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ABSTRACT

The concept of Lie bialgebras was introduced by Drinfeld in the 1980s as the alge-
braic framework for the classical limit of quantum group. This concept not only unifies
the theory of solutions to the classical Yang-Baxter equation but also provides a sys-
tematic algebraic foundation for the construction of quantum groups. Many remarkable
results on classfying Lie bialgebra structures on simple Lie algebras and their current al-
gebras have been obtained. Connection between Lie bialgebras and their quantizations,
QUE algebras, is also an important topic. The most famous quasitriangular QUE alge-
bras are called quantum groups, which are quantizations of the standard Lie bialgebra
structures on symmetrizable Kac-Moody algebras.

The aim of this paper is to give a preliminary study on the Lie bialgebra structures
on truncated current algebra g,,, := sly[t]/(t™*!) and establish a quantization Uy, (g,,) of
the so-called standard Lie bialgebra (g,,, dr,). We show that any Lie bialgebra structure
on g,, is coboundary and induced by an unique antisymmetric r-matrix. Two types of
(quasi)triangular Lie bialgebra structures on g,, are constructed, which can be viewed
as generalizations of the two nontrivial Lie bialgebra structures on sl;. To show the
complexity of Lie bialgebra structures on g,,, a class of quasitriangular Lie bialgebra
structures is totally described. We establish a topological PBW basis of Uy, (g,,) to prove
that Uy, (g,,) is a quantization of (g,,, o, ). Finally, a careful argument on cohomology

illustrates that (g,,, 0y, ) is trivial as an algebra deformation (mod h*) of U(g,,).

KEYWORDS: Lie bialgebras; Quantization; Truncated current algebras; Hopf algebras
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Chapter 1

Introduction

1.1 Background

The concept of Lie bialgebras was introduced by Drinfeld in the 1980s as the algebraic framework
for the classical limit of quantum groups [1]. A Lie bialgebra simultaneously carries a Lie algebra
structure and a Lie coalgebra structure, satisfying a certain compatibility condition. This concept
not only unifies the theory of solutions to the classical Yang-Baxter equation (CYBE) but also
provides a systematic algebraic foundation for the construction of quantum groups.

It is natural to classify Lie bialgebras on a given Lie algebra g. Many important and re-
markable results have been obtained: Belavin and Drinfeld provided a classification of the non-
skew-symmetric solutions of CYBE for simple Lie algebras [2]. It is known that the problem of
constructing skew-symmetric solutions of CYBE is equivalent to find all quasi-Frobenius Lie sub-
algebras of g if dim g < oo, which is still open even if g is simple [3, 4]. Lie bialgebra structures on
current algebras g[t] or g[[t]] are also studied for g simple: Montaner, Stolin and Zelmanov showed
that Lie bialgebra structures on g[[t]] are in one-to-one correspondence with generalized Belavin-
Drinfeld triple data on g, and any Lie bialgebra structure on g[t] either arises from a structure on
g[[t]] or is generated by a quasi-trigonometric r-matrix [5]. A work by Abedin, Maximov, Stolin
and Zelmanov classified topological Lie bialgebra structures on g[t]] [6]. Lie bialgebra structures
on loop algebras are also studied by Abedin and Maximov [7].

Connection between Lie bialgebras and their quantizations, QUE algebras, is also an important
topic. For a finite dimensional Lie algebra g, any QUE algebra Uy, (g) gives a Lie bialgebra structure
(g,9). Conversely, any Lie bialgebra structure on g has a quantization [8, 9]. As quasitriangular Lie
bialgebras provide solutions of CYBE, quasitriangular QUE algebras provide solutions of quantum
Yang-Baxter equation (QYBE). The most famous quasitriangular QUE algebras are called quantum
groups, which are quantizations of the standard Lie bialgebra structures on symmetrizable Kac-
Moody algebras. See Example 2.3.6 and 2.4.6 or [3, 10, 11, 12] for more details.

The first truncated current Lie algebra appeared in the work of Takiff [13], and so they are
often referred to as Takiff Lie algebras. In [13] Takiff showed that the symmetric invariant alge-
bra S(g[t]/(£2))%/E) is a polynomial algebra on 2rank(g) variables for some simple Lie algebra
g. Later, Rais and Tauvel extended Takiff’s theorem for S(glt]/(t™+1))ell/E™ ") and successfully
described the center of U(g[t]/(t™*1)) [14]. Based on their work, Chaffe and Topley studied the
BGG category O of g[t]/(t™"1) [15]. There is also a connection between truncated current Lie
algebras and finite W-algebras given by Brundan and Kleshchev [16].

1.2 Main results and organizations

In this paper we mainly concern Lie bialgebra structures on the truncated current Lie algebra
slp[t]/(t™F1) and construct a quantization of the so-called standard Lie bialgebra (sla[t]/(t™ 1), 6y, )-
The key results will be presented along with the structure of the article.
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Chapter 1 Introduction

In Chapter 2 we recall some basic notations and concepts, including Lie algebras and their
representations, cohomology of Lie algebras, Lie bialgebras and their quantizations. The standard
Lie bialgebra structures on simple Lie algebras and their quantization, quantum groups, are briefly
reviewed. Some results used in the following chapters are also proved here.

The main topic of Chapter 3 is to study Lie bialgebra structures on slp[t]/(t™*1). We first
provide a basic observation on modules of sly[t]/(t™*1) in Section 3.1, which relies on the rep-
resentation theory of sly. A special submodule of (sly[t]/(t™1))®" is also totally described here
for later application in Section 4.5, which is also a natural realization of the sly[t]/(t"*1)-mod
V(2i) ® k[t]/(t"T!). In Section 3.2 we show that any Lie bialgebra structures on sly[t]/(t™T!) is
coboundary by proving that H!(slo[t]/(t™T1), slo[t]/(t™T!) @ sla[t]/(t™F1)) = 0. Then by general-
izing the method in Example 2.3.6 we obtain a class of Lie bialgebra structures on sly[t]/(t™+!)
via Manin triples, which is one-to-one correspondent with invertible elements in k[t]/(t™1). Two
more general (quasi)triangular Lie bialgebra structures are immediately deduced and classified up
to gauge equivalence, except rg and rg + r,,, which are not gauge equivalent in the case m = 1.
We call (slo[t]/(t™T1), 1) the standard Lie bialgebra structure on sla[t]/(t™1). To show the com-
plexity of Lie bialgebra structures on sly[t]/(t™1), by imitating the approach in [2], in Section 3.3
we find out a class of solutions of CYBE up to orthogonal automorphisms in the case m = 1 after
a tedious calculation.

Chapter 4 provides a quantization Uy(slz[t]/(t™ 1)) of the standard Lie bialgebra
(sla[t]/(t™1), 6y, ). Sections 4.2-4.4 are contributed to prove the construction given in Theorem
4.1.1 is the desired quantization respect to Definition 2.4.4. In particular, Section 4.4 establishes a
topological basis of Uy, (sly[t]/(t™1)). Finally, a primary research on how trivial Uy, (sla[t]/(£™11))
is as an algebra deformation of U(sly[t]/(t™T!)) is given in Section 4.5, providing that the co-
efficients of all h’s power in the multiplication of Uy (sla[t]/(t™+!)) are 2-coboundaries. A care-
ful argument is applied there to achieve our goal. As a corollary, we have Uj(sly[t]/(t™T!)) =
U(sla[t]/(¢™*1))[[1]] (mod AY).



Chapter 2

Preliminaries

In this paper k is always an algebraically closed field of characteristic zero and all vector spaces
are over k.

2.1 Lie algebras and their representations

In this section we recall some basic results on Lie algebras and their representations (modules)
for later application. For details see [17, 18].

Definition 2.1.1. A Lie algebra over k is a k-vector space g equipped with a bilinear map [—, —] :
g X g — g such that: (1) [z,z] = 0 for all z € g; (2) [[z,y],2] + [[y, 2], ] + [[2,z],y] = O for all
x,y,z € g. [—,—] is called the Lie bracket of g.

Let g be a Lie algebra. A g-mod or a representation of g is a tuple (V, ¢), where V is a k-vector
space and ¢ : g — Endg(V) is a linear map, such that ¢([z,y]) = ¢(x)d(y) — ¢(y)o(z) for all
z,y € V. Denote ¢(z)(v) by z.v for all x € g and v € V, then z.(y.v) — y.(z.v) = [z,ylv. A
g-submodule of V' is a subspace W such that g.W C W. It is clear that (k,0) is a g-mod, called
the trivial g-mod. There is also an important g-mod (g, ad), called the adjoint representation of g,
where ad(x)(y) = [z,y] for all z,y € g.

A g-mod V is called irreducible or simple if V' has no proper submodules. g is called simple if
(g,ad) is simple and [g, g] = g.

The simplest simple Lie algebra is sl = k{H, X, Y}, whose Lie bracket is as follows:
[H,X]=2X, [H)Y]=-2Y, [X,Y]=H.
By [17, Section 7], we have

Proposition 2.1.2. Let n be a non-negative integer. If V is an (n + 1)-dimensional irreducible
sla-mod, then there exists a basis {vo,vi,...,v,} such that

H.wv; = (n — 2i)vi, X = (TL — 1+ l)vi_l, Y, = (Z + 1)02'4_1,

where v_1 = vp41 = 0. Therefore any two (n+ 1)-dimensional irreducible sly-mods are isomorphic,
and we can say the (n + 1)-dimensional irreducible sla-mod and denote it by V(n).

The following lemma is a useful method to construct irreducible submodules of a given finite
dimensional sly-mod.

Lemma 2.1.3. Let V be a finite-dimensional sla-mod and n be a non-negative integer. Let v € V
be a nonzero vector such that Hv = nv and X.v =0 (such v is called a mazimal vector of weight
nin V). Then sly.v is an (n + 1)-dimensional irreducible submodule of V.

3



Chapter 2 Preliminaries

Proof. Denote v; = (i)~'YJ.w for j € N and v_; = 0, then an easy computation shows that
Hwv;, = (n — 2i)v; and X.v; = (n — i+ 1)v;—1. Therefore k{v; | i € N} is a submodule of V.
Since V is finite dimensional, there exists m € N such that v; # 0 if and only if 0 < i < m. In
particular, 0 = X.vp41 = (n — m)v,,, hence m = n. Then sly.v = k{vy,...,v,} is isomorphic to
the (n + 1)-dimensional irreducible sly-mod. O

For any k-vector space V, positive integer n and 7 € S, let p, : VO — V" be the linear map
such that p; (v ® V2 @+ @ vy) = V(1) @ - @ V(). We also denote w, := pr(w) for any w € yen,
Define a linear map o : V& — V& a5 follows:

1
O-(,U1®U2®"'®Un):ﬁ§ pr(V1 QU ®---Quvy), Yu,va,...,v, € V.
'TESn

Let S™V =ker(o — idyen). Similarly, define a linear map A : V& — V& as follows:

1
A(U1®U2®“'®Un)=ﬁ Z(—l)TpT(m@vz@'--@vn), Yur,vo, ..., v, € V.

’ TGSn

Let A"V =ImA. We denote vy Avg A+ Avy :=nlA(v; ® - ®@wy,) for any v; € V. If dim V' < oo,
then

. env,  (nt+dimV —1 . nys [(dimV
dim S V—< dimV — 1 >, dim A V-( n >

Suppose V is a g-mod, then o, A are g-mod maps and SV, A"V are g-submodules of V®". For later
application, we give the decomposition of S™V, where V is the 3-dimensional irreducible sls-mod.
Some combinatorial identities are required.

Lemma 2.1.4. (1) Let p,q be non-negative integers. Then

q ' (2q) (p+2qf2j) (p+2q+1—j)
(—1) A0 I —5,0. (2.1.1)
p+4q—4a) (2p+4q+2—2y) £
§=0 20—2j 2j
(2) Let n,i, k be non-negative integers such that n > 2i > 2k. Then
k n+1—i—j\ (k . . . .
Z(_l)j ( n+1-2i ) (]) — (—1)ko2k (2n+2—4i)!(n+1—1d)!(n— 20+ k)!(2i — 2]“’)!. (2.1.2)

W—

e (n+1—2i)!(2n +2 — 2i)!(n — 20)!(i — k)!

J=0

4



2.1 Lie algebras and their representations

q 2q\ (p+2q—2j\ (p+2q+1—j

L B )

(2¢ — D! = (2p§;4_q§j4‘7) (2p+4(12;¢2—2y)
= i) (2p+4g+1—25)2p+4g—1—2j) - (2p+2¢ + 1 — 2j)

q
_ j 1 j
=2 (1) ((2p+4q+1—2j)(2p+4q—1_2j>"'(2p+2q+3_2j)<j>

N 2q (q—l)
2p+4g+1—-25)2p+4g—1—-25)---2p+2¢+1—-25)\ J
_ - _ 1\ 1 q—1 q—1
72( D [(2p+4Q+1—2j)(2p+4q—1—2j)"‘(2p+2(J+3—2j)<< J >+<j—1>>

2 -1
+ - q - - ¢ .
2p+4¢+1-25)2p+4g—1—-25)---(2p+2¢+1—2j) j

q—1
—3 (1 | L | (9‘_1)
; 2p+4¢—1-25)2p+49—3—25)---(2p+2¢+1—25)\ J

0

d . 1 qg—1
+ —1)/ . . nd P
Z( ) (2p+4q+12j)(2p+4q12])-'~(2p+2q+323)<11)

(2) Denote the LHS and RHS of (2.1.2) by A, ; and B, respectively. It is clear that
Apik = Bpnix if k =1 =0. Now suppose n > 2i > 2k > 2 and A,y v = B, 4 for all possible
n',i' k" withn’ +7 +k <n+i-+k. Then

k +1—i—j\ (k

m

j=0 2n+2—4i
Sy iad) (k_1)+i<—1>j ("is?) ()
e QPP AN A= A (T AV
1 1

( ”2n+2j4i ]) J ( 27;L+27‘74i]) J

I
o

J
=Anik-1— An—2i-1k-1
=By ik-1— Bn—2i-1k-1
:Bn,i,k-

An induction on n + i + k completes the proof. O
The following lemma completely describes the structure of S™V (2).
Lemma 2.1.5. Let V =k{vg,v1,v2} be the 3-dimensional irreducible sla-mod such that
Huv, = (2-2i)v;, Xw=B—1vi—1, Yw=(i+1)vi,

where v_1 = v3 = 0. Let n be a positive integer and M = S™V. Then



Chapter 2 Preliminaries

More explicitly, for any partition (ng,n1,n2) of n, denote

n!
o ®- UV QU RV @ ® V),

U =
10,m N2 ng!nl!nQ!

where 19 ® -+ - V@V @V ® - @V WV X - -+ ® vy is the tenser product of n; v;’s. Let wy = un0,0
and for any 1 < i < | 5], we define w; recursively as follows:

i—1 . ~N -1
1 n—2j5\ (2n —4j %24
e _E Y225 4.
B it (20 - 2))! ( i—j )(2z —2j> w’
Then w; € M is a maximal vector of weight 2n — 4t and

L3]
M = S[Q.ZUZ‘.
1=0

N3

Moreover, M is generated by upno=v1 ® - ®@ vy and

L3]

om0 = )y (=1)
1=0

|3

;2% (n — 24)!
(2n — 4i)!

n_QZ.’wi.

Proof. 1t is clear that w; € M for each i by definition. First we show that for any 0 <i < | 5],

We use induction on i. The case i = 0 is apparent. Now suppose 1 <14 < |5 | and (2.1.3) holds for
all 7 < ¢. Then by definition

n+1+j—20\[2n+2+2j —4i\ .
< j > ( J > Yzj.un,i+j’07i,j. (213)

J 2y

i

1 . N —1
1 n—27\ (2n—4j Y
s = Y2i=27 4.
T T (i) <z‘—j><2i—2j) .

7=0
) S i k (nZ ?J) (n—i—l—il-ck—?j). 2iajiok, ok
< :0 22 — 2] | Qk) (2n 4]) (2n+2—2|—k2k—4]) n—Jj+k,0,7
— zz_é Zj: (-* (n[?]) (n+]1:”§ﬂ) V22K vy kok
g (22 — 2]) ( j— 2]{3) (2n gljj) (2n+22j:22’;g_2j) n—k,0,
B i—1i—k—1 (—1)/ (”;_2;_‘,3’“) (n+1_j‘2k_]) y2i-2k
T & A RO G )
) i—1 Zil —1y 123%) (n;2j_;?k) (m—l_j%_j) Y22k, o
— & o GEEDeTRY) o
__l N (CD)TF it l—i— k) (2042 -2k =20\ iy,
_ > (22 2 2k)' . 0; ok “Un—Fk,0,k>

where the last equality comes from (2.1.1) by setting p = n — 2i and ¢ = i — k. Therefore (2.1.3)
holds for all ¢ by induction hypothesis.
An easy induction shows that for any s > 0 and 0 < k <mn,

s .
k+ %52

s _ § : | 2 . )

Y Un—k,0,k = S: ( k un_k_ s—;] ikt s;g .

j:07
2|j+s



2.1 Lie algebras and their representations

Therefore

7 ; . . . N —1

1Y (n+14+7—20\[(2n+2+ 25 —4i .
w; = ( .)' .] . J Y2J'un—i+]}0,i—j

= @) J 2j

7 : . . . ~N —1 J .
-1V /m+1+5—2i\[/2n+2+27 — 44 ~(1—k

= (24)| ( K >< o J > 2(2])!<. .>Un—i—k,2k7i—k:
= @) j J prt i—J

LR i l—i— g\ (204220 2§\ i~k
(-1) i 9 — 9j i Un—i—k 2k i—k

=31

k=

il
o
<
Il
=)

ko2(i—k) (2n+2—47j)!(n+1—i)!(2k:)!(n—z‘—k)!u e
(n+1—2)(2n + 2 — 2i)lk!(n — 24)! "I

o

where the last equality is obtained from (2.1.2). Now we can compute H.w; and X.w;:

H.wi
i ; L o PN |
(=1) (n+1+4j—20\[2n+2+2j —4i .
2 (24)! J 2j H.(Y™ i)
J=0 '
i ] . . . N —1
1Y n+1+75—20\[2n+2+2j—4i o o . A
- ((21'))' < J : > ( 2j > (2An —i45) = 20 = 3) = 49)Y¥ iy
=0 '
=(2n — 4i)w;,
and
X.w;

42— 4i)(n+1—)(2k)!(n —i—k)!

_ _1)k92(i—k) ( S
(=1) (n+1—2)!(2n+ 2 — 2i)k!(n — 2i)! u k,2k,i—k

B i (2042 — 4\ (n+ 1 —)!(2k)(n — i — k)!
_;(_l)kﬂ . (n+1—2i)!(2n + 2 — 2i)!k!(n — 2i)!

[\)

- (

' e (2R 2 =4+ 1 — )2k +2)(n—i—k— 1) ,
B <(_1)k+122( o e+ T—20@n+2—20)i(k+ Din—20)1 2 =i H)

(n—i—k+ Dup—i—py1,2k—1,i—k + 2k + 1) Up—i—k 2k+1,i—k—1)

_1)k92(i=h) 2n+2—4)(n+1—0)!(2k)(n —i — k)!

bt 1) s ot
+ ( (n+1—2)1(2n + 2 — 2i) k! (n — 2i)! (2k + ))un i k2k i k1
i-1 . |
=37 (= 1)ko2i—k-D) (2n 42 — 4i)l(n +1 —3)!
k=0 (n+1—2i)!(2n + 2 — 2i)!(n — 2i)!

(2k)!(n — i — k)!

, 2
2(n—i—k)+2 x

2k+2)!(n—i—k—1)!
(_( )((k: pa! ) (2k + 1)) Un—i—k,2k+1,i—k—1
=0.

Thanks to Lemma 2.1.3, sly.w; is a (2n — 4¢ + 1)-dimensional irreducible submodule of M for each
0 <i<|5]. Moreover, since

15 15 "2
dim sly.w; = Z(Qn—4i+1) = ( 5 ) = dim M,

=0 1=0

[NIE]
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we have

Finally,

L%J n—21 —_ 95\
Z(_1)12 (n 2Z)'yn—2i‘wi

i=0 (2n — 4i)!
Sy L/ 2" (n = 20)! (n+ 147 =20\ (2n+2+2j —4i -t n—2i+2j
=533 (i . | Y a0
i=0 j=0 (2n — 4i)!(2j)! j 2
S 2n+1—4
iz—;j—[)( ) (2n+ 1425 — 44)!1(25)! Un—i+j,0,i—j
131 4 .
B 33 LA LE L RSP
i=0 j=0 (2n+ 1 — 25 — 2i)11(2¢ — 25)!! 3,0,
131 [5] .
)N LS L RS
§=0 i=j (2n+ 1 — 25 — 20)!1(20 — 25)!! 3,0,
EARE AR

3 .2+ 1—4i—4j Ly
; = (2n + 1 — 45 — 2i)11(20)!! Un=30.j

j=0 i=0
—%(—1)11/”—%6 | 4%5” 41245 2i
= TN\ @n+ 145 - 20)1(20)!1 20+ 1 — 45 — 20)!1(23)!
L5] A 1
=) (-1) B, Y ) 50,
3] n—2j nk
- 7 (T Y
7=0 k=0 J : :
2n+k
n—k
n 2 /n=k
= Z (—].)‘7( 2 )Un—kk n—=k
k=0 35=0 J : :
2|n+k
=Ug,n,0
Therefore M is generated by ug,0. ]

2.2 Cohomology of Lie algebras

From now on g is always a Lie algebra. In this section we recall the cohomology theory of Lie
algebras and establish the equivalence between the cohomology of g and the Hochschild cohomology
of its universal enveloping algebra U (g).

Definition 2.2.1. Let g be a Lie algebra and M be a g-mod. The n-th cohomology group H™ (g, M)
of g with coefficients in M is defined as Extf; , (k, M).

Let A™g be the n-th exterior product of the k-vector space g. For n > 0 let C"(g, M) =
Homy (A"g, M) be the space of all antisymmetric n-linear maps from g to M. Set C%(g, M) = M.

8
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The elements of C™(g, M) is called n-cochains on g with coefficients in M. By [10, Chapter XVIII],
there exists a complex as follows:

1

dd d dn
0—C%g, M) =% Clg, M) % - = C(g,M) = C" (g, M) = ---, (2.2.1)
where for f € C"(g, M),

n

(dp ) (o, 21, an) = ) (1) 'wif (xo, ..., Ty ... ) (2.2.2)
i=0
+ Y (O (gl e, E e E ) (2.2.3)
0<i<j<n
for all xg,...,x, € g. The hat ~ on a letter means that it has been omitted. The kernel and the

image in C"(g, M) of derivation dg is denoted by Z"(g, M) and B"(g, M). An element of Z"(g, M)
is called an n-cocycle on g with coefficients in M whereas an element of B™(g, M) is called an
n-coboundary on g with coefficients in M.

Proposition 2.2.2. The n-th cohomology group Z"™(g, M)/B"(g, M) of complex (2.2.1) is exactly
H"(g, M) for any g-mod M and n € N.

Proof. The following projective resolution of trivial U(g)-mod k completes the proof:

88 59 .
= Ul(g) ®x A"g %, Ug) @x A" tg == ... 5 U(g) @ Alg 5 U(g) Sk — 0, (2.2.4)

where € is the counit of Hopf algebra U(g) and

n

0u@a A Awn) =Y (1) uz; @@y A AB A Ay

=1
+ Y (CDu@ gl Az A AT A AT A Ay,
1<i<j<n

For details see [19, Section 7.7] or [20, Chapter XIII, Section 7]. O

An important result of cohomology of simple Lie algebras must be mentioned.

Proposition 2.2.3. Let g be a simple Lie algebra and M be a finite dimensional g-mod. Then
Hl(g, M) = H%(g, M) = 0. More generally, H"(g, M) = H"(g,k) ® M? as vector spaces for any
n > 0.

Let us review the definition of Hochschild cohomology of an algebra. Let A be a k-algebra
and A¢ := A ® A° be the enveloping algebra of A. Any A-bimodule is a left A°-mod and vice
versa. Suppose N is an A-bimodule, for n > 0 let C"(A, N) = Homg(A®", N) be the space of all
n-bilinear maps from A" to N. Set C°(A4, N) = N. By [19, Chapter 9] or [21, Chapter 11], there
exists a complex as follows:

0 1 mn
0= COA4,N) 2 ol (A, N) 2 oA, N) By ol N) (2.2.5)
where for f € C"(A,N),
(daf)(@1, . op1) =21 f (22, Tnt1)

n
+ Z(_l)lf(xlv PR T A PR 7$n+1) + (_1)n+1f(x1> s ,xn)l‘n+1
=1

forall x1, ..., 2,41 € A. Denote the kernel and the image in C™(A, N) of derivation d4 by Z™(A, N)
and B"(A, N) respectively. Elements of Z™(A, N) and B"(A, N) are called n-th cocycles and n-th

coboundaries on A with coefficients in IV respectively. The n-th Hochschild cohomology group of A
with coefficients in N is defined as HH" (A, N) := Z"(A,N)/B™(A, N).

9



Chapter 2 Preliminaries

Proposition 2.2.4. Let A be a A-bimodule in the natural way. Then HH™(A, N) = Ext"j.(A, N)
for any A-bimodule N and n € N.

Proof. The desired result follows from the following projective resolution of A as a left A®-mod:

A n
oo AB(H2) B petntn) Daon o ges O e By g (2.2.6)

where p is the multiplication of A and

n

52‘(1‘0 R ®Tpy1) = (—1)%0 @ ® (Ti%it1) ® -+ @ Ty

.
o

For details see [20, Chapter IX, Section 6] . O

Now we suppose A is a Hopf algebra. Let V,W be two left A-mods, then Homy(V, W) and
V @k W are also left A-mods via:

(@./)(v) =Dz f(Sap)v), z.(v@wW):=» 2710 TORW.
There are natural isomorphisms:
Homy (U @k V, W) = Homy (U, Homg (V, W)), Homyu (U ®y V, W) = Hom 4 (U, Homg (V, W)).
If A is cocommutative then U @) V =2V ®k U as A-mods, hence
Homy (U @k V, W) = Homy (V, Homg (U, W)), Homa (U ®k V, W) = Hom4(V, Homy (U, W)).

Suppose P and V are left A-mods and P is projective, then P ®y V is a projective left A-mod since
Hom 4 (P ®g V,*) = Hom 4 (P, Homy (V, *)). If A is cocommutative then V ®j P is also projective.
For right A-mods there is also a similar argument.

Lemma 2.2.5. Let (A,m,u,A ¢, S) be a Hopf algebra. Then:
(1) there exists an injective algebra homomorphism n: A — A® defined by:

(@) =Yz @ S(ze).

(2) Consider A€ to be a right A-mod via right multiplication by elements of n(A). Then A°®k = A
as left A°-mods.
(3) If the antipode S is bijective, then A€ is a projective right A-mod.

Proof. The proof of statement (1) is a routine verification. For statement (2), we give isomorphisms
fiA—>A°®p1kand g: A°®k — A as follows:

f@)y=z21®1, gryxl):=uay.

One can easily check that go f =id4 and f o g = idgegk.

Now suppose S is bijective. Equip A and A°’ right A-mod structures by multiplication on A
and by multiplication by S(A) on A°. Then S becomes an isomorphism of right A-mods since
S(b.a) = S(ba) = S(a)S(b) = S(b).a for all a,b € A. Moreover, S induces an isomorphism of right
A-mods from A ® A to A® AP = A°. Therefore A® is a projective right A-mod. ]

Suppose N is an A-bimodule, let N4 be the left A-mod whose module structure is defined by
x.a = Zx(l)aS(xg), Vo € A,a € N.

Proposition 2.2.6. Let A be a Hopf algebra with invertible antipode. Then for any A-bimodule N
and n € N, HH"(A, N) = Ext’} (k, N29).

10



2.2 Cohomology of Lie algebras

Proof. Take a projective resolution P® of left A-mod k. Since A® is a projective right A-mod,
then A® ® 4 P*® is a projective resolution of left A°-mod A¢ ®4 k. By Lemma 2.2.5 A° @4 k =
A as left A°-mods. For any A-bimodule M, there holds Home(A¢, M) = M?d as left A-mod.
Therefore Hom gc (A ® 4 P*, M) = Hom 4(P*®, Hom 4c (A¢, M)) = Hom 4 (P*®, M?%). Finally we have
HH"(A, N) = Ext}. (A4, N) = Ext’y (k, N*). O

Now let A be the universal enveloping algebra U(g) of some Lie algebra g. Any g-mod M is
also a left U(g)-mod and vice versa. Hence HH" (U (g), M) = H" (g, M) by Proposition 2.2.6. For
latter application we give an isomorphism between HH"(U(g), M) and H" (g, M?%).

Proposition 2.2.7. Let g be a Lie algebra over k and M be a U(g)-bimodule. For any n € N,
there exists an isomorphism ¢" as vector spaces:

¢" : HH"(U(g), M) — H"(g, M%)

f+B"(Ul(g), M) — 7 + B"(g, M),

where

(21, an) = Z (=7 f(@r)s- - Tr(n))s  VT1,... 20 € 0.
TES,

Proof. (2.2.4) and (2.2.6) give projective resolution X*® of left U(g)-mod k and projective resolution
P* of left U(g)®-mod U (g) respectively. We only need to give a chain map ¢* : U(g)°® g X* — P*
which yields the expected isomorphisms. Indeed, ¢ is as follows: for any a @ cQbRx1 A--- Az, €

U(g)® ®u(g) Ulg) @k A"g,

Pa®@c@b@x1 A Axp) =" (ab) ® S(bo))e@ 1@ a1 A~ A wy)

:ab(l) & <Z (—l)T.%'T(l) Q- wT(n)) ® S(b(z))c.

TESn

It is clear that each ¢™ is a U(g)®-mod map. Now we prove ¢° is a chain map. If n = 0, then for
any b € U(g),

pet (1@ 1@b) = p(bay © S(ba))) = €(b).

Now suppose n > 1. For convenience we denote v ® -+ ® vy, by {v1,...,v,} and v1 A--- A v, by
(v1,...,v,). On one hand,

V@101 0b® (x1,...,20))

=2 (=1 <{b<1>$7(1>7 T2y Tr(n), S (b2)) )+ (1) {b)s Tr(1)s -+ s Tr(n-1)> Tr(n) S (b(2) )}
TESH

n—1
Y (D)HbAy Tr(1ys - B Tr(i1)s - s T S(%))}) :

i=1
On the other hand,

" Hidy(ge ®0)(1©1 Qb (21,...,2n))

n
=1 (1 ®1® Z(—l)”lbxi ®(x1, .., Ty ey Tp)

+11® Z (—1)i+jb®<[azi,$j],x1,...,i"\i,...,a/:},...,a:n>>.

11
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For each i, denote (z1,...,%i,..., o) = (yi, ...,y ), then

<1®1®Z Dbz @ xl,...,@,...,xn>>

:Z(—l)prl Z (=1)7 <{b iﬁ'z,y7r ~'-7yjr(n—l)’5(b(2))}_{b(l)vyjr(l)a---7yjr(n_1)a$is(b(2))}>
i=1

TFESTL*I

=D (=D ()T (=D T b)), Br(2)s - By S(D2))}
i=1 7'(655'n
T(1)=1

B Z -r n Z{b ),,..,CET(n_l),IT(n)S(b(Q))}

TES'I’L
T(n)=1

= > )T ({by@r(1)s r(2)s - s Tr(mys S (b))} + (=1 {b(1)s Tr(1)ys - s Tr(no1)s T2y S (b(2))}) -

TGSn

Similarly, denote ([z;, z;],21,...,Zi, ..., Zj,...,xn) by <z1 sy 2y 1) for 1 <i < j <n,then

- Z (_1)l+j Z (_1)ﬂ-{b(1)7 2:;{1)7 Z;_’gé), o 72;-7{”,1)7 S(b(Z))}

— Z (—1)i+jz Z (_1)W{b(1)7zjr’gl),...,zjr’gk_l),xﬂ] TiTi, 2 '(k_i_l),...,zjr’gn_l),S(b(Q))}

> D)D) by, ey B (1) T T () Tr(hr2)s - - Tr(nys S (b))}

— Y ()T DT 1) T (1) T (b1 Tr(er2)s - - D) S(D(2))}
TESH,7(k)=j
T(k+1)=i

n—1
= Z(_l)k Z (_1)T{b(1)a Lr1)s s Lr(k)Lr(k+1)s - -+ Lr(n)> S(b(2))}
k=1 TESH

Therefore ¢ is a chain map.
For any f € Homy (U (g)®", M) = HomU(g)e(U(g)®(”+2), M), we have

Hom(M,o")(f)1®1®@1@x1 A Axy) =f <1® (Z(—l)TxT(l) ®-~®$T(n)> ®1> ,

TGSn

which exactly yields the isomorphism ¢" since Homg; gy (U(8)¢ ®r(g) U (9) @k A™g, M) is isomorphic
to Homy (A™g, M?4). O
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2.3 Lie bialgebras

2.3 Lie bialgebras

In this section we recall some basic definitions and results in Lie bialgebra theory. For more
details see [3].

Definition 2.3.1. Let g be a Lie algebra. A Lie bialgebra structure on g is a skew-symmetric linear
map 6y : g — g ® g, called the cocommutator, such that

(i) 65 : 9" ®g" — g is a Lie bracket on g*.

(ii) 64 is an 1-cocycle on g with coefficients in g ® g.

A Lie bialgebra (g, d4) is called coboundaryif § is an 1-coboundary, that is, there is some r € g®g
such that dg(z) = z.r for all € g. In this case we say (g,dy) is induced by r. Conversely, let
r € g®g. If 1-coboundary d, : ¢ — g ® g,x — z.r is a Lie bialgebra structure on g, we say r
induces a Lie bialgebra structure on g.

A homomorphism (an isomorphism) of Lie bialgebras f : (g,d4) — (h,dy) is a homomorphism
(an isomorphism) of Lie algebras such that (f ® f) o dg = 0y o f. Two Lie bialgebras (g, dq), (b, dy)
are said to be gauge equivalent if there exists a nonzero scalar ¢ such that (g,cdy) and (b, dy) are
isomorphic. In particular, if (g,dy), (h,dy) are coboundary Lie bialgebras induced by 1 € g® g
and 7y € h ® b respectively, then (g, dy) and (b, dy) are gauge equivalent if and only if there exists
a nonzero scalar ¢ and an isomorphism « : g — b of Lie algebras such that ro — (o ® a)(cry) is
h-invariant.

Proposition 2.2.3 provides that any Lie bialgebra structure of a simple Lie algebra is coboundary.

Let r =3 ") a; ®@b; and v’ = 371, a} ® b be elements in g ® g. Denote

n
ri2=T"T, T21= g b; ® aj,
i=1
/
T12,T13 E E a27 ] ®b ®b]7

i=1 j=1
7“12,7“23 Zzal Za ] ®b/
i=1 j=1
[7’13,7“23 Zzaz®a bz,b]}
=1 j=1
and [[r,r']] = [7“172,7"373] + [7“172,7“573] + [7“173,7“573]. An easy computation shows that [[r,7]] € A3g if

r € A%g.

Proposition 2.3.2. [3, Proposition 2.1.2] Let g be a Lie algebra and let r € g®g. Then r induces
a Lie bialgebra structure if and only if both r12 + 21 and [[r,r]] are g-invariant. Therefore any
coboundary Lie bialgebra structure on g can be induced by an element in A%g.

Definition 2.3.3. A coboundary Lie bialgebra (g, dy) is called quasitriangular if (g, dq) is induced
by some r € g® g such that [[r,r]] = 0. Moreover, if in this case 11 2+72,1 = 0, then (g, §y) is called
triangular.

The equation [[r,7]] = 0 is called the classical Yang-Baxter equation (CYBE). From now on we
suppose g is finite dimensional.

Definition 2.3.4. A Manin triple is a triple of finite dimensional Lie algebras (g, g+, g—) together
with a nondegenerate symmetric invariant bilinear form (—, —)4 on g, such that

(i) g = g+ @ g_ as Lie subalgebras;

(ii) g+, g are isotropic for (—, —),.

13
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Proposition 2.3.5. [3, Proposition 1.3.4] For any finite dimensional Lie algebra g, there is an
1-1 correspondence between Lie bialgebra structures on g and Manin triples (b,b4,h_) such that

by =g.

Proposition 2.3.5 provides a strengthful method to find nontrivial Lie bialgebra structures. See
following example.

Example 2.3.6. (1) Let A = (a;;)1<i j<n be a indecomposable generalized Cartan matrix of finite
type and g = g(A) be the simple Lie algebra associated to A, with following notations (for details
see [22]):

(i) Let ® be the root system of g and A = {a1,...,a,} be the set of simple roots. Then g is
generated by H;, X;,Y; and relations

[Hi, Hj] =0, [Hi, Xj] = aij X, [Hi,Yj] = —ai;¥,  [Xi, Y] = 6 H;
ad(X,)' 7 (X;) = 0, ad(¥;)!="4(Y;) =0, Vi#j.
ii) diag(dy, - -+ )A is symmetric and d; are coprime positive integers.
iii) g =n_ @ bh ® ny is the triangular decomposition of g. Denote by =ng @ b.
iv) Let (—,—)g be the standard nondegenerate invariant symmetric bilinear form on g. Then

—, —)g is nondegenerate on h and ny,n_ are isotropic for (—, —)g. Moreover, (h,n4)y = 0.
Let p=g @ g and p+ = {(z,z)|x € g} be the diagonal subalgebra of p,

(
(
(
(

p_ ={(z,y) € plr € b_,y € by and the h-component of x + y is zero }.

Define the nondegenerate symmetric invariant bilinear form (—, —), on p as follows:

((z1,91), (x2,92))p = (z1,72)g — (T2,¥2)g, VT1,72,1,%2 € g.

It is easy to see (p,p4,p—) together with (—, —), is a Manin triple.
We obtain a Lie bialgebra (g, d,) via Manin triple (p,p4,p—) such that:

5,€(H) =0, (S,Q(Xl) =d; X; \ H;, 5K(Y;) =d;Y;ANH;, VHehand1l<i<n.

(g,9x) is called the standard Lie bialgebra structure on g.

In particular, if g = sly, then (slo,d,) is quasitriangular since (slg,d,) can be induced by
tH ® H +2X ® Y, which is a solution of CYBE. (sly,4,) can also be induced by X A Y.

(2) Since H!(sly, M) = 0 for all finite dimensional slp-mod M, any Lie bialgebra structure on
sly is coboundary. Moreover, there are only three Lie bialgebra structures on sly up to gauge
equivalence, which are induced by r1 = X AY, ro = H A X and r3 = 0 respectively.

It suffices to find elements r € A%sly such that [[r,r]] € A3sly is slp-invariant by Proposition
2.3.2. Note that A3sly is a trivial slo-mod sine it is 1-dimensional, therefore any elements of A%sly
induces a Lie bialgebra structure on sly. On the other hand, since AZsly is isomorphic to the
adjoint representation of sly, there is no nontrivial slyp-invariant element in A%sly. Therefore an 1-1
correspondence between the Lie bialgebra structures on sly and elements of A2sly is established.

Let 71,70 € A?sly. Then the Lie bialgebra structures induced by 71,79 are isomorphic if and
only if there exists an automorphism « of sly such that ro = (o ® «)(r1). Regarding sly as the
subalgebra of gl, consisting of matrices with zero trace, each automorphism of sly is given by the
similarity transformation of some invertible matrix in gl,. Therefore the isomorphism classes of Lie
bialgebra structures on sly correspond one-to-one with the similarity orbits of A2sly = sly. These
orbits are of three types by an ordinary argument:

A0 01
(5 &) wzoex (3 o) o

which correspond to Arq, %rz and 73 respectively.
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2.4 Quantization of Lie bialgebras

Definition 2.4.1. A co-Poisson algebra over k is a cocommutative k-coalgebra (A, A, €) equipped
with a skew-symmetric linear map § : A - A ® A, called the Poisson co-bracket, satisfying:
(i) the co-Jacobi identity (idges + p(1,2,3) + P(1,3.2)) © (0 ®ida) 0§ = 0;
(ii) the co-Leibniz identity (A ®id4) o d = (ida ® ) 0 A+ p(a3) 0 (0 ® id) o A.

A co-Poisson-Hopf algebra is a co-Poisson algebra (A, A€, d) which is also a Hopf algebra
(A, m,u, A, ¢, S) such that:
(iii) d(ara2) = d(a1)A(a2) + A(a1)d(ag) for any aj,as € A.

There is an important result:

Proposition 2.4.2. [3, Proposition 6.2.3] Let g be a Lie algebra. If its universal enveloping algebra
U(g) has a co-Poisson structure §, making it a co-Poisson-Hopf algebra, then 6(g) C g ® g and dly
is a Lie bialgebra structure on g. Conversely, any Lie bialgebra structure 6 on g extends uniquely
to a Poisson co-bracket on U(g), which makes U(g) into a co-Poisson-Hopf algebra.

Definition 2.4.3. A deformation of a Hopf algebra (A, m,u, A, €,S) is a topological Hopf algebra
(Ap, mp, u, Ap, €, Sy) over the ring k[[h]] of formal power series in an indeterminate h over k, such
that
(i) Ap = A[[R]] as Kk[[h]]-mods;
(ii) mp = m (mod h), Ap = A (mod h).

Two deformations Ay, and Aj} are equivalent if there is an isomorphism fj, : A, — A}, of Hopf
algebras over k[[h]] and f =id4 (mod h).

Definition 2.4.4. Let A be a co-Poisson-Hopf algebra with Poisson co-bracket §, a quantization
of A is a Hopf algebra deformation Ay of A such that
Ap(a) — Ajf(a)

o(x) = - (mod h), Va € A and a € A, with a =z (mod h).

A quantization of a Lie bialgebra (g, ) is a quantization Up(g) of the co-Poisson-Hopf algebra
U(g), whose co-Poisson bracket is extended by 4, see Proposition 2.4.2. (g,0) is called the classical
limit of the quantized universal enveloping algebra (QUE algebra) Uy (g).

Indeed, any deformation of Hopf algebra U(g) also provides a Lie bialgebra structure on g.

Proposition 2.4.5. [3, Proposition 6.2.7] Let g be a Lie algebra and let Uy(g) be a Hopf algebra
deformation of U(g). Define 6 : U(g) — U(g) ® U(g) by

o) = 2B (1rq p)

where x € U(g),a € Up(g) with a = x (mod h). Then (U(g),0) is a co-Poisson-Hopf algebra.

Example 2.4.6. Let A = (a;;)1<i,j<n be a indecomposable generalized Cartan matrix of finite
type and g = g(A) be the simple Lie algebra associated to A. Let Uy(g) be the algebra over
k[[R]] topologically generated by elements H;, X;,Y;,i = 1,...,n, subject to the following defining
relations:

[Hi, Hj) =0, [Hy, Xj] = ai X5, [Hi, Yj] = —ai;Yj,

edihH; _ p—dihH;

[Xi’ YJ] = 5i7j edih _ g—dih
l—ai i 1—(11' i
’ 1—a;; l1—a; j—r ’ 1—a;; l1—a; j—r
> Y [ r ’]] XPXGXT =) () [ r 7]} YY;Y;  =0, Vi # g,
r=0 edih r=0 edih
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where [1 T g ] is the quantum binomial coefficient on e?". Then Uy, (g) is a topological Hopf
algebra over k[[heﬁi’;vith comultiplication defined by
Ap(Hy)) =19 H;+ H; ®1,
Ap(X) =X;@ebi 110 X, ALY) =Yiel+e WMigy,
antipode defined by
Sw(Hi) = —Hi,  Sp(Xi) = —Xie @M 8, (V;) = —etitiy,

and counit defined by
en(H;) = e(X;) = €(Y;) = 0.

Moreover, Uy (g) is a quantization of the standard Lie bialgebra structure on g given in Example
2.3.6.
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Lie bialgebra structures on sb[t]/(t"* 1)

From now on m is a positive integer and g,, := sl ® k[t]/(t™!) = sh[t]/(t™!). Denote
H=Ht, X;=X@tland V; =Y @t

This chapter is organized as follows. For later application, a basic research on g,,-mods is given
in Section 3.1. In particular, a totally description of a special submodule of S™g,, is provided as
an example. In Section 3.2 we illustrates that each Lie bialgebra structure on g,, is coboundary.
Indeed, we prove that H!(g,, gm ® gm) = 0. Inspired by Example 2.3.6, two classes of quasitrian-
gular Lie bialgebra structures on g,, are studied, one of which is called the standard Lie bialgebra
structure on g,,. Finally, to show how complex to classify Lie bialgebra structures on g,,, we
compute a class of quasitriangular Lie bialgebra structures when m = 1 in Section 3.3.

3.1 An observation on g,,-mods

Obviously each g,,-mod is a slo-mod by restriction. The aim of this section is to give a basic
result on the structure of g,,-mods. For details,

Proposition 3.1.1. Let V be a gp,-mod such that V = @cjVa as sla-mods, where Vi, is isomorphic
to the (ny + 1)-dimensional irreducible slay-mod for some non-negative integer ny. Then for any
aed,
mv.c & v
Bed

[na—ng|=0 or 2

Moreover, if V is finite dimensional and n, = ng = p for all a,8 € J, then there ewists
0<ki <ks<.-- <k, <m such that

vV é V(p) @ K[t]/(tF+1).
j=1

We prove Proposition 3.1.1 step by step. Thanks to Proposition 2.1.2, for each o € J we can

take a basis {vy, , vy _o,...,v%, } of V,, such that
Hy.vp = kv, Xop = %Mv&_z, Yo.ui = %%Mv?_% V|k| < ng and 2 | ng + k,
where vff = 0 if k € Z\{na,na —2,...,—nqa}. Since [Hy, H1] = 0, we can write
Hyvp = bl (3.1.1)

BedJ

where 62" = 0 for all but finitely 5 € J if a and k are fixed and b7 = 0 if v, = 0. The structure
of gm-mod V' is determined by (3.1.1) since Hy, Xo,Yy and H; generate g,,. Let pg : V — V3 be
the projection. From now on we fix a, 8 € J such that n, and ng have same parity.
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Since 2H; = 2[X1, Yo] = [[H1, Xo], Yo], one gets
2pp(Hy.vp) = pp([[H1, Xol, Yol.vg).
That is, by direct computation,

(no — k+2)(na + k) (na —k+2)(ng +k)

2y = 1 be " = Gt O 2 1 by
ng +k+2)(ng—k ng+k+2)(ng—k
- 5k7éna5k76—n5—2( = 1 (g )bzfQ + (s 1 )ng )bg’ﬁ. (3.1.2)
i) ng < ng. In this case, (3.1.2) means that
(i) 8
b
a?g
PR I I
ba.’ﬁ
e
where L%# is an (ng + 1) X (ng + 1) matrix such that
(nptna)o—net? o op i—2i2—2, j=i
La,ﬁ _ - (Z+1)(n62+na72z)7 ] =1+ 1a
(L) = _ (o=t} ng—mo +2i) PR
0, otherwise

for any 0 <4,7 < ng.

Lemma 3.1.2. Let n, be a non-negative integer, ng € k and LB be the (ng+1) X (ng + 1) matriz
defined above. Then

det L®P =272""2[(ng + ny + 4)(ng + ng +2) -+ (ng — ng + 4)]
lng+nq —2)(ng+nq —4)---(ng —na — 2)).
Moreover,
(1) if ng = no > 1, then the solution space of LBy =0 is 1-dimensional, which is spanned by

T.
Uupg = (na7na_2a"',_na+2>_na) ’

(2) if ng = na + 2, then the solution space of LBz =0 is 1-dimensional, which is spanned by
up = (no + 1,2n4,3(na — 1), ..., ng - 2,10 + 1)T.

Proof. For convenience we denote p = nq, ¢ = ng and L := L*B. Consider the vector space
k[z]/(2PT1). We represent any column vector v = (vg,vy,...,vn)] as a polynomial P(z) =
Yiguid'.

Our first step is to construct a differential operator £, such that the i-th component of Lv
is the coefficient of z¢ in £,P(z). We have the following easy correspondences between linear
transformations of (p + 1)-column vector space and differential operators on P(z):

p p
Z iE;; +» 2P'(2), Z i2E;; < 22P"(2) + 2P'(2),
=0 1=0
p—1 p—1
Y (i+ DB <> Pl(2), Y ili+ 1) B4 <> 2P"(2),
=0 1=0
p p
Y (i-1Ei;i1 ¢ 2°P(2), > (i—1)Ei; 1« 2°P"(2) + 2°P'(2).
i=1 =1
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3.1 An observation on g,,-mods

Using these correspondences we translate L into the operator £, as follows:

(p+a)lg—p+2)—38

L,:= 1 P(2) + 2pzP'(2) — 2(22P"(2) + 2P'(2))
— 2 — 2
p;qPI( ) ZP//(Z)+(23P//(Z)+22PI(Z))+q 32p+ Z2P/(Z)—p(q 2p+ )ZP(Z)
3p + 4 +
_Z( >2P//( ) (2]7 2+2< _l)z_p2Q> Pl( )
— 2 — 2)—28
_(pla=p+2)  (rala—p+2) P2).
2 4
Let w =z —1 and Q(w) = P(w + 1). Substituting z = w + 1 transforms the operator £, into
3p+4
Lo =+ 0Q"w) + (T H T (- 20) Q)
—p+2 —q)(g—p+2
_(pla—p+2)  p-dle-p+2) Qw).
2 4
An easy observation shows that £,, is represented by a lower triangular (p + 1) x (p + 1) matrix
under the basis {1,w,...,wP}, whose (i,)-entry is
— — 2 1
-1 +ilg—p+2)- L q)(q4 Pt _,_ J@—p+2i+4(@—p+2i-2)
Therefore

p
1
det L :q4(q—p+2i+4)(q—p+2i—2)
1=
=272[(g+p+4)(a+p+2) - (a—p+4la+p-2)(g+p—4)---(a—p—2)
Now suppose p > 1 and ¢ = p or ¢ = p + 2. In this case, it is clear that det L = 0 and the
(0, p)-algebraic complement minor of L is not zero. Therefore the solution space of LPx =0 is
1-dimensional. A routine verification illustrates that Lu; = 0 if ¢ = p + 2¢, which completes the
proof. O

Note that pg(H1.Vy) # 0 if and only if A ’8 N _ are not all zero, which implies that

Noa Y Yng —-n
det L*# = 0. Therefore ng = Ng OF Ng = Ng + 2 by Lemma 3.1.2 if pg(H1.Vy) # 0 since ng > nq.
In this case, there exist A*? € k such that

2_ 1.2
ba,ﬁ — )\Oz,ﬁ (’ﬂa‘f‘i) i 9 n/@’ = na + 27
k B ng = Nq.
(ii) na > ng. Then bZ"ﬁ =0 if |k| > ng. In this case, (3.1.2) means that
bo’
a?ﬁ

gas. | P 2o,

banB

g
where G%? is an (ng + 1) x (ng + 1) matrix such that

(na+ng)(na—ng+2)
4

— 202 4 2ngi — 2, j=1i;
_ (ng=1)(na—ng+2i+2)

Jj=1+1

(Ga’ﬁ)i,j = (ot —%‘+2 ’ L
_i(n ng i )7 j=i—1;
0, otherwise

for any 0 < 4,5 < ng. Since G = (L#*)T we have
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Chapter 3 Lie bialgebra structures on sla[t]/(t™ 1)

Lemma 3.1.3. Let ng be a non-negative integer, nq, € k and G be the (ng+1) x (ng+1) matriz
defined above. Then

det G*P =272 "2[(ny + ng +4)(na +1p +2) - (na — ng + 4)]
[(na +ng —2)(ng +ng —4)--- (nq —ng — 2)].

Moreover, if na = ng+ 2, then the solution space of G*Px =0 is 1-dimensional, which is spanned
by

Therefore pg(H1.V,) # 0 if and only if ng + 2 = n, since ng < nq. In this case, there exists
A48 ¢ k such that
bZ"B = AP V|k| < ng such that 2 | k + ng.

Now suppose V is finite dimensional and n, = ng = p for all o, 8 € J. Let ¢ : gy, = Endy (V)
represents the action of g,, on V. Then there exists a matrix @ = (A\* )a,8eJ such that under the
basis {b¢ | € J,k=p,p—2,...,—p},

¢(H0) =1 ® dlag(p>p - 27 RN _p+ 27 _p)a
0 p 0
0 p—1 10
$(Xo) =1® oo | ) =T 20 :
0 1
0 p 0
(b(Hl) = @ & dlag(p7p - 27 RS _p+ 27 _p)7
where [ is the identity matrix. An easy induction shows that
0 p 0
0 p—1 1 0
$(Xi) =0'® o | )=l 20
0 1 . .
0 p 0

Then ©™+! = 0 since [X1,Y,,] = 0. By a suitable change of basis, we could suppose there exist
0 <k <k <--- < k. < m such that © is the direct sum of matrices ©;, where ©; is the
(kj + 1) x (kj + 1) canonical Jordan block
0
10
1 0
1 0
It is clear that V = &7_,V(p) ® k[t]/(t**1). We have already proved Proposition 3.1.1.

Let n be a positive integer. For later application, we discuss the structure of a special g,-
submodule of S™g,,. For 0 < i <m, let g; : V(2) — g, be the sly-mod map as follows:

0i(vo) = —=Xi, o0i(v1) = Hi, o(ve) =Y.
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3.1 An observation on g,,-mods

Recall upnynyny € S™V(2) defined in Lemma 2.1.5. For any non-negative integer N, denote

Ung,ni,na;N = Z (0ay ® Oaz @+ @ 0a,, ) (Ung,na,ma)-
a1+-+an=N
0<a;<m

Clearly ungnynoN € S™@m and Upgpin:y = 0 if N > nm. Let My = slo.ug,o,n be a slp-
submodule of S™g,,. Then there exists unique sls-submodules MR,,M}V, e, M ]EF of My such
that

15]

My =P My
i=0

and MY = V(2n — 4i) by applying Lemma 2.1.5.

Proposition 3.1.4. Let n be a positive integer. Then

m
M =D Muim-1y1
=0

1S a gm-submodule of S"gm. Moreover,
l5]
M= PV (2n - 4i) @ k[t]/ (™).
i=0
Proof. Suppose N > (n — 1)m. We compute Hi.Ung n no:N:

Hl'uno,nhm;N

1
nO!nlan! a1+-+an=N 1 (Qal ¢ o ¢ N Qan) (TGS VT(I) ¢ N VT(n))

0<a;<m
1 n
- Z Z(Qal®"'®Qa;—+1®“’®@an) ZVT(l)®”‘®HO‘VT(]')®”'®VT(H,) ,
no'ng!ns!
ai+---+an=N j=1 TESK

Ogaigm

where
Vi == 7Vpq = V0, Vno+1 = = Vng4+n; = U1, Vno+ni+1 = =+ = Vp = V2.

Note that if a1 + -+ 4+ a, = (n —1)m +r and 0 < a; < m, then each a; > r. Therefore

1
Hittngnnaiv =00y Yo (tw® - ®0a,) (Ho- D Vi@ @V @ ®Vr(n>>
0-TeL=Te2 al+"'+an:N+1 TESHK
0<a;<m

n
:2(n0—n2) Z Z(ga1®®Qa2®®gan)g(vl®®vn)
a1+-+an=N-+1 j=1

0<a;<m
:2<TL[) - n2)un0,n1,n2;N+l .

According to Lemma 2.1.5, we have M}V = 5[2.w§\,, where each wjv is a linear combination of
{tn—i—koki-kn | 0 <k <i}. Thus Yp.wl is a linear combination of {up—;—g—12k+1,i—k:n | 0 <
k <i}, and

Hi.(Yowh) = (2n — 4i — 2)Yo.wlyq € Miyyq.

Therefore Proposition 3.1.1 implies that for any 0 <i <[],

M = P M, 1)y = V(20— 4) @ K[t]/ (¢
j=0

is a gm-submodule of S™g,,. O
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Chapter 3 Lie bialgebra structures on sla[t]/(t™ 1)

3.2 Lie bialgebra structures on g,,

Proposition 3.2.1. Any Lie bialgebra structure on g,, is coboundary.

Proof. We claim that H!(g,., gm ®gm) = 0. Let 8 : gy — gm @ gm be an 1-cocycle. Then 6 |, is an
1-cocycle on sly with coefficients in g, ® g,. Since H!(sla, g @ @) = 0, there exists 79 € gm @ g
such that §(a) = a.rp for any a € sly. Denote o = §(Hy) — Hy.rg. Since ¢ is an 1-cocycle, we have

5(X1) = ~(Hy.0(Xo) — Xo.6(HL)) = Xpr — %Xo.a,

1
2

5(11) = —5 (.6(¥0) ~ Yo.0(HL)) = Yo + Yoo,

1
2
0= (5([H@, Hl]) = H[).(S(Hl) — H1.5(H0) = H[).Oé,

1
0 = 6([Xo, X1]) = X0.0(X1) — X1.0(Xp) = —§X02.a,
1
0 = 6([Yo, Y1]) = Y0.0(Y1) — Y1.6(Y0) = 51/02.%

1
Hirg+a= 5(H1) = X15(Y0) - }/06<X1) =Hi.r+ i%XO‘a'

Therefore Hy.co = Xg.a = Yoz.a =0,a= %Y()Xo.a, that is, &« = 0 or « generates a 3-dimensional
irreducible sly-submodule of g,, ® g, The decomposition of the slo-mod g, ® gy, forces that a is a
linear combination of { X, ®Y; — Ys ® X; | 0 < s,t < m}. Using 0 is an 1-cocycle again, an routine
induction shows that

s—1 s—1

1 . 1 )

§(Xs) = Xero— Y g HiXe 1m0, 0(Ye) = Yaro - > Wﬂin_l_i.a.
i=0 i=0
A calculation provides
1 m—1 1 ‘
<2XmYo +)° 2Z.+1Y1H{Xm_1_,~> (X@Y-Y,eoX)= > X AY]
i=0 i+j=m-+s+t

Let o =Y e, jem AW Xs ® Yy — Y5 ® X;). Then the equality X,,.6(Y1) = ¥1.6(X,y,) implies that

Do N XY =0.

0<s,t<m i+j=m-+s+t

Z A5 = 0.

0<s,t<m
s+t=k

Then for 0 < k < m,

Since
Hy(He® Hy +2X, @Y +2Ys @ Xp) = 4[(Xo1 @Yy — Vo1 ® Xp) — (X @ Vi1 — Y5 © Xei1)],

we have o = Hy.ry for some r1 € (g ® gm)*2. Then §(a) = a.(ro + 1) for a = Hy, Xo, Yy and Hy,
hence for any a € g,,. Therefore § is an 1-coboundary. O

In the rest of this section, we construct the so-called standard Lie bialgebra structure on g,,
following Example 2.3.6. To do this, a triangular decomposition of g,, and a nondegenerate invariant
symmetric bilinear form on g,, being suitable with each other are required. More explicitly, we
need to construct

(i) a decomposition g,, = n_ & b, & n}

ms

such that n* are subalgebras of g,, and [hy,, bm] = 0,

22



3.2 Lie bialgebra structures on g,,

[hma 1‘17:5] - ﬂi;

(ii) a nondegenerate invariant symmetric bilinear form (—, —)g,, on gm;
(iif) n are isotropic for (—, —)g,. and (fm,nk),,, = 0.

Indeed, the triangular decomposition of sly naturally gives a triangular decomposition of g,,:
Let b, = Hk[t]/(t™ ), nt = X @k[t]/(t™1), n,, = Y @k[t]/(t™1!), then g, = n,,, Db, St
Denote b* = bh,,, ® n5,. A simple argument shows that a bilinear form (—, —),,, on gy, is invariant
symmetric and satisfies (iii), if and only if, there exists pug, pt1, .. ., tm € k such that

(Hr,Hs)gm = 2(Xr7}/;)gm =2Um—r—s, VO<7r,5<m,

where 1, = 0 if £ < 0. Moreover, (—, —)g,, is nondegenerate if and only if pg # 0. Such a bilinear

form determined by i = (po, g1, - - ., ) is denoted by (—, —)g,.-
Suppose po # 0. Let prm = gm @ gm, b, = {(x,7) | z € g} be the diagonal subalgebra of p,,,

p,, = {(z,y) €p|x €bl, ycb, and the b,,-component of z + y is zero}.

Define the nondegenerate symmetric invariant bilinear form (—, —),,, on p,, as follows:

m

((l‘lvyl), ($2a3/2))gm = (mlaxQ)gm - (?/1792)gm> V$1,$2ay173/2 € Im-

Then (pm, p;h, p,,) together with (—, —)gm is a Manin triple, which yields a Lie bialgebra structure
on g,, completely determined by fi. Denote this Lie bialgebra by (g, d5).

Proposition 3.2.2. For any k > 0, denote

rp = Z X, ANY, € A%g,,.
r+s=m-+k

Let 65 be the cocommutator defined as above. Then for any x € gm,
1 m
op(z) = —5% Z)\krk,
k=0

where g(t) = Y1 A\it? ds the inverse of f(t) = > ivo pit’ in K[t]/(¢™ ). Therefore there is an 1-1
correspondence between Lie bialgebras (gm,0;) and invertible elements in k[t]/ (™).

Proof. Consider g,, as p;\, and g}, as p;, via (—, —)p,,., then an calculation shows that
1 . )
Hf = Z(H Rt"g(t), —H @t "g(t)),

XF=—(0,Y @™ g(t)), Yy =(X®t" g(t),0).

Hence in g;,,,
[Hz an] = iz)\k i+j—k—m> [Hz aY} ] = izAkY;+j—k—m7
k=0 k=0

and other brackets are zero. Therefore

0a(H;) =0,
1 m—1i 1 m—1i
5ﬁ(X7;) = 52/\]c Z 'Hr/\Xs, 5,’;(YZ') = B Ak Z 'Hr/\Ys.
k=0 r+s=m+k+i k=0 r+s=m-+k+i
Since
Hir, =0, X,r,= Z X, ANH,, Yir,= Z Y, A Hj,
r+s=m+k+1i r+s=m-+k+i

we have the desired result. ]
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Chapter 3 Lie bialgebra structures on sla[t]/(t™ 1)

Inspired by Proposition 3.2.2 and the classification of Lie bialgebra structures on sls, we give
two more general classes of Lie bialgebra structures on g,,. A technical lemma should be given
here.

Lemma 3.2.3. Let m be a positive integer and A, = k[t]/(t™+1). For any non-negative integer
N, define % : A,y = Ay, @ Ay by

N
O (a) = Z a' ® a7
i=0

Let Wy be the subspace of An, @ Ay, spanned by {®7'(t) | s > N}. Suppose N > m, then
(i) @R (a) € Wi for any a € tA,.
(ii) Conversely, for any In,IN+1,---,lom € k with Iy # 0, there exists an element a € tA,, such
that the coefficient of ®T'(t) in ®n(a) is exactly ls for any N < s < min{2N — 1,2m}. In this case
if N = m, then the coefficient of ®3! (t) in ®"(a) is determined by Iy, ..., lom—1.

For convenience, two elements r and r’ in g,, ® g, are called equivalent (gauge equivalent) if
the Lie bialgebra structures on g,, induced by r,r’ (if exist) are isomorphic (gauge equivalent). It

is clear that r and r’ are gauge equivalent if and only if there exists an automorphism ¢ of g,, and
a nonzero scalar ¢ such that r’ — (¢ ® p)(cr) is gp-invariant. Moreover, we have

Lemma 3.2.4. There is no nonzero g, -invariant element in A%g,,. Therefore any Lie bialgebra
structure on g, is induced by an unique element in A2g,,.

Proof. Suppose a € A?g,), is gm-invariant. Then sly.a = 0 and we can write a = Zogr,sgm Ar.s(Wr s—
ws,r) With A\p s + As» = 0, where

Wrs = H, @ Hy +2X, @Y, +2Y, ® X.
We have
Hy.a =4 Z As(Xpp 1t NYs = Xp AY o1 = Xopt ANY, + Xg A Y 4)

0<r,s<m
=4 Y MK AYe = X AYan) =4 ) A (X1 Ay + X AYrq)
0<r,s<m 0<r,s<m

2m

=8 > As(Xeni AYs = X A Yon).
k=0 r+s=k

Then for each 0 < k < 2m,

Z )\T,S(XT—H A }/s - X?" A Ys-i—l) =0.
r4+s=k

An observation implies that A\, s =0 if 7 + s < m and A, 3 = A\ry1,s-1 if 7 + 5 > m. Therefore A, g
are all zero sine A\, s + A, = 0 and the desired result follows. ]

Proposition 3.2.5. For any k > 0, denote

r,= Y X, AH, €Ay,
r+s=m-k

(i) Any nonzero linear combination of {ry | 0 < k < m} induces a quasitriangular Lie bialgebra
structure on g,,. Moreover, any such Lie bialgebra structure on g,, is gauge equivalent to the Lie
bialgebra structure induced by one of rg, r1,...,Cm, To~+ Tp,y.

(ii) Any linear combination of {r}, | 0 < k < m} induces a triangular Lie bialgebra structure on gp,.
Moreover, any such Lie bialgebra structure on g, is gauge equivalent to the Lie bialgebra structure
induced by one of 0, r{, r},...,r]

ytm:e
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3.2 Lie bialgebra structures on g,,

Proof. (i) Let r = >}, A\gry be nonzero. There is no difficult to verify that for any a,b,¢,d € g,
[[aAbeANd]]+ [[cAd,aNb]] = [a,c ] AbAd — [a,d) AbAc—[byd] ANaAd+ [b,d] AaAe.
Therefore

m m m m
(v, ] + [[rr,ri)] = Z Z Hivj N Xog1—j N Ymgp—i + Z Z Homyti—i—j N Xi NY;
i—k j— i—k j=1

=2 g H. ANX;NY;
r+s+t
=2m-+k-+I

For any N > 2m, we have

H. Y HAX A =2 Y HAXq1AY—=2 Y HAXAYi

r+s+t=N r4+s+t=N r+s+t=N
=2 Y HAX, Y -2 Y HAX,AY
r+s+t r+s+4t
=2m+N-+1 =2m+N+1
=0.
Since each H, A X A\'Y; is slp-invariant, we have g,,.[[r,r]] = 0. Therefore r induces a Lie bialgebra

structure d; on g,, by Proposition 2.3.2. Moreover, (g, d;) may not be triangular since r is the
unique element in A2g,, which induces (g, d;) by Lemma 3.2.4.

Now let N be the minimal integer such that Ay # 0. We claim that: r is gauge equivalent to
rg or rg + 1, if N = 0, and is equivalent to ry if N > 0. Indeed, take any f(t) € tA,,\t>4,,,
then f(t) determines an algebra automorphism ¢ of A,, via t — f(t). Hence f(t) also induces
an automorphism of g,, which act as idg, ® ¢y and is still denoted by ¢y. Since gn @ gm =
(A%sly @ S?A,,) @ (S%sly ® A%A,,), one gets

(pr@ep)m) = (XAY)© ( > f)e f(t)s> = (X NY) @05 . (F(1)).

r+s=m-+k

Thanks to Lemma 3.2.3, there exists f(t) such that (¢ ® ¢¢)(ry) = r if N > 0. Now suppose

N =0, applying Lemma 3.2.3 again we have r is equivalent to rg + Ar,, for some A € k. Suppose
1

A # 0, let f(t) = A™mt, then

(67 © 0)(x0 + M) = A (x0 + T1m)-

Therefore r is gauge equivalent to one of rg, ry,...,rm, o+ Iy
Finally, recall the sly-invariant element w;. s € g, ® gy, given in Lemma 3.2.4. For any 0 < k£ <m

let )
=5 D W €S

r4+s=m-+k

Since

Hisp=2 Y (X1®Y—X, @Y1 — Y1 ® X, +Y, ® Xep1) =0,
r+s=m+k

sj are g,,-invariant. Therefore r;+s; and r; induce same Lie bialgebra structure. For any a, b, c,d €
Om, denote

Y(a;b,c) =a® (bAc) +bRa®@c—c@a®@b+(bAc)@a=aAbAc+2b@a®@c—cRa®b) € g2°.
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Then

[a®@b+b®a,c®d+dc]]+[[c®d+d®c,a®b+b® al
=([a, c];b,d) +P([a, d]; b, ¢) + 9([b, cl; a, d) + (b, d]; a, ¢).

Thus

[[wr,s + Wep, Wrr, s + Wyt 1]

=2(2X, 1 AHg ANYy — 2V, g NHg A Xy 42X AHp ANYy —2Yyp 0 A Hyp A X,0)
+4Q2H; @ Xpyp @Yy —2Yy @ Xy @ Hs —2H, @ Y49 @ X + 22X @ Y, 9 @ Hy
+2H, @ X1 @Yy —2Yy @ Xoyy @ Hy —2H, @ Yoy ® X +2X0 @ Yo A H,)
+202X, g NHsANY —2Y, o NHs AN Xg +2Xgo g NH ANYr —2Y 0 AN He A Xr)
+4Q2H; @ Xy gy @Yy =2V @ Xppo @ Hy =2H, @ Yy @ Xy +2Xg @ Yy @ Hy
+2H, @ Xgpg @Yy — 2V @ Xgp9 @ Hy —2H, @ Yoy @ Xy +2Xy @ Yoy A H,)
+ 202X, NHy ANYy =2V g NHy AN Xy 42X g AHy ANYy —2Yy g A Hy A X))
+42Hy @ X1y @Ys —2Ys @ X,  Hy —2Hy @Y1 s @ X +2X, @Yy s @ Hy
+2H, @ Xy, @Y —2Y, @ Xy @ Hyy —2H, @ Yoy s @ Xy +2X, @ Yy s A Hpr)
+202X 4 s NHg NY, —2Y NHy AN X+ 2Xg s NHy NY, —2Y9 o A Her A X)
+42Hy @ X115 @Y, =2Y, @ Xy s @ Hy —2Hy @ Yy @ Xs +2X, @ Yy, @ Hy
+2H @ Xy ®Y, —2Y, @ Xy s @ Hy —2Hpy @ Yy @ Xg +2X, @ Yy A Hy)
+4(Hp s NYs A Xy — Hyppr N Xy NYyr)
+8(Y,®Hy oy @ Xy — X @Hppy @Yy — X, @ Hon @ Yy + Yoy @ Hyyp @ X,)
+4(Hypyt NYs AN Xy — Hop g AN Xy NYr)
+8(Y,®Hyp @ Xy —Xg ®Hy @Yy — X, @ Hy g @Y + Yy @ Hyp g @ X,)
+4(Hoysr NYr AN Xyt — Hyypr N X AN Yyr)
+8(Y, @ Heyy @ Xy = X @ Hoy gy @Y, = Xs @ Hpn @ Yy + Yy @ Hyyr @ X)
+ 4(Hoypr NYp N Xy — Hryo AN X NYy0)
+8(Y, @ Hoyp @ Xy — Xg @ Hyypy @Y, — Xs @ Hry g @Yy + Yy @ Heypo A X).

An observation illustrates

16({[s, s1]] + [[s1, s]])
= Z Z ([[wr,s + Ws p, Wyt o1 + ws’,r’]] + [[wr’,s’ + Wyt oty Wy s + ws,r”)
r4+s=m+kr’'+s'=m-+l
=—32 Z H - AX,\Y,.
r4+s+t=2m-+k+I

Since for any a € A%g,, and b € (g ® gm)®, [[a + b,a + b]] = [[a, a]] + [[b, b]], we have

=0.

m
=0

”Z Me(rk + 1), Y An(rr + sp)
k=0 P

Therefore any linear combination of {ry | 0 < k < m} induces a quasitriangular Lie bialgebra
structure on g,.
(ii) Since

m m m m
([ v]] + [, 13 ]] = 2 Z Z Xitj N Hpggp—i N Xpppi—j — 2 Z Z Xomk+i—i—j N Xi NHj =0,
i=k j=l i=k j=l
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3.2 Lie bialgebra structures on g,,

any linear combination of {r} | 0 < k < m} induces a triangular Lie bialgebra structure on g,,. The
proof of rest results is similar as (i), but at this time we claim that r{, and r{, + r},, are equivalent.
Indeed, let ¢ be the automorphism of g,, such that

1 ) )
+ =la, H]t™, @(at’) =at’, Va € sly,i>1,

pla) =a+ 3

where \ = 2%. Then

/

(o ® @)(xy +17,) =g — 1), + 17, = T,

Therefore r{, and r{, + r}, induce isomorphic Lie bialgebra structures. O

A natural question is that whether rg,rq,...,r;,,rg + 1, induce gauge equivalent Lie bialgbera
structures on g,,. Let ¢ be an automorphism of g,,, then it is clear that ¢(ay) = a; for any
0 <k <m, where ap, = k{H;, X;,Y; | i > k} is the ideal of g,, generated by Hy. It is clear that ¢
induces automorphisms @, : gm/ax — gm/ak. Let 7 : gm — @m/ar be the natural quotient map.
Then 7 0 p = P, o g, and

(Tr41 @ idg,, ) (¢ @ @) (rr) =(Prr1 © @) (Try1 @ idg,, ) (vr)
=(@rt1 @ ©)(Try1 ®idg,, ) (Xp @ Vi — Y3 @ Xi)

is nonzero. Therefore rg,ry,...,r,,r9 + ry, are not gauge equivalent to each other, expect rg and
ro + ry,. Similarly, rf,r},..., 1}, are not gauge equivalent to each other.

Example 3.2.6. Let m = 1. In this example we show ry and rg + r; are not gauge equivalent.

Take any automorphism ¢ of gi. An easy argument provides that there exists an automorphism
o of slo, an element v € sly and a nonzero scalar A, such that

p(a) = po(a) + [vo(a), L, plat) = Apo(a)t, Va € sly.

Then

(¢ @ @) (ro +11) =A(0(X) + [0 (X), 7]t) A po(Y)t + Apo(X)t A (¢o(Y) + [po(Y),7]t)
+ X0 (X)b A o (V)
=A(p0(X) A po(Y)t + 0o(X)t Ago(Y))
+ A[po(X), Y]t Ao (Y)t + 0o(X)t A [po(Y), ¥t + Apo(X)E A @o(Y)t).

Denote 7' = ¢y *(7), then (¢ ® ¢)(rg +11) is a scalar of rg only if
Y XANY =AX AY. (3.2.1)

Note that A%sly is isomorphic to the adjoint representation of sly, thus (3.2.1) can not hold since
A # 0. Therefore rg and ro + r; are not gauge equivalent.

Conjecture 3.2.7. The Lie bialgebra structures on g, induced by ro and rg 4+ r,, are not gauge
equivalent.

We call 4y, the standard Lie bialgebra structure on gp,.
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Chapter 3 Lie bialgebra structures on sla[t]/(t™ 1)

3.3 A class of quasitriangular Lie bialgebra structures on g,

Let m = 1. In this section, we imitate the method of [2] to give a class of quasitriangular Lie
bialgebra structures on g; by a direct but tedious calculation. More explicitly, we will find out all
r € gm ® gm such that

1
rio+ry = §(H0®H1 +Hi®@Hy)+Xo0Y1+ X1 @Y+ Yo® X1+ Y1 ® Xo, (3.3.1)
[[r,x]] = 0. (3.3.2)
Let = (1,0) and (—, —) = (—, —)gl be the nondegenerate symmetric invariant bilinear form
on g; defined in Section 3.2. Let eq,eq,...,es be an orthogonal basis respect to (—, —), then the

right side of (3.3.1) is exactly C := Z?:1 e; ®e;. Any r € g1 ® g1 determines an unique linear map
f g1 — g1, such that

6
r= Zf(ei) ® e;.
i=1
Then (3.3.1) and (3.3.2) are equivalent to the following equations for f respectively:

(f —idg))[f(a), F(0)] = f ([(f —idg,)(a), (f —idg,)(B)]), (3.3.4)

where f* is the adjoint operator of f, i.e., (f(a),b) = (a, f*(b)) for all a,b € g;. By (3.3.3), f
induces a well-defined linear map 6 : Im(f —idg, )/ ker f — Im f/ker(f — idy, ) by taking the coset
(f —idg, )(w) + ker f into f(w) + ker(f — idg, ). Moreover, # is an isomorphism as vector spaces.

Lemma 3.3.1. [2, Theorem 6.3] Let f : g1 — g1 be a linear map satisfying (3.3.3). Denote
Cy =1Im(f —idg,) and Coy =Im f. Then

(i) Cit =ker f, Cy = ker(f — idy, ).

(ii) The linear map 0 : C1/C{ — Co/Cs- defined above is orthogonal respect to the nondegenerate
symmetric bilinear forms on C1/C{ and Ca/Cs induced by (—, —).

(iii) f satisfies (3.3.4) if and only if C1,Cy are Lie subalgebras of g1 and 0 is an isomorphism of
Lie algebras.

Lemma 3.3.2. [2, Lemma 12.3] Let f : g1 — g1 be a linear map satisfying (3.3.3) and (3.3.4).
For any X\ € k, denote g} = U, ker(f — Aidg, )™ and g} = @A#),lgi\. Then

(i) ()" =gl @ gy, (1) = 91 @ o). Therefore gy € C1NCy and 2 | dim gy /g, dim gf = dim gj.
(ii) ¥ @ g} and gl © g} are Lie subalgebras of g1, and g} is an ideal of g% @ g}.

Before our computation, an observation on automorphisms of gy is required.

Lemma 3.3.3. Let ¢ is an automorphism of g1. Then by FExample 3.2.6, there exists a unique
triple (po,7v,A) € Autsly x sly x k*, such that

p(a) = po(a) + [po(a),7]t,  @l(at) = Apo(a)t, Va € slp.
Indeed, this is an 1-1 correspondence between Aut gy and Autsly x sly x k*. Moreover,

(Z) <Q0(a)7 Sp(b» = )‘<a7 b>a Va, be dg1.
(ii) If ¢ is an inner automorphism, then o is an inner automorphism of sly and X\ = 1.
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3.3 A class of quasitriangular Lie bialgebra structures on g;

Proof. (i) There exists a nondegenerate symmetric invariant bilinear form k on sly defined by
k(a,b) = Tr(ab), where elements of sly is considered as matrices in gly, with zero trace, i.e.,

1 0 0 1 00
(80 xe (0D a0 )

It is a well-known fact all automorphisms of sly is orthogonal respect to k. For any a1, as € sl and
g1(t), g2(t) € K[t]/(t?), we have

d
(010206 0202(0) = wan02) ( e (Va(0)) ).
Hence (¢(a), (b)) = A a,b) if any one of a,b is in slot. Now suppose a,b € sla, then

(p(a), p(b)) =r(po(a), [po(b),7]) + #(lo(a), 7], o (b)) = 0 = (a,b).
(ii) Suppose ¢ = expad(a + bt) for some a,b € sly. Then for any x € sl,
o(x) = expad(a + bt)(x) = expad(a)(x) + ct,
p(zt) = expad(a)(xt) = expad(a)(x)t.
Hence ¢y = expad(a) and A = 1. O
Let ¢ be an automorphism of g; such that (p(a), p(b)) = A(a,b) for any a,b € g,,. Then

(p@@)(rig+r21) =(p®¢e)C =AC

and

(PR e)(r) = (@ p)(f ®idg,)C =A@ ) (f ®idg) (¢ ' @ 1)C = Aefe ' ®@idg,)C.

Therefore (¢ ® ¢)(r) still satisfies (3.3.1) and (3.3.2) if ¢ is an inner automorphism.

From now on we suppose f satisfies (3.3.3) and (3.3.4). Here is the argument on f up to
orthogonal automorphisms of g;.

(1) Cy or Cy is not solvable. First let Cy be not solvable. Then there exists an orthogonal
automorphism ¢ of g; such that sly C ¢(Cs). Up to orthogonal automorphisms, we set sly C Co.
Hence CQL - 5[2L = sly. Since C’QJ- is an ideal of (5, we have either CQL = 0 or CQJ- = (Cy. If
C3 = 0 then Cy = g1. Recall 6 : C1/C{+ — C/Cy is an Lie algebra isomorphism, therefore
C;=gpand Cf =0. Thus § = fo(f— idg,) ™! becomes an orthogonal automorphism of g;. Note
that det(§ — idg,) # 0, by the corollary of [2, Theorem 9.2] g; is solvable, a contradiction! Then
02 = CQJ‘ = 5[2.

Suppose Cy = Cf = k(X1—9(X))+k(H,—g(H))+k(Y1—g(Y)) for some g(X), g(H), g(Y) € sly.
Then «(a, g(b)) + k(g(a),b) = 0 for any a,b € sly. Hence there exists an unique ¢ € sly such that
g = —ad(c). The condition ' is a subalgebra forces that x(c,c) = 0. In this case,

1 1
I‘Z§H0®H1+§[H07€]®H0+X0®Y1+YO®X1+[Y0,C]®X0-

(2) Cy and Cy are solvable. Then there exist Borel subalgberas by, by of g1 such that C; C
b;. Then b;/a; are Borel subalgebras of sl = gj/a;. Since by + be = gq, there is an inner
automorphism g such that pg(b1/a1) = kH + kX and @g(ba/a1) = kH + kY. Therefore up to an
inner automorphism of g;, we can suppose by = kHy + kXg + a; and by = kHy + kYy + a;. By
Lemma 3.3.2, gf € C1 N Cy C by Nby = kHy + a;. Since kX; = by C Cf, we have f(X;) = 0.
Similarly, f(Y1) = Yi. Note that 2 | dim g}, hence g} =0 or g} = kHo + kH;.

If g’ = kHy+kH;, then a routine argument shows that C; = b; or C; = kHy+kH; +kXo+kX;
and Cy = kHy + kH; + kY, + kY;. Since 0 C’l/C’ll — C’2/C’2l is an orthogonal Lie algebra
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Chapter 3 Lie bialgebra structures on sla[t]/(t™ 1)

isomorphism, there must be C; = kHo+kH; + kXy + kX7 and Cy = kHy + kH;, + kYy + kY7 by a
tedious calculation. In this case, f(X;) =0, f(Y;) =Y, f(Hy) = AHp and f(H;) = (1 — A\)H; for
some A\ # 0, 1. Therefore

1 1
I‘:5/\H0®H1+§(1—)\)H1®H0+Y1®X0+Y0®X1.

If g’ =0, then dim g{ = dimg! =3, (g9)* = ¢{ and (g})* = gi. The condition C; are solvable

implies that g and gl are solvable. A boring argument works out that g = kHy + kX + kX1,
g% =kH; +kYy+kY; or g? =kH; +kXo+kXi, g} = kHp+kYy+kY;. Indeed, these two cases are
equivalent, since w : H; — —H;, X; — Y;,Y; — X, is an orthogonal automorphism of g; respect to
(—,—) and one can replacing f by idg, — f. We set g = kHo +kXo + kX1, g} = kH; +kYp + kY.
If Cy = go and Cp = gy, then f(Ho) = f(Xo) = f(X1) = (f — idg)(HY) = (f — idgy)(Y0) =
(f —idg,)(¥1) = 0, and

1
r:§H1®H0+YE)®X1+Y1®X0.

If dim C; = dim Cs = 4, then an uninteresting computation provides that Cy = kHy+kH; +kXo+
kX1, Co = kH; +kX; + kY + kY7, and there is a nonzero scalar A such that

f(Xo) = f(X1) = (f —idg—1)(H1) = (f —idg—1)(Y1) = 0,

f(HO) = —2X\Xq, (f - ldgl)(}/()) = \H;.
In this case

1
I‘:5H1®H0—|—Yb®X1+Y1®X0—|—/\H1/\X1.

Finally, an analysis shows that there is a contradiction if C; = b;. The whole argument is completed.
To summarize,

Proposition 3.3.4. Suppose r satisfies (3.3.1) and (3.3.2). Then eitherr or C —r can be uniquely
transformed by a suitable automorphism into one of the following forms:

1 1

(i) cHy @ H1 + Xo ® Y1 + Yo ® X1 + =[Hp, ] ® Hy + [Xo, ] ® Yo + [Yo, ] ® Xo for some ¢ € sly
2 2

such that k(c,c) = 0.

1 1

(ii) 5)\H0®H1+§(1—/\)H1®H0+Y1®X0+Y0®X1 for some X\ #£ 0, 1.
1

(iit) 5 H1 ® Ho+ Yo ® X1 + Y1 Xo.

1
(iV) §H1®H0+}/E)®X1+Y1®XQ+AH1/\X1 for some A # 0.
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Chapter 4

A quantization of sly[t]/(t" 1)

4.1 Main result

Recall that the standard Lie bialgebra structure (g, dr,) given in Section 3.2, which is induced
by rg = Ziﬂ-:m X; A\Yj. In this chapter we will show that the Hopf algebra Up (g, ) in the following
theorem is a quantization of (g,,,ro) with respect to Definition 2.4.4, and Up(g,,) is a trivial algebra
deformation (mod h*).

Theorem 4.1.1. Let A =k{H,, X, Y:|0 < r,s,t < m} be the algebra of non-commutative polyno-
mials in 3(m + 1)’s generators Hy, Xs,Y:, and I be the two-sided ideal of A[[h]] generated by

PX  ,—-PY _,
[Hr’ Xs] - 2X7"+Sa [HT‘a Y;f] + 2}/r+ta [X57 }/t] - m—z; — e:;:_s_ ) (412)

where H, = X, =Y, =0 if £k > m,

Pz‘X:Zhj Z Ha, -+ Hqj, PiY:Z(_'h)j Z Hay -+ Ha,

gl !
7=>0 J: a1+-+aj=jm—i 7>0 J: a1+--+a;j=jm—i

for0<i<m and PX = PY =0 ifi <0. Let I be the closure of I in the h-adic topology. Then
Un(gm) = A[[R]]/I is an algebra over k[[h]].

There exists homomorphisms of k[[h]]-algebras Ay, : Up(8m) — Up(8m) @ Un(gm), €n : Un(gm) —
k[[h]] and Sk : Un(gm) — Un(gm) work on generators of Up(gm) as follows:

A(H)=H, ®1+1® H,, (4.1.3)
Ap(Xs)=1® X, + iX@- ©PY,, Ap(Y) =Yi@1+ ijpiit ®Y;, (4.1.4)
=8 i=t
en(Hr) = en(Xs) = en(¥z) = 0, (4.1.5)
Su(Hy) = —Hy,  Sp(Xs) = — iXiPBis, Sn(Yy) = — iPﬁitYi (4.1.6)
i=s i=t

for 0 <r;s,t <m. Then Ap, e and Sy as comultiplication, counit and antipode respectively define

a topological Hopf structure of Up(gm)-
Moreover, Up(gm) is a QUE algebra, whose classical limit is the Lie bialgebra structure on g,

defined by ro =3\ ;_m Xi N Y.
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Chapter 4 A quantization of sly[t]/(t™T!)

This chapter is organized as follows. We prove that Aj in Theorem 4.1.1 is an algebra homo-
morphism in Section 4.2 and Uy(g,,) is a topological Hopf algebra over k[[h]] in Section 4.3. In
Section 4.4 we establish a topological PBW basis of U, (g, ), which completes the proof of Theorem
4.1.1 together with results in Section 4.2 and 4.3. Finally, an careful argument on cohomology in
Section 4.5 shows that Uy, (gy,) is trivial as an algebra deformation (mod h*) of U(g,,).

4.2 /Ay is an algebra homomorphism

Let us make some argument on Uy, (g,,) defined in Theorem 4.1.1. One should note that in both

PX ., —PY . ,and e" — e each odd powerth of h appears but even powerth of i does not,
Pn)l(fsft — anifsft . . o .
hence — is a well-defined element in Up(g,,). If m = 0 then g,, is exactly sly and
e —e

Up(gm) is the quantum group Uj(sls) in Example 2.4.6. Hence we always set m > 0 in the rest of
this chapter if there is no statement.

Lemma 4.2.1. For PiX and PZ-Y, 0 <i<m, we have

Ap( Zpk @ PX,., ApPY) = Zpk ®PY,. (4.2.1)
k=0 k=0

Proof. We only prove (4.2.1) for PX since the case for P} is similar. A direct calculation shows
that

hi
AP)Y=>"= > Au(Ha - Ha)
J>0 J: a1+-+a;=jm—i

—z 3 z() Hay @ Ha,,, - Ho,

]>O Tagpte ~+aj=jm—iu=0

¢ J hY hj—u

=220 |y 2 Hwdh o\ e > HaoHe
k=0 j>0 u=0 bi+-+by c1t-+Cj—y

=um K —(—uym—(i )

¢ hU hY

sy (® s men)e (S Y e
k=0u>0v>0 bi++by=um—~k c1+-+ep=vm—(i—k)
%

=Y PfoPX,
k=0

which is exactly what we want. O

Lemma 4.2.2. For 0 <1i,s,t < m, we have

2h —2h)J
P = Y B ey aYXs=sz+cz< ..>Nmchjm7 (4:22)

>0 j>0 ' c>0 j>0
—2h
PYi= Y v X N Y= e Y BN, ag)
>0 §>0 J! >0 >0 J'

where NG = 0o, and N = {0 < ay,...,a; <mlay + -+ +a; =c}| for j > 1.
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4.2 Ay is an algebra homomorphism

Proof. We only prove (4.2.2) for PiX, X, the rest are similar. Fix a;,...,a; € N, an easy induction
shows that

J
Hoy o Hoy X5 = Z Z 2kXS+b1+'~~+kaCk+1 e Hej

k=0 choose b1,...,bx
from ai,...,a;,
Chg1,---,Cj left

Therefore we have

J
PXX Z Z Z Z 2sz+bl+---+kaCk+1 e HCJ'

j>0 a1+---+aj:jmfi k=0 choose b1,...,bg
from ai,...,a;,
Clg1s---,Cj left

_Z ZXHCZ > 2k (; - k) N{He,., - H.,

]>0 ! c>0 k=0 cpq1+- +cjfjm i—c
(2h)
:ZXS+C k' NEZF Z H@l”'Hcl
c>0 k>0 >0 e1+-+e=Ilm—(i+c—km)
2h)"
—ZXercZ Lk NIEP—&-C km>
>0 k>0
which is exactly what we want. O

Remark 4.2.3. Since P,f( =04 k<0, Xs=01ifs>m and i < m, the formula in Lemma 4.2.2
for PiX and X can be reduced as follows:

PXX, ZXS+C (0..P~ +2hPX . + 6i mbem2h®(m + 1) P5Y). (4.2.4)
c=0

In particular, if i < s we have PX Xs = X P{X. Similar reductions act for rest formulas.
Now we can prove Ay, is a well-defined algebra homomorphism. An easy verification shows that
[An(Hi), Ap(Hj)] =0,  [Ap(Hr), Ap(Xs)] = 280(Xrts),  [An(Hy), Ap(Y2)] = —2A4(Yr44)
hold for 0 <4, 4,7, s,t < m.
Lemma 4.2.4. For 0 < s <t <m we have
[An(Xs), Ap(Xe)] = [An(Ys), Ap(Yy)] = 0

in Uy (gm) .

Proof. We only prove Ay, satisfies the relation between X, and X;. Since PZ-X X=X SPZ-X if i < s,
one have

m
[An(X5), An(X)] ZX ® [PX,, Xi] +ZX ®[Xe, P = Y X ® ([P, X — [Py, X)),
i=s j=t k=s+t
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Chapter 4 A quantization of sly[t]/(t™T!)

Fix k, thanks to equation (4.2.4) we get

m
[Pk)iw Xt] - [Pk)itv XS} = Z XtJrC(QthstJrcfm + 5k—5,m50,m2h2 (m + 1)POX)
c=0
m

o Z Xs+d(2hplg(—t+d—m + 5k—t,m5d,m2h2(m + 1)POX)
d=0
m—t m—s

X X
= Z 2hXt+cPk—s+c—m - Z 2hX3+de—t+d_m
c=m—k+s d=m—k+t

=0.
The proof of [Ap(Ys), Ap(Y:)] = 0 is similar. O
Lemma 4.2.5. For 0 < s,t < m we have

X Y
[Ah(Xs),Ah(ift)] = Ay <Pm sht P?:st)

el —e
in Up(gm)-

Proof. This proof is also a direct calculation. We compute

[Ap(Xs), An(Y1)]

m m m m
=) PLeoX Y+ ) XoY]e P +) Y (NP, @ PLY; - P X; @ Y;PX))

Jj=t i=s i=s j=t

m X Y X Y
:ZPY®PmS] Fnosi | ™ P = Prcice g px

. Jj—t eh — e—h . eh — e—h

: 1=S8

Em:i XiP), @ PXY; - P} X; @ Y; X))

s J=
(PX®PX PPy ) AZ
-y et e 1 3 Y (XGPY @ BYY; - PLX @ ViPY,).
k=0 i=s j=t

Thanks to Lemma 4.2.1, we only need to check

m m
Y > (Pl oY - P X oY,PX,) =0 (4.2.5)

i=s j=t
Fix ¢ and j, Lemma 4.2.2 and Remark 4.2.3 show us
Xin):t ® ]DZ)ES}/J = Z XZ'PjY—t ® }/}+C(50,0Pi)£s+c - 2hpi)£s+c—m + 51*5,m507m2h2(m + 1)POX)
c>0
=X;P, ® Y~P?£ + 05.00,00i.m07.02h% (m + 1) X Py @ Yy, Pg*

T SEP T r

c=m—i+s

s+c—m>

Pjy;tXi ® YTPZ)ES = Z Xi+d(5d,0PjY—t+d - 2h‘PjY;t+d—m + 5j—t,m5d,m2h2 (m + l)P(}/) ® }/}Pz)fs
d>0
=X; P, ® Y; P, + 65064,00i.005,m2h* (m + 1) X Py @ Y Pg
m—1i
—2h Y XiaP)lpam @Y,
d=m—j-+t

34



4.3  Up(gm) is a topological Hopf algebra

Therefore
m m m—i m—j
LHS of (425) =2hY > | > XipaPl g m®@Y;PX,— > XiPY, @Yy P . .,
i=s j=t \d=m—j+t c=m—i+s
m m m m
=20y D (Xe @YD) | D Plippicm @ Py =Y P @ Py
k=0 =0 i=s j=t

Since the two terms in the last parenthesis of the above equation are both
> PY ® P,
a+b=k+l—s—t—m
the proof is completed. O

Combining Lemma 4.2.4 and Lemma 4.2.5 we have shown

Proposition 4.2.6. Ay, : Up(gm) — Un(gm) @ Un(gm) is a well-defined Kk[[h]]-algebra homomor-
phism.

4.3 Uy(gn) is a topological Hopf algebra

Let pp : Up(gm) @ Un(gm) — Un(gm) be the multiplication and n, : k[[h]] — Un(gm) be the
unit of Up(g,). We first show that (Up(gm), ths M, An, €) is a k[[h]]-bialgebra. Thanks to Lemma
4.2.1, we have

(Ap @id)AR(X,) =1®10 X+ Y 10X+ X;®PY,)®PX,

i=s Jj=t

m m J
=10 (10X +Y XioPX)+Y X;0() PYoPL)

i=s Jj=s i=s

=(id ® Ap)Ap(Xs).

Similar calculations work for H, and Y;. Thus A} satisfies coassociative law since it is an algebra
homomorphism. It is clear that ¢, is a well-defined k[[A]]-algebra homomorphism. One should note
that e, (PX) = e, (PY) = 6,0, hence

uh(eh ® id)Ah = pp(id ® Eh)Ah = idUh(gm)'
Therefore Uy, (gy,) is a bialgebra.

Proposition 4.3.1. The antipode Sy, : Up(gm) — Un(gm) is a well-defined k[[h]]-algebra antimor-
phism, satisfying
Mh(Sh & id)Ah = ,uh(id X Sh>Ah = €p,.

Therefore Up(gm) is a topological Hopf algebra over k[[h]].

7

Proof. 1t is easy to see that S,(PX) = PY, S,(PY) = PX and [Sh(H;),Sn(H;)] = 0. Since
pn(Sp @ 1d)Ap(Hy) = pp(id ® Sp)An(H,) = €,(H,) = 0, applying on equation (4.2.1) we have

> PEPY = en(PX) = dig (4.3.1)
k=0

for 0 <i<m.
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Chapter 4 A quantization of sly[t]/(t™T!)

We need to verify S;, holds the anti-relations in equations (4.1.1) and (4.1.2). There is no
difficult to show

[Sh(Hy), Sn(Xs)] = —2Sn(Xrts),  [Sn(Hr), Sh(Ye)] = 25k (Yite).

Lemma 4.2.2 provides us

[Sh(Xs), Sn(X))] ZZ (X;PY X;P , — X;P X;PY,)

i=s j=t

S (Xl GaaPY L~ 2P it Grmaiban 2N R P

i=s j=t \d>0

- Z XJ'XiJrC((SC,UPjY—t - 2thY—t+c—m + 5j*t7m603m2h2N2mP(}/)})z{s
c>0

m
X0 (PP~ 20 Pl P
j=t

M
NE

B
Il

0

~
Il
o

m
o (Pt Y R

=S

m m

:iZX’f’Xl <P13/3Plyt —2h Z P;/PbY> =0.

k=0 1=0 a+b=k+l—s—t—m

o~

Thanks to Remark 4.2.3, one can show that
(1) if i < j, then [P, X;] = [PY, X;] = [PX,Y;] = [PY,Y;] = 0;

70 J

(2) [PX, Xi] = 2h X, P55, [PY, Xi) = —2h X Py, [PX,Y:] = —2hY,,,PsS, [PY,Yi] = 2hY,, P .
Hence

m m

Su(Xs)Sn(Ye) =) > XiPL P,Y;
1=s j=t
m m
= Z ZXiPi{s(}/}P]{t - 5t,02hYmP0X)
i=s j:t

_ZZZX1/3+C COP +2hpzys+c m+52 Sm50m2h2(m+1)P0 )P

i=s j=t ¢>0

—So(m+1)) 20X P Y, P

i=s

= fj fj XY (PK_SPKL +2n Y PIPS )

a+b=k+l—s—t—m
m
— 05,001,02h%(m + D)X Y P Py = 0,02h(m +1) Y - XY PY B*
1=s
A similar calculation shows that

m m

Sh(Y)Sh(Xs) =D Y VX, (Pf_ftp,ﬁs + 2h > pr{)

k=0 1=0 a+b=k+l—s—t—m

— 05,001,02h% (M + )Y Xpn P Py = 0,02h(m +1) Y Vi XiPXPY .

i=s
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(4.3.1) implies that

m m m
[Sh(Xe), Sh(¥D)] =D [Xe, VI(PE,PY g + 20041 s4t40m) — St.02h(m + 1) Y[ X5, Yo | X BY
k=0 =0 i=s
" pX  —pY_ pPX _pY
= Z %(5u,s+t + Qh(u + 1)6u,8+t+m) - 58,06t,02h(m + 1)ﬁ
u=0
pPX . —pY_
_-m th_e:g s—t [XS,Y%]

Therefore Sy, is a well-defined antimorphism. Finally we prove uj (S, ® id)Ap(Xs) =0 = pp(id ®
Sh)ApR(Xs). The second equality is evident. For the first equality we have

11, (S @ 1d)Ap(Xs) = X — Z ZX P PY, =X, - i 8;sX; =0,

i=5 j=i j=s

where we use equation (4.3.1) again. Similar argument works for Y;. We have shown that Sy, is an
antipode of bialgebra Uy (g, ), hence Up(gnm,) is a topological Hopf algebra. O

4.4 A topological PBW basis of Uj(g,,)

In this section we establish a topological PBW basis of Uy(g.,) over k[[h]], which provides an
isomorphism Uy (gr) = U(gm)[[h]] as k[[h]]-mods. Inspired by the classical theory of PBW basis
for Lie algebra, we construct a topological Up/(gy,)-module structure on the trivial deformation of
polynomial ring V' = k[F}, Z,, E5|0 < r,s,t < m]. All modules, algebras and bases are in the
topological sense in the rest of this section.

Denote Fy, = Z = E, = 0if kK > m. Let J be the set consisting of all finite increasing integer
sequences with each term between 0 and m (the empty sequence lies in J). It is clear that V[[A]]
has a basis {Fy, Z5,E,|J1, J2, J3 € J} as a k[[h]]-mod, where F; = F,, --- F,, for any finite integer
sequence J = (ai,...,a,) with 0 < a; < m. Z;, Ej are defined in a similar way. Given an integer
sequence J = (ay,...,ay), some integers j, ci,...,c; and a increasing subsequence w = (i1, ..., x)
of (1,...,n) with length of k, we denote
(1) (]7 J) = (j7a17 T 7an);

(2) Juwser,....c,, be the sequence whose 4;-th term is a;, +¢; for 1 <1 < k and others are corresponding
terms in J.
If w = (i) we briefly denote J.. by Ji.c. Denote o(J) be the sum of all terms in J.

Let UhSO be the topological subalgebra of Up(g,,) generated by {H,,Y;|0 < r,t < m}. For

0 < j < m we define operators on V[[h]] as follows:

Yi(FsZnEy,) = FnZnE,,

n
hj(FJZ]lEJQ) = FI1Z(j,J1)EJ2 — 22 Fji;jZJlEJQ, vJ, J1,Js €1,
i=1
and denote h; = y; = 0if j > m. One can easily show that h.h; = hihr, YrY: = YiYr, Moy —yihy =

—2yy-+4, hence V[[h]] becomes a U="-mod via H, acts as h, and Y; acts as y;. Now define operators
xj on V[h]]:

pPX PY
xj(FJZJlEh ZFM SRR ( T ]ez—e_r}? L (Fai+1"'FanZJ1EJ2)>

+FJ Z — )|J{|ZJiE(j—‘,-o'(J)—U(J{),JQ)7 VJ = (a1,...,an),J1,J2 el
JiCJ1
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Chapter 4 A quantization of sly[t]/(t™T!)

for 0 < j < m. Also denote z; = 0 if j > 0. We claim that V[[h]] is a Up(gm)-mod via H,, X,,Y;
act as hy, zs, y; respectively. Since [X;,Y;] € UhSO we have

n PX,-, o PY,', .
ZFal o Fy ( m JeZz_ 6—7}? I, - "FanZJlEJ2)>
i=1

n
= <Z Ya1 ce Yai_l [Xj7 Yai]YaiH o 'Yat> '(ZJlEJz)
=1

=[X;,Ys](ZEy,)
=[X;, Yy . (Z, Ey,)
X Y

n . — .
. M—]—0r () Mm—j—ar ()
- Z Fary o Far ( el — e—h (Faf<z'+1) R ZJlEJ2)> )
=1

where J = (ai1,...,a,) € J, 7 is an arbitrary n-element permutation and J™ = (@7(1)7 ooy lr(n))-
Therefore
pX . ,-pP¥ .,
xj(F(LJ)ZJlEJQ) =T ;h — 6_7: J (FJZJlEJQ) + Fa.ij(FJZJlEJQ) (4.4.1)

pX . . —-PY .
for arbitrary 0 < ¢t < m and J,Ji,Jo € J. In other words, X,Y; — V} Xy = -7~ as

operators on V[[h]]. Moreover, using equation (4.4.1) one can verify that h,zs — xsh, = 2z,45 and
xsxy = 11x5 by an induction on |J|. Hence the claim holds.

Finally, since Y;Hj, X ;,(1) = F;Z; E;, are linearly independent over k|[[h]], Y H s, X ;, are also
linearly independent. It is clear Uy (gy,) is generated by {F;Z, Ey,|J, Ji, J2 € J} as a k[[h]]-mod,
hence {F;Z;, Ey,|J, Ji,J2 € J} is a PBW basis of Uy (gy,). Therefore

Un(gm) = VI[h] = U(gm)[[h]]

as k[[h]]-mods since U(g,,) = V as k-vector spaces. One can even say Up(gm) = U(gm)|[[R]].
Therefore Uy, (g, ) is a topologically free module.
Since
PX =60+ hH,,—; (mod h?), PY =8y; — hHp—; (mod h?)

for 0 < i < m, we have

An(Xs) = A (Xs)
h

Ap(Y;) — AP(Y,
= > X;AHj(modh), n t)h w () _ > YiAHj (mod h).

i+j=m+s i+j=m-+t

Together with Sections 4.2 and 4.3, we have shown Uy (g,,) is a quantization of (g, dr,)-

4.5 Uy(g,) is trivial as an algebra deformation (mod h?)
Recall A =k{H,, X;,Y; |0 <r,s,t <m}, let I' be the two sided ideal of A[[h]] generated by
(Hi, Hj],  [Xi, X;],  [Y3, Y],

PN =Py
(Hyp, X3) = 2Xops, [Hp, Vi 4+ 2V, [Xo, Y] = =28t

Define B := A[[h]]/I’. Then Uy(gm) = B as k[[h]]-algebras by the following isomorphism from
Up(gm) to B:

2h 2h
Hrf—)Hr, XSP—) mXS, )/%f—) m}ft
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4.5 Up(gm) is trivial as an algebra deformation (mod h?)

Therefore B is also an algebra deformation of U(g,,), and we can write the multiplication up of B

by
UB = Z pnh™,
n>0

where each iy, is a k-bilinear map from U(gy,) X U(gm) to U(gm). The key result proved later in
this section is that for any n > 1, u, is a 2-coboundary on U(g,,) with coefficients in U(g,,) , where
U(gm) is a U(gm)-bimodule in the natural way.

Lemma 4.5.1. Let g be a semisimple Lie algebra and g,, = g[t]/(t™T!). Let {er} be a basis of
g, take the dual basis {e*} of {ex} respect to the Killing form of g. Then Y, exe” is the Casimir
element of g. Let M be a finite dimensional g,,-mod and f be an n-cocycle (n > 0) on g,, with
coefficients in M. Suppose N is a g-submodule of M such that all irreducible direct summands of
N are non-trivial and isomorphic to each other, f satisfies Im f C N and

ek"f(ektrv ai, ... 7an71) - ek‘tr'f(ekv ai, ... 7an71)a vala L) 7an71 S Gm, 0 S r S m.
Then f is an n-coboundary.

Proof. For any x € g, denote
ek, @ Zakl wler, [F 2] = Bra(w)e
k

in g. Then for any 0 < r,s < m,

[ept”, zt’] = Z o l eltH_S, ktr t°] Z ﬁk 1(x)e Lgrts

in g,,. Since Killing form is invariant, we have ay; = —f; for any k,l. For any p-cochain (p > 0)
g on g, with coefficients in M, We define an (p — 1)-cochain 7g as follows:

(mg)(a1,. .. , Ap— 1) Zekfe a1, - - aapfl)a Vai,...,ap-1 € gm-

Then

(dg,,mg)(ai,...,ap)

p
=3 (-1 ai(rg)(ar,. ... J+ Y (V)M (rg)(laiaj) a1, ap)
=1

1<i<j<p

P
:Z<Z ' ai(ep-g(eh,ar, ..., @, .. ap))
k

+ Z (=1)Hep.g(e, lai,aj),at1,..., G5, ... 4q5,.. .,ap)>,

1<i<j<p

and

(mdg,,9)(a1,...,ap)

:Zek.(dgmg)(ek,al, ce,ap)
k

p
+Z(_]‘)Zai'g(ek’ala"'7&\1'7"' + Z H—] alaaj]7€kaa17"'7c/l’\ia"’7@7""ap)>'

=1 1<i<j<p
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Chapter 4 A quantization of sly[t]/(t™T!)

Therefore

(dgmﬂ-g + demg)(al, DR ap)

= (Z ekek> glag, ..., ap)

k
p .
+>» (-1 Z ([ek,ai].g(ek,al, s Gy, ap) F er-9([ef, ai],a1,... a,. .. ,ap)) )
i=1 k
For any x € g,21,...,Zn-1 € gm and 0 < r < m, by conditions we have
Z <[ek,xtr}.f(ek,w1, o Tp) + e f[€F, 2t 1, ,xn_1)>

k

:Z (ak,l(az)eltr.f(ek,xl, ceyTpo1) + ﬁkl(m’)ek.f(eltT, T1,... ,xn_1)>

k,l
= (04]@7[(513) +ﬁlyk(‘r))eltr'f(ek7wla"'7xn—1)
k,l
=0.
Due to the decomposition of N as a g-mod, the Casimir element . ere® acts on N by a non-zero
scalar ¢. Then for any aq,...,a, € gm,

(dg,, 7f +mdg,, f)(a1,...,an) = cf(a1,...,an)
since Im f C N. Therefore f = ¢~ !(dy,, 7 f) is an n-coboundary. O

Let n be a positive integer. Define an antisymmetric bilinear map Fj, : gm X gm — S"gm as
follows:
Fn(HmHt) = Fn(X87Xt) = Fn(YVSaYVt) = Fn(HraXs) = Fn(HT’Y;f) =0,

Fu(Xs,Ys)= Y Hy ®---®H,

al+--+an
=(n—1)m+s+t

for any 0 < r,s,t <m.
Lemma 4.5.2. Let n > 1 be an odd integer. Then the antisymmetric map F,, defined above is a
2-coboundary on gy, with coefficients in S™gp,.
Proof. We claim that for any a € g,,, and 0 < r < m,
Hy.F,(H,a) = H,.F,(Hy,a), Xo.F,(Y,,a)=X,.F,(Yy,a), Yo.F,(X,,a)=Y,.F,(Xo,a).

The first equality is easy since both sides are always zero by definition of F,. The proof of the
last two equalities are similar, we only prove the third one. For convenience, denote vg, = —X,,
v, = H, and vg, =Y,. Note that if a; + -+ a, = (n —1)m + k and 0 < a; < m, then a; > k.
Hence a direct computation shows that for any 0 < s < m,

Yo.F(X,, V) =Yo. Y. Uia @ @i,

a1+---+an
=(n—1)m+r+s

n

=1 ait--+tan
=(n—1)m+r+s

n
=Y Y v @ @@ B,

i=1 a1+ +an
=(n—1)m+s

=Y,.F(Xo, Yy).
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4.5 Up(gm) is trivial as an algebra deformation (mod h?)

Therefore the claim holds and a routine check illustrates that F;, is a 2-cocycle.
Note that the slo-submodule of S™g,, generated by Im F' is exactly M defined in Proposition

3.1.4. Recall M = EBE& M? and as a slp-mod, each direct summand of M? is isomorphic to the
(2n — 4i + 1)-dimensional irreducible sly-mod. Thus the projection p; : S"g,, — M' is a g,,-mod
map. Denote G; = p; o F;, then each G is a 2-cocycle with coefficients in M?, such that

H().Gi(Hr, a) = HT.GZ'(H(),CL), X().GZ‘(Y;, a) = XT.GZ'(}/O,Q), Y().GZ'(XT, CL) = Kn.Gi(X(), a)

for any a € gm and 0 < r < m. Since
| 010 8 0410 10 0

is the Casimir element of slo and n is odd, Lemma 4.5.1 implies that each G; is a 2-coboundary.
Finally,

n—1
PR
F, = sz‘ oG,
i=0
is a 2-coboundary on g,, with coefficients in S™g,,. O

Since HHY(U (gn), U(8m)) = H(gm, U(gm)>?), we only need to show that each ug is a 2-
coboundary on g,, with coefficients in U(g,,)*?. Let S(g,,) be the symmetric algebra of g,, and we
equip S(gy,) with the g-mod structure given by:

n

x(xy - xp) = Zajl cee XX, ] T T
i=1

By [10, Chapter XVIII, Section 3|, there is a g,,-mod isomorphism

1
. ad
n:8(gm) = Ulgm)™, @1+ 2p ! ES Tr(1) Tr(n)s VT € G-
TESR

Moreover, the quotient map 7 : T'(gn,) — S(gm) restricted to &p>05"gm gives a gn,-mod isomor-
phism

1
T @nzoS”gm — S(gm), ol Z Tr(1) R ® Tr(n) Fr X1 T, VT; € G-
’ TGSn

Let ¢ : S7gm — @n>05"gm be the inclusion. Since (now) tou? = ,0F,, each ug is a 2-coboundary
by Lemma 4.5.2, hence also u,. Finally,

Proposition 4.5.3. Uy,(g,) is trivial as an algebra deformation (mod h?).

Proof. Obviously u, = 0 if n is odd by definition of P and P}. Since ys is a 2-coboundary, there
exists an 1-cochain as : U(gm) — U(gm) such that po = d%](gm)(ag). Since

D (=1)"aBh®™ | o (o + p2h®) o (14 ah®) ® (1+ azh?)) = po (mod h*),
n>0

B is trivial as an algebra deformation (mod h*). The algebra isomorphism U(g,,) = B completes
the proof. 0
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