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摘 要

我们通过研究无限二面体群 𝔻∞ 和四元数群 ℚ8 上的 Nichols代数，对具有

有限Gelfand-Kirillov维数（简称GK-维数）的Hopf代数的分类做出了一定贡献。

我们找到了 𝔻∞ 和 ℚ8 上的所有有限维不可约 Yetter-Drinfeld模，并确定了哪些

不可约 Yetter-Drinfeld模对应的 Nichols代数具有有限 GK-维数。进一步，我们

考虑了半单 Yetter-Drinfeld模对应的 Nichols代数的 GK-维数。

关键词：Nichols代数；Hopf代数；Yetter-Drinfeld模
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THESIS: Finite GK-dimensional Nichols algebras over non-abelian groups

SPECIALIZATION: Fundamental Mathematics

POSTGRADUATE: Yongliang Zhang

MENTOR: Professor Gongxiang Liu

ABSTRACT
We contribute to the classification of Hopf algebras with finite Gelfand-Kirillov

dimension, GK-dimension for short, through the study of Nichols algebras over the

infinite dihedral group 𝔻∞, and the quaternion group ℚ8. We find all the irreducible

Yetter-Drinfeld modules 𝑉 over 𝔻∞ and ℚ8, and determine which Nichols algebras

ℬ(𝑉 ) of 𝑉 are finite GK-dimensional. Furthermore, we consider GK-dimensions of

Nichols algebras of semisimple Yetter-Drinfeld modules.

KEYWORDS: Nichols algebras; Hopf algebras; Yetter-Drinfeld modules
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Chapter 1 Introduction

1.1 Background

The Gelfand-Kirillov dimension, was first introduced by I. M. Gelfand and A. A.

Kirillov in [28-29]. In 1976, Borho andKraft studied systematically the properties of the

Gelfand-Kirillov dimension in [22]. This dimension now serves as one of the standard

invariants in the study of noncommutative algebras. In the past decades, Hopf algebras

with finite GK-dimensions were investigated, see [15,23-26,30-31,37-38,43-46,48-50].

Nichols algebras, appeared for the first time in the thesis ofW.Nichols [39], and the

small quantum group 𝑢𝑞(sl3), was introduced, where 𝑞 is a primitive cubic root of one.

Also, by Woronowicz [47], they were discovered independently as the invariant part

of his non-commutative differential calculus. It was observed in [16-17] that Nichols

algebras are basic invariants of pointed Hopf algebras.

As stated in [18], the classification problem of pointed Hopf algebras has three

parts:

(1) Structure of the Nichols algebras ℬ(𝑉 ).

(2) The “lifting” problem: describe all pointed Hopf algebras 𝐴 with 𝐺(𝐴) = Γ such

that

gr𝐴 ≅ ℬ(𝑉 )#𝕜Γ,

where gr𝐴 is the graded coalgebra associated to the coradical filtration, and 𝐺(𝐴)

is the group of the group-like elements of 𝐴.

(3) Generation in degree one: determine which Hopf algebras 𝐴 are generated by

group-like and skew-primitive elements, that is gr𝐴 is generated in degree one.
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Chapter 1 Introduction

For the first step of the“Lifting Method”stated by Nicolás Andruskiewitsch [14], the

following problems arise naturally: Given a group Γ, and a Yetter-Drinfeld modules 𝑉

over 𝕜Γ,

(1) when is dimℬ(𝑉 ) finite? or

(2) when is GKdimℬ(𝑉 ) finite?

For the first problem, there are two main results:

(1) István Heckenberger gave the classification of all finite-dimensional Nichols al-

gebras of diagonal type in [33], using the Weyl groupoid defined in [32];

(2) The defining relations of the finite-dimensional Nichols algebras of diagonal type

were given by Iván Angiono in [19].

see the survey [3] for more details on the classification of ℬ(𝑉 ), when ℬ(𝑉 ) is of di-

agonal type. Let 𝐺 be a group, and ℂ the field of all complex numbers. One problem

is to find all the Nichols algebras ℬ(𝑉 ) with finite dimension for any 𝑉 ∈ 𝐺
𝐺𝒴𝒟, the

Yetter-Drinfeld modules over the group algebra 𝕜𝐺. The cases when 𝐺 is a finite simple

group were studied in [7-12,17,27]. Precisely, for the symmetric groups or alternating

groups, it was proved in [17] and [27] that, except for some particular cases, 𝒪𝕊𝑚
𝜎 or

𝒪𝔸𝑚
𝜎 collapses ( a conjugacy class 𝒪 collapses if dimℬ(𝒪,q) = ∞ for any 2-cocycle

q). Similarly, it is shown [7-12] that, if 𝒪 is a non-trivial unipotent conjugacy class in

a Chevalley or Steinberg group, or a sporadic group different from the Moster 𝑀 , 𝒪

collapses except for some particular cases.

For the second problem, M. Rosso [41] pointed out that the finite Gelfand-Kirillov

dimension is a crucial requirement for𝑈 +
𝑞 (𝑔). Great progress was acheivedwhen𝐺 is an

abelian group, see [4,6]. It was proved that, if𝑉 (𝜀, ℓ) is a block, thenGKdimℬ(𝑉 (𝜀, ℓ)) <

∞ if and only ℓ = 2 and 𝜀2 = 1. Also, the Gelfand-Kirillov dimension of Nichols al-

gebras of direct sums of blocks and points are considered.

If 𝐺 is a non-abelian group, whether GKdimℬ(𝑉 ) < ∞ is largely unknown, where

𝑉 ∈ 𝐺
𝐺𝒴𝒟. In this thesis, we consider the infinite dihedral group𝔻∞ and the quaternion

group ℚ8. We prove the main results:
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1.2 Organization

Theorem 1.1.1. The only Nichols algebras of the finite dimensional irreducible Yetter-

Drinfeld modules over 𝕜𝔻∞ with finite GK-dimension, up to isomorphism, are those

in the following list.

(1) ℬ(𝒪ℎ𝑛 , 𝜌±1) for 𝑛 ∈ ℕ.

(2) ℬ(𝒪1, 𝑆+
0 ).

(3) ℬ(𝒪1, 𝑆−
0 ).

(4) ℬ(𝒪1, 𝑆+
𝜆 ).

(5) ℬ(𝒪1, 𝑆−
𝜆 ).

Theorem 1.1.2. The only Nichols algebras of the finite dimensional irreducible Yetter-

Drinfeld modules over 𝕜ℚ8 with finite GK-dimension, up to isomorphism, are those in

the following list.

(1) ℬ(𝒪1, 𝜌𝑖), with 1 ⩽ 𝑖 ⩽ 5.

(2) ℬ(𝒪𝑥, 𝜙0), ℬ(𝒪𝑥, 𝜙2)

(3) ℬ(𝒪𝑥2 , 𝜌𝑖), with 1 ⩽ 𝑖 ⩽ 5.

(4) ℬ(𝒪𝑦, 𝜙0), ℬ(𝒪𝑦, 𝜙2).

(5) ℬ(𝒪𝑥𝑦, 𝜙0), ℬ(𝒪𝑥𝑦, 𝜙2).

1.2 Organization

In Chapter 2, we recall some basic definitions, including braided vector spaces,

Yetter-Drinfeld modules,racks,Nichols algebras, Gelfand-Kirillov dimension, and the

groups we consider in this thesis.

In Chapter 3, we give the irreducible Yetter-Drinfeld modules 𝑉 ∈ 𝐺
𝐺𝒴𝒟 over

the infinite dihedral group 𝐺 = 𝔻∞, and consider when GKdimℬ(𝑉 ) < ∞. Also,

we consider when Nichols algebras of semisimple Yetter-Drinfeld modules are finite

GK-dimensional.
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Chapter 1 Introduction

In Chapter 4, we consider the quaternion group ℚ8. We list all the irreducible

Yetter-Drinfeld modules 𝑉 over ℚ8, and give the cases when GKdimℬ(𝑉 ) < ∞. In ad-

dition, we give a large numbers of semisimple Yetter-Drinfeld modules whose Nichols

algebras are finite GK-dimensional.
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Chapter 2 Preliminaries

2.1 Notations

𝕜 algebraic closed field

i the imaginary unit √−1

𝑞 𝑒𝜋i/2 ∈ 𝔾4

ℕ the set of all natural numbers

Z the set of all integers

ℂ the set of all complex numbers

𝐺 group

𝐻 Hopf algebra

𝐻
𝐻 𝒴𝒟 the category of Yetter-Drinfeld modules over the Hopf algebra 𝐻

𝒪𝑔 conjugacy class in a group 𝐺 corresponding to 𝑔.

𝐺𝑔 the set of centralizers of 𝑔 in 𝐺.

𝑍(𝐴) the center of an algebra 𝐴

GL(V) the general linear group over 𝑉

GKdim𝐴 the Gefand-Kirillov-dimension of an algebra 𝐴

2.2 Coalgebras and Hopf algebras

Definition 2.2.1. [40] A coalgebra over the field 𝕜 is a triple (𝐶, Δ, 𝜀), where 𝐶 is a

vector space over 𝕜, and Δ ∶ 𝐶 → 𝐶 ⊗ 𝐶 , 𝜀 ∶ 𝐶 → 𝕜 are linear maps such that

(Δ ⊗ Id𝐶 ) ∘ Δ = (Id𝐶 ⊗ Δ) ∘ Δ,

5



Chapter 2 Preliminaries

and

(𝜀 ⊗ Id𝐶 ) ∘ Δ = Id𝐶 = (Id𝐶 ⊗ 𝜀) ∘ Δ,

namely, the following diagrams

𝐶 𝐶 ⊗ 𝐶

𝐶 ⊗ 𝐶 ⊗ 𝐶𝐶 ⊗ 𝐶

Δ

Δ ⊗ Id𝐶Δ

Id𝐶 ⊗ Δ

𝐶 𝐶 ⊗ 𝕜𝕜 ⊗ 𝐶

𝐶 ⊗ 𝐶

==

Δ
𝜀 ⊗ Id𝐶 Id𝐶 ⊗ 𝜀

commute.

Definition 2.2.2. [40] A bialgebra over 𝕜 is a tuple (𝐴, 𝑚, 𝜂, Δ, 𝜀), where (𝐴, 𝑚, 𝜂) is an

algebra and (𝐴, Δ, 𝜀) is a coalgebra over 𝕜, such that Δ and 𝜀 are algebra maps.

Definition 2.2.3. [40] A Hopf algebra over 𝕜 is a bialgebra 𝐴 over 𝕜 such that the

identity map Id𝐴 has an inverse 𝑆 in the convolution algebra End(𝐴), namely, there

exist 𝑆 ∈ End(𝐴) such that

𝑚 ∘ (𝑆 ⊗ Id𝐴) ∘ Δ = 𝜂 ∘ 𝜀 = 𝑚 ∘ (Id𝐴 ⊗ 𝑆) ∘ Δ.

2.3 Braided vector spaces

Definition 2.3.1. [1] Let 𝑉 be a vector space , 𝑐 ∈ GL(𝑉 ⊗ 𝑉 ). (𝑉 , 𝑐) is said to be a

braided vector space if 𝑐 is a solution of the braid equation

(𝑐 ⊗ id)(id ⊗ 𝑐)(𝑐 ⊗ id) = (id ⊗ 𝑐)(𝑐 ⊗ id)(id ⊗ 𝑐),

We call a braided space (𝑉 , 𝑐) diagonal type if there exists a matrix 𝔮 = (𝑞𝑖𝑗)𝑖,𝑗∈𝕀 with

6



2.4 Yetter-Drinfeld modules

𝑞𝑖𝑗 ∈ 𝕜× and 𝑞𝑖𝑖 ≠ 1 for any 𝑖, 𝑗 ∈ 𝕀 such that

𝑐(𝑥𝑖 ⊗ 𝑥𝑗) = 𝑞𝑖𝑗𝑥𝑗 ⊗ 𝑥𝑖, 𝑖, 𝑗 ∈ 𝕀.

2.4 Yetter-Drinfeld modules

Definition 2.4.1. [1,Definition 3] Let 𝐻 be a Hopf algebra with bijective antipode 𝑆.

A Yetter-Drinfeld module over 𝐻 is a vector space 𝑉 provided with

(1) a structure of left 𝐻-module 𝜇 ∶ 𝐻 ⊗ 𝑉 → 𝑉 and

(2) a structure of left 𝐻-comodule 𝛿 ∶ 𝑉 → 𝐻 ⊗ 𝑉 , such that

for all ℎ ∈ 𝐻 and 𝑣 ∈ 𝑉 , the following compatibility condition holds:

𝛿(ℎ ⋅ 𝑣) = ℎ(1)𝑣(−1)𝑆(ℎ(3)) ⊗ ℎ(2) ⋅ 𝑣(0).

The category of left Yetter-Drinfeld modules is denoted by 𝐻
𝐻𝒴𝒟.

In particular, if 𝐻 = 𝕜𝐺 is the group algebra of the group 𝐺, then a Yetter-Drinfeld

module over 𝐻 is a 𝐺-graded vector space 𝑀 = ⊕𝑔∈𝐺𝑀𝑔 provided with a 𝐺-module

structure such that 𝑔 ⋅ 𝑀ℎ = 𝑀𝑔ℎ𝑔−1 .

It can be shown that each Yetter-Drinfeld module 𝑉 ∈ 𝐻
𝐻𝒴𝒟 is a braided vector

space with the braiding structure

𝑐(𝑥 ⊗ 𝑦) = 𝑥(−1) ⋅ 𝑦 ⊗ 𝑥(0), 𝑥, 𝑦 ∈ 𝐻
𝐻𝒴𝒟.

The category of Yetter-Drinfeld modules over 𝕜𝐺 is denoted by 𝐺
𝐺𝒴𝒟. Let 𝒪 ⊆

𝐺 be a conjugacy class of 𝐺, then we denote by 𝐺
𝐺𝒴𝒟(𝒪) the subcategory of 𝐺

𝐺𝒴𝒟

consisting of all 𝑀 ∈ 𝐺
𝐺𝒴𝒟 with 𝑀 = ⨁𝑠∈𝒪 𝑀𝑠.

Definition 2.4.2. [34,Definition 1.4.15] Let 𝑔 ∈ 𝐺, and let 𝑉 be a left 𝕜𝐺-module.

Define

𝑀(𝑔, 𝑉 ) = 𝕜𝐺 ⊗𝕜𝐺𝑔 𝑉

7



Chapter 2 Preliminaries

as an object in 𝐺
𝐺𝒴𝒟(𝒪𝑔), where 𝑀(𝑔, 𝑉 ) is the induced 𝕜𝐺-module, the 𝐺-grading is

given by

deg(ℎ ⊗ 𝑣) = ℎ � 𝑔, for all ℎ ∈ 𝐺, 𝑣 ∈ 𝑉 ,

and the 𝕜𝐺-comodule structure is

𝛿(ℎ ⊗ 𝑣) = (ℎ � 𝑔) ⊗ (ℎ ⊗ 𝑣).

Let 𝑉 ∈ 𝐺
𝐺𝒴𝒟. Let 𝐼(𝑉 ) be the largest coideal of 𝑇 (𝑉 ) contained in ⊕𝑛⩾2𝑇 𝑛(𝑉 ). The

Nichols algebra of 𝑉 is defined by ℬ(𝑉 ) = 𝑇 (𝑉 )/𝐼(𝑉 ). ℬ(𝑉 ) is called diagonal type

if (𝑉 , 𝑐) is of digonal type.

By the following lemmas and their proofs, we can find all the irreducible Yetter-

Drinfeld modules 𝑀(𝑔, 𝑉 ) in 𝐺
𝐺𝒴𝒟, once we have known the corresponding irreducible

representations (𝜌, 𝑉 ) of 𝕜𝐺𝑔. The corresponding Nichols algebra of 𝑀(𝒪𝑔, 𝑉 ) is de-

noted by ℬ(𝒪𝑔, 𝜌) or ℬ(𝒪𝑔, 𝑉 ).

Lemma 2.4.1. [34,Lemma 1.4.16] Let 𝑔 ∈ 𝐺, 𝑀 ∈ 𝐺
𝐺𝒴𝒟(𝒪𝑔). Then 𝑀(𝑔, 𝑀𝑔) → 𝑀

is an isomorphism of Yetter-Drinfeld modules in 𝐺
𝐺𝒴𝒟.

Lemma 2.4.2. [34,Corollary 1.4.18] Let {𝒪𝑔𝑙|𝑙 ∈ 𝐿} be the set of the conjugacy

classes of 𝐺. There is a bijection between the disjoint union of the isomorphism classes

of the simple left 𝕜𝐺𝑔𝑙-modules, 𝑙 ∈ 𝐿, and the set of isomorphism classes of the simple

Yetter-Drinfeld modules in 𝐺
𝐺𝒴𝒟.

2.5 Racks

Definition 2.5.1. [13, Definition 1.1] Let 𝑋 be a non-empty set，� ∶ 𝑋 × 𝑋 → 𝑋 be

a function. (𝑋,�) is said to be a rack if

(1) for any 𝑖 ∈ 𝑋, 𝜙𝑖 ∶ 𝑋 → 𝑋 is a bijection, where 𝜙𝑖(𝑗) = 𝑖 � 𝑗；

(2) 𝑖 � (𝑗 � 𝑘) = (𝑖 � 𝑗) � (𝑖 � 𝑘), ∀𝑖, 𝑗, 𝑘 ∈ 𝑋.

8



2.6 Nichols algebras

Example 2.5.1. Let 𝐺 be a group，𝑋 = 𝒪 is a conjugacy class in 𝐺, � ∶ 𝑋 × 𝑋 → 𝑋

is the conjugacy action in 𝐺, that is, 𝑖 � 𝑗 = 𝑖𝑗𝑖−1. Then (𝑋,�) is a rack.

Definition 2.5.2. [1,Section 2.1.5] Let 𝑊 be a vector space, (𝑋,�) be a rack, and let

q ∶ 𝑋 × 𝑋 → GL(𝑊 ) be a 2-cocycle, that is, the following equation holds:

q𝑥,𝑦�𝑧q𝑦,𝑧 = q𝑥�𝑦,𝑥�𝑧q𝑥,𝑧.

Let 𝑉 = 𝕜𝑋 ⊗ 𝑊 , 𝑒𝑥𝑣 ∶ 𝑒𝑥 ⊗ 𝑣 and let 𝑐q be the braiding given by

𝑐𝑞(𝑒𝑥𝑣 ⊗ 𝑒𝑦𝑤) = 𝑒𝑥�𝑦q𝑥,𝑦(𝑤) ⊗ 𝑒𝑥𝑣, 𝑥, 𝑦 ∈ 𝑋, 𝑣, 𝑤 ∈ 𝑊 .

Then 𝑉 said to be a braided vector space of rack type.

2.6 Nichols algebras

In this section, we recall the definition of Nichols algebras.

Definition 2.6.1. [34,Definition 1.6.16] Let 𝑉 ∈ 𝐻
𝐻𝒴𝒟. An ℕ0-graded connected

Hopf algebra 𝑅 in 𝐻
𝐻𝒴𝒟 is a Nichols algebra of 𝑉 , if

(1) 𝑅(1) ≅ 𝑉 in 𝐻
𝐻𝒴𝒟,

(2) 𝑅 is generated as an algebra by 𝑅(1), and

(3) 𝑅 is strictly graded, that is, 𝑃 (𝑅) = 𝑅(1).

Alternatively, the Nichols algebra can be constructed as a quotient of 𝑇 (𝑉 ).

Definition 2.6.2. [34,Definition 1.6.18] Let 𝑉 ∈ 𝐻
𝐻𝒴𝒟. Let 𝐼(𝑉 ) be the largest coideal

of 𝑇 (𝑉 ) contained in ⨁𝑛⩾2 𝑇 𝑛(𝑉 ). The Nichols algebra of 𝑉 is defined by

ℬ(𝑉 ) = 𝑇 (𝑉 )/𝐼(𝑉 ).

It is shown in [34,Theorem 1.6.18] that this ℬ(𝑉 ) is indeed a Nichols algebra of 𝑉

defined as Definition 2.6.1.

9
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2.7 Gelfand-Kirillov dimension

The Gelfand-Kirillov dimension, GK-dimension for short, becomes a powerful

tool to study noncommutative algebras, especially for those with infinite dimensions.

For the definition and properties of the GK-dimension we refer to [36].

Definition 2.7.1. [36] The Gelfand-Kirillov dimension of a 𝕜-algebra 𝐴 is

GKdim(𝐴) = sup
𝑉

lim log𝑛 dim(𝑉 𝑛),

where the supremum is taken over all finite dimensional subspaces 𝑉 of 𝐴.

As for finite GK-dimension, we need the following result

Lemma 2.7.1. [1,Theorem 6] If either its Weyl groupoid is infinite and dim𝑉 = 2, or

else 𝑉 is of affine Cartan type, then GKdimℬ(𝑉 ) = ∞.

Example 2.7.1. [1] Let 𝐴 be a finitely generated 𝕜-algebra. Then GKdim(𝐴) = 0 if

and only if dim𝐴 < ∞.

Example 2.7.2. [1] Let 𝐴 = 𝕜[𝑋1, ⋯ , 𝑋𝑑] be the polynomial algebra over 𝕜 in 𝑑 in-

determinates 𝑋1, ⋯ , 𝑋𝑑 . Then

GKdim(𝐴) = 𝑑.

Example 2.7.3. [1] Let 𝔤 be a finite dimensional Lie algebra，𝑈(𝔤)为 𝔤 be its universal

enveloping algebra. Then GKdim(𝑈(𝔤)) = dim 𝔤.

For 𝕜-algebras𝐴 and𝐵, by [36,Lemma 3.10]，we have GKdim(𝐴⊗k𝐵) ⩽ GKdim(𝐴)+

GKdim(𝐵). In particular，if 𝐴 is a left 𝐻-module algebra, then GKdim(𝐴#𝐻) ⩽

GKdim(𝐴) + GKdim(𝐻), where 𝐴#𝐻 is the smash product of 𝐴 and 𝐻 . For alge-

bras with infinite GK-dimensions, the following result is useful:

Lemma 2.7.2. [2,Theorem 2.6] Let 𝐺 be a finitely generated group, 𝑀 ∈ 𝐺
𝐺𝒴𝒟 satis-

fies 𝒪 = supp𝑀 is a infinite conjugacy class. Then GKdimℬ(𝑀)#𝕜𝐺 = ∞.

This lemma can be used as a criteria for infinite GK-dimensions.

10
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2.8 The infinite dihedral group 𝔻∞

As we are familiar,

𝔻∞ = ⟨ℎ, 𝑔|𝑔2 = 1, 𝑔ℎ𝑔 = ℎ−1⟩ = {1, 𝑔, ℎ𝑛, 𝑔ℎ𝑛, ℎ𝑛𝑔, 𝑔ℎ𝑛𝑔|𝑛 ∈ ℕ},

where

𝑔−1 = 𝑔, (ℎ𝑛)−1 = 𝑔ℎ𝑛𝑔, (𝑔ℎ𝑛)−1 = 𝑔ℎ𝑛, (ℎ𝑛𝑔)−1 = ℎ𝑛𝑔, (𝑔ℎ𝑛𝑔)−1 = ℎ𝑛.

Consider the conjugacy classes in 𝔻∞.

𝒪1 = {1}, 𝒪ℎ𝑛 = {ℎ𝑛, 𝑔ℎ𝑛𝑔} = {ℎ𝑛, ℎ−𝑛}, ∀𝑛 ∈ ℕ,

𝒪𝑔 = {𝑔, 𝑔ℎ2𝑛, ℎ2𝑛𝑔|𝑛 ∈ ℕ}, 𝒪𝑔ℎ = {ℎ2𝑘−1𝑔, 𝑔ℎ2𝑘−1|𝑘 ∈ ℕ}.

The centralizers of one element in each conjugacy class are as follows:

𝐺1 = 𝔻∞, 𝐺𝑔 = {𝑥 ∈ 𝐺 | 𝑥𝑔 = 𝑔𝑥} = {1, 𝑔} ≅ Z2,

𝐺ℎ𝑛 = {1, ℎ𝑘, 𝑔ℎ𝑘𝑔|𝑘 ∈ ℕ} ≅ Z, 𝐺𝑔ℎ = {1, 𝑔ℎ} ≅ Z2.

Consider all the cosets of 𝐺𝑔 in 𝐺. For any 𝑛 ∈ ℕ,

𝑔𝐺𝑔 = 𝐺𝑔, ℎ𝑛𝑔𝐺𝑔 = ℎ𝑛𝐺𝑔 = {ℎ𝑛, ℎ𝑛𝑔},

𝑔ℎ𝑛𝑔𝐺𝑔 = {𝑔ℎ𝑛, 𝑔ℎ𝑛𝑔}, 𝑔ℎ𝑛𝐺𝑔 = {𝑔ℎ𝑛, 𝑔ℎ𝑛𝑔}.

Therefore, a representative of complete cosets of 𝐺 over 𝐺𝑔 is

{1, ℎ𝑛, 𝑔ℎ𝑛|𝑛 ∈ ℕ},

Similarly, consider all the cosets of 𝐺ℎ. Representatives of complete cosets of 𝐺

11
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over 𝐺ℎ and 𝐺𝑔ℎ are

{1, 𝑔}, {1, ℎ𝑛, 𝑔ℎ𝑛|𝑛 ∈ ℕ},

respectively.

2.9 The quaternion group ℚ8

As we are familiar, ℚ8 = ⟨𝑥, 𝑦|𝑥4 = 1, 𝑦2 = 𝑥2, 𝑥𝑦 = 𝑦𝑥−1⟩ is generated by two

elements, precisely,

ℚ8 = {1, 𝑥, 𝑥2, 𝑥3, 𝑦, 𝑥𝑦, 𝑥2𝑦, 𝑥3𝑦}

where 𝑥−1 = 𝑥3, 𝑥−2 = 𝑥2,𝑦−1 = 𝑥2𝑦, and (𝑥𝑦)−1 = 𝑥3𝑦.

There are five conjugacy classes in 𝐺 = ℚ8:

𝒪1 = {1}, 𝒪𝑥 = {𝑥, 𝑥3}, 𝒪𝑥2 = {𝑥2}, 𝒪𝑦 = {𝑦, 𝑥2𝑦}, 𝒪𝑥𝑦 = {𝑥𝑦, 𝑥3𝑦}.

Choose one element in each conjugacy class, and we compute the centralizers:

𝐺1 = 𝐺, 𝐺𝑥 = ⟨𝑥⟩ ≅ Z4, 𝐺𝑥2 = 𝐺, 𝐺𝑦 = ⟨𝑦⟩ ≅ Z4, 𝐺𝑥𝑦 = ⟨𝑥𝑦⟩ ≅ Z4.

By [35,Exercise 17.1],there are four 1-dimensional irreducible representations (𝜌𝑖, 𝑉𝑖)1⩽𝑖⩽4 ∈

Irr(ℚ8), and one 2-dimensional irreducible representation, denoted by (𝜌5, 𝑉5). The

character table of (𝜌𝑖, 𝑉𝑖) is as follows:

1 𝑥2 𝑥 𝑦 𝑥𝑦

𝜒1 1 1 1 1 1

𝜒2 1 1 1 -1 -1

𝜒3 1 1 -1 1 -1

𝜒4 1 1 -1 -1 1

𝜒5 2 -2 0 0 0
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Infinite Dihedral Group 𝔻∞

3.1 The Nichols algebra ℬ(𝒪ℎ𝑛, 𝜌)

Proposition 3.1.1. For any 𝑛 ∈ ℕ and any irreducible representation (𝜌, 𝑉 ) ∈ Irr(𝐺ℎ𝑛),

GKdimℬ(𝒪ℎ𝑛 , 𝜌) < ∞ if and only if (𝜌, 𝑉 ) is the trivial representation or the sign rep-

resentation.

PROOF. Consider an irreducible Yetter-Drinfeld-module k𝐺⊗k𝐺ℎ𝑛 𝑉 = (1⊗𝑉 )⊕(𝑔 ⊗

𝑉 ), where (𝜌, 𝑉 ) ∈ Irr(𝐺ℎ𝑛) is an irreducible representation of k𝐺ℎ𝑛
. By the theory of

representations of groups [42], 𝑉 one-dimensional, because 𝐺ℎ𝑛
is and abelian group.

Let 𝑉 = k𝑥. The module structure of 𝑀(𝒪ℎ𝑛 , 𝜌) is as follows:

𝑔 ⋅ (1 ⊗ 𝑥) = 𝑔 ⊗ 𝜌(1)(𝑥), ℎ𝑛 ⋅ (1 ⊗ 𝑥) = 1 ⊗ 𝜌(ℎ𝑛)(𝑥),

𝑔ℎ𝑛 ⋅ (1 ⊗ 𝑥) = 𝑔 ⊗ 𝜌(ℎ𝑛)(𝑥), ℎ𝑛𝑔 ⋅ (1 ⊗ 𝑥) = 𝑔 ⊗ 𝜌(ℎ−𝑛)(𝑥),

𝑔ℎ𝑛𝑔 ⋅ (1 ⊗ 𝑥) = 1 ⊗ 𝜌(𝑔ℎ𝑛𝑔)(𝑥), 𝑔 ⋅ (𝑔 ⊗ 𝑥) = 1 ⊗ 𝜌(1)(𝑥),

ℎ𝑛 ⋅ (𝑔 ⊗ 𝑥) = 𝑔 ⊗ 𝜌(ℎ−𝑛)(𝑥), 𝑔ℎ𝑛 ⋅ (𝑔 ⊗ 𝑥) = 1 ⊗ 𝜌(𝑔ℎ𝑛𝑔)(𝑥),

ℎ𝑛𝑔 ⋅ (𝑔 ⊗ 𝑥) = 1 ⊗ 𝜌(ℎ𝑛)(𝑥), 𝑔ℎ𝑛𝑔 ⋅ (𝑔 ⊗ 𝑥) = 𝑔 ⊗ 𝜌(ℎ𝑛)(𝑥).

The comodule structure 𝛿 ∶ 𝑀(𝒪ℎ𝑛 , 𝜌) → k𝐺 ⊗ 𝑀(𝒪ℎ𝑛 , 𝜌) of 𝑀(𝒪ℎ𝑛 , 𝜌) is

𝛿(1 ⊗ 𝑥) = (1 � ℎ) ⊗ (1 ⊗ 𝑥) = ℎ ⊗ (1 ⊗ 𝑥),

𝛿(𝑔 ⊗ 𝑥) = (𝑔 � ℎ) ⊗ (𝑔 ⊗ 𝑥) = ℎ−1 ⊗ (𝑔 ⊗ 𝑥).

Then k𝐺 ⊗k𝐺ℎ𝑛 𝑉 is a Yetter-Drinfeld module over 𝐺.

Now we will compute the GK-dimension of the Nichols algebra of 𝑀(𝒪ℎ𝑛 , 𝜌).

First consider the case of the trivial representation (𝜖, 𝑉 ) of 𝐺ℎ𝑛
. That is, the mod-

ule structure of 𝑀(𝒪ℎ𝑛 , 𝜖) is trivial. The braiding of 𝑀(𝒪ℎ𝑛 , 𝜌) is given as follows.
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Write 𝑥1 = 1 ⊗ 𝑥, 𝑥2 = 𝑔 ⊗ 𝑥. Then we have

𝑐(𝑥1 ⊗ 𝑥1) = 𝑥1 ⊗ 𝑥1, 𝑐(𝑥1 ⊗ 𝑥2) = 𝑥2 ⊗ 𝑥1,

𝑐(𝑥2 ⊗ 𝑥1) = 𝑥1 ⊗ 𝑥2, 𝑐(𝑥2 ⊗ 𝑥2) = 𝑥2 ⊗ 𝑥2.

The braiding matrix is

⎡
⎢
⎢
⎣

1 1

1 1

⎤
⎥
⎥
⎦

.

Therefore, ℬ(𝒪ℎ𝑛 , 𝜖) ≅ 𝑆(𝑊 ), the symmetric algebra over 𝑊 , by [1,Example 31],

which has GK-dimension 2.

In general, for any irreducible representation of 𝐺ℎ𝑛
, we have ℎ ⋅ 𝑥 = 𝑎𝑥, for some

𝑎 ∈ k
×. Write 𝜌𝑎 for the representation. Therefore, the braiding of 𝑀(𝒪ℎ𝑛 , 𝜌𝑎) is

𝑐(𝑥1 ⊗ 𝑥1) = 𝑎𝑥1 ⊗ 𝑥1, 𝑐(𝑥1 ⊗ 𝑥2) = 𝑎−1𝑥2 ⊗ 𝑥1,

𝑐(𝑥2 ⊗ 𝑥1) = 𝑎−1𝑥1 ⊗ 𝑥2, 𝑐(𝑥2 ⊗ 𝑥2) = 𝑎𝑥2 ⊗ 𝑥2.

The braiding matrix is

⎡
⎢
⎢
⎣

𝑎 𝑎−1

𝑎−1 𝑎

⎤
⎥
⎥
⎦

.

If 𝑎 = −1, then we see that 𝑀(𝒪ℎ𝑛 , 𝜌𝑎) is of Cartan type with Cartan matrix

⎡
⎢
⎢
⎣

2 0

0 2

⎤
⎥
⎥
⎦

,

which is of finite type. Therefore GKdimℬ(𝒪ℎ𝑛 , 𝜌𝑎) < ∞ by [32,Theorem 1]. If 𝑎2 ≠ 1,

then the corresponding Dynkin diagram is ∘ ∘𝑎 𝑎𝑎−2
. By [5,Theorem 1.2] and

[2,Remark 1.6] or by going through the list of [33,59-124], we haveGKdimℬ(𝒪ℎ𝑛 , 𝜌𝑎) =

∞ for all 𝑎2 ≠ 1.
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3.2 The Nichols algebra ℬ(𝒪𝑔, 𝜌)

Since all the irreducible representations of ℤ2 are the unit representation and sign

representation, we have the corresponding irreducibleYetter-Drinfeldmodules𝑀(𝒪𝑔, 𝜖)

and 𝑀(𝒪𝑔, sign).

Let 𝑋 = {1, ℎ𝑛, 𝑔ℎ𝑛|𝑛 ∈ ℕ}. Then

𝑀(𝒪𝑔, 𝜌) = ⨁
𝑦∈𝑋

ℎ𝑦 ⊗ k𝑥,

where the degree of each ℎ𝑦 is given by

deg(ℎ𝑦) = ℎ𝑦 � 𝑔.

3.2.1 The Yetter-Drinfeld module 𝑀(𝒪𝑔, sign)

The module structure of 𝑀(𝒪𝑔, sign) is

𝑔 ⋅ (1 ⊗ 𝑥) = −1 ⊗ 𝑥, ℎ ⋅ (1 ⊗ 𝑥) = ℎ ⊗ 𝑥,

𝑔 ⋅ (𝑔ℎ ⊗ 𝑥) = ℎ ⊗ 𝑥, ℎ ⋅ (𝑔ℎ ⊗ 𝑥) = −1 ⊗ 𝑥,

𝑔 ⋅ (ℎ𝑛 ⊗ 𝑥) = 𝑔ℎ𝑛 ⊗ 𝑥, ℎ ⋅ (ℎ𝑛 ⊗ 𝑥) = ℎ𝑛+1 ⊗ 𝑥,

𝑔 ⋅ (𝑔ℎ𝑛 ⊗ 𝑥) = ℎ𝑛 ⊗ 𝑥, ℎ ⋅ (𝑔ℎ𝑛 ⊗ 𝑥) = 𝑔ℎ𝑛−1 ⊗ 𝑥, 𝑛 ⩾ 2.

The comodule structure is

𝛿(1 ⊗ 𝑥) = 𝑔 ⊗ (1 ⊗ 𝑥), 𝛿(ℎ𝑛 ⊗ 𝑥) = ℎ2𝑛𝑔 ⊗ (ℎ𝑛 ⊗ 𝑥), 𝛿(𝑔ℎ𝑛 ⊗ 𝑥) = 𝑔ℎ2𝑛 ⊗ (𝑔ℎ𝑛 ⊗ 𝑥).

For any 𝑛 ⩾ 1, let

𝑎𝑛 = ℎ𝑛 ⊗ 𝑥, 𝑏𝑛 = 𝑔ℎ𝑛 ⊗ 𝑥, 𝑎0 = 1 ⊗ 𝑥.

Then the module structure is as follows:

𝑔 ⋅ 𝑎0 = −𝑎0, 𝑔 ⋅ 𝑎𝑛 = 𝑏𝑛, 𝑔 ⋅ 𝑏𝑛 = 𝑎𝑛,
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ℎ ⋅ 𝑎0 = 𝑎1, ℎ ⋅ 𝑎𝑛 = 𝑎𝑛+1, ℎ ⋅ 𝑏𝑛 =
⎧⎪
⎨
⎪⎩

𝑏𝑛−1, 𝑛 ⩾ 2

−𝑎0, 𝑛 = 1
.

The comodule structure is

𝛿(𝑎0) = 𝑔 ⊗ 𝑎0, 𝛿(𝑎𝑛) = ℎ2𝑛𝑔 ⊗ 𝑎𝑛, 𝛿(𝑏𝑛) = 𝑔ℎ2𝑛 ⊗ 𝑏𝑛.

The braiding of 𝑀(𝒪𝑔, sign) is

𝑐(𝑎𝑚 ⊗ 𝑎𝑛) = ℎ2𝑚 ⋅ 𝑏𝑛 ⊗ 𝑎𝑚.

From the module structure we obtain that ℎ2𝑚 ⋅ 𝑏𝑛 = 𝑏𝑛−2𝑚 if 2𝑚 < 𝑛, and ℎ2𝑚 ⋅ 𝑏𝑛 =

−𝑎2𝑚−𝑛 if 2𝑚 ⩾ 𝑛. Therefore,

𝑐(𝑎𝑚 ⊗ 𝑎𝑛) =
⎧⎪
⎨
⎪⎩

𝑏𝑛−2𝑚 ⊗ 𝑎𝑚, 2𝑚 < 𝑛

−𝑎2𝑚−𝑛 ⊗ 𝑎𝑚, 2𝑚 ⩾ 𝑛
.

For any 𝑛 ⩾ 1 and 𝑚 ⩾ 0,

𝑐(𝑎𝑚 ⊗ 𝑏𝑛) = 𝑎2𝑚+𝑛 ⊗ 𝑎𝑚.

For 𝑛 ⩾ 2 and 𝑚 ⩾ 1, we have

𝑐(𝑏𝑚 ⊗ 𝑏𝑛) = 𝑔ℎ2𝑚 ⋅ 𝑏𝑛 ⊗ 𝑏𝑚 =
⎧⎪
⎨
⎪⎩

𝑎𝑛−2𝑚 ⊗ 𝑏𝑚, 2𝑚 < 𝑛

−𝑏2𝑚−𝑛 ⊗ 𝑏𝑚, 2𝑚 ⩾ 𝑛
,

𝑐(𝑏𝑚 ⊗ 𝑏1) = 𝑔 ⋅ 𝑎2𝑚−1 ⊗ 𝑏𝑚 = −𝑏2𝑚−1 ⊗ 𝑏𝑚,

𝑐(𝑏𝑚 ⊗ 𝑎𝑛) = 𝑔 ⋅ 𝑎2𝑚+𝑛 ⊗ 𝑏𝑚 = 𝑏2𝑚+𝑛 ⊗ 𝑏𝑚.
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3.2.2 The Yetter-Drinfeld module 𝑀(𝒪𝑔, 𝜖)

The module structure of 𝑀(𝒪𝑔, 𝜖) is

𝑔 ⋅ (1 ⊗ 𝑥) = 1 ⊗ 𝜌(𝑔)(𝑥) = 1 ⊗ 𝑥,

ℎ ⋅ (1 ⊗ 𝑥) = ℎ ⊗ 𝜌(1)(𝑥) = ℎ ⊗ 𝑥,

𝑔 ⋅ (ℎ𝑛 ⊗ 𝑥) = 𝑔ℎ𝑛 ⊗ 𝜌(1)(𝑥) = 𝑔ℎ𝑛 ⊗ 𝑥,

ℎ ⋅ (ℎ𝑛 ⊗ 𝑥) = ℎ𝑛+1 ⊗ 𝜌(1)(𝑥) = ℎ𝑛+1 ⊗ 𝑥,

𝑔 ⋅ (𝑔ℎ𝑛 ⊗ 𝑥) = ℎ𝑛 ⊗ 𝜌(1)(𝑥) = ℎ𝑛 ⊗ 𝑥,

ℎ ⋅ (𝑔ℎ ⊗ 𝑥) = 1 ⊗ 𝜌(𝑔)(𝑥) = 1 ⊗ 𝑥,

ℎ ⋅ (𝑔ℎ𝑛 ⊗ 𝑥) = 𝑔ℎ𝑛−1 ⊗ 𝜌(1)(𝑥) = 𝑔ℎ𝑛−1 ⊗ 𝑥, 𝑛 ⩾ 2.

The comodule structure is

𝛿(1 ⊗ 𝑥) = 𝑔 ⊗ (1 ⊗ 𝑥), 𝛿(ℎ𝑛 ⊗ 𝑥) = ℎ2𝑛𝑔 ⊗ (ℎ𝑛 ⊗ 𝑥), 𝛿(𝑔ℎ𝑛 ⊗ 𝑥) = 𝑔ℎ2𝑛 ⊗ (𝑔ℎ𝑛 ⊗ 𝑥).

For 𝑛 ⩾ 1, let

𝑎𝑛 = ℎ𝑛 ⊗ 𝑥, 𝑏𝑛 = 𝑔ℎ𝑛 ⊗ 𝑥, 𝑎0 = 1 ⊗ 𝑥.

Then the action and coaction are

𝑔 ⋅ 𝑎0 = 𝑎0, 𝑔 ⋅ 𝑎𝑛 = 𝑏𝑛, 𝑔 ⋅ 𝑏𝑛 = 𝑎𝑛,

ℎ ⋅ 𝑎0 = 𝑎1, ℎ ⋅ 𝑎𝑛 = 𝑎𝑛+1, ℎ ⋅ 𝑏𝑛 =
⎧⎪
⎨
⎪⎩

𝑏𝑛−1, 𝑛 ⩾ 2

𝑎0, 𝑛 = 1
,

𝛿(𝑎0) = 𝑔 ⊗ 𝑎0, 𝛿(𝑎𝑛) = ℎ2𝑛𝑔 ⊗ 𝑎𝑛, 𝛿(𝑏𝑛) = 𝑔ℎ2𝑛 ⊗ 𝑏𝑛.

The braiding of 𝑀(𝒪𝑔, 𝜖) is as follows:

𝑐(𝑎𝑚 ⊗ 𝑎𝑛) = ℎ2𝑚𝑔 ⋅ 𝑎𝑛 ⊗ 𝑎𝑚 = ℎ2𝑚 ⋅ 𝑏𝑛 ⊗ 𝑎𝑚.
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If 2𝑚 < 𝑛, then

ℎ2𝑚 ⋅ 𝑏𝑛 = 𝑏𝑛−2𝑚.

If 2𝑚 ⩾ 𝑛, then

ℎ2𝑚 ⋅ 𝑏𝑛 = 𝑎2𝑚−𝑛.

Therefore, we have

𝑐(𝑎𝑚 ⊗ 𝑎𝑛) =
⎧⎪
⎨
⎪⎩

𝑏𝑛−2𝑚 ⊗ 𝑎𝑚, 2𝑚 < 𝑛

𝑎2𝑚−𝑛 ⊗ 𝑎𝑚, 2𝑚 ⩾ 𝑛
,

𝑐(𝑎𝑚 ⊗ 𝑏𝑛) = ℎ2𝑚𝑔 ⋅ 𝑏𝑛 ⊗ 𝑎𝑚 = 𝑎2𝑚+𝑛 ⊗ 𝑎𝑚.

hold for any 𝑛, 𝑚 ∈ ℕ. For any 𝑛 ⩾ 2, we have

𝑐(𝑏𝑚 ⊗ 𝑏𝑛) = 𝑔ℎ2𝑚 ⋅ 𝑏𝑛 ⊗ 𝑏𝑚 =
⎧⎪
⎨
⎪⎩

𝑎𝑛−2𝑚 ⊗ 𝑏𝑚, 2𝑚 < 𝑛

𝑏2𝑚−𝑛 ⊗ 𝑏𝑚, 2𝑚 ⩾ 𝑛
,

𝑐(𝑏𝑚 ⊗ 𝑏1) = 𝑔ℎ2𝑚 ⋅ 𝑏1 ⊗ 𝑏𝑚 = 𝑔 ⋅ 𝑎2𝑚−1 ⊗ 𝑏𝑚 = 𝑏2𝑚−1 ⊗ 𝑏𝑚,

𝑐(𝑏𝑚 ⊗ 𝑎𝑛) = 𝑔ℎ2𝑚 ⋅ 𝑎𝑛 ⊗ 𝑏𝑚 = 𝑔 ⋅ 𝑎2𝑚+𝑛 ⊗ 𝑏𝑚 = 𝑏2𝑚+𝑛 ⊗ 𝑏𝑚.

Clearly, dimℬ(𝒪𝑔, 𝜌) = ∞, since the Yetter-Drinfeld modules are of infinite dimension.

For the GK-dimension we have

Proposition 3.2.1. GKdimℬ(𝒪𝑔, 𝜌) = ∞ for 𝜌 = sign and 𝜌 = 𝜖.

PROOF. Using Lemma 2.7.2, let 𝑀 = 𝑀(𝒪𝑔, 𝜌). Then GKdimℬ(𝒪𝑔, 𝜌)#𝕜𝔻∞ = ∞

since supp𝑀(𝒪, 𝜌) = 𝒪𝑔 is an infinite conjugacy class. But GKdim𝕜𝔻∞ < ∞, this

implies the GKdimℬ(𝒪𝑔, 𝜌) = ∞, since GKdimℬ(𝒪𝑔, 𝜌)#𝕜𝔻∞ ⩽ GKdimℬ(𝒪𝑔, 𝜌) +

GKdim𝕜𝔻∞.
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3.3 The Nichols algebra ℬ(𝒪𝑔ℎ, 𝜌)

Since 𝐺𝑔ℎ ≅ ℤ2 has only 2 irreducible representations, the unit representation and

sign representation, we have the irreducible Yetter-Drinfeld modules 𝑀(𝒪𝑔ℎ, 𝜖) and

𝑀(𝒪𝑔ℎ, sign).

Let 𝑋 = {1, ℎ𝑛, 𝑔ℎ𝑛|𝑛 ∈ ℕ}. Then

𝑀(𝒪𝑔ℎ, sign) = ⨁
𝑦∈𝑋

ℎ𝑦 ⊗ k𝑥,

where ℎ𝑦 is a renumeration of 𝑋, and

deg(ℎ𝑦) = ℎ𝑦 � 𝑔ℎ.

The module structure is

𝑔 ⋅ (1 ⊗ 𝑥) = ℎ ⊗ 𝜌(𝑔ℎ)(𝑥), 𝑔 ⋅ (ℎ𝑛 ⊗ 𝑥) = 𝑔ℎ𝑛 ⊗ 𝜌(1)(𝑥),

𝑔 ⋅ (𝑔ℎ𝑛 ⊗ 𝑥) = ℎ𝑛 ⊗ 𝜌(1)(𝑥), ℎ ⋅ (1 ⊗ 𝑥) = ℎ ⊗ 𝜌(1)(𝑥),

ℎ ⋅ (ℎ𝑛 ⊗ 𝑥) = ℎ𝑛+1 ⊗ 𝜌(1)(𝑥), ℎ ⋅ (𝑔ℎ𝑛+1 ⊗ 𝑥) = 𝑔ℎ𝑛 ⊗ 𝜌(1)(𝑥),

ℎ ⋅ (𝑔ℎ ⊗ 𝑥) = ℎ ⊗ 𝜌(𝑔ℎ)(𝑥),

where 𝑛 ⩾ 1.

The comodule structure is

𝛿(1 ⊗ 𝑥) = (1 � 𝑔ℎ) ⊗ (1 ⊗ 𝑥) = 𝑔ℎ ⊗ (1 ⊗ 𝑥),

𝛿(ℎ𝑛 ⊗ 𝑥) = (ℎ𝑛 � 𝑔ℎ) ⊗ (ℎ𝑛 ⊗ 𝑥) = ℎ2𝑛−1𝑔 ⊗ (ℎ𝑛 ⊗ 𝑥),

𝛿(𝑔ℎ𝑛 ⊗ 𝑥) = (𝑔ℎ𝑛 � 𝑔ℎ) ⊗ (𝑔ℎ𝑛 ⊗ 𝑥) = 𝑔ℎ2𝑛−1 ⊗ (𝑔ℎ𝑛 ⊗ 𝑥).

3.3.1 The Yetter-Drinfeld module 𝑀(𝒪𝑔ℎ, sign)

Let

𝑎0 = 1 ⊗ 𝑥, 𝑎𝑛 = ℎ𝑛 ⊗ 𝑥, 𝑏𝑛 = 𝑔ℎ𝑛 ⊗ 𝑥.
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Then we obtain the module structure

𝑔 ⋅ 𝑎0 = −𝑎1, 𝑔 ⋅ 𝑎𝑛 = 𝑏𝑛, 𝑔 ⋅ 𝑏𝑛 = 𝑎𝑛,

ℎ ⋅ 𝑎𝑛 = 𝑎𝑛+1, ℎ ⋅ 𝑏𝑛+1 = 𝑏𝑛, ℎ ⋅ 𝑏1 = −𝑎1.

The comodule structure is

𝛿(𝑎0) = 𝑔ℎ ⊗ 𝑎0, 𝛿(𝑎𝑛) = ℎ2𝑛−1𝑔 ⊗ 𝑎𝑛, 𝛿(𝑏𝑛) = 𝑔ℎ2𝑛−1 ⊗ 𝑏𝑛.

The braiding structure is

𝑐(𝑎𝑚 ⊗ 𝑎𝑛) =
⎧⎪
⎨
⎪⎩

𝑏𝑛−2𝑚+1 ⊗ 𝑎𝑚 𝑛 > 2𝑚 − 1

−𝑎2𝑚−𝑛 ⊗ 𝑎𝑚 𝑛 ⩽ 2𝑚 − 1
, 𝑐(𝑎𝑚 ⊗ 𝑏𝑛) = 𝑎𝑛+1 ⊗ 𝑎𝑚,

𝑐(𝑏𝑚 ⊗ 𝑏𝑛) =
⎧⎪
⎨
⎪⎩

𝑎𝑛−2𝑚+1 ⊗ 𝑏𝑚 𝑛 > 2𝑚 − 1

−𝑏2𝑚−𝑛+1 ⊗ 𝑏𝑚 𝑛 ⩽ 2𝑚 − 1
, 𝑐(𝑎𝑚 ⊗ 𝑎0) = −𝑎2𝑚 ⊗ 𝑎𝑚,

𝑐(𝑎𝑚 ⊗ 𝑏1) = 𝑎2𝑚 ⊗ 𝑎𝑚, 𝑐(𝑏𝑚 ⊗ 𝑎𝑛) = 𝑏𝑛+2𝑚−1 ⊗ 𝑏𝑚,

𝑐(𝑏𝑚 ⊗ 𝑎0) = 𝑏2𝑚−1 ⊗ 𝑏𝑚, 𝑐(𝑏𝑚 ⊗ 𝑏1) = −𝑏2𝑚−1 ⊗ 𝑏𝑚,

𝑐(𝑎0 ⊗ 𝑎0) = 𝑏1 ⊗ 𝑎0, 𝑐(𝑎0 ⊗ 𝑎𝑛) = 𝑏𝑛+1 ⊗ 𝑎0,

𝑐(𝑎0 ⊗ 𝑏𝑛) = 𝑎𝑛−1 ⊗ 𝑎0, 𝑐(𝑎0 ⊗ 𝑏1) = −𝑏1 ⊗ 𝑎0,

𝑐(𝑏1 ⊗ 𝑎0) = 𝑏1 ⊗ 𝑏1, 𝑐(𝑏1 ⊗ 𝑎𝑛) = 𝑏𝑛+1 ⊗ 𝑏1,

𝑐(𝑏1 ⊗ 𝑏𝑛) = 𝑎𝑛−1 ⊗ 𝑏1, 𝑐(𝑏1 ⊗ 𝑏1) = −𝑏1 ⊗ 𝑏1.

3.3.2 The Yetter-Drinfeld module 𝑀(𝒪𝑔ℎ, 𝜖)

As in the case 𝑀(𝒪𝑔ℎ, sign), we write

𝑎0 = 1 ⊗ 𝑥, 𝑎𝑛 = ℎ𝑛 ⊗ 𝑥, 𝑏𝑛 = 𝑔ℎ𝑛 ⊗ 𝑥.
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Then we have the action and coaction

𝑔 ⋅ 𝑎0 = 𝑎1, 𝑔 ⋅ 𝑎𝑛 = 𝑏𝑛, 𝑔 ⋅ 𝑏𝑛 = 𝑎𝑛,

ℎ ⋅ 𝑎𝑛 = 𝑎𝑛+1, ℎ ⋅ 𝑏𝑛+1 = 𝑏𝑛, ℎ ⋅ 𝑏1 = 𝑎1,

𝛿(𝑎0) = 𝑔ℎ ⊗ 𝑎0, 𝛿(𝑎𝑛) = ℎ2𝑛−1𝑔 ⊗ 𝑎𝑛, 𝛿(𝑏𝑛) = 𝑔ℎ2𝑛−1 ⊗ 𝑏𝑛.

The braiding structure is

𝑐(𝑎𝑚 ⊗ 𝑎𝑛) =
⎧⎪
⎨
⎪⎩

𝑏𝑛−2𝑚+1 ⊗ 𝑎𝑚, 𝑛 > 2𝑚 − 1

𝑎2𝑚−𝑛 ⊗ 𝑎𝑚, 𝑛 ⩽ 2𝑚 − 1
, 𝑐(𝑎𝑚 ⊗ 𝑏𝑛) = 𝑎𝑛+1 ⊗ 𝑎𝑚,

𝑐(𝑏𝑚 ⊗ 𝑏𝑛) =
⎧⎪
⎨
⎪⎩

𝑎𝑛−2𝑚+1 ⊗ 𝑏𝑚, 𝑛 > 2𝑚 − 1

−𝑏2𝑚−𝑛+1 ⊗ 𝑏𝑚, 𝑛 ⩽ 2𝑚 − 1
, 𝑐(𝑎𝑚 ⊗ 𝑎0) = 𝑎2𝑚 ⊗ 𝑎𝑚,

𝑐(𝑎𝑚 ⊗ 𝑏1) = 𝑎2𝑚 ⊗ 𝑎𝑚, 𝑐(𝑏𝑚 ⊗ 𝑎𝑛) = 𝑏𝑛+2𝑚−1 ⊗ 𝑏𝑚,

𝑐(𝑏𝑚 ⊗ 𝑎0) = 𝑏2𝑚−1 ⊗ 𝑏𝑚, 𝑐(𝑏𝑚 ⊗ 𝑏1) = 𝑏2𝑚−1 ⊗ 𝑏𝑚,

𝑐(𝑎0 ⊗ 𝑎0) = 𝑏1 ⊗ 𝑎0, 𝑐(𝑎0 ⊗ 𝑎𝑛) = 𝑏𝑛+1 ⊗ 𝑎0,

𝑐(𝑎0 ⊗ 𝑏𝑛) = 𝑎𝑛−1 ⊗ 𝑎0, 𝑐(𝑎0 ⊗ 𝑏1) = 𝑏1 ⊗ 𝑎0,

𝑐(𝑏1 ⊗ 𝑎0) = 𝑏1 ⊗ 𝑏1, 𝑐(𝑏1 ⊗ 𝑎𝑛) = 𝑏𝑛+1 ⊗ 𝑏1,

𝑐(𝑏1 ⊗ 𝑏𝑛) = 𝑎𝑛−1 ⊗ 𝑏1, 𝑐(𝑏1 ⊗ 𝑏1) = 𝑏1 ⊗ 𝑏1.

It is easy to see that dim𝑀(𝒪𝑔ℎ, 𝜖) = dim𝑀(𝒪𝑔ℎ, sign) = ∞. For the GK-dimension

of ℬ(𝒪𝑔ℎ, 𝜌), we have

Proposition 3.3.1. GKdimℬ(𝒪𝑔ℎ, 𝜌) = ∞ for 𝜌 = sign and 𝜌 = 𝜖.

PROOF. Similar to the proof of Proposition 3.2.1.

3.4 The Nichols algebra ℬ(𝒪1, 𝜌)

To determine the Nichols algebras associated to the conjugacy class 𝒪1, we need

to find all the left simple 𝔻∞-modules. Let 𝑆 be any left simple 𝔻∞-module. Then

Endk𝔻∞(𝑆) = 𝕜id𝑆 by Schur’s lemma. For any 𝑎 ∈ 𝑍(k𝔻∞), the map 𝑓𝑎 ∶ 𝑆 →
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𝑆, 𝑠 ↦ 𝑎 ⋅ 𝑠, is a module map. So (ℎ + ℎ−1) ⋅ 𝑠 = 𝜆𝑠 for some 𝜆 ∈ 𝕜, and hence the

representation

𝜌 ∶ 𝕜𝔻∞ End(𝑆)

induces a representation

̄𝜌 ∶ 𝕜𝔻∞/⟨ℎ + ℎ−1 − 𝜆⟩ End(𝑆).

In other words, every simple left 𝕜𝔻∞-module is a simple left 𝕜𝔻∞/⟨ℎ + ℎ−1 − 𝜆⟩-

module.

3.4.1 Representations of 𝕜𝔻∞/⟨ℎ + ℎ−1 − 𝜆⟩

Lemma 3.4.1. The center of k𝔻∞ is k[ℎ + ℎ−1], and for 𝜆 ∈ 𝕜,

dimk𝔻∞/⟨ℎ + ℎ−1 − 𝜆⟩ < ∞.

PROOF. Let 𝐴𝜆 = k𝔻∞/⟨ℎ + ℎ−1 − 𝜆⟩. In 𝐴𝜆, ℎ + ℎ−1 = 𝜆, by direct computation, the

following relations hold:

ℎ𝑔 = 𝜆𝑔 − 𝑔ℎ, ℎ2 = 𝜆ℎ − 1, ℎ3 = 𝜆ℎ2 − ℎ, ⋯ , ℎ𝑛+1 = 𝜆ℎ𝑛 − ℎ𝑛−1 = 0.

Therefore, ℎ𝑛 can be spaned by 1 and ℎ in 𝑅. Hence 𝑔ℎ𝑛, ℎ𝑛𝑔, and 𝑔ℎ𝑛𝑔 can be spaned

by 1, 𝑔, ℎ, 𝑔ℎ. We see that dim𝐴𝜆 ⩽ 4.

By the following lemma, we need to find all primitive othogonal idempotents of

𝐴𝜆.

Lemma 3.4.2. [21,Corollary 5.17] Suppose that 𝐴𝐴 = 𝑒1𝐴 ⨁ ⋯ ⨁ 𝑒𝑛𝐴 is a decom-

position of 𝐴 into indecomposable submodules. Every simple right 𝐴-module is iso-

morphic to one of the modules

𝑆(1) = top𝑒1𝐴, ⋯ , 𝑆(𝑛) = top𝑒𝑛𝐴.
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Now compute the idempotents of 𝐴𝜆. Let

(𝑥1 + 𝑥2𝑔 + 𝑥3ℎ + 𝑥4𝑔ℎ)2 = 𝑥1 + 𝑥2𝑔 + 𝑥3ℎ + 𝑥4𝑔ℎ.

By the following lemma, we will find the primitive idempotents of an algebra.

Lemma 3.4.3. [21,Corollary 4.7 ] An idempotent 𝑒 ∈ 𝐴 is primitive if and only if the

algebra 𝑒𝐴𝑒 ≅ End𝑒𝐴 has only two idempotents 0 and 𝑒, that is, the algebra 𝑒𝐴𝑒 is

local.

Taking 𝑥3 = 0, 𝑥2 = ±1
2, 𝑥4 = 0, we obtain

𝑒1 = 1
2(1 + 𝑔), 𝑒2 = 1

2(1 − 𝑔), 1 = 𝑒1 + 𝑒2,

which is a decomposition of 1. By direct computation, the following equalities hold:

𝑒1𝐴𝜆 = 𝑘(𝑔 + 1) + 𝑘(𝑔ℎ + ℎ), 𝑒2𝐴𝜆 = 𝑘(𝑔 − 1) + 𝑘(𝑔ℎ − ℎ).

Since dim𝐴𝜆 < ∞, the Jacobson radical rad 𝑒1𝐴𝜆 = Nilrad 𝑒1𝐴𝜆 is the nil ideal, we

need to find all nilpotent elements of 𝑒1𝐴𝜆 and 𝑒2𝐴𝜆.

Let 𝑎 = 1 + 𝑔, 𝑏 = ℎ + 𝑔ℎ. Then we have

𝑎2 = 2𝑎, 𝑎𝑏 = 2𝑏,

𝑏𝑎 = 𝜆𝑎, 𝑏2 = 𝜆𝑏.

Lemma 3.4.4. (𝑥1𝑎 + 𝑥2𝑏)𝑛 = (2𝑥1 + 𝜆𝑥2)𝑛−1(𝑥1𝑎 + 𝑥2𝑏).

PROOF. If 𝑛 = 2, then

(𝑥1𝑎 + 𝑥2𝑏)2 = 𝑥2
1𝑎2 + 𝑥1𝑥2𝑎𝑏 + 𝑥1𝑥2𝑏𝑎 + 𝑥2

2𝑏2 = 2𝑥2
1𝑎 + 2𝑥1𝑥2𝑏 + 𝜆𝑥1𝑥2𝑎 + 𝜆𝑥2

2𝑏

= (2𝑥2
1 + 𝜆𝑥1𝑥2)𝑎 + (𝜆𝑥2

2 + 2𝑥1𝑥2)𝑏 = (2𝑥1 + 𝜆𝑥2)𝑥1𝑎 + (2𝑥1 + 𝜆𝑥2)𝑥2𝑏.
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By induction on 𝑛,

(𝑥1𝑎 + 𝑥2𝑏)𝑛+1 = (𝑥1𝑎 + 𝑥2𝑏)𝑛(𝑥1𝑎 + 𝑥2𝑏) = (2𝑥1 + 𝜆𝑥2)𝑛(𝑥1𝑎 + 𝑥2𝑏).

Let [𝑥1(𝑔 + 1) + 𝑥2(𝑔ℎ + ℎ)]𝑛 = 0. We have 𝑥1 = −𝜆
2 𝑥2. Therefore, the set of all

nilpotent elements is

Nilrad 𝑒1𝐴𝜆 = k(−𝜆
2𝑎 + 𝑏).

Therefore, rad 𝑒1𝐴𝜆 = k(−𝜆
2 𝑎 + 𝑏).

Let 𝑐 = 1 − 𝑔, 𝑑 = ℎ − 𝑔ℎ. Then

𝑐2 = 2𝑐, 𝑑2 = 𝜆𝑑, 𝑐𝑑 = 2𝑑, 𝑑𝑐 = 𝜆𝑐.

Lemma 3.4.5. (𝑥1𝑐 + 𝑥2𝑑)𝑛 = (2𝑥1 + 𝜆𝑥2)𝑛−1(𝑥1𝑐 + 𝑥2𝑑)

Let (𝑥1𝑐 + 𝑥2𝑑)𝑛 = 0. We have 𝑥1 = −𝜆
2𝑥2. Therefore, the set of all nilpotent elements

is

Nilrad 𝑒2𝐴𝜆 = k(−𝜆
2𝑐 + 𝑑),

and rad 𝑒2𝐴𝜆 = k(−𝜆
2 𝑐 + 𝑑).

Consequently,

Lemma 3.4.6. Let 𝑒1 = 1
2(1 + 𝑔) and 𝑒2 = 1

2(1 − 𝑔). Then the simple right modules of

𝐴𝜆 are

𝑒1𝐴𝜆/k(−𝜆
2𝑎 + 𝑏) and 𝑒2𝐴𝜆/k(−𝜆

2𝑐 + 𝑑),

where 𝜆 ∈ 𝕜, 𝑎 = 1 + 𝑔, 𝑏 = ℎ + 𝑔ℎ, 𝑐 = 1 − 𝑔, 𝑑 = ℎ − 𝑔ℎ.

In particular, the simple modules of 𝐴0 are 𝑒1𝐴0 and 𝑒2𝐴0.
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𝕜𝔻∞-modules We can consider the left simple modules of 𝕜𝔻∞. Let

𝑒1 = 1
2(1 + 𝑔), 𝑒2 = 1

2(1 − 𝑔).

Then

𝐴𝜆𝑒1 = k(1 + 𝑔) + k(ℎ−1 + 𝑔ℎ), 𝐴𝜆𝑒2 = k(1 − 𝑔) + k(ℎ−1 − 𝑔ℎ).

Let 𝑎 = 1 + 𝑔, 𝑏 = ℎ−1 + 𝑔ℎ, 𝑐 = 1 − 𝑔, 𝑑 = ℎ−1 − 𝑔ℎ. Then we have

𝑎2 = 2𝑎, 𝑎𝑏 = 𝜆𝑎, 𝑏𝑎 = 2𝑏, 𝑏2 = 𝜆𝑏,

𝑐2 = 2𝑐, 𝑐𝑑 = 𝜆𝑐, 𝑑𝑐 = 2𝑑, 𝑑2 = 𝜆𝑑.

By the first paragraph of this section and Lemma 3.4.6 we have

Lemma 3.4.7. The simple left 𝕜𝔻∞-modules are

𝐴𝜆𝑒1/k(−𝜆
2𝑎 + 𝑏) and 𝐴𝜆𝑒2/k(−𝜆

2𝑐 + 𝑑).

Precisely, if 𝜆 ≠ 0, then the corresponding simple modules are

𝑆+
𝜆 = k𝑎, 𝑆−

𝜆 = k𝑐,

where the module structures are

𝑔 ⋅ 𝑎 = 𝑎, ℎ ⋅ 𝑎 = 𝜆
2𝑎, 𝑔 ⋅ 𝑐 = −𝑐, ℎ ⋅ 𝑐 = 𝜆

2𝑐.

If 𝜆 = 0, then

𝑆+
0 = 𝐴0𝑒1 = k(1 + 𝑔) + k(ℎ−1 + 𝑔ℎ),

𝑆−
0 = 𝐴0𝑒2 = k(1 − 𝑔) + k(ℎ−1 − 𝑔ℎ).
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The module structures are

𝑔 ⋅ 𝑎 = 𝑎, ℎ ⋅ 𝑎 = −𝑏, 𝑔 ⋅ 𝑏 = −𝑏, ℎ ⋅ 𝑏 = 𝑎,

𝑔 ⋅ 𝑐 = −𝑐, 𝑔 ⋅ 𝑑 = 𝑑, ℎ ⋅ 𝑐 = −𝑑, ℎ ⋅ 𝑑 = 𝑐.

PROOF. If 𝜆 ≠ 0, then the module structures of 𝑆+
0 and 𝑆−

0 are

𝑔 ⋅ 𝑎 = 𝑔(1 + 𝑔) = 𝑔 + 1 = 𝑎,

ℎ ⋅ 𝑎 = ℎ(1 + 𝑔) = ℎ + ℎ𝑔 = 𝜆 − ℎ−1 + (𝜆𝑔 − 𝑔ℎ)

= 𝜆(1 + 𝑔) − (ℎ−1 − 𝑔ℎ) = 𝜆𝑎 − 𝑏 = 𝜆
2𝑎,

𝑔 ⋅ 𝑐 = 𝑔(1 − 𝑔) = 𝑔 − 1 = −𝑐,

ℎ ⋅ 𝑐 = ℎ(1 − 𝑔) = ℎ − ℎ𝑔 = (𝜆 − ℎ−1) − (𝜆 − 𝑔ℎ)

= 𝜆(1 − 𝑔) − (ℎ−1 − 𝑔ℎ) = 𝜆𝑐 − 𝑑 = 𝜆
2𝑐.

If 𝜆 = 0, then the module structures of 𝑆+
0 and 𝑆−

0 are

𝑔 ⋅ 𝑎 = 𝑔(1 + 𝑔) = 𝑔 + 1 = 𝑎,

ℎ ⋅ 𝑎 = ℎ(1 + 𝑔) = ℎ + ℎ𝑔 = (−ℎ−1) − 𝑔ℎ = −𝑏,

𝑔 ⋅ 𝑏 = 𝑔(ℎ−1 + 𝑔ℎ) = 𝑔ℎ−1 + ℎ = −𝑔ℎ − ℎ−1 = −𝑏,

ℎ ⋅ 𝑏 = ℎ(ℎ−1 + 𝑔ℎ) = 1 + ℎ𝑔ℎ = 𝑎,

𝑔 ⋅ 𝑐 = 𝑔(1 − 𝑔) = 𝑔 − 1 = −𝑐

𝑔 ⋅ 𝑑 = 𝑔(ℎ−1 − 𝑔ℎ) = 𝑔ℎ−1 − ℎ = ℎ𝑔 − (−ℎ−1) = ℎ−1 − 𝑔ℎ = 𝑑,

ℎ ⋅ 𝑐 = ℎ(1 − 𝑔) = ℎ − ℎ𝑔 = −ℎ−1 − (−𝑔ℎ) = −𝑑,

ℎ ⋅ 𝑑 = ℎ(ℎ−1 − 𝑔ℎ) = 1 − ℎ𝑔ℎ = 1 − 𝑔 = 𝑐.
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3.4.2 The irreducible Yetter-Drinfeld modules

Let 𝐺 = 𝔻∞. From Lemma 2.4.1 and Lemma 2.4.2 we obtain all the irreducible

Yetter-Drinfeld modules in 𝐺
𝐺𝒴𝒟(𝒪1):

𝑀(1, 𝑆+
0 ) = k𝐺 ⊗k𝐺 𝑆+

0 = 1 ⊗ k𝑎 + 1 ⊗ k𝑏,

𝑀(1, 𝑆−
0 ) = k𝐺 ⊗k𝐺 𝑆−

0 = 1 ⊗ k𝑐 + 1 ⊗ k𝑑,

𝑀(1, 𝑆+
𝜆 ) = k𝐺 ⊗k𝐺 𝑆+

𝜆 = 1 ⊗ k𝑎,

𝑀(1, 𝑆−
𝜆 ) = k𝐺 ⊗k𝐺 𝑆−

𝜆 = 1 ⊗ k𝑐.

Let 𝑣1 = 1 ⊗ 𝑎 and 𝑣2 = 1 ⊗ 𝑏. Then the 𝐴𝜆-module structure is

𝑔 ⋅ 𝑣1 = 𝑔 ⋅ (1 ⊗ 𝑎) = 1 ⊗ 𝑔 ⋅ 𝑎 = 1 ⊗ 𝑎 = 𝑣1,

𝑔 ⋅ 𝑣2 = 𝑔 ⋅ (1 ⊗ 𝑏) = 1 ⊗ 𝑔 ⋅ 𝑏 = 1 ⊗ (−𝑏) = −𝑣2,

ℎ ⋅ 𝑣1 = ℎ ⋅ (1 ⊗ 𝑎) = 1 ⊗ ℎ ⋅ 𝑎 = 1 ⊗ (−𝑏) = −𝑣2,

ℎ ⋅ 𝑣2 = ℎ ⋅ (1 ⊗ 𝑏) = 1 ⊗ ℎ ⋅ 𝑏 = 1 ⊗ 𝑎 = 𝑣1.

The comodule structure is

𝛿(𝑣1) = 𝛿(1 ⊗ 𝑎) = 1 ⊗ (1 ⊗ 𝑎) = 1 ⊗ 𝑣1, 𝛿(𝑣2) = 𝛿(1 ⊗ 𝑏) = 1 ⊗ (1 ⊗ 𝑏) = 1 ⊗ 𝑣2.

The braiding structure is

𝑐(𝑣1 ⊗ 𝑣1) = 𝑣1 ⊗ 𝑣1, 𝑐(𝑣1 ⊗ 𝑣2) = 𝑣2 ⊗ 𝑣1,

𝑐(𝑣2 ⊗ 𝑣1) = 𝑣1 ⊗ 𝑣2, 𝑐(𝑣2 ⊗ 𝑣2) = 𝑣2 ⊗ 𝑣2.

Therefore, the braiding matrix is

⎡
⎢
⎢
⎣

1 1

1 1

⎤
⎥
⎥
⎦

.

Hence GKdim𝐵(𝑉 ) = 2 by [1,Example 31].
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Consider k𝐺 ⊗k𝐺 𝑆−
0 = 1 ⊗k𝑐 + 1 ⊗k𝑑. Let 𝑤1 = 1 ⊗ 𝑐 and 𝑤2 = 1 ⊗ 𝑑. Then

the 𝐴𝜆-module structure is

𝑔 ⋅ 𝑤1 = 𝑔(1 ⊗ 𝑐) = 1 ⊗ 𝑔 ⋅ 𝑐 = 1 ⊗ (−𝑐) = −𝑤1,

𝑔 ⋅ 𝑤2 = 𝑔(1 ⊗ 𝑑) = 1 ⊗ 𝑔 ⋅ 𝑑 = 1 ⊗ 𝑑 = 𝑤2,

ℎ ⋅ 𝑤1 = ℎ(1 ⊗ 𝑐) = 1 ⊗ ℎ ⋅ 𝑐 = 1 ⊗ (−𝑑) = −𝑤2,

ℎ ⋅ 𝑤2 = ℎ(1 ⊗ 𝑑) = 1 ⊗ ℎ ⋅ 𝑑 = 1 ⊗ 𝑐 = 𝑤1.

The comodule structure is

𝛿(𝑤1) = 𝛿(1 ⊗ 𝑐) = 1 ⊗ (1 ⊗ 𝑐) = 1 ⊗ 𝑤1, 𝛿(𝑤2) = 𝛿(1 ⊗ 𝑑) = 1 ⊗ (1 ⊗ 𝑑) = 1 ⊗ 𝑤2.

By direct computation, the braiding structure is

𝑐(𝑤1 ⊗ 𝑤1) = 𝑤1 ⊗ 𝑤1, 𝑐(𝑤1 ⊗ 𝑤2) = 𝑤2 ⊗ 𝑤1,

𝑐(𝑤2 ⊗ 𝑤1) = 𝑤1 ⊗ 𝑤2, 𝑐(𝑤2 ⊗ 𝑤2) = 𝑤2 ⊗ 𝑤2.

Therefore, the braiding matrix is
⎡
⎢
⎢
⎣

1 1

1 1

⎤
⎥
⎥
⎦
.

Hence GKdim𝐵(𝒪1, 𝑆−
0 ) = 1 by [1,Example 31].

Consider k𝐺 ⊗k𝐺 𝑆+
𝜆 = 1 ⊗k𝑎. Let 𝑤 = 1 ⊗ 𝑎. Then the 𝐴𝜆-module structure is

𝑔 ⋅ 𝑤 = 𝑔 ⋅ (1 ⊗ 𝑎) = 1 ⊗ 𝑔 ⋅ 𝑎 = 1 ⊗ 𝑎 = 𝑤,

ℎ ⋅ 𝑤 = ℎ ⋅ (1 ⊗ 𝑎) = 1 ⊗ ℎ ⋅ 𝑎 = 1 ⊗ 𝜆
2𝑎 = 𝜆

2𝑤.

The comodule structure is

𝛿(𝑤) = 𝛿(1 ⊗ 𝑎) = 1 ⊗ (1 ⊗ 𝑎) = 1 ⊗ 𝑤.
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The braiding structure is

𝑐(𝑤 ⊗ 𝑤) = 𝑤(−1) ⋅ 𝑤 ⊗ 𝑤(0) = 𝑤 ⊗ 𝑤.

Therefore, GKdim𝐵(𝒪1, 𝑆+
𝜆 ) = 1.

Now we consider k𝐺 ⊗k𝐺 𝑆−
𝜆 = 1 ⊗ k𝑐. Let 𝑣 = 1 ⊗ 𝑐. Then the 𝐴𝜆-module

structure is

𝑔 ⋅ 𝑣 = 𝑔 ⋅ (1 ⊗ 𝑐) = 1 ⊗ 𝑔 ⋅ 𝑐 = 1 ⊗ (−𝑐) = −𝑣,

ℎ ⋅ 𝑣 = ℎ ⋅ (1 ⊗ 𝑐) = 1 ⊗ ℎ ⋅ 𝑐 = 1 ⊗ 𝜆
2𝑐 = 𝜆

2𝑣.

The comodule structure is

𝛿(𝑣) = 𝛿(1 ⊗ 𝑐) = 1 ⊗ (1 ⊗ 𝑐) = 1 ⊗ 𝑣.

The braiding structure is

𝑐(𝑣 ⊗ 𝑣) = 𝑣(−1) ⋅ 𝑣 ⊗ 𝑣(0) = 𝑣 ⊗ 𝑣.

Therefore, GKdim𝐵(𝒪1, 𝑆−
𝜆 ) = 1.

3.5 Finite GK-dimensional Nichols algebras of semisimple Yetter-

Drinfeld modules over 𝔻∞

Through the discusion above, we have the following finite dimensional irreducible

Yetter-Drinfeld modules 𝑉 with GKdimℬ(𝑉 ) < ∞.

𝑀(𝒪ℎ𝑛 , 𝜌±1) = 𝕜𝑥1 + 𝕜𝑥2,

𝑀(𝒪1, 𝑆+
0 ) = k𝐺 ⊗k𝐺 𝑆+

0 = 1 ⊗ k𝑎 + 1 ⊗ k𝑏,

𝑀(𝒪1, 𝑆−
0 ) = k𝐺 ⊗k𝐺 𝑆−

0 = 1 ⊗ k𝑐 + 1 ⊗ k𝑑,

𝑀(𝒪1, 𝑆+
𝜆 ) = k𝐺 ⊗k𝐺 𝑆+

𝜆 = 1 ⊗ k𝑎,
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𝑀(𝒪1, 𝑆−
𝜆 ) = k𝐺 ⊗k𝐺 𝑆−

𝜆 = 1 ⊗ k𝑐.

where 𝜆 ≠ 0. In this section we consider when the Nichols algebra of a semisimple

Yetter-Drinfeld module has a finite Gelfand-Kirillov dimension.

Proposition 3.5.1. Let 𝑀 = 𝑀(𝒪ℎ𝑚 , 𝜌𝑎) ⊕ 𝑀(𝒪ℎ𝑛 , 𝜌𝑏) with 𝑎, 𝑏 ∈ {±1}. Then

GKdimℬ(𝑀) < ∞ if and only if 𝑎 = 𝑏.

PROOF. The braiding matrix is given as follows:

𝑞 =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

𝑎 𝑎−1 𝑏 𝑏−1

𝑎−1 𝑎 𝑏−1 𝑏

𝑎 𝑎−1 𝑏 𝑏−1

𝑎−1 𝑎 𝑏−1 𝑏

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

.

If 𝑎 = 𝑏 = 1, thenℬ(𝑀(𝒪ℎ𝑚 , 𝜌𝑎)⊕𝑀(𝒪ℎ𝑛 , 𝜌𝑏) ≅ 𝑆(𝑀(𝒪ℎ𝑚 , 𝜌𝑎)⊕𝑀(𝒪ℎ𝑛 , 𝜌𝑏)), whose

GK-dimension is 4 [1,Example 27]. If 𝑎 = 𝑏 = −1, then the braiding matrix is

𝑞 =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

−1 −1 −1 −1

−1 −1 −1 −1

−1 −1 −1 −1

−1 −1 −1 −1

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

.

In this case, GKdim(𝑀(𝒪ℎ𝑚 , 𝜌𝑎) ⊕ 𝑀(𝒪ℎ𝑛 , 𝜌𝑏)) < ∞ by [1,Example 27].

In the last, if 𝑎 = 1, 𝑏 = −1, then the corresponding Dynkin diagram is

∘ ∘ ∘

∘

1 3 2

4

1 -1 1

-1

-1 -1

-1 -1

By [2,Lemma 1.4] and [20,Theorem 1.2] we have GKdim(𝑀(𝒪ℎ𝑚 , 𝜌𝑎)⊕𝑀(𝒪ℎ𝑛 , 𝜌𝑏)) =

∞.

Proposition 3.5.2. Let 𝑀 = 𝑀(𝒪1, 𝑆𝛼
𝜆 ) ⊕ 𝑀(𝒪1, 𝑆𝛽

𝜇) with 𝜆, 𝜇 ∈ 𝕜, 𝛼, 𝛽 ∈ {+, −}.

Then GKdimℬ(𝑀) < ∞.
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PROOF. By computation of the braiding matrices of𝑀 in all cases, we have the braiding

matrices are all of the form 𝑞 = (𝑞𝑖𝑗), where 𝑞𝑖𝑗 = 1 for all 𝑖, 𝑗. ThereforeGKdimℬ(𝑀) <

∞ by [1,Example 31].

Proposition 3.5.3. Let 𝑀 = 𝑀(𝒪ℎ𝑛 , 𝜌𝑎) ⊕ 𝑀(𝒪1, 𝑆𝛼
𝜆 ) with 𝜆 ∈ 𝕜×, 𝛼 ∈ {+, −} and

𝑎 ∈ {1, −1}. Then GKdimℬ(𝑀) < ∞ if and only if 𝜆 = 2.

PROOF. The braiding matrix is

𝑞 =

⎡
⎢
⎢
⎢
⎢
⎣

𝑎 1/𝑎 𝜆/2

1/𝑎 𝑎 2/𝜆

1 1 1

⎤
⎥
⎥
⎥
⎥
⎦

.

If 𝑎 = 1, 𝜆 = 2, then Therefore GKdimℬ(𝑀) < ∞ by [1,Example 31].

If 𝜆 ≠ 2, then the Dynkin diagram is as follows:

∘ ∘ ∘
1 2 3

𝑎 𝑎 1𝜆/2 2/𝜆 .

Therefore GKdimℬ(𝑀) = ∞ by going through the list of [33,59-124].

If 𝑎 = −1, 𝜆 = 2, then the Dynkin diagram is

∘ ∘ ∘
1 2 3

−1 −1 1 .

Thus GKdimℬ(𝑀) < ∞ by [1,Example 27].
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quaternion group ℚ8

4.1 The Nichols algebras ℬ(𝒪1, 𝜌)

Consider the conjugacy 𝒪1 = {1}. 𝐺1 = 𝐺 = ℚ8. For (𝜌1, 𝑉1), let 𝑉1 = 𝕜𝑣1. The

module structure is

𝑥 ⋅ 𝑣1 = 𝑣1, 𝑦 ⋅ 𝑣1 = 𝑣1.

The corresponding Yetter-Drinfeld module 𝑊1 = 1 ⊗ 𝑉1 The module structure is

𝑥 ⋅ (1 ⊗ 𝑣1) = 1 ⊗ 𝜌1(𝑥)(𝑣1) = 1 ⊗ 𝑣1

The comodule structure is

𝛿(1 ⊗ 𝑣1) = 1 ⊗ (1 ⊗ 𝑣1)

Let 𝑤1 = 1 ⊗ 𝑣1 The braiding structure is

𝑐(𝑤1 ⊗ 𝑤1) = 𝑤1 ⊗ 𝑤1

Therefore dimℬ(𝑊1) = ∞, and GKdimℬ(𝑊1) = 1.

For (𝜌2, 𝑉2), let 𝑉1 = 𝕜𝑣2. The module structure is

𝑥 ⋅ 𝑣2 = 𝑣2, 𝑦 ⋅ 𝑣2 = −𝑣2.

The corresponding Yetter-Drinfeld module is 𝑊2 = 1 ⊗ 𝑉2. The 𝕜𝐺-module structure
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of 𝑊2 is

𝑥 ⋅ (1 ⊗ 𝑣2) = 1 ⊗ 𝜌2(𝑥)(𝑣2) = 1 ⊗ 𝑣2

𝑦 ⋅ (1 ⊗ 𝑣2) = 1 ⊗ 𝜌2(𝑦)(𝑣2) = −1 ⊗ 𝑣2

The comodule structure is

𝛿(1 ⊗ 𝑣2) = 1 ⊗ (1 ⊗ 𝑣2)

Let 𝑤2 = 1 ⊗ 𝑣2 The braiding structure is

𝑐(𝑤2 ⊗ 𝑤2) = 𝑤2 ⊗ 𝑤2

Therefore dimℬ(𝑊2) = ∞, and GKdimℬ(𝑊2) = 1.

For (𝜌3, 𝑉3), let 𝑉3 = 𝕜𝑣3.The module structure is

𝑥 ⋅ 𝑣3 = −𝑣3, 𝑦 ⋅ 𝑣3 = 𝑣3.

The corresponding Yetter-Drinfeld module 𝑊3 = 1 ⊗ 𝑉3 The module structure is

𝑥 ⋅ (1 ⊗ 𝑣3) = 1 ⊗ 𝜌3(𝑥)(𝑣3) = −1 ⊗ 𝑣3

𝑦 ⋅ (1 ⊗ 𝑣3) = 1 ⊗ 𝜌3(𝑦)(𝑣3) = 1 ⊗ 𝑣3

The comodule structure is

𝛿(1 ⊗ 𝑣3) = 1 ⊗ (1 ⊗ 𝑣3)

Let 𝑤3 = 1 ⊗ 𝑣3 The braiding structure is

𝑐(𝑤3 ⊗ 𝑤3) = 𝑤3 ⊗ 𝑤3

Therefore dimℬ(𝑊3) = ∞, and GKdimℬ(𝑊3) = 1.
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For (𝜌4, 𝑉4), let 𝑉4 = 𝕜𝑣4. The module structure is

𝑥 ⋅ 𝑣4 = −𝑣4, 𝑦 ⋅ 𝑣4 = −𝑣4.

The corresponding Yetter-Drinfeld module 𝑊4 = 1 ⊗ 𝑉4 The module structure is

𝑥 ⋅ (1 ⊗ 𝑣4) = 1 ⊗ 𝜌4(𝑥)(𝑣4) = −1 ⊗ 𝑣4

𝑦 ⋅ (1 ⊗ 𝑣4) = 1 ⊗ 𝜌4(𝑦)(𝑣4) = −1 ⊗ 𝑣4

The comodule structure is

𝛿(1 ⊗ 𝑣4) = 1 ⊗ (1 ⊗ 𝑣4)

Let 𝑤4 = 1 ⊗ 𝑣4 The braiding structure is

𝑐(𝑤4 ⊗ 𝑤4) = 𝑤4 ⊗ 𝑤4

Therefore dimℬ(𝑊4) = ∞, and GKdimℬ(𝑊4) = 1.

For (𝜌5, 𝑉5), let {𝑣1, 𝑣2} be a basis of 𝑉5. The module structure is

𝑥 ⋅ 𝑣1 = i𝑣1, 𝑦 ⋅ 𝑣1 = 𝑣2, 𝑥 ⋅ 𝑣2 = −i𝑣2, 𝑦 ⋅ 𝑣2 = −𝑣1.

The corresponding Yetter-Drinfeld module 𝑊5 = 1 ⊗ 𝑉5 The module structure is

𝑥 ⋅ (1 ⊗ 𝑣1) = 1 ⊗ 𝜌5(𝑥)(𝑣1) = i ⊗ 𝑣1,

𝑦 ⋅ (1 ⊗ 𝑣1) = 1 ⊗ 𝜌5(𝑦)(𝑣1) = 1 ⊗ 𝑣2,

𝑥 ⋅ (1 ⊗ 𝑣2) = 1 ⊗ 𝜌5(𝑥)(𝑣2) = −i(1 ⊗ 𝑣2),

𝑦 ⋅ (1 ⊗ 𝑣2) = 1 ⊗ 𝜌5(𝑦)(𝑣2) = −1 ⊗ 𝑣1.
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The comodule structure is

𝛿(1 ⊗ 𝑣1) = 1 ⊗ (1 ⊗ 𝑣1), 𝛿(1 ⊗ 𝑣2) = 1 ⊗ (1 ⊗ 𝑣2).

Let 𝑢1 = 1 ⊗ 𝑣1, 𝑢2 = 1 ⊗ 𝑣2. The braiding structure is

𝑐(𝑢1 ⊗ 𝑢1) = 𝑢1 ⊗ 𝑢1, 𝑐(𝑢1 ⊗ 𝑢2) = 𝑢2 ⊗ 𝑢1,

𝑐(𝑢2 ⊗ 𝑢1) = 𝑢1 ⊗ 𝑢2, 𝑐(𝑢2 ⊗ 𝑢2) = 𝑢2 ⊗ 𝑢2.

Therefore dimℬ(𝑊5) = ∞, and GKdimℬ(𝑊5) = 2 by [1,Example 31].

Therefore, we have proved

Proposition 4.1.1. For any irreducible representation (𝜌, 𝑉 ) ∈ Irr(𝐺1), GKdimℬ(𝒪1, 𝜌) <

∞, and dimℬ(𝒪1, 𝜌) = ∞.

4.2 The Nichols algebras ℬ(𝒪𝑥, 𝜙)

As shown above, 𝒪𝑥 = {𝑥, 𝑥3}. 𝐺𝑥 = {1, 𝑥, 𝑥2, 𝑥3} ≅ Z4 is the cyclic group with

order 4. Therefore, all the irrreducible representations are (𝜙𝑡, 𝑈𝑡), 0 ⩽ 𝑡 ⩽ 3, which are

all 1-dimensional. Precisely,

𝑥𝑘 ⋅ 𝑢𝑡 = 𝜙𝑡(𝑥𝑘)(𝑢𝑡) = 𝑒𝑡𝜋i𝑘/2𝑢𝑡.

where i = √−1.

Clearly, (𝜙0, 𝑈0) is the trivial representation of 𝐺𝑥. Since

𝐺 = 𝐺𝑥 ∪ 𝑦𝐺𝑥,

the corresponding Yetter-Drinfeld module is 𝑀(𝒪𝑥, 𝜙0) = 𝕜𝐺 ⊗k𝐺𝑥 𝑈0 = 1 ⊗ 𝑈0 ⊕

𝑦 ⊗ 𝑈0.

Let 𝑣1 = 1 ⊗ 𝑢0, 𝑣2 = 𝑦 ⊗ 𝑢0. The 𝐺-module structure is

𝑥 ⋅ 𝑣1 = 𝑥 ⋅ (1 ⊗ 𝑢0) = 1 ⊗ 𝜙0(𝑥)(𝑢0) = 1 ⊗ 𝑢0 = 𝑣1,
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𝑦 ⋅ 𝑣1 = 𝑦 ⋅ (1 ⊗ 𝑢0) = 𝑦 ⊗ 𝜙0(1)(𝑢0) = 𝑦 ⊗ 𝑢0 = 𝑣2.

𝑥 ⋅ 𝑣2 = 𝑥 ⋅ (𝑦 ⊗ 𝑢0) = 𝑦 ⊗ 𝜙0(𝑥3)(𝑢0) = 𝑦 ⊗ 𝑢0 = 𝑣2,

𝑦 ⋅ 𝑣2 = 𝑦 ⋅ (𝑦 ⊗ 𝑢0) = 1 ⊗ 𝜙0(𝑥2)(𝑢0) = 1 ⊗ 𝑢0 = 𝑣1.

The 𝐺-comdule is

𝛿(𝑣1) = 𝛿(1 ⊗ 𝑢0) = (1 � 𝑥) ⊗ 𝑣1 = 𝑥 ⊗ 𝑣1,

𝛿(𝑣2) = 𝛿(𝑦 ⊗ 𝑢0) = (𝑦 � 𝑥) ⊗ 𝑣2 = 𝑥3 ⊗ 𝑣2.

The braiding structure is

𝑐(𝑣1 ⊗ 𝑣1) = 𝑣(−1)
1 ⋅ 𝑣1 ⊗ 𝑣(0)

1 = 𝑥 ⋅ 𝑣1 ⊗ 𝑣1 = 𝑣1 ⊗ 𝑣1,

𝑐(𝑣1 ⊗ 𝑣2) = 𝑣(−1)
1 ⋅ 𝑣2 ⊗ 𝑣(0)

1 = 𝑥 ⋅ 𝑣2 ⊗ 𝑣1 = 𝑣2 ⊗ 𝑣1,

𝑐(𝑣2 ⊗ 𝑣1) = 𝑣(−1)
2 ⋅ 𝑣1 ⊗ 𝑣(0)

2 = 𝑥3 ⋅ 𝑣1 ⊗ 𝑣2 = 𝑣1 ⊗ 𝑣2,

𝑐(𝑣2 ⊗ 𝑣2) = 𝑣(−1)
2 ⋅ 𝑣2 ⊗ 𝑣(0)

2 = 𝑥3 ⋅ 𝑣2 ⊗ 𝑣2 = 𝑣2 ⊗ 𝑣2,

which is of diagonal type with braiding matrix

q =
⎡
⎢
⎢
⎣

1 1

1 1

⎤
⎥
⎥
⎦

Therefore, dimℬ(𝒪𝑥, 𝜙0) = ∞, and GKdimℬ(𝒪𝑥, 𝜙0) = 2 by [1,Example 31].

For (𝜙1, 𝑈1), we compute the Yetter-Drinfeld module

𝑀(𝒪𝑥, 𝜙1) = 1 ⊗ 𝑈1 ⊕ 𝑦 ⊗ 𝑈1.

Let 𝑣1 = 1 ⊗ 𝑢1, 𝑣2 = 𝑦 ⊗ 𝑢1. 𝑞 = 𝑒𝜋i/2 ∈ 𝔾′
4.The 𝐺-module structure is

𝑥 ⋅ 𝑣1 = 𝑥 ⋅ (1 ⊗ 𝑢1) = 1 ⊗ 𝜙1(𝑥)(𝑢1) = 𝑒𝜋i/2𝑣1,

𝑦 ⋅ 𝑣1 = 𝑦 ⋅ (1 ⊗ 𝑢1) = 𝑦 ⊗ 𝜙1(1)(𝑢1) = 𝑣2.
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The 𝐺-comodule is

𝛿(𝑣1) = 𝛿(1 ⊗ 𝑢1) = (1 � 𝑥) ⊗ 𝑣1 = 𝑥 ⊗ 𝑣1,

𝛿(𝑣2) = 𝛿(𝑦 ⊗ 𝑢1) = (𝑦 � 𝑥) ⊗ 𝑣2 = 𝑥3 ⊗ 𝑣2.

The braiding structure is

𝑐(𝑣1 ⊗ 𝑣1) = 𝑣(−1)
1 ⋅ 𝑣1 ⊗ 𝑣(0)

1 = 𝑥 ⋅ 𝑣1 ⊗ 𝑣1 = 𝑞𝑣1 ⊗ 𝑣1,

𝑐(𝑣1 ⊗ 𝑣2) = 𝑣(−1)
1 ⋅ 𝑣2 ⊗ 𝑣(0)

1 = 𝑥 ⋅ 𝑣2 ⊗ 𝑣1 = 𝑞3𝑣2 ⊗ 𝑣1,

𝑐(𝑣2 ⊗ 𝑣1) = 𝑣(−1)
2 ⋅ 𝑣1 ⊗ 𝑣(0)

2 = 𝑥3 ⋅ 𝑣1 ⊗ 𝑣2 = 𝑞3𝑣1 ⊗ 𝑣2,

𝑐(𝑣2 ⊗ 𝑣2) = 𝑣(−1)
2 ⋅ 𝑣2 ⊗ 𝑣(0)

2 = 𝑥3 ⋅ 𝑣2 ⊗ 𝑣2 = 𝑞𝑣2 ⊗ 𝑣2.

This is of diagonal type with braiding matrix

q =
⎡
⎢
⎢
⎣

𝑞 𝑞3

𝑞3 𝑞

⎤
⎥
⎥
⎦

which is of affine Cartan type. Therefore dimℬ(𝒪𝑥, 𝜙1) = ∞, and GKdimℬ(𝒪𝑥, 𝜙1) =

∞ by going through the list of Heckenberger’s classification [34] and Lemma 2.7.1.

For (𝜙2, 𝑈2), we compute the Yetter-Drinfeld module

𝑀(𝒪𝑥, 𝜙2) = 1 ⊗ 𝑈2 ⊕ 𝑦 ⊗ 𝑈2.

Let 𝑣1 = 1 ⊗ 𝑢2, 𝑣2 = 𝑦 ⊗ 𝑢2, 𝑞 = 𝑒𝜋i/2 ∈ 𝔾′
4. Then 𝜙2(𝑢2) = 𝑞2𝑢2. The 𝐺-module

structure is

𝑥 ⋅ 𝑣1 = 𝑥 ⋅ (1 ⊗ 𝑢2) = 1 ⊗ 𝜙2(𝑥)(𝑢2) = 𝑒2𝜋i/2(1 ⊗ 𝑢2) = 𝑞2𝑣1,

𝑦 ⋅ 𝑣1 = 𝑦 ⋅ (1 ⊗ 𝑢2) = 𝑦 ⊗ 𝜙2(1)(𝑢2) = 𝑣2,

𝑥 ⋅ 𝑣2 = 𝑥 ⋅ (𝑦 ⊗ 𝑢2) = 𝑦 ⊗ 𝜙2(𝑥3)(𝑢2) = 𝑞2𝑣2,

𝑦 ⋅ 𝑣2 = 𝑦 ⋅ (𝑦 ⊗ 𝑢2) = 1 ⊗ 𝜙2(𝑥2)(𝑢2) = 𝑣1.
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The 𝕜𝐺-comodule is

𝛿(𝑣1) = 𝛿(1 ⊗ 𝑢2) = (1 � 𝑥) ⊗ 𝑣1 = 𝑥 ⊗ 𝑣1,

𝛿(𝑣2) = 𝛿(𝑦 ⊗ 𝑢2) = (𝑦 � 𝑥) ⊗ 𝑣2 = 𝑥3 ⊗ 𝑣2.

The braiding structure is

𝑐(𝑣1 ⊗ 𝑣1) = 𝑣(−1)
1 ⋅ 𝑣1 ⊗ 𝑣(0)

1 = 𝑥 ⋅ 𝑣1 ⊗ 𝑣1 = 𝑞2𝑣1 ⊗ 𝑣1,

𝑐(𝑣1 ⊗ 𝑣2) = 𝑣(−1)
1 ⋅ 𝑣2 ⊗ 𝑣(0)

1 = 𝑥 ⋅ 𝑣2 ⊗ 𝑣1 = 𝑞2𝑣2 ⊗ 𝑣1,

𝑐(𝑣2 ⊗ 𝑣1) = 𝑣(−1)
2 ⋅ 𝑣1 ⊗ 𝑣(0)

2 = 𝑥3 ⋅ 𝑣1 ⊗ 𝑣2 = 𝑞2𝑣1 ⊗ 𝑣2,

𝑐(𝑣2 ⊗ 𝑣2) = 𝑣(−1)
2 ⋅ 𝑣2 ⊗ 𝑣(0)

2 = 𝑥3 ⋅ 𝑣2 ⊗ 𝑣2 = 𝑞2𝑣2 ⊗ 𝑣2,

This is of diagonal type with braiding matrix

q =
⎡
⎢
⎢
⎣

−1 −1

−1 −1

⎤
⎥
⎥
⎦

By [1,Example 27], dimℬ(𝒪𝑥, 𝜙2) = 4, and GKdimℬ(𝒪𝑥, 𝜙2) = 0.

For the (𝜙3, 𝑈3), we compute the Yetter-Drinfeld module

𝑀(𝒪𝑥, 𝜙3) = 1 ⊗ 𝑈3 ⊕ 𝑦 ⊗ 𝑈3.

Let 𝑣1 = 1 ⊗ 𝑢3, 𝑣2 = 𝑦 ⊗ 𝑢3. 𝑞 = 𝑒𝜋i/2 ∈ 𝔾′
4. The 𝐺-module structure is

𝑥 ⋅ 𝑣1 = 𝑥 ⋅ (1 ⊗ 𝑢3) = 1 ⊗ 𝜙1(𝑥)(𝑢3) = 𝑒3𝜋i/2(1 ⊗ 𝑢3) = 𝑒3𝜋i/2𝑣1,

𝑦 ⋅ 𝑣1 = 𝑦 ⋅ (1 ⊗ 𝑢3) = 𝑦 ⊗ 𝜙1(1)(𝑢3) = 𝑣2.

The 𝐺-comodule is

𝛿(𝑣1) = 𝛿(1 ⊗ 𝑢3) = (1 � 𝑥) ⊗ 𝑣1 = 𝑥 ⊗ 𝑣1,

39



Chapter 4 Finite GK-dimensional Nichols Algebras over the quaternion group ℚ8

𝛿(𝑣2) = 𝛿(𝑦 ⊗ 𝑢3) = (𝑦 � 𝑥) ⊗ 𝑣2 = 𝑥3 ⊗ 𝑣2.

The braiding structure is

𝑐(𝑣1 ⊗ 𝑣1) = 𝑣(−1)
1 ⋅ 𝑣1 ⊗ 𝑣(0)

1 = 𝑥 ⋅ 𝑣1 ⊗ 𝑣1 = 𝑒3𝜋i/2𝑣1 ⊗ 𝑣1,

𝑐(𝑣1 ⊗ 𝑣2) = 𝑣(−1)
1 ⋅ 𝑣2 ⊗ 𝑣(0)

1 = 𝑥 ⋅ 𝑣2 ⊗ 𝑣1 = 𝑒3𝜋i/2𝑣2 ⊗ 𝑣1,

𝑐(𝑣2 ⊗ 𝑣1) = 𝑣(−1)
2 ⋅ 𝑣1 ⊗ 𝑣(0)

2 = 𝑥3 ⋅ 𝑣1 ⊗ 𝑣2 = 𝑒𝜋i/2𝑣1 ⊗ 𝑣2,

𝑐(𝑣2 ⊗ 𝑣2) = 𝑣(−1)
2 ⋅ 𝑣2 ⊗ 𝑣(0)

2 = 𝑥3 ⋅ 𝑣2 ⊗ 𝑣2 = 𝑒3𝜋i/2𝑣2 ⊗ 𝑣2,

This is of diagonal type with braiding matrix

q =
⎡
⎢
⎢
⎣

𝑒3𝜋i/2 𝑒3𝜋i/2

𝑒𝜋i/2 𝑒𝜋i/2

⎤
⎥
⎥
⎦

By [1,Example 27], dimℬ(𝒪𝑥, 𝜙3) = 4, and GKdimℬ(𝒪𝑥, 𝜙3) = 0.

Proposition 4.2.1. For any irreducible representation (𝜙, 𝑉 ) ∈ Irr(𝐺𝑥), GKdimℬ(𝒪𝑥, 𝜙) <

∞ if and only if 𝜙 = 𝜙0 or 𝜙 = 𝜙2; dimℬ(𝒪𝑥, 𝜙) < ∞ if and only if 𝜙 = 𝜙2.

4.3 The Nichols algebras ℬ(𝒪𝑥2, 𝜌)

It is shown that 𝒪𝑥2 = {𝑥2}, and 𝐺𝑥2 = 𝐺. It is shown that there are four 1-dim

irreducible representations (𝜌1, 𝑉1), (𝜌2, 𝑉2), (𝜌3, 𝑉3), (𝜌4, 𝑉4) and one 2-dim irreducible

representation, denoted by (𝜌5, 𝑉5).

For (𝜌1, 𝑉1) The corresponding Yetter-Drinfeld module 𝑀(𝒪𝑥2 , 𝜌1) = 1 ⊗ 𝑉1. Let

𝑤1 = 1 ⊗ 𝑣1. The module structure is

𝑥 ⋅ 𝑤1 = 𝑥 ⋅ (1 ⊗ 𝑣1) = 1 ⊗ 𝜌1(𝑥)(𝑣1) = 1 ⊗ 𝑣1 = 𝑤1,

𝑦 ⋅ 𝑤1 = 𝑦 ⋅ (1 ⊗ 𝑣1) = 1 ⊗ 𝜌1(𝑦)(𝑣1) = 1 ⊗ 𝑣1 = 𝑤1.
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4.3 The Nichols algebras ℬ(𝒪𝑥2 , 𝜌)

The comodule structure is

𝛿(𝑤1) = 𝜌(1 ⊗ 𝑣1) = 𝑥2 ⊗ (1 ⊗ 𝑣1) = 𝑥2 ⊗ 𝑤1.

The braiding structure is

𝑐(𝑤1 ⊗ 𝑤1) = 𝑤(−1)
1 ⋅ 𝑤1 ⊗ 𝑤(0)

1 = 𝑥2 ⋅ 𝑤1 ⊗ 𝑤1 = 𝑤1 ⊗ 𝑤1.

Therefore, dimℬ(𝒪𝑥2 , 𝜌1) = ∞, and GKdimℬ(𝒪𝑥2 , 𝜌1) = 1.

For (𝜌2, 𝑉2) The corresponding Yetter-Drinfeld module 𝑀(𝒪𝑥2 , 𝜌2) = 1 ⊗ 𝑉2. Let

𝑤2 = 1 ⊗ 𝑣2. The module structure is

𝑥 ⋅ 𝑤2 = 𝑥 ⋅ (1 ⊗ 𝑣2) = 1 ⊗ 𝜌2(𝑥)(𝑣2) = 1 ⊗ 𝑣2 = 𝑤2,

𝑦 ⋅ 𝑤2 = 𝑦 ⋅ (1 ⊗ 𝑣2) = 1 ⊗ 𝜌2(𝑦)(𝑣2) = −1 ⊗ 𝑣2 = −𝑤2.

The comodule structure is

𝛿(1 ⊗ 𝑣2) = 𝑥2 ⊗ (1 ⊗ 𝑣2) = 𝑥2 ⊗ 𝑤2.

The braiding structure is

𝑐(𝑤2 ⊗ 𝑤2) = 𝑤(−1)
2 ⋅ 𝑤2 ⊗ 𝑤(0)

2 = 𝑥2 ⋅ 𝑤2 ⊗ 𝑤2 = 𝑤2 ⊗ 𝑤2.

Therefore, dimℬ(𝒪𝑥2 , 𝜌2) = ∞, and GKdimℬ(𝒪𝑥2 , 𝜌2) = 1.

For (𝜌3, 𝑉3) The corresponding Yetter-Drinfeld module 𝑀(𝒪𝑥2 , 𝜌3) = 1 ⊗ 𝑉3. Let

𝑤3 = 1 ⊗ 𝑣3. The module structure is

𝑥 ⋅ 𝑤3 = 𝑥 ⋅ (1 ⊗ 𝑣3) = 1 ⊗ 𝜌3(𝑥)(𝑣3) = −1 ⊗ 𝑣3 = −𝑤3,

𝑦 ⋅ 𝑤3 = 𝑦 ⋅ (1 ⊗ 𝑣3) = 1 ⊗ 𝜌3(𝑦)(𝑣3) = 1 ⊗ 𝑣3 = 𝑤3.
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The comodule structure is

𝛿(1 ⊗ 𝑣3) = 𝑥2 ⊗ (1 ⊗ 𝑣3) = 𝑥2 ⊗ 𝑤3.

The braiding structure is

𝑐(𝑤3 ⊗ 𝑤3) = 𝑤(−1)
3 ⋅ 𝑤3 ⊗ 𝑤(0)

3 = 𝑥2 ⋅ 𝑤3 ⊗ 𝑤3 = 𝑤3 ⊗ 𝑤3.

Therefore, dimℬ(𝒪𝑥2 , 𝜌3) = ∞, and GKdimℬ(𝒪𝑥2 , 𝜌3) = 1.

For (𝜌4, 𝑉4) The corresponding Yetter-Drinfeld module 𝑀(𝒪𝑥2 , 𝜌4) = 1 ⊗ 𝑉4. Let

𝑤4 = 1 ⊗ 𝑣4. The module structure is

𝑥 ⋅ 𝑤4 = 𝑥 ⋅ (1 ⊗ 𝑣4) = 1 ⊗ 𝜌4(𝑥)(𝑣4) = −1 ⊗ 𝑣4 = −𝑤4,

𝑦 ⋅ 𝑤4 = 𝑦 ⋅ (1 ⊗ 𝑣4) = 1 ⊗ 𝜌4(𝑦)(𝑣4) = −1 ⊗ 𝑣4 = −𝑤4.

The comodule structure is

𝛿(1 ⊗ 𝑣4) = 𝑥2 ⊗ (1 ⊗ 𝑣4) = 𝑥2 ⊗ 𝑤4.

The braiding structure is

𝑐(𝑤4 ⊗ 𝑤4) = 𝑤(−1)
4 ⋅ 𝑤4 ⊗ 𝑤(0)

4 = 𝑥2 ⋅ 𝑤4 ⊗ 𝑤4 = 𝑤4 ⊗ 𝑤4.

Therefore, dimℬ(𝒪𝑥2 , 𝜌4) = ∞, and GKdimℬ(𝒪𝑥2 , 𝜌4) = 1.

For (𝜌5, 𝑉5), the corresponding Yetter-Drinfeld module 𝑀(𝒪𝑥2 , 𝜌5) = 1 ⊗ 𝑉5. Let

𝑤5 = 1 ⊗ 𝑣5, 𝑤6 = 1 ⊗ 𝑣6. The 𝐺-module structure is

𝑥 ⋅ 𝑤5 = 𝑥 ⋅ (1 ⊗ 𝑣5) = 1 ⊗ 𝜌5(𝑥)(𝑣5) = i(1 ⊗ 𝑣5) = i𝑤5,

𝑦 ⋅ 𝑤5 = 𝑦 ⋅ (1 ⊗ 𝑣5) = 1 ⊗ 𝜌5(𝑦)(𝑣5) = 1 ⊗ 𝑣6 = 𝑤6,

𝑥 ⋅ 𝑤6 = 𝑥 ⋅ (1 ⊗ 𝑣6) = 1 ⊗ 𝜌5(𝑥)(𝑣6) = −i(1 ⊗ 𝑣6) = −i𝑤6,

𝑦 ⋅ 𝑤6 = 𝑦 ⋅ (1 ⊗ 𝑣6) = 1 ⊗ 𝜌5(𝑦)(𝑣6) = −1 ⊗ 𝑣5 = −𝑤5.
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The 𝐺-comodule structure is

𝛿(𝑤5) = 𝑥2 ⊗ 𝑤5, 𝛿(𝑤6) = 𝑥2 ⊗ 𝑤6.

The braiding structure is

𝑐(𝑤5 ⊗ 𝑤5) = 𝑤(−1)
5 ⋅ 𝑤5 ⊗ 𝑤(0)

5 = 𝑥2 ⋅ 𝑤5 ⊗ 𝑤5 = −𝑤5 ⊗ 𝑤5,

𝑐(𝑤5 ⊗ 𝑤6) = 𝑤(−1)
5 ⋅ 𝑤6 ⊗ 𝑤(0)

5 = 𝑥2 ⋅ 𝑤6 ⊗ 𝑤5 = −𝑤6 ⊗ 𝑤5,

𝑐(𝑤6 ⊗ 𝑤5) = 𝑤(−1)
6 ⋅ 𝑤5 ⊗ 𝑤(0)

6 = 𝑥2 ⋅ 𝑤6 ⊗ 𝑤5 = −𝑤6 ⊗ 𝑤6,

𝑐(𝑤6 ⊗ 𝑤6) = 𝑤(−1)
6 ⋅ 𝑤6 ⊗ 𝑤(0)

6 = 𝑥2 ⋅ 𝑤6 ⊗ 𝑤6 = −𝑤6 ⊗ 𝑤6.

which is of diagonal type with braiding matrix

q =
⎡
⎢
⎢
⎣

−1 −1

−1 −1

⎤
⎥
⎥
⎦

Therefore, ℬ(𝒪𝑥2 , 𝜌5) ≅ Λ𝑀(𝒪𝑥2 , 𝜌5), the exterior algebra over 𝑀(𝒪𝑥2 , 𝜌5), which

implies dimℬ(𝒪𝑥2 , 𝜌5) = 4 and GKdimℬ(𝒪𝑥2 , 𝜌5) = 0.

Proposition 4.3.1. Let (𝜌, 𝑉 ) ∈ Irr(𝐺𝑥2) be any irreducible representation.

Then GKdimℬ(𝒪𝑥2 , 𝜌) < ∞. Moreover, dimℬ(𝒪𝑥2 , 𝜌) < ∞ if and only if 𝜌 = 𝜌5.

4.4 The Nichols algebras ℬ(𝒪𝑦, 𝜙)

For the conjugacy class 𝒪𝑦, 𝐺𝑦 = {1, 𝑦, 𝑥2𝑦, 𝑥2} = ⟨𝑦⟩ ≅ Z4. As we known,

Therefore, all the irrreducible representations are (𝜙𝑡, 𝑈𝑡), 0 ⩽ 𝑡 ⩽ 3, which are all

1-dimensional. Precisely,

𝑦𝑘 ⋅ 𝑢𝑡 = 𝜙𝑡(𝑦𝑘)(𝑢𝑡) = 𝑒𝑡𝜋i𝑘/2𝑢𝑡.

where i = √−1.
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Clearly, (𝜙0, 𝑈0) is the trivial representation of 𝐺𝑦. Since

𝐺 = 𝐺𝑦 ∪ 𝑥𝐺𝑦,

the corresponding Yetter-Drinfeld module is 𝑀(𝒪𝑦, 𝜙0) = 𝕜𝐺 ⊗k𝐺𝑦 𝑈0 = 1 ⊗ 𝑈0 ⊕

𝑥 ⊗ 𝑈0.

Let 𝑣1 = 1 ⊗ 𝑢0, 𝑣2 = 𝑥 ⊗ 𝑢0. The 𝐺-module structure is

𝑥 ⋅ 𝑣1 = 𝑥 ⋅ (1 ⊗ 𝑢0) = 𝑥 ⊗ 𝜙0(1)(𝑢0) = 𝑥 ⊗ 𝑢0 = 𝑣2,

𝑦 ⋅ 𝑣1 = 𝑦 ⋅ (1 ⊗ 𝑢0) = 1 ⊗ 𝜙0(𝑦)(𝑢0) = 1 ⊗ 𝑢0 = 𝑣1,

𝑥 ⋅ 𝑣2 = 𝑥 ⋅ (𝑥 ⊗ 𝑢0) = 1 ⊗ 𝜙0(𝑦2)(𝑢0) = 1 ⊗ 𝑢0 = 𝑣1,

𝑦 ⋅ 𝑣2 = 𝑦 ⋅ (𝑥 ⊗ 𝑢0) = 𝑥 ⊗ 𝜙0(𝑦3)(𝑢0) = 𝑥 ⊗ 𝑢0 = 𝑣2.

The 𝐺-comdule is

𝛿(𝑣1) = 𝛿(1 ⊗ 𝑢0) = (1 � 𝑦) ⊗ 𝑣1 = 𝑦 ⊗ 𝑣1,

𝛿(𝑣2) = 𝛿(𝑥 ⊗ 𝑢0) = (𝑥 � 𝑦) ⊗ 𝑣2 = 𝑦3 ⊗ 𝑣2.

The braiding structure is

𝑐(𝑣1 ⊗ 𝑣1) = 𝑣(−1)
1 ⋅ 𝑣1 ⊗ 𝑣(0)

1 = 𝑦 ⋅ 𝑣1 ⊗ 𝑣1 = 𝑣1 ⊗ 𝑣1,

𝑐(𝑣1 ⊗ 𝑣2) = 𝑣(−1)
1 ⋅ 𝑣2 ⊗ 𝑣(0)

1 = 𝑦 ⋅ 𝑣2 ⊗ 𝑣1 = 𝑣2 ⊗ 𝑣1,

𝑐(𝑣2 ⊗ 𝑣1) = 𝑣(−1)
2 ⋅ 𝑣1 ⊗ 𝑣(0)

2 = 𝑦3 ⋅ 𝑣1 ⊗ 𝑣2 = 𝑣1 ⊗ 𝑣2,

𝑐(𝑣2 ⊗ 𝑣2) = 𝑣(−1)
2 ⋅ 𝑣2 ⊗ 𝑣(0)

2 = 𝑦3 ⋅ 𝑣2 ⊗ 𝑣2 = 𝑣2 ⊗ 𝑣2,

which is of diagonal type with braiding matrix

q =
⎡
⎢
⎢
⎣

1 1

1 1

⎤
⎥
⎥
⎦

Therefore, dimℬ(𝒪𝑦, 𝜙0) = ∞, and GKdimℬ(𝒪𝑦, 𝜙0) = 2 by [1,Example 31].
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For (𝜙1, 𝑈1), the corresponding Yetter-Drinfeld module is 𝑀(𝒪𝑦, 𝜙1) = 𝕜𝐺 ⊗k𝐺𝑦

𝑈1 = 1 ⊗ 𝑈1 ⊕ 𝑥 ⊗ 𝑈1.

Let 𝑣1 = 1 ⊗ 𝑢1, 𝑣2 = 𝑥 ⊗ 𝑢1. The 𝐺-module structure is

𝑥 ⋅ 𝑣1 = 𝑥 ⋅ (1 ⊗ 𝑢1) = 𝑥 ⊗ 𝜙1(1)(𝑢1) = 𝑥 ⊗ 𝑢1 = 𝑣2,

𝑦 ⋅ 𝑣1 = 𝑦 ⋅ (1 ⊗ 𝑢1) = 1 ⊗ 𝜙1(𝑦)(𝑢1) = 𝑞(1 ⊗ 𝑢1) = 𝑞𝑣1,

𝑥 ⋅ 𝑣2 = 𝑥 ⋅ (𝑥 ⊗ 𝑢1) = 1 ⊗ 𝜙1(𝑦2)(𝑢1) = 𝑞2(1 ⊗ 𝑢1) = 𝑞2𝑣1,

𝑦 ⋅ 𝑣2 = 𝑦 ⋅ (𝑥 ⊗ 𝑢0) = 𝑥 ⊗ 𝜙1(𝑦3)(𝑢1) = 𝑞3(𝑥 ⊗ 𝑢1) = 𝑞3𝑣2.

The 𝐺-comdule is

𝛿(𝑣1) = 𝛿(1 ⊗ 𝑢1) = (1 � 𝑦) ⊗ 𝑣1 = 𝑦 ⊗ 𝑣1,

𝛿(𝑣2) = 𝛿(𝑥 ⊗ 𝑢1) = (𝑥 � 𝑦) ⊗ 𝑣2 = 𝑦3 ⊗ 𝑣2.

The braiding structure is

𝑐(𝑣1 ⊗ 𝑣1) = 𝑣(−1)
1 ⋅ 𝑣1 ⊗ 𝑣(0)

1 = 𝑦 ⋅ 𝑣1 ⊗ 𝑣1 = 𝑞𝑣1 ⊗ 𝑣1,

𝑐(𝑣1 ⊗ 𝑣2) = 𝑣(−1)
1 ⋅ 𝑣2 ⊗ 𝑣(0)

1 = 𝑦 ⋅ 𝑣2 ⊗ 𝑣1 = 𝑞3𝑣2 ⊗ 𝑣1,

𝑐(𝑣2 ⊗ 𝑣1) = 𝑣(−1)
2 ⋅ 𝑣1 ⊗ 𝑣(0)

2 = 𝑦3 ⋅ 𝑣1 ⊗ 𝑣2 = 𝑞3𝑣1 ⊗ 𝑣2,

𝑐(𝑣2 ⊗ 𝑣2) = 𝑣(−1)
2 ⋅ 𝑣2 ⊗ 𝑣(0)

2 = 𝑦3 ⋅ 𝑣2 ⊗ 𝑣2 = 𝑞𝑣2 ⊗ 𝑣2,

which is of diagonal type with braiding matrix

q =
⎡
⎢
⎢
⎣

𝑞 𝑞3

𝑞3 𝑞

⎤
⎥
⎥
⎦

Therefore, by going through the list of Heckenberger’s classification [34] and Lemma

2.7.1, dimℬ(𝒪𝑦, 𝜙1) = ∞, and GKdimℬ(𝒪𝑦, 𝜙1) = ∞.

For (𝜙2, 𝑈2), the corresponding Yetter-Drinfeld module is

𝑀(𝒪𝑦, 𝜙2) = 𝕜𝐺 ⊗k𝐺𝑦 𝑈2 = 1 ⊗ 𝑈2 ⊕ 𝑥 ⊗ 𝑈2.
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Let 𝑣1 = 1 ⊗ 𝑢2, 𝑣2 = 𝑥 ⊗ 𝑢2. The 𝐺-module structure is

𝑥 ⋅ 𝑣1 = 𝑥 ⋅ (1 ⊗ 𝑢2) = 𝑥 ⊗ 𝜙1(1)(𝑢2) = 𝑥 ⊗ 𝑢2 = 𝑣2,

𝑦 ⋅ 𝑣1 = 𝑦 ⋅ (1 ⊗ 𝑢2) = 1 ⊗ 𝜙1(𝑦)(𝑢2) = 𝑞2(1 ⊗ 𝑢2) = 𝑞2𝑣1,

𝑥 ⋅ 𝑣2 = 𝑥 ⋅ (𝑥 ⊗ 𝑢2) = 1 ⊗ 𝜙1(𝑦2)(𝑢2) = 1 ⊗ 𝑢2 = 𝑣1,

𝑦 ⋅ 𝑣2 = 𝑦 ⋅ (𝑥 ⊗ 𝑢2) = 𝑥 ⊗ 𝜙1(𝑦3)(𝑢2) = 𝑞6(𝑥 ⊗ 𝑢2) = 𝑞2𝑣2.

The 𝐺-comdule is

𝛿(𝑣1) = 𝛿(1 ⊗ 𝑢2) = (1 � 𝑦) ⊗ 𝑣1 = 𝑦 ⊗ 𝑣1,

𝛿(𝑣2) = 𝛿(𝑥 ⊗ 𝑢2) = (𝑥 � 𝑦) ⊗ 𝑣2 = 𝑦3 ⊗ 𝑣2.

The braiding structure is

𝑐(𝑣1 ⊗ 𝑣1) = 𝑣(−1)
1 ⋅ 𝑣1 ⊗ 𝑣(0)

1 = 𝑦 ⋅ 𝑣1 ⊗ 𝑣1 = 𝑞2𝑣1 ⊗ 𝑣1,

𝑐(𝑣1 ⊗ 𝑣2) = 𝑣(−1)
1 ⋅ 𝑣2 ⊗ 𝑣(0)

1 = 𝑦 ⋅ 𝑣2 ⊗ 𝑣1 = 𝑞2𝑣2 ⊗ 𝑣1,

𝑐(𝑣2 ⊗ 𝑣1) = 𝑣(−1)
2 ⋅ 𝑣1 ⊗ 𝑣(0)

2 = 𝑦3 ⋅ 𝑣1 ⊗ 𝑣2 = 𝑞2𝑣1 ⊗ 𝑣2,

𝑐(𝑣2 ⊗ 𝑣2) = 𝑣(−1)
2 ⋅ 𝑣2 ⊗ 𝑣(0)

2 = 𝑦3 ⋅ 𝑣2 ⊗ 𝑣2 = 𝑞2𝑣2 ⊗ 𝑣2,

which is of diagonal type with braiding matrix

q =
⎡
⎢
⎢
⎣

−1 −1

−1 −1

⎤
⎥
⎥
⎦

Therefore, by [1,Example 31], dimℬ(𝒪𝑦, 𝜙2) = 4, and GKdimℬ(𝒪𝑦, 𝜙2) = 0.

For (𝜙3, 𝑈3), the corresponding Yetter-Drinfeld module is

𝑀(𝒪𝑦, 𝜙3) = 𝕜𝐺 ⊗k𝐺𝑦 𝑈3 = 1 ⊗ 𝑈3 ⊕ 𝑥 ⊗ 𝑈3.
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Let 𝑣1 = 1 ⊗ 𝑢3, 𝑣2 = 𝑥 ⊗ 𝑢3. The 𝐺-module structure is

𝑥 ⋅ 𝑣1 = 𝑥 ⋅ (1 ⊗ 𝑢3) = 𝑥 ⊗ 𝜙3(1)(𝑢3) = 𝑥 ⊗ 𝑢3 = 𝑣2,

𝑦 ⋅ 𝑣1 = 𝑦 ⋅ (1 ⊗ 𝑢2) = 1 ⊗ 𝜙3(𝑦)(𝑢3) = 𝑞3(1 ⊗ 𝑢3) = 𝑞3𝑣1,

𝑥 ⋅ 𝑣2 = 𝑥 ⋅ (𝑥 ⊗ 𝑢3) = 1 ⊗ 𝜙3(𝑦2)(𝑢3) = 𝑞2(1 ⊗ 𝑢3) = 𝑞2𝑣1,

𝑦 ⋅ 𝑣2 = 𝑦 ⋅ (𝑥 ⊗ 𝑢3) = 𝑥 ⊗ 𝜙3(𝑦3)(𝑢3) = 𝑞(𝑥 ⊗ 𝑢3) = 𝑞𝑣2.

The 𝕜𝐺-comdule structure is

𝛿(𝑣1) = 𝛿(1 ⊗ 𝑢3) = (1 � 𝑦) ⊗ 𝑣1 = 𝑦 ⊗ 𝑣1,

𝛿(𝑣2) = 𝛿(𝑥 ⊗ 𝑢3) = (𝑥 � 𝑦) ⊗ 𝑣2 = 𝑦3 ⊗ 𝑣2.

The braiding structure is

𝑐(𝑣1 ⊗ 𝑣1) = 𝑣(−1)
1 ⋅ 𝑣1 ⊗ 𝑣(0)

1 = 𝑦 ⋅ 𝑣1 ⊗ 𝑣1 = 𝑞3𝑣1 ⊗ 𝑣1,

𝑐(𝑣1 ⊗ 𝑣2) = 𝑣(−1)
1 ⋅ 𝑣2 ⊗ 𝑣(0)

1 = 𝑦 ⋅ 𝑣2 ⊗ 𝑣1 = 𝑞𝑣2 ⊗ 𝑣1,

𝑐(𝑣2 ⊗ 𝑣1) = 𝑣(−1)
2 ⋅ 𝑣1 ⊗ 𝑣(0)

2 = 𝑦3 ⋅ 𝑣1 ⊗ 𝑣2 = 𝑞𝑣1 ⊗ 𝑣2,

𝑐(𝑣2 ⊗ 𝑣2) = 𝑣(−1)
2 ⋅ 𝑣2 ⊗ 𝑣(0)

2 = 𝑦3 ⋅ 𝑣2 ⊗ 𝑣2 = 𝑞3𝑣2 ⊗ 𝑣2,

which is of diagonal type with braiding matrix

q =
⎡
⎢
⎢
⎣

𝑞3 𝑞

𝑞 𝑞3

⎤
⎥
⎥
⎦

Therefore, by [1,Theorem 6] and going through the list of Heckenberger’s classification,

dimℬ(𝒪𝑦, 𝜙3) = ∞, and GKdimℬ(𝒪𝑦, 𝜙3) = ∞.

Proposition 4.4.1. For any irreducible representation (𝜙, 𝑉 ) ∈ Irr(𝐺𝑦), GKdimℬ(𝒪𝑦, 𝜙) <

∞ if and only if 𝜙 = 𝜙0 or 𝜙 = 𝜙2; and dimℬ(𝒪𝑦, 𝜙) < ∞ if and only if 𝜙 = 𝜙2;
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4.5 The Nichols algebras ℬ(𝒪𝑥𝑦, 𝜙)

For the conjugacy class 𝒪𝑥𝑦 = {𝑥𝑦, 𝑥3𝑦}, 𝐺𝑥𝑦 = {1, 𝑥𝑦, 𝑥2, 𝑥3𝑦} = ⟨𝑥𝑦⟩ ≅ Z4.

As we known, Therefore, all the irrreducible representations are (𝜙𝑡, 𝑈𝑡), 0 ⩽ 𝑡 ⩽ 3,

which are all 1-dimensional. Precisely,

(𝑥𝑦)𝑘 ⋅ 𝑢𝑡 = 𝜙𝑡((𝑥𝑦)𝑘)(𝑢𝑡) = 𝑒𝑡𝜋i𝑘/2𝑢𝑡.

where i = √−1.

Clearly, (𝜙0, 𝑈0) is the trivial representation of 𝐺𝑥𝑦. Since

𝐺 = 𝐺𝑥𝑦 ∪ 𝑦𝐺𝑥𝑦,

the corresponding Yetter-Drinfeld module is

𝑀(𝒪𝑥𝑦, 𝜙0) = 𝕜𝐺 ⊗k𝐺𝑥𝑦 𝑈0 = 1 ⊗ 𝑈0 ⊕ 𝑦 ⊗ 𝑈0.

Let 𝑣1 = 1 ⊗ 𝑢0, 𝑣2 = 𝑦 ⊗ 𝑢0. The 𝐺-module structure is

𝑥 ⋅ 𝑣1 = 𝑥 ⋅ (1 ⊗ 𝑢0) = 𝑦 ⊗ 𝜙0(𝑥𝑦)(𝑢0) = 𝑦 ⊗ 𝑢0 = 𝑣2,

𝑦 ⋅ 𝑣1 = 𝑦 ⋅ (1 ⊗ 𝑢0) = 𝑦 ⊗ 𝜙0(1)(𝑢0) = 𝑦 ⊗ 𝑢0 = 𝑣2,

𝑥 ⋅ 𝑣2 = 𝑥 ⋅ (𝑦 ⊗ 𝑢0) = 1 ⊗ 𝜙0(𝑥𝑦)(𝑢0) = 1 ⊗ 𝑢0 = 𝑣1,

𝑦 ⋅ 𝑣2 = 𝑦 ⋅ (𝑦 ⊗ 𝑢0) = 1 ⊗ 𝜙0((𝑥𝑦)2)(𝑢0) = 1 ⊗ 𝑢0 = 𝑣1.

and we have (𝑥𝑦) ⋅ 𝑣1 = 𝑣1, (𝑥𝑦) ⋅ 𝑣2 = 𝑣2.

The 𝕜𝐺-comdule is

𝛿(𝑣1) = 𝛿(1 ⊗ 𝑢0) = (1 � 𝑥𝑦) ⊗ 𝑣1 = 𝑥𝑦 ⊗ 𝑣1,

𝛿(𝑣2) = 𝛿(𝑥 ⊗ 𝑢0) = (𝑥 � 𝑥𝑦) ⊗ 𝑣2 = 𝑥3𝑦 ⊗ 𝑣2 = (𝑥𝑦)3 ⊗ 𝑣2.
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4.5 The Nichols algebras ℬ(𝒪𝑥𝑦, 𝜙)

The braiding structure is

𝑐(𝑣1 ⊗ 𝑣1) = 𝑣(−1)
1 ⋅ 𝑣1 ⊗ 𝑣(0)

1 = 𝑥𝑦 ⋅ 𝑣1 ⊗ 𝑣1 = 𝑣1 ⊗ 𝑣1,

𝑐(𝑣1 ⊗ 𝑣2) = 𝑣(−1)
1 ⋅ 𝑣2 ⊗ 𝑣(0)

1 = 𝑥𝑦 ⋅ 𝑣2 ⊗ 𝑣1 = 𝑣2 ⊗ 𝑣1,

𝑐(𝑣2 ⊗ 𝑣1) = 𝑣(−1)
2 ⋅ 𝑣1 ⊗ 𝑣(0)

2 = (𝑥𝑦)3 ⋅ 𝑣1 ⊗ 𝑣2 = 𝑣1 ⊗ 𝑣2,

𝑐(𝑣2 ⊗ 𝑣2) = 𝑣(−1)
2 ⋅ 𝑣2 ⊗ 𝑣(0)

2 = (𝑥𝑦)3 ⋅ 𝑣2 ⊗ 𝑣2 = 𝑣2 ⊗ 𝑣2,

which is of diagonal type with braiding matrix

q =
⎡
⎢
⎢
⎣

1 1

1 1

⎤
⎥
⎥
⎦

Therefore dimℬ(𝒪𝑥𝑦, 𝜙0) = ∞ and GKdimℬ(𝒪𝑥𝑦, 𝜙0) = 2 by [1,Example 31].

For (𝜙1, 𝑈1), the corresponding Yetter-Drinfeld module is

𝑀(𝒪𝑥𝑦, 𝜙1) = 𝕜𝐺 ⊗k𝐺𝑥𝑦 𝑈1 = 1 ⊗ 𝑈1 ⊕ 𝑥 ⊗ 𝑈1.

Let 𝑣1 = 1 ⊗ 𝑢1, 𝑣2 = 𝑥 ⊗ 𝑢1. The 𝕜𝐺-module structure is

𝑥 ⋅ 𝑣1 = 𝑥 ⋅ (1 ⊗ 𝑢1) = 𝑦 ⊗ 𝜙1(𝑥𝑦)(𝑢1) = 𝑞𝑦 ⊗ 𝑢1 = 𝑞𝑣2,

𝑦 ⋅ 𝑣1 = 𝑦 ⋅ (1 ⊗ 𝑢1) = 𝑦 ⊗ 𝜙1(1)(𝑢1) = 𝑦 ⊗ 𝑢1 = 𝑣2,

𝑥 ⋅ 𝑣2 = 𝑥 ⋅ (𝑦 ⊗ 𝑢1) = 1 ⊗ 𝜙1(𝑥𝑦)(𝑢1) = 𝑞(1 ⊗ 𝑢1) = 𝑞𝑣1,

𝑦 ⋅ 𝑣2 = 𝑦 ⋅ (𝑦 ⊗ 𝑢1) = 1 ⊗ 𝜙1((𝑥𝑦)2)(𝑢1) = 𝑞2(1 ⊗ 𝑢1) = 𝑞2𝑣1

and we have (𝑥𝑦) ⋅ 𝑣1 = 𝑞𝑣1, (𝑥𝑦) ⋅ 𝑣2 = 𝑞3𝑣2. The 𝕜𝐺-comdule is

𝛿(𝑣1) = 𝛿(1 ⊗ 𝑢1) = (1 � 𝑥𝑦) ⊗ 𝑣1 = 𝑥𝑦 ⊗ 𝑣1,

𝛿(𝑣2) = 𝛿(𝑦 ⊗ 𝑢1) = (𝑦 � 𝑥𝑦) ⊗ 𝑣2 = 𝑥3𝑦 ⊗ 𝑣2 = (𝑥𝑦)3 ⊗ 𝑣2.
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The braiding structure is

𝑐(𝑣1 ⊗ 𝑣1) = 𝑣(−1)
1 ⋅ 𝑣1 ⊗ 𝑣(0)

1 = 𝑥𝑦 ⋅ 𝑣1 ⊗ 𝑣1 = 𝑞𝑣1 ⊗ 𝑣1,

𝑐(𝑣1 ⊗ 𝑣2) = 𝑣(−1)
1 ⋅ 𝑣2 ⊗ 𝑣(0)

1 = 𝑥𝑦 ⋅ 𝑣2 ⊗ 𝑣1 = 𝑞3𝑣2 ⊗ 𝑣1,

𝑐(𝑣2 ⊗ 𝑣1) = 𝑣(−1)
2 ⋅ 𝑣1 ⊗ 𝑣(0)

2 = (𝑥𝑦)3 ⋅ 𝑣1 ⊗ 𝑣2 = 𝑞3𝑣1 ⊗ 𝑣2,

𝑐(𝑣2 ⊗ 𝑣2) = 𝑣(−1)
2 ⋅ 𝑣2 ⊗ 𝑣(0)

2 = (𝑥𝑦)3 ⋅ 𝑣2 ⊗ 𝑣2 = 𝑞𝑣2 ⊗ 𝑣2,

Therefore 𝑀(𝒪𝑥𝑦, 𝜙1) is of diagonal type with braiding matrix

⎡
⎢
⎢
⎣

𝑞 𝑞3

𝑞3 𝑞

⎤
⎥
⎥
⎦

Thus, dimℬ(𝒪𝑥𝑦, 𝜙1) = ∞ since it is of Cartan type. Moreover, GKdimℬ(𝒪𝑥𝑦, 𝜙1) =

∞ by comparing the table by Heckenberger.

For (𝜙2, 𝑈2), the corresponding Yetter-Drinfeld module is

𝑀(𝒪𝑥𝑦, 𝜙2) = 𝕜𝐺 ⊗k𝐺𝑥𝑦 𝑈2 = 1 ⊗ 𝑈2 ⊕ 𝑥 ⊗ 𝑈2.

Let 𝑣1 = 1 ⊗ 𝑢2, 𝑣2 = 𝑥 ⊗ 𝑢2. The 𝕜𝐺-module structure is

𝑥 ⋅ 𝑣1 = 𝑥 ⋅ (1 ⊗ 𝑢1) = 𝑦 ⊗ 𝜙1(𝑥𝑦)(𝑢2) = 𝑞2𝑦 ⊗ 𝑢1 = 𝑞2𝑣2,

𝑦 ⋅ 𝑣1 = 𝑦 ⋅ (1 ⊗ 𝑢2) = 𝑦 ⊗ 𝜙1(1)(𝑢2) = 𝑦 ⊗ 𝑢2 = 𝑣2,

𝑥 ⋅ 𝑣2 = 𝑥 ⋅ (𝑦 ⊗ 𝑢2) = 1 ⊗ 𝜙1(𝑥𝑦)(𝑢2) = 𝑞2(1 ⊗ 𝑢2) = 𝑞2𝑣1,

𝑦 ⋅ 𝑣2 = 𝑦 ⋅ (𝑦 ⊗ 𝑢2) = 1 ⊗ 𝜙1((𝑥𝑦)2)(𝑢2) = (1 ⊗ 𝑢2) = 𝑣1

and we have (𝑥𝑦) ⋅ 𝑣1 = 𝑞2𝑣1, (𝑥𝑦) ⋅ 𝑣2 = 𝑞2𝑣2. The 𝕜𝐺-comdule is

𝛿(𝑣1) = 𝛿(1 ⊗ 𝑢2) = (1 � 𝑥𝑦) ⊗ 𝑣1 = 𝑥𝑦 ⊗ 𝑣1,

𝛿(𝑣2) = 𝛿(𝑦 ⊗ 𝑢2) = (𝑦 � 𝑥𝑦) ⊗ 𝑣2 = 𝑥3𝑦 ⊗ 𝑣2 = (𝑥𝑦)3 ⊗ 𝑣2.
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The braiding structure is

𝑐(𝑣1 ⊗ 𝑣1) = 𝑣(−1)
1 ⋅ 𝑣1 ⊗ 𝑣(0)

1 = 𝑥𝑦 ⋅ 𝑣1 ⊗ 𝑣1 = 𝑞2𝑣1 ⊗ 𝑣1,

𝑐(𝑣1 ⊗ 𝑣2) = 𝑣(−1)
1 ⋅ 𝑣2 ⊗ 𝑣(0)

1 = 𝑥𝑦 ⋅ 𝑣2 ⊗ 𝑣1 = 𝑞2𝑣2 ⊗ 𝑣1,

𝑐(𝑣2 ⊗ 𝑣1) = 𝑣(−1)
2 ⋅ 𝑣1 ⊗ 𝑣(0)

2 = (𝑥𝑦)3 ⋅ 𝑣1 ⊗ 𝑣2 = 𝑞2𝑣1 ⊗ 𝑣2,

𝑐(𝑣2 ⊗ 𝑣2) = 𝑣(−1)
2 ⋅ 𝑣2 ⊗ 𝑣(0)

2 = (𝑥𝑦)3 ⋅ 𝑣2 ⊗ 𝑣2 = 𝑞2𝑣2 ⊗ 𝑣2,

Therefore 𝑀(𝒪𝑥𝑦, 𝜙2) is of diagonal type with braiding matrix

⎡
⎢
⎢
⎣

−1 −1

−1 −1

⎤
⎥
⎥
⎦

Thus, dimℬ(𝒪𝑥𝑦, 𝜙2) = 4 and GKdimℬ(𝒪𝑥𝑦, 𝜙2) = 0 by [1,Example 31]. Therefore,

we have proved:

Proposition 4.5.1. For any irreducible representation (𝜙, 𝑉 ) ∈ Irr(𝐺𝑥𝑦), GKdimℬ(𝒪𝑥𝑦, 𝜙) <

∞ if and only if 𝜙 = 𝜙0 or 𝜙 = 𝜙2; and dimℬ(𝒪𝑥𝑦, 𝜙) < ∞ if and only if 𝜙 = 𝜙2.

4.6 Finite GK-dimensional Nichols algebras of semisimple Yetter-

Drinfeld modules over ℚ8

By the argument above, there are 16 mutually nonisomorphic irreducible Yetter-

Drinfeld modules 𝑉 with GKdimℬ(𝑉 ) < ∞. These are

𝑀(𝒪1, 𝜌𝑖), 𝑀(𝒪𝑥2 , 𝜌𝑖), 𝑀(𝒪𝑥, 𝜙0), 𝑀(𝒪𝑥, 𝜙2),

𝑀(𝒪𝑦, 𝜙0), 𝑀(𝒪𝑦, 𝜙2), 𝑀(𝒪𝑥𝑦, 𝜙0), 𝑀(𝒪𝑥𝑦, 𝜙2),

where 1 ⩽ 𝑖 ⩽ 5.

Nowwe consider the Nichols algebras of semisimple Yetter-Drinfeldmodules over

ℚ8.

Proposition 4.6.1. The following hold:
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(1) GKdimℬ(𝑀(𝒪1, 𝜌𝑖) ⊕ 𝑀(𝒪1, 𝜌𝑗)) < ∞ for all 1 ⩽ 𝑖, 𝑗 ⩽ 5.

(2) Let 𝑐 ∈ {𝑥, 𝑦, 𝑥𝑦}.Then GKdimℬ(𝑀(𝒪𝑐 , 𝜙𝑖) ⊕ 𝑀(𝒪𝑐 , 𝜙𝑗)) < ∞ if and only if

𝑖 = 𝑗 ∈ {0, 2}.

(3) GKdimℬ(𝑀(𝒪𝑥2 , 𝜌𝑖)⊕𝑀(𝒪𝑥2 , 𝜌𝑗)) < ∞ if and only if 1 ⩽ 𝑖, 𝑗 ⩽ 4, or 𝑖 = 𝑗 = 5.

(4) Let 𝑐 ∈ {1, 𝑥2} and 𝑗 ∈ {0, 2}. Then GKdimℬ(𝑀(𝒪𝑐 , 𝜌𝑖) ⊕ 𝑀(𝒪𝑥, 𝜙𝑗)) < ∞ if

and only if 𝑖 ∈ {1, 2}.

(5) GKdimℬ(𝑀(𝒪1, 𝜌𝑖) ⊕ 𝑀(𝒪𝑥2 , 𝜌𝑗)) < ∞ if and only if 1 ⩽ 𝑖 ⩽ 4, and 1 ⩽ 𝑗 ⩽ 5.

(6) Let 𝑐 ∈ {1, 𝑥2} and 𝑗 ∈ {0, 2}. GKdimℬ(𝑀(𝒪𝑐 , 𝜌𝑖) ⊕ 𝑀(𝒪𝑦, 𝜙𝑗)) < ∞ if

𝑖 ∈ {1, 3}.

(7) Let 𝑐 ∈ {1, 𝑥2} and 𝑗 ∈ {0, 2}.GKdimℬ(𝑀(𝒪𝑐 , 𝜌𝑖) ⊕ 𝑀(𝒪𝑥𝑦, 𝜙0)) < ∞ if

𝑖 ∈ {1, 4}.

PROOF. (1) For 1 ⩽ 𝑖, 𝑗 ⩽ 4 The braiding matrix of 𝑀(𝒪1, 𝜌𝑖) ⊕ 𝑀(𝒪1, 𝜌𝑗) is

⎡
⎢
⎢
⎣

1 1

1 1

⎤
⎥
⎥
⎦

Therefore, GKdimℬ(𝑀(𝒪1, 𝜌𝑖) ⊕ 𝑀(𝒪1, 𝜌𝑗)) = 2. For 1 ⩽ 𝑖 ⩽ 4,

The braiding matrix of 𝑀(𝒪1, 𝜌𝑖) ⊕ 𝑀(𝒪1, 𝜌5) is

⎡
⎢
⎢
⎢
⎢
⎣

1 1 1

1 1 1

1 1 1

⎤
⎥
⎥
⎥
⎥
⎦

Thus, GKdimℬ(𝑀(𝒪1, 𝜌𝑖) ⊕ 𝑀(𝒪1, 𝜌5)) = 3 by [1,Example 27]. In a similar
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way, we see that the braiding matrix of 𝑀(𝒪1, 𝜌5) ⊕ 𝑀(𝒪1, 𝜌5) is

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

1 1 1 1

1 1 1 1

1 1 1 1

1 1 1 1

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

Thus, GKdimℬ(𝑀(𝒪1, 𝜌5) ⊕ 𝑀(𝒪1, 𝜌5)) = 4 by [1,Example 27].

(2) The braiding matrix of 𝑀(𝒪𝑥, 𝜙0) ⊕ 𝑀(𝒪𝑥, 𝜙0) is

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

1 1 1 1

1 1 1 1

1 1 1 1

1 1 1 1

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

.

Therefore, GKdimℬ(𝑀(𝒪𝑥, 𝜙0) ⊕ 𝑀(𝒪𝑥, 𝜙0)) = 4. The braiding matrix of

𝑀(𝒪𝑥, 𝜙2) ⊕ 𝑀(𝒪𝑥, 𝜙2) is

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

−1 −1 −1 −1

−1 −1 −1 −1

−1 −1 −1 −1

−1 −1 −1 −1

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

.

Therefore, GKdimℬ(𝑀(𝒪𝑥, 𝜙0) ⊕ 𝑀(𝒪𝑥, 𝜙0)) = 0 by [1,Example 27]. For

𝑀(𝒪𝑥, 𝜙0) ⊕ 𝑀(𝒪𝑥, 𝜙2), we see the generalized Dynkin diagram is

∘ ∘ ∘

∘

1 -1 1

-1

-1 -1

-1 -1

Therefore, ℬ(𝑀(𝒪𝑥, 𝜙0) ⊕ 𝑀(𝒪𝑥, 𝜙2)) = ∞ by going through the tables of

Heckenberger.

The cases when 𝑐 ∈ {𝑦, 𝑥𝑦} are proved in the same way.
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(3) Let 1 ⩽ 𝑖, 𝑗 ⩽ 4. The braiding matrix is

⎡
⎢
⎢
⎣

1 1

1 1

⎤
⎥
⎥
⎦

Therefore,ℬ(𝑀(𝒪𝑥2 , 𝜌𝑖)⊕𝑀(𝒪𝑥2 , 𝜌𝑗)) = 2. The braidingmatrix of𝑀(𝒪𝑥2 , 𝜌5)⊕

𝑀(𝒪𝑥2 , 𝜌5)

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

−1 −1 −1 −1

−1 −1 −1 −1

−1 −1 −1 −1

−1 −1 −1 −1

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

.

Therefore, GKdimℬ(𝑀(𝒪𝑥2 , 𝜌5) ⊕ 𝑀(𝒪𝑥2 , 𝜌5)) = 0 by [1,Example 27].

Let 1 ⩽ 𝑖 ⩽ 4. The generalized Dynkin diagram of 𝑀(𝒪𝑥2 , 𝜌𝑖) ⊕ 𝑀(𝒪𝑥2 , 𝜌5) is

∘ ∘ ∘-1 1 -1-1 -1

Therefore, GKdimℬ(𝑀(𝒪𝑥2 , 𝜌𝑖) ⊕ 𝑀(𝒪𝑥2 , 𝜌5)) = ∞.

(4) Let 𝑐 ∈ {1, 𝑥2} and 𝑖 ∈ {1, 2}. The braiding matrix of 𝑀(𝒪𝑐 , 𝜌𝑖) ⊕ 𝑀(𝒪𝑥, 𝜙0)

is

⎡
⎢
⎢
⎢
⎢
⎣

1 1 1

1 1 1

1 1 1

⎤
⎥
⎥
⎥
⎥
⎦

.

Therefore, GKdimℬ(𝑀(𝒪𝑐 , 𝜌𝑖) ⊕ 𝑀(𝒪𝑥, 𝜙0)) = 3 by [1,Example 27].

The braiding matrix of 𝑀(𝒪𝑐 , 𝜌𝑖) ⊕ 𝑀(𝒪𝑥, 𝜙2) is

⎡
⎢
⎢
⎢
⎢
⎣

1 1 1

1 −1 −1

1 −1 −1

⎤
⎥
⎥
⎥
⎥
⎦

.
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Therefore, GKdimℬ(𝑀(𝒪𝑐 , 𝜌𝑖) ⊕ 𝑀(𝒪𝑥, 𝜙0)) < ∞ [1,Example 27]. For the

remaining cases, see the table of generalized Dynkin diagrams.

Cases Gener. Dynkin diagrams GKdimℬ

𝑀(𝒪1, 𝜌3) ⊕ 𝑀(𝒪𝑥, 𝜙0) ∘ ∘ ∘1 1 1-1 -1 ∞

𝑀(𝒪1, 𝜌3) ⊕ 𝑀(𝒪𝑥, 𝜙2) ∘ ∘ ∘-1 1 -1-1 -1 ∞

𝑀(𝒪1, 𝜌4) ⊕ 𝑀(𝒪𝑥, 𝜙0) ∘ ∘ ∘1 1 1-1 -1 ∞

𝑀(𝒪1, 𝜌4) ⊕ 𝑀(𝒪𝑥, 𝜙2) ∘ ∘ ∘-1 1 -1-1 -1 ∞

𝑀(𝒪1, 𝜌5) ⊕ 𝑀(𝒪𝑥, 𝜙0)
∘ ∘ ∘

∘

1 1 1

1

i -i

i -i ∞

𝑀(𝒪1, 𝜌5) ⊕ 𝑀(𝒪𝑥, 𝜙2)
∘ ∘ ∘

∘

1 -1 1

-1

i -i

i -i ∞

𝑀(𝒪𝑥2 , 𝜌3) ⊕ 𝑀(𝒪𝑥, 𝜙0) ∘ ∘ ∘1 1 1-1 -1 ∞

𝑀(𝒪𝑥2 , 𝜌3) ⊕ 𝑀(𝒪𝑥, 𝜙2) ∘ ∘ ∘-1 1 -1-1 -1 ∞

𝑀(𝒪𝑥2 , 𝜌4) ⊕ 𝑀(𝒪𝑥, 𝜙0) ∘ ∘ ∘1 1 1-1 -1 ∞

𝑀(𝒪𝑥2 , 𝜌4) ⊕ 𝑀(𝒪𝑥, 𝜙2) ∘ ∘ ∘-1 1 -1-1 -1 ∞

𝑀(𝒪𝑥2 , 𝜌5) ⊕ 𝑀(𝒪𝑥, 𝜙0)
∘ ∘ ∘

∘

1 1 1

1

i -i

i -i ∞

𝑀(𝒪𝑥2 , 𝜌5) ⊕ 𝑀(𝒪𝑥, 𝜙2)
∘ ∘ ∘

∘

1 -1 1

-1

i -i

i -i ∞

The infiniteness of Gelfand-Kirillov dimension of the corresponding Nichols al-

gebras are achieved by looking through the list in [32,Lemma 9] and by [20,Theorem

1.2]

(5) Let 1 ⩽ 𝑖, 𝑗 ⩽ 4. Then the braiding matrix of 𝑀(𝒪1, 𝜌𝑖) ⊕ 𝑀(𝒪𝑥2 , 𝜌𝑗) is

⎡
⎢
⎢
⎣

1 1

1 1

⎤
⎥
⎥
⎦

.

Therefore, GKdimℬ(𝑀(𝒪1, 𝜌𝑖)⊕𝑀(𝒪𝑥2 , 𝜌𝑗)) = 2, by [1,Example 27] or [1,Example
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31].

For 1 ⩽ 𝑖 ⩽ 4, the braiding matrix of 𝑀(𝒪1, 𝜌𝑖) ⊕ 𝑀(𝒪𝑥2 , 𝜌5) is

⎡
⎢
⎢
⎢
⎢
⎣

1 1 1

1 −1 −1

1 −1 −1

⎤
⎥
⎥
⎥
⎥
⎦

.

Therefore, GKdimℬ(𝑀(𝒪1, 𝜌𝑖) ⊕ 𝑀(𝒪𝑥2 , 𝜌5)) < ∞, by [1,Example 27]. For the

remaining cases, see the following table.

Cases Gener. Dynkin diagrams GKdimℬ

𝑀(𝒪1, 𝜌5) ⊕ 𝑀(𝒪𝑥2 , 𝜌𝑖), 1 ⩽ 𝑖 ⩽ 4 ∘ ∘ ∘1 1 1-1 -1 ∞

𝑀(𝒪1, 𝜌5) ⊕ 𝑀(𝒪𝑥2 , 𝜌5)
∘ ∘ ∘

∘

1 -1 1

-1

-1 -1

-1 -1 ∞

(6) The braiding matrix of 𝑀(𝒪1, 𝜌1) ⊕ 𝑀(𝒪𝑦, 𝜙0) is

⎡
⎢
⎢
⎢
⎢
⎣

1 1 1

1 1 1

1 1 1

⎤
⎥
⎥
⎥
⎥
⎦

.

Therefore, GKdimℬ(𝑀(𝒪1, 𝜌1) ⊕ 𝑀(𝒪𝑦, 𝜙0)) = 3, by [1,Example 27].

The braiding matrix of 𝑀(𝒪1, 𝜌1) ⊕ 𝑀(𝒪𝑦, 𝜙2) is

⎡
⎢
⎢
⎢
⎢
⎣

1 1 1

1 −1 −1

1 −1 −1

⎤
⎥
⎥
⎥
⎥
⎦

.

Therefore, GKdimℬ(𝑀(𝒪1, 𝜌1) ⊕ 𝑀(𝒪𝑦, 𝜙2)) < ∞, by [1,Example 27].

The cases for GKdimℬ(𝑀(𝒪𝑥2 , 𝜌𝑖) ⊕ 𝑀(𝒪𝑦, 𝜙𝑗)) are proved in a similar way.

(7) Similar to (6).
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