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南京大学研究生毕业论文中文摘要首页用纸

毕业论文题目：李代数 sl2[t]/(t
m+1)的量子化

数学 专业 2023 级硕士生姓名： 赵卓一

指导教师（姓名、职称）： 刘公祥 教授

摘 要

李双代数的概念由 Drinfeld于 20世纪 80年代引入，作为量子群经典极限

的代数框架。这一概念不仅统一了经典 Yang-Baxter方程解的理论，还为量子群

的构造提供了系统的代数基础。关于单李代数及其流代数上李双代数结构的分

类，目前已取得诸多显著成果。李双代数与其量子化（QUE代数）之间的联系

亦属重要研究课题。最著名的拟三角 QUE代数被称为量子群，它们是对可对称

化 Kac-Moody代数上标准李双代数结构的量子化。

本文旨在对截断流代数 gm := sl2[t]/(t
m+1)的李双代数结构进行初步研究，

并且构造标准李双代数 (gm, δr0)的一个量子化 Uh(gm)。我们证明了 gm 上的任

意李双代数结构均是上边界的，且由唯一的反对称 r-矩阵诱导。我们给出了 gm

上两类（拟）三角李双代数结构，它们可视为 sl2上两个非平凡李双代数结构的

推广。为了揭示 gm上李双代数结构的复杂性，我们完整描述了一类拟三角李双

代数结构。通过建立 Uh(gm)的拓扑 PBW基，我们证明了 Uh(gm)是 (gm, δr0)的

量子化。最后，一个细致的上同调论证说明 (gm, δr0)作为 U(gm)的代数形变在

(mod h4)意义下是平凡的。

关键词：李双代数；量子化；截断流代数；Hopf代数
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POSTGRADUATE: Zhuoyi Zhao

MENTOR: Professor Gongxiang Liu

ABSTRACT
The concept of Lie bialgebras was introduced by Drinfeld in the 1980s as the alge-

braic framework for the classical limit of quantum group. This concept not only unifies

the theory of solutions to the classical Yang-Baxter equation but also provides a sys-

tematic algebraic foundation for the construction of quantum groups. Many remarkable

results on classfying Lie bialgebra structures on simple Lie algebras and their current al-

gebras have been obtained. Connection between Lie bialgebras and their quantizations,

QUE algebras, is also an important topic. The most famous quasitriangular QUE alge-

bras are called quantum groups, which are quantizations of the standard Lie bialgebra

structures on symmetrizable Kac-Moody algebras.

The aim of this paper is to give a preliminary study on the Lie bialgebra structures

on truncated current algebra gm := sl2[t]/(t
m+1) and establish a quantizationUh(gm) of

the so-called standard Lie bialgebra (gm, δr0). We show that any Lie bialgebra structure

on gm is coboundary and induced by an unique antisymmetric r-matrix. Two types of

(quasi)triangular Lie bialgebra structures on gm are constructed, which can be viewed

as generalizations of the two nontrivial Lie bialgebra structures on sl2. To show the

complexity of Lie bialgebra structures on gm, a class of quasitriangular Lie bialgebra

structures is totally described. We establish a topological PBWbasis ofUh(gm) to prove

that Uh(gm) is a quantization of (gm, δr0). Finally, a careful argument on cohomology

illustrates that (gm, δr0) is trivial as an algebra deformation (mod h4) of U(gm).

KEYWORDS: Lie bialgebras; Quantization; Truncated current algebras; Hopf algebras
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Chapter 1

Introduction

1.1 Background
The concept of Lie bialgebras was introduced by Drinfeld in the 1980s as the algebraic framework

for the classical limit of quantum groups [1]. A Lie bialgebra simultaneously carries a Lie algebra
structure and a Lie coalgebra structure, satisfying a certain compatibility condition. This concept
not only unifies the theory of solutions to the classical Yang-Baxter equation (CYBE) but also
provides a systematic algebraic foundation for the construction of quantum groups.

It is natural to classify Lie bialgebras on a given Lie algebra g. Many important and re-
markable results have been obtained: Belavin and Drinfeld provided a classification of the non-
skew-symmetric solutions of CYBE for simple Lie algebras [2]. It is known that the problem of
constructing skew-symmetric solutions of CYBE is equivalent to find all quasi-Frobenius Lie sub-
algebras of g if dim g <∞, which is still open even if g is simple [3, 4]. Lie bialgebra structures on
current algebras g[t] or g[[t]] are also studied for g simple: Montaner, Stolin and Zelmanov showed
that Lie bialgebra structures on g[[t]] are in one-to-one correspondence with generalized Belavin-
Drinfeld triple data on g, and any Lie bialgebra structure on g[t] either arises from a structure on
g[[t]] or is generated by a quasi-trigonometric r-matrix [5]. A work by Abedin, Maximov, Stolin
and Zelmanov classified topological Lie bialgebra structures on g[[t]] [6]. Lie bialgebra structures
on loop algebras are also studied by Abedin and Maximov [7].

Connection between Lie bialgebras and their quantizations, QUE algebras, is also an important
topic. For a finite dimensional Lie algebra g, any QUE algebra Uh(g) gives a Lie bialgebra structure
(g, δ). Conversely, any Lie bialgebra structure on g has a quantization [8, 9]. As quasitriangular Lie
bialgebras provide solutions of CYBE, quasitriangular QUE algebras provide solutions of quantum
Yang-Baxter equation (QYBE). The most famous quasitriangular QUE algebras are called quantum
groups, which are quantizations of the standard Lie bialgebra structures on symmetrizable Kac-
Moody algebras. See Example 2.3.6 and 2.4.6 or [3, 10, 11, 12] for more details.

The first truncated current Lie algebra appeared in the work of Takiff [13], and so they are
often referred to as Takiff Lie algebras. In [13] Takiff showed that the symmetric invariant alge-
bra S(g[t]/(t2))g[t]/(t2) is a polynomial algebra on 2 rank(g) variables for some simple Lie algebra
g. Later, Raïs and Tauvel extended Takiff’s theorem for S(g[t]/(tm+1))g[t]/(t

m+1) and successfully
described the center of U(g[t]/(tm+1)) [14]. Based on their work, Chaffe and Topley studied the
BGG category O of g[t]/(tm+1) [15]. There is also a connection between truncated current Lie
algebras and finite W-algebras given by Brundan and Kleshchev [16].

1.2 Main results and organizations
In this paper we mainly concern Lie bialgebra structures on the truncated current Lie algebra

sl2[t]/(tm+1) and construct a quantization of the so-called standard Lie bialgebra (sl2[t]/(tm+1), δr0).
The key results will be presented along with the structure of the article.

1



Chapter 1 Introduction

In Chapter 2 we recall some basic notations and concepts, including Lie algebras and their
representations, cohomology of Lie algebras, Lie bialgebras and their quantizations. The standard
Lie bialgebra structures on simple Lie algebras and their quantization, quantum groups, are briefly
reviewed. Some results used in the following chapters are also proved here.

The main topic of Chapter 3 is to study Lie bialgebra structures on sl2[t]/(tm+1). We first
provide a basic observation on modules of sl2[t]/(tm+1) in Section 3.1, which relies on the rep-
resentation theory of sl2. A special submodule of (sl2[t]/(tm+1))⊗n is also totally described here
for later application in Section 4.5, which is also a natural realization of the sl2[t]/(tm+1)-mod
V (2i) ⊗ k[t]/(tn+1). In Section 3.2 we show that any Lie bialgebra structures on sl2[t]/(tm+1) is
coboundary by proving that H1(sl2[t]/(tm+1), sl2[t]/(tm+1)⊗ sl2[t]/(tm+1)) = 0. Then by general-
izing the method in Example 2.3.6 we obtain a class of Lie bialgebra structures on sl2[t]/(tm+1)
via Manin triples, which is one-to-one correspondent with invertible elements in k[t]/(tm+1). Two
more general (quasi)triangular Lie bialgebra structures are immediately deduced and classified up
to gauge equivalence, except r0 and r0 + rm, which are not gauge equivalent in the case m = 1.
We call (sl2[t]/(tm+1), r0) the standard Lie bialgebra structure on sl2[t]/(tm+1). To show the com-
plexity of Lie bialgebra structures on sl2[t]/(tm+1), by imitating the approach in [2], in Section 3.3
we find out a class of solutions of CYBE up to orthogonal automorphisms in the case m = 1 after
a tedious calculation.

Chapter 4 provides a quantization Uh(sl2[t]/(tm+1)) of the standard Lie bialgebra
(sl2[t]/(tm+1), δr0). Sections 4.2-4.4 are contributed to prove the construction given in Theorem
4.1.1 is the desired quantization respect to Definition 2.4.4. In particular, Section 4.4 establishes a
topological basis of Uh(sl2[t]/(tm+1)). Finally, a primary research on how trivial Uh(sl2[t]/(tm+1))
is as an algebra deformation of U(sl2[t]/(tm+1)) is given in Section 4.5, providing that the co-
efficients of all h’s power in the multiplication of Uh(sl2[t]/(tm+1)) are 2-coboundaries. A care-
ful argument is applied there to achieve our goal. As a corollary, we have Uh(sl2[t]/(tm+1)) ∼=
U(sl2[t]/(tm+1))[[h]] (mod h4).
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Chapter 2

Preliminaries

In this paper k is always an algebraically closed field of characteristic zero and all vector spaces
are over k.

2.1 Lie algebras and their representations
In this section we recall some basic results on Lie algebras and their representations (modules)

for later application. For details see [17, 18].

Definition 2.1.1. A Lie algebra over k is a k-vector space g equipped with a bilinear map [−,−] :
g × g → g such that: (1) [x, x] = 0 for all x ∈ g; (2) [[x, y], z] + [[y, z], x] + [[z, x], y] = 0 for all
x, y, z ∈ g. [−,−] is called the Lie bracket of g.

Let g be a Lie algebra. A g-mod or a representation of g is a tuple (V, ϕ), where V is a k-vector
space and ϕ : g → Endk(V ) is a linear map, such that ϕ([x, y]) = ϕ(x)ϕ(y) − ϕ(y)ϕ(x) for all
x, y ∈ V . Denote ϕ(x)(v) by x.v for all x ∈ g and v ∈ V , then x.(y.v) − y.(x.v) = [x, y].v. A
g-submodule of V is a subspace W such that g.W ⊆ W . It is clear that (k, 0) is a g-mod, called
the trivial g-mod. There is also an important g-mod (g, ad), called the adjoint representation of g,
where ad(x)(y) = [x, y] for all x, y ∈ g.

A g-mod V is called irreducible or simple if V has no proper submodules. g is called simple if
(g, ad) is simple and [g, g] = g.

The simplest simple Lie algebra is sl2 = k{H,X, Y }, whose Lie bracket is as follows:

[H,X] = 2X, [H,Y ] = −2Y, [X,Y ] = H.

By [17, Section 7], we have

Proposition 2.1.2. Let n be a non-negative integer. If V is an (n + 1)-dimensional irreducible
sl2-mod, then there exists a basis {v0, v1, . . . , vn} such that

H.vi = (n− 2i)vi, X.vi = (n− i+ 1)vi−1, Y.vi = (i+ 1)vi+1,

where v−1 = vn+1 = 0. Therefore any two (n+1)-dimensional irreducible sl2-mods are isomorphic,
and we can say the (n+ 1)-dimensional irreducible sl2-mod and denote it by V (n).

The following lemma is a useful method to construct irreducible submodules of a given finite
dimensional sl2-mod.

Lemma 2.1.3. Let V be a finite-dimensional sl2-mod and n be a non-negative integer. Let v ∈ V
be a nonzero vector such that H.v = nv and X.v = 0 (such v is called a maximal vector of weight
n in V ). Then sl2.v is an (n+ 1)-dimensional irreducible submodule of V .

3



Chapter 2 Preliminaries

Proof. Denote vj = (j!)−1Y j .v for j ∈ N and v−1 = 0, then an easy computation shows that
H.vi = (n − 2i)vi and X.vi = (n − i + 1)vi−1. Therefore k{vi | i ∈ N} is a submodule of V .
Since V is finite dimensional, there exists m ∈ N such that vi 6= 0 if and only if 0 ≤ i ≤ m. In
particular, 0 = X.vm+1 = (n −m)vm, hence m = n. Then sl2.v = k{v0, . . . , vn} is isomorphic to
the (n+ 1)-dimensional irreducible sl2-mod.

For any k-vector space V , positive integer n and τ ∈ Sn, let pτ : V ⊗n → V ⊗n be the linear map
such that pτ (v1⊗ v2⊗ · · ·⊗ vn) = vτ(1)⊗ · · ·⊗ vτ(n). We also denote wτ := pτ (w) for any w ∈ V ⊗n.
Define a linear map σ : V ⊗n → V ⊗n as follows:

σ(v1 ⊗ v2 ⊗ · · · ⊗ vn) =
1

n!

∑
τ∈Sn

pτ (v1 ⊗ v2 ⊗ · · · ⊗ vn), ∀v1, v2, . . . , vn ∈ V.

Let SnV = ker(σ − idV ⊗n). Similarly, define a linear map Λ : V ⊗n → V ⊗n as follows:

Λ(v1 ⊗ v2 ⊗ · · · ⊗ vn) =
1

n!

∑
τ∈Sn

(−1)τpτ (v1 ⊗ v2 ⊗ · · · ⊗ vn), ∀v1, v2, . . . , vn ∈ V.

Let ΛnV = ImΛ. We denote v1 ∧ v2 ∧ · · · ∧ vn := n!Λ(v1 ⊗ · · · ⊗ vn) for any vi ∈ V . If dimV <∞,
then

dimSnV =

(
n+ dimV − 1

dimV − 1

)
, dimΛnV =

(
dimV

n

)
.

Suppose V is a g-mod, then σ,Λ are g-mod maps and SnV,ΛnV are g-submodules of V ⊗n. For later
application, we give the decomposition of SnV , where V is the 3-dimensional irreducible sl2-mod.
Some combinatorial identities are required.

Lemma 2.1.4. (1) Let p, q be non-negative integers. Then

q∑
j=0

(−1)j

(
2q
2j

)(
p+2q−2j

q−j

)(
p+2q+1−j

j

)(
2p+4q−4j
2q−2j

)(
2p+4q+2−2j

2j

) = δq,0. (2.1.1)

(2) Let n, i, k be non-negative integers such that n ≥ 2i ≥ 2k. Then

k∑
j=0

(−1)j

(
n+1−i−j
n+1−2i

)(
k
j

)(
2n+2−2i−2j
2n+2−4i

) = (−1)k22k
(2n+ 2− 4i)!(n+ 1− i)!(n− 2i+ k)!(2i− 2k)!

(n+ 1− 2i)!(2n+ 2− 2i)!(n− 2i)!(i− k)!
. (2.1.2)

4



2.1 Lie algebras and their representations

Proof. (1) It is clear that (2.1.1) holds for q = 0. Now suppose q ≥ 1. Then

1

(2q − 1)!!

q∑
j=0

(−1)j

(
2q
2j

)(
p+2q−2j

q−j

)(
p+2q+1−j

j

)(
2p+4q−4j
2q−2j

)(
2p+4q+2−2j

2j

)
=

q∑
j=0

(−1)j
(
q

j

)
2p+ 4q + 1− 4j

(2p+ 4q + 1− 2j)(2p+ 4q − 1− 2j) · · · (2p+ 2q + 1− 2j)

=

q∑
j=0

(−1)j

(
1

(2p+ 4q + 1− 2j)(2p+ 4q − 1− 2j) · · · (2p+ 2q + 3− 2j)

(
q

j

)

+
2q

(2p+ 4q + 1− 2j)(2p+ 4q − 1− 2j) · · · (2p+ 2q + 1− 2j)

(
q − 1

j

))

=

q∑
j=0

(−1)j
[

1

(2p+ 4q + 1− 2j)(2p+ 4q − 1− 2j) · · · (2p+ 2q + 3− 2j)

((
q − 1

j

)
+

(
q − 1

j − 1

))

+
2q

(2p+ 4q + 1− 2j)(2p+ 4q − 1− 2j) · · · (2p+ 2q + 1− 2j)

(
q − 1

j

)]
=

q−1∑
j=0

(−1)j
1

(2p+ 4q − 1− 2j)(2p+ 4q − 3− 2j) · · · (2p+ 2q + 1− 2j)

(
q − 1

j

)

+

q∑
j=1

(−1)j
1

(2p+ 4q + 1− 2j)(2p+ 4q − 1− 2j) · · · (2p+ 2q + 3− 2j)

(
q − 1

j − 1

)
=0.

(2) Denote the LHS and RHS of (2.1.2) by An,i,k and Bn,i,k respectively. It is clear that
An,i,k = Bn,i,k if k = i = 0. Now suppose n ≥ 2i ≥ 2k ≥ 2 and An′,i′,k′ = Bn′,i′,k′ for all possible
n′, i′, k′ with n′ + i′ + k′ < n+ i+ k. Then

k∑
j=0

(−1)j

(
n+1−i−j
n+1−2i

)(
k
j

)(
2n+2−2i−2j
2n+2−4i

)
=

k−1∑
j=0

(−1)j
(
n+1−i−j
n+1−2i

)(
2n+2−2i−2j
2n+2−4i

)(k − 1

j

)
+

k∑
j=1

(−1)j
(
n+1−i−j
n+1−2i

)(
2n+2−2i−2j
2n+2−4i

)(k − 1

j − 1

)

=

k−1∑
j=0

(−1)j
(
n+1−i−j
n+1−2i

)(
2n+2−2i−2j
2n+2−4i

)(k − 1

j

)
−

k−1∑
j=0

(−1)j
(
n−i−j
n+1−2i

)(
2n−2i−2j
2n+2−4i

)(k − 1

j

)
=An,i,k−1 −An−2,i−1,k−1

=Bn,i,k−1 −Bn−2,i−1,k−1

=Bn,i,k.

An induction on n+ i+ k completes the proof.

The following lemma completely describes the structure of SnV (2).

Lemma 2.1.5. Let V = k{v0, v1, v2} be the 3-dimensional irreducible sl2-mod such that

H.vi = (2− 2i)vi, X.vi = (3− i)vi−1, Y.vi = (i+ 1)vi+1,

where v−1 = v3 = 0. Let n be a positive integer and M = SnV . Then

M ∼=
⌊n
2
⌋⊕

i=0

V (2n− 4i).

5



Chapter 2 Preliminaries

More explicitly, for any partition (n0, n1, n2) of n, denote

un0,n1,n2 :=
n!

n0!n1!n2!
σ(v0 ⊗ · · · ⊗ v0 ⊗ v1 ⊗ · · · ⊗ v1 ⊗ v2 ⊗ · · · ⊗ v2),

where v0 ⊗ · · · ⊗ v0 ⊗ v1 ⊗ · · · ⊗ v1 ⊗ v2 ⊗ · · · ⊗ v2 is the tenser product of ni vi’s. Let w0 = un,0,0
and for any 1 ≤ i ≤ bn2 c, we define wi recursively as follows:

wi = un−i,0,i −
i−1∑
j=0

1

(2i− 2j)!

(
n− 2j

i− j

)(
2n− 4j

2i− 2j

)−1

Y 2i−2j .wj .

Then wi ∈M is a maximal vector of weight 2n− 4i and

M =

⌊n
2
⌋⊕

i=0

sl2.wi.

Moreover, M is generated by u0,n,0 = v1 ⊗ · · · ⊗ v1 and

u0,n,0 =

⌊n
2
⌋∑

i=0

(−1)i
2n−2i(n− 2i)!

(2n− 4i)!
Y n−2i.wi.

Proof. It is clear that wi ∈M for each i by definition. First we show that for any 0 ≤ i ≤ bn2 c,

wi =

i∑
j=0

(−1)j

(2j)!

(
n+ 1 + j − 2i

j

)(
2n+ 2 + 2j − 4i

2j

)−1

Y 2j .un−i+j,0,i−j . (2.1.3)

We use induction on i. The case i = 0 is apparent. Now suppose 1 ≤ i ≤ bn2 c and (2.1.3) holds for
all j < i. Then by definition

un−i,0,i − wi =
i−1∑
j=0

1

(2i− 2j)!

(
n− 2j

i− j

)(
2n− 4j

2i− 2j

)−1

Y 2i−2j .wj

=
i−1∑
j=0

j∑
k=0

(−1)k

(2i− 2j)!(2k)!

(
n−2j
i−j

)(
n+1+k−2j

k

)(
2n−4j
2i−2j

)(
2n+2+2k−4j

2k

)Y 2i−2j+2k.un−j+k,0,j−k

=

i−1∑
j=0

j∑
k=0

(−1)j−k

(2i− 2j)!(2j − 2k)!

(
n−2j
i−j

)(
n+1−k−j

j−k

)(
2n−4j
2i−2j

)(
2n+2−2k−2j

2j−2k

)Y 2i−2k.un−k,0,k

=

i−1∑
k=0

i−k−1∑
j=0

(−1)j

(2i− 2j − 2k)!(2j)!

(
n−2j−2k
i−j−k

)(
n+1−2k−j

j

)(
2n−4j−4k
2i−2j−2k

)(
2n+2−4k−2j

2j

)Y 2i−2k.un−k,0,k

=

i−1∑
k=0

i−k−1∑
j=0

(−1)j

(2i− 2k)!

(
2i−2k
2j

)(
n−2j−2k
i−j−k

)(
n+1−2k−j

j

)(
2n−4j−4k
2i−2j−2k

)(
2n+2−4k−2j

2j

) Y 2i−2k.un−k,0,k

=−
i−1∑
k=0

(−1)i−k

(2i− 2k)!

(
n+ 1− i− k

i− k

)(
2n+ 2− 2k − 2i

2i− 2k

)−1

Y 2i−2k.un−k,0,k,

where the last equality comes from (2.1.1) by setting p = n − 2i and q = i − k. Therefore (2.1.3)
holds for all i by induction hypothesis.

An easy induction shows that for any s ≥ 0 and 0 ≤ k ≤ n,

Y s.un−k,0,k =
s∑

j=0,
2|j+s

s!

(
k + s−j

2

k

)
un−k− s+j

2
,j,k+ s−j

2
.
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Therefore

wi =

i∑
j=0

(−1)j

(2j)!

(
n+ 1 + j − 2i

j

)(
2n+ 2 + 2j − 4i

2j

)−1

Y 2j .un−i+j,0,i−j

=
i∑

j=0

(−1)j

(2j)!

(
n+ 1 + j − 2i

j

)(
2n+ 2 + 2j − 4i

2j

)−1 j∑
k=0

(2j)!

(
i− k

i− j

)
un−i−k,2k,i−k

=
i∑

k=0

i−k∑
j=0

(−1)i−j

(
n+ 1− i− j

i− j

)(
2n+ 2− 2i− 2j

2i− 2j

)−1(i− k

j

)
un−i−k,2k,i−k

=

i∑
k=0

(−1)k22(i−k) (2n+ 2− 4i)!(n+ 1− i)!(2k)!(n− i− k)!

(n+ 1− 2i)!(2n+ 2− 2i)!k!(n− 2i)!
un−i−k,2k,i−k,

where the last equality is obtained from (2.1.2). Now we can compute H.wi and X.wi:

H.wi

=

i∑
j=0

(−1)j

(2j)!

(
n+ 1 + j − 2i

j

)(
2n+ 2 + 2j − 4i

2j

)−1

H.(Y 2j .un−i+j,0,i−j)

=
i∑

j=0

(−1)j

(2j)!

(
n+ 1 + j − 2i

j

)(
2n+ 2 + 2j − 4i

2j

)−1

(2(n− i+ j)− 2(i− j)− 4j)Y 2j .un−i+j,0,i−j

=(2n− 4i)wi,

and

X.wi

=

i∑
k=0

(−1)k22(i−k) (2n+ 2− 4i)!(n+ 1− i)!(2k)!(n− i− k)!

(n+ 1− 2i)!(2n+ 2− 2i)!k!(n− 2i)!
X.un−i−k,2k,i−k

=
i∑

k=0

(−1)k22(i−k) (2n+ 2− 4i)!(n+ 1− i)!(2k)!(n− i− k)!

(n+ 1− 2i)!(2n+ 2− 2i)!k!(n− 2i)!

· (2(n− i− k + 1)un−i−k+1,2k−1,i−k + (2k + 1)un−i−k,2k+1,i−k−1)

=

i−1∑
k=0

(
(−1)k+122(i−k−1) (2n+ 2− 4i)!(n+ 1− i)!(2k + 2)!(n− i− k − 1)!

(n+ 1− 2i)!(2n+ 2− 2i)!(k + 1)!(n− 2i)!
2(n− i− k)

+ (−1)k22(i−k) (2n+ 2− 4i)!(n+ 1− i)!(2k)!(n− i− k)!

(n+ 1− 2i)!(2n+ 2− 2i)!k!(n− 2i)!
(2k + 1)

)
un−i−k,2k+1,i−k−1

=
i−1∑
k=0

(−1)k22(i−k−1) (2n+ 2− 4i)!(n+ 1− i)!

(n+ 1− 2i)!(2n+ 2− 2i)!(n− 2i)!(
−(2k + 2)!(n− i− k − 1)!

(k + 1)!
2(n− i− k) + 22

(2k)!(n− i− k)!

k!
(2k + 1)

)
un−i−k,2k+1,i−k−1

=0.

Thanks to Lemma 2.1.3, sl2.wi is a (2n− 4i+ 1)-dimensional irreducible submodule of M for each
0 ≤ i ≤ bn2 c. Moreover, since

⌊n
2
⌋∑

i=0

dim sl2.wi =

⌊n
2
⌋∑

i=0

(2n− 4i+ 1) =

(
n+ 2

2

)
= dimM,

7
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we have

M =

⌊n
2
⌋⊕

i=0

sl2.wi
∼=

⌊n
2
⌋⊕

i=0

V (2n− 4i).

Finally,
⌊n
2
⌋∑

i=0

(−1)i
2n−2i(n− 2i)!

(2n− 4i)!
Y n−2i.wi

=

⌊n
2
⌋∑

i=0

i∑
j=0

(−1)i+j 2
n−2i(n− 2i)!

(2n− 4i)!(2j)!

(
n+ 1 + j − 2i

j

)(
2n+ 2 + 2j − 4i

2j

)−1

Y n−2i+2j .un−i+j,0,i−j

=

⌊n
2
⌋∑

i=0

i∑
j=0

(−1)i+j 2n+ 1− 4i

(2n+ 1 + 2j − 4i)!!(2j)!!
Y n−2i+2j .un−i+j,0,i−j

=

⌊n
2
⌋∑

i=0

i∑
j=0

(−1)j
2n+ 1− 4i

(2n+ 1− 2j − 2i)!!(2i− 2j)!!
Y n−2j .un−j,0,j

=

⌊n
2
⌋∑

j=0

⌊n
2
⌋∑

i=j

(−1)j
2n+ 1− 4i

(2n+ 1− 2j − 2i)!!(2i− 2j)!!
Y n−2j .un−j,0,j

=

⌊n
2
⌋∑

j=0

⌊n
2
⌋−j∑

i=0

(−1)j
2n+ 1− 4i− 4j

(2n+ 1− 4j − 2i)!!(2i)!!
Y n−2j .un−j,0,j

=

⌊n
2
⌋∑

j=0

(−1)jY n−2j .un−j,0,j

⌊n
2
⌋−j∑

i=0

(
2n+ 1− 2i− 4j

(2n+ 1− 4j − 2i)!!(2i)!!
− 2i

(2n+ 1− 4j − 2i)!!(2i)!!

)

=

⌊n
2
⌋∑

j=0

(−1)j
1

(n− 2j)!
Y n−2j .un−j,0,j

=

⌊n
2
⌋∑

j=0

n−2j∑
k=0
2|n+k

(−1)j
(n−k

2

j

)
un−k

2
,k,n−k

2

=
n∑

k=0
2|n+k

n−k
2∑

j=0

(−1)j
(n−k

2

j

)
un−k

2
,k,n−k

2

=u0,n,0.

Therefore M is generated by u0,n,0.

2.2 Cohomology of Lie algebras
From now on g is always a Lie algebra. In this section we recall the cohomology theory of Lie

algebras and establish the equivalence between the cohomology of g and the Hochschild cohomology
of its universal enveloping algebra U(g).

Definition 2.2.1. Let g be a Lie algebra and M be a g-mod. The n-th cohomology group Hn(g,M)
of g with coefficients in M is defined as ExtnU(g)(k,M).

Let Λng be the n-th exterior product of the k-vector space g. For n > 0 let Cn(g,M) =
Homk(Λ

ng,M) be the space of all antisymmetric n-linear maps from g to M . Set C0(g,M) = M .

8
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The elements of Cn(g,M) is called n-cochains on g with coefficients in M . By [10, Chapter XVIII],
there exists a complex as follows:

0 → C0(g,M)
d0g−→ C1(g,M)

d1g−→ · · · → Cn(g,M)
dng−→ Cn+1(g,M) → · · · , (2.2.1)

where for f ∈ Cn(g,M),

(dng f)(x0, x1, . . . , xn) =

n∑
i=0

(−1)ixif(x0, . . . , x̂i, . . . , xn) (2.2.2)

+
∑

0≤i<j≤n

(−1)i+jf([xi, xj ], x1, . . . , x̂i, . . . , x̂j , . . . , xn) (2.2.3)

for all x0, . . . , xn ∈ g. The hat ̂ on a letter means that it has been omitted. The kernel and the
image in Cn(g,M) of derivation dg is denoted by Zn(g,M) and Bn(g,M). An element of Zn(g,M)
is called an n-cocycle on g with coefficients in M whereas an element of Bn(g,M) is called an
n-coboundary on g with coefficients in M .

Proposition 2.2.2. The n-th cohomology group Zn(g,M)/Bn(g,M) of complex (2.2.1) is exactly
Hn(g,M) for any g-mod M and n ∈ N.

Proof. The following projective resolution of trivial U(g)-mod k completes the proof:

· · · → U(g)⊗k Λ
ng

δgn−→ U(g)⊗k Λ
n−1g

δgn−1−−−→ · · · → U(g)⊗k Λ
1g

δg1−→ U(g)
ϵ−→ k → 0, (2.2.4)

where ϵ is the counit of Hopf algebra U(g) and

δgn(u⊗ x1 ∧ · · · ∧ xn) =
n∑

i=1

(−1)i+1uxi ⊗ x1 ∧ · · · ∧ x̂i ∧ · · · ∧ xn

+
∑

1≤i<j≤n

(−1)i+ju⊗ [xi, xj ] ∧ x1 ∧ · · · ∧ x̂i ∧ · · · ∧ x̂j ∧ · · · ∧ xn.

For details see [19, Section 7.7] or [20, Chapter XIII, Section 7].

An important result of cohomology of simple Lie algebras must be mentioned.

Proposition 2.2.3. Let g be a simple Lie algebra and M be a finite dimensional g-mod. Then
H1(g,M) = H2(g,M) = 0. More generally, Hn(g,M) ∼= Hn(g, k) ⊗Mg as vector spaces for any
n ≥ 0.

Let us review the definition of Hochschild cohomology of an algebra. Let A be a k-algebra
and Ae := A ⊗k A

op be the enveloping algebra of A. Any A-bimodule is a left Ae-mod and vice
versa. Suppose N is an A-bimodule, for n > 0 let Cn(A,N) = Homk(A

⊗n, N) be the space of all
n-bilinear maps from An to N . Set C0(A,N) = N . By [19, Chapter 9] or [21, Chapter 11], there
exists a complex as follows:

0 → C0(A,N)
d0A−→ C1(A,N)

d1A−→ · · · → Cn(A,N)
dnA−→ Cn+1(A,N) → · · · , (2.2.5)

where for f ∈ Cn(A,N),

(dnAf)(x1, . . . , xn+1) =x1f(x2, . . . , xn+1)

+

n∑
i=1

(−1)if(x1, . . . , xixi+1, . . . , xn+1) + (−1)n+1f(x1, . . . , xn)xn+1

for all x1, . . . , xn+1 ∈ A. Denote the kernel and the image in Cn(A,N) of derivation dA by Zn(A,N)
and Bn(A,N) respectively. Elements of Zn(A,N) and Bn(A,N) are called n-th cocycles and n-th
coboundaries on A with coefficients in N respectively. The n-th Hochschild cohomology group of A
with coefficients in N is defined as HHn(A,N) := Zn(A,N)/Bn(A,N).

9
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Proposition 2.2.4. Let A be a A-bimodule in the natural way. Then HHn(A,N) = ExtnAe(A,N)
for any A-bimodule N and n ∈ N.

Proof. The desired result follows from the following projective resolution of A as a left Ae-mod:

· · · → A⊗(n+2) δAn−→ A⊗(n+1)
δAn−1−−−→ · · · −→ A⊗3 δn1−→ Ae µ−→ A→ 0, (2.2.6)

where µ is the multiplication of A and

δAn (x0 ⊗ · · · ⊗ xn+1) =

n∑
i=0

(−1)ix0 ⊗ · · · ⊗ (xixi+1)⊗ · · · ⊗ xn+1.

For details see [20, Chapter IX, Section 6] .

Now we suppose A is a Hopf algebra. Let V,W be two left A-mods, then Homk(V,W ) and
V ⊗k W are also left A-mods via:

(x.f)(v) :=
∑

x(1)f(S(a(2))v), x.(v ⊗ w) :=
∑

x(1)v ⊗ x(2)w.

There are natural isomorphisms:

Homk(U ⊗k V,W ) ∼= Homk(U,Homk(V,W )), HomA(U ⊗k V,W ) ∼= HomA(U,Homk(V,W )).

If A is cocommutative then U ⊗k V ∼= V ⊗k U as A-mods, hence

Homk(U ⊗k V,W ) ∼= Homk(V,Homk(U,W )), HomA(U ⊗k V,W ) ∼= HomA(V,Homk(U,W )).

Suppose P and V are left A-mods and P is projective, then P ⊗k V is a projective left A-mod since
HomA(P ⊗k V, ∗) ∼= HomA(P,Homk(V, ∗)). If A is cocommutative then V ⊗k P is also projective.
For right A-mods there is also a similar argument.

Lemma 2.2.5. Let (A,m, u,∆, ϵ, S) be a Hopf algebra. Then:
(1) there exists an injective algebra homomorphism η : A→ Ae defined by:

η(x) =
∑

x(1) ⊗ S(x(2)).

(2) Consider Ae to be a right A-mod via right multiplication by elements of η(A). Then Ae⊗Ak ∼= A
as left Ae-mods.
(3) If the antipode S is bijective, then Ae is a projective right A-mod.

Proof. The proof of statement (1) is a routine verification. For statement (2), we give isomorphisms
f : A→ Ae ⊗A k and g : Ae ⊗ k → A as follows:

f(x) := x⊗ 1⊗ 1, g(x⊗ y ⊗ 1) := xy.

One can easily check that g ◦ f = idA and f ◦ g = idAe⊗k.
Now suppose S is bijective. Equip A and Aop right A-mod structures by multiplication on A

and by multiplication by S(A) on Aop. Then S becomes an isomorphism of right A-mods since
S(b.a) = S(ba) = S(a)S(b) = S(b).a for all a, b ∈ A. Moreover, S induces an isomorphism of right
A-mods from A⊗A to A⊗Aop = Ae. Therefore Ae is a projective right A-mod.

Suppose N is an A-bimodule, let Nad be the left A-mod whose module structure is defined by

x.a :=
∑

x(1)aS(x2), ∀x ∈ A, a ∈ N.

Proposition 2.2.6. Let A be a Hopf algebra with invertible antipode. Then for any A-bimodule N
and n ∈ N, HHn(A,N) ∼= ExtnA(k, Nad).
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Proof. Take a projective resolution P • of left A-mod k. Since Ae is a projective right A-mod,
then Ae ⊗A P • is a projective resolution of left Ae-mod Ae ⊗A k. By Lemma 2.2.5 Ae ⊗A k ∼=
A as left Ae-mods. For any A-bimodule M , there holds HomAe(Ae,M) ∼= Mad as left A-mod.
Therefore HomAe(Ae⊗A P

•,M) ∼= HomA(P
•,HomAe(Ae,M)) ∼= HomA(P

•,Mad). Finally we have
HHn(A,N) ∼= ExtnAe(A,N) ∼= ExtnA(k, Nad).

Now let A be the universal enveloping algebra U(g) of some Lie algebra g. Any g-mod M is
also a left U(g)-mod and vice versa. Hence HHn(U(g),M) ∼= Hn(g,Mad) by Proposition 2.2.6. For
latter application we give an isomorphism between HHn(U(g),M) and Hn(g,Mad).

Proposition 2.2.7. Let g be a Lie algebra over k and M be a U(g)-bimodule. For any n ∈ N,
there exists an isomorphism ϕn as vector spaces:

ϕn : HHn(U(g),M) → Hn(g,Mad)

f +Bn(U(g),M) 7→ fσ +Bn(g,Mad),

where
fσ(x1, . . . , xn) =

∑
τ∈Sn

(−1)τf(xτ(1), . . . , xτ(n)), ∀x1, . . . , xn ∈ g.

Proof. (2.2.4) and (2.2.6) give projective resolution X• of left U(g)-mod k and projective resolution
P • of left U(g)e-mod U(g) respectively. We only need to give a chain map φ• : U(g)e⊗U(g)X

• → P •

which yields the expected isomorphisms. Indeed, φ is as follows: for any a⊗ c⊗ b⊗ x1 ∧ · · · ∧ xn ∈
U(g)e ⊗U(g) U(g)⊗k Λ

ng,

φn(a⊗ c⊗ b⊗ x1 ∧ · · · ∧ xn) =φn(ab(1) ⊗ S(b(2))c⊗ 1⊗ x1 ∧ · · · ∧ xn)

=ab(1) ⊗

(∑
τ∈Sn

(−1)τxτ(1) ⊗ · · · ⊗ xτ(n)

)
⊗ S(b(2))c.

It is clear that each φn is a U(g)e-mod map. Now we prove φ• is a chain map. If n = 0, then for
any b ∈ U(g),

µφ1(1⊗ 1⊗ b) = µ(b(1) ⊗ S(b(2))) = ϵ(b).

Now suppose n ≥ 1. For convenience we denote v1 ⊗ · · · ⊗ vn by {v1, . . . , vn} and v1 ∧ · · · ∧ vn by
〈v1, . . . , vn〉. On one hand,

δU(g)
n φn(1⊗ 1⊗ b⊗ 〈x1, . . . , xn〉)

=
∑
τ∈Sn

(−1)τ

(
{b(1)xτ(1), xτ(2), . . . , xτ(n),S(b(2))}+ (−1)n{b(1), xτ(1), . . . , xτ(n−1), xτ(n)S(b(2))}

+

n−1∑
i=1

(−1)i{b(1), xτ(1), . . . , xτ(i)xτ(i+1), . . . , xτ(n), S(b(2))}

)
.

On the other hand,

φn−1(idU(g)e ⊗ δgn)(1⊗ 1⊗ b⊗ 〈x1, . . . , xn〉)

=φn−1

(
1⊗ 1⊗

n∑
i=1

(−1)i+1bxi ⊗ 〈x1, . . . , x̂i, . . . , xn〉

+ 1⊗ 1⊗
∑

1≤i<j≤n

(−1)i+jb⊗ 〈[xi, xj ], x1, . . . , x̂i, . . . , x̂j , . . . , xn〉

)
.
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For each i, denote 〈x1, . . . , x̂i, . . . , xn〉 = 〈yi1, . . . , yin−1〉, then

φn−1

(
1⊗ 1⊗

n∑
i=1

(−1)i+1bxi ⊗ 〈x1, . . . , x̂i, . . . , xn〉

)

=

n∑
i=1

(−1)i+1
∑

π∈Sn−1

(−1)π
(
{b(1)xi, yiπ(1), . . . , y

i
π(n−1), S(b(2))} − {b(1), yiπ(1), . . . , y

i
π(n−1), xiS(b(2))}

)

=

n∑
i=1

(−1)i+1

 ∑
τ∈Sn
τ(1)=i

(−1)τ (−1)i−1{b(1)xτ(1), xτ(2), . . . , xτ(n), S(b(2))}

−
∑
τ∈Sn
τ(n)=i

(−1)τ (−1)n−i{b(1), xτ(1), . . . , xτ(n−1), xτ(n)S(b(2))}


=
∑
τ∈Sn

(−1)τ
(
{b(1)xτ(1), xτ(2), . . . , xτ(n), S(b(2))}+ (−1)n{b(1), xτ(1), . . . , xτ(n−1), xτ(n)S(b(2))}

)
.

Similarly, denote 〈[xi, xj ], x1, . . . , x̂i, . . . , x̂j , . . . , xn〉 by 〈zi,j1 , . . . , zi,jn−1〉 for 1 ≤ i < j ≤ n, then

φn−1

1⊗ 1⊗
∑

1≤i<j≤n

(−1)i+jb⊗ 〈[xi, xj ], x1, . . . , x̂i, . . . , x̂j , . . . , xn〉


=

∑
1≤i<j≤n

(−1)i+j
∑

π∈Sn−1

(−1)π{b(1), z
i,j
π(1), z

i,j
π(2), . . . , z

i,j
π(n−1), S(b(2))}

=
∑

1≤i<j≤n

(−1)i+j
n−1∑
k=1

∑
π∈Sn−1

π(k)=1

(−1)π{b(1), z
i,j
π(1), . . . , z

i,j
π(k−1), xixj − xjxi, z

i,j
π(k+1), . . . , z

i,j
π(n−1), S(b(2))}

=
∑

1≤i<j≤n

(−1)i+j

·
n−1∑
k=1

 ∑
τ∈Sn,τ(k)=i
τ(k+1)=j

(−1)τ (−1)i+j+k{b(1), xτ(1), . . . , xτ(k−1), xτ(k)xτ(k+1), xτ(k+2), . . . , xτ(n), S(b(2))}

−
∑

τ∈Sn,τ(k)=j
τ(k+1)=i

(−1)τ (−1)i+j+k{b(1), xτ(1), . . . , xτ(k−1), xτ(k)xτ(k+1), xτ(k+2), . . . , xτ(n), S(b(2))}


=

n−1∑
k=1

(−1)k
∑
τ∈Sn

(−1)τ{b(1), xτ(1), . . . , xτ(k)xτ(k+1), . . . , xτ(n), S(b(2))}.

Therefore φ is a chain map.
For any f ∈ Homk(U(g)⊗n,M) ∼= HomU(g)e(U(g)⊗(n+2),M), we have

Hom(M,φn)(f)(1⊗ 1⊗ 1⊗ x1 ∧ · · · ∧ xn) =f

(
1⊗

(∑
τ∈Sn

(−1)τxτ(1) ⊗ · · · ⊗ xτ(n)

)
⊗ 1

)
,

which exactly yields the isomorphism ϕn since HomU(g)e(U(g)e⊗U(g)U(g)⊗kΛ
ng,M) is isomorphic

to Homk(Λ
ng,Mad).

12



2.3 Lie bialgebras

2.3 Lie bialgebras
In this section we recall some basic definitions and results in Lie bialgebra theory. For more

details see [3].

Definition 2.3.1. Let g be a Lie algebra. A Lie bialgebra structure on g is a skew-symmetric linear
map δg : g → g⊗ g, called the cocommutator, such that
(i) δ∗g : g∗ ⊗ g∗ → g∗ is a Lie bracket on g∗.
(ii) δg is an 1-cocycle on g with coefficients in g⊗ g.

A Lie bialgebra (g, δg) is called coboundary if δ is an 1-coboundary, that is, there is some r ∈ g⊗g
such that δg(x) = x.r for all x ∈ g. In this case we say (g, δg) is induced by r. Conversely, let
r ∈ g ⊗ g. If 1-coboundary δr : g → g ⊗ g, x 7→ x.r is a Lie bialgebra structure on g, we say r
induces a Lie bialgebra structure on g.

A homomorphism (an isomorphism) of Lie bialgebras f : (g, δg) → (h, δh) is a homomorphism
(an isomorphism) of Lie algebras such that (f ⊗ f) ◦ δg = δh ◦ f . Two Lie bialgebras (g, δg), (h, δh)
are said to be gauge equivalent if there exists a nonzero scalar c such that (g, cδg) and (h, δh) are
isomorphic. In particular, if (g, δg), (h, δh) are coboundary Lie bialgebras induced by r1 ∈ g ⊗ g
and r2 ∈ h⊗ h respectively, then (g, δg) and (h, δh) are gauge equivalent if and only if there exists
a nonzero scalar c and an isomorphism α : g → h of Lie algebras such that r2 − (α ⊗ α)(cr1) is
h-invariant.

Proposition 2.2.3 provides that any Lie bialgebra structure of a simple Lie algebra is coboundary.
Let r =

∑m
i=1 ai ⊗ bi and r′ =

∑n
j=1 a

′
i ⊗ b′i be elements in g⊗ g. Denote

r1,2 = r, r2,1 =
n∑

i=1

bi ⊗ ai,

[r1,2, r
′
1,3] =

m∑
i=1

n∑
j=1

[ai, a
′
j ]⊗ bi ⊗ b′j ,

[r1,2, r
′
2,3] =

m∑
i=1

n∑
j=1

ai ⊗ [bi, a
′
j ]⊗ b′j ,

[r1,3, r
′
2,3] =

m∑
i=1

n∑
j=1

ai ⊗ a′j ⊗ [bi, b
′
j ]

and [[r, r′]] = [r1,2, r
′
1,3] + [r1,2, r

′
2,3] + [r1,3, r

′
2,3]. An easy computation shows that [[r, r]] ∈ Λ3g if

r ∈ Λ2g.

Proposition 2.3.2. [3, Proposition 2.1.2] Let g be a Lie algebra and let r ∈ g⊗ g. Then r induces
a Lie bialgebra structure if and only if both r1,2 + r2,1 and [[r, r]] are g-invariant. Therefore any
coboundary Lie bialgebra structure on g can be induced by an element in Λ2g.

Definition 2.3.3. A coboundary Lie bialgebra (g, δg) is called quasitriangular if (g, δg) is induced
by some r ∈ g⊗g such that [[r, r]] = 0. Moreover, if in this case r1,2+ r2,1 = 0, then (g, δg) is called
triangular.

The equation [[r, r]] = 0 is called the classical Yang-Baxter equation (CYBE). From now on we
suppose g is finite dimensional.

Definition 2.3.4. A Manin triple is a triple of finite dimensional Lie algebras (g, g+, g−) together
with a nondegenerate symmetric invariant bilinear form (−,−)g on g, such that
(i) g = g+ ⊕ g− as Lie subalgebras;
(ii) g+, g− are isotropic for (−,−)g.

13
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Proposition 2.3.5. [3, Proposition 1.3.4] For any finite dimensional Lie algebra g, there is an
1-1 correspondence between Lie bialgebra structures on g and Manin triples (h, h+, h−) such that
h+ = g.

Proposition 2.3.5 provides a strengthful method to find nontrivial Lie bialgebra structures. See
following example.

Example 2.3.6. (1) Let A = (ai,j)1≤i,j,≤n be a indecomposable generalized Cartan matrix of finite
type and g = g(A) be the simple Lie algebra associated to A, with following notations (for details
see [22]):
(i) Let Φ be the root system of g and ∆ = {α1, . . . , αn} be the set of simple roots. Then g is
generated by Hi, Xi, Yi and relations

[Hi,Hj ] = 0, [Hi, Xj ] = ai,jXj , [Hi, Yj ] = −ai,jYj , [Xi, Yj ] = δi,jHi,

ad(Xi)
1−ai,j (Xj) = 0, ad(Yi)1−ai,j (Yj) = 0, ∀i 6= j.

(ii) diag(d1, · · · )A is symmetric and di are coprime positive integers.
(iii) g = n− ⊕ h⊕ n+ is the triangular decomposition of g. Denote b± = n± ⊕ h.
(iv) Let (−,−)g be the standard nondegenerate invariant symmetric bilinear form on g. Then
(−,−)g is nondegenerate on h and n+, n− are isotropic for (−,−)g. Moreover, (h, n±)g = 0.

Let p = g⊕ g and p+ = {(x, x)|x ∈ g} be the diagonal subalgebra of p,

p− = {(x, y) ∈ p|x ∈ b−, y ∈ b+ and the h-component of x+ y is zero }.

Define the nondegenerate symmetric invariant bilinear form (−,−)p on p as follows:

((x1, y1), (x2, y2))p = (x1, x2)g − (x2, y2)g, ∀x1, x2, y1, y2 ∈ g.

It is easy to see (p, p+, p−) together with (−,−)p is a Manin triple.
We obtain a Lie bialgebra (g, δκ) via Manin triple (p, p+, p−) such that:

δκ(H) = 0, δκ(Xi) = diXi ∧Hi, δκ(Yi) = diYi ∧Hi, ∀H ∈ h and 1 ≤ i ≤ n.

(g, δκ) is called the standard Lie bialgebra structure on g.
In particular, if g = sl2, then (sl2, δκ) is quasitriangular since (sl2, δκ) can be induced by

1
2H ⊗H + 2X ⊗ Y , which is a solution of CYBE. (sl2, δκ) can also be induced by X ∧ Y .

(2) Since H1(sl2,M) = 0 for all finite dimensional sl2-mod M , any Lie bialgebra structure on
sl2 is coboundary. Moreover, there are only three Lie bialgebra structures on sl2 up to gauge
equivalence, which are induced by r1 = X ∧ Y , r2 = H ∧X and r3 = 0 respectively.

It suffices to find elements r ∈ Λ2sl2 such that [[r, r]] ∈ Λ3sl2 is sl2-invariant by Proposition
2.3.2. Note that Λ3sl2 is a trivial sl2-mod sine it is 1-dimensional, therefore any elements of Λ2sl2
induces a Lie bialgebra structure on sl2. On the other hand, since Λ2sl2 is isomorphic to the
adjoint representation of sl2, there is no nontrivial sl2-invariant element in Λ2sl2. Therefore an 1-1
correspondence between the Lie bialgebra structures on sl2 and elements of Λ2sl2 is established.

Let r1, r2 ∈ Λ2sl2. Then the Lie bialgebra structures induced by r1, r2 are isomorphic if and
only if there exists an automorphism α of sl2 such that r2 = (α ⊗ α)(r1). Regarding sl2 as the
subalgebra of gl2 consisting of matrices with zero trace, each automorphism of sl2 is given by the
similarity transformation of some invertible matrix in gl2. Therefore the isomorphism classes of Lie
bialgebra structures on sl2 correspond one-to-one with the similarity orbits of Λ2sl2 ∼= sl2. These
orbits are of three types by an ordinary argument:(

λ 0
0 −λ

)
, ∀λ 6= 0 ∈ k;

(
0 1
0 0

)
; 0,

which correspond to λr1, 1
2r2 and r3 respectively.

14



2.4 Quantization of Lie bialgebras

2.4 Quantization of Lie bialgebras
Definition 2.4.1. A co-Poisson algebra over k is a cocommutative k-coalgebra (A,∆, ϵ) equipped
with a skew-symmetric linear map δ : A→ A⊗A, called the Poisson co-bracket, satisfying:
(i) the co-Jacobi identity (idA⊗3 + p(1,2,3) + p(1,3,2)) ◦ (δ ⊗ idA) ◦ δ = 0;
(ii) the co-Leibniz identity (∆⊗ idA) ◦ δ = (idA ⊗ δ) ◦∆+ p(2,3) ◦ (δ ⊗ id) ◦∆.

A co-Poisson-Hopf algebra is a co-Poisson algebra (A,∆, ϵ, δ) which is also a Hopf algebra
(A,m, u,∆, ϵ, S) such that:
(iii) δ(a1a2) = δ(a1)∆(a2) + ∆(a1)δ(a2) for any a1, a2 ∈ A.

There is an important result:

Proposition 2.4.2. [3, Proposition 6.2.3] Let g be a Lie algebra. If its universal enveloping algebra
U(g) has a co-Poisson structure δ, making it a co-Poisson-Hopf algebra, then δ(g) ⊆ g⊗ g and δ|g
is a Lie bialgebra structure on g. Conversely, any Lie bialgebra structure δ on g extends uniquely
to a Poisson co-bracket on U(g), which makes U(g) into a co-Poisson-Hopf algebra.

Definition 2.4.3. A deformation of a Hopf algebra (A,m, u,∆, ϵ, S) is a topological Hopf algebra
(Ah,mh, u,∆h, ϵ, Sh) over the ring k[[h]] of formal power series in an indeterminate h over k, such
that
(i) Ah

∼= A[[h]] as k[[h]]-mods;
(ii) mh ≡ m (mod h), ∆h ≡ ∆ (mod h).

Two deformations Ah and A′
h are equivalent if there is an isomorphism fh : Ah → A′

h of Hopf
algebras over k[[h]] and f ≡ idA (mod h).

Definition 2.4.4. Let A be a co-Poisson-Hopf algebra with Poisson co-bracket δ, a quantization
of A is a Hopf algebra deformation Ah of A such that

δ(x) ≡
∆h(a)−∆op

h (a)

h
(mod h), ∀x ∈ A and a ∈ Ah with a ≡ x (mod h).

A quantization of a Lie bialgebra (g, δ) is a quantization Uh(g) of the co-Poisson-Hopf algebra
U(g), whose co-Poisson bracket is extended by δ, see Proposition 2.4.2. (g, δ) is called the classical
limit of the quantized universal enveloping algebra (QUE algebra) Uh(g).

Indeed, any deformation of Hopf algebra U(g) also provides a Lie bialgebra structure on g.

Proposition 2.4.5. [3, Proposition 6.2.7] Let g be a Lie algebra and let Uh(g) be a Hopf algebra
deformation of U(g). Define δ : U(g) → U(g)⊗ U(g) by

δ(x) ≡
∆h(a)−∆op

h (a)

h
(mod h),

where x ∈ U(g), a ∈ Uh(g) with a ≡ x (mod h). Then (U(g), δ) is a co-Poisson-Hopf algebra.

Example 2.4.6. Let A = (ai,j)1≤i,j,≤n be a indecomposable generalized Cartan matrix of finite
type and g = g(A) be the simple Lie algebra associated to A. Let Uh(g) be the algebra over
k[[h]] topologically generated by elements Hi, Xi, Yi, i = 1, . . . , n, subject to the following defining
relations:

[Hi,Hj ] = 0, [Hi, Xj ] = ai,jXj , [Hi, Yj ] = −ai,jYj ,

[Xi, Yj ] = δi,j
edihHi − e−dihHi

edih − e−dih
,

1−ai,j∑
r=0

(−1)r
[
1− ai,j

r

]
edih

Xr
iXjX

1−ai,j−r
i =

1−ai,j∑
r=0

(−1)r
[
1− ai,j

r

]
edih

Y r
i YjY

1−ai,j−r
i = 0, ∀i 6= j,
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where
[
1− ai,j

r

]
edih

is the quantum binomial coefficient on edih. Then Uh(g) is a topological Hopf

algebra over k[[h]] with comultiplication defined by

∆h(Hi) = 1⊗Hi +Hi ⊗ 1,

∆h(Xi) = Xi ⊗ edihHi + 1⊗Xi, ∆h(Yi) = Yi ⊗ 1 + e−dihHi ⊗ Yi,

antipode defined by

Sh(Hi) = −Hi, Sh(Xi) = −Xie
−dihHi , Sh(Yi) = −edihHiYi,

and counit defined by
ϵh(Hi) = ϵ(Xi) = ϵ(Yi) = 0.

Moreover, Uh(g) is a quantization of the standard Lie bialgebra structure on g given in Example
2.3.6.
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Chapter 3

Lie bialgebra structures on sl2[t]/(tm+1)

From now on m is a positive integer and gm := sl2 ⊗ k[t]/(tm+1) = sl2[t]/(tm+1). Denote
Hi = H ⊗ ti, Xi = X ⊗ ti and Yi = Y ⊗ ti.

This chapter is organized as follows. For later application, a basic research on gm-mods is given
in Section 3.1. In particular, a totally description of a special submodule of Sngm is provided as
an example. In Section 3.2 we illustrates that each Lie bialgebra structure on gm is coboundary.
Indeed, we prove that H1(gm, gm ⊗ gm) = 0. Inspired by Example 2.3.6, two classes of quasitrian-
gular Lie bialgebra structures on gm are studied, one of which is called the standard Lie bialgebra
structure on gm. Finally, to show how complex to classify Lie bialgebra structures on gm, we
compute a class of quasitriangular Lie bialgebra structures when m = 1 in Section 3.3.

3.1 An observation on gm-mods
Obviously each gm-mod is a sl2-mod by restriction. The aim of this section is to give a basic

result on the structure of gm-mods. For details,

Proposition 3.1.1. Let V be a gm-mod such that V = ⊕α∈JVα as sl2-mods, where Vα is isomorphic
to the (nα + 1)-dimensional irreducible sl2-mod for some non-negative integer nα. Then for any
α ∈ J ,

H1.Vα ⊆
⊕
β∈J

|nα−nβ |=0 or 2

Vβ .

Moreover, if V is finite dimensional and nα = nβ = p for all α, β ∈ J , then there exists
0 ≤ k1 ≤ k2 ≤ · · · ≤ kr ≤ m such that

V ∼=
r⊕

j=1

V (p)⊗ k[t]/(tkj+1).

We prove Proposition 3.1.1 step by step. Thanks to Proposition 2.1.2, for each α ∈ J we can
take a basis {vαnα

, vαnα−2, . . . , v
α
−nα

} of Vα such that

H0.v
α
k = kvαk , X0.v

α
k =

nα + k + 2

2
vαk+2, Y0.v

α
k =

nα − k + 2

2
vαk−2, ∀|k| ≤ nα and 2 | nα + k,

where vαk = 0 if k ∈ Z\{nα, nα − 2, . . . ,−nα}. Since [H0,H1] = 0, we can write

H1.v
α
k =

∑
β∈J

bα,βk vβk , (3.1.1)

where bα,βk = 0 for all but finitely β ∈ J if α and k are fixed and bα,βk = 0 if vβk = 0. The structure
of gm-mod V is determined by (3.1.1) since H0, X0, Y0 and H1 generate gm. Let pβ : V → Vβ be
the projection. From now on we fix α, β ∈ J such that nα and nβ have same parity.
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Since 2H1 = 2[X1, Y0] = [[H1, X0], Y0], one gets

2pβ(H1.v
α
k ) = pβ([[H1, X0], Y0].v

α
k ).

That is, by direct computation,

2bα,βk =
(nα − k + 2)(nα + k)

4
bα,βk − δk ̸=−nαδk ̸=nβ+2

(nα − k + 2)(nβ + k)

4
bα,βk−2

− δk ̸=nαδk ̸=−nβ−2
(nα + k + 2)(nβ − k)

4
bα,βk+2 +

(nβ + k + 2)(nβ − k)

4
bα,βk . (3.1.2)

(i) nα ≤ nβ. In this case, (3.1.2) means that

Lα,β ·


bα,βnα

bα,βnα−2
...

bα,β−nα

 = 0,

where Lα,β is an (nα + 1)× (nα + 1) matrix such that

(Lα,β)i,j =


(nβ+nα)(nβ−nα+2)

4 + 2nαi− 2i2 − 2, j = i;

− (i+1)(nβ+nα−2i)
2 , j = i+ 1;

− (nα−i+1)(nβ−nα+2i)
2 , j = i− 1;

0, otherwise

for any 0 ≤ i, j ≤ nα.

Lemma 3.1.2. Let nα be a non-negative integer, nβ ∈ k and Lα,β be the (nα+1)× (nα+1) matrix
defined above. Then

detLα,β =2−2nα−2[(nβ + nα + 4)(nβ + nα + 2) · · · (nβ − nα + 4)]

· [(nβ + nα − 2)(nβ + nα − 4) · · · (nβ − nα − 2)].

Moreover,
(1) if nβ = nα ≥ 1, then the solution space of Lα,βx = 0 is 1-dimensional, which is spanned by

u0 = (nα, nα − 2, . . . ,−nα + 2,−nα)T ;

(2) if nβ = nα + 2, then the solution space of Lα,βx = 0 is 1-dimensional, which is spanned by

u1 = (nα + 1, 2nα, 3(nα − 1), . . . , nα · 2, nα + 1)T .

Proof. For convenience we denote p = nα, q = nβ and L := Lα,β . Consider the vector space
k[z]/(zp+1). We represent any column vector v = (v0, v1, . . . , vN )T as a polynomial P (z) =∑r

i=0 viz
i.

Our first step is to construct a differential operator Lz such that the i-th component of Lv
is the coefficient of zi in LzP (z). We have the following easy correspondences between linear
transformations of (p+ 1)-column vector space and differential operators on P (z):

p∑
i=0

iEi,i ↔ zP ′(z),

p∑
i=0

i2Ei,i ↔ z2P ′′(z) + zP ′(z),

p−1∑
i=0

(i+ 1)Ei,i+1 ↔ P ′(z),

p−1∑
i=0

i(i+ 1)Ei,i+1 ↔ zP ′′(z),

p∑
i=1

(i− 1)Ei,i−1 ↔ z2P ′(z),

p∑
i=1

(i− 1)2Ei,i−1 ↔ z3P ′′(z) + z2P ′(z).
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Using these correspondences we translate L into the operator Lz as follows:

Lz :=
(p+ q)(q − p+ 2)− 8

4
P (z) + 2pzP ′(z)− 2(z2P ′′(z) + zP ′(z))

− p+ q

2
P ′(z) + zP ′′(z) + (z3P ′′(z) + z2P ′(z)) +

q − 3p+ 2

2
z2P ′(z)− p(q − p+ 2)

2
zP (z)

=z(z − 1)2P ′′(z) +

(
q − 3p+ 4

2
z2 + 2(p− 1)z − p+ q

2

)
P ′(z)

−
(
p(q − p+ 2)

2
z − (p+ q)(q − p+ 2)− 8

4

)
P (z).

Let w = z − 1 and Q(w) = P (w + 1). Substituting z = w + 1 transforms the operator Lz into

Lw =w2(w + 1)Q′′(w) +

(
q − 3p+ 4

2
w2 + (q − p+ 2)w

)
Q′(w)

−
(
p(q − p+ 2)

2
w +

(p− q)(q − p+ 2)

4
+ 2

)
Q(w).

An easy observation shows that Lw is represented by a lower triangular (p + 1) × (p + 1) matrix
under the basis {1, w, . . . , wp}, whose (i, i)-entry is

i(i− 1) + i(q − p+ 2)− (p− q)(q − p+ 2)

4
− 2 =

1

4
(q − p+ 2i+ 4)(q − p+ 2i− 2).

Therefore

detL =

p∏
i=0

1

4
(q − p+ 2i+ 4)(q − p+ 2i− 2)

=2−2p−2[(q + p+ 4)(q + p+ 2) · · · (q − p+ 4)][(q + p− 2)(q + p− 4) · · · (q − p− 2)].

Now suppose p ≥ 1 and q = p or q = p + 2. In this case, it is clear that detL = 0 and the
(0, p)-algebraic complement minor of L is not zero. Therefore the solution space of Lα,βx = 0 is
1-dimensional. A routine verification illustrates that Lui = 0 if q = p + 2i, which completes the
proof.

Note that pβ(H1.Vα) 6= 0 if and only if bα,βnα , b
α,β
nα−2, . . . , b

α,β
−nα

are not all zero, which implies that
detLα,β = 0. Therefore nβ = nα or nβ = nα + 2 by Lemma 3.1.2 if pβ(H1.Vα) 6= 0 since nβ ≥ nα.
In this case, there exist λα,β ∈ k such that

bα,βk =

{
λα,β (nα+2)2−k2

4 , nβ = nα + 2;

λα,βk, nβ = nα.

(ii) nα > nβ. Then bα,βk = 0 if |k| > nβ. In this case, (3.1.2) means that

Gα,β ·


bα,βnβ

bα,βnβ−2
...

bα,β−nβ

 = 0,

where Gα,β is an (nβ + 1)× (nβ + 1) matrix such that

(Gα,β)i,j =


(nα+nβ)(nα−nβ+2)

4 − 2i2 + 2nβi− 2, j = i;

− (nβ−i)(nα−nβ+2i+2)
2 , j = i+ 1;

− i(nα+nβ−2i+2)
2 , j = i− 1;

0, otherwise

for any 0 ≤ i, j ≤ nβ. Since Gα,β = (Lβ,α)T , we have
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Lemma 3.1.3. Let nβ be a non-negative integer, nα ∈ k and Gα,β be the (nβ+1)× (nβ+1) matrix
defined above. Then

detGα,β =2−2nβ−2[(nα + nβ + 4)(nα + nβ + 2) · · · (nα − nβ + 4)]

· [(nα + nβ − 2)(nα + nβ − 4) · · · (nα − nβ − 2)].

Moreover, if nα = nβ + 2, then the solution space of Gα,βx = 0 is 1-dimensional, which is spanned
by

(1, 1, . . . , 1)T .

Therefore pβ(H1.Vα) 6= 0 if and only if nβ + 2 = nα since nβ < nα. In this case, there exists
λα,β ∈ k such that

bα,βk = λα,β , ∀|k| ≤ nβ such that 2 | k + nβ .

Now suppose V is finite dimensional and nα = nβ = p for all α, β ∈ J . Let ϕ : gm → Endk(V )
represents the action of gm on V . Then there exists a matrix Θ = (λα,β)α,β∈J such that under the
basis {bαk | α ∈ J, k = p, p− 2, . . . ,−p},

ϕ(H0) = I ⊗ diag(p, p− 2, . . . ,−p+ 2,−p),

ϕ(X0) = I ⊗


0 p

0 p− 1
. . . . . .

0 1
0

 , ϕ(Y0) = I ⊗


0
1 0

2 0
. . . . . .

p 0

 ,

ϕ(H1) = Θ⊗ diag(p, p− 2, . . . ,−p+ 2,−p),

where I is the identity matrix. An easy induction shows that

ϕ(Hi) = Θi ⊗ diag(p, p− 2, . . . ,−p+ 2,−p),

ϕ(Xi) = Θi ⊗


0 p

0 p− 1
. . . . . .

0 1
0

 , ϕ(Yi) = Θi ⊗


0
1 0

2 0
. . . . . .

p 0

 .

Then Θm+1 = 0 since [X1, Ym] = 0. By a suitable change of basis, we could suppose there exist
0 ≤ k1 ≤ k2 ≤ · · · ≤ kr ≤ m such that Θ is the direct sum of matrices Θj , where Θj is the
(kj + 1)× (kj + 1) canonical Jordan block

0
1 0

1 0
. . . . . .

1 0

 .

It is clear that V ∼= ⊕r
j=1V (p)⊗ k[t]/(tkj+1). We have already proved Proposition 3.1.1.

Let n be a positive integer. For later application, we discuss the structure of a special gm-
submodule of Sngm. For 0 ≤ i ≤ m, let ϱi : V (2) → gm be the sl2-mod map as follows:

ϱi(v0) = −Xi, ϱi(v1) = Hi, ϱ(v2) = Yi.
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3.1 An observation on gm-mods

Recall un0,n1,n2 ∈ SnV (2) defined in Lemma 2.1.5. For any non-negative integer N , denote

un0,n1,n2;N =
∑

a1+···+an=N
0≤ai≤m

(ϱa1 ⊗ ϱa2 ⊗ · · · ⊗ ϱan)(un0,n1,n2).

Clearly un0,n1,n2;N ∈ Sngm and un0,n1,n2;N = 0 if N > nm. Let MN = sl2.u0,n,0;N be a sl2-
submodule of Sngm. Then there exists unique sl2-submodules M0

N ,M
1
N , . . . ,M

⌊n
2
⌋

N of MN such
that

MN =

⌊n
2
⌋⊕

i=0

M i
N

and M i
N

∼= V (2n− 4i) by applying Lemma 2.1.5.
Proposition 3.1.4. Let n be a positive integer. Then

M =

m⊕
j=0

Mn(m−1)+j

is a gm-submodule of Sngm. Moreover,

M ∼=
⌊n
2
⌋⊕

i=0

V (2n− 4i)⊗ k[t]/(tm+1).

Proof. Suppose N ≥ (n− 1)m. We compute H1.un0,n1,n2;N :
H1.un0,n1,n2;N

=
1

n0!n1!n2!

∑
a1+···+an=N

0≤ai≤m

H1.(ϱa1 ⊗ ϱa2 ⊗ · · · ⊗ ϱan)

(∑
τ∈Sn

vτ(1) ⊗ · · · ⊗ vτ(n)

)

=
1

n0!n1!n2!

∑
a1+···+an=N

0≤ai≤m

n∑
j=1

(ϱa1 ⊗ · · · ⊗ ϱaj+1 ⊗ · · · ⊗ ϱan)

(∑
τ∈Sn

vτ(1) ⊗ · · · ⊗H0.vτ(j) ⊗ · · · ⊗ vτ(n)

)
,

where
v1 = · · · = vn0 = v0, vn0+1 = · · · = vn0+n1 = v1, vn0+n1+1 = · · · = vn = v2.

Note that if a1 + · · ·+ an = (n− 1)m+ r and 0 ≤ ai ≤ m, then each ai ≥ r. Therefore

H1.un0,n1,n2;N =
1

n0!n1!n2!

∑
a1+···+an=N+1

0≤ai≤m

(ϱa1 ⊗ · · · ⊗ ϱan)

(
H0.

∑
τ∈Sn

vτ(1) ⊗ · · · ⊗ vτ(j) ⊗ · · · ⊗ vτ(n)

)

=2(n0 − n2)
∑

a1+···+an=N+1
0≤ai≤m

n∑
j=1

(ϱa1 ⊗ · · · ⊗ ϱa2 ⊗ · · · ⊗ ϱan)σ(v1 ⊗ · · · ⊗ vn)

=2(n0 − n2)un0,n1,n2;N+1.

According to Lemma 2.1.5, we have M i
N = sl2.w

i
N , where each wi

N is a linear combination of
{un−i−k,2k,i−k;N | 0 ≤ k ≤ i}. Thus Y0.wi

N is a linear combination of {un−i−k−1,2k+1,i−k;N | 0 ≤
k ≤ i}, and

H1.(Y0.w
i
N ) = (2n− 4i− 2)Y0.w

i
N+1 ∈M i

N+1.

Therefore Proposition 3.1.1 implies that for any 0 ≤ i ≤ bn2 c,

M i =:

m⊕
j=0

M i
(n−1)m+j

∼= V (2n− 4i)⊗ k[t]/(tm+1)

is a gm-submodule of Sngm.
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Chapter 3 Lie bialgebra structures on sl2[t]/(tm+1)

3.2 Lie bialgebra structures on gm

Proposition 3.2.1. Any Lie bialgebra structure on gm is coboundary.

Proof. We claim that H1(gm, gm⊗gm) = 0. Let δ : gm → gm⊗gm be an 1-cocycle. Then δ |sl2 is an
1-cocycle on sl2 with coefficients in gm⊗ gm. Since H1(sl2, gm⊗ gm) = 0, there exists r0 ∈ gm⊗ gm
such that δ(a) = a.r0 for any a ∈ sl2. Denote α = δ(H1)−H1.r0. Since δ is an 1-cocycle, we have

δ(X1) =
1

2
(H1.δ(X0)−X0.δ(H1)) = X1.r −

1

2
X0.α,

δ(Y1) = −1

2
(H1.δ(Y0)− Y0.δ(H1)) = Y1.r +

1

2
Y0.α,

0 = δ([H0,H1]) = H0.δ(H1)−H1.δ(H0) = H0.α,

0 = δ([X0, X1]) = X0.δ(X1)−X1.δ(X0) = −1

2
X2

0 .α,

0 = δ([Y0, Y1]) = Y0.δ(Y1)− Y1.δ(Y0) =
1

2
Y 2
0 .α,

H1.r0 + α = δ(H1) = X1.δ(Y0)− Y0.δ(X1) = H1.r +
1

2
Y0X0.α.

Therefore H0.α = X2
0 .α = Y 2

0 .α = 0, α = 1
2Y0X0.α, that is, α = 0 or α generates a 3-dimensional

irreducible sl2-submodule of gm⊗gm. The decomposition of the sl2-mod gm⊗gm forces that α is a
linear combination of {Xs ⊗ Yt − Ys ⊗Xt | 0 ≤ s, t ≤ m}. Using δ is an 1-cocycle again, an routine
induction shows that

δ(Xs) = Xs.r0 −
s−1∑
i=0

1

2i+1
H i

1Xs−1−i.α, δ(Ys) = Ys.r0 −
s−1∑
i=0

1

(−2)i+1
H i

1Ys−1−i.α.

A calculation provides(
1

2
XmY0 +

m−1∑
i=0

1

2i+1
Y1H

i
1Xm−1−i

)
.(Xs ⊗ Yt − Ys ⊗Xt) =

∑
i+j=m+s+t

Xi ∧ Yj .

Let α =
∑

0≤s,t≤m λ
s,t(Xs ⊗ Yt − Ys ⊗Xt). Then the equality Xm.δ(Y1) = Y1.δ(Xm) implies that∑

0≤s,t≤m

λs,t
∑

i+j=m+s+t

Xi ∧ Yj = 0.

Then for 0 ≤ k ≤ m, ∑
0≤s,t≤m
s+t=k

λs,t = 0.

Since

H1.(Hs ⊗Ht + 2Xs ⊗ Yt + 2Ys ⊗Xt) = 4[(Xs+1 ⊗ Yt − Ys+1 ⊗Xt)− (Xs ⊗ Yt+1 − Ys ⊗Xt+1)],

we have α = H1.r1 for some r1 ∈ (gm ⊗ gm)sl2 . Then δ(a) = a.(r0 + r1) for a = H0, X0, Y0 and H1,
hence for any a ∈ gm. Therefore δ is an 1-coboundary.

In the rest of this section, we construct the so-called standard Lie bialgebra structure on gm
following Example 2.3.6. To do this, a triangular decomposition of gm and a nondegenerate invariant
symmetric bilinear form on gm being suitable with each other are required. More explicitly, we
need to construct
(i) a decomposition gm = n−m ⊕ hm ⊕ n+m, such that n±m are subalgebras of gm and [hm, hm] = 0,
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3.2 Lie bialgebra structures on gm

[hm, n
±
m] ⊆ n±m;

(ii) a nondegenerate invariant symmetric bilinear form (−,−)gm on gm;
(iii) n±m are isotropic for (−,−)gm and (hm, n

±
m)gm = 0.

Indeed, the triangular decomposition of sl2 naturally gives a triangular decomposition of gm:
Let hm = H⊗k[t]/(tm+1), n+m = X⊗k[t]/(tm+1), n−m = Y ⊗k[t]/(tm+1), then gm = n−m⊕hm⊕n+m.
Denote b± = hm ⊕ n±m. A simple argument shows that a bilinear form (−,−)gm on gm is invariant
symmetric and satisfies (iii), if and only if, there exists µ0, µ1, . . . , µm ∈ k such that

(Hr,Hs)gm = 2(Xr, Ys)gm = 2µm−r−s, ∀0 ≤ r, s ≤ m,

where µk = 0 if k < 0. Moreover, (−,−)gm is nondegenerate if and only if µ0 6= 0. Such a bilinear
form determined by µ̂ = (µ0, µ1, . . . , µm) is denoted by (−,−)µ̂gm .

Suppose µ0 6= 0. Let pm = gm ⊕ gm, p+m = {(x, x) | x ∈ gm} be the diagonal subalgebra of pm,

p−m = {(x, y) ∈ p | x ∈ b+m, y ∈ b−m and the hm-component of x+ y is zero}.

Define the nondegenerate symmetric invariant bilinear form (−,−)pm on pm as follows:

((x1, y1), (x2, y2))
µ̂
pm = (x1, x2)

µ̂
gm − (y1, y2)

µ̂
gm , ∀x1, x2, y1, y2 ∈ gm.

Then (pm, p
+
m, p

−
m) together with (−,−)µ̂pm is a Manin triple, which yields a Lie bialgebra structure

on gm completely determined by µ̂. Denote this Lie bialgebra by (gm, δµ̂).

Proposition 3.2.2. For any k ≥ 0, denote

rk =
∑

r+s=m+k

Xr ∧ Ys ∈ Λ2gm.

Let δµ̂ be the cocommutator defined as above. Then for any x ∈ gm,

δµ̂(x) = −1

2
x.

m∑
k=0

λkrk,

where g(t) =
∑m

i=0 λiti is the inverse of f(t) =
∑m

i=0 µiti in k[t]/(tm+1). Therefore there is an 1-1
correspondence between Lie bialgebras (gm, δµ̂) and invertible elements in k[t]/(tm+1).

Proof. Consider gm as p+m and g∗m as p−m via (−,−)pm , then an calculation shows that

H∗
i =

1

4
(H ⊗ tm−ig(t),−H ⊗ tm−ig(t)),

X∗
i = −(0, Y ⊗ tm−ig(t)), Y ∗

i = (X ⊗ tm−ig(t), 0).
Hence in g∗m,

[H∗
i , X

∗
j ] =

1

2

m∑
k=0

λkX
∗
i+j−k−m, [H∗

i , Y
∗
j ] =

1

2

m∑
k=0

λkY
∗
i+j−k−m,

and other brackets are zero. Therefore
δµ̂(Hi) = 0,

δµ̂(Xi) =
1

2

m−i∑
k=0

λk
∑

r+s=m+k+i

Hr ∧Xs, δµ̂(Yi) =
1

2

m−i∑
k=0

λk
∑

r+s=m+k+i

Hr ∧ Ys.

Since
Hi.rk = 0, Xi.rk =

∑
r+s=m+k+i

Xr ∧Hs, Yi.rk =
∑

r+s=m+k+i

Yr ∧Hs,

we have the desired result.
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Chapter 3 Lie bialgebra structures on sl2[t]/(tm+1)

Inspired by Proposition 3.2.2 and the classification of Lie bialgebra structures on sl2, we give
two more general classes of Lie bialgebra structures on gm. A technical lemma should be given
here.

Lemma 3.2.3. Let m be a positive integer and Am = k[t]/(tm+1). For any non-negative integer
N , define Φm

N : Am → Am ⊗Am by

Φm
N (a) =

N∑
i=0

ai ⊗ aN−i.

Let WN be the subspace of Am ⊗Am spanned by {Φm
s (t) | s ≥ N}. Suppose N ≥ m, then

(i) Φm
N (a) ∈WN for any a ∈ tAm.

(ii) Conversely, for any lN , lN+1, . . . , l2m ∈ k with lN 6= 0, there exists an element a ∈ tAm such
that the coefficient of Φm

s (t) in ΦN (a) is exactly ls for any N ≤ s ≤ min{2N − 1, 2m}. In this case
if N = m, then the coefficient of Φm

2m(t) in Φm
m(a) is determined by lN , . . . , l2m−1.

For convenience, two elements r and r′ in gm ⊗ gm are called equivalent (gauge equivalent) if
the Lie bialgebra structures on gm induced by r, r′ (if exist) are isomorphic (gauge equivalent). It
is clear that r and r′ are gauge equivalent if and only if there exists an automorphism φ of gm and
a nonzero scalar c such that r′ − (φ⊗ φ)(cr) is gm-invariant. Moreover, we have

Lemma 3.2.4. There is no nonzero gm-invariant element in Λ2gm. Therefore any Lie bialgebra
structure on gm is induced by an unique element in Λ2gm.

Proof. Suppose a ∈ Λ2gm is gm-invariant. Then sl2.a = 0 and we can write a =
∑

0≤r,s≤m λr,s(wr,s−
ws,r) with λr,s + λs,r = 0, where

wr,s = Hr ⊗Hs + 2Xr ⊗ Ys + 2Yr ⊗Xs.

We have

H1.a =4
∑

0≤r,s≤m

λr,s(Xr+1 ∧ Ys −Xr ∧ Ys+1 −Xs+1 ∧ Yr +Xs ∧ Yr+1)

=4
∑

0≤r,s≤m

λr,s(Xr+1 ∧ Ys −Xr ∧ Ys+1)− 4
∑

0≤r,s≤m

λs,r(−Xs+1 ∧ Yr +Xs ∧ Yr+1)

=8
2m∑
k=0

∑
r+s=k

λr,s(Xr+1 ∧ Ys −Xr ∧ Ys+1).

Then for each 0 ≤ k ≤ 2m, ∑
r+s=k

λr,s(Xr+1 ∧ Ys −Xr ∧ Ys+1) = 0.

An observation implies that λr,s = 0 if r + s < m and λr,s = λr+1,s−1 if r + s ≥ m. Therefore λr,s
are all zero sine λr,s + λs,r = 0 and the desired result follows.

Proposition 3.2.5. For any k ≥ 0, denote

r′k =
∑

r+s=m+k

Xr ∧Hs ∈ Λ2gm.

(i) Any nonzero linear combination of {rk | 0 ≤ k ≤ m} induces a quasitriangular Lie bialgebra
structure on gm. Moreover, any such Lie bialgebra structure on gm is gauge equivalent to the Lie
bialgebra structure induced by one of r0, r1, . . . , rm, r0 + rm.
(ii) Any linear combination of {r′k | 0 ≤ k ≤ m} induces a triangular Lie bialgebra structure on gm.
Moreover, any such Lie bialgebra structure on gm is gauge equivalent to the Lie bialgebra structure
induced by one of 0, r′0, r′1, . . . , r′m.
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3.2 Lie bialgebra structures on gm

Proof. (i) Let r =
∑m

k=0 λkrk be nonzero. There is no difficult to verify that for any a, b, c, d ∈ gm,

[[a ∧ b, c ∧ d]] + [[c ∧ d, a ∧ b]] = [a, c] ∧ b ∧ d− [a, d] ∧ b ∧ c− [b, d] ∧ a ∧ d+ [b, d] ∧ a ∧ c.

Therefore

[[rk, rl]] + [[rl, rk]] =
m∑
i=k

m∑
j=l

Hi+j ∧Xm+l−j ∧ Ym+k−i +
m∑
i=k

m∑
j=l

H2m+k+l−i−j ∧Xi ∧ Yj

=2
∑

r+s+t
=2m+k+l

Hr ∧Xs ∧ Yt.

For any N ≥ 2m, we have

H1.
∑

r+s+t=N

Hr ∧Xs ∧ Yt =2
∑

r+s+t=N

Hr ∧Xs+1 ∧ Yt − 2
∑

r+s+t=N

Hr ∧Xs ∧ Yt+1

=2
∑

r+s+t
=2m+N+1

Hr ∧Xs ∧ Yt − 2
∑

r+s+t
=2m+N+1

Hr ∧Xs ∧ Yt

=0.

Since each Hr ∧Xs ∧Yt is sl2-invariant, we have gm.[[r, r]] = 0. Therefore r induces a Lie bialgebra
structure δr on gm by Proposition 2.3.2. Moreover, (gm, δr) may not be triangular since r is the
unique element in Λ2gm which induces (gm, δr) by Lemma 3.2.4.

Now let N be the minimal integer such that λN 6= 0. We claim that: r is gauge equivalent to
r0 or r0 + rm if N = 0, and is equivalent to rN if N > 0. Indeed, take any f(t) ∈ tAm\t2Am,
then f(t) determines an algebra automorphism φf of Am via t 7→ f(t). Hence f(t) also induces
an automorphism of gm which act as idsl2 ⊗ φf and is still denoted by φf . Since gm ⊗ gm ∼=
(Λ2sl2 ⊗ S2Am)⊕ (S2sl2 ⊗ Λ2Am), one gets

(φf ⊗ φf )(rk) = (X ∧ Y )⊗

( ∑
r+s=m+k

f(t)r ⊗ f(t)s
)

= (X ∧ Y )⊗ Φm
m+k(f(t)).

Thanks to Lemma 3.2.3, there exists f(t) such that (φf ⊗ φf )(rN ) = r if N > 0. Now suppose
N = 0, applying Lemma 3.2.3 again we have r is equivalent to r0 + λrm for some λ ∈ k. Suppose
λ 6= 0, let f(t) = λ−

1
m t, then

(φf ⊗ φf )(r0 + λrm) = λ−1(r0 + rm).

Therefore r is gauge equivalent to one of r0, r1, . . . , rm, r0 + rm.
Finally, recall the sl2-invariant element wr,s ∈ gm⊗gm given in Lemma 3.2.4. For any 0 ≤ k ≤ m

let
sk =

1

2

∑
r+s=m+k

wr,s ∈ S2gm.

Since

H1.sk = 2
∑

r+s=m+k

(Xr+1 ⊗ Ys −Xr ⊗ Ys+1 − Yr+1 ⊗Xs + Yr ⊗Xs+1) = 0,

sk are gm-invariant. Therefore rk+sk and rk induce same Lie bialgebra structure. For any a, b, c, d ∈
gm, denote

ψ(a; b, c) = a⊗ (b∧ c)+ b⊗ a⊗ c− c⊗ a⊗ b+(b∧ c)⊗ a = a∧ b∧ c+2(b⊗ a⊗ c− c⊗ a⊗ b) ∈ g⊗3
m .
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Chapter 3 Lie bialgebra structures on sl2[t]/(tm+1)

Then

[[a⊗ b+ b⊗ a, c⊗ d+ d⊗ c]] + [[c⊗ d+ d⊗ c, a⊗ b+ b⊗ a]]

=ψ([a, c]; b, d) + ψ([a, d]; b, c) + ψ([b, c]; a, d) + ψ([b, d]; a, c).

Thus

[[wr,s + ws,r, wr′,s′ + ws′,r′ ]]

=2(2Xr+r′ ∧Hs ∧ Ys′ − 2Yr+s′ ∧Hs ∧Xr′ + 2Xs+r′ ∧Hr ∧ Ys′ − 2Ys+s′ ∧Hr ∧Xr′)

+ 4(2Hs ⊗Xr+r′ ⊗ Ys′ − 2Ys′ ⊗Xr+r′ ⊗Hs − 2Hs ⊗ Yr+s′ ⊗Xr′ + 2Xr′ ⊗ Yr+s′ ⊗Hs

+ 2Hr ⊗Xs+r′ ⊗ Ys′ − 2Ys′ ⊗Xs+r′ ⊗Hr − 2Hr ⊗ Ys+s′ ⊗Xr′ + 2Xr′ ⊗ Ys+s′ ∧Hr)

+ 2(2Xr+s′ ∧Hs ∧ Yr′ − 2Yr+r′ ∧Hs ∧Xs′ + 2Xs+s′ ∧Hr ∧ Yr′ − 2Ys+r′ ∧Hr ∧Xs′)

+ 4(2Hs ⊗Xr+s′ ⊗ Yr′ − 2Yr′ ⊗Xr+s′ ⊗Hs − 2Hs ⊗ Yr+r′ ⊗Xs′ + 2Xs′ ⊗ Yr+r′ ⊗Hs

+ 2Hr ⊗Xs+s′ ⊗ Yr′ − 2Yr′ ⊗Xs+s′ ⊗Hr − 2Hr ⊗ Ys+r′ ⊗Xs′ + 2Xs′ ⊗ Ys+r′ ∧Hr)

+ 2(2Xr′+r ∧Hs′ ∧ Ys − 2Yr′+s ∧Hs′ ∧Xr + 2Xs′+r ∧Hr′ ∧ Ys − 2Ys′+s ∧Hr′ ∧Xr)

+ 4(2Hs′ ⊗Xr′+r ⊗ Ys − 2Ys ⊗Xr′+r ⊗Hs′ − 2Hs′ ⊗ Yr′+s ⊗Xr + 2Xr ⊗ Yr′+s ⊗Hs′

+ 2Hr′ ⊗Xs′+r ⊗ Ys − 2Ys ⊗Xs′+r ⊗Hr′ − 2Hr′ ⊗ Ys′+s ⊗Xr + 2Xr ⊗ Ys′+s ∧Hr′)

+ 2(2Xr′+s ∧Hs′ ∧ Yr − 2Yr′+r ∧Hs′ ∧Xs + 2Xs′+s ∧Hr′ ∧ Yr − 2Ys′+r ∧Hr′ ∧Xs)

+ 4(2Hs′ ⊗Xr′+s ⊗ Yr − 2Yr ⊗Xr′+s ⊗Hs′ − 2Hs′ ⊗ Yr′+r ⊗Xs + 2Xs ⊗ Yr′+r ⊗Hs′

+ 2Hr′ ⊗Xs′+s ⊗ Yr − 2Yr ⊗Xs′+s ⊗Hr′ − 2Hr′ ⊗ Ys′+r ⊗Xs + 2Xs ⊗ Ys′+r ∧Hr′)

+ 4(Hr+s′ ∧ Ys ∧Xr′ −Hs+r′ ∧Xr ∧ Ys′)
+ 8(Ys ⊗Hr+s′ ⊗Xr′ −Xr′ ⊗Hr+s′ ⊗ Ys −Xr ⊗Hs+r′ ⊗ Ys′ + Ys′ ⊗Hs+r′ ⊗Xr)

+ 4(Hr+r′ ∧ Ys ∧Xs′ −Hs+s′ ∧Xr ∧ Yr′)
+ 8(Ys ⊗Hr+r′ ⊗Xs′ −Xs′ ⊗Hr+r′ ⊗ Ys −Xr ⊗Hs+s′ ⊗ Yr′ + Yr′ ⊗Hs+s′ ⊗Xr)

+ 4(Hs+s′ ∧ Yr ∧Xr′ −Hr+r′ ∧Xs ∧ Ys′)
+ 8(Yr ⊗Hs+s′ ⊗Xr′ −Xr′ ⊗Hs+s′ ⊗ Yr −Xs ⊗Hr+r′ ⊗ Ys′ + Ys′ ⊗Hr+r′ ⊗Xs)

+ 4(Hs+r′ ∧ Yr ∧Xs′ −Hr+s′ ∧Xs ∧ Yr′)
+ 8(Yr ⊗Hs+r′ ⊗Xs′ −Xs′ ⊗Hs+r′ ⊗ Yr −Xs ⊗Hr+s′ ⊗ Yr′ + Yr′ ⊗Hr+s′ ∧Xs).

An observation illustrates

16([[sk, sl]] + [[sl, sk]])
=

∑
r+s=m+k

∑
r′+s′=m+l

([[wr,s + ws,r, wr′,s′ + ws′,r′ ]] + [[wr′,s′ + ws′,r′ , wr,s + ws,r]])

=− 32
∑

r+s+t=2m+k+l

Hr ∧Xs ∧ Yt.

Since for any a ∈ Λ2gm and b ∈ (gm ⊗ gm)gm , [[a+ b, a+ b]] = [[a, a]] + [[b, b]], we have[[
m∑
k=0

λk(rk + sk),
m∑
k=0

λk(rk + sk)
]]

= 0.

Therefore any linear combination of {rk | 0 ≤ k ≤ m} induces a quasitriangular Lie bialgebra
structure on gm.

(ii) Since

[[r′k, r′l]] + [[r′l, r′k]] = 2

m∑
i=k

m∑
j=l

Xi+j ∧Hm+k−i ∧Xm+l−j − 2

m∑
i=k

m∑
j=l

X2m+k+l−i−j ∧Xi ∧Hj = 0,
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3.2 Lie bialgebra structures on gm

any linear combination of {r′k | 0 ≤ k ≤ m} induces a triangular Lie bialgebra structure on gm. The
proof of rest results is similar as (i), but at this time we claim that r′0 and r′0 + r′m are equivalent.
Indeed, let φ be the automorphism of gm such that

φ(a) = a+
1

2
[a,H ]tm, φ(ati) = ati, ∀a ∈ sl2, i ≥ 1,

where λ = 2
1
m . Then

(φ⊗ φ)(r′0 + r′m) =r′0 − r′m + r′m = r′0.

Therefore r′0 and r′0 + r′m induce isomorphic Lie bialgebra structures.

A natural question is that whether r0, r1, . . . , rm, r0 + rm induce gauge equivalent Lie bialgbera
structures on gm. Let φ be an automorphism of gm, then it is clear that φ(ak) = ak for any
0 ≤ k ≤ m, where ak = k{Hi, Xi, Yi | i ≥ k} is the ideal of gm generated by Hk. It is clear that φ
induces automorphisms φk : gm/ak → gm/ak. Let πk : gm → gm/ak be the natural quotient map.
Then πk ◦ φ = φk ◦ πk, and

(πk+1 ⊗ idgm)(φ⊗ φ)(rk) =(φk+1 ⊗ φ)(πk+1 ⊗ idgm)(rk)
=(φk+1 ⊗ φ)(πk+1 ⊗ idgm)(Xk ⊗ Ym − Yk ⊗Xm)

is nonzero. Therefore r0, r1, . . . , rm, r0 + rm are not gauge equivalent to each other, expect r0 and
r0 + rm. Similarly, r′0, r′1, . . . , r′m are not gauge equivalent to each other.

Example 3.2.6. Let m = 1. In this example we show r0 and r0 + r1 are not gauge equivalent.
Take any automorphism φ of g1. An easy argument provides that there exists an automorphism
φ0 of sl2, an element γ ∈ sl2 and a nonzero scalar λ, such that

φ(a) = φ0(a) + [φ0(a), γ]t, φ(at) = λφ0(a)t, ∀a ∈ sl2.

Then

(φ⊗ φ)(r0 + r1) =λ(φ0(X) + [φ0(X), γ]t) ∧ φ0(Y )t + λφ0(X)t ∧ (φ0(Y ) + [φ0(Y ), γ]t)
+ λ2φ0(X)t ∧ φ0(Y )t

=λ(φ0(X) ∧ φ0(Y )t + φ0(X)t ∧ φ0(Y ))

+ λ([φ0(X), γ]t ∧ φ0(Y )t + φ0(X)t ∧ [φ0(Y ), γ]t + λφ0(X)t ∧ φ0(Y )t).

Denote γ′ = φ−1
0 (γ), then (φ⊗ φ)(r0 + r1) is a scalar of r0 only if

γ′.X ∧ Y = λX ∧ Y. (3.2.1)

Note that Λ2sl2 is isomorphic to the adjoint representation of sl2, thus (3.2.1) can not hold since
λ 6= 0. Therefore r0 and r0 + r1 are not gauge equivalent.

Conjecture 3.2.7. The Lie bialgebra structures on gm induced by r0 and r0 + rm are not gauge
equivalent.

We call δr0 the standard Lie bialgebra structure on gm.
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Chapter 3 Lie bialgebra structures on sl2[t]/(tm+1)

3.3 A class of quasitriangular Lie bialgebra structures on g1

Let m = 1. In this section, we imitate the method of [2] to give a class of quasitriangular Lie
bialgebra structures on g1 by a direct but tedious calculation. More explicitly, we will find out all
r ∈ gm ⊗ gm such that

r1,2 + r2,1 =
1

2
(H0 ⊗H1 +H1 ⊗H0) +X0 ⊗ Y1 +X1 ⊗ Y0 + Y0 ⊗X1 + Y1 ⊗X0, (3.3.1)

[[r, r]] = 0. (3.3.2)

Let µ̂ = (1, 0) and 〈−,−〉 := (−,−)µ̂g1 be the nondegenerate symmetric invariant bilinear form
on g1 defined in Section 3.2. Let e1, e2, . . . , e6 be an orthogonal basis respect to 〈−,−〉, then the
right side of (3.3.1) is exactly C :=

∑6
i=1 ei ⊗ ei. Any r ∈ g1 ⊗ g1 determines an unique linear map

f : g1 → g1, such that

r =

6∑
i=1

f(ei)⊗ ei.

Then (3.3.1) and (3.3.2) are equivalent to the following equations for f respectively:

f + f∗ = idg1 , (3.3.3)

(f − idg1)[f(a), f(b)] = f ([(f − idg1)(a), (f − idg1)(b)]) , (3.3.4)

where f∗ is the adjoint operator of f , i.e., 〈f(a), b〉 = 〈a, f∗(b)〉 for all a, b ∈ g1. By (3.3.3), f
induces a well-defined linear map θ : Im(f − idg1)/ ker f → Im f/ ker(f − idg1) by taking the coset
(f − idg1)(w) + ker f into f(w) + ker(f − idg1). Moreover, θ is an isomorphism as vector spaces.

Lemma 3.3.1. [2, Theorem 6.3] Let f : g1 → g1 be a linear map satisfying (3.3.3). Denote
C1 = Im(f − idg1) and C2 = Im f . Then
(i) C⊥

1 = ker f , C⊥
2 = ker(f − idg1).

(ii) The linear map θ : C1/C
⊥
1 → C2/C

⊥
2 defined above is orthogonal respect to the nondegenerate

symmetric bilinear forms on C1/C
⊥
1 and C2/C

⊥
2 induced by 〈−,−〉.

(iii) f satisfies (3.3.4) if and only if C1, C2 are Lie subalgebras of g1 and θ is an isomorphism of
Lie algebras.

Lemma 3.3.2. [2, Lemma 12.3] Let f : g1 → g1 be a linear map satisfying (3.3.3) and (3.3.4).
For any λ ∈ k, denote gλ1 = ∪n ker(f − λidg1)

n and g′1 = ⊕λ ̸=0,1g
λ
1 . Then

(i) (g01)
⊥ = g01 ⊕ g′1, (g11)⊥ = g11 ⊕ g′1. Therefore g′1 ⊆ C1 ∩ C2 and 2 | dim g1/g

′
1, dim g01 = dim g11.

(ii) g01 ⊕ g′1 and g11 ⊕ g′1 are Lie subalgebras of g1, and gi1 is an ideal of gi1 ⊕ g′1.

Before our computation, an observation on automorphisms of g1 is required.

Lemma 3.3.3. Let φ is an automorphism of g1. Then by Example 3.2.6, there exists a unique
triple (φ0, γ, λ) ∈ Aut sl2 × sl2 × k×, such that

φ(a) = φ0(a) + [φ0(a), γ]t, φ(at) = λφ0(a)t, ∀a ∈ sl2.

Indeed, this is an 1-1 correspondence between Aut g1 and Aut sl2 × sl2 × k×. Moreover,
(i) 〈φ(a), φ(b)〉 = λ〈a, b〉, ∀a, b ∈ g1.
(ii) If φ is an inner automorphism, then φ0 is an inner automorphism of sl2 and λ = 1.
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3.3 A class of quasitriangular Lie bialgebra structures on g1

Proof. (i) There exists a nondegenerate symmetric invariant bilinear form κ on sl2 defined by
κ(a, b) = Tr(ab), where elements of sl2 is considered as matrices in gl2 with zero trace, i.e.,

H 7→
(
1 0
0 −1

)
, X 7→

(
0 1
0 0

)
, Y 7→

(
0 0
1 0

)
.

It is a well-known fact all automorphisms of sl2 is orthogonal respect to κ. For any a1, a2 ∈ sl2 and
g1(t), g2(t) ∈ k[t]/(t2), we have

〈a1g1(t), a2g2(t)〉 = κ(a1, a2)

(
d
dtg1(t)g2(t)

)
(0).

Hence 〈φ(a), φ(b)〉 = λ〈a, b〉 if any one of a, b is in sl2t. Now suppose a, b ∈ sl2, then

〈φ(a), φ(b)〉 =κ(φ0(a), [φ0(b), γ]) + κ([φ0(a), γ], φ0(b)) = 0 = 〈a, b〉.

(ii) Suppose φ = exp ad(a+ bt) for some a, b ∈ sl2. Then for any x ∈ sl2,

φ(x) = exp ad(a+ bt)(x) = exp ad(a)(x) + ct,

φ(xt) = exp ad(a)(xt) = exp ad(a)(x)t.

Hence φ0 = exp ad(a) and λ = 1.

Let φ be an automorphism of g1 such that 〈φ(a), φ(b)〉 = λ〈a, b〉 for any a, b ∈ gm. Then

(φ⊗ φ)(r1,2 + r2,1) = (φ⊗ φ)C = λC

and

(φ⊗ φ)(r) = (φ⊗ φ)(f ⊗ idg1)C = λ(φ⊗ φ)(f ⊗ idg1)(φ
−1 ⊗ φ−1)C = λ(φfφ−1 ⊗ idg1)C.

Therefore (φ⊗ φ)(r) still satisfies (3.3.1) and (3.3.2) if φ is an inner automorphism.
From now on we suppose f satisfies (3.3.3) and (3.3.4). Here is the argument on f up to

orthogonal automorphisms of g1.
(1) C1 or C2 is not solvable. First let C2 be not solvable. Then there exists an orthogonal

automorphism φ of g1 such that sl2 ⊆ φ(C2). Up to orthogonal automorphisms, we set sl2 ⊆ C2.
Hence C⊥

2 ⊆ sl⊥2 = sl2. Since C⊥
2 is an ideal of C2, we have either C⊥

2 = 0 or C⊥
2 = C2. If

C⊥
2 = 0 then C2 = g1. Recall θ : C1/C

⊥
1 → C2/C

⊥
2 is an Lie algebra isomorphism, therefore

C1 = g1 and C⊥
1 = 0. Thus θ = f ◦ (f − idg1)

−1 becomes an orthogonal automorphism of g1. Note
that det(θ − idg1) 6= 0, by the corollary of [2, Theorem 9.2] g1 is solvable, a contradiction! Then
C2 = C⊥

2 = sl2.
Suppose C1 = C⊥

1 = k(X1−g(X))+k(H1−g(H))+k(Y1−g(Y )) for some g(X), g(H), g(Y ) ∈ sl2.
Then κ(a, g(b)) + κ(g(a), b) = 0 for any a, b ∈ sl2. Hence there exists an unique c ∈ sl2 such that
g = −ad(c). The condition C1 is a subalgebra forces that κ(c, c) = 0. In this case,

r =
1

2
H0 ⊗H1 +

1

2
[H0, c]⊗H0 +X0 ⊗ Y1 + Y0 ⊗X1 + [Y0, c]⊗X0.

(2) C1 and C2 are solvable. Then there exist Borel subalgberas b1, b2 of g1 such that Ci ⊆
bi. Then bi/a1 are Borel subalgebras of sl2 ∼= g1/a1. Since b1 + b2 = g1, there is an inner
automorphism φ0 such that φ0(b1/a1) = kH + kX and φ0(b2/a1) = kH + kY . Therefore up to an
inner automorphism of g1, we can suppose b1 = kH0 + kX0 + a1 and b2 = kH0 + kY0 + a1. By
Lemma 3.3.2, g′1 ⊆ C1 ∩ C2 ⊆ b1 ∩ b2 = kH0 + a1. Since kX1 = b⊥1 ⊆ C⊥

1 , we have f(X1) = 0.
Similarly, f(Y1) = Y1. Note that 2 | dim g′1, hence g′1 = 0 or g′1 = kH0 + kH1.

If g′ = kH0+kH1, then a routine argument shows that Ci = bi or C1 = kH0+kH1+kX0+kX1

and C2 = kH0 + kH1 + kY0 + kY1. Since θ : C1/C
⊥
1 → C2/C

⊥
2 is an orthogonal Lie algebra
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Chapter 3 Lie bialgebra structures on sl2[t]/(tm+1)

isomorphism, there must be C1 = kH0 + kH1 + kX0 + kX1 and C2 = kH0 + kH1 + kY0 + kY1 by a
tedious calculation. In this case, f(Xi) = 0, f(Yi) = Yi, f(H0) = λH0 and f(H1) = (1 − λ)H1 for
some λ 6= 0, 1. Therefore

r =
1

2
λH0 ⊗H1 +

1

2
(1− λ)H1 ⊗H0 + Y1 ⊗X0 + Y0 ⊗X1.

If g′ = 0, then dim g01 = dim g11 = 3, (g01)⊥ = g01 and (g11)
⊥ = g11. The condition Ci are solvable

implies that g01 and g11 are solvable. A boring argument works out that g01 = kH0 + kX0 + kX1,
g11 = kH1+kY0+kY1 or g01 = kH1+kX0+kX1, g11 = kH0+kY0+kY1. Indeed, these two cases are
equivalent, since ω : Hi 7→ −Hi, Xi 7→ Yi, Yi 7→ Xi is an orthogonal automorphism of g1 respect to
〈−,−〉 and one can replacing f by idg1 − f . We set g01 = kH0 + kX0 + kX1, g11 = kH1 + kY0 + kY1.
If C1 = g0 and C2 = g1, then f(H0) = f(X0) = f(X1) = (f − idg1)(H1) = (f − idg1)(Y0) =
(f − idg1)(Y1) = 0, and

r =
1

2
H1 ⊗H0 + Y0 ⊗X1 + Y1 ⊗X0.

If dimC1 = dimC2 = 4, then an uninteresting computation provides that C1 = kH0+kH1+kX0+
kX1, C2 = kH1 + kX1 + kY0 + kY1, and there is a nonzero scalar λ such that

f(X0) = f(X1) = (f − idg−1)(H1) = (f − idg−1)(Y1) = 0,

f(H0) = −2λX1, (f − idg1)(Y0) = λH1.

In this case
r =

1

2
H1 ⊗H0 + Y0 ⊗X1 + Y1 ⊗X0 + λH1 ∧X1.

Finally, an analysis shows that there is a contradiction if Ci = bi. The whole argument is completed.
To summarize,

Proposition 3.3.4. Suppose r satisfies (3.3.1) and (3.3.2). Then either r or C− r can be uniquely
transformed by a suitable automorphism into one of the following forms:

(i) 1

2
H0 ⊗H1 +X0 ⊗ Y1 + Y0 ⊗X1 +

1

2
[H0, c] ⊗H0 + [X0, c] ⊗ Y0 + [Y0, c] ⊗X0 for some c ∈ sl2

such that κ(c, c) = 0.

(ii) 1

2
λH0 ⊗H1 +

1

2
(1− λ)H1 ⊗H0 + Y1 ⊗X0 + Y0 ⊗X1 for some λ 6= 0, 1.

(iii) 1

2
H1 ⊗H0 + Y0 ⊗X1 + Y1 ⊗X0.

(iv) 1

2
H1 ⊗H0 + Y0 ⊗X1 + Y1 ⊗X0 + λH1 ∧X1 for some λ 6= 0.
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Chapter 4

A quantization of sl2[t]/(tm+1)

4.1 Main result
Recall that the standard Lie bialgebra structure (gm, δr0) given in Section 3.2, which is induced

by r0 =
∑

i+j=mXi∧Yj . In this chapter we will show that the Hopf algebra Uh(gm) in the following
theorem is a quantization of (gm, r0) with respect to Definition 2.4.4, and Uh(gm) is a trivial algebra
deformation (mod h4).

Theorem 4.1.1. Let A = k{Hr, Xs, Yt|0 ≤ r, s, t ≤ m} be the algebra of non-commutative polyno-
mials in 3(m+ 1)’s generators Hr, Xs, Yt, and I be the two-sided ideal of A[[h]] generated by

[Hi,Hj ], [Xi,Xj ], [Yi, Yj ], (4.1.1)

[Hr, Xs]− 2Xr+s, [Hr, Yt] + 2Yr+t, [Xs, Yt]−
PX
m−s−t − P Y

m−s−t

eh − e−h
, (4.1.2)

where Hk = Xk = Yk = 0 if k > m,

PX
i =

∑
j≥0

hj

j!

∑
a1+···+aj=jm−i

Ha1 · · ·Haj , P Y
i =

∑
j≥0

(−h)j

j!

∑
a1+···+aj=jm−i

Ha1 · · ·Haj

for 0 ≤ i ≤ m and PX
i = P Y

i = 0 if i < 0. Let Ī be the closure of I in the h-adic topology. Then
Uh(gm) = A[[h]]/Ī is an algebra over k[[h]].

There exists homomorphisms of k[[h]]-algebras ∆h : Uh(gm) → Uh(gm)⊗Uh(gm), ϵh : Uh(gm) →
k[[h]] and Sh : Uh(gm) → Uh(gm) work on generators of Uh(gm) as follows:

∆h(Hr) = Hr ⊗ 1 + 1⊗Hr, (4.1.3)

∆h(Xs) = 1⊗Xs +

m∑
i=s

Xi ⊗ PX
i−s, ∆h(Yt) = Yt ⊗ 1 +

m∑
i=t

P Y
i−t ⊗ Yi, (4.1.4)

ϵh(Hr) = ϵh(Xs) = ϵh(Yt) = 0, (4.1.5)

Sh(Hr) = −Hr, Sh(Xs) = −
m∑
i=s

XiP
Y
i−s, Sh(Yt) = −

m∑
i=t

PX
i−tYi (4.1.6)

for 0 ≤ r, s, t ≤ m. Then ∆h, ϵh and Sh as comultiplication, counit and antipode respectively define
a topological Hopf structure of Uh(gm).

Moreover, Uh(gm) is a QUE algebra, whose classical limit is the Lie bialgebra structure on gm
defined by r0 =

∑
i+j=mXi ∧ Yj.
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This chapter is organized as follows. We prove that ∆h in Theorem 4.1.1 is an algebra homo-
morphism in Section 4.2 and Uh(gm) is a topological Hopf algebra over k[[h]] in Section 4.3. In
Section 4.4 we establish a topological PBW basis of Uh(gm), which completes the proof of Theorem
4.1.1 together with results in Section 4.2 and 4.3. Finally, an careful argument on cohomology in
Section 4.5 shows that Uh(gm) is trivial as an algebra deformation (mod h4) of U(gm).

4.2 ∆h is an algebra homomorphism
Let us make some argument on Uh(gm) defined in Theorem 4.1.1. One should note that in both

PX
m−s−t − P Y

m−s−t and eh − e−h each odd powerth of h appears but even powerth of h does not,

hence
PX
m−s−t − P Y

m−s−t

eh − e−h
is a well-defined element in Uh(gm). If m = 0 then gm is exactly sl2 and

Uh(gm) is the quantum group Uh(sl2) in Example 2.4.6. Hence we always set m > 0 in the rest of
this chapter if there is no statement.

Lemma 4.2.1. For PX
i and P Y

i , 0 ≤ i ≤ m, we have

∆h(P
X
i ) =

i∑
k=0

PX
k ⊗ PX

i−k, ∆h(P
Y
i ) =

i∑
k=0

P Y
k ⊗ P Y

i−k. (4.2.1)

Proof. We only prove (4.2.1) for PX
i since the case for P Y

i is similar. A direct calculation shows
that

∆h(P
X
i ) =

∑
j≥0

hj

j!

∑
a1+···+aj=jm−i

∆h(Ha1 · · ·Haj )

=
∑
j≥0

hj

j!

∑
a1+···+aj=jm−i

j∑
u=0

(
j

u

)
Ha1 · · ·Hau ⊗Hau+1 · · ·Haj

=

i∑
k=0

∑
j≥0

j∑
u=0

huu! ∑
b1+···+bu
=um−k

Hb1 · · ·Hbu

⊗

 hj−u

(j − u)!

∑
c1+···+cj−u

=(j−u)m−(i−k)

Hc1 · · ·Hcj−u


=

i∑
k=0

∑
u≥0

∑
v≥0

hu
u!

∑
b1+···+bu=um−k

Hb1 · · ·Hbu

⊗

hv
v!

∑
c1+···+cv=vm−(i−k)

Hc1 · · ·Hcv


=

i∑
k=0

PX
k ⊗ PX

i−k,

which is exactly what we want.

Lemma 4.2.2. For 0 ≤ i, s, t ≤ m, we have

PX
i Xs =

∑
c≥0

Xs+c

∑
j≥0

(2h)j

j!
N c

jP
X
i+c−jm, P Y

i Xs =
∑
c≥0

Xs+c

∑
j≥0

(−2h)j

j!
N c

jP
Y
i+c−jm, (4.2.2)

PX
i Yt =

∑
c≥0

Yt+c

∑
j≥0

(−2h)j

j!
N c

jP
X
i+c−jm, P Y

i Yt =
∑
c≥0

Yt+c

∑
j≥0

(2h)j

j!
N c

jP
Y
i+c−jm, (4.2.3)

where N c
0 = δ0,c and N c

j = |{0 ≤ a1, . . . , aj ≤ m|a1 + · · ·+ aj = c}| for j ≥ 1.
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4.2 ∆h is an algebra homomorphism

Proof. We only prove (4.2.2) for PX
i , Xs, the rest are similar. Fix ai, . . . , aj ∈ N, an easy induction

shows that

Ha1 · · ·HajXs =

j∑
k=0

∑
choose b1,...,bk
from a1,...,aj ,
ck+1,...,cj left

2kXs+b1+···+bkHck+1
· · ·Hcj .

Therefore we have

PX
i Xs =

∑
j≥0

hj

j!

∑
a1+···+aj=jm−i

j∑
k=0

∑
choose b1,...,bk
from a1,...,aj ,
ck+1,...,cj left

2kXs+b1+···+bkHck+1
· · ·Hcj

=
∑
j≥0

hj

j!

∑
c≥0

Xs+c

j∑
k=0

∑
ck+1+···+cj=jm−i−c

2k
(

j

j − k

)
N c

kHck+1
· · ·Hcj

=
∑
c≥0

Xs+c

∑
k≥0

(2h)k

k!
N c

k

∑
l≥0

hl

l!

∑
e1+···+el=lm−(i+c−km)

He1 · · ·Hcl

=
∑
c≥0

Xs+c

∑
k≥0

(2h)k

k!
N c

kP
X
i+c−km,

which is exactly what we want.

Remark 4.2.3. Since PX
k = 0 if k < 0, Xs = 0 if s > m and i ≤ m, the formula in Lemma 4.2.2

for PX
i and Xs can be reduced as follows:

PX
i Xs =

m∑
c=0

Xs+c(δ0,cP
X
i + 2hPX

i+c−m + δi,mδc,m2h2(m+ 1)PX
0 ). (4.2.4)

In particular, if i < s we have PX
i Xs = XsP

X
i . Similar reductions act for rest formulas.

Now we can prove ∆h is a well-defined algebra homomorphism. An easy verification shows that

[∆h(Hi),∆h(Hj)] = 0, [∆h(Hr),∆h(Xs)] = 2∆h(Xr+s), [∆h(Hr),∆h(Yt)] = −2∆h(Yr+t)

hold for 0 ≤ i, j, r, s, t ≤ m.

Lemma 4.2.4. For 0 ≤ s < t ≤ m we have

[∆h(Xs),∆h(Xt)] = [∆h(Ys),∆h(Yt)] = 0

in Uh(gm).

Proof. We only prove ∆h satisfies the relation between Xs and Xt. Since PX
i Xs = XsP

X
i if i < s,

one have

[∆h(Xs),∆h(Xt)] =
m∑
i=s

Xi⊗ [PX
i−s, Xt] +

m∑
j=t

Xj ⊗ [Xs, P
X
j−t] =

m∑
k=s+t

Xk ⊗ ([PX
k−s, Xt]− [PX

k−t, Xs]).
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Fix k, thanks to equation (4.2.4) we get

[PX
k−s, Xt]− [PX

k−t, Xs] =
m∑
c=0

Xt+c(2hP
X
k−s+c−m + δk−s,mδc,m2h2(m+ 1)PX

0 )

−
m∑
d=0

Xs+d(2hP
X
k−t+d−m + δk−t,mδd,m2h2(m+ 1)PX

0 )

=
m−t∑

c=m−k+s

2hXt+cP
X
k−s+c−m −

m−s∑
d=m−k+t

2hXs+dP
X
k−t+d−m

=0.

The proof of [∆h(Ys),∆h(Yt)] = 0 is similar.

Lemma 4.2.5. For 0 ≤ s, t ≤ m we have

[∆h(Xs),∆h(Yt)] = ∆h

(
PX
m−s−t − P Y

m−s−t

eh − e−h

)
in Uh(gm).
Proof. This proof is also a direct calculation. We compute

[∆h(Xs),∆h(Yt)]

=
m∑
j=t

P Y
j−t ⊗ [Xs, Yj ] +

m∑
i=s

[Xi, Yt]⊗ PX
i−s +

m∑
i=s

m∑
j=t

(XiP
Y
j−t ⊗ PX

i−sYj − P Y
j−tXi ⊗ YjP

X
i−s)

=
m∑
j=t

P Y
j−t ⊗

PX
m−s−j − P Y

m−s−j

eh − e−h
+

m∑
i=s

PX
m−i−t − P Y

m−i−t

eh − e−h
⊗ PX

i−s

+
m∑
i=s

m∑
j=t

(XiP
Y
j−t ⊗ PX

i−sYj − P Y
j−tXi ⊗ YjP

X
i−s)

=
m−s−t∑
k=0

(PX
k ⊗ PX

m−s−t−k − P Y
k ⊗ P Y

m−s−t−k)

eh − e−h
+

m∑
i=s

m∑
j=t

(XiP
Y
j−t ⊗ PX

i−sYj − P Y
j−tXi ⊗ YjP

X
i−s).

Thanks to Lemma 4.2.1, we only need to check
m∑
i=s

m∑
j=t

(XiP
Y
j−t ⊗ PX

i−sYj − P Y
j−tXi ⊗ YjP

X
i−s) = 0. (4.2.5)

Fix i and j, Lemma 4.2.2 and Remark 4.2.3 show us

XiP
Y
j−t ⊗ PX

i−sYj =
∑
c≥0

XiP
Y
j−t ⊗ Yj+c(δ0,cP

X
i−s+c − 2hPX

i−s+c−m + δi−s,mδc,m2h2(m+ 1)PX
0 )

=XiP
Y
j−t ⊗ YjP

X
i−s + δs,0δt,0δi,mδj,02h

2(m+ 1)XmP
Y
0 ⊗ YmP

X
0

− 2h

m−j∑
c=m−i+s

XiP
Y
j−t ⊗ Yj+cP

X
i−s+c−m,

P Y
j−tXi ⊗ YjP

X
i−s =

∑
d≥0

Xi+d(δd,0P
Y
j−t+d − 2hP Y

j−t+d−m + δj−t,mδd,m2h2(m+ 1)P Y
0 )⊗ YjP

X
i−s

=XiP
Y
j−t ⊗ YjP

X
i−s + δs,0δt,0δi,0δj,m2h2(m+ 1)XmP

Y
0 ⊗ YmP

X
0

− 2h
m−i∑

d=m−j+t

Xi+dP
Y
j−t+d−m ⊗ YjP

X
i−s.
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Therefore

LHS of (4.2.5) =2h

m∑
i=s

m∑
j=t

 m−i∑
d=m−j+t

Xi+dP
Y
j−t+d−m ⊗ YjP

X
i−s −

m−j∑
c=m−i+s

XiP
Y
j−t ⊗ Yj+cP

X
i−s+c−m


=2h

m∑
k=0

m∑
l=0

(Xk ⊗ Yl)

 m∑
i=s

P Y
l−t+k−i−m ⊗ PX

i−s −
m∑
j=t

P Y
j−t ⊗ PX

k−s+l−j−m

 .

Since the two terms in the last parenthesis of the above equation are both∑
a+b=k+l−s−t−m

P Y
a ⊗ PX

b ,

the proof is completed.

Combining Lemma 4.2.4 and Lemma 4.2.5 we have shown

Proposition 4.2.6. ∆h : Uh(gm) → Uh(gm) ⊗ Uh(gm) is a well-defined k[[h]]-algebra homomor-
phism.

4.3 Uh(gm) is a topological Hopf algebra
Let µh : Uh(gm) ⊗ Uh(gm) → Uh(gm) be the multiplication and ηh : k[[h]] → Uh(gm) be the

unit of Uh(gm). We first show that (Uh(gm), µh, ηh,∆h, ϵh) is a k[[h]]-bialgebra. Thanks to Lemma
4.2.1, we have

(∆h ⊗ id)∆h(Xs) =1⊗ 1⊗Xs +
m∑
i=s

(1⊗Xi +
m∑
j=i

Xj ⊗ PX
j−i)⊗ PX

i−s

=1⊗ (1⊗Xs +

m∑
i=s

Xi ⊗ PX
i−s) +

m∑
j=s

Xj ⊗ (

j∑
i=s

PX
j−i ⊗ PX

i−s)

=(id ⊗∆h)∆h(Xs).

Similar calculations work for Hr and Yt. Thus ∆h satisfies coassociative law since it is an algebra
homomorphism. It is clear that ϵh is a well-defined k[[h]]-algebra homomorphism. One should note
that ϵh(PX

i ) = ϵh(P
Y
i ) = δi,0, hence

µh(ϵh ⊗ id)∆h = µh(id ⊗ ϵh)∆h = idUh(gm).

Therefore Uh(gm) is a bialgebra.

Proposition 4.3.1. The antipode Sh : Uh(gm) → Uh(gm) is a well-defined k[[h]]-algebra antimor-
phism, satisfying

µh(Sh ⊗ id)∆h = µh(id ⊗ Sh)∆h = ϵh.

Therefore Uh(gm) is a topological Hopf algebra over k[[h]].

Proof. It is easy to see that Sh(PX
i ) = P Y

i , Sh(P
Y
i ) = PX

i and [Sh(Hi), Sh(Hj)] = 0. Since
µh(Sh ⊗ id)∆h(Hr) = µh(id ⊗ Sh)∆h(Hr) = ϵh(Hr) = 0, applying on equation (4.2.1) we have

i∑
k=0

PX
k P

Y
i−k = ϵh(P

X
i ) = δi,0 (4.3.1)

for 0 ≤ i ≤ m.
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We need to verify Sh holds the anti-relations in equations (4.1.1) and (4.1.2). There is no
difficult to show

[Sh(Hr), Sh(Xs)] = −2Sh(Xr+s), [Sh(Hr), Sh(Yt)] = 2Sh(Yr+t).

Lemma 4.2.2 provides us

[Sh(Xs), Sh(Xt)] =

m∑
i=s

m∑
j=t

(XiP
Y
i−sXjP

Y
j−t −XjP

Y
j−tXiP

Y
i−s)

=
m∑
i=s

m∑
j=t

∑
d≥0

XiXj+d(δd,0P
Y
i−s − 2hP Y

i−s+d−m + δi−s,mδd,m2h2Nm
2 P

Y
0 )P Y

j−t

−
∑
c≥0

XjXi+c(δc,0P
Y
j−t − 2hP Y

j−t+c−m + δj−t,mδc,m2h2Nm
2 P

Y
0 )P Y

i−s


=

m∑
k=0

m∑
l=0

XkXl

P Y
k−sP

Y
l−t − 2h

m∑
j=t

P Y
k+l−s−j−mP

Y
j−t


−XlXk

(
P Y
l−tP

Y
k−s − 2h

m∑
i=s

P Y
k+l−i−t−mP

Y
i−s

)]

=
m∑
k=0

m∑
l=0

[Xk, Xl]

(
P Y
k−sP

Y
l−t − 2h

m∑
a+b=k+l−s−t−m

P Y
a P

Y
b

)
= 0.

Thanks to Remark 4.2.3, one can show that
(1) if i < j, then [PX

i , Xj ] = [P Y
i , Xj ] = [PX

i , Yj ] = [P Y
i , Yj ] = 0;

(2) [PX
i , Xi] = 2hXmP

X
0 , [P

Y
i , Xi] = −2hXmP

Y
0 , [P

X
i , Yi] = −2hYmP

X
0 , [P

Y
i , Yi] = 2hYmP

Y
0 .

Hence

Sh(Xs)Sh(Yt) =
m∑
i=s

m∑
j=t

XiP
Y
i−sP

X
j−tYj

=
m∑
i=s

m∑
j=t

XiP
Y
i−s(YjP

X
j−t − δt,02hYmP

X
0 )

=

m∑
i=s

m∑
j=t

∑
c≥0

XiYj+c(δc,0P
Y
i−s + 2hP Y

i−s+c−m + δi−s,mδc,m2h2(m+ 1)P Y
0 )PX

j−t

− δt,0(m+ 1)

m∑
i=s

2hXiP
Y
i−sYmP

X
0

=

m∑
k=0

m∑
l=0

XkYl

(
P Y
k−sP

X
l−t + 2h

∑
a+b=k+l−s−t−m

P Y
a P

X
b

)

− δs,0δt,02h
2(m+ 1)XmYmP

X
0 P

Y
0 − δt,02h(m+ 1)

m∑
i=s

XiYmP
Y
i−sP

X
0 .

A similar calculation shows that

Sh(Yt)Sh(Xs) =
m∑
k=0

m∑
l=0

YlXk

(
PX
l−tP

Y
k−s + 2h

∑
a+b=k+l−s−t−m

PX
a P

Y
b

)

− δs,0δt,02h
2(m+ 1)YmXmP

X
0 P

Y
0 − δt,02h(m+ 1)

m∑
i=s

YmXiP
X
0 P

Y
i−s.
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(4.3.1) implies that

[Sh(Xs), Sh(Yt)] =

m∑
k=0

m∑
l=0

[Xk, Yl](P
X
l−tP

Y
k−s + 2hδk+l,s+t+m)− δt,02h(m+ 1)

m∑
i=s

[Xi, Ym]PX
0 P

Y
i−s

=

m∑
u=0

PX
m−u − P Y

m−u

eh − e−h
(δu,s+t + 2h(u+ 1)δu,s+t+m)− δs,0δt,02h(m+ 1)

PX
0 − P Y

0

eh − e−h

=
PX
m−s−t − P Y

m−s−t

eh − e−h
= [Xs, Yt].

Therefore Sh is a well-defined antimorphism. Finally we prove µh(Sh ⊗ id)∆h(Xs) = 0 = µh(id ⊗
Sh)∆h(Xs). The second equality is evident. For the first equality we have

µh(Sh ⊗ id)∆h(Xs) = Xs −
m∑
i=s

m∑
j=i

XjP
Y
j−iP

X
i−s = Xs −

m∑
j=s

δj,sXj = 0,

where we use equation (4.3.1) again. Similar argument works for Yt. We have shown that Sh is an
antipode of bialgebra Uh(gm), hence Uh(gm) is a topological Hopf algebra.

4.4 A topological PBW basis of Uh(gm)

In this section we establish a topological PBW basis of Uh(gm) over k[[h]], which provides an
isomorphism Uh(gm) ∼= U(gm)[[h]] as k[[h]]-mods. Inspired by the classical theory of PBW basis
for Lie algebra, we construct a topological Uh(gm)-module structure on the trivial deformation of
polynomial ring V = k[Ft, Zr, Es|0 ≤ r, s, t ≤ m]. All modules, algebras and bases are in the
topological sense in the rest of this section.

Denote Fk = Zk = Ek = 0 if k > m. Let J be the set consisting of all finite increasing integer
sequences with each term between 0 and m (the empty sequence lies in J). It is clear that V [[h]]
has a basis {FJ1ZJ2EJ3 |J1, J2, J3 ∈ J} as a k[[h]]-mod, where FJ = Fa1 · · ·Fan for any finite integer
sequence J = (a1, . . . , an) with 0 ≤ ai ≤ m. ZJ , EJ are defined in a similar way. Given an integer
sequence J = (a1, . . . , an), some integers j, c1, . . . , ck and a increasing subsequence ω = (i1, . . . , ik)
of (1, . . . , n) with length of k, we denote
(1) (j, J) = (j, a1, . . . , an);
(2) Jω;c1,...,ck be the sequence whose il-th term is ail + cl for 1 ≤ l ≤ k and others are corresponding
terms in J .
If ω = (i) we briefly denote Jω;c by Ji;c. Denote σ(J) be the sum of all terms in J .

Let U≤0
h be the topological subalgebra of Uh(gm) generated by {Hr, Yt|0 ≤ r, t ≤ m}. For

0 ≤ j ≤ m we define operators on V [[h]] as follows:

yj(FJZJ1EJ2) = F(j,J)ZJ1EJ2 ,

hj(FJZJ1EJ2) = FI1Z(j,J1)EJ2 − 2
n∑

i=1

FJi;jZJ1EJ2 , ∀J, J1, J2 ∈ J,

and denote hj = yj = 0 if j > m. One can easily show that hrht = hthr, yryt = ytyr, hryt−ythr =
−2yr+t, hence V [[h]] becomes a U≤0

h -mod via Hr acts as hr and Yt acts as yt. Now define operators
xj on V [[h]]:

xj(FJZJ1EJ2) =
n∑

i=1

Fa1 · · ·Fai−1

(
PX
m−j−ai

− P Y
m−j−ai

eh − e−h
.(Fai+1 · · ·FanZJ1EJ2)

)
+ FJ

∑
J ′
1⊆J1

(−2)|J
′
1|ZJ ′

1
E(j+σ(J)−σ(J ′

1),J2)
, ∀J = (a1, . . . , an), J1, J2 ∈ J
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for 0 ≤ j ≤ m. Also denote xj = 0 if j > 0. We claim that V [[h]] is a Uh(gm)-mod via Hr, Xs, Yt
act as hr, xs, yt respectively. Since [Xs, Yt] ∈ U≤0

h we have

n∑
i=1

Fa1 · · ·Fai−1

(
PX
m−j−ai

− P Y
m−j−ai

eh − e−h
(Fai+1 · · ·FanZJ1EJ2)

)

=

(
n∑

i=1

Ya1 · · ·Yai−1 [Xj , Yai ]Yai+1 · · ·Yat

)
.(ZJ1EJ2)

=[Xj , YJ ].(ZJ1EJ2)

=[Xj , YJτ ].(ZJ1EJ2)

=
n∑

i=1

Faτ(1) · · ·Faτ(i−1)

(
PX
m−j−aτ(i)

− P Y
m−j−aτ(i)

eh − e−h
(Faτ(i+1)

· · ·Faτ(n)
ZJ1EJ2)

)
,

where J = (a1, . . . , an) ∈ J, τ is an arbitrary n-element permutation and Jτ = (aτ(1), . . . , aτ(n)).
Therefore

xj(F(t,J)ZJ1EJ2) =
PX
m−j−t − P Y

m−j−t

eh − e−h
(FJZJ1EJ2) + Faxj(FJZJ1EJ2) (4.4.1)

for arbitrary 0 ≤ t ≤ m and J, J1, J2 ∈ J. In other words, XsYt − YtXs =
PX
m−j−t−PY

m−j−t

eh−e−h as
operators on V [[h]]. Moreover, using equation (4.4.1) one can verify that hrxs − xshr = 2xr+s and
xsxt = xtxs by an induction on |J |. Hence the claim holds.

Finally, since YJHJ1XJ2(1) = FJZJ1EJ2 are linearly independent over k[[h]], YJHJ1XJ2 are also
linearly independent. It is clear Uh(gm) is generated by {FJZJ1EJ2 |J, J1, J2 ∈ J} as a k[[h]]-mod,
hence {FJZJ1EJ2 |J, J1, J2 ∈ J} is a PBW basis of Uh(gm). Therefore

Uh(gm) ∼= V [[h]] ∼= U(gm)[[h]]

as k[[h]]-mods since U(gm) ∼= V as k-vector spaces. One can even say Uh(gm) = U(gm)[[h]].
Therefore Uh(gm) is a topologically free module.

Since
PX
i ≡ δ0,i + hHm−i (mod h2), P Y

i ≡ δ0,i − hHm−i (mod h2)

for 0 ≤ i ≤ m, we have

∆h(Xs)−∆op
h (Xs)

h
≡

∑
i+j=m+s

Xi ∧Hj (mod h),
∆h(Yt)−∆op

h (Yt)

h
≡

∑
i+j=m+t

Yi ∧Hj (mod h).

Together with Sections 4.2 and 4.3, we have shown Uh(gm) is a quantization of (gm, δr0).

4.5 Uh(gm) is trivial as an algebra deformation (mod h4)

Recall A = k{Hr, Xs, Yt | 0 ≤ r, s, t ≤ m}, let I ′ be the two sided ideal of A[[h]] generated by

[Hi,Hj ], [Xi, Xj ], [Yi, Yj ],

[Hr, Xs]− 2Xr+s, [Hr, Yt] + 2Yr+t, [Xs, Yt]−
PX
m−s−t − P Y

m−s−t

2h
.

Define B := A[[h]]/I ′. Then Uh(gm) ∼= B as k[[h]]-algebras by the following isomorphism from
Uh(gm) to B:

Hr 7→ Hr, Xs 7→
√

2h

eh − e−h
Xs, Yt 7→

√
2h

eh − e−h
Yt.
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Therefore B is also an algebra deformation of U(gm), and we can write the multiplication µB of B
by

µB =
∑
n≥0

µnh
n,

where each µn is a k-bilinear map from U(gm) × U(gm) to U(gm). The key result proved later in
this section is that for any n ≥ 1, µn is a 2-coboundary on U(gm) with coefficients in U(gm) , where
U(gm) is a U(gm)-bimodule in the natural way.

Lemma 4.5.1. Let g be a semisimple Lie algebra and gm = g[t]/(tm+1). Let {ek} be a basis of
g, take the dual basis {ek} of {ek} respect to the Killing form of g. Then

∑
k eke

k is the Casimir
element of g. Let M be a finite dimensional gm-mod and f be an n-cocycle (n > 0) on gm with
coefficients in M . Suppose N is a g-submodule of M such that all irreducible direct summands of
N are non-trivial and isomorphic to each other, f satisfies Im f ⊆ N and

ek.f(e
ktr, a1, . . . , an−1) = ektr.f(ek, a1, . . . , an−1), ∀a1, . . . , an−1 ∈ gm, 0 ≤ r ≤ m.

Then f is an n-coboundary.

Proof. For any x ∈ g, denote

[ek, x] =
∑
k

αk,l(x)el, [ek, x] =
∑
k

βk,l(x)e
l

in g. Then for any 0 ≤ r, s ≤ m,

[ektr, xts] =
∑
k

αk,l(x)eltr+s, [ektr, xts] =
∑
k

βk,l(x)e
ltr+s

in gm. Since Killing form is invariant, we have αk,l = −βl,k for any k, l. For any p-cochain (p > 0)
g on gm with coefficients in M , We define an (p− 1)-cochain πg as follows:

(πg)(a1, . . . , ap−1) :=
∑
k

ek.f(e
k, a1, . . . , ap−1), ∀a1, . . . , ap−1 ∈ gm.

Then

(dgmπg)(a1, . . . , ap)

=

p∑
i=1

(−1)i+1ai.(πg)(a1, . . . , âi, . . . , ap) +
∑

1≤i<j≤p

(−1)i+j(πg)([ai, aj ], a1, . . . , âi, . . . , âj , . . . , ap)

=
∑
k

(
p∑

i=1

(−1)i+1ai.(ek.g(e
k, a1, . . . , âi, . . . , ap))

+
∑

1≤i<j≤p

(−1)i+jek.g(e
k, [ai, aj ], a1, . . . , âi, . . . , âj , . . . , ap)

)
,

and

(πdgmg)(a1, . . . , ap)

=
∑
k

ek.(dgmg)(e
k, a1, . . . , ap)

=
∑
k

ek.

(
ek.g(a1, . . . , ap) +

p∑
i=1

(−1)ig([ek, ai], a1, . . . , âi, . . . , ap)

+

p∑
i=1

(−1)iai.g(e
k, a1, . . . , âi, . . . , ap) +

∑
1≤i<j≤p

(−1)i+jg([ai, aj ], e
k, a1, . . . , âi, . . . , âj , . . . , ap)

)
.
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Therefore

(dgmπg + πdgmg)(a1, . . . , ap)

=

(∑
k

eke
k

)
.g(a1, . . . , ap)

+

p∑
i=1

(−1)i
∑
k

(
[ek, ai].g(e

k, a1, . . . , âi, . . . , ap) + ek.g([e
k, ai], a1, . . . , âi, . . . , ap)

)
.

For any x ∈ g, x1, . . . , xn−1 ∈ gm and 0 ≤ r ≤ m, by conditions we have∑
k

(
[ek, xtr].f(ek, x1, . . . , xn−1) + ek.f([e

k, xtr], x1, . . . , xn−1)
)

=
∑
k,l

(
αk,l(x)eltr.f(ek, x1, . . . , xn−1) + βk,l(x)ek.f(e

ltr, x1, . . . , xn−1)
)

=
∑
k,l

(αk,l(x) + βl,k(x))eltr.f(ek, x1, . . . , xn−1)

=0.

Due to the decomposition of N as a g-mod, the Casimir element
∑

k eke
k acts on N by a non-zero

scalar c. Then for any a1, . . . , an ∈ gm,

(dgmπf + πdgmf)(a1, . . . , an) = cf(a1, . . . , an)

since Im f ⊆ N . Therefore f = c−1(dgmπf) is an n-coboundary.

Let n be a positive integer. Define an antisymmetric bilinear map Fn : gm × gm → Sngm as
follows:

Fn(Hs,Ht) = Fn(Xs, Xt) = Fn(Ys, Yt) = Fn(Hr, Xs) = Fn(Hr, Yt) = 0,

Fn(Xs, Yt) =
∑

a1+···+an
=(n−1)m+s+t

Ha1 ⊗ · · · ⊗Han

for any 0 ≤ r, s, t ≤ m.
Lemma 4.5.2. Let n ≥ 1 be an odd integer. Then the antisymmetric map Fn defined above is a
2-coboundary on gm with coefficients in Sngm.
Proof. We claim that for any a ∈ gm and 0 ≤ r ≤ m,

H0.Fn(Hr, a) = Hr.Fn(H0, a), X0.Fn(Yr, a) = Xr.Fn(Y0, a), Y0.Fn(Xr, a) = Yr.Fn(X0, a).

The first equality is easy since both sides are always zero by definition of Fn. The proof of the
last two equalities are similar, we only prove the third one. For convenience, denote v0,r = −Xr,
v1,r = Hr and v2,r = Yr. Note that if a1 + · · · + an = (n − 1)m + k and 0 ≤ ai ≤ m, then ai ≥ k.
Hence a direct computation shows that for any 0 ≤ s ≤ m,

Y0.Fn(Xr, Ys) =Y0.
∑

a1+···+an
=(n−1)m+r+s

v1,a1 ⊗ · · · ⊗ v1,an

=2
n∑

i=1

∑
a1+···+an

=(n−1)m+r+s

v1,a1 ⊗ · · · ⊗ v2,ai ⊗ · · · ⊗ v1,an

=2

n∑
i=1

∑
a1+···+an

=(n−1)m+s

v1,a1 ⊗ · · · ⊗ v2,ai+r ⊗ · · · ⊗ v1,an

=Yr.Fn(X0, Ys).
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4.5 Uh(gm) is trivial as an algebra deformation (mod h4)

Therefore the claim holds and a routine check illustrates that Fn is a 2-cocycle.
Note that the sl2-submodule of Sngm generated by ImF is exactly M defined in Proposition

3.1.4. Recall M = ⊕⌊n
2
⌋

i=0M
i and as a sl2-mod, each direct summand of M i is isomorphic to the

(2n − 4i + 1)-dimensional irreducible sl2-mod. Thus the projection pi : S
ngm → M i is a gm-mod

map. Denote Gi = pi ◦ Fi, then each Gi is a 2-cocycle with coefficients in M i, such that

H0.Gi(Hr, a) = Hr.Gi(H0, a), X0.Gi(Yr, a) = Xr.Gi(Y0, a), Y0.Gi(Xr, a) = Yr.Gi(X0, a)

for any a ∈ gm and 0 ≤ r ≤ m. Since

1

4
X0Y0 +

1

8
H0H0 +

1

4
Y0X0

is the Casimir element of sl2 and n is odd, Lemma 4.5.1 implies that each Gi is a 2-coboundary.
Finally,

Fn =

n−1
2∑

i=0

pi ◦Gi

is a 2-coboundary on gm with coefficients in Sngm.

Since HHi(U(gm), U(gm)) ∼= Hi(gm, U(gm)ad), we only need to show that each µσn is a 2-
coboundary on gm with coefficients in U(gm)ad. Let S(gm) be the symmetric algebra of gm and we
equip S(gm) with the g-mod structure given by:

x.(x1 · · ·xn) :=
n∑

i=1

x1 · · ·xi−1[x, xi]xi+1 · · ·xn.

By [10, Chapter XVIII, Section 3], there is a gm-mod isomorphism

η : S(gm) → U(gm)ad, x1 · · ·xn 7→ 1

n!

∑
τ∈Sn

xτ(1) · · ·xτ(n), ∀xi ∈ gm.

Moreover, the quotient map π : T (gm) → S(gm) restricted to ⊕n≥0S
ngm gives a gm-mod isomor-

phism
π : ⊕n≥0S

ngm → S(gm),
1

n!

∑
τ∈Sn

xτ(1) ⊗ · · · ⊗ xτ(n) 7→ x1 · · ·xn, ∀xi ∈ gm.

Let ιj : Sjgm → ⊕n≥0S
ngm be the inclusion. Since (η◦π)−1◦µσn = ιn◦Fn, each µσn is a 2-coboundary

by Lemma 4.5.2, hence also µn. Finally,

Proposition 4.5.3. Uh(gm) is trivial as an algebra deformation (mod h4).

Proof. Obviously µn = 0 if n is odd by definition of PX
i and P Y

i . Since µ2 is a 2-coboundary, there
exists an 1-cochain α2 : U(gm) → U(gm) such that µ2 = d1U(gm)(α2). Since∑

n≥0

(−1)nαn
2h

2n

 ◦ (µ0 + µ2h
2) ◦ ((1 + αh2)⊗ (1 + α2h

2)) ≡ µ0 (mod h4),

B is trivial as an algebra deformation (mod h4). The algebra isomorphism U(gm) ∼= B completes
the proof.
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