1 -1 -1 -1
| -1 -1 -1 -1 |

In this case, GKdim(M (Opm, p,) ® M (Opn, pp)) < oo by [1,Example 27].

In the last, if a = 1, b = —1, then the corresponding Dynkin diagram is

By [2,Lemma 1.4] and [20,Theorem 1.2] we have GKdim(M (Opm, p, ) ® M (Opn, py)) =

0. ]

Proposition 3.5.2. Let M = M (O, S%) ® M(O,, Sh) with A, 4 € k,a, € {+,—}.
Then GKdimB(M) < .
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3.5 Finite GK-dimensional Nichols algebras of semisimple Yetter-Drinfeld modules over D

PrOOF. By computation of the braiding matrices of M in all cases, we have the braiding
matrices are all of the form g = (g;;), where g;; = 1 foralli, j. Therefore GKdimB(M) <

oo by [1,Example 31]. [

Proposition 3.5.3. Let M = M(Oy. p,) ® M(O;,S}) with 1 € k*, @ € {+,-} and
a € {1,—1}. Then GKdim/3(M) < oo if and only if 4 = 2.

PrOOF. The braiding matrix is

If a =1, A = 2, then Therefore GKdimB(M) < oo by [1,Example 31].
If 1 # 2, then the Dynkin diagram is as follows:

Therefore GKdimB(M) = oo by going through the list of [33,59-124].
If a = —1, A = 2, then the Dynkin diagram is

o
o!
w o~

Thus GKdimB(M) < oo by [1,Example 27]. [
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Chapter 4 Finite GK-dimensional Nichols Algebras over the

quaternion group Qg

4.1 The Nichols algebras B(Oy, p)

Consider the conjugacy O, = {1}. G' = G = Qg. For (p;, V}), let V| = kv,. The

module structure is

XU = Uy, Y-y =0Uy.

The corresponding Yetter-Drinfeld module W; = 1 @ V| The module structure is

x-(1®u)=18px)v) =180y

The comodule structure is

0(1®v)=1010Quv))

Let w; = 1 @ v; The braiding structure is

Therefore dim B(W;) = o0, and GKdimB(W;) = 1.

For (p,, V5), let V| = kv,. The module structure is

X+ Uy =0Uy, Y- Uy=—Uj.

The corresponding Yetter-Drinfeld module is W, = 1 @ V,. The kG-module structure
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of W, is

x-(1®v) =1Q pr(x) () =1Q v,
V- (1®u)=1®py(»(vy) =-1Q v,

The comodule structure is

0(1®vy) =1 (1 Qv

Let wy = 1 @ v, The braiding structure is

C(LU2 ® w2) = W, ® wy

Therefore dim B(W,) = o0, and GKdimB(W,) = 1.

For (p3, 13), let V3 = kv;.The module structure is

X U3 = —Us, Y- U3 = Us3.

The corresponding Yetter-Drinfeld module W3 = 1 @ V3 The module structure is

x-(1Q®uv3)=1Q p3(x)(v3) = -1 Q v3
V- (1®v3)=1® p3(»)(v3) =1 Q v3

The comodule structure is

0(1®uv3) =1Q(1Quv3)

Let wy = 1 @ v; The braiding structure is

Therefore dim B(W;) = o0, and GKdimB(W;) = 1.
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For (py4, V}), let V; = kv,. The module structure is

X'U4:—U4, y'U4:—U4.

The corresponding Yetter-Drinfeld module W, = 1 ® V, The module structure is

x-(1Q®uvy) =18 ps(x)(vg) = -1 Q vy
V- (1Q®uy)=1Q® ps((vy) =-1Q vy

The comodule structure is

0(1Q®uvy) =1 (1 Quvy)

Let w, = 1 @ v, The braiding structure is

C(LU4 ® LU4) = Wy ® Wy

Therefore dim B(W,) = o0, and GKdimB(W,) = 1.

For (ps, V5), let {vy, vy} be a basis of V5. The module structure is

x-Ulzivl, Yy -0y = Uy, X'U2:—iU2, Y- Uy = —0y.

The corresponding Yetter-Drinfeld module W5 = 1 @ V5 The module structure is

x-(1®@v) =1 ps(x)(v) =i® vy,
y-I®v)=1Q ps(y)(v) =1 vy,
x-(1®vy) =1@ ps(x)(vy) = —i(1 @ vy),
y-(I® ) =1 ps(y)(vy) =-1Q .
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The comodule structure is
o(1®uv)=101Quv), (1Qv,)=1Q1Quv,).
Letu; =1® v, u, =1 @Q v,. The braiding structure is

C(“] ®u1) =u Qup, C(”] ®u2) =u, up,

cuQup) =u; Quy, ¢y @uy) =uy  uy.

Therefore dim B(W5) = oo, and GKdimB(W5) = 2 by [1,Example 31].

Therefore, we have proved

Proposition 4.1.1. For any irreducible representation (p, V') € Irr(Gh), GKdimB(Oy, p) <

o0, and dim B(O, p) = .

4.2 The Nichols algebras B(O,, ¢)

As shown above, O, = {x,x3}. G* =11, x, X2, x3} ~ 7, is the cyclic group with
order 4. Therefore, all the irrreducible representations are (¢,, U;),0 < t < 3, which are

all 1-dimensional. Precisely,
xk u, = ¢t(xk)(ut) — etﬂik/Zut'

where i = \/—_1

Clearly, (¢, Uy) is the trivial representation of G*. Since
G =G" UG,

the corresponding Yetter-Drinfeld module is M (O, ¢y) = kG Q- Uy =1 Q Uy &
y ® Uo.

Letv; =1 ® ugy, v, = y ® uy. The G-module structure is

x-v=x-(1Quy =1Q ¢pp(x)(uy) =1Q uy = vy,
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yovr =y (1®up) =

X-0y=x-(yQ®up)

¥ ® do(Dug) = y ® ug = 0.

=yQ® ¢0(x3)(u0) =y uy=0,,

Y=y ®uy =18 do(xH)g) = 1 Q@ uy = v;.

The G-comdule is

5(U1)=5(1®M0)=(1\>X)®Ul =X®Ul,

6(vy) = 6(y @ up) =

The braiding structure is

c(v ®uy) = U(l
c( Uy = U(l
c(LL®Up) = 0(2
(-
2

0
~ul®v(1
0
-02®v(1)
0
-ul®v(2)

(y[>X)®U2=x3®U2.

)
=X'U1®01=Ul®vl,

=X'U2®UI=U2®UI,

3
=X 'U1®U2=U1®U2,

3
'U2®U2=U2®U2,

which is of diagonal type with braiding matrix

Therefore, dim B(O,, ¢) =

o0, and GKdimB(O,, ¢,) = 2 by [1,Example 31].

For (¢, U,), we compute the Yetter-Drinfeld module

M©O,,d)=1QU, & yQ®U,.

Letv, =1 Qup,0,=yQu,. q=e"" € G;.The G-module structure is

x-v=x-(1Qu) =18 ¢, (X)) =™ vy,

y-u=y-1Qu)=y® (1)) = v,.
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Chapter 4 Finite GK-dimensional Nichols Algebras over the quaternion group Qg

The G-comodule is

5(U1)25(1®M1):(1‘>X)®Ul:x®Ul,

5(vy) =8(y®@u) =>x) @ v, =x Q.

The braiding structure is

c(v, ® v)) = v\

0

'U1®U(1)=X'UI®UI=QU1®U1’
0

'02®U§)=X‘02®U1=q302®01,

0
-Ul®v(2)=x3-vl®02=q3ul®02,

(-
1
(-
1
1
c(L,®@uy) = 0(2 )
(-
2

1 0
)-1)2®U(2)=x3-02®02=q02®02.

This is of diagonal type with braiding matrix

which is of affine Cartan type. Therefore dim B(O,, ¢;) = o0, and GKdimB(O,, ¢,) =
oo by going through the list of Heckenberger’s classification [34] and Lemma 2.7.1.

For (¢,, U,), we compute the Yetter-Drinfeld module
MO, ¢)=10U, ®yQ®U,.

Letv; = 1 ®uy, 0y = yQuy, g = V% € G,. Then ¢,(up) = q*u,. The G-module

structure 1S

x-vp=x-(1Quy) =1 ® dr(x)(up) = 2™2(1 @ uy) = ¢*vy,
youy=y-(1Qu)=y® (1)) = vy,
X Uy =x-(Y®uy) =y ® hr(x))wy) = ¢*vy,

Y=y ®uy) =18 dy(xH)wy) = vy.
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4.2 The Nichols algebras B(O,, ¢)

The kG-comodule is

5(U1)25(1®M2):(1‘>X)®Ul:x®Ul,

5(0) =6y ®uy) = (y>x) @ v, = x° Q v,.
The braiding structure is

0
'01®U(1)=X‘Ul®01=61201®01,

0
-02®v(1)=x-uz®vl=q202®vl,

0
-Ul®v(2)=x3-vl®02=q201®02,

0
-1)2®v(2)=x3-02®02=q202®02,

This is of diagonal type with braiding matrix

-1 -1
-1 -1

By [1,Example 27], dim B(O,, ¢,) = 4, and GKdimB(O,, ¢,) = 0.

For the (¢, Uz), we compute the Yetter-Drinfeld module
M(Ox’¢3) =1Q® U3 Dy® U3-
Letv; =1Qus, 0, =y ®uy. g =e"? € Gj. The G-module structure is

X0 =x-(1Qu3z)=1Q ¢p;(x)(u3) = 21 @ Us) = e3;ri/201’

y-u1=y-(1Qu;z) =y® ¢()(u3) = v,.
The G-comodule is

o) =01Qu3z)=(1>x)Q@ v =xQuy,
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Chapter 4 Finite GK-dimensional Nichols Algebras over the quaternion group Qg

5(vy) = 6(y®uz) = (y > x) @ v, = X° ® vy.

The braiding structure is

D 37i/2

1 0 i
c(vl®ul)—u(1 )-Ul®v(1):x-ul®vl:e3’"/201®vl,
1 0 i
c(vl®uz)—u(1 )-Uz®v(l)=x-uz®vl=e3’"/202®vl,
1 0
c(vz®ul)—u(2 )-U1®U(2) x3 v®1)2—e Ul®02,
(=
2

©) 3
QU =X, QU =e Uy ® Uy,

This is of diagonal type with braiding matrix

e37rl/2 e37rl/2

q= . .
em/2 em/Z

By [1,Example 27], dim B(O,, ¢3) = 4, and GKdimB(O,, ¢3) =0
Proposition 4.2.1. Forany irreducible representation (¢, V') € Irr(G*), GKdimB(O,, ¢) <

oo if and only if ¢ = ¢ or ¢ = ¢,; dim B(O,, p) < oo if and only if ¢ = ¢,.

4.3 The Nichols algebras B(0,., p)

It is shown that O,> = {x2}, and ze = G. It is shown that there are four 1-dim

irreducible representations (py, V1), (p2, V2), (p3, V3), (p4, V) and one 2-dim irreducible

representation, denoted by (ps, Vs).
For (p;, V) The corresponding Yetter-Drinfeld module M (O 2, p;) = 1 ® V. Let

w; =1 ® vy. The module structure is

x-w=x-(1Qv)=18px)(v)=1@ v =w,

yw=y-1Qu)=1Q@p ) =1Q v, =w,.
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4.3 The Nichols algebras B(O,., p)

The comodule structure is
Sw)=p1Q®v)=x*®@ (1 Qv =x*Qw,.

The braiding structure is

1Y) O 2

c(w1®w]):w(1_ Wy @ W =xTw @wy = w; @ w.

Therefore, dim B(O,2, p;) = o0, and GKdimB(O 2, p;) = 1.
For (p,, V,) The corresponding Yetter-Drinfeld module M (O,2, p,) = 1 ® V,. Let

w, =1 ® v,. The module structure is

X-wy=x-(1Q0v,y) =1Q pr(x)(vp) =1 Q vy = w,,

yw,=y-(1Quvy) =1Q p,(¥)(vy) =—-1Q vy = —w;,.
The comodule structure is
51®@v)=x>®( Qv =x>Q w,.

The braiding structure is

-D © 2

C(w2®w2)=w(2 Wy Q@ W, =X Wy Q@ Wy = Wy @ wy.

Therefore, dim B(0O,2, p,) = o0, and GKdimB(O,2, p,) = 1.
For (p3, V3) The corresponding Yetter-Drinfeld module M (O,2, p3) = 1 @ V5. Let

w3 = 1 @ vs. The module structure is

x-I,U3:x.(1®U3):1®p3(x)(v3):_1®v3:_w3’

y-w3=y-(1Quv3)=1Q p3(y)(v3) =1Q v3 = w;.
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The comodule structure is
s1®vy)=x*®(Quv;) =x>Q ws.

The braiding structure is

-1 0
c(w3®w3):w(3 )-w3®wg):x2-w3®w3:w3®w3.

Therefore, dim B(O,2, p3) = o0, and GKdimB(O 2, p3) = 1.
For (p4, V,) The corresponding Yetter-Drinfeld module M (O,2, py) = 1 @ V. Let

wy =1 v,. The module structure is

X-wy=x-1Quy) =1 ps(x)(vy) = =1 Q v4 = —wy,

yowy=y-(1Q@v) =1 ps(3)(vy) = -1 Q@ vy = —wy.
The comodule structure is
s1Quv)=x>0(1 v, =x>Qw,.

The braiding structure is

-1

0
c(w4®w4)=wi O _ 42

Wy QW, =X Wy Q Wy =Wy Q Wy.
Therefore, dim B(O,2, p;) = o0, and GKdimB(O,2, p,) = 1.
For (ps, Vs), the corresponding Yetter-Drinfeld module M (O,2, p5s) = 1 ® V5. Let

ws =1Q vs, wg = 1 @ vg. The G-module structure is

=

cws=x-(1Qv5) =18Q ps(x)(v5) =i(l @ vs5) = iws,

yows=y-(1Qus) =18 ps(y)(vs) =1Q vs = wg,

=

W =x-(1Qvg) =1Q ps5(x)(vg) = —i(1 @ vg) = —iwg,

y-we=y-(1®vg) =1® ps(y)(vg) = -1 ® v5 = —ws.
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4.4 The Nichols algebras BO,, ¢)

The G-comodule structure is

S(ws) = x> @ ws, (wg) = x> ® wg.

The braiding structure is

c(ws @ ws) = wi._l) cws @ wg.o) =X ws @ ws = —ws @ ws,
c(ws @ wg) = wi._l) cWe @ wg.o) =x>- We @ W5 = —we @ Ws,
c(wg @ ws) = w(6_1) cWs @ w(60) =x>- We @ W5 = —we @ W,
c(wg @ wg) = w(6_1) cWe @ w(60) =x>. We @ W = —We @ We.

which is of diagonal type with braiding matrix

-1 -1
q:
-1 -1

Therefore, B(O,2, p5) = AM(O,2, ps), the exterior algebra over M (0,2, p5), which
implies dim B(O,2, p5s) = 4 and GKdimB(O,2, p5) = 0.

Proposition 4.3.1. Let (p, V) € Irr(Gx2) be any irreducible representation.

Then GKdimB(0O,2, p) < co. Moreover, dim B(O,2, p) < oo if and only if p = ps.

4.4 The Nichols algebras B(O,, ¢)

For the conjugacy class O, G” = {1,y, x?y,x*} = (y) = Z4. As we known,
Therefore, all the irrreducible representations are (¢,,U;),0 < t < 3, which are all

1-dimensional. Precisely,
yk . ut — d)t(yk)(ut) — elﬂ'ik/Zut'

where i = \/——1
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Chapter 4 Finite GK-dimensional Nichols Algebras over the quaternion group Qg

Clearly, (¢, Uy) is the trivial representation of G”. Since
G =G"UxG’,

the corresponding Yetter-Drinfeld module is M (O, ¢y) = kG Qg Uy = 1 Q@ Uy &
X ® Uo.

Let vy =1 ® ugy, v, = x @ uy. The G-module structure is

x-vp=x-(1®uy =x® () = x @ uy =0y,
yup=y-(1®uy =18 po(»(ug) =1 @ uy = vy,
X 0y =x-(x®up) =1 ® po(y)ug) = 1 @ uy = vy,

y.uz=y-(x®u0)=X®¢o(y3)(”0)=x®”0=UZ'

The G-comdule is

6(v) =6(1Quy) =(1>y)@v =yQuy,

8(0y) = 8(x @ up) = (x> Y) @ vy = ¥* ® v,.
The braiding structure is

b

0
c(vy®uy) =v -U1®U(l)=y-ul®ul=vl®vl,

1y

0
c(V1®@uy) =v -02®u(l)=y-uz®ul=uz®vl,

0
C(U2®U1):U 'U1®U(2):y3‘U1®U2:UI®U2,

(_

1

(_

1
(=D
2
(=D
2

0
c(LL®Uy) =v -v2®v(2):y3-uz®02=02®02,

which is of diagonal type with braiding matrix

Therefore, dim B(O,, ¢g) = oo, and GKdimB(Oy, ¢y) = 2 by [1,Example 31].
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4.4 The Nichols algebras BO,, ¢)

For (¢, U;), the corresponding Yetter-Drinfeld module is M Oy, ¢)) = kG .y
Ul = 1®U1®X®U1

Letv; =1 Q® u;, v; = x @ u;. The G-module structure is

x0=x-(1Qu)=x@P; (D) =xQu; =0y,
yu=y-(I1Qu)=1Q ¢pi(»(uy) =q(1 @ uy) = quy,
X vy=x-(x®u)=1® ¢, =q¢*(1 Qu)) = q°vy,

Yy, =y - (x®up) =x® 07w = ¢ (x @ uy) = q’v,.

The G-comdule is

() =6(1Qu)=(1A>y)@v=yQuy,

b)) =8(x®@u)) =(x>y) @, =y @y

The braiding structure is

0
c(ul®vl)—u(1 -v1®u(l)=y-v1®ul=qul®vl,
1 0
c(ul®vz)—u(1 )-U2®U(1)=y-1)2®1)1=q3vz®l)1,
1 0
c(uz®vl)—vg )-U1®U(2)=y3-U1®Uz=q3UI®U2,
(=
2

0
'U2®U(2)=y3'U2®Uz=qu®U2a

which is of diagonal type with braiding matrix

Therefore, by going through the list of Heckenberger’s classification [34] and Lemma
2.7.1, dim B(O,, ¢) = o0, and GKdimB(O,, ¢;) = o0

For (¢,, U,), the corresponding Yetter-Drinfeld module is

M(Oy’d)z):lkG@]kGy U2:1®U2®X®U2.
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Letv; =1 Q® u,, v; = x @ u,. The G-module structure is

x0=x-(1Qu)=x@ () =xQuy, =0y,
your=y-(18u) = 1® ¢y = ¢°(1 ®uy) = gy,
X0y =x-(xQ@u) =1® ¢ 0Mu) =1Quy = vy,

Y=y (x®uy) = x® d () uy) = ¢°(x ® uy) = ¢*0,.
The G-comdule is

() =6(1Quy)) =(1>y)@v =yQuy,

5(0) =5(x®@uy) = (x> ) @V =y’ ® vy,
The braiding structure is

-1 0
cw;®v)=0v" 0@ =y- 0,80, =¢%, ®u,,
0
'U2®U(1)=Y'U2®Ul=qzvz®v1,
_ o _ 3 _ 2
c(®u)=v, 0V, QV, =y -0, QU =qV; Uy,

0
(U, ® vy) =0, -U2®U(2)=y3-U2®Uz=q202®U2,
which is of diagonal type with braiding matrix

-1 -1
q:
-1 -1

Therefore, by [1,Example 31], dim BO,, ¢,;) =4, and GKdimB(Oy, ¢,) =0.

For (¢3, Uy), the corresponding Yetter-Drinfeld module is
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4.4 The Nichols algebras BO,, ¢)

Let vy =1 @ u3, v, = x @ uz. The G-module structure is

x-01=x-(1Qu3)=xQ Pp3(1)(u3) = x Q@ uz = vy,
you=y-(1®u) =18 ¢;(w3) = ¢*(1 @ u3) = ¢’vy,
X 0y =x-(x®uz) =1® p3(y")u3) = ¢*(1 @ u3) = ¢°vy,

yov, =y (x@uz) =x ® h3(r°)(u3) = q(x @ u3) = qu,.
The kG-comdule structure is

() =6(1Qu3)=(1>y)@v; =yQuy,

(1) =5(x®uz) = (x> ) @V =y’ ® vy,
The braiding structure is

0
'U1®U(1)=J"U1®Ul=q301®01’
) ®U(O)— . =

2 | =YV 0 ®u=qu,Quy,
_ © _ .3 _
L, ®u)=0v, VU, =y -V QU =qU Q Uy,

0
(U, ® vy) =0, -U2®U(2)=y3-U2®Uz=q302®U2,

Therefore, by [1,Theorem 6] and going through the list of Heckenberger’s classification,
dim B(O,, ¢3) = oo, and GKdimB(O,, ¢p3) = 0.

Proposition 4.4.1. For any irreducible representation (¢, V') € Irr(G”), GKdimB(O,, ¢) <
oo if and only if ¢ = ¢y or ¢ = ¢,; and dim B(O,,, p) < oo if and only if ¢ = ¢y;
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4.5 The Nichols algebras B(Oy,, @)

For the conjugacy class O,,, = {xy, X3y}, G = {1,xy, x>, x>y} = (xy) = Zy.
As we known, Therefore, all the irrreducible representations are (¢,,U,),0 < t < 3,

which are all 1-dimensional. Precisely,
- up = B wy) = ™ u,.

where i = \/—_1

Clearly, (¢, Uy) is the trivial representation of G*”. Since
G =G"UyGY,
the corresponding Yetter-Drinfeld module is
MOy, dp) = kG Qe Uy =1Q Uy @ y ® U
Letv; =1 ® uy, v, = y ® uy. The G-module structure is

x-vp=x-(1®uy) =y ® hy(xy)uy) =y @ uy = vy,
youp=y-(1®up) =y ® go(Dug) =y @ uy = vy,
x'UZZX'(y®u0):1®¢0(Xy)(u0): 1®”O:U1’

Y 0=y (0 ®up) = 1® do((xp)*)ug) = 1 @ ug = v;.

and we have (xy) - v = vy, (xy) - v, = ;.

The kG-comdule is

o(v) =061 Quy) =(I1>xy) Qv =xyQuy,

8(0) = 6(x @ug) = (x> X)) ® v, =X’y @ v, = (x)° ® v5.
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The braiding structure is

)

1 0
c(v1(§§)ul)—v(l )-Ul®v(1):xy-vl®vlzul®vl,
=D ©) _ _
cV®u) =0, 1RV =xy UV, QU =0, QUy,
1 0
C(Uz®01)—v(2 )'U1®U(2)=(XJ’)3‘U1®02:U1®02,
(=
2

0
-02®v(2):(xy)3-02®02=02®02,

which is of diagonal type with braiding matrix

Therefore dim B(0O,,, ¢) = oo and GKdimB(O,,, ¢,) = 2 by [1,Example 31].

For (¢, U,), the corresponding Yetter-Drinfeld module is
M(Oxy7 d)]) = kG ®]kay Ul =1 ® Ul @ X ® Ul

Letv; =1 Q® uy, v, = x @ uy. The kG-module structure is

x-0=x-(1Qu)=yQ® ¢;(xy)u)) = qy @ u; = qu,,
y-ur=y-1Qu)=y@p (1)u)) =yQu; =v,,
X-0,=x-(yQu)=1Q P (xy)(uy) =q(l @ uy) = quy,

y =y (0 ®u) =1Q ¢ (xy))w) = ¢*(1 @ uy) = ¢°v,
and we have (xy) - v; = quy, (xY) - Uy = q U,. The kG-comdule is

5(w) =61 ®@u) =11 x) @ v, =xy @ vy,

S(0) =8y @u)=>xY Qv =Xy v, = (x3)° ® v,
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The braiding structure is

D

0
c(v;@uy)=v -Ul®v(l):xy-vl®ulzqvl®vl,

1 0
)-02®v(1):xy-vz®vl:q302®vl,

0
c(,®u)=v 'U1®U(2)=(XJ’)3'01®02:q301®02,

(=

1
(=

1
(=1
2
(=1
2

0
-vz®v(2)=(xy)3-vz®vz=qu®vz,

Therefore M (O,.,, ¢;) 1s of diagonal type with braiding matrix

xy?

Thus, dim B(O,,, ¢;) = oo since it is of Cartan type. Moreover, GKdimB(O,, ¢,) =
oo by comparing the table by Heckenberger.

For (¢,, U,), the corresponding Yetter-Drinfeld module is
M((ny7 d)Z) = kG ®]kay U2 =1 ® U2 @ X ® UZ

Letv; = 1Q® u,, v, = x @ uy. The kG-module structure is

x-vp=x-(1Qu) =y® ¢1(xy)(up) = ¢*y @ uy = q°v,,
Voo =y-(I1Quy) =y dp (1)) =y Qu, = v,,
XUy =x-(y®uy) =1Q ¢, (xy)up) = (1 @ uy) = ¢°vy,

Y=y - (y®uy) =18 ¢ (xn))wy) = (1 @ uy) = v,
and we have (xy) - v, = qzvl, (xy) vy = qzvz. The kG-comdule is

o) =6(1Quy)) =(1>xy) @v; =xy@ vy,

() =8(yQuy) =(Y>xy) vy =X’y v, = (x3)° ® v,
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The braiding structure is

)

0
c(v;@uy)=v -Ul®v(1):xy-vl®ul:qzvl®vl,

1 0
)-02®v(1):xy-vz®vl:q202®vl,

0
c(,®u)=v 'U1®U(2)=(XY)3'01®02:qu1®02,

(=

1
(=

1
(=1
2
(=D
2

0
0, ® Y = (x9)° v, ® v, = v, @ vy,

Therefore M (O,.,, ¢,) 1s of diagonal type with braiding matrix

xy?

-1 -1
-1 -1

Thus, dim B(O,,, ¢y) =4 and GKdimB(0O,.,, ¢,) = 0 by [1,Example 31]. Therefore,

xy?

we have proved:

Proposition 4.5.1. For any irreducible representation (¢, V) € Irr(G™), GKdimB(O,,, §) <

oo if and only if ¢ = ¢ or ¢ = ¢,; and dim B(O,,,, ) < oo if and only if ¢ = ¢,.

Xy’

4.6 Finite GK-dimensional Nichols algebras of semisimple Yetter-

Drinfeld modules over Qg

By the argument above, there are 16 mutually nonisomorphic irreducible Yetter-

Drinfeld modules V' with GKdimB(V') < . These are

M(Ol’ pi)9 M(Oxzv pi)a M(Oxa d)())’ M(0x9 ¢2)9

MOy, ¢y, MO, ¢hy), MO,y ¢y), MOy, dy),

where 1 <i <5.
Now we consider the Nichols algebras of semisimple Yetter-Drinfeld modules over

Q.

Proposition 4.6.1. The following hold:
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(1) GKdimB(M (Oy, p;) @ M(Oy,p;)) < oo forall 1 <i,j <5.

(2) Letc € {x,y,xy}.Then GKdimB(M (O,, ¢;) ® M(O,,¢,)) < o if and only if
i=je{0,2).

3) GKdimB(M((?xz,p,-)GBM(@xz,pj)) < ooifandonlyifl <i,j <4,0ori=j=5.

(4) Letc € {1,x*} and j € {0,2}. Then GKAimB(M (O, p;) ® M (O, ¢))) < oo if

and only if i € {1,2}.
(%) GKdimB(M((?l,pi)@M((?xz,pj)) <ooifandonlyifl <i<4,and1 < j <5.

(6) Letc € {1,x?} and j € {0,2}. GKdimB(M(O,,p) & M(O,,¢,)) < oo if
ie{l1,3}).

(7) Let ¢ € {1,x*} and j € {0,2}.GKdimB(M(O,,p;) ® M(O,,. ;) < oo if
ie{l1,4).

Proor. (1) For 1 <i,j <4 The braiding matrix of M(Oy, p;) ® M (O, p;) is

Therefore, GKdimB(M (O, p;) ® M(@O,,p;)) =2. For1 <i<4,

The braiding matrix of M (O, p;) & M(Oy, ps) is

Thus, GKdimB(M (Oy, p;) ® M(Oy, p5)) = 3 by [1,Example 27]. In a similar
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way, we see that the braiding matrix of M (O, ps) & M (O, ps) 1s

Thus, GKdimB(M (O, p5) & M (O, p5)) = 4 by [1,Example 27].

(2) The braiding matrix of M(O,, ¢y) & M(O,, @) 1s

Therefore, GKdimB(M (O, , ¢g) & M (O, ¢py)) = 4. The braiding matrix of
M(O,, d,) ® MOy, p,) is

-1 -1 -1 -1
-1 -1 -1 -1
-1 -1 -1 -1
-1 -1 -1 -1 |

Therefore, GKdimB(M (O,, ¢y) & M(O,.,¢y)) = 0 by [1,Example 27]. For
M(O,, ¢y & M(O,, p,), we see the generalized Dynkin diagram is

-1
o
VAR
| IS T |
o o o

Therefore, B(M (O, ¢y) & M(O,,¢,)) = o by going through the tables of

Heckenberger.

The cases when ¢ € {y, xy} are proved in the same way.
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(3) Let1 < i,j < 4. The braiding matrix is

Therefore, B(M (O,2, p;)®M (0,2, pj)) = 2. The braiding matrix of M (O,2, p5)®

MOz, ps)
[ 1 -1 -1 -1 ]
1 -1 -1 -1
1 -1 -1 -1
-1 -1 -1 -1

Therefore, GKdimB(M (0,2, p5s) ® M (O,2, p5)) = 0 by [1,Example 27].

Let 1 < i < 4. The generalized Dynkin diagram of M (O,2, p;) ® M (O,2, ps) 1s

o
o—
o,

Therefore, GKdimB(M (0,2, p;) & M (0,2, ps5)) = .

(4) Letc € {1, x*}andi € {1,2}. The braiding matrix of M (O,, p;) ® M (O, ¢,)

1S

Therefore, GKdimB(M (O, p;) ® M (O, ¢y)) = 3 by [1,Example 27].

The braiding matrix of M(O,, p;) ® M (O, ¢,) 1s

I 1 1
I -1 -1
I -1 -1
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Therefore, GKdimB(M (O,, p;) & M(O,, ¢y)) < oo [1,Example 27]. For the

remaining cases, see the table of generalized Dynkin diagrams.

Cases Gener. Dynkin diagrams GKdimB
MO, p) ® MO, ) 1 -1 1 11 *
MO, p) ® MO, ¢y) 1 1 1 1 o
MOy, p) ®MO,,pp) 1 -1 1 1| o
M©O,p)@MO,,¢) 1 1 | 1 0

MOy, ps) ® M(O,, ) /

o—

MOy, ps) ® M(O,, p,) i
e

M©O.p) ® MO ) 1 -1 1 1 L *

MOy,p) ® MO, ) 1 1 1 -1 *

M©Op.p) @ MO, ) L 1 1 -1 *

M@©Ou,p)® MO, py) 3 1 L 1 0
:

M(O,.,ps) ® M(O,, ¢,) 1/1\1 b
P,

M(@O,:, ps) ® M(O,, ¢,) 1/1\1 o

The infiniteness of Gelfand-Kirillov dimension of the corresponding Nichols al-
gebras are achieved by looking through the list in [32,Lemma 9] and by [20,Theorem
1.2]

(5) Let 1 <i,j < 4. Then the braiding matrix of M(Oy, p;) ® M (0,2, pj) 1S

Therefore, GKAimB(M (O, p))®M (O,2, p;)) = 2, by [1,Example 27] or [1,Example
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(6)

(7) Similar to (6).

31].

For 1 < i < 4, the braiding matrix of M (Oy, p;) ® M(O,2, ps) 1s

I 1 1
I -1 -1
I -1 -1

Therefore, GKdimB(M (O, p;) ® M (O,2, p5)) < o0, by [1,Example 27]. For the

remaining cases, see the following table.

Cases Gener. Dynkin diagrams GKdim/3

M(019PS)®M(0;¢29P1‘),1 <l<4 ‘1, -1 }_, -1 é (o]

-1
o

M(017p5)®M((9x27p5) / X S
-1 -1

1 -1 1
o ) o

The braiding matrix of M (O, p;) & MOy, ¢o) is

Therefore, GKdimB(M (Oy, p;) ® MO, ¢y)) =3, by [1,Example 27].

The braiding matrix of M (O, p;) & MOy, ¢,) is

I 1 1
I -1 -1
I -1 -1

Therefore, GKdimB(M (Oy, p;) ® M(@O,, $,)) < oo, by [1,Example 27].

The cases for GKdimB(M (O, 2, p;) ® M O,, ;) are proved in a similar way.

56



[8]

References

Andruskiewitsch, N. An Introduction to Nichols Algebras[J]. Quantization, Ge-
ometry and Noncommutative Structures in Mathematics and Physics, 2017: 135-

195.

Andruskiewitsch, N. On Pointed Hopf Algebras over Nilpotent Groups[J]. Isr. J.
Math., 2023: 1-34.

Andruskiewitsch, N., Angiono, I. On Finite Dimensional Nichols Algebras of
Diagonal Type[J]. Bull. Math. Sci., 2017: 353-573.

Andruskiewitsch, N., Angiono, I., Heckenberger, I. On Finite GK-Dimensional
Nichols Algebras over Abelian Groups[J]. Mem. Amer. Math. Soc., 2021:353-
573.

Andruskiewitsch, N., Angiono, 1., Heckenberger, 1. On Finite GK-Dimensional
Nichols Algebras of Diagonal Type[J]. Contemp. Math., 2019: 353-573.

Andruskiewitsch, N., Angiono, I., Heckenberger, I. On Nichols Algebras of Infi-
nite Rank with Finite Gelfand-Kirillov Dimension[J]. Rend. Lincei Mat. Appl.,
2020: 81-101.

Andruskiewitsch, N., Carnovale, G., Garcia, G. A. Finite-dimensional Pointed
Hopf Algebras over Finite Simple Groups of Lie Type I. Non-semisimple Classes
in PSL, (¢)[J]. J. Algebra, 2015, 442: 36-65.

Andruskiewitsch, N., Carnovale, G., Garcia, G. A. Finite-dimensional Pointed
Hopf Algebras over Finite Simple Groups of Lie type II: Unipotent Classes in
Symplectic Groups[J]. Commun. Contemp. Math., 2016, 18(4): 353-573.

57



References

[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

Andruskiewitsch, N., Carnovale, G., Garcia, G. A. Finite-dimensional Pointed
Hopf Algebras over Finite Simple Groups of Lie type III. Semisimple Classes in
PSL,(¢).[J]. Rev. Mat. Iberoam, 2017, 33(3): 995-1024.

Andruskiewitsch, N., Carnovale, G., Garcia, G. A. Finite-dimensional Pointed
Hopf Algebras over Finite Simple Groups of Lie type IV. Unipotent Classes
in Chevalley and Steinberg Groups[J]. Algebr. Represent. Theory, 2020, 23(3):
621-655.

Andruskiewitsch, N., Carnovale, G., Garcia, G. A. Finite-dimensional Pointed
Hopf Algebras over Finite Simple Groups of Lie type V. Mixed Classes in Cheval-
ley and Steinberg Groups[J]. Manuscripta Math., 2021, 166: 605-647.

Andruskiewitsch, N., Fantino, F., Grana, M., et al. Pointed Hopf algebras over

the Sporadic Simple Groups[J]. J. Algebra, 2011: 305-320.

Andruskiewitsch, N., Grana, M. From Racks to Pointed Hopf Algebras[J]. Adv.
Math., 2003, 178: 177-243.

Andruskiewitsch, N., Heckenberger, 1., Schneider, H. J. On the Classification of
Finite-dimensional Pointed Hopf Algebras[J]. Ann. Math., 2010: 375-417.

Andruskiewitsch, N., Schneider, H. J. A Characterization of Quantum Groups[J].

J. Reine Angew. Math., 2004, 577: 81-104.

Andruskiewitsch, N., Schneider, H. J. Lifting of Quantum Linear Spaces and
Pointed Hopf Algebras of Order p°[J]. J.Algebra, 1998, 209: 658-691.

Andruskiewitsch, N., Schneider, H. J. Finite quantum groups and Cartan Matri-
ces[J]. Adv. Math., 2000, 154: 1-45.

Andruskiewitsch, N., Schneider, H. J. Pointed Hopf algebras[M]. 2002: 1-68.

Angiono, I. A Presentation by Generators and Relations of Nichols Algebras of
Diagonal Type and Convex Orders on Root Systems[J]. J.Europ. Math.Soc, 2015,
17:2643-2671.

Angiono, I., Iglesias, A. G. Finite GK-dimensional Nichols algebra of diagonal
type and finite root systems[J]. ArXiv: 2212.08169v1, 1-51.

58



References

[21]

[22]

[23]

[24]

[25]

[26]

[27]

[28]

[29]

[30]

[31]

[32]

[33]

Assem, 1., Simson, D., Skowronski, A. Elements of Representation Theory of
Associative Algebras Volume 1: Techniques of Representation Theory[M]. Cam-

bridge University Press, 2006.

Borho, W., Kraft, H. Uber die Gelfand-Kirillov Dimension[J]. Math. Ann., 1976,
220:1-24.

Brown, K. A., Goodearl, K., Lenagan, T., et al. Mini-workshop: Infinite Dimen-
sional Hopf Algebras[J]. Oberwolfach Rep., 2014, 11: 1111-1137.

Brown, K. A., Zhang, J. J. Prime Regular Hopf Algebras of GK-dimension One[J].
Proc. London Math. Soc., 2010, 101(3): 260-302.

Chirvasitu, A., Walton, C., Wang, X. T. Gelfand-Kirillov Dimension of Cosemisim-
ple Hopf Algebras[J]. Proc. Amer. Math. Soc., 2019, 147: 4665-4672.

Etingof, P., Gelaki, S. Quasisymmetric and Unipotent Tensor Categories[J]. Math.
Res . Lett., 2008, 15: 857-866.

Fantino, F. Conjugacy Classes of p-cycles of type D in Alternating Groups|[J].
Comm.Algebra, 2000, 42: 4426-4434.

Gelfand, I. M., Kirillov, A. A. Fields Associated with Enveloping Algebras of
Lie Algebras[J]. Doklady, 1966, 167: 407-409.

Gelfand, I. M., Kirillov, A. A. Sur Les Corps Liés aux Algébres Envloppantes
des Algebres de Lie[J]. Publ. Math. IHES, 1966, 31: 5-19.

Goodearl, K. R., Zhang, J. J. Noetherian Hopf Algebra Domains of Gelfand-
Kirillov Dimension Two[J]. J. Algebra, 2010, 11:3131-3168.

Goodearl, K. R., Zhang, J. J. Non-affine Hopf Algebras Domains of Gelfand-
Kirillov Dimension Two[J]. Glasgow Math. J., 2017, 59: 563-593.

Heckenberger, 1. The Weyl Groupoid of a Nichols Algebra of Diagonal Type[J].
Invent. Math., 2006, 164(1): 175-188.

Heckenberger, I. Classification of Arithmetic Root Systems[J]. Adv. Math., 2009,
220:59-124.

59



References

[34]

[35]

[36]

[37]

[38]

[39]

[40]

[41]

[42]

[43]

[44]

[45]

[46]

Heckenberger, 1., Schneider, H. J. Hopf algebras and Root Systems[M]. Amer.
Math Soc., 2020.

James, G. D., Liebeak, M. W. Representations and Characters of Groups, 2-
Eds[M]. Cambridge University, 2001.

Krause, G., Lenagan, T. Growth of Algebras and Gelfand-Kirillov Dimension.
Revised edition[M]. Amer. Math Soc., 2000.

Liu, G. X. On Noetherian Affine Prime Regular Hopf algebras of Gelfand-Kirillov
Dimension 1[J]. Proc. Amer. Math. Soc., 2009, 137:777-785.

Lu, D. M., Wu, Q. S., Zhang, J. J. Homological Integral of Hopf Algebras|[J].
Trans. Amer. Math. Soc., 2007, 359: 4945-4975.

Nichols, W. D. Bialgebras of Type One[J]. Comm. Algebra, 1978, 6: 1521-1552.

Radford, D. E. Hopf Algebras[M]. Hackensack: World Scientific Publishing Co.
Pte.Ltd., 2012.

Rosso, M. Quantum Groups and Quantum Shuffles[J]. Invent. Math., 1998, 133:
399-416.

Serre, J. P. Linear Representations of Finite groups,1-Eds[M]. Springer-Verlag,
1977.

Wang, D. G., Zhang, J. J., Zhuang, G. Lower Bounds of Growth of Hopf Al-
gebras[J]. Transactions of the American Mathematical Society., 2013, 365(9):

4963-4986.

Wang, D. G., Zhang, J. J., Zhuang, G. Connected Hopf Algebras of Gelfand-
Kirillov Dimension Four[J]. Transactions of the American Mathematical Soci-

ety., 2015, 367(8): 5597-5632.

Wang, D. G., Zhang, J. J., Zhuang, G. B. Coassociative Lie Algebras[J]. Glasg.
Math. J., 2013, 55: 195-215.

Wang, D. G., Zhang, J. J., Zhuang, G. B. Hopf Algebras of Gelfand-Kirillov
Dimension Two with vanishing Ext-group[J]. J. Algebra, 2013, 388:219-247.

60



References

[47]

[48]

[49]

[50]

Woronowicz, S. L. Differential Calculus on Compact Matrix Pseudogroups (quan-

tum groups)[J]. Comm. Math. Phys, 1989, 1: 125-170.

Wu, J. Y., Liu, G. X., Ding, N. Q. Classification of Affine Prime Regular Hopf
Algebras of GK-dimension One[J]. Adv. Math., 2016, 296: 1-54.

Zhuang, G. B. Existence of Hopf Subalgebras of GK-dimension Twol[J]. J. Pure
Appl. Algebra, 2011, 215:2912-2922.

Zhuang, G. B. Properties of Pointed and Connected Hopf Algebras of Finite
Gelfand-Kirillov Dimension[J]. J. London Math. Soc., 2013, 442: 877-898.

61






KigtE AR E A FE A SR

BUEE T F A HE L RINFEARILX

[1] Zhang, Y. L. Finite GK-dimensional Nichols Algebras over the Infinite Dihedral
Group[J]. Algebras and Representation Theory, 2023. DOI: https://doi.org/10.1
007/s10468-023-10213-1.

63


https://doi.org/https://doi.org/10.1007/s10468-023-10213-1
https://doi.org/https://doi.org/10.1007/s10468-023-10213-1




B

Y AT, AN
R A ARG, SR, BRI, K% &7t
N BHHEN, HRIN, FIA. BEUONREART L, EA A4 7RG

2011 4, BN TRRURSE, B RERIRIKEIM AR i) 1 A pE
Wo AW, ERAARBRIRE B, T RPZIMRERSIN T RRAEHI K
I, AL, BOTEE 7T ERE TREG iER/E RS b, 1L Herzog #UIR W BN
T EXAREL, BT LR, R IUAEAT N IR A R L, AR A 2R,
] AE A S H Al S AREOE . FSEEKHS 1 Herzog XM — M Z L.

FEXH, BB AIRE .

HE IR M FN o FERORAEII G B, ARATSCRrE DS 1 5E Al Al
ISR, ZABAKERB .

PE A X AFRZI0, 2t % BT Hopf AAH— o fr A B 2 A
B4R, i E P FTI0 I — AR MR KB S, A A N TC PR 4EZ= A
#3| Hopf AR &, FE2 Nichols %, MEISKEENE, =1 yubh AR 2
Wo — 2 NRIED, FARIR AL WIEIN . IERUXZ I FAL SR L
1T

PEEF R T T R PRI, SRR BT EE AR R, R A
R, R LHBER] T2 AR, NBUEEE— P52 S B0E Tk RIMEA 2
HFCAESS, T2 —FEa R AL NEOT Y. A edE L, TS
Ji Bl R 22 RO BIE FE %M, TR B T ARSI AR . RERUHIR = E M. 2020 4
3 H, R Ha R w2 BN E, A& T RS T . BT
PG sz, ARkt R eI 2 EHEAT, M A IS 240 Rk H VO H
FIHINAT iR, Xk, 2AA A2 By ERRGE R s TR A A . WEE—
REENE R, BIKE] 1R IR+ AR S AR A B AR . AR — 4

it

an)>

65



B

PR AR, Fo m AR BU ERAR EE—D s AR SNZ R AR BRI, M
A ARE R RARBON B RE = I EIN RS, [FAE, FREEG IR RN -
TIRKCENT, MARZITASKIE T . AL 5R B AT B 7C 10 St

IR T o R IG R BIZ, T S BF RR #d% o Bt A
WAL SR, PR EROeR. AR R ZEAT, A S G0 b i
PRIAE RIS e, Al Tk 7 axET b, 2040 ViR AT S . BRI &
SINTHETER RS RE T . Bt R iR 20, XL LN, b
HEEICZ RS INERA TR R IE, 5IRATILR 18 10 80 B I G SV 8 25 75
() = MR e, LEFRUSC . FRERIT DL A B L, 7R — A S R
A Nichols A AL FE o 1) 2 R 18, 153X Nichols AREM 2 1 FH IR
ANHVERf#E . X WAL P K Nichols AEH) 70 KA E AIRAIWT 78 7 1) o R ELIRK
ZREMIE LS, 725 2] Hopf AR Bt FErh, A BB — 47 (1) I ) 7 ) 25 1 4
P R, o o 10 R AR TR RS B, AR AE 5 S B o ok T A TR s T
IR CIM5E . FRERGAFR AN M E A L, B AR S Bas TR B . FRELRH
kiR B4, BAT AL HIREAT IR, KRR Z AT PoE I R ARH A
BHEPAR 7 i, RERH LW EE L, ERIARERZE T, 2R
Hx RN T ERANERR . FRERI WA, E 2 SRR
Frp, JOHE R X EE XA RN IR DR E IR A2 G HE . RS
JifisaA], IEEHBAIRERE SR —RE S, —iitit. REEREHERYLIE L, %E
WL, RS ] 2 REEHE R RG] B REREAR, —ie#k, XAk
A MEFRAARE, FERLIRIBRANEREWFZI 2P, &5, BN
RS i V2 442 R [F] 70, A7 AR OHIE, A R E X RIS
&, AH T RS IRsC.

TZZE, ZRBEBNE, kT, He+Hi. SNz kg, WalR%.
R LA PllE, BRI RF, ik 2ok, SEIMAZ A, 198 R E .
i, BEAZINE: HE, WHE2igE.

66



	中文摘要
	ABSTRACT
	 CONTENTS 
	Chapter 1 Introduction
	1.1 Background
	1.2 Organization

	Chapter 2 Preliminaries
	2.1 Notations
	2.2 Coalgebras and Hopf algebras
	2.3 Braided vector spaces
	2.4 Yetter-Drinfeld modules
	2.5 Racks
	2.6 Nichols algebras
	2.7 Gelfand-Kirillov dimension
	2.8 The infinite dihedral group D∞
	2.9 The quaternion group Q8

	Chapter 3 Finite GK-dimensional Nichols Algebras over the Infinite Dihedral Group D∞
	3.1 The Nichols algebra B(Ohn,ρ)
	3.2 The Nichols algebra B(Og,ρ)
	3.2.1 The Yetter-Drinfeld module M(Og,sign)
	3.2.2 The Yetter-Drinfeld module M(Og,ε)

	3.3 The Nichols algebra B(Ogh,ρ)
	3.3.1 The Yetter-Drinfeld module M(Ogh,sign)
	3.3.2 The Yetter-Drinfeld module M(Ogh,ε)

	3.4 The Nichols algebra B(O1,ρ)
	3.4.1  Representations of kD∞/〈h+h-1-λ〉
	3.4.2 The irreducible Yetter-Drinfeld modules 

	3.5 Finite GK-dimensional Nichols algebras of semisimple Yetter-Drinfeld modules over D∞

	Chapter 4 Finite GK-dimensional Nichols Algebras over the quaternion group Q8 
	4.1 The Nichols algebras B(O1,ρ)
	4.2 The Nichols algebras B(Ox,φ)
	4.3 The Nichols algebras B(Ox2,ρ)
	4.4 The Nichols algebras B(Oy,φ)
	4.5 The Nichols algebras B(Oxy,φ)
	4.6 Finite GK-dimensional Nichols algebras of semisimple Yetter-Drinfeld modules over Q8

	References
	攻读博士学位期间研究成果
	致谢

