
 37.12 The description of a completion and mfs central extension foran infinite rank affine algebra
Let A avg iyes be an infinite generalized Cartoon matrix Lt
every rare land hence column contains only a finite number ofnonzero entries

Let g'CA Gj be the associated Kal Moody algebra
Denotedby gLA me Jaded1A E ex cg's et fjljeh.TL as107 54

gLA is the subspace of Ingj gj Pol BAAR TagnbesEnfotoBeFEAE

ABBBteBto
3875538563g he KotztarkZTwe can enetened the bracket from g'LAI to gLA bylinearityThe lie algebra gLA contains Tff AIOLI the completed Cartonsubalgebrares
Denoted bygets the Lie algebra of all complex matrices carjhijez et
avg 0 for ini j Is 0 with the usual braket

Akio 3.2T
Uf A is an infinite affrne matrin of Xp An creep Bp Cb or Db
we denote gCA byJeb
clearly Trp 2 5lb Lresp the subalgebra of stew which consistsof matrices

perservong the the bilinear form B C D

Chiam A completed ohfinite rank affine algebra denoted byNb is thecentral extension of Tbi The lie algebra ab has a Z cocycle 4 definedby
biltong Fji e I H lEji Trig if Teo and j 31
I j E otherwise O

Entry Let Ln II Zvi be the standard lattice in the Euuildean spaceRn
Define on LuxLn a bimultiphicativefunction E by Letting

Elvji Up L tf j ER
1 if j k

Share that by restricting to root lattices QCAq C Lott and QcDe Cle
we obtain an asymmetry function

verify i cool H la b 40Cb a
Co2 H lTra b C TH LEb c a 140 Esa b D ca b C G AI

if more than two of a b c in condition then
tf a Erj b Ej i ni EO and j 21 C Emin

Then LIE ij Tojo Emm t 4 l I Eji Emn a 1YsCIEmmEngT b

H l Eir Ejj Emn o O O

b if A Ab c resp Bb Crs orDbl put r4 creep I I or b and
Let his Tis CK be the lie algebra with thefollowing bracket

a DK b MK cab ba ry ca b K la bb Tb X µ EQ
K Fezaidi



Theelements er Fr G g Xp Xm are called Chevalley generators ofNb and IT FfTICK is called the Cartan subalgebra the element ofthe set
TTV IT to t K If air for ur104 are called simplecohorts

we have the usual relations
t.TT is the quadruple associated to menorin A
we i jen Bf

glA 2wcye.by tribal o boundary gCABf BfHesketh23FrtespightsZwyely
FLA 2 coeyerly

Ej Finial fur Erm bi FrLauGCA
we have the usual relations
ETT If I 0 Trev Fj Sij Ii EIvo ej aijejII fg I arjfj cader a ej 0 ladfi a'Ifj 0
verify FIT If I thouTK djT Eat dj t 24125,25 KEFoo En Ejj Egmju to O

Elo fo Eon Elo Foo Er to
E 25 1K ej 225 ej t 24125 Ej KEj Ej11 af ej 1 24 CLEej k
Ej Ej11 Lao Em ej 1 24 LEN En Ej j11 K
aojej

Remark7 12
i The chereabley generators er fiziez generate a subalgebra

CFE Ii Feo92 of Nb which is isomorphic to g la

gCA E n H Nt where H FezCITY

2 The pricipal gradation of gCA extends in a natural way toa gradation of no called nts priorpal gradation
Recall gju Tag Note gov 20 H

G ill FezGfi g i FezKei
so that we Jeju

3 The canonical central element are as followsnAb K Fezdi
bio K Is ZEETY
Cb K FeoLiu

nudis K IS t TT t 2Ferdi
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Chapter8 Twisted Affine Algebras and Finite order Automorphisms

B8.1 Let g be a simple finite dimensional lie algebras and Let it
be an automorphism of g satisfying Om for a positive
integer m Then each eigenvalue of 0 has the form 85 Johnno
where E eupEmmisome it is diagonalizable we have the decomposition

g jFzymz9j 18 1,11

where gj is the eigenspace of 0 for the eigenvaluesEJice gj neg l Ocu coin
18.1 l is a Z mZ gradation of g



Troy E Igi gj Tony coin Ely Ewa Edy EMIen y
Then Igi gj c gity
Conversely if a Zymz gradation 18.11 is given Let Jing Njwhere myEgg satisfies Om L then OGAwtLg
tansy eLgi.gg verify Jonny coins Olya
ran yJ qitjun.TT coin GOYT
isomorphism i

Let tht be a diT subalgebra of Lie algebrago
Lemm8.1
a Let L l be a nondegenerate invariant bilinear form on g Then
gilgj o uf it 0 lined m and Gi and Gj are mondegenerately
paired tf it g o Cmodm

proof Given Negri yegg we have Luty Lota holy EH only
then tf r j 0 Cmodm E T II bely O egilGj2 0

rf rtg to imodm Assume l l11g gy is degenerate
Then 7 UnitYj 1 0 where ur c Gi YjEgg Sit Vup bgo Yj bGjwe have Curt Yj I ar't Jj 0

Then it 5 Esv G g si t Gi We have Cni 1Yj I 51 0 Contradiction

b The centralizer 3 of Ho ing is a Cartan subalgebra of g
c go is a reductive subalgebra of g
proof Note that z Ht Tyga where is a Cartansubalgebra of g

containg Sto ga ane the root species worth respect to Lt and
dtos.TL F
n t U't zfa EHOTEL Eh 1 Fifa h the hit I hfa.hr2 o T Gath f2 0 HT 39263
washy gEfYYffgg Foot space dewmposiavY

then it 2bZ Z h t EGps
g we zz.hn o Z GH T Ek g tIg g

ref follows that 3 HTS where 5 is a O invariant semisimple
subalgebra ii e s the derived subalgebra of 31

51 gagq.scGary deal
3 9neg l Tru h 0 yhGHoY

K en y thladnady K 12T
k l n h to x o



K la h 0 x O
KLai Li trcaddiadLT 0

g

tggg.esng o
V Nie es h GT Hf ni 40
ni h Lai h Miao V chetho
ni GMT by the Cqcgo contradiction

Gini Ni E a b a Z bet
J ta b Tcasruns Ea b

aThug is I 1 induces a Zant gradation 5 9Ej Sit 55 804
Numbering the elements of zymz by corresponding integers in blue het
Mm go in 17 and defining 5a Sb if bc Nm and a E bmadmclaim Sue S n 0
we know so o let n o Y K ten Then tini V n cNm
select a positive integer V sit nLr Dcm iE ntti Mtn
Then nrtv em 1 b with o et en
30 by the inductive assumption Surti 3f 0
This adat is nilpotent
Souilarly allyls is nilpotent if YE S n
But Esn S n C90 0 So ada and achy commute on S

by nitpotency ThsLadnady2 0

Bruce n Then tryLadnady Kenny o

by a u y 0
Thus Sn o 5 0

z H is a Cartan subalgebra of g


