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This lecture series study the algorithms for the following problems

• Convex Optimization. min{f(x)|x ∈ X}, f convex function, X convex set.

• Variational Inequality. u ∈ Ω, (u′ − u)TF (u) ≥ 0, ∀u′ ∈ Ω

• min-max problem min
x∈X

max
y∈Y
{L(x, y) = θ1(x)− yTAx− θ2(y)}

• Constrained Convex Optimization min{θ(x)|Ax = b (or ≥ b), x ∈ X}

• Separable COP min{θ1(x) + θ2(y)|Ax+By = b, x ∈ X , y ∈ Y}

• Multi-blocks separable convex optimization problems

min{θ1(x)+θ2(y)+θ3(z)|Ax+By+Cz = b, x ∈ X , y ∈ Y, z ∈ Z}

C©Ø�ªÚ�C:�{´·��ü�{�.

C©Ø�ª(VI)´\f÷ì�êÆL�/ª
�C:�{(PPA)´ÚÚ�ES��¦)�{.
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ù�X�ùÂÌ��)±eo��¡�ïÄó�µ1,C©Ø�ª�ÝKÂ

 �{; 2,�åà`z¯KC©Ø�ªµee��C:�{; 3,�©là`z

¯K�¦f�O��{ (ADMM); 4,õ¬�©là`z¯K� ADMM-a©�

Â �{.�Ñù
ó�,I�^���´

¥Æ�ênÄ: 7���¬¢�

ÊÏ��ÆêÆ ���`z�n

ù
�{,®²�ó§.æ^)û
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Í¶

ÆöÚ^.~k�
c�Æö,5&w�3Ö·�©Ù.�4Öö�¯/Ýº

·��Ä��{�@´,·rù
ó��no(,©o�ÌK�
 20�ùÂ,

z�ÌKÊù.Lã½kØ�,�Ñ´
ÃIp�êÆÒU�Ön)��Ù.

♣ 1�Ü©´'uÝKÂ �{�¡�ó�.� Ω ⊂ <n´��4à8, F

´l <n�g�����f,C©Ø�ª¯K VI(Ω, F ),´¦ u∗,¦�

u∗ ∈ Ω, (u− u∗)TF (u∗) ≥ 0, ∀u ∈ Ω.

ÝKÂ �{�Ä�ö�´ÏLÝK

ũk = PΩ[uk − βF (uk)]
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Jøýÿ: ũk¿dd�)ål¼ê�eü��,���)�#S�:?�

Ú�)8 Ω∗�C.éÝKÂ �{�ïÄ,·�©ªJ¦{²Ú���K.

��Ú�µe,��Ì)��,n�Ä�Ø�ª.ØÓ��,¾�^�ÓÚ�,

ga{©q Û.ÝKÂ �{�¶¡�g3 SpringerÑ��1975cÑ��

BlumÚ Oettli��©;Í,ü �öÑ´�i�Æ�Æ¬, Oettli)cQ´
Math. Programming�?�.Ñué{¤�¹�Úéc<ó���,�â�

{�ÝKÂ A�,·�/^
 BlumÚ OettliÖ¥��{¶¡.

ù�Ü©���üùïÄ�{�Âñ�Ç,ÐÆö�±aLù
SN.

ÝKÂ �{��
�) UC BerkeleyO�ÅX M. I. Jordan�Ç (Jordan
�Ç´ÅìÆS.�kK��{I�Æ�Úó§��¬, 2018c.êÆ[

�¬������w<)3S�Æö3ÅìÆS¥A^.·���
��[

��O�{K�¦�/�,�'�½n��?¦�Ø©�N¹.IS,Ø
¥

��ñè¤��Eó�öòÝKÂ �{¤õ^uNõñèó§¯K�¦

)±	,ùa�{��¤õA^�Åì<�$Ä5yÚ¢���¥.

♣ 1�Ü©´'uC©Ø�ªµee��C: (PPA)�{.·�é�5�å

�à`z¯K

min{θ(x)|Ax = b (or ≥ b), x ∈ X}
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Ú? Lagrange¦f λ,ò¦ Lagrange¼ê

L(x, λ) = θ(x)− λT (Ax− b)}

3 Ω = X × Λ�Q: (x∗, λ∗).¦ Lagrange¼ê�Q:�du¦C©Ø�ª

u∗ ∈ Ω, θ(x)− θ(x∗) + (u− u∗)TF (u∗) ≥ 0, ∀ u ∈ Ω

�),Ù¥

u =

(
x

λ

)
, F (u) =

(
−ATλ

Ax− b

)
, Ω = X × Λ.

,�3C©Ø�ªµee�E�C:�{.ù«�{3?n�.(�5`z

¯K��`�5,��ã�Æ.�5�õ�Æö@�.·� 2012c3 SIAM J.
Imaging Science�©Ù,ÐvÒ��
î{Æö3¦�=òuL�Ø©¥Ú

^. A. Chambolle£Chambolle´3ã�Æ+�ékK��Æö¤Ú T. Pock�
©Ù¥Ò`�, He and Yuan� PPA/ª,4�/{z
Âñ5©Û (which
greatly simplified the convergence analysis),¡���� elegant interpretation.

d	,�
{I¶�Ñk�cÆö'5·��ó�,æ^·�JÑ�C©Ø�

ªµe?n¯K. S. Becker (E. Candes�Æ))3¦���Ø©¥�1�é{
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Ò` Recent works such as [HY12] have proposed a very simple yet powerful
technique for analyzing optimization methods,��´·� 2012cuL3SIAM
J. Imaging Scienceþ�ùaó�.

♣ 1nÜ©�Ê�ùÂ´'u�O��{ (ADMM) . ADMM?n�´äk�
©l(���ª�åà`z¯K

min {θ1(x) + θ2(y) |Ax+By = b, x ∈ X , y ∈ Y}

Ú? Lagrange¦f λ,¯K� Lagrange¼ê´½Â3Ω = X ×Y ×<mþ�

L(x, y, λ) = θ1(x) + θ2(y)− λT (Ax+By − b).

¦ Lagrange¼ê�Q: w∗ = (x∗, y∗, λ∗)Ò�du¦C©Ø�ª�)

w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀ w ∈ Ω,

Ù¥ θ(u) = θ1(x) + θ2(y),

w =




x

y

λ


 , u =


 x

y


 F (w)=




−ATλ

−BTλ

Ax+By − b


 .
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3Â �{µeeïÄ�O��{´·�l 1997cÒm©���Ì�ïÄ

�K,¦+��·�Xú�´+n�Æ¥�C©Ø�ª. ADMM�C�õc
5¤�&E�Æ!ÅìÆS¥���~k^�9�óä.·�3 2000c©

Ù¥'u�O��{¥ëêÀJ�N'OK,� Stanford�Æ S. Boyd�Ç
(Boyd�Ç´{Ió§��¬, 2006c.êÆ[�¬���w<, 2017c

�À�¥Ió§�	7�¬ )3 2010c���nã©Ù¥¡���{ü

k��úª (A simple scheme that often works well),é·��©Û�â��

{�0�.¦�Ccmu�à`z¦)ì SnapVX�`²©Ù¥�5²ë�

·��N'{K. 2012c±5,·�uL
 PPA¿Â� ADMMÚé¡/ª
� ADMM.'u�O��{Âñ�Ç�©Ù,©OuL3 SIAM Numer. Anal.
Ú Numer. Mathematik�k��K��êÆÏrþ.

♣ 1oÜ©´'uõ¬�©là`z�©�Â �{.�O��{?n�

´¹ü¬�©l(��¯K,éu�Lü¬�à`z¯K,±n¬�¯K

min{θ1(x) + θ2(y) + θ3(z)|Ax+By + Cz = b, x ∈ X , y ∈ Y, z ∈ Z}

�~,æ^��í2��O��{�,�J�1,�´nØþØU�yÂñ.

�¦)õ¬�©l(��à`z¯K,·�JÑ
�
?�� ADMMa�{.

ù
?���{Ñé¯KØ�?Û£~X¼êrà,vÏf���¡¤��
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¦,ù��uò^
 ADMM�{�¤kÐ5�.k'�{©OuL3 SIAM
Optim.Ú IMA Numer. Anal.�rÔ.k��{®²� UCLA� S. Osher�Ç
£Osher´{Ió§��¬,üg.êÆ[�¬���w<,�´ 2014c

.êÆ[�¬pdø�Ì¤Ú¦�Ü�ö^3�KÝ
©)Úü�¯K

þ.¦��©Ùs������Ì0�XÛò·���{^5¦)¦��ä

N¯K,�Ñ (The method proposed by He, Tao and Yuan is appropriate for this
application).���ù`²,ù
�{ÑáuÓ���{µe.

�`z´���/í�A^Æ�" Ú�µe,��·��é¯K�O

�{,��Ï·�{z�{�Âñ5y². nØk
�y,��O��y.

ºk¤á,�k¤�.vk���{´é¤k�¯KÑ´�Ð�¦)�Y.

gC�
ê�¢�,õ�:O�²�,âU�ÐÆö�
kd��ë�¿�.

♣ lïÄÑu:m©,0�Â �{�Ä��n"©eZ�Ù,é¯Ka.

ÚÌ��{�
În"!¯K,`�{,ùA^,�Ä��~,�N{ü§S"

�^Ì�,���ª"ÖÃ���{,n)�¡��ÙÒØ�2¤õ�åí"

One algorithm framework should be flexible enough to solve many problems !
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Ã
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Ð�`z�{,AT´N´�ó§��Ýº,gC^5)û¯K��{.

��'Æ�¤^,T´·�l¯`z�{ïÄ��0J¦.
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à`zÚüNC©Ø�ª�Â �{

1�ùµC©Ø�ª´A^êÆ

¥Nõ¯K�Ú�Lã�ª

Variational inequality is a uniform approach
for many problems in applied mathematics

H®�ÆêÆX Û])
hebma@nju.edu.cn
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� Ω ⊂ <n´��4à8, F ´l <n�g�����f,C©Ø�ª¯K

VI(Ω, F ),´¦ x∗,¦�

x∗ ∈ Ω, (x− x∗)TF (x∗) ≥ 0, ∀x ∈ Ω. (0.1)

��C©Ø�ª¡�üN�,´� VI(Ω, F )¥� F ´ Ω (½ <n)þ���ü

N�f (monotone operator),= F ÷v

(x− y)T (F (x)− F (y)) ≥ 0, ∀x, y ∈ Ω (resp. <n).

C©Ø�ª´NõA^êÆ¯K��«Ú�Lã�ª.+n�Æ�ÚOO�

¥�3�þà`z¯K.&Ò?n,ã�¡E,Ý
��z,ÅìÆS�&EE

â+�¥�kNõ¯K�±8(�(½tµ¤)��à`z¯K.à`z��

�7�5^�Ò´��üNC©Ø�ª.3C©Ø�ª�µeeïÄà`z

�¦)�{,Ò��È©¥^�ê¦��¼ê�4�,~~¬�\�B.

Ø
Ï~��`z¯K±	,pÖ¯K´�å��%��C©Ø�ª.²L

¹Ä¥��md�²ï,�o]–�æø�¥�N�Ãã,^²LÃã)û

�ÏÕ��¯K,Ñ�±^C©Ø�ª£½ÙAÏ/ªpÖ¯K¤5£ã.

ù�ùQã±e�
~�¯K�C©Ø�ª�'X.

1
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• à`z�üNC©Ø�ª
• û¬6Ï!�o]!�æø�¥�C©Ø�ª
• �ÏÕ�¥�C©Ø�ª
• 2Â�55y¯K��5C©Ø�ª
• �áålÚ¯K��5C©Ø�ª
• 4�z��A���C©Ø�ª

1 ààà`̀̀zzz���üüüNNNCCC©©©ØØØ���ªªª

ëY`z�{¥�
�L5�êÆ�.

• {ü�å`z¯K min {f(x) | x ∈ Ω}.
• �5�å`z¯K min{θ(x) | Ax = b, x ∈ X}.
• (�.`z¯K min{θ1(x) + θ2(y)|Ax+By = b, x ∈ X , y ∈ Y}.
• ��5pÖ¯K x ≥ 0, F (x) ≥ 0, xTF (x) = 0.

• C©Ø�ª x ∈ Ω, (x′ − x)TF (x) ≥ 0, ∀x′ ∈ Ω.
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1.1 ������ààà`̀̀zzz���ddduuu������AAAÏÏÏ���üüüNNNCCC©©©ØØØ���ªªª

� Ω´ <n¥���4à8,·�k5?Ø��à`z¯K

min{f(x) | x ∈ Ω} (1.1)

��`5^�.aqu\f÷ì�n,·�k

• XJ,�: x∗´¯K (1.1)��`:,§7Láu Ω,

• ¿�lù:Ñu�¤k�1��ÑØ´eü��.

·�^∇f(x)L« f(x)�FÝ,¿P

• Sd(x) = {s ∈ <n | sT∇f(x) < 0},�: x?�eü��8¶

• Sf(x) = {s ∈ <n | s = x′ − x, x′ ∈ Ω}§�: x?��1��8.

x∗´�`) ⇐⇒ x∗ ∈ Ω � Sf(x∗) ∩ Sd(x∗) = ∅

2
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Fig. 1.1 Differential Convex Optimization and VI

þª�±�¤µ x∗ ∈ Ω, (x− x∗)T∇f(x∗) ≥ 0, ∀x ∈ Ω.

ò∇f(x)�¤ F (x),��à`z¯K (1.1)Ò8(�¦

x∗ ∈ Ω, (x− x∗)TF (x∗) ≥ 0, ∀x ∈ Ω. (1.2)

±þ/ªÒ´��C©Ø�ª. 5¿�,3��C©Ø�ª¯K VI(Ω, F ),

·�¿Ø�¦ (0.1)¥��f F ´,�õ�¼ê�FÝ.
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1.2 ���555���ååå���ààà`̀̀zzz¯̄̄KKK

·��Ä����5�åà`z¯K

min{θ(x) | Ax = b, x ∈ X}, (1.3)

Ù¥ θ : <n → <´à¼ê, X ⊂ <n´4à8, A ∈ <m×n, b ∈ <m.

� λ´ Lagrange¦f,¯K (1.3)� Lagrange¼ê

L(x, λ) = θ(x)− λT (Ax− b)

½Â3 X × <mþ. Lagrange¼ê�Q: (x∗, λ∗) ∈ X × <m÷v

Lλ∈<m(x∗, λ) ≤ L(x∗, λ∗) ≤ Lx∈X (x, λ∗)

�
{B,·�b� θ(x)´���,¿�P∇θ(x) = f(x),Q:¯K�du




x∗ ∈ X , (x− x∗)T (f(x∗)−ATλ∗) ≥ 0, ∀ x ∈ X ,
λ∗ ∈ <m, (λ− λ∗)T (Ax∗ − b) ≥ 0, ∀ λ ∈ <m.

(1.4)

3
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þã�`5^��1�Ü©�¢SþÒ´Ax∗ = b.XJP

u =


 x

λ


 , F (u) =


 f(x)−ATλ

Ax− b


 and Ω = X × <m,

@o, (1.4)�±�¤C©Ø�ª

u∗ ∈ Ω, (u− u∗)TF (u∗) ≥ 0, ∀ u ∈ Ω.

� (1.3)¥��ª�åAx = bU¤Ø�ª�åAx ≥ b�,�A�C©Ø�ª

¥��ò Ω = X × <mU¤ Ω = X × <m+ .

XJà¼ê θ(x)´�1w�,P Fa(u) =


 −ATλ

Ax− b


,@o,¦ Lagrange

¼ê�Q:Ò�du¦·ÜC©Ø�ª (k�Ò{¡�C©Ø�ª)

u∗ ∈ Ω, θ(x)− θ(x∗) + (u− u∗)TFa(u∗) ≥ 0, ∀ u ∈ Ω

�) u∗.P Fa(u) = Mu+ q,KM ´�é¡Ý
, Fa(u)´��üN�f.
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1.3 ���©©©lll(((���������555���åååààà`̀̀zzz¯̄̄KKK

�©l(���5�åà`z¯K´�

min {θ1(x) + θ2(y) |Ax+By = b, x ∈ X , y ∈ Y} (1.5)

Ù¥ θ1(x)Ú θ2(y)´��à¼ê.� λ´ Lagrange¦f,þã¯K�

Lagrange¼ê

L(x, y, λ) = θ1(x) + θ2(y)− λT (Ax+By − b)

½Â3 X × Y ×<mþ,� f(x) = ∇θ1(x), g(y) = ∇θ2(y).ù��©l(�

à`z¯K����`5^�´

(x∗, y∗, λ∗) ∈ Ω,





(x− x∗)T (f(x∗)−ATλ∗) ≥ 0,

(y − y∗)T (g(y∗)−BTλ∗) ≥ 0,

(λ− λ∗)T (Ax∗ +By∗ − b) ≥ 0,

∀ (x, y, λ) ∈ Ω,

(1.6)

Ù¥

Ω = X × Y × <m.

4
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|^

w =




x

y

λ


 , F (w)=




f(x)−ATλ
g(y)−BTλ
Ax+By − b


 Ú Fa(w)=




−ATλ
−BTλ

Ax+By − b


 ,

�`5^� (1.6)�±�¤

w∗ ∈ Ω, (w − w∗)TF (w∗) ≥ 0, ∀ w ∈ Ω.

� θ1(x), θ2(y)´Ø��à¼ê�,P u = (x, y)� w�Ü©©þ,¿P

θ(u) = θ1(x) + θ2(y),¯K (1.5)�du·ÜC©Ø�ª

w∗ ∈ Ω,
(
θ(u)− θ(u∗)

)
+ (w − w∗)TFa(w∗) ≥ 0, ∀w ∈ Ω.

·�3�¡�Ù!¥Ð«,3C©Ø�ªµeeïÄà`z¦)�{,ÃØ3

�{�OÚÂñ5y²�¡,¬C���{üÚ�B.
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1.4 ������555pppÖÖÖ¯̄̄KKK´́́���aaaAAAÏÏÏ���CCC©©©ØØØ���ªªª

à`z¯K (1.1)¥,XJ Ω = <n+ (¢ n-��m¥��K%�)¿� f(x)´�

��,�â §1.1¥�©Û, x∗´�`)�¿�^�´

x∗ ≥ 0, (x− x∗)T∇f(x∗) ≥ 0, ∀x ≥ 0.

� F ´ <n → <n����f.�K%� <n+þC©Ø�ª�êÆ/ª´

VI(<n+, F ): x∗ ≥ 0, (x− x∗)>F (x∗) ≥ 0, ∀x ≥ 0.

��5pÖ¯K´�`znØ��{¥�aé��¯K.§�êÆ/ª´

(NCP) x∗ ≥ 0, F (x∗) ≥ 0, x∗>F (x∗) = 0. (1.7)

¯¢þ, NCP´ Ω = <n+��aC©Ø�ª.Ïd,3 Ω = <n+�,��à`

z¯K (1.1)���pÖ¯K�d.

5
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y² ��Ï�Ön),·��Ñ NCP� VI(<n+, F )�d�äNy².

XJ x∗ ´ NCP �

), @ok x∗ ≥ 0Ú

F (x∗) ≥ 0.

éu?¿� x ≥ 0

k x>F (x∗) ≥ 0.

qÏ x∗>F (x∗) = 0,

�

(x− x∗)>F (x∗)

= x>F (x∗)

≥ 0.

¤± x∗ ´ VI(Rn+, F )

���).

�L5, XJ x∗ ´ VI(Rn+, F ) ���), K

x∗ ≥ 0.

ò x = 2x∗Ú x = 0�\ (x−x∗)>F (x∗) ≥ 0,

·���±x∗>F (x∗) ≥ 0.Ïd x∗>F (x∗) = 0.

�y² x∗ ´ NCP�),��e F (x∗) ≥ 0I

�y²,édæ^�y{. XJ F (x∗)�,�©

þ Fj(x
∗) < 0,·�� x,¦�

xi =





x∗i , if i 6= j

x∗j + 1, if i = j

ù�� x ≥ 0.� (x−x∗)>F (x∗) = Fj(x
∗) < 0,

ù� x∗´ VI(Rn+, F )�)gñ.
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1.5 ������������¯̄̄KKK������ddd���CCC©©©ØØØ���ªªª

����¯K (Least absolute deviations) �êÆ/ª´

min ‖Ax− b‖1, (1.8)

Ù¥A ∈ <m×n, b ∈ <m.����¦�',§Jø
�«�è�êâ[Ü

�..����¦ØÓ,§´���1wà`z¯K.ùa¯K�2�A^u

ÚOÆÚ²LïÄ,�
�#�©zÑkJ9.~Xµ

• T. Hastie, R. Tibshirani, and J. Friedman. The Elements of Statistical

Learning: Data Mining, Inference and Prediction. Springer, second edition,

2009. §10.6.

• J. M. Wooldridge. Introductory Econometrics: A Modern Approach. South

Western College Publications, fourth edition, 2009. §9.6.

·�^ eL«z�©þÑ´ 1�m-��þ.N´�y

‖d‖1 = max{yT d | y ∈ B∞}, B∞ = {y ∈ <m | − e ≤ y ≤ e}.

6
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Ïd,¯K (1.8)Ò´��/ª�

min
x∈<n

max
y∈B∞

yT (Ax− b).

�min-max¯K.§��d/ª´e¡��5C©Ø�ª:

x∗ ∈ <n, y∗ ∈ B∞,
{

(x− x∗)T (AT y∗) ≥ 0, ∀x ∈ <n,
(y − y∗)T (−Ax∗ + b) ≥ 0, ∀y ∈ B∞.

�±�¤�{ü;n�/ª

u∗ ∈ Ω, (u− u∗)T (Mu∗ + q) ≥ 0, ∀u ∈ Ω

Ù¥

u =

(
x

y

)
, M =

(
0 AT

−A 0

)
, q =

(
0

b

)
, Ω = <n ×B∞.

�é(�.à`z���{a,��Öö,ù�ù��UÜ©�IèA�e.
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2 ���ooo]]]!!!���æææøøø���¥¥¥���pppÖÖÖ¯̄̄KKK

·�±e¡�~f5`²��²L²ï�.µ

b�,«û¬£~X

u¤d m �]/)�

Ú n�I¦/�¤. §d

²Eö�l]/æ	$

�I¦/�È.²Eö¬�

â�8�né�¦���

`²E�Y.P

si =
∑n
j=1 xij

dj =
∑m
i=1 xij

����S1 ����D1
-x11

x1j

x1n

HHHHHHHHHHHHHj

@
@
@
@
@
@
@
@
@
@
@
@@R

...
......
......
...

����Si ����Dj-

xi1

xij

xin

��
��
��

��
��
��
�*

HHHHHHHHHHHHHj

...
......
......
...

����Sm ����Dn-��
��
��

��
��
��
�*

�
�
�
�
�
�
�
�
�
�
�
���

xm1

xmj
xmn

7
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�
PÒ

Si: T«û¬�1 i�]/;

Dj : T«û¬�1 j�I¦/;

xij : l Si� Dj ��´þ;

si: ²Eö�3]/ Si�æ	oþ, si =
∑n
j=1 xij ;

dj : ²Eö3I¦/ Dj ��Èoþ, dj =
∑m
i=1 xij ;

hsi : ²Eö3]/ Si?�æ	d,´ Si?æ	þ�¼ê;

hdj : ²Eö3I¦/ Dj ?��Èd,´Dj ?�Àþ�¼ê;

tij : l Si� Dj ��´¤^ (�)$Ñ¤^��´¤�)¶

yi: �?�;�]LÝmæ3]/ Si�²Eö�Â�][;

zj : �?��æø�3I¦/ Dj �²Eö�²EÖb.
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2.1 ²²²EEEöööJJJ¦¦¦|||ÃÃÃ������zzz���pppÖÖÖ¯̄̄KKK

^eãL«1 i�]/ SiÚ1 j�I¦/Dj �m�æ	—�È'X.

nSi
æ	d hsi , ][ yi nDj

�Èd hdj , Öb zj

-ü $Ñ!NÖ¤^Ú7��|d=�´¤ tij
�´þ xij

XJ(hsi + yi + tij) ≥ (hdj + zj),vk<�¿�º�ïñ,¤± xij = 0¶

��§�â�8�n§²Eö¬¦�UO�²Eþ xij ,£Ï~ù¬��æ

	d�þÞÚ�Èd�eü¤��

(hsi + yi + tij) = (hdj + zj).

^êÆ�ó£ãÒ´µ

hsi + yi + tij




≥ hdj + zj , XJxij = 0,

= hdj + zj , XJxij > 0 .

8
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• é�½�][Ç y1, y2, · · · , ym ÚÖbIO z1, z2, · · · , zn
(�ü),

²Eö�¬�â/�8�n0é�¦���`²E�Y xij

(éü).

X =




x11 x12 . . . x1n

x21 x22 . . . x2n
...

...
...

xm1 xm2 . . . xmn



,

XJP

F (X) =




F11 F12 . . . F1n

F21 F22 . . . F2n

...
...

...

Fm1 Fm2 . . . Fmn



,
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Ù¥

Fij(X) =
{
hsi (si) + yi + tij

}
−
{
hdj (dj) + zj

}
,

si =

n∑

j=1

xij , dj =

m∑

i=1

xij .

@o,d²Eö��`²E�Y/¤��Km× nÝ
X Ú F (X)¥,

Ó�eI���¥�õ�Uk���u".�é{`,²Eö��`²E

�Y´pÖ¯K

X ≥ 0, F (X) ≥ 0, Trace(XTF (X)) = 0

�).þª¥� Trace(·)L«Ý
�/,0——Ý
é���Ú.

• ·�U*ÿ��´¯K)¥�A�
si(y, z) =

∑n
j=1 xij(y, z) and dj(y, z) =

∑m
i=1 xij(y, z)

§�´d�ü�þ (y, z)û½�.

9
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2.2 ���???ÜÜÜ������½½½���`̀̀���üüü���pppÖÖÖ¯̄̄KKK

�?Ü���I¨�o]Ú�æø�

• j±�±YuÐ9�¸�o§��]�LÝmæ, si ≤ smax
i ;

• �æÄ�ø�§l�y�¬½Ú¬), dj ≥ dmin
j .

Ãã(�ü)µ

• 3]LÝmæ��/�Â][, y1, · · · , ym¶
• øA;Ü�I¦/�²EöJøÖb, z1, · · · , zn.

²Eö�¬�â�ü�Ñéü.�?�?Ö´�Ñ-�Ð.��ü.

�?Ü�I���`�ü´��/ç�0^�e�pÖ¯K:
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• �o
],Ó�q4²L¦�U�J;

y ≥ 0, smax − s(y, z) ≥ 0, yT (smax − s(y, z)) = 0,

• �æ
ø�,Ó�q¦�U!�ã�|Ñ.

z ≥ 0, d(y, z)− dmin ≥ 0, zT (d(y, z)− dmin) = 0.

�UÜ��pÖ¯K�;n/ª´µ

u ≥ 0, F (u) ≥ 0, uTF (u) = 0,

Ù¥

u =


 y

z


 , F (u) =


 smax − s(u)

d(u)− dmin


 ,

s(u)Ú d(u)Ñ´ u�¼ê.

ç�¯K,´� F (u)´ u�¼ê,k(½�'X,�vk¼êL�ª.

10
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3 ���ÏÏÏÕÕÕ���¯̄̄KKK���pppÖÖÖ¯̄̄KKK

�,ªô¢½kn��ô�x,©O� Bridge-1, Bridge-2Ú Bridge-3.

Yangtse River

N1 N2 N3

S3S2S1

B
ridge 1

B
ridge 2

B
ridge 3

1 2 3

4 5

67

8 9

1011

Ø���5,·��±òN1, N2, N3w�d��H��ý3ô��Ñu/,

r S1, S2, S3w�§�3ôH�8Ñ/.
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·��é+nÜ��¯Ka,�,b��ÂLx¤.+nÜ���½��·

��Â¤IOÜn��xþ6þ.

f¨
ÄuWardrop�n��`Ñ1�Y−−��¤^´»

é�½��xÂ¤ y = (y1, y2, y3),f¨
¬é�¦���`Ñ1�Y.

+nÜ��¦ÏL�xÜnÂ¤��xþ�6þ

• 0 ≤ y ∈ <3:xþ�Â¤�þ;

• f(y) ∈ <3:xþ�6þ,§´Â¤ y�¼ê;

• 0 < b ∈ <3:+nÜ�F"���xþ�6þþ..

+nÜ��¦)�êÆ¯K´

y ≥ 0, F (y) = b− f(y) ≥ 0, yTF (y) = 0.

Ó�,6þ f(y)(´Â¤ y�¼ê,�vkL�ª.�Ué�½�gCþ,

*ÿ�A�¼ê�,ù«*ÿ,  �dØ�.·�l¯ÝKÂ �{ïÄ,

Xú:´����Çp�
�!�^¼ê�Ú�^¼ê���{.

11
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4 222ÂÂÂ���555555yyy999QQQ:::¯̄̄KKK���CCC©©©ØØØ���ªªª

4.1 222ÂÂÂ���555555yyy999���CCC©©©ØØØ���ªªª

�55y�IO/ª´ min{cTx |Ax = b, x ≥ 0},Ù¥A ∈ <m×n, b ∈ <m,

c ∈ <n.3¢S²L¯K¥,�þ b��L«I¦þ, cL«d�.·�#N b

Ú cÑ3�½���SCÄ,Ïd�Ä����¯K

min{max
η∈C

ηTx |Ax ∈ B, x ∈ D} (4.1)

Ù¥ C,D ⊂ <n, B ⊂ <m´4à8.·�¡ù��¯K�2Â�55y.Ú

?9ÏCþ yÚ Lagrange¦f λ,��2Â�55y (4.1)� Lagrange¼ê

L(x, y, λ, η) = ηTx− λT (Ax− y),

§½Â3 (D ×B)× (<m × C)þ.2Â�55y�d���min-max¯K

Lλ∈<m,η∈CL(x∗, y∗, λ, η) ≤ L(x∗, y∗, λ∗, η∗) ≤ Lx∈D, y∈B(x, y, λ∗, η∗).
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� (x∗, y∗, λ∗, η∗)´þãmin-max¯K�),Kk




x∗ ∈ D, (x− x∗)T (−ATλ∗ + η∗) ≥ 0, ∀x ∈ D
y∗ ∈ B, (y − y∗)T (λ∗) ≥ 0, ∀ y ∈ B

λ∗ ∈ <m, (λ− λ∗)T (Ax∗ − y∗) ≥ 0, ∀λ ∈ <m
η∗ ∈ C, (η − η∗)T (−x∗) ≥ 0, ∀ η ∈ C.

�;n�/ª�±�¤

w∗ ∈ Ω, (w − w∗)T (Mw∗ + q) ≥ 0, ∀w ∈ Ω

Ù¥

w =




x

y

λ

η



, M =




0 0 −AT I

0 0 I 0

A −I 0 0

−I 0 0 0



, q = 0

Ú

Ω = D ×B ×<m × C.

12
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�a~~��Ä�©��1¯K (Split Feasibility Problem)

Find x ∈ D such that Ax ∈ B,

�´ (4.1)¯K¥���A~.òÙ=�¤

Find x ∈ D, y ∈ B, such that Ax− y = 0.

þã¯K��u��8I¼ê�"��å`z¯K.� λ��5�å

Ax− y = 0� Lagrange¦f,¯KÒ�d�±e��5C©Ø�ª:

u∗ ∈ Ω, (u− u∗)TMu∗ ≥ 0, ∀u ∈ Ω

Ù¥

u =




x

y

λ


 , M =




0 0 −AT
0 0 I

A −I 0


 ,

Ú

Ω = D ×B ×<m.
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4.2 ������QQQ:::¯̄̄KKK���CCC©©©ØØØ���ªªª

^�C�4�?nã���
 [1],²lÑz±�,¯K�êÆ�.´

min
x∈X

max
y∈Y

Φ(x, y) := θ1(x)− yTAx− θ2(y) (4.2)

Ù¥X ⊂ <n, Y ⊂ <m´4à8, A ∈ <m×n. θ1(x) : <n → <, θ2(y) :

<m → <�à¼ê.XJ (x∗, y∗) ∈ X × Y ´¯K (4.2)�),Kk

Φy∈Y(x∗, y) ≤ Φ(x∗, y∗) ≤ Φx∈X (x, y∗).

�é{`, (x∗, y∗)´ Φ(x, y)3 X × Y þ�Q:.Ïd,¯K (4.2)U
=�

¤�d�C©Ø�ª:¦ (x∗, y∗) ∈ X × Y ,¦�


 x− x∗

y − y∗



T
 f(x∗)−AT y∗

g(y∗) +Ax∗


 ≥ 0, ∀(x, y) ∈ X × Y, (4.3)

13
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Ù¥ f(x) ∈ ∂θ1(x), g(y) ∈ ∂θ2(y).^PÒ

u =


 x

y


 , F (u) =


 f(x)−AT y

Ax+ g(y)


 and Ω = X × Y.

¯K (4.3)Ò´C©Ø�ª

u∗ ∈ Ω, (u− u∗)TF (u∗) ≥ 0, ∀ u ∈ Ω. (4.4)

du θ1(x)Ú θ2(y)´à¼ê,N´�y,ùp� F (u)´üN�.'%ùa¯

K¦)�{��±ë�18ù�1Ôù.� θ1(x), θ2(y)´�1wà¼ê�,

¯K (4.2)��±Lã¤·ÜC©Ø�ª¯Kµ

θ(u)− θ(u∗) + (u− u∗)TMu∗ ≥ 0, ∀u ∈ Ω, (4.5)

Ù¥ θ(u) = θ1(x) + θ2(y), M =


 0 −AT

A 0


´�é¡Ý
.�é{`,

·ÜC©Ø�ª(4.5)´üN�.
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5 ���áááååålllÚÚÚ¯̄̄KKK���CCC©©©ØØØ���ªªª

k
;.��1wà`z¯K�±z¤(���{ü�C©Ø�ª.ù�

!·�±�áålÚ¯K�~\±`².

b � b[1], . . . , b[5]

´(½�~	. y

3�^��Xmã

��är§�ë�

å5. x[1], x[2], x[3]

´ � À � ë �

:, § � 7 L ©

O 3 y ½ � � �

X1, X2, X3 S. XÛ

(½ x[1], x[2], x[3]�

 �,¦��ä�´

�Ý�á.
0 1 2 3 4 5 6 7 8 9 10

0

1

2

3

4

5

6

7

b
[1]

b
[2]

b
[3]

b
[4]

b
[5]

x
[1]

x
[2]

x
[3]

e
1

e
2

e
3

e
4

e
5

e
6

e
7
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·�3 p-�¿Âe¦þã�ä��áål.T¯K�êÆ�.´

min
x[j]∈Xj





‖x[1] − b[1]‖p + ‖x[1] − b[2]‖p + ‖x[2] − b[3]‖p
+ ‖x[3] − b[4]‖p + ‖x[3] − b[5]‖p
+ ‖x[1] − x[2]‖p + ‖x[2] − x[3]‖p




. (5.1)

Ì�é p = 1, 2,∞a,�.5¿�ùp´ålÚ¯K,Ø´ål�²�Ú¯

K.da¯K´���1wà`z¯K.

5.1 îîî¼¼¼���eee������áááååålllÚÚÚ¯̄̄KKK

òòò¯̄̄KKK===zzz���min-max ¯̄̄KKK.5¿�é?¿� d ∈ <2,k

‖d‖2 = max
ξ∈B2

ξT d, (5.2)

Ù¥

B2 = {ξ ∈ <2 | ‖ξ‖2 ≤ 1}.
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|||^̂̂ (5.2),þþþãããîîî¼¼¼���¿¿¿ÂÂÂeee������áááååålllÚÚÚ¯̄̄KKK���±±±zzz���min-max ¯̄̄KKK

min
x[i]∈Xi

max
z[j]∈B2





zT[1](x[1] − b[1]) + zT[2](x[1] − b[2]) + zT[3](x[2] − b[3])

+ zT[4](x[3] − b[4]) + zT[5](x[3] − b[5])

+ zT[6](x[1] − x[2]) + zT[7](x[2] − x[3])





§�;n/ª�

min
x∈X

max
z∈B2

zT (Ax− b)

Ù¥

X = X1 ×X2 ×X3 , B2 = B2 ×B2 × · · · ×B2.

x =




x[1]

x[2]

x[3]


 , z =




z[1]

z[2]
...
z[7]



. (5.3)

15
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©¬Ý
AÚ�þ b�(�©O´

A =




I2 0 0

I2 0 0

0 I2 0

0 0 I2

0 0 I2

I2 −I2 0

0 I2 −I2




, b =




b[1]

b[2]

b[3]

b[4]

b[5]

0

0




.

3ù�min-max¯K¥,z� x[i]éA��:,z� z[j]KéA�^>.

� (x∗, z∗) ∈ X × B2´min-max¯K�),Ké¤k� x ∈ X Ú z ∈ B,k

zT (Ax∗ − b) ≤ z∗T (Ax∗ − b) ≤ z∗T (Ax− b)

§��d/ª´e¡��5C©Ø�ª:
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x∗ ∈ X , z∗ ∈ B2,





(x− x∗)T (AT z∗) ≥ 0, ∀x ∈ X ,
(z − z∗)T (−Ax∗ + b) ≥ 0, ∀z ∈ B2.

�±�¤�{ü;n�/ª

u∗ ∈ Ω, (u− u∗)T (Mu∗ + q) ≥ 0, ∀u ∈ Ω

Ù¥k

u =


 x

z


 , M =


 0 AT

−A 0


 , q =


 0

b




Ú

Ω = X × B2.
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5.2 l1-���eee������áááååålllÚÚÚ¯̄̄KKK

dué?¿� d ∈ <2,k

‖d‖1 = max
ξ∈B∞

ξT d,

Ù¥

B∞ = {ξ ∈ R2 | ‖ξ‖∞ ≤ 1}.
�î¼�e��áålÚ¯K��,¯K (5.1)3 l1-�¿Âe��±L«¤�

�min-max¯K

min
x[i]∈Xi

max
z[j]∈B∞





zT[1](x[1] − b[1]) + zT[2](x[1] − b[2]) + zT[3](x[2] − b[3])

+ zT[4](x[3] − b[4]) + zT[5](x[3] − b[5])

+ zT[6](x[1] − x[2]) + zT[7](x[2] − x[3])





§�;n/ª�

min
x∈X

max
z∈B∞

zT (Ax− b)
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�î¼�e�ålÚ¯K��,§�duC©Ø�ª

u∗ ∈ Ω, (u− u∗)T (Mu∗ + q) ≥ 0, ∀u ∈ Ω

Ý
M Ú�þ qÑØC,¤ØÓ��´ù�8Ü

Ω = X × B∞, B∞ = B∞ ×B∞ × · · · ×B∞.

5.3 l∞-���eee������áááååålllÚÚÚ¯̄̄KKK

dué?¿� d ∈ <2,k

‖d‖∞ = max
ξ∈B1

ξT d,

Ù¥

B1 = {ξ ∈ R2 | ‖ξ‖1 ≤ 1}.
�î¼�e��áålÚ¯K��,¯K (5.1)3 l∞-�¿Âe��±L«¤

17
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��min-max¯K

min
x[i]∈Xi

max
z[j]∈B1





zT[1](x[1] − b[1]) + zT[2](x[1] − b[2]) + zT[3](x[2] − b[3])

+ zT[4](x[3] − b[4]) + zT[5](x[3] − b[5])

+ zT[6](x[1] − x[2]) + zT[7](x[2] − x[3])





¿z¤�d�C©Ø�ª

u∗ ∈ Ω, (u− u∗)T (Mu∗ + q) ≥ 0, ∀u ∈ Ω

Ý
M Ú�þ qÑØC,¤ØÓ��´ù�8Ü

Ω = X × B1, B1 = B1 ×B1 × · · · ×B1.

ò?nî¼�¯K�� B2�¤
B1.·�¬31nùäN0�ùa�áå

lÚ¯K�¦)�{.
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6 444���zzz������AAA���������CCC©©©ØØØ���ªªª

�Ai, i = 1, . . . ,mÚB´�½� n× né¡Ý
, c ∈ <m.�Ä¯K

min
x∈X
{maxλmax[A(x) +B] + cTx} (6.1)

Ù¥ X ⊂ <m,

A(x) =
∑m
i=1xiAi. (6.2)

ù´²;�½5y¥�éó¯K [10].é�½� n× nÝ
A = (aij),Ý
A

�é���Ú¡�Ý
A�,,P� Tr(A),=k

Tr(A) =
∑n
j=1ajj .

Ù�,Ý
�A���Ú�uÝ
�,.éd (6.2)½Â�A(x)Ú�½�

n× nÝ
 Y ,·�^

A∗(Y ) =




Tr(A1Y )

...

Tr(AmY )
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½ÂA∗(Y ) ∈ <m.3�
A^¯K¥,8Ü X   ´�üX/,=

X = {x ∈ <m | ∑m
i=1 = 1, x ≥ 0}.5¿��qC�ØUCÝ
A��ù�

¯¢,�±��

λmax(A) = max{Tr(Y A) | Tr(Y ) = 1, Y � 0}.

¤±,¯K (6.1)�due¡�min−max¯Kµ

min
x∈X

max
Y�0
{
m∑

i=1

(
xiTr(Y Ai)

)
+ Tr(Y B) + cTx | Tr(Y ) = 1}. (6.3)

� (x∗, Y ∗)´¯K (6.3)�),@ok λ∗ ∈ <,¦�

Φy∈Sn
+,λ∈<(x∗, Y, λ) ≤ Φ(x∗, Y ∗, λ∗) ≤ Φx∈X (x, Y ∗, λ∗),

Ù¥

Φ(x, Y, λ) =

m∑

i=1

(
xiTr(Y Ai)

)
+ Tr(Y B) + cTx+ λ(Tr(Y )− 1),

´¯K (6.3)� Lagrange¼ê.¯KÒ=z�¦¼ê Φ(x, Y, λ)3

X × (Sn+ ×<)þ�Q: (x∗, Y ∗, λ∗).Ïd,¯K (6.1)�±=�¤e¡�C©
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Ø�ª:¦ (x∗, Y ∗, λ∗) ∈ X × Sn+ ×<,¦�




x∗ ∈ X , (x− x∗)T {A∗(Y ∗) + c} ≥ 0, ∀x ∈ X ,
Y ∗ � 0, 〈Y − Y ∗,−A(x∗)− λ∗I −B〉 ≥ 0, ∀Y � 0,

λ∗ ∈ <, (λ− λ∗)(Tr(Y ∗)− 1) ≥ 0, ∀λ ∈ <.

þãC©Ø�ª�;�/ªÒ´

u∗ ∈ Ω, (u− u∗)TF (u∗) ≥ 0, ∀u ∈ Ω,

Ù¥

u =




x

Y

λ


 , F (u) =




A∗(Y ) + c

−A(x)− λI −B
Tr(Y )− 1


 and Ω = X × Sn+ ×<.

C©Ø�ª´£ãêÆ�.�rkå�Ú�óä
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The context of this lecture is mainly based on the publicatios [4, 6]
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1 Basic properties of Projection Mapping and
Variational Inequality

Let Ω ⊂ <n be a closed convex set, F be a mapping from <n to itself . We

investigate the solution methods for monotone variational inequality

VI(Ω, F ) u∗ ∈ Ω, (u− u∗)TF (u∗) ≥ 0, ∀u ∈ Ω. (1.1)

We say the variational inequalit VI(Ω, F ) is monotone, when its operator F is

monotone. In other words, it satisfies

(u− v)T (F (u)− F (v)) ≥ 0, ∀u, v ∈ <n(or Ω).

Let M be n× n matrix, q ∈ <n. F (u) = Mu+ q is an affine operator. In this

note, we say M is positive semidefinite, when

uTMu ≥ 0, ∀u ∈ <n.

Here, M is not necessarily symmetric. In other words, we say M is positive

semidefinite, when the symmetric matrix MT +M is positive semidefinite.
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Especially, when M is skew-symmetric, i. e., MT = −M , then uTMu ≡ 0. In

this case, the affine operator F (u) = Mu+ q is monotone.

Let Ω ⊂ <n be a convex closed set and f be a convex function on Ω. Assume

that f is differentiable on a open set that contains Ω. Then f is convex if and

only if
f(y)− f(x) ≥ ∇f(x)T (y − x), ∀x, y ∈ Ω. (1.2)

This assertion can be found in

• R. Fletcher, Practical Methods of Optimization, Second Edition, §9.4. pp.

214–215, John Wiley & Sons, 1987.

Exchange the positions of x and y in (1.2), we have

f(x)− f(y) ≥ ∇f(y)T (x− y), ∀x, y ∈ Ω. (1.3)

Adding (1.2) and (1.3), we get

(y − x)T (∇f(y)−∇f(x)) ≥ 0, ∀x, y ∈ Ω. (1.4)

Thus, the gradient operator of the differentiable convex function is monotone.
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1.1 Basic properties of the projection mapping

We use PΩ(·) to denote the projection on Ω, i. e. ,

PΩ(v) = arg min{‖u− v‖ |u ∈ Ω}.

An equivalent expression is PΩ(v) = arg min{ 1
2‖u− v‖2 |u ∈ Ω}. When

Ω = <n+ (the nonnegative orthant in <n), each element of PΩ(v) is given by

(PΩ(v))j =

{
vj , if vj ≥ 0;

0, otherwise.

When Ω = B(c, r) = {c+ ru|‖u‖ ≤ 1}, a ball in <n with radius r centered

on c, then

PΩ(v) =

{
r(v−c)
‖v−c‖ + c, if ‖v − c‖ ≥ r;
v, otherwise.

The unit ball r in l∞ and l1 norm centered on the origin are denoted by

B∞ = {u ∈ <n| ‖u‖∞ ≤ 1} and B1 = {u ∈ <n| ‖u‖1 ≤ 1},
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respectively. The projection on B∞ and B1 are shown in the following figures:
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6

B∞

qu qPB(u)
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��qPB(v)

qv

-
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@
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@@�

�
��

@
@
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B1

@
@@

qu
qPB(u) ��

�q
PB(v)

qv

Fig.1 Projection on B∞ Fig.2 Projection on B1

The following lemma illustrates an important property of the projection mapping.

Lemma 1.1 Let Ω ⊂ <n be a closed convex set and PΩ(·) be the projection on

Ω. It holds that

(v − PΩ(v))T (u− PΩ(v)) ≤ 0 ∀v ∈ <n,∀u ∈ Ω. (1.5)
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&
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%q p
p

PΩ(v) -vQ
Q
Q

Q
Q
Qk
u

u− PΩ(v)

v − PΩ(v)Ω

Fig.3 Geometric interpretation of the inequality (1.5)

Proof. First, since PΩ(v) = arg min{‖u− v‖ |u ∈ Ω}, we have

‖v − PΩ(v)‖ ≤ ‖v − w‖, ∀w ∈ Ω. (1.6)

Because PΩ(v) ∈ Ω and Ω ⊂ <n is closed and convex, then for any u ∈ Ω and

θ ∈ (0, 1), it holds that

w := θu+ (1− θ)PΩ(v) = PΩ(v) + θ(u− PΩ(v)) ∈ Ω.

For this w, by using (1.6), it follows that

‖v − PΩ(v)‖2 ≤ ‖v − PΩ(v)− θ(u− PΩ(v))‖2.
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Expanding the last inequality, for any u ∈ Ω and θ ∈ (0, 1), we have

[v − PΩ(v)]T [u− PΩ(v)] ≤ θ

2
‖u− PΩ(v)‖2.

Let θ → 0+, we get the assertion (1.5). �

In the analysis of the projection and contraction methods, the inequality (1.5) is

important and useful. We call it as the Tool inequality of the projection

operator. By using (1.5), it is easy to prove the following lemma.

Lemma 1.2 Let Ω ⊂ <n be a closed convex set, we have

‖PΩ(v)− PΩ(u)‖ ≤ ‖v − u‖, ∀u, v ∈ <n. (1.7)

‖PΩ(v)− u‖ ≤ ‖v − u‖, ∀v ∈ <n, u ∈ Ω. (1.8)

‖PΩ(v)− u‖2 ≤ ‖v − u‖2 − ‖v − PΩ(v)‖2, ∀v ∈ <n, u ∈ Ω. (1.9)

We leave the proofs to the reader.
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1.2 The equivalent projection equation of
the variational inequality

Assume that the solution set of (1.1), denoted by Ω∗, is nonempty. The solution

set of monotone variational inequality is convex, its proof is involved in Theorem

2.3.5 [1]. We use u∗ to denote any fixed point in Ω∗. For any scalar β > 0, the

following statement is true.

u ∈ Ω∗ ⇔ u = PΩ[u− βF (u)].'

&

$

%
HH

HH
HH

HY

� q
PΩ[u∗ − βF (u∗)]u∗ -u∗ − βF (u∗)

u ∈ Ω

F (u∗)

Ω

Fig.4 Geometric interpretation of u∗ ∈ Ω∗⇔ u∗ = PΩ[u∗ − βF (u∗)]
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In other words, solving the variational inequality (1.1) is equivalent to finding a

zero point of e(u, β),

e(u, β) := u− PΩ[u− βF (u)] (1.10)

The proof will be given in Theorem 1.1. Thus, for a given β > 0, ‖e(u, β)‖ can

be viewed as the error which measure how much u fails to be a solution point.

Theorem 1.1 For given β > 0, u∗ is a solution point od VI(Ω, F ) if and only if

e(u∗, β) = 0.

Proof. “⇒ ” Let u∗ be a solution point of VI(Ω, F ), we show e(u∗, β) = 0. Since
u∗ ∈ Ω. By using the tool inequality (1.5), we get

(
v − PΩ(v)

)T (
u∗ − PΩ(v)

)
≤ 0, ∀v ∈ <n.

Setting v = u∗ − βF (u∗) in the above inequality and using the notation of e(u, β), it

follows from the last inequality that (e(u∗, β)− βF (u∗))T e(u∗, β) ≤ 0, and thus

‖e(u∗, β)‖2 ≤ βe(u∗, β)TF (u∗). (1.11)

On the other hand, because PΩ[u∗ − βF (u∗)] ∈ Ω and u∗ is a solution of the VI, it
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follows from (1.1) that

{PΩ[u∗ − βF (u∗)]− u∗}TF (u∗) ≥ 0,

and thus
e(u∗, β)TF (u∗) ≤ 0. (1.12)

From (1.11) and (1.12), we get e(u∗, β) = 0.

“⇐ ”. If e(u∗, β) = 0, we show u∗ ∈ Ω∗. Taking v = u∗ − βF (u∗) in (1.5) and
using the notation e(u∗, β), we have

{e(u∗, β)− βF (u∗)}T {u− PΩ[u∗ − βF (u∗)]} ≤ 0, ∀u ∈ Ω. (1.13)

Since e(u∗, β) = 0, u∗ = PΩ(·) ∈ Ω and PΩ[u∗ − βF (u∗)] = u∗. Substituting
them in (1.13), we get

u∗ ∈ Ω, (u− u∗)TF (u∗) ≥ 0, ∀u ∈ Ω,

Thus u∗ is a solution of VI(Ω, F ). The proof is complete. �

The following theorem tells us, for any fixed u, ‖e(u, β)‖ is a non-decreasing

function of β, and {‖e(u, β)‖/β} is a non-increasing function of β. The

following proof can be found in [14]. The tool inequality (1.5) plays the key role.
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Theorem 1.2 For any given u ∈ <n and β̃ ≥ β > 0, we have

‖e(u, β̃)‖ ≥ ‖e(u, β)‖ (1.14)

and
‖e(u, β̃)‖

β̃
≤ ‖e(u, β)‖

β
. (1.15)

Proof. Let t = ‖e(x, β̃)‖/‖e(x, β)‖, the assertions of this theorem is equivalent to

1 ≤ t ≤ β̃/β.
In other words, t is the solution of the quadratic inequality

(t− 1)(t− β̃/β) ≤ 0. (1.16)

First, since PΩ(w) ∈ Ω, according to the tool inequality (1.5), we have

(v − PΩ(v))T (PΩ(v)− PΩ(w)) ≥ 0, ∀ v ∈ <n. (1.17)

Setting v := u− βF (u) and w := PΩ[u− β̃F (u)] in (1.17), using the definition of
e(u, β), it follows that (v − PΩ(v)) = e(u, β)− βF (u) and

PΩ(v)− PΩ(w) = PΩ[u− βF (u)]− PΩ[u− β̃F (u)] = e(u, β̃)− e(u, β).
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Substituting it in (1.17),

{e(u, β)− βF (u)}T {e(u, β̃)− e(u, β)} ≥ 0. (1.18)

Change the position of β and β̃ in (1.18), we get

{e(u, β̃)− β̃F (u)}T {e(u, β)− e(u, β̃)} ≥ 0. (1.19)

Multiplying (1.18) and (1.19) by β̃ and β, respectively, and then adding them up, we have

{β̃e(u, β)− βe(u, β̃)}T {e(u, β̃)− e(u, β)} ≥ 0,

and thus

β‖e(x, β̃)‖2 − (β + β̃)e(x, β)T e(x, β̃) + β̃‖e(x, β)‖2 ≤ 0. (1.20)

Using Cauchy-Schwarz inequality to (1.20),

β‖e(x, β̃)‖2 − (β + β̃)‖e(x, β)‖ · ‖e(x, β̃)‖+ β̃‖e(x, β)‖2 ≤ 0. (1.21)

Dividing (1.21) by β‖e(x, β)‖2, and using t = ‖e(x, β̃)‖/‖e(x, β)‖,

t2 −
(

1 +
β̃

β

)
t+

β̃

β
≤ 0.

Thus, the inequality (1.16) is true, and the proof of this theorem is complete. �
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Although Theorem 1.1 indicates that, for any β > 0, u is a solution of (1.1) if and

only if e(u, β) = 0. Theorem 1.2 tell us, if we use ‖e(u, β)‖ as the error

measure, the constant parameter β > 0 should not be too large or too small.

Generally, it should be considered in combination with the physical significance of

the considered problem.

2 Three fundamental inequalities and
Projection and Contraction Methods

Three fundamental inequalities Let u∗ be any given solution of the monotone

variational inequality (1.1). Because ũ = PΩ[u− βF (u)] ∈ Ω, according to

the definition of VI, we have

(FI1) (ũ− u∗)TβF (u∗) ≥ 0.

Setting v = u− βF (u) in (1.5), since ũ = PΩ[u− βF (u)] = PΩ[v] and

u∗ ∈ Ω, according to the tool inequality (1.5), we have
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(FI2) (ũ− u∗)T
(
[u− βF (u)]− ũ

)
≥ 0.

The variational inequalities considered in this Lecture Series is monotone,

according to the monotonicity of the operator F , we have

(FI3) (ũ− u∗)T (βF (ũ)− βF (u∗)) ≥ 0.

The search directions of some projection contraction algorithms are derived from

these basic (but fundamental) inequalities.

The basic framework of the projection and contraction methods

Projection and Contraction Methods is a kind of contraction algorithms based on

projection. For given β > 0 and he current point uk, we get a predictor ũk by

making the projection ũk = PΩ[uk − βF (uk)]. According to Theorem 1.1,

uk is a solution of (1.1) if and only if uk = ũk.

Error measure function A nonnegative function ϕ(uk, ũk) is called the error
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measure function of VI(Ω, F ) (1.1), if there is a δ > 0, such that

ϕ(uk, ũk) ≥ δ‖uk − ũk‖2 and ϕ(uk, ũk) = 0 ⇔ uk = ũk. (2.1a)

Profitable direction A vector d(uk, ũk)
(
‖d(uk, ũk)‖ = O‖uk − ũk‖

)
is

called a profitable direction associated with ϕ(uk, ũk), if

(uk − u∗)T d(uk, ũk) ≥ ϕ(uk, ũk), ∀u∗ ∈ Ω∗. (2.1b)

• Although u∗ is unknown, for any fixed u∗, (uk − u∗) is the gradient of the
distance function 1

2‖u − u∗‖2 at uk. Thus, we call ϕ(u, ũ) and d(u, ũ)
“the error measure function” and “the profitable direction”, respectively.

• The basic idea of the projection and contraction algorithm is to construct
a direction d(uk, ũk), such that (2.1b) is satisfied for any u∗ ∈ Ω∗. The
definitions (2.1) indicate that −d(uk, ũk) is a descent direction of the dis-
tance function 1

2‖u− u∗‖2 at the current point uk.

• In the contraction methods, it is required that the sequence {‖uk−u∗‖2}
is strictly monotone decreasing, where {uk} is the sequence generated by
the algorithm and u∗ is any fixed solution point.
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Using the conditions (2.1a) and (2.1b), we give the following general algorithm.

The general algorithm When the condition (2.1b) is satisfied, let

uk+1(α) = uk − αd(uk, ũk) (2.2)

be the step-size α dependent new iterate. Now, we consider how to maximize the

“profit” of the square of the distance, namely

ϑk(α) = ‖uk − u∗‖2 − ‖uk+1(α)− u∗‖2. (2.3)

Notice that

ϑk(α) = ‖uk − u∗‖2 − ‖uk − u∗ − αd(uk, ũk)‖2

= 2α(uk − u∗)T d(uk, ũk)− α2‖d(uk, ũk)‖2.

For any given u∗, the last equation indicates that ϑk(α) is a quadratic function of

α. Because u∗ is unknown, we can not directly maximize ϑk(α). However, using

(2.1b), we have

ϑk(α) ≥ 2αϕ(uk, ũk)− α2‖d(uk, ũk)‖2. (2.4)
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We define the right hand side of the last inequality as qk(α), so, we get

qk(α) = 2αϕk(uk, ũk)− α2‖d(uk, ũk)‖2, (2.5)

which is a lower bound function of ϑk(α). The quadratic function qk(α) reaches

its maximum at α∗k,

α∗k =
ϕ(uk, ũk)

‖d(uk, ũk)‖2 . (2.6)

If we take

uk+1 = uk − α∗kd(uk, ũk), (2.7)

it follows from (2.5) and (2.6) that

qk(α∗k) = α∗kϕ(uk, ũk).

The new iterate generates by (2.7) is not necessarily in Ω, however, it satisfies

‖uk+1 − u∗‖2 ≤ ‖uk − u∗‖2 − α∗kϕ(uk, ũk).

The original intention of the contraction algorithms is to maximize the quadratic
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function ϑk(α) (see (2.3)) in each iteration, because it contains the unknown u∗,

we have to maximize its lower bound function qk(α).

O α* γα*

q(α)

ϑ(α)

α

Fig.5 Interpretation of γ ∈ [1, 2)

Thus, in the practical computation, we take a relaxed factor γ ∈ [1, 2), and set

uk+1 = uk − γα∗kd(uk, ũk). (2.8)
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The reason for taking γ ∈ [1, 2) in the step size is depicted in Fig. 5.

From (2.5) and (2.6), we get

qk(γα∗k) = 2γα∗kϕ(uk, ũk)− γ2(α∗k)2‖d(uk, ũk)‖2

= γ(2− γ)α∗kϕ(uk, ũk).

Thus, the new iterate uk+1 updated by (2.8) satisfies

‖uk+1 − u∗‖2 ≤ ‖uk − u∗‖2 − γ(2− γ)α∗kϕ(uk, ũk). (2.9)

By using (2.6) and (2.8), we have

α∗kϕ(uk, ũk) = ‖α∗kd(uk, ũk)‖2 =
1

γ2
‖uk − uk+1‖2.

Substituting it in (2.9), we get the following inequalityµ

‖uk+1 − u∗‖2 ≤ ‖uk − u∗‖2 − 2− γ
γ
‖uk − uk+1‖2.
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Primary algorithm Replacing ϕ(uk, ũk) ≥ δ‖uk − ũk‖2 (see (2.1a)) by

ϕ(uk, ũk) ≥ 1

2

(
‖d(uk, ũk)‖2 + τ‖uk − ũk‖2

)
, (τ > 0). (2.10)

When the conditions (2.1b) and (2.10) are satisfied, we use the simple form

uk+1 = uk − d(uk, ũk), (2.11)

to generate the new iterate. Since it uses the unit step size, we call (2.11) as

Primary Algorithm. By a manipulation, we get

‖uk+1 − u∗‖2 = ‖(uk − u∗)− d(uk, ũk)‖2

= ‖uk − u∗‖2 − 2(uk − u∗)T d(uk, ũk) + ‖d(uk, ũk)‖2

(use (2.1b)) ≤ ‖uk − u∗‖2 − (2ϕ(uk, ũk)− ‖d(uk, ũk)‖2).

Since (2.10) is satisfied, the new iterate uk+1 satisfies

‖uk+1 − u∗‖2 ≤ ‖uk − u∗‖2 − τ‖uk − ũk‖2. (2.12)

The inequalities (2.9) and (2.12) tell us that the sequence {uk} is bounded, they
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are key inequalities for the convergence. By using (2.1a) and Theorem 1.1, it is

easy to prove the following theorem.

Theorem 2.1 Assume that Ω∗, the solution set of the problem VI(Ω, F ), is

nonempty, then the sequence generated by the projection and contraction

methods converges to some u∗ ∈ Ω∗.
It should be noticed that usually we advocate to use the general algorithm to
determine the new iterate by calculating the step size. Although the primary
algorithm does not need to calculate the step size, according to our experience,
the general algorithm converges faster than the primal one.

• The projection and contraction methods can also be regarded as a
prediction-correction methods.

• The vector ũk, which is obtained by the projection, can be viewed as a pre-
dictor. It provides us the error measure function and a profitable direction.

• The updating procedure, (2.8) or (2.11), which offered uk+1, can be viewed
as the correction pcocess.

• Whether the projection and contraction method or prediction-correction
method, their first letter is P and C, so it is called PC Methods for short.
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The differentiable convex optimization problem min {f(x) | x ∈ Ω} is equiva-

lent to the variational inequality

x ∈ Ω, (x′ − x)T∇f(x) ≥ 0, ∀x′ ∈ Ω. (2.13)

If∇f(x) is differentiable, its Hessian matrix,∇2f(x) is symmetric. Especially,

when f(x) is a quadratic convex function, its Hessian matrix, is symmetric and

positive semidefinite.

When we consider the general nonlinear monotone variational inequality

VI(Ω, F ), it is only required that

(u− v)T (F (u)− F (v)) ≥ 0.

The Jacobian of F ,∇F (u), if it exist, it is not necessarily to be symmetric.

In linear variational inequality, the mapping F (u) = Mu+ q is affine. A linear

variational inequality means thatM +MT is positive semidefinite, butM is not

necessarily symmetric.

Differentiable convex optimization problem is a kind of variational inequality (2.13)

with special properties. We will give some better contraction algorithms for such

convex optimization problems in Lecture 10.
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3 PC Methods for LVI based on FI1+ FI2

In the linear variational inequality VI(Ω, F ), F (u) = Mu+ q is an affine

operator. Notice that ũ = PΩ[u− βF (u)]. Adding FI1 and FI2,





(ũ− u∗)TβF (u∗) ≥ 0. (FI1)

(ũ− u∗)T
(
[u− βF (u)]− ũ

)
≥ 0. (FI2)

and using F (u) = Mu+ q, we get

{(u−u∗)−(u− ũ)}T {(u− ũ)−βM(u−u∗)} ≥ 0, ∀u ∈ <n, u∗ ∈ Ω∗.

Consequently, it follows that

(u− u∗)T (I + βMT )(u− ũ) ≥ ‖u− ũ‖2 + β(u− u∗)TM(u− u∗).
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Since (u− u∗)TM(u− u∗) = 1
2 (u− u∗)T (MT +M)(u− u∗) ≥ 0, we

have

(u− u∗)T (I + βMT )(u− ũ) ≥ ‖u− ũ‖2, ∀u ∈ <n u∗ ∈ Ω∗. (3.1)

Let

ϕ(u, ũ) = ‖u− ũ‖2 (3.2)

and

d(u, ũ) = (I + βMT )(u− ũ). (3.3)

The ϕ(u, ũ) defined by (3.2) with the d(u, ũ) defined by (3.3), satisfy the

conditions (2.1a) and (2.1b). Especially, in (2.1a), the positive parameter δ = 1.

If we use the general algorithm, the step size α∗k is determined (2.6) and the new

iterate is given by (2.8). In details, for given uk and β > 0, let

ũk = PΩ[uk − β(Muk + q)]
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to produce a predictor. The new iterate is given by

uk+1 = uk − γα∗k(I + βMT )(uk − ũk)

where

α∗k =
‖uk − ũk‖2

‖(I + βMT )(uk − ũk)‖2 .

The generated sequence {uk} satisfies the following contractive property

‖uk+1 − u∗‖2 ≤ ‖uk − u∗‖2 − γ(2− γ)α∗k‖uk − ũk‖2.

In such method, usually the parameter β is sensitive for the convergence. Thus,

we suggest to adjust the parameter βk dynamically (in every 5-10 iterations),

such that

βk‖MT (uk − ũk)‖ = O(‖uk − ũk‖).
♣ If the parameter β satisfies

‖(I + βMT )(uk − ũk)‖2 ≤ (2− τ)‖uk − ũk‖2, τ ∈ (0, 1), (3.4)
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the ϕ(u, ũ) defined by (3.2) with the d(u, ũ) defined by (3.3) satisfy

2ϕ(u, ũ) ≥ ‖d(u, ũ)‖2 + τ‖u− ũ‖2.

This inequality tells us that the condition (2.10) is satisfied, and thus we can use

the primary algorithm (2.11) (with step size 1) to update the new iterate.

According to (2.12), the generated sequence {uk} by the primary algorithm

satisfies

‖uk+1 − u∗‖2 ≤ ‖uk − u∗‖2 − τ‖uk − ũk‖2.

More projection and contraction methods for LVI based on FI1+ FI2 can be found

in [4] and [5]. Besides the contraction methods in Euclidean-norm, we can also

build the contraction methods in G-norm, where G is a symmetric positive

definite matrix. Especially, if we take G = (I + βMT )(I + βM) and consider

to reduce ‖u− u∗‖2G, the update form is

uk+1 = uk − γ(I + βM)−1(uk − ũk), γ ∈ (0, 2). (3.5)
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According to this formula, we have

‖uk+1 − u∗‖2G = ‖(uk − u∗)− γ(I + βM)−1(uk − ũk)‖2G
= ‖uk − u∗‖2G − 2γ(uk − u∗)T (I + βMT )(uk − ũk)

+ γ2‖(I + βM)−1(uk − ũk)‖2G.

Using (3.1) andG = (I +βMT )(I +βM), from the last inequality follows that

‖uk+1 − u∗‖2G ≤ ‖uk − u∗‖2G − 2γ‖uk − ũk‖2 + γ2‖uk − ũk‖2

= ‖uk − u∗‖2G − γ(2− γ)‖uk − ũk‖2.

By using this contraction method, the update form (3.5) is equivalent to solving

the following system of equations:

(I + βM)(uk+1 − uk) = γ(ũk − uk).

Since the matrix in each iteration is in variant, we just need to do one LU

decomposition for the matrix (I + βM) in the whole iteration process.
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M is a symmetric positive definite matrix

When M is symmetric positive definite, we replacing M by H , (3.1) becomes

(u− u∗)T (I + βH)(u− ũ) ≥ ‖u− ũ‖2, ∀u ∈ <n. (3.6)

In this case, G = I + βH is symmetric and positive definite. We consider the

contraction method in G-norm. In this case, we use

uk+1 = uk − γα∗k(uk − ũk), α∗k =
‖uk − ũk‖2
‖uk − ũk‖2G

, γ ∈ (0, 2) (3.7)

to produce the new iterate. By using (3.6) and (3.7), we get

‖uk+1 − u∗‖2G = ‖(uk − u∗)− γα∗k(uk − ũk)‖2G
= ‖uk − u∗‖2G − 2γα∗k(uk − u∗)TG(uk − ũk) + γ2(α∗k)2‖uk − ũk‖2G
≤ ‖uk − u∗‖2G − 2γα∗k‖uk − ũk‖2 + γ2(α∗k)2‖uk − ũk‖2G.

Since α∗k‖uk − ũk‖2G
(3.7)
= ‖uk − ũk‖2, it follows from the above inequality

‖uk+1 − u∗‖2G ≤ ‖uk − u∗‖2G − γ(2− γ)α∗k‖uk − ũk‖2, ∀u∗ ∈ Ω∗

which is the key inequality for the proof of the convergence.
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4 PC Methods for NVI based on FI1+FI2+FI3

We consider the contraction method for the general nonlinear variational

inequality (1.1). Again, for given u, ũ = PΩ[u− βF (u)] is obtained by the

projection and it is a predictor. Adding FI1, FI2 and FI3,




(ũ− u∗)TβF (u∗) ≥ 0 (FI1)

(ũ− u∗)T
(
[u− βF (u)]− ũ

)
≥ 0 (FI2)

(ũ− u∗)T
(
βF (ũ)− βF (u∗)

)
≥ 0 (FI3)

we get

(ũ− u∗)T {(u− ũ)− β[F (u)− F (ũ)]} ≥ 0. (4.1)

By defining

ϕ(u, ũ) = (u− ũ)T d(u, ũ), (4.2)

and

d(u, ũ) = (u− ũ)− β
(
F (u)− F (ũ)

)
, (4.3)
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it follows from (4.1) that

(u− u∗)T d(u, ũ) ≥ ϕ(u, ũ), ∀u ∈ <n.

The condition (2.1b) is satisfied. Whether ϕ(u, ũ) is an error measure function ?

Under the assumption that F is Lipschitz continuous, for a given ν ∈ (0, 1), we

can use Armijo line-search strategy to get a β such that

(u− ũ)T
(
βF (u)− βF (ũ)

)
≤ ν‖u− ũ‖2, ν ∈ (0, 1). (4.4)

Usually, such β also fits the request β‖F (u)− F (ũ)‖ = O(‖u− ũ‖).

According to (4.3) and (4.4), we have

ϕ(u, ũ) = (u− ũ)T d(u, ũ)

= ‖u− ũ‖2 − (u− ũ)Tβ
(
F (u)− F (ũ)

)

≥ (1− ν)‖u− ũ‖2.

Indeed, ϕ(u, ũ) is an error measure function, when (4.4) is satisfied.
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The ϕ(u, ũ) defined by (4.2) with the d(u, ũ) defined by (4.3), satisfy the

conditions (2.1a) and (2.1b). In (2.1a), the positive parameter δ = 1− ν.

By using the update form (2.8) with α∗k given by (2.6), the generated sequence

{uk} satisfies

‖uk+1 − u∗‖2 ≤ ‖uk − u∗‖2 − γ(2− γ)α∗k(1− ν)‖uk − ũk‖2. (4.5)

♣ Especially, when

β‖F (u)− F (ũ)‖ ≤ ν‖u− ũ‖, (4.6)

the direction d(u, ũ) defined by (4.3) and the ϕ(u, ũ) defined by (4.2) satisfy

2ϕ(u, ũ)− ‖d(u, ũ)‖2

= 2(u− ũ)T d(u, ũ)− ‖d(u, ũ)‖2

= d(u, ũ)T
{

2(u− ũ)− d(u, ũ)
}

=
{

(u− ũ)− β
(
F (u)− F (ũ)

)}T{
(u− ũ) + β

(
F (u)− F (ũ)

)}

= ‖u− ũ‖2 − β2‖F (u)− F (ũ)‖2 ≥ (1− ν2)‖u− ũ‖2. (4.7)
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This tell us that the condition (2.10) is satisfied with τ = 1− ν2.

Thus, under the condition (4.6), we can use the primary algorithm to update the

new iterate, namely,

uk+1 = uk − d(uk, ũk).

According to (2.12), we have

‖uk+1 − u∗‖2 ≤ ‖uk − u∗‖2 − (1− ν2)‖uk − ũk‖2.

The earliest PC Algorithms for LVI appears in [4, 5] which is based on adding FI1

and FI2. The late PC Methods for nonlinear variational inequality [6, 8, 12] are

based on FI1+FI2+FI3 .

For nonlinear variational inequality, even though the ‘strict’ condition (4.6) is

satisfied, we still advocate using the computational step size for determining the

next iteration point

uk+1 = uk − γα∗kd(uk, ũk),
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where

α∗k =
(uk − ũk)T d(uk, ũk)

‖d(uk, ũk)‖2 .

Since the (4.6) is satisfied, the left hand side of (4.7) is strictly greater than 0.

Thus, for any k > 0, we have α∗k > 1/2, and

‖uk+1 − u∗‖2 ≤ ‖uk − u∗‖2 − γ(2− γ)(1− ν)

2
‖uk − ũk‖2. (4.8)

The formulation of three fundamental inequalities and related methods can be

seen in [6] (the first version is the preprint 94-11, Institute of mathematics, Nanjing

University) and [15]. After graduating from Nanjing University, Defeng Sun also

independently found the direction (4.3) and constructed the projection contraction

algorithm [12]. Thank him for citing [6] in the footnote and the references of his

paper [12].

The greatest truths are the simplest ! The construction of projection

contraction algorithms is based on three fundamental inequalities. Its principle is

simple and unified, it gives us beautiful enjoyment !
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5 The extra-gradient method

The extra-gradient method [9] (abbreviated to EG method) can be applied to solve the
nonlinear monotone variational inequality. Some young scholars in the universities north
America use the EG method to solve the problems arising from the area of information
science, such as speech recognition, optical fiber network, machine learning and other-
s. In their doctoral dissertation, they have mentioned the relationship between the EG
method and PC Algorithms. For preparing to compare their numerical efficiency in the
next section, here, we will introduce the extra-gradient method. In fact, the extra gradient
algorithm is a prediction-correction form of the proximal point algorithm.

The proximal point algorithm Let us first briefly review the Proximal Point Algorithm

(abbreviated to PPA) VI(Ω, F ) (see (1.1)). PPA is an iterative method. For given uk and

r > 0, the new iterate uk+1 is the solution of the following variational inequality:

uk+1 ∈ Ω, (u− uk+1)T {F (uk+1) + r(uk+1 − uk)} ≥ 0, ∀ u ∈ Ω. (5.1)

It is clear that uk+1 is a solution of (1.1) if and only if uk+1 = uk . In the case of

uk+1 6= uk , by setting u = u∗ in (5.1), we obtain

(uk+1 − u∗)T r(uk − uk+1) ≥ (uk+1 − u∗)TF (uk+1). (5.2)
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Because F is monotone, we have

(uk+1 − u∗)TF (uk+1) = (uk+1 − u∗)TF (u∗) ≥ 0

and consequently from (5.4), we obtain

(uk+1 − u∗)T (uk − uk+1) ≥ 0,

and thus

(uk − u∗)T (uk − uk+1) ≥ ‖uk − uk+1‖2.
By using the last inequality, we obtain

‖uk+1 − u∗‖2 ≤ ‖uk − u∗‖2 − ‖uk − uk+1‖2. (5.3)

The sequence {uk} generated by PPA has the nice convergence property, however, the

subproblem (5.1) is almost difficult as the original problem (1.1). Thus, the classical PPA is

not widely used in the practical application.

By using β = 1/r in (5.1), uk+1 can be viewed as

uk+1 ∈ Ω, (u− uk+1)T {(uk+1 − uk) + βF (uk+1)} ≥ 0, ∀ u ∈ Ω. (5.4)
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By using the equivalent representation of VI (see Theorem 1.1), it can be written as

uk+1 = PΩ

[
uk+1 − {(uk+1 − uk) + βF (uk+1)}

]
.

In other words,

uk+1 = PΩ[uk − βF (uk+1)]. (5.5)

The extra-gradient method It is difficult to directly get the solution of (5.5), because

the both sides of this equation include the unknown uk+1. Replacing uk+1 in the right

hand side of (5.5) by uk , we denote the output by ũk which is produced by the projection

ũk = PΩ[uk − βF (uk)], (5.6a)

We call ũk the predictor. Then, replacing uk+1 in the right hand side of (5.5) by the

predictor ũk , we obtain the (corrector) new iterate

uk+1 = PΩ[uk − βF (ũk)] (5.6b)

The method (5.6) is called the extra-gradient method (EG-method). Each iteration of the

EG method includes two projections on Ω. In the prediction step, the parameter β should
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be chosen to satisfy the following condition:

β‖F (uk)− F (ũk)‖ ≤ ν‖uk − ũk‖, ν ∈ (0, 1), (5.7)

which is same as in (4.6).

Convergence analysis of the extra-gradient algorithm The analysis is based on the

basic property of the projection (1.5) and its consequent inequality (1.9).

♣ First, since uk+1 is the projection of [uk − βF (ũk)] on Ω, according to (1.9), we have

‖uk+1 − u∗‖2 ≤ ‖(uk − βF (ũk))− u∗‖2 − ‖(uk − βF (ũk))− uk+1‖2. (5.8)'

&

$

%

pukHHHHHpuk − βF (ũk)puk+1 p
pu∗






��
��
��
�

Ω

Fig.6 Geometric interpretation of inequality (5.8)
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By a manipulation, it follows from (5.8) that

‖uk+1− u∗‖2 ≤ ‖uk − u∗‖2−‖uk − uk+1‖2− 2(uk+1− u∗)TβF (ũk). (5.9)

Since (ũk − u∗)TF (ũk) ≥ (ũk − u∗)TF (u∗) ≥ 0, adding the nonnegative term

2(ũk − u∗)TF (ũk) to the right hand side of (5.9), we get

‖uk+1−u∗‖2 ≤ ‖uk−u∗‖2−‖uk−uk+1‖2−2(uk+1− ũk)TβF (ũk). (5.10)

The quadratic term ‖uk − uk+1‖2 in the right hand side of (5.10) can be written in form

‖uk − uk+1‖2 = ‖uk − ũk‖2 + ‖ũk − uk+1‖2 + 2(ũk − uk+1)T (uk − ũk).

Substituting it in (5.10), we get

‖uk+1 − u∗‖2 ≤ ‖uk − u∗‖2 − ‖uk − ũk‖2 − ‖ũk − uk+1‖2

+2(uk+1 − ũk)T [uk − βF (ũk)− ũk]. (5.11)

♣ Now, we use the tool inequality (1.5). Setting v = uk − βF (uk), then ũk = PΩ(v),

because uk+1 ∈ Ω, according to (1.5), we have

2(ũk − uk+1)T {[uk − βF (uk)]− ũk} ≥ 0.
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Adding the left term to the right hand side of (5.11), we get

‖uk+1 − u∗‖2 ≤ ‖uk − u∗‖2 − ‖uk − ũk‖2 − ‖ũk − uk+1‖2

+2(uk+1 − ũk)Tβ[F (uk)− F (ũk)]. (5.12)

♣ Applying the Cauchy–Schwarz inequality to the cross term of the RHS of (5.12),

2(uk+1 − ũk)Tβ[F (uk)− F (ũk)] ≤ ‖uk+1 − ũk‖2 + β2‖F (uk)− βF (ũk)‖2.

Substituting it in (5.12), it follows that

‖uk+1 − u∗‖2 ≤ ‖uk − u∗‖2 − ‖uk − ũk‖2 + β2‖F (uk)− F (ũk)‖2. (5.13)

The contractive property of the extra-gradient method According (5.13), when the

condition (5.7) is satisfied, the sequence generated by the extra-gradient method (5.6) has

the following contractive property:

‖uk+1 − u∗‖2 ≤ ‖uk − u∗‖2 − (1− ν2)‖uk − ũk‖2. (5.14)

The inequality (5.14) is the key for the proof of the convergence of the extra-gradient

method. This short proof is based on the strategy in [8]. For the convergence proof of the

extra-gradient algorithm, readers can also refer to [1] (Vol. II pp. 1115-1118).
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6 Numerical experiments
For comparing the efficiency of the PC Algorithms and the EG Method, we test the

nonlinear complementarity problem (a class of VI(Ω, F ) with Ω = <n
+)

u ≥ 0, F (u) ≥ 0, uTF (u) = 0.

In the test examples, we take

F (u) = D(u) +Mu+ q,

where Mu+ q and D(u) are the linear part and nonlinear part of F (u), respectively.

The linear part Mu+ q is generated as in [2]a, using Matlab, it produced by

A=(rand(n,n)-0.5)*10; B=(rand(n,n)-0.5)*10; B=B-B’; M=A’*A+B;

q=(rand(n,1)-0.5)*1000; or q=(rand(n,1)-1.0)*500;

In the nonlinear part D(u), each element is given by Dj(u) = dj ∗ arctan(uj), where

dj is a random variable between (0, 1), similarly as in [13]b.

aIn the paper by Harker and Pang [2], the matrix M = ATA + B + D, where A and B are
the same matrices as here, and D is a diagonal matrix with uniformly distributed random variable
djj ∈ (0.0, 0.3). In our test examples djj ≡ 0.

bIn [13], the components of nonlinear mappingD(u) areDj(u) = constat∗arctan(uj). Thus,
Dj(u) in our test example is more general.
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As in [8], we have refined the EG method, and thus use the following procedure.

Refined extra-gradient method:

Step 0. Set β0 = 1, ν ∈ (0, 1), u0 ∈ Ω and k = 0.

Step 1. ũk = PΩ[uk − βkF (uk)],

rk :=
βk‖F (uk)− F (ũk)‖

‖uk − ũk‖ ,

while rk > ν, βk := 2
3
βk ∗min{1, 1

rk
},

ũk = PΩ[uk − βkF (uk)],

rk :=
βk‖F (uk)− F (ũk)‖

‖uk − ũk‖ ,

end(while)

uk+1 = PΩ[uk − βkF (ũk)],

If rk ≤ µ then βk := βk ∗ 1.5, end(if)

Step 2. βk+1 = βk and k = k + 1, go to Step 1.

When the EG method applied to solve NCP, the other people use the above program

but omit the sentence If rk ≤ µ then βk := βk ∗ 1.5 end(if) . Our calculation

experiments shows that if this sentence is omitted, the number of iteration steps will be
greatly increased, sometimes even leading to calculation failure.
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The PC Algorithm (the extra computation than EG Method is indicated in a small box)µ

Projection and Contraction Method:

Step 0. Set β0 = 1, ν ∈ (0, 1), u0 ∈ Ω and k = 0.

Step 1. ũk = PΩ[uk − βkF (uk)],

rk :=
βk‖F (uk)− F (ũk)‖

‖uk − ũk‖ ,

while rk > ν, βk := 2
3
βk ∗min{1, 1

rk
},

ũk = PΩ[uk − βkF (uk)]

rk :=
βk‖F (uk)− F (ũk)‖

‖uk − ũk‖ ,

end(while)

d(uk, ũk) = (uk− ũk)−βk[F (uk)−F (ũk)],

αk =
(uk − ũk)T d(uk, ũk)

‖d(uk, ũk)‖2 ,

uk+1 = uk − γαkd(uk, ũk),

If rk ≤ µ then βk := βk ∗ 1.5, end(if)

Step 2. βk+1 = βk and k = k + 1, go to Step 1.
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Both the EG Method and the PC Algorithm compared here can be regarded as prediction

correction methods. They use the same formula

ũk = PΩ[uk − βF (uk)]

to produce the predictor ũk . In order to compare the efficiency, we all require that the

predictor points meet (see (5.7))

β‖F (uk)− F (ũk)‖ ≤ ν‖uk − ũk‖, ν ∈ (0, 1).

The only difference is that EG Method uses (see (5.6b))

uk+1 = PΩ[uk − βF (ũk)]

to update the new iterate uk+1. while the PC Algorithm gives the next iterate uk+1 by

uk+1 = uk − γα∗
kd(uk, ũk), γ ∈ [1, 2)

where (see (4.3))

d(uk, ũk) = (uk − ũk)− β
(
F (uk)− F (ũk)

)
,

and α∗
k = (uk − ũk)T d(uk, ũk)/‖d(uk, ũk)‖2. The extra work for calculating α∗

k in

P-C Algorithm is small, and the correction does not need to doing projection.
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In the following, we give Matlab codes for the two different algorithms

The Matlab Code of the Refined Extra-Gradient Method
function REG(n,M,q,d,xstart,tol,pfq) %(1)

fprintf(’Extragragient Method by Korpelevich n=%4d \n’,n); %(2)

x=xstart; Fx= d.*atan(x) + M*x + q; stopc=norm(x-max(x-Fx,0),inf); %(3)

beta=1; k=0; l=0; tic; %(4)

while (stopc>tol && k<=2000) %(5)

if mod(k,pfq)==0 fprintf(’ k=%4d epsm=%9.3e \n’,k,stopc); end; %(6)

x0=x; Fx0=Fx; k=k+1; %(7)

x=max(x0-Fx0*beta,0); Fx=d.*atan(x) + M*x + q; l=l+1; %(8)

dx=x0-x; df=(Fx0-Fx)*beta; %(9)

r=norm(df)/norm(dx); %(10)

while r>0.9 beta=0.7*beta*min(1,1/r); l=l+1; %(11)

x=max(x0-Fx0*beta,0); Fx=d.*atan(x) + M*x + q; %(12)

dx=x0-x; df=(Fx0-Fx)*beta; r=norm(df)/norm(dx); %(13)

end; %(14)

x=max(x0-Fx*beta,0); %(15)

Fx= d.*atan(x) + M*x + q; l=l+1; %(16)

ex=x-max(x-Fx,0); stopc=norm(ex,inf); %(17)

if r <0.4 beta=beta*1.5; end; %(18)

end; toc; fprintf(’ k=%4d epsm=%9.3e l=%4d \n’,k,stopc,l); %%%%

Replacing (15) in the EG code by (15a)-(15b) in the next code, we get the code for PC Algorithm.
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The Matlab Code of The Projection and Contraction Method

function PC_G(n,M,q,d,xstart,tol,pfq) %(1)

fprintf(’PC Method use Direction D1 with gamma a* n=%4d \n’,n); %(2)

x=xstart; Fx= d.*atan(x) + M*x + q; stopc=norm(x-max(x-Fx,0),inf); %(3)

beta=1; k=0; l=0; tic; %(4)

while (stopc>tol && k<=2000) %(5)

if mod(k,pfq)==0 fprintf(’ k=%4d epsm=%9.3e \n’,k,stopc); end; %(6)

x0=x; Fx0=Fx; k=k+1; %(7)

x=max(x0-Fx0*beta,0); Fx=d.*atan(x) + M*x + q; l=l+1; %(8)

dx=x0-x; df=(Fx0-Fx)*beta; %(9)

r=norm(df)/norm(dx); %(10)

while r>0.9 beta=0.7*beta*min(1,1/r); l=l+1; %(11)

x=max(x0-Fx0*beta,0); Fx=d.*atan(x) + M*x + q; %(12)

dx=x0-x; df=(Fx0-Fx)*beta; r=norm(df)/norm(dx); %(13)

end; %(14)

dxf=dx-df; r1=dx’*dxf; r2=dxf’*dxf; alpha=r1/r2; %(15a)

x=x0- dxf*alpha*1.9; %(15b)

Fx= d.*atan(x) + M*x + q; l=l+1; %(16)

ex=x-max(x-Fx,0); stopc=norm(ex,inf); %(17)

if r <0.4 beta=beta*1.5; end; %(18)

end; toc; fprintf(’ k=%4d epsm=%9.3e l=%4d \n’,k,stopc,l); %%%%

Instead of (15) in the EG method code, the Matlab code of PC Algorithm is (15a) and (15b).
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Table 1. Numerical results for Easy Problems q ∈ (−500, 500)

Extra-gradient Method General PC-Method

n = No. It No. F CPU No. It No. F CPU
500 724 1485 0.26 468 977 0.17

1000 804 1650 2.85 514 1079 1.86

2000 776 1593 10.33 407 864 5.63

Table 2. Numerical results for Hard Problems q ∈ (−500, 0)

Extra-gradient Method General PC-Method

n = No. It No. F CPU No. It No. F CPU
500 1453 2983 0.53 865 1824 0.33

1000 2026 4159 7.12 1199 2553 4.38

2000 1702 3494 22.45 1025 2177 14.00

The PC method converges faster than the refined extra-gradient method.

It. No. of Projection and Contraction Method

It. No. of The refined extra-gradient Method
≈ 60%.

Usually, for the same problems, the PC Algorithms can save about 40% CPU

time than the EG Method.
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In both of the PC Algorithm and the EG Method, the computational load of each
iteration is O(n2). In each iteration of PC Algorithm, the computational cost for
determining the step length is O(n), which is a small proportion in the whole
calculations.

Some Ph.D Dissertations which use the EG Method to solve their problems

• Fei Sha, Large Margin Training of Acoustic Models for Speech Recognition, PhD
Thesis, Computer and Information Science, University of Pennsylvania, 2007. �Ñ£O

• Yan Pan, A game theoretical approach to constrained OSNR optimization problems in
optical network, PhD Thesis, Electrical & Computer Engineering. University of Toronto,
2009. 1n�ä

• Simon Lacoste-Julien, Discriminative Machine Learning with Structure, PhD Thesis,
Computer Science. University of California, Berkeley, 2009. ÅìÆS

• A. G. Howard, Large Margin, Transformation Learning, PhD Thesis, Graduate School
of Arts and Science. Columbia University, 2009. ÅìÆS

All these theses have mentioned the PC Algorithm[6]. If PC Algorithm is used

instead of EG Method, the convergence speed will be greatly improved.
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for monotone variational inequalities
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The context of this lecture is based on the publication [5, 7, 10]
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We study the solution methods for nonlinear VI. For any β > 0, the variational inequalities

VI(Ω, F ) u∗ ∈ Ω, (u− u∗)TF (u∗) ≥ 0, ∀u ∈ Ω (0.1)

and

VI(Ω, F ) u∗ ∈ Ω, (u− u∗)TβF (u∗) ≥ 0, ∀u ∈ Ω (0.2)

have the same solution set. For given u, let e(u, β) := u−PΩ[u−βF (u)], ‖e(u, β)‖
is the error function, which measures how much u failed to be a solution point.

Recent years, the projection contraction algorithm for linear variational inequality [3, 4]
has been successfully applied to robot motion planning and real-time control [2, 11]. Some
scholars in Geotechnical Mechanics have solved the problems that worry them for a long
time [12, 13] by the PC Algorithms [6, 7] successfully .

In the last lecture, we have introduced the PC Algorithms for monotone LVI and NVI
whose search directions are based on FI1+FI2 and FI1+FI2+FI3, respectively. Actual-
ly, accompanied each PC Algorithm in the last lecture, there is a twin algorithm, whose
search directions are based on FI1 and FI1+FI3, respectively. It is reasonable, among the
twin algorithms, the method utilizes fewer fundamental inequalities, is more efficient.

It is interesting that the same step length is used when the new iteration points are
updated by the different correction procedures. From the perspective of mathematics
itself, there is such a clever inner connection, which also gives us the enjoyment of the
beauty of mathematics.
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1 Mathematical Backgrounds

Basic property of the projection mapping We need to list a few important

properties of the projection operator. Readers interested in proving these results

can refer to Lecture 2 of this series of lectures.

Lemma 1.1 Let Ω ⊂ <n be a closed convex set, then for any v ∈ <n, we have

(u− PΩ(v))T (PΩ(v)− v) ≥ 0, ∀u ∈ Ω. (1.1)

The equivalent projection equation By using the properties of the projection,

solving the variational inequality (0.1) is equivalent to finding a zero point of

e(u, β) which is defined by

e(u, β) := u− PΩ[u− βF (u)].

The projection contraction algorithm for monotone variational inequality (0.2) is a

prediction-correction method. The prediction is provided by projection and the

contraction is realized by correction. In the k-th iteration of the PC Algorithms, for
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given uk and βk > 0, the predictor ũk is given by

ũk = PΩ[uk − βkF (uk)]. (1.2)

Thus, uk ∈ Ω∗ (or e(u, β) = 0) if and only if uk = ũk.

Set v = uk − βkF (uk) in (1.1), because ũk = PΩ(v), it follows from (1.1) that

ũk ∈ Ω, (u− ũk)T {ũk − [uk − βkF (uk)]} ≥ 0, ∀u ∈ Ω. (1.3)

Consequently, we get

ũk ∈ Ω, (u− ũk)TβkF (uk) ≥ (u− ũk)T (uk − ũk), ∀u ∈ Ω. (1.4)

Three fundamental inequalities Let u∗ be a solution of VI (Ω, F ). Since

ũk ∈ Ω, according to the definition of the variational inequality (0.1), we have

(FI1) (ũk − u∗)TβkF (u∗) ≥ 0. (1.5)

Since u∗ ∈ Ω, setting the any u ∈ Ω in (1.3) by u∗, it follows that

(FI2) (ũk − u∗)T
(
[uk − ũk]− βkF (uk)

)
≥ 0. (1.6)
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The variational inequality considered in this series is monotone, thus

(FI3) (ũk − u∗)T
(
βkF (ũk)− βkF (u∗)

)
≥ 0. (1.7)

We call (1.5), (1.6) and (1.7) three fundamental inequalities. Although these

inequalities are simple, they are very important. The search directions of the PC

Algorithms are derived from these inequalities.

2 A pair of twin PC Algorithms for LVI

When the operator F (u) in (0.1) is affine, F (u) = Mu+ q, such variational

inequality is linear (abbreviated LVI):

u∗ ∈ Ω, (u− u∗)T (Mu∗ + q) ≥ 0, ∀u ∈ Ω.

We say the LVI is monotone if MT +M is positive semidefinite, it is not

necessarily that M is symmetric.
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2.1 The ascent directions provided by the predictor

For linear variational inequality, we use a fixed β > 0.

• The ascent direction provided by FI1 Because F (u) = Mu+ q, the

fundamental inequality (1.5) can be written as

{(uk − u∗)− (uk − ũk)}Tβ{(Muk + q)−M(uk − u∗)} ≥ 0,

Since (uk − u∗)TM(uk − u∗) ≥ 0, it follows from the above inequality

(uk−u∗)Tβ[MT (uk − ũk) + (Muk + q)] ≥ (uk−ũk)Tβ(Muk+q),

(2.1)

If uk ∈ Ω, using F (u) = Mu+ q, from (1.3) we get

(uk − ũk)Tβk(Muk + q) ≥ ‖uk − ũk‖2. (2.2)

Thus, if uk ∈ Ω, βk
(
MT (uk − ũk) + (Muk + q)

)
is a ascent direction of

1
2‖u− u∗‖2 at uk. (2.1)-(2.2) is true only for uk ∈ Ω.
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• The ascent direction provided by FI1+FI2 Adding (1.5) and (1.6), and

using F (u) = Mu+ q, we get

{(uk − u∗)− (uk − ũk)}T {(uk − ũk)− βM(uk − u∗)} ≥ 0.

Since (uk − u∗)TM(uk − u∗) ≥ 0, it follows from the above inequality

(uk − u∗)T (I + βMT )(uk − ũk) ≥ ‖uk − ũk‖2. (2.3)

Thus, (I + βMT )(uk − ũk) is a ascent direction of the unknown distance

function of 1
2‖u− u∗‖2 at the point uk. (2.3) is true for any uk ∈ <n.

A pair of the twin directions For F (u) = Mu+ q, (1.4) can be written as

ũk ∈ Ω, (u− ũk)Tβ(Muk + q) ≥ (u− ũk)T (uk − ũk), ∀u ∈ Ω.

Adding (u− ũk)TβMT (uk− ũk) to the both sides of the last inequality, we get

ũk ∈ Ω, (u− ũk)Tβ[MT (uk − ũk) + (Muk + q)]

≥ (u− ũk)T (I + βMT )(uk − ũk), ∀u ∈ Ω. (2.4)
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We call (2.4) the two directions

β[MT (uk − ũk) + (Muk + q)] and (I + βMT )(uk − ũk) (2.5)

which lay on the left and right sides of (2.4), respectively, a pair of twin ascent

directions for LVI. They are also the direction in (2.1) and (2.3), which derived

from (FI1) and (FI1+FI2), respectively. For the notation convenience, we denote

g(uk, ũk) = MT (uk − ũk) + (Muk + q). (2.6)

Using this expression, (2.4) can be written as

ũk ∈ Ω, (u− ũk)Tβg(uk, ũk)

≥ (u− ũk)T (I + βMT )(uk − ũk), ∀u ∈ Ω. (2.7)

Notice that for the direction (I + βMT )(uk − ũk), there is a constant K > 0,

such that ‖(I + βMT )(uk − ũk)‖ ≤ K‖uk − ũk‖. However, for the related

direction g(uk, ũk), we do not have the similar statement !
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2.2 Update the new iterate by the direction due to FI1+FI2

The correction uses the descent direction (the opposite of the ascent direction) of

the distance function to make the new iteration point closer to the solution set.

Based on the direction provided by FI1+FI2, the new iterate is updated by

uk+1
BD

(α) = uk − α(I + βMT )(uk − ũk). (2.8)

The lower index ‘BD’ means ‘Bounded Direction’. For discussion how to

determine the step length α, we denote the output of (2.8) by uk+1
BD

(α). Let us

investigate the α-dependent reduction of the square of the distance

ϑL

k (α) := ‖uk − u∗‖2 − ‖uk+1
BD

(α)− u∗‖2. (2.9)

According to the definition,

ϑL

k (α) = ‖uk − u∗‖2 − ‖uk − u∗ − α(I + βMT )(uk − ũk)‖2

= 2α(uk − u∗)T (I + βMT )(uk − ũk)

−α2‖(I + βMT )(uk − ũk)‖2. (2.10)
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For any given solution point u∗, (2.10) tell us that ϑL

k (α) is a quadratic function of

α. Since u∗ is unknown, We can’t directly find the maximum of ϑL

k (α). With the

help of (2.1), we have the following theorem.

Theorem 2.1 Let uk+1
BD

(α) be updated by (2.8). Then for α > 0, we have

ϑL

k (α) ≥ qL

k (α), (2.11)

where ϑL

k (α) defined by (2.9) and

qL

k (α) = 2α‖uk − ũk‖2 − α2‖(I + βMT )(uk − ũk)‖2. (2.12)

Proof. The assertion derived directly from (2.10) by using (2.1). 2

Theorem 2.1 indicates that qL

k (α) is a lower bound of ϑL

k (α). The quadratic

function qL

k (α) reaches its maximum at

α∗k = argmax{qL

k (α)} =
‖uk − ũk‖2

‖(I + βMT )(uk − ũk)‖2 . (2.13)
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From (2.13), it follows that

α∗k ≥
1

‖I + βMT ‖2 . (2.14)

In the practical computation, we take a relaxed factor γ ∈ [1, 2) and updated the

new iterate by

uk+1
BD

= uk − γα∗k(I + βMT )(uk − ũk), (2.15)

Theorem 2.2 Let uk+1 = uk+1
BD

updated by (2.15) with α∗k given by (2.13), then

‖uk+1 − u∗‖2 ≤ ‖uk − u∗‖2 − γ(2− γ)

‖I + βMT ‖2 ‖u
k − ũk‖2. (2.16)

Proof. According to (2.9) and (2.11), the uk+1 updated by (2.15) satisfies

‖uk+1 − u∗‖2 ≤ ‖uk − u∗‖2 − qL

k (γα∗k). (2.17)
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According to the definitions of qL

k (α) and α∗k (see (2.12) and (2.13)), we get

qL

k (γα∗k) = γ(2− γ)α∗k‖uk − ũk‖2 ≥
γ(2− γ)

‖I + βMT ‖2 ‖u
k − ũk‖2.

The last inequality follows from (2.14). The proof is complete. 2

2.3 Update the new iterate by the direction due to FI1

The correction form (2.8) in §2.2 takes (I + βMT )(uk − ũk) as the search

direction. In this subsection, it is replaced by its related direction (see (2.5))

β[MT (uk − ũk) + (Muk + q)].

In §2.1, it is emphasized that (2.1)-(2.2) are true only for uk ∈ Ω. We use

uk+1
BLD

(α) = PΩ

{
uk − αβ[MT (uk − ũk) + (Muk + q)]

}
, (2.18)

to update the new iterate ensured in Ω. We denote the output of (2.18) by

uk+1
BLD

(α). The lower index ‘BLD’ means ‘Boundless Direction’, because
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g(uk, ũk) 6→ 0 as dist(ũk,Ω∗)→ 0. For discussion how to determine the step

length α, Let us investigate the α-dependent reduction of the square of the

distance

ζL

k (α) = ‖uk − u∗‖2 − ‖uk+1
BLD

(α)− u∗‖2, (2.19)

which is a function of α. We can not maximize ζL

k (α) directly because it involves

the unknown vector u∗. The following theorem indicates that for the same α > 0,

ζL

k (α) is ‘better than ϑL

k (α) in (2.11).

Theorem 2.3 Let uk+1
BLD

(α) be updated by (2.18). Then for ζL

k (α) defined in

(2.19) with any α > 0, we have

ζL

k (α) ≥ qL

k (α) + ‖uk+1
BLD

(α)− uk+1
BD

(α)‖2, (2.20)

where qL

k (α), uk+1
BD

(α) and uk+1
BLD

(α) are given by (2.12), (2.8) and (2.18),

respectively.

Proof. By using the notation g(uk, ũk) in (2.6), the update form (2.18) can be

written as uk+1
BLD

(α) = PΩ[u− αβg(uk, ũk)]. Since u∗ ∈ Ω and the
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projection operator is non-expansive, we have

‖uk+1
BLD

(α)− u∗‖2 ≤ ‖uk − αβg(uk, ũk)− u∗‖2.

However, according to the properties of projection and cosine theorem, we use

more precise relations

‖uk+1
BLD

(α)− u∗‖2 ≤ ‖uk − αβg(uk, ũk)− u∗‖2

−‖uk+1
BLD

(α)− (uk − αβg(uk, ũk))‖2.(2.21)'

&

$

%

quk

HHHHHHquk − αβg(uk, ũk)uk+1
BLD

(α) q
qu∗






��
��
��
��

Ω

Fig.1 Geometric interpretation of the inequality (2.21)
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Hence, by using ζL

k (α) (see (2.19)) and (2.21), we have

ζL

k (α) ≥ ‖uk − u∗‖2 − ‖(uk − u∗)− αβg(uk, ũk)‖2

+‖(uk+1
BLD

(α)− uk) + αβg(uk, ũk)‖2

= 2αβ(uk − u∗)T g(uk, ũk) + 2αβ(uk+1
BLD

(α)− uk)T g(uk, ũk)

+‖uk+1
BLD

(α)− uk‖2

= ‖uk+1
BLD

(α)− uk‖2 + 2α(uk+1
BLD

(α)− u∗)Tβg(uk, ũk). (2.22)

Decomposing the cross term of the right hand side of (2.22) in form

(uk+1
BLD

(α)− u∗)Tβg(uk, ũk)

= (uk+1
BLD

(α)− ũk)Tβg(uk, ũk) + (ũk − u∗)Tβg(uk, ũk). (2.23)

To the first term of the right hand side of (2.23), since uk+1
BLD

(α) ∈ Ω, by using

(2.7), we have

(uk+1
BLD

(α)− ũk)Tβg(uk, ũk) ≥ (uk+1
BLD

(α)− ũk)T (I + βMT )(uk − ũk).
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In other words,

(uk+1
BLD

(α)− ũk)Tβg(uk, ũk) ≥ (uk+1
BLD

(α)− uk)T (I + βMT )(uk − ũk)

+(uk − ũk)T (I + βMT )(uk − ũk).(2.24)

To the second term of the right hand side of (2.23), (ũk − u∗)Tβg(uk, ũk), we

split it in form

(ũk−u∗)Tβg(uk, ũk) = (ũk−uk)Tβg(uk, ũk) + (uk−u∗)Tβg(uk, ũk)

By using (2.1), namely,

(uk − u∗)Tβg(uk, ũk) ≥ (uk − ũk)Tβ(Muk + q),

we get

(ũk − u∗)Tβg(uk, ũk)

= (ũk − uk)Tβg(uk, ũk) + (uk − u∗)Tβg(uk, ũk)

≥ (ũk − uk)Tβg(uk, ũk) + (uk − ũk)Tβ(Muk + q).
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Consequently, by using the notation of g(uk, ũk), we get

(ũk − u∗)Tβg(uk, ũk) ≥ (ũk − uk)T {βg(uk, ũk)− β(Muk + q)}
= −β(uk − ũk)TMT (uk − ũk). (2.25)

Adding (2.24) and (2.25), it follows that

(uk+1
BLD

(α)−u∗)Tβg(uk, ũk) ≥ (uk+1
BLD

(α)−ũk)T (I+βMT )(uk−ũk)+‖uk−ũk‖2.

Substituting the above inequality in (2.22) and using the notation of qL

k (α), we get

ζL

k (α) ≥ ‖uk+1
BLD

(α)− uk‖2 + 2α(uk+1
BLD

(α)− uk)T (I + βMT )(uk − ũk)

+2α‖uk − ũk‖2

= ‖(uk+1
BLD

(α)− uk) + α(I + βMT )(uk − ũk)‖2

−α2‖(I + βMT )(uk − ũk)‖2 + 2α‖uk − ũk‖2

= ‖uk+1
BLD

(α)− [uk − α(I + βMT )(uk − ũk)]‖2 + qL

k (α).
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Because [uk − α(I + βMT )(uk − ũk)] = uk+1
BD

(α) (see (2.8)), the last

inequality is the same as (2.20). The proof is complete. 2

Theorem 2.3 tells us that qL

k (α) is also a lower bound of ζL

k (α). In the practical

computation, whether the correction formula

(PC-I) uk+1
BD

= uk − γα∗k(I + βMT )(uk − ũk) (2.26)

or

(PC-II) uk+1
BLD

= PΩ

[
uk − γα∗kβ[MT (uk − ũk) + (Muk + q)]

]
(2.27)

is used to update the new iterate uk+1, both the step length α∗k is given by

(2.13), which is lower bounded from 0.

An effective iterative algorithm, the step size must be lower bounded from 0.

Using the formula (2.26) to update uk+1, the advantage is that the correction

does not need to do an extra projection. However, in many practical problems, the

cost of the projection on Ω (e. g., Ω = <n
+ or a ‘box’) is not expensive. Thus, the

correction formula (2.27) is often used. The reasons are explained in paper [10].
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Based on the pair of twin directions offered by (2.4), the different algorithms (2.26)

and (2.27), we get the following key inequalities for the contraction:

ϑL

k (α) = ‖uk − u∗‖2 − ‖uk+1
BD

(α)− u∗‖2 ≥ qL

k (α),

ζL

k (α) = ‖uk − u∗‖2 − ‖uk+1
BLD

(α)− u∗‖2

≥ qL

k (α) + ‖uk+1
BLD

(α)− uk+1
BD

(α)‖2,

where qL

k (α) is defined by (2.12) and reaches its maximum at α∗k (see (2.13)).

The PC Algorithms for solving LVI, PC-I (2.26) and PC-II (2.27), are published

in [3] and [4], respectively. Both the algorithms are successfully applied to robot

motion planning and real-time control by Zhang and his students [2, 11].

In [2, 11], PC-I (2.26) is called 94LVI because the method was published in

1994 and the title of the article is ‘A new method for a class of Linear Variational

Inequalities”; PC-II (2.27) is named as E47 since it is described by Equations

(4) to (7) in the original article [4]. The numerical experiments in [2, 11] verified

that PC-II (2.27) is more efficient than PC-I (2.26).
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3 A pair of twin PC Algorithms for NVI
For nonlinear variational inequalities (abbreviated NVI), we assume its operator F

is Lipschitz continuous. In the projection for getting the predictor ũk (1.2), the

parameter βk is chosen such that

βk‖F (uk)− F (ũk)‖ ≤ ν‖uk − ũk‖, ν ∈ (0, 1). (3.1)

In the following, for analysis convenience, we omit the index k in βk and assume

that this β satisfies the condition (3.1).

3.1 The ascent directions provided by the predictor

• The ascent direction provided by FI1+FI3 Adding (1.5) and (1.7), it

follows that

(ũk − u∗)TβF (ũk) ≥ 0.

From the last inequality, we get

(uk − u∗)TβF (ũk) ≥ (uk − ũk)TβF (ũk). (3.2)
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When uk ∈ Ω, according to (1.4), we have

(uk − ũk)TβF (uk) ≥ ‖uk − ũk‖2.

According to the last inequality and the assumption (3.1), it follows from the

Cauchy-Schwarz inequality that

(uk − ũk)TβF (ũk)

= (uk − ũk)TβF (uk)− (uk − ũk)Tβ(F (uk)− F (ũk))

≥ (1− ν)‖uk − ũk‖2. (3.3)

The inequalities (3.2) and (3.3) tell us, for uk ∈ Ω, under the assumption

(3.1), βF (ũk) is an ascent direction of the unknown distance function
1
2‖u− u∗‖2 at the point uk. (3.2)-(3.3) is true only for uk ∈ Ω.

• The ascent direction provided by FI1+FI2+ FI3 . Adding the fundamental

inequalities (1.5), (1.6) and (1.7), we get

{(uk − u∗)− (uk − ũk)}T d(uk, ũk) ≥ 0,
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where

d(uk, ũk) = (uk − ũk)− β[F (uk)− F (ũk)]. (3.4)

Consequently, we have

(uk − u∗)T d(uk, ũk) ≥ (uk − ũk)T d(uk, ũk). (3.5)

According to the notation d(uk, ũk) (3.4) and the assumption (3.1), it follows

from the Cauchy-Schwarz inequality that

(uk − ũk)T d(uk, ũk) ≥ (1− ν)‖uk − ũk‖2. (3.6)

The inequalities (3.5) and (3.6) tell us, under the assumption (3.1), d(uk, ũk)

is an ascent direction of the unknown distance function 1
2‖u− u∗‖2 at the

point uk. (3.5)-(3.6) is true for any uk ∈ <n.

A pair of the twin directions Notice that the inequality (1.4) is derived from the

basic property of the projection. Adding the term

(u− ũk)T {−β[F (uk)− F (ũk)]},
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to the both sides of (1.4), we get

ũk ∈ Ω, (u− ũk)TβF (ũk) ≥ (u− ũk)T d(uk, ũk), ∀u ∈ Ω, (3.7)

where d(uk, ũk) is given by (3.4). We call the directions

βF (ũk) and d(uk, ũk) = (uk − ũk)− β[F (uk)− F (ũk)]

which lay on the left and right sides of (3.7), respectively, a pair of twin ascent

directions for NVI. They are derived from FI1+FI3 and FI1+FI2+FI3, respectively.

3.2 Update the new iterate by the direction due to FI1+FI2+FI3

The correction uses the descent direction (the opposite of the ascent direction) of

the distance function to make the new iteration point closer to the solution set.

Based on the direction provided by FI1+FI2+FI3, the new iterate is updated by

uk+1
BD

(α) = uk − αd(uk, ũk). (3.8)

where d(uk, ũk) is given by (3.4). The lower index ‘BD’ means ‘Bounded
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Direction’ because ‖d(uk, ũk)‖ < 2‖uk − ũk‖. For discussion how to

determine the step length α, we denote the output of (2.8) by uk+1
BD

(α). Let us

investigate the α-dependent reduction of the square of the distance

ϑN

k (α) := ‖uk − u∗‖2 − ‖uk+1
BD

(α)− u∗‖2. (3.9)

According to the definition,

ϑN

k (α) = ‖uk − u∗‖2 − ‖uk − u∗ − αd(uk, ũk)‖2

= 2α(uk − u∗)T d(uk, ũk)− α2‖d(uk, ũk)‖2. (3.10)

For any given solution point u∗, (3.10) tell us that ϑN

k (α) is a quadratic function

of α. Since u∗ is unknown, we can’t directly find the maximum of ϑN

k (α). With

the help of (3.5), we have

Theorem 3.1 Let uk+1
BD

(α) be updated by (3.8) with d(uk, ũk) given by (3.4).

Then for α > 0, we have

ϑN

k (α) ≥ qN

k (α), (3.11)
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where

qN

k (α) = 2α(uk − ũk)T d(uk, ũk)− α2‖d(uk, ũk)‖2. (3.12)

Proof. The assertion derived directly from (3.10) by using (3.5). 2

Theorem 3.1 indicates that qN

k (α) is a lower bound of ϑN

k (α). The quadratic

function qN

k (α) reaches its maximum at

α∗k = argmax{qN

k (α)} =
(uk − ũk)T d(uk, ũk)

‖d(uk, ũk)‖2 . (3.13)

In the practical computation, similarly as in §2, we take a relaxed factor

γ ∈ [1, 2) and updated the new iterate by

uk+1
BD

= uk − γα∗kd(uk, ũk), (3.14)

where d(uk, ũk) is given by (3.5) and is α∗k given by (3.13).

Theorem 3.2 Let uk+1 = uk+1
BD

be updated by (3.14). Then for any γ ∈ (0, 2),
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we have

‖uk+1 − u∗‖2 ≤ ‖uk − u∗‖2 − 1

2
γ(2− γ)(1− ν)‖uk − ũk‖2. (3.15)

Proof. According to (3.9) and (3.11), the uk+1 updated by (3.14) satisfies

‖uk+1 − u∗‖2 ≤ ‖uk − u∗‖2 − qN

k (γα∗k). (3.16)

According to the definitions qN

k (α) and α∗k (see (3.12) and (3.13)), we get

qN

k (γα∗k) = 2γα∗k(uk − ũk)T d(uk, ũk)− γ2(α∗k)2‖d(uk, ũk)‖2

= γ(2− γ)α∗k(uk − ũk)T d(uk, ũk).

In fact, by using (3.4) and (3.1), we have

2(uk − ũk)T d(uk, ũk)− ‖d(uk, ũk)‖2

= d(uk, ũk)T {2(uk − ũk)− d(uk, ũk)}
= ‖uk − ũk‖2 − β2

k‖[F (uk)− F (ũk)]‖2 > 0. (3.17)
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Thus, α∗k >
1
2 , and consequently, it follows that

qN

k (γα∗k) >
1

2
γ(2− γ)(uk − ũk)T d(uk, ũk).

Substituting it in (3.16), we get

‖uk+1 − u∗‖2 ≤ ‖uk − u∗‖2 − 1

2
γ(2− γ)(uk − ũk)T d(uk, ũk).

Using (3.6) to the term (uk − ũk)T d(uk, ũk) in the right hand side of the last

inequality, we get the assertion (3.15) and the theorem is proved. 2

3.3 Update the new iterate by the direction due to FI1+FI3

The correction step (3.8) in §3.3 takes d(uk, ũk) as the search direction. In this

section, it is replaced by βF (ũk) and finished the correction with an additional

projection. Namely, we let

uk+1
BLD

(α) = PΩ[uk − αβF (ũk)], (3.18)
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to update the α-dependent new iterate ensured in Ω. We denote the output of

(3.18) by uk+1
BLD

(α). The lower index ‘BLD’ means ‘Boundless Direction’, because

F (ũk) 6→ 0 as dist(ũk,Ω∗)→ 0. For discussion how to determine the step

length α, Let us investigate the α-dependent reduction of the square of the

distance

ζN

k (α) = ‖uk − u∗‖2 − ‖uk+1
BLD

(α)− u∗‖2 (3.19)

which is a function of α. We can not maximize ζN

k (α) directly because it involves

the unknown vector u∗. The following theorem indicates that for the same α > 0,

ζN

k (α) is ‘better than ϑN

k (α) in (3.11)

Theorem 3.3 Let uk+1
BLD

(α) be updated by (3.18). Then for ζN

k (α) defined in

(3.19) with any α > 0, we have

ζN

k (α) ≥ qN

k (α) + ‖uk+1
BLD

(α)− uk+1
BD

(α)‖2, (3.20)

where qN

k (α), uk+1
BD

(α) and uk+1
BLD

(α) are given by (3.12), (3.8) and (3.18),

respectively.
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Proof. First, similarly as (2.21), because uk+1(α) = PΩ[u− αβF (ũk)] and

u∗ ∈ Ω, we have (see Fig. 1)

‖uk+1
BLD

(α)−u∗‖2 ≤ ‖uk−αβF (ũk)−u∗‖2−‖uk−αβF (ũk)−uk+1
BLD

(α)‖2.
(3.21)

Hence, by using ζN

k (α) (see (3.19)) and (3.21), we have

ζN

k (α) ≥ ‖uk − u∗‖2 − ‖(uk − u∗)− αβF (ũk)‖2

+‖(uk − uk+1
BLD

(α))− αβF (ũk)‖2

= 2α(uk − u∗)TβF (ũk) + 2α(uk+1
BLD

(α)− uk)TβF (ũk)

+‖uk − uk+1
BLD(α)‖2

= ‖uk − uk+1
BLD

(α)‖2 + 2α(uk+1
BLD

(α)− u∗)TβF (ũk). (3.22)

Decomposing the cross term of the right hand side of (3.22) in form

(uk+1
BLD

(α)−u∗)TβF (ũk) = (uk+1
BLD

(α)−ũk)TβF (ũk)+(ũk−u∗)TβF (ũk).
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Since F is monotone and u∗ is a solution of VI(Ω, F ), we have

(ũk − u∗)TβF (ũk) ≥ (ũk − u∗)TβF (u∗) ≥ 0.

Substituting it in the right hand side of (3.22), it follows that

ζN

k (α) ≥ ‖uk+1
BLD

(α)− uk‖2 + 2α(uk+1
BLD

(α)− ũk)TβF (ũk). (3.23)

Since uk+1
BLD

(α) ∈ Ω, replacing the any u ∈ Ω in (3.7) by uk+1
BLD

(α), we get

(uk+1
BLD

(α)− ũk)TβF (ũk) ≥ (uk+1
BLD

(α)− ũk)T d(uk, ũk).

Substituting it in the right hand side of (3.23),

ζN

k (α) ≥ ‖uk+1
BLD

(α)− uk‖2 + 2α(uk+1
BLD

(α)− ũk)T d(uk, ũk)

= ‖uk+1
BLD

(α)− uk‖2 + 2α(uk+1
BLD

(α)− uk)T d(uk, ũk)

+2α(uk − ũk)T d(uk, ũk). (3.24)
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By using the notations qN

k (α) (see (3.12)) and uk+1
BD

(α) (3.8), we get

ζN

k (α) ≥ ‖(uk+1
BLD

(α)− uk) + αd(uk, ũk)‖2 − α2‖d(uk, ũk)‖2

+2α(uk − ũk)T d(uk, ũk)

= ‖uk+1
BLD

(α)− (uk − αd(uk, ũk))‖2 + qN

k (α)

= ‖uk+1
BLD

(α)− uk+1
BD

(α)‖2 + qN

k (α).

This is just the assertion (3.20) and the theorem is proved. 2

Theorem 3.3 tells us that qN

k (α) is also the lower bound of ζN

k (α). In practical

computation, with the same predictor ũk given by (1.2) which satisfied (3.1), the

corrector uk+1 is updated by

(PC Method-I) uk+1
I = uk+1

BD
(α) = uk − γα∗kd(uk, ũk) (3.25)

or

(PC Method-II) uk+1
II = uk+1

BLD
(α) = PΩ[uk − γα∗kβkF (ũk)], (3.26)

where α∗k is given by (3.13), which is lower bounded from 1/2.
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Based on the same predictor, if we use the formula (3.25) to update uk+1, the

advantage is that the correction does not need to do an extra projection. However,

in many practical problems, the cost of the projection on Ω (for example,

Ω = <n
+ or a ‘box’) is not expensive. Thus, the correction formula (3.26) is often

used.

By using theorem 3.2, no matter which of the twin methods is applied, the

generated sequence {uk} satisfies

‖uk+1 − u∗‖2 ≤ ‖uk − u∗‖2 − 1

2
γ(2− γ)(1− ν)‖uk − ũk‖2.

Based on this inequality, we can prove the following convergence theorem.

Theorem 3.4 Assume that the operator F in VI(Ω, F ) is Lipschitz continuous

and its solution set Ω∗ is nonempty. Then the sequence {uk} generated by

(3.25) or (3.26) converges to some solution point of VI(Ω, F ).

The projection contraction algorithms introduced in this section have successfully

applied to solve many geotechnical engineering problems [12, 13].
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4 Applications and numerical experiments
We use examples of linear and nonlinear variational inequalities to illustrate the

efficiency of the twin algorithms — PC Method-I and PC Method-II.

4.1 Applied the different PC Methods for LVI

For LVI, we use the ”sum of the shortest distance” mentioned in Lecture 1 as an

example. This problem is equivalent to a min-max problem whose correspond-

ing LVI with a skew symmetric matrix. For a detailed description of this kind of

problem, see §5 of Lecture 1.

The test examples taking from SIAM J. on Optimization.

• G. L. XUE AND Y. Y. YE, An efficient algorithm for minimizing a sum of

Euclidean norms with applications, SIAM Optim. 7 (1997), 1017-1039.

Fig.1 depicters the structure of the network, where b[i], i = 1, . . . , 10 are

regular points whose coordinates are given. The connection between x[j], j =

1, . . . , 8 and b[i] are also given. Fig. 2 gives the positions of x[j], j =

1, . . . , 8 when the sum of the shortest distance is reached.
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Fig. 2. Optimal solution in Euclidean-norm

The coordinates of the 10 regular points

x-coordinate y-coordinate x-coordinate y-coordinate

b[1] 7.436490 7.683284 b[6] 1.685912 1.231672
b[2] 3.926097 7.008798 b[7] 4.110855 0.821114
b[3] 2.309469 9.208211 b[8] 4.757506 3.753666
b[4] 0.577367 6.480938 b[9] 7.598152 0.615836
b[5] 0.808314 3.519062 b[10] 8.568129 3.079179
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The update forms of using the contraction method I (3.25) and II (3.26) are

(PC Method-I) uk+1 = uk − γα∗k(I +MT )(uk − ũk),

and

(PC Method-II) uk+1 = PΩ{uk − γα∗k[MT (uk − ũk) + (Muk + q)]},

respectively. The numerical results are listed in the following table.

Table 1. Shortest network under l2 norm.

PC Method-I PC Method-II

Iteration ‖e(u)‖∞ Total Distance Iteration ‖e(u)‖∞ Total Distance

40 7.1e-002 25.3776304969 40 5.0e-004 25.3563526162

80 1.8e-004 25.3561050662 80 4.0e-008 25.3560677986

120 6.4e-007 25.3560678958 106 9.2e-011 25.3560677793

160 2.4e-009 25.3560677797

183 9.5e-011 25.3560677793

CPU-time 0.234 Sec. CPU-time 0.125 Sec.

Here we take γ = 1.8. If γ = 1, 80% more iterations are needed for both methods.
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PC Method-II for the problem in the Euclidean-norm

clear; % Steiner Minimum Tree * Read the coordinate of the regular points%(1)

P1=[7.436490, 3.926097, 2.309469, 0.577367, 0.808314; %(2)

7.683284, 7.008798, 9.208211, 6.480938, 3.519062]; %(3)

P2=[1.685912, 4.110855, 4.757506, 7.598152, 8.568129; %(4)

1.231672, 0.821114, 3.753666, 0.615836, 3.079179]; %(5)

b=[P1,P2,zeros(2,7)]; x=zeros(2,8); z=zeros(2,17); eps=1; k=0; tic; %(6)

while (eps > 10ˆ(-10) & k<= 200) k=k+1; %% Beginning of an iteration %(7)

Ax=[x(:,1), x, x(:,8), x(:,1:7)-x(:,2:8)]; Axb=Ax-b; %% Compute Ax-b %(8)

ATz=z(:,2:9) + [z(:,1), -z(:,11:17)] + [z(:,11:17), z(:,10)]; % AˆTz %(9)

L2=0; for j=1:17 L2=L2 + norm(Axb(:,j),2); end; % Length-2 %(10)

if mod(k,20)==0 fprintf(’k=%3d stopc=%9.1e L2=%13.10f\n’,k,eps,L2);end;%(11)

Pz=z+Axb; Dp=diag(1./max(1,sqrt(diag(Pz’*Pz)))); Pz=Pz*Dp; %P(z+(Ax-b))%(12)

Ex = ATz; Ez = z-Pz; t=trace(Ex’*Ex)+ trace(Ez’*Ez); eps=sqrt(t); %(13)

AEx= [Ex(:,1), Ex, Ex(:,8), Ex(:,1:7)-Ex(:,2:8)]; % Compute AEx %(14)

ATEz=Ez(:,2:9) + [Ez(:,1),-Ez(:,11:17)] + [Ez(:,11:17),Ez(:,10)]; %ATEz%(15)

ta = trace(AEx’*AEx)+trace(ATEz’*ATEz); alpha=t*1.8/(t+ta); %% Step L%(16)

x =x-(ATz - ATEz)*alpha; %% New x and z %%(17)

z =z-(AEx - Axb)*alpha; Dz=diag(1./max(1,sqrt(diag(z’*z)))); z=z*Dz; %%(18)

end; %% End of an iteration %%(19)

toc; fprintf(’ k=%3d eps=%9.1e Length-2=%13.10f \n’, k,eps,L2); %%(20)

rþ¡1(18)1U¤ z =z-(AEx + Ez)*alpha;Ò´?nÓ�¯K�(CM-D1)§S.
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Fig. 3 and 4 depict the convergence tendencies of Contraction Method–2 for the

minimum sum of the distance in the Euclidean-norm with different starting points.
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Table 2. Shortest network under l1 norm.

PC Method-I PC Method-II

Iteration ‖e(u)‖∞ Total Distance Iteration ‖e(u)‖∞ Total Distance

40 3.7e-002 28.6777786413 40 1.1e-004 28.6660178525

80 2.5e-005 28.6658649129 81 1.0e-010 28.6658580000

120 1.8e-008 28.6658580046

149 9.4e-011 28.6658580000

CPU-time 0.031 Sec. CPU-time 0.016 Sec.

Table 3. Shortest network under l∞ norm.

PC Method-I PC Method-II

Iteration ‖e(u)‖∞ Total Distance Iteration ‖e(u)‖∞ Total Distance

40 9.0e-002 21.1322990353 40 2.1e-003 21.1145131146

80 4.4e-005 21.1129244226 80 4.1e-010 21.1129135002

120 2.4e-008 21.1129135060 84 7.4e-011 21.1129135000

150 9.2e-011 21.1129135000

CPU-time 0.187 Sec. CPU-time 0.094 Sec.
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Fig. 5 and Fig. 6 depict the optimal solutions of the minimum sum of the distance

in the l1-norm and l∞-norm, respectively.
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Fig. 5. Optimal solution, l1-norm
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Fig. 7 and 8 depict the convergence tendencies of Contraction Method–2 with

random starting points for the minimum sum of the distance in the in the l1-norm

and l∞-norm, respectively.
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4.2 Test examples of the NCP
For comparing the efficiency of PC Method-I and PC Method-II, we test the

nonlinear complementarity problem (a class of VI(Ω, F ) with Ω = <n
+)

u ≥ 0, F (u) ≥ 0, uTF (u) = 0.

In the test examples, we take

F (u) = D(u) +Mu+ q,

The linear part Mu+ q is generated by using Matlab, it produced by
A=(rand(n,n)-0.5)*10; B=(rand(n,n)-0.5)*10; B=B-B’; M=A’*A+B;

q=(rand(n,1)-0.5)*1000; or q=(rand(n,1)-1.0)*500;

In the nonlinear part D(u), each element is given by Dj(u) = dj ∗
arctan(uj), where dj is a random variable between (0, 1).

We use the algorithms (3.25) and (3.26) in §3.3 to solve the test problems.

Notice that PC Method-I is just the PC Algorithm in Lecture 2 for NVI.

Set γα∗k ≡ 1 in PC Method-II, it reduced to the Refined EG.

In all the tests, each element of the initial u0 is a random variable in (0, 10).
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PC Method-II�§S

PC Method-II:
Step 0. Set β0 = 1, ν ∈ (0, 1), u0 ∈ Ω and k = 0.

Step 1. ũk = PΩ[uk − βkF (uk)],

rk := βk‖F (uk)− F (ũk)‖/‖uk − ũk‖,
while rk > ν, βk := 2

3
βk ∗min{1, 1

rk
},

ũk = PΩ[uk − βkF (uk)],

rk := βk‖F (uk)− F (ũk)‖/‖uk − ũk‖,
end(while)

d(uk, ũk) = (uk − ũk)− βk[F (uk)− F (ũk)],

αk =
(uk − ũk)T d(uk, ũk)

‖d(uk, ũk)‖2 ,

uk+1 = PΩ[uk − γαkβkF (ũk)],

If rk ≤ µ then βk := βk ∗ 1.5, end(if)

Step 2. βk+1 = βk and k = k + 1, go to Step 1.

From PC Method-I to PC Method-II,�´ò

uk+1 = uk − γαkd(uk, ũk) U¤
 uk+1 = PΩ[uk − γαkβkF (ũk)].
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Matlab Code of Contraction Method–D2 for NCP
function PC_G(n,M,q,d,xstart,tol,pfq) %(1)

fprintf(’PC Method use Direction D1 with gamma a* n=%4d \n’,n); %(2)

x=xstart; Fx= d.*atan(x) + M*x + q; stopc=norm(x-max(x-Fx,0),inf); %(3)

beta=1; k=0; l=0; tic; %(4)

while (stopc>tol && k<=2000) %(5)

if mod(k,pfq)==0 fprintf(’ k=%4d epsm=%9.3e \n’,k,stopc); end; %(6)

x0=x; Fx0=Fx; k=k+1; %(7)

x=max(x0-Fx0*beta,0); Fx=d.*atan(x) + M*x + q; l=l+1; %(8)

dx=x0-x; df=(Fx0-Fx)*beta; %(9)

r=norm(df)/norm(dx); %(10)

while r>0.9 beta=0.7*beta*min(1,1/r); l=l+1; %(11)

x=max(x0-Fx0*beta,0); Fx=d.*atan(x) + M*x + q; %(12)

dx=x0-x; df=(Fx0-Fx)*beta; r=norm(df)/norm(dx); %(13)

end; %(14)

dxf=dx-df; r1=dx’*dxf; r2=dxf’*dxf; alpha=r1/r2; %(15)

x=max(x0- Fx*beta*alpha*1.9,0); %(16)

Fx= d.*atan(x) + M*x + q; l=l+1; %(17)

ex=x-max(x-Fx,0); stopc=norm(ex,inf); %(18)

if r <0.4 beta=beta*1.5; end; %(19)

end; toc; fprintf(’ k=%4d epsm=%9.3e l=%4d \n’,k,stopc,l); %%%%
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NCP�O�(J 1 Easy Problems q ∈ (−500, 500)

PC Method-I PC Method-II

n = No. It No. F CPU No. It No. F CPU
500 448 941 0.15 372 792 0.12

1000 475 995 1.37 410 852 1.17
1500 507 1064 3.17 416 887 2.64
2000 515 1080 5.53 418 892 4.55

NCP�O�(J 2 Hard Problems q ∈ (−500, 0)

PC Method-I PC Method-II

n = No. It No. F CPU No. It No. F CPU
500 908 1913 0.30 799 1704 0.27

1000 980 2068 2.87 857 1824 2.53
1500 941 1983 5.88 834 1771 5.25
2000 1112 2352 12.18 986 2105 10.87

PC Method-II converges faster than PC Method-I.

♣§S3N�� Codes-03¥µ$1 demo.mÑ\ nÒ�±,Ù¥��±ÀJØ

Ó¯Ka.. PCd1.mÚ PCd2.m©O´ PC Method-IÚ PC Method-II�f§S.
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5 ������������ÌÌÌ)))���{{{���ÚÚÚ���µµµeee

·�3 [8, 9]¥�Ñ
¦)C©Ø�ª����Ì)Â �{.

Äk,½Â
ýÿ:(½¡u�:) .é�½� uk ,�â�½{K)¤� ũk ∈ Ω

`¤´��ýÿ:,XJ uk = ũk ⇔ uk ∈ Ω∗.

~X,é�½� ukÚ β > 0,dÝK ũk = PΩ[uk − βF (uk)] �Ñ� ũk

´U(½�{K�Ñ�,§´��ýÿ:,�ùØ´�Ñýÿ:����{.

ÚÚÚ���µµµeee.é�½� uk ,� ũk ∈ Ω´ uk���ýÿ:.�kÄu (uk, ũk)�

�éÌ)��� d1(uk, ũk), d2(uk, ũk)ÚØ�Ýþ¼ê ϕ(uk, ũk) ≥ 0,§�

÷v±e^�:

1. §�÷v'Xª

ũk ∈ Ω, (u− ũk)T d2(uk, ũk) ≥ (u− ũk)T d1(uk, ũk), ∀u ∈ Ω. (5.1a)

2. �3~êK > 0,¦�

‖d1(uk, ũk)‖ ≤ K‖uk − ũk‖. (5.1b)
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3. é?¿� u∗ ∈ Ω∗,k

(ũk − u∗)T d2(uk, ũk) ≥ ϕ(uk, ũk)− (uk − ũk)T d1(uk, ũk), (5.1c)

4. ϕ(uk, ũk)´ VI(Ω, F )�Ø�Ýþ¼ê,=�3~ê δ > 0,¦�

ϕ(uk, ũk) ≥ δ‖uk − ũk‖2 & ϕ(uk, ũk) = 0 ⇔ uk = ũk. (5.1d)

éØ�Ýþ¼ê ϕ(uk, ũk)ó, d1(uk, ũk), d2(uk, ũk)Ñ´k|��.

Lemma 5.1 XJÚ�µe¥�^� (5.1a)Ú (5.1c)÷v,Kk

(uk − u∗)T d1(uk, ũk) ≥ ϕ(uk, ũk), ∀uk ∈ <n, u∗ ∈ Ω∗. (5.2)

yyy²²².Ï� u∗ ∈ Ω,± u∗� (5.1a)¥� u,Òk

(ũk − u∗)T d1(uk, ũk) ≥ (ũk − u∗)T d2(uk, ũk).

2�â^� (5.1c),��

(ũk − u∗)T d1(uk, ũk) ≥ ϕ(uk, ũk)− (uk − ũk)T d1(uk, ũk)

lþª���� (5.2),Ún�y. �
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Lemma 5.2 XJÚ�µe¥�^� (5.1a)Ú (5.1c)÷v,Kk

(uk − u∗)T d2(uk, ũk) ≥ ϕ(u, ũ), ∀uk ∈ Ω, u∗ ∈ Ω∗. (5.3)

yyy²²².Ï� uk ∈ Ω,± uk� (5.1a)¥� u,·�k

(uk − ũk)T d2(uk, ũk) ≥ (uk − ũk)T d1(uk, ũk). (5.4)

ò (5.4)Ú (5.1c)�\,��

(uk − u∗)T d2(uk, ũk) ≥ ϕ(uk, ũk).

Ún�y. �

�âJø� d1(uk, ũk)Ú d2(uk, ũk)�éÌ)��,·��±�E�é�{

(Contraction Method-I) uk+1 = uk − γα∗kd1(uk, ũk),

(Contraction Method-II) uk+1 = PΩ{uk − γα∗kd2(uk, ũk)},
Ù¥ α∗k =ϕ(uk, ũk)/‖d1(uk, ũk)‖2, γ ∈ (0, 2),d(5.1b)Ú(5.1d),Ú�´k.�.

Ì)��,�ÓÚ�,´ PC�{¥�`{��Ù. y²IE|,¦^é�B�
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Unternehmensforschung. Berlin-Heidelberg-New York: Springer-Verlag, 1975.
[2] D. S. Guo and Y.N. Zhang, Simulation and experimental verification of weighted velocity and acceleration

minimization for robotic redundancy resolution, IEEE Transactions on Automation Science and Engineering,
2014, 11: 1203–1217.

[3] B.S. He, A new method for a class of linear variational inequalities, Math. Progr., 66, 137–144, 1994.
[4] B.S. He, Solving a class of linear projection equations, Numerische Mathematik, 68, 71–80, 1994.
[5] B.S. He, A globally linearly convergent projection and contraction method for a class of linear complementarity

problems. Schwerpunktprogramm der DFG Anwendungsbezogene Optimierung und Steuerung, No. 352, 1992
[6] B.S. He, A class of projection and contraction methods for monotone variational inequalities, Applied

Mathematics and optimization, 35, 69–76, 1997.
[7] B.S He and L.-Z Liao, Improvements of some projection methods for monotone nonlinear variational

inequalities, JOTA, 112, 111-128, 2002
[8] B.S. He, L.Z. Liao, and X. Wang, Proximal-like contraction methods for monotone variational inequalitiesin a

unified framework I: Effective quadruplet and primary methods, Comput. Optim. Appl., 51, 649-679, 2012.
[9] B.S. He, L.Z. Liao, and X. Wang, Proximal-like contraction methods for monotone variational inequalities in a

unified framework II: General methods and numerical experiments, Comput. Optim. Appl. 51, 681-708, 2012
[10] B.S. He, X.M. Yuan and J.J.Z. Zhang, Comparison of two kinds of prediction-correction methods for monotone

variational inequalities, Computational Optimization and Applications, 27, 247-267, 2004.
[11] L. Xiao and Y. N. Zhang, Acceleration-level repetitive motion planning and its experimental verification on

six-link planar robot manipulator, IEEE Transactions on Control System Technology, 2013, 21: 906–914.
[12] H. Zheng, F. Liu and X.L. Du, Complementarity problem arising from static growth of multiple cracks and

MLS-based numerical manifold method, Computer Methods in Applied Mechanics and Engineering, 295 (2015)
150-171.

[13] H. Zheng, P. Zhang and X.L. Du, Dual form of discontinuous deformation analysis, Computer Methods in
Applied Mechanics and Engineering, 305 (2016) 196-216.

68



IV - 1

à`zÚüNC©Ø�ª�Â �{

1où:�5üNC©Ø�ª��é
Ì)ÝKÂ �{�Âñ�Ç

Convergence rate of the twin PC methods for
monotone linear variational inequalities
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The context of this lecture is based on the publication [2]
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For solving the monotone linear variational inequalities, in 1994, we have proposed a class

of projection and contraction methods [6, 7]. Before 2015, only convergence results are

available to these methods. In this article, we prove the convergence rate of such

projection and contraction methods.

1 Introduction

Let Ω be a closed convex subset of <n, M ∈ <n×n and q ∈ <n. The linear variational

inequality problem, denoted by LVI(Ω,M, q), is to find a vector u∗ ∈ Ω such that

LVI(Ω,M, q) (u− u∗)T (Mu∗ + q) ≥ 0, ∀u ∈ Ω. (1.1)

Throughout this paper we assume that the matrix M is positive semi-definite (but not

necessary symmetric), i.e.,

(u− v)TM(u− v) ≥ 0, ∀u, v ∈ <n.

Moreover, we assume that the solution set of LVI(Ω,M, q), denoted by Ω∗, is nonempty.

The nonempty assumption of the solution set, together with the positivity assumption of the
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matrix M , implies that Ω∗ is closed and convex (see pp. 158 in [3]).

For any β > 0, the solution set of the following linear variational inequality

LVI(Ω,M, q) (u− u∗)Tβ(Mu∗ + q) ≥ 0, ∀u ∈ Ω.

is coincides with the one of (1.1). It is well known that,

u∗ is a solution of LVI(Ω,M, q) ⇐⇒ u∗ = PΩ[u∗ − β(Mu∗ + q)], (1.2)

where β is any positive scalar and PΩ(·) denotes the projection onto Ω with respect to the

Euclidean norm, i.e.,

PΩ(v) = argmin{1

2
‖u− v‖2 | u ∈ Ω}.

For convergence rate investigation, without loss of generality, we fix β = 1. Throughout

this article, we assume that the projection on Ω in the Euclidean-norm has a closed form

and it is easy to be carried out. The most important property of the projection mapping is

(v − PΩ(v))T (u− PΩ(v)) ≤ 0, ∀ v ∈ <n, ∀ u ∈ Ω. (1.3)
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A pair of twin projection and contraction methods

For simpleness of the theoretical analysis, without loss the generality, we let β ≡ 1. For

given uk ∈ <n, the predictor is given by

ũk = PΩ[uk − (Muk + q)]. (1.4)

According to (1.2), u is a solution of LVI(Ω,M, q) if and only if uk = ũk . In [6, 7], we

define e(uk) = uk − ũk and use ‖e(uk)‖ to measure how much uk fails to be a

solution of the linear variational inequality LVI(Ω,M, q).

By using (1.4), the projection and contraction method [6] can be described as

(PCM-I) uk+1 = uk − γα∗k(I +MT )(uk − ũk), (1.5)

where γ ∈ (0, 2) and

α∗k =
‖uk − ũk‖2

‖(I +MT )(uk − ũk)‖2 . (1.6)

It was proved that (see Lecture 2 or 3 of this seriers)

‖uk+1 − u∗‖2 ≤ ‖uk − u∗‖2 − qk(γ), (1.7a)
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where

qk(γ) = γ(2− γ)α∗k‖uk − ũk‖2. (1.7b)

In an earlier preprint [5], it was pointed out that the method

(PCM-II) uk+1 = PΩ{uk−γα∗k[(Muk + q) +MT (uk− ũk)]}, (1.8)

has the same contractive property as (1.7), the result was reported in [7] and detailed proof

can be found in [8]. Note that the same step size length is used in (1.5) and (1.8) even if

the search directions are different. Thus, this pair of methods are called a pair of twin

projection and contraction methods for linear variational inequalities.

The projection and contraction methods make one (or two) projection(s) on Ω at each

iteration, and the distance of the iterates to the solution set monotonically converges to

zero. According to the terminology in [1], these methods belong to the class of Fejér

contraction methods. Stimulated by the complexity analysis [14], this article shows the

O(1/t) convergence rate of the projection and contraction methods for monotone linear

variational inequalities.
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2 Preliminaries

Recall that Ω∗ can be characterized as (see (2.3.2) in pp. 159 of [3])

Ω∗ =
⋂

u∈Ω

{
ũ ∈ Ω : (u− ũ)T (Mu+ q) ≥ 0

}
.

This implies that ũ ∈ Ω is an approximate solution of LVI(Ω,M, q) with the accuracy ε if

it satisfies

ũ ∈ Ω and inf
u∈D(ũ)

{
(u− ũ)T (Mu+ q)

}
≥ −ε,

where

D(ũ) = {u ∈ Ω | ‖u− ũ‖ ≤ 1}.
In this article, we show that, for given ε > 0, in O(1/ε) iterations the pair of twin

projection and contraction methods can offer a ũ such that

ũ ∈ Ω and sup
u∈D(ũ)

{
(ũ− u)T (Mu+ q)

}
≤ ε. (2.1)

Since the term (ũ− u)T (Mu+ q) is essential in the approximate criterion (2.1) and the

search direction in PCM-II is [(Muk + q) +MT (uk − ũk)], now, we establish a
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relation between

(u− ũk)T (Mu+ q) and (u− ũk)T [(Muk + q) +MT (uk − ũk)].

Lemma 2.1 For given uk , ũk is given by (1.4). Then for any u, the inequality

(u− ũk)T (Mu+ q)

≥ (u− ũk)T [(Muk + q) +MT (uk − ũk)]− 1

2
‖uk − ũk‖2D (2.2)

is always true, where D = MT +M is symmetric and positive semi-definite.

Proof. By calculating the difference and using the Cauchy-Schwarz Inequality, we get

(u− ũk)T (Mu+ q)− (u− ũk)T [(Muk + q) +MT (uk − ũk)]

= (u− ũk)T {M(u− uk)−MT (uk − ũk)}
= (u− ũk)T {M(u− ũk)− (M +MT )(uk − ũk)}

=
1

2
‖u− ũk‖2D − (u− ũk)TD(uk − ũk)

≥ −1

2
‖uk − ũk‖2D.

Consequently, we get (2.2) and the assertion is proved. 2
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3 Important theorems for the twin PC methods

Now, we prove the same key inequality of the twin PC Methods for the complexity analysis.

The assertion (2.2) is useful for the proofs of the following theorems, even though the proof

is relative simple.

Set v = uk − (Muk + q) in (1.3), since ũk = PΩ[uk − (Muk + q)], it follows from

(1.3) that

{[uk − (Muk + q)]− ũk}T (u− ũk) ≤ 0, ∀u ∈ Ω

and consequently,

(u− ũk)T (Muk + q) ≥ (u− ũk)T (uk − ũk), ∀u ∈ Ω.

Adding the term (u− ũk)TMT (uk − ũk) to the both sides of the above inequality, we

obtain

(u− ũk)T {(Muk + q) +MT (uk − ũk)}
≥ (u− ũk)T (I +MT )(uk − ũk), ∀u ∈ Ω. (3.1)
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Main theorem for PC-Method-I

Theorem 3.1 For given uk ∈ <n, let ũk be defined by (1.4) and the new iterate uk+1 be

generated by PCM-I (1.5) with any γ > 0. Then we have

γα∗k(u− ũk)T (Mu+ q)

≥ 1

2

(
‖u− uk+1‖2 − ‖u− uk‖2

)
+

1

2
qk(γ), ∀u ∈ Ω, (3.2)

where qk(γ) is defined in (1.7b).

Proof. Substituting (3.1) in the right hand side of (2.2), we get

(u− ũk)T (Mu+ q)

≥ (u− ũk)T (I +MT )(uk − ũk)− 1

2
‖uk − ũk‖2D.

Thus, we have

γα∗k(u− ũk)T (Mu+ q)

≥ (u− ũk)T γα∗k(I +MT )(uk − ũk)− γα∗k
2
‖uk − ũk‖2D,
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Because γα∗k(I +MT )(uk − ũk) = uk − uk+1 (see (1.5)), we get

γα∗k(u− ũk)T (Mu+ q)

≥ (u− ũk)T (uk − uk+1)− γα∗k
2
‖uk − ũk‖2D. (3.3)

To the crossed term in the right hand side of (3.3), namely (u− ũk)T (uk − uk+1),

using an identity

(a− b)T (c− d) =
1

2

(
‖a− d‖2 − ‖a− c‖2

)
+

1

2

(
‖c− b‖2 − ‖d− b‖2

)
,

we obtain

(u− ũk)T (uk − uk+1) =
1

2

(
‖u− uk+1‖2 − ‖u− uk‖2

)

+
1

2

(
‖uk − ũk‖2 − ‖uk+1 − ũk‖2

)
. (3.4)
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By using uk+1 = uk − γα∗k(I +MT )(uk − ũk) and (1.6), we get

‖uk − ũk‖2 − ‖uk+1 − ũk‖2

= ‖uk − ũk‖2 − ‖(uk − ũk)− γα∗k(I +MT )(uk − ũk)‖2

= 2γα∗k(uk − ũk)T (I +MT )(uk − ũk)

−γ2α∗k
(
α∗k‖(I +MT )(uk − ũk)‖2

)

= 2γα∗k‖uk − ũk‖2 + γα∗k‖uk − ũk‖2D − γ2α∗k‖uk − ũk‖2

= γ(2− γ)α∗k‖uk − ũk‖2 + γα∗k‖uk − ũk‖2D.

Substituting it in the right hand side of (3.4) and using the definition of qk(γ), we obtain

(u− ũk)T (uk − uk+1) =
1

2

(
‖u− uk+1‖2 − ‖u− uk‖2

)
+

1

2
qk(γ)

+
γα∗k

2
‖uk − ũk‖2D. (3.5)

Adding (3.3) and (3.5), the theorem is proved. 2
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Main theorem for PCM-II

The both sequences {ũk} and {uk} in the PC method II belong to Ω. In the following

lemma we prove the same assertion for PC method II as in Theorem 3.1.

Theorem 3.2 For given uk ∈ <n, let ũk be defined by (1.4) and the new iterate uk+1 be

generated by PCM-II (1.8) with any γ > 0. Then we have

γα∗k(u− ũk)T (Mu+ q)

≥ 1

2

(
‖u− uk+1‖2 − ‖u− uk‖2

)
+

1

2
qk(γ), ∀u ∈ Ω, (3.6)

where qk(γ) is defined in (1.7b).

Proof. By using the assertion in Lemma 2.1, we need only to show that

(u− ũk)T γα∗k[(Muk + q) +MT (uk − ũk)]

≥ 1

2

(
‖u− uk+1‖2 − ‖u− uk‖2

)
+

1

2
qk(γ)

+
γα∗k

2
‖uk − ũk‖2D, ∀u ∈ Ω. (3.7)
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For investigating the term in the left hand side of (3.7), we divide it in the terms

(uk+1 − ũk)T γα∗k[(Muk + q) +MT (uk − ũk)] (3.8a)

and

(u− uk+1)T γα∗k[(Muk + q) +MT (uk − ũk)]. (3.8b)

First, we deal with the term (3.8a). Since uk+1 ∈ Ω, substituting u = uk+1 in (3.1) we

get

(uk+1 − ũk)T γα∗k[(Muk + q) +MT (uk − ũk)]

≥ γα∗k(uk+1 − ũk)T (I +MT )(uk − ũk)

= γα∗k(uk − ũk)T (I +MT )(uk − ũk)

−γα∗k(uk − uk+1)T (I +MT )(uk − ũk)

= γα∗k‖uk − ũk‖2 +
γα∗k

2
‖uk − ũk‖2D

−γα∗k(uk − uk+1)T (I +MT )(uk − ũk). (3.9)
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To the crossed term of the right hand side of (3.9), using the Cauchy-Schwarz Inequality

and (1.6) we get

−γα∗k(uk − uk+1)T (I +MT )(uk − ũk)

≥ −1

2
‖uk − uk+1‖2 − 1

2
γ2(α∗k)2‖(I +MT )(uk − ũk)‖2

= −1

2
‖uk − uk+1‖2 − 1

2
γ2α∗k‖uk − ũk‖2.

Substituting them in the right hand side of (3.9) and using the notation of qk(γ), we obtain

(uk+1 − ũk)T γα∗k[(Muk + q) +MT (uk − ũk)]

≥ 1

2
qk(γ) +

γα∗k
2
‖uk − ũk‖2D −

1

2
‖uk − uk+1‖2. (3.10)

Now, we turn to treat of the term (3.8b). The update form of PC Method II (1.8) means that

uk+1 is the projection of
(
uk − γα∗k[(Muk + q) +MT (uk − ũk)]

)
on Ω. Thus, it

follows from (1.3) that

{(
uk−γα∗k[(Muk +q)+MT (uk− ũk)]

)
−uk+1}T (u−uk+1) ≤ 0, ∀u ∈ Ω,
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and consequently

(
u−uk+1)T γα∗k[(Muk+q)+MT (uk−ũk)] ≥

(
u−uk+1)T (uk−uk+1), ∀u ∈ Ω.

For the the last inequality, by using the identity

bT (b− a) =
1

2

(
‖b‖2 − ‖a‖2

)
+

1

2
‖a− b‖2

with a = u− uk and b = u− uk+1 to the right hand side, we obtain

(
u− uk+1)T γα∗k[(Muk + q) +MT (uk − ũk)]

≥ 1

2

(
‖u− uk+1‖2 − ‖u− uk‖2

)
+

1

2
‖uk − uk+1‖2. (3.11)

Adding (3.10) and (3.11), we get (3.7) and the proof is complete. 2

The assertion in Theorem 3.1 (see inequality (3.2)) coincides with the one in Theorem 3.2

(see inequality (3.6)). The only difference is the sequence {uk} in <n or Ω.
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4 Convergence rate of the PC methods for LVI

For the different projection and contraction methods, we have the same key inequality

which is shown in Theorem 3.1 (see (3.2)) and Theorem 3.2 (see (3.6)), respectively. The

contraction property (1.7) of the PC methods is the consequent result of Theorem 3.1 and

Theorem 3.2, respectively.

Theorem 4.1 The sequence {uk} generated by PC Method-I or PC Method II satisfies

‖uk+1 − u∗‖2 ≤ ‖uk − u∗‖2 − γ(2− γ)α∗k‖uk − ũk‖2, ∀u∗ ∈ Ω∗. (4.1)

Proof. By setting u = u∗ in (3.2) and (3.6), we get

‖uk − u∗‖2 − ‖uk+1 − u∗‖2 ≥ 2γα∗k(ũk − u∗)T (Mu∗ + q) + qk(γ).

Because (ũk − u∗)T (Mu∗ + q) ≥ 0, it follows from the last inequality that

‖uk+1 − u∗‖2 ≤ ‖uk − u∗‖2 − qk(γ).

Using the notation of qk(γ) (see (1.7b)), the theorem is proved. 2.
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The following is the assertion of the convergence rate in ergodic sense.

Theorem 4.2 For any integer t > 0, we have a ũt ∈ Ω which satisfies

(ũt − u)TF (u) ≤ ‖I +MT ‖2
2γ(t+ 1)

‖u− u0‖2, ∀u ∈ Ω, (4.2)

where

ũt =
1

Υt

t∑

k=0

α∗kũ
k and Υt =

t∑

k=0

α∗k. (4.3)

Proof. For the convergence rate proof, we allow γ ∈ (0, 2]. In this case, we still have

qk(γ) ≥ 0. By using the monotonicity of F , from (3.2) and (3.6) we get

(u− ũk)Tα∗k(Mu+ q) +
1

2γ
‖u− uk‖2 ≥ 1

2γ
‖u− uk+1‖2, ∀u ∈ Ω.

Summing the above inequality over k = 0, . . . , t, we obtain

(( t∑

k=0

α∗k
)
u−

t∑

k=0

α∗kũ
k
)T

(Mu+ q) +
1

2γ
‖u− u0‖2 ≥ 0, ∀u ∈ Ω.
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Using the notations of Υt and ũt in the above inequality, we derive

(ũt − u)T (Mu+ q) ≤ ‖u− u
0‖2

2γΥt
, ∀u ∈ Ω. (4.4)

Indeed, ũt ∈ Ω because it is a convex combination of ũ0, ũ1, . . . , ũt. Because

α∗k ≥ 1/‖I +M‖2 for all k > 0 (see (1.4)), it follows from (4.3) that

Υt ≥ t+ 1

‖I +M‖2 ,

The proof is complete. 2

and thus the PC methods have O(1/t) convergence rate. For any substantial set

D ⊂ Ω, the PC methods reach

(ũt − u)TF (u) ≤ ε, ∀u ∈ D(ũt), in at most t =
⌈‖I +M‖2d2

2γε

⌉

iterations, where ũt is defined in (4.3) and d = sup {‖u− u0‖ |u ∈ D(ũ)}. This

convergence rate is in the ergodic sense, the statement (4.2) suggests us to take a larger

parameter γ ∈ (0, 2] in the correction steps of the PC methods.
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5 PC Method for convex quadratic optimization

This section instigate the convergence rate of the PC method for the convex quadratic

programming. Let Ω be a closed convex subset of <n, H ∈ <n×n is positive

semidefinite and c ∈ <n. Solving the convex quadratic optimization

min{ 1
2
xTHx+ cTx |x ∈ Ω}

is equivalent to finding a vector x∗ ∈ Ω such that

SLVI(Ω, H, c) (x− x∗)T (Hx∗ + c) ≥ 0, ∀x ∈ Ω. (5.1)

The problem (5.1) is called symmetric linear variational inequality problem and denoted by

LVI(Ω, H, c). For given xk ∈ <n, let

x̃k = PΩ[xk − β(Hxk + c)]. (5.2)

For solving the monotone variational inequalities [7] are developed. For monotone linear

variational inequality, SLVI(Ω, H, c), one of the method in [7] (see Method 1 therein)

generates the new iterate by

(PC Method) xk+1 = xk − γα∗k(xk − x̃k), (5.3)
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where

α∗k =
‖xk − x̃k‖2
‖xk − x̃k‖2G

, G = I + βH and γ ∈ (0, 2). (5.4)

It was proved [7] that the sequence {xk} generated by PC Method satisfies

‖xk+1 − x∗‖2G ≤ ‖xk − x∗‖2G − γ(2− γ)α∗k‖xk − x̃k‖2. (5.5)

Because a projection is needed in each iteration and the distance of the iterates to the

solution set is monotonically decreasing, according to the terminology in [1], such methods

are called Projection and Contraction Methods (see [4]).

In this section, we show that, for given ε > 0, in O(1/ε) iterations the projection and

contraction method can find a x̃ such that

x̃ ∈ Ω and sup
x∈D(x̃)

{
(x̃− x)T (Hx+ c)

}
≤ ε, (5.6)

where

D(x̃) = {x ∈ Ω | ‖x− x̃‖ ≤ 1}.
In this sense, we will establish the algorithmic convergence complexity for the pair of

geminate projection and contraction method .
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5.1 Main theorem for complexity analysis

This section shows the main theorems for the complexity analysis. Now, we prove the key

inequality for the complexity analysis of the pair of geminate Algorithm.

Theorem 5.1 For given xk ∈ <n, let x̃k be defined by (5.2) and the new iterate xk+1 be

generated by PC Method (5.3) with any γ ∈ (0, 2). Then we have

γα∗kβ(x− x̃k)T (Hx+ c)

≥ 1

2

(
‖x− xk+1‖2G − ‖x− xk‖2G

)
+

1

2
qk(γ), ∀x ∈ Ω, (5.7)

where

qk(γ) = γ(2− γ)α∗k‖xk − x̃k‖2. (5.8)

Proof. Set v = xk − β(Hxk + c) in (1.3), because x̃k = PΩ[xk − β(Hxk + c)]

and thus x̃k = PΩ(v), it follows that

(x− x̃k)T {xk − β(Hxk + c)− x̃k} ≤ 0 ∀x ∈ Ω.
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Thus, we have

(x− x̃k)Tβ(Hxk + c) ≥ (x− x̃k)T (xk − x̃k), ∀x ∈ Ω.

Adding the term (x− x̃k)TβH(xk − x̃k) to the both sides of the above inequality and

using (I + βH) = G, we obtain

(x− x̃k)T {β(Hxk + c) + βH(xk − x̃k)}
≥ (x− x̃k)TG(xk − x̃k), ∀x ∈ Ω.

Then, we rewrite the above inequality in our desirable form

(x− x̃k)T {β(Hx+ c) + βH(x̃k − x) + 2βH(xk − x̃k)}
≥ (x− x̃k)TG(xk − x̃k), ∀x ∈ Ω.

By using the Cauchy-Schwarz inequality, from the above inequality we obtain

(x− x̃k)Tβ(Hx+ c)

≥ (x− x̃k)TG(xk − x̃k) + β‖x− x̃k‖H − 2(x− x̃k)TβH(xk − x̃k)

≥ (x− x̃k)TG(xk − x̃k)− β‖xk − x̃k‖2H , ∀x ∈ Ω,
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and thus

γα∗k(x− x̃k)Tβ(Hx+ c)

≥ (x− x̃k)TGγα∗k(xk − x̃k)− γα∗kβ‖xk − x̃k‖2H , ∀x ∈ Ω.

Because γα∗k(xk − x̃k) = (xk − xk+1) (see (1.5)), we get

γα∗k(x− x̃k)Tβ(Hx+ c)

≥ (x− x̃k)TG(xk − xk+1)− γα∗kβ‖xk − x̃k‖2H , ∀x ∈ Ω. (5.9)

To the crossed term in the right hand side of (5.9), namely (x− x̃k)TG(xk − xk+1),

using an identity

(a− b)TG(c− d) =
1

2

(
‖a− d‖2G − ‖a− c‖2G

)
+

1

2

(
‖c− b‖2G − ‖d− b‖2G

)
,

we obtain

(x− x̃k)TG(xk − xk+1) =
1

2

(
‖x− xk+1‖2G − ‖x− xk‖2G

)
+

1

2

(
‖xk − x̃k‖2G − ‖xk+1 − x̃k‖2G

)
. (5.10)
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By using xk+1 = xk − γα∗k(xk − x̃k) and (5.4), we get

‖xk − x̃k‖2G − ‖xk+1 − x̃k‖2G
= ‖xk − x̃k‖2G − ‖(xk − x̃k)− γα∗k(xk − x̃k)‖2G
= 2γα∗k(xk − x̃k)TG(xk − x̃k)− γ2α∗k(α∗k‖xk − x̃k‖2G)

= 2γα∗k‖xk − x̃k‖2 + 2γα∗kβ‖xk − x̃k‖2H − γ2α∗k‖xk − x̃k‖2

= γ(2− γ)α∗k‖xk − x̃k‖2 + 2γα∗k‖xk − x̃k‖2H .

Substituting it in the right hand side of (5.10) and using the definition of qk(γ), we obtain

(x− x̃k)TG(xk − xk+1) =
1

2

(
‖x− xk+1‖2G − ‖x− xk‖2G

)

+
1

2
qk(γ) + γα∗kβ‖xk − x̃k‖2H . (5.11)

Adding (5.9) and (5.11), the theorem is proved. 2

By setting x = x∗ in (5.7), we get

‖xk − x∗‖2G − ‖xk+1 − x∗‖2G ≥ 2γα∗k(x̃k − x∗)T (Hx∗ + c) + qk(γ).
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Because (x̃k − x∗)T (Hx∗ + c) ≥ 0, it follows from the last inequality and (5.8) that

‖xk+1 − x∗‖2G ≤ ‖xk − x∗‖2G − γ(2− γ)α∗k‖xk − x̃k‖2.

Thus, the contraction property (5.5) of the PC-Method is a byproduct of Theorem 5.1.

5.2 Convergence rate of the PC method

This section uses Theorem 3.1 to show the convergence rate of the projection type

algorithm.

Theorem 5.2 Let the sequence {xk} be generated by PC Method, and x̃k be given by

(1.4). For any integer t > 0, it holds that

(x̃t − x)T (Hx+ c) ≤ ‖I + βH‖
2γβ(t+ 1)

‖x− x0‖2G, ∀x ∈ Ω, (5.12)

where

x̃t =
1

Υt

t∑

k=0

α∗kx̃
k and Υt =

t∑

k=0

α∗k. (5.13)
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Proof. For the convergence rate proof, we allow γ ∈ (0, 2]. In this case, we still have

qk(γ) ≥ 0. From (3.2) we get

(x− x̃k)Tα∗k(Hx+ c) +
1

2γβ
‖x− xk‖2G ≥

1

2γβ
‖x− xk+1‖2G, ∀x ∈ Ω.

Summing the above inequality over k = 0, . . . , t, we obtain

(( t∑

k=0

α∗k
)
x−

t∑

k=0

α∗kx̃
k
)T

(Hx+ c) +
1

2γβ
‖x− x0‖2 ≥ 0, ∀x ∈ Ω.

Using the notations of Υt and x̃t in the above inequality, we derive

(x̃t − x)T (Hx+ c) ≤ ‖x− x
0‖2

2γβΥt
, ∀x ∈ Ω. (5.14)

Indeed, x̃t ∈ Ω because it is a convex combination of x̃0, x̃1, . . . , x̃t. Because

α∗k ≥ 1/‖I + βH‖ for all k > 0 (see (5.2)), it follows from (5.13) that

Υt ≥ t+ 1

‖I + βH‖ .

Substituting it in (5.14), the proof is complete. 2
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Thus the projection and contraction method have O(1/t) convergence rate. For any

substantial setD ⊂ Ω, the PC Method and PC MethodI reach

(x̃t − x)T (Hx+ c) ≤ ε, ∀x ∈ D(x̃t), in at most t =
⌈‖I + βH‖d2

2γβε

⌉

iterations, where x̃t is defined in (5.13) and d = sup {‖x− x0‖ |x ∈ D(x̃t)}. This

convergence rate is in the ergodic sense, the statement (5.12) suggests us to take a larger

parameter γ ∈ (0, 2] in the correction steps of the projection and contraction method .

5.3 Convergence rate in the point manner

In this subsection, we consider a special version of PC Method which updates the new

iterate by

xk+1 = xk − (xk − x̃k), (5.15)

where the positive definite matrix G satisfies the following condition:

G = I + βH � 2(1− ν)I, ν ∈ (0, 1). (5.16)

Under the condition (5.16), if we use the original PC Method (1.5), the α∗k defined in (1.6)
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satisfies

α∗k =
‖xk − x̃k‖2
‖xk − x̃k‖2G

≥ 1

2(1− ν)
. (5.17)

The update form (5.15) can be viewed in PC Method (5.3) by dynamically taking

γk ≡ 1/α∗k . According to (5.5) and (5.17), using

γkα
∗
k = 1 and ‖xk − x̃k‖2 = α∗k‖G−1(I +H)(xk − x̃k)‖2G,

we obtain

qk(γk) = (2− γk)‖xk − x̃k‖2

= (2− γk)α∗k‖xk − x̃k‖2G ≥
ν

1− ν ‖x
k − x̃k‖2G, ∀x∗ ∈ Ω∗.

Then, from (1.7), the above inequality and (5.15) follows that

‖xk+1 − x∗‖2G ≤ ‖xk − x∗‖2G −
ν

1− ν ‖x
k − xk+1‖2G, ∀x∗ ∈ Ω∗. (5.18)

In the following we focus on showing that the sequence {‖xk − xk+1‖G} is

monotonically non-increasing. For this purpose, we need to prove the following lemma.

Lemma 5.1 For given xk , let x̃k be offered by (1.4). If the algorithm uses the update form

82



IV - 29

(5.15) to generate the new iterate, then we have

(xk − xk+1)TG{(xk − x̃k)− (xk+1 − x̃k+1)}
≥ ‖(xk − x̃k)− (xk+1 − x̃k+1)‖2 + β‖xk − xk+1‖2H . (5.19)

Proof. First, set y = xk − β(Hxk + c) in (1.3), since x̃k = PΩ[xk − β(Hxk + c)],

it follows that

(x− x̃k)T {β(Hxk + c)− (xk − x̃k)} ≥ 0, ∀x ∈ Ω.

We rewrite it as

(x− x̃k)T {β(Hx̃k +c)+2βH(xk− x̃k)−(I+βH)(xk− x̃k)} ≥ 0, ∀x ∈ Ω,

and thus

(x− x̃k)Tβ(Hx̃k + c)

≥ (x− x̃k)TG(xk − x̃k)− 2β(x− x̃k)TH(xk − x̃k), ∀x ∈ Ω. (5.20)
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Set x = x̃k+1 in (5.20), we have

(x̃k+1 − x̃k)Tβ(Hx̃k + c) ≥ (x̃k+1 − x̃k)TG(xk − x̃k)

−2β(x̃k+1 − x̃k)TH(xk − x̃k). (5.21)

Note that (5.20) is also true for k := k + 1 and thus we have

(x− x̃k+1)Tβ(Hx̃k+1 + c) ≥ (x− x̃k+1)TG(xk+1 − x̃k+1)

−2β(x− x̃k+1)TH(xk+1 − x̃k+1), ∀x ∈ Ω.

Set x = x̃k in the above inequality, we obtain

(x̃k − x̃k+1)Tβ(Hx̃k+1 + c) ≥ (x̃k − x̃k+1)TG(xk+1 − x̃k+1)

−2β(x̃k − x̃k+1)TH(xk+1 − x̃k+1). (5.22)

Adding (5.21) and (5.22), we get

(x̃k − x̃k+1)TG{(xk − x̃k)− (xk+1 − x̃k+1)}
≥ β‖x̃k − x̃k+1‖2H

+2β(x̃k − x̃k+1)TH{(xk − x̃k)− (xk+1 − x̃k+1)}. (5.23)

83



IV - 31

Moreover, by adding the identity

{(xk − x̃k)− (xk+1 − x̃k+1)}TG{(xk − x̃k)− (xk+1 − x̃k+1)}
= β‖(xk − x̃k)− (xk+1 − x̃k+1)‖2H + ‖(xk − x̃k)− (xk+1 − x̃k+1)‖2

to the both sides of (5.23), we obtain

(xk − xk+1)TG{(xk − x̃k)− (xk+1 − x̃k+1)}
≥ β‖x̃k − x̃k+1‖2H + 2β(x̃k − x̃k+1)TH{(xk − x̃k)− (xk+1 − x̃k+1)}

+β‖(xk − x̃k)− (xk+1 − x̃k+1)‖2H + ‖(xk − x̃k)− (xk+1 − x̃k+1)‖2

= β‖xk − xk+1‖2H + ‖(xk − x̃k)− (xk+1 − x̃k+1)‖2. (5.24)

This is just the inequality (5.19) and the lemma is proved. 2

Theorem 5.3 For given xk , let x̃k be offered by (1.4). If the algorithm uses the update

form (5.15) to generate the new iterate and the the condition (5.16) is satisfied, then for all

integer k ≥ 0, it holds that

‖xk+1 − xk+2‖2G ≤ ‖xk − xk+1‖2G. (5.25)
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Proof. Using x̃k = xk+1 and x̃k+1 = xk+2 (see (5.15)) in (5.19), we obtain

(xk − xk+1)TG{(xk − xk+1)− (xk+1 − xk+2)}
≥ ‖(xk − xk+1)− (xk+1 − xk+2)‖2. (5.26)

Setting a = (xk − xk+1) and b = (xk+1 − xk+2) in the identity

‖a‖2G − ‖b‖2G = 2aTG(a− b)− ‖a− b‖2G,

we obtain

‖xk − xk+1‖2G − ‖xk+1 − xk+2‖2G
= 2(xk − xk+1)TG{(xk − xk+1)− (xk+1 − xk+2)}
−‖(xk − xk+1)− (xk+1 − xk+2)‖2G.

Inserting (5.26) into the first term of the right-hand side of the last equality, we obtain

‖xk − xk+1‖2G − ‖xk+1 − xk+2‖2G
≥ 2‖(xk − xk+1)− (xk+1 − xk+2)‖2

−‖(xk − xk+1)− (xk+1 − xk+2)‖2G. (5.27)
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Thus,

‖xk − xk+1‖2G − ‖xk+1 − xk+2‖2G
≥ ‖(xk − xk+1)− (xk+1 − xk+2)‖2(2I−G). (5.28)

According to (5.16), the matrix (2I −G) is positive definite, and thus the right hand side

of (5.28) is non-negative. The assertion (5.25) follows immediately. 2

With (5.18) and (5.25), we can prove the main result for the convergence rate in the

non-ergodic sense.

Theorem 5.4 For given xk , let x̃k be offered by (1.4). If the algorithm uses the update

form (5.15) to generate the new iterate and the the condition (5.16) is satisfied, then for any

integer t > 0, we have

‖xt − xt+1‖2G ≤
1− ν

(t+ 1)ν
‖x0 − x∗‖2G. (5.29)
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Proof. First, it follows from (5.18) that

ν

1− ν
∞∑

k=0

‖xk − xk+1‖2G ≤ ‖x0 − x∗‖2G, ∀x∗ ∈ Ω∗. (5.30)

According to Theorem 5.3, the sequence {‖xk − xk+1‖2G} is monotonically

non-increasing. Therefore, we have

(t+ 1)‖xt − xt+1‖2G ≤
t∑

k=0

‖xk − xk+1‖2G. (5.31)

The assertion (5.29) follows from (5.30) and (5.31) immediately. 2

Notice that Ω∗ is convex and closed (see (2.3.2) of [3]). Let

d := inf{‖x0 − x∗‖G |x∗ ∈ Ω∗}.

Then, for any given ε > 0, Theorem 5.4 shows that the it needs at most bd2/c0εc
iterations to ensure that ‖xk − xk+1‖2G ≤ ε.
Recall that xk is a solution of SLVI(Ω, H, c) if ‖xk − xk+1‖2G = 0 (see (5.15)). A

worst-case O(1/t) convergence rate in a non-ergodic sense is thus established.
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The context of this lecture is based on the publication [2]

V - 2

In 2005, Nemirovski’s analysis indicates that the extragradient method has the O(1/t)

convergence rate for variational inequalities with Lipschitz continuous monotone operators.

For the same problems, in the last decades, we have developed a class of Fejér monotone

projection and contraction methods. Until now, only convergence results are available to

these projection and contraction methods, though the numerical experiments indicate that

they always outperform the extragradient method. The reason is that the former benefits

from the ‘optimal’ step size in the contraction sense. In this paper, we prove the

convergence rate under a unified conceptual framework, which includes the projection and

contraction methods as special cases and thus perfects the theory of the existing

projection and contraction methods. Preliminary numerical results demonstrate that the

projection and contraction methods converge twice faster than the extragradient method.

1 Introduction

Let Ω be a nonempty closed convex subset of <n, F be a continuous mapping from <n
to itself. The variational inequality problem, denoted by VI(Ω, F ), is to find a vector
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u∗ ∈ Ω such that

VI(Ω, F ) (u− u∗)TF (u∗) ≥ 0, ∀u ∈ Ω. (1.1)

Notice that VI(Ω, F ) is invariant when F is multiplied by some positive scalar β > 0. It is

well known that, for any β > 0,

u∗ is a solution of VI(Ω, F ) ⇐⇒ u∗ = PΩ[u∗ − βF (u∗)], (1.2)

where PΩ(·) denotes the projection onto Ω with respect to the Euclidean norm, i.e.,

PΩ(v) = argmin{‖u− v‖ |u ∈ Ω}.

Throughout this paper we assume that the mapping F is monotone and Lipschitz

continuous, i.e.,

(u− v)T (F (u)− F (v)) ≥ 0, ∀u, v ∈ <n,

and there is a constant L > 0 (not necessary known), such that

‖F (u)− F (v)‖ ≤ L‖u− v‖, ∀u, v ∈ <n.
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Moreover, we assume that the solution set of VI(Ω, F ), denoted by Ω∗, is nonempty. The

nonempty assumption of the solution set, together with the monotonicity assumption of F ,

implies that Ω∗ is closed and convex (see pp. 158 in [3]).

Among the algorithms for monotone variational inequalities, the extragradient (EG) method

proposed by Korpelevich [9] is one of the attractive methods. In fact, each iteration of the

extragradient method can be divided into two steps. The k-th iteration of EG method

begins with a given uk ∈ Ω, the first step produces a vector ũk via a projection

ũk = PΩ[uk − βkF (uk)], (1.3a)

where βk > 0 is selected to satisfy

βk‖F (uk)− F (ũk)‖ ≤ ν‖uk − ũk‖, ν ∈ (0, 1). (1.3b)

Since ũk is not accepted as the new iterate, for designation convenience, we call it as a

predictor and βk is named the prediction step size. The second step (correction step) of

the k-th iteration updates the new iterate uk+1 by

uk+1 = PΩ[uk − βkF (ũk)], (1.4)

where βk is called the correction step size. The sequence {uk} generated by the
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extragradient method is Fejér monotone with respect to the solution set, namely,

‖uk+1 − u∗‖2 ≤ ‖uk − u∗‖2 − (1− ν2)‖uk − ũk‖2. (1.5)

For a proof of the above contraction property, the readers may consult [3] (see pp.

1115-1118 therein). Notice that, in the extragradient method, the step size of the prediction

(1.3a) and that of the correction (1.4) are equal. Thus the two steps seem like ‘symmetric’.

Because of its simple iterative forms, recently, the extragradient method has been applied

to solve some large optimization problems in the area of information science, such as in

machine learning [15], optical network [11] and speech recognition [12], etc. In addition,

Nemirovski [10] and Tseng [16] proved the O(1/t) convergence rate of the extragradient

method. Both in the theoretical and practical aspects, the interest in the extragradient

method becomes more active.

In the last decades, we devoted our effort to develop a class of projection and contraction

(PC) methods for monotone variational inequalities [5, 6, 8, 13]. Similarly as in the

extragradient method, each iteration of the PC methods consists of two steps. The

prediction step of PC methods produces the predictor ũk via (1.3) just as in the

extragradient method. The PC methods exploit a pair of geminate directions [7, 8] offered
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by the predictor, namely, they are

d(uk, ũk) = (uk − ũk)− βk(F (uk)− F (ũk)) and βkF (ũk). (1.6)

Here, both the directions are ascent directions of the unknown distance function
1
2
‖u− u∗‖2 at the point uk . Based on such directions, the goal of the correction step is

to generate a new iterate which is more closed to the solution set. It leads to choosing the

‘optimal’ step length

%k =
(uk − ũk)T d(uk, ũk)

‖d(uk, ũk)‖2 , (1.7)

and a relaxation factor γ ∈ (0, 2), the second step (correction step) of the PC methods

updates the new iterate uk+1 by

uk+1 = uk − γ%kd(uk, ũk), (1.8)

or

uk+1 = PΩ[uk − γ%kβkF (ũk)]. (1.9)

The PC methods (without line search) make one (or two) projection(s) on Ω at each

iteration, and the distance of the iterates to the solution set monotonically converges to

zero. According to the terminology in [1], these methods belong to the class of Fejér
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contraction methods. In fact, the only difference between the extragradient method and

one of the PC methods is that they use different step sizes in the correction step (see (1.4)

and (1.9)). According to our numerical experiments [6, 8], the PC methods always

outperform the extragradient methods.

Stimulated by the complexity statement of the extragradient method, this paper shows the

O(1/t) convergence rate of the projection and contraction methods for monotone VIs.

Recall that Ω∗ can be characterized as (see (2.3.2) in pp. 159 of [3])

Ω∗ =
⋂

u∈Ω

{
ũ ∈ Ω : (u− ũ)TF (u) ≥ 0

}
.

This implies that ũ ∈ Ω is an approximate solution of VI(Ω, F ) with the accuracy ε if it

satisfies

ũ ∈ Ω and inf
u∈Ω

{
(u− ũ)TF (u)

}
≥ −ε.

In this paper, we show that, for given ε > 0 andD ⊂ Ω, in O(L/ε) iterations the

projection and contraction methods can find a ũ such that

ũ ∈ Ω and sup
u∈D

{
(ũ− u)TF (u)

}
≤ ε. (1.10)

As a byproduct of the complexity analysis, we find why taking a suitable relaxation factor
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γ ∈ (1, 2) in the correction steps (1.8) and (1.9) of the PC methods can achieve the faster

convergence.

The outline of this paper is as follows. Section 2 recalls some basic concepts in the

projection and contraction methods. In Section 3, we investigate the geminate descent

directions of the distance function. Section 4 shows the contraction property of the PC

methods. In Section 5, we carry out the complexity analysis, which results in an O(1/t)

convergence rate and suggests using the large relaxation factor in the correction step of

the PC methods. The solution methods study for variational inequality is helpful for

investigating the splitting contraction methods for separable convex optimization, some

conclusion remarks are addressed in the last section.

Throughout the paper, the following notational conventions are used. We use u∗ to denote

a fixed but arbitrary point in the solution set Ω∗. A superscript such as in uk refers to a

specific vector and usually denotes an iteration index. For any real matrix M and vector v,

we denote the transpose by MT and vT , respectively. The Euclidean norm will be

denoted by ‖ · ‖.
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2 Preliminaries

In this section, we summarize the basic concepts of the projection mapping and three

fundamental inequalities for constructing the PC methods. Throughout this paper, we

assume that the projection on Ω in the Euclidean-norm has a closed form and it is easy to

be carried out. Since

PΩ(v) = argmin{1

2
‖u− v‖2 | u ∈ Ω},

according to the optimal solution of the convex minimization problem, we have

(v − PΩ(v))T (u− PΩ(v)) ≤ 0, ∀ v ∈ <n, ∀ u ∈ Ω. (2.1)

Consequently, for any u ∈ Ω, it follows from (2.1) that

‖u− v‖2 = ‖(u− PΩ(v))− (v − PΩ(v))‖2

= ‖u− PΩ(v)‖2 − 2(v − PΩ(v))T (u− PΩ(v)) + ‖v − PΩ(v)‖2

≥ ‖u− PΩ(v)‖2 + ‖v − PΩ(v)‖2.
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Therefore, we have

‖u− PΩ(v)‖2 ≤ ‖u− v‖2 − ‖v − PΩ(v)‖2, ∀ v ∈ <n, ∀ u ∈ Ω. (2.2)

For given u and β > 0, let ũ = PΩ[u− βF (u)] be given via a projection. We say that

ũ is a test-vector of VI(Ω, F ) because

u = ũ ⇔ u ∈ Ω∗.

Since ũ ∈ Ω, it follows from (1.1) that

(FI-1) (ũ− u∗)TβF (u∗) ≥ 0, ∀u∗ ∈ Ω∗. (2.3)

Setting v = u− βF (u) and u = u∗ in the inequality (2.1), we obtain

(FI-2) (ũ− u∗)T
(
(u− ũ)− βF (u)

)
≥ 0, ∀u∗ ∈ Ω∗. (2.4)

Under the assumption that F is monotone we have

(FI-3) (ũ− u∗)Tβ
(
F (ũ)− F (u∗)

)
≥ 0, ∀u∗ ∈ Ω∗. (2.5)

The inequalities (2.3), (2.4) and (2.5) play an important role in the projection and

contraction methods. They were emphasized in [5] as three fundamental inequalities in the
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projection and contraction methods.

3 Predictor and the ascent directions

For given uk , the predictor ũk in the projection and contraction methods [5, 6, 8, 13] is

produced by (1.3). Because the mapping F is Lipschitz continuous (even if the constant

L > 0 is unknown), without loss of generality, we can assume that

infk≥0{βk} ≥ βL > 0 and βL = O(1/L). In practical computation, we can make an

initial guesses of β = ν/L and decrease β by a constant factor and repeat the procedure

whenever (1.3b) is violated.

For any but fixed u∗ ∈ Ω∗, (u− u∗) is the gradient of the unknown distance function
1
2
‖u− u∗‖2 in the Euclidean-norma at the point u. A direction d is called an ascent

direction of 1
2
‖u− u∗‖2 at u if and only if the inner-product (u− u∗)T d > 0.

aFor convenience, we only consider the distance function in the Euclidean-norm. All the results in

this paper are easy to extended to the contraction of the distance function in G-norm where G is a

positive definite matrix.
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3.1 Ascent directions by adding the fundamental inequalities

Setting u = uk , ũ = ũk and β = βk in the fundamental inequalities (2.3), (2.4) and

(2.5), and adding them, we get

(ũk − u∗)T d(uk, ũk) ≥ 0, ∀u∗ ∈ Ω∗, (3.1)

where

d(uk, ũk) = (uk − ũk)− βk
(
F (uk)− F (ũk)

)
, (3.2)

which is the same d(uk, ũk) defined in (1.6). It follows from (3.1) that

(uk − u∗)T d(uk, ũk) ≥ (uk − ũk)T d(uk, ũk). (3.3)

Note that, under the condition (1.3b), we have

2(uk − ũk)d(uk, ũk)− ‖d(uk, ũk)‖2

= d(uk, ũk)T {2(uk − ũk)− d(uk, ũk)}
= ‖uk − ũk‖2 − β2

k‖F (uk)− F (ũk)‖2

≥ (1− ν2)‖uk − ũk‖2. (3.4)
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Consequently, from (3.3) and (3.4) we have

(uk − u∗)T d(uk, ũk) ≥ 1

2

(
‖d(uk, ũk)‖2 + (1− ν2)‖uk − ũk‖2

)
.

This means that d(uk, ũk) is an ascent direction of the unknown distance function
1
2
‖u− u∗‖2 at the point uk .

3.2 Geminate ascent directions

To the direction d(uk, ũk) defined in (3.2), there is a correlative ascent direction

βkF (ũk). Use the notation of d(uk, ũk), the projection equation (1.3a) can be written as

ũk = PΩ{ũk − [βkF (ũk)− d(uk, ũk)]}. (3.5a)

It follows that ũk is a solution of VI(Ω, F ) if and only if d(uk, ũk) = 0. Assume that

there is a constant c > 0 such that

%k =
(uk − ũk)T d(uk, ũk)

‖d(uk, ũk)‖2 ≥ c, ∀k ≥ 0. (3.5b)
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In this paper, we call (3.5) with c > 0 the general conditions and the forthcoming analysis

is based of these conditions. For given uk , there are different ways to construct ũk and

d(uk, ũk) which satisfy the conditions (3.5) (see [8] for an example). If βk satisfies (1.3b)

and d(uk, ũk) is given by (3.2), the general conditions (3.5) are satisfied with c ≥ 1
2

(see

(3.4)). Note that an equivalent expression of (3.5a) is

ũk ∈ Ω, (u− ũk)T {βkF (ũk)− d(uk, ũk)} ≥ 0, ∀u ∈ Ω, (3.6a)

and from (3.5b) we have

(uk − ũk)T d(uk, ũk) = %k‖d(uk, ũk)‖2. (3.6b)

In fact, d(uk, ũk) and βkF (ũk) in (3.5a) are a pair of geminate directions and usually

denoted by d1(uk, ũk) and d2(uk, ũk), respectively. In this paper, we restrict

d2(uk, ũk) to be F (ũk) times a positive scalar βk . If d(uk, ũk) = uk − ũk , then ũk

in (3.6a) is the solution of the subproblem in the k-th iteration when PPA applied to solve

VI(Ω, F ). Hence, the projection and contraction methods considered in this paper belong

to the prox-like contraction methods.

The following lemmas tell us that both the direction d(uk, ũk) (for uk ∈ <n) and F (ũk)
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(for uk ∈ Ω) are ascent directions of the function 1
2
‖u− u∗‖2 whenever uk is not a

solution point. The proof is similar to those in [7], for completeness sake of this paper, we

restate the short proofs.

Lemma 3.1 Let the general conditions (3.5) be satisfied. Then we have

(uk − u∗)T d(uk, ũk) ≥ %k‖d(uk, ũk)‖2, ∀uk ∈ <n, u∗ ∈ Ω∗. (3.7)

Proof. Note that u∗ ∈ Ω. By setting u = u∗ in (3.6a) (the equivalent expression of

(3.5a)), we get

(ũk − u∗)T d(uk, ũk) ≥ (ũk − u∗)TβkF (ũk) ≥ 0, ∀u∗ ∈ Ω∗.

The last inequality follows from the monotonicity of F and (ũk − u∗)TF (u∗) ≥ 0.

Therefore,

(uk − u∗)T d(uk, ũk) ≥ (uk − ũk)T d(uk, ũk), ∀u∗ ∈ Ω∗.

The assertion (3.7) is followed from the above inequality and (3.6b) directly. 2

V - 16

Lemma 3.2 Let the general conditions (3.5) be satisfied. If uk ∈ Ω, then we have

(uk − u∗)TβkF (ũk) ≥ %k‖d(uk, ũk)‖2, ∀u∗ ∈ Ω∗. (3.8)

Proof. Since (ũk − u∗)TβkF (ũk) ≥ 0, we have

(uk − u∗)TβkF (ũk) ≥ (uk − ũk)TβkF (ũk), ∀u∗ ∈ Ω∗.

Note that because uk ∈ Ω, by setting u = uk in (3.6a), we get

(uk − ũk)TβkF (ũk) ≥ (uk − ũk)T d(uk, ũk).

From the above two inequalities follows that

(uk − u∗)TβkF (ũk) ≥ (uk − ũk)T d(uk, ũk), ∀u∗ ∈ Ω∗.

The assertion (3.8) is followed from the above inequality and (3.6b) directly. 2

Note that (3.7) holds for uk ∈ <n while (3.8) is hold only for uk ∈ Ω.
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4 Corrector in the contraction sense

Based on the pair of geminate ascent directions in (3.5), namely, d(uk, ũk) and

βkF (ũk), we use the one of the following corrector forms to update the new iterate uk+1:

(Correction of PC Method-I) uk+1
I = uk − γ%kd(uk, ũk), (4.1a)

or

(Correction of PC Method-II) uk+1
II = PΩ[uk − γ%kβkF (ũk)], (4.1b)

where γ ∈ (0, 2) and %k is defined in (3.5b). Note that the same step size length is used

in (4.1a) and (4.1b) even if the search directions are different. Recall that ũk is obtained

via a projection, by using the correction form (4.1b), we have to make an additional

projection on Ω in the PC methods. Replacing γ%k in (4.1b) by 1, it reduces to the update

form of the extragradient method (see (1.4)).

For any solution point u∗ ∈ Ω∗, we define

ϑI(γ) = ‖uk − u∗‖2 − ‖uk+1
I − u∗‖2 (4.2a)
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and

ϑII(γ) = ‖uk − u∗‖2 − ‖uk+1
II − u∗‖2, (4.2b)

which measure the profit in the k-th iteration. The following theorem gives a lower bound of

the profit function, the similar results were established in [6, 7, 8].

Theorem 4.1 For given uk , let the general conditions (3.5) be satisfied. If the corrector is

updated by (4.1a) or (4.1b), then for any u∗ ∈ Ω∗ and γ > 0, we have

ϑI(γ) ≥ q(γ), (4.3)

and

ϑII(γ) ≥ q(γ) + ‖uk+1
I − uk+1

II ‖2, (4.4)

respectively, where

q(γ) = γ(2− γ)%2
k‖d(uk, ũk)‖2. (4.5)

Proof. Using the definition of ϑI(γ) and uk+1
I (see (4.1a)), we have

ϑI(γ) = ‖uk − u∗‖2 − ‖uk − u∗ − γ%kd(uk, ũk)‖2

= 2γ%k(uk − u∗)T d(uk, ũk)− γ2%2
k‖d(uk, ũk)‖2. (4.6)
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Recalling (3.7), we obtain

2γ%k(uk − u∗)T d(uk, ũk) ≥ 2γ%2
k‖d(uk, ũk)‖2.

Substituting it in (4.6) and using the definition of q(γ), we get ϑI(γ) ≥ q(γ) and the first

assertion is proved. Now, we turn to show the second assertion. Because

uk+1
II = PΩ[uk − γ%kβkF (ũk)],

and u∗ ∈ Ω, by setting u = u∗ and v = uk − γ%kβkF (ũk) in (2.2), we have

‖u∗ − uk+1
II ‖2 ≤ ‖u∗ − (uk − γ%kβkF (ũk))‖2

−‖uk − γ%kβkF (ũk)− uk+1
II ‖2. (4.7)

Thus,

ϑII(γ) = ‖uk − u∗‖2 − ‖uk+1
II − u∗‖2

≥ ‖uk − u∗‖2 − ‖(uk − u∗)− γ%kβkF (ũk)‖2

+‖(uk − uk+1
II )− γ%kβkF (ũk)‖2

= ‖uk − uk+1
II ‖2 + 2γ%kβk(uk+1

II − u∗)TF (ũk)

≥ ‖uk − uk+1
II ‖2 + 2γ%kβk(uk+1

II − ũk)TF (ũk). (4.8)
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The last inequality in (4.8) follows from (ũk − u∗)TF (ũk) ≥ 0. Since uk+1
II ∈ Ω, by

setting u = uk+1
II in (3.6a), we get

(uk+1
II − ũk)T {βkF (ũk)− d(uk, ũk)} ≥ 0,

and consequently, substituting it in the right hand side of (4.8), we obtain

ϑII(γ) ≥ ‖uk − uk+1
II ‖2 + 2γ%k(uk+1

II − ũk)T d(uk, ũk)

= ‖uk − uk+1
II ‖2 + 2γ%k(uk − ũk)T d(uk, ũk)

−2γ%k(uk − uk+1
II )T d(uk, ũk). (4.9)

To the two crossed term in the right hand side of (4.9), we have (by using (3.6b))

2γ%k(uk − ũk)T d(uk, ũk) = 2γ%2
k‖d(uk, ũk)‖2,

and

−2γ%k(uk − uk+1
II )T d(uk, ũk)

= ‖(uk − uk+1
II )− γ%kd(uk, ũk)‖2

−‖uk − uk+1
II ‖2 − γ2%2

k‖d(uk, ũk)‖2,
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respectively. Substituting them in the right hand side of (4.9) and using

uk − γ%kd(uk, ũk) = uk+1
I ,

we obtain

ϑII(γ) ≥ γ(2− γ)%2
k‖d(uk, ũk)‖2 + ‖uk+1

I − uk+1
II ‖2

= q(γ) + ‖uk+1
I − uk+1

II ‖2, (4.10)

and the proof is complete. 2

Note that q(γ) is a quadratic function of γ, it reaches its maximum at γ∗ = 1. In practice,

%k is the ‘optimal’ step size in (4.1) and γ is a relaxation factor. Because q(γ) is a lower

bound of ϑI(γ) (resp. ϑII(γ)), the desirable new iterate is updated by (4.1) with

γ ∈ [1, 2).

From Theorem 4.1 we obtain

‖uk+1 − u∗‖2 ≤ ‖uk − u∗‖2 − γ(2− γ)%2
k‖d(uk, ũk)‖2. (4.11)

Convergence result follows from (4.11) directly. Due to the property (4.11) we call the

methods which use different update forms in (4.1) PC Method-I and PC Method II,
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respectively. Note that the assertion (4.11) is derived from the general conditions (3.5). For

the PC methods using correction form (1.8) or (1.9), because %k >
1
2

, by using (3.6b) and

(1.3b), it follows from (4.11) that

‖uk+1 − u∗‖2 ≤ ‖uk − u∗‖2 − 1

2
γ(2− γ)(1− ν)‖uk − ũk‖2. (4.12)

5 Convergence rate of the PC methods

This section proves the convergence rate of the projection and contraction methods. Recall

that the base of the complexity proof is (see (2.3.2) in pp. 159 of [3])

Ω∗ =
⋂

u∈Ω

{
ũ ∈ Ω : (u− ũ)TF (u) ≥ 0

}
. (5.1)

In the sequel, for given ε > 0 andD ⊂ Ω, we focus our attention to find a ũ such that

ũ ∈ Ω and sup
u∈D

(ũ− u)TF (u) ≤ ε. (5.2)

Although the PC Method I uses the update form (4.1a) and it does not guarantee that
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{uk} belongs to Ω, the sequence {ũk} ⊂ Ω in the PC methods with different corrector

forms. Now, we prove the key inequality of the PC Method I for the complexity analysis.

Lemma 5.1 For given uk ∈ <n, let the general conditions (3.5) be satisfied. If the new

iterate uk+1 is updated by (4.1a) with any γ > 0, then we have

(u− ũk)T γ%kβkF (ũk) +
1

2

(
‖u− uk‖2 − ‖u− uk+1‖2

)
≥ 1

2
q(γ), ∀u ∈ Ω,

(5.3)

where q(γ) is defined in (4.5).

Proof. Because (due to (3.6a))

(u− ũk)TβkF (ũk) ≥ (u− ũk)T d(uk, ũk), ∀u ∈ Ω,

and (see (4.1a))

γ%kd(uk, ũk) = uk − uk+1,

we need only to show that

(u−ũk)T (uk−uk+1)+
1

2

(
‖u−uk‖2−‖u−uk+1‖2

)
≥ 1

2
q(γ), ∀u ∈ Ω. (5.4)

To the crossed term in the left hand side of (5.4), namely (u− ũk)T (uk − uk+1), using
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an identity

(a− b)T (c− d) =
1

2

(
‖a− d‖2 − ‖a− c‖2

)
+

1

2

(
‖c− b‖2 − ‖d− b‖2

)
,

we obtain

(u− ũk)T (uk − uk+1) =
1

2

(
‖u− uk+1‖2 − ‖u− uk‖2

)

+
1

2

(
‖uk − ũk‖2 − ‖uk+1 − ũk‖2

)
. (5.5)

By using uk+1 = uk − γ%kd(uk, ũk) and (3.6b), we get

‖uk − ũk‖2 − ‖uk+1 − ũk‖2

= ‖uk − ũk‖2 − ‖(uk − ũk)− γ%kd(uk, ũk)‖2

= 2γ%k(uk − ũk)T d(uk, ũk)− γ2%2
k‖d(uk, ũk)‖2

= γ(2− γ)%2
k‖d(uk, ũk)‖2.

Substituting it in the right hand side of (5.5) and using the definition of q(γ), we obtain

(5.4) and the lemma is proved. 2

The both sequences {ũk} and {uk} in the PC method II belong to Ω. In the following
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lemma we prove the same assertion for PC method II as in Lemma 5.1.

Lemma 5.2 For given uk ∈ Ω, let the general conditions (3.5) be satisfied. If the new

iterate uk+1 is updated by (4.1b) with any γ > 0, then we have

(u− ũk)T γ%kβkF (ũk) +
1

2

(
‖u− uk‖2 − ‖u− uk+1‖2

)
≥ 1

2
q(γ), ∀u ∈ Ω,

(5.6)

where q(γ) is defined in (4.5).

Proof. For investigating (u− ũk)TβkF (ũk), we divide it in the terms

(uk+1 − ũk)T γ%kβkF (ũk) and (u− uk+1)T γ%kβkF (ũk).

First, we deal with the term (uk+1 − ũk)T γ%kβkF (ũk). Since uk+1 ∈ Ω, substituting

u = uk+1 in (3.6a) we get

(uk+1 − ũk)T γ%kβkF (ũk)

≥ γ%k(uk+1 − ũk)T d(uk, ũk)

= γ%k(uk − ũk)T d(uk, ũk)− γ%k(uk − uk+1)T d(uk, ũk). (5.7)
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To the first crossed term of the right hand side of (5.7), using (3.6b), we have

γ%k(uk − ũk)T d(uk, ũk) = γ%2
k‖d(uk, ũk)‖2.

To the second crossed term of the right hand side of (5.7), using the Cauchy-Schwarz

Inequality, we get

−γ%k(uk − uk+1)T d(uk, ũk) ≥ −1

2
‖uk − uk+1‖2 − 1

2
γ2%2

k‖d(uk, ũk)‖2.

Substituting them in the right hand side of (5.7), we obtain

(uk+1 − ũk)T γ%kβkF (ũk) ≥ 1

2
γ(2− γ)%2

k‖d(uk, ũk)‖2 − 1

2
‖uk − uk+1‖2.

(5.8)

Now, we turn to treat of the term (u− uk+1)T γ%kβkF (ũk). Since uk+1 is updated by

(4.1b), uk+1 is the projection of
(
uk − γ%kβkF (ũk)

)
on Ω, it follows from (2.1) that

{(
uk − γ%kβkF (ũk)

)
− uk+1}T (u− uk+1) ≤ 0, ∀u ∈ Ω,

and consequently
(
u− uk+1)T γ%kβkF (ũk) ≥

(
u− uk+1)T (uk − uk+1), ∀u ∈ Ω.

Using the identity aT b = 1
2
{‖a‖2 − ‖a− b‖2 + ‖b‖2} to the right hand side of the last
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inequality, we obtain

(
u−uk+1)T γ%kβkF (ũk) ≥ 1

2

(
‖u−uk+1‖2−‖u−uk‖2

)
+

1

2
‖uk −uk+1‖2.

(5.9)

Adding (5.8) and (5.9) and using the definition of q(γ), we get (5.6) and the proof is

complete. 2

For the different projection and contraction methods, we have the same key inequality

which is shown in Lemma 5.1 and Lemma 5.2, respectively. By setting u = u∗ in (5.3)

and (5.6), we get

‖uk − u∗‖2 − ‖uk+1 − u∗‖2 ≥ 2γ%kβk(ũk − u∗)TF (ũk) + q(γ).

Because (ũk − u∗)TF (ũk) ≥ (ũk − u∗)TF (u∗) ≥ 0 and

q(γ) = γ(2− γ)%2
k‖d(uk, ũk)‖2, it follows from the last inequality that

‖uk+1 − u∗‖2 ≤ ‖uk − u∗‖2 − γ(2− γ)%2
k‖d(uk, ũk)‖2.

This is just the form (4.11) in Section 4. In other words, the contraction property (4.11) of

PC methods is the consequent result of Lemma 5.1 and Lemma 5.2, respectively.
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For the convergence rate proof, we allow γ ∈ (0, 2]. In this case, we still have q(γ) ≥ 0.

By using the monotonicity of F , from (5.3) and (5.6) we get

(u− ũk)T %kβkF (u) +
1

2γ
‖u− uk‖2 ≥ 1

2γ
‖u− uk+1‖2, ∀u ∈ Ω. (5.10)

This inequality is essential for the convergence rate proofs.

Theorem 5.1 For any integer t > 0, we have a ũt ∈ Ω which satisfies

(ũt − u)TF (u) ≤ 1

2γΥt
‖u− u0‖2, ∀u ∈ Ω, (5.11)

where

ũt =
1

Υt

t∑

k=0

%kβkũ
k and Υt =

t∑

k=0

%kβk. (5.12)

Proof. Summing the inequality (5.10) over k = 0, . . . , t, we obtain

(( t∑

k=0

%kβk
)
u−

t∑

k=0

%kβkũ
k
)T
F (u) +

1

2γ
‖u− u0‖2 ≥ 0, ∀u ∈ Ω.
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Using the notations of Υt and ũt in the above inequality, we derive

(ũt − u)TF (u) ≤ ‖u− u
0‖2

2γΥt
, ∀u ∈ Ω.

Indeed, ũt ∈ Ω because it is a convex combination of ũ0, ũ1, . . . , ũt. The proof is

complete. 2

For given uk , the predictor ũk is given by (1.3a) and the prediction step size βk satisfies

the condition (1.3b). Thus, the general conditions (3.5) are satisfied with %k ≥ c = 1
2

. We

choose (4.1a) (for the case that uk is not necessary in Ω) or (4.1b) (for the case that

uk ∈ Ω) to generate the new iterate uk+1. Because %k ≥ 1
2

, infk≥0{βk} ≥ βL and

βL = O(1/L), it follows from (5.12) that

Υt ≥ t+ 1

2
βL ,

and thus the PC methods have O(1/t) convergence rate. For any substantial set

D ⊂ Ω, the PC methods reach

(ũt − u)TF (u) ≤ ε, ∀u ∈ D, in at most t =
⌈ D2

γβLε

⌉
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iterations, where ũt is defined in (5.12) and D = sup {‖u− u0‖ |u ∈ D}. This

convergence rate is in the ergodic sense, the statement (5.11) suggests us to take a larger

parameter γ ∈ (0, 2] in the correction steps of the PC methods.

6 Conclusions and Remarks

In a unified framework, we proved the O(1/t) convergence rate of the projection and

contraction methods for monotone variational inequalities. The convergence rate is the

same as that for the extragradient method. In fact, our convergence rate include the

extragradient method as a special case. The complexity analysis in this paper is based on

the general conditions (3.5) and thus can be extended to a broaden class of similar

contraction methods. Preliminary numerical results indicate that the PC methods do

outperform the extragradient method.

Besides its own applications, the solution methods study for variational inequality

is helpful for investigating the splitting contraction methods for separable convex

optimization. Following we give a sketch for such developments.
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6.1 CCC©©©ØØØ���ªªª���ÝÝÝKKKÂÂÂ   ���{{{

�Ω ⊂ <n´����4à8, F ´<n → <n���N�.�ÄüNC©Ø�ªµ

u∗ ∈ Ω, (u− u∗)>F (u∗) ≥ 0, ∀u ∈ Ω. (6.1)

·�`C©Ø�ªüN,´�Ù¥��f F ÷v (u− v)>(F (u)− F (v)) ≥ 0.

ÚÚÚnnn 1� X ⊂ <n ´4à8, θ(x)Ú f(x)Ñ´à¼ê,Ù¥ f(x)��.P x∗ ´à
`z¯K min{θ(x) + f(x) |x ∈ X} �).·�k

x∗ = arg min{θ(x) + f(x) |x ∈ X} (6.2a)

�¿©7�^�´

x∗ ∈ X , θ(x)− θ(x∗) + (x− x∗)>∇f(x∗) ≥ 0, ∀x ∈ X . (6.2b)

3¦) (6.1)�ÝKÂ �{¥,é�½��c: uk Ú βk > 0,·�|^ÝK

ũk = PΩ[uk − βkF (uk)] = Arg min{ 1
2
‖u− [uk − βkF (uk)]‖2 |u ∈ Ω} (6.3)

)¤��ýÿ: ũk .3ÝK (6.3)¥,·�b�À�� βk ÷v

βk‖F (uk)− F (ũk)‖ ≤ ν‖uk − ũk‖, ν ∈ (0, 1). (6.4)
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du ũk ´4�z¯Kmin{ 1
2
‖u− [uk − βkF (uk)]‖2 |u ∈ Ω}�),�âÚn 6.1k

ũk ∈ Ω, (u− ũk)>{ũk − [uk − βkF (uk)]} ≥ 0, ∀u ∈ Ω.

þªü>Ñ\þ (u− ũk)>d(uk, ũk),Ù¥

d(uk, ũk) = (uk − ũk)− βk[F (uk)− F (ũk)], (6.5)

Òk·�I��ýÿúª

[ýýýÿÿÿ] ũk ∈ Ω, (u− ũk)>βkF (ũk) ≥ (u− ũk)>d(uk, ũk), ∀u ∈ Ω. (6.6)

ò (6.6)¥?¿� u ∈ ΩÀ¤ u∗,Ò��

(ũk − u∗)>d(uk, ũk) ≥ βk(ũk − u∗)>F (ũk). (6.7)

düN5, (ũk − u∗)>F (ũk) ≥ (ũk − u∗)>F (u∗) ≥ 0, (6.7)�mà�K,����

(uk − u∗)>d(uk, ũk) ≥ (uk − ũk)>d(uk, ũk). (6.8)

d d(uk, ũk)�L�ª (6.5)Úb� (6.4),|^ Cauchy-SchwarzØ�ªB���

(uk − ũk)>d(uk, ũk) ≥ (1− ν)‖uk − ũk‖2. (6.9)

Ïd§Ø�ª (6.8)�mà��.ùL«,é?Û�½Ý
H ∈ <n×n, H−1d(uk, ũk)

´��¼ê 1
2
‖u− u∗‖2H 3 uk ?H-�¿Âe���þ,��.·�^
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[������] uk+1 = uk − αH−1d(uk, ũk) (6.10)

�)#�S�:,Ù¥ d(uk, ũk)d (6.5)�Ñ.�	� α�'�ål²� áþ,

ϑk(α) := ‖uk − u∗‖2H − ‖uk+1 − u∗‖2H . (6.11)

�â½Â

ϑk(α) = ‖uk − u∗‖2H − ‖uk − u∗ − αH−1d(uk, ũk)‖2H
= 2α(uk − u∗)>d(uk, ũk)− α2‖H−1d(uk, ũk)‖2H

d(6.8) ≥ 2α(uk − ũk)>d(uk, ũk)− α2‖H−1d(uk, ũk)‖2H := qk(α) (6.12)

þª`² qk(α)´ ϑk(α)���e.¼ê.3ÝKÂ �{¥,·�  �Ä3î¼

�eÂ ,=H �ü Ý
.3d�¹e,

α∗k = argmax{qk(α)} =
(uk − ũk)>d(uk, ũk)

‖d(uk, ũk)‖2 . (6.13)

db� (6.4),�� 2(uk − ũk)>d(uk, ũk) > ‖d(uk, ũk)‖2,Ï α∗k >
1
2

.�XÒk

‖uk − u∗‖2 − ‖uk+1 − u∗‖2

≥ q(α∗k) = α∗k(uk − ũk)>d(uk, ũk) ≥ 1
2

(1− ν)‖uk − ũk‖2. (6.14)

ù´y²�{Âñ�'�Ø�ª.
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z 3ÝKÂ �{¥,©?Ø�ª (6.6)üà�

βkF (ũk) Ú d(uk, ũk), ·�¡���éÌ)��.

Û©�´,æ^Ì)��,�ÓÚ��ü«ØÓ���{,äk�Ó�Âñ5�.

3¢SO�¥,·�æ^��úª

(Â �{–1) uk+1
I = uk − γα∗kd(uk, ũk) (6.15)

½ö

(Â �{–2) uk+1
II = PΩ[uk − γα∗kβkF (ũk)] (6.16)

�)#�S�: uk+1,Ù¥ γ ∈ (1.5, 1.8) ⊂ (0, 2), α∗k Ñd (6.13)�Ñ.

y²35p�Æ�O�êÆÆ�638ò 1, (2016) 74-96½·Ì���w1¥�±é�.
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6.2 ààà`̀̀zzz���©©©���ÂÂÂ   ���{{{

·�±ü��©l�f��5�åà`z¯K

min{θ1(x) + θ2(y) | Ax+By = b, x ∈ X , y ∈ Y}. (6.17)

�~.ù�¯K�.�KF¼ê´½Â3 X × Y × <mþ�

L(x, y, λ) = θ1(x) + θ2(y)− λ>(Ax+By − b). (6.18)

�é
(
(x∗, y∗), λ∗

)
÷v

Lλ∈<m (x∗, y∗, λ) ≤ L(x∗, y∗, λ∗) ≤ Lx∈X ,y∈Y (x, y, λ∗)

Ò�¡�.�KF¼ê�Q:.�é{`,Q:Ò´Ó�÷v




x∗ = arg min{L(x, y∗, λ∗) |x ∈ X},
y∗ = arg min{L(x∗, y, λ∗) | y ∈ Y},
λ∗ = arg max{L(x∗, y∗, λ) |λ ∈ <m}.

�â (6.2),þã`zf¯K��`5^�´




x∗ ∈ X , θ1(x)− θ1(x∗) + (x− x∗)>(−A>λ∗) ≥ 0, ∀x ∈ X ,
y∗ ∈ Y, θ2(y)− θ2(y∗) + (y − y∗)>(−B>λ∗) ≥ 0, ∀ y ∈ Y,
λ∗ ∈ <m, (λ− λ∗)>(Ax∗ +By∗ − b) ≥ 0, ∀ λ ∈ <m.

(6.19)
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�é{`,.�KF¼ê�Q:
(
(x∗, y∗), λ∗

)
�±L«¤±eC©Ø�ª�):

w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)>F (w∗) ≥ 0, ∀w ∈ Ω. (6.20)

Ù¥ θ(u) = θ1(x) + θ2(y),

u =


 x

y


 , w =




x

y

λ


 , F (w) =




−A>λ

−B>λ

Ax+By − b


 . (6.21)

Ω = X × Y × <m.5¿�, (6.21)¥� F (w),Tk (w − w̃)>(F (w)− F (w̃)) = 0,¤

±�´üN�. ¦) (6.20)ù��¯K,Nõ�{Ñáu��ýÿ-���{µe.

[ýýýÿÿÿ].é�½� vk (v´�þw�Ü©©þ),¦�ýÿ: w̃k ∈ Ω,¦Ù÷v

θ(u)− θ(ũk) + (w − w̃k)>F (w̃k) ≥ (v − ṽk)>Q(vk − ṽk), ∀w ∈ Ω, (6.22)

Ù¥Ý
QØ�½é¡,�´Q> +Q�½.

ò (6.22)¥?¿�w ∈ ΩÀ¤w∗,Ò��

(ṽk − v∗)>Q(vk − ũk) ≥ θ(ũk)− θ(u∗) + (w̃k − w∗)>F (w̃k). (6.23)
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d θ(ũk)− θ(u∗) + (w̃k −w∗)>F (w̃k) = θ(ũk)− θ(u∗) + (w̃k −w∗)>F (w∗) ≥ 0.

Ï (6.23)�mà�K, (ṽk − v∗)>Q(vk − ũk) ≥ 0.����

(vk − v∗)>Q(vk − ṽk) ≥ (vk − ṽk)>Q(vk − ṽk). (6.24)

Ø�ª (6.24)ÚQ�½w�·�,H−1Q(vk − ṽk)´��¼ê 1
2
‖v − v∗‖2H 3 vk ?

H-�¿Âe���þ,��.·�^

vk+1 = vk − αH−1Q(vk − ṽk) (6.25)

�)#�S�:.PM = H−1Q,��úªÒ�±�¤

[������].#�Ø%Cþ vk+1d

vk+1 = vk − αM(vk − ṽk). (6.26)

�	� α�'�ål²� áþ,

ϑk(α) := ‖vk − v∗‖2H − ‖vk+1 − v∗‖2H . (6.27)

�â½Â

ϑk(α) = ‖vk − v∗‖2H − ‖vk − v∗ − αM(vk − ṽk)‖2H
= 2α(vk − v∗)>Q(vk − ṽk)− α2‖M(vk − ṽk)‖2H
≥ 2α(vk − ṽk)>Q(vk − ṽk)− α2‖M(vk − ṽk)‖2H := qk(α) (6.28)
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qk(α)´ ϑk(α)���e.¼ê.¦ qk(α)��4�� α∗k ´

α∗k = argmax{qk(α)} =
(vk − ṽk)>Q(vk − ṽk)

‖M(vk − ṽk)‖2H
. (6.29)

�?�Ú,XJÝ


G = Q> +Q−M>HM � 0. (6.30)

N´y² 2(vk − ṽk)>Q(vk − ṽk) > ‖M(vk − ṽk)‖2H ,Ï α∗k >
1
2

. �XÒk

‖vk − v∗‖2H − ‖vk+1 − v∗‖2H
≥ q(α∗k) = α∗k(vk − ṽk)>Q(vk − ṽk) ≥ 1

4
‖vk − ṽk‖2

(QT +Q)
. (6.31)

,	,3^� (6.30)÷v��¹e,�±3 (6.26)¥�Ú� α = 1,d��úª

vk+1 = vk −M(vk − ṽk)

)¤S� {vk}.d (6.28), q(1) = ‖vk − ṽk‖2G.Ïd, {vk}kÂ 5�

‖vk+1 − v∗‖2H ≤ ‖vk − v∗‖2H − ‖vk − ṽk‖2G.

z lC©Ø�ª�ÝKÂ �{�à`z�©�Â �{,�^Ì�,���ª�z
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Unternehmensforschung. Berlin-Heidelberg-New York, Springer-Verlag, 1975.

[2] X.J. Cai, G.Y. Gu and B. S. He, On the O(1/t) convergence rate of the projection and contraction

methods for variational inequalities with Lipschitz continuous monotone operators, Comput. Optim.

Appl., 57, pp. 339-363, 2013.

[3] F. Facchinei and J.S. Pang, Finite-Dimensional Variational Inequalities and Complementarity

Problems, Vol. I and II. Springer Series in Operations Research. Springer Verlag, New York, 2003.

[4] P.T. Harker and J.S. Pang, A damped-Newton method for the linear complementarity problem,

Lectures in Applied Mathematics 26, pp. 265–284, 1990.

[5] B.S. He, A class of projection and contraction methods for monotone variational inequalities,

Applied Mathematics and optimization 35, pp. 69–76, 1997.

[6] B.S. He and L.-Z Liao, Improvements of some projection methods for monotone nonlinear

variational inequalities, Journal of Optimization Theory and Applications 112, pp. 111-128, 2002.

[7] B.S. He and M.-H. Xu, A general framework of contraction methods for monotone variational

inequalities, Pacific J. Optimization 4, pp. 195-212, 2008.

[8] B.S. He, X.M. Yuan and J.J.Z. Zhang, Comparison of two kinds of prediction-correction methods

for monotone variational inequalities, Computational Optimization and Applications 27, pp.

247-267, 2004.

V - 40

[9] G.M. Korpelevich, The extragradient method for finding saddle points and other problems,

Ekonomika i Matematicheskie Metody 12, pp. 747-756, 1976.

[10] A. Nemirovski, Prox-method with rate of convergenceO(1/t) for variational inequality with

Lipschitz continuous monotone operators and smooth convex-concave saddle point problems,

SIAM J. Optimization 15, pp. 229-251, 2005.

[11] Y. Pan and L. Pavel, Games with coupled propagated constraints in optical networks with

multi-link topologies, Automatica 45, pp. 871-880, 2009.

[12] F. Sha, Large Margin Training of Acoustic Models for Speech Recognition, PhD Thesis, Computer

and Information Science, University of Pennsylvania, 2007.

[13] M.V. Solodov and P. Tseng, Modified projection-type methods for monotone variational

inequalities, SIAM J. Control and Optimization 34, pp. 1814–1830, 1996.

[14] K. Taji, M. Fukushima and I. Ibaraki, A globally convergent Newton mmethod for solving strongly

monotone variational inequalities. Mathematical Programming 58, pp. 369-383, 1993.

[15] B. Taskar, S. Lacoste-Julien and M. I. Jordan. Structured prediction via Extragradient method, In

Y. Weiss and B. Schoelkopf and J. Platt (Eds.), Advances in Neural Information Processing

Systems (NIPS) 18, 2006.

[16] P. Tseng, On accelerated proximal gradient methods for convex-concave optimization,

Department of Mathematics, University of Washington, Seattle, WA 98195, USA, 2008.

106



VI - 1

à`zÚüNC©Ø�ª�Â �{
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Optimization and its applications
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The context of this lecture is based on the publications [6, 7]
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1 Introduction

lù�ùm©�où,?Ø�¯K´

min{θ(x) | Ax = b (or Ax ≥ b) x ∈ X}

Ù¥ θ(x)´à¼ê, A ∈ <m×n, b ∈ <m, X ´ <n¥�4à8.

é?¿�½� r > 0Ú a ∈ <n,Ï�·�b�f¯K

min {θ(x) + r
2
‖x− a‖2 |x ∈ X}

�¦)´{ü�.

8� `²ò�5�å�à`z¯K=�¤·ÜüNC©Ø�ª,

ÀJ·���½Ý
H ,æ^H-�e� PPA�{.3þãb�^�

e,�5�å�à`z¯KÒC��~N´¦).
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For the analysis in this paper, we need only the basic property which is described

in the following lemma.

Lemma 1.1 Let X ⊂ <n be a closed convex set, θ(x) and f(x) be convex

functions and f(x) is differentiable. Assume that the solution set of the

minimization problem min{θ(x) + f(x) |x ∈ X} is nonempty. Then,

x∗ ∈ arg min{θ(x) + f(x) |x ∈ X} (1.1a)

if and only if

x∗ ∈ X , θ(x)− θ(x∗) + (x− x∗)T∇f(x∗) ≥ 0, ∀x ∈ X . (1.1b)

ProofµFirst, if (1.1a) is true, then for any x ∈ X , we have

θ(xα)− θ(x∗)
α

+
f(xα)− f(x∗)

α
≥ 0, (1.2)

where

xα = (1− α)x∗ + αx, ∀α ∈ (0, 1].
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Because θ(·) is convex, it follows that

θ(xα) ≤ (1− α)θ(x∗) + αθ(x),

and thus

θ(x)− θ(x∗) ≥ θ(xα)− θ(x∗)
α

, ∀α ∈ (0, 1].

Substituting the last inequality in the left hand side of (1.2), we have

θ(x)− θ(x∗) +
f(xα)− f(x∗)

α
≥ 0, ∀α ∈ (0, 1].

Using f(xα) = f(x∗ + α(x− x∗)) and letting α→ 0+, from the above

inequality we get

θ(x)− θ(x∗) +∇f(x∗)T (x− x∗) ≥ 0, ∀x ∈ X .

Thus (1.1b) follows from (1.1a). Conversely, since f is convex, it follow that

f(xα) ≤ (1− α)f(x∗) + αf(x)
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and it can be rewritten as

f(xα)− f(x∗) ≤ α(f(x)− f(x∗)).

Thus, we have

f(x)− f(x∗) ≥ f(xα)− f(x∗)
α

=
f(x∗ + α(x− x∗))− f(x∗)

α
,

for all α ∈ (0, 1]. Letting α→ 0+, we get

f(x)− f(x∗) ≥ ∇f(x∗)T (x− x∗).

Substituting it in the left hand side of (1.1b), we get

x∗ ∈ X , θ(x)− θ(x∗) + f(x)− f(x∗) ≥ 0, ∀x ∈ X ,

and (1.1a) is true. The proof is complete. 2
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1.1 Linear constrained convex optimization and VI

We consider the linearly constrained convex op-

timization problem

min{θ(x)|Ax = (or ≥) b, x ∈ X}. (1.3)

The Lagrangian function of the problem (1.3) is

L(x, λ) = θ(x)− λT (Ax− b),

which is defined on X × Λ (<m or <m+ ).

A pair of (x∗, λ∗) is called a saddle point of the Lagrange function, if

Lλ∈Λ(x∗, λ) ≤ L(x∗, λ∗) ≤ Lx∈X (x, λ∗).

An equivalent expression of the saddle point is the following variational inequality:
{

x∗ ∈ X , θ(x)− θ(x∗) + (x− x∗)T (−ATλ∗) ≥ 0, ∀x ∈ X ,
λ∗ ∈ Λ, (λ− λ∗)T (Ax∗ − b) ≥ 0, ∀ λ ∈ Λ.
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The optimal condition can be characterized as a monotone variational inequality:

w∗ ∈ Ω, θ(x)− θ(x∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω. (1.4a)

where

w =


 x

λ


 , F (w) =


 −ATλ

Ax− b


 and Ω = X × Λ. (1.4b)

Note that the operator F is monotone, because

(w− w̃)T(F (w)−F (w̃)) ≥ 0, Here (w − w̃)T(F (w)−F (w̃)) = 0. (1.5)

Example 1 of the problem (1.3): Finding the nearest correlation matrix

A positive semi-definite matrix, whose each diagonal element is equal 1, is called
the correlation matrix. For given symmetric n× n matrix C , the mathematical
form of finding the nearest correlation matrix X is

min{ 1
2‖X − C‖2F | diag(X) = e, X ∈ Sn+}, (1.6)
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where Sn+ is the positive semi-definite cone and e is a n-vector whose each

element is equal 1. The problem (1.6) is a concrete problem of type (1.3).

Example 2 of the problem (1.3): The matrix completion problem

Let M be a given m × n matrix, Π is the elements in-

dices set of M ,

Π ⊂ {(ij)|i ∈ {1, . . . ,m}, j ∈ {1, . . . , n}}.
The mathematical form of the matrix completion problem

is relaxed to

min{‖X‖∗ | Xij = Mij , (ij) ∈ Π}, (1.7)

where ‖ · ‖∗ is the nuclear norm–the sum of the singular

values of a given matrix. The problem (3.5) is a convex

optimization of form (1.3). The matrix A in (1.3) for the

linear constraints

Xij = Mij , (ij) ∈ Π,

is a projection matrix, and thus ‖ATA‖ = 1.

M is low Rank, only some

elements of M are known.

∗ ∗ ∗ ∗
∗ ∗ ∗

∗ ∗ ∗ ∗ ∗
∗ ∗ ∗

∗ ∗ ∗ ∗
∗ ∗ ∗ ∗
∗ ∗ ∗ ∗

∗ ∗ ∗ ∗ ∗ ∗
∗ ∗

∗ ∗ ∗ ∗
∗ ∗ ∗ ∗

∗ ∗ ∗
∗ ∗ ∗ ∗

∗ ∗ ∗ ∗
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1.2 Proximal point algorithms for convex optimization

Lemma 1.2 Let the vectors a, b ∈ <n, H ∈ <n×n be a positive definite matrix.

If bTH(a− b) ≥ 0, then we have

‖b‖2H ≤ ‖a‖2H − ‖a− b‖2H . (1.8)

The assertion follows from ‖a‖2 = ‖b+ (a− b)‖2 ≥ ‖b‖2 + ‖a− b‖2.

Convex Optimization Now, let us consider the simple convex optimization

min{θ(x) + f(x) | x ∈ X}, (1.9)

where θ(x) and f(x) are convex but θ(x) is not necessary smooth, X is a

closed convex set.

For solving (1.9), the k-th iteration of the proximal point algorithm (abbreviated to

PPA) [9, 11] begins with a given xk, offers the new iterate xk+1 via the recursion

xk+1 = Argmin{θ(x) + f(x) +
r

2
‖x− xk‖2 | x ∈ X}. (1.10)
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Since xk+1 is the optimal solution of (1.10), it follows from Lemma 1.1 that

θ(x)−θ(xk+1)+(x− xk+1)T {∇f(xk+1) + r(xk+1 − xk)} ≥ 0, ∀x ∈ X .
(1.11)

Setting x = x∗ in the above inequality, it follows that

(xk+1−x∗)T r(xk−xk+1) ≥ θ(xk+1)−θ(x∗)+(xk+1−x∗)T∇f(xk+1).

(1.12)

Since

(xk+1 − x∗)T∇f(xk+1) ≥ (xk+1 − x∗)T∇f(x∗),

it follows that the right hand side of (1.12) is nonnegative. And consequently,

(xk+1 − x∗)T (xk − xk+1) ≥ 0. (1.13)

Let a = xk − x∗ and b = xk+1 − x∗ and using Lemma 1.2, we obtain

‖xk+1 − x∗‖2 ≤ ‖xk − x∗‖2 − ‖xk − xk+1‖2, (1.14)

which is the nice convergence property of Proximal Point Algorithm.
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1.3 Preliminaries of PPA for Variational Inequalities

The optimal condition of the problem (1.3) is characterized as a mixed monotone

variational inequality:

w∗ ∈ Ω, θ(x)− θ(x∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω. (1.15)

PPA for VI in Euclidean-norm For given wk and H � 0, find wk+1

w̃k ∈ Ω, θ(x)− θ(x̃k) + (w − w̃k)TF (w̃k)

≥ (w − w̃k)TH(wk − w̃k), ∀ w ∈ Ω.
(1.16)

w̃k is called the proximal point of the k-th iteration for the problem (1.15).

z wk is the solution of (1.15) if and only if wk = w̃k z
Setting w = w∗ in (1.16), we obtain

(w̃k − w∗)TH(wk − w̃k) ≥ θ(x̃k)− θ(x∗) + (w̃k − w∗)TF (w̃k)

Note that (see the structure of F (w) in (1.4b))

(w̃k − w∗)TF (w̃k) = (w̃k − w∗)TF (w∗),
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and consequently (by using (1.15)) we obtain

(w̃k − w∗)T r(wk − w̃k) ≥ θ(x̃k)− θ(x∗) + (w̃k − w∗)TF (w∗) ≥ 0,

and thus

(w̃k − w∗)TH(wk − w̃k) ≥ 0. (1.17)

If we take wk+1 = w̃k, and set a = wk − w∗ and b = wk+1 − w∗ in the

inequality (1.17), it yields that bTH(a− b) ≥ 0. Using Lemma1.2, we get the

nice convergence property of the PPA in H-norm:

‖wk+1 − w∗‖2H ≤ ‖wk − w∗‖2H − ‖wk − wk+1‖2H . (1.18)

Extended PPA From the inequality (1.17) consequently

(wk − w∗)TH(wk − w̃k) ≥ ‖wk − w̃k‖2H . (1.19)

Usually, we take

wk+1 = wk − γ(wk − w̃k), γ = 1.5 ∈ (0, 2) (1.20)
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as the new iterate. Then

‖wk+1 − w∗‖2H ≤ ‖wk − w∗‖2H − γ(2− γ)‖wk − w̃k‖2H . (1.21)

Theorem 1.1 For given wk, setting the solution of (1.16) by w̃k and let the new

iterate wk+1 be updated by (1.20). Then, the generated sequence {wk}
converges to a solution point of (1.15).

Sketch of the proof .

• Since (1.21) is true for every solution point, the sequence {wk} is bounded

and limk→∞ ‖wk − w̃k‖H = 0.

• Because limk→∞ ‖wk − w̃k‖H = 0 and {wk} is bounded, {w̃k} is also

bounded. Moreover, {wk} and {w̃k} have the same cluster points.

• According to (1.16), every cluster point of {w̃k} which is also the cluster

point of {wk}, is a solution point of the VI (1.15).

• Finally, according to the contraction inequality (1.21), the generated sequence

{wk} can only have a cluster point and the method is convergent.
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2 CCC©©©ØØØ���ªªªµµµeeeeeeààà`̀̀zzz��� PPA���{{{

é�ª�å (½Ø�ª�å)�à`z¯K (1.3),

min{θ(x) | Ax = b (or Ax ≥ b), x ∈ X}

·�^ Customized PPA¦)�§��d�C©Ø�ª (1.4).` Customized
PPA,´Ï��¡�H-�e� PPA�{�±w�UI½��.

æ^ Customized PPA�{,�¦ATA��´N´�O�.ù�ù����!

¬`²�
kA^�µ�¯K,TU÷vù
�¦.

2.1 Primal-dual hybrid gradient algorithm

Since the objective is to find a saddle point of the Lagrange function, a natural idea is to

use the primal-dual hybrid gradient algorithm [12]. For given (xk, λk), by using the

primal-dual hybrid gradient algorithm,

xk+1 = Argmin{L(x, λk) +
r

2
‖x− xk‖2 |x ∈ X}, (2.1)
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after getting xk+1, we obtain

λk+1 = Argmax{L(xk+1, λ)− s

2
‖λ− λk‖2 |λ ∈ <m}. (2.2)

Combining (2.1) and (2.2), we get

θ(x)− θ(xk+1) +


x− x

k+1

λ− λk+1



T 



−A

Tλk+1

Axk+1 − b




+


r(x

k+1 − xk)+AT (λk+1 − λk)

s(λk+1 − λk)





 ≥ 0, ∀(x, λ) ∈ Ω.

The compact form is

θ(x)− θ(xk+1) + (w − wk+1)T {F (wk+1) +Q(wk+1 − wk)} ≥ 0, ∀w ∈ Ω,

(2.3)

where

Q =


 rIn AT

0 sIm


 is not symmetric.
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Remark For general, min-max problem, the primal-dual hybrid gradient algorithm is

not convergent. For example, we consider a pair of the primal-dual linear programmingµ

(Primal)
min cTx

s. t. Ax = b

x ≥ 0.

(Dual)
max bT y

s. t. AT y ≤ c.

We take the following example

(P)
min x1 + 2x2

s. t. x1 + x2 = 1

x1, x2 ≥ 0.

(D)

max y

s. t.

[
1

1

]
y ≤

[
1

2

]

where A = [1, 1], b = 1, c =

[
1

2

]
and the vector x =

[
x1

x2

]
.

The optimal solutions of this pair of linear programming are x∗ =

[
1

0

]
and y∗ = 1.
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Note that its Lagrange function is

L(x, y) = cTx− yT (Ax− b) (2.4)

which defined on R2
+ ×R. (x∗, y∗) is the unique saddle point of the Lagrange function.

Using the Primal-dual hybrid gradient method with r = s = 1. For given (xk, yk), Zhu

and Chan’s procedure is

xk+1 = Argmin{L(x, yk) +
1

2
‖x− xk‖2 |x ≥ 0} = max{(xk +AT yk − c), 0},

and then

yk+1 = Argmax{L(xk+1, y)− 1

2
‖y − yk‖2} = yk − (Axk+1 − 1).

In other words, the iteration formula is
{
xk+1 = max{(xk + 1

r
(AT yk − c)), 0},

yk+1 = yk − 1
s
(Axk+1 − b).

We use (x0
1, x

0
2; y0) = (0, 0; 0) as the start point. For this example, the

method is not convergent.
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s(1,0;1)w∗
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w4w4

w5w6

Fig. 2.1 The sequence generated by
PDHG Method with r = s = 1

w0 = (0, 0; 0)

w1 = (0, 0; 1)

w2 = (0, 0; 2)

w3 = (1, 0; 2)

w4 = (2, 0; 1)

w5 = (2, 0; 0)

w6 = (1, 0; 0)

w7 = (0, 0; 1)

wk+6 = wk

2.2 Customized PPA

If we can change Q to a symmetric matrix H such that

Q =


 rIn AT

0 sIm


 ⇒ H =


 rIn AT

A sIm


 ,
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then w̃k is the solution of the following variational inequality:

w̃k ∈ Ω, θ(x)− θ(x̃k) + (w − w̃k)T {F (w̃k) +H(w̃k − wk)} ≥ 0, ∀w ∈ Ω.

(2.5)

For this purpose, we need only change (Ax̃k − b) + s(λ̃k − λk) = 0 to

(Ax̃k − b) +A(x̃k − xk) + s(λ̃k − λk) = 0. (2.6)

Because x̃k is known, with the given xk and λk , λ̃k is given by

λ̃k = λk − 1

s
[A(2x̃k − xk)− b].

Thus, for given (xk, λk), produce a proximal point (x̃k, λ̃k) via (2.1) and (2.6) can be

summarized as:

x̃k = argmin
{
L(x, λk) +

r

2

∥∥x− xk
∥∥2 ∣∣x ∈ X

}
. (2.7a)

λ̃k = argmax
{
L
(
[2x̃k − xk], λ

)
− s

2

∥∥λ− λk
∥∥2}

(2.7b)

We call the point (x̃k, λ̃k) generated by (2.7) as the predictor. The subproblem (2.7a) is
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equivalent to

x̃k = argmin
{
θ(x) +

r

2

∥∥x−
[
xk +

1

r
ATλk

]∥∥2 ∣∣x ∈ X
}
.

The solution of (2.7b) is given by

λ̃k = λk − 1

s
[A(2x̃k − xk)− b].

Indeed, under the assumption, the sub-problem (2.7a) is simple.

In the case that rs > ‖ATA‖, the matrix

H =


 rIn AT

A sIm


 is positive definite

and the w̃k = (x̃k, λ̃k) generated by (2.7) is a proximal point. Based on the predictor,

the new iterate is given by

wk+1 := wk − γ(wk − wk+1), γ ∈ (0, 2).
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Theorem 2.1 The sequence {wk = (xk, λk)} generated by the customized PPA

satisfies

‖wk+1 − w∗‖2H ≤ ‖wk − w∗‖2H − γ(2− γ)‖wk − w̃k‖2H . (2.8)

½n 2.1¥� (2.8)´�{oNÂñ�'�Ø�ª.XÓ §1.3§�±ddy²

�{�oNÂñ5.O�¥¢S(J  3uXÛÀJëê rÚ s.

·���±^,	�^S�)ýÿ: ũk = (x̃k, λ̃k).é�½� (xk, λk),

¦ (x̃k, λ̃k) ∈ Ω,¦�

θ(x)− θ(x̃k) +


x− x̃

k

λ− λ̃k



T 



−A

T λ̃k

Ax̃k − b




+


 r(x̃k − xk)−AT (λ̃k − λk)

−A(x̃k − xk) + s(λ̃k − λk)





 ≥ 0, ∀(x, λ) ∈ Ω. (2.9)
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ù��u¦�C©Ø�ª (1.4)� PPAf¯K (1.16)�),Ù¥é¡Ý


H =

(
rIn −AT
−A sIm

)
. (2.10)

Ó�,� rs > ‖ATA‖�G´�½�.5¿�(2.9)�e�Ü©��u

λ̃k ∈ Λ, (λ− λ̃k)T {(Axk − b) + s(λ̃k − λk)} ≥ 0, ∀λ ∈ Λ,

§�±d

λ̃k = PΛ[λk − 1

s
(Axk − b)] (2.11)

�Ñ.Ï�k
 λ̃k ,C©Ø�ª (2.9)�þ�Ü©¥����k x̃k ,§�±Ï

L¦)4�z¯K

min
{
θ(x) +

r

2

∥∥x−
[
xk +

1

r
AT (2λ̃k − λk)

]∥∥2 ∣∣x ∈ X
}

(2.12)

��.ù´��N´¦)�¯K.)¤ýÿ:±�,�Ñ#S�: wk+1�ú

ª´

wk+1 = wk − γ(wk − w̃k), γ ∈ (0, 2).
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3 Applications in optimization problems

3.1 Correcting the correlation matrices

3ÚOÆ¥,��é��þ� 1�é¡��½Ý
¡� (Correlation Matrix)�
'5Ý
.é�½�é¡Ý
 C ,¦ F -�e� Cål�C��'5Ý
,Ù

êÆL�ª´

min{1

2
‖X − C‖2F | diag(X) = e, X ∈ Sn+}, (3.1)

Ù¥ eL«z�©þÑ� 1� n-��þ, Sn+L« n× n��½I�8Ü.¯

K (3.1)´/X (1.3)��ª�åà`z¯K,Ù¥ ‖ATA‖ = 1.

·�^ z ∈ <n���ª�å diag(X) = e � Lagrange¦f.

Dual-Primal Customized PPA¦¦¦)))¯̄̄KKK(3.1)

é�½� (Xk, zk),^ (2.11)–(2.12)�)(X̃k, z̃k):

1. Producing z̃k by

z̃k = zk − 1

s
(diag(Xk)− e).
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2. Finding X̃k which is the solution of the following minimization problem

min{1

2
‖X −C‖2F +

r

2
‖X − [Xk +

1

r
diag(2z̃k − zk)]‖2F |X ∈ Sn+}. (3.2)

fff¯̄̄KKK (3.2)¦¦¦)))���äääNNN���{{{:z��d¯K

min{1

2
‖X − 1

1 + r
[rXk + diag(2z̃k − zk) + C]‖2F |X ∈ Sn+}.

PA = 1
1+r

[rXk + diag(2z̃k − zk) + C],·����ÄXÛ¦)

X̃k = Argmin
{1

2
‖X −A‖2F |X ∈ Sn+

}
. (3.3)

¢Sþ,òé¡Ý
A�IOA��–A��þ©)

A = V ΛV T , Λ = diag(λ1, λ2, . . . , λn). (3.4)

Ù¥ V ´��Ý
.5¿���C�eÝ
� Frobenius-�´ØC�,·�k

‖X −A‖F = ‖X − V ΛV T ‖F = ‖V TXV − Λ‖F .
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�¦ X̃ � 0¿�þªmà��,ATk

V T X̃V = Λ̃,

Ù¥

Λ̃ = diag(λ̃1, λ̃2, . . . , λ̃n), λ̃j = max{0, λj}.
��ÏL

X̃ = V Λ̃V T

�� X̃ .Ïd,zgS��Ì�ó�´� (3.4)¥�A�� (A��þ)©).

ê�Á� �)¤Á�~f,���½é¡Ý
 C .

C=rand(n,n); C=(C’+C)-ones(n,n) + eye(n)

ù��Ý
 C�é��3 (0, 2)�m,�é��3 (−1, 1)�m"

Code 4.a. Matlab code for Creating the test examples

clear; close all;

n = 1000; tol=1e-5; r=2.0; s=1.01/r; gamma=1.5;

rand(’state’,0); C=rand(n,n); C=(C’+C)-ones(n,n) + eye(n);

VI - 26

Code 4.1. Matlab code of the classical PPA
%%% Classical PPA for calibrating correlation matrix %(1)

function PPAC(n,C,r,s,tol) %(2)

X=eye(n); z=zeros(n,1); tic; %% The initial iterate %(3)

stopc=1; k=0; %(4)

while (stopc>tol && k<=100) %% Beginning of an Iteration %(5)

if mod(k,20)==0 fprintf(’ k=%4d epsm=%9.3e \n’,k,stopc); end; %(6)

X0=X; z0=z; k=k+1; %(7)

zt=z0 - (diag(X0)-ones(n,1))/s; EZ=z0-zt; %(8)

A=(X0*r + C + diag(zt*2-z0))/(1+r); %(9)

[V,D]=eig(A); D=max(0,D); XT=(V*D)*V’; EX=X0-XT; %(10)

ex=max(max(abs(EX))); ez=max(abs(EZ)); stopc=max(ex,ez); %(11)

X=XT; z=zt; %(12)

end; % End of an Iteration %(13)

toc; TB = max(abs(diag(X-eye(n)))); %(14)

fprintf(’ k=%4d epsm=%9.3e max|X_jj - 1|=%8.5f \n’,k,stopc,TB); %%

� (3.4)¥�A�� (A��þ)©),3þã§S¥�1 (10)1^ Matlab¥

��é [V,D]=eig(A)¢y�,ù´��O�þ�V 9n3�$�.

ò Classical PPAU¤ Extended PPA,��ò1 (12)1U�e"
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Code 4.2 Matlab Code of the Extended PPA
%%% Extended PPA for calibrating correlation matrix %(1)

function PPAE(n,C,r,s,tol,gamma) %(2)

X=eye(n); z=zeros(n,1); tic; %% The initial iterate %(3)

stopc=1; k=0; %(4)

while (stopc>tol && k<=100) %% Beginning of an Iteration %(5)

if mod(k,20)==0 fprintf(’ k=%4d epsm=%9.3e \n’,k,stopc); end; %(6)

X0=X; z0=z; k=k+1; %(7)

zt=z0 - (diag(X0)-ones(n,1))/s; EZ=z0-zt; %(8)

A=(X0*r + C + diag(zt*2-z0))/(1+r); %(9)

[V,D]=eig(A); D=max(0,D); XT=(V*D)*V’; EX=X0-XT; %(10)

ex=max(max(abs(EX))); ez=max(abs(EZ)); stopc=max(ex,ez); %(11)

X=X0-EX*gamma; z=z0-EZ*gamma; %(12)

end; % End of an Iteration %(13)

toc; TB = max(abs(diag(X-eye(n)))); %(14)

fprintf(’ k=%4d epsm=%9.3e max|X_jj - 1|=%8.5f \n’,k,stopc,TB); %%

ü�ØÓ��{,§SÑé{ü,^Ø
A1.ü�§SØÓ�/�==´1

121k
�O,� γ = 1.5��{�J%k²w�Jp"

du3ù�¯K¥, A´ÝKÝ
, ‖ATA‖ = 1,·��I�À rs > 1ÒU

(�G � 0.5¿�,�
²ï primalÚ dualíþ,·�� r = 2, s = 1.01/r.
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A��©)^ Matlab¥� eig�S�gêÚO��m

n× n Matrix Classical PPA Extended PPA

n = No. It CPU Sec. No. It CPU Sec.

100 31 0.35 23 0.26
200 34 2.00 25 1.48
500 39 17.28 27 13.14
800 41 72.82 29 51.97
1000 47 153.14 31 102.12
2000 62 1344.50 40 881.38

The extended PPA converges faster than the classical PPA.

It. No. of Extended PPA

It. No. of Classical PPA
≈ 65%.
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♣'u�'XêÝ
���§S3N�� Codes-04�©�Y“Ý
��”¥.

��$1 demo.m,Ñ\ nÒ�±
.Ù¥� PPAC.mÚ PPAE.m©O´ Classical

PPAÚ Extended PPA�f§S.

(¢,^ù�ù0�� PPA�{¦)�'Ý
Ý
��¯K,zÚS��Ì�

O�ó�þ´é��é¡Ý
^ Matlab¥�IOf§S� [V,D]=eig(A).XJ

U^ Kim TOH�� mexeig� [V,D]=mexeig(A), O��m��!�.

A��©)¦^ mexeig�S�gêÚO��m

n× n Matrix Classical PPA Extended PPA

n = No. It CPU Sec. No. It CPU Sec.

100 30 0.12 23 0.10
200 33 0.54 25 0.40
500 38 7.99 26 6.25
800 38 37.44 28 27.04
1000 45 94.32 30 55.32
2000 62 723.40 38 482.18
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3.2 ÝÝÝ


������zzz���¡¡¡���AAA^̂̂

�M ´��m× nÝ
, Π´Ý
����I8.

Π = {(ij) | i ∈ {1, 2, . . . ,m}, j ∈ {1, 2, . . . , n}}.

Ý
��z¯K´ dddÜÜÜ©©©&&&EEE¼¼¼������ÜÜÜ&&&EEE

• w,,vkÙ¦&E,¡E�����Ý
´Ø�U�.

• 3$�´,3Nõ�¹e,·��¡E�Ý
´��$�Ý
.

¡E$�Ý
���êÆ�.´:

min{rank(X) : Xij = Mij, (ij) ∈ Π}.

,,ù�¯K´NP-hard�.�â Candés, Recht, Tao�C�ó�

• E. J. Candés and B. Recht, Exact Matrix Completion via Convex Optimization, 2008.

• E. J. Candés and T. Tao, The Power of Convex Relaxation: Near-Optimial Matrix

Completion, 2009,
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3·�(¢S¯Kä��)^�e,�õêØ��&E�$�Ý
�±ÏL¦

)tµ¯K

min{‖X‖∗ | Xij = Mij , (ij) ∈ Π} (3.5)

��°(¡E.Ù¥ ‖X‖∗L«Ý
X �ÛÉ��Ú.Ï~¡�Ý
X �Ø

�— Nuclear Norm.ùa¯K�û�A^,�� [10].

¯K (3.5)´/X (1.3)��ª�åà`z¯K,Ù¥ ‖ATA‖ = 1.·�ò (3.5)

��ª�åP�XΠ = MΠ§¿^ Z ∈ <m×n���A� Lagrange¦f.

Dual-Primal PPA¦¦¦)))¯̄̄KKK(3.5)

é�½� (Xk, Zk),^ (2.11)–(2.12)�)(X̃k, Z̃k):

1. Producing Z̃k by

Z̃kΠ = ZkΠ −
1

s
(Xk

Π −MΠ).

2. Finding X̃k which is the solution of the following linear variational inequality

min
{
‖X‖∗ +

r

2

∥∥X −
[
Xk +

1

r
(2Z̃kΠ − ZkΠ)

]∥∥2

F

}
(3.6)
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fff¯̄̄KKK (3.6)¦¦¦)))���äääNNN���{{{: �I�ÄXÛ¦)

X̃k = Argmin
{1

r
‖X‖∗ +

1

2
‖X −A‖2F

}
. (3.7)

·�òA� SVD©)
A = UΛV T ,

¿�\ (3.7),��

1

r
‖X̃‖∗ +

1

2
‖X̃ − UΛV T ‖2F =

1

r
‖UT X̃V ‖∗ +

1

2
‖UT X̃V − Λ‖2F .

þ¡��ª´duÝ
�ÛÉ�9F -�ê3��C�eØC��Ï. Ïd,

UT X̃V AT´���K�é�Ý
.� UT X̃V = Λ̃,�é{`,

X̃ = U Λ̃V T . (3.8)

é�½��Ké�Ý
 Λ,

min
{1

r
‖Λ̃‖∗ +

1

2
‖Λ̃− Λ‖2F

}
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�)é�Ý
 Λ̃,Ùé��ÏL

λ̃j = λj −min(λj ,
1

r
), (3.9)

ÒU��.�\ (3.8)Ò�� (3.7)�) X̃k .Ïd,zgS��Ì�ó�þ´�

��Ý
� SVD©).

XJ± λÚ λ̃©OL«é�Ý
 ΛÚ Λ̃�é��)¤��þ,du λ´�K

�þ,'Xª (3.9)��±�¤

λ̃ = λ− P
B

1/r
∞

[λ],

Ù¥B
1/r
∞ ´Ã¡�e�»� 1/r�/�0£��á�N¤.þã$�3©z

¥~~¡� Shrinkage.

(((ØØØ:ò�5�å�à`z¯K=�¤üNC©Ø�ª,2^�©0��

PPA�{¦),zgS�¥�¦)�f¯K,ê��ê¥Ñk(½�¤Ù�

�{¦) !
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ê�Á� ê�Á�~f�g[1]

���� ra� n× n�gdÝ´ dra := ra(2n− ra).

)))¤¤¤ÁÁÁ���¯̄̄KKKµ

• k^pdÓ©Ù (Gaussian i.i.d)Õá)¤ü� n× ra�Ý
M1ÚM2,

,�-M = M1M
T
2 ,K n× nÝ
M ��� ra.

• �ÅÀ½M �m�����®���,ù
���eI8�Π.

OOO���(((JJJµ

• Ý
��z¯K�JÝ�'Çm/draÚm/n2Ñk'X.

• ©O^ Classical PPAÚ Extended PPA (γ = 1.5)?1O�.

• �½Ý
G (see (2.10))¥�ëê r, s©O� rs = 1.01Ú r = 0.005.

• ÊÅOKæ^�éØ� ‖Xk
Π −MΠ‖F /‖MΠ‖F ≤ 10−4.

·�^ γ = 1.5� Extended PPA¦),5¿� KKT^� PrimalÜ©((2.9)�þ

�Ü©)�Ø÷vþ´

r(X̃k −Xk)− (Z̃k − Zk).
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♣Ý
��z�§S3N�� Codes-04�©�Y“Ý
��z”¥.��$1

demo.mÒ�±
. �éØÓ�/Á�,��3 demo.m¥^ %�·�ÀJ.

Ù¥� PPAC.mÚ PPAE.m©O´ Classical PPAÚ Extended PPA�f§S.

Code 4.b. Creating the test examples of Matrix Completion

%% Creating the test examples of the matrix Completion problem %(1)

clear all; clc %(2)

maxIt=100; tol = 1e-4; %(3)

r=0.005; s=1.01/r; gamma=1.5; %(4)

n=200; ra = 10; oversampling = 5; %(5)

% n=1000; ra=100; oversampling = 3; %% Iteration No. 31 %(6)

% n=1000; ra=50; oversampling = 4; %% Iteration No. 36 %(7)

% n=1000; ra=10; oversampling = 6; %% Iteration No. 78 %(8)

%% Generating the test problem %(9)

rs = randseed; randn(’state’,rs); %(10)

M=randn(n,ra)*randn(ra,n); %% The matrix will be completed %(11)

df =ra*(n*2-ra); %% The freedom of the matrix %(12)

mo=oversampling; %(13)

m =min(mo*df,round(.99*n*n)); %% No. of the known elements %(14)

Omega= randsample(nˆ2,m); %% Define the subset Omega %(15)

fprintf(’Matrix: n=%4d Rank(M)=%3d Oversampling=%2d \n’,n,ra,mo);%(16)
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Code 4.3. Extended PPA for Matrix Completion Problem

function PPAE(n,r,s,M,Omega,maxIt,tol,gamma) % Ititial Process %%(1)

X=zeros(n); Y=zeros(n); YT=zeros(n); %(2)

nM0=norm(M(Omega),’fro’); eps=1; VioKKT=1; k=0; tic; %(3)

%% Minimum nuclear norm solution by PPA method %(4)

while (eps > tol && k<= maxIt) %(5)

if mod(k,5)==0 %(6)

fprintf(’It=%3d |X-M|/|M|=%9.2e VioKKT=%9.2e\n’,k,eps,VioKKT); end;%(7)

k=k+1; X0=X; Y0=Y; %(8)

YT(Omega)=Y0(Omega)-(X0(Omega)-M(Omega))/s; EY=Y-YT; %(9)

A = X0 + (YT*2-Y0)/r; [U,D,V]=svd(A,0); %(10)

D=D-eye(n)/r; D=max(D,0); XT=(U*D)*V’; EX=X-XT; %(11)

DXM=XT(Omega)-M(Omega); eps = norm(DXM,’fro’)/nM0; %(12)

VioKKT = max( max(max(abs(EX)))*r, max(max(abs(EY))) ); %(13)

if (eps <= tol) gamma=1; end; %(14)

X = X0 - EX*gamma; %(15)

Y(Omega) = Y0(Omega) - EY(Omega)*gamma; %(16)

end; %(17)

fprintf(’It=%3d |X-M|/|M|=%9.2e Vi0KKT=%9.2e \n’,k,eps,VioKKT); %(18)

RelEr=norm((X-M),’fro’)/norm(M,’fro’); toc; %(19)

fprintf(’ Relative error = %9.2e Rank(X)=%3d \n’,RelEr,rank(X)); %(20)

fprintf(’ Violation of KKT Condition = %9.2e \n’,VioKKT); %(21)
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Ý
��z¯Kµ^ Matlab¥IO SVD¦)(J
Unknown n× n matrixM Computational Results

n rank(ra) m/dra m/n2 #iters times(Sec.) relative error KKT-Violation

1000 10 6 0.12 76 841.59 9.38E-5 9.31E-6
1000 50 4 0.39 37 406.24 1.21E-4 2.11E-5
1000 100 3 0.58 31 362.58 1.50E-4 2.88E-5

♣ ^ Matlab¥� SVD,��g SVD�s¤é�,oÑ��S�gê¤'~.

♣ ^ PROPACK [8]¥� SVD,¯Nõ,oÑ�Ì��¯K5�k'.·�Ì�éS�g

êa,�,���^ Matlab� SVD�(J,�Nþ¤I��f§S.

éÝ
��z¯K, (2.5)Ú (2.9)�e�Ü©Ø�^‖Xk
Π −MΠ‖F /‖MΠ‖F ��.du

(2.5)Ú (2.9)�þ�Ü©´

θ(x)− θ(x̃k) + (x− x̃k)T {(−AT λ̃k) + [r(x̃k − xk)±AT (λ̃k − λk)]},
Ïdþ�Ü©Ø��´ [r(x̃k − xk)∓AT (λ̃k − λk)].éÝ
��z¯K,A´ÝKÝ


,Ù�� 1,¤±·�3O�(J¥��Ñ

KKT-Violation := max{rmaxij |Xk
ij − X̃k

ij |, maxij |Zkij − Z̃kij |}.
♣ Ø© [1]´�@uL3 SIAM J. Optimizationþ�¦)Ý
��z¯K�©Ù.é±

þÁ��n�~f, [1]¥��{��Ó�°Ý�¦�S�gê©O´ 117, 114Ú 129

(See the first three examples in Table 5.1 of [1], pp. 1974),zgS��Ì�ó�þ�´��g

SVD©).duæ^
Ø��©)Eâ, [1]¥!�
 SVD©)��m.·�N^�´

Matlab¥IOSVD,�,s¤
���S�gê,�vk!�o�$1�m.
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3.3 ØØØ   DDDaaa(Compressed Sensing)¯̄̄KKK

• Ø Da¯K´|^&Ò�DÕ5�,�éÙ?1�é���ÿþ,,�

U±���Ø�½ö°(/¡E�©&Ò"

• CS¯K:¦÷vAx = b��"��ê���)

min{‖x‖0 | Ax = b}.

Ù¥‖x‖0L«�þ x��"���ê,§Ø´~5¿Âe��"´��

éJ¦)�|Ü`z¯K.

‖x‖1 ≤ ‖x‖0, ∀ x ∈ Ω = {x ∈ Rn | |xj | ≤ 1, j = 1, . . . , n}.

CandésÚ Taoy²
3�½^�e,¯K

min{‖x‖0 : Ax = b} �¯K min{‖x‖1 : Ax = b}

�)3VÇ¿Âe´�Ó�.
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4�z¯K

min
x
{µ‖x‖1 |Ax = b } (BP) (3.10)

´/X (1.3)��ª�åà`z¯K.

PPA���{{{¦¦¦)))¯̄̄KKK(3.10)

é�½� (xk, λk),^ (2.11)–(2.12)�)(x̃k, λ̃k):

1. Producing λ̃k by

λ̃k = λk − 1

s
(Axk − b).

2. Finding x̃k which is the solution of the following minimization problem

min{µ‖x‖1 +
r

2
‖x− [xk +

1

r
AT (2λ̃k − λk)]‖2}. (3.11)

fff¯̄̄KKK (3.11)¦¦¦)))���äääNNN���{{{:·����ÄXÛ¦)

min
x∈<n

{τ‖x‖1 +
1

2
‖x− a‖2}. (3.12)
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� x∗ ∈ <n´ (3.12)�),

• XJ x∗j > 0, é τx+ 1
2
‖x− a‖2 ¦�, k

τ + x∗j − aj = 0, = x∗j = aj − τ, (ùÛ¹
 aj > τ ).

• XJ x∗j < 0, é −τx+ 1
2
‖x− a‖2 ¦�, k

−τ + x∗j − aj = 0, = x∗j = aj + τ, (ùÛ¹
 aj < −τ ).

• ��o x∗j = 0, ´Ï� −τ ≤ aj ≤ τ .

nþ¤ã,¯K (3.12)�)d

x∗j =





aj − τ, if aj > τ

aj + τ, if aj < −τ
0, if − τ ≤ aj ≤ τ.

�Ñ.ù��±�¤ Shrinkage�/ª

x∗ = a− PBτ∞ [a], where Bτ∞ = {ξ ∈ <n | − τe ≤ ξ ≤ τe}.

¢S CS¯K�O�,�\?�
 ContinuationEâ,�u�Ì,Ø�[0�.
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3.4 Min-Max ¯̄̄KKKþþþ���AAA^̂̂

1�ù §4.2¥J�^�C�4�?nã���
 [2],²lÑz±�,¯K�

êÆ�.´� min-max¯K,

minx∈X maxy∈Y Φ(x, y) := θ1(x) + yTAx− θ2(y). (3.13)

§�±=�¤�d�C©Ø�ª:¦ (x∗, y∗) ∈ X × Y ,¦�


 x− x∗

y − y∗



T
 f(x∗) +AT y∗

g(y∗)−Ax∗


 ≥ 0, ∀(x, y) ∈ X × Y, (3.14)

Ù¥ f(x) ∈ ∂θ1(x), g(y) ∈ ∂θ2(y).©z [6]¥J�^ùp� PPA�{�¦

).é�½� (xk, yk),¦ (x̃k, ỹk) ∈ X × Y ,é�� (x, y) ∈ X × Y ,Ñk


 x− x̃k

y − ỹk



T



 f(x̃k) +AT ỹk

g(ỹk)−Ax̃k


+


r(x̃

k − xk) +AT (ỹk − yk)

+A(x̃k − xk) + s(ỹk − yk)





 ≥ 0.

(3.15)
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5¿� (3.15)�e�Ü©¥�¹k��� ỹk .§�±ÏL¦) y�f¯K:

ỹk = Argmin{θ2(y) + yTAxk +
s

2
‖y − yk‖2 | y ∈ Y}. (3.16a)

��.,�,�¦� (3.15)þ�Ü©� x̃k ,·���¦)��'u x�¯K:

x̃k = Argmin
{
θ1(x) +

r

2

∥∥x−
[
xk − 1

r
AT (2ỹk − yk)

]∥∥2 ∣∣x ∈ X
}
. (3.16b)

�,, PPAýÿ: (x̃k, ỹk) ∈ X × Y ��±ÏLk x,� y�^S�¤.

é�½� (xk, yk),ÏL¦) x�f¯K

x̃k = Argmin{θ1(x) + xTAT yk +
r

2
‖x− xk‖2 |x ∈ X}. (3.17a)

�� x̃k ,,�¦ ỹkÏL��'u y�f¯K:

ỹk = Argmin
{
θ2(y) +

s

2

∥∥y −
[
yk +

1

s
A(2x̃k − xk)

]∥∥2 ∣∣ y ∈ Y
}
. (3.17b)
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d (3.17))¤� (x̃k, ỹk) ∈ X × Y ,é��¦ (x, y) ∈ X × Y ,Ñk

 x− x̃k

y − ỹk



T



 f(x̃k) +AT ỹk

g(ỹk)−Ax̃k


+


r(x̃

k − xk)−AT (ỹk − yk)

−A(x̃k − xk) + s(ỹk − yk)





 ≥ 0.

(3.18)
ÃØ´ (3.15)�´ (3.18),Ñ�±�¤

ũk ∈ Ω, (u− ũk)T {F (ũk) +G(ũk − uk)} ≥ 0, ∀ u ∈ Ω, (3.19)

�/ª,¤ØÓ��´

G =

(
rIn AT

A sIm

)
Ú G =

(
rIn −AT
−A sIm

)
.

§�Ñ´� rs > ‖ATA‖�ÿ�½.·�ïÆ#�S�:uk+1^S�ª

uk+1 = uk − γ(uk − ũk), γ ∈ [1, 2),

)¤,��� γ = 1.5.é�
ó§Eâþ�¯K,æ� γ > 1�S�÷vÊÅ

OK±�,��\�g γ = 1�S�.ù�QJp
�Ý,q÷v¢S¯Ké

ÃX Low-Rankù���¦.ùa�{3ã�?n¥�A^��Ø© [6, 7].

½�� PPA�{äkO(1/k)�Âñ�Ç,y²�±3Ø© [4]¥é�.
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à`zÚüNC©Ø�ª�Â �{

1Ôù:�5�åà`z¯K

Äutµ PPA�Â �{

Relaxed PPA-based Contraction Methods for
Linearly Constrained Convex Optimization

H®�ÆêÆX Û])
hebma@nju.edu.cn

The context of this lecture is based on the publications [6]

VII - 2

�5�å�à`z¯K

ù�ù�¦)�¯K´

min{θ(x) | Ax = b (or Ax ≥ b) x ∈ X}
Ù¥ θ(x)´à¼ê, A ∈ <m×n, b ∈ <m, X ´ <n¥�4à8

é?¿�½� r > 0Ú a ∈ <n,Ï�·�b�f¯K

min {θ(x) + r
2‖x− a‖2 |x ∈ X}

�¦)´{ü�.

8� ò�5�å�à`z¯K=�¤üNC©Ø�ª,2^gN'�{,

)¤aqu PPA��K�.·�¿Ø�¦�K�XêÝ
Qé¡�½,��

3S�¥Ñk (uk − ũk)TQ(uk − ũk) ≥ τ‖uk − ũk‖2.Äutµ PPA�Â 

�{´�aýÿ¨���{,�)ýÿ:Ñ^tµ PPA�{.
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1 ���555���åååààà`̀̀zzz¯̄̄KKK��� PPA���{{{

1.1 ���555���åååààà`̀̀zzz¯̄̄KKK���üüüNNNCCC©©©ØØØ���ªªª

�5�å�à`z¯K

min{θ(x) | Ax = b (or Ax ≥ b) x ∈ X} (1.1)

� Lagrange¼ê´½Â3 X × Λþ�

L(x, λ) = θ(x)− λT (Ax− b),

Ù¥

Λ =




<m, for the equality constraints Ax = b,

<m+ , for the inequality constraints Ax ≥ b.

� (x∗, λ∗)´ Lagrange¼ê���Q:,Bk

Lλ∈Λ(x∗, λ) ≤ L(x∗, λ∗) ≤ Lx∈X (x, λ∗).

VII - 4

¦ Lagrange¼ê���Q:�du¦ (x∗, λ∗)¦Ù÷v:




x∗ ∈ X , θ(x)−θ(x∗)+(x− x∗)T (−ATλ∗) ≥ 0, ∀x ∈ X ,

λ∗ ∈ Λ, (λ− λ∗)T (Ax∗ − b) ≥ 0, ∀λ ∈ Λ.
(1.2)

�é{`,¦ Lagrange¼ê�Q:�du¦)·ÜC©Ø�ª

VI(Ω, F, θ) u∗ ∈ Ω, θ(x)−θ(x∗) + (u− u∗)TF (u∗) ≥ 0, ∀u ∈ Ω, (1.3a)

�),Ù¥

u =


 x

λ


 , F (u) =


 −ATλ

Ax− b


 (1.3b)

Ú

Ω = X × Λ. (1.3c)

5¿� θ(x)´à¼ê,d	 (1.3b)¥��f F ´��üN�.

···���ÏÏÏLLL¦¦¦)))���AAA���···ÜÜÜüüüNNNCCC©©©ØØØ���ªªª555¦¦¦)))���555���ååå���ààà`̀̀zzz¯̄̄KKK.
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1.2 H-���eee��� PPA���{{{ÚÚÚtttµµµ PPA���ÂÂÂ   ���{{{

�C:�{ (PPA)´¦)·ÜüNC©Ø�ª���²;�{.^�C:

�{¦)¯K (1.3),é�½� uk ∈ ΩÚ r > 0, k-gS�´¦ ũk ∈ Ω,¦�

θ(x)− θ(x̃k) + (u− ũk)T
{
F (ũk) + r(ũk − uk)

}
≥ 0, ∀u ∈ Ω. (1.4)

·�� γ ∈ [1, 2),^úª uk+1 = uk − γ(uk − ũk)�)e��S�:.S�

{uk}÷v'Xª

‖uk+1 − u∗‖2 ≤ ‖uk − u∗‖2 − γ(2− γ)‖uk − ũk‖2.

é)8 Ω∗,�{�)�S� {uk}´ FejérüN�.ù
3c�ù®²k0�.

��¦) PPAf¯K (1.4)��5`´�Ø��.�¦)�à`z¯K (1.1)

�d�C©Ø�ª (1.3),þ�ùJÑ� Customized PPA�{�f¯K´

ũk ∈ Ω, θ(x)−θ(x̃k)+(u−ũk)T {F (ũk)+H(ũk−uk)} ≥ 0, ∀u ∈ Ω, (1.5)

Ù¥

H =

(
rIn −AT
−A sIm

)
.
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5¿��?Ø�`z¯K�d�C©Ø�ª (1.2)�äN(� (� (1.3b)ª),

fC©Ø�ª (1.5)B´¦ (x̃k, λ̃k) ∈ Ω,¦�é�� (x, λ) ∈ Ω,Ñk

θ(x)− θ(x̃k) +


x− x̃

k

λ− λ̃k



T 



−A

T λ̃k

Ax̃k − b




+


 r(x̃k − xk)−AT (λ̃k − λk)

−A(x̃k − xk) + s(λ̃k − λk)





 ≥ 0, ∀(x, λ) ∈ Ω. (1.6)

þªe�Ü©¥��� x̃k�±�K,¯K (1.6)���tµ¤

λ̃k ∈ Λ, (λ− λ̃k)T {(Axk − b) + s(λ̃k − λk)} ≥ 0, ∀λ ∈ Λ.

ù� λ̃k�±ÏL λ̃k = PΛ[λk − 1
s
(Axk − b)] ���Ñ.k
 λ̃k ,ÏL¦)

4�z¯K

min
{
θ(x) +

r

2

∥∥x−
[
xk +

1

r
AT (2λ̃k − λk)

]∥∥2 ∣∣x ∈ X
}

(1.7)

��� x̃k÷v (1.6)�þ�Ü©.Ï� (1.7)¥� λ̃k�´®��,4�z¯K

(1.7)�a.�âb�´N´¦)�.^úª uk+1 = uk − γ(uk − ũk) �)
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�S�S� {uk}÷v

‖uk+1 − u∗‖2H ≤ ‖uk − u∗‖2H − γ(2− γ)‖uk − ũk‖2H .

`�.,ù�H-�e� PPA�{,�´é²;� PPAtµ����Â �{.

þãH-�e PPA�{f¯K (1.6)¥�ëê r, s�÷v rs > ‖ATA‖,Ý

H â´�½�,ùâ�y�{Âñ.k��O ‖ATA‖¿ØN´,L���O

��u�K���,¬K�oNÂñ�Ý.ù�ùÁã)ûù
¯K.

1.3 tttµµµ^̂̂���eee PPAÂÂÂ   ���{{{

Idea of the Relaxed PPA �¦)C©Ø�ª (1.3),31 k-gS�¥,²;�

PPA´�¦ (x̃k, λ̃k) ∈ Ω¦�

θ(x)− θ(x̃k) +


x− x̃

k

λ− λ̃k



T



−A

T λ̃k

Ax̃k − b


+


r(x̃

k − xk)

s(λ̃k − λk)





 ≥ 0, (x, λ) ∈ Ω.

(1.8)

Ï�þ¡�fC©Ø�ª�þeüÜ©Ñ¹k��� x̃kÚ λ̃k ,��¦)�

VII - 8

��Ø�.XJòþ�Ü©¥� λ̃ktµ¤ λk ,KC¤¦ (x̃k, λ̃k) ∈ Ω¦�

θ(x)− θ(x̃k) +


x− x̃

k

λ− λ̃k



T



−A

Tλk

Ax̃k − b


+


r(x̃

k − xk)

s(λ̃k − λk)





 ≥ 0, (x, λ) ∈ Ω.

(1.9)

·�rf¯K (1.9)¡�tµ� PPA (Relaxed PPA).tµ±��¯K (1.9)´N

´¦)�.Äk (1.9)�þ� (Primal)Ü©�±ÏL¦)4�z¯K

min
{
θ(x) +

r

2

∥∥x−
[
xk +

1

r
ATλk

]∥∥2 ∣∣x ∈ X
}

��.�âb�^�,ù´��N´¦)�¯K.k
 x̃k , (1.9)�e� (Dual)

Ü©¥�¦���e λ̃k ,§�êÆ/ª´

λ̃k ∈ Λ, (λ− λ̃k)T {(Ax̃k − b) + s(λ̃k − λk)} ≥ 0, ∀λ ∈ Λ.

�âC©Ø�ªÚÝK�'X, λ̃k�±ÏL

λ̃k = PΛ[λk − 1

s
(Ax̃k − b)]
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���Ñ.·�r (1.9)�¤:

(x̃k, λ̃k) ∈ Ω, θ(x)− θ(x̃k) +


x− x̃

k

λ− λ̃k



T 



−A

T λ̃k

Ax̃k − b




+


r(x̃

k − xk)

0


+


A

T (λ̃k − λk)

s(λ̃k − λk)





 ≥ 0, ∀(x, λ) ∈ Ω.

§�;n/ª´

ũk ∈ Ω, θ(x)−θ(x̃k)+(u−ũk)T {F (ũk)+Q(ũk−uk)} ≥ 0, ∀u ∈ Ω, (1.10)

Ù¥Ý


Q =

(
rIn AT

0 sIm

)

´�é¡�.�é{`,ù��u�: (½ýÿ:) ũk = (x̃k, λ̃k)´ÏLé²

;� PPAf¯Ktµ¦��.du (1.10)¥Ø
 F (ũk)	Ò´Q(ũk − uk),

��±rddïá�Â �{¡�Äu�5�C:�� PPAÂ �{.Âñ

y²��ë�©z[6].
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·�rd (1.10)¥�)�: ũk¡�ýÿ:.ò (1.10)¥?¿� u�� u∗,Ò

U��

(ũk − u∗)TQ(uk − ũk) ≥ 0.

?��

(uk − u∗)TQ(uk − ũk) ≥ (uk − ũk)TQ(uk − ũk).

�� (1.10)¥�Ý
Q÷v

QT +Q =

(
2rIn AT

A 2sIm

)
� 0,

Ò�±�EÂ �{.dþª��,� rs > 1
4
‖ATA‖�, QT +QÒ�½.ù

�^�w,'c�ùH-�e� PPA�{éëê r, s�¦ rs > ‖ATA‖5�
°t.ù´·�ù�ùUY Relaxed PPAïÄ�nd.

3Ú�µee��Ä é�½� uk ,·�)¤ ũk ∈ Ω¦� (1.10)¤á,Ù¥

Q´��Ý
.·�¿Ø�¦Qé¡,��¦�3�� τ > 0,¦�

(uk − ũk)TQ(uk − ũk) ≥ τ‖uk − ũk‖2, ∀ k ≥ 0.

þã^�3QT +Q�½��½¤á.
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2 Primal-Dualtttµµµ PPAÂÂÂ   ���{{{

^tµ PPAUk x̃k (primal)� λ̃k (dual)�^S)¤ýÿ: ũk = (x̃k, λ̃k),,

��E�Â �{,¡�ÄuPrimal-Dualtµ PPA�Â �{ (Primal-dual

relaxed PPA based contraction method).

2.1 Primal-Dual)))¤¤¤ýýýÿÿÿ:::

Primal–Dual Method)¤ýÿ: é�½� (xk, λk)Ú r > 0,ÏL¦)

min
{
θ(x) +

r

2

∥∥x−
[
xk +

1

r
ATλk

]∥∥2 ∣∣x ∈ X
}

(2.1a)

�� Primalýÿ: x̃k .2À�·�� s > 0¿^

λ̃k = PΛ[λk − 1

s
(Ax̃k − b)] (2.1b)

)¤ Dualýÿ: λ̃k (XÛÀ� s > 0�3�¡?Ø).
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5¿�^ (2.1a))¤� Primalýÿ: x̃k÷v

x̃k ∈ X , θ(x)− θ(x̃k) + (x− x̃k)T {r(x̃k − xk)−ATλk} ≥ 0, ∀x ∈ X . (2.2)

ò (2.1b)U�¤ λ̃k = PΛ{λ̃k − [(λ̃k − λk) + 1
s
(Ax̃k − b)]},Kk

λ̃k ∈ Λ, (λ− λ̃k)T {(Ax̃k − b) + s(λ̃k − λk)} ≥ 0, ∀λ ∈ Λ. (2.3)

r (2.2)Ú (2.3)�3�å,k

(x̃k, λ̃k) ∈ Ω, θ(x)− θ(x̃k) +


x− x̃

k

λ− λ̃k



T 



−A

T λ̃k

Ax̃k − b




+


r(x̃

k − xk)

0


+


A

T (λ̃k − λk)

s(λ̃k − λk)





 ≥ 0, ∀(x, λ) ∈ Ω.

§�;n/ª´

ũk ∈ Ω, θ(x)−θ(x̃k)+(u− ũk)T {F (ũk)+Q(ũk−uk)} ≥ 0, ∀u ∈ Ω, (2.4)

134



VII - 13

Ù¥Ý
Q (éAu Primal-Dual�{)¤ýÿ:�Q,k��P¤QPD )

QPD =


 rIn AT

0 sIm


 , (2.5)

´�é¡�.

XJ (2.4)¥�Ý
Q´é¡�½�,ù�)¤ýÿ: ũk��{Ò´ PPA�

{.duùp�Q´�é¡Ý
,Uì [6]¥�`{,ùp� Relaxed PPA´�

�5�C:�� PPA.

± u∗O� (2.4)¥� u ∈ Ω,���

(ũk − u∗)TQ(uk − ũk) ≥ θ(x̃k)− θ(x∗) + (ũk − u∗)TF (ũk). (2.6)

Ï� ũk ∈ Ω¿� u∗´ VI(Ω, F )�),�â·ÜC©Ø�ª (1.3)�½Â,k

θ(x̃k)− θ(x∗) + (ũk − u∗)TF (u∗) ≥ 0.

du F ´üN�f,Ïdk

(ũk − u∗)TF (ũk) ≥ (ũk − u∗)TF (u∗).
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�âþ¡��'Xª�� (2.6)�mà�K.·�½Â

ϕ(uk, ũk) = (uk − ũk)TQ(uk − ũk). (2.7)

d (2.6)�mà�K��e¡�'�Ø�ª

(uk − u∗)TQ(uk − ũk) ≥ ϕ(uk, ũk), ∀ u∗ ∈ Ω∗. (2.8)

ù�!¥�Â �{,Ñ´Äu�þ (uk − ũk)��{.,,·�¿Ø��

^ (uk − ũk),´^

d(uk, ũk) = M(uk − ũk) (2.9)

��Ï���,Ù¥

M = D−1Q, (2.10)

Ý
Qd (2.5)�Ñ,Ý


D =


 rIn 0

0 sIm


 . (2.11)
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�âù
½Â,·�k

M =


 In

1
r
AT

0 Im


 ,

´é�Ü©�ü 
�þn�©¬Ý
.'Xª (2.7)Ú (2.8)�±�¤�d�

ϕ(uk, ũk) = (uk − ũk)TDM(uk − ũk). (2.12)

Ú

〈D(uk − u∗),M(uk − ũk)〉 ≥ ϕ(uk, ũk), ∀ u∗ ∈ Ω∗. (2.13)

2.2 ÐÐÐ������ÂÂÂ   ���{{{

The Primary Contraction Methods (Ð��Â �{)´�^(½����ü 

Ú��Â �{.

The Primary Contraction Methods é�½� ukÚd (2.1))¤� ũk ,·�^

uk+1 = uk −M(uk − ũk) (2.14)

)¤#�S�:.3^ (2.1))¤� ũk�L§¥,æ^ Armijo{K,�±��
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é�½� r > 0Ú ν ∈ (0, 1),À� s¦�

1

r
‖AT (λk − λ̃k)‖2 ≤ ν

(
r‖xk − x̃k‖2 + s‖λk − λ̃k‖2

)
. (2.15)

AO� s��¦ srν ≥ ‖ATA‖�,^� (2.15)g,¤á.

·��ÄD-�e�Â �{.�âS�úª (2.14)k

‖uk − u∗‖2D − ‖uk+1 − u∗‖2D
= ‖uk − u∗‖2D − ‖(uk − u∗)−M(uk − ũk)‖2D
= 2(uk − u∗)TDM(uk − ũk)− ‖M(uk − ũk)‖2D.

éþªmà� (uk − u∗)TDM(uk − ũk)¦^ (2.12)–(2.13),·�k

‖uk − u∗‖2D − ‖uk+1 − u∗‖2D
≥ 2(uk − ũk)TDM(uk − ũk)−‖M(uk − ũk)‖2D. (2.16)
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5¿� (2.16)�mà�u

2(uk − ũk)TDM(uk − ũk)−‖M(uk − ũk)‖2D
= (uk − ũk)T

[
MTD +DM −MTDM

]
(uk − ũk). (2.17)

|^Ý
'XDM = Q,k

MTD +DM −MTDM = QT +Q−QTM.

²L{üO�Òk

MTD +DM −MTDM = QT +Q−QTM.

=


 2rIn AT

A 2sIm


−


 rIn 0

A sIm




 In

1
r
AT

0 Im




=


 rIn 0

0 sIm − 1
r
AAT


 .
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Ïd,

2(uk − ũk)TDM(uk − ũk)− ‖M(uk − ũk)‖2D
= ‖uk − ũk‖2D −

1

r
‖AT (λk − λ̃k)‖2. (2.18)

3^� (2.15)÷v��¹e,l (2.18)ª��

2(uk − ũk)TDM(uk − ũk)− ‖M(uk − ũk)‖2D
≥ (1− ν)

(
r‖xk − x̃k‖2 + s‖λk − λ̃k‖2

)
. (2.19)

± (2.19)�\ (2.16),Òke¡�½nµ

Theorem 2.1 3Äu Primal-Dualtµ PPA�Â �{¥,XJ�)ýÿ:�

^� (2.15)¤á,KdÐ�Â �{ (2.14))¤�S� {uk = (xk, λk)}÷v

‖uk+1 − u∗‖2D ≤ ‖uk − u∗‖2D − (1− ν)‖uk − ũk‖2D. (2.20)

½n 2.1´�yÐ�Â �{Âñ�'�Ø�ª.
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2.3 ���������ÂÂÂ   ���{{{

��Â �{Ó�^�½���M(uk − ũk),�ÏLO�Ú�(½e��

S�:.3D-��¿Âe,¦#�S�:�)8¦�UC�
.3^ (2.1))

¤� ũk�L§¥,æ^ Armijo{K,�±��

é�½� r > 0,À� s¦�

1

s
‖A(xk − x̃k)‖2 +

1

r
‖AT (λk − λ̃k)‖2

≤ 2
(
r‖xk − x̃k‖2 + s‖λk − λ̃k‖2

)
. (2.21)

AO� s��¦ sr ≥ 1
2
‖ATA‖�, ‖ATA‖ ≤ 2rs,

1

s
‖A(xk − x̃k)‖2 +

1

r
‖AT (λk − λ̃k)‖2

≤ 1

s
‖ATA‖ · ‖xk − x̃k‖2 +

1

r
‖AAT ‖ · ‖λk − λ̃k‖2,

^� (2.21)g,¤á.
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|^DÚM �L�ª±9 Cauchy-SchwarzØ�ª,·�k

ϕ(uk, ũk) = (uk − ũk)TDM(uk − ũk)

= ‖uk − ũk‖2D + (xk − x̃k)TAT (λk − λ̃k)

≥ r‖xk − x̃k‖2 − 1

2
‖xk − x̃k‖ · ‖AT (λk − λ̃k)‖

+s‖λk − λ̃k‖2 − 1

2
‖λk − λ̃k‖ · ‖A(xk − x̃k)‖

≥ r‖xk − x̃k‖2 − 1

4

{
r‖xk − x̃k‖2 +

1

r
‖AT (λk − λ̃k)‖2

}

+s‖λk − λ̃k‖2 − 1

4

{
s‖λk − λ̃k‖2 +

1

s
‖A(xk − x̃k)‖2

}

=
3

4

{
r‖xk − x̃k‖2 + s‖λk − λ̃k‖2

}

−1

4

{1

s
‖A(xk − x̃k)‖2 +

1

r
‖AT (λk − λ̃k)‖2

}
.

3^� (2.21)÷v��¹e,�âþªÒk

ϕ(uk, ũk) = (uk − ũk)TDM(uk − ũk) ≥ 1

4
‖uk − ũk‖2D. (2.22)
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The General Contraction Method I é�½� ukÚd (2.1))¤� ũk ,^

u(α) = uk − αM(uk − ũk) (2.23)

�)�6uÚ� α�S�:.é?¿�½� u∗ ∈ Ω∗,·�ò

ϑ(α) = ‖uk − u∗‖2D − ‖u(α)− u∗‖2D (2.24)

w¤´�gS��/?Úþ0,§´Ú� α�¼ê.|^ (2.23)Ú (2.24)¥

ϑ(α)�½Â,·�k

ϑ(α) = ‖uk − u∗‖2D − ‖(uk − u∗)− αM(uk − ũk)‖2D
= 2α(uk − u∗)TDM(uk − ũk)− α2‖M(uk − ũk)‖2D.

éþªmà� (uk − u∗)TDM(uk − ũk)¦^ (2.12)Ú (2.13),Òk

ϑ(α) ≥ q(α),

Ù¥

q(α) = 2α(uk − ũk)TDM(uk − ũk)−α2‖M(uk − ũk)‖2D. (2.25)
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Ó�,5¿� (2.25)¥� q(α)´ α��g¼ê,§3

α∗k =
(uk − ũk)TDM(uk − ũk)

‖M(uk − ũk)‖2D
=

(uk − ũk)TQ(uk − ũk)

(M(uk − ũk))TQ(uk − ũk)
(2.26)

���4��.

�^� (2.21)÷v�,é¤k� k ≥ 0,Ñk α∗ ≥ 1/6.

�â (2.26),�y²þã(Ø,��y²

6(uk − ũk)TDM(uk − ũk)− ‖M(uk − ũk)‖2D ≥ 0. (2.27)

d (2.22),·�k

6(uk − ũk)TDM(uk − ũk)− ‖M(uk − ũk)‖2D
≥ ‖uk − ũk‖2D + 2(uk − ũk)TDM(uk − ũk)− ‖M(uk − ũk)‖2D.

2|^ (2.18),��

‖uk − ũk‖2D + 2(uk − ũk)TDM(uk − ũk)− ‖M(uk − ũk)‖2D
= 2‖uk − ũk‖2D −

1

r
‖AT (λk − λ̃k)‖2.
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�^� (2.21)÷v�þªmà�K, (2.27)¤á,Òk α∗k ≥ 1/6.

·���4�z ϑ(α) (� (2.24)),du§¹k�� u∗,·�Ø�®â4�z§

�e.¼ê q(α). 3¢SO�¥,·��

uk+1 = uk − γα∗kM(uk − ũk), (2.28)

�#�S�:,Ù¥ γ ∈ [1, 2)¡�tµÏf.

|^ ϑ(α) ≥ q(α),ò (2.25)¥� α��¤ γα∗,¿^ (2.26),Òk

‖uk+1 − u∗‖2D ≤ ‖uk − u∗‖2D − q(γα∗)
= ‖uk − u∗‖2D − γ(2− γ)α∗k(uk − ũk)TDM(uk − ũk).

�âþ¡�Ø�ª,d α∗k ≥ 1/6Ú'Xª (2.22),Ò��e¡�½n

Theorem 2.2 3ÄuPrimal-Dualtµ PPA�Â �{¥,XJ�)ýÿ:�^

� (2.21)¤á,Kd��Â �{ (2.28))¤�S�{uk = (xk, λk)}÷v

‖uk+1 − u∗‖2D ≤ ‖uk − u∗‖2D −
γ(2− γ)

24
‖uk − ũk‖2D. (2.29)

S�S� {uk}´D-�e FejérüN�.
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The General Contraction Method II é�½� ukÚd (2.1))¤� ũk ,·

���±^

uk+1 = uk − γα∗kQ−TD(uk − ũk) (2.30)

)¤#�S�:,duÝ


Q−TD =
( 1

r
In 0

− 1
rs
A 1

s
Im

)( rIn 0

0 sIm

)
=
( In 0

− 1
s
A Im

)

�/ª´{ü�,�� (2.30)N´¢y,Ú�Kd

α∗k = (uk − ũk)TQ(uk − ũk)/‖uk − ũk‖2D, γ ∈ (0, 2)

�Ñ.d (2.22),�� α∗k ≥ 1/4.éH = QD−1QT ,|^ (2.12)Ú (2.13),Kk

‖uk+1 − u∗‖2H = ‖uk − u∗ − γα∗Q−TD(uk − ũk)‖2H
≤ ‖uk − u∗‖2H − 2γα∗k(uk − ũk)TQ(uk − ũk) + γ2(α∗k)2‖uk − ũk‖2D
= ‖uk − u∗‖2H − γ(2− γ)α∗k(uk − ũk)TQ(uk − ũk).

≤ ‖uk − u∗‖2H −
γ(2− γ)

16
‖uk − ũk‖2D.

du u∗´?¿�½�):,ù�)¤�S� {uk}3H-�e FejérüN�.
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3 Dual-Primaltttµµµ PPAÂÂÂ   ���{{{

ÏLé²;PPA (1.8)¥e�Ü©¥� x̃ktµ¤ xk�E Relaxed PPA.f¯K

(1.8)Ò{z¤¦ (x̃k, λ̃k) ∈ Ω,¦�é?¿� u = (x, λ) ∈ Ω,Ñk

θ(x)−θ(x̃k) +


x− x̃

k

λ− λ̃k



T



−A

T λ̃k

Axk − b


+


r(x̃

k − xk)

s(λ̃k − λk)





 ≥ 0. (3.1)

tµ±��f¯K (3.1)´N´¦)�.Äké (3.1)�e� (Dual)Ü©,�â

C©Ø�ªÚÝK�'X, λ̃k�±ÏL

λ̃k = PΛ[λk − 1

s
(Axk − b)]

���Ñ.k
 λ̃k , (3.1)�þ� (Primal)Ü©¥�¦���e x̃k ,§�±ÏL

¦)4�z¯K

min
{
θ(x) +

r

2

∥∥x−
[
xk +

1

r
AT λ̃k

]∥∥2 ∣∣x ∈ X
}

��.�âb�^�,ù´��N´¦)�¯K.
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^tµ PPAUk λ̃k (dual)� x̃k (primal)�^S)¤ýÿ: ũk = (x̃k, λ̃k),,

��E�Â �{,·�¡��ÄuDual-Primaltµ PPA�Â �{ (Dual -

primal relaxed PPA based contraction method).

3.1 Dual-Primal)))¤¤¤ýýýÿÿÿ:::

Dual–Primal Method)¤ýÿ: é�½� (xk, λk)Ú s > 0,d

λ̃k = PΛ{λk − 1

s
(Axk − b)} (3.2a)

)¤ Dualýÿ: λ̃k .,�À�·�� r > 0¿¦)

min
{
θ(x) +

r

2

∥∥x−
[
xk +

1

r
AT λ̃k

]∥∥2 ∣∣x ∈ X
}

(3.2b)

�� Primalýÿ: x̃k (XÛÀ� r > 0�3�¡?Ø).
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�âc¡�©Û (� (3.1)),d (3.2))¤�ýÿ: (x̃k, λ̃k)÷v

(x̃k, λ̃k) ∈ Ω, θ(x)− θ(x̃k) +


x− x̃

k

λ− λ̃k



T 



−A

T λ̃k

Ax̃k − b




+


 r(x̃k − xk)

−A(x̃k − xk)


+


 0

s(λ̃k − λk)





 ≥ 0, ∀(x, λ) ∈ Ω.

§�;n/ª´

ũk ∈ Ω, θ(x)−θ(x̃k)+(u− ũk)T {F (ũk)+Q(ũk−uk)} ≥ 0, ∀u ∈ Ω, (3.3)

Ù¥Ý
(éAu Dual-Primal�{)¤ýÿ:�Q,k��P¤QDP )

QDP =


 rIn 0

−A sIm


 , (3.4)

´�é¡�.aq/,�±��e¡�'�Ø�ª

(ũk − u∗)TQ(uk − ũk) ≥ 0, ∀ u∗ ∈ Ω∗. (3.5)
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æ^

M(uk − ũk), (Ù¥ M = D−1Q) (3.6)

��Ï���,Ù¥Ý
H X (2.14)�Ñ.�âù
½Â,·�k

M(uk − ũk) =


x

k − x̃k

λk − λ̃k


+


 0 0

− 1
s
A 0




x

k − x̃k

λk − λ̃k


 . (3.7)

Ó�k

(uk − u∗)TDM(uk − ũk) ≥ ϕ(uk, ũk), ∀ u∗ ∈ Ω∗, (3.8)

Ù¥

ϕ(uk, ũk) = (uk − ũk)TDM(uk − ũk). (3.9)

3.2 ÐÐÐ������ÂÂÂ   ���{{{

ùp�Â �{´�«ýÿ���{.Ð��Â �{ (Primary Contraction
Methods)´3À�(½����,���)#S�:��ü Ú���{.
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The Primary Contraction Methods é�½� ukÚd (3.2))¤� ũk ,·�^

uk+1 = uk −M(uk − ũk) (3.10)

)¤#�S�:.3^ (3.2))¤� ũk�L§¥,æ^ Armijo{K,�±��

é�½�s > 0Ú ν ∈ (0, 1),À� r¦�

1

s
‖A(xk − x̃k)‖2 ≤ ν

(
r‖xk − x̃k‖2 + s‖λk − λ̃k‖2

)
. (3.11)

AO� s��¦ srν ≥ ‖ATA‖�,^� (3.11)g,¤á.

�½n 2.1aq,éÄuDual-Primaltµ PPA�Â �{,kXe�½nµ

Theorem 3.1 3ÄuDual-Primaltµ PPA�Â �{¥,XJ�)ýÿ:�^

� (3.11)¤á,KdÐ�Â �{ (3.10))¤�S� {uk = (xk, λk)}÷v

‖uk+1 − u∗‖2D ≤ ‖uk − u∗‖2D − (1− ν)‖uk − ũk‖2D. (3.12)

½n 3.1´�yÐ�Â �{Âñ�'�Ø�ª.
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3.3 ���������ÂÂÂ   ���{{{

��Â �{^Ó���½��M(uk − ũk),ÏLO�Ú�(½e��S

�:.3H-��¿Âe,¦#�S�:�)8¦�UC�
.

é�½� s > 0,À� r¦�

1

s
‖A(xk − x̃k)‖2 +

1

r
‖AT (λk − λ̃k)‖2

≤ 2
(
r‖xk − x̃k‖2 + s‖λk − λ̃k‖2

)
. (3.13)

ù´U
���.� s��¦ sr ≥ 1
2
‖ATA‖�,^� (3.13)g,¤á.

aq� (2.21)–(2.22)�©Û,3^� (3.13)÷v��¹e,k

ϕ(uk, ũk) = (uk − ũk)TDM(uk − ũk) ≥ 1

4
‖uk − ũk‖2D. (3.14)

���Â �{ I é�½� ukÚd (3.2))¤� ũk ,·��

uk+1 = uk − γα∗kM(uk − ũk), (3.15)
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�#�S�:,Ù¥

α∗k = (uk − ũk)TDM(uk − ũk)/‖M(uk − ũk)‖2D (3.16)

γ ∈ [1, 2)¡�tµÏf.Ó�,3^� (3.13)÷v�,¬k α∗k > 1/6.

Theorem 3.2 3ÄuDual-Primaltµ PPA�Â �{¥,XJ�)ýÿ:�^

� (3.13)¤á,KdÂ �{ (3.15))¤�S� {uk = (xk, λk)}÷v

‖uk+1 − u∗‖2D ≤ ‖uk − u∗‖2D −
γ(2− γ)

24
‖uk − ũk‖2D. (3.17)

Ó�,S�S� {uk}´D-�e FejérüN�,þª´y²Âñ�'�Ø�ª.

���Â �{ II Ó�,é�½� ukÚd (3.2))¤� ũk ,��±^

uk+1 = uk − γα∗kQ−TD(uk − ũk) (3.18)

)¤#�S�:,Ù¥ α∗k = ϕ(uk, ũk)/‖uk − ũk‖2D ,�H = QD−1QT ,Òk

‖uk+1 − u∗‖2H ≤ ‖uk − u∗‖2H −
γ(2− γ)

16
‖uk − ũk‖2D.

du u∗´?¿�½�):,ù�)¤�S� {uk}3H-�e FejérüN.
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4 êêê���OOO���

·�±1où¥Á���'5Ý
��ÚÝ
��z¯K��~f,

¿�c�ù� PPA�{'�O��J.·�æ^ÄuDual-Primalt
µ PPA�Â �{.

4.1 ���'''555ÝÝÝ


������¯̄̄KKK

�'5Ý
��¯K�êÆ/ª´

min{1

2
‖X − C‖2F | diag(X) = e, X ∈ Sn+}, (4.1)

31où� §4.1¥®²�
0�.^ z ∈ <n���ª�å diag(X) = e

� Lagrange¦f.·�^ (3.2))¤¯K (4.1)�ýÿ:,¯K (3.2b)´¦)

min{1

2
‖X − C‖2F +

r

2
‖X − [Xk +

1

r
diag(z̃k)]‖2F |X ∈ Sn+}. (4.2)

ù��ó�3c�ù� §4.1�
0�,¦ (x̃k, λ̃k)�Ì�ó�´� EIG©).
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Relaxed PPA-Primal method�´òc�ù Code 4.1 (Classical PPA)�1 (9)1�

A=(X0*r + C + diag(yt*2 -y0))/(1+r) U¤ A=(X0*r + C + diag(yt))/(1+r)

¿ò (12)1� y = y0 - EY U¤ y = y0 - (EY - diag(EX)/s).

Code 4.1. Relaxed PPA – Primal method rs = 1.01, s = 0.5

%%% RePPA (primal mothed) for calibrating correlation matrix %(1)

function RePPA_MP(n,C,r,s,tol); %(2)

X=eye(n); y=zeros(n,1); tic; %% The initial iterate %(3)

stopc=1; k=0; %(4)

while (stopc>tol && k<=100) %% Beginning of an Iteration %(5)

if mod(k,20)==0 fprintf(’ k=%4d epsm=%9.3e \n’,k,stopc); end; %(6)

X0=X; y0=y; k=k+1; %(7)

yt=y0 - (diag(X0)-ones(n,1))/s; EY=y0-yt; %(8)

A=(X0*r + C + diag(yt))/(1+r); %(9)

[V,D]=eig(A); D=max(0,D); XT=(V*D)*V’; EX=X0-XT; %(10)

ex=max(max(abs(EX))); ey=max(abs(EY)); stopc=max(ex,ey); %(11)

X=X0 - EX; y=y0 - (EY - diag(EX)/s; %(12)

end; % End of an Iteration %(13)

toc; TB = max(abs(diag(X-eye(n)))); %(14)

fprintf(’ k=%4d epsm=%9.3e max|X_jj - 1|=%8.5f \n’,k,stopc,TB); %%

æ^ Relaxed-PPA-Prmal method� Classical-PPA methodO��J����.
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·�e¡'� Relaxed PPA – general Method�c�ù� Extended PPA

Method�O��Ç.

l Relaxed PPA – Primal Method� Relaxed PPA – general Method,Ù�O3:

• Code 4.2� Code 4.1�c 111���Ó.

• 3 Code 4.2¥,O\� 12–141´�
O�Ú�.

• Code 4.2¥�1 151�Ñ#�S�:,� Code 4.1¥�Ñ#S�:�1 11

1�',Ï����Ó,�´Ú�ØÓ. Code 4.1¥^�´ü Ú�. Code

4.2¥�Ú��^úª (3.16)O�.

• �¦^ Relaxed PPA-Primal Method,I�÷v^� rs ≥ ‖ATA‖ (� (3.11)),

du ‖ATA‖ = 1,·�� rs = 1.01, s = 0.5.

• é¦^ Relaxed PPA-General Method,�I�÷v^� rs ≥ 1
2
‖ATA‖ (�

(3.13)),·�� rs = 0.65, s = 0.4.�éuÚ�� 1��{,ùp)¤ýÿ

:�,òëê sÚ rÑ¦þ��Ïf 0.8.
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Code 4.2 Relaxed PPA – general method rs = 0.65, s = 0.4

%%% RePPA_MG (general mothed)for calibrating correlation matrix %(1)

function RePPA_MG(n,C,r,s,tol,gamma) %(2)

X=eye(n); y=zeros(n,1); tic; %% The initial iterate %(3)

stopc=1; k=0; %(4)

while (stopc>tol && k<=100) %% Beginning of an Iteration %(5)

if mod(k,20)==0 fprintf(’ k=%4d epsm=%9.3e \n’,k,stopc); end; %(6)

X0=X; y0=y; k=k+1; %(7)

yt=y0 - (diag(X0)-ones(n,1))/s; EY=y0-yt; %(8)

A=(X0*r + C + diag(yt))/(1+r); %(9)

[V,D]=eig(A); D=max(0,D); XT=(V*D)*V’; EX=X0-XT; %(10)

ex=max(max(abs(EX))); ey=max(abs(EY)); stopc=max(ex,ey); %(11)

T1=EX(:)’*EX(:); T2=EY(:)’*EY(:); %(12)

dEX=diag(EX); T12 =EY’*dEX; T3=dEX’*dEX; %(13)

alpha=(T1*r + T2*s - T12)/(T1*r + T2*s - T12*2 + T3/s); %(14)

X=X0-EX*(alpha*gamma); y=y0-(EY-dEX/s)*(alpha*gamma); %(15)

end; % End of an Iteration %(16)

toc; TB = max(abs(diag(X-eye(n)))); %(17)

fprintf(’ k=%4d epsm=%9.3e max|X_jj - 1|=%8.5f \n’,k,stopc,TB); %%
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Ý
��¯K (4.1)–¦^ Matlab¥� eigf§S

n× n Matrix Extended PPA Relaxed PPA

n = No. It CPU Sec. No. It CPU Sec.

100 22 0.24 22 0.24
200 25 1.42 22 1.24
500 27 11.66 22 9.62
800 29 50.47 23 39.77

1000 31 99.26 25 78.95
2000 41 883.76 33 713.36

♣ 'u�'XêÝ
���§S3N�� Codes-05�©�Y“Ý
��”

� MaT-EIG¥.��$1 demo.m,Ñ\ nÒ�±
.

Ù¥� PPAC.mÚ PPAG.m©O´ Classical PPAÚ Extended PPA�f§S.

RePPAMP.mÚ RePPAMG.m©O´ Relaxed PPA-Primal MethodÚ Relaxed PPA-

General Method�f§S.
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♣ XJU^ Kim TOH�� mexeig� [V,D] = mexeig(A),O��m��!

�.�A�§S3N�� Codes-05�©�Y“Ý
��”� Mex-EIG¥.

Ý
��¯K (4.1)–A��©)¦^ mexeig

n× n Matrix Extended PPA Relaxed PPA

n = No. It CPU Sec. No. It CPU Sec.

100 22 0.09 22 0.09
200 25 0.37 22 0.32
500 27 3.35 22 2.67
800 29 11.56 23 9.12
1000 31 22.58 25 18.20
2000 39 209.90 33 168.79

lO�¢�w,éÓ��¯K, Relaxed PPA-General Method�O��J'
Extended PPA�Ð.ùü��{)¤ýÿ:�ó�þ´�Ó�,�,^

Relaxed PPA-General MethodI�O�Ú�,Ï�O�Ú�´O(n2)�$�,

Relaxed PPA-General Methods¤��m�´k��ÌÝ�!�.
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4.2 ÝÝÝ


������zzz���¡¡¡���AAA^̂̂

Ý
��z¯K�Á�~f�c�ù� §4.2�Ó,�~5g [1].·��ò

Relaxed PPA-General Method� Extended PPA�'�.ùü��{)¤ýÿ

:�ó�þ´�Ó�.

♣ Ý
��z^ Matlab SVD �§S3N�� Codes-05 �©�Y Ý


��z–SVD-MaT ¥. ��$1 demo.m Ò�±
. �éØÓ�/Á�, �

�3 demo.m¥^ %�·�ÀJ.Ù¥� PPAGMaT.mÚ PPAMMaT.m©O´

Extended PPAÚ Relaxed PPA�f§S,þæ^ γ = 1.5.

XJ^ Matlab¥�IO SVD,éÓ�5��¯K,O��m�S�gê¤�

'.�,^ Relaxed PPA-General MethodI�O�Ú�,Ï�O�Ú�´

O(n2)�$�,ù3o�O�þ¥´�Øv��.·�òRelaxed PPA-General

Method¦)Ý
��z¯K�§S�� Code 4.3�3�¡.

^ Relaxed PPA-General method¦)Ý
��z¯K�c�ù� Code 4.3

(Extended PPA)��O´µò1 (10)1�
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A=X0 + (YT*2 -Y0)/r U¤ A = X0 + (YT)/r .

3 Code 4.3 (Extended PPA)1 (13)1±�\þn1O�Ú� α = γα∗.

¿ò Code 4.3 (Extended PPA)� (15)-(16)1U¤
y3� (18)-(19)1.

Ý
��z¯Kµ^ Matlab¥IOSVD¦)(J

Unknown n× n matrix M Extended PPA Relaxed PPA

n rank(ra) m/dra m/n2 #iters times(Sec.) #iters times(Sec.)

1000 10 6 0.12 77 867.82 56 629.67

1000 50 4 0.39 37 411.28 27 302.27

1000 100 3 0.58 31 362.58 29 305.93

Ïd,^ Relaxed PPA-General Methods¤��mk��ÌÝ�!�.

♣ 5¿�, [1]¥��{éùn�~f�S�gê©O´ 117, 114Ú 129 (See the first

three examples in Table 5.1 of [1], pp. 1974).¦���{zgS��Ì�ó�þ�´��g

SVD©),duæ^
Ø��©)Eâ, [1]¥!�
zg SVD©)�$1�m.·�N

^�´Matlab¥IOSVD,~�
S�gê,�vk!�o�$1�m.
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Code 4.3. Relaxed PPA for Matrix Completion Problem

function PPAE(n,r,s,M,Omega,maxIt,tol,gamma) % Ititial Process %%(1)

X=zeros(n); Y=zeros(n); YT=zeros(n); %(2)

nM0=norm(M(Omega),’fro’); eps=1; VioKKT=1; k=0; tic; %(3)

%% Minimum nuclear norm solution by PPA method %(4)

while (eps > tol && k<= maxIt) %(5)

if mod(k,5)==0 %(6)

fprintf(’It=%3d |X-M|/|M|=%9.2e VioKKT=%9.2e\n’,k,eps,VioKKT); end;%(7)

k=k+1; X0=X; Y0=Y; %(8)

YT(Omega)=Y0(Omega)-(X0(Omega)-M(Omega))/s; EY=Y-YT; %(9)

A = X0 + (YT)/r; [U,D,V]=svd(A,0); %(10)

D=D-eye(n)/r; D=max(D,0); XT=(U*D)*V’; EX=X-XT; %(11)

DXM=XT(Omega)-M(Omega); eps = norm(DXM,’fro’)/nM0; %(12)

VioKKT = max( max(max(abs(EX)))*r, max(max(abs(EY))) ); %(13)

T1=EX(:)’*EX(:); T2=EY(:)’*EY(:); %(14)

T12 = EY(:)’*EX(:); EXOm = EX(Omega); T3 = EXOm(:)’*EXOm(:); %(15)

alpha =(T1*r + T2*s - T12)*gamma/(T1*r + T2*s - T12*2 + T3/s); %(16)

if (eps <= tol) alpha=1; end; %(17)

X = X0 - EX*alpha; %(18)

Y(Omega) = Y0(Omega) - (EY(Omega) - EXOm/s)*alpha; %(19)

end %(20)

fprintf(’It=%3d |X-M|/|M|=%9.2e Vi0KKT=%9.2e \n’,k,eps,VioKKT); %(21)

RelEr=norm((X-M),’fro’)/norm(M,’fro’); toc; %(22)

fprintf(’ Relative error = %9.2e Rank(X)=%3d \n’,RelEr,rank(X)); %(23)

fprintf(’ Violation of KKT Condition = %9.2e \n’,VioKKT); %(24)
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4.3 Min-Max ¯̄̄KKKþþþ���AAA^̂̂

é1�ù §4.2¥J�^�C�4�?nã���
 [2]� min-max¯K,

minx∈X maxy∈Y Φ(x, y) := θ1(x)− yTAx− θ2(y). (4.3)

§�±=�¤�d�C©Ø�ª:¦ u∗ = (x∗, y∗) ∈ X × Y ,¦�

θ(u)− θ(u∗) +


 x− x∗

y − y∗



T
 −A

T y∗

Ax∗


 ≥ 0, ∀(x, y) ∈ X × Y, (4.4)

Ù¥ θ(u) = θ1(x) + θ2(y).^ù�ù0�� Relaxed PPA�{�¦),é�

½� (xk, yk),�±ÏL

x̃k = Argmin{θ1(x)− xTAT yk +
r

2
‖x− xk‖2 |x ∈ X}. (4.5a)

ỹk = Argmin
{
θ2(y) + yTAx̃k +

s

2
‖y − yk‖2

∣∣ y ∈ Y
}
. (4.5b)

½ö
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ỹk = Argmin{θ2(y) + yTAxk +
s

2
‖y − yk‖2 | y ∈ Y}. (4.6a)

x̃k = Argmin
{
θ1(x)− xTAT ỹk +

r

2
‖x− xk‖2

∣∣x ∈ X
}
. (4.6b)

d (4.5))¤� (x̃k, ỹk) ∈ X × Y ,é��¦ (x, y) ∈ X × Y ,Ñk

θ(u)− θ(ũk) +


 x− x̃k

y − ỹk



T



 −A

T yk

Ax̃k


+


r(x̃

k − xk)

s(ỹk − yk)





 ≥ 0. (4.7)

d (4.6))¤� (x̃k, ỹk) ∈ X × Y ,é��¦ (x, y) ∈ X × Y ,Ñk

θ(u)− θ(ũk) +


 x− x̃k

y − ỹk



T



 −A

T ỹk

Axk


+


r(x̃

k − xk)

s(ỹk − yk)





 ≥ 0. (4.8)

ÃØ´ (4.7)�´ (4.8),Ñ�±�¤

ũk ∈ Ω, (u− ũk)T {F (ũk) +Q(ũk − uk)} ≥ 0, ∀ u ∈ Ω, (4.9)
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�/ª,¤ØÓ��´

Q =


 rIn AT

0 sIm


 Ú Q =


 rIn 0

−A sIm


 .

Ñ´� rs > 1
4
‖ATA‖�,Ý
QT +Q�½.·�ïÆ� rs ≈ 0.7‖ATA‖.

éd (2.11)½Â�Ý
D,#�S�:uk+1^S�ª

uk+1 = uk − γα∗kM(uk − ũk), γ ∈ [1, 2),

)¤(��� γ = 1.5).æ^

M = D−1Q, α∗k =
(uk − ũk)TQ(uk − ũk)

‖M(uk − ũk)‖2D
, (4.10)

)¤�S� {uk}3D-�e FejérüN;eæ^

M = Q−TD, α∗k =
(uk − ũk)TQ(uk − ũk)

‖uk − ũk‖2D
, (4.11)

)¤�S� {uk}K3H-�e FejérüN�(H = QD−1QT ).aq�(Ø�ë

��ù� §2.3Ú §3.3.^ùa�{¦)ã���
¯K�±ë� [8].
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1 ���555���åååààà`̀̀zzz���ddd���üüüNNNCCC©©©ØØØ���ªªª

�Ä����5�ª�åà`z¯K

min{θ(x) | Ax = b, x ∈ X}, (1.1)

Ù¥ θ(x)´à¼ê, A ∈ <m×n, b ∈ <m, X ´ <n¥�4à8.à`z¯K

(1.1)� Lagrange¼ê´½Â3 X × <mþ�

L(x, λ) = θ(x)− λT (Ax− b).

P Λ = <m,� (x∗, λ∗)´ Lagrange¼ê���Q:,Bk

Lλ∈Λ(x∗, λ) ≤ L(x∗, λ∗) ≤ Lx∈X (x, λ∗).

¦ Lagrange¼ê���Q:�du¦ (x∗, λ∗)¦Ù÷v:




x∗ ∈ X , θ(x)− θ(x∗) + (x− x∗)T (−ATλ∗) ≥ 0, ∀x ∈ X ,

λ∗ ∈ Λ, (λ− λ∗)T (Ax∗ − b) ≥ 0, ∀λ ∈ Λ,
(1.2)
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ÏL½Â

u =


 x

λ


 , F (u) =


 −A

Tλ

Ax− b


 Ú Ω = X × Λ, (1.3)

¦) (1.1)��u¦)C©Ø�ª

VI(Ω, F ) u∗ ∈ Ω, θ(x)− θ(x∗) + (u− u∗)TF (u∗) ≥ 0, ∀u ∈ Ω. (1.4)

5¿�, (1.3)¥����f F ´üN�.

é�½�~ê s > 0,½Â3 Ω = X × <mþ�

LA(x, λ) = θ(x)− λT (Ax− b) +
1

2s
‖Ax− b‖2

´ (1.1)�O2 Lagrange¼ê.O2Lagrange¦f{ [1, 8, 11]´¦�ª�å`

z¯K�ék���{��,éd, [10]¥1 17Ùk�[Øã.

¦þã�ª�åà`z¯K�²;O2 Lagrange¦f{ (Augmented
Lagrangian Method)� k-ÚS�,´l�½� λkÑu,¦

xk+1 = Argmin{LA(x, λk) |x ∈ X},
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,�±

λk+1 = λk − 1

s
(Axk+1 − b)

��#�S�:.

� Ω∗´ VI(Ω, F ) �)8Ü.��ÄÂ �{I�,·�P

Λ∗ = {λ∗ ∈ Λ | (x∗, λ∗) ∈ Ω∗}.

XJ^²;�O2 Lagrange�{¦)¯K (1.1),é?¿�½� b ∈ <m,·�

b�f¯K

min {θ(x) + 1
2s‖Ax− b‖2 |x ∈ X}

´N´¦)�.ÄK�{,æ^ÄutµO2 Lagrange�Â �{.ù�,I

�b�é?¿�½� a ∈ <n,¯K

min {θ(x) + r
2‖x− a‖2 |x ∈ X}

�)´N´¦��.
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2 ÂÂÂ   ¿¿¿ÂÂÂeee���OOO222 Lagrange¦¦¦fff{{{

·�¡½Â3 Ω = X × <mþ�

LA(x, λ) = θ(x)− λT (Ax− b) +
1

2s
‖Ax− b‖2

��ª�å�¯K min{θ(x) | Ax = b, x ∈ X} �O2 Lagrange¼ê.±

e´O2 Lagrange¦f{�µe§§l�½� λkm©.

�ª�å¯K�O2 Lagrange¦f{µe é�½� λk ,k¦

x̃k = Argmin{θ(x) + 1
2s
‖(Ax− b)− sλk‖2 | x ∈ X}, (2.1a)

,�-

λ̃k = λk − 1
s
(Ax̃k − b). (2.1b)

²;�O2 Lagrange¦f{± λk+1 = λ̃k �¤�gS�.
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·�^Â �{�*:5©ÛO2 Lagrange¦f{,U¤±

λk+1 = λk − γ(λk − λ̃k), γ ∈ (0, 2) (2.2)

)¤#�S�:.d (2.1a))¤� x̃k ∈ X ÷v

θ(x)− θ(x̃k) + (x− x̃k)T {−ATλk + 1
s
AT (Ax̃k − b)} ≥ 0, ∀x ∈ X .

ò (2.1b)¥� λ̃k = λk − 1
s
(Ax̃k − b) �\þªÒk

x̃k ∈ X , θ(x)− θ(x̃k) + (x− x̃k)T
(
−AT λ̃k

)
≥ 0, ∀x ∈ X . (2.3)

r (2.3)Ú (2.1b)|Ü3�å,Ò´ ũk = (x̃k, λ̃k) ∈ Ω,¿�

θ(x)− θ(x̃k) +


x− x̃

k

λ− λ̃k



T



 −A

T λ̃k

Ax̃k − b


+


 0

s(λ̃k − λk)





 ≥ 0, ∀u ∈ Ω.

(2.4)

ò?¿� u∗ = (x∗, λ∗)�\þª¥� u ∈ Ω,¿|^ F (u)�L�ªÒk

(λ̃k − λ∗)T (λk − λ̃k) ≥ 1

s
{(ũk − u∗)TF (ũk) + θ(x̃k)− θ(x∗)}. (2.5)
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|^ F �üN5Ú

θ(x̃k)− θ(x∗) + (ũk − u∗)TF (u∗) ≥ 0,

í� (2.5)ª�mà�K.¤±k

(λk − λ∗)T (λk − λ̃k) ≥ ‖λk − λ̃k‖2, ∀λ∗ ∈ Λ∗. (2.6)

^ (2.2))¤#�S�: λk+1,3Â ¿Âe·�Ï~� γ ∈ [1, 2),�â (2.6)

��

‖λk+1 − λ∗‖2 = ‖(λk − λ∗)− γ(λk − λ̃k)‖2

= ‖λk − λ∗‖2 − 2γ(λk − λ∗)T (λk − λ̃k) + γ2‖λk − λ̃k‖2

≤ ‖λk − λ∗‖2 − γ(2− γ)‖λk − λ̃k‖2.

The sequence {λk} (dual variable) generated by Augmented Lagrangian Method

is Fejér monotone.

þã5�`²,O2 Lagrange¦f{´'uéóCþ λ� PPA�{.^Â 

�{�*:5�Ä¯K,S�ª (2.2)¥� γ�±3«m (0, 2)¥gdÀ�.3

¢SO�¥,·�ïÆ� γ ∈ [1.2, 1.8].
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3 ÄÄÄuuuOOO222 Lagrange¦¦¦fff{{{��� PPA���{{{

3¢S¯K¥,°(¦)f¯K (2.1a)  ´s¤é��.·��´b��k

/qmin {θ(x) + r
2
‖x− a‖2 |x ∈ X}�¯K´N´¦)�.XJé (2.1a)¥

�8I¼ê\þ Proximal�
r

2
‖x− xk‖2, �?n�f¯KÒ¤�

min {θ(x) +
1

2s
‖(Ax− b)− sλk‖2 +

r

2
‖x− xk‖2 |x ∈ X}. (3.1)

2ò (3.1)¥�
1

2s
‖(Ax− b)− sλk‖2 3 xk?��5zCqÒ´

1

2s
‖(Axk − b)− sλk‖2 +

(1

s
AT [(Axk − b)− sλk]

)T
(x− xk).

é (3.1)¥��g��5z±�,f¯KÒC¤

min {θ(x) +
(1

s
AT [(Axk − b)− sλk]

)T
x+

r

2
‖x− xk‖2 |x ∈ X}. (3.2)

ÄuO2 Lagrange¦f{� PPA�{,�é (3.1)¥��g¼ê��5z?

n.zÚS�l�½� uk = (xk, λk)m©,)¤ ũk ∈ Ω.
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é�g¼ê�5z?n é�½� (xk, λk),k¦

x̃k = Argmin{θ(x)+
(1

s
AT [(Axk−b)−sλk]

)T
x+

r

2
‖x−xk‖2 |x ∈ X} (3.3a)

,�-

λ̃k = λk − 1

s
(Ax̃k − b). (3.3b)

·�UÚ�µe�	)¤�ýÿ: ũk .d (3.3a))¤� x̃k ∈ X ÷v

θ(x)−θ(x̃k)+(x−x̃k)T {−ATλk+
1

s
AT (Axk−b)+r(x̃k−xk)} ≥ 0, ∀x ∈ X .

ò (3.3b)¥� λ̃k = λk − 1
s
(Ax̃k − b) �\þªÒk x̃k ∈ X ,¿éx ∈ X ,k

θ(x)− θ(x̃k) + (x− x̃k)T
(
−AT λ̃k + (rIn − 1

s
ATA)(x̃k − xk)

)
≥ 0, (3.4)

r (3.4)Ú (3.3b)|Ü3�å,Ò´ ũk = (x̃k, λ̃k) ∈ Ω,¿é¤k� (x, λ) ∈ Ω,

VIII - 10

þk

θ(x)−θ(x̃k)+


x− x̃

k

λ− λ̃k



T



 −A

T λ̃k

Ax̃k − b


+


(rIn − 1

s
ATA)(x̃k − xk)

s(λ̃k − λk)





 ≥ 0.

(3.5)

·�P

d(uk, ũk) =


(rIn − 1

s
ATA)(xk − x̃k)

s(λk − λ̃k)


 . (3.6)

¿|^ F (u)�L�ª,Òk

θ(x)− θ(x̃k) + (u− ũk)T (F (ũk)− d(uk, ũk)) ≥ 0, ∀u ∈ Ω. (3.7)

ò?¿� u∗ = (x∗, λ∗)�\þª¥� (x, λ) ∈ Ω,¿

(ũk − u∗)T d(uk, ũk) ≥ θ(x̃k)− θ(x∗) + (ũk − u∗)TF (ũk). (3.8)

|^ F �üN5Ú θ(x̃k)− θ(x∗) + (ũk − u∗)TF (u∗) ≥ 0,þªmà�K.?

��

(uk − u∗)T d(uk, ũk) ≥ (uk − ũk)T d(uk, ũk). (3.9)
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éëê r, s��¦ é�½� s > 0, À� r¦

rs > ‖ATA‖. (3.10)

3þã^�e,Ý


G =


 rIn − 1

s
ATA 0

0 sIm


 , (3.11)

´�½�.|^ (3.6),Òk

d(uk, ũk) = G(uk − ũk). (3.12)

Ø�ª (3.9)Òz¤

(uk − u∗)TG(uk − ũk) ≥ ‖uk − ũk‖2G. (3.13)

��� uk+1 = ũk�#�S�:,Ò��G-�e� PPA�{.

ÄuO2 Lagrange¦f{� PPA�{
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PPA�{^S�ª

uk+1 = uk − γ(uk − ũk), γ ∈ (0, 2) (3.14)

�)#�S�: uk+1,·���� γ ∈ [1, 2).|^ (3.13),S� {uk}÷v

‖uk+1 − u∗‖2G ≤ ‖uk − u∗‖2G − γ(2− γ)‖uk − ũk‖2G.

ù´�yÄuO2 Lagrange¦f{� PPA�{Âñ�'�Ø�ª.

¦^ù�!��{,ëê r, sI�÷v^� rs > ‖ATA‖ (� (3.10)).Ïd,·

Ü^5?n ‖ATA‖N´���¯K.

4 ÄÄÄuuuOOO222 Lagrange¦¦¦fff{{{���ÂÂÂ   ���{{{

ù�!�ÄuO2 Lagrange¦f{�Â �{,Ó�´�é (3.1)¥��g¼

ê��5z?n.zÚS�l�½� uk = (xk, λk)m©,�´± (3.3))¤

ũk ∈ Ω.dþ�!�©Û,·���

(uk − u∗)T d(uk, ũk) ≥ (uk − ũk)T d(uk, ũk), (4.1)
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Ù¥

d(uk, ũk) =


 (rIn − 1

s
ATA)(xk − x̃k)

s(λk − λ̃k)


 (4.2)

·�P

H =


 rIn 0

0 sIm


 . (4.3)

¿�Ä^

M(uk − ũk) = H−1d(uk, ũk) (4.4)

��Ï���.ù�

M =


In −

1
rs
ATA 0

0 Im


 . (4.5)

·�¿Ø�¦M �½,ÏdØ2�¦ rs > ‖ATA‖,�ØU��ò ũk��#

�S�:.�é{`,ÄuO2 Lagrange¦f{�Â �{´�«ýÿ¨�

��{,± (3.3))¤� ũk ∈ Ω�´��ýÿ:.
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)¤ýÿ:�éëê r, s��¦ é�½� s > 0,�¦ r÷v

‖ATA(xk − x̃k)‖ ≤ rsν‖xk − x̃k‖, ν ∈ (0, 1). (4.6)

XJ^� rs > ‖ATA‖ (� (3.10))÷v,K^� (4.6)g,÷v.,,ùp��

¦3O��zgS�¥�y^� (4.6)´Ä÷v.

·��ÄH �e�Â �{.5¿�Ø�ª (4.1)�±�¤

(uk − u∗)THM(uk − ũk) ≥ (uk − ũk)THM(uk − ũk), ∀u∗ ∈ Ω∗. (4.7)

Lemma 4.1 é�½� uk = (xk, λk),� ũk ∈ Ωd (3.3))¤.3^� (4.6)÷v

��¹e,·�k

(uk − ũk)THM(uk − ũk)

≥ 1

2

{
‖M(uk − ũk)‖2H + (1− ν2)‖uk − ũk‖2H

}
. (4.8)
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yyy²²².·��	

2(uk − ũk)THM(uk − ũk)− ‖d(uk, ũk)‖2H .

du

2(uk − ũk)THM(uk − ũk)− ‖M(uk − ũk)‖2H
=

(
2(uk − ũk)−M(uk − ũk)

)T
HM(uk − ũk). (4.9)

|^H Ú d(uk, ũk)�½Â(� (4.3)Ú (4.4)),éþª�mà?1?n,du

M(uk − ũk) =


 (In − 1

rs
ATA)(xk − x̃k)

(λk − λ̃k)




Ú

2(uk − ũk)−M(uk − ũk) =


 (In + 1

rs
ATA)(xk − x̃k)

(λk − λ̃k)


 .
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òù
�\ (4.9)�màÒ��

2(uk − ũk)THM(uk − ũk)− ‖M(uk − ũk)‖2H
= r

(
‖xk − x̃k‖2 − 1

r2s2
‖ATA(xk − x̃k)‖2

)
+ s‖λk − λ̃k‖2.

3^� (4.6)÷v��¹e,lþª��

2(uk − ũk)THM(uk − ũk)−‖M(uk − ũk)‖2H
≥ (1− ν2)r‖xk − x̃k‖2 + s‖λk − λ̃k‖2. (4.10)

lþªêþ�� (4.8),Úny²�..

·��ÄH �e�Â �{.k�Ä�ü Ú��ÐÐÐ������ÂÂÂ   ���{{{.

Ð��Â �{ é�½� ukÚ^ (3.3))¤� ũk ,^

uk+1 = uk −M(uk − ũk) (4.11)

)¤#�S�:.dÝ
M �(� (4.5),æ^Ð�Â �{� λk+1 = λ̃k .
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�âS�úª (4.11)¿¦^ (4.1),Òk

‖uk − u∗‖2H − ‖uk+1 − u∗‖2H
= ‖uk − u∗‖2H − ‖(uk − u∗)−M(uk − ũk)‖2H
= 2(uk − u∗)THM(uk − ũk)− ‖M(uk − ũk)‖2H
≥ 2(uk − ũk)THM(uk − ũk)−‖M(uk − ũk)‖2H . (4.12)

±Ún 4.1�(Ø (4.8)�\ (4.12),Òke¡�½n:

Theorem 4.1 Let the condition (4.6) be satisfied. Then the sequence {uk = (xk, λk)}
generated by the elementary contraction method satisfies

‖uk+1 − u∗‖2H ≤ ‖uk − u∗‖2H − (1− ν2)‖uk − ũk‖2H . (4.13)

½n 4.1¥�Ø�ª (4.13)´�yÐ�Â �{Âñ�'�Ø�ª.

2�ÄÏLO�Ú�(½e��S�:����������ÂÂÂ   ���{{{.

���Â �{ é�½� ukÚ (3.3))¤� ũk ,^

u(α) = uk − αM(uk − ũk) (4.14)
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�)�6uÚ� α�S�:.Ó�,é?¿�½� u∗ ∈ Ω∗,·�½Â

ϑ(α) := ‖uk − u∗‖2H − ‖u(α)− u∗‖2H (4.15)

Ú

q(α) = 2α(uk − ũk)THM(uk − ũk)−α2‖M(uk − ũk)‖2H . (4.16)

|^ (4.14)Ú (4.15)¥ ϑ(α)�½Â±9 (4.1),�±y²

ϑ(α) ≥ q(α) (4.17)

Ó�,5¿� (4.16)¥� q(α) ´ α��g¼ê,§3

α∗ =
(uk − ũk)THM(uk − ũk)

‖M(uk − ũk)‖2H
(4.18)

���4��.l (4.8)ª�,3^� (4.6)÷v��¹e, α∗k ≥ 1/2.3¢SO

�¥,·��

uk+1 = uk − γα∗kM(uk − ũk), (4.19)
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�#�S�:,Ù¥ γ ∈ [1, 2)¡�tµÏf.d (4.15)Ú (4.17),k

‖uk+1 − u∗‖2H ≤ ‖uk − u∗‖2H − q(γα∗k)

≤ ‖uk − u∗‖2H − γ(2− γ)α∗k(uk − ũk)THM(uk − ũk). (4.20)

�âþª,d (4.8)Ú α∗k ≥ 1/2,��

Theorem 4.2 The sequence {uk = (xk, λk)} generated by the general contraction

method satisfies

‖uk+1 − u∗‖2H ≤ ‖uk − u∗‖2H −
γ(2− γ)(1− ν2)

4
‖uk − ũk‖2H . (4.21)

½n 4.2¥�Ø�ª (4.21)´�y��Â �{Âñ�'�Ø�ª.

d	,d (4.18), (4.20)Ú α∗k > 1/2,¬k

‖uk+1 − u∗‖2H ≤ ‖uk − u∗‖2H −
γ(2− γ)

4
‖M(uk − ũk)‖2H .
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5 &&&EEEEEEâââ+++���`̀̀zzz¯̄̄KKK¥¥¥���AAA^̂̂

·�^ù�ù §3��{¦)1où¥J���~.

5.1 ���'''555ÝÝÝ


 (Correlation Matrix)������¥¥¥���AAA^̂̂

é�½�é¡Ý
 C ,¦ F -�e� Cål�C��'5Ý
,ÙêÆL�ª

´

min
{1

2
‖X − C‖2F | diag(X) = e, X ∈ Sn+

}
, (5.1)

Ù¥ eL«z�©þÑ� 1� n-��þ, Sn+L« n× n��½I�8Ü.¯

K (5.1)´/X (1.1)��ª�åà`z¯K,Ù¥ ‖ATA‖ = 1.

·�^ z ∈ <n���ª�å diag(X) = e � Lagrange¦f.

PPA���{{{¦¦¦)))¯̄̄KKK(5.1)

é�½� (Xk, zk),^ (3.3)�)(X̃k, z̃k):
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1. Finding X̃k which is the solution of the following minimization problem

min{1

2
‖X − C‖2F +

r

2
‖X − [Xk +

1

r
diag(zk+ 1

2 )]‖2F |X ∈ Sn+}, (5.2)

where

zk+ 1
2 = zk − 1

s
(diag(Xk)− e).

2. Setting

z̃k = zk − 1

s
(diag(X̃k)− e). (5.3)

fff¯̄̄KKK (5.2)¦¦¦)))���äääNNN���{{{:z��d¯K

min{1

2
‖X − 1

1 + r
[rXk + diag(zk+ 1

2 ) + C]‖2F |X ∈ Sn+}.

Ïd·����ÄXÛ¦)

X̃k = Argmin
{1

2
‖X −A‖2F |X ∈ Sn+

}
. (5.4)

¢Sþ,òé¡Ý
A�IOA��–A��þ©)

A = V ΛV T , Λ = diag(λ1, λ2, . . . , λn). (5.5)
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ÏL

X̃ = V Λ̃V T , Λ̃ = diag(λ̃1, λ̃2, . . . , λ̃n),

Ò�� X̃ ,Ù¥

λ̃j = max{0, λj}.
Ïd,zgS��Ì�ó�þ´� (5.5)¥�A�� (A��þ)©) .

ê�Á� �)¤Á�~f,���½é¡Ý
 C .

C=rand(n,n); C=(C’+C)-ones(n,n) + eye(n)

ù��Ý
 C�é��3 (0, 2)�m,�é��3 (−1, 1)�m"

Code 7.a. Matlab code for Creating the test examples

clear; close all;

n = 1000; tol=1e-5; r=2.0; s=1.05/r; gamma=1.5;

rand(’state’,0); C=rand(n,n); C=(C’+C)-ones(n,n) + eye(n);

161



VIII - 23

Code 7.1. Matlab code of ALM based classical PPA

%%% Classical PPA for calibrating correlation matrix %(1)

function PPAC(n,C,r,s,tol) %(2)

X=eye(n); y=zeros(n,1); tic; %% The initial iterate %(3)

stopc=1; k=0; %(4)

while (stopc>tol && k<=100) %% Beginning of an Iteration %(5)

if mod(k,20)==0 fprintf(’ k=%4d epsm=%9.3e \n’,k,stopc); end; %(6)

X0=X; y0=y; k=k+1; %(7)

ya=y0 - (diag(X0)-ones(n,1))/s; %(8)

A=(X0*r + C + diag(ya))/(1+r); %(9)

[V,D]=eig(A); D=max(0,D); XT=(V*D)*V’; EX=X0-XT; %(10)

yt=y0 - (diag(XT)-ones(n,1))/s; EY=y0-yt %(11)

ex=max(max(abs(EX))); ey=max(abs(EY)); stopc=max(ex,ey); %(12)

X= XT; y=yt; %(13)

end; % End of an Iteration %(14)

toc; TB = max(abs(diag(X-eye(n)))); %(15)

fprintf(’ k=%4d epsm=%9.3e max|X_jj - 1|=%8.5f \n’,k,stopc,TB); %%

� (5.5)¥�A�� (A��þ)©),3þã§S¥�1 (10)1^ Matlab¥�

�é [V,D]=eig(A)¢y�,ù´��O�þ�V 9n3�$�.

ò Classical PPAU¤ Extended PPA,��ò1 (13)1U�e.
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Code 7.2 Matlab code of ALM based extended PPA

%%% Extended PPA for calibrating correlation matrix %(1)

function PPAE(n,C,r,s,tol,gamma) %(2)

X=eye(n); y=zeros(n,1); tic; %% The initial iterate %(3)

stopc=1; k=0; %(4)

while (stopc>tol && k<=100) %% Beginning of an Iteration %(5)

if mod(k,20)==0 fprintf(’ k=%4d epsm=%9.3e \n’,k,stopc); end; %(6)

X0=X; y0=y; k=k+1; %(7)

ya=y0 - (diag(X0)-ones(n,1))/s; %(8)

A=(X0*r + C + diag(ya))/(1+r); %(9)

[V,D]=eig(A); D=max(0,D); XT=(V*D)*V’; EX=X0-XT; %(10)

yt=y0 - (diag(XT)-ones(n,1))/s; EY=y0-yt %(11)

ex=max(max(abs(EX))); ey=max(abs(EY)); stopc=max(ex,ey); %(12)

X=X0 - EX*gamma; y=y0- EY*gamma; %(13)

end; % End of an Iteration %(14)

toc; TB = max(abs(diag(X-eye(n)))); %(15)

fprintf(’ k=%4d epsm=%9.3e max|X_jj - 1|=%8.5f \n’,k,stopc,TB); %%

ü�ØÓ��{,§SÑé{ü,^Ø
A1.ü�§SØÓ�/�==´1

(13)1k
�O,� γ = 1.5��{�J%k²w�Jp"
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Ý
��¯K (5.1)–¦^ Matlab¥� eigf§S

n× n Matrix Classical PPA Extended PPA

n = No. It CPU Sec. No. It CPU Sec.

100 29 0.34 21 0.25
200 32 2.26 24 1.68
500 38 20.70 26 14.04
800 41 86.75 29 61.28

1000 47 182.82 30 117.08
2000 65 1696.50 41 1076.04

The extended PPA converges faster than the classical PPA.

It. No. of Extended PPA

It. No. of Classical PPA
≈ 65%.
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♣'u�'XêÝ
���§S3N�� Codes-07�©�Y“Ý
��”¥.

��$1 demo.m,Ñ\ nÒ�±
. Ù¥� ALM PPAC.mÚ ALM PPAE.m©O

´ Classical PPAÚ Extended PPA�f§S.

(¢,^ù�ù0�� PPA�{¦)�'Ý
Ý
��¯K,zÚS��Ì�

O�ó�þ´é��é¡Ý
^ Matlab¥�IOf§S� [V,D]=eig(A).XJ

U^ Kim TOH�� mexeig� [V,D]=mexeig(A), O��m��!�.

Ý
��¯K (5.1)–A��©)¦^ mexeig

n× n Matrix Classical PPA Extended PPA

n = No. It CPU Sec. No. It CPU Sec.

100 29 0.14 21 0.10
200 32 0.57 24 0.42
500 38 5.64 26 3.92
800 41 20.05 29 14.31
1000 47 41.82 30 27.10
2000 65 401.94 41 255.37
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5.2 ÝÝÝ


������zzz���¡¡¡���AAA^̂̂

�M ´��m× nÝ
, Π´Ý
����I8.

Π = {(ij) | i ∈ {1, 2, . . . ,m}, j ∈ {1, 2, . . . , n}}.

Ý
��z¯K´dÜ©&E¼��Ü&E.3·�(¢S¯Kä��)^�

e,�õêØ��&E�$�Ý
�±ÏL¦)tµ¯K

min{‖X‖∗ | Xij = Mij , (ij) ∈ Π} (5.6)

��°(¡E.Ù¥ ‖X‖∗L«Ý
X �ÛÉ��Ú.Ï~¡�Ý
X �Ø

�—Nuclear Norm.

¯K (5.6)´/X (1.1)��ª�åà`z¯K,Ù¥ ‖ATA‖ = 1.·�ò (5.6)

��ª�åP�XΠ = MΠ§¿^ Z ∈ <m×n���A� Lagrange¦f.

PPA���{{{¦¦¦)))¯̄̄KKK (5.6)

é�½� (Xk, Zk),^ (3.3)�)(X̃k, Z̃k):
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1. Finding X̃k which is the solution of the following linear variational inequality

min
{
‖X‖∗ +

r

2

∥∥X −
[
Xk +

1

r
Z
k+ 1

2
Π

]∥∥2

F

}
(5.7)

where

Z
k+ 1

2
Π = ZkΠ −

1

s
(Xk

Π −MΠ).

2. Updating Z̃k by

Z̃kΠ = ZkΠ −
1

s
(X̃k

Π −MΠ).

fff¯̄̄KKK (5.7)¦¦¦)))���äääNNN���{{{: �I�ÄXÛ¦)

X̃k = Argmin
{1

r
‖X‖∗ +

1

2
‖X −A‖2F

}
. (5.8)

·�òA� SVD©)

A = UΛV T ,

¿P

X̃ = U Λ̃V T . (5.9)
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5¿�
1

r
‖X̃‖∗ +

1

2
‖X̃ −A‖2F =

1

r
‖Λ̃‖∗ +

1

2
‖Λ̃− Λ‖2F .

ÏL

λ̃j = λj −min(λj ,
1

r
), (5.10)

ÒU��é�Ý
 Λ̃�é�� λ̃j ,�\ (5.9)Ò�� (5.8)�) X̃k .Ó�,z

gS��Ì�ó�þ´���Ý
� SVD©).

XJ± λÚ λ̃©OL«é�Ý
 ΛÚ Λ̃�é��)¤��þ,du λ´�K

�þ,'Xª (5.10)��±�¤ Shrinkage�/ª

λ̃ = λ− P
B

1/r
∞

[λ],

Ù¥B
1/r
∞ ´Ã¡�e�»� 1/r�/�0£��á�N¤.

(((ØØØ:ò�5�å�à`z¯K=�¤üNC©Ø�ª,2^ù�ù §3¥0
��ÄuO2 Lagrange¦f{� PPA�{¦),zgS�¥�¦)�f¯

K,ê��ê¥Ñk(½�¤Ù��{¦) !
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ê�Á� ê�Á�~f�g[2]

���� ra� n× n�gdÝ´ dra := ra(2n− ra).

)))¤¤¤ÁÁÁ���¯̄̄KKKµ

• k^pdÓ©Ù (Gaussian i.i.d)Õá)¤ü� n× ra�Ý
M1ÚM2,

,�-M = M1M
T
2 ,K n× nÝ
M ��� ra.

• �ÅÀ½M �m�����®���,ù
���eI8�Π.

OOO���(((JJJµ

• Ý
��z¯K�JÝ�'Çm/draÚm/n2Ñk'X.

• ©O^ Classical PPAÚ Extended PPA (γ = 1.5)?1O�.

• �½Ý
G (see (3.11))¥�ëê r, s©O� rs = 1.01Ú r = 0.005.

• ÊÅOKæ^�éØ� ‖Xk
Π −MΠ‖F /‖MΠ‖F ≤ 10−4.

·�^ γ = 1.5�Extended PPA¦),du KKT^� PrimalÜ©((3.5)�þ�
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Ü©)�Ø÷vþ´

(rIn − 1

s
ATA)(x̃k − xk).

éù�äN¯K, ‖ATA‖ = 1¿� rs ≈ 1,¤±·�u�

KKT-Violation := max{rmax
ij
|Xk

ij − X̃k
ij |}

¿3O�(J¥�Ñ.

O��m�6u^�o SVDf§S.·�©O�Ñ^ Matlab¥�IO SVD±

9 PROPACK-SVD�ØÓO��J.

♣Ý
��z�§S3N�� Codes-07�©�Y“Ý
��z”¥.��$1

demo.mÒ�±
. �éØÓ�/Á�,��3 demo.m¥^ %�·�ÀJ.

Ù¥� PPAC.mÚ PPAE.m©O´ Classical PPAÚ Extended PPA�f§S.
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Code 7.b. Creating the test examples of Matrix Completion

%% Creating the test examples of the matrix Completion problem %(1)

clear all; clc %(2)

maxIt=100; tol = 1e-4; %(3)

r=0.005; s=1.01/r; gamma=1.5; %(4)

n=200; ra = 10; oversampling = 5; %(5)

% n=1000; ra=100; oversampling = 3; %% Iteration No. 31 %(6)

% n=1000; ra=50; oversampling = 4; %% Iteration No. 36 %(7)

% n=1000; ra=10; oversampling = 6; %% Iteration No. 78 %(8)

%% Generating the test problem %(9)

rs = randseed; randn(’state’,rs); %(10)

M=randn(n,ra)*randn(ra,n); %% The matrix will be completed %(11)

df =ra*(n*2-ra); %% The freedom of the matrix %(12)

mo=oversampling; %(13)

m =min(mo*df,round(.99*n*n)); %% No. of the known elements %(14)

Omega= randsample(nˆ2,m); %% Define the subset Omega %(15)

fprintf(’Matrix: n=%4d Rank(M)=%3d Oversampling=%2d \n’,n,ra,mo);%(16)

·��éALM-based extended PPA�Ñ§S,e^ALM-based classical PPA,

��re¡�1(16)1U¤ X = XT 1(17)1U¤ Y(Omega) = YT(Omega)
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Code 7.3. ALM-based extended PPA for Matrix Completion Problem

function PPAE(n,r,s,M,Omega,maxIt,tol,gamma) % Ititial Process %%(1)

X=zeros(n); Y=zeros(n); YT=zeros(n); %(2)

nM0=norm(M(Omega),’fro’); eps=1; VioKKT=1; k=0; tic; %(3)

%% Minimum nuclear norm solution by PPA method %(4)

while (eps > tol && k<= maxIt) %(5)

if mod(k,5)==0 %(6)

fprintf(’It=%3d |X-M|/|M|=%9.2e VioKKT=%9.2e\n’,k,eps,VioKKT); end;%(7)

k=k+1; X0=X; Y0=Y; %(8)

Y(Omega)=Y0(Omega)-(X0(Omega)-M(Omega))/s; %(9)

A = X0 + Y/r; [U,D,V]=svd(A,0); %(10)

D=D-eye(n)/r; D=max(D,0); XT=(U*D)*V’; EX=X0-XT; %(11)

DXM=XT(Omega)-M(Omega); eps = norm(DXM,’fro’)/nM0; %(12)

YT(Omega)=Y0(Omega)-(XT(Omega)-M(Omega))/s; EY=Y0-YT; %(13)

VioKKT = max(max(abs(EX)))*r; %(14)

if (eps <= tol) gamma=1; end; %(15)

X = X0 - EX*gamma; %(16)

Y(Omega) = Y0(Omega) - EY(Omega)*gamma; %(17)

end; %(18)

fprintf(’It=%3d |X-M|/|M|=%9.2e Vi0KKT=%9.2e \n’,k,eps,VioKKT); %(19)

RelEr=norm((X-M),’fro’)/norm(M,’fro’); toc; %(20)

fprintf(’ Relative error = %9.2e Rank(X)=%3d \n’,RelEr,rank(X)); %(21)

fprintf(’ Violation of KKT Condition = %9.2e \n’,VioKKT); %(22)
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Ý
��z¯K:^ Matlab-SVD¦)(J

1000×1000 matrix ALM-based Classical PPA ALM-based Extended PPA

(rank, m
dr

, m
n2 )

No.

It.

CPU

Sec.

Relative

error

KKT-

Violation

No.

It.

CPU

Sec.

Relative

error

KKT-

Violation

(10, 6, 0.12) 85 989.84 9.62E-5 4.34E-6 77 899.40 9.32E-5 2.79E-6

(50, 4, 0.39) 43 491.35 1.46E-4 1.85E-5 37 425.24 1.21E-4 1.43E-5

(100, 3, 0.58) 36 394.68 1.72E-4 2.78E-5 31 363.04 1.55E-4 3.26E-5

♣ ^Matlab¥� SVD,��g SVD�s¤é�,oÑ��S�gê¤'~.

♣ ^ Extended PPA� Classical PPA�',A�Ø\�	�Kú,�Ç�´Jp 10%

±þ.Ïd,3?Û�¹e,·�ÑJ�^ Extended PPA.

♣ ^ PROPACK [9]¥� SVD,¯Nõ,oÑ�Ì��¯K5�k'.du·�Ì�é

S�gêa,�,·�==��^Matlab� SVD�(J,�Nþ¤I��f§S.oÑ

�Ì��¯K5�k'.

♣ 5¿�, Cai, Candès and Shen [2]��{éùn�~f�S�gê©O´ 117, 114

Ú129 (See the first three examples in Table 5.1 of [2], pp. 1974).�Kþ,zgS��Ì�ó�

þÑ´�g SVD©). [2]¥æ^Ø��©)Eâ,!�
o�$1�m.
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�:`² l18ù�1lù,·�Ì�ù�a Customized PPA�{,¦)

min{θ(x) |Ax = b, x ∈ X} (5.11)

ù��aà`z¯K.^5O��~f,ÑkA^�µ.^ Customized PPA�

{¦),kéØ��ê�(J.Ì��Ï´ù
¯K¥��5�å�Ý
A

�5�'�Ð (5¿� diag(X) = e Ú XΠ = MΠL«¤Ax = b�, A�

´��ÝKÝ
),\þù
¯K¥

min {θ(x) +
r

2
‖x− a‖2 |x ∈ X}

ù��f¯K´k¤Ù�{¦)�.

�´,�X R. Fletcher3¦�Í� Practical Methods of Optimization¥`�,

Indeed there is no general agreement on the best approach and
much research is still to be done.

.þvk���{´é¤k�¯KÑ´�Ð�,·�ØU�"^ùAù0

���{�¦)/X (5.11)���à`z¯K,AO´<��E�JK.Ð3

�
kA^�µ�¯K,~~k§�AÏ(�,{ü��{k��Un�.
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Contraction methods for composite convex
optimization based on the PC Algorithms for LVIs
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IX - 2

ÁÁÁ���. þVÊ�c�,·�uL
�
¦)üN�5C©Ø�ª(9à

�g`z)�ÝKÂ �{. ù
�{�¦<^5¦)�
A^¯Kké

Ð�Ly. 3?n�aÅì<��¯Kþ,å�
Ù¦�{ØUO���

^[3, 11, 12].�©0�XÛòù
�{í2,^5¦)EÜà`z¯K.

1 Introduction

In the 1990s, we have published some projection and contraction algorithms for

solving monotone linear variational inequalities [5, 6]. These algorithms can be

applied to solve the constrained convex optimization problems

min{1

2
xTHx+ cTx |x ∈ X} (1.1)

and

min{1

2
xTHx+ cTx |Ax = b(or≥ b), x ∈ X}, (1.2)

where H ∈ <n×n is a symmetric positive semi-definite matrix, A ∈ <m×n,

b ∈ <m, c ∈ <n and X ⊂ <n is a closed convex set. The purpose of this
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article is to develop such algorithms to solve the following composite convex

optimization problems:

min{θ(x) +
1

2
xTHx+ cTx |x ∈ X} (1.3)

and

min{θ(x) +
1

2
xTHx+ cTx |Ax = b(or≥ b), x ∈ X}, (1.4)

where θ(x) : <n → < is a convex function (not necessarily smooth),

H, A, b, c and X are the same as described in (1.1) and (1.2).

Throughout this article, we assume that the solution set (1.3) and (1.4) are

nonempty. In addition, we assume that for any given constant r > 0 and vector

a ∈ <n, the subproblem

min{θ(x) +
r

2
‖x− a‖2 | x ∈ X} (1.5)

has a closed-form solution or can be efficiently computed with a high precision.

The analysis of this note is based on the following lemma (proof is omitted here).

IX - 4

Lemma 1.1 Let X ⊂ <n be a closed convex set, θ(x) and f(x) be convex

functions and f(x) is differentiable on an open set which includes Ω. Assume

that the solution set of the minimization problem min{θ(x) + f(x) |x ∈ X}
is nonempty. Then,

x∗ ∈ arg min{θ(x) + f(x) |x ∈ X} (1.6a)

if and only if

x∗ ∈ X , θ(x)− θ(x∗) + (x− x∗)T∇f(x∗) ≥ 0, ∀x ∈ X . (1.6b)

2 The algorithms for solving (1.3) based on P-C
Algorithm for the problem (1.1)

In (1.3), since the θ(x) is convex and H is semidefinite, by using Lemma 1.1, the

optimal solution of (1.3), say x∗, satisfies

x∗ ∈ X , θ(x)− θ(x∗) + (x− x∗)T (Hx∗ + c) ≥ 0, ∀x ∈ X . (2.1)
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2.1 Key inequality for solving min{1
2
xTHx+ cTx |x ∈ X}

Set θ(x) = 0 in (1.3), it is reduced to the problem (1.1) whose optimal solution

x∗ satisfies

x∗ ∈ X , (x− x∗)T (Hx∗ + c) ≥ 0, ∀x ∈ X . (2.2)

For solving (1.1) (or its equivalent (2.2)), we have proposed a class of projection

and contraction algorithms [5, 6]. These algorithms are based on constructing the

descent direction of the distance function 1
2‖x− x∗‖2G, where G is some

symmetric positive definite matrix.

For given xk ∈ <n and β > 0, let

x̃k = PX [xk − β(Hxk + c)]. (2.3)

xk is the optimal solution of (1.1) (or its equivalent (2.2)) if and only if x̃k = xk.

IX - 6

The projector x̃k is the solution of the minimization problem,

x̃k = arg min{1

2
‖x− [xk − β(Hxk + c)]‖2 |x ∈ X}.

According to Lemma 1.1, we have

x̃k ∈ X , (x− x̃k)T {x̃k − [xk − β(Hxk + c)]} ≥ 0, ∀x ∈ X .

Set the any vector x ∈ X in the above inequality by a solution point x∗, it follows

that

(x̃k − x∗)T {(xk − x̃k)− β(Hxk + c)} ≥ 0. (2.4)

On the other hand, since x̃k ∈ X , it follows from (2.2) that

(x̃k − x∗)Tβ(Hx∗ + c) ≥ 0. (2.5)

Adding (2.4) and (2.5), we get

(x̃k − x∗)T {(xk − x̃k)− βH(xk − x∗)} ≥ 0.
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The above inequality can be rewritten as

{(xk − x∗)− (xk − x̃k)}T {(xk − x̃k)− βH(xk − x∗)} ≥ 0.

Finally, by using the semi-positiveness of H , we get

(xk − x∗)T (I + βH)(xk − x̃k) ≥ ‖xk − x̃k‖2. (2.6)

The above inequality is the main basis for building the projection contraction

algorithms for solving (1.1) (and its equivalent variational inequality (2.2)). We

hope to establish the same inequality for the problem (1.3).

2.2 Key inequality for solving min{θ(x)+ 1
2
xTHx+cTx|x∈X}

Our task is to solve (1.3). The purpose of this subsection is to construct the same

key-inequality as (2.6). For given xk and β > 0, we let

x̃k = arg min{θ(x) +
1

2β
‖x− [xk − β(Hxk + c)]‖2 |x ∈ X}. (2.7)

IX - 8

This is an optimization problem as (1.5) and it is assumed to be solved without

difficulty. According to Lemma 1.1, we have x̃k ∈ X and

θ(x)− θ(x̃k) + (x− x̃k)T
1

β

{
x̃k − [xk − β(Hxk + c)]

}
≥ 0, ∀x ∈ X .

We rewrite it as x̃k ∈ X and

βθ(x)−βθ(x̃k)+(x−x̃k)T {β(Hxk+c)−(xk−x̃k)} ≥ 0, ∀x ∈ X . (2.8)

Since x̃k ∈ X , according to the optimal condition (2.1), we have

βθ(x̃k)− βθ(x∗) + (x̃k − x∗)Tβ(Hx∗ + c) ≥ 0. (2.9)

Setting the any x ∈ Ω in (2.8) by x∗ and then adding it with (2.9), we obtain

(x̃k − x∗)T {(xk − x̃k)− βH(xk − x∗)} ≥ 0.

Rewriting the above inequality in form

{(xk − x∗)− (xk − x̃k)}T {(xk − x̃k)− βH(xk − x∗)} ≥ 0
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and using the semi-positivity of H , we get

(xk − x∗)T (I + βH)T (xk − x̃k) ≥ ‖xk − x̃k‖2. (2.10)

This is the same inequality as (2.6). Usually, we call the vector x̃k obtained by

(2.7) the predictor in the k-th iteration of the proposed algorithm for solving the

convex optimization problem (1.3).

2.3 Solving the optimization problem (1.3) by using
the key inequality (2.10)

The inequality (2.10) can be written as

〈(I + βH)(xk − x∗), (xk − x̃k)〉 ≥ ‖xk − x̃k‖2.

Let G = (I + βH), the above inequality tells us that−(xk − x̃k) is the

descent direction of the unknown distance function 1
2‖x− x∗‖2G at xk.
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We take

xk+1(α) = xk − α(xk − x̃k) (2.11)

as the step length α dependent new iterate. In order to shorten the distance

‖x− x∗‖2(I+βH), we consider the following α-dependent benefit

ϑk(α) = ‖xk − x∗‖2(I+βH) − ‖xk+1(α)− x∗‖2(I+βH). (2.12)

By using (2.10), we obtain

ϑk(α) = ‖xk − x∗‖2(I+βH) − ‖xk − x∗ − α(xk − x̃k)‖2(I+βH)

= 2α(xk − x∗)T (I + βH)(xk − x̃k)

−α2‖xk − x̃k‖2(I+βH). (2.13)

By using the (2.10), we have the following theorem.

Theorem 2.1 For given xk and any β > 0, let x̃k be a predictor generated by

(2.7) and xk+1(α) be updated by (2.11). Then for any α > 0, we have

ϑk(α) ≥ qk(α), (2.14)
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where ϑk(α) is defined by (2.12) and

qk(α) = 2α‖xk − x̃k‖2 − α2‖xk − x̃k‖2(I+βH). (2.15)

Proof. The assertion of this theorem follows directly from (2.13) and (2.10). 2

Now, qk(α) is a lower bound function of ϑk(α). The quadratic function qk(α)

reaches its maximum at

α∗k =
‖xk − x̃k‖2

(xk − x̃k)T (I + βH)(xk − x̃k)
. (2.16)

We use

xk+1 = xk − γα∗k(xk − x̃k), γ ∈ (0, 2) (2.17)

to determine the new iterate xk+1. By using (2.15) and (2.16), we get

q(γα∗k) = 2γα∗k‖xk − x̃k‖2 − γ2α∗k
(
α∗k‖xk − x̃k‖2(I+βH)

)

= γ(2− γ)α∗k‖xk − x̃k‖2. (2.18)
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Thus, the profit of the k-th iteration

ϑ(γα∗k) = ‖xk − x∗‖2(I+βH) − ‖xk+1 − x∗‖2(I+βH)

≥ q(γα∗k) = γ(2− γ)α∗k‖xk − x̃k‖2. (2.19)

Theoretically ϑ(γα∗k) > 0 when γ ∈ (0, 2), usually, we take γ ∈ [1.2, 1.8].

O α* γα*

q(α)

ϑ(α)

α

Fig. 1 It is suggested to take γ ∈ [1.2, 1.8]
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For solving the composite convex optimization problem (1.3), we use (2.7) to

generate the predictor x̃k and (2.17) to update the corrector xk+1. Together with

some strategy for adjusting the parameter β, we have the following algorithm.

Algorithm 2.1 Prediction-Correction method for solving the composite convex opti-

mization problem (1.3):

Start with given x0 and β > 0. For k = 0, 1, . . ., do:

1. Prediction: x̃k = arg min{θ(x)+ 1
2β ‖x−[xk−β(Hxk+c)]‖2 |x ∈ X}.

2. Correction: xk+1 = xk − γα∗k(xk − x̃k),

where α∗k =
‖xk − x̃k‖2

(xk − x̃k)T (I + βH)(xk − x̃k)
and γ ∈ (0, 2).

3. Adjust the parameter β if necessary

r =
β‖xk − x̃k‖2H
‖xk − x̃k‖2 , β =

{
(β/r) ∗ 0.9, if r > 1 or r < 0.4;

β, otherwise.

k := k + 1 and go to 1.
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According to our numerical experiments, the parameter β should be selected in

range
2
5‖xk − x̃k‖ ≤ β‖xk − x̃k‖2H ≤ ‖xk − x̃k‖.

We can also adjust the parameters every five or ten iterations. In practical, after

some iterations, the algorithm will automatically find a suitable fixed β.

Theorem 2.2 For solving the composite convex optimization problem (1.3), the

sequence {xk} generated by Algorithm 2.1 with fixed β > 0 satisfies

‖xk+1−x∗‖2(I+βH) ≤ ‖xk−x∗‖2(I+βH)−
γ(2− γ)

‖I + βH‖‖x
k−x̃k‖2. (2.20)

Proof. From (2.16) we have α∗k ≥ 1
‖I+βH‖ . Together with (2.19), it follows the

assertion (2.20) directly. 2

Generally speaking, whether the selection of parameters is appropriate or not, it

will affect the convergence speed. Without loss of the generality, Theorem 2.2

gives us the key inequality for the convergence of Algorithm 2.1.
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3 The algorithms for solving (1.4) based on P-C
Algorithm for the problem (1.2)

The Lagrangian function of the linearly constrained optimization problem (1.4) is

L(x, λ) = θ(x) +
1

2
xTHx+ cTx− λT (Ax− b),

which is defined on X × Λ and where

Λ =

{
<m, if the lineary constraints in (1.4) is Ax = b,

<m+ , if the lineary constraints in (1.4) is Ax ≥ b.

Let (x∗, λ∗) ∈ X × Λ be a saddle point of the Lagrangian function, we have

Lλ∈<m(x∗, λ) ≤ L(x∗, λ∗) ≤ Lx∈X (x, λ∗).

This tells us that (x∗, λ∗) ∈ X × Λ and
{

L(x, λ∗)− L(x∗, λ∗) ≥ 0, ∀x ∈ X ,
L(x∗, λ∗)− L(x∗, λ) ≥ 0, ∀λ ∈ Λ.
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Thus, finding a saddle point of the Lagrange function is equivalent to finding

(x∗, λ∗) ∈ X × Λ such that

{
θ(x)− θ(x∗) + (x− x∗)T(Hx∗+ c−ATλ∗) ≥ 0, ∀x ∈ X ,

(λ− λ∗)T (Ax∗ − b) ≥ 0, ∀λ ∈ Λ.
(3.1)

The above variational inequality can be written in a compact form

u∗ ∈ Ω, θ(x)− θ(x∗) + (u− u∗)T (Mu∗ + q) ≥ 0, ∀u ∈ Ω, (3.2a)

where

u =

(
x

λ

)
, M =

(
H −AT

A 0

)
, q =

(
c

−b

)
and Ω = X×Λ.

(3.2b)

Although the matrix M is not symmetric, however, for any u, we have uTMu =

xTHx ≥ 0. The variational inequality (3.2) is monotone.
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3.1 Key inequality for solving the minimization problem

min{1
2
xTHx+ cTx |Ax = (or ≥) b, x ∈ X}

Set θ(x) = 0 (1.4), the problem is reduced to the linear constrained quadratic

programming (1.2), the related variational inequality (3.2) is reduced to

u∗ ∈ Ω, (u− u∗)T (Mu∗ + q) ≥ 0, ∀u ∈ Ω, (3.3a)

where

u =


 x

λ


 , M =


 H −AT

A 0


 , q =


 c

−b


 and Ω = X × Λ.

(3.3b)

For solving (1.2) (or its equivalent (3.3)), we have proposed a projection and

contraction method [5] whose search direction is established in the following way.

First, for given uk ∈ <m+n and β > 0, let

ũk = PΩ[uk − β(Muk + q)]. (3.4)
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Since

ũk = arg min{1

2
‖u− [uk − β(Muk + q)]‖2|u ∈ Ω},

according to Lemma 1.1, it follows that

ũk ∈ Ω, (u− ũk)T {ũk − [uk − β(Muk + q)]} ≥ 0, ∀u ∈ Ω.

Setting the any u ∈ Ω in the above inequality by u∗, we get

(ũk − u∗)T {(uk − ũk)− β(Muk + q)} ≥ 0. (3.5)

Because ũk ∈ Ω and β > 0, according to (3.3a), we have

(ũk − u∗)Tβ(Mu∗ + q) ≥ 0. (3.6)

Adding the above two inequalities, we get

(ũk − u∗)T {(uk − ũk)− βM(uk − u∗)} ≥ 0. (3.7)

It can be written as

{(uk − u∗)− (uk − ũk)}T {(uk − ũk)− βM(uk − u∗)} ≥ 0.
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Consequently, using the semi-positivity of M (vTMv ≥ 0), it follows that

(uk − u∗)T (I + βMT )(uk − ũk) ≥ ‖uk − ũk‖2, ∀u∗ ∈ Ω∗. (3.8)

The above inequality is the main basis for building the projection and contraction

algorithms for solving the linearly constrained convex quadratic optimization (1.2)

(and its equivalent variational inequality (3.2)). We hope to establish the same

inequality for the composite optimization problem (1.4).

3.2 Key inequality for solving the minimization problem
min{θ(x) + 1

2
xTHx+ cTx |Ax = (or ≥) b, x ∈ X}

Our task is to solve the problem (1.4). This subsection will construct the same

key-inequality as (3.8). For given uk = (xk, λk) and β > 0, let

x̃k = arg min{θ(x) +
1

2β
‖x− [xk − β(Hxk + c−ATλk)]‖2 |x ∈ X}

(3.9a)
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and

λ̃k = arg min{1

2
‖λ− [λk − β(Axk − b)] |λ ∈ Λ}, (3.9b)

Since (3.9a) is a convex optimization problem as (1.5) which has assumed to

have closed form solution. Thus, there is no difficulty to obtain x̃k and λ̃k in

parallel. According to Lemma 1.1, we have x̃k ∈ X and

θ(x)−θ(x̃k)+(x−x̃k)T
1

β

{
x̃k−[xk−β(Hxk+c−ATλk)]

}
≥ 0, ∀x ∈ X .

Taking a solution point x∗ as the any point x ∈ X , it follows that

βθ(x∗)− βθ(x̃k) + (x̃k − x∗)T {(xk − x̃k)− β(Hxk + c−ATλk)} ≥ 0.

(3.10)

On the other hand, since x̃k ∈ X , it follows from (3.1) that

βθ(x̃k)− βθ(x∗) + (x̃k − x∗)Tβ{Hx∗ + c−ATλ∗} ≥ 0, ∀x∗ ∈ X ∗.
(3.11)
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Adding (3.10) and (3.11), we obtain

(x̃k − x∗)T {(xk − x̃k)− β[H(xk − x∗)−AT (λk − λ∗)]} ≥ 0. (3.12)

For (3.9b), according to Lemma 1.1, we have

λ̃k ∈ Λ, (λ− λ̃k)T
{
λ̃k − [λk − β(Axk − b)]

}
≥ 0, ∀ λ ∈ Λ.

Set the fixed any point λ ∈ Λ in the last inequality by λ∗, it follows that

(λ̃k − λ∗)T {(λk − λ̃k)− β(Axk − b)} ≥ 0. (3.13)

On the other hand, since λ̃k ∈ Λ, according the second part of (3.1), we have

(λ̃k − λ∗)Tβ(Ax∗ − b) ≥ 0. (3.14)

Adding (3.13) and (3.14), it follows that

(λ̃k − λ∗)T {(λk − λ̃k)− βA(xk − x∗)} ≥ 0. (3.15)
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Write (3.12) and (3.15) together,

 x̃k − x∗

λ̃k − λ∗



T 



 xk − x̃k

λk − λ̃k


− β


H −AT

A 0




 xk − x∗

λk − λ∗





 ≥ 0.

Using the notation in (3.3), it can be written as

(ũk − u∗)T {(uk − ũk)− βM(uk − u∗)} ≥ 0.

Clearly, it is same inequality as (3.7) in §3.1. It can be written as

{(uk − u∗)− (uk − ũk)}T {(uk − ũk)− βM(uk − u∗)} ≥ 0.

Consequently, using the semi-positivity of M (vTMv ≥ 0), it follows that

(uk − u∗)T (I + βMT )(uk − ũk) ≥ ‖uk − ũk‖2, ∀u∗ ∈ Ω∗. (3.16)

This is the same key inequality as (3.8). For solving the linearly constrained

composite convex optimization problem (1.4), we call the vector ũk = (x̃k, λ̃k)

obtained from (3.9) a predictor in the k-iteration.
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3.3 Solving the optimization problem (1.4) by using
the key inequality (3.16)

The task of the contraction method is to generate the new iterate which is more

closed to the solution set. Thus, we use

uk+1(α) = uk − α(I + βMT )(uk − ũk) (3.17)

to update the new iterate which is dependent on the step length α.

In the following we discuss how to chose the step length α. For this purpose, we

consider the following α-dependent benefit function

ϑk(α) := ‖uk − u∗‖2 − ‖uk+1(α)− u∗‖2. (3.18)

According to the definition,

ϑk(α) = ‖uk − u∗‖2 − ‖uk − u∗ − α(I + βMT )(uk − ũk)‖2

= 2α(uk − u∗)T (I + βMT )(uk − ũk)

−α2‖(I + βMT )(uk − ũk)‖2. (3.19)
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Theorem 3.1 For given uk and any β > 0, let ũk be a predictor generated by

(3.9) and uk+1(α) be updated by (3.17). Then for any α > 0, we have

ϑk(α) ≥ qk(α), (3.20)

where ϑk(α) is defined by (3.18) and

qk(α) = 2α‖uk − ũk‖2 − α2‖(I + βMT )(uk − ũk)‖2. (3.21)

Proof. The assertion of this theorem follows from (3.19) and (3.16) directly. 2

Theorem 3.1 tells us qk(α) is a lower bound function of the profit function ϑk(α).

The quadratic function qk(α) (3.21) reaches its maximum at

α∗k = argmax{qk(α)} =
‖uk − ũk‖2

‖(I + βMT )(uk − ũk)‖2 . (3.22)

Notice that our intention is to maximize the quadratic profit function ϑk(α) (see

(3.19)), which includes the unknown solution u∗. As a remedy, we maximize its

lower bound function qk(α).
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In the practical computation, we take a γ ∈ [1, 2) and

uk+1 = uk − γα∗k(I + βMT )(uk − ũk), (3.23)

to produce the new iterate. The reason to take γ ∈ [1, 2) is illustrated in Fig. 1 of

§2.3. Using (3.18) and (3.20), the new iterate uk+1 updated by (3.23) satisfies

‖uk+1 − u∗‖2 ≤ ‖uk − u∗‖2 − qk(γα∗k). (3.24)

According to the definitions of qk(α) and α∗k (see (3.21) and (3.22)), we get

qk(γα∗k) = 2γα∗k‖uk − ũk‖2 − γ2α∗k(α∗k‖(I + βMT )(uk − ũk)‖2)

= 2γα∗k‖uk − ũk‖2 − γ2α∗k‖uk − ũk‖2

= γ(2− γ)α∗k‖uk − ũk‖2.

Thus, from (3.24) we get

‖uk+1 − u∗‖2 ≤ ‖uk − u∗‖2 − γ(2− γ)α∗k‖uk − ũk‖2. (3.25)
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Algorithm 3.1 Prediction-Correction method for solving the composite convex opti-

mization problem (1.4):

Start with given u0 = (x0, λ0) and β > 0. For k = 0, 1, . . ., do:

1. Prediction:

x̃k = arg min{θ(x) + 1
2β ‖x− [xk − β(Hxk + c−ATλk)]‖2 |x ∈ X}

and λ̃k = arg min{ 1
2‖λ− [λk − β(Axk − b)] |λ ∈ Λ}.

2. Correction: uk+1 = uk − γα∗k(I + βMT )(uk − ũk),

where α∗k =
‖uk − ũk‖2

‖(I + βMT )(uk − ũk)‖2 . and γ ∈ (0, 2).

3. Adjust the parameter β if necessary

r =
‖(I + βMT )(uk − ũk)‖

‖uk − ũk‖ , β =





β ∗ (2.5/r) if r > 3

β ∗ (2.5/r) if r < 2

β otherwise.

k := k + 1 and go to 1.
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For solving the problem (1.4), the k-th iteration of the Algorithm3.1 start from uk,

produces the predictor ũk by (3.9), and updated the new iterate uk+1 by (3.23).

For this algorithm, we have the following theorem.

Theorem 3.2 Let {uk} be the sequence generated by the Algorithm3.1 for the

problem (1.4). Then we have

‖uk+1 − u∗‖2 ≤ ‖uk − u∗‖2 − γ(2− γ)

‖I + βMT ‖2 ‖u
k − ũk‖2. (3.26)

Proof. In fact, by using (3.22), we get

α∗k ≥
1

‖I + βMT ‖2 .

Thus, it follows from (3.25) that

qk(γα∗k) ≥ γ(2− γ)

‖I + βMT ‖2 ‖u
k − ũk‖2.

Substituting it in (3.24), the assertion (3.26) follows directly. 2
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Remark Since the predictor ũk generated by (3.9) satisfies (3.16), as in [6], we

can take

uk+1 = uk − γ(I + βM)−1(uk − ũk) (3.27)

as the new iterate. For G = (I + βMT )(I + βM), by using (3.16), we get

‖uk+1 − u∗‖2G = ‖(uk − u∗)− γ(I + βM)−1(uk − ũk)‖2G
= ‖uk − u∗‖2G − 2γ(uk − u∗)T (I + βM)T (uk − ũk)

+ γ2‖(I + βM)−1(uk − ũk)‖2G
≤ ‖uk − u∗‖2G − γ(2− γ)‖uk − ũk‖2.

Thus, for solving the optimization problem (1.4), if we use (3.9) to offer the

predictor and (3.27) to update the new iterate, then the sequence {uk} satisfies

‖uk+1 − u∗‖2G ≤ ‖uk − u∗‖2G − γ(2− γ)‖uk − ũk‖2.
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4 Convergence rate of the Algorithm 2.1

This section studies the convergence rate of the Algorithm 2.1 for the composite

convex optimization problem (1.3) (or its equivalent variational inequality (2.1)) :

θ(x)− θ(x∗) + (x− x∗)T (Hx∗ + c) ≥ 0, ∀x ∈ X . (4.1)

For given xk ∈ <n, the predictor x̃k in Algorithm 2.1 is offered by (2.7),The new

iterate of the k-th iteration of Algorithm 2.1 is updated by

xk+1 = xk − γα∗k(xk − x̃k), (4.2)

where

α∗k =
‖xk − x̃k‖2
‖xk − x̃k‖2G

, G = I + βH and γ ∈ (0, 2). (4.3)

It was proved [6] that the sequence {xk} generated by the Algorithm 2.1 satisfies

‖xk+1 − x∗‖2G ≤ ‖xk − x∗‖2G − γ(2− γ)α∗k‖xk − x̃k‖2. (4.4)
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Recall that X ∗ can be characterized as (see Theorem 2.1 in [8])

X ∗ =
⋂

x∈X

{
x̃ ∈ X : θ(x)− θ(x̃) + (x− x̃)T (Hx+ c) ≥ 0

}
.

This implies that x̃ ∈ X is an approximate solution of (4.1) with the accuracy ε if

it satisfies

x̃ ∈ X and inf
x∈D(x̃)

{
θ(x)− θ(x̃) + (x− x̃)T (Hx+ c)

}
≥ −ε,

where

D(x̃) = {x ∈ X | ‖x− x̃‖ ≤ 1}.
In this section, we show that, for given ε > 0, in O(1/ε) iterations the Algorithm

2.1 can find a x̃ such that

x̃ ∈ Ω and sup
x∈D(x̃)

{(
θ(x̃)− θ(x)

)
+ (x̃− x)T (Hx+ c)

}
≤ ε, (4.5)

where

D(x̃) = {x ∈ Ω | ‖x− x̃‖ ≤ 1}.

183



IX - 31

In this sense, we will establish the algorithmic convergence complexity for the

Algorithm 2.1.

4.1 Main theorem for complexity analysis

This subsection proves some main theorems for the complexity analysis. Now, we

prove the key inequality for the complexity analysis of the Algorithm 2.1.

Theorem 4.1 For given xk ∈ <n, let x̃k be generated by (2.7). If he new iterate

xk+1 is updated by (4.2) with any γ ∈ (0, 2), then we have

γα∗kβ{θ(x)− θ(x̃k) + (x− x̃k)T (Hx+ c)}

≥ 1

2

(
‖x− xk+1‖2G − ‖x− xk‖2G

)
+

1

2
qk(γ), ∀x ∈ Ω, (4.6)

where

qk(γ) = γ(2− γ)α∗k‖xk − x̃k‖2. (4.7)

Proof. Since x̃k is the solution of (2.7), we have (see (2.8))

βθ(x)− βθ(x̃k) + (x− x̃k)T {β(Hxk + c)− (xk − x̃k)} ≥ 0, ∀x ∈ X .
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Thus, we have

βθ(x)−βθ(x̃k)+(x− x̃k)Tβ(Hxk+c) ≥ (x− x̃k)T (xk− x̃k), ∀x ∈ X .

Adding the term (x− x̃k)TβH(xk − x̃k) to the both sides of the above

inequality and using (I + βH) = G, we obtain

βθ(x)− βθ(x̃k) + (x− x̃k)T {β(Hxk + c) + βH(xk − x̃k)}
≥ (x− x̃k)TG(xk − x̃k), ∀x ∈ X .

By using the identity

β(Hxk+c)+βH(xk− x̃k) = β(Hx+c)+βH(x̃k−x)+2βH(xk− x̃k)

Then, we rewrite the above inequality in our desirable form

βθ(x)− βθ(x̃k) + (x− x̃k)T {β(Hx+ c) + 2βH(xk − x̃k)}
≥ (x− x̃k)TG(xk − x̃k) + β‖x− x̃k‖2H , ∀x ∈ X .
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By using the Cauchy-Schwarz inequality, from the above inequality we obtain

βθ(x)− βθ(x̃k) + (x− x̃k)Tβ(Hx+ c)

≥ (x− x̃k)TG(xk − x̃k) + β‖x− x̃k‖H − 2(x− x̃k)TβH(xk − x̃k)

≥ (x− x̃k)TG(xk − x̃k)− β‖xk − x̃k‖2H , ∀x ∈ X ,

and thus

γα∗kβ{θ(x)− θ(x̃k) + (x− x̃k)T (Hx+ c)}
≥ (x− x̃k)TGγα∗k(xk − x̃k)− γα∗kβ‖xk − x̃k‖2H , ∀x ∈ X .

Because γα∗k(xk − x̃k) = (xk − xk+1) (see (4.2)), thus we have

γα∗kβ{θ(x)− θ(x̃k) + (x− x̃k)T (Hx+ c)}
≥ (x− x̃k)TG(xk − xk+1)− γα∗kβ‖xk − x̃k‖2H , ∀x ∈ X . (4.8)

To the crossed term in the right hand side of (4.8), (x− x̃k)TG(xk − xk+1),
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using an identity

(a− b)TG(c−d) = 1
2

(
‖a−d‖2G−‖a− c‖2G

)
+ 1

2

(
‖c− b‖2G−‖d− b‖2G

)
,

we obtain

(x− x̃k)TG(xk − xk+1)

= 1
2

(
‖x− xk+1‖2G−‖x− xk‖2G

)
+ 1

2

(
‖xk − x̃k‖2G − ‖xk+1 − x̃k‖2G

)
.

(4.9)

Using xk+1 = xk − γα∗k(xk − x̃k) to the last part of the right hand side of

(4.9), we get

‖xk − x̃k‖2G − ‖xk+1 − x̃k‖2G
= ‖xk − x̃k‖2G − ‖(xk − x̃k)− γα∗k(xk − x̃k)‖2G
= 2γα∗k‖xk − x̃k‖2G − γ2α∗k(α∗k‖xk − x̃k‖2G) (see (4.3))

= 2γα∗k‖xk − x̃k‖2 + 2γα∗kβ‖xk − x̃k‖2H − γ2α∗k‖xk − x̃k‖2

= γ(2− γ)α∗k‖xk − x̃k‖2 + 2γα∗k‖xk − x̃k‖2H .
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Substituting it in the right hand side of (4.9) and using the definition of qk(γ), we

obtain

(x− x̃k)TG(xk − xk+1)

=
1

2

(
‖x− xk+1‖2G − ‖x− xk‖2G

)
+

1

2
qk(γ) + γα∗kβ‖xk − x̃k‖2H .

(4.10)

Adding (4.8) and (4.10), the theorem is proved. 2

By setting x = x∗ in (4.6), we get

‖xk − x∗‖2G − ‖xk+1 − x∗‖2G
≥ 2γα∗kβ{(θ(x̃k)− θ(x∗) + (x̃k − x∗)T (Hx ∗+c)}+ qk(γ).

Because θ(x̃k)− θ(x∗) + (x̃k − x∗)T (Hx∗ + c) ≥ 0, it follows from the last

inequality and (4.7) that

‖xk+1 − x∗‖2G ≤ ‖xk − x∗‖2G − γ(2− γ)α∗k‖xk − x̃k‖2.

Thus, the contraction property (4.4) is a byproduct of Theorem 4.1.
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4.2 Convergence rate of the Algorithm 2.1.

This section uses Theorem 4.1 to show the convergence rate of the Algorithm 2.1.

Theorem 4.2 Let the sequence {xk} be generated by the Algorithm 2.1. Then

for any integer t > 0, it holds that

θ(x̃t)− θ(x) + (x̃t − x)T (Hx+ c) ≤ ‖I + βH‖
2γβ(t+ 1)

‖x− x0‖2G, ∀x ∈ X ,
(4.11)

where

x̃t =
1

Υt

t∑

k=0

α∗kx̃
k and Υt =

t∑

k=0

α∗k. (4.12)

Proof. For the convergence rate proof, we allow γ ∈ (0, 2]. In this case, we still

have qk(γ) ≥ 0. From (4.6) we get

α∗k(θ(x)− θ(x̃k)) + α∗k(x− x̃k)T (Hx+ c)

≥ 1

2γβ
‖x− xk+1‖2G −

1

2γβ
‖x− xk‖2G, ∀x ∈ X .
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Summing the above inequality over k = 0, . . . , t, we obtain

(( t∑

k=0

α∗k
)
θ(x)−

t∑

k=0

α∗kθ(x̃
k)
)

+
(( t∑

k=0

α∗k
)
x−

t∑

k=0

α∗kx̃
k
)T

(Hx+ c)

≥ − 1

2γβ
‖x− x0‖2, ∀x ∈ X .

Using the notations of Υt and x̃t in the above inequality, we derive

( 1

Υt

( t∑

k=0

α∗kθ(x̃
k)
)
−θ(x)

)
+(x̃t−x)T (Hx+c) ≤ ‖x− x

0‖2
2γβΥt

, ∀x ∈ X .

(4.13)

Indeed, x̃t ∈ X because it is a convex combination of x̃0, x̃1, . . . , x̃t. Since

θ(x) is convex and

x̃t =
1

Υt

t∑

k=0

α∗kx̃
k and Υt =

t∑

k=0

α∗k.
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we have θ(x̃t) ≤ 1
Υt

(∑t
k=0 α

∗
kθ(x̃

k)
)

. Thus, it follows from (4.13) that

θ(x̃t)− θ(x) + (x̃t − x)T (Hx+ c) ≤ ‖x− x
0‖2

2γβΥt
, ∀x ∈ X . (4.14)

Because α∗k ≥ 1/‖I + βH‖ for all k > 0 (see (4.3)), it follows from (4.12) that

Υt ≥
t+ 1

‖I + βH‖ .

Substituting it in (4.14), the proof is complete. 2

Thus the Algorithm 2.1. has O(1/t) convergence rate. For any substantial set

D ⊂ X , the PC Method and PC MethodI reach

(x̃t−x)T (Hx+ c) ≤ ε, ∀x ∈ D(x̃t), in at most t =
⌈‖I + βH‖d2

2γβε

⌉

iterations, where x̃t is defined in (4.12) and d = sup {‖x− x0‖ |x ∈ D(x̃t)}.
This convergence rate is in the ergodic sense, the statement (4.11) suggests us to

take a larger parameter γ ∈ (0, 2] in the correction steps of the the Algorithm 2.1.
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{ü�å�à`z¯K ù�ù?Ø{ü�å��à`z¯K

min {f(x) | x ∈ Ω}

�FÝ�{,Ù¥ Ω´<n¥�à48,¿b�� Ωþ�ÝK´N´¢y�.

31�ù¥Ò®²J�,{ü�å��à`z¯K�du¦C©Ø�ª

VI(Ω,∇f) x∗ ∈ Ω, (x− x∗)T∇f(x∗) ≥ 0, ∀x ∈ Ω

�).ù�ù�ÝKFÝ�{,©O´Â �{Úeü�{,ÑØ�^�¼ê

� f(x),��é�½� x,UJø∇f(x).Â �{�yS�:�)8�C.

eü�{KÛ¹
8I¼ê�eü,¦+8I¼ê�3O�L§¥lØÑy.

� x∗´C©Ø�ª VI(Ω,∇f)�).du x̃ = PΩ[x− β∇f(x)] ∈ Ω,Ïd�

âC©Ø�ª�½Âk1��Ä�Ø�ª

(FI1) (x̃− x∗)Tβ∇f(x∗) ≥ 0.

du x̃ ´ x− β∇f(x) 3 Ω þ�ÝK, x∗ ∈ Ω,�âÝK�Ä�5�, k

(FI2) (x̃− x∗)T
(
[x− β∇f(x)]− x̃

)
≥ 0.
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1 ààà`̀̀zzz���ÝÝÝKKKÂÂÂ   ���{{{
ÝKÂ �{dÝK PΩ[xk − β∇f(xk)]�� x̃k . xk ∈ Ω∗ ⇔ xk = x̃k .

Ø�Ýþ¼ê ���K¼ê ϕ(xk, x̃k)¡�C©Ø�ª VI(Ω, F )�Ø

�Ýþ¼ê,XJk δ > 0,¦�

ϕ(xk, x̃k) ≥ δ‖xk − x̃k‖2, ¿� ϕ(xk, x̃k) = 0 ⇔ xk = x̃k. (1.1)

k|�� �Ý
G�½,à`z�k|��Ñ´ (xk − x̃k),§÷v

(xk − x∗)TG(xk − x̃k) ≥ ϕ(xk, x̃k), ∀x∗ ∈ Ω∗. (1.2)

Ð�Â �{ �Äò (1.1)¥� ϕ(xk, x̃k) ≥ δ‖xk − x̃k‖2U¤^�

ϕ(xk, x̃k) ≥ 1

2

(
‖xk − x̃k‖2G + τ‖xk − x̃k‖2

)
, (τ > 0). (1.3)

·�ò^� (1.2)Ú (1.3)÷v�,^Ú�� 1�S�úª

xk+1 = xk − (xk − x̃k) = x̃k, (1.4)

X - 4

�)#S�:��{,¡� Primary Method (Ð��{).

1.1 ààà���ggg`̀̀zzz���ÝÝÝKKKÂÂÂ   ���{{{

éà�g`z,·�ò1�Ú1��Ä�Ø�ª




(x̃− x∗)Tβ(Hx∗ + c) ≥ 0 (FI1)

(x̃− x∗)T
(
[x− β(Hx+ c)]− x̃

)
≥ 0 (FI2)

�\,é¤k� x ∈ <n,Ñk

{(x− x∗)− (x− x̃)}T {(x− x̃)− βH(x− x∗)} ≥ 0

dþªÚH ��½,

(x− x∗)T (I + βH)(x− x̃) ≥ ‖x− x̃‖2. (1.1)

Ø�Ýþ¼êÒ´ ϕ(xk, x̃k) = ‖xk − x̃k‖2.þª`² (x̃k − xk)´��ål

¼ê 1
2
‖x− x∗‖2(I+βH)3 xk?�eü��.PG = I + βH ,Ò´(1.2)�/ª

(xk − x∗)TG(xk − x̃k) ≥ ϕ(xk, x̃k), ∀x∗ ∈ Ω∗.
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ùp�Ä�ÝKÂ �{,�¦§�)�S�:¦� ‖xk − x∗‖2Gî�üN
eü.±

x(α) = xk − α(xk − x̃k) (1.2)

�)�6uÚ� α�#S�:.�	� α�'�ål²� áþ

ϑ(α) = ‖xk − x∗‖2G − ‖x(α)− x∗‖2G. (1.3)

|^ (1.1)Òk

ϑ(α) = ‖xk − x∗‖2G − ‖xk − x∗ − α(xk − x̃k)‖2G
≥ 2α‖xk − x̃k‖2 − α2‖xk − x̃k‖2G. (1.4)

·��� ϑ(α)���e.!�g¼ê q(α),

q(α) = 2α‖xk − x̃k‖2 − α2‖xk − x̃k‖2G. (1.5)

¦ q(α)��4��

α∗k = ‖xk − x̃k‖2/‖xk − x̃k‖2G. (1.6)

^S�ª

xk+1 = xk − γα∗k(xk − x̃k), γ ∈ (0, 2) (1.7)

X - 6

�)#�S�: xk+1.ù��S�S� {xk}÷v

‖xk+1 − x∗‖2(I+βH) ≤ ‖xk − x∗‖2(I+βH) − γ(2− γ)α∗k‖xk − x̃k‖2. (1.8)

�é{`,S�S� {xk}3G = (I + βH)-�e�)8Â .'uà�g`

z3(I + βH)-�eÂ ��{,��[��ë�©z [5].��`5,XÛÀ�

·�� βéÂñ�ÝK�é�.

gN'ÝKÂ �{ = �¿ á
Ú����eü{

5¿�3G = (I + βH)�, /�`Ú�0

α∗k =
‖xk − x̃k‖2

(xk − x̃k)T (I + βH)(xk − x̃k)
. (1.9)

é�½� ν ∈ (0, 1),·�¦^gN'{KÀ� β¦�

(xk − x̃k)T (βH)(xk − x̃k) ≤ ν‖xk − x̃k‖2, (1.10)

�\ (1.9)Bk

α∗k ≥
1

1 + ν
>

1

2
.
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ù¦�·�k�U3 (1.7)¥Ä�/�

γk = 1/α∗k, Ïd 1 < γk ≤ 1 + ν < 2.

S�ª (1.7)Ò¤�

xk+1 = x̃k = PΩ[xk − β(Hxk + c)]. (1.11)

ù��¦�k�UzÚS��O��g8I¼ê�FÝ(Ý
��þ�¦).

3 (1.8)¥|^ γkα
∗
k = 1, γk ≤ 1 + ν±9 x̃k = xk+1Òk

‖xk+1 − x∗‖2(I+βH) ≤ ‖xk − x∗‖2(I+βH) − (1− ν)‖xk − xk+1‖2. (1.12)

♣¦) min{ 1
2
xTHx+ cTx}���eü{´

xk+1 = xk − αSDk (Hxk + c), αSDk =
‖Hxk + c‖2

(Hxk + c)TH(Hxk + c)
.

� Ω = <n�,�â (1.11)Ú (1.10)k

xk+1 = xk − β(Hxk + c) Ú β ≤ ναSDk .
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Ïd, [5]¥ÎÜ^� (1.10)�ÝKÂ �{(1.11)��uò��eü{�¿ 

á
Ú�.�é{`,âd�O�¦)Ã�åà�g`z��{,T´ �


Ú����eü{.·�Qú%^ù
�{¦)Ã�åà�g5y�J¬'

��eü{��.¯¢þ,é��eü{�¿ áÚ�,Âñ�Çk-<J±

�&�êþ?Jp.ÖöN´^e¡�~f5�y.

ê�Á� Á�¯K¥� HessianÝ
´ HilbertÝ
,=µ

H = {hij}, hij =
1

i+ j − 1
, i = 1, · · · , n; j = 1, · · · , n.

¯K�5�(�ê)©Oll 100� 500.Ï� HilbertÝ
�^�é�,·�ò

�`) x∗�½�z�©þÑ´ 1��þ,,�- c = −Hx∗,2^FÝa�
{�¦).Á�¥,·�©Oò"�þ! cÚ−c��Ð©�þ.ùpæ^�

ÊÅOK´‖Hxk + c‖/‖Hx0 + c‖ ≤ 10−7.L 1–3©O�Ñ
3ØÓ¯K5

�!ØÓ *( ~½*Ü)ÏfÚØÓÐ©�þe�S�gê.Ù¥ nL«

¯K5�, rL« *Ïf. r = 1�,Ò´��eü{.

ÐÚ�Á�(JØ�)Ø
·��þãú%,Ó��<y
 DaiÚ Yuan [2]

J��ò��eü{�Ú�¦þ���u 1�Ïf¬\¯Âñ�(Ø.
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L 1.Ð©�þ x0 = 0,¦^ØÓ *Ïf r��S�gê

n= 0.1 0.3 0.5 0.7 0.8 0.9 0.95 0.99 1.00 1.20

100 2863 1346 853 627 582 437 565 1201 13169 22695
200 3283 1398 923 804 541 669 898 1178 14655 21083
300 3497 1323 856 739 720 568 619 1545 17467 24027
500 3642 1351 1023 773 667 578 836 2024 17757 22750

Ð©�þ x0 = 0,S�(å�²þ�éØ� ‖xk − x∗‖/‖x0 − x∗‖ = 3.0e− 3

L 2.Ð©�þ x0 = c,¦^ØÓ *Ïf r��S�gê

n= 0.1 0.3 0.5 0.7 0.8 0.9 0.95 0.99 1.0 1.2

100 2129 1034 544 424 302 438 568 919 5527 9667
200 1880 808 568 482 372 339 446 713 6625 11023
300 1852 1002 741 531 610 452 450 917 6631 10235
500 2059 939 568 573 379 547 558 874 7739 11269

Ð©�þ x0 = c,S�(å�²þ�éØ� ‖xk − x∗‖/‖x0 − x∗‖ = 1.8e− 3

L 3.Ð©�þ x0 = −c,¦^ØÓ *Ïf r��S�gê

n= 0.1 0.3 0.5 0.7 0.8 0.9 0.95 0.99 1.0 1.2

100 2545 1221 666 591 498 482 638 1581 14442 20380
200 2826 990 874 470 526 455 578 841 15222 18892
300 2891 1299 918 738 549 571 608 2552 18762 21208
500 3158 1769 909 678 506 512 678 1240 17512 19790

Ð©�þ x0 = −c,S�(å�²þ�éØ� ‖xk − x∗‖/‖x0 − x∗‖ = 3.8e− 3
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1.2 ÄÄÄuuu FI2���������555ààà`̀̀zzz���ÝÝÝKKKÂÂÂ   ���{{{

��à`z¯K min{f(x) |x ∈ Ω} �C©Ø�ª VI(Ω,∇f)�d.d

x̃ = PΩ[x− β∇f(x)]

ÚÝK�Ä�5�,�±��

(x̃− x∗)T
(
[x− β∇f(x)]− x̃

)
≥ 0.

þ¡�Ø�ªÙ¢Ò´1�ù¥�1��Ä�Ø�ª.âd�±í�

(x̃− x∗)T (x− x̃) ≥ (x̃− x∗)Tβ∇f(x)

= (x− x∗)Tβ∇f(x)− (x− x̃)Tβ∇f(x). (1.13)

,âà¼ê�5�,k

(x−x∗)T∇f(x) ≥ f(x)− f(x∗) ≥ (x− x̃)T∇f(x̃) + (f(x̃)− f(x∗)). (1.14)

± (1.14)�\ (1.13)�mà,Ké¤k� x ∈ <n,Ñk

(x̃− x∗)T (x− x̃) ≥ −β(x− x̃)T (∇f(x)−∇f(x̃)).
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dþª�

(x− x∗)T (x− x̃) ≥ ‖x− x̃‖2 − β(x− x̃)T (∇f(x)−∇f(x̃)). (1.15)

·�½Â

ϕ(x, x̃) = ‖x− x̃‖2 − β(x− x̃)T (∇f(x)−∇f(x̃)). (1.16)

b�∇f ´ LipschitzëY�.éu��(½� ν ∈ (0, 1),o�±æ^ Armijo

Eâé�f?1N',¦� β∇f � Lipschitz~êØ�u ν,k

β‖∇f(x)−∇f(x̃)‖ ≤ ν‖x− x̃‖

ª¤á.ù�Bk

(x− x∗)T (x− x̃) ≥ ϕ(x, x̃) ≥ (1− ν)‖x− x̃‖2.

d (1.16)½Â� ϕ(x, x̃)÷v^� (1.1),Ù¥� δ = 1− ν > 0.�Äî¼�e

�Â �{,d

xk+1 = xk − γα∗k(xk − x̃k),

X - 12

�)#�S�: xk+1,Ù¥

α∗k =
ϕ(xk, x̃k)

‖xk − x̃k‖2 , γ ∈ (0, 2).

S�S� {xk}Ò÷v

‖xk+1 − x∗‖2 ≤ ‖xk − x∗‖2 − γ(2− γ)α∗kϕ(xk, x̃k).

d ϕ(x, x̃) ≥ (1− ν)‖x− x̃‖2�±?�Úí�

‖xk+1 − x∗‖2 ≤ ‖xk − x∗‖2 − γ(2− γ)(1− ν)2‖xk − x̃k‖2.

k'ù�!��'Ø©Úê�Á���:

• B.S. He, L.Z. Liao, and X. Wang, Proximal-like contraction methods for monotone

variational inequalities in a unified framework I: Effective quadruplet and primary

methods, Comput. Optim. Appl., 51, 649-679, 2012

• B.S. He, L.Z. Liao, and X. Wang, Proximal-like contraction methods for monotone

variational inequalities in a unified framework II: General methods and numerical

experiments, Comput. Optim. Appl. 51, 681-708, 2012
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2 Projected Gradient Descent (PDG) method for

nonlinear convex optimization

The findings on projection and contraction method for solving the quadratic

programming also contribute to solving the following differentiable convex

optimization problem.

Let Ω be a convex closed set in Rn. The problem concerted in this subsection is

to find x∗ ∈ Ω, such that

(x− x∗)T g(x∗) ≥ 0, ∀ x ∈ Ω, (2.1)

where g(x) is a mapping from Rn into itself. We assume that g(x) is the gradient

of a certain convex function, say f(x), however, f(x) is not provided. Only for

given x, g(x) is observable (sometimes with costly expenses).

X - 14

In other words, (2.1) is equivalent to the following convex optimization problem

min {f(x) | x ∈ Ω}. (2.2)

We call (3.2) an oracle convex optimization problem, because only the gradien-

t information g(x) can be used for solving (3.2). For x∗ ∈ Ω∗, we assume

f(x∗) > −∞.

In addition, we also assume that g(x) is Lipschitz continuous, i.e., there exists a

constant L > 0 such that

‖g(x)− g(y)‖ ≤ L‖x− y‖, ∀x, y ∈ <n. (2.3)

We require that g(x) is Lipschitz continuous while it does not need to know the

value of L in (2.3).
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The methods presented in this section do not involve the value of f(x), but they

can guarantee that f(xk) is strict monotonically decreasing, hence they belong to

the descending methods.

2.1 Steepest descent method for convex programming

Single step projected gradient method.

Step k. (k ≥ 0) Set

xk+1 = PΩ[xk − βkg(xk)], (2.4a)

where the step size βk satisfies the following condition:

(xk − xk+1)T (g(xk)− g(xk+1)) ≤ ν

βk
‖xk − xk+1‖2. (2.4b)

Note that the condition (2.4b) automatically holds when βk ≤ ν/L, where L is

X - 16

the Lipschitz modulus of g(x). The reason is

(xk − xk+1)Tβk(g(xk)− g(xk+1))

≤ ‖xk − xk+1‖ · βkL‖xk − xk+1‖ ≤ ν‖xk − xk+1‖2.

2.2 Global convergence of the proposed method
In the following, we show an important lemma by using the basic properties of the

projection and convex function.

Lemma 2.1 For given xk, let xk+1 be generated by (2.4a). If the step-size βk
satisfies (2.4b), then we have

(x− xk+1)T g(xk) ≥ 1
βk

(x− xk+1)T (xk − xk+1), ∀x ∈ Ω, (2.5)

and

βk(f(x)− f(xk+1))

≥ (x− xk+1)T (xk − xk+1)− ν‖xk − xk+1‖2, ∀x ∈ Ω. (2.6)
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Proof. Note that xk+1 is the projection of [xk − βkg(xk)] on Ω. Using the

projection’s property, (x− PΩ(z))T (z − PΩ(z)) ≤ 0, ∀x ∈ Ω, we have

(x− xk+1)T {[xk − βkg(xk)]− xk+1} ≤ 0, ∀x ∈ Ω.

It follows that

(x− xk+1)Tβkg(xk) ≥ (x− xk+1)T (xk − xk+1), ∀x ∈ Ω, (2.7)

and the first assertion (2.5) is proved. Using the convexity of f , we have

f(x) ≥ f(xk) + (x− xk)T g(xk), (2.8)

and

f(xk) ≥ f(xk+1) + (xk − xk+1)T g(xk+1)

= f(xk+1) + (xk − xk+1)T g(xk)

−(xk − xk+1)T
(
g(xk)− g(xk+1)

)

≥ f(xk+1) + (xk − xk+1)T g(xk)− ν

βk
‖xk − xk+1‖2. (2.9)
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The last “ ≥ ” is due to (2.4b). From (2.8) and (2.9), we get

f(x)− f(xk+1)

≥ f(xk) + (x− xk)T g(xk)

−
{
f(xk) + (xk+1 − xk)T g(xk) +

ν

βk
‖xk − xk+1‖2

}

= (x− xk+1)T g(xk)− ν

βk
‖xk − xk+1‖2. (2.10)

Substituting (2.5) in (2.10), we obtain

f(x)− f(xk+1) ≥ 1

βk
(x− xk+1)T (xk − xk+1)− ν

βk
‖xk − xk+1‖2,

and the second assertion of this lemma is proved. 2

The following theorem shows that the projected gradient method (2.4) is a descent

method whose objective function value {f(xk)} is monotonically decreasing.
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Theorem 2.1 Let {xk} be the sequence generated by the single step projected

gradient method (2.4). Then, we have

f(xk+1) ≤ f(xk)− 1− ν
βk
‖xk − xk+1‖2, (2.11)

and

‖xk+1 − x∗‖2 ≤ ‖xk − x∗‖2 − (1− 2ν)‖xk − xk+1‖2

−2βk(f(xk+1)− f(x∗)). (2.12)

Proof. Setting x = xk in (2.6) in Lemma 2.1, we obtain the assertion (2.11)

immediately. Next, setting x = x∗ in (2.6), we have

βk(f(x∗)− f(xk+1))

≥ (x∗ − xk+1)T (xk − xk+1)− ν‖xk − xk+1‖2,
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and thus

(xk − x∗)T (xk − xk+1)

≥ (1− ν)‖xk − xk+1‖2 + βk(f(xk+1)− f(x∗)).

Using the above inequality, we get

‖xk+1 − x∗‖2

= ‖(xk − x∗)− (xk − xk+1)‖2

= ‖xk − x∗‖2 − 2(xk − x∗)T (xk − xk+1) + ‖xk − xk+1‖2

≤ ‖xk − x∗‖2 − 2(1− ν)‖xk − xk+1‖2

−2βk(f(xk+1)− f(x∗)) + ‖xk − xk+1‖2

= ‖xk − x∗‖2 − (1− 2ν)‖xk − xk+1‖2

−2βk(f(xk+1)− f(x∗)).

This completes the proof of the assertion (2.12). 2

Directly from (2.12), it follows the following corollaryµ
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Corollary 2.1 Let {xk} be the sequence generated by the single step projected

gradient method (2.4). If ν ≤ 1
2 , we have ‖xk+1− x∗‖2 < ‖xk − x∗‖2, for any

x∗ ∈ Ω∗. The generated sequence {xk} is in a compact set.

2.3 Convergence rate of the proposed method

Below we show that the iteration-complexity of the single projected gradient

method is O(1/k). For the convenience, we assume βk ≡ β.

Theorem 2.2 Let {xk} be generated by the single step projected gradient method

(2.4). Then, we have

2kβ(f(xk)− f(x∗))

≤ ‖x0 − x∗‖2 −
k−1∑

l=0

(
(1− 2ν) + 2l(1− ν)

)
‖xl − xl+1‖2. (2.13)
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Proof. First, it follows from (2.12) that, for any x∗ ∈ Ω∗ and all l ≥ 0, we have

2β(f(x∗)−f(xl+1)) ≥ ‖xl+1−x∗‖2−‖xl−x∗‖2+(1−2ν)‖xl−xl+1‖2.

Summing the above inequality over l = 0, . . . , k − 1, we obtain

2β
(
kf(x∗)−

k−1∑

l=0

f(xl+1)
)

≥ ‖xk − x∗‖2 − ‖x0 − x∗‖2 +

k−1∑

l=0

(1− 2ν)‖xl − xl+1‖2.(2.14)

It follows from (2.11) that

2βl
(
f(xl)− f(xl+1)

)
≥ 2l(1− ν)‖xl − xl+1‖2,

which can be rewritten as

2β
(
lf(xl)− (l + 1)f(xl+1) + f(xl+1)

)
≥ 2l(1− ν)‖xl − xl+1‖2.
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Summing the above inequality over l = 0, . . . , k − 1, it follows that

2β

k−1∑

l=0

(
lf(xl)−(l+1)f(xl+1)+f(xl+1)

)
≥
k−1∑

l=0

2l(1−ν)‖xl−xl+1‖2,

which simplifies to

2β
(
−kf(xk) +

k−1∑

l=0

f(xl+1)
)
≥
k−1∑

l=0

2l(1− ν)‖xl − xl+1‖2. (2.15)

Adding (2.14) and (2.15), we get

2kβ
(
f(x∗)− f(xk)

)

≥ −‖x0 − x∗‖2 +
k−1∑

l=0

(
(1− 2ν) + 2l(1− ν)

)
‖xl − xl+1‖2,

which implies (2.13) and the theorem is proved. 2

From (2.13) follows directly the following theorem.
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Theorem 2.3 Let {xk} be generated by the single step projected gradient method.
If ν ≤ 1

2 , then we have

f(xk)− f(x∗) ≤ ‖x
0 − x∗‖2
2kβ

, (2.16)

and thus the iteration-complexity of this method is O(1/k).

What is about for any ν ∈ (0.5, 1) ? For such ν, we define

p(ν) = argmin{l | l ≥ 0 is a integer, (1− 2ν) + 2l(1− ν) ≥ 0}. (2.17)

For any ν ∈ (0.5, 1), p(ν) is finite number. For example,we have

ν = 0.9 0.8 0.7 (0.5, 0.7)

p(ν) = 4 2 1 1
.

Since the term
∑k−1
p(ν)

(
(1− 2ν) + 2l(1− ν)

)
‖xl − xl+1‖2 is positive, it
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follows from Theorem 2.2 (see(2.13)) that

2kβ(f(xk)−f(x∗)) ≤ ‖x0−x∗‖2−
p(ν)−1∑

l=0

(
(1−2ν)+2l(1−ν)

)
‖xl−xl+1‖2.

The last inequality implies that limk→∞(f(xk)− f(x∗)) = 0.

The iteration-complexity of this method is O(1/k) for any ν ∈ (0, 1).

Theorem 2.4 Let {xk} be generated by the single step projected gradient method,

then we have

f(xk)− f(x∗) ≤ ‖x
0 − x∗‖2 +D

2kβ
, (2.18)

where

D = −
p(ν)−1∑

l=0

(
(1− 2ν) + 2l(1− ν)

)
‖xl − xl+1‖2.

and p(ν) is a finite integer defined in (2.17).
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Self-adaptive projected gradient descent method

Self-adaptive projected gradient descent method.

Set β0 = 1, µ = 0.5, ν = 0.9, x0 ∈ Ω and k = 0. Provide g(x0).

For k = 0, 1, . . ., if the stopping criterium is not satisfied, do

Step 1. x̃k = PΩ[xk − βkg(xk)],

rk = βk‖g(xk)− g(x̃k)‖/‖xk − x̃k‖.
while rk > ν

βk := βk ∗ 0.8/rk,

x̃k = PΩ[xk − βkg(xk)],

rk = βk‖g(xk)− g(x̃k)‖/‖xk − x̃k‖.
end(while)

xk+1 = x̃k,

g(xk+1) = g(x̃k).

If rk ≤ µ then βk := βk ∗ 1.5, end(if)

Step 2. βk+1 = βk and k = k + 1, go to Step 1.
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Remark 2.1 Instead of the condition (2.4b), here we have

βk‖g(xk)− g(xk+1)‖ ≤ ν‖xk − xk+1‖.

Remark 2.2 If rk ≤ ν, we direct take xk+1 = x̃k, and g(xk+1) = g(x̃k) for

the next iteration. We call the method Self-adaptive single step projected gradient

method because it needs only once evaluation of the gradient g(xk) in each

iteration when adjusting the parameter βk is not necessary.

Remark 2.3 If rk > ν, we adjust the parameter βk by βk := βk ∗ 0.8/rk.

According to our limited numerical experiments, using the reduced βk, the

condition rk ≤ ν is satisfied.

Remark 2.4 Too small step size βk will leads to slow convergence. If rk ≤ µ,

we will enlarge the trial step size β for the by βk := βk ∗ 1.5.
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3 ²²²LLL²²²ïïï¯̄̄KKKþþþ���������AAA^̂̂
��üÚÝKFÝ{�A^,·�?Ø1�ù §2J���o]!�æø�
pÖ¯K�¦)�{.Öö�±l1�ù� §2¥�Ð/
)¯K��µ.é

¤k� i = 1, . . . ,m, j = 1, . . . , n,¦^PÒµ

Si: T«û¬�1 i�]/;

Dj : T«û¬�1 j�I¦/;

xij : l Si� Dj ��´þ;

si: ²Eö�3]/ Si�oæ	þ, si =
∑n
j=1 xij ;

dj : ²Eö3I¦/ Dj �o�Èþ, dj =
∑m
i=1 xij ;

hsi : ²Eö3]/ Si?�æ	d;

hdj : ²Eö3I¦/ Dj ?��Èd;

tij : l Si� Dj ��´¤^(�)$Ñ¤^)¶

yi: �?�;�]LÝmæ3]/ Si�²Eö�Â�][;

zj : �?��æø�3I¦/ Dj �²Eö�²EÖb.
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3.1 ²²²EEEöööJJJ¦¦¦|||ÃÃÃ������zzz���pppÖÖÖ¯̄̄KKK

w,,�
¼|,XJ Si?�æ	d!][9l Si� Dj ��´¤�

Ú (hsi + yi + tij)Ø�uI¦/ Dj ?��Èd��?Öb�Ú (hdj + zj),

²Eö´Ø¬l Siæ	û¬$� Dj �È�.��,�â�8�n,²Eö¬

¦�UO�²Eþ,�� (hsi + yi + tij)Ú (hdj + zj)��.ù«'X�êÆ

L�ª´e¡�²ï¯Kµ

hsi + yi + tij




≥ hdj + zj , if xij = 0,

= hdj + zj , if xij > 0 .
(3.1)

§�±�¤pÖ¯K�/ª:é?¿� i = 1, . . . ,mÚ j = 1, . . . , n,Ñk

0 ≤ xij ⊥
(
(hsi + yi + tij)− (hdj + zj)

)
≥ 0. (3.2)

Ï~b� Si?�æ	d fi=�²Eö�3T/�æ	þ sik'; Dj ?�

�Èd gj =�²Eö�$�T/��Èþ dj k';l Si� Dj ��´d=

�§��m��´þ xijk'.éu y = 0Ú z = 0�pÖ¯K (3.2),©z¥

[12]¡���md�²ï¯K (Spatial Price Equilibrium Problem).®k�¦)�
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md�²ï¯K��{[?, 8, 9]Ñé¼ê hs, hdÚ t�L�ªk�½��¦.

� ai, bj , cij , ξi, ηj , ζij �~ê,

hsi (si) = ξi + aisi, ai ≥ 0; (3.3a)

hdj (dj) = ηj − bjdj , bj ≥ 0; (3.3b)

tij(xij) = ζij + cijxij , cij ≥ 0 (3.3c)

�, (3.2)Ò´��üNé¡�5pÖ¯K,�±^¦)��K�åà�g5y

��{¦) [3].3¢S)¹¥,ù�¯K´d½|�â�8�ng1)û�.

3.2 ���ooo]]]ÚÚÚ���æææøøø������²²²LLL²²²ïïï¯̄̄KKK

3y¢)¹¥,é(3.2)¥�½� y ≥ 0Ú z ≥ 0,²L5Æù�/Ã/�Ã0

¬4²Eö��â�8�né��A� (x, s, d),§´C©Ø�ª(3.2)�).

�é{`,�¯K�)�d²Eö�3²E¹Ä¥g1�Ñ.·�Ï~���

¼ê f, gÚ t��
5�Ø��§��äNL�ª,U
*	��´ù�

�6u�½ yÚ z� s� d,du§´²Eö�â�8�n�Ñ�,ÏdØ�

U�9�o]Ú�æø�.b�l�±YuÐ��¦#N���]�Ñ
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þ´smax,��æø�7I���øAþ´dmin,§��m÷v�N'X

m∑

i=1

smax
i ≥

n∑

j=1

dmin
j .

�UÜ��æ�²LÃã5�y

s ≤ smax Ú d ≥ dmin. (3.4)

äN`5§3LÝ9��]/ SiÏLé²Eö�Â][ yi�o]§

éøAØv�I¦/ Dj ÏL�²EöÖb zj áÚ²EöO\ø�.·�

�?ÖK´^êÆ�{�Ï�UÜ�é��`[Â�þ y∗ ∈ <m+ Ú�`Ö
b�þ z∗ ∈ <n+,¦�é·��Ñ� (y∗, z∗)±9²Eö�dd�)��m

d�²ï¯K (3.2)�)¥� s∗Ú d∗÷v

y∗ ≥ 0, smax − s∗ ≥ 0, y∗T (smax − s∗) = 0, (3.5)

Ú

z∗ ≥ 0, d∗ − dmin ≥ 0, z∗T (d∗ − dmin) = 0. (3.6)
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P

u =


 y

z


 Ú F (u) =


 smax − s(u)

d(u)− dmin


 . (3.7)

�â±þ©Û,·��?Ö�±8(�¦)±e�ÛªpÖ¯K

u ≥ 0, F (u) ≥ 0, uTF (u) = 0. (3.8)

ùp·�¤`�‘Ûª’´�·�Ø��¼ê F �wªL�ª�Ué�½�

u ≥ 0*	� F (u)��.�©�ÛªpÖ¯K´�kN\�å (3.4)��m

d�²ï¯K (3.2)�éó¯K.e¡·�é¼ê tij , hsi Ú hdj ��½�b�

�?ØÛªpÖ¯K (3.8)�5�.

bbb���

A1. é?¿� i = 1, . . . ,mÚ j = 1, . . . , n,�´¤^ tij(xij)´�´þ xij

��~¼ê.

A2. hsi Ú hdj ©O´ siÚ dj ���î�OÚ��î�~¼ê.

ù��b�AT`´Ün�.�Ï´du�´P@,ü �´¤^(Ù¥�Ü

©�$Ñ¤^)Ø¬Ï�´þO\~�,]/�æ	d¬Ï/æ	þ0
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�O�(À�)�)�öJp,I¦/��Èd¬�/�Àþ0�O\ü

$.d±þ�b�,ÛªpÖ¯K (3.8)¥��þ¼ê F (u)´üNÚ Lipschitz

ëY�.

3.3 ¦¦¦)))ÛÛÛªªªpppÖÖÖ¯̄̄KKK���������SSS������{{{

éN� F ´üNÚ LipschitzëY�ÛªpÖ¯K (3.8),©z¥®k�3S�

L§¥�^� F (u)����{,Ì�´	FÝ{ (Extra-gradient Method)Ú

ÝKÂ �{ (Projection and Contraction Method).·�©O31�ùÚ1n

ù¥®²�
0�.éuù�!?Ø�ÛªpÖ¯K,¢S¯K���·�

Jø
éAugCþ u ≥ 0�¼ê� F (u)ù��&E.

duzN^�g¼ê�Ò�Ó�?1�g[ÂÚÖb�ü�N�§¢S¯

K�¦·�3¦)L§¥¦�U~�N^¼ê��gê.

♣ 5¿�ýÿL§¥��N^�g¼ê�,©ON^ F (uk)Ú F (ũk)±*

	 ũkUÄ��É�ýÿ:.3 βkÀ�·�,?1
�gÁ& ũkÒ��É�

ýÿ:��¹�KýÿL§TÐN^
�g¼ê�.
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3.4 ÐÐÐÚÚÚ���êêê���ÁÁÁ������¹¹¹

·�a,��´^ §4¥0��üÚÝKFÝ{,¦)�o]Ú�æø��

²L²ï¯K (3.8).�d,é�½� y ∈ Rm+ Ú z ∈ Rn+,²Eö��)���

¯K (3.2).·�é�¯K (3.2),Uì (3.3)¥��ª½Â¼ê hs, hdÚ t.�

m = 20, n = 50.é i = 1, . . . ,m Új = 1, . . . , n,�

ai ∈ (1, 2), bj ∈ (1, 2), cij ∈ (0.002, 0.005),

ξi ∈ (300, 400), ηj ∈ (600, 700), ζij ∈ (10, 20),

��½��¥��Åê.ù�,é�½� yÚ z,²Eö�)��¯K (3.2)´

��üNé¡��5pÖ¯K,��uCþ�ê� 1000���K�å�à

�g5y.ù��Td²Eö�¦)�¯K,��^ §3¥0���{�¦).

��o]Ú�æø�,©O� smaxÚ dmin�z�©þþ� 150Ú 40.·

��¦)�Ûªéó¯K�Cþ�ê´ 70.O�± u0 = 0�Ð©:.du¦

)pÖ¯K (3.8)��±ò ‖min{uk, F (uk)}‖∞��Ø���«Ýþ,·�

3eL¥�Ñé°Ý ‖min{uk, F (uk)}‖∞ØÓ�¦�,ØÓ�{¤I��

S�gêÚN^¼ê� F (u)�gê.
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ØÓ�{��Ó�°Ý�¦�S�gêÚN^ F (u)�gê

Ø�°Ý 	FÝ�{ ÝKÂ �{D1 ÝKÂ �{D2 ÝKFÝ{

‖e(u)‖∞
S�

gê

N^F

Ýgê

S�

gê.

N^F

Ýgê

S�

gê

N^F

Ýgê

S�

gê

N^F

Ýgê

1 35 72 5 13 4 10 3 4

0.1 53 108 6 15 6 14 5 6

0.01 64 130 8 19 7 16 8 9

0.001 71 144 12 27 10 20 10 11

♣ duæ^
°z�N'�) βk�üÑ,	FÝ�{ÚÝKÂ �{�

zgS�A��N^ 2g¼ê�.Ò�31�,1nù©Û�,ÝKÂ �{

'	FÝ�{Âñ¯.	FÝ�{�S�gêÚN^ F (u)�gêÑ'ÝK

Â �{� 6–7�.

♣ 3ÝKÂ �{¥,æ^ d2���'æ^ d1���¯�
.

♣ ÝKFÝ{I��S�gê�ÝKÂ �{��,�N^ F (u)�gê

'ÝKÂ �{���±þ.¦)ùa¯K,N^�g F (u),��uN��g

�ü.Ïd,3þã�{¥,ÝKFÝ{�Ç´�p�.

♣ éC©Ø�ª¦^ÝKFÝ{,�¦�f F ´,�à¼ê�FÝ.
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4 An accelerated two-steps P-G method

Äu Nesterov [10]�g�,æ^ [1]aq��{,�±�E���^FÝ�¯�

�{.ùa�{3)¤S� {xk}�Ó�,�)¤��9ÏS� {yk}.

A two-steps projected gradient method

Take β > 0, x1 ∈ Rn. Set y1 = x1, t1 = 1.

Step k. (k ≥ 1) With given (xk, yk), let

xk+1 = PΩ[yk − βkg(yk)], (4.1a)

where the step size βk is chosen to satisfy

(yk − xk+1)T (g(yk)− g(xk+1)) ≤ 1

2βk
‖yk − xk+1‖2. (4.1b)

Set

yk+1 = xk+1 +
( tk − 1

tk+1

)(
xk+1 − xk

)
, (4.1c)

where

tk+1 =
1 +

√
1 + 4t2k
2

. (4.1d)
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The method is called two-steps projected gradient method because each iteration consists

of two steps. The k-th iteration begins with (xk, yk), the first step (4.1a) produces xk+1

and the second one (4.1c) updates yk+1.

It is assumed that the positive sequence {βk} is non-increasing.

We show that the proposed two-steps projected gradient method is convergent with the

iteration-complexity O(1/k2). The proof is similar as those in [1].

Lemma 4.1 Let xk+1 be given by (4.1a) and the step size condition (4.1b) be satisfied.

Then we have

2βk(f(x)−f(xk+1)) ≥ ‖yk−xk+1‖2+2(xk+1−yk)T (yk−x), ∀x ∈ Ω. (4.2)

Proof. By setting xk = yk and ν = 1
2

in (2.4a) and (2.4b), we get (4.1a) and (4.1b).

Therefore, substituting xk = yk and ν = 1
2

in (2.6), we get

βk(f(x)− f(xk+1)) ≥ (x− xk+1)T (yk − xk+1)− 1

2
‖yk − xk+1‖2, ∀x ∈ Ω.

The above inequality can be rewritten as (4.2) and the lemma is proved. 2

To derive the iteration-complexity of the two-steps projected gradient method, we need to
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prove some properties of the corresponding sequence.

Lemma 4.2 The sequences {xk} and {yk} generated by the proposed two-steps

projected gradient method satisfy

2βkt
2
kvk − 2βk+1t

2
k+1vk+1 ≥ ‖uk+1‖2 − ‖uk‖2, ∀k ≥ 1, (4.3)

where vk := f(xk+1)− f(x∗) and uk := tkx
k+1 − (tk − 1)xk − x∗.

Proof. By using Lemma 4.1 for k + 1, x = xk+1 and x = x∗ we get

2βk+1

(
f(xk+1)−f(xk+2)

)
≥ ‖yk+1−xk+2‖2+2(xk+2−yk+1)T (yk+1−xk+1),

and

2βk+1

(
f(x∗)− f(xk+2)

)
≥ ‖yk+1 − xk+2‖2 + 2(xk+2 − yk+1)T (yk+1 − x∗).

Using the definition of vk , we get

2βk+1(vk−vk+1) ≥ ‖yk+1−xk+2‖2 +2(xk+1−yk+1)T (yk+1−xk+2), (4.4)

and

−2βk+1vk+1 ≥ ‖yk+1 − xk+2‖2 + 2(x∗ − yk+1)T (yk+1 − xk+2). (4.5)
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To get a relation between vk and vk+1, we multiply (4.4) by (tk+1− 1) and add it to (4.5):

2βk+1

(
(tk+1 − 1)vk − tk+1vk+1

)

≥ tk+1‖xk+2− yk+1‖2 + 2(xk+2− yk+1)T
(
tk+1y

k+1− (tk+1 − 1)xk+1− x∗
)
.

Multiplying the last inequality by tk+1 and using

t2k = t2k+1 − tk+1

(
and thus tk+1 = (1 +

√
1 + 4t2k )/2 as in (4.1d)

)
,

which yields

2βk+1

(
t2kvk − t2k+1vk+1

)

≥ ‖tk+1(xk+2 − yk+1)‖2

+2tk+1(xk+2 − yk+1)T
(
tk+1y

k+1 − (tk+1 − 1)xk+1 − x∗
)
.

Applying the relation

‖a− b‖2 + 2(a− b)T (b− c) = ‖a− c‖2 − ‖b− c‖2

to the right-hand side of the last inequality with

a := tk+1x
k+2, b := tk+1y

k+1, c := (tk+1 − 1)xk+1 + x∗,
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and using the fact 2βkt
2
kvk ≥ 2βk+1t

2
kvk (since {βk} is non-increasing), we get

2βkt
2
kvk − 2βk+1t

2
k+1vk+1

≥ ‖tk+1x
k+2 − (tk+1 − 1)xk+1 − x∗‖2

−‖tk+1y
k+1 − (tk+1 − 1)xk+1 − x∗‖2.

In order to write the above inequality in the form (4.3) with

uk = tkx
k+1 − (tk − 1)xk − x∗,

we need only to set

tk+1y
k+1 − (tk+1 − 1)xk+1 − x∗ = tkx

k+1 − (tk − 1)xk − x∗.

From the last equality we obtain

yk+1 = xk+1 +
( tk − 1

tk+1

)
(xk+1 − xk).

This is just the form (4.1c) in the accelerated two-steps version of the projected gradient

method. 2

To proceed the proof of the main theorem, we need the following Lemma 4.3 and Lemma
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4.4, which have also been considered in [1]. We omit their proofs as they are trivial.

Lemma 4.3 Let {ak} and {bk} be positive sequences of reals satisfying

ak − ak+1 ≥ bk+1 − bk ∀ k ≥ 1.

Then, ak ≤ a1 + b1 for every k ≥ 1.

Lemma 4.4 The positive sequence {tk} generated by

tk+1 =
1 +

√
1 + 4t2k
2

, with t1 = 1

satisfies

tk ≥ k + 1

2
, ∀ k ≥ 1.

Now, we are ready to show that the proposed two-steps projected gradient method is

convergent with the rate O(1/k2).

Theorem 4.1 Let {xk} and {yk} be generated by the proposed two-steps projected

gradient method. Then, for any k ≥ 1, we have

f(xk)− f(x∗) ≤ 2‖x1 − x∗‖2
βkk2

, ∀x∗ ∈ Ω∗. (4.6)
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Proof. Let us define the quantities

ak := 2βkt
2
kvk, bk := ‖uk‖2.

By using Lemma 4.2 and Lemma 4.3, we obtain

2βkt
2
kvk ≤ a1 + b1,

which combined with the definition vk and tk ≥ (k + 1)/2 (by Lemma 4.4) yields

f(xk+1)− f(x∗) = vk ≤ 2(a1 + b1)

βk(k + 1)2
≤ 2(a1 + b1)

βk+1(k + 1)2
. (4.7)

Since t1 = 1, and using the definition of uk given in Lemma 4.2, we have

a1 = 2β1t
2
1v1 = 2β1v1 = 2β1

(
f(x2)− f(x∗)

)
, b1 = ‖u1‖2 = ‖x2− x∗‖2.

Setting x = x∗ and k = 1 in (4.2), we have

2β1(f(x2)− f(x∗)) ≤ 2(y1 − x∗)T (y1 − x2)− ‖y1 − x2‖2

= ‖y1 − x∗‖2 − ‖x2 − x∗‖2.
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Therefore, we have

a1 + b1 = 2β1(f(x2)− f(x∗)) + ‖x2 − x∗‖2

≤ ‖y1 − x∗‖2 − ‖x2 − x∗‖2 + ‖x2 − x∗‖2

= ‖x1 − x∗‖2.

Substituting it in (4.7), the assertion is proved. 2

Based on Theorem 2.2, for obtaining an ε-optimal solution (denoted by x̃) in the sense that

f(x̃)− f(x∗) ≤ ε, the number of iterations required by the proposed two-steps

projected gradient method is at most dC/√ε− 1e where C = 2‖x1 − x∗‖2/β.

I�`²�´,éù�ù §5¥�¯K,·�¿ØJ�^ù�N¹¥�¯��{,�Ï´

3 (4.1)� k-gS�¥,I���^�ügFÝ�&E, g(yk)Ú g(xk+1).ùp� g(·)
��u §5¥� F (·).3¢S¯K¥, F (·)�¼�  ´�dØ��.d	, (4.1b)¥�¦

(yk − xk+1)T (g(yk)− g(xk+1)) ≤ 1
2βk
‖yk − xk+1‖2,

¿�¦ {βk}üNØO.ù
^��ØXüÚÝKFÝ{¥�A�^� (2.4b)°t.ü

ÚÝKFÝ{O�¢�`²�� {βk}üNØO¬¦ÂñCúNõ.
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1 Structured constrained convex optimization

We consider the following structured constrained convex optimization problem

min {θ1(x) + θ2(y) |Ax+By = b, x ∈ X , y ∈ Y} (1.1)

where θ1(x) : <n1 → <, θ2(y) : <n2 → < are convex functions (but not necessary

smooth), A ∈ <m×n1 , B ∈ <m×n2 and b ∈ <m, X ⊂ <n1 , Y ⊂ <n2 are given

closed convex sets. It is clear that the split feasibility problem:

Find a point x ∈ X such that Ax ∈ B,

can be formulated as a special problem of (1.1) with θ1(x) = θ2(y) = 0. Find (x, y)

such that

{Ax− y = 0, x ∈ X , y ∈ B}. (1.2)

Let λ be the Lagrangian multiplier for the linear constraints Ax+By = b in (1.1), the

Lagrangian function of this problem is

L(x, y, λ) = θ1(x) + θ2(y)− λT (Ax+By − b),

211



XI - 3

which is defined onX ×Y ×<m. Let (x∗, y∗, λ∗) be an saddle point of the Lagrangian

function, then (x∗, y∗, λ∗) ∈ Ω and it satisfies




θ1(x)− θ1(x∗) + (x− x∗)T (−ATλ∗) ≥ 0,

θ2(y)− θ2(y∗) + (y − y∗)T (−BTλ∗) ≥ 0,

(λ− λ∗)T (Ax∗ +By∗ − b) ≥ 0,

∀ (x, y, λ) ∈ Ω, (1.3)

where

Ω = X × Y × <m.
By denoting

u =


 x

y


 , w =




x

y

λ


 , F (w) =




−ATλ
−BTλ

Ax+By − b




and

θ(u) = θ1(x) + θ2(y),

the first order optimal condition (1.3) can be written in a compact form such as
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w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω. (1.4)

Note that the mapping F is monotone. We use Ω∗ to denote the solution set of

the variational inequality (1.4). For convenience we use the notations

v =


 y

λ


 and V∗ = {(y∗, λ∗) | (x∗, y∗, λ∗) ∈ Ω∗}.

Augmented Lagrangian Method to structured COP

Augmented Lagrangian Method is one of the attractive methods for nonlinear optimization

as demonstrated in Chapter 17 of [21]. We try to use the Augmented Lagrangian Method

to solve (1.1) and set

M = (A,B) and U = X × Y.

Now, the problem (1.1) is rewritten as

min{θ(u) |Mu = b, u ∈ U}. (1.5)
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For given β > 0, the augmented Lagrangian function of (1.5) is

LA(u, λ) = θ(u)− λT (Mu− b) +
β

2
‖Mu− b‖2,

which defined on Ω = U × <m. Directly applied Augmented Lagrangian Method to the

problem (1.5), the k-th iteration begins with λk , obtain

uk+1 = Argmin{LA(u, λk) |u ∈ U}, (1.6)

and then update the new iterate by

λk+1 = λk − β(Muk+1 − b). (1.7)

Note that uk+1 ∈ U generated by (1.6) satisfies

θ(u)− θ(uk+1) + (u− uk+1)T {−MTλk + βMT (Muk+1− b)} ≥ 0, ∀u ∈ U .

By using (1.7) in the last inequality, we obtain

uk+1 ∈ U , θ(u)− θ(uk+1) + (u−uk+1)T
(
−MTλk+1) ≥ 0, ∀u ∈ U . (1.8)
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Combining (1.8) and (1.7), we get wk+1 ∈ Ω and for any w ∈ Ω, it holds that

θ(u)− θ(uk+1) +


u− u

k+1

λ− λk+1



T



 −M

Tλk+1

Muk+1 − b


+


 0

1
β

(λk+1 − λk)





 ≥ 0.

Substituting w = w∗ in the above variational inequality and using the notation of F (w),

we get

(λk+1 − λ∗)T (λk − λk+1)

≥ β{(wk+1 − w∗)TF (wk+1) + θ(uk+1)− θ(u∗)}. (1.9)

Using the monotonicity of F and the fact

θ(uk+1)− θ(u∗) + (wk+1 − w∗)TF (w∗) ≥ 0,

we derive that the right hand side of (1.9) is non-negative. Therefore, we have

(λk+1 − λ∗)T (λk − λk+1) ≥ 0, ∀λ∗ ∈ Λ∗. (1.10)

It follows from (1.10) that

‖λk−λ∗‖2 = ‖(λk+1−λ∗)+(λk−λk+1)‖2 ≥ ‖λk+1−λ∗‖2 +‖λk−λk+1‖2.
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We get the nice convergence property:

‖λk+1 − λ∗‖2 ≤ ‖λk − λ∗‖2 − ‖λk − λk+1‖2.

Summarize the Augmented Lagrangian Method to structured COP

For given λk, uk+1 = (xk+1, yk+1) is the solution of the following problem

(xk+1, yk+1)=Argmin




θ1(x) + θ2(y)− (λk)T (Ax+By − b)

+β
2 ‖Ax+By − b‖2

∣∣∣∣∣
x ∈ X
y ∈ Y





The new iterate λk+1 = λk − β(Axk+1 +Byk+1 − b).

Convergence ‖λk+1 − λ∗‖2 ≤ ‖λk − λ∗‖2 − ‖λk − λk+1‖2.

Shortcoming The structure property is not used !

By using the augmented Lagrangian method for the structured problem (1.5), the k-th

iteration is from λk to λk+1. The variable u = (x, y) is only an intermediate variable.
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2 Alternating Direction Method of Multipliers
To overcome the shortcoming the ALM for the problem (1.1), we use the alternating

direction method. The main idea is splitting the subproblem (1.6) in two parts and only the

x-part is the intermediate variable. Thus the iteration begins with v0 = (y0, λ0).

Applied ADM to the structured COP: (yk, λk)⇒ (yk+1, λk+1)

First, for given (yk, λk), xk+1 is the solution of the following problem

xk+1 = Argmin

{
θ1(x)− (λk)T (Ax+Byk − b)

+β
2
‖Ax+Byk − b‖2

∣∣∣∣∣x ∈ X
}

(2.1a)

Use λk and the obtained xk+1, yk+1 is the solution of the following problem

yk+1 = Argmin

{
θ2(y)− (λk)T (Axk+1 +By − b)

+β
2
‖Axk+1 +By − b‖2

∣∣∣∣∣y ∈ Y
}

(2.1b)

λk+1 = λk − β(Axk+1 +Byk+1 − b). (2.1c)

Advantages The sub-problems (2.1a) and (2.1b) are separately solved one by one.
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Remark 2.1 The sub-problems (2.1a) and (2.1b) is equivalent to

xk+1 = Argmin
{
θ1(x) + β

2
‖(Ax+Byk − b)− 1

β
λk‖2

∣∣x ∈ X
}

(2.2a)

and

yk+1 =Argmin
{
θ2(y) + β

2
‖(Axk+1 +By − b)− 1

β
λk‖2

∣∣y ∈ Y
}

(2.2b)

respectively. Note that the equation (2.1c) can be written as

(λ− λk+1){(Axk+1 +Byk+1 − b) +
1

β
(λk+1 − λk)} ≥ 0, ∀λ ∈ <m. (2.2c)

Analysis Note that the solution of (2.1a) and (2.1b) satisfies

xk+1 ∈ X , θ1(x)− θ1(xk+1) + (x− xk+1)T{
−ATλk + βAT

(
Axk+1 +Byk − b

)}
≥ 0, ∀x ∈ X (2.3a)

and

yk+1 ∈ Y, θ2(y)− θ2(yk+1) + (y − yk+1)T{
−BTλk + βBT

(
Axk+1 +Byk+1 − b

)}
≥ 0, ∀ y ∈ Y, (2.3b)

XI - 10

respectively. Substituting λk+1 (see (2.1c)) in (2.3) (eliminating λk in (2.3)), we get

xk+1 ∈ X , θ1(x)− θ1(xk+1) + (x− xk+1)T

{
−ATλk+1 + βATB(yk − yk+1)

}
≥ 0, ∀x ∈ X , (2.4a)

and

yk+1 ∈ Y, θ2(y)−θ2(yk+1)+(y−yk+1)T
{
−BTλk+1} ≥ 0, ∀ y ∈ Y. (2.4b)

For analysis convenience, we rewrite (2.4) as uk+1 = (xk+1, yk+1) ∈ X × Y .

θ(u)− θ(uk+1) +


x− x

k+1

y − yk+1



T



−A

Tλk+1

−BTλk+1


+β


A

T

BT


B(yk − yk+1)

+


0 0

0 βBTB




 xk+1 − xk

yk+1 − yk





 ≥ 0, ∀ (x, y) ∈ X × Y.
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Combining the last inequality with (2.2c), we have wk+1 ∈ Ω and

θ(u)− θ(uk+1) +



x− xk+1

y − yk+1

λ− λk+1




T






−ATλk+1

−BTλk+1

Axk+1 +Byk+1 − b




+β



AT

BT

0


B(yk−yk+1) +




0 0

βBTB 0

0 1
β
Im





 yk+1 − yk

λk+1 − λk







≥ 0, (2.5)

for any w ∈ Ω. The above inequality can be rewritten as wk+1 ∈ Ω and

θ(u)− θ(uk+1) + (w − wk+1)TF (wk+1) + β



x− xk+1

y − yk+1

λ− λk+1




T

AT

BT

0


B(yk−yk+1)

≥


y − y

k+1

λ− λk+1



T
 βBTB 0

0 1
β
Im




 yk − yk+1

λk − λk+1


 , ∀w ∈ Ω. (2.6)
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3 Convergence of ADMM

Based on the analysis in the last section, we have the following lemma.

Lemma 3.1 Let wk+1 = (xk+1, yk+1, λk+1) ∈ Ω be generated by (2.1) from the

given vk = (yk, λk). Then, we have

(vk+1 − v∗)TH(vk − vk+1) ≥ (wk+1 − w∗)T η(yk, yk+1), (3.1)

where

η(yk, yk+1) = β




AT

BT

0


B(yk − yk+1) (3.2)

and

H =


 βBTB 0

0 1
β
Im


 . (3.3)
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Proof. Setting w = w∗ in (2.6), and using H and η(yk, yk+1), we get

(vk+1 − v∗)TH(vk − vk+1)

≥ (wk+1 − w∗)T η(yk, yk+1)

+θ(uk+1)− θ(u∗) + (wk+1 − w∗)TF (wk+1). (3.4)

Since F is monotone, it follows that

θ(uk+1)−θ(u∗) + (wk+1 − w∗)TF (wk+1)

≥ θ(uk+1)−θ(u∗) + (wk+1 − w∗)TF (w∗) ≥ 0.

The last inequality is due to wk+1 ∈ Ω and w∗ ∈ Ω∗ (see (1.4)). Substituting it in (3.4),

the lemma is proved. 2

Lemma 3.2 Let wk+1 = (xk+1, yk+1, λk+1) ∈ Ω be generated by (2.1) from the

given vk = (yk, λk). Then, we have

(wk+1 − w∗)T η(yk, yk+1) = (λk − λk+1)TB(yk − yk+1), (3.5)

and

(λk − λk+1)TB(yk − yk+1) ≥ 0. (3.6)

XI - 14

Proof. By using η(yk, yk+1) (see (3.2)), Ax∗ +By∗ = b and (2.1c), we have

(wk+1 − w∗)T η(yk, yk+1)

= (B(yk − yk+1))Tβ{(Axk+1 +Byk+1)− (Ax∗ +By∗)}
= (B(yk − yk+1))Tβ(Axk+1 +Byk+1 − b)
= (λk − λk+1)TB(yk − yk+1).

Because (2.4b) is true for the k-th iteration and the previous iteration, we have

θ2(y)− θ2(yk+1) + (y − yk+1)T
{
−BTλk+1} ≥ 0, ∀ y ∈ Y, (3.7)

and

θ2(y)− θ2(yk) + (y − yk)T
{
−BTλk} ≥ 0, ∀ y ∈ Y, (3.8)

Setting y = yk in (3.7) and y = yk+1 in (3.8), respectively, and then adding the two

resulting inequalities, we get

(λk − λk+1)TB(yk − yk+1) ≥ 0.

The assertion of this lemma is proved. 2
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Even though H is positive semi-definite (see (3.3) when B is not full column rank), in this

lecture we use ‖v − ṽ‖H to denote that

‖v − ṽ‖2H = (v − ṽ)TH(v − ṽ) = β‖B(y − ỹ)‖2 +
1

β
‖λ− λ̃‖2.

Lemma 3.3 Let wk+1 = (xk+1, yk+1, λk+1) ∈ Ω be generated by (2.1) from the

given vk = (yk, λk). Then, we have

(vk+1 − v∗)TH(vk − vk+1) ≥ 0, ∀ v∗ ∈ V∗. (3.9)

Proof. The assertion follows (3.1), (3.5) and (3.6) directly. 2

Theorem 3.1 Let wk+1 = (xk+1, yk+1, λk+1) ∈ Ω be generated by (2.1) from the

given vk = (yk, λk). Then, we have

‖vk+1 − v∗‖2H ≤ ‖vk − v∗‖2H − ‖vk − vk+1‖2H , ∀ v∗ ∈ V∗. (3.10)
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Proof. By using (3.9), we have

‖vk − v∗‖2H = ‖(vk+1 − v∗) + (vk − vk+1)‖2H
= ‖vk+1 − v∗‖2H + 2(vk+1 − v∗)TH(vk − vk+1)

+‖vk − vk+1‖2H
≥ ‖vk+1 − v∗‖2H + ‖vk − vk+1‖2H ,

and thus (3.10) is proved. 2

The inequality (3.10) is essential for the convergence of the alternating direction method. It

tells us that the alternating direction method is a contraction method. Multiplying a factor

1/β, it can be written as

∥∥∥∥∥∥
B(yk+1 − y∗)
1
β

(λk+1 − λ∗)

∥∥∥∥∥∥

2

≤

∥∥∥∥∥∥
B(yk − y∗)
1
β

(λk − λ∗)

∥∥∥∥∥∥

2

−

∥∥∥∥∥∥
B(yk − yk+1)

1
β

(λk − λk+1)

∥∥∥∥∥∥

2

, ∀ v∗ ∈ V∗.

This result is included in Theorem 1 of [14] as a special case for fixed β and γ ≡ 1.
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4 The extended ADMM
In the extended ADM, the k-th iteration begins with (yk, λk). However, we take the

solution of the classical ADM as a predictor, and denote it by (x̃k, ỹk, λ̃k).

1. First, for given (yk, λk), x̃k is the solution of the following problem

x̃k = Argmin

{
θ1(x)− (λk)T (Ax+Byk − b)

+β
2
‖Ax+Byk − b‖2

∣∣∣∣∣x ∈ X
}

(4.1a)

2. Then, useλk and the obtained x̃k , ỹk is the solution of the following problem

ỹk = Argmin

{
θ2(y)− (λk)T (Ax̃k +By − b)

+β
2
‖Ax̃k +By − b‖2

∣∣∣∣∣y ∈ Y
}

(4.1b)

3. Finally,

λ̃k = λk − β(Ax̃k +Bỹk − b). (4.1c)

Based on the predictor (x̃k, ỹk, λ̃k), we consider how to produce the new iterate

vk+1 = (yk+1, λk+1) and drive it more close to the set V∗.
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According to the same analysis in the last section (see (2.5)) we have (x̃k, ỹk, λ̃k) ∈ Ω

and

θ(u)− θ(ũk) +




x− x̃k

y − ỹk

λ− λ̃k




T






−AT λ̃k

−BT λ̃k

Ax̃k +Bỹk − b


+ β




AT

BT

0


B(yk − ỹk)

+




0 0

βBTB 0

0 1
β
Im





 ỹk − yk

λ̃k − λk







≥ 0, ∀w ∈ Ω. (4.2)

Based on the above analysis, we have the following lemma.

Lemma 4.1 Let w̃k = (x̃k, ỹk, λ̃k) ∈ Ω be generated by (4.1) from the given

vk = (yk, λk). Then, we have

(ṽk − v∗)TH(vk − ṽk) ≥ (w̃k − w∗)T η(yk, ỹk), (4.3)
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where

η(yk, ỹk) = β




AT

BT

0


B(yk − ỹk) (4.4)

and H is the same as defined in (3.3).

Proof. The prof is similar as those for Lemma 3.1 and thus omitted. 2

Similarly as in (3.5), by using η(yk, ỹk) (see (4.4)) and Ax∗ +By∗ = b, we have

(w̃k − w∗)T η(yk, ỹk) = (λk − λ̃k)TB(yk − ỹk). (4.5)

Lemma 4.2 Let w̃k = (x̃k, ỹk, λ̃k) ∈ Ω be generated by (4.1) from the given

vk = (yk, λk). Then, we have

(vk − v∗)TH(vk − ṽk) ≥ ϕ(vk, ṽk), ∀ v∗ ∈ V∗. (4.6)

and

ϕ(vk, ṽk) = ‖vk − ṽk‖2H + (λk − λ̃k)TB(yk − ỹk). (4.7)
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Proof. It follows from (4.3) and (4.5) that

(ṽk − v∗)TH(vk − ṽk) ≥ (λk − λ̃k)TB(yk − ỹk).

Assertion (4.6) follows from the last inequality and the definition of ϕ(vk, ṽk) and the

lemma is proved. 2

Now, we observe the right hand side of (4.6). Note that

ϕ(vk, ṽk) = ‖vk − ṽk‖2H + (λk − λ̃k)TB(yk − ỹk)

=
1

2
‖vk − ṽk‖2H +

1

2β
‖βB(yk − ỹk) + (λk − λ̃k)‖2

≥ 1

2
‖vk − ṽk‖2H . (4.8)

Ye-Yuan’s Alternating Direction Method of Multipliers

Ye-Yuan’s alternating direction method is a prediction-correction method. The predictor is

generated by (4.1). The correction step is to update the new iterate.
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Correction Using the ṽk produced by (4.1), update the new iterate vk+1 by

vk+1 = vk − αk(vk − ṽk), αk = γα∗k, γ ∈ (0, 2) (4.9a)

where

α∗k =
ϕ(vk, ṽk)

‖vk − ṽk‖2H
(4.9b)

Usually, in comparison with the computational load for obtaining (x̃k, ỹk) in (4.1),

the calculation cost for step-size α∗k is slight.

We obtain an essential inequality for convergence in the following theorem which was

proved by Ye and Yuan in [29].

Theorem 4.1 Let w̃k = (x̃k, ỹk, λ̃k) ∈ Ω be generated by (4.1) from the given

vk = (yk, λk) and the new iterate vk+1 be given by (4.9). Then we have

‖vk+1 − v∗‖2H ≤ ‖vk − v∗‖2H −
γ(2− γ)

4
‖vk − ṽk‖2H , ∀ v∗ ∈ V∗. (4.10)
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Proof. By using (4.6) and (4.9), we obtain

‖vk − v∗‖2H − ‖vk+1 − v∗‖2H
= ‖vk − v∗‖2H − ‖(vk − v∗)− γα∗k(vk − ṽk)‖2H
≥ 2γα∗kϕ(vk, ṽk)− γ2(α∗k)2‖vk − ṽk‖2H
= γ(2− γ)(α∗k)2‖vk − ṽk‖2H . (4.11)

In addition, it follows from (4.8) and (4.9b) that α∗k ≥ 1
2

. Substituting this fact in (4.11), the

theorem is proved. 2

Convergence Both (3.10) and (4.10) can be written as

∥∥∥∥
B(yk+1 − y∗)
1
β

(λk+1 − λ∗)

∥∥∥∥
2

≤
∥∥∥∥
B(yk − y∗)
1
β

(λk − λ∗)

∥∥∥∥
2

− c0
∥∥∥∥
B(yk − ỹk)

1
β

(λk − λ̃k)

∥∥∥∥
2

, ∀ v∗ ∈ V∗.

It leads to that

lim
k→∞

Byk = By∗ and lim
k→∞

λk = λ∗.
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5 Application and Numerical Experiments

5.1 Calibrating the correlation matrices

We consider to solve the following problem:

min{1

2
‖X − C‖2F |X ∈ Sn+ ∩ SB}, (5.1)

where

Sn+ = {H ∈ Rn×n |HT = H, H � 0},
and

SB = {H ∈ Rn×n |HT = H, HL ≤ H ≤ HU}.
HL and HU are given symmetric matrices.

Use the following Matlab Code to produce the matrices C , HL and HU
rand(’state’,0); C=rand(n,n); C=(C’+C)-ones(n,n) + eye(n);

%%% C is symmetric and C_{ij} is in (-1,1), C_{jj} is in (0,2) %%

HU=ones(n,n)*0.1; HL=-HU; for i=1:n HU(i,i)=1; HL(i,i)=1; end;

The problem is converted to the following equivalent one:
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min 1
2
‖X − C‖2 + 1

2
‖Y − C‖2

s.t X − Y = 0,

X ∈ Sn+, Y ∈ SB .
(5.2)

The basic sub-problems in alternating direction methods for the problem (5.2)

• For fixed Y k and Zk ,

X̃k = Argmin{1

2
‖X − C‖2F −Tr(ZkX) +

β

2
‖X − Y k‖2F | X ∈ Sn+}

• With fixed X̃k and Zk ,

Ỹ k = Argmin{1

2
‖Y − C‖2F + Tr(ZkY ) +

β

2
‖X̃k − Y ‖2F | Y ∈ SB}

X̃k can be directly obtained via

X̃k = PSn+
{ 1

1 + β
(βY k + Zk + C)

}
. (5.3)
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Note that

PSn+(A) = UΛ+UT , where Λ+ = max(Λ, 0) and [U,Λ] = eig(A).

Similarly, Ỹ k in is given by

Ỹ k = PSB
{ 1

1 + β
(βX̃k − Zk + C)

}
. (5.4)

SB = {H |HL ≤ H ≤ HU}, PSB (A) = min(max(HL, A), HU )

The most time consuming calculation is [U,Λ] = eig(A), 9n3

The main Matlab Code of an iteration in the Classical ADM

Y0=Y; Z0=Z; k=k+1;

X=(Y0*beta+Z0+C)/(1+beta);

[V,D]=eig(X); D=max(0,D); X=(V*D)*V’;

Y=min(max((X*beta-Z0+C)/(1+beta),HL),HU);

Z=Z0-(X-Y)*beta;
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The main Matlab Code of an iteration in Ye-Yuan’s ADM

Y0=Y; Z0=Z; k=k+1;

X=(Y0*beta+Z0+C)/(1+beta);

[V,D]=eig(X); D=max(0,D); X=(V*D)*V’;

Y=min(max((X*beta-Z0+C)/(1+beta),HL),HU);

%%%%%%%%% Calculating the step size %%%%%%%%%%%%%%

EY=Y0-Y; EZ=(X-Y)*beta;

T1 = EY(:)’*EY(:); T2 = EZ(:)’*EZ(:); TA=T1*beta + T2/beta

T2 = (EY(:)’*EZ(:));

alpha=(TA-T2)*gammaY/TA;

Y=Y0-EY*alpha; Z=Z0-EZ*alpha;

Numerical results for problem (5.1)

C=rand(n,n); C=(C’+C)-ones(n,n) + eye(n)

HU=ones(n,n)*0.2; HL = −HU ; HU (jj) = HL(jj)=1.
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Numerical Results for calibrating correlation matrix (Using Matlab EIG)

n× n Matrix Classical ADM Glowinski’s ADM Ye-Yuan’s ADM

n = No. It CPU Sec. No. It CPU Sec. No. It CPU Sec.

500 40 18.03 39 17.68 32 14.99
800 41 73.28 39 70.00 33 60.80

1000 43 141.69 42 138.30 34 114.67
1500 47 471.77 45 452.22 41 419.70
2000 55 1254.01 53 1206.94 45 1035.38

Numerical Results for calibrating correlation matrix (Using MeXEIG)

n× n Matrix Classical ADM Glowinski’s ADM Ye-Yuan’s ADM

n = No. It CPU Sec. No. It CPU Sec. No. It CPU Sec.

500 40 5.57 39 5.38 32 4.67
800 41 18.13 39 17.15 33 15.13

1000 43 34.75 42 34.00 34 28.50
1500 47 123.77 45 117.87 41 110.17
2000 55 306.32 53 294.75 45 255.72

XI - 28

It. No. of Ye-Yuan’s ADMM

It. No. of Classical ADMM
≈ 5

6
.

It seems that Ye-Yuan’s Algorithm converges faster than primary ADM.

5.2 Application for Sparse Covariance Selection

For the details of applications in this subsection, please see the reference [30].

The problem

min
X
{Tr(ΣX)− log(det(X)) + ρeT |X|e

∣∣∣ X ∈ Sn+}, (5.5)

The equivalent problem:

min Tr(ΣX)− log(det(X)) + ρeT |Y |e
s.t X − Y = 0,

X ∈ Sn+.
(5.6)
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For given Y k and Zk, get (X̃k, Ỹ k, Z̃k) in the following procedure:

1. For fixed Y k and Zk , X̃k is the solution of the following problem

min{Tr(ΣX)− log(det(X))−Tr(ZkX) +
β

2
‖X − Y k‖2F | X ∈ Sn+}

2. Then, with fixed (X̃k, Zk), Ỹ k is a solution of

min{ρeT |Y |e+ Tr(ZkY ) +
β

2
‖X̃k − Y ‖2F }

3. Finally, update Z̃k by

Z̃k = Zk − β(X̃k − Ỹ k). (5.7)

Solving the X subproblem for getting X̃k:

X̃k = Argmin
{1

2
‖X−[Y k− 1

β
(Σ−Zk)]‖2F−

1

β
log(det(X))

∣∣ X ∈ Sn+
}
. (5.8)
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It should hold that X̃ � 0 and thus X̃ is the solution of matrix equation

X −
(
Y k − 1

β
(Σ− Zk)

)
− 1

β
X−1 = 0. (5.9)

By setting

A = Y k − 1

β
(Σ− Zk), (5.10)

and using

[V,Λ] = eig(A) (5.11)

in Matlab, we get

A = V ΛV T , Λ = diag(λ1, . . . , λn).

In fact, the solution of matrix equation (5.9) should have the same eigenvectors as matrix

A.

X̃ = V Λ̃V T , Λ̃ = diag(λ̃1, . . . , λ̃n). (5.12)

It follows from (5.9) that

Λ̃− Λ− 1

β
Λ̃−1 = 0
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and thus

λ̃j =
λj +

√
λ2
j + (4/β)

2
, j = 1, . . . , n.

Indeed, λ̃j > 0 and thus X̃ � 0 (see (5.12)).

The main computational load for getting X̃k is the eigenvalues-vectors decomposition in

(5.11).

Solving the Y subproblem for getting Ỹ k:

The first order condition for minimization problem

min{ρeT |Y |e+ Tr(ZkY ) +
β

2
‖X̃k − Y ‖2F }

is

0 ∈ ρ

β
∂(|Y |) + Y − (X̃k − 1

β
Zk).

In fact,

Ỹ k = (X̃k − 1

β
Zk)− P

B
ρ/β
∞

[X̃k − 1

β
Zk],
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where B
ρ/β
∞ = {X ∈ Rn×n | − ρ

β
≤ Xij ≤ ρ

β
}. The projection on a ‘box’ is very

easy to be carried out !

5.3 Split feasibility problem and Matrix completion

Applying ADMM to the reformulated split feasibility problem (1.2), the k-th iteration begins

with (yk, λk) ∈ B × <m, and the new iterate is generated by the following procedure:




xk+1 = Argmin{ 1
2
‖Ax− (yk + λk/β)‖2 |x ∈ X},

yk+1 = PB[Axk+1 − λk/β],

λk+1 = λk − β(Axk+1 − yk+1).

The x-subproblem is a problem of form min{ 1
2
‖Ax− a‖2 |x ∈ X}. After getting

xk+1, (yk+1, λk+1) is obtained by a projection and an evaluation.

Matrix completion is to recover an unknown matrix from a sampling of its entries. For an

m× n matrix M , Ω denotes the indices subset of the matrix

Ω = {(ij) | i ∈ {1, 2, . . . ,m}, j ∈ {1, 2, . . . , n}}.
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The mathematical form of the considered problem is

min{‖X‖∗ | Xij = Mij , (ij) ∈ Ω}

where ‖X‖∗ is the nuclear norm of X [2]. It can convert to the following problem

minX,Y ‖X‖∗
s. t X − Y = 0,

Yij = Mij ,∀ (ij) ∈ Ω.

It belongs to the problem (1.1) and was successfully solved by the alternating direction

methods [4].

Simple iterative scheme + nice convergence properties
⇒ wide applications of ADMM in large scale optimization
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1 Structured constrained convex optimization

We consider the following structured constrained convex optimization problem

min {θ1(x) + θ2(y) |Ax+By = b, x ∈ X , y ∈ Y} (1.1)

where θ1(x) : <n1 → <, θ2(y) : <n2 → < are convex functions (but not

necessary smooth), A ∈ <m×n1 , B ∈ <m×n2 and b ∈ <m, X ⊂ <n1 ,

Y ⊂ <n2 are given closed convex sets. We let n = n1 + n2.

The task of solving the problem (1.1) is to find an (x∗, y∗, λ∗) ∈ Ω, such that




θ1(x)− θ1(x∗) + (x− x∗)T (−ATλ∗) ≥ 0,

θ2(y)− θ2(y∗) + (y − y∗)T (−BTλ∗) ≥ 0,

(λ− λ∗)T (Ax∗ +By∗ − b) ≥ 0,

∀ (x, y, λ) ∈ Ω, (1.2)

where

Ω = X × Y × <m.
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By denoting

u =


 x

y


 , w =




x

y

λ


 , F (w) =




−ATλ
−BTλ

Ax+By − b




and

θ(u) = θ1(x) + θ2(y),

the first order optimal condition (1.2) can be written in a compact form such as

w∗ ∈ Ω, θ(u)−θ(u∗)+(w−w∗)TF (w∗) ≥ 0, ∀w ∈ Ω. (1.3)

Note that the mapping F is monotone. We use Ω∗ to denote the solution set of

the variational inequality (1.3). For convenience we use the notations

v =


 y

λ


 and V∗ = {(y∗, λ∗) | (x∗, y∗, λ∗) ∈ Ω∗}.
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Alternating Direction Method is a simple but powerful algorithm that is well suited

to distributed convex optimization [1]. This approach also has the benefit that one

algorithm could be flexible enough to solve many problems.

Applied ADM to the structured COP: (yk, λk)⇒ (yk+1, λk+1)

First, for given (yk, λk), xk+1 is the solution of the following problem

xk+1 = Argmin
{
θ1(x) + β

2 ‖Ax+Byk − b− 1
βλ

k‖2
∣∣∣x ∈ X

}
(1.4a)

Use λk and the obtained xk+1, yk+1 is the solution of the following problem

yk+1 = Argmin
{
θ2(y)+ β

2 ‖Axk+1+By−b− 1
βλ

k‖2
∣∣∣y ∈ Y

}
(1.4b)

λk+1 = λk − β(Axk+1 +Byk+1 − b). (1.4c)
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In some structured convex optimization (1.1), B is a scalar matrix. However, the

solution of the subproblem (1.4a) does not have the closed form solution because

of the general structure of the matrix A. In this case, we linearize the quadratic

term of (1.4a)
β

2
‖Ax+Byk − b− 1

βλ
k‖2

at xk and add a proximal term r
2‖x− a‖2 to the objective function. In other

words, instead of (1.4a), we solve the following x subproblem:

min
{
θ1(x) + βxTAT (Axk +Byk − b− 1

βλ
k) + r

2‖x− xk‖2
∣∣x ∈ X

}
.

Based on linearizing the quadratic term of (1.4a), in this lecture, we construct the

linearized alternating direction method. We still assume that the solution of the

problem

min
{
θ1(x) +

r

2
‖x− a‖2 |x ∈ X

}
(1.5)

has a closed form.
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2 Linearized Alternating Direction Method

In the Linearized ADM, x is not an intermediate variable. The k-th iteration of the

Linearized ADM is from (xk, yk, λk) to (xk+1, yk+1, λk+1).

2.1 Linearized ADM

1. First, for given (xk, yk, λk), xk+1 is the solution of the following problem

xk+1=Argmin

( {
θ1(x) + βxTAT (Axk +Byk − b− 1

β
λk)

+ r
2
‖x− xk‖2

∣∣ x ∈ X
}

)
. (2.1a)

2. Then, useλk and the obtained xk+1, yk+1 is the solution of the following problem

yk+1=Argmin
{
θ2(y)+ β

2
‖Axk+1+By−b− 1

β
λk‖2

∣∣∣y ∈ Y
}
. (2.1b)

3. Finally,

λk+1 = λk − β(Axk+1 +Byk+1 − b). (2.1c)
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Requirements on parameters β, r For given β > 0, choose r such that

rIn − βATA � 0. (2.2)

Analysis of the optimal conditions of subproblems in (2.1)

Note that xk+1, the solution of (2.1a), satisfies

xk+1 ∈ X , θ1(x)− θ1(xk+1) + (x− xk+1)T
{
−ATλk

+βAT
(
Axk +Byk − b

)
+ r(xk+1 − xk)

}
≥ 0, ∀ x ∈ X . (2.3a)

Similarly, the solution of (2.1b) yk+1 satisfies

yk+1 ∈ Y, θ2(y)− θ2(yk+1) + (y − yk+1)T
{
−BTλk

+βBT
(
Axk+1 +Byk+1 − b

)}
≥ 0, ∀ y ∈ Y. (2.3b)
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Substituting λk+1 (see (2.1c)) in (2.3) (eliminating λk), we get xk+1 ∈ X ,

θ1(x)− θ1(xk+1) + (x− xk+1)T
{
−ATλk+1 + βATB(yk − yk+1)

+(rIn1 − βATA)(xk+1 − xk)
}
≥ 0, ∀x ∈ X , (2.4a)

and

yk+1 ∈ Y, θ2(y)−θ2(yk+1)+ (y− yk+1)T
{
−BTλk+1} ≥ 0, ∀ y ∈ Y. (2.4b)

For analysis convenience, we rewrite (2.4) as the following equivalent form:

θ(u)− θ(uk+1) +


x− x

k+1

y − yk+1



T



 −A

Tλk+1

−BTλk+1


+β


 AT

BT


B(yk − yk+1)

+


 rIn1 − βATA 0

0 βBTB




 xk+1 − xk

yk+1 − yk





 ≥ 0, ∀ (x, y) ∈ X × Y.
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Combining the last inequality with (2.1c), we have

θ(u)− θ(uk+1) +



x− xk+1

y − yk+1

λ− λk+1




T






−ATλk+1

−BTλk+1

Axk+1+Byk+1− b


+ β



AT

BT

0


B(yk − yk+1)

+




rIn1 − βATA 0 0

0 βBTB 0

0 0 1
β
Im







xk+1 − xk
yk+1 − yk
λk+1 − λk







≥ 0,

for all (x, y, λ) ∈ X × Y × <m. The above inequality can be rewritten as

θ(u)−θ(uk+1)+(w−wk+1)TF (wk+1) + β



x− xk+1

y − yk+1

λ− λk+1




T

AT

BT

0


B(yk−yk+1)

≥



x− xk+1

y − yk+1

λ− λk+1




T

rIn1−βATA 0 0

0 βBTB 0

0 0 1
β
Im






xk − xk+1

yk − yk+1

λk − λk+1


, ∀w ∈ Ω.(2.5)
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2.2 Convergence of Linearized ADM

Based on the analysis in the last section, we have the following lemma.

Lemma 2.1 Let wk+1 = (xk+1, yk+1, λk+1) ∈ Ω be generated by (2.1) from

the given wk = (xk, yk, λk). Then, we have

(wk+1−w∗)TG(wk−wk+1) ≥ (wk+1−w∗)T η(yk, yk+1), ∀w∗ ∈ Ω∗, (2.6)

where

η(yk, yk+1) = β




AT

BT

0


B(yk − yk+1), (2.7)

and

G =




rIn1
− βATA 0 0

0 βBTB 0

0 0 1
β Im


 . (2.8)
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Proof. Setting w = w∗ in (2.5), and using G and η(yk, yk+1), we get

(wk+1 − w∗)TG(wk − wk+1)

≥ (wk+1− w∗)T η(yk, yk+1)+θ(uk+1)−θ(u∗) + (wk+1− w∗)TF (wk+1).

Since F is monotone, it follows that

θ(uk+1)−θ(u∗) + (wk+1 − w∗)TF (wk+1)

≥ θ(uk+1)−θ(u∗) + (wk+1 − w∗)TF (w∗) ≥ 0.

The last inequality is due to wk+1 ∈ Ω and w∗ ∈ Ω∗ is a solution of (see (1.3)).

The lemma is proved. 2

By using η(yk, yk+1) (see (2.7)), Ax∗ +By∗ = b and (2.1c), we have

(wk+1 − w∗)T η(yk, yk+1)

= (B(yk − yk+1))Tβ{(Axk+1 +Byk+1)− (Ax∗ +By∗)}
= (B(yk − yk+1))Tβ(Axk+1 +Byk+1 − b)
= (λk − λk+1)TB(yk − yk+1). (2.9)
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Substituting it in (2.6), we obtain

(wk+1 − w∗)TG(wk − wk+1)

≥ (λk − λk+1)TB(yk − yk+1), ∀w∗ ∈ Ω∗. (2.10)

Lemma 2.2 Let wk+1 = (xk+1, yk+1, λk+1) ∈ Ω be generated by (2.1) from

the given wk = (xk, yk, λk). Then, we have

(λk − λk+1)TB(yk − yk+1) ≥ 0. (2.11)

Proof. Since (2.4b) is true for the k-th iteration and the previous iteration, we have

θ2(y)− θ2(yk+1) + (y − yk+1)T
{
−BTλk+1} ≥ 0, ∀ y ∈ Y, (2.12)

and

θ2(y)− θ2(yk) + (y − yk)T
{
−BTλk} ≥ 0, ∀ y ∈ Y, (2.13)
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Setting y = yk in (2.12) and y = yk+1 in (2.13), respectively, and then adding

the two resulting inequalities, we get

(λk − λk+1)TB(yk − yk+1) ≥ 0.

The assertion of this lemma is proved. 2

Under the assumption (2.2), the matrix G is positive semi-definite. In addition, if

B is a full column rank matrix, G is positive definite. Even if in the positive

semi-definite case, we also use ‖w − w̃‖G to denote

‖w − w̃‖G =
√

(w − w̃)TG(w − w̃).

If B is a full column rank matrix, G is positive definite.

Lemma 2.3 Let wk+1 = (xk+1, yk+1, λk+1) ∈ Ω be generated by (2.1) from

the given wk = (xk, yk, λk). Then, we have

(wk+1 − w∗)TG(wk − wk+1) ≥ 0, ∀ w∗ ∈ Ω∗, (2.14)
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and consequently

‖wk+1 − w∗‖2G ≤ ‖wk − w∗‖2G − ‖wk − wk+1‖2G, ∀ w∗ ∈ Ω∗. (2.15)

Proof. Assertion (2.14) follows from (2.10) and (2.11) directly. By using (2.14), we

have

‖wk − w∗‖2G = ‖(wk+1 − w∗) + (wk − wk+1‖2G
= ‖wk+1 − w∗‖2G + 2(wk+1 − w∗)TG(wk − wk+1)

+‖wk − wk+1‖2G
≥ ‖wk+1 − w∗‖2G + ‖wk − wk+1‖2G,

and thus (2.15) is proved. 2

The inequality (2.15) is essential for the convergence of the alternating direction

method. Note that G is positive semi-definite.

‖wk − wk+1‖2G = 0 ⇐⇒ G(wk − wk+1) = 0.
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The inequality (2.15) can be written as

‖xk+1 − x∗‖2(rI−βATA) + β‖B(yk+1 − y∗)‖2 +
1

β
‖λk+1 − λ∗‖2

≤ ‖xk − x∗‖2(rI−βATA) + β‖B(yk − y∗)‖2 +
1

β
‖λk − λ∗‖2

−
(
‖xk − xk+1‖2(rI−βATA) + β‖B(yk − yk+1)‖2 +

1

β
‖λk − λk+1‖2

)
.

It leads to that

lim
k→∞

xk = x∗, lim
k→∞

Byk = By∗ and lim
k→∞

λk = λ∗.

The linearizing ADM is also known as the split inexact Uzawa method in image

processing literature [9, 10].
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3 Self-Adaptive ADM-based Contraction Method

In the last section, we get xk+1 by solving the following x-subproblem:

min
{
θ1(x) + βxTAT (Axk +Byk − b− 1

βλ
k) +

r

2
‖x− xk‖2

∣∣ x ∈ X
}

and it required that the parameter r to satisfy

rIn − βATA � 0 ⇐⇒ r > βλmax(ATA).

In some practical problem, a conservative estimation of λmax(ATA) will leads a

slow convergence. In this section, based on the linearized ADM, we consider the

self-adaptive contraction methods. Each iteration of the self-adaptive contraction

methods consists of two steps–prediction step and correction step. From the

given wk, the prediction step produces a test vector w̃k and the correction step

offers the new iterate wk+1.
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3.1 Prediction

1. First, for given (xk, yk, λk), x̃k is the solution of the following problem

x̃k = Argmin

( {
θ1(x) + βxTAT (Axk +Byk − b− 1

βλ
k)

+ r
2‖x− xk‖2

∣∣ x ∈ X
}

)

(3.1a)

2. Then, use λk and the obtained x̃k, ỹk is the solution of the problem

ỹk = Argmin

{
θ2(y)− (λk)T (Ax̃k +By − b)

+β
2 ‖Ax̃k +By − b‖2

∣∣∣∣∣y ∈ Y
}

(3.1b)

3. Finally,

λ̃k = λk − β(Ax̃k +Bỹk − b). (3.1c)

The subproblems in (3.1) are similar as in (2.1). Instead of (xk+1, yk+1, λk+1)

in (2.1), we denote the output of (3.1) by (x̃k, ỹk, λ̃k).
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Requirements on parameters β, r For given β > 0, choose r such that

β‖ATA(xk − x̃k)‖ ≤ νr‖xk − x̃k‖, ν ∈ (0, 1). (3.2)

If rI − βATA � 0, then (3.2) is satisfied. Thus, (2.2) is sufficient for (3.2).

Analysis of the optimal conditions of subproblems in (3.1)

Because we get w̃k in (3.1) via substituting wk+1 in (2.1) by w̃k. Therefore,
similar as (2.5), we get

θ(u)− θ(ũk) +




x− x̃k

y − ỹk

λ− λ̃k




T






−AT λ̃k

−BT λ̃k

Ax̃k +Bỹk − b


+ β




AT

BT

0


B(yk − ỹk)

+




rIn1 − βATA 0 0

0 βBTB 0

0 0 1
β
Im







x̃k − xk

ỹk − yk

λ̃k − λk







≥ 0, ∀w ∈ Ω.
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The last variational inequality can be rewritten as

w̃k ∈ Ω, θ(u)− θ(ũk) + (w − w̃k)T

{
F (w̃k) + η(yk, ỹk) +HM(w̃k − wk)

}
≥ 0, ∀w ∈ Ω, (3.3)

where

η(yk, ỹk) = β




AT

BT

0


B(yk − ỹk), (3.4)

H =




rIn1
0 0

0 βBTB 0

0 0 1
β Im


 , (3.5)
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and

M =




In1
− β

rA
TA 0 0

0 In2
0

0 0 Im


 . (3.6)

Based on the above analysis, we have the following lemma.

Lemma 3.1 Let w̃k = (x̃k, ỹk, λ̃k) ∈ Ω be generated by (3.1) from the given

wk = (xk, yk, λk). Then, we have

(w̃k − w∗)THM(wk − w̃k) ≥ (w̃k − w∗)T η(yk, ỹk), ∀w∗ ∈ Ω∗. (3.7)

Proof. Setting w = w∗ in (3.3), we obtain

(w̃k − w∗)THM(wk − w̃k)

≥ (w̃k − w∗)T η(yk, ỹk)

+θ(ũk)− θ(u∗) + (w̃k − w∗)TF (w̃k). (3.8)
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Since F is monotone and w̃k ∈ Ω, it follows that

θ(ũk)− θ(u∗) + (w̃k − w∗)TF (w̃k)

≥ θ(ũk)− θ(u∗) + (w̃k − w∗)TF (w∗) ≥ 0.

The last inequality is due to w̃k ∈ Ω and w∗ ∈ Ω∗ is a solution of (1.3).

Substituting it in the right hand side of (3.8), the lemma is proved. 2

In addition, because Ax∗ +By∗ = b and β(Ax̃k +Bỹk − b) = λk − λ̃k,

we have

(w̃k − w∗)T η(yk, ỹk)

= (B(yk − ỹk))Tβ{(Ax̃k +Bỹk)− (Ax∗ +By∗)}
= (λk − λ̃k)TB(yk − ỹk). (3.9)

Lemma 3.2 Let w̃k = (x̃k, ỹk, λ̃k) ∈ Ω be generated by (3.1) from the given

wk = (xk, yk, λk). Then, we have

(wk − w∗)THM(wk − w̃k) ≥ ϕ(wk, w̃k), ∀ w∗ ∈ Ω∗, (3.10)
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where

ϕ(wk, w̃k) = (wk−w̃k)THM(wk−w̃k)+(λk−λ̃k)TB(yk−ỹk). (3.11)

Proof. From (3.7) and (3.9) we have

(w̃k − w∗)THM(wk − w̃k) ≥ (λk − λ̃k)TB(yk − ỹk).

Assertion (3.10) follows from the last inequality and the definition of ϕ(wk, w̃k)

directly. 2

3.2 The Primary Contraction Methods

The primary contraction methods use M(wk − w̃k) as search direction and the

unit step length. In other words, the new iterate is given by

wk+1 = wk −M(wk − w̃k). (3.12)
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According to (3.6), it can be written as



xk+1

yk+1

λk+1


 =




x̃k + β
rA

TA(xk − x̃k)

ỹk

λ̃k


 . (3.13)

In the primary contraction method, only the x-part of the corrector is different

from the predictor. In the method of Section 2, we need r ≥ β‖ATA‖. By

using the method in this section, we need only a r to satisfy the condition (3.2).

In practical computation, we try to use the average of the eigenvalues of βATA.

Using (3.10), we have

‖wk − w∗‖2H − ‖wk+1 − w∗‖2H
= ‖wk − w∗‖2H − ‖(wk − w∗)−M(wk − w̃k)‖2H
= 2(wk − w∗)THM(wk − w̃k)− ‖M(wk − w̃k)‖2H
≥ 2ϕ(wk, w̃k)−‖M(wk − w̃k)‖2H . (3.14)

XII - 24

Because (ỹk, λ̃k) = (yk+1, λk+1), the inequality (2.11) is still holds and thus

(λk − λ̃k)TB(yk − ỹk) ≥ 0.

Therefore, it follows from (3.14) , (3.11) and the last inequality that

‖wk − w∗‖2H − ‖wk+1 − w∗‖2H
≥ 2(wk − w̃k)THM(wk − w̃k)−‖M(wk − w̃k)‖2H . (3.15)

Lemma 3.3 Under the condition (3.2), we have

2(wk − w̃k)THM(wk − w̃k)−‖M(wk − w̃k)‖2H
≥ (1− ν2)r‖xk − x̃k‖2 + β‖B(yk − ỹk)‖2 + 1

β ‖λk − λ̃k‖2.(3.16)

Proof. First, we have

2(wk − w̃k)THM(wk − w̃k)−‖M(wk − w̃k)‖2H
= (wk − w̃k)T

(
MTH +HM −MTHM

)
(wk − w̃k).
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By using the structure of the matrices H and M (see (3.5) and (3.6)), we obtain

MTH +HM −MTHM = H − (I −MT )H(I −M)

=




rIn 0 0

0 βBTB 0

0 0 1
β Im


−




r(βrA
TA)2 0 0

0 0 0

0 0 0


 .

Therefore,

2(wk − w̃k)THM(wk − w̃k)−‖M(wk − w̃k)‖2H
= ‖wk − w̃k‖2H − r

(
β2

r2

)
‖ATA(xk − x̃k)‖2. (3.17)

Under the condition (3.2), we have
(
β2

r2

)
‖ATA(xk − x̃k)‖2 ≤ ν2‖xk − x̃k‖2.

Substituting it in (3.17), the assertion of this lemma is proved. 2

Theorem 3.1 Let w̃k = (x̃k, ỹk, λ̃k) ∈ Ω be generated by (3.1) from the given
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wk = (xk, yk, λk) and the new iterate wk+1 is given by (3.12). The sequence

{wk = (xk, yk, λk)} generated by the elementary contraction method satisfies

‖wk+1 − w∗‖2H ≤ ‖wk − w∗‖2H − (1− ν2)‖wk − w̃k‖2H . (3.18)

Proof. From (3.15) and (3.16) we obtain

‖wk − w∗‖2H − ‖wk+1 − w∗‖2H
≥ (1− ν2)r‖xk − x̃k‖2 + β‖B(yk − ỹk)‖2 + 1

β ‖λk − λ̃k‖2

≥ (1− ν2)‖wk − w̃k‖2H .

The assertion of this theorem is proved. 2

Theorem 3.1 is essential for the convergence of the primary contraction method.
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3.3 The general contraction method

The general contraction method For given wk, we use

w(α) = wk − αM(wk − w̃k) (3.19)

to update the α-dependent new iterate. For any w∗ ∈ Ω∗, we define

ϑ(α) := ‖wk − w∗‖2H − ‖w(α)− w∗‖2H (3.20)

and

q(α) = 2αϕ(wk, w̃k)− α2‖M(wk − w̃k)‖2H , (3.21)

where ϕ(wk, w̃k) is defined in (3.11).

Theorem 3.2 Let w(α) be defined by (3.19). For any w∗ ∈ Ω∗ and α ≥ 0, we

have

ϑ(α) ≥ q(α), (3.22)

where ϑ(α) and q(α) are defined in (3.20) and (3.21), respectively.
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Proof. It follows from (3.19) and (3.20) that

ϑ(α) = ‖wk − w∗‖2H − ‖(wk − w∗)− αM(wk − w̃k)‖2H
= 2α(wk − w∗)THM(wk − w̃k)− α2‖M(wk − w̃k)‖2H .

By using (3.10) and the definition of q(α), the theorem is proved. 2

Note that q(α) in (3.21) is a quadratic function of α and it reaches its maximum at

α∗ =
ϕ(wk, w̃k)

‖M(wk − w̃k)‖2H
. (3.23)

In practical computation, we use

wk+1 = wk − γα∗kM(wk − w̃k), (3.24)

to update the new iterate, where γ ∈ [1, 2) is a relaxation factor. By using (3.20)

and (3.22), we have

‖wk+1 − w∗‖2H ≤ ‖wk − w∗‖2H − q(γα∗k). (3.25)
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Note that

q(γα∗k) = 2γα∗kϕ(wk, w̃k)− (γα∗k)2‖M(wk − w̃k)‖2H . (3.26)

Using (3.23) and (3.24), we obtain

q(γα∗k) = γ(2− γ)(α∗k)2‖M(wk − w̃k)‖2H =
2− γ
γ
‖wk − wk+1‖2H ,

and consequently it follows from (3.25) that

‖wk+1 − w∗‖2H ≤ ‖wk − w∗‖2H −
2− γ
γ
‖wk − wk+1‖2H , ∀w∗ ∈ Ω∗.

(3.27)

On the other hand, it follows from (3.23) and (3.26) that

q(γα∗k) = γ(2− γ)α∗kϕ(wk, w̃k). (3.28)
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By using (3.11) and (3.16), we obtain

2ϕ(wk, w̃k)− ‖M(wk − w̃k)‖2H
= 2(wk − w̃k)THM(wk − w̃k)− ‖M(wk − w̃k)‖2H

+2(λk − λ̃k)TB(yk − ỹk)

≥ (1− ν2)r‖xk − x̃k‖2 + β‖B(yk − ỹk)‖2 + 1
β ‖λk − λ̃k‖2

+2(λk − λ̃k)TB(yk − ỹk)

= (1− ν2)r‖xk − x̃k‖2 + β‖B(yk − ỹk) + 1
β (λk − λ̃k)‖2.

Thus, we have 2ϕ(wk, w̃k) > ‖M(wk − w̃k)‖2H and consequently

α∗k >
1

2
.
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In addition, because

ϕ(wk, w̃k) = (wk − w̃k)THM(wk − w̃k) + (λk − λ̃k)TB(yk − ỹk)

=




xk − x̃k

yk − ỹk

λk − λ̃k




T 


rIn1 − βATA 0 0

0 βBTB 1
2B

T

0 1
2B

1
β Im







xk − x̃k

yk − ỹk

λk − λ̃k




≥ ‖xk − x̃k‖ ·
(
r‖xk − x̃k‖ − β‖ATA(xk − x̃k)‖

)

+
1

2


y

k − ỹk

λk − λ̃k



T 
βBTB 0

0 1
β Im




y

k − ỹk

λk − λ̃k


 .

Under the condition (3.2), it follows from the last inequality that

ϕ(wk, w̃k) ≥ min
{

(1− ν),
1

2

}
‖wk − w̃k‖2H

≥ 1− ν
2
‖wk − w̃k‖2H . (3.29)
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By using (3.25), (3.28), (3.29) and α∗k ≥ 1
2 , we obtain the following theorem for

the general contraction method.

Theorem 3.3 The sequence {wk = (xk, yk, λk)} generated by the general

contraction method satisfies

‖wk+1 − w∗‖2H
≤ ‖wk − w∗‖2H − γ(2−γ)(1−ν)

4 ‖wk − w̃k‖2H , ∀w∗ ∈ Ω∗. (3.30)

The inequality (3.30) in Theorem 3.3 is essential for the convergence of the

general contraction method.

Both the inequalities (3.18) and (3.30) can be written as

‖wk+1 − w∗‖2H ≤ ‖wk − w∗‖2H − c0‖wk − w̃k‖2H , ∀w∗ ∈ Ω∗,
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where c0 > 0 is a constant. Therefore, we have

r‖xk+1 − x∗‖2 + β‖B(yk+1 − y∗)‖2 +
1

β
‖λk+1 − λ∗‖2

≤ r‖xk − x∗‖2 + β‖B(yk − y∗)‖2 +
1

β
‖λk − λ∗‖2

−c0
(
r‖xk − x̃k‖2 + β‖B(yk − ỹk)‖2 +

1

β
‖λk − λ̃k‖2

)
.

It leads to that

lim
k→∞

(
r‖xk − x̃k‖2 + β‖B(yk − ỹk)‖2 +

1

β
‖λk − λ̃k‖2

)
,

and

lim
k→∞

xk = x∗, lim
k→∞

Byk = By∗ and lim
k→∞

λk = λ∗.
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4 Applications in l1-norm problems

An important l1-norm problem in the area machine learning is the l1 regularized

linear regression, also called the lasso [8]. This involves solving

min τ‖x‖1 + 1
2‖Ax− b‖22, (4.1)

where τ > 0 is a scalar regularization parameter that is usually chosen by

cross-validation. In typical applications, there are many more features than

training examples, and the goal is to find a parsimonious model for the data. The

problem (1.1) can be reformulated to problem

min τ‖x‖1 + 1
2‖y‖22

Ax− y = b
(4.2)

which is a form of (1.1). Applied the alternating direction method (1.4) to the

problem (4.2), the x-subproblem is

xk+1 = Argmin {τ‖x‖1 + β
2 ‖(Ax− yk)− 1

βλ
k‖22},

245



XII - 35

and the solution does not has closed form. Applied the linearized alternating

direction method (2.1) to the problem (4.2), the x-subproblem (2.1a) is

x̃k = Argmin{τ‖x‖1 + r
2‖x− [xk + 1

rλ
k − β

rA
T (Axk − yk)]‖2}. (4.3)

This problem is form of (1.5) and its solution has the following closed form:

x̃k = a− P
B
τ/r
∞

[a], where a = xk + 1
rλ

k − β
rA

T (Axk − yk)

and

Bτ/r∞ = {ξ ∈ <n| − (τ/r)e ≤ ξ ≤ (τ/r)e}.
By using the linearized alternating direction method in Section 2, for given β > 0,

it needs r > βλmax(ATA). By using the self-adaptive ADM-based contraction

method in Section 3, it needs r to satisfy

β‖ATA(xk − x̃k)‖ ≤ νr‖xk − x̃k‖, ν ∈ (0, 1).

Because A is a generic matrix, the above condition is satisfied even if r is much

less than βλmax(ATA).
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The context of this lecture is based on the manuscript [2]
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1 Structured constrained convex optimization

We consider the following structured constrained convex optimization problem

min {θ1(x) + θ2(y) |Ax+By = b, x ∈ X , y ∈ Y} (1.1)

where θ1(x) : <n1 → <, θ2(y) : <n2 → < are convex functions (but not

necessary smooth), A ∈ <m×n1 , B ∈ <m×n2 and b ∈ <m, X ⊂ <n1 ,

Y ⊂ <n2 are given closed convex sets.

The task of solving the problem (1.1) is to find an (x∗, y∗, λ∗) ∈ Ω, such that




θ1(x)− θ1(x∗) + (x− x∗)T (−ATλ∗) ≥ 0,

θ2(y)− θ2(y∗) + (y − y∗)T (−BTλ∗) ≥ 0,

(λ− λ∗)T (Ax∗ +By∗ − b) ≥ 0,

∀ (x, y, λ) ∈ Ω, (1.2)

where

Ω = X × Y × <m.
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By denoting

u =


 x

y


 , w =




x

y

λ


 , F (w) =




−ATλ
−BTλ

Ax+By − b




and

θ(u) = θ1(x) + θ2(y),

the first order optimal condition (1.2) can be written in a compact form such as

w∗ ∈ Ω, θ(u)−θ(u∗)+(w−w∗)TF (w∗) ≥ 0, ∀w ∈ Ω. (1.3)

Note that the mapping F is monotone. We use Ω∗ to denote the solution set of

the variational inequality (1.3). For convenience we use the notations

v =


 y

λ


 and V∗ = {(y∗, λ∗) | (x∗, y∗, λ∗) ∈ Ω∗}.
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Applied ADMM to the structure VI (yk, λk)⇒ (yk+1, λk+1)

First, for given (yk, λk), x̃k is the solution of the following problem

x̃k = Argmin

{
θ1(x)− (λk)T (Ax+Byk − b)

+β
2 ‖Ax+Byk − b‖2

∣∣∣∣∣x ∈ X
}

(1.4a)

Use λk and the obtained x̃k , ỹk is the solution of the following problem

ỹk = Argmin

{
θ2(y)− (λk)T (Ax̃k +By − b)

+β
2 ‖Ax̃k +By − b‖2

∣∣∣∣∣y ∈ Y
}

(1.4b)

λ̃k = λk − β(Ax̃k +Bỹk − b). (1.4c)

The sub-problems (1.4a) and (1.4b) are separately solved.

Classical Alternating Direction Method of Multipliers:
vk+1 = ṽk.
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2 ADMM based customized PPA

The k-th iteration of the proposed Alternating Direction Method of Multipliers in
this section is also from a pair of (yk, λk) to a new pair of (yk+1, λk+1). In the

prediction step, we generate a w̃k = (x̃k, ỹk, λ̃k) which satisfies

w̃k ∈ Ω, θ(u)−θ(ũk)+(w−w̃k)T {F (w̃k)+Q(ṽk−vk)} ≥ 0, ∀w ∈ Ω, (2.1)

where Q is a 3× 2 block matrix whose first low is zero, and the rest sub-matrix

is symmetric and positive semi-definite. In details, the matrices Q and M have

the following forms

Q =




0 0

βBTB −BT

−B 1
β Im


 and H =


 βBTB −BT

−B 1
β Im


 . (2.2)

Note that the matrix H is symmetric and positive semidefinite. If we replace

Q(ṽk − vk) by G(w̃k − wk) with a symmetric positive definite matrix G, then

(2.1) becomes a sub-problem of the proximal point algorithm. Thus, the method in
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this lecture is called the ADMM-based customized PPA or Alternating direction

method in the sense of customized PPA.

2.1 Motivation

In the classical ADMM, x is the intermediate variable. For given (yk, λk), we

denote the the minimizer of the augmented Lagrangian function by x̃k, i. e.,

x̃k = Argmin{θ1(x)−(λk)T (Ax+Byk−b)+ β
2 ‖Ax+Byk−b‖2 |x ∈ X}.

(2.3)
Thus, we have x̃k ∈ X and

θ1(x)− θ1(x̃k) + (x− x̃k)T
{
−ATλk+βAT

(
Ax̃k +Byk − b

)}
≥ 0, ∀ x ∈ X .

If we write the above variational inequality as

θ1(x)− θ1(x̃k) + (x− x̃k)T {−AT λ̃k} ≥ 0, ∀ x ∈ X , (2.4)

it implies that

λ̃k = λk − β(Ax̃k +Byk − b). (2.5)
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According to the above definition, for any ỹk ∈ Y , we have

(Ax̃k +Bỹk − b)−B(ỹk − yk) + 1
β (λ̃k − λk) = 0. (2.6)

Combining (2.4) and (2.6) together, we get (x̃k, λ̃k) ∈ X × <m,

θ1(x)− θ1(x̃k)

+


x− x̃

k

λ− λ̃k



T



 −AT λ̃k

Ax̃k +Bỹk − b


+


 0 0

−B 1
β




 ỹ

k − yk

λ̃k − λk





 ≥ 0, (2.7)

for all (x, λ) ∈ X × <m. In order to get w̃k ∈ Ω, such that



(
θ1(x)− θ1(x̃k)

)
+

(
θ2(y)− θ2(ỹk)

)


+



x− x̃k
y − ỹk
λ− λ̃k




T 






−AT λ̃k
−BT λ̃k

Ax̃k +Bỹk − b




+




0 0

βBTB −BT
−B 1

β





 ỹ

k − yk

λ̃k − λk







≥ 0, ∀w ∈ Ω, (2.8)
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we need only to find ỹk ∈ Y , such that

ỹk ∈ Y,
(
θ2(y)− θ2(ỹk)

)
+ (y − ỹk)T

{
−BT λ̃k +BT

(
βB(ỹk − yk)− (λ̃k − λk)

)}
≥ 0, ∀ y ∈ Y. (2.9)

By using (2.5), we have

βB(ỹk − yk)− (λ̃k − λk) = β
(
Ax̃k +Bỹk − b

)
.

Thus, the variational inequality (2.9) is
(
θ2(y)−θ2(ỹk)

)
+(y− ỹk)T

{
−BT λ̃k+βBT

(
Ax̃k+Bỹk−b

)}
≥ 0, ∀ y ∈ Y.

For given x̃k and the defined λ̃k in (2.5), such a ỹk can be obtained via solving

the following convex optimization problem:

ỹk = Argmin{θ2(y) + β
2 ‖Ax̃k +By − b− 1

β λ̃
k‖2 | y ∈ Y}. (2.10)

The above analysis guides us to construct the ADMM based customized PPA.
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2.2 The proposed ADMM based customized PPA

From given vk = (yk, λk), the prediction step produces w̃k = (x̃k, ỹk, λ̃k).

The prediction step:

1. First, for given (yk, λk), x̃k is the solution of the following problem

x̃k = Argmin{θ1(x) + β
2 ‖Ax+Byk− b− 1

βλ
k‖2 |x ∈ X} (2.11a)

2. Set the multipliers by

λ̃k = λk − β(Ax̃k +Byk − b). (2.11b)

3. Finally, use the obtained x̃k and λ̃k, find ỹk by

ỹk = Argmin{θ2(y) + β
2 ‖Ax̃k +By− b− 1

β λ̃
k‖2 | y ∈ Y} (2.11c)

In the ADMM view of point, we generate the predictor in the order

x̃k, λ̃k and ỹk.
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As illustrated in the motivation, we get (2.8). This variational inequality can be

written in the form of

w̃k ∈ Ω, (w − w̃k)T {F (w̃k) +Q(ṽk − vk)} ≥ 0, ∀w ∈ Ω, (2.12)

where Q is just the same matrix defined in (2.2). The above variational inequality

is essential in the unified framework of the contraction methods.

The correction step: Update the new iterate vk+1 by

vk+1 = vk − γ(vk − ṽk), γ ∈ (0, 2). (2.13)

To get the new iterate vk+1, this method does not need to calculate the step size.

2.3 Convergence of the ADMM in sense of customized PPA

Based on the analysis in the last subsection, we have the following lemma.

Lemma 2.1 Let w̃k = (x̃k, ỹk, λ̃k) ∈ Ω be generated by (2.11) from the given
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vk = (yk, λk). Then, we have

(w̃k − w∗)TQ(vk − ṽk) ≥ 0, ∀w∗ ∈ Ω∗, (2.14)

where the matrix Q is defined in (2.2).

Proof. Setting (x, y, λ) = (x∗, y∗, λ∗) in (2.8), we obtain

(w̃k − w∗)TQ(vk − ṽk) ≥ θ(ũk)− θ(u∗) + (w̃k − w∗)TF (w̃k). (2.15)

Since F is monotone and w̃k ∈ Ω, it follows that

θ(ũk)− θ(u∗) + (w̃k − w∗)TF (w̃k)

≥ θ(ũk)− θ(u∗) + (w̃k − w∗)TF (w∗) ≥ 0.

The last inequality is due to w̃k ∈ Ω and w∗ ∈ Ω∗ (see (1.3)). Therefore, the

right hand side of (2.15) is non-negative and the lemma is proved. 2

Lemma 2.2 Let w̃k = (x̃k, ỹk, λ̃k) ∈ Ω be generated by (2.11) from the given
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vk = (yk, λk). Then, we have

(vk − v∗)TH(vk − ṽk) ≥ ‖vk − ṽk‖2H , ∀ v∗ ∈ V∗, (2.16)

where H is defined in (2.2).

Proof. Recall the matrices Q and H in (2.2). It follows from (2.14) that

(ṽk − v∗)TH(vk − ṽk) ≥ 0, ∀ v∗ ∈ V∗.

Assertion (2.16) follows from the last inequality directly. 2

The matrix H is symmetric and positive semi-definite. We still use ‖v − ṽ‖H to

denote that

‖v − ṽ‖H =
√

(v − ṽ)TH(v − ṽ).

If ‖vk − ṽk‖2H = 0, because H is symmetric and positive semi-definite, we

have H(vk − ṽk) = 0. In this case, w̃k is a solution of the variational inequality

(see (1.2) and (2.8)). Thus, we can take ‖vk − ṽk‖2H ≤ ε as the stopping

criterium in the iteration process.
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Theorem 2.1 Let w̃k = (x̃k, ỹk, λ̃k) ∈ Ω be generated by (2.11) from the

given vk = (yk, λk) and the new iterate vk+1 be given by (2.13). Then we have

‖vk+1−v∗‖2H ≤ ‖vk−v∗‖2H −γ(2−γ)‖vk− ṽk‖2H , ∀ v∗ ∈ V∗. (2.17)

Proof. By a simple manipulation, we obtain

‖vk+1 − v∗‖2H
(2.16)
= ‖(vk − v∗)− γ(vk − ṽk)‖2H
= ‖vk − v∗‖2H − 2γ(vk − v∗)TH(vk − ṽk) + γ2‖vk − ṽk‖2H

(2.13)
≤ ‖vk − v∗‖2H − 2γ‖vk − ṽk‖2H + γ2‖vk − ṽk‖2H
= ‖vk − v∗‖2H − γ(2− γ)‖vk − ṽk‖2H .

This is true for any v∗ ∈ V∗ and the theorem is proved. 2

The inequality (2.17) is essential for the convergence of the proposed alternating

direction method. The detailed convergence proof can be found in [2]. For the

convergence rate of the customized PPA, the reader are refereed to [6].
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2.4 Ensure the matrix H to be positive definite

In the ADMM based customized PPA (2.11), the subproblem (2.11c) can be

written as

ỹk = Argmin{θ2(y) + β
2 ‖By − pk‖2 | y ∈ Y}, (2.18)

where

pk = b+ 1
β λ̃

k −Ax̃k.
If we add an additional term δβ

2 ‖B(y − yk)‖2 (with any small δ > 0) to the

objective function of the subproblem (2.11c), we will get ỹk via

ỹk = Argmin{θ2(y) + β
2 ‖By − pk‖2 + δβ

2 ‖B(y − yk)‖2 | y ∈ Y}.

By a manipulation, the solution point of the above subproblem is obtained via

ỹk = Argmin{θ2(y) + (1+δ)β
2 ‖By − qk‖2 | y ∈ Y}, (2.19)

where

qk = 1
1+δ (pk + δByk).
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In this way, the matrix Q in (2.12) will be modified to

Q =




0 0

(1 + δ)βBTB −BT

−B 1
β Im


 ,

and the related matrix H in (2.2) becomes

H =


 (1 + δ)βBTB −BT

−B 1
β Im




=



√
βBT 0

0
√

1
β Im






(1 + δ)I −I

−I Im





√
βB 0

0
√

1
β Im


 .(2.20)

Thus, for any δ > 0, H is positive definite when B is a full rank matrix. In other

words, instead of (2.18), using (2.19) to get ỹk, it will ensure the positivity of H

theoretically. However, in practical computation, it works still well by using δ = 0.
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3 Application and Numerical Experiments

3.1 Applications to least-squares problems

We consider the following problem:

min{1

2
‖X − C‖2F |X ∈ Sn+ ∩ SB}, (3.1)

where

Sn+ = {H ∈ Rn×n |HT = H, H � 0}.
and

SB = {H ∈ Rn×n |HT = H, HL ≤ H ≤ HU}.

Use the following MATLAB Code to produce the matrices C , HL and HU

rand(’state’,0); C=rand(n,n); C=(C’+C)-ones(n,n)+eye(n);

%% C is symmetric and C_{ij} is in (-1,1), C_{jj} is in (0,2)

HU=ones(n)*0.1; HL=-HU; for i=1:n HU(i,i)=1; HL(i,i)=1; end;
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The problem is converted to the following equivalent one:

min 1
2‖X − C‖2 + 1

2‖Y − C‖2

s.t X − Y = 0,

X ∈ Sn+, Y ∈ SB .
(3.2)

The basic sub-problems in the ADMM based customized PPA

• For fixed Y k and Zk,

X̃k = Argmin{1

2
‖X −C‖2F −Tr(ZkX) +

β

2
‖X − Y k‖2F | X ∈ Sn+}

• Set Z̃k by

Z̃k = Zk − β(X̃k − Y k).

• With fixed X̃k and Z̃k,

Ỹ k = Argmin{1

2
‖Y − C‖2F + Tr(Z̃kY ) +

β

2
‖X̃k − Y ‖2F | Y ∈ SB}
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X̃k can be directly obtained via

X̃k = PSn+
{ 1

1 + β
(βY k + Zk + C)

}
. (3.3)

PSn+(A) = UΛ+UT , [U,Λ] = eig(A), Λ+ = max(Λ, 0).

Similarly, Ỹ k in is given by

Ỹ k = PSB
{ 1

1 + β
(βX̃k − Z̃k + C)

}
. (3.4)

SB = {H |HL ≤ H ≤ HU}, PSB (A) = min(max(HL, A), HU )

The most time consuming calculation is [U,Λ] = eig(A), 9n3
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MATLAB Code – An iteration of the classical ADMM
Y0= Y; Z0 = Z; k = k+1;

X = (Y0*beta+Z0+C)/(1+beta); [V,D] = eig(X); D = max(0,D);

X = (V*D)*V’;

Y = min(max((X*beta-Z0+C)/(1+beta),HL),HU);

Z = Z0-(X-Y)*beta;

MATLAB Code – An iteration of the new order ADMM
Y0= Y; Z0 = Z; k = k+1;

X = (Y0*beta+Z0+C)/(1+beta); [V,D] = eig(X); D = max(0,D);

X = (V*D)*V’; Z = Z0-(X-Y0)*beta;;

Y = min(max((X*beta-Z+C)/(1+beta),HL),HU);

MATLAB Code – An iteration of the extended ADMM
Y0= Y; Z0 = Z; k = k+1;

X = (Y0*beta+Z0+C)/(1+beta); [V,D] = eig(X); D = max(0,D);

X = (V*D)*V’; Z = Z0-(X-Y0)*beta;;

Y = min(max((X*beta-Z+C)/(1+beta),HL),HU);

Y = Y0-(Y0-Y)*1.5;

Z = Z0-(Z0-Z)*1.5;
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Numerical results for problem (3.1)

C=rand(n,n); C=(C’+C)-ones(n,n) + eye(n)

HU=ones(n,n)/10; HL=-ones(n,n)/10; HU (jj) = HL(jj)=1.

Table 1. Numerical results

n× n Matrix Classical ADMM Customized PPA Extended C-PPA

n = No. It CPU Sec. No. It CPU Sec. No. It CPU Sec. β

100 46 1.39 44 1.37 28 0.94 5

200 50 3.07 50 3.05 31 4.41 10

500 48 25.50 49 24.52 32 16.50 10

800 51 110.18 50 107.29 33 72.12 10

1000 51 208.93 52 212.74 34 140.70 10

2000 55 1578.96 55 1579.68 36 1053.87 10
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3.2 Applications to image restoration

The mathematical form of the image restoration problem is

min ‖|∇x|‖1 +
µ

2
‖Kx− f‖2, (3.5)

where µ > 0 is trade-off; K is a blur operator and f is observed image.

The equivalent problem:

min ‖|y|‖1 +
µ

2
‖Kx− f‖2 (3.6)

s. t. ∇x = y,

This is a problem of form (1.1) where X , Y are full spaces,

θ1(x) =
µ

2
‖Kx− f‖2,

θ2(y) = ‖|y|‖1,
A = ∇, B = −I and b = 0.
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The augmented Lagrangian function

LA(x, y, λ) = ‖|y|‖1 +
µ

2
‖Kx− f‖2 − λT (∇x− y) +

β

2
‖∇x− y‖2,

where λ is Lagrange multiplier and β is the penalty parameter.

For given (yk, λk), get (x̃k, ỹk, λ̃k) as follows:

1. x̃k is the solution of the following least square problem

x̃k = arg min
x

{
µ
2 ‖Kx− f‖2 − (λk)T (∇x− yk) + β

2 ‖∇x− yk‖2
}
.

2. Set λ̃k by

λ̃k = λk − β(∇x̃k − yk).

3. Finally, with fixed (x̃k, λ̃k), ỹk are solutions of

ỹk = arg min
y

{
‖|y|‖1 − (λ̃k)T (∇x̃k − y) + β

2 ‖∇x̃k − y‖2
}
.
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Solving the x subproblem for getting x̃k:

(β∇T∇+ µKTK)x̃k = ∇T (βyk + λk) + µKT f.

• If∇ and K satisfy some periodic boundary conditions, they can be factored

by Fourier transform as∇ = F−1ΛDF and K = F−1ΛKF .

• If∇ and K satisfy some reflective boundary conditions, they can be factored

by discrete cosine transform as∇ = C−1ΛDC and K = C−1ΛKC.

Solving the y subproblem for getting ỹk:

ỹk = shrink 1
β

(
∇x̃k − λ̃k

β

)
,

where

shrinkc(v) = v −min(c, ‖v‖) v

‖v‖ .
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Note that

shrinkc(v) = v − PBc2 (v) where Bc2 = {v ∈ <n|‖v‖2 ≤ c}.

MATLAB Code – An iteration of the classical ADMM
%%%%%%%%%%%%%%%%%%%% step 1 xˆ{k+1} %%%%%%%%%%%%%%%%%%%%%%

Temp= PTx(beta*v1+lbd11) + PTy(beta*v2+lbd12) + HTx0;

un = real(ifft2(fft2(Temp)./MDu));

%%%%%%%%%%%%%%%%%%%% step 2 yˆ{k+1} %%%%%%%%%%%%%%%%%%%%%%

dxun= Px(un);

dyun= Py(un);

sk1 = dxun - lbd11/beta;

sk2 = dyun - lbd12/beta;

nsk = sqrt(sk1.ˆ2 + sk2.ˆ2); nsk(nsk==0)=1;

nsk = max(1-1./(beta*nsk),0);

vn1 = sk1.*nsk;

vn2 = sk2.*nsk;

%%%%%%%%%%%%%%%%%%%% update \lambda %%%%%%%%%%%%%%%%%%%%%%

lbdn11 = lbd11 - beta*(dxun - vn1);

lbdn12 = lbd12 - beta*(dyun - vn2);

%%%%%%%%%%%%%%%%%%%% New iterative point %%%%%%%%%%%%%%%%%%%%%%

u = un; v1 = vn1; v2 = vn2; lbd11 = lbdn11; lbd12 = lbdn12;
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MATLAB Code – An iteration of the new order ADMM
%%%%%%%%%%%%%%%%%%%% step 1 xˆ{k+1} %%%%%%%%%%%%%%%%%%%%%%

Temp= PTx(beta*v1+lbd11) + PTy(beta*v2+lbd12) + HTx0;

un = real(ifft2(fft2(Temp)./MDu));

dxun= Px(un);

dyun= Py(un);

%%%%%%%%%%%%%%%%%%%% update \lambda %%%%%%%%%%%%%%%%%%%%%%

lbdn11 = lbd11 - beta*(dxun - v1);

lbdn12 = lbd12 - beta*(dyun - v2);

%%%%%%%%%%%%%%%%%%%% step 2 yˆ{k+1} %%%%%%%%%%%%%%%%%%%%%%

sk1 = dxun - lbdn11/beta;

sk2 = dyun - lbdn12/beta;

nsk = sqrt(sk1.ˆ2 + sk2.ˆ2); nsk(nsk==0)=1;

nsk = max(1-1./(beta*nsk),0);

vn1 = sk1.*nsk;

vn2 = sk2.*nsk;

%%%%%%%%%%%%%%%%%%%% New iterative point %%%%%%%%%%%%%%%%%%%%%%

u = un; v1 = vn1; v2 = vn2; lbd11 = lbdn11; lbd12 = lbdn12;
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MATLAB Code – An iteration of the extended C-PPA
%%%%%%%%%%%%%%%%%%%% step 1 xˆ{k+1} %%%%%%%%%%%%%%%%%%%%%%

Temp= PTx(beta*v1+lbd11) + PTy(beta*v2+lbd12) + HTx0;

un = real(ifft2(fft2(Temp)./MDu));

dxun= Px(un);

dyun= Py(un);

%%%%%%%%%%%%%%%%%%%% update \lambda %%%%%%%%%%%%%%%%%%%%%%

lbdn11 = lbd11 - beta*(dxun - v1);

lbdn12 = lbd12 - beta*(dyun - v2);

%%%%%%%%%%%%%%%%%%%% step 2 yˆ{k+1} %%%%%%%%%%%%%%%%%%%%%%

sk1 = dxun - lbd11/beta;

sk2 = dyun - lbd12/beta;

nsk = sqrt(sk1.ˆ2 + sk2.ˆ2); nsk(nsk==0)=1;

nsk = max(1-1./(beta*nsk),0);

vn1 = sk1.*nsk;

vn2 = sk2.*nsk;

%%%%%%%%%%%%%%%%%% New iterative point %%%%%%%%%%%%%%%%%%%%%

u = un;

v1 = v1 - gamma*(v1-vn1);

v2 = v2 - gamma*(v2-vn2);

lbd11 = lbd11 - gamma*(lbd11-lbdn11);

lbd12 = lbd12 - gamma*(lbd12-lbdn12);
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Numerical results for image restoration

I = double(imread(’chart.tiff’))/255; I = double(imread(’house.png’))/255;

h = fspecial(’disk’,7); x0 = imfilter(I,h,’circular’)+0.02*randn(size(I));

Figure 1: Original and degraded images. Left: Chart. Right: House
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Figure 2: Performances of ADMM and two variants methods on TV-l2. Left: Chart.

Right: House.
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Figure 3: Performances of Algorithm 2 with different values of γ for Chart. Top:

fixed γ. Bottom: random generated γ.
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Figure 4: Restorations. From left column to right column: ADMM, new order ADM-

M, and the extended new order ADMM.
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Table 1: Numerical comparisons of the classical ADMM (ADMM), the customized

PPA and the extended customized PPA for TV-l2 image restoration.

Chart House

ADMM C-PPA E-C-PPA ADMM C-PPA E-C-PPA

γ = 1 γ = 1.8 γ = 1 γ = 1.8

Iter 74 74 42 57 56 33

CPU 2.32 2.29 1.29 2.79 2.75 1.63

SNR 19.01 19.01 19.02 22.11 22.11 22.12

SNR = 20 log10
‖x‖
‖x−I‖ , where x is restoration and I is original image.

It seems that the new order ADMM is so good as the classical one. However, the

extended-ADMM converges much faster than the other both ADMMs.
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4 Linearized ADMM-based PPA Method

Note that the subproblems (2.11a) and (2.11c) in the last section are equivalent to

the problems

x̃k = Argmin
{
θ1(x) + β

2 ‖(Ax+Byk − b)− 1
βλ

k‖2
∣∣x ∈ X

}
(4.1a)

and

ỹk = Argmin
{
θ2(y) + β

2 ‖(Ax̃k +By − b)− 1
β λ̃

k‖2
∣∣y ∈ Y

}
(4.1b)

respectively. In some structured optimization (1.1), the subproblem (4.1a) is easy

because A is usually a scalar matrix. However, to obtain the solution of the

subproblem (4.1b) is expensive in the case that B does not have a special form.

In this lecture, we suppose that only the solution of the problem

min
{
θ2(y) +

s

2
‖y − a‖2 | y ∈ Y

}

has a closed form, and consider to linearize the quadratic function of the

subproblem (4.1b) ADMM in sense of the customized PPA.
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4.1 Linearized alternating direction method

The prediction step:

1. First, for given (xk, yk, λk), solving the x subproblem to get x̃k by

x̃k = Argmin
{
θ1(x) + β

2 ‖(Ax+Byk − b)− 1
βλ

k‖2
∣∣x ∈ X

}

(4.2a)
2. Set the new multipliers by

λ̃k = λk − β(Ax̃k +Byk − b). (4.2b)

3. Finally, use the obtained x̃k and λ̃k, solving the y subproblem to get ỹk by

ỹk = Argmin

( {
θ2(y) + βyTBT (Ax̃k +Byk − b− 1

β λ̃
k)

+ s
2‖y − yk‖2

∣∣ y ∈ Y
}

)
.

(4.2c)
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Request on the parameter s For given β > 0, s should satisfy

sI − βBTB � 0. (4.3)

The correction step: Update the new iterate vk+1 by

vk+1 = vk − γ(vk − ṽk), γ ∈ [1, 2). (4.4)

To get the new iterate vk+1, this method does not need to calculate the step size.

However, it needs to estimate the max-eigenvalue of BTB, i. e., λmax(BTB).

4.2 Analysis in the PPA framework

Note that the solution of (4.2a), x̃k satisfies

x̃k ∈ X , θ1(x)− θ1(x̃k) + (x− x̃k)T

{−ATλk+ βAT (Ax̃k +Byk − b)} ≥ 0, ∀x ∈ X . (4.5)
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Substituting λ̃k (see (4.2b)) in (4.5) (eliminating λk), we get

x̃k ∈ X , θ1(x)− θ1(x̃k) + (x− x̃k)T
{
−AT λ̃k

}
≥ 0, ∀x ∈ X . (4.6)

The solution of (4.2c), ỹk satisfies

ỹk ∈ Y, θ2(y)− θ2(ỹk) + (y − ỹk)T
{
−BT λ̃k

+βBT
(
Ax̃k +Byk − b

)
+ s(ỹk − yk)

}
≥ 0, ∀ y ∈ Y. (4.7)

Note that β(Ax̃k +Byk − b
)

= (λk − λ̃k) (see (4.2b)). Substituting it in

(4.7), we obtain

ỹk ∈ Y, θ2(y)− θ2(ỹk) + (y − ỹk)T
{
−BT λ̃k

−BT (λ̃k − λk) + s(ỹk − yk)
}
≥ 0, ∀ y ∈ Y. (4.8)

From (4.2b) we have

(Ax̃k +Bỹk − b)−B(ỹk − yk) +
1

β
(λ̃k − λk) = 0. (4.9)
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Combining the inequalities (4.6), (4.8) and (4.9), we obtain

θ(u)− θ(ũk) +




x− x̃k

y − ỹk

λ− λ̃k




T






−AT λ̃k

−BT λ̃k

Ax̃k +Bỹk − b




+




0 0

sI −BT

−B 1
β
Im





 ỹk − yk

λ̃k − λk







≥ 0, ∀w ∈ Ω. (4.10)

The last variational inequality can be written in form of w̃k ∈ Ω and

θ(u)−θ(ũk)+ (w− w̃k)T {F (w̃k)+Q(ṽk−vk)} ≥ 0, ∀w ∈ Ω, (4.11)

where

Q =




0 0

sI −BT

−B 1
β Im


 (4.12)
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which is essential in the framework of the PPA contraction methods.

4.3 Convergence of the Linearized ADM-based PPA Method

Based on the analysis in the last subsection, we have the following lemma.

Lemma 4.1 Let w̃k = (x̃k, ỹk, λ̃k) ∈ Ω be generated by (4.2) from the given

vk = (yk, λk). Then, we have

(ṽk − v∗)TG(vk − ṽk) ≥ 0, ∀w∗ ∈ Ω∗, (4.13)

where

G =


 sI −BT

−B 1
β Im


 . (4.14)

Proof. Setting w = w∗ in (4.10), we get

(ṽk − v∗)TG(vk − ṽk) ≥ θ(ũk)− θ(u∗) + (w̃k − w∗)TF (w̃k).
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Since F is monotone and w̃k ∈ Ω, it follows that

θ(ũk)−θ(u∗)+(w̃k−w∗)TF (w̃k) ≥ θ(ũk)−θ(u∗)+(w̃k−w∗)TF (w∗).

The right hand side of the last inequality is non-negative because w̃k ∈ Ω and

w∗ ∈ Ω∗. the assertion follows directly. 2

Lemma 4.2 Let w̃k = (x̃k, ỹk, λ̃k) ∈ Ω be generated by (4.2) from the given

vk = (yk, λk). Then, we have

(vk − v∗)TG(vk − ṽk) ≥ ‖vk − ṽk‖2G, ∀w∗ ∈ Ω∗, (4.15)

where G is defined in (4.14).

Proof. Assertion (4.15) follows from the last inequality directly. 2

Since G is symmetric and positive semi-definite, we have

vk − ṽk = 0 or G(vk − ṽk) = 0,

whenever ‖vk − ṽk‖2G = 0. Therefore, it follows from (4.10) that w̃k is a

solution of the variational inequality when ‖vk − ṽk‖2G = 0.
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Theorem 4.1 Let w̃k = (x̃k, ỹk, λ̃k) ∈ Ω be generated by (4.2) from the given

vk = (yk, λk) and the new iterate wk+1 be given by (4.4). Then we have

‖vk+1− v∗‖2G ≤ ‖vk− v∗‖2G−γ(2−γ)‖vk− ṽk‖2G, ∀w∗ ∈ Ω∗. (4.16)

Proof. By using (4.4) and (4.15), we obtain

‖vk+1 − v∗‖2G
(4.4)
= ‖(vk − v∗)− γ(vk − ṽk)‖2G

(4.15)
≤ ‖vk − v∗‖2G − 2γ‖vk − ṽk‖2G + γ2‖vk − ṽk‖2G
= ‖vk − v∗‖2G − γ(2− γ)‖vk − ṽk‖2G.

This is true for any w∗ ∈ Ω∗ and the theorem is proved. 2

The inequality (4.16) is essential for the convergence of the Linearized alternating

direction method. By using (4.4), the result of Theorem 4.1 can be written as

‖vk+1 − v∗‖2G ≤ ‖vk − v∗‖2G −
2− γ
γ
‖vk − vk+1‖2G, ∀w∗ ∈ Ω∗.
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5 Convergence rate of ADMM-CPPA Method

Lemma 5.1 Let {wk} be the sequence generated by the customized PPA (4.2)

with (4.4). Then, we have

(ṽk − ṽk+1)TG{(vk − vk+1)− (ṽk − ṽk+1)} ≥ 0. (5.1)

Proof. Set w = w̃k+1 in (4.11), we have

θ(ũk+1)− θ(ũk) + (w̃k+1 − w̃k)T {F (w̃k) +Q(ṽk − vk)} ≥ 0. (5.2)

Note that (4.11) is also true for k := k + 1 and thus we have

θ(u)−θ(ũk+1)+(w−w̃k+1)T {F (w̃k+1)+Q(ṽk+1−vk+1)} ≥ 0, ∀w ∈ Ω.

Set w = w̃k in the above inequality, we obtain

θ(ũk)− θ(ũk+1) + (w̃k − w̃k+1)T {F (w̃k+1) +Q(ṽk+1 − vk+1)} ≥ 0.

(5.3)
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Adding (5.2) and (5.3) and using the monotonicity of F , we get

(w̃k − w̃k+1)TQ{(vk − vk+1)− (ṽk − ṽk+1)} ≥ 0.

we obtain (5.1) immediately. 2

Lemma 5.2 Let {wk} be the sequence generated by the customized PPA (4.2)

with (4.4). Then, we have

(vk − ṽk)TG{(vk − ṽk)− (vk+1 − ṽk+1)}

≥ 1

γ
‖(vk − ṽk)− (vk+1 − ṽk+1)‖2G. (5.4)

Proof. Adding the term ‖(vk − vk+1)− (w̃k − w̃k+1)‖2G to the both sides of

(5.1), we obtain

(vk − vk+1)TG{(vk − ṽk)− (vk+1 − ṽk+1)}
≥ ‖(vk − ṽk)− (vk+1 − ṽk+1)‖2G. (5.5)
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Substituting the term (vk − vk+1) in the left hand side of (5.5) by γ(vk − ṽk)

(see (4.4)), we obtain (5.4) and the lemma is proved. 2

Lemma 5.3 Let {vk} be the sequence generated by the customized PPA (4.2)

with (4.4). Then, we have

‖vk+1 − ṽk+1‖2G ≤ ‖vk − ṽk‖2G. (5.6)

Proof. Setting a = vk − ṽk and b = vk+1 − w̃k+1 in the identity

‖a‖2G − ‖b‖2G = 2aTG(a− b)− ‖a− b‖2G,

we obtain

‖vk − ṽk‖2G − ‖vk+1 − ṽk+1‖2G
= 2(vk − ṽk)TG{(vk − ṽk)− (vk+1 − ṽk+1)}
−‖(vk − ṽk)− (vk+1 − ṽk+1)‖2G.
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By using (5.4) to the first term of the right hand side of the last equality, we obtain

‖vk − ṽk‖2G−‖vk+1− ṽk+1‖2G ≥
2− γ
γ
‖(vk − ṽk)− (vk+1− ṽk+1)‖2G.

The assertion of this lemma is proved. 2

Having the assertion (4.16) and Lemma 5.3, we are ready to present the O(1/t)

convergence rate of the customized PPA in the residue sense.

Theorem 5.1 Let {wk} be the sequence generated by the customized PPA (4.2)

with (4.4). Then, we have

‖vk − ṽk‖2G ≤
1

(k + 1)γ(2− γ)
‖v0 − v∗‖2G, ∀w∗ ∈ Ω∗. (5.7)

Proof. First, it follows from (4.16) that

γ(2− γ)

∞∑

t=0

‖vt − ṽt‖2G ≤ ‖v0 − v∗‖2G, ∀w∗ ∈ Ω∗. (5.8)
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According to Lemma 5.3, the sequence {‖vt − ṽt‖2G} is non-increasing.

Therefore, we have

(k + 1)‖vk − ṽk‖2G ≤
k∑

i=0

‖vi − ṽi‖2G. (5.9)

The assertion of this theorem follows from (5.8) and (5.9) directly. 2

The solution set of the variational inequality VI(Ω, F, θ) is convex and closed.

Theorem 5.1 indicates that ADMM has O(1/k) iteration convergence rate. Let

d = inf{‖v0 − v∗‖G |w∗ ∈ Ω∗}.

For any given ε > 0, in order to enforce the error ‖vk − ṽk‖2G ≤ ε, according to

(5.7), it needs at most k = bd2/γ(2− γ)εc iterations.
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1 Introduction

We consider the following structured constrained convex optimization problem

min {θ1(x) + θ2(y) |Ax+By = b, x ∈ X , y ∈ Y} (1.1)

where θ1(x) : <n1 → <, θ2(y) : <n2 → < are convex functions (but not

necessary smooth), A ∈ <m×n1 , B ∈ <m×n2 and b ∈ <m, X ⊂ <n1 ,

Y ⊂ <n2 are given closed convex sets.

First, as the work [18, 19] for analyzing the convergence of ADMM, we need a

variational inequality (VI) reformulation of the model (1.1) and a characterization

of its solution set. More specifically, solving (1.1) is equivalent to finding

w∗ = (x∗, y∗, λ∗) ∈ Ω such that

VI(Ω, F, θ) : θ(u)− θ(u∗) + (w−w∗)TF (w∗) ≥ 0, ∀w ∈ Ω, (1.2a)
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where

u =


 x

y


 , θ(u) = θ1(x) + θ2(y), w =




x

y

λ


 (1.2b)

F (w) =




−ATλ
−BTλ

Ax+By − b


 and Ω = X × Y × <m (1.2c)

Since the mapping F (w) defined in (1.2c) is affine with a skew-symmetric matrix,

it is thus monotone. We denote by Ω∗ the solution set of VI(Ω, F, θ), and

consider the problem under the nonempty assumption onto Ω∗.

The augmented Lagrangian function of the problem (1.1) is defined by

Lβ(x, y, λ) = θ1(x) + θ2(y)− λT (Ax+By − b) +
β

2
‖Ax+By − b‖2.
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Applied ADMM to the problem (1.1)

From given vk = (yk, λk), the iteration produces wk = (xk+1, yk+1, λk+1).

The iteration scheme:

1. First, for given (yk, λk), xk+1 is the solution of the following problem

xk+1 ∈ Argmin{Lβ(x, yk, λk)|x ∈ X}. (1.3a)

2. Use λk and the obtained xk+1, find yk+1 by

yk+1 ∈ Argmin
{
Lβ(xk+1, y, λk)

∣∣y ∈ Y
}
. (1.3b)

3. Set the multipliers by

λk+1 = λk − β(Axk+1 +Byk+1 − b). (1.3c)

The sequence {vk} generated by (1.4) satisfies

‖vk+1−v∗‖2Hc
≤ ‖vk−v∗‖2Hc

−‖vk−vk+1‖2Hc
, Hc =

(
βBTB −BT
−B 1

β Im

)
.
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Applied ADMM-based customized PPA to the problem (1.1)

From given vk = (yk, λk), the prediction step produces w̃k = (x̃k, ỹk, λ̃k).

The prediction step:

1. First, for given (yk, λk), x̃k is the solution of the following problem

x̃k =∈ Argmin{Lβ(x, yk, λk)|x ∈ X}. (1.4a)

2. Set the multipliers by

λ̃k = λk − β(Ax̃k +Byk − b). (1.4b)

3. Finally, use the obtained x̃k and λ̃k, find ỹk by

ỹk = Argmin{Lβ(x̃k, y, λ̃k)|y ∈ Y}. (1.4c)

The new iterate vk+1 is given by

vk+1 = vk − α(vk − ṽk), α ∈ (0, 2). (1.5)
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With given vk, the predictor w̃k is generated by an/order changed ADMM0.

As analyzed in the last section, for the predictor w̃k ∈ Ω, we have

θ(u)−θ(ũk)+(w−w̃k)TF (w̃k) ≥ (v−ṽk)THc(v
k−ṽk) ≥ 0, ∀w ∈ Ω, (1.6)

where

Hc =

(
βBTB −BT
−B 1

β
Im

)
. (1.7)

Set w = w∗ in (1.6), we get

(ṽk − v∗)THc(v
k − ṽk) ≥ 0

and thus

(vk − v∗)THc(v
k − ṽk) ≥ ‖vk − ṽk‖2Hc

Using the above inequality, it is easy to show that generated sequence {vk} by

(1.4)-(1.5) satisfies

‖vk+1 − v∗‖2Hc
≤ ‖vk − v∗‖2Hc

− α(2− α)‖vk − ṽk‖2Hc
.
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Symmetric ADMM for the problem (1.1)

In practice, the primal variables x and y should be treated fairly. In this paper, we

propose the following iterative scheme for the problem (1.1). Again, v = (y, λ)

are the essential variables and x is the intermediate variable. The k-th iteration

starts with vk = (yk, λk), produces vk+1 = (yk+1, λk+1) via




xk+1 = arg min{Lβ(x, yk, λk) |x ∈ X},
λk+ 1

2 = λk − αβ(Axk+1 +Byk − b),
yk+1 = arg min{Lβ(xk+1, y, λk+ 1

2 ) | y ∈ Y},
λk+1 = λk+ 1

2 − αβ(Axk+1 +Byk+1 − b),

(1.8)

where α ∈ (0, 1). If α = 1, the method is the Peaceman-Rachford splitting

method (PRSM) in [20, 21] to the problem (1.1).

We will prove the sequence {vk} is strictly contractiveto the solution set and

establish a worst-case O(1/t) convergence rate for the PRSM scheme (2.1).
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2 Preliminaries

In this section, we summarize some useful preliminaries known in the literature

and prove some simple conclusions for further analysis.

Let α = 1, the iterative scheme of SPRSM (1.8) for (1.1) becomes




xk+1 = arg min{Lβ(x, yk, λk) |x ∈ X},
λk+ 1

2 = λk − β(Axk+1 +Byk − b),
yk+1 = arg min{Lβ(xk+1, y, λk+ 1

2 ) | y ∈ Y},
λk+1 = λk+ 1

2 − β(Axk+1 +Byk+1 − b),

(2.1)

where λ ∈ <m is the Lagrange multiplier associated with the linear constraints in

(1.1) and β > 0 is a penalty parameter. As analyzed in [9], the PRSM scheme

(2.1) differs from ADMM “only through the addition of the intermediate update of

the multipliers (λk+ 1
2 ); it thus offers the same set of advantages”. The PRSM

scheme (2.1), however, according to [9] again (see also [14]), “is less ‘robust’ in
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that it converges under more restrictive assumptions than ADMM” and “if it does

converge, then its rate of convergence is faster”. We refer to [1, 12] for some

numerical verification of the efficiency of PRSM.

According to Theorem 2.3.5 in [7], a very useful characterization of the solution

set Ω∗ of VI(Ω, F, θ) can be summarized in the following theorem. Its proof can

be found in [7, 18].

Theorem 2.1 The solution set of VI(Ω, F, θ) is closed and convex; and it can be

characterized as

Ω∗ =
⋂

w∈Ω

{
w̃ ∈ Ω :

(
θ(u)− θ(ũ)

)
+ (w − w̃)TF (w) ≥ 0

}
. (2.2)

Theorem 2.1 thus implies that w̃ ∈ Ω is an approximate solution of VI(Ω, F, θ)

with an accuracy of O(1/t) if it satisfies

θ(ũ)− θ(u) + (w̃ − w)TF (w) ≤ ε, ∀w ∈ Ω, (2.3)

with ε = O(1/t). In fact, this characterization makes it possible to analyze the
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convergence rate of ADMM and other splitting methods via the VI approach rather

than the conventional approach based on the functional values in the literature. In

the following, we shall show that either the sequence (2.1) or (1.8) provides us

such an iterate satisfying (2.3) after t iterations.

As mentioned in [2] for ADMM, the variable x is an intermediate variable during

the PRSM iteration since it essentially requires only (yk, λk) in (2.1) or (1.8) to

generate the (k + 1)-th iterate. For this reason, we define the notations

vk = (yk, λk), V = Y × <m,

V∗ := {v∗ = (y∗, λ∗) |w∗ = (x∗, y∗, λ∗) ∈ Ω∗};

and it suffices to analyze the convergence rate of the sequence {vk} to the set

V∗ in order to study the convergence rate of the sequence {wk} generated by

(2.1) or (1.8). Note V∗ is also closed and convex.

Finally, we define some matrices in order to present our analysis in a compact
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way. Let

M =


 In2

0

−αβB 2αIm


 . (2.4)

and

Q̃ =




0 0

βBTB −αBT

−B 1
β Im


 . (2.5)

In (2.5), “0” is a matrix with all zero entries in appropriate dimensionality. We

further define

Q =


 βBTB −αBT

−B 1
β Im


 . (2.6)

as the submatrix of Q̃ excluding all the first zero rows. The matrices Q̃ and Q are

associated with the analysis for the sequences {wk} and {vk}, respectively.
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Last, for α ∈ (0, 1] we define a symmetric matrix

H =
1

2


 (2− α)βBTB −BT

−B 1
αβ Im


 . (2.7)

Lemma 2.1 The matrix H defined in (2.7) is positive definite for α ∈ (0, 1) and

positive semi-definite for α = 1.

Proof We have

H =
1

2



√
βBT 0

0
√

1
β I







(2− α)I −I

−I 1
αI






√
βB 0

0
√

1
β I


 .

Note that the matrix 
 (2− α) −1

−1 1
α




is positive definite if α ∈ (0, 1) and positive semi-definite if α = 1. Thus
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assertion is thus proved. 2.

Lemma 2.2 The matrices M , Q and H defined respectively in (2.4), (2.6) and

(2.7)) have the following relationships:

HM = Q (2.8)

and

G = QT +Q−MTHM � (1− α)

2(1 + α)
MTHM. (2.9)

Proof. Using the definition of the matrices M , Q and H , by a simple

manipulation, we obtain

HM =
1

2


 (2− α)βBTB −BT

−B 1
αβ Im




 I 0

−αβB 2αIm




=
1

2


 2βBTB −2αBT

−2B 2
β Im


 = Q.
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The first assertion is proved. Consequently, we get

MTHM = MTQ =

(
In2

−αβBT

0 2αIm

)(
βBTB −αBT

−B 1
β Im

)

=

(
(1 + α)βBTB −2αBT

−2αB 2α
β Im

)
. (2.10)

Using (2.6) and the above equation, we have

G = (QT +Q)−MTHM = (1− α)

(
βBTB −BT

−B 2
β Im

)
. (2.11)

Since

(
β −1

−1 2
β

)
is positive definite, we say G is essentially positive definite .
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Note that

2(1+α)


 βBTB −BT

−B 2
β Im


−MTHM =


 (1 + α)βBTB −2BT

−2B 4+2α
β Im


 .

(2.12)

Because 
 (1 + α) −2

−2 4 + 2α


 � 0, ∀ α ≥ 0,

the right-hand side of (2.12) is positive semidefinite. Thus, it follows that

 βBTB −BT

−B 2
β Im


 � 1

2(1 + α)
MTHM. (2.13)

Substituting (2.13) in (2.11), we obtain (2.9) and the lemma is proved. 2

Remark 2.1 When α = 1, the matrices H defined in (2.7) and

QT +Q−MTHM are both positive semi-definite. But, in the following

analysis we still use ‖v − ṽ‖H and ‖v − ṽ‖QT +Q−MTHM to denote
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respectively

‖v − ṽ‖H =
(
(v − ṽ)TH(v − ṽ)

)1/2

and

‖v − ṽ‖QT +Q−MTHM =
(
(v − ṽ)T (QT +Q−MTHM)(v − ṽ)

)1/2
,

for v, ṽ ∈ Y × <m. This slight abuse of notation will alleviate the notation in our

analysis greatly.

We also have the following lemma.

Lemma 2.3 Let {wk} be the sequence generated by the strictly contractive

PRSM (1.8), and H be defined in (2.7). Then, wk+1 is a solution of VI(Ω, F, θ)

if ‖vk − vk+1‖2H = 0.

Proof. See Lemma 3.2 in [19]. 2
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3 Contraction Analysis

In this section, we analyze the contraction property for the sequence {vk}
generated by the PRSM scheme (2.1) or the strictly contractive PRSM scheme

(1.8) with respect to the set V∗. The convergence rate analysis for (2.1) and (1.8)

to be presented is based on this analysis of contraction property. Since (2.1) can

be included by the strictly contractive PRSM scheme (1.8) if we extend the value

of α = 1 and the algebra of convergence analysis for these two schemes are of

the same framework, below we only present the contraction analysis for (1.8) and

the analysis for (2.1) is readily obtained by taking α = 1 in our analysis.

First, to further alleviate the notation in our analysis, we need to define an

auxiliary sequence {w̃k} as

w̃k =




x̃k

ỹk

λ̃k


 =




xk+1

yk+1

λk − β(Axk+1 +Byk − b)


 , (3.1)
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where (xk+1, yk+1) is generated by (2.1) or (1.8). Note with the notation of w̃k,

the strictly contractive PRSM (1.8) can be written as




x̃k = arg min
{
θ1(x)− (λk)TAx+ β

2 ‖Ax+Byk − b‖2
∣∣ x ∈ X

}
,

ỹk = arg min

{
θ2(y)− [λk − α(λk − λ̃k)]TBy

+β
2 ‖Ax̃k +By − b‖2

∣∣∣∣ y ∈ Y
}
.

(3.2)

Then, based on (1.8) and (3.1), we immediately have

xk+1 = x̃k, yk+1 = ỹk and λk+ 1
2 = λ̃k

and

λk+1 = λk+1/2 − αβ(Ax̃k +Bỹk − b)
= λk − α(λk − λ̃k)− α

[
β(Ax̃k +Byk − b)− βB(yk − ỹk)

]

= λk − α(λk − λ̃k)− α
[
(λk − λ̃k)− βB(yk − ỹk)

]

= λk −
[
2α(λk − λ̃k)− αβB(yk − ỹk)

]
. (3.3)
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Furthermore, together with yk+1 = ỹk, we have the following relationship

 yk+1

λk+1


 =


 yk

λk


−


 In2

0

−αβB (1 + α)Im




 yk − ỹk

λk − λ̃k


 ;

which can be rewritten into a compact form by using the notations of vk and ṽk:

vk+1 = vk −M(vk − ṽk), (3.4)

where M is defined in (2.4).

Now, we start to prove some properties for the sequence {w̃k} defined in (3.1).

Recall our primary purpose is to analyze the convergence rate for the sequences

(2.1) and (1.8) based on the solution characterization (2.2), and the accuracy of

an approximate solution w̃ ∈ Ω is measured by a upper bound of the quantity of

θ(ũ)− θ(u) + (w̃ − w)TF (w) for all w ∈ Ω (see (2.3)). Hence, we are

interested in estimating how accurate the point w̃k defined in (3.1) is to a solution

point of VI(Ω, F, θ). The main result is proved in Theorem 3.1. But before that,

we first show two lemmas. The first lemma presents a upper bound of
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θ(ũ)− θ(u) + (w̃ − w)TF (w) for all w ∈ Ω in term of a quadratic term

involving the matrix Q.

Lemma 3.1 For given vk ∈ Y × <m, let wk+1 be generated by the strictly

contractive PRSM scheme (1.8) and w̃k be defined in (3.1). Then, we have

w̃k ∈ Ω and

θ(u)− θ(ũk) + (w − w̃k)TF (w̃k) ≥ (v − ṽk)TQ(vk − ṽk), ∀w ∈ Ω,

(3.5)

where the matrix Q is defined in (2.6).

Proof. Since xk+1 = x̃k, by deriving the first-order optimality condition of the

x-minimization problem in (3.2), we have

θ1(x)−θ1(x̃k)+(x− x̃k)T {AT [β(Ax̃k+Byk−b)−λk]} ≥ 0, ∀x ∈ X .
(3.6)

According to the definition (3.1), we have

λ̃k = λk − β(Ax̃k +Byk − b). (3.7)
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Using (3.7), the inequality (3.6) can be written as

θ1(x)− θ1(x̃k) + (x− x̃k)T {−AT λ̃k} ≥ 0, ∀x ∈ X . (3.8)

Similarly, by deriving the first-order optimality condition of the y-minimization

problem in (3.2), we get

θ2(y)− θ2(ỹk) + (y − ỹk)TBT

{
β(Ax̃k +Bỹk − b)
−[λk − α(λk − λ̃k)]

}
≥ 0, ∀ y ∈ Y.

(3.9)

Again, using (3.7), we have

β(Ax̃k +Bỹk − b)− [λk − α(λk − λ̃k)]

= −(λ̃k − λk) + βB(ỹk − yk)− [λk − α(λk − λ̃k)]

= −λ̃k + βB(ỹk − yk)− α(λ̃k − λk).
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θ2(y)−θ2(ỹk)+(y−ỹk)T
{−BT λ̃k + βBTB(ỹk − yk)

−αBT (λ̃k − λk)

}
≥ 0, ∀ y ∈ Y.

(3.10)

In addition, based on (3.1) we have

(Ax̃k +Bỹk − b)−B(ỹk − yk) +
1

β
(λ̃k − λk) = 0. (3.11)

Combining (3.8), (3.10) and (3.11) together, we get w̃k = (x̃k, ỹk, λ̃k) ∈ Ω;

and for any w = (x, y, λ) ∈ Ω, it holds

θ(u)− θ(ũk) +




x− x̃k
y − ỹk
λ− λ̃k




T 


−AT λ̃k
−Bλ̃k

Ax̃k +Bỹk − b




+




x− x̃k
y − ỹk
λ− λ̃k




T 


0

βBTB(ỹk − yk)− αBT (λ̃k − λk)

−B(ỹk − yk) + 1
β (λ̃k − λk)


 ≥ 0.

The assertion (3.5) is only a compact form of the above inequality by using the
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notations of Q in (2.6), w and F in (1.2b) and v. The proof is complete. 2

The second lemma aims at expressing the bound (v − ṽk)TQ(vk − ṽk) found

in Lemma 3.1 by the difference of two quadratic terms involving two consecutive

iterates of the sequence {vk} and a quadratic term involving vk and the auxiliary

iterate ṽk. This equivalent expression is convenient for the manipulation over the

whole sequence {vk} recursively and thus for establishing the convergence rate

of {vk} in either ergodic or nonergodic sense.

Lemma 3.2 Let {wk} be generated by the strictly contractive PRSM scheme

(1.8) and {w̃k} be defined in (3.1); M , Q and H be defined in (2.4), (2.6) and

(2.7), respectively. Then we have

(v − ṽk)TQ(vk − ṽk) =
1

2

(
‖v − vk+1‖2H − ‖v − vk‖2H

)

+
(1− α)

4(1 + α)
‖M(vk − ṽk)‖2H , ∀v ∈ V. (3.12)

Proof. By using Q = HM and M(vk − ṽk) = (vk − vk+1) (see (3.4)), it
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follows that

(v − ṽk)TQ(vk − ṽk) = (v − ṽk)THM(vk − ṽk)

= (v − ṽk)TH(vk − vk+1). (3.13)

For the vectors a, b, c, d in the same space and a matrix H with appropriate

dimensionality, we have the identity

(a−b)TH(c−d) =
1

2
{‖a−d‖2H−‖a−c‖2H}+

1

2
{‖c−b‖2H−‖d−b‖2H}.

In this identity, we take

a = v, b = ṽk, c = vk, and d = vk+1,

and submit it to the right-hand side of (3.13). The resulting equation is

(v − ṽk)TQ(vk − ṽk) =
1

2

(
‖v − vk‖2H − ‖v − vk+1‖2H

)

+
1

2
(‖vk − ṽk‖2H − ‖vk+1 − ṽk‖2H). (3.14)
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Now, we deal with the last term of the right-hand side of (3.14). By using (3.4) and

(2.8), we get

‖vk − ṽk‖2H − ‖vk+1 − ṽk‖2H
= ‖vk − ṽk‖2H − ‖(vk − ṽk)− (vk − vk+1)‖2H

(3.4)
= ‖vk − ṽk‖2H − ‖(vk − ṽk)−M(vk − ṽk)‖2H
= 2(vk − ṽk)HM(vk − ṽk)− (vk − ṽk)MTHM(vk − ṽk)

(2.8)
= (vk − ṽk)T (QT +Q−MTHM)(vk − ṽk)

(2.9)
≥ (1− α)

2(1 + α)
(vk − ṽk)TMTHM(vk − ṽk)

=
(1− α)

2(1 + α)
‖M(vk − ṽk)‖2H .

Substituting it in (3.14), we obtain the assertion (3.12). The proof is complete. 2

Now we are ready to present an inequality where a upper bound of

θ(ũk)− θ(u) + (w̃k − w)TF (w) is found for all w ∈ Ω. This inequality is
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also crucial for analyzing the contraction property and the convergence rate for

the iterative sequence generated by either (2.1) or (1.8).

Theorem 3.1 For given vk ∈ Y × <m, let wk+1 be generated by the strictly

contractive PRSM scheme (1.8) and w̃k be defined in (3.1); M and H be

defined in (2.4) and (2.7), respectively. Then, we have w̃k ∈ Ω and

θ(ũk)− θ(u) + (w̃k − w)TF (w)

≤ 1

2

(
‖v − vk‖2H − ‖v − vk+1‖2H

)

− 1− α
4(1 + α)

‖M(vk − ṽk)‖2H , ∀w ∈ Ω. (3.15)

Proof. First, by using the structure of F (w) (see (1.2c)), we have

(w − w̃)T (F (w)− F (w̃)) = 0, ∀w, w̃ ∈ Ω.

Then, using the above equality and replacing the right-hand side term in (3.5) with

the identity (3.12), we obtain the assertion (3.15). The proof is complete. 2
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The assertion (3.15) also enables us to study the contraction property of the

sequence {vk} generated by (2.1) or (1.8). In fact, setting w = w∗ in (3.15)

where w∗ being an arbitrary solution point in Ω∗, we get

‖vk − v∗‖2H − ‖vk+1 − v∗‖2H
≥ 1− α

2(1 + α)
‖M(vk − ṽk)‖2H + 2{θ(ũk)− θ(u∗) + (w̃k − w∗)TF (w∗)}.

which implies that

‖vk+1 − v∗‖2H ≤ ‖vk − v∗‖2H −
1− α

2(1 + α)
‖M(vk − ṽk)‖2H . (3.16)

Recall the identity (3.4). We thus have

‖vk+1 − v∗‖2H ≤ ‖vk − v∗‖2H −
1− α

2(1 + α)
‖vk − vk+1‖2H , ∀v∗ ∈ V∗.

(3.17)

Therefore, when α = 1, i.e., for the PRSM scheme (2.1), we have

‖vk+1 − v∗‖2H ≤ ‖vk − v∗‖2H , (3.18)
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which means the sequence {vk} generated by (2.1) is contractive, but not strictly,

to the set V∗. In fact, it is possible that the sequence {vk} stays away from the

solution set with a constant distance, hence no convergence is guaranteed by

(3.18). In [5], such an example is constructed. On the other hand, when

α ∈ (0, 1), the inequality (3.17) ensures a reduction of 1−α
2(1+α)‖vk − vk+1‖2H

to the set V∗ at the (k + 1)-th iteration, i.e., the strict contraction of {vk} is

guaranteed for the sequence generated by (1.8). We can thus expect that the

strictly contractive PRSM (1.8) converges faster to V∗ than the original PRSM

(2.1). As we have mentioned, the difference of contraction between (3.17) and

(3.18) is also the reason why we can establish a nonergodic convergence rate for

the strictly contractive PRSM (1.8) while only an ergodic convergence rate can be

established for the original PRSM (2.1).
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4 Convergence rate of (2.1) in ergodic sense

In this section, we show that although the original PRSM (2.1) might not be

convergent to a solution point of the model (1.1), it is still possible to find an

approximate solution of VI(Ω, F, θ) with an accuracy of O(1/t) based on the

first t iterations of the PRSM scheme (2.1). This estimate helps us better

understand the convergence property of the original PRSM (2.1).

Theorem 4.1 Let {wk} be generated by (2.1) and {w̃k} be defined by (3.1).

Let w̃t be defined as

w̃t =
1

t+ 1

t∑

k=0

w̃k. (4.1)

Then, for any integer number t > 0, w̃t ∈ Ω and

θ(ũt)− θ(u) + (w̃t−w)TF (w) ≤ 1

2(t+ 1)
‖v− v0‖2H , ∀w ∈ Ω, (4.2)

where H is defined in (2.7).
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Proof. First, because of (3.1), it holds that w̃k ∈ Ω for all k ≥ 0. Together with

the convexity of X and Y , (4.1) implies that w̃t ∈ Ω. Second, by taking α = 1 in

(3.15) (and using (w − w̃)TF (w̃) = (w − w̃)TF (w)) we have

θ(u)−θ(ũk)+(w−w̃k)TF (w)+
1

2
‖v−vk‖2H ≥

1

2
‖v−vk+1‖2H , ∀w ∈ Ω.

(4.3)

Summing the inequality (4.3) over k = 0, 1, . . . , t, we obtain

(t+1)θ(u)−
t∑

k=0

θ(ũk)+
(

(t+1)w−
t∑

k=0

w̃k
)T
F (w)+

1

2
‖v−v0‖2H ≥ 0,

for all w ∈ Ω. Use the notation of w̃t, it can be written as

1

t+ 1

t∑

k=0

θ(ũk)−θ(u)+(w̃t−w)TF (w) ≤ 1

2(t+ 1)
‖v−v0‖2H , ∀w ∈ Ω.

(4.4)
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Since θ(u) is convex and

ũt =
1

t+ 1

t∑

k=0

ũk,

we have that

θ(ũt) ≤
1

t+ 1

t∑

k=0

θ(ũk).

Substituting it in (4.4), the assertion of this theorem follows directly. 2

Let v0 = (y0, λ0) be the initial iterate. For a given compact setD ⊂ Y × <m,

let d = sup{‖v − v0‖H | v ∈ D}. Then, after t iterations of the PRSM (2.1),

the point w̃t ∈ Ω defined in (4.1) satisfies

sup
w∈D

{
θ(ũt)− θ(u) + (w̃t − w)TF (w)

}
≤ d2

2(t+ 1)
,

which means w̃t is an approximate solution of VI(Ω, F, θ) with an accuracy of

O(1/t) (recall (2.3)).

Remark 4.2 In the proof of Theorem 4.1, we take α = 1 in (4.3). Obviously, the
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proof is still valid if we take α ∈ (0, 1). Thus, a worst-case O(1/t) convergence

rate in ergodic sense can be established easily for the strictly contractive PRSM

(1.8). As we shall show in Section 5, this is less interesting because a nonergodic

worst-case O(1/t) convergence rate can be established for (1.8). We thus omit

the detail.

5 Convergence rate of (1.8) in nonergodic sense

In this section, we show that the sequence {vk} generated by the strictly

contractive PRSM scheme (1.8) is convergent to a point in V∗, and its worst-case

convergence rate is O(1/t) in nonergodice sense. Our starting point for the

analysis is the inequality (3.17), and a crucial property is the monotonicity of the

sequence {‖vk − vk+1‖2H}. That is, we will prove that

‖vk+1 − vk+2‖2H ≤ ‖vk − vk+1‖2H , ∀ k ≥ 0.
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We first take a closer look at the assertion (3.5) in Lemma 3.1.

Lemma 5.1 Let {wk} be the sequence generated by the strictly contractive

PRSM (1.8) and w̃k be defined in (3.1); the matrix Q be defined in (2.6). Then,

we have

(ṽk − ṽk+1)TQ{(vk − vk+1)− (ṽk − ṽk+1)} ≥ 0. (5.1)

Proof. Set w = w̃k+1 in (3.5), we have

θ(ũk+1)−θ(ũk)+(w̃k+1−w̃k)TF (w̃k) ≥ (ṽk+1−ṽk)TQ(vk−ṽk). (5.2)

Note that (3.5) is also true for k := k + 1 and thus

θ(u)−θ(ũk+1)+(w− w̃k+1)TF (w̃k+1) ≥ (v− ṽk+1)TQ(vk+1− ṽk+1),

for all w ∈ Ω. Set w = w̃k in the above inequality, we obtain

θ(ũk)−θ(ũk+1)+(w̃k−w̃k+1)TF (w̃k+1) ≥ (ṽk−ṽk+1)TQ(vk+1−ṽk+1).

(5.3)
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Adding (5.2) and (5.3) and using the monotonicity of F , we get (5.1) immediately.

2

Lemma 5.2 Let {wk} be the sequence generated by the strictly contractive

PRSM (1.8) and w̃k be defined in (3.1); the matrices M , Q and H be defined in

(2.4), (2.6) and (2.7), respectively. Then, we have

(vk − ṽk)TMTHM{(vk − ṽk)− (vk+1 − ṽk+1)}

≥ 1

2
‖(vk − ṽk)− (vk+1 − ṽk+1)‖2(QT +Q). (5.4)

Proof. Adding the equation

{(vk − vk+1)− (ṽk − ṽk+1)}TQ{(vk − vk+1)− (ṽk − ṽk+1)}

=
1

2
‖(vk − ṽk)− (vk+1 − ṽk+1)‖2(QT +Q)
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to both sides of (5.1), we get

(vk − vk+1)TQ{(vk − vk+1)− (ṽk − ṽk+1)}

≥ 1

2
‖(vk − ṽk)− (vk+1 − ṽk+1)‖2(QT +Q). (5.5)

By using (see (3.4) and (2.8))

vk − vk+1 = M(vk − ṽk) and Q = HM,

to the term vk − vk+1 in the left hand side of (5.5), we obtain

(vk − ṽk)TMTHM{(vk − vk+1)− (ṽk − ṽk+1)}

≥ 1

2
‖(vk − ṽk)− (vk+1 − ṽk+1)‖2(QT +Q).

and the lemma is proved. 2

Now, we are ready to prove the monotonicity of the sequence {‖vk − vk+1‖2H}.
Theorem 5.1 Let {wk} be the sequence generated by the strictly contractive

PRSM (1.8) and w̃k be defined in (3.1); the matrix H be defined in (2.7). Then,

XIV - 36

we have

‖vk+1 − vk+2‖2H ≤ ‖vk − vk+1‖2H . (5.6)

Proof. Setting a = M(vk − ṽk) and b = M(vk+1 − ṽk+1) in the identity

‖a‖2H − ‖b‖2H = 2aTH(a− b)− ‖a− b‖2H ,

we obtain

‖M(vk − ṽk)‖2H − ‖M(vk+1 − ṽk+1)‖2H
= 2(vk − ṽk)TMTHM{(vk − ṽk)− (vk+1 − ṽk+1)}
−‖M(vk − ṽk)−M(vk+1 − ṽk+1)‖2H .

Inserting (5.4) into the first term of the right-hand side of the last equality, we

obtain

‖M(vk − ṽk)‖2H − ‖M(vk+1 − ṽk+1)‖2H
≥ ‖(vk − ṽk)− (vk+1 − ṽk+1)‖2(QT +Q−MTHM).

The assertion (5.6) follows from the above inequality, the relationship (3.4) and

286



XIV - 37

(2.9) immediately. The proof is complete. 2

Now, we can establish a worst-case O(1/t) convergence rate in nonergodic

sense for the strictly contractive PRSM scheme (1.8).

Theorem 5.2 Let {wt} be the sequence generated by the strictly contractive

PRSM scheme (1.8). For any v∗ ∈ V∗, we have

‖vt − vt+1‖2H ≤
2(1 + α)

(t+ 1)(1− α)
‖v0 − v∗‖2H . (5.7)

Proof. First, it follows from (3.17) that

1− α
2(1 + α)

∞∑

k=0

‖vk − vk+1‖2H ≤ ‖v0 − v∗‖2H , ∀ v∗ ∈ V∗. (5.8)

According to Theorem 5.1, the sequence {‖vk − vk+1‖2H} is monotonically
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non-increasing. Therefore, we have

(t+ 1)‖vt − vt+1‖2H ≤
t∑

k=0

‖vk − vk+1‖2H . (5.9)

The assertion (5.7) follows from (5.8) and (5.9) immediately. The proof is

complete. 2

Notice that V∗ is convex and closed. Let v0 = (y0, λ0) be the initial iterate and

d := inf{‖v0 − v∗‖H | v∗ ∈ V∗}. Then, for any given ε > 0, Theorem 5.2

shows that the strictly contractive PRSM scheme (1.8) needs at most bd2/εc
iterations to ensure that ‖vk − vk+1‖2H ≤ ε. It follows from Lemma 2.3 that

wk+1 is a solution of VI(Ω, F, θ) if ‖vk − vk+1‖2H = 0. A worst-case O(1/t)

convergence rate in nonergodic sense for the strictly contractive PRSM scheme

(1.8) is thus established in Theorem 5.2.
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The context of this lecture is based on the paper [10, 12]
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In this note, we discuss the ADMM and ADM-like methods for the separable

convex optimization problem in a unified framework, and study the their global

convergence and convergence rate.

1 Algorithms in a unified framework

The classical separable convex optimization problem has the following mathematical form:

min {θ1(x) + θ2(y) |Ax+By = b, x ∈ X , y ∈ Y} (1.1)

where θ1(x) : <n1 → <, θ2(y) : <n2 → < are convex functions (but not necessary

smooth), A ∈ <m×n1 , B ∈ <m×n2 and b ∈ <m, X ⊂ <n1 , Y ⊂ <n2 are given

closed convex sets. Let n = n1 + n2.

The optimal condition of the linearly constrained convex optimization is resulted in a

variational inequality: The Lagrangian function of the problem (1.1) is

L(x, y, λ) = θ1(x) + θ2(y)− λT (Ax+By − b)
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which is defined on Ω = X × Y × <m. Let (x∗, y∗, λ∗) ∈ X × Y × <m be an

saddle point which satisfies

Lλ∈<m(x∗, y∗, λ) ≤ L(x∗, y∗, λ∗) ≤ Lx∈X ,y∈Y(x, y, λ∗).

These inequalities can be interpreted as




x∗ ∈ X , L(x, y∗, λ∗)− L(x∗, y∗, λ∗) ≥ 0, ∀x ∈ X
y∗ ∈ Y, L(x∗, y, λ∗)− L(x∗, y∗, λ∗) ≥ 0, ∀y ∈ Y

λ∗ ∈ <m, L(x∗, y∗, λ∗)− L(x∗, y∗, λ) ≥ 0, ∀λ ∈ <m
(1.2)

The equivalent expression is the following variational inequality:




x∗ ∈ X , θ1(x)− θ1(x∗) + (x− x∗)T (−ATλ∗) ≥ 0, ∀x ∈ X
y∗ ∈ Y, θ2(y)− θ2(y∗) + (y − y∗)T (−BTλ∗) ≥ 0, ∀y ∈ Y

λ∗ ∈ <m, (λ− λ∗)T (Ax∗ +By∗ − b) ≥ 0, ∀λ ∈ <m
(1.3)

This first order optimal condition (1.3) can be written in a compact form such as

w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω, (1.4a)

XV - 4

where

u =


 x

y


 , w =




x

y

λ


 , F (w) =




−ATλ
−BTλ

Ax+By − b


 (1.4b)

θ(u) = θ1(x) + θ2(y) and Ω = X × Y × <m. (1.4c)

We study the algorithms using the guidance of variational inequality. The analysis can be

fund in [6] (Sections 4 and 5 therein). Notice that the augmented Lagrangian function of

(1.1) is

Lβ(x, y, λ) = θ1(x) + θ2(y)− λT (Ax+By − b) +
β

2
‖Ax+By − b‖2.

The recursion of the classical alternating direction method of multipliers for the structured

convex optimization (1.1) can be written as

(ADMM)





xk+1 = Argmin{Lβ(x, yk, λk) |x ∈ X},
yk+1 = Argmin{Lβ(xk+1, y, λk) | y ∈ Y},
λk+1 = λk − β(Axk+1 +Byk+1 − b).

(1.5)
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Thus, ADMM can be viewed as a relaxed Augmented Lagrangian Method. The main

advantage of ADMM is that one can solve the x and y-subproblem separately. Note that

the essential variable of ADMM (1.5) is v = (y, λ).

The linearized ADMM for (1.1) which taking v = (y, λ) as the essential variable can be

written as

(L-ADMM)





xk+1 = Argmin{Lβ(x, yk, λk) |x ∈ X},
yk+1 = Argmin{Lβ(xk+1, y, λk) + 1

2
‖y − yk‖2D | y ∈ Y},

λk+1 = λk − β(Axk+1 +Byk+1 − b).
(1.6)

where

D = sI − βBTB, s > βρ(BTB). (1.7)

1.1 The algorithmic framework

We study the convergence and the convergence rate of the different ADMM methods. First,

we interpret these methods in a prediction-correction framework.

XV - 6

A Prototype Algorithm for (1.4)

[Prediction Step.] With given vk , find a vector w̃k ∈ Ω which satisfying

θ(u)− θ(ũk) + (w − w̃k)TF (w̃k) ≥ (v − ṽk)TQ(vk − ṽk), ∀w ∈ Ω, (1.8a)

where the matrix Q has the property: QT +Q is (essentially) positive definite.

[Correction Step.] Determine a nonsingular matrix M and a scalar α > 0, let

vk+1 = vk − αM(vk − ṽk). (1.8b)

Convergence Conditions

For the matrices Q and M , and the step size α determined in (1.8), the matrices

H = QM−1 (1.9a)

and

G = QT +Q− αMTHM. (1.9b)

are positive definite.
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1.2 Interpreting ADMM in the framework

The ADMM scheme (1.5) (and its linearized version (1.6)) is also a special case of the

prototype algorithm (1.8). Recall the model (1.1) can be explained as the VI (1.4) with the

specification given in (1.4b)-(1.4c).

In order to cast the ADMM scheme (1.5) (and (1.6)) into a special case of (1.8), let us first

define the artificial vector w̃k = (x̃k, ỹk, λ̃k) by




x̃k = xk+1,

ỹk = yk+1,

λ̃k = λk − β(Axk+1 +Byk − b),
(1.10)

where (xk+1, yk+1) is generated by the ADMM (1.5). Using these notations, we define

the prediction by 



x̃k = Argmin{Lβ(x, yk, λk) |x ∈ X},
ỹk = Argmin{Lβ(x̃k, y, λk) | y ∈ Y},
λ̃k = λk − β(Ax̃k +Byk − b).

(1.11)
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According to the scheme (1.5), the defined artificial vector w̃k satisfies the following VI:





θ1(x)− θ1(x̃k) + (x− x̃k)T (−AT λ̃k) ≥ 0, ∀ x ∈ X ,
θ2(y)− θ2(ỹk) + (y − ỹk)T (−BT λ̃k + βBTB(ỹk − yk)) ≥ 0, ∀ y ∈ Y,

(Ax̃k +Bỹk − b)−B(ỹk − yk) + (1/β)(λ̃k − λk) = 0.

(1.12)

This can be written in form of (1.8a) as described in the following lemma.

Lemma 1.1 For given vk , let wk+1 be generated by (1.5) and w̃k be defined by (1.10).

Then, we have w̃k ∈ Ω and

θ(u)− θ(ũk) + (w − w̃k)TF (w̃k) ≥ (v − ṽk)TQ(vk − ṽk), ∀w ∈ Ω,

where

Q =


 βBTB 0

−B 1
β
I


 . (1.13)

Recall the essential variable of the ADMM scheme (1.5) is (y, λ). Moreover, using the
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definition of w̃k , the λk+1 updated by (1.5) can be represented as

λk+1 = λk − β(Axk+1 +Byk+1 − b)
= λk − β(Ax̃k +Bỹk − b)
= λk −

[
−βB(yk − ỹk) + β(Ax̃k +Byk − b)]

= λk −
[
−βB(yk − ỹk) + (λk − λ̃k)

]
.

Therefore, the output of ADMM scheme (1.5) can be written as the correction

 yk+1

λk+1


 =


 yk

λk


−


 I 0

−βB I




 yk − ỹk

λk − λ̃k


 . (1.14a)

which corresponds to the step (1.8b) in the framework with

M =


 I 0

−βB I


 and α = 1. (1.14b)

Now we check that the Convergence Condition is satisfied by the ADMM scheme (1.5).
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Indeed, for the matrix M in (1.14b), we have

M−1 =


 I 0

βB I


 .

Thus, by using (1.13) and (1.14b), we obtain H = QM−1 and thus

H =


 βBTB 0

−B 1
β
I




 I 0

βB I


 =


 βBTB 0

0 1
β
I


 . (1.15)

and consequently (since α = 1)

G = QT +Q− αMTHM = QT +Q−QTM

=


2βBTB −BT

−B 2
β
I


−


βB

TB −BT

0 1
β
I




 I 0

−βB I




=


2βBTB −BT

−B 2
β
I


−


2βBTB −BT

−B 1
β
I


 =


 0 0

0 1
β
I


 . (1.16)
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Therefore, H is symmetric and positive definite under the assumption that B is full column

rank; and G is positive semi-definite. The Convergence Condition is satisfied; and thus the

convergence of the ADMM scheme (1.5) is guaranteed.

1.3 Interpreting the Linearized ADMM in the framework

For the linearized version (1.6), using the same definition about w̃k = (x̃k, ỹk, λ̃k) as in

(1.10), the predictor is given by




x̃k = Argmin{Lβ(x, yk, λk) |x ∈ X},
ỹk = Argmin{Lβ(x̃k, y, λk) + 1

2
‖y − yk‖2D | y ∈ Y},

λk+1 = λk − β(Axk+1 +Byk+1 − b).
(1.17)

Because D = sI − βBTB, in comparing with (1.12), the defined artificial vector w̃k

satisfies the following VI:




θ1(x)− θ1(x̃k) + (x− x̃k)T(−AT λ̃k) ≥ 0, ∀ x ∈ X ,
θ2(y)− θ2(ỹk) + (y − ỹk)T(−BT λ̃k + s(ỹk − yk)) ≥ 0, ∀ y ∈ Y,
(Ax̃k +Bỹk − b)−B(ỹk − yk) + (1/β)(λ̃k − λk) = 0.

(1.18)
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This can be written in form of (1.8a) as described in the following lemma.

Lemma 1.2 For given vk , let wk+1 be generated by (1.6) and w̃k be defined by (1.10).

Then, we have w̃k ∈ Ω and

θ(u)− θ(ũk) + (w − w̃k)TF (w̃k) ≥ (v − ṽk)TQ(vk − ṽk), ∀w ∈ Ω,

where

Q =


 sIm 0

−B 1
β
I


 . (1.19)

In this way, the output of the linearized ADMM scheme (1.6) can be written as (1.14) with

the same M and α = 1. By using (1.19) and (1.14b), we obtain H = QM−1 and thus

H =


 sIm 0

−B 1
β
I




 I 0

βB I


 =


 sIm 0

0 1
β
I


 . (1.20)
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and consequently (since α = 1)

G = QT +Q−MTHM = QT +Q−QTM

=


2sIm −BT

−B 2
β
I


−


sIm −BT

0 1
β
I




 I 0

−βB I




=


2sIm −BT

−B 2
β
I


−


sIm + βBTB −BT

−B 1
β
I




=


 sIm − βBTB 0

0 1
β
I


 . (1.21)

Since sIm − βBTB � 0, both the matrices H (in (1.20)) and G (in (1.21)) are

symmetric and positive definite. The Convergence Condition is satisfied; and thus the

convergence of the ADMM scheme (1.5) is guaranteed.
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2 Convergence proof in the unified framework

In this section, assuming the conditions (1.9) in the unified framework are satisfied, we

prove some convergence properties.

Theorem 2.1 Let {vk} be the sequence generated by a method for the problem (1.4) and

w̃k is obtained in the k-th iteration. If vk , vk+1 and w̃k satisfy the conditions in the

unified framework, then we have

α
(
θ(u)− θ(ũk) + (w − w̃k)TF (w̃k)

)

≥ 1

2

(
‖v − vk+1‖2H − ‖v − vk‖2H

)
+
α

2
‖vk − ṽk‖2G, ∀w ∈ Ω. (2.1)

Proof. Using Q = HM (see (1.9a)) and the relation (1.8b), the right hand side of (1.9a)

can be written as (v − ṽk)T 1
α
H(vk − vk+1) and hence

α{θ(u)−θ(ũk)+(w−w̃k)TF (w̃k)} ≥ (v−ṽk)TH(vk−vk+1), ∀w ∈ Ω. (2.2)

Applying the identity

(a− b)TH(c− d) =
1

2
{‖a− d‖2H − ‖a− c‖2H}+

1

2
{‖c− b‖2H − ‖d− b‖2H},
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to the right hand side of (2.2) with

a = v, b = ṽk, c = vk, and d = vk+1,

we thus obtain

(v − ṽk)TH(vk − vk+1)

=
1

2

(
‖v − vk+1‖2H−‖v − vk‖2H

)
+

1

2
(‖vk − ṽk‖2H−‖vk+1 − ṽk‖2H).(2.3)

For the last term of (2.3), we have

‖vk − ṽk‖2H − ‖vk+1 − ṽk‖2H
= ‖vk − ṽk‖2H − ‖(vk − ṽk)− (vk − vk+1)‖2H

(1.9a)
= ‖vk − ṽk‖2H − ‖(vk − ṽk)− αM(vk − ṽk)‖2H
= 2α(vk − ṽk)THM(vk − ṽk)− α2(vk − ṽk)TMTHM(vk − ṽk)

= α(vk − ṽk)T (QT +Q− αMTHM)(vk − ṽk)
(1.9b)
= α‖vk − ṽk‖2G. (2.4)

Substituting (2.3), (2.4) in (2.2), the assertion of this theorem is proved. 2
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2.1 Convergence in a strictly contraction sense

Theorem 2.2 Let {vk} be the sequence generated by a method for the problem (1.4) and

w̃k is obtained in the k-th iteration. If vk , vk+1 and w̃k satisfy the conditions in the

unified framework, then we have

‖vk+1 − v∗‖2H ≤ ‖vk − v∗‖2H − α‖vk − ṽk‖2G, ∀v∗ ∈ V∗. (2.5)

Proof. Setting w = w∗ in (2.1), we get

‖vk − v∗‖2H − ‖vk+1 − v∗‖2H
≥ α‖vk − ṽk‖2G + 2α{θ(ũk)− θ(u∗) + (w̃k − w∗)TF (w̃k)}. (2.6)

By using the optimality of w∗ and the monotonicity of F (w), we have

θ(ũk)−θ(u∗)+(w̃k−w∗)TF (w̃k) ≥ θ(ũk)−θ(u∗)+(w̃k−w∗)TF (w∗) ≥ 0

and thus

‖vk − v∗‖2H − ‖vk+1 − v∗‖2H ≥ α‖vk − ṽk‖2G. (2.7)

The assertion (2.5) follows directly. 2
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2.2 Convergence rate in an ergodic sense

Equivalent Characterization of the Solution Set of VI

For the convergence rate analysis, we need another characterization of the solution set of

VI (1.4). It can be described the following theorem and the proof can be found in [?]

(Theorem 2.3.5) or [10] (Theorem 2.1). We include all the details for completeness.

Theorem 2.3 The solution set of VI(Ω, F, θ) is convex and it can be characterized as

Ω∗ =
⋂

w∈Ω

{
w̃ ∈ Ω :

(
θ(u)− θ(ũ)

)
+ (w − w̃)TF (w) ≥ 0

}
. (2.8)

Proof. Indeed, if w̃ ∈ Ω∗, we have

θ(u)− θ(ũ) + (w − w̃)TF (w̃) ≥ 0, ∀w ∈ Ω.

By using the monotonicity of F on Ω, this implies that

θ(u)− θ(ũ) + (w − w̃)TF (w) ≥ 0, ∀w ∈ Ω.

Thus, w̃ belongs to the right-hand set in (2.8). Conversely, suppose w̃ belongs to the latter
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set of (2.8). Let w ∈ Ω be arbitrary. The vector

w̄ = αw̃ + (1− α)w

belongs to Ω for all α ∈ (0, 1). Thus we have

θ(ū)− θ(ũ) + (w̄ − w̃)TF (w̄) ≥ 0. (2.9)

Because θ(·) is convex, we have

θ(ū) ≤ αθ(ũ) + (1− α)θ(u) ⇒ (1− α)(θ(u)− θ(ũ)) ≥ θ(u)− θ(ũ).

Substituting it in (2.9) and using w̄ − w̃ = (1− α)(w − w̃), we get

(θ(u)− θ(ũ)) + (w − w̃)TF (αw̃ + (1− α)w) ≥ 0

for all α ∈ (0, 1). Letting α→ 1, it yields

(θ(u)− θ(ũ)) + (w − w̃)TF (w̃) ≥ 0.

Thus w̃ ∈ Ω∗. Now, we turn to prove the convexity of Ω∗. For each fixed but arbitrary

w ∈ Ω, the set

{w̃ ∈ Ω : θ(ũ) + w̃TF (w) ≤ θ(u) + wTF (w)}
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and its equivalent expression

{w̃ ∈ Ω :
(
θ(u)− θ(ũ)

)
+ (w − w̃)TF (w) ≥ 0}

is convex. Since the intersection of any number of convex sets is convex, it follows that the

solution set of VI(Ω, F, θ) is convex. 2

In Theorem 2.3, we have proved the equivalence of

w̃ ∈ Ω, θ(u)− θ(ũ) + (w − w̃)TF (w̃) ≥ 0, ∀w ∈ Ω,

and

w̃ ∈ Ω, θ(u)− θ(ũ) + (w − w̃)TF (w) ≥ 0, ∀w ∈ Ω.

We use the late one to define the approximate solution of VI (1.4). Namely, for given

ε > 0, w̃ ∈ Ω is called an ε-approximate solution of VI(Ω, F, θ), if it satisfies

w̃ ∈ Ω, θ(u)− θ(ũ) + (w − w̃)TF (w) ≥ −ε, ∀ w ∈ D(w̃),

where

D(w̃) = {w ∈ Ω | ‖w − w̃‖ ≤ 1}.
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We need to show that for given ε > 0, after t iterations, it can offer a w̃ ∈ W , such that

w̃ ∈ W and sup
w∈D(w̃)

{
θ(ũ)− θ(u) + (w̃ − w)TF (w)

}
≤ ε. (2.10)

Theorem 2.1 is also the base for the convergence rate proof. Using the monotonicity of F ,

we have

(w − w̃k)TF (w) ≥ (w − w̃k)TF (w̃k).

Substituting it in (2.1), we obtain

θ(u)−θ(ũk)+(w− w̃k)TF (w) +
1

2α
‖v− vk‖2H ≥

1

2α
‖v− vk+1‖2H , ∀w ∈ Ω.

(2.11)

Note that the above assertion is hold for G � 0.

Theorem 2.4 Let {vk} be the sequence generated by a method for the problem (1.4) and

w̃k is obtained in the k-th iteration. Assume that vk , vk+1 and w̃k satisfy the conditions

in the unified framework and let w̃t be defined by

w̃t =
1

t+ 1

t∑

k=0

w̃k. (2.12)
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Then, for any integer number t > 0, w̃t ∈ Ω and

θ(ũt)− θ(u) + (w̃t − w)TF (w) ≤ 1

2α(t+ 1)
‖v − v0‖2H , ∀w ∈ Ω. (2.13)

Proof. First, it holds that w̃k ∈ Ω for all k ≥ 0. Together with the convexity of X and Y ,

(2.12) implies that w̃t ∈ Ω. Summing the inequality (2.11) over k = 0, 1, . . . , t, we

obtain

(t+1)θ(u)−
t∑

k=0

θ(ũk)+
(

(t+1)w−
t∑

k=0

w̃k
)T
F (w)+

1

2α
‖v−v0‖2H ≥ 0, ∀w ∈ Ω.

Use the notation of w̃t, it can be written as

1

t+ 1

t∑

k=0

θ(ũk)− θ(u) + (w̃t −w)TF (w) ≤ 1

2α(t+ 1)
‖v− v0‖2H , ∀w ∈ Ω.

(2.14)

Since θ(u) is convex and

ũt =
1

t+ 1

t∑

k=0

ũk,
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we have that

θ(ũt) ≤ 1

t+ 1

t∑

k=0

θ(ũk).

Substituting it in (2.14), the assertion of this theorem follows directly. 2

Recall (2.10). The conclusion (2.13) thus indicates obviously that the method is able to

generate an approximate solution (i.e., w̃t) with the accuracy O(1/t) after t iterations.

That is, in the case G � 0, the convergence rate O(1/t) of the method is established.

• For the unified framework and the convergence proof, the reader can consult:

B.S. He, H. Liu, Z.R. Wang and X.M. Yuan, A strictly contractive Peaceman-

Rachford splitting method for convex programming, SIAM Journal on

Optimization 24(2014), 1011-1040.

• B. S. He and X. M. Yuan, On the O(1/n) convergence rate of the alternating

direction method, SIAM J. Numerical Analysis 50(2012), 700-709.

299



XV - 23

2.3 Convergence rate in pointwise iteration-complexity

In this subsection, we show that if the matrix G defined in (1.9b) is positive definite, a

worst-case O(1/t) convergence rate in a nonergodic sense can also be established for

the prototype algorithm (1.8). Note in general a nonergodic convergence rate is stronger

than the ergodic convergence rate.

We first need to prove the following lemma.

Lemma 2.1 For the sequence generated by the prototype algorithm (1.8) where the

Convergence Condition is satisfied, we have

(vk − ṽk)TMTHM{(vk − ṽk)− (vk+1 − ṽk+1)}

≥ 1

2α
‖(vk − ṽk)− (vk+1 − ṽk+1)‖2(QT +Q). (2.15)

Proof. First, set w = w̃k+1 in (1.8a), we have

θ(ũk+1)− θ(ũk) + (w̃k+1 − w̃k)TF (w̃k) ≥ (ṽk+1 − ṽk)TQ(vk − ṽk). (2.16)
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Note that (1.8a) is also true for k := k + 1 and thus we have

θ(u)−θ(ũk+1)+(w−w̃k+1)TF (w̃k+1) ≥ (v−ṽk+1)TQ(vk+1−ṽk+1), ∀w ∈ Ω.

Set w = w̃k in the above inequality, we obtain

θ(ũk)− θ(ũk+1) + (w̃k − w̃k+1)TF (w̃k+1) ≥ (ṽk − ṽk+1)TQ(vk+1 − ṽk+1).

(2.17)

Combining (2.16) and (2.17) and using the monotonicity of F , we get

(ṽk − ṽk+1)TQ{(vk − ṽk)− (vk+1 − ṽk+1)} ≥ 0. (2.18)

Adding the term

{(vk − ṽk)− (vk+1 − ṽk+1)}TQ{(vk − ṽk)− (vk+1 − ṽk+1)}

to the both sides of (2.18), and using vTQv = 1
2
vT (QT +Q)v, we obtain

(vk−vk+1)TQ{(vk−ṽk)−(vk+1−ṽk+1)} ≥ 1

2
‖(vk−ṽk)−(vk+1−ṽk+1)‖2(QT +Q).

Substituting (vk − vk+1) = αM(vk − ṽk) in the left-hand side of the last inequality

and using Q = HM , we obtain (2.15) and the lemma is proved. 2
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Now, we are ready to prove (2.19), the key inequality in this section.

Theorem 2.5 For the sequence generated by the prototype algorithm (1.8) where the

Convergence Condition is satisfied, we have

‖M(vk+1 − ṽk+1)‖H ≤ ‖M(vk − ṽk)‖H , ∀ k > 0. (2.19)

Proof. Setting a = M(vk − ṽk) and b = M(vk+1 − ṽk+1) in the identity

‖a‖2H − ‖b‖2H = 2aTH(a− b)− ‖a− b‖2H ,

we obtain

‖M(vk − ṽk)‖2H − ‖M(vk+1 − ṽk+1)‖2H
= 2(vk − ṽk)TMTHM [(vk − ṽk)− (vk+1 − ṽk+1)]

−‖M [(vk − ṽk)− (vk+1 − ṽk+1)]‖2H .
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Inserting (2.15) into the first term of the right-hand side of the last equality, we obtain

‖M(vk − ṽk)‖2H − ‖M(vk+1 − ṽk+1)‖2H
≥ 1

α
‖(vk − ṽk)− (vk+1 − ṽk+1)‖2

(QT +Q)
− ‖M [(vk − ṽk)− (vk+1 − ṽk+1)]‖2H

=
1

α
‖(vk − ṽk)− (vk+1 − ṽk+1)‖2G ≥ 0,

where the last inequality is because of the positive definiteness of the matrix

(QT +Q)− αMTHM � 0. The assertion (2.19) follows immediately. 2

Note that it follows from G � 0 and Theorem 2.2 there is a constant c0 > 0 such that

‖vk+1 − v∗‖2H ≤ ‖vk − v∗‖2H − c0‖M(vk − ṽk)‖2H , ∀v∗ ∈ V∗. (2.20)

Now, with (2.20) and (2.19), we can establish the worst-case O(1/t) convergence rate in

a nonergodic sense for the prototype algorithm (1.8).

Theorem 2.6 Let {vk} and {w̃k} be the sequences generated by the prototype

algorithm (1.8) under the Convergence Condition. For any integer t > 0, we have

‖M(vt − ṽt)‖2H ≤
1

(t+ 1)c0
‖v0 − v∗‖2H . (2.21)
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Proof. First, it follows from (2.20) that

∞∑

k=0

c0‖M(vk − ṽk)‖2H ≤ ‖v0 − v∗‖2H , ∀ v∗ ∈ V∗. (2.22)

According to Theorem 2.5, the sequence {‖M(vk − ṽk)‖2H} is monotonically

non-increasing. Therefore, we have

(t+ 1)‖M(vt − ṽt)‖2H ≤
t∑

k=0

‖M(vk − ṽk)‖2H . (2.23)

The assertion (2.21) follows from (2.22) and (2.23) immediately. 2

Let d := inf{‖v0 − v∗‖H | v∗ ∈ V∗}. Then, for any given ε > 0, Theorem 2.6 shows

that the it needs at most bd2/c0εc iterations to ensure that ‖M(vk − ṽk)‖2H ≤ ε.
Recall that vk is a solution of VI(Ω, F, θ) if ‖M(vk − ṽk)‖2H = 0 (see (1.8a) and due

toQ = HM ). A worst-caseO(1/t) convergence rate in pointwise iteration-complexity is

thus established for the prototype algorithm (1.8).

Notice that, for a differentiable unconstrained convex optimization min f(x), it holds that

f(x)− f(x∗) = ∇f(x∗)T (x− x∗) +O(‖x− x∗‖2) = O(‖x− x∗‖2).
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3 Classical ADMM in the Unified Framework

This section interprets the classical ADMM (1.5) and the linearized lADMM (1.6).

ADMM (1.5) Note that Theorem 2.4 is true for G � 0. Thus the classical ADMM (1.5)

has O(1/t) convergence rate in the ergodic sense.

Since α = 1, according to (2.5) and the form of G in (1.16), we have

‖vk+1 − v∗‖2H ≤ ‖vk − v∗‖2H − 1
β
‖λk − λ̃k‖2, ∀v∗ ∈ V∗. (3.1)

Lemma 3.1 For given vk , let wk+1 be generated by (1.5) and w̃k be defined by (1.10).

Then, we have
1
β
‖λk − λ̃k‖2 ≥ ‖vk − vk+1‖2H . (3.2)

Proof. According to (1.5) and (1.10), the optimal condition of the y-subproblem is

ỹk ∈ Y, θ2(y)−θ2(ỹk)+(y−ỹk)T {−BT λ̃k+βBTB(ỹk−yk)} ≥ 0, ∀ y ∈ Y.

Because

λk+1 = λ̃k − βB(ỹk − yk) and ỹk = yk+1,
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it can be written as

yk+1 ∈ Y, θ2(y)−θ2(yk+1)+(y−yk+1)T {−BTλk+1} ≥ 0, ∀ y ∈ Y. (3.3)

The above inequality is hold also for the last iteration, i. e., we have

yk ∈ Y, θ2(y)− θ2(yk) + (y − yk)T {−BTλk} ≥ 0, ∀ y ∈ Y. (3.4)

Setting y = yk in (3.3) and y = yk+1 in (3.4), and then adding them, we get

(λk − λk+1)TB(yk − yk+1) ≥ 0. (3.5)

Using λk − λ̃k = (λk − λk+1) + βB(yk − yk+1) and the inequality (3.5), we obtain

1
β
‖λk − λ̃k‖2 = 1

β
‖(λk − λk+1) + βB(yk − yk+1)‖2

≥ 1
β
‖λk − λk+1‖2 + β‖B(yk − yk+1)‖2

= ‖vk − vk+1‖2H .

The assertion of this lemma is proved. 2

Substituting (3.2) in (3.1), we get the following nice property of the classical ADMM as in

Lecture 11.
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Theorem 3.1 For given vk , let wk+1 be generated by (1.5). Then, we have

‖vk+1 − v∗‖2H ≤ ‖vk − v∗‖2H − ‖vk − vk+1‖2H , ∀v∗ ∈ V∗. (3.6)

Notice that the sequence {‖vk − vk+1‖2H} generated by the classical ADMM is

monotone non-increasing. In fact, in Theorem 2.5, we have proved that (see (2.19))

‖M(vk − ṽk)‖H ≤ ‖M(vk−1 − ṽk−1)‖H , ∀ k ≥ 1. (3.7)

Because (see the correction formula (1.14)), vk − vk+1 = M(vk − ṽk), it follows from

(3.7) that

‖vk − vk+1‖2H ≤ ‖vk−1 − vk‖2H . (3.8)

On the other hand, the inequality (3.6) tell us that

∞∑

k=0

‖vk − vk+1‖2H ≤ ‖v0 − v∗‖2H .
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Thus, we have

‖vt − vt+1‖2H ≤ 1

t+ 1

t∑

k=0

‖vk − vk+1‖2H

≤ 1

t+ 1

∞∑

k=0

‖vk − vk+1‖2H

≤ 1

t+ 1
‖v0 − v∗‖2H .

Therefore, ADMM (1.5) has O(1/t) convergence rate in pointwise iteration-complexity

[12].

ADMM (1.6) According to Theorem 2.2, for the vk+1 generated by (1.6) and ṽk defined

by (1.10), we have

‖vk+1 − v∗‖2H ≤ ‖vk − v∗‖2H − ‖vk − ṽk‖2G, ∀v∗ ∈ V∗, (3.9)

where

H =


 sIm 0

0 1
β
I


 and G =


 sIm − βBTB 0

0 1
β
I


 .
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Since

vk − ṽk = M−1(vk − vk+1),

it follows from (3.9) that

‖vk+1 − v∗‖2H ≤ ‖vk − v∗‖2H − ‖M−1(vk − vk+1)‖2G, ∀v∗ ∈ V∗, (3.10)

Using M =

[
I 0

−βB I

]
(see (1.14b)) and defining S = M−TGM−1, we have

S =

[
I βB

0 I

][ sIm − βBTB 0

0 1
β
I

][
I 0

βB I

]

=

[
sIm BT

B 1
β
I

]
.

Since sIm � βρ(BTB), the matrix S is positive definite and it follows from (3.10) that

‖vk+1 − v∗‖2H ≤ ‖vk − v∗‖2H − ‖vk − vk+1‖2S , ∀v∗ ∈ V∗.
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4 ADMM in Sense of Customized PPA [3]

If we change the performance order of y and λ of the classical ADMM (1.5), it becomes




xk+1 = Argmin{Lβ(x, yk, λk) |x ∈ X},

λk+1 = λk − β(Axk+1 +Byk − b),

yk+1 = Argmin{Lβ(xk+1, y, λk+1) | y ∈ Y}.

(4.1)

In this way we can get a positive semidefinite matrix Q in (1.8a). We define

x̃k = xk+1, ỹk = yk+1, λ̃k = λk+1, (4.2)

where (xk+1, yk+1, λk+1) is the output of (4.1) and thus it can be rewritten as




x̃k = Argmin{Lβ(x, yk, λk) |x ∈ X},

λ̃k = λk − β(Ax̃k +Byk − b),

ỹk = Argmin{Lβ(x̃k, y, λ̃k) | y ∈ Y}.

(4.3)
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Because λ̃k = λk+1 = λk − β(Ax̃k +Byk − b), the optimal condition of the

x-subproblem of (4.3) is

θ1(x)− θ1(x̃k) + (x− x̃k)T (−AT λ̃k) ≥ 0, ∀ x ∈ X . (4.4)

Notice that

Lβ(x̃k, y, λ̃k) = θ1(x̃
k) + θ2(y)− (λ̃k)T (Ax̃k +By − b) + β

2
‖Ax̃k +By − b‖2,

ignoring the constant term in the y optimization subproblem of (4.3), it turns to

ỹk = Argmin{θ2(y)− (λ̃k)TBy + β
2
‖Ax̃k +By − b‖2 | y ∈ Y},

and consequently, the optimal condition is ỹk ∈ Y ,

θ2(y)− θ2(ỹk) + (y − ỹk)T
[
−BTλ̃k + βBT(Ax̃k +Bỹk − b)

]
≥ 0, ∀y ∈ Y.

For the term [ · ] in the last inequality, using β(Ax̃k +Byk − b) = −(λ̃k − λk), we

have

−BTλ̃k + βBT(Ax̃k +Bỹk − b)
= −BTλ̃k + βBTB(ỹk − yk) + βBT(Ax̃k +Byk − b)
= −BTλ̃k + βBTB(ỹk − yk)−BT (λ̃k − λk).
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Finally, the optimal condition of the y-subproblem can be written as ỹk ∈ Y and

θ2(y)−θ2(ỹk)+(y−ỹk)T
[
−BTλ̃k+βBTB(ỹk−yk)−BT(λ̃k−λk)

]
≥ 0, ∀y ∈ Y.

(4.5)

From the λ update form in (4.3) we have

(Ax̃k +Bỹk − b)−B(ỹk − yk) + (1/β)(λ̃k − λk) = 0. (4.6)

Combining (4.4), (4.5) and (4.6), and using the notations of (1.4), we get following lemma.

Lemma 4.1 For given vk , let w̃k be generated by (4.3). Then, we have

w̃k ∈ Ω, θ(u)− θ(ũk) + (w− w̃k)TF (w̃k) ≥ (v− ṽk)TQ(vk − ṽk), ∀w ∈ Ω,

where

Q =


 βBTB −BT

−B 1
β
Im


 . (4.7)

Because Q is symmetric and positive semidefinite, according to (1.8), we can take

M = I α ∈ (0, 2) and thus H = Q.
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In this way, we get the new iterate by

vk+1 = vk − α(vk − ṽk).

The generated sequence {vk} has the convergence property

‖vk+1 − v∗‖2H ≤ ‖vk − v∗‖2H − α(2− α)‖vk − ṽk‖2H .

Ensure the matrix H to be positive definite If we add an additional proximal term

δβ
2
‖B(y − yk)‖2 to the y-subproblem of (4.3) with any small δ > 0, it becomes





x̃k = Argmin{L(2)
β (x, yk, λk) |x ∈ X},

λ̃k = λk − β(Ax̃k +Byk − b),
ỹk = Argmin{L(2)

β (x̃k, y, λ̃k) + δβ
2
‖B(y − yk)‖2 | y ∈ Y}.

(4.8)

In the ADMM based customized PPA (4.3), the y-subproblem can be written as

ỹk = Argmin{θ2(y) + β
2
‖By − pk‖2 | y ∈ Y}, (4.9)

where

pk = b+ 1
β
λ̃k −Ax̃k.
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If we add an additional term δβ
2
‖B(y − yk)‖2 (with any small δ > 0) to the objective

function of the y-subproblem, we will get ỹk via

ỹk = Argmin{θ2(y) + β
2
‖By − pk‖2 + δβ

2
‖B(y − yk)‖2 | y ∈ Y}.

By a manipulation, the solution point of the above subproblem is obtained via

ỹk = Argmin{θ2(y) + (1+δ)β
2
‖By − qk‖2 | y ∈ Y}, (4.10)

where

qk = 1
1+δ

(pk + δByk).

In this way, the matrix Q in (4.7) will turn to

Q =


 (1 + δ)βBTB −BT

−B 1
β
Im


 .

Take H = Q, for any δ > 0, H is positive definite when B is a full rank matrix. In other

words, instead of (4.9), using (4.10) to get ỹk , it will ensure the positivity ofH theoretically.

However, in practical computation, it works still well by using δ = 0.

XV - 38

5 Symmetric ADMM [7]

In the problem (1.1), x and y are a pair of fair variables. It is nature to consider a symmetric

method: Update the Lagrangian Multiplier after solving each x and y-subproblem. .

We take µ ∈ (0, 1) (usually µ = 0.9), the method is described as





xk+1 = Argmin{Lβ(x, yk, λk) |x ∈ X},

λk+ 1
2 = λk − µβ(Axk+1 +Byk − b),

yk+1 = Argmin{Lβ(xk+1, y, λk+ 1
2 ) | y ∈ Y},

λk+1 = λk+ 1
2 − µβ(Axk+1 +Byk+1 − b).

(5.1)

This method is called Alternating direction method of multipliers with symmetric

multipliers updating, or Symmetric Alternating Direction Method of Multipliers.

The convergence of the proposed method is established via the unified framework.
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For establishing the main result, we introduce an artificial vector w̃k by

w̃k =




x̃k

ỹk

λ̃k


 =




xk+1

yk+1

λk − β(Axk+1 +Byk − b)


 , (5.2)

where (xk+1, yk+1) is generated by the ADMM (5.1).

According to (5.2), the optimal condition of the x-subproblem of (5.1) is

θ1(x)− θ1(x̃k) + (x− x̃k)T (−AT λ̃k) ≥ 0, ∀ x ∈ X . (5.3)

Notice that the objective function of the y-subproblem in (5.1) is

Lβ(x̃k, y, λk+ 1
2 )

= θ1(x̃k) + θ2(y)− (λk+ 1
2 )T (Ax̃k +By − b) + β

2
‖Ax̃k +By − b‖2.

Ignoring the constant term in the y-subproblem, it turns to

ỹk = Argmin{θ2(y)− (λk+ 1
2 )TBy + β

2
‖Ax̃k +By − b‖2 | y ∈ Y}.
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Consequently, according to the optimality equivalent lemma , we have

ỹk ∈ Y, θ2(y)− θ2(ỹk)

+(y − ỹk)T
{
−BTλk+ 1

2 + βBT (Ax̃k +Bỹk − b)
}
≥ 0, ∀ y ∈ Y.

Using

λk+ 1
2 = λk − µ(λk − λ̃k) = λ̃k + (1− µ)(λk − λ̃k),

and β(Ax̃k +Byk − b) = (λ̃k − λk), we get

−BTλk+ 1
2 + βBT (Ax̃k +Bỹk − b)

= −BT (λ̃k + (1− µ)(λk − λ̃k)) + βBT (Ax̃k +Bỹk − b)
= −BT (λ̃k + (1− µ)(λk − λ̃k)) + βBTB(ỹk − yk)

+βBT (Ax̃k +Byk − b)
= −BT λ̃k − (1− µ)BT (λk − λ̃k) + βBTB(ỹk − yk)

+BT (λk − λ̃k)

= −BT λ̃k + βBTB(ỹk − yk)− µBT (λ̃k − λk).
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Finally, the optimal condition of the y-subproblem can be written as ỹk ∈ Y , and

θ2(y)− θ2(ỹk) + (y − ỹk)T
{
−BT λ̃k + βBTB(ỹk − yk)

−µBT (λ̃k − λk)
}
≥ 0, ∀y ∈ Y. (5.4)

According to the definition of w̃k in (5.2), we have

(Ax̃k +Bỹk − b)−B(ỹk − yk) + (1/β)(λ̃k − λk) = 0. (5.5)

Combining (5.3), (5.4) and (5.5), and using the notations of (1.4), we get following lemma.

Lemma 5.1 For given vk , let wk+1 be generated by (5.1) and w̃k be defined by (5.2).

Then, we have

w̃k ∈ Ω, θ(u)−θ(ũk)+(w− w̃k)TF (w̃k) ≥ (v− ṽk)TQ(vk− ṽk), ∀w ∈ Ω,

where

Q =


 βBTB −µBT

−B 1
β
Im


 . (5.6)

Using this notation and by a manipulation, the update form of λ in (5.1) can be represented
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as

λk+1 = λk+ 1
2 − µ

[
−βB(yk − ỹk) + β(Axk+1 +Byk − b)

]

= λk −
[
−µβB(yk − ỹk) + 2µ(λk − λ̃k)

]
. (5.7)

Thus, together with yk+1 = ỹk , we have the following useful relationship

 yk+1

λk+1


 =


 yk

λk


−


 I 0

−µβB 2µIm




 yk − ỹk

λk − λ̃k


 .

This can be rewritten into a compact form:

vk+1 = vk −M(vk − ṽk),

with

M =


 I 0

−µβB 2µIm


 . (5.8)

These relationships greatly simplify our analysis and presentation.
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In order to use the unified framework, we only need to verify the positiveness of H and G.

For the matrix M given by (5.8), we have

M−1 =


 I 0

1
2
βB 1

2µ
Im


 .

For H = QM−1, it follows that

H =


βB

TB −µBT

−B 1
β
Im




 I 0

1
2
βB 1

2µ
Im


 =


(1− 1

2
µ)βBTB − 1

2
BT

− 1
2
B 1

2µβ
Im


 .

Thus

H =
1

2



√
βBT 0

0
√

1
β
I




(2− µ)I −I

−I 1
µ
I





√
βB 0

0
√

1
β
I


 .

Notice that 
 (2− µ) −1

−1 1
µ


 =




� 0, µ ∈ (0, 1);

� 0, µ = 1.

Therefore, H is positive definite for any µ ∈ (0, 1) when B is a full column rank matrix.
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It remains to check the positiveness of G = QT +Q−MTHM . Note that

MTHM = MTQ =


 I −µβBT

0 2µIm




 βBTB −µBT

−B 1
β
Im




=


 (1 + µ)βBTB −2µBT

−2µB 2µ
β
Im


 .

Using (5.6) and the above equation, we have

G = (QT +Q)−MTHM = (1− µ)


 βBTB −BT

−B 2
β
Im


 .

Thus

G = (1− µ)



√
βBT 0

0
√

1
β
I




 I −I

−I 2I





√
βB 0

0
√

1
β
I


 .
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Because the matrix (
1 −1

−1 2

)

is positive definite, for any µ ∈ (0, 1), G is essentially positive definite (positive definite

when B is a full column rank matrix). The convergence conditions (1.9) are satisfied.

Take µ = 0.9, it will accelerate the convergence much. For the numerical experiments of

this method, it is refereed to consult [7].

The symmetric ADMM is a special version of the unified framework (1.8) - (1.9) whose

α = 1,

H =


(1− 1

2
µ)βBTB − 1

2
BT

− 1
2
B 1

2µβ
Im


 and G = (1−µ)


 βBTB −BT

−B 2
β
Im


 .

Both the matrices H and G are positive definite for µ ∈ (0, 1). According to Theorem

2.2, we have

‖vk+1 − v∗‖2H ≤ ‖vk − v∗‖2H − ‖vk − ṽk‖2G, ∀v∗ ∈ V∗.
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Conclusion Remarks

Theorem 2.1 is the base of this note. Using αM(vk − ṽk) = (vk − vk+1) and

Q = HM , we get

α{θ(u)− θ(ũk) + (w − w̃k)TF (w̃k)} ≥ (v − ṽk)TH(vk − vk+1), ∀w ∈ Ω.

The elementary identity

(a− b)TH(c− d) =
1

2
{‖a− d‖2H − ‖a− c‖2H}+

1

2
{‖c− b‖2H − ‖d− b‖2H},

plays a key role in the proof. we thus obtain

(v − ṽk)TH(vk − vk+1)

=
1

2

(
‖v − vk+1‖2H−‖v − vk‖2H

)
+

1

2
(‖vk − ṽk‖2H−‖vk+1 − ṽk‖2H).

This basic technique has also been adopted by A. Beck [1] in his monographs. He has

made a special footnote (see Page 428 in [1]). The technique is simple yet powerful !
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The context of this lecture is based on the publication [6]
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1 Convex Optimization with 3 separable operators

We consider the linearly constrained convex optimization with 3 separable operators:

min {θ1(x)+θ2(y)+θ3(z) |Ax+By+Cz = b, x ∈ X , y ∈ Y, z ∈ Z} (1.1)

where θ1(x) : <n1 → <, θ2(y) : <n2 → <, θ3(z) : <n3 → < are convex;

A ∈ <m×n1 , B ∈ <m×n2 , C ∈ <m×n3 , b ∈ <m; X ⊂ <n1 , Y ⊂ <n2 and

Z ⊂ <n3 are given convex set. Let n = n1 + n2 + n3.

This optimization problem is equivalent to find (x∗, y∗, z∗, λ∗) ∈ Ω, such that




θ1(x)− θ1(x∗) + (x− x∗)T (−ATλ∗) ≥ 0,

θ2(y)− θ2(y∗) + (y − y∗)T (−BTλ∗) ≥ 0,

θ3(z)− θ3(z∗) + (z − z∗)T (−CTλ∗) ≥ 0,

(λ− λ∗)T (Ax∗ +By∗ + Cz∗ − b) ≥ 0,

∀ (x, y, z, λ) ∈ Ω, (1.2)

where

Ω = X × Y × Z × <m.
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By denoting

u =




x

y

z


 , w =




x

y

z

λ




F (w) =




−ATλ
−BTλ
−CTλ

Ax+By + Cz − b



,

and

θ(u) = θ1(x) + θ2(y) + θ3(z),

the optimal condition (1.2) can be written as

w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀ w ∈ Ω.

For convenience, in this paper, we use the notations

v =




y

z

λ


 , and V∗ = {(y∗, z∗, λ∗) | (x∗, y∗, z∗, λ∗) ∈ Ω∗}.
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2 Full Parallel Splitting ALM
Full parallel splitting augmented Lagrangian method is a prediction-correction

method. First it generates a predictor:

1. From given (xk, yk, zk, λk), obtain x̃k, ỹk and z̃k, by the following parallel

manner:

x̃k = Argmin

{
θ1(x)− (λk)T (Ax+Byk + Czk − b)

+β
2
‖Ax+Byk + Czk − b‖2

∣∣∣∣∣x ∈ X
}

(2.1a)

ỹk = Argmin

{
θ2(y)− (λk)T (Axk +By + Czk − b)

+β
2
‖Axk +By + Czk − b‖2

∣∣∣∣∣y ∈ Y
}

(2.1b)

z̃k = Argmin

{
θ3(z)− (λk)T (Axk +Byk + Cz − b)

+β
2
‖Axk +Byk + Cz − b‖2

∣∣∣∣∣z ∈ Z
}

(2.1c)

2. Update λ̃k by

λ̃k = λk − β(Ax̃k +Bỹk + Cz̃k − b). (2.1d)
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Note that the solution (x̃k, ỹk, z̃k) ∈ X × Y × Z of (2.1a)-(2.1c) satisfies




θ1(x)− θ1(x̃k) + (x− x̃k)T
{
−ATλk + βAT

(
Ax̃k +Byk + Czk − b

)}
≥ 0

θ2(y)− θ2(ỹk) + (y − ỹk)T
{
−BTλk + βBT

(
Axk +Bỹk + Czk − b

)}
≥ 0

θ3(z)− θ3(z̃k) + (z − z̃k)T
{
−CTλk + βCT

(
Axk +Byk + Cz̃k − b

)}
≥ 0

(2.2)

for all (x, y, z) ∈ X × Y × Z . Using

λ̃k = λk − β(Ax̃k +Bỹk + Cz̃k − b)

and by a manipulation, (2.2) can be rewritten as (x̃k, ỹk, z̃k) ∈ X × Y × Z ,

θ(u)−θ(ũk)+




x− x̃k

y − ỹk

z − z̃k




T


−AT λ̃k + βAT [B(yk − ỹk) + C(zk − z̃k)]

−BT λ̃k + βBT [A(xk − x̃k) + C(zk − z̃k)]

−CT λ̃k + βCT [A(xk − x̃k) +B(yk − ỹk)]


 ≥ 0,

(2.3)

for all (x, y, z) ∈ X × Y × Z . Combining the last inequality with (2.1d), we
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have

θ(u)− θ(ũk) +




x− x̃k

y − ỹk

z − z̃k

λ− λ̃k




T 






−AT λ̃k

−BT λ̃k

−CT λ̃k

Ax̃k +Bỹk + Cz̃k − b




+β




AT

BT

CT

0




(
A(xk − x̃k) +B(yk − ỹk) + C(zk − z̃k)

)

+




βATA 0 0 0

0 βBTB 0 0

0 0 βCTC 0

0 0 0 1
β
Im







x̃k − xk

ỹk − yk

z̃k − zk

λ̃k − λk








≥ 0, ∀w ∈ Ω.(2.4)
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Based on the above analysis, we have the following lemma.

Lemma 2.1 Let w̃k = (x̃k, ỹk, z̃k, λ̃k) ∈ Ω be generated by (2.1) from the

given wk = (xk, yk, zk, λk). Then, we have

(w̃k − w∗)TH(wk − w̃k) ≥ (w̃k − w∗)T
(
F (w̃k) + η(uk, ũk)

)
, (2.5)

where

η(uk, ũk) = β




AT

BT

CT

0




[
A(xk−x̃k)+B(yk−ỹk) + C(zk−z̃k)

]
(2.6)

and

H =




βATA 0 0 0

0 βBTB 0 0

0 0 βCTC 0

0 0 0 1
β
Im



. (2.7)
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Proof. Setting (x, y, z, λ) = (x∗, y∗, z∗, λ∗) in (2.4), the assertion follows

directly. 2

Since F is monotone and w̃k ∈ Ω, it follows that

(w̃k − w∗)TF (w̃k) ≥ (w̃k − w∗)TF (w∗) ≥ 0. (2.8)

In addition, by using Ax∗ +By∗ + Cz∗ = b and

β(Ax̃k +Bỹk + Cz̃k − b) = (λk − λ̃k),

we have

(w̃k − w∗)T η(uk, ũk)

= (A(xk − x̃k) +B(yk − ỹk) + C(zk − z̃k))Tβ(Ax̃k +Bỹk + Cz̃k − b)
= (λk − λ̃k)T [A(xk − x̃k) +B(yk − ỹk) + C(zk − z̃k)]. (2.9)

Lemma 2.2 Let w̃k = (x̃k, ỹk, z̃k, λ̃k) ∈ Ω be generated by (2.1) from the
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given wk = (xk, yk, zk, λk). Then, we have

(wk − w∗)TH(wk − w̃k) ≥ ϕ(wk, w̃k), ∀ w∗ ∈ Ω∗, (2.10)

where

ϕ(wk, w̃k) = ‖wk − w̃k‖2H
+(λk − λ̃k)T

(
A(xk − x̃k)+B(yk − ỹk)+C(zk − z̃k)

)
. (2.11)

In addition, we have

ϕ(wk, w̃k) ≥ 2−
√

3

2
‖wk − w̃k‖2H . (2.12)

Proof. First, using (2.5), (2.8) and (2.9) we obtain that

(w̃k − w∗)TH(wk − w̃k)

≥ (λk − λ̃k)T
(
A(xk − x̃k) +B(yk − ỹk) + C(zk − z̃k)

)
.

The first assertion of this lemma follows from the last inequality and the definition

of ϕ(wk, w̃k) directly.
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Now, we turn to the second assertion (2.12). Notice that

ϕ(wk, w̃k) = ‖wk − w̃k‖2H
+(λk − λ̃k)T

(
A(xk − x̃k) +B(yk − ỹk) + C(zk − z̃k)

)

=




xk − x̃k

yk − ỹk

zk − z̃k

λk − λ̃k




T 


βATA 0 0 1
2
AT

0 βBTB 0 1
2
BT

0 0 βCTC 1
2
CT

1
2
A 1

2
B 1

2
C 1

β
Im







xk − x̃k

yk − ỹk

zk − z̃k

λk − λ̃k




=




√
βA(xk − x̃k)
√
βB(yk − ỹk)
√
βC(zk − z̃k)

√
1/β(λk − λ̃k)




T 


Im 0 0 1
2
Im

0 Im 0 1
2
Im

0 0 Im
1
2
Im

1
2
Im

1
2
Im

1
2
Im Im







√
βA(xk − x̃k)
√
βB(yk − ỹk)
√
βC(zk − z̃k)

√
1/β(λk − λ̃k)




. (2.13)

Because the eigenvalues of the matrix
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1 0 0 1
2

0 1 0 1
2

0 0 1 1
2

1
2

1
2

1
2 1




are 1, 1 and 1±
√
3
2 ,

The smallest eigenvalue is 2−
√
3

2 . Therefore,

ϕ(wk, w̃k) ≥ 2−
√

3

2




√
βA(xk − x̃k)√
βB(yk − ỹk)√
βC(zk − z̃k)√
1/β(λk − λ̃k)




T 


√
βA(xk − x̃k)√
βB(yk − ỹk)√
βC(zk − z̃k)√
1/β(λk − λ̃k)




=
2−
√

3

2
‖wk − w̃k‖2H . The lemma is proved. 2

According to Lemma 2.2, we have

(wk − w∗)TH(wk − w̃k) ≥ ϕ(wk, w̃k) ≥ 2−
√

3

2
‖wk − w̃k‖2H .

This give us the possibility to produce a new iterate which is more closed to the
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solution set by the following correction.

Correction: Based on the predictor by (2.1), update the new iterate wk+1 by:

wk+1 = wk − αk(wk − w̃k), αk = γα∗k, γ ∈ (0, 2) (2.14a)

where

α∗k =
ϕ(wk, w̃k)

‖wk − w̃k‖2H
. (2.14b)

By using (2.10) and (2.14), we obtain

‖wk+1 − w∗‖2H = ‖(wk − w∗)− γα∗k(wk − w̃k)‖2H
= ‖wk − w∗‖2H − 2γα∗k(wk − w∗)TH(wk − w̃k)

+γ2(α∗k)2‖wk − w̃k‖2H
≤ ‖wk − w∗‖2H − 2γα∗kϕ(wk, w̃k)

+γ2(α∗k)2‖wk − w̃k‖2H
≤ ‖wk − w∗‖2H − γ(2− γ)α∗kϕ(wk, w̃k). (2.15)
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In comparison with the computational load for obtaining (x̃k, ỹk, z̃k), the

calculation cost for step-size α∗k is slight.

Convergence Using (2.14) and (2.14b), we obtain

‖wk+1 − w∗‖2H ≤ ‖wk − w∗‖2H −
γ(2− γ)(7− 4

√
3)

4
‖wk − w̃k‖2H .

♣ B. S. He, Parallel splitting augmented Lagrangian methods for monotone

structured variational inequalities, Computational Optimization and Applications,

42, 195-212, 2009.

3 Partially Parallel Splitting ALM

In the partially parallel splitting ALM, x is an intermediate variable. The iteration

begins with vk = (yk, zk, λk) and produces new iterate vk+1. It is still a

prediction-correction method.
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Prediction:

1. From given (yk, zk, λk), obtain x̃k, ỹk and z̃k, by the following partially

parallel manner:

x̃k = Argmin

{
θ1(x)− (λk)T (Ax+Byk + Czk − b)

+β
2
‖Ax+Byk + Czk − b‖2

∣∣∣∣∣x ∈ X
}

(3.1a)

ỹk = Argmin

{
θ2(y)− (λk)T (Ax̃k +By + Czk − b)

+β
2
‖Ax̃k +By + Czk − b‖2

∣∣∣∣∣y ∈ Y
}

(3.1b)

z̃k = Argmin

{
θ3(z)− (λk)T (Ax̃k +Byk + Cz − b)

+β
2
‖Ax̃k +Byk + Cz − b‖2

∣∣∣∣∣z ∈ Z
}

(3.1c)

2. Update λ̃k by

λ̃k = λk − β(Ax̃k +Bỹk + Cz̃k − b). (3.1d)

Note that in (3.1b) and (3.1c), we use x̃k generated by (3.1a).

319



XVI - 15

Analysis The solution (x̃k, ỹk, z̃k) ∈ X × Y × Z of (3.1a)-(3.1c) satisfies





θ1(x)− θ1(x̃k) + (x− x̃k)T
{
−ATλk + βAT

(
Ax̃k +Byk + Czk − b

)}
≥ 0

θ2(y)− θ2(ỹk) + (y − ỹk)T
{
−BTλk + βBT

(
Ax̃k +Bỹk + Czk − b

)}
≥ 0

θ3(z)− θ3(z̃k) + (z − z̃k)T
{
−CTλk + βCT

(
Ax̃k +Byk + Cz̃k − b

)}
≥ 0

(3.2)

for all (x, y, z) ∈ X ×Y ×Z . Using λ̃k = λk − β(Ax̃k +Bỹk +Cz̃k − b)
and by a manipulation, (3.2) can be rewritten as (x̃k, ỹk, z̃k) ∈ X × Y × Z ,

θ(u)−θ(ũk)+




x− x̃k

y − ỹk

z − z̃k




T


−AT λ̃k + βAT [B(yk − ỹk) + C(zk − z̃k)]

−BT λ̃k + βBT [ 0 + C(zk − z̃k)]

−CT λ̃k + βCT [B(yk − ỹk) + 0 ]


 ≥ 0,

for all (x, y, z) ∈ X × Y × Z . Combining the last inequality with (3.1d), we
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have

θ(u)− θ(ũk) +




x− x̃k

y − ỹk

z − z̃k

λ− λ̃k




T 






−AT λ̃k

−BT λ̃k

−CT λ̃k

Ax̃k +Bỹk + Cz̃k − b




+β




AT

BT

CT

0




(
B(yk − ỹk) + C(zk − z̃k)

)

+




0 0 0

βBTB 0 0

0 βCTC 0

0 0 1
β
Im







ỹk − yk

z̃k − zk

λ̃k − λ








≥ 0, ∀w ∈ Ω. (3.3)
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Based on the above analysis, we have the following lemma.

Lemma 3.1 Let w̃k = (x̃k, ỹk, z̃k, λ̃k) ∈ Ω be generated by (3.1) from the
given vk = (yk, zk, λk). Then, we have

(ṽk − v∗)TH(vk − ṽk) ≥ (w̃k − w∗)T
(
F (w̃k) + η(uk, ũk)

)
, (3.4)

where

η(uk, ũk) = β




AT

BT

CT

0




(
B(yk−ỹk) + C(zk−z̃k)

)
(3.5)

and

H =




βBTB 0 0

0 βCTC 0

0 0 1
β
Im


 . (3.6)

Proof. Setting (x, y, z, λ) = (x∗, y∗, z∗, λ∗) in (3.3), and using v = (y, z, λ)

the assertion follows directly. 2
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Since F is monotone and w̃k ∈ Ω, it follows that

(w̃k − w∗)TF (w̃k) ≥ (w̃k − w∗)TF (w∗) ≥ 0. (3.7)

In addition, by using Ax∗ +By∗ + Cz∗ = b and

β(Ax̃k +Bỹk + Cz̃k − b) = (λk − λ̃k),

we have

η(uk, ũk)T (w̃k − w∗)
= (B(yk − ỹk) + C(zk − z̃k))Tβ(Ax̃k +Bỹk + Cz̃k − b)
= (B(yk − ỹk) + C(zk − z̃k))T (λk − λ̃k). (3.8)

Lemma 3.2 Let w̃k = (x̃k, ỹk, z̃k, λ̃k) ∈ Ω be generated by (3.1) from the

given vk = (yk, zk, λk). Then, we have

(vk − v∗)TH(vk − ṽk) ≥ ϕ(vk, ṽk), ∀ w∗ ∈ Ω∗, (3.9)
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where

ϕ(vk, ṽk) = ‖vk − ṽk‖2H
+(λk − λ̃k)T

(
B(yk − ỹk) + C(zk − z̃k)

)
. (3.10)

Proof. First, using (3.4), (3.7) and (3.8) we obtain that

(ṽk − v∗)TH(vk − ṽk)

≥ (λk − λ̃k)T
(
B(yk − ỹk) + C(zk − z̃k)

)
.

The assertion of this lemma follows from the last inequality and the definition of

ϕ(vk, ṽk) directly. 2

Lemma 3.3 Let w̃k = (x̃k, ỹk, z̃k, λ̃k) ∈ Ω be generated by (3.1) from the

given vk = (yk, zk, λk). For H defined in (3.6) and ϕ(vk, ṽk) defined in

(3.10), we have

ϕ(vk, ṽk) ≥ 2−
√

2

2
‖vk − ṽk‖2H . (3.11)
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Proof. According to the definition of (3.10), we obtain

ϕ(vk, ṽk) = ‖vk − ṽk‖2H + (λk − λ̃k)T
(
B(yk − ỹk) + C(zk − z̃k)

)

=




yk − ỹk

zk − z̃k

λk − λ̃k




T 


βBTB 0 1
2B

T

0 βCTC 1
2C

T

1
2B

1
2C

1
β Im







yk − ỹk

zk − z̃k

λk − λ̃k




=




√
βB(yk − ỹk)
√
βC(zk − z̃k)

√
1/β(λk − λ̃k)




T 


Im 0 1
2Im

0 Im
1
2Im

1
2Im

1
2Im Im







√
βB(yk − ỹk)
√
βC(zk − z̃k)

√
1/β(λk − λ̃k)


 .

Because the matrix 


1 0 1
2

0 1 1
2

1
2

1
2 1
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is positive definite and its eigenvalues are 1 and 1±
√
2
2 , thus, we obtain

ϕ(vk, ṽk) ≥ 2−
√

2

2




√
βB(yk − ỹk)
√
βC(zk − z̃k)

√
1/β(λk − λ̃k)




T 


√
βB(yk − ỹk)
√
βC(zk − z̃k)

√
1/β(λk − λ̃k)




=
2−
√

2

2
‖vk − ṽk‖2H ,

and the assertion is proved. 2

Correction Based on the predictor by (3.1), update the new iterate vk+1 by

vk+1 = vk − αk(vk − ṽk), αk = γα∗k, γ ∈ (0, 2) (3.12a)

where

α∗k =
ϕ(vk, ṽk)

‖vk − ṽk‖2H
(3.12b)
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By using (3.9) and (3.12), we obtain

‖vk+1 − v∗‖2H = ‖(vk − v∗)− γα∗k(vk − ṽk)‖2H
= ‖vk − v∗‖2H − 2γα∗k(vk − v∗)TH(vk − ṽk) + γ2(α∗k)2‖vk − ṽk‖2H
≤ ‖vk − v∗‖2H − 2γα∗kϕ(vk, ṽk) + γ2(α∗k)2‖vk − ṽk‖2H
= ‖vk − v∗‖2H − γ(2− γ)α∗kϕ(vk, ṽk). (3.13)

In comparison with the computational load for obtaining (x̃k, ỹk, z̃k), the

calculation cost for step-size α∗k is slight.

Convergence Using (3.11) and (3.12b), it follows from (3.13) that

‖vk+1 − v∗‖2H ≤ ‖vk − v∗‖2H −
γ(2− γ)(3− 2

√
2)

2
‖vk − ṽk‖2H .

From (3.11) we know that α∗k ≥ 2−
√
2

2 . In the correction step, we can also take

the fixed step size αk ≡ α ∈ (0, 2−
√

2), the method is still convergent.

323



XVI - 23

4 Extension to problems with 4 operators
We consider the following optimization problem with 4 separable operators:

min {
4∑

i=1

θi(xi) |
4∑

i=1

Aixi = b, xi ∈ Xi} (4.1)

where θi(xi) : <ni → <, is convex, Ai ∈ <m×ni , Xi ⊂ <ni is given convex
set, i = 1, . . . , 4; b ∈ <m. This optimization problem is equivalent to find
w∗ = (x∗1, x

∗
2, x

∗
3, x

∗
4, λ

∗) ∈ Ω, such that




θ1(x1)− θ1(x∗1) + (x1 − x∗1)T (−AT1 λ∗) ≥ 0,

θ2(x2)− θ2(x∗2) + (x2 − x∗2)T (−AT2 λ∗) ≥ 0,

θ3(x3)− θ3(x∗3) + (x3 − x∗3)T (−AT4 λ∗) ≥ 0,

θ4(x4)− θ4(x∗4) + (x4 − x∗4)T (−AT4 λ∗) ≥ 0,

(λ− λ∗)T (A1x
∗
1 +A2x

∗
2 +A3x

∗
3 +A4x

∗
4 − b) ≥ 0,

∀ w ∈ Ω, (4.2)

where

Ω = X1 ×X2 ×X3 ×X4 ×<m.
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By denoting

x =




x1

x2

x3

x4



, w =




x1
x2
x3
x4
λ




F (w) =




−AT1 λ
−AT2 λ
−AT3 λ
−AT4 λ∑4

i=1Aixi − b,



,

and θ(x) = θ1(x1) + θ2(x2) + θ3(x3) + θ4(x4),

the optimal condition (4.2) can be written as

w∗ ∈ Ω, θ(x)− θ(x∗) + (w − w∗)TF (w∗) ≥ 0, ∀ w ∈ Ω.

Full parallel splitting augmented Lagrangian method

If we extend the full parallel splitting augmented Lagrangian method to solve (4.1),

similarly as in Lemma 2.2 (see (2.10) and (2.11)), we have

(wk − w∗)TH(wk − w̃k) ≥ ϕ(wk, w̃k), ∀ w∗ ∈ Ω∗, (4.3)
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where

ϕ(wk, w̃k) = ‖wk − w̃k‖2H + (λk − λ̃k)T
( 4∑

i=1

Ai(x
k
i − x̃ki )

)
(4.4)

and

H = diag(βAT1 A1, βA
T
2 A2, βA

T
3 A3, βA

T
4 A4,

1

β
Im).

Note that, similar as (2.13), we have

ϕ(wk, w̃k) =




√
βA1(xk1 − x̃k1)
√
βA2(xk2 − x̃k2)
√
βA3(xk3 − x̃k3)
√
βA4(xk4 − x̃k4)

√
1/β(λk − λ̃k)




T


I 0 0 0 I/2

0 I 0 0 I/2

0 0 I 0 I/2

0 0 0 I I/2

I/2 I/2 I/2 I/2 I







√
βA1(xk1 − x̃k1)
√
βA2(xk2 − x̃k2)
√
βA3(xk3 − x̃k3)
√
βA4(xk4 − x̃k4)

√
1/β(λk − λ̃k)




.

In other words, for the problem with 4 separable operators, if we use the full
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parallel splitting augmented Lagrangian method, we will met a matrix



1 0 0 0 1
2

0 1 0 0 1
2

0 0 1 0 1
2

0 0 0 1 1
2

1
2

1
2

1
2

1
2

1



.

The above matrix is positive semi-definite and its eigenvalues are 0, 1, 1, 1 and 2. The

vector (1, 1, 1, 1,−2)T is the eigenvector related to the eigenvalue 0. This means, even

through ‖wk − w̃k‖H 6= 0, it can not guarantee that ϕ(wk, w̃k) > 0. Therefore, we

suggest to use the partially splitting augmented Lagrangian method.

Partially parallel splitting augmented Lagrangian method

In the partially parallel splitting augmented Lagrangian method, x1 is an

intermediate variable during the iterations. After solving the x1-subproblem, then

solve the x2, x3, x4-subproblems in the parallel manner�

Prediction Similarly as the prediction step (3.1) for problems with 3 operators
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From given (xk2 , x
k
3 , x

k
4 , λ

k), obtain w̃k by the following partially parallel manner:

x̃k1 = Argmin

{
θ1(x1)− (λk)T(A1x1+A2x

k
2 +A3x

k
3 +A4x

k
4−b)

+β
2
‖A1x1 +A2x

k
2 +A3x

k
3 +A4x

k
4 − b‖2

∣∣∣∣∣x1 ∈ X1

}
(4.5a)

x̃k2 = Argmin

{
θ2(x2)− (λk)T(A1x̃

k
1 +A2x2+A3x

k
3 +A4x

k
4−b)

+β
2
‖A1x̃

k
1 +A2x2 +A3x

k
3 +A4x

k
4 − b‖2

∣∣∣∣∣x2 ∈ X2

}
(4.5b)

x̃k3 = Argmin

{
θ3(x3)− (λk)T(A1x̃

k
1 +A2x

k
2 +A3x3+A4x

k
4−b)

+β
2
‖A1x̃

k
1 +A2x

k
2 +A3x3 +A4x

k
4 − b‖2

∣∣∣∣∣x3 ∈ X3

}
(4.5c)

x̃k4 = Argmin

{
θ4(x4)− (λk)T(A1x̃

k
1 +A2x

k
2 +A3x

k
3 +A4x4−b)

+β
2
‖A1x̃

k
1 +A2x

k
2 +A3x

k
3 +A4x4 − b‖2

∣∣∣∣∣x4 ∈ X4

}
(4.5d)

Update λ̃k by

λ̃k = λk − β(A1x̃
k
1 +A2x̃

k
2 +A3x̃

k
3 +A4x̃

k
4 − b). (4.5e)

Note that in (4.5b), (4.5c) and (4.5d), we use x̃k1 generated by (4.5a).
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Similar as (3.3), for the w̃k generated by (4.5), we have

θ(x)− θ(x̃k) +




x1 − x̃k1
x2 − x̃k2
x3 − x̃k3
x4 − x̃k4
λ− λ̃k




T 





−AT1 λ̃k
−AT2 λ̃k
−AT3 λ̃k
−AT4 λ̃k

A1x̃
k
1 +A2x̃

k
2 +A3x̃

k
3 +A4x̃

k
4 − b




+β




AT1
AT2
AT3
AT4
0




[
A2(xk2 − x̃k2) +A3(xk3 − x̃k3) +A4(xk4 − x̃k4)

]

+




0 0 0 0

βAT2A2 0 0 0

0 βAT3A3 0 0

0 0 βAT4A4 0

0 0 0 1
β
Im







x̃k2 − xk2
x̃k3 − xk3
x̃k4 − xk4
λ̃k − λ








≥ 0, ∀w∈ Ω. (4.6)
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For convenience we use the notations

v =




x2
x3
x4
λ


 and V∗ = {(x∗2, x∗3, x∗4, λ∗) | (x∗1, x∗2, x∗3, x∗4, λ∗) ∈ Ω∗}.

Based on the above analysis, we have the following lemma.

Lemma 4.1 Let w̃k = (x̃k1 , x̃
k
2 , x̃

k
3 , x̃

k
4 , λ̃

k) ∈ Ω be generated by (4.5) from

the given vk = (xk2 , x
k
3 , x

k
4 , λ

k). Then, we have

(ṽk − v∗)TH(vk − ṽk) ≥ (w̃k − w∗)T
(
F (w̃k) + η(xk, x̃k)

)
, (4.7)

where

H = diag(βAT2 A2, βA
T
3 A3, βA

T
4 A4,

1

β
Im) (4.8)
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and

η(xk, x̃k) = β




AT1
AT2
AT3
AT4
0




[
A2(xk2−x̃k2)+A3(xk3−x̃k3)+A4(xk4−x̃k4)

]
(4.9)

Lemma 4.2 Let w̃k = (x̃k1 , x̃
k
2 , x̃

k
3 , x̃

k
4 , λ̃

k) ∈ Ω be generated by (4.5) from

the given vk = (xk2 , x
k
3 , x

k
4 , λ

k). Then, we have

(vk − v∗)TH(vk − ṽk) ≥ ϕ(vk, ṽk), ∀ v∗ ∈ V∗, (4.10)

where

ϕ(vk, ṽk) = ‖vk − ṽk‖2H
+(λk − λ̃k)T

[
A2(xk2−x̃k2)+A3(xk3−x̃k3)+A4(xk4−x̃k4)

]
.(4.11)

The proofs of Lemma 4.2 is similar as those in Lemma 3.2.
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Lemma 4.3 Let w̃k = (x̃k1 , x̃
k
2 , x̃

k
3 , x̃

k
4 , λ̃

k) ∈ Ω be generated by (4.5) from

the given vk = (xk2 , x
k
3 , x

k
4 , λ

k). For H defined in (4.8) and ϕ(vk, ṽk) defined

in (4.11), we have

ϕ(vk, ṽk) ≥ 2−
√

3

2
‖vk − ṽk‖2H . (4.12)

Proof. According to the definition of (4.11), we have

ϕ(vk, ṽk) = ‖vk − ṽk‖2H
+(λk − λ̃k)T

[
A2(xk2−x̃k2)+A3(xk3−x̃k3)+A4(xk4−x̃k4)

]

=




√
βA2(xk2−x̃k2)
√
βA3(xk3−x̃k3)
√
βA4(xk4−x̃k4)

√
1/β(λk − λ̃k)




T 


Im 0 0 1
2Im

0 Im 0 1
2Im

0 0 Im
1
2Im

1
2Im

1
2Im

1
2Im Im







√
βA2(xk2−x̃k2)
√
βA3(xk3−x̃k3)
√
βA4(xk4−x̃k4)

√
1/β(λk − λ̃k)



.
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Note that the eigenvalues of the symmetric matrix



1 0 0 1
2

0 1 0 1
2

0 0 1 1
2

1
2

1
2

1
2 1




are 1, 1 and 1±
√
3
2 ,

and the smallest eigenvalue is 2−
√
3

2 . Therefore,

ϕ(vk, ṽk) ≥ 2−
√

3

2




√
βA2(xk2−x̃k2)
√
βA3(xk3−x̃k3)
√
βA4(xk4−x̃k4)

√
1/β(λk − λ̃k)




T 


√
βA2(xk2−x̃k2)
√
βA3(xk3−x̃k3)
√
βA4(xk4−x̃k4)

√
1/β(λk − λ̃k)




=
2−
√

3

2
‖vk − ṽk‖2H ,

and the assertion is proved. 2
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Correction Based on the predictor by (4.5), update the new iterate vk+1 by

Update the new iterate vk+1 by

vk+1 = vk − αk(vk − ṽk), αk = γα∗k, γ ∈ (0, 2) (4.13a)

where

α∗k =
ϕ(vk, ṽk)

‖vk − ṽk‖2H
(4.13b)

By using (4.10) and (4.13), we obtain

‖vk+1 − v∗‖2H ≤ ‖vk − v∗‖2H − γ(2− γ)α∗kϕ(vk, ṽk).

Convergence Using (4.12) and (4.13b), we obtain

‖vk+1− v∗‖2H ≤ ‖vk− v∗‖2H −
γ(2− γ)(7− 4

√
3)

4
‖vk− ṽk‖2H . (4.14)

This inequality (4.14) is essential for the convergence.
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5 Conclusion Remarks

All the methods in this note are prediction-correction methods. The predictor

offers us a descent direction of the unknown function 1
2‖w − w∗‖2H and the

correction produces the new iterate which is more closed to the solution set.

The first ADMM-based prediction-correction method was published by Ye and

Yuan [13]. For solving the problem (1.1), we suggest to use the method in Section

3, whose prediction and correction is (3.1) and (3.12), respectively. Even though it

needs to compute the step size in the correction step in each iteration, the cost is

usually small in comparison with the computational load for solving the

subproblem in the prediction step.

Since 2012, we have some new publication about the multi-block problems. First,

without correction, the direct extension of the ADMM for the problem (1.1) is not

necessarily convergent [2]. For multi-block problems, we suggest to use the

methods [7, 8, 9, 11].
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The context of this lecture is based on the publication [10] and [13]
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Abstract. The classical alternating direction method of multipliers (ADMM) has been well studied

in the context of linearly constrained convex programming and variational inequalities where the

involved operator is formed as the sum of two individual functions without crossed variables. Re-

cently, ADMM has found many novel applications in diversified areas such as image processing

and statistics. However, it is still not clear whether ADMM can be extended to the case where

the operator is the sum of more than two individual functions. In this lecture, we present a little

changed ADMM for solving the linearly constrained separable convex optimization whose involved

operator is separable into three individual functions. The O(1/t) convergence rate of the pro-

posed methods is demonstrated.

Keywords: Alternating direction method, convex programming, linear constraint, separable struc-

ture, contraction method

1 Introduction

An important case of structured convex optimization problem is

min{θ1(x) + θ2(y) | Ax+ y = b, x ∈ X , y ∈ Y}, (1.1)
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where θ1 : <n → < and θ2 : <m → < are closed proper convex functions (not

necessarily smooth); A ∈ <m×n; X ⊆ <n and Y ⊆ <m are closed convex sets. The

alternating direction method of multipliers (ADMM), which dates back to [6] and is closely

related to the Douglas-Rachford operator splitting method [2], is perhaps the most popular

method for solving (1.1). More specifically, for given (yk, λk) in the k-th iteration, it

produces the new iterate in the following order:





xk+1 = Argmin
{
θ1(x)− (λk)TAx+ β

2
‖Ax+ yk − b‖2

∣∣ x ∈ X
}

;

yk+1 = Argmin
{
θ2(y)− (λk)T y + β

2
‖Axk+1 + y − b‖2

∣∣ y ∈ Y
}

;

λk+1 = λk − β(Axk+1 + yk+1 − b).

(1.2)

Therefore, ADMM can be viewed as a practical and structured-exploiting variant (split form

or relaxed form) of ALM for solving the separable problem (1.1), with the adaption of

minimizing the involved separable variables x and y separably in an alternating order. In

fact, the iteration (1.2) is from (yk, λk) to (yk+1, λk+1), x is only an auxiliary variable in

the iterative process. The sequence {(yk, λk)} generated by the recursion (1.2) satisfies

XVII - 4

(see Theorem 1 in [12] by setting fixed β and γ ≡ 1)

‖β(yk+1 − y∗)‖2 + ‖λk+1 − λ∗‖2

≤ ‖β(yk − y∗)‖2 + ‖λk − λ∗‖2 −
(
‖β(yk − yk+1)‖2 + ‖λk − λk+1‖2

)
.

Because of its efficiency and easy implementation, ADMM has attracted wide attention of

many authors in various areas, see e.g. [1, 7]. In particular, some novel and attractive

applications of ADMM have been discovered very recently, e.g. the total-variation problem

in image processing, the covariance selection problem and semidefinite least square

problem in statistics [11], the semidefinite programming problems§the sparse and

low-rank recovery problem in Engineering [14], and the matrix completion problem [1].

In some practical applications [4], the model is slightly more complicated than (1.1). The

mathematical form of the problem is

min{θ1(x) + θ2(y) + θ3(z)|Ax+ y + z = b, x ∈ X , y ∈ Y, z ∈ Z}, (1.3)

where θ1 : <n → <, θ2, θ3 : <m → < are closed proper convex functions (not

necessarily smooth); A ∈ <m×n; X ⊆ <n, Y,Z ⊆ <m are closed convex sets. It is

then natural to manage to extend ADMM to solve the problem (1.3), resulting in the
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following scheme:




xk+1 = Argmin
{
θ1(x)− (λk)TAx+ β

2
‖Ax+ yk + zk − b‖2

∣∣ x ∈ X
}

;

yk+1 = Argmin
{
θ2(y)− (λk)T y + β

2
‖Axk+1 + y + zk − b‖2

∣∣ y ∈ Y
}

;

zk+1 = Argmin
{
θ3(z)− (λk)T z + β

2
‖Axk+1 + yk+1 + z − b‖2

∣∣ z ∈ Z
}

;

λk+1 = λk − β(Axk+1 + yk+1 + zk+1 − b),
(1.4)

and the involved subproblems of (1.4) are solved consecutively in the ADMM manner.

Unfortunately, with the (yk+1, zk+1, λk+1) offered by (1.4), the convergence of the

extended ADMM (1.4) is still open.

In this paper, we present a little changed alternating direction method for the problem (1.3).

Again, based on (yk+1, zk+1, λk+1) offered by (1.4), we set

(yk+1, zk+1, λk+1) := (yk+1 + (zk − zk+1), zk+1, λk+1). (1.5)

Note that the change of (1.5) is small. In addition, for the problem with two separable

operators, by setting zk = 0 for all k, the proposed method is just reduced to the

algorithm (1.2) for the problem (1.1). Therefore, we call the proposed method a little
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changed alternating direction method of multipliers for convex optimization with three

separable operators.

The outline of this paper is as follows. In Section 2, we convert the problem (1.3) to the

equivalent variational inequality and characterize its solution set. Section 3 shows the

contraction property of the proposed method. In Section 4, we define an auxiliary vector

and derive its main associated properties, and show theO(1/t) convergence rate of the

proposed method. Finally, some conclusions are made in Section 6.

2 The variational inequality characterization

Throughout, we assume that the solution set of (1.3) is not empty. The convergence

analysis is based on the tool of variational inequality. For this purpose, we define

W = X × Y × Z × <m.
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It is easy to verify that the convex programming problem (1.3) is characterized by the

following variational inequality: Find w∗ = (x∗, y∗, z∗, λ∗) ∈ W such that




θ1(x)− θ1(x∗) + (x− x∗)T (−ATλ∗) ≥ 0,

θ2(y)− θ2(y∗) + (y − y∗)T (−λ∗) ≥ 0,

θ3(z)− θ3(z∗) + (z − z∗)T (−λ∗) ≥ 0,

(λ− λ∗)T (Ax∗ + y∗ + z∗ − b) ≥ 0,

∀ w ∈ W,

(2.1)

or in the more compact form:

VI(W, F, θ) θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀ w ∈ W, (2.2)

where

θ(u) = θ1(x) + θ2(y) + θ3(z),
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and

u =




x

y

z


 , w =




x

y

z

λ



, F (w) =




−ATλ
−λ
−λ

Ax+ y + z − b



. (2.3)

Note that F (w) defined in (2.3) is monotone. Under the nonempty assumption on the

solution set of (1.3), the solution set of (2.2)-(2.3), denoted byW∗, is also nonempty.

The Theorem 2.3.5 in [5] provides an insightful characterization for the solution set of a

generic VI. This characterization actually provides us a novel and simple approach which

enables us to derive the O(1/t) convergence rate for the original ADMM in [13]. In the

following theorem, we specify this result for the derived VI(W, F, θ). Note that the proof

of the next theorem is an incremental extension of Theorem 2.3.5 in [5] and also Theorem

2.1 in [13]. But, we include all the details because of its crucial importance in our analysis.
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Theorem 2.1 The solution set of VI(W, F, θ) is convex and it can be characterized as

W∗ =
⋂

w∈W

{
w̄ ∈ W :

(
θ(u)− θ(ū)

)
+ (w − w̄)TF (w) ≥ 0

}
. (2.4)

Proof. Indeed, if w̄ ∈ W∗, according to (2.2) we have

θ(u)− θ(ū) + (w − w̄)TF (w̄) ≥ 0, ∀w ∈ W.

By using the monotonicity of F onW , this implies

θ(u)− θ(ū) + (w − w̄)TF (w) ≥ 0, ∀w ∈ W.

Thus, w̄ belongs to the right-hand set in (2.4).

Conversely, suppose w̄ belongs to the latter set. Let w ∈ W be arbitrary. The vector

w̃ = τw̄ + (1− τ)w

belongs toW for all τ ∈ (0, 1). Thus we have

θ(ũ)− θ(ū) + (w̃ − w̄)TF (w̃) ≥ 0. (2.5)
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Because θ(·) is convex and ũ = τ ū+ (1− τ)u, we have

θ(ũ) ≤ τθ(ū) + (1− τ)θ(u).

Substituting it in (2.5), we get

(θ(u)− θ(ū)) + (w − w̄)TF (τw̄ + (1− τ)w) ≥ 0

for all τ ∈ (0, 1). Letting τ → 1 yields

(θ(u)− θ(ū)) + (w − w̄)TF (w̄) ≥ 0.

Thus w̄ ∈ W∗. Now, we turn to prove the convexity ofW∗. For each fixed but arbitrary

w ∈ W , the set

{w̄ ∈ W : θ(ū) + w̄TF (w) ≤ θ(u) + wTF (w)}

is convex and so is the equivalent set

{w̄ ∈ W :
(
θ(u)− θ(ū)

)
+ (w − w̄)TF (w) ≥ 0}.

Since the intersection of any number of convex sets is convex, it follows that the solution

set of VI(W, F, θ) is convex. 2
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Theorem 2.1 thus implies that w̄ ∈ W is an approximate solution of VI(W, F, θ) with the

accuracy ε > 0 if it satisfies

θ(u)− θ(ū) + F (w)T (w − w̄) ≥ −ε, ∀ w ∈ W.

In this paper, we show that, for given ε > 0 and a substantial compact setD ⊂ W , after

t iterations of the proposed methods, we can find a w̄ ∈ W such that

ŵ ∈ W and sup
w∈D

{
θ(û)− θ(u) + (ŵ − w)TF (w)

}
≤ ε. (2.6)

The convergence rateO(1/t) of the proposed methods is thus established.

For convenience of coming analysis, we define the following matrices:

P =




βIm 0 0

βIm βIm 0

0 0 1
β
Im


 , D =




βIm 0 0

0 βIm 0

0 0 1
β
Im


 . (2.7)
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Note that for the above defined matrices M and D, we have

D−1P =




Im 0 0

Im Im 0

0 0 Im


 , P−TD =




Im −Im 0

0 Im 0

0 0 Im


 . (2.8)

3 Contraction property of the proposed method

In the alternating direction method, x is only the auxiliary variable in the iteration process.

For convenience of analysis, we use the notation

v = (y, z, λ),

which is a sub-vector of w. For w∗ ∈ W∗, we also define

V∗ := {v∗ = (y∗, z∗, λ∗) | (x∗, y∗, z∗, λ∗) ∈ W∗}.

In addition, we divide each iteration of the proposed method in two steps-the prediction

step and the correction step. From a given vk = (yk, zk, λk), we use
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w̄k = (x̄k, ȳk, z̄k, λ̄k) ∈ W to denote the solution of (1.4) and call it as the prediction

step.

The prediction step in the k-th iteration (use ADMM manner):

Begin with given vk = (yk, zk, λk), generate w̄k = (x̄k, ȳk, z̄k, λ̄k) in the following

order:

x̄k = Argmin
{
θ1(x) +

β

2
‖(Ax+ yk + zk − b)− 1

β
λk‖2

∣∣ x ∈ X
}
, (3.1a)

ȳk = Argmin
{
θ2(y) +

β

2
‖(Ax̄k + y + zk − b)− 1

β
λk‖2

∣∣ y ∈ Y
}
, (3.1b)

z̄k = Argmin
{
θ3(z) +

β

2
‖(Ax̄k + ȳk + z − b)− 1

β
λk‖2

∣∣ z ∈ Z
}
, (3.1c)

λ̄k = λk − β(Ax̄k + ȳk + z̄k − b). (3.1d)

For the new iterative loop, we need only to produce vk+1 = (yk+1, zk+1, λk+1). Use

the notation of w̄k , the update form (1.5) can be written as
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The correction step: Update the new iterate vk+1 = (yk+1, zk+1, λk+1) by




yk+1

zk+1

λk+1


 =




yk

zk

λk


−




Im −Im 0

0 Im 0

0 0 Im







yk − ȳk

zk − z̄k

λk − λ̄k


 . (3.2)

Using the notation P−TD, the correction step can be written as

vk+1 = vk − P−TD(vk − v̄k).

We consider the general correction update form

vk+1 = vk − αP−TD(vk − v̄k), α ∈ (0, 1]. (3.3)

In other words, the update form (3.2) is a special case of (3.3) with α = 1. Taking

α ∈ (0, 1), the method is a special case of the method proposed in [10].
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3.1 Properties of the vector w̄k by the prediction step

We establish the following lemma.

Lemma 3.1 Let w̄k = (x̄k, ȳk, z̄k, λ̄k) be generated by the alternating

direction-prediction step (3.1a)–(3.1d) from the given vector vk = (yk, zk, λk). Then, we

have w̄k ∈ W and

θ(u)−θ(ūk)+(w− w̄k)T d(vk, w̄k) ≥ (v− v̄k)TP (vk− v̄k), ∀ w ∈ W, (3.4)

where

d(vk, w̄k) = F (w̄k) + η(vk, v̄k), (3.5)

η(vk, v̄k) =




AT

Im

Im

0



β
(
(yk − ȳk) + (zk − z̄k)

)
, (3.6)

and the matrix P is defined in (2.7).
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Proof. The proof consists of some manipulations. Recall (3.1a)–(3.1c). We have ūk ∈ U
and




θ1(x)− θ1(x̄k) + (x− x̄k)T (AT [β(Ax̄k + yk + zk − b)− λk]) ≥ 0,

θ2(y)− θ2(ȳk) + (y − ȳk)T (β(Ax̄k + ȳk + zk − b)− λk) ≥ 0,

θ3(z)− θ3(z̄k) + (z − z̄k)T (β(Ax̄k + ȳk + z̄k − b)− λk) ≥ 0,

for all u ∈ U . Using (3.1d), the above inequality can be written as

θ(u)−θ(ūk)+




x− x̄k

y − ȳk

z − z̄k




T






−AT λ̄k

−λ̄k

−λ̄k


+




βAT (yk−ȳk)+βAT (zk−z̄k)

β(zk − z̄k)

0







≥ 0.

(3.7)

Adding the following term




x− x̄k

y − ȳk

z − z̄k




T 


0

β(yk − ȳk)

β(yk − ȳk) + β(zk − z̄k)
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to the both sides of the last inequality, we get w̄k ∈ W and

θ(u)−θ(ūk)+




x− x̄k

y − ȳk

z − z̄k




T






−AT λ̄k

−λ̄k

−λ̄k


+




ATβ
(
(yk − ȳk) + (zk − z̄k)

)

β
(
(yk − ȳk) + (zk − z̄k)

)

β
(
(yk − ȳk) + (zk − z̄k)

)








≥




x− x̄k

y − ȳk

z − z̄k




T 


0

β(yk − ȳk)

β(yk − ȳk) + β(zk − z̄k)


 , ∀ u ∈ U . (3.8)

Because

Ax̄k + ȳk + z̄k − b =
1

β
(λk − λ̄k),

adding the equal terms

(λ− λ̄k)T (Ax̄k + ȳk + z̄k − b) and (λ− λ̄k)T
1

β
(λk − λ̄k)
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to the left side and right side of (3.8), respectively, we get w̄k ∈ W and

θ(u)−θ(ūk)+




x− x̄k

y − ȳk

z − z̄k

λ− λ̄k




T






−AT λ̄k

−λ̄k

−λ̄k

Ax̄k+ȳk+z̄k−b




+




ATβ
(
(yk − ȳk) + (zk − z̄k)

)

β
(
(yk − ȳk) + (zk − z̄k)

)

β
(
(yk − ȳk) + (zk − z̄k)

)

0








≥




y − ȳk

z − z̄k

λ− λ̄k




T 


β(yk − ȳk)

β(yk − ȳk) + β(zk − z̄k)

1
β

(λk − λ̄k)


 , ∀ w ∈ W.

Using the notations of F (w), d(vk, w̄k) and P , the assertion follows immediately and

the lemma is proved. 2

Lemma 3.2 Let w̄k = (x̄k, ȳk, z̄k, λ̄k) be generated by the alternating direction

prediction step (3.1a)–(3.1d) from the given vector vk = (yk, zk, λk). Then for all
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v∗ ∈ V∗, we have

(vk − v∗)TP (vk − v̄k)

≥ 1

2
‖vk − v̄k‖2D +

1

2
β‖(yk − ȳk) + (zk − z̄k) +

1

β
(λk − λ̄k)‖2, (3.9)

where the matrices P is defined in (2.7).

Proof. Setting w = w∗ in (3.4) (notice that v∗ is a sub-vector of w∗), it yields that

(v̄k − v∗)TP (vk − v̄k) ≥
(
θ(ūk)− θ(u∗)

)
+ (w̄k − w∗)TF (w̄k)

+(w̄k − w∗)T η(vk, v̄k). (3.10)

Now, we deal with the last term in the right hand side of the inequality (3.10). By using the

notation of η(vk, v̄k), Ax∗ + y∗ + z∗ = b and (3.1d), we obtain

(w̄k − w∗)T η(vk, v̄k)

= β(Ax̄k + ȳk + z̄k −Ax∗ − y∗ − z∗)T {(yk − ȳk) + (zk − z̄k)}
= β(Ax̄k + ȳk + z̄k − b)T {(yk − ȳk) + (zk − z̄k)}
= (λk − λ̄k)T {(yk − ȳk) + (zk − z̄k)}.
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Substituting it in (3.10), we get

(v̄k − v∗)TP (vk − v̄k) ≥
(
θ(ūk)− θ(u∗)

)
+ (w̄k − w∗)TF (w̄k)

+(λk − λ̄k)T {(yk − ȳk) + (zk − z̄k)}. (3.11)

Since F is monotone, we have

θ(ūk)−θ(u∗)+(w̄k−w∗)TF (w̄k) ≥ θ(ūk)−θ(u∗)+(w̄k−w∗)TF (w∗) ≥ 0.

Substituting it in the right hand side of (3.11), we obtain

(v̄k − v∗)TP (vk − v̄k) ≥ (λk − λ̄k)T {(yk − ȳk) + (zk − z̄k)}.

It follows from the last equality that

(vk − v∗)TP (vk − v̄k)

≥(vk − v̄k)TP (vk − v̄k) + (λk − λ̄k)T {(yk − ȳk) + (zk − z̄k)}. (3.12)
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Observe the matrices P and D (see (2.7)), by a manipulation, the right hand side of (3.12)

can be written as

(vk − v̄k)TP (vk − v̄k) + (λk − λ̄k)T {(yk − ȳk) + (zk − z̄k)}

=




yk − ȳk

zk − z̄k

λk − λ̄k




T 


βIm
1
2
βIm

1
2
Im

1
2
βIm βIm

1
2
Im

1
2
Im

1
2
Im

1
β
Im







yk − ȳk

zk − z̄k

λk − λ̄k




=
1

2
‖vk − v̄k‖2D +

1

2
β‖(yk − ȳk) + (zk − z̄k) +

1

β
(λk − λ̄k)‖2.

Substituting it in the right hand side of (3.12), the assertion of this lemma is proved. 2

Whenever vk 6= v̄k , the right hand side of (3.9) is positive. For any positive definite matrix

H , (3.9) implies that

〈H(vk − v∗), H−1P (vk − v̄k)〉

≥ 1

2
‖vk − v̄k‖2D +

1

2
β‖(yk − ȳk) + (zk − z̄k) +

1

β
(λk − λ̄k)‖2,
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and H−1P (vk − v̄k) is an ascent direction of the distance function 1
2
‖v − v∗‖2H at the

point vk . By choosing

H = PD−1PT =




βIm βIm 0

βIm 2βIm 0

0 0 1
β
Im


 , (3.13)

and using the matrix P−TD (see (2.8)), we have

H−1P = P−TD =




Im −Im 0

0 Im 0

0 0 Im


 .

3.2 Correction and the contractive property

The alternating direction-prediction step begins with given vk = (yk, zk, λk). In fact x is

only the auxiliary variable in the iteration process. For the new loop, we need only to

produce vk+1 = (yk+1, zk+1, λk+1) and we call this step as the correction step.

Theorem 3.1 Let w̄k = (x̄k, ȳk, z̄k, λ̄k) be generated by the alternating
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direction-prediction step (3.1a)–(3.1d) from the given vector vk = (yk, zk, λk) and vk+1

be given by (3.3). Then we have

‖vk+1 − v∗‖2H ≤ ‖vk − v∗‖2H − α(1− α)‖vk − v̄k‖2D
−αβ‖(yk − ȳk) + (zk − z̄k) +

1

β
(λk − λ̄k)‖2, ∀v∗ ∈ V∗, (3.14)

where H is defined in (3.13).

Proof. By using (3.3) and the definition of the matrix H , we have

‖vk − v∗‖2H − ‖vk+1 − v∗‖2H
= ‖vk − v∗‖2H − ‖(vk − v∗)− (vk − vk+1)‖2H
= ‖vk − v∗‖2H − ‖(vk − v∗)− αP−TD(vk − v̄k)‖2H
= 2α(vk − v∗)TP (vk − v̄k)− α2‖vk − v̄k‖2D.

Substituting (3.9) in the last equality, we get

‖vk − v∗‖2H − ‖vk+1 − v∗‖2H
≥ α(1− α)‖vk − v̄k‖2D + αβ‖(yk − ȳk) + (zk − z̄k) +

1

β
(λk − λ̄k)‖2.
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The assertion of this theorem is proved. 2

For any α ∈ (0, 1), it follows (3.14) that

‖vk+1 − v∗‖2H ≤ ‖vk − v∗‖2H − α(1− α)‖vk − v̄k‖2D, ∀ v∗ ∈ V∗. (3.15)

The above inequality is essential for the global convergence of the method using update

form (3.3) with α ∈ (0, 1), see [10]. In fact, based on (3.15), the sequence {vk} is

bounded, we have

lim
k→∞

‖vk − v̄k‖2D = 0. (3.16)

Consequently the sequence {v̄k} is also bounded and it converges to a limit point v∞.

On the other hand, due to Lemma 3.1, we have

θ(u)− θ(ūk) + (w − w̄k)TF (w̄k)

≥ −(w − w̄k)T η(vk, v̄k) + (v − v̄k)TP (vk − v̄k), ∀ w ∈ W. (3.17)

From (3.16) and (3.17) we can derive v∞ ∈ V∗ and the induced w∞ is a solution of

VI(W, F, θ).
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4 Convergence rate in an ergodic sense

The convergence in the last section is only for α ∈ (0, 1) with update form (3.3). Since

(1.5), namely, the little changed alternating direction method of multipliers, is equivalent to

(3.2) with α = 1, it follows from Theorem 3.1 that

‖vk+1−v∗‖2H ≤ ‖vk−v∗‖2H−β‖(yk−ȳk)+(zk−z̄k)+
1

β
(λk−λ̄k)‖2, ∀v∗ ∈ V∗.

The sequence {‖vk − v∗‖H} is monotonically non-increasing. However, we have not

obtained the global convergence in the contraction sense. This section, however, shows

that the method using update form (3.2) has convergence rate O(1/t) for all α ∈ (0, 1]

in an ergodic sense.

According to Theorem 2.1, for given ε > 0 and a substantial compact setD ⊂ W , our

task is to find a w̃ such that (see (2.6))

w̃ ∈ W and sup
w∈D

{
θ(ũ)− θ(u) + (w̃ − w)TF (w)

}
≤ ε,

in O(1/ε) iterations. Generally, our complexity analysis follows the line of [3, 13], but

instead of using w̄k directly, we need first to introduce an auxiliary vector.
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The additional auxiliary vector

w̃k =




x̃k

ỹk

z̃k

λ̃k



, where ũk = ūk (4.1a)

and

λ̃k = λ̄k − β
(
(yk − ȳk) + (zk − z̄k)

)
. (4.1b)

In order to rewrite the assertion in Lemma 3.1 in form of w̃, we need the following lemmas

to express the terms d(vk, w̄k) and P (vk − v̄k) in form of wk and w̃k .

Lemma 4.1 For the w̃k defined in (4.1) and the w̄k generated by (3.1), we have

d(vk, w̄k) = F (w̃k), (4.2)

where d(vk, w̄k) defined in (3.5). In addition, it holds that

P (vk − v̄k) = Q(vk − ṽk), (4.3)
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where

Q =




βIm 0 0

βIm βIm 0

−Im −Im 1
β
Im


 . (4.4)

Proof. Since ũk = ūk and λ̃k = λ̄k − β
(
(yk − ȳk) + (zk − z̄k)

)
, we have

β
(
(yk − ȳk) + (zk − z̄k)

)
= λ̄k − λ̃k. (4.5)

Substituting it in the notation of η(vk, v̄k) (see (3.6)), we get

d(vk, w̄k) = F (w̄k) + η(vk, v̄k)

=




−AT λ̄k
−λ̄k
−λ̄k

Ax̄k + ȳk + z̄k − b




+




AT

I

I

0




(λ̄k − λ̃k) = F (w̃k).
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The last equation is due to (x̄k, ȳk, z̄k) = (x̃k, ỹk, z̃k). The equation (4.1b) implies

1

β
(λk − λ̄k) =

1

β
(λk − λ̃k)−

(
(yk − ȳk) + (zk − z̄k)

)

=
1

β
(λk − λ̃k)−

(
(yk − ỹk) + (zk − z̃k)

)
.

Using the matrix P (see (2.7)), (4.1a) and the last equation, we obtain

P (vk − v̄k) =




βIm 0 0

βIm βIm 0

0 0 1
β
Im







yk − ȳk

zk − z̄k

λk − λ̄k




=




βIm 0 0

βIm βIm 0

−Im −Im 1
β
Im







yk − ỹk

zk − z̃k

λk − λ̃k


 = Q(vk − ṽk).

Thus (4.3) holds and the lemma is proved. 2

By using (4.2), the assertion in Lemma 3.1 can be rewritten accordingly in the following

lemma.
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Lemma 4.2 Let w̄k = (x̄k, ȳk, z̄k, λ̄k) be generated by the alternating

direction-prediction step (3.1a)–(3.1d) from the given vector vk = (yk, zk, λk) and w̃k

be defined by (4.1). Then we have w̃k ∈ W and

θ(u)− θ(ũk) + (w − w̃k)TF (w̃k) ≥ (v − ṽk)TP (vk − v̄k), ∀w ∈ W. (4.6)

Proof. The assertion follows from (3.4), (4.2) and (4.1). 2

Now, we are ready to prove the key inequalities for the convergence rate of the proposed

method, which are given in the following lemmas.

Lemma 4.3 Let w̄k = (x̄k, ȳk, z̄k, λ̄k) be generated by the alternating

direction-prediction step (3.1a)–(3.1d) from the given vector vk = (yk, zk, λk) and w̃k

be defined by (4.1). If the new iterate vk+1 is updated by (3.3), then we have

(
θ(u)− θ(ũk)

)
+ (w − w̃k)TF (w̃k) +

1

2
(‖v − vk‖2H − ‖v − vk+1‖2H)

≥ 1

2
(‖vk − ṽk‖2H − ‖vk+1 − ṽk‖2H), ∀w ∈ W, (4.7)

where matrix H is defined in (3.13).
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Proof. According to the update form (3.3), we have

vk − v̄k = D−1PT (vk − vk+1).

Substituting it into the right hand side of (4.6) and using PD−1PT = H , we obtain

θ(u)−θ(ũk)+(w−w̃k)TF (w̃k) ≥ (v− ṽk)TH(vk−vk+1), ∀w ∈ W. (4.8)

By setting

a = v, b = ṽk, c = vk, and d = vk+1,

in the identity

(a− b)TH(c− d) =
1

2
(‖a− d‖2H − ‖a− c‖2H) +

1

2
(‖c− b‖2H − ‖d− b‖2H),

we obtain

(v − ṽk)TH(vk − vk+1)

=
1

2
(‖v − vk+1‖2H − ‖v − vk‖2H) +

1

2
(‖vk − ṽk‖2H − ‖vk+1 − ṽk‖2H).

Substituting it in the right hand side of (4.8) and by a manipulation, we get (4.7) and the

lemma is proved. 2
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Lemma 4.4 Let w̄k = (x̄k, ȳk, z̄k, λ̄k) be generated by the alternating direction

prediction step (3.1a)–(3.1d) from the given vector vk = (yk, zk, λk) and w̃k be defined

by (4.1). If the new iterate vk+1 is updated by (3.3), then we have

‖vk − ṽk‖2H − ‖vk+1 − ṽk‖2H =
α

β
‖λk − λ̃k‖2 + α(1− α)‖vk − v̄k‖2D. (4.9)

where matrix H is defined in (3.13).

Proof. In view of the update form (3.3) and H = PD−1PT , we have

‖vk − ṽk‖2H − ‖vk+1 − ṽk‖2H
= ‖vk − ṽk‖2H − ‖vk − ṽk + (vk+1 − vk)‖2H
= ‖vk − ṽk‖2H − ‖vk − ṽk − αP−TD(vk − v̄k)‖2H
= 2α(vk − ṽk)TP (vk − v̄k)− α2‖P−TD(vk − v̄k)‖2H
= 2α(vk − ṽk)TP (vk − v̄k)− α2‖vk − v̄k‖2D. (4.10)
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By using the relation in the equation (4.3) and the matrix Q (see (4.4)), we obtain

2(vk − ṽk)TP (vk − v̄k)

= 2(vk − ṽk)TQ(vk − ṽk)

= (vk − ṽk)T (Q+QT )(vk − ṽk)

=




yk − ỹk

zk − z̃k

λk − λ̃k




T 


2βIm βIm −Im
βIm 2βIm −Im
−Im −Im 2

β
Im







yk − ỹk

zk − z̃k

λk − λ̃k




= β‖(yk − ỹk) + (zk − z̃k)− 1

β
(λk − λ̃k)‖2 + ‖vk − ṽk‖2D. (4.11)

Because ỹk = ȳk and z̃k = z̄k , it follows from and (4.5) that

β‖(yk − ỹk) + (zk − z̃k)− 1

β
(λk − λ̃k)‖2 =

1

β
‖λk − λ̄k‖2. (4.12)

Combining (4.10), (4.11) and (4.12) together, we obtain

‖vk−ṽk‖2H−‖vk+1−ṽk‖2H = α
( 1

β
‖λk−λ̄k‖2+‖vk−ṽk‖2D

)
−α2‖vk−v̄k‖2D.

(4.13)
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Again, because ỹk = ȳk and z̃k = z̄k , we have

1

β
‖λk − λ̄k‖2 + ‖vk − ṽk‖2D =

1

β
‖λk − λ̃k‖2 + ‖vk − v̄k‖2D.

Substituting it in the right hand side of (4.13), we get

‖vk − ṽk‖2H − ‖vk+1 − ṽk‖2H =
α

β
‖λk − λ̃k‖2 + α(1− α)‖vk − v̄k‖2D,

and thus the proof is complete. 2

Combining the assertions in Lemma 4.3 and Lemma 4.4, we have proved the key

inequality for the proposed method, namely,

(
θ(u)−θ(ũk)

)
+(w−w̃k)TF (w̃k)+

1

2
(‖v−vk‖2H−‖v−vk+1‖2H) ≥ 0, ∀w ∈ W.

(4.14)

Note that the above inequality is true for any α ∈ (0, 1]. Having the key inequalities in the

above lemmas, theO(1/t) rate of convergence (in an ergodic sense) can be obtained

easily.
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Theorem 4.1 For any integer t > 0, we have a w̃t ∈ W which satisfies

(
θ(ũt)− θ(u)

)
+ (w̃t − w)TF (w) ≤ 1

2(t+ 1)
‖v − v0‖2H , ∀w ∈ W,

where

w̃t =
1

t+ 1

t∑

k=0

w̃k.

Proof. Since F (·) is monotone, it follows (4.14) that

(
θ(u)−θ(ũk)

)
+(w−w̃k)TF (w)+

1

2
(‖v−vk‖2H−‖v−vk+1‖2H) ≥ 0, ∀w ∈ W,

or, equivalently,

(
θ(ũk)−θ(u)

)
+(w̃k−w)TF (w)+

1

2
(‖v−vk+1‖2H−‖v−vk‖2H) ≤ 0, ∀w ∈ W.

Summing the above inequality over k = 0, . . . , t, we obtain

t∑

k=0

(
θ(ũk)−θ(u)

)
+
( t∑

k=0

w̃k−
t∑

k=0

w
)T
F (w)+

1

2
(‖v−vt+1‖2H−‖v−v0‖2H) ≤ 0.
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Dropping the term ‖vt+1 − v0‖2G, we get

( 1

t+ 1

t∑

k=0

θ(ũk)−θ(u)
)
+
( 1

t+ 1

t∑

k=0

w̃k−w
)T
F (w) ≤ ‖v − v

0‖2H
2(t+ 1)

, ∀w ∈ W.

(4.15)

By incorporating the notation of w̃t and using

θ(ũkt ) ≤ 1

t+ 1

t∑

k=0

θ(ũk) (due to the convexity of θ(u))

it follows from (4.15) that

(
θ(ũt)− θ(u)

)
+ (w̃t − w)TF (w) ≤ ‖v − v

0‖2H
2(t+ 1)

, ∀w ∈ W.

Hence, the proof is complete. 2

For given substantial compact setD ⊂ W , we define

d = sup{‖v − v0‖H |w ∈ D},

where v0 = (y0, z0, λ0) is the initial point. Because %k ≥ 1
2

, it follows that Υt ≥ t+1
2

.
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After t iterations of the proposed method, we can find a w̃ ∈ W such that

sup
w∈D

{
θ(ũ)− θ(u)

)
+ (w̃ − w)TF (w)

}
≤ d2

2(t+ 1)
.

The convergence rateO(1/t) of the proposed method is thus proved.

5 Convergence rate in the non-ergodic sense

If we use (3.3) with α ∈ (0, 1) to update the new iterate, it follows from (3.15) that

∞∑

k=0

‖vk − v̄k‖2D ≤
1

α(1− α)
‖v0 − v∗‖2H ∀ v∗ ∈ V∗. (5.1)

This section will show that the sequence {‖vk − vk+1‖2D} is monotonically

non-increasing, i. e.,

‖vk+1 − v̄k+1‖2D ≤ ‖vk − v̄k‖2D, ∀ k ≥ 0. (5.2)
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Based on (5.1) and (5.2), we drive

‖vk − v̄k‖2D ≤
1

(k + 1)α(1− α)
‖v0 − v∗‖2H , ∀v∗ ∈ V∗. (5.3)

Since ‖vk − v̄k‖2D is viewed as the stopping criterion, we obtain the worst-case O(1/t)

convergence rate in a non-ergodic sense. An important relation in the coming proof is (see

(3.3))

PT (vk − vk+1) = αD(vk − v̄k), (5.4)

where the matrices P and D are given in (2.7). Lemma 4.2 enables us to establish an

important inequality in the following lemma.

Lemma 5.1 Let {vk} be the sequence generated by (3.3), the associated sequence

{w̃k} be defined by (4.1). Then, we have

(ṽk − ṽk+1)TQ{(vk − ṽk)− (vk+1 − ṽk+1)} ≥ 0, (5.5)

where Q is given defined in (4.4).

Proof. Set w = w̃k+1 in (4.6) and use (4.3), we obtain

θ(ũk+1)− θ(ũk) + (w̃k+1 − w̃k)TF (w̃k) ≥ (ṽk+1 − ṽk)TQ(vk − ṽk). (5.6)
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Note that (4.6) is also true for k := k + 1 and thus we have

θ(u)− θ(ũk+1) + (w − w̃k+1)TF (w̃k+1) ≥ (v − ṽk+1)TP (vk+1 − v̄k+1),

for all w ∈ Ω. Set w = w̃k in the above inequality and use (4.3), we get

θ(ũk)− θ(ũk+1) + (w̃k − w̃k+1)TF (w̄k+1) ≥ (ṽk − ṽk+1)TQ(vk+1 − ṽk+1).

Adding this inequality with (5.6), we get assertion (5.5) due to the monotonicity of F . 2

Lemma 5.2 Let the sequence {w̄k} be generated by (3.1), and {vk} be the sequence

updated by (3.3). Then, we have

α(vk − v̄k)TD{(vk − v̄k)− (vk+1 − v̄k+1)}

≥ 1

2
‖P (vk − v̄k)− P (vk+1 − v̄k+1)‖2(Q−T+Q−1), (5.7)

where the matrices P and D are given in (2.7) and Q is given defined in (4.4).

Proof. Adding the term

{(vk − ṽk)− (vk+1 − ṽk+1)}TQ{(vk − ṽk)− (vk+1 − ṽk+1)}
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to the both sides of (5.5), we get

(vk−vk+1)TQ{(vk−ṽk)−(vk+1−ṽk+1)} ≥ 1

2
‖(vk−ṽk)−(vk+1−ṽk+1)‖2(QT+Q).

(5.8)

By using (5.4) and (4.3), we have

(vk − vk+1)T = α(vk − v̄k)TDP−1,

and

{(vk − ṽk)− (vk+1 − ṽk+1)} = Q−1P{(vk − v̄k)− (vk+1 − v̄k+1)}.

Substituting them in (5.8), we obtain

α(vk − v̄k)TD{(vk − v̄k)− (vk+1 − v̄k+1)}

≥ 1

2
‖Q−1P (vk − v̄k)−Q−1P (vk+1 − v̄k+1)‖2(QT+Q). (5.9)

Because

Q−T (QT +Q)Q−1 = Q−T +Q−1,

the both right hand sides of (5.7) and (5.9) are equal. The assertion is proved. 2
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Finally, we are ready to show the assertion (5.2) in the following theorem.

Theorem 5.1 Let {v̄k} (3.1), {vk} be the sequence generated by (3.3). The sequence

{‖vk − vk+1‖2D} is monotonically non-increasing.

Proof. Setting a = (vk − v̄k) and b = (vk+1 − v̄k+1) in the identity

‖a‖2D − ‖b‖2D = 2aTD(a− b)− ‖a− b‖2D,

we obtain

‖vk − v̄k‖2D − ‖vk+1 − v̄k+1‖2D
=2(vk − v̄k)TD{(vk − v̄k)− (vk+1 − v̄k+1)} − ‖(vk − v̄k)− (vk+1 − v̄k+1)‖2D.

Inserting (5.7) into the first term of the right-hand side of the last equality, we obtain

‖vk − v̄k‖2D − ‖vk+1 − v̄k+1‖2D
≥ 1

α
‖P (vk − v̄k)− P (vk+1 − v̄k+1)‖2(Q−T+Q−1)

−‖P (vk − v̄k)− P (vk+1 − v̄k+1)‖2(P−TDP−1)

≥ ‖P (vk − v̄k)− P (vk+1 − v̄k+1)‖2{(Q−T+Q−1)−(P−TDP−1)}.

350



XVII - 41

Notice that (see (4.4) and (2.7))

(Q−T +Q−1)− (P−TDP−1) =




0 0 0

0 1
β
Im Im

0 Im βIm




is a positive semidefinite matrix, the assertion (5.2) follows immediately and the lemma is

proved. 2

With (5.1) and (5.2), we derived (5.3). The worst-case O(1/t) convergence rate in a

non-ergodic sense for the proposed method with α ∈ (0, 1) is proved.

By using (5.4), we can also use ‖vk − vk+1‖H ≤ ε as the stop criterion. Since

H = PD−1PT ,

we have

‖vk − v̄k‖2D =
1

α2
‖D−1PT (vk − vk+1)‖2D =

1

α2
‖vk − vk+1‖2H .
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Therefore, the assertions (5.1) and (5.3) can be rewritten as

∞∑

k=0

‖vk − vk+1‖2H ≤
α

(1− α)
‖v0 − v∗‖2H ∀ v∗ ∈ V∗, (5.10)

and

‖vk − vk+1‖2H ≤
α

(k + 1)(1− α)
‖v0 − v∗‖2H , ∀v∗ ∈ V∗, (5.11)

respectively.

6 Conclusions

Because of the attractive efficiency of the well-known alternating direction method (ADM), it

is of strong desire to extend the ADMM to the linearly constrained convex programming

problem with three separable operators. The convergence of the direct extension of the

ADMM to the problem with 3 separable parts, however, is still open. The method proposed

in this lecture (with update form (3.2)) is convergent and its variety to the direct extension

of ADMM is tiny. We proved its O(1/t) convergence rate in an ergodic sense. The
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O(1/t) non-ergodic convergence rate is also proved for the method using update form

(3.3) with α ∈ (0, 1).

Appendix. Why the direct extension of ADMM performs well in practice ?

In this appendix, we try to explain why the direct extension of ADMM performs well in

practice. If we use the direct extension of ADMM, then wk+1 = w̄k and thus the relation

(3.11) can be written as

(vk+1 − v∗)TP (vk − vk+1)

≥
(
θ(uk+1)− θ(u∗)

)
+ (wk+1 − w∗)TF (wk+1)

+(λk − λk+1)T {(yk − yk+1) + (zk − zk+1)}. (A.1)

Note that M is not symmetric, but MT +M is positive definite. Again, using

w̄k = wk+1, the third part of (3.7) is

zk+1 ∈ Z, θ3(z)− θ3(zk+1) + (z − zk+1)T (−λk+1) ≥ 0, ∀ z ∈ Z.

It holds also for the previous iteration, thus we have

zk ∈ Z, θ3(z)− θ3(zk) + (z − zk)T (−λk) ≥ 0, ∀ z ∈ Z.
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Setting z = zk and z = zk+1 in the above two sub-VIs, respectively, and then add the

two resulting inequalities, we obtain

(λk − λk+1)T (zk − zk+1) ≥ 0. (A.2)

Since (wk+1 − w∗)TF (wk+1) = (wk+1 − w∗)TF (w∗) and

P = D +




0 0 0

βIm 0 0

0 0 0


 , (see (2.7))

it follows from (A.1) and (A.2) that

(vk+1 − v∗)TD(vk − vk+1) ≥ (λk − λk+1)T (yk − yk+1) + ∆k (A.3)

where

∆k =
(
θ(uk+1)−θ(u∗)

)
+(wk+1−w∗)TF (w∗)+(zk+1−z∗)Tβ(yk+1−yk).

(A.4)
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Therefore, by using (A.3), we obtain

‖vk − v∗‖2D − ‖vk+1 − v∗‖2D
= ‖(vk+1 − v∗) + (vk − vk+1)‖2D − ‖vk+1 − v∗‖2D
= 2(vk+1 − v∗)TD(vk − vk+1) + ‖vk − vk+1‖2D
≥ ‖vk − vk+1‖2D + 2(λk − λk+1)T (yk − yk+1) + 2∆k. (A.5)

Because

D =




βIm 0 0

0 βIm 0

0 0 1
β
Im


 and v =




y

z

λ




it follows that

‖vk − vk+1‖2D + 2(λk − λk+1)T (yk − yk+1)

= β‖zk − zk+1‖2 + β‖(yk − yk+1) +
1

β
(λk − λk+1)‖2. (A.6)
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Substituting (A.6) and (A.3) in the right hand side of (A.5), we obtain

‖vk − v∗‖2D − ‖vk+1 − v∗‖2D
= β‖zk − zk+1‖2 + β‖(yk − yk+1) +

1

β
(λk − λk+1)‖2

+2{
(
θ(uk+1)− θ(u∗)

)
+ (wk+1 − w∗)TF (w∗)}

+2(zk+1 − z∗)Tβ(yk+1 − yk). (A.7)

In the right hand side of (A.7), the terms

β‖zk − zk+1‖2 + β‖(yk − yk+1) +
1

β
(λk − λk+1)‖2,

and

2(θ(uk+1)− θ(u∗)
)

+ 2(wk+1 − w∗)TF (w∗)

are non-negative. However, we do not know whether the last term of the right hand side of

(A.7), i.e.

2(zk+1 − z∗)Tβ(yk+1 − yk)

is non-negative. It is pity that we can not show that the right hand side of (A.7) is positive. It

seems that the direct extension of ADMM performs well because the right hand side of
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(A.7) is positive in practice.

If the right hand side of (A.7) is positive, then the sequence {‖vk − v∗‖D} is Fejèr

monotone and has the contractive property.
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[4] E. Esser, M. Möller, S. Osher G. Sapiro and J. Xin, A convex model for non-negative matrix factorization and

dimensionality reduction on physical space, 2011, arXiv: 1102.0844v1 [stat.ML] 4 Feb 2011.

[5] F. Facchinei and J. S. Pang, Finite-Dimensional Variational Inequalities and Complementarity problems, Volume

I, Springer Series in Operations Research, Springer-Verlag, 2003.

[6] D. Gabay, Applications of the method of multipliers to variational inequalities, Augmented Lagrange Methods:

Applications to the Solution of Boundary-valued Problems, edited by M. Fortin and R. Glowinski, North Holland,

Amsterdam, The Netherlands, 1983, pp. 299–331.

XVII - 48

[7] R. Glowinski, Numerical Methods for Nonlinear Variational Problems, Springer-Verlag, New York, Berlin,

Heidelberg, Tokyo, 1984.

[8] B. S. He, Parallel splitting augmented Lagrangian methods for monotone structured variational inequalities,

Computational Optimization and Applications 42(2009), 195–212.

[9] B. S. He, L. Z. Liao, D. Han, and H. Yang, A new inexact alternating directions method for monontone variational

inequalities, Mathematical Programming 92(2002), 103–118.

[10] B. S. He, M. Tao and X.M. Yuan, Alternating direction method with Gaussian back substitution for separable

convex programming, SIAM Journal on Optimization 22(2012), 313-340.

[11] B. S. He, M. H. Xu, and X. M. Yuan, Solving large-scale least squares covariance matrix problems by

alternating direction methods, SIAM Journal on Matrix Analysis and Applications 32(2011), 136-152.

[12] B. S. He and H. Yang, Some convergence properties of a method of multipliers for linearly constrained

monotone variational inequalities, Operations Research Letters 23(1998), 151–161.

[13] B. S. He and X. M. Yuan, On the O(1/t) convergence rate of the alternating direction method, SIAM J.

Numerical Analysis 50(2012), 700-709.

[14] Z. C. Lin, M. M. Chen, L. Q. Wu, and Y. Ma, The augmented Lagrange multiplier method for exact recovery of

corrupted low-rank matrices, manuscript, 2009.

[15] A. Nemirovski. Prox-method with rate of convergence O(1/t) for variational inequalities with Lipschitz

continuous monotone operators and smooth convex-concave saddle point problems. SIAM J. Optim. 15 (2004),

229–251.

[16] P. Tseng, On accelerated proximal gradient methods for convex-concave optimization, manuscript, 2008.

354



XVIII - 1

ààà`̀̀zzzÚÚÚüüüNNNCCC©©©ØØØ���ªªª���ÂÂÂ   ���{{{

1�lù:õ¬�©là`z¯K

�£���O��Â �{

Alternating direction method of multipliers with
back substitution for convex optimization

containing more separable blocks

H®�ÆêÆX Û])
hebma@nju.edu.cn

The context of this lecture is based on the publication [8]
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1 Introduction

In the literature, the alternating direction method of multipliers (ADMM) proposed originally

for the following linearly constrained separable convex programming whose objective

function is separable into two individual convex functions without crossed variables:

min θ1(x1) + θ2(x2)

s. t. A1x1 +A2x2 = b,

x1 ∈ X1 and x2 ∈ X2,

(1.1)

where θ1 : <n1 → < and θ2 : <n2 → < are closed proper convex functions (not

necessarily smooth); X1 ⊂ <n1 and X2 ⊂ <n2 are closed convex sets; A1 ∈ <l×n1

and A2 ∈ <l×n2 are given matrices; and b ∈ <l is a given vector.

The augmented Lagrangian function of the problem (1.1) is

Lβ(x1, x2, λ) = θ1(x1)+θ2(x2)−λT (A1x1+A2x2−b)+β

2
‖A1x1+A2x2−b‖2,

where λk ∈ <l is the Lagrange multiplier associated with the linear constraints and

β > 0 is the penalty parameter for the violation of the linear constraints.
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The iterative scheme of ADMM for solving (1.1) is as follows:




xk+1
1 ∈ arg min{Lβ(x1, x

k
2 , λ

k)}
= arg min{θ1(x1) + β

2
‖(A1x1 +A2x

k
2 − b)− 1

β
λk‖2

∣∣ x1 ∈ X1},
xk+1
2 ∈ arg min{Lβ(xk+1

1 , x2, λ
k)}

= arg min{θ2(x2) + β
2
‖(A1x

k+1
1 +A2x2 − b)− 1

β
λk‖2

∣∣ x2 ∈ X2},
λk+1 = λk − β(A1x

k+1
1 +A2x

k+1
2 − b),

(1.2)

In this paper, we consider the general case of linearly constrained separable convex

programming with m ≥ 3:

min
∑m
i=1 θi(xi)∑m
i=1Aixi = b;

xi ∈ Xi, i = 1, · · · ,m;

(1.3)

where θi : <ni → < (i = 1, . . . ,m) are closed proper convex functions (not

necessarily smooth); Xi ⊂ <ni (i = 1, . . . ,m) are closed convex sets;

Ai ∈ <l×ni (i = 1, . . . ,m) are given matrices and b ∈ <l is a given vector.
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Because of the efficiency of ADMM for (1.1), a natural idea for solving (1.3) is to extend the

ADMM (1.2) from the special case (1.1) to the general case (1.3).

In fact, even for the special case of (1.3) with m = 3, the extended ADMM is not

necessarily convergent [2].

In this paper, we provide a novel approach towards the extension of ADMM for the problem

(1.3). More specifically, we show that if a new iterate is generated by correcting the output

of the ADMM with a Gaussian back substitution procedure, then the sequence of iterates is

convergent to a solution of (1.3). In this sense, we prove the convergence of the extension

of ADMM for (1.3). The resulting method is called the ADMM with Gaussian back

substitution from now on. Alternatively, the ADMM with Gaussian back substitution can be

regarded as a prediction-correction type method whose predictor is generated by the

ADMM procedure and the correction is completed by a Gaussian back substitution

procedure. We prove the convergence of the ADMM with Gaussian back substitution under

the analytic framework of contractive type methods

Throughout, we assume that the solution set of (1.3) is nonempty a.

aIn our published paper [8], we assume that ATi Ai is nonsingular, this assumption is not necessary.
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2 The variational inequality characterization

In this section, we derive the first-order optimality condition of (1.3) and thus characterize

(1.3) by a variational inequality (VI). As we will show, the VI characterization is convenient

for the convergence analysis to be conducted.

By attaching a Lagrange multiplier vector λ ∈ <l to the linear constraint, the Lagrange

function of (1.3) is:

L(x1, x2, . . . , xm, λ) =

m∑

i=1

θi(xi)− λT (

m∑

i=1

Aixi − b), (2.1)

which is defined on

Ω := X1 ×X2 × · · · × Xm ×<l.
Let
(
x∗1, x

∗
2, . . . , x

∗
m, λ

∗) be a saddle point of the Lagrange function (2.1). Then we have

Lλ∈<l(x
∗
1, x
∗
2, · · · , x∗m, λ) ≤ L(x∗1, x

∗
2, · · · , x∗m, λ∗)

≤ Lxi∈Xi (i=1,...,m)(x1, x2, . . . , xm, λ
∗).

It is evident that finding a saddle point of L(x1, x2, . . . , xm, λ) is equivalent to finding
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w∗ = (x∗1, x
∗
2, ..., x

∗
m, λ

∗) ∈ Ω, such that





θ1(x1)− θ1(x∗1) + (x1 − x∗1)T {−AT1 λ∗} ≥ 0,

θ2(x2)− θ2(x∗2) + (x2 − x∗2)T {−AT2 λ∗} ≥ 0,
...
...

θm(xm)− θm(x∗m) + (xm − x∗m)T {−ATmλ∗} ≥ 0,

(λ− λ∗)T (
∑m
i=1Aix

∗
i − b) ≥ 0,

(2.2)

for all w = (x1, x2, · · · , xm, λ) ∈ Ω. More compactly, (2.2) can be written into the

following VI:

θ(x)− θ(x∗) + (w − w∗)TF (w∗) ≥ 0, ∀ w ∈ Ω, (2.3a)

where

θ(x) =

m∑

i=1

θi(xi),
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w =




x1

x2
...

xm

λ




and F (w) =




−AT1 λ
−AT2 λ

...

−ATmλ
∑m
i=1Aixi − b




. (2.3b)

Note that the operator F (w) defined in (2.3b) is monotone. Especially, we have

(w − w̃)T (F (w)− F (w̃)) ≡ 0. (2.4)

In addition, since we have assumed that the solution set of (1.3) is not empty, the solution

set of (2.3), denoted by Ω∗, is also nonempty. In addition to the notation of

w = (x1, x2, · · · , xm, λ), for any integer number k we also use the following notation:

v = (x2, · · · , xm, λ).

Moreover, we define

V∗ = {(x∗2, . . . , x∗m, λ∗) | (x∗1, x∗2, . . . , x∗m, λ∗) ∈ Ω∗}.
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3 ADMM with Gaussian back substitution

In this section, we show the combination of the extended ADMM scheme (1.2) with a

Gaussian back substitution procedure, and derive the resulting ADMM with Gaussian back

substitution for solving (1.3). We also elucidate how to realize the Gaussian back

substitution for some special cases of (1.3).

To present the Gaussian back substitution procedure, we define the matrices:

L =




Il 0 · · · · · · · · · 0

Il Il
. . .

...

...
...

. . .
. . .

...

...
...

. . .
. . .

...

Il Il · · · · · · Il 0

0 0 · · · · · · 0 Il




m-Blocks

, (3.1)
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and

P = diag
(√

βA2,
√
βA3, . . . ,

√
βAm,

√
1

β
Il
)
, D = PTP. (3.2)

Note that for any β > 0, from Pvk , we get (A2x
k
2 , · · · , Amxkm, λk) very easily. The

matrix L defined in (3.1) is a non-singular lower-triangular block matrix and D defined in

(3.2) is a symmetric positive definite matrix. In addition, according to (3.1) and (3.2), we

easily have:

L−T=




Il −Il 0 · · · 0 0

0
. . .

. . .
...

...

...
. . .

. . . −Il 0

0 · · · 0 Il −Il 0

0 · · · 0 0 Il 0

0 · · · 0 0 0 Il




m-Blocks

. (3.3)

which is a upper-triangular block matrix whose diagonal components are identity matrices.
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Algorithm: ADMM with Gaussian back substitution for (1.3):

Let β > 0 and α ∈ [0.5, 1), With the given iterate Pvk = P (xk2 , · · · , xkm, λk).

Step 1. ADMM step (prediction step). For i = 1, . . . ,m, obtain x̃ki in the forward

(alternating) order by solving the following xi-problem:

min
{
θi(xi)+ β

2
‖(∑i−1

j=1Aj x̃
k
j +Aixi+

∑m
j=i+1Ajx

k
j −b)− 1

β
λk‖2 |xi ∈ Xi

}

(3.4a)

and set

λ̃k = λk − β(
∑m
j=1Aj x̃

k
j − b). (3.4b)

Step 2. Gaussian back substitution step (correction step). Correct the ADMM output

w̃k in the backward order by the following Gaussian back substitution procedure and

generate the new iterate Pvk+1:

LTP (vk+1 − vk) = αP
(
ṽk − vk

)
. (3.4c)

where the matrices L and P are defined by (3.1) and (3.2), respectively.

Note that the k-th iteration starts with a given (A2x
k
2 , · · · , Amxkm, λk), and offers the
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new iterate (A2x
k+1
2 , · · · , Amxk+1

m , λk+1). Only for analysis convenience, we use

Pvk and Pvk+1. In any way, the variable x1 is only an intermediate variable.

Recall that the matrix LT in (3.4c) is a upper-triangular block matrix. Thus, we call the

correction step (3.4c) is a Gaussian back substitution, and it is very easy to execute. In

fact, as we mentioned, after the predictor is generated by the ADMM scheme (3.4a) in the

forward (alternating) order, the proposed Gaussian back substitution step corrects the

predictor in the backward order. Since the Gaussian back substitution step is easy to

perform, the computation of each iteration of the ADMM with Gaussian back substitution is

dominated by the ADMM procedure (3.4a).

To show the main idea with clearer notation, we restrict our theoretical discussion to the

case with fixed β > 0.

The main task of the Gaussian back substitution step (3.4c) can be rewritten into

Pvk+1 = Pvk − αL−TP (vk − ṽk). (3.5)

In fact, we can choose the step size dynamically based on some techniques in the

literature (e.g. [10]), and the Gaussian back substitution procedure with the constant α can
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be modified accordingly into the following variant with a dynamical step size:

Pvk+1 = Pvk − γα∗kL−TP (vk − ṽk). (3.6)

where

α∗k =
‖vk − ṽk‖2D + ‖vk − ṽk‖2G

2‖vk − ṽk‖2D
; (3.7)

G =




βAT2 A2 βAT2 A3 · · · βAT2 Am AT2

βAT3 A2 βAT3 A3 · · · βAT3 Am AT3
...

...
. . .

...
...

βATmA2 βATmA3 · · · βATmAm ATm

A2 A3 · · · Am
1
β
Il




; (3.8)

and γ ∈ (0, 2). Indeed, for any β > 0, the symmetric matrix Q is positive semi-definite.

Then, for given vk and the ṽk obtained by the ADMM procedure (3.4a), we have that

‖vk − ṽk‖2D = β

m∑

i=2

∥∥Ai(xki − x̃ki )
∥∥2 +

1

β

∥∥λk − λ̃k
∥∥2,

360



XVIII - 13

and

‖vk − ṽk‖2G = β

∥∥∥∥∥
m∑

i=2

Ai(x
k
i − x̃ki ) +

1

β
(λk − λ̃k)

∥∥∥∥∥

2

,

where the norm ‖v‖2D (‖v‖2G, respectively) is defined as vTDv (vTGv, respectively). In

fact, it is easy to prove that the step size α∗k defined in (3.7) satisfies 1
2
≤ α∗k ≤ m+1

2
.

4 Convergence of the proposed method

In this section, we prove the convergence of the proposed ADMM with Gaussian back

substitution for solving (1.3). Our proof follows the analytic framework of contractive type

methods, and it consists of the following three phases:

1.) Prove that the sequence generated by the proposed ADMM with Gaussian back

substitution is contractive with respect to V∗.
2.) Derive the convergence based on the Fejér monotonicity of the sequence generated by

the proposed ADMM with Gaussian back substitution.

Accordingly, we divide this section into three subsections to address the tasks listed above.
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4.1 Verification of the descent directions

For this purpose, we first prove two lemmas.

Lemma 4.1 Let w̃k = (x̃k1 , x̃
k
2 , . . . , x̃

k
m, λ̃

k) be generated by the ADMM step (3.4a)

from the given vector Pvk = P (xk2 , . . . , x
k
m, λ

k). Then, we have

w̃k ∈ Ω, θ(x)− θ(x̃k) + (w − w̃k)TF (w̃k) + (x− x̃k)T d2(xk, x̃k)

≥ (v − ṽk)T d1(vk, ṽk), ∀ w ∈ Ω, (4.1)

where

d1(vk, ṽk) =




βAT2 A2 0 · · · · · · 0

βAT3 A2 βAT3 A3

. . .
...

...
...

. . .
. . .

...

βATmA2 βATmA3 · · · βATmAm 0

0 0 · · · 0 1
β
Il







xk2 − x̃k2
xk3 − x̃k3

...

xkm − x̃km
λk − λ̃k




,

= PTLP (vk − ṽk). (4.2)
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and

d2(xk, x̃k) = β




AT1
AT2

...

ATm



( m∑

j=2

Aj(x
k
j − x̃kj )

)
. (4.3)

Proof. Note that x̃ki ∈ arg min
{
θi(xi) + β

2
‖Aixi − bi‖2|xi ∈ Xi

}
is equivalent to

x̃ki ∈ Xi, θi(xi)− θi(x̃ki ) + (xi − x̃ki )TβATi (Aix̃
k
i − bi) ≥ 0, ∀ xi ∈ Xi.

Since x̃ki is the solution of (3.4a), for i = 1, 2, . . . ,m, according to the optimality

condition, we have

x̃ki ∈ Xi, θi(xi)− θi(x̃ki ) + (xi − x̃ki )T
{
−ATi λk

+βATi (
∑i
j=1Ax̃

k
j +

∑m
j=i+1Ajx

k
j − b)

}
≥ 0, ∀ xi ∈ Xi.(4.4)

By using the fact (see (3.4b)) λk = λ̃k + β(
∑m
j=1Aj x̃

k
j − b), thus, we have

ATi λ
k = Aiλ̃

k + βAi(

m∑

j=1

Aj x̃
k
j − b).
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Substituting it in (4.4), we obtain

x̃ki ∈ Xi, θi(xi)− θi(x̃ki ) + (xi − x̃ki )T
{
−ATi λ̃k

+βATi
(∑m

j=i+1Aj(x
k
j − x̃kj )

)}
≥ 0, ∀ xi ∈ Xi. (4.5)

It follows from (4.5) that x̃k ∈ X and

x̃k ∈ X , θ(x)− θ(x̃k)+




x1 − x̃k1
x2 − x̃k2
x3 − x̃k3

...

xm−1 − x̃m−1

xm − x̃km




T 





−AT1 λ̃k

−AT2 λ̃k

−AT3 λ̃k
...

−ATm−1λ̃
k

−ATmλ̃k




+β




AT1
(∑m

j=2Aj(x
k
j − x̃kj )

)

AT2
(∑m

j=3Aj(x
k
j − x̃kj )

)

AT3
(∑m

j=4Aj(x
k
j − x̃kj )

)

...

ATm−1

(
Am(xkm − x̃km)

)

0








≥ 0,

(4.6)

for all x ∈ X . Adding
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x2 − x̃k2
x2 − x̃k2

...

xm − x̃km




T

β




AT2
(
A2(xk2 − x̃k2)

)

AT3
(∑3

j=2Aj(x
k
j − x̃kj )

)

...

ATm
(∑m

j=2Aj(x
k
j − x̃kj )

)




to the both sides of (4.6), we get x̃k ∈ X and

θ(x)− θ(x̃k) +




x1 − x̃k1
x2 − x̃k2

...

xm − x̃km




T 


−AT1 λ̃k + βAT1
(∑m

j=2Aj(x
k
j − x̃kj )

)

−AT2 λ̃k + βAT2
(∑m

j=2Aj(x
k
j − x̃kj )

)

...

−ATmλ̃k + βATm
(∑m

j=2Aj(x
k
j − x̃kj )

)




≥




x2 − x̃k2
...

xm − x̃km




T 


βAT2
(∑2

j=2Aj(x
k
j − x̃kj )

)

...

βATm
(∑m

j=2Aj(x
k
j − x̃kj )

)


 , ∀ x ∈ X . (4.7)
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Because that
∑m
j=1Aj x̃

k
j − b = 1

β
(λk − λ̃k), we have

(λ− λ̃k)T (

m∑

j=1

Aj x̃
k
j − b) = (λ− λ̃k)T

1

β
(λk − λ̃k).

Adding (4.7) and the last equality together, we get w̃k ∈ W and

θ(x)− θ(x̃k) +




x1 − x̃k1
x2 − x̃k2

...

xm − x̃km
λ− λ̃k




T


−AT1 λ̃k + βAT1
(∑m

j=2Aj(x
k
j − x̃kj )

)

−AT2 λ̃k + βAT2
(∑m

j=2Aj(x
k
j − x̃kj )

)
...

−ATmλ̃k + βATm
(∑m

j=2Aj(x
k
j − x̃kj )

)
∑m
i=1Aix̃

k
i − b




≥




x2 − x̃k2
...

xm − x̃km
λ− λ̃k




T 


βAT2
(∑2

j=2Aj(x
k
j − x̃kj )

)
...

βATm
(∑m

j=2Aj(x
k
j − x̃kj )

)
1
β

(λk − λ̃k)



, ∀ w ∈ Ω.

Use the notations of F (w), d1(vk, ṽk) and d2(xk, x̃k), the left hand side and the right
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hand side of the above inequality can be written as

θ(x)− θ(x̃k) + (w − w̃k)TF (w̃k) + (x− x̃k)T d2(xk, x̃k)

and

(v − ṽk)T d1(vk, ṽk),

respectively. Thus, the assertion of this lemma is proved. 2

Note that the d1(vk, ṽk) depends only on vk and ṽk , while d2(xk, x̃k) is determined by

both xk and x̃k .

Lemma 4.2 Let w̃k = (x̃k1 , x̃
k
2 , . . . , x̃

k
m, λ̃

k) be generated by the ADMM step (3.4a)

from the given vector Pvk = P (xk2 , . . . , x
k
m, λ

k). Then, we have

(ṽk − v∗)T d1(vk, ṽk) ≥ (λk − λ̃k)T
( m∑

j=2

Aj(x
k
j − x̃kj )

)
, ∀ v∗ ∈ V∗, (4.8)

where d1(vk, ṽk) is defined in (4.2).
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Proof. Since w∗ ∈ Ω, it follows from (4.1) that

(ṽk − v∗)T d1(vk, ṽk)

≥ θ(x̃k)− θ(x∗) + (w̃k − w∗)TF (w̃) + (x̃k − x∗)T d2(xk, x̃k). (4.9)

We consider the right-hand side of (4.9). By using (4.3), we get

θ(x̃k)− θ(x∗) + (w̃k − w∗)TF (w̃) + (x̃k − x∗)T d2(xk, x̃k)

= θ(x̃k)− θ(x∗) + (w̃k − w∗)TF (w̃k)

+
( m∑

j=2

Aj(x
k
j − x̃kj )

)T
β
( m∑

j=1

Aj(x̃
k
j − x∗j )

)
. (4.10)

Then, we look at the right-hand side of (4.10). First, by using the skew-symmetry of F

(2.4) and the optimality of w∗, we have

θ(x̃k)− θ(x∗) + (w̃k − w∗)TF (w̃k)

= θ(x̃k)− θ(x∗) + (w̃k − w∗)TF (w∗) ≥ 0.
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For the last part of the right hand side of (4.10), because

m∑

j=1

Ajx
∗
j = b and β(

m∑

j=1

Aj x̃
k
j − b) = λk − λ̃k,

it follows

( m∑

j=2

Aj(x
k
j − x̃kj )

)T
β
( m∑

j=1

Aj(x̃
k
j − x∗j )

)
=
( m∑

j=2

Aj(x
k
j − x̃kj )

)T
(λk − λ̃k).

Finally, from (4.10) that

θ(x̃k)− θ(x∗) + (w̃k − w∗)TF (w̃) + (x̃k − x∗)T d2(xk, x̃k)

≥ (λk − λ̃k)T
( m∑

j=2

Aj(x
k
j − x̃kj )

)
. (4.11)

Substituting (4.11) into (4.9), the assertion (4.8) follows immediately. 2

Since (see (3.1) and (4.2))

d1(vk, ṽk) = PTLP (vk − ṽk), (4.12)
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consequently from (4.8) follows that

(ṽk−v∗)TPTLP (vk−ṽk) ≥ (λk−λ̃k)T
( m∑

j=2

Aj(x
k
j−x̃kj )

)
, ∀ v∗ ∈ V∗. (4.13)

Now, based on the last two lemmas, we are at the stage to prove the main theorem.

Theorem 4.1 (Main Theorem) Let w̃k = (x̃k1 , x̃
k
2 , . . . , x̃

k
m, λ̃

k) be generated by the

ADMM step (3.4a) from the given vector Pvk = P (xk2 , . . . , x
k
m, λ

k). Then, we have

(vk−v∗)TPTLP (vk−ṽk) ≥ 1

2
‖vk−ṽk‖2D+

1

2
‖vk−ṽk‖2G, ∀ v∗ ∈ V∗, (4.14)

where L, P , D and G are defined in (3.1), (3.2) and (3.8), respectively.

Proof First, for all v∗ ∈ V∗, it follows from (4.13) that

(vk − v∗)TPTLP (vk − ṽk)

≥ (vk − ṽk)TPTLP (vk − ṽk) + (λk − λ̃k)T
( m∑

j=2

Aj(x
k
j − x̃kj )

)
.(4.15)

Now, we treat the first term of the right hand side of (4.15). Using the matrix L and P (see
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(3.1) and (3.2)) , we have

(vk − ṽk)TPTLP (vk − ṽk)

=




xk2 − x̃k2
...

xkm − x̃km
λk − λ̃k







βAT2 A2 0 · · · 0

...
. . .

. . .
...

βATmA2 · · · βATmAm 0

0 · · · 0 1
β
Il




T


xk2 − x̃k2
...

xkm − x̃km
λk − λ̃k



.(4.16)

Let us deal with the second term of the right-hand side of (4.15). We have

(λk − λ̃k)T
( m∑

j=2

Aj(x
k
j − x̃kj )

)

=




xk2 − x̃k2
...

xkm − x̃km
λk − λ̃k




T 


0 . . . 0 0
...

. . .
...

...

0 . . . 0 0

A2 . . . Am 0







xk2 − x̃k2
...

xkm − x̃km
λk − λ̃k



.(4.17)
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Adding (4.16) and (4.17) together, it follows that

(vk − ṽk)TPTLP (vk − ṽk) + (λk − λ̃k)T
( m∑

j=2

Aj(x
k
j − x̃kj )

)

=




xk2 − x̃k2
...

xkm − x̃km
λk − λ̃k







βAT2 A2 0 · · · 0

...
. . .

. . .
...

βATmA2 · · · βATmAm 0

A2 · · · Am
1
β
Il




T 


xk2 − x̃k2
...

xkm − x̃km
λk − λ̃k




=
1

2




xk2 − x̃k2
...

xkm − x̃km
λk − λ̃k




T 


2βAT2 A2 · · · βAT2 Am AT2
...

...
...

βATmA2 · · · 2βATmAm ATm

A2 · · · Am
2
β
Il







xk2 − x̃k2
...

xkm − x̃km
λk − λ̃k



.

Use the notation of the matrices D and G to the right-hand side of the last equality, we
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obtain

(vk − ṽk)TPTLP (vk − ṽk) + (λk − λ̃k)T
( m∑

j=2

Aj(x
k
j − x̃kj )

)

=
1

2
‖vk − ṽk‖2D +

1

2
‖vk − ṽk‖2G.

Substituting the last equality in (4.15), this theorem is proved. 2

It follows from (4.14) that

〈
LTP (vk − v∗), P (vk − ṽk)

〉
≥ 1

2
‖vk − ṽk‖2(D+G). (4.18)

Based on (4.18), in order to minimize ‖LTP (v − v∗)‖2, we need only to let

LTP (vk+1 − v∗) = LTP (vk − v∗)− αP (vk − ṽk) (4.19)

and by selecting a suitable step-size α.

Pvk+1 = Pvk − αL−TP (vk − ṽk).

By setting

H = PTLLTP, (4.20)
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1
2
‖v − v∗‖2G, and L−TP (ṽk − vk) is a descent direction of 1

2
‖v − v∗‖2H at the

current point vk whenever ṽk 6= vk .

4.2 The contractive property

In this subsection, we mainly prove that the sequence generated by the proposed ADMM

with Gaussian back substitution is contractive with respect to the set V∗. Note that we

follow the definition of contractive type methods. With this contractive property, the

convergence of the proposed ADMM with Gaussian back substitution can be easily derived

with subroutine analysis.

Theorem 4.2 Let w̃k = (x̃k1 , x̃
k
2 , . . . , x̃

k
m, λ̃

k) be generated by the ADMM step (3.4a)

from the given vector Pvk = P (xk2 , . . . , x
k
m, λ

k). Let the matrix G be given by (4.20).

For the new iterate vk+1 produced by the Gaussian back substitution (3.5), there exists a

constant c0 > 0 such that

‖vk+1 − v∗‖2H ≤ ‖vk − v∗‖2H − c0
(
‖vk − ṽk‖2D + ‖vk − ṽk‖2G

)
, ∀ v∗ ∈ V∗,

(4.21)

where H , D and G are defined in (4.20), (3.2) and (3.8), respectively.
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Proof By using (3.5) and H = PTLLTP , we obtain

‖vk − v∗‖2H − ‖vk+1 − v∗‖2H
= ‖P (vk − v∗)‖2(LLT ) − ‖P (vk+1 − v∗)‖2(LLT )

= ‖P (vk − v∗)‖2(LLT ) − ‖P (vk − v∗)− αL−TP (vk − ṽk)‖2(LLT )

= 2α(vk − v∗)TPTLP (vk − ṽk)− α2‖vk − ṽk‖2D. (4.22)

Substituting the result of Theorem 4.1 into the right-hand side of the last equation, we get

‖vk − v∗‖2H − ‖vk+1 − v∗‖2H
≥ α

(
‖vk − ṽk‖2D + ‖vk − ṽk‖2G

)
− α2‖vk − ṽk‖2D

= α(1− α)‖vk − ṽk‖2D + α‖vk − ṽk‖2G,

and thus

‖vk+1 − v∗‖2H ≤ ‖vk − v∗‖2H
−α
(
(1− α)‖vk − ṽk‖2D + ‖vk − ṽk‖2G

)
, ∀ v∗ ∈ V∗. (4.23)

Set c0 = α(1− α). Recall that α ∈ [0.5, 1). Thus the assertion is proved.
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Corollary 4.1 The assertion of Theorem 4.2 also holds if the Gaussian back substitution

update form is (3.6) with the calculated step length by (3.7) .

Proof Analogous to the proof of Theorem 4.2, we have that

‖vk − v∗‖2G − ‖vk+1 − v∗‖2G
≥ 2γα∗k(vk − v∗)TPTLP (vk − ṽk)− (γα∗k)2‖vk − ṽk‖2D, (4.24)

where α∗k is given by (3.7). According to (3.7), we have that

α∗k
(
‖vk − ṽk‖2D

)
=

1

2

(
‖vk − ṽk‖2D + ‖vk − ṽk‖2G

)
.

Then, it follows from the above equality and (4.14) that

‖vk − v∗‖2H − ‖vk+1 − v∗‖2H
≥ γα∗k

(
‖vk − ṽk‖2D + ‖vk − ṽk‖2G

)
− 1

2
γ2α∗k

(
‖vk − ṽk‖2D + ‖vk − ṽk‖2G

)

= 1
2
γ(2− γ)α∗k

(
‖vk − ṽk‖2D + ‖vk − ṽk‖2G

)
.

Because α∗k ≥ 1
2

, it follows from the last inequality that

‖vk+1 − v∗‖2H ≤ ‖vk − v∗‖2H
− 1

4
γ(2− γ)

(
‖vk − ṽk‖2D + ‖vk − ṽk‖2G

)
, ∀v∗ ∈ V∗. (4.25)
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Since γ ∈ (0, 2), the assertion of this corollary follows from (4.25) directly. 2

4.3 Convergence

The proposed lemmas and theorems are adequate to establish the global convergence of

the proposed ADMM with Gaussian back substitution, and the analytic framework is quite

typical in the context of contractive type methods.

Theorem 4.3 Let {vk} and {w̃k} be the sequences generated by the proposed ADMM

with Gaussian back substitution. Then we have

1. limk→∞ ‖Ai(xk − x̃ki )‖ = 0, i = 2, . . . ,m, and limk→∞ ‖λk − λ̃k‖ = 0.

2. If each Ai is full column rank matrix, then

(a) any cluster point of {w̃k} is a solution point of (2.3).

(b) The sequence {ṽk} converges to some v∞ ∈ V∗.
Proof. From (4.21) we get

∑∞
k=0c0‖v

k − ṽk‖2D ≤ ‖v0 − v∗‖2H
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and thus we get limk→∞ ‖vk − ṽk‖2D = 0, and consequently

lim
k→∞

‖Ai(xk − x̃ki )‖ = 0, i = 2, . . . ,m, (4.26)

and

lim
k→∞

‖λk − λ̃k‖ = 0. (4.27)

The first assertion is proved.

Now, we assume that each Ai is full column rank matrix. Substituting (4.26) into (4.5), for

i = 1, 2, . . . ,m, we have

x̃ki ∈ Xi, lim
k→∞

{θi(xi)− θi(x̃ki ) + (xi − x̃ki )T (−ATi λ̃k)} ≥ 0, ∀ xi ∈ Xi.
(4.28)

It follows from (3.4a) and (4.27) that

lim
k→∞

(

m∑

j=1

Aj x̃
k
j − b) = 0. (4.29)

Combining (4.28) and (4.29) we get

w̃k ∈ Ω, lim
k→∞

{θ(x)− θ(x̃k) + (w − w̃k)TF (w̃k)} ≥ 0, ∀w ∈ Ω, (4.30)
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and thus any cluster point of {w̃k} is a solution point of (2.3). The part (a) of the second

assertion is proved.

It follows from the full column rank assumption, the matrix D and H are positive definite.

Since limk→∞ ‖vk − ṽk‖2D = 0, then {ṽk} is bounded. Let v∞ be a cluster point of

{ṽk} and the subsequence {ṽkj} converges to v∞. It follows from (4.30)

w̃kj ∈ Ω, lim
k→∞

{θ(x)− θ(x̃kj ) + (w− w̃kj )TF (w̃kj )} ≥ 0, ∀w ∈ Ω (4.31)

and consequently




θi(xi)− θ(x∞i ) + (xi − x∞i )T
{
−ATi λ∞

}
≥ 0, ∀xi ∈ Xi, i = 1, . . . ,m,

∑m
j=1Ajx

∞
j − b = 0.

(4.32)

This means that v∞ ∈ V∗. Since ‖vk+1 − v∗‖2H ≤ ‖vk − v∗‖2H and

limk→∞ ‖vk − ṽk‖ = 0, the sequence {ṽk} cannot have other cluster point and {ṽk}
converges to v∞ ∈ V∗. 2

If we take α ≡ 1 in the correction form (3.5), similarly as in the last lecture, the resulting

method is convergent in the ergodic sense with the convergence rate O(1/t).
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The context of this lecture is based on the publication [11]
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1 Convex optimization problem with m-blocks

We consider the linearly constrained convex optimization with m separable operators

min
{ m∑

i=1

θi(xi)
∣∣
m∑

i=1

Aixi = b, xi ∈ Xi
}
. (1.1)

Its Lagrange function is

L(x1, . . . , xm, λ) =

m∑

i=1

θi(xi)− λT (

m∑

i=1

Aixi − b), (1.2)

which is defined on

Ω := X1 ×X2 × · · · × Xm ×<l.
Let
(
x∗1, x

∗
2, . . . , x

∗
m, λ

∗) be a saddle point of the Lagrange function (1.2). Then we have

Lλ∈<l(x
∗
1, x
∗
2, · · · , x∗m, λ) ≤ L(x∗1, x

∗
2, · · · , x∗m, λ∗)

≤ Lxi∈Xi (i=1,...,m)(x1, x2, . . . , xm, λ
∗).

It is evident that finding a saddle point of L(x1, x2, . . . , xm, λ) is equivalent to finding
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w∗ = (x∗1, x
∗
2, ..., x

∗
m, λ

∗) ∈ Ω, such that





θ1(x1)− θ1(x∗1) + (x1 − x∗1)T {−AT1 λ∗} ≥ 0,

θ2(x2)− θ2(x∗2) + (x2 − x∗2)T {−AT2 λ∗} ≥ 0,
...
...

θm(xm)− θm(x∗m) + (xm − x∗m)T {−ATmλ∗} ≥ 0,

(λ− λ∗)T (
∑m
i=1Aix

∗
i − b) ≥ 0,

(1.3)

for all w = (x1, x2, · · · , xm, λ) ∈ Ω. More compactly, (1.3) can be written into the

following VI:

w∗ ∈ Ω, θ(x)− θ(x∗) + (w − w∗)TF (w∗) ≥ 0, ∀ w ∈ Ω, (1.4a)

where

θ(x) =

m∑

i=1

θi(xi),
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w =




x1

x2
...

xm

λ




and F (w) =




−AT1 λ
−AT2 λ

...

−ATmλ
∑m
i=1Aixi − b




. (1.4b)

Note that the operator F (w) defined in (1.4b) is an affine operator of and its matrix is

skew-symmetric, thus, we have

(w − w̃)T
(
F (w)− F (w̃)

)
≡ 0, ∀w, w̃. (1.5)

Since we have assumed that the solution set of (1.1) is not empty, the solution set of (1.4),

denoted by Ω∗, is also nonempty.

In addition to the notation of w = (x1, x2, · · · , xm, λ), we also use the following

notation:

v = (x2, · · · , xm, λ).

Moreover, we define

V∗ = {(x∗2, . . . , x∗m, λ∗) | (x∗1, x∗2, . . . , x∗m, λ∗) ∈ Ω∗}.
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The augmented Lagrangian function of the problem (1.1) is

Lβ(x1, . . . , xm, λ) = L(x1, . . . , xm, λ) +
β

2
‖∑m

i=1Aixi − b‖
2. (1.6)

Now, we are in the stage to describe the direct extension of ADMM to the problem (1.1).

Direct Extension of ADMM Start with given (xk2 , . . . , x
k
m, λ

k),





xk+1
1 = arg min

{
Lβ(x1, x

k
2 , x

k
3 , . . . , x

k
m, λ

k)
∣∣ x1 ∈ X1

}
;

xk+1
2 = arg min

{
Lβ(xk+1

1 , x2, x
k
3 , . . . , x

k
m, λ

k)
∣∣ x2 ∈ X2

}
;

...

xk+1
i = arg min

{
Lβ(xk+1

1 , . . . , xk+1
i−1 , xi, x

k
i+1, . . . , x

k
m, λ

k)
∣∣ xi ∈ Xi

}
;

...

xk+1
m = arg min

{
Lβ(xk+1

1 , . . . , xk+1
m−1, xm, λ

k)
∣∣ xm ∈ Xm

}
;

λk+1 = λk − β
(∑m

i=1Aix
k+1
i − b

)
.

(1.7)

There is counter example [3], it is not necessary convergent for the problem with m ≥ 3.
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2 ADMM + Prox-Parallel Splitting ALM

The following splitting method does not need correction. Its k-th iteration begins

with given vk = (xk2 , . . . , x
k
m, λ

k), and obtain vk+1 via the following

procedure:




xk+1
1 = arg min

{
Lβ(x1, x

k
2 , x

k
3 , . . . , x

k
m, λ

k)
∣∣ x1 ∈ X1

}
;

for i = 2, . . . ,m, do :

xk+1
i = arg min

xi∈Xi

{Lβ(xk+1
1 , xk2 . . . , x

k
i−1, xi, x

k
i+1, . . . , x

k
m, λ

k)

+ τβ
2 ‖Ai(xi − xki )‖2

}
;

λk+1 = λk − β
(∑m

i=1Aix
k+1
i − b

)

(2.1)

• The x2 . . . xm-subproblems are solved in a parallel manner.

• To ensure the convergence, in the xi-subproblem, i = 2, . . . ,m, an

extra proximal term τβ
2 ‖Ai(xi − xki )‖2 is necessary.
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An equivalent recursion of (2.1) µ = τ + 1 and τ is given in (2.1).





xk+1
1 = arg min

{
Lβ(x1, x

k
2 , x

k
3 , . . . , x

k
m, λ

k)
∣∣ x1 ∈ X1

}
;

λk+
1
2 = λk − β

(
A1x

k+1
1 +

∑m
i=2Aix

k
i − b

)
;

for i = 2, . . . ,m, do :

xk+1
i = arg min




θi(xi)− (λk+

1
2 )TAixi

+µβ
2 ‖Ai(xi − xki )‖2

∣∣∣∣∣ xi ∈ Xi



 ;

λk+1 = λk − β
(∑m

i=1Aix
k+1
i − b

)

(2.2)

The method (2.2) is proposed in IMA Numerical Analysis [11]:

• B. He, M. Tao and X. Yuan, A splitting method for separable convex

programming. IMA J. Numerical Analysis, 31(2015), 394-426.
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Equivalence of (2.1) and (2.2)

It needs only to check the optimization conditions of their xi-subproblems for

i = 2, . . . ,m. Note that the optimal condition of the xi-subproblem of (2.1) is

xk+1
i ∈ Xi, θi(xi)− θi(xk+1

i ) + (xi − xk+1
i )T

{
−ATi λk+

+βATi
[
(A1x

k+1
1 +

∑m
j=2Ajx

k
j − b) +Ai(x

k+1
i − xki )

]

+τβATiAi(x
k+1
i − xki )

}
≥ 0.

for all xi ∈ Xi. By using

λk+
1
2 = λk − β

(
A1x

k+1
1 +

∑m
j=2Ajx

k
j − b

)
; (2.3)

it can be written as

xk+1
i ∈ Xi, θi(xi)− θi(xk+1

i ) + (xi − xk+1
i )T

{
−ATi λk+

1
2

+βATiAi(x
k+1
i − xki ) + τβATiAi(x

k+1
i − xki )

}
≥ 0.
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and consequently

xk+1
i ∈ Xi, θi(xi)− θi(xk+1

i ) + (xi − xk+1
i )T

{
−ATi λk+

1
2

+(1 + τ)βATiAi(x
k+1
i − xki )

}
≥ 0, ∀ xi ∈ Xi. (2.4)

Setting µ = 1 + τ , (2.4) is the optimal condition of the xi-subproblem of (2.2) !

Notice that the subproblems in (2.2) are

xk+1
1 = arg min{θ1(x1) + β

2 ‖A1x1 + (
∑m
i=2Aix

k
i − b)− 1

βλ
k |x1 ∈ X1}

and

xk+1
i = arg min{θi(xi) + µβ

2 ‖Ai(xi − xki )− 1
µβλ

k+ 1
2 ‖2 |xi ∈ Xi},

for i = 2, . . . ,m. We assume that the above problems are not difficult to solve.

The convergence analysis is under the assumption µ ≥ m − 1. In the next

section, Section 3, we prove the convergence of Algorithm (2.2). In Section 4,

we present a prediction-correction method which uses the output of (2.2) as the

predictor, and the new iterate is updated by a simple correction.
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3 Convergence Analysis for the algorithm (2.2)
We use (2.2) to analyze the convergence and assume that µ ≥ m− 1.

The optimal condition of the xi-subproblems of (2.2) can be written as




θ1(x1)− θ1(xk+1
1 ) + (x1 − xk+1

1 )T (−AT1 λk+
1
2 ) ≥ 0, ∀x1 ∈ X1;

θi(xi)− θi(xk+1
i ) + (xi − xk+1

i )T (−ATi λk+
1
2 )

≥ (xi − xk+1
i )TµβATi Ai(x

k
i − xk+1

i ), ∀xi ∈ Xi; i = 2, . . . ,m.
(3.1)

Since

λk+
1
2 = λk − β

(
A1x

k+1
1 +

m∑

j=2

Ajx
k
j − b

)

and

λk+1 = λk − β
( m∑

i=1

Aix
k+1
i − b

)
,

we have

−λk+ 1
2 = −λk+1 + β

m∑

j=2

Aj(x
k
j − xk+1

j ). (3.2)

375



XIX - 11

Substituting (3.2) in (3.1), we get




θ1(x1)− θ1(xk+1
1 ) + (x1 − xk+1

1 )T (−AT1 λk+1 +AT1 pk)

≥ 0, ∀x1 ∈ X1;

θi(xi)− θi(xk+1
i ) + (xi − xk+1

i )T (−ATi λk+1 +ATi pk)

≥ (xi − xk+1
i )TµβATi Ai(x

k
i − xk+1

i ),∀xi ∈ Xi;
i = 2, . . . ,m.

(3.3)

where

pk = β

m∑

j=2

Aj(x
k
j − xk+1

j ). (3.4)

Since
( m∑

i=1

Aix
k+1
i − b

)
= (1/β)(λk − λk+1),
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It can be written as

(λ− λk+1)T
( m∑

i=1

Aix
k+1
i − b

)
≥ (λ− λk+1)T (1/β)(λk − λk+1), (3.5)

for all λ ∈ <l.
Combining (3.3) and (3.5)




θ1(x1)− θ1(xk+1
1 ) + (x1 − xk+1

1 )T (−AT1 λk+1 +AT1 pk)

≥ 0, ∀x1 ∈ X1;

θi(xi)− θi(xk+1
i ) + (xi − xk+1

i )T (−ATi λk+1 +ATi pk)

≥ (xi − xk+1
i )TµβATi Ai(x

k
i − xk+1

i ),∀xi ∈ Xi;
i = 2, . . . ,m.

(λ− λk+1)T
(∑m

i=1Aix
k+1
i − b

)

≥ (λ− λk+1)T (1/β)(λk − λk+1). ∀λ ∈ <l.

(3.6)
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By using the notations θ(x) and F (w), it follows from (3.6) that

θ(x)− θ(xk+1) + (w − wk+1)TF (wk+1) + pTk
( m∑

i=1

Ai(xi − xk+1
i )

)

≥
m∑

i=2

(xi − xk+1
i )TµβATi Ai(x

k
i − xk+1

i )

+(λ− λk+1)T (1/β)(λk − λk+1), ∀w ∈ Ω.

Setting w = w∗ in the above inequality and by a manipulation, we get

m∑

i=2

(xk+1
i − x∗)TµβATi Ai(xki − xk+1

i ) + (λk+1 − λ∗)T 1

β
(λk − λk+1)

≥ θ(xk+1)− θ(x∗) + (wk+1 − w∗)TF (wk+1)

+ pTk
( m∑

i=1

Ai(x
k+1
i − x∗i )

)
(3.7)
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Now, we treat the right hand side of (3.7). Using (1.5) and the optimality, we have

θ(xk+1)− θ(x∗) + (wk+1 − w∗)TF (wk+1)

= θ(xk+1)− θ(x∗) + (wk+1 − w∗)TF (w∗) ≥ 0.

Because
∑m
i=1Aix

∗
i = b and

∑m
i=1Aix

k+1
i − b = 1

β (λk − λk+1),

using the definition of pk (see (3.4)), we get

pTk
( m∑

i=1

Ai(x
k+1
i − x∗)

)
= (λk − λk+1)T

m∑

j=2

Aj(x
k
j − xk+1

j ).

Substituting it in (3.7), we get

m∑

i=2

(xk+1
i − x∗)TµβATi Ai(xki − xk+1

i ) + (λk+1 − λ∗)T 1

β
(λk − λk+1)

≥ (λk − λk+1)T
m∑

j=2

Aj(x
k
j − xk+1

j ). (3.8)
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By denoting

vk =




xk2
...

xkm
λk




and G =




µβAT2 A2
. . .

µβATmAm
1
β I



, (3.9)

we get the following assertion:

Lemma 3.1 Let vk+1 be generated by (2.2) from the given vector vk, then we

have

(vk − v∗)TG(vk − vk+1) ≥ ϕ(vk, vk+1), (3.10)

where

ϕ(vk, vk+1) = ‖vk − vk+1‖2G
+ (λk − λk+1)T

(∑m
i=2Ai(x

k
i − xk+1

i )
)
. (3.11)
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Proof. Using the notations (3.9), the inequality (3.8) can be written as

(vk+1 − v∗)TG(vk − vk+1) ≥ (λk − λk+1)T
m∑

j=2

Aj(x
k
j − xk+1

j ).

Adding (vk − vk+1)TG(vk − vk+1) to the both sides of the above inequality,

we get the assertion directly. 2

Now we consider the profit of the k-th iteration. Using (3.10) and (3.11), we have

‖vk − v∗‖2G − ‖vk+1 − v∗‖2G
= ‖vk − v∗‖2G − ‖(vk − v∗)− (vk − vk+1)‖2G
= 2(vk − v∗)TG(vk − vk+1)− ‖vk − vk+1‖2G

≥ ‖vk − vk+1‖2G + 2(λk − λk+1)T
m∑

j=2

Aj(x
k
j − xk+1

j ). (3.12)

In the following is to show that, when µ > m− 1, there is a constant σ > 0,

such that the right hand side of (3.12) is greater than σ‖vk − vk+1‖2G .
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According to the definition of the matrix G, we have

‖vk − vk+1‖2G + 2(λk − λk+1)T
( m∑

i=2

Ai(x
k
i − xk+1

i )
)

=




√
βA2(xk2 − xk+1

2 )
√
βA3(xk3 − xk+1

3 )
...

√
βAm(xkm − xk+1

m )

(1/
√
β)(λk − λk+1)




T 


µIl 0 · · · 0 Il

0 µIl
. . .

...
...

...
. . .

. . . 0 Il

0 · · · 0 µIl Il

Il · · · Il Il Il







√
βA2(xk2 − xk+1

2 )
√
βA3(xk3 − xk+1

3 )
...

√
βAm(xkm − xk+1

m )

(1/
√
β)(λk − λk+1)




. (3.13)
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Notice that the block-wise matrix



µIl 0 · · · 0 Il

0 µIl
. . .

...
...

...
. . .

. . . 0 Il

0 · · · 0 µIl Il

Il · · · Il Il Il




in (3.13) have the same largest (resp. smallest) eigenvalues as the m×m
symmetric matrix

M =




µ 0 · · · 0 1

0 µ
. . .

...
...

...
. . .

. . . 0 1

0 · · · 0 µ 1

1 · · · 1 1 1



m×m

. (3.14)
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Lemma 3.2 For m ≥ 2, the m×m symmetric matrix M defined in (3.14) has

(m− 2) multiple eigenvalues

ν1 = ν2 = · · · = νm−2 = µ,

and another two eigenvalues

νm−1, νm =
1

2

[
(µ+ 1)±

√
(µ+ 1)2 + 4((m− 1)− µ)

]
.

Proof. Let e be a (m− 1)-vector whose each element equals 1. Thus

M =


 µIm−1 e

eT 1


 .

Without loss of generality, we assume that the eigenvectors of M have forms

z =


 y

0


 or z =


 y

1


 , where y ∈ <m−1.
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In the first case, we have 



µy = νy,

eT y = 0.
(3.15)

It is clear that the (m− 1)-vectors

y1 =




1

0

0
...

0

−1




, y2 =




0

1

0
...

0

−1




· · · · · · ym−2 =




0

0
...

0

1

−1




are linear independent and satisfy (3.15) with ν = µ. Thus,

zi =


 yi

0


 , i = 1, . . . ,m− 2,
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are eigenvectors of M and the related eigenvalue

ν1 = ν2 = · · · = νm−2 = µ.

In the second case, zT = (yT , 1), we have




µy + e = νy,

eT y + 1 = ν.
(3.16)

It follows from (3.16) that

(ν − µ)(ν − 1)− (m− 1) = 0,

and thus

νm−1, νm =
1

2

[
(µ+ 1)±

√
(µ+ 1)2 + 4((m− 1)− µ)

]
.

The lemma is proved. 2

XIX - 22

For µ ≥ 1, it is easy to verify that

νm =
(µ+ 1)−

√
(µ+ 1)2 + 4((m− 1)− µ)

2
(3.17)

is the smallest eigenvalue of M . For fixed µ > (m− 1), there is a σ such that

νm > σ. Together with (3.12) and (3.13), we have the following assetions:

Lemma 3.3 Let µ > m− 1 , then there is a σ > 0 such that

‖vk−vk+1‖2G+2(λk−λk+1)T
( m∑

i=2

Ai(x
k
i −xk+1

i )
)
≥ σ‖vk−vk+1‖2G, (3.18)

where G is defined in (3.9).

Theorem 3.1 Let µ > m− 1 and {vk} be the sequence generated by (2.2),

then there is a σ > 0 such that

‖vk+1 − v∗‖2G ≤ ‖vk − v∗‖2G − σ‖vk − vk+1‖2G, ∀ v∗ ∈ V∗. (3.19)

where G is defined in (3.9).

The inequality (3.19) is is the key for convergence of the method (2.1) and (2.2).
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Implementation of the method for three block problems

For the problem with three separable operators

min{θ1(x) + θ2(y) + θ3(z)|Ax+By +Cz = b, x ∈ X , y ∈ Y, z ∈ Z},

we have

L3
β(x, y, z, λ) = θ1(x) + θ2(y) + θ3(z)− λT(Ax+By + Cz − b)

+β
2 ‖Ax+By + Cz − b‖2.

For given vk = (yk, zk, λk), by using the method proposed in this subsection,

the new iterate vk+1 = (yk+1, zk+1, λk+1) is obtained via (τ ≥ 1) :




xk+1 = Argmin{L3
β(x, yk, zk, λk) |x ∈ X},

yk+1 = Argmin{L3
β(xk+1, y, zk, λk) + τβ

2 ‖B(y − yk)‖2 | y ∈ Y},
zk+1 = Argmin{L3

β(xk+1, yk, z, λk) + τβ
2 ‖C(z − zk)‖2 | z ∈ Z},

λk+1 = λk − β(Axk+1 +Byk+1 + Czk+1 − b),
(3.20)
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An equivalent recursion of (3.20) is




xk+1 = Argmin{L3
β(x, yk, zk, λk) |x ∈ X},

λk+
1
2 = λk − β(Axk+1 +Byk + Czk − b)

yk+1 =Argmin{θ2(y)−(λk+
1
2 )TBy + µβ

2 ‖B(y − yk)‖2 | y ∈ Y},
zk+1 =Argmin{θ3(z)−(λk+

1
2 )TCz + µβ

2 ‖C(z − zk)‖2 | z ∈ Z},
λk+1 = λk − β(Axk+1 +Byk+1 + Czk+1 − b),

(3.21)

where µ = τ + 1 ≥ 2. Implementation of (3.21) is via




xk+1 = Argmin{θ1(x) + β
2 ‖Ax+ [Byk + Czk − b− 1

βλ
k]‖2 |x ∈ X},

λk+
1
2 = λk − β(Axk+1 +Byk + Czk − b)

yk+1 =Argmin{θ2(y) + µβ
2 ‖By − [Byk + 1

µβλ
k+ 1

2 ]‖2 | y ∈ Y},
zk+1 =Argmin{θ3(z) + µβ

2 ‖Cz − [Czk + 1
µβλ

k+ 1
2 ]‖2 | z ∈ Z},

λk+1 = λk − β(Axk+1 +Byk+1 + Czk+1 − b).
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4 Method with the calculated stepsize
The iteration of the method (2.1) and/or (2.2) begin with vk = (xk2 , · · · , λk) and

finish with vk+1 = (xk+1
2 , · · ·xk+1

m , λk+1). In this section, we consider the

method with the calculated step-size. In practice, we use the output of (2.2) as a

predictor.




xk+1
1 = arg min

{
Lβ(x1, x

k
2 , x

k
3 , . . . , x

k
m, λ

k)
∣∣ x1 ∈ X1

}
;

λk+
1
2 = λk − β

(
A1x

k+1
1 +

∑m
i=2Aix

k
i − b

)
;

for i = 2, . . . ,m, do :

x̃ki = arg min




θi(xi)− (λk+

1
2 )TAixi

+µβ
2 ‖Ai(xi − xki )‖2

∣∣∣∣∣ xi ∈ Xi



 ;

λ̃k = λk − β
(
A1x

k+1 +
∑m
i=2Aix̃

k
i − b

)

(4.1)

We only denote the output vk+1 = (xk+1
2 , · · ·xk+1

m , λk+1) generated from

(2.2) by using the new notations ṽk = (x̃k2 , · · · , x̃km, λ̃k). After getting ṽk, we
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offer thenew iterate vk+1 by vk+1 = vk − αk(vk − ṽk).

Algorithm 2: a prediction-correction splitting method for solving (1.1)

Step 1. Prediction step. From the given vk = (xk2 , · · · , xkm, λk), using (4.1) to

produce the predictor ṽk = (x̃k2 , · · · , x̃km, λ̃k).

Step 2. Correction step. The new iterate vk+1 = (xk+1
2 , · · ·xk+1

m , λk+1) is

updated via:

vk+1 = vk − αk(vk − ṽk), (4.2)

where

αk = γα∗k, γk ∈ (0, 2), α∗k =
ϕ(vk, ṽk)

‖vk − ṽk‖2G
(4.3)

and

ϕ(vk, ṽk) = ‖vk − ṽk‖2G + (λk − λ̃k)T
(∑m

i=2Ai(x
k
i − x̃ki )

)
. (4.4)

As we can see easily, Algorithm 1 (2.2) turns out to be a special case of Algorithm
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2 where γk ≡ 1/αk in (4.3). Thus, in the following, we prove the convergence for

Algorithm 2, from which the convergence of Algorithm 1 becomes trivial.

Since the ṽk in (4.1) is the same of vk+1 in Algorithm (2.2), similarly as in

Lemma 3.1, we have the following assertion directly.

Lemma 4.1 Let ṽk be generated by (4.1) from the given vector vk, then we have

(vk − v∗)TG(vk − ṽk) ≥ ϕ(vk, ṽk), (4.5)

where ϕ(vk, ṽk) is defined in (4.4).

Lemma 4.2 Under the assumption µ > m− 1, it holds that

ϕ(vk, ṽk) ≥ 1 + σ

2
‖vk − ṽk‖2G. (4.6)

Proof. According to the definition of ϕ(vk, ṽk) (see (4.4)) and the inequality
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(3.18) in Lemma 3.3, we have

2ϕ(vk, ṽk) = 2‖vk − ṽk‖2G + 2(λk − λ̃k)T
( m∑

i=2

Ai(x
k
i − x̃ki )

)

≥ (1 + σ)‖vk − ṽk‖2G,

and the assertion follows from the definitions of ϕ(vk, ṽk) and α∗k (see (4.3) and

(3.11)) directly. 2

For determinate the step size αk in (4.2), we define the step-size dependent new

iterate by

vk+1(α) = vk − α(vk − ṽk), (4.7)

In this way,

ϑ(α) = ‖vk − v∗‖2G − ‖vk+1(α)− v∗‖2G (4.8)

is the distance decrease functions in the k-th iteration by using updating form

(4.7). By defining

q(α) = 2αϕ(vk, ṽk)− α2‖vk − ṽk‖2G. (4.9)
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It follows from (4.7), (4.8) and (4.5) that

ϑ(α) = ‖vk − v∗‖2G − ‖vk − v∗ − α(vk − ṽk)‖2G
= 2α(vk − v∗)TG(vk − ṽk)− α2‖vk − ṽk‖2G
≥ 2αϕ(vk, ṽk)− α2‖vk − ṽk‖2G
= q(α). (4.10)

Note that q(α) is a quadratic function of α, it reaches its maximum at

α∗k =
ϕ(vk, ṽk)

‖vk − ṽk‖2G
, (4.11)

and this is just the same as defined in (4.3). Usually, in practical computation,

taking a relaxed factor γ > 1 is useful for fast convergence.

Theorem 4.1 Let {vk} be the sequence generated by Algorithm 2. We have

‖vk+1−v∗‖2G ≤ ‖vk−v∗‖2G−
γ(2− γ)

4
‖vk− ṽk‖2G, ∀ v∗ ∈ V∗. (4.12)
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Proof. It follows from (4.8) and (4.10) that

‖vk+1 − v∗‖2G ≤ ‖vk − v∗‖2G − q(γα∗k), ∀v∗ ∈ V∗. (4.13)

By using (4.9) and (4.11) we obtain

q(γα∗k) = 2γα∗kϕ(vk, ṽk)− (γα∗k)2‖vk − ṽk‖2G
= γ(2− γ)α∗kϕ(vk, ṽk). (4.14)

Since (see (4.6))

ϕ(vk, ṽk) >
1

2
‖vk − ṽk‖2G

and consequently (see (4.3)),

α∗k >
1

2
.

Thus, we have

α∗kϕ(vk, ṽk) ≥ 1

4
‖vk − ṽk‖2G.

Substituting it in (4.14), the proof of this theorem is complete. 2

Theorem 4.1 offers the key inequality for the convergence !
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The context of this lecture is based on the publication [21]
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1 Splitting Methods in a Unified Framework

We study the algorithms using the guidance of variational inequality. The optimal condition

of the linearly constrained convex optimization is resulted in a variational inequality:

w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω. (1.1)

The analysis can be fund in [17] (Sections 4 and 5 therin). In order to illustrate the unified

framework, let us restudy the augmented Lagrangian method.

1.1 Extended Augmented Lagrangian Method

For the convex optimization

min{θ(x) |Ax = b, x ∈ X}. (1.2)

Its augmented Lagrangian function is

Lβ(x, λ) = θ(x)− λT (Ax− b) +
β

2
‖Ax− b‖2,

where the quadratic term is the penalty for the linear constraints Ax = b. The k-th

iteration of the Augmented Lagrangian Method [28, 32] begins with a given λk , obtain
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wk+1 = (xk+1, λk+1) via

(ALM)

{
xk+1 = arg min

{
Lβ(x, λk)

∣∣ x ∈ X
}
, (1.3a)

λk+1 = λk − β(Axk+1 − b). (1.3b)

In (1.3), xk+1 is only a computational result of (1.3a) from given λk , it is called the

intermediate variable. If we denote the output of (1.3) by w̃k = (x̃k, λ̃k), then the optimal

condition can be written as w̃k ∈ Ω and

{
θ(x)− θ(x̃k) + (x− x̃k)T {−ATλk + βAT (Ax̃k − b)} ≥ 0, ∀x ∈ X ,

(λ− λ̃k)T {(Ax̃k − b) + 1
β

(λ̃k − λk)} ≥ 0, ∀λ ∈ <m.
The above relation can be written as

θ(x)− θ(x̃k) +


 x− x̃k

λ− λ̃k



T
 −A

T λ̃k

Ax̃k − b


 ≥ (λ− λ̃k)T

1

β
(λk − λ̃k), (1.4a)

for all w ∈ Ω. In the classical augmented Lagrangian method, λk+1 = λ̃k . In practice,

we can use relaxation techniques and offer the new iterate by

λk+1 = λk − α(λk − λ̃k), α ∈ (0, 2). (1.4b)
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Setting w = w∗ in (1.4a), we get (λ̃k − λ∗)T 1
β

(λk − λ̃k) ≥ 0 and thus

(λk − λ∗)T (λk − λ̃k) ≥ ‖λk − λ̃k‖2. (1.5)

By using (1.4b) and (1.5), we get

‖λk+1 − λ∗‖2 ≤ ‖λk − λ∗‖2 − α(2− α)‖λk − λ̃k‖2.

In order to describe the algorithm prototype, we give the following definition.

Definition (Intermediate variables and Essential Variables)

For an iterative algorithm solving VI(Ω, F, θ), if some coordinates of w are not involved in

the beginning of each iteration, then these coordinates are called intermediate variables

and those required by the iteration are called essential variables (denoted by v).

• The sub-vector w\v is called intermediate variables.

• In some Algorithms, v is a proper sub-vector of w; however, v = w is also possible.

According to the above mentioned definition, in the the augmented Lagrangian method, x

is an intermediate variable and λ is the essential variable.
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1.2 Algorithms in a unified framework
A Prototype Algorithm for (1.1)

[Prediction Step.] With given vk , find a vector w̃k ∈ Ω which satisfying

θ(u)−θ(ũk)+(w− w̃k)TF (w̃k) ≥ (v− ṽk)TQ(vk− ṽk), ∀w ∈ Ω, (1.6a)

where the matrix Q has the property: QT +Q is positive definite.

[Correction Step.] Determine a nonsingular matrix M and a scalar α > 0, let

vk+1 = vk − αM(vk − ṽk). (1.6b)

• Usually, we do not take the output of (1.6a), ṽk , as the new iterate. Thus, ṽk is called

the predictor. The new iterate vk+1 given by (1.6b) is called the corrector. The

prototype algorithm is a Prediction-Correction Method.

• We use the extended ALM in Section 1.1 as an example. In (1.4a) we have v = λ,

Q = 1
β
I , while in the correction step (1.4b), M = I and α ∈ (0, 2).

• When vk = ṽk , it follows from (1.6a) directly that w̃k is a solution of (1.1). Thus, one

can use ‖vk − ṽk‖ < ε as the stopping criterion in (1.6).
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Convergence Conditions

For the matrices Q and M , and the step size α determined in (1.6), the matrices

H = QM−1 (1.7a)

and

G = QT +Q− αMTHM. (1.7b)

are positive definite (or H � 0 and G � 0).

• We use the extended ALM in Section 1.1 as an example. Since Q = 1
β
I in the

prediction step, and M = I and α ∈ (0, 2) in the correction step, it follows that

H = QM−1 = 1
β
I and G = QT +Q− αMTHM = 2−α

β
I.

Therefore, the convergence conditions are satisfied.

• For G � 0, it has the O(1/t) convergence rate in a ergodic sense. If G � 0, the

sequence {vk} is Fèjer monotone and converges to a v∗ ∈ V∗ in H-norm.

• Using the unified framework, the convergence proof is very simple. In addition, it will

help us to construct more efficient splitting contraction method for convex optimization

with different structures.
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Given a positive definite matrix Q in (1.6a) (QT +Q � 0), for satisfying the convergence

conditions (1.7), how to choose the matrix M and α > 0 in the correction step (1.6b) ?

There are many possibilities, the principle is simplicity and efficiency. See an example:

• In order to ensure the symmetry and positivity of H = QM−1, we take

H = QD−1QT ,

where D is a symmetric investable block diagonal matrix. Because

H = QD−1QT and H = QM−1,

we only need to set M−1 = D−1QT and thus

M = Q−TD satisfies the condition (1.7a).

In this case, MTHM = QTM = QTQ−TD = D.

• After choosing the matrix M , let

αmax = arg max{α |QT +Q− αMTHM � 0},

the condition (1.7b) is satisfied for any α ∈ (0, αmax).
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1.3 Customized PPA satisfies the Convergence Condition

Recall the convex optimization problem discussed in Lecture 6, namely,

min{θ(x) | Ax = b, x ∈ X}.

The related variational inequality of the saddle point of the Lagrangian function is

w∗ ∈ Ω, θ(x)− θ(x∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω.

where

w =


 x

λ


 , F (w) =


 −ATλ

Ax− b


 and Ω = X × <m.

For given vk = wk = (xk, λk), let the output of the Customized PPA as a predictor and

denote it as w̃k = (x̃k, λ̃k). Then, we have




x̃k = arg min
{
θ(x)− (λk)T (Ax− b) + r

2
‖x− xk‖2

∣∣ x ∈ X
}
,

λ̃k = λk − 1
s
[A(2x̃k − xk)− b].

(1.8)
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Similar as (1.4), the output w̃k ∈ Ω of the iteration (1.8) satisfies

θ(x)− θ(x̃k) + (w − w̃k)TF (w̃k) ≥ (w − w̃k)TH(wk − w̃k), ∀w ∈ Ω.

It is a form of (1.6a) where

Q = H =

(
rI AT

A sI

)
.

This matrix is positive definite when rs > ‖ATA‖. We take M = I in the correction

(1.6b) and the new iterate is updated by

wk+1 = wk − α(wk − w̃k), α ∈ (0, 2).

Then, we have and

H = QM−1 = Q � 0 and G = QT +Q− αMTHM = (2− α)H � 0.

The convergence conditions (1.7) are satisfied. More about customized PPA, please see

♣ G.Y. Gu, B.S. He and X.M. Yuan, Customized Proximal point algorithms for linearly

constrained convex minimization and saddle-point problem: a unified Approach, Comput.

Optim. Appl., 59(2014), 135-161.
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1.4 Primal-Dual relaxed PPA-based Contraction Methods

For solving (1.2), with given vk = wk = (xk, λk), let w̃k = (x̃k, λ̃k) be produced by

x̃k = arg min
{
θ(x)− (λk)T (Ax− b) + r

2
‖x− xk‖2

∣∣ x ∈ X
}

(1.9a)

and (according to equality constraints Ax = b or inequality constranits Ax ≥ b)

λ̃k = λk − 1

s
(Ax̃k − b) or λ̃k = [λk − 1

s
(Ax̃k − b)]+. (1.9b)

The predictor w̃k ∈ Ω generated by (1.9) satisfies

θ(x)− θ(x̃k) + (w − w̃k)TF (w̃k) ≥ (v − ṽk)TQ(vk − ṽk), ∀w ∈ Ω, (1.10)

where the matrix

Q =


 rIn AT

0 sIm


 , (1.11)

is not symmetric. However, (1.10) can be viewed as (1.6a). In this subsection, all the

mentioned matrix Q is (1.11). There is example to show that the method is not necessary

convergent if we directly take wk+1 = w̃k .
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Corrector—the new iterate For given vk and the predictor ṽk by (1.9), we use

vk+1 = vk −M(vk − ṽk), (1.12)

to produce the new iterate, where

M =


 In

1
r
AT

0 Im




is a upper triangular block matrix whose diagonal part is unit matrix. Note that

H = QM−1 =


 rIn AT

0 sIm




 In − 1

r
AT

0 Im


 =


 rIn 0

0 sIm


 � 0.

In addition,

G = QT +Q−MTHM = QT +Q−QTM

=


rIn 0

0 sIm − 1
r
AAT


 .
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G is positive definite when rs > ‖ATA‖. The convergence conditions (1.7) are satisfied.

Convergence behaviors for LP

A Toy Example: min{x |x = 1, x ≥ 0}, (x∗, y∗) = (1, 1).

s(1,1)
w∗6

6
-
@
@
@
@
@R

?�@
@

@
@
@I

s
q
q q

q
qq(0,0)w0

w7
w1

w2 w3

w4w4

w5w6

Original PDHG

s- (1,1)
w∗

w1

6

s
q

(0,0)w0

w̃0

PDHG + Correction

This example shows, sometimes the correction has surprising effectiveness.
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In the correction step (1.12), the matrix M is a upper-triangular matrix. We can also use

the lower-triangular matrix

M =


 In 0

− 1
s
A Im




According to (1.7a), H = QM−1, by a simple computation, we have

H =


 rIn AT

0 sIm




 In 0

1
s
A Im


 =


 rIn + 1

s
ATA AT

A sIm


 .

H is positive definite for any r, s > 0. In addition,

G = QT +Q−MTHM = QT +Q−QTM

=


2rIn AT

A 2sIm


−


rIn 0

0 sIm


 =


rIn AT

A sIm


 .

G is positive definite when rs > ‖ATA‖. The convergence conditions (1.7) are satisfied.

For a given prediction, there are different corrections which satisfy the convergence

conditions (1.7). For example, we can take a convex combination of the above mentioned
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matrices. Namely, for τ ∈ [0, 1]

M = (1− τ)


 In

1
r
AT

0 Im


+ τ


 In 0

− 1
s
A Im




=


 In

1−τ
r
AT

− τ
s
A Im


 .

For this matrix M , we denote

Π = I +
τ(1− τ)

rs
AAT .

Clearly, Π is positive definite. Let

H =


 rIn + τ2

s
ATΠ−1A τATΠ−1

τΠ−1A sΠ−1


 .

It is easy to verify that H is positive definite for any r, s > 0 and

HM = Q.
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Now, we turn to observe the matrix G, it leads that

G = QT +Q−MTHM = QT +Q−QTM

=


2rIn AT

A 2sIm


−


rIn 0

A sIm




 In

1−τ
r
AT

−τ
s
A Im




=


rIn τAT

τA s(Im − 1−τ
rs
AAT )




=


rIn τAT

τA τ2sI


+


0 0

0 s(1− τ)[(1 + τ)Im − 1
rs
AAT ]


 .

For τ ∈ [0, 1], G is positive definite when rs > ‖ATA‖. The convergence conditions

(1.7) are satisfied. Especially, in the case τ = 1/2, when rs > 3
4
‖ATA‖,

G =


rIn

1
2
AT

1
2
A s(Im − 1

2rs
AAT )


 � 0.

We do not need to calculate H and G, only verifying their positivity is necessary.
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2 Convergence proof in the unified framework

In this section, assuming the conditions (1.7) in the unified framework are satisfied, we

prove some convergence properties.

Theorem 2.1 Let {vk} be the sequence generated by a method for the problem (1.1) and

w̃k is obtained in the k-th iteration. If vk , vk+1 and w̃k satisfy the conditions in the

unified framework, then we have

α
(
θ(u)− θ(ũk) + (w − w̃k)TF (w̃k)

)

≥ 1

2

(
‖v − vk+1‖2H − ‖v − vk‖2H

)
+
α

2
‖vk − ṽk‖2G, ∀w ∈ Ω. (2.1)

Proof. Using Q = HM (see (1.7a)) and the relation (1.6b), the right hand side of (1.7a)

can be written as (v − ṽk)T 1
α
H(vk − vk+1) and hence

α{θ(u)−θ(ũk)+(w−w̃k)TF (w̃k)} ≥ (v−ṽk)TH(vk−vk+1), ∀w ∈ Ω. (2.2)

Applying the identity

(a− b)TH(c− d) =
1

2
{‖a− d‖2H − ‖a− c‖2H}+

1

2
{‖c− b‖2H − ‖d− b‖2H},
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to the right hand side of (2.2) with

a = v, b = ṽk, c = vk, and d = vk+1,

we thus obtain

(v − ṽk)TH(vk − vk+1)

=
1

2

(
‖v − vk+1‖2H−‖v − vk‖2H

)
+

1

2
(‖vk − ṽk‖2H−‖vk+1 − ṽk‖2H).(2.3)

For the last term of (2.3), we have

‖vk − ṽk‖2H − ‖vk+1 − ṽk‖2H
= ‖vk − ṽk‖2H − ‖(vk − ṽk)− (vk − vk+1)‖2H

(1.6b)
= ‖vk − ṽk‖2H − ‖(vk − ṽk)− αM(vk − ṽk)‖2H
= 2α(vk − ṽk)THM(vk − ṽk)− α2(vk − ṽk)TMTHM(vk − ṽk)

= α(vk − ṽk)T (QT +Q− αMTHM)(vk − ṽk)
(1.7b)
= α‖vk − ṽk‖2G. (2.4)

Substituting (2.3), (2.4) in (2.2), the assertion of this theorem is proved. 2

XX - 18

2.1 Convergence in a strictly contraction sense

For the convergence in a strictly contraction sense, the matrixG should be positive definite.

Theorem 2.2 Let {vk} be the sequence generated by a method for the problem (1.1) and

w̃k is obtained in the k-th iteration. If vk , vk+1 and w̃k satisfy the conditions in the

unified framework, then we have

‖vk+1 − v∗‖2H ≤ ‖vk − v∗‖2H − α‖vk − ṽk‖2G, ∀v∗ ∈ V∗. (2.5)

Proof. Setting w = w∗ in (2.1), we get

‖vk − v∗‖2H − ‖vk+1 − v∗‖2H
≥ α‖vk − ṽk‖2G + 2α{θ(ũk)− θ(u∗) + (w̃k − w∗)TF (w̃k)}. (2.6)

By using the optimality of w∗ and the monotonicity of F (w), we have

θ(ũk)−θ(u∗)+(w̃k−w∗)TF (w̃k) ≥ θ(ũk)−θ(u∗)+(w̃k−w∗)TF (w∗) ≥ 0

and thus

‖vk − v∗‖2H − ‖vk+1 − v∗‖2H ≥ α‖vk − ṽk‖2G. (2.7)
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The assertion (2.5) follows directly. 2

2.2 Convergence rate in an ergodic sense

Equivalent Characterization of the Solution Set of VI

For the convergence rate analysis, we need another characterization of the solution set of

VI (1.1). It can be described the following theorem and the proof can be found in [9]

(Theorem 2.3.5) or [25] (Theorem 2.1).

Theorem 2.3 The solution set of VI(Ω, F, θ) is convex and it can be characterized as

Ω∗ =
⋂

w∈Ω

{
w̃ ∈ Ω :

(
θ(u)− θ(ũ)

)
+ (w − w̃)TF (w) ≥ 0

}
. (2.8)

Proof. Indeed, if w̃ ∈ Ω∗, we have

θ(u)− θ(ũ) + (w − w̃)TF (w̃) ≥ 0, ∀w ∈ Ω.
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By using the monotonicity of F on Ω, this implies that

θ(u)− θ(ũ) + (w − w̃)TF (w) ≥ 0, ∀w ∈ Ω.

Thus, w̃ belongs to the right-hand set in (2.8). Conversely, suppose w̃ belongs to the latter

set of (2.8). Let w ∈ Ω be arbitrary. The vector

w̄ = αw̃ + (1− α)w

belongs to Ω for all α ∈ (0, 1). Thus we have

θ(ū)− θ(ũ) + (w̄ − w̃)TF (w̄) ≥ 0. (2.9)

Because θ(·) is convex, we have

θ(ū) ≤ αθ(ũ) + (1− α)θ(u) ⇒ (1− α)(θ(u)− θ(ũ)) ≥ θ(u)− θ(ũ).

Substituting it in (2.9) and using w̄ − w̃ = (1− α)(w − w̃), we get

(θ(u)− θ(ũ)) + (w − w̃)TF (αw̃ + (1− α)w) ≥ 0

for all α ∈ (0, 1). Letting α→ 1, it yields

(θ(u)− θ(ũ)) + (w − w̃)TF (w̃) ≥ 0.
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Thus w̃ ∈ Ω∗. Now, we turn to prove the convexity of Ω∗. For each fixed but arbitrary

w ∈ Ω, the set

{w̃ ∈ Ω : θ(ũ) + w̃TF (w) ≤ θ(u) + wTF (w)}

and its equivalent expression

{w̃ ∈ Ω :
(
θ(u)− θ(ũ)

)
+ (w − w̃)TF (w) ≥ 0}

is convex. Since the intersection of any number of convex sets is convex, it follows that the

solution set of VI(Ω, F, θ) is convex. 2

In Theorem 2.3, we have proved the equivalence of

w̃ ∈ Ω, θ(u)− θ(ũ) + (w − w̃)TF (w̃) ≥ 0, ∀w ∈ Ω,

and

w̃ ∈ Ω, θ(u)− θ(ũ) + (w − w̃)TF (w) ≥ 0, ∀w ∈ Ω.

We use the late one to define the approximate solution of VI (1.1). Namely, for given

ε > 0, w̃ ∈ Ω is called an ε-approximate solution of VI(Ω, F, θ), if it satisfies

w̃ ∈ Ω, θ(u)− θ(ũ) + (w − w̃)TF (w) ≥ −ε, ∀ w ∈ D(w̃),
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where

D(w̃) = {w ∈ Ω | ‖w − w̃‖ ≤ 1}.
We need to show that for given ε > 0, after t iterations, it can offer a w̃ ∈ W , such that

w̃ ∈ W and sup
w∈D(w̃)

{
θ(ũ)− θ(u) + (w̃ − w)TF (w)

}
≤ ε. (2.10)

Theorem 2.1 is also the base for the convergence rate proof. Using the monotonicity of F ,

we have

(w − w̃k)TF (w) ≥ (w − w̃k)TF (w̃k).

Substituting it in (2.1), we obtain

θ(u)−θ(ũk)+(w− w̃k)TF (w) +
1

2α
‖v− vk‖2H ≥

1

2α
‖v− vk+1‖2H , ∀w ∈ Ω.

(2.11)

Note that the above assertion is hold for G � 0.

Theorem 2.4 Let {vk} be the sequence generated by a method for the problem (1.1) and

w̃k is obtained in the k-th iteration. Assume that vk , vk+1 and w̃k satisfy the conditions
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in the unified framework and let w̃t be defined by

w̃t =
1

t+ 1

t∑

k=0

w̃k. (2.12)

Then, for any integer number t > 0, w̃t ∈ Ω and

θ(ũt)− θ(u) + (w̃t − w)TF (w) ≤ 1

2α(t+ 1)
‖v − v0‖2H , ∀w ∈ Ω. (2.13)

Proof. First, it holds that w̃k ∈ Ω for all k ≥ 0. Together with the convexity of X and Y ,

(2.12) implies that w̃t ∈ Ω. Summing the inequality (2.11) over k = 0, 1, . . . , t, we

obtain

(t+1)θ(u)−
t∑

k=0

θ(ũk)+
(

(t+1)w−
t∑

k=0

w̃k
)T
F (w)+

1

2α
‖v−v0‖2H ≥ 0, ∀w ∈ Ω.

Use the notation of w̃t, it can be written as

1

t+ 1

t∑

k=0

θ(ũk)− θ(u) + (w̃t −w)TF (w) ≤ 1

2α(t+ 1)
‖v− v0‖2H , ∀w ∈ Ω.

(2.14)
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Since θ(u) is convex and

ũt =
1

t+ 1

t∑

k=0

ũk,

we have that

θ(ũt) ≤ 1

t+ 1

t∑

k=0

θ(ũk).

Substituting it in (2.14), the assertion of this theorem follows directly. 2

Recall (2.10). The conclusion (2.13) thus indicates obviously that the method is able to

generate an approximate solution (i.e., w̃t) with the accuracy O(1/t) after t iterations.

That is, in the case G � 0, the convergence rate O(1/t) of the method is established.

• For the unified framework and the convergence proof, the reader can consult:

B.S. He, H. Liu, Z.R. Wang and X.M. Yuan, A strictly contractive Peaceman-

Rachford splitting method for convex programming, SIAM Journal on

Optimization 24(2014), 1011-1040.

• B. S. He and X. M. Yuan, On the O(1/n) convergence rate of the alternating

direction method, SIAM J. Numerical Analysis 50(2012), 700-709.
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2.3 Convergence rate in pointwise iteration-complexity

In this subsection, we show that if the matrix G defined in (1.7b) is positive definite, a

worst-case O(1/t) convergence rate in a nonergodic sense can also be established for

the prototype algorithm (1.6). Note in general a nonergodic convergence rate is stronger

than the ergodic convergence rate.

We first need to prove the following lemma.

Lemma 2.1 For the sequence generated by the prototype algorithm (1.6) where the

Convergence Condition is satisfied, we have

(vk − ṽk)TMTHM{(vk − ṽk)− (vk+1 − ṽk+1)}

≥ 1

2α
‖(vk − ṽk)− (vk+1 − ṽk+1)‖2(QT +Q). (2.15)

Proof. First, set w = w̃k+1 in (1.6a), we have

θ(ũk+1)− θ(ũk) + (w̃k+1 − w̃k)TF (w̃k) ≥ (ṽk+1 − ṽk)TQ(vk − ṽk). (2.16)
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Note that (1.6a) is also true for k := k + 1 and thus we have

θ(u)−θ(ũk+1)+(w−w̃k+1)TF (w̃k+1) ≥ (v−ṽk+1)TQ(vk+1−ṽk+1), ∀w ∈ Ω.

Set w = w̃k in the above inequality, we obtain

θ(ũk)− θ(ũk+1) + (w̃k − w̃k+1)TF (w̃k+1) ≥ (ṽk − ṽk+1)TQ(vk+1 − ṽk+1).

(2.17)

Combining (2.16) and (2.17) and using the monotonicity of F , we get

(ṽk − ṽk+1)TQ{(vk − ṽk)− (vk+1 − ṽk+1)} ≥ 0. (2.18)

Adding the term

{(vk − ṽk)− (vk+1 − ṽk+1)}TQ{(vk − ṽk)− (vk+1 − ṽk+1)}

to the both sides of (2.18), and using vTQv = 1
2
vT (QT +Q)v, we obtain

(vk−vk+1)TQ{(vk−ṽk)−(vk+1−ṽk+1)} ≥ 1

2
‖(vk−ṽk)−(vk+1−ṽk+1)‖2(QT +Q).

Substituting (vk − vk+1) = αM(vk − ṽk) in the left-hand side of the last inequality

and using Q = HM , we obtain (2.15) and the lemma is proved. 2
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Now, we are ready to prove (2.19), the key inequality in this section.

Theorem 2.5 For the sequence generated by the prototype algorithm (1.6) where the

Convergence Condition is satisfied, we have

‖M(vk+1 − ṽk+1)‖H ≤ ‖M(vk − ṽk)‖H , ∀ k > 0. (2.19)

Proof. Setting a = M(vk − ṽk) and b = M(vk+1 − ṽk+1) in the identity

‖a‖2H − ‖b‖2H = 2aTH(a− b)− ‖a− b‖2H ,

we obtain

‖M(vk − ṽk)‖2H − ‖M(vk+1 − ṽk+1)‖2H
= 2(vk − ṽk)TMTHM [(vk − ṽk)− (vk+1 − ṽk+1)]

−‖M [(vk − ṽk)− (vk+1 − ṽk+1)]‖2H .
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Inserting (2.15) into the first term of the right-hand side of the last equality, we obtain

‖M(vk − ṽk)‖2H − ‖M(vk+1 − ṽk+1)‖2H
≥ 1

α
‖(vk − ṽk)− (vk+1 − ṽk+1)‖2(QT +Q) − ‖M [(vk − ṽk)− (vk+1 − ṽk+1)]‖2H

=
1

α
‖(vk − ṽk)− (vk+1 − ṽk+1)‖2G ≥ 0,

where the last inequality is because of the positive definiteness of the matrix

(QT +Q)− αMTHM � 0. The assertion (2.19) follows immediately. 2

Note that it follows from G � 0 and Theorem 2.2 there is a constant c0 > 0 such that

‖vk+1 − v∗‖2H ≤ ‖vk − v∗‖2H − c0‖M(vk − ṽk)‖2H , ∀v∗ ∈ V∗. (2.20)

Now, with (2.20) and (2.19), we can establish the worst-case O(1/t) convergence rate in

a nonergodic sense for the prototype algorithm (1.6).

Theorem 2.6 Let {vk} and {w̃k} be the sequences generated by the prototype

algorithm (1.6) under the Convergence Condition. For any integer t > 0, we have

‖M(vt − ṽt)‖2H ≤
1

(t+ 1)c0
‖v0 − v∗‖2H . (2.21)
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Proof. First, it follows from (2.20) that

∞∑

k=0

c0‖M(vk − ṽk)‖2H ≤ ‖v0 − v∗‖2H , ∀ v∗ ∈ V∗. (2.22)

According to Theorem 2.5, the sequence {‖M(vk − ṽk)‖2H} is monotonically

non-increasing. Therefore, we have

(t+ 1)‖M(vt − ṽt)‖2H ≤
t∑

k=0

‖M(vk − ṽk)‖2H . (2.23)

The assertion (2.21) follows from (2.22) and (2.23) immediately. 2

Let d := inf{‖v0 − v∗‖H | v∗ ∈ V∗}. Then, for any given ε > 0, Theorem 2.6 shows

that the it needs at most bd2/c0εc iterations to ensure that ‖M(vk − ṽk)‖2H ≤ ε.
Recall that vk is a solution of VI(Ω, F, θ) if ‖M(vk − ṽk)‖2H = 0 (see (1.6a) and due

toQ = HM ). A worst-caseO(1/t) convergence rate in pointwise iteration-complexity is

thus established for the prototype algorithm (1.6).

Notice that, for a differentiable unconstrained convex optimization min f(x), it holds that

f(x)− f(x∗) = ∇f(x∗)T (x− x∗) +O(‖x− x∗‖2) = O(‖x− x∗‖2).
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3 Conclusions and Remarks

3.1 ADMM vs AMA
We consider the following convex optimization problem

min {θ(u) | Au = b, u ∈ U} (3.1)

Solving (3.1) by using the penalty function method

uk+1 =Argmin
{
θ(u) +

βk
2
‖Au− b‖2

∣∣u ∈ U
}

Solving (3.1) by using the augmented Lagrangian method

Begin with a given λk ,

uk+1 =Argmin
{
θ(u)− (λk)T (Au− b) + β

2
‖Au− b‖2

∣∣x ∈ X
}

λk+1 = λk − β(Auk+1 − b).
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·�y3�¦)�´

min {θ1(x) + θ2(y) |Ax+By = b, x ∈ X , y ∈ Y} (3.2)

¦¦¦)))¯̄̄KKK (3.2)���vvv¼¼¼êêê���{{{

(xk+1, yk+1)=Argmin
{
θ1(x) + θ2(y) +

βk
2
‖Ax+By − b‖2

∣∣x ∈ X , y ∈ Y
}

¦¦¦)))¯̄̄KKK (3.2)���OOO222 Lagrange¦¦¦fff{{{ l�½� λkm©

(xk+1, yk+1)=Argmin




θ1(x) + θ2(y)− (λk)T (Ax+By − b)

+β
2
‖Ax+By − b‖2

∣∣∣∣∣
x ∈ X
y ∈ Y





λk+1 = λk − β(Axk+1 +Byk+1 − b).
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üaØÓ�{,f¯KJUÝ����.

O2 Lagrange¦f{`uv¼ê�{"

J. Nocedal, S. J. Wright: Numerical Optimization

?näk�©l(�¯K (3.2)��Ó�":µ

vk|^ xÚ y��©l(��¦)¬ÃlXÃ"

• ü��©l�f¯Kv¼ê�{tµ�Ò´�O4�z�{
AMA"

• ü��©l�f¯K�O2 Lagrange¦f{tµÒ´¦f�O
��{ ADMM"

402



XX - 33

¦¦¦)))¯̄̄KKK (3.2)���tttµµµ���vvv¼¼¼êêê���{{{— ���OOO444���zzz���{{{(AMA)

l�½� ykm©

xk+1 =Argmin
{
θ1(x) + β

2
‖Ax+Byk − b‖2

∣∣x ∈ X
}
,

yk+1 =Argmin
{
θ2(y) + β

2
‖Axk+1 +By − b‖2

∣∣y ∈ Y
}
.

¦¦¦)))¯̄̄KKK (3.2)���tttµµµ���OOO222 Lagrange¦¦¦fff{{{ — ADMM

l�½� (yk, λk)m©

xk+1 = Argmin
{
θ1(x)− (λk)TAx+ β

2
‖Ax+Byk − b‖2

∣∣x ∈ X
}
,

yk+1 = Argmin
{
θ2(y)− (λk)TBy + β

2
‖Axk+1 +By − b‖2

∣∣y ∈ Y
}
,

λk+1 = λk − β(Axk+1 +Byk+1 − b).

ÑÑÑtttµµµ,¦¦¦fff���OOO������{{{ (ADMM)AAATTT`̀̀uuu���OOO444���zzz���{{{ (AMA)

XX - 34

3.2 üüü������fff¯̄̄KKK ADMM���{{{��� (ÌÌÌ���)UUU???

1. ADMM in sense of PPA������^̂̂SSS¿¿¿			òòò l (yk, λk)Ñu.









xk+1 = Argmin{Lβ(x, yk, λk) |x ∈ X},
λk+1 = λk − β(Axk+1 +Byk − b),
yk+1 = Argmin{Lβ(xk+1, y, λk+1) | y ∈ Y},

(3.3a)





yk+1 := yk − γ(yk − yk+1),

λk+1 := λk − γ(λk − λk+1).
£tµòÿ¤ (3.3b)

ùp γ ∈ (0, 2).D�Ò := L« (3.3b)mà� (yk+1, λk+1)´d�

{�c�Ü© (3.3a)�)�.éõê¯K,ù�  U\¯Âñ�Ý.

• X.J. Cai, G.Y. Gu, B.S. He and X.M. Yuan, A proximal point

algorithms revisit on the alternating direction method of

multipliers, Science China Math., 56 (2013), 2179-2186.
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2. Symmetric ADMM ééé¡¡¡������OOO������{{{

�©Cþ xÚ y��þ´²��.¤±ïÆæ^é¡��O��{.

Symmetric Alternating Direction Method of Multipliers is described as




xk+1 = Argmin{Lβ(x, yk, λk) |x ∈ X},

λk+
1
2 = λk − µβ(Axk+1 +Byk − b),

yk+1 = Argmin{Lβ(xk+1, y, λk+
1
2 ) | y ∈ Y},

λk+1 = λk+
1
2 − µβ(Axk+1 +Byk+1 − b).

(3.4)

wehre µ ∈ (0, 1) (usually µ = 0.9).

• B.S. He, H. Liu, Z.R. Wang and X.M. Yuan, A strictly contractive

Peaceman- Rachford splitting method for convex programming,

SIAM Journal on Optimization 24(2014), 1011-1040.
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3.3 õõõ������©©©lll���fff���ààà`̀̀zzz¯̄̄KKK

·�± 3��©l�f�¯K�~

min{θ1(x) + θ2(y) + θ3(z)|Ax+By+Cz = b, x ∈ X , y ∈ Y, z ∈ Z}. (3.5)

ù�¯K�O2 Lagrange¼ê´

L3
β(x, y, z, λ) = θ1(x)+θ2(y)+θ3(z)−λT (Ax+By+Cz−b)+β

2
‖Ax+By+Cz−b‖2.





xk+1 = arg min
{
L3
β(x, yk, zk, λk)

∣∣ x ∈ X
}
,

yk+1 = arg min
{
L3
β(xk+1, y, zk, λk)

∣∣ y ∈ Y
}
,

zk+1 = arg min
{
L3
β(xk+1, yk+1, z, λk)

∣∣ z ∈ Z
}
,

λk+1 = λk − β(Axk+1 +Byk+1 + Czk+1 − b).

(3.6)

ém ≥ 3,��í2��O��{ØU�yÂñ.

• C. H. Chen, B. S. He, Y. Y. Ye and X. M. Yuan, The direct extension of ADMM

for multi-block convex minimization problems is not necessarily convergent,

Mathematical Programming, 155 (2016) 57-79.
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������ííí222 ADMMµµµ·�uL3 2016 Math.Progr.�n��f¯K

min{θ1(x)+ θ2(y)+ θ3(z)|Ax+By+Cz = b, x ∈ X , y ∈ Y, z ∈ Z}

�1��~f¥, θ1(x) = θ2(y) = θ3(z) = 0, X = Y = Z = <,

A = [A,B,C] ∈ <3×3 ´��ÛÉÝ
, b = 0 ∈ <3.

�k�
âdò��~f,y²
��í2� ADMM¿ØÂñ.

ù
~f�õ�´3nØ�¡�¿Â.

������UUUYYYïïïÄÄÄ���¯̄̄KKKµn��f�¢S¯K¥,�5�åÝ


A = [A,B,C]   ��k��´ü Ý
,=, A = [A,B, I].

��í2� ADMM?nù«�bC¢S�n��f�¯K,

QQQvvvkkkyyy²²²ÂÂÂñññ§§§���vvvkkkÞÞÞÑÑÑ���~~~§§§���888···���uuu%%%ØØØ[[[������
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ÞÞÞ���{{{üüü���~~~fff555`̀̀ :

• ¦f�O��{ (ADMM)?n¯K

min{θ1(x) + θ2(y)|Ax+By = b, x ∈ X , y ∈ Y} ´Âñ�.

• ò�ª�å�¤Ø�ª�å,¯KÒC¤

min{θ1(x) + θ2(y)|Ax+By ≤ b, x ∈ X , y ∈ Y}.

• 2z¤n��f��ª�å¯K

min{θ1(x) + θ2(y) + 0 |Ax+By + z = b, x ∈ X , y ∈ Y, z ≥ 0}

• ��í2� ADMM?nþ¡ù«¯K,Ø�<�L}Á,�´�

8Qvky²Âñ5,�vkÞÑ�~�

Äuþã@�,·�én��f�¯KJÑ
�
?��{.5¿µ

·���{é¯KØ\?Û^��é βØ\��,�é�{ÄÃâ�
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???nnn���{{{���µµµ���pppddd£££������ ADMM���{{{

± (3.6)Jø� (yk+1, zk+1)�ýÿ,� α ∈ (0, 1),��úª�
(
yk+1

zk+1

)
:=

(
yk

zk

)
− α

(
I −(BTB)−1BTC

0 I

)(
yk − yk+1

zk − zk+1

)
. (3.7)

du�e�ÚS���O� (Byk+1, Czk+1, λk+1),·����
(
Byk+1

Czk+1

)
:=

(
Byk

Czk

)
− α

(
I −I
0 I

)(
B(yk − yk+1)

C(zk − zk+1)

)
.

• B. S. He, M. Tao and X.M. Yuan, Alternating direction method

with Gaussian back substitution for separable convex

programming, SIAM Journal on Optimization 22(2012), 313-340.

ééé yÚÚÚ z,kkkkkk���,ØØØúúú²²²,@@@ÒÒÒ������éééÖÖÖ,NNN���.
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???nnn���{{{���µµµADMM + Prox-Parallel Splitting ALM

y, zf¯K²1,XJØ���?n,Ò�§�èýkÑ\��K�




xk+1 = argmin
{
L3
β(x, y

k, zk, λk)
∣∣ x ∈ X

}
,

yk+1 = argmin
{
L3
β(x

k+1, y, zk, λk) + τ
2β‖B(y − yk)‖2

∣∣y ∈ Y
}
,

zk+1 = argmin
{
L3
β(x

k+1, yk, z, λk) + τ
2β‖C(z − zk)‖2

∣∣z ∈ Z
}
,

λk+1 = λk − β(Axk+1 +Byk+1 + Czk+1 − b).

• B. He, M. Tao and X. Yuan, A splitting method for separable

convex programming. IMA J. Numerical Analysis, 31(2015),

394-426.

���gggddd,qqqØØØ������,ÒÒÒ\\\���KKK���,ØØØ###gggCCC���UUU���«««ììì.
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¦)�5�åà`z§O2.�KF¦f{ (ALM)`uv¼ê�
{§k:`zÄ:�£�<Ñ��"

éü��©l�f��5�åà`z¯K§O2.�KF¦f{

(ALM)Úv¼ê�{,tµ�©O¤
¦f�O��{ (ADMM)Ú
�O4�z�{ (AMA)"

<�Ïdkndé ADMM�	'%"

ADMMØ´·�JÑ5�"k
 10cÝKÂ �{�ïÄ�Ä

:,¦�·é ADMMa�{�	a,�"�+Æ)éADMM�{
��
kd��U?Úy²�
��nØ(J§B^n¤Ù"
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�{þ§��
�©Cþ yÚéóCþ�gS§?��ÏI½�

� PPA¿Âe� ADMM (Science in China, Mathematics, 2013)¶

²�é��©Cþ xÚ y§üg��éóCþ�§Ò��é¡.

� ADMM (SIAM Optimization, 2014)"

ù
�{§�nþUÕ4�§O�Ly�Ø�"

nØþ§·�y²
 ADMM3H{¿Âe (SIAM Numerical
Analysis§2012)Ú:�¿Âe(Numer. Mathematik, 2015)�
O(1/t)�Âñ�Ç.y²ÑØE,.

ADMM�2�A^§<�g,���n��f�¯Kí2"
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·�3ØUy²/��í2��{0Âñ��ÿ§JÑ
�
?n

õ��f¯K�ADMMa�{

(Computational Optimization and Applications, 2009).

(SIAM Optimization, 2012; IMA Numerical Analysis, 2015).

ù
�{��ÓA:´ØI�é¯K\?Û^��é β Ø\��,

�é�{ÄÃâ�

�5·�q�Ñ/��í2�ADMM�{?nn��f¯KØ�y

Âñ0�~f(Math. Progr., 2016),`²:

±cJÑ��
üÑ§Ããþ´7L�§Å�þ�´Ün�"

XX - 44

• The analysis is guided by variational inequality.

• The most methods mentioned fall in a unified prediction-correction framework,

in which the convergence analysis is quite simple.

• All the discussed methods are closed related to Proximal Point Algorithms.

• All the discussed ADMM-like splitting methods are rooted from Augmented

Lagrangian Method.

• A through reading will acquaint you with the ADMM, while a more carefully

reading may make you familiar with the tricks on constructing splitting

methods according to the problem you met.

• The discussed first order splitting contraction methods are only appropriate

for some structured convex optimization in some practical applications.
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