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Remark9.3 BGGcategory
A module V from the As generated by its primitivevector even as a n module

Claim a weight realtor v c U B not primitive riffve Vem Vo int U The submodule generated by newswhere Voigt denotes the augmentation reheat gucgs ofUysn the augmentationmap E e UCL F is the unique algebra
homomorphism induced by ELcm 0 for every MGLThe kernel of EL is called the augmentation ideal of LKer EL LULL Uk L
n VLL Cl KerEL
a verify i a weight vector V EV is not primitive off ve entire 7
proof Assume it is not primitive then submodule Vomit

if ite V then news V
Vf V L htm but new CL new Contonadowhom
then JE entire
Assume UE entire 7
of S M primitive he F Vc V eat I 4 V ne CI CV
then C wth CV Contradiction

v verify Ven Ivo Cnt U 2 nyco
upweef we have known Volent Nt UCnt Cnt Ny

then Ven Vocnt U Ven I Ven Nt CU _Von lung UCH Lune
Ucg httch it is generated by its primitive vector as Uch I module

proof bet U be the Ven l submodule generated by the primitivevectors inv
bme for each weight vector T E U we have
Vigen U Vin 7UCH Vent T e U ch IV Cnt 0

Von I C 1 Volny U V TUun 7Vocn
We have known it is generated its prominence vectors as geA module

then we can deduce v re generated as Lg module by V andthe Von I submodule byVocent O for all primitive TGV
Assume 0 TV There is a primitive 9 sit VocnHt V

let it have weight d then there is a needght rector Ui CViolent
woah u v V Ure B not primitive ow then we have
UN c Vln Ivo ht Uit Hence Vin 1 rent V so there is a

weight vector Us Evo Cnt with Univ 4 V
We obtain a sequence of weight vectors U Uz u inVoc

Kt Uk UH 4V for each k
Let the weight of Uri be Mj Then the wedght of Uk Utis dry t tuk we have a satyr stunt justWe 0
V V



Shur lemma
Lemmgb Fhedges cm 01 Lcn
proof If he Fnelgia LCN and Va is a highest weight vector

of Lcr Then by prop9.3 b we have

Acta A Jp for some h E Q
T emeee dm Lin ire In Gun tf act L a th

my Alfa e a ont Crea l 20 Mt LOL 0 Contradiction J
But then a uhh duck for u cUcg
Whence Ae Hua Vegas k V

gQ A contravariant bilinear form
bet CA t be the GLA module comoragredient to LCN
GLA X Ln 7 CA GLA x Lcn cm't
g n T ga g f qf n s feger

then HI Ma

the bubspace L A i Rollins is bubmoehile of the GCAmodule CA
r the module Uca is irreducible and for TELLIN one has

n co 0 true L n h U for NEM
True ohhhLex p L b then cm H ca

Link Lin
n is irreducible L on c O

and in t da von ein for Va ELcn
here con Ultron sp he U cha
here ca h

breh a module is called an irreducible moehole with lowest
weight n

n we have a bijective between ft't and irreducible lowest weight
module n I L't l n

Denote by her The action of GCA on Lcm and the hero
action n on the 3grave Lin by

n n cwcgDe
where w rs the Chevalley onto button of GCA
ret is clear that L Lcn Tutt is an irreducible gets module
nepth lowest weight
n the pairing between Lem and L't on gives us a nondegenerate
bilinear form Br on Lcm ht



g 4.2 BLeyen Y Ps en Wcg ly for geglA myb Lu
A bilinear form on Lcm satisfies cg4 ie is called a contravariant
bilinear form

prop94 Every GCA module in carries a unique up to
constant factor nondegenerate contravariant bilinear formB This form is symmetric and Lin decomposes onto our

orthogonal direct burn of weight space w r b this form
proof The entstence of BSince LA E L'tcm as gCA module
then we have g Cn 7 L'tca as gCA module isomorphism

Define Ben Y fondly where re Y E Lcn
Begins y Bin waylays f cgemmy f ca cnecgsuyofor gogoA KayG Lem
since fegad g f in Flyin cry gfondly e fin guy

D we have htacg ve Tkcnet.gov
fcnsg.ye flnscnecgs.gl

The uniqueness follow from Lem9.3e me Ling L'tca then f KILLA

Binoy ly ICY in Ps ly k

t af
Tin heon

A T A
fCrea Lik Afcon Lik Un 72

the fact that B C LL A Linfu tf 57Mfollows from Lg 4.2 for gem N E Lenk Y CNN
TMcginley B can Y e a Brin Y Ben goys

Blu my y
psensy to B L Na Umm TO J

A more explicit way to introduce the contravariant bilinear
form is the following
let it be a highest weight GCA module with a fined

highest weight vector VaGiven it c I we define its expectation value are EQ
ht v we Va TJEa j2 where G a GUn 2
Inferred the negative chetalley involution w to an



aanti involution Tv of VcgcAs w w

irony Eotyluten
Due to Vigen Vem UCH VC ht we can see that

g 4.3 cute a In Lava at Vegeta
we follows that 2 TuCasa Uns is symmetric in a a'evgees

ice C ut ca a'In c fo ca Ava
h h

Za a'da s data

hence the formula B cava einen s freea a Va gives
a well Defined symmetric bilinear form on V which
is contravariant and normalized by Buk Ua l
contravariant i e Begin Y Ben tocg7cY7

Eucgensy circa agley
H 71
gin y cut cgias y

g5 complect reducibility lemma

lemmeg5 let it be a GCA module from the category O
If for any two primitive weights andy of it
the inequality a 2M implies a p then the module
is completely reducible ii e V decomposes into

a direct sum of irreducible modules

Morey i bet g ve U l nth OY
this is H invariant hence we have the weightspare

decomposition 145 where all elements from L are
primitive weights

Let d t L and U C VI I 1 0 then goA module Vcgcogis irreducible by mop9.3 b Veg Lin
we have Von Ja n it to for some orca contradiction

the GCA submodule y of it generated by W is
completely reducible

claim V D
if this is not the case we consider the GCA module

Then there is a weight vector TGV of weight



µ hit it 4 T tout en CU EV emel en LU 40 for some V
But since I C O there is a GL s t R Zu 12J cruel
Jr rohtak is contradicts the assumption of the hem

9 b 3wbstitute For composition series

Lem g6 let it C U and n E fl't then there is a filtration
by a bequence of submodulesUf T Vai T TV 7 Do to end
a subset J c Is f esb

ti if g EJ then UgNg i LLaj for some Dj ZX
riv if g Elf Then LilyHjDy 0 for every M ZX

proof Let a l U n MEdimity we prove the bummer by
mchrewiron on act a
ref ant a ee then o Io CV U is the required

filtration wealth y P
n let acre as no Bptgwerghqpzbgbrw.usweightTricksy
choose a manimal element u c put eat MEN
choose a weight vector v cUp and let Vevey U
clearly U is a bisquest weight module
by prop9.2 c ruphies that V contains a maximal properembonreehrle It
T same Y Mcr V rue VE M IKerry
sine Mtr Imler E VITO M'M Ikery E T

j
we have 0 CT CU CU VI 0 to Lcr yea
some a LT D s a CU a and ACHU a sacred
we inclination to get a suitable filtration for It and ITV
Vo D CU c Ug IT
o c c cvyv iyv.sk v ti yvEYhej.i

o C V c CVs CT CU c City eV

let EO andMETH fin a EMF eat MZT and construct



A filtration given by Lem g 6
Def Denote by EU Lgu the number of itunes yr
appears among ng Ij c jig this number is called
the multiplicity of Ley oh T

Renn a 2 V Lcr is independent of the filtration
furnished by Lem g 6 and of the choice af h

v Levi has a nonzero multiplicity on it off
u is a primitive weight of V

prong of IU Lynn 0 there is j Eg
ht Vj Tj i LIM
bet U 10g is the weight reactor of Y

in f Hj then it is primitive and u is a pushover
veisght
TY Jjlogy Lyn Y Cnt cut Uga ntYcUtVj i

if Mj i J
ng m is a primitive weight then there is belly

and a submodule U of J eat I 4 V ne ch CV
hence Otv e coypu and Vegeta cutV even UTV
is a highest weigh module north brightest weighty
Consider a filtration for MV V batisfong being6

combining them we get the required filtration of itand Lyn is factor module

Remer Evelyn is independent of filtration






