
 38.6 An application to finite order automorphisms
let µ be a diagram automorphism of g of order let Eni Fi
my CV o b be the elements of Y LWhGrb and let do ite
be the roots attached the Ei

Recall that the Element Eri ci o l generate g and that
there is a unique linear dependence Egoardi 0 Chet Lee Oo as4
3 b Ar are positive relatively prime integers
Lemma8.6

Every ideal of the tie algebra Lcg m res of the formpathLcg.ir where Pct CL In particular er manimal rdeal
Ms of the form Cl catjrklg.ir where a E Ci

yamoof bet i be a non trivial ideal of Legonand N e ftp.glt Aj Eri where 0 Ej or is such that

je gmod r Pj sit CL Pjs 10 and Agis GGj are linear indep
n we shone that QCftPjs 10 LegM Cri for all Qct c L

aj.es HE be a Cartan subalgebra of go we can assume that
is an eigenvector for adHo with weight a c HI
if 2 0 NEHJ.aj.SE
Of 270 taking Tx F I A j with ag of weight 2 instead
of u we may reduce the problem to the case 2 0 and j o
ire AjsGMsn pj.sy.it the t TPj sj GT t 1 b Pj gjy Gr
let r bHE be root of Yi such that LV Ajs 70 then the

element y EEN Quot er Er Eri where eer is a roof vector
with roof IV has the following form

Y Qcbr tb pxoh t tf p xoh.TT
where PePyegift PF E L he H hito and thocGj have zero weightwith repute ft tho HI

T IN Qtr er EPjg it Ho t i t f r 1PyT.zjyxOgrT.Qlt7 erT
Qlbr7lpxOLViay.s er t b Pj Egg er t t th PE Egri er

then fZN.Qto7 er3 e v r
Qtr Lp T t e Pry Et eJe

he bHE CH J
some TY ej Ei for all root vectors ej eggwe conclude that QutbP Ci therefore Qctr PLcg.fr Ci
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For a Egg Let WhbegARAB463km

7h8.6 bet 5 so he be a sequence of nonnegative relativelyprime integers put me rEEoaisi then After FgBSBa m
a The relations

g Eg 95Ej Cj o b
define luniquely an m the order automorphism Osv of g

proof Note that the root space decomposition

Icg.pyeHt0ljeoLcg.uk 18.3.41

where I lg.frsgyz fSxOgzr Llgju7sg Ts Leo
induces a gradation Lig m I ig.ms Ck La
before the automorphism Fs of Lig.fr byFs Lig M L gyu

g t EsCes EEkities ng es b 12 where 2 Ekiti
E e i Ekisi

of Llg v e AfezLcgMj is the grad of types then Lig µj
andLeg µj m lie in theeigenspace of Es neigh eigenvalue e
give trLig.mljCLlgjuly.tn we deduce that the ideal
Li tr Ligier is Es invariant

hence Fs induces unriquely an m the order automorphism
as r g g sit OsriEj7 e n3Ej l degEj Sj

b Up to conjugation by an automorphism of g the automorphisms of r
exhaust all m ah order automorphism of gsie Vf EAntley fMel then 7 O EAntley 3 t O'f0 03 r
proof let none 0 be an m the order automorphism of g

Th85 gives us an isomorphism
TEe Lig O m Ilgwutouch that the Z gradation of Leg o m induces a Z gradation

types of Leg.rs with si e Zy satisfying V
goagsj

em

Denote by Za the automorphism of LLg.rs sit b 1 at a cCX
then essence byLem8.6 anymanimalidealofLLgsmitsoftheforfr Llg m we have the following com diagram for a suitable
automorphism 4 of g and a cC O

Lig o m Leg.ms Lcg.y O
O

Yod Ibn O4 Ig g 0



0where the covering homomorphism Yo Lig o g t i 71
Yo eEpi go e EPougiKenyon Li fm Legio

Noting that the automorphism Lo Ilgwu Leg µ preserves eachss we deduce that
y e y eyeg m o j s fu ltodegay.ttYueh 4 sit the abovediagram commuting

Thus maps the I eigenispace of 0 onto the Ed eigenspace

of 03 rThence 4045 Is v I 40 Ozv4
c The element Osv and 05 r ane conjugate by an automorphism

of g tf and only tf re V and the sequence s can be transformed
into the sequence s by an automorphism of the diagramXpf

pf suppose 0 03z and O e 03 v ome congregate i.e 202 1 0

for some v E Aut gNote that my prop8.6 b The cthe carton subalgebra of GMis the Cartan subalgebra of go and go UBAFELT
7 Them8D We have Llg o m I 2cg v v Leg o m Legµ V
Hence Lig M H Lig M r't have the same diagram so peril
and r r J
since wot Cgl Trego 0cg go echo is another nubalgebra
of go let 2 be an inner automorphism of go suck Little Lto
Replacing a boy 42 we may assume that echo effs and the sets
ofpositive roots ofgo and go correspond to each other under ie

the ewoen3br I of U given I cf5 a f I tea
eat I e Lig o m Leg O mo

Lig o m j Lig o m j
Thus the simple roof Cao so i Cah Sn of Lig O and the
simple root lag S3 i e2g yup of Llg oh m correspond under 2
Hence sequences S and S correspond under an automorphism of dragramXii

Def Given a nonzero sequence 5 1So i ke of nonnegative
integers and a number 1,2 or We call automorphism 05,2
of g defined by 8 b l i e Osr Eg ekingEj Lj o b
the automorphism of type is22

sleet g foggiest be the Zmz gradation associated to the
Aut of type is r



prop 8.6
a r it the least positive integer for which 05 is an inner
automorphism

proof as follows from The fact a finite order automorphism oof
g is inner tff There is a Cartan subalgebra which is
porutrorse fined under 0
oj.gr Vel is

as r µenp c J r I L or

it hath
b

proofof b is immediate from off Leg T o and con 5.12 b

consider the Z mZ gradation Ge Gj is r associated to 05 r
we have for each EZ

YeLj1km YCathLj e Y cLj
where Y is the covering map ohTh8.6 30 Y lLj Gjso Y gives an isomorphism of Lj onto GjmodmIn particular

g nedtoega.oLLG.ba

But deg2 0 Uff d gkit2Vt
Hence the algebraeg LLg

012 is generated by Lti eva fit
I Ev E b is bEp

puttingMy 4 Ifj Xj Keg
the Xia Yiu lie f Ep generate semisimple part of GJJT's carton matria is the submertrin Lajoie ecoeep of theCanton martin Cary of Xfp
The center of Jo is spammed by the vectors Hj jerk n'p

c proof Note that The Gf is h module Gics r is isomorphism
to Ligilo module Lig o

Furthermore Leg O is spammed by elements of the form
I Trier ei biz air sit Si t T Sir Py

Bi e l and Siu 0 for f Sj
then 1cg030 module Lig o is generated byOja fjet listen

g ces r isgenerated by Xjr YCeja yjy ylfy.gl Listen



bine goCBsr is semisimple the Weylcompletereducibility theorem
gj is in Gay0 Gajn
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