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Now we are in position to prove the folksong Fraelamat
result

Thay bet gett be a symmetrizable Kac Moody algebra Then

a The restriction of Hermitian form c 1 o to every root

space 92 LEO is positive definite ice c l lo is p d
on n Ny

proof Using Wo it suffices to show that c1 is positive

definite on Gsn
if

we do it by rhelwearon on hits A DB
The case hits is clear by 02.2.13 ceil f j SijGi
T F.glFg two 4g Ifj ce.glFg Ej J
otherwise put 3 ff3E0t and use the melvethe

assumption to choose for every fists em orthonormal

basis e z of Gap W V t c 1so Then settingejj wore p
we have ce.iq le p eiji Ietf Sig
Now we apply term ii 6 north this choice of ego and etp
the choice for the fbC Offs is arbitrary
For ME g 2 we have
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By the onehreone assumption the last sum is nonnegative

venery iii 6 l Z FIL 7 L212 if 2 E O111T
we get outMo 70
Some c l lo is nondegenerate on g a we deduce that

it is positive definite line Lulu o Nao

f there is no Sto Fei n 70 2g 65 Shree Negus

b Every 7 highest weight module Lex over GCA
is unitarizable Conversely tf Lch is unitarizable then

rept integrable unitarizable

proof
Using Lem11.5 one has to show for b that the restriction

of 4 to Lena is positive definite
5by bermii5 ne v it Hermitian form Lcn decomposes into our

orthogonal direct sum of Wesight space J
We prove this by oheluotihan on but ca R

of hit in a 0 then U Ctx for some c40 E K
and Heu re Hc Cvn Cvn CE HCita Un CE 20

suppose Here U 70 when hit ex A Lk for some rutegerkZ
bet a cpen AT and Thanks to a we can

choose a basis e'I of Ga Yueh that g Wo ce is dual

cue r a c l basis of Ya
Then we have

re zu 1cg t Fwiw ZIZ.oytfw.ee set



T ne ZU 1 if T Fwiw T Ro where Ui Uz and w U

are dual bases of H A roe ZZeoyf.ie e'J j
and hence city still cat up In U Izzy Noce e ones

1 22 1Cp it C ZU lip a U cap Ix Vs
Pm iv g is Efsa Ui Maui calm
Euiui.it e qui sa ni v e F Louis La Ui v XIX Uj

u Computing H Circo re in two different ways by making
use of Cor Wb and Cli yol

T Cor ht if v is a brightest weight of Lcn then

NLU in 1 2121 A it and I e Cnt 2ft Lucas j
and equating the results we obtain

1 1712 1st Tpm Hcv re 1472p m septa Ala Horie
r CAT spin H CU v l by control

VITO Je Here W c by c vi y.bg

oy7HcewjveIt c by conierreevienment

by the inductive assumption the last sum is nonnegative

Vang prop 11.4 b i l Int pl In 1fol 20 off x en
we deduce That Hcv v
true 4 is nondegenerate on Longa p d
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To prove the converse mate that by
3 v 4 Cecily ex j 1 1 Vj

where Uy Lj fTcu
Then eilfrikova Tsc sa 2T ti k foh Crea
we have 0 EH Cfjkva Fukien Hifi hex eiffrik

Tsc 2n di 1 I K H Tok Ix Tik da
th jccx ai

Yonce j 21 La di is nonnegative real number

If ca di is not an integer we take K E Isn xp I 12
Then I can AT t l j Lo Shee ca dis t l k co
which contradicts to condition Thus n EPp

Warming i the restriction of c l A to H and even H is

in general an indefinite Hermitian form
Lh Ihr two Ch hr ch Ibm
The matrin c di 125 o is a symmetrization of meatrinAT
A DB D diengCeci Cen Eni go B cbij

Then13 is called a symmetrization of A
B 2ft dj cail dj bigEiEj
AT D B A caij aij biy.si
E
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Uf faut c l is positive definite creep positive semidefinite



on H riff A is of finite creep affine type
hence using 7h11 a the c 1 o is positive definite
on GLA So that goA carries a positive definite UA
invariant Hermitian form
VLA fat eyeA Woon NY
Recall L l J is invariant i.e LEN y Z cut try 2T
enhee LIU N Y n I would y where my UTICA

cultusYT
i e L Tru.WS Y7o cn1TU.YT o
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We deduce from Thiryb another complete reducibility result
Lem ii 8 Let h t Int Xa Then for every reR the number of
eigenvalues Ccounting multiplicities d of h in Lem crept
3Wh that Rex r o's finite

proof this follows from propsoB d The genies Tfeweengent

converges absolutely on TntX to holomorphic yuetron and

diverges absolutely on 4 Intro A

prop ii 8 Let A c gCA em Wo invariant subalgebra which
is normalixed by an element but Intxa l ie Th A CA
Then w r t A the module Lex onGpp decomposes rhto

an orthogonal one ht 4 direct sum of irreducible
In imeaniment submodules



proof put A At 0h

My th 117 b and berm 17.8 Lcn decomposes onto our

orthogonadiof f d eigenspaces af h
REVA YeVxv Hon y Horsy H ca y O
Iif fablones using 7h myb and neo shreariant of A

that for every Ai submodule C cm the subspace Ut

is also an A submodule and ch Ut

T i f YE Ut and a 1 Rh E Ai Nev

H C Cather Y N e H C Y Woc at Rih cm
H ly Woca se Khan O

EUV is an A submodule J
Thence 2cm decomposes into an orthogonal direct sum of
irreducible fro modules

LN Va Vx Van
As meet

Let V C Lcn be an irreducible Ai submodule

It remains to share to V renren.ws irreducible when restricted

to A
Let Vx denote the X eigenispace of h in V bet to

be the eigenvalue of h with mammal neat part
bet A denote the eigenspene of adh on A th al da

we eternetebydo creep At or A I the sum of all AA woah
Rex o creep so or co Then A Ao A A_
and it is clear that Up is an to module

and naval Ayia Yeo iif Rea s Redo
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T Va is an A module i bet no bGo and Ree th no O

bet U EUno h u do U hagainang
Them b no U e f h n u t Koh k Nott f do now

no.u.EU
irreducible ifX CUxo h how 1 doNow

O
l h ay N O Eh at N T Ap.hube Ehain7Xa
neo obviously Rex Repo ay.a o if motto

Thus V is a irreducible A module K

tf 7 A submeebbe K choose Vao K Uno µ
Then 7 man Recog K K C Reno
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