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a bet A be a Yymmetrizabee maiorin and Let LEO 1cal be

such that c21271 0 Then is a free lie algebra on

a basis of the spaceFagins where gjs regret curly 0
for all y from the subalgebra generated Xi G z.at
proof follows from mop9.12 by setting G KalkGZ17
propt5 i deQin nd e Tm wt n cZ L EDTt

gIa In c Gns I help 0 for all ye cnet.nl Y
Galaga to

b let A be a generalized Cartan matria and let Leona

be an isotropic roof then ICU ca 0952 is an infinite
Heisenberg tie algebra

proof af x is an imaginary root of an affone lie algebra
then b amounts to pop8.4

Recall prop8.4 let gCA be an affine algebra
a Set f OK 1FezGgg Then it is isomorphic to the

infinite dmen Heisenberg alg wook center 0K

Applying prop37 and bear's8 prove b on the general case
Recall props let A be symmetrizable A roof 2 is isotropic
ii e CHL 0 I riff wt is w equivalent to an imaginary
root In such that hippy is a embeliagram of affine type
of SLA then 13 KS

een 3.8 road CAwtGCA 9 badly rn
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Heisenberg tie algebra of order is That is a lie algebra
with a basis Pi G W I 2 J and C with the following
commutation relations

Pi of C Ciel v and all the other brackets are

Zero this is a nilpotent lie algebra with center 6C

It is well known that for every a E Ct the lie algebra
3 has an irreducible representation Ta called canonical

Ybn representation on the Space R GEN Mz

of polynomials in infinitely many indetermirates no defined by
JaCpi AFN OaLoki Ui Taco ALR

Weyl algebra Schrodinger representation
we denote ehrs s module by Ra

n Introduce the following commutative subalgebra of S
31 QPj S yQqj

A vector o of an s module is called a vacuum vector

with eigenvalue a C of 4 CU o and CCU exit

Note that 3 can be viewed as the lie algebra g'lol14
where Zi EIGHT 2 C Z is a central ideal so that my

creep n l is identified with toy creep S

Zina CR Ta is a free Vis I module of rank 1 ft is

a Verma module over 9 the vector 1 being the highest
weight vector Vacuum terror



3 fore von Neumann theorem

the canonical commutation velevthonis on two generators
canonical coordinate q and canonical momentum p in the

form E Y p it may be represented as unbounded operator

on the Hibbert space of Square integrable functionVLR on

the real line by defining them on the dense subspace of
Ymooth Function 4 R as

lq4 LN Risen CP4 Ln S itFalls N
where on the right we have the derivative along the

canonical coordinate function on R Schrodinger rep

Cor 9.13 let U be an irreducible 3 module which has a

nonzero vaccum vector with a nonzero eigenvalue n then

the 3 module V is isomorphic to Rx

Lem gth
a let it be an S module emetr that c ahu where a 40

which has a vacuum vector to 70 Such that eUtes3Cvo

Then the es module V is isomorphic To Ra

b let U be an S module emeh that c is diagonalizable
woah nonzero ergenvalues and meh that for every UEV there

exists M sneer that Pv Pm Lil 20 whenever he N then V o's

isomorphic to a direct sum of s modules of the form
Ra Ato Pi v Io

g lo fe



g 1

proof we can assume in b that G Atv with a40

V merry be viewed as a gco module for which ate air for
all i But then for everyweight and for 1300 we have

x u cpp ahtq3 I f3 Ekiti
Three lymph w and p O hie algebrageo new zero

Lp Lf fair to mattia cinchedmy n P

we have Z L Xt fo U1Cfb Zahitcf3 7 tf31f3 for fistQt o
c

bypopgto a and b

the Lie algebra is is often contended by a derivation do

definedby I do elegy mjqj I do Pj MjPj
where my are some positive integers
The Lie algebra A E LST Edo Ao where ero is a finite
dimensional central ideal is called an oscillator algebra
GNew b G Q and N e ao we can extend The s module

Ra to the A module Rash as follows
do b T gEmjUjFnj a La a 1 for a cAo

bet To _Clc yedo t Ao we have the triangular decomposition
A 3 So 54

propg i3 let it be an A moehole sneer that bro is diagonalizable

and c has only nonzero eigenvalues
a If there exists to c Toto break that

ByWo 0 Uts No



Then V is isomorphic to an H module Ra b a

b ref for every VET there exists at such that

pi pinch 0 whenever n N Then V o isomorph to a

direct sum of A modules Ra.ba a 0

Note that the monomial Ui NI CRa b is an eigenvector

of do with eigenvalue Ehmyjptb
do Cup Njn bnp min 1 Epmnjzhi npjn fpmnjk bjoepi.nuh

Hence for the H module R Rab with a 40 we have

ftp.qdo qb qmg 1

yrpqdo zqf zqbtkmrJk qbzqzmrjk qbmLgqfik.mn
qbtsmncqtqm qmt.ie qbnmnci q.my j

Fthybag character

There as usual for a diagonalizable operator A on a

vector space with eigenvalues ar counting the milit

one define yrvqot E.fm
Be pun Y Ben qny Pn is adjont To Gen

by 119.42 B Lyon Y Bcn WcgLys
B coin y Bcn Foy

Berea on Lik
claims distrhot monomials are orthogonal v v it B
and that Docnpl hmm Nim ugh a2kVTyKj

eproof B Cata a'ta E L in ca ahh where expectation value

IS EQ 3atrgies t Ffa j2 where In at Vu2
Then Ben n 13Cole 1 q 1 L pjqi.IS A



Benin NY Bcoff L 9h42 ah hi
B ini Ns Beef 1 GA L pG IS O

As uh39.4 B can be written also in the following form
B L P Q c Pcaff after Q ki Nr Lo

g14
Recall The Lie algebra 2 Fez dj has a unique cup To

isomorphism nontrivial central extension by a l dimensional

center Serry Qc called the Johnson algebra Vir whreeh

is defined by the following comms relation

E di dj Ci j diaj t Tv LV b Si jo Lv's j bZ
Define the triangular decomposition of Vir as follows

Viv Vir Jiro Tire
where Tire e j o0d j Tiro e to c do

Given c h E O define a Vvv module wreak highest

weight cc he by the requirement that there exists a

nonzero Teuton it Tc h sit

Vir CT O Vtv Io et fire cue cU

It is clear that a crate on M cc h as Ed

CVCVvr jt VCJvrJC.it
the number c is called the conformal central charge
As in 397 We easily shone that the elements

914.1 d gn dgudj Ltc h where o c j Ey've

form a basis of Mcc h Smee Edo d n nd n

we see that do is diagonalizable on M cc h with



spectrum but 24 and with the erganspace decomposition

M C c h Ml Gh htjJEE
where M l c he htj is spanned by elements of the form
4 14 1 with ji 1 tjn j
It follows that dohrmcc.hu h j Pij where Pop is the

classical partition function
In number theory The partum furrothon pun represents the

number of possible portions of a nonnegative integer n

upto Pm o n LO

In representation theory the Kostant penetration function of
a root system 0 is the number of way one can represent

a vector or weight as a non negative integer Wheeen

combination of the positive roots or co

Equation leg 14.3 can be rewritten as follows
Vrmcc.ir Gedo dinar cash q quFff c q1 t

As in 89 the series bWGA is called the formal
character of Tin module V

The cheetally involution w of Tir is defined by
we dn e d n we c C


