
I - 1

à`zÚüNC©Ø�ª�Â �{

1�ùµC©Ø�ª´A^êÆ

¥Nõ¯K�Ú�Lã�ª

Variational inequality is a uniform approach
for many problems in applied mathematics

H®�ÆêÆX Û])
hebma@nju.edu.cn



I - 2

� Ω ⊂ <n´��4à8, F ´l <n�g�����f,C©Ø�ª¯K

VI(Ω, F ),´¦ x∗,¦�

x∗ ∈ Ω, (x− x∗)TF (x∗) ≥ 0, ∀x ∈ Ω. (0.1)

��C©Ø�ª¡�üN�,´� VI(Ω, F )¥� F ´ Ω (½ <n)þ���ü

N�f (monotone operator),= F ÷v

(x− y)T (F (x)− F (y)) ≥ 0, ∀x, y ∈ Ω (resp. <n).

C©Ø�ª´NõA^êÆ¯K��«Ú�Lã�ª.+n�Æ�ÚOO�

¥�3�þà`z¯K.&Ò?n,ã�¡E,Ý
��z,ÅìÆS�&EE

â+�¥�kNõ¯K�±8(�(½tµ¤)��à`z¯K.à`z��

�7�5^�Ò´��üNC©Ø�ª.3C©Ø�ª�µeeïÄà`z

�¦)�{,Ò��È©¥^�ê¦��¼ê�4�,~~¬�\�B.

Ø
Ï~��`z¯K±	,pÖ¯K´�å��%��C©Ø�ª.²L

¹Ä¥��md�²ï,�o]
–�æø�¥�N�Ãã,^²LÃã)û

�ÏÕ��¯K,Ñ�±^C©Ø�ª£½ÙAÏ/ªpÖ¯K¤5£ã.

ù�ùQã±e�
~�¯K�C©Ø�ª�'X.
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• à`z�üNC©Ø�ª
• û¬6Ï!�o]
!�æø�¥�C©Ø�ª
• �ÏÕ�¥�C©Ø�ª
• 2Â�55y¯K��5C©Ø�ª
• �áålÚ¯K��5C©Ø�ª
• 4�z��A���C©Ø�ª

1 ààà`̀̀zzz���üüüNNNCCC©©©ØØØ���ªªª

ëY`z�{¥�
�L5�êÆ�.

• {ü�å`z¯K min {f(x) | x ∈ Ω}.

• �5�å`z¯K min{θ(x) | Ax = b, x ∈ X}.

• (�.`z¯K min{θ1(x) + θ2(y)|Ax+By = b, x ∈ X , y ∈ Y}.

• ��5pÖ¯K x ≥ 0, F (x) ≥ 0, xTF (x) = 0.

• C©Ø�ª x ∈ Ω, (x′ − x)TF (x) ≥ 0, ∀x′ ∈ Ω.
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1.1 ������ààà`̀̀zzz���ddduuu������AAAÏÏÏ���üüüNNNCCC©©©ØØØ���ªªª

� Ω´ <n¥���4à8,·�k5?Ø��à`z¯K

min{f(x) | x ∈ Ω} (1.1)

��`5^�.aqu\f÷ì�n,·�k

• XJ,�: x∗´¯K (1.1)��`:,§7Láu Ω,

• ¿�lù:Ñu�¤k�1��ÑØ´eü��.

·�^∇f(x)L« f(x)�FÝ,¿P

• Sd(x) = {s ∈ <n | sT∇f(x) < 0},�: x?�eü��8¶

• Sf(x) = {s ∈ <n | s = x′ − x, x′ ∈ Ω}§�: x?��1��8.

x∗´�`) ⇐⇒ x∗ ∈ Ω � Sf(x∗) ∩ Sd(x∗) = ∅
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Fig. 1.1 Differential Convex Optimization and VI

þª�±�¤µ x∗ ∈ Ω, (x− x∗)T∇f(x∗) ≥ 0, ∀x ∈ Ω.

ò∇f(x)�¤ F (x),��à`z¯K (1.1)Ò8(�¦

x∗ ∈ Ω, (x− x∗)TF (x∗) ≥ 0, ∀x ∈ Ω. (1.2)

±þ/ªÒ´��C©Ø�ª. 5¿�,3��C©Ø�ª¯K VI(Ω, F ),

·�¿Ø�¦ (0.1)¥��f F ´,�õ�¼ê�FÝ.
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1.2 ���555���ååå���ààà`̀̀zzz¯̄̄KKK

·��Ä����5�åà`z¯K

min{θ(x) | Ax = b, x ∈ X}, (1.3)

Ù¥ θ : <n → <´à¼ê, X ⊂ <n´4à8, A ∈ <m×n, b ∈ <m.

� λ´ Lagrange¦f,¯K (1.3)� Lagrange¼ê

L(x, λ) = θ(x)− λT (Ax− b)

½Â3 X × <mþ. Lagrange¼ê�Q: (x∗, λ∗) ∈ X × <m÷v

Lλ∈<m(x∗, λ) ≤ L(x∗, λ∗) ≤ Lx∈X (x, λ∗)

�
{B,·�b� θ(x)´���,¿�P∇θ(x) = f(x),Q:¯K�du x∗ ∈ X , (x− x∗)T (f(x∗)−ATλ∗) ≥ 0, ∀ x ∈ X ,

λ∗ ∈ <m, (λ− λ∗)T (Ax∗ − b) ≥ 0, ∀ λ ∈ <m.
(1.4)
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þã�`5^��1�Ü©�¢SþÒ´Ax∗ = b.XJP

u =

 x

λ

 , F (u) =

 f(x)−ATλ

Ax− b

 and Ω = X × <m,

@o, (1.4)�±�¤C©Ø�ª

u∗ ∈ Ω, (u− u∗)TF (u∗) ≥ 0, ∀ u ∈ Ω.

� (1.3)¥��ª�åAx = bU¤Ø�ª�åAx ≥ b�,�A�C©Ø�ª

¥��ò Ω = X × <mU¤ Ω = X × <m+ .

XJà¼ê θ(x)´�1w�,P Fa(u) =

 −ATλ

Ax− b

,@o,¦ Lagrange

¼ê�Q:Ò�du¦·ÜC©Ø�ª (k�Ò{¡�C©Ø�ª)

u∗ ∈ Ω, θ(x)− θ(x∗) + (u− u∗)TFa(u∗) ≥ 0, ∀ u ∈ Ω

�) u∗.P Fa(u) = Mu+ q,KM ´�é¡Ý
, Fa(u)´��üN�f.
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1.3 ���©©©lll(((���������555���åååààà`̀̀zzz¯̄̄KKK

�©l(���5�åà`z¯K´�

min {θ1(x) + θ2(y) |Ax+By = b, x ∈ X , y ∈ Y} (1.5)

Ù¥ θ1(x)Ú θ2(y)´��à¼ê.� λ´ Lagrange¦f,þã¯K�

Lagrange¼ê

L(x, y, λ) = θ1(x) + θ2(y)− λT (Ax+By − b)

½Â3 X × Y ×<mþ,� f(x) = ∇θ1(x), g(y) = ∇θ2(y).ù��©l(�

à`z¯K����`5^�´

(x∗, y∗, λ∗) ∈ Ω,


(x− x∗)T (f(x∗)−ATλ∗) ≥ 0,

(y − y∗)T (g(y∗)−BTλ∗) ≥ 0,

(λ− λ∗)T (Ax∗ +By∗ − b) ≥ 0,

∀ (x, y, λ) ∈ Ω,

(1.6)

Ù¥

Ω = X × Y × <m.
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|^

w =


x

y

λ

 , F (w)=


f(x)−ATλ

g(y)−BTλ

Ax+By − b

 Ú Fa(w)=


−ATλ

−BTλ

Ax+By − b

 ,

�`5^� (1.6)�±�¤

w∗ ∈ Ω, (w − w∗)TF (w∗) ≥ 0, ∀ w ∈ Ω.

� θ1(x), θ2(y)´Ø��à¼ê�,P u = (x, y)� w�Ü©©þ,¿P

θ(u) = θ1(x) + θ2(y),¯K (1.5)�du·ÜC©Ø�ª

w∗ ∈ Ω,
(
θ(u)− θ(u∗)

)
+ (w − w∗)TFa(w∗) ≥ 0, ∀w ∈ Ω.

·�3�¡�Ù!¥Ð«,3C©Ø�ªµeeïÄà`z¦)�{,ÃØ3

�{�OÚÂñ5y²�¡,¬C���{üÚ�B.
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1.4 ������555pppÖÖÖ¯̄̄KKK´́́���aaaAAAÏÏÏ���CCC©©©ØØØ���ªªª

à`z¯K (1.1)¥,XJ Ω = <n+ (¢ n-��m¥��K%�)¿� f(x)´�

��,�â §1.1¥�©Û, x∗´�`)�¿�^�´

x∗ ≥ 0, (x− x∗)T∇f(x∗) ≥ 0, ∀x ≥ 0.

� F ´ <n → <n����f.�K%� <n+þC©Ø�ª�êÆ/ª´

VI(<n+, F ): x∗ ≥ 0, (x− x∗)>F (x∗) ≥ 0, ∀x ≥ 0.

��5pÖ¯K´�`znØ��{¥�aé­��¯K.§�êÆ/ª´

(NCP) x∗ ≥ 0, F (x∗) ≥ 0, x∗>F (x∗) = 0. (1.7)

¯¢þ, NCP´ Ω = <n+��aC©Ø�ª.Ïd,3 Ω = <n+�,��à`

z¯K (1.1)���pÖ¯K�d.
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y² ��Ï�Ön),·��Ñ NCP� VI(<n+, F )�d�äNy².

XJ x∗ ´ NCP �

), @ok x∗ ≥ 0Ú

F (x∗) ≥ 0.

éu?¿� x ≥ 0

k x>F (x∗) ≥ 0.

qÏ x∗>F (x∗) = 0,

�

(x− x∗)>F (x∗)

= x>F (x∗)

≥ 0.

¤± x∗ ´ VI(Rn+, F )

���).

�L5, XJ x∗ ´ VI(Rn+, F ) ���), K

x∗ ≥ 0.

ò x = 2x∗Ú x = 0�\ (x−x∗)>F (x∗) ≥ 0,

·���±x∗>F (x∗) ≥ 0.Ïd x∗>F (x∗) = 0.

�y² x∗ ´ NCP�),��e F (x∗) ≥ 0I

�y²,édæ^�y{. XJ F (x∗)�,�©

þ Fj(x
∗) < 0,·�� x,¦�

xi =

 x∗i , if i 6= j

x∗j + 1, if i = j

ù�� x ≥ 0.� (x−x∗)>F (x∗) = Fj(x
∗) < 0,

ù� x∗´ VI(Rn+, F )�)gñ.
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1.5 ������������¯̄̄KKK������ddd���CCC©©©ØØØ���ªªª

����¯K (Least absolute deviations) �êÆ/ª´

min ‖Ax− b‖1, (1.8)

Ù¥A ∈ <m×n, b ∈ <m.����¦�',§Jø
�«�­è�êâ[Ü

�..����¦ØÓ,§´���1wà`z¯K.ùa¯K�2�A^u

ÚOÆÚ²LïÄ,�
�#�©zÑkJ9.~Xµ

• T. Hastie, R. Tibshirani, and J. Friedman. The Elements of Statistical

Learning: Data Mining, Inference and Prediction. Springer, second edition,

2009. §10.6.

• J. M. Wooldridge. Introductory Econometrics: A Modern Approach. South

Western College Publications, fourth edition, 2009. §9.6.

·�^ eL«z�©þÑ´ 1�m-��þ.N´�y

‖d‖1 = max{yT d | y ∈ B∞}, B∞ = {y ∈ <m | − e ≤ y ≤ e}.
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Ïd,¯K (1.8)Ò´��/ª�

min
x∈<n

max
y∈B∞

yT (Ax− b).

�min-max¯K.§��d/ª´e¡��5C©Ø�ª:

x∗ ∈ <n, y∗ ∈ B∞,

{
(x− x∗)T (AT y∗) ≥ 0, ∀x ∈ <n,
(y − y∗)T (−Ax∗ + b) ≥ 0, ∀y ∈ B∞.

�±�¤�{ü;n�/ª

u∗ ∈ Ω, (u− u∗)T (Mu∗ + q) ≥ 0, ∀u ∈ Ω

Ù¥

u =

(
x

y

)
, M =

(
0 AT

−A 0

)
, q =

(
0

b

)
, Ω = <n ×B∞.

�é(�.à`z���{a,��Öö,ù�ù��UÜ©�IèA�e.
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2 ���ooo]]]


!!!���æææøøø���¥¥¥���pppÖÖÖ¯̄̄KKK

·�±e¡�~f5`²��²L²ï�.µ

b�,«û¬£~X

u¤d m �]
/)�

Ú n�I¦/�¤. §d

²Eö�l]
/æ	$

�I¦/�È.²Eö¬�

â�8�né�¦���

`²E�Y.P

si =
∑n
j=1 xij

dj =
∑m
i=1 xij

����S1 ����D1
-x11

x1j

x1n
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�
PÒ

Si: T«û¬�1 i�]
/;

Dj : T«û¬�1 j�I¦/;

xij : l Si� Dj ��´þ;

si: ²Eö�3]
/ Si�æ	oþ, si =
∑n
j=1 xij ;

dj : ²Eö3I¦/ Dj ��Èoþ, dj =
∑m
i=1 xij ;

hsi : ²Eö3]
/ Si?�æ	d,´ Si?æ	þ�¼ê;

hdj : ²Eö3I¦/ Dj ?��Èd,´Dj ?�Àþ�¼ê;

tij : l Si� Dj ��´¤^ (�)$Ñ¤^��´¤�)¶

yi: �?�;�]
LÝmæ
3]
/ Si�²Eö�Â�]
[;

zj : �?��æø�
3I¦/ Dj �²Eö�²EÖb.
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2.1 ²²²EEEöööJJJ¦¦¦|||ÃÃÃ������zzz���pppÖÖÖ¯̄̄KKK

^eãL«1 i�]
/ SiÚ1 j�I¦/Dj �m�æ	—�È'X.

nSi
æ	d hsi , ]
[ yi nDj

�Èd hdj , Öb zj

-ü $Ñ!NÖ¤^Ú7��|d=�´¤ tij
�´þ xij

XJ(hsi + yi + tij) ≥ (hdj + zj),vk<�¿�º�ïñ,¤± xij = 0¶

��§�â�8�n§²Eö¬¦�UO�²Eþ xij ,£Ï~ù¬��æ

	d�þÞÚ�Èd�eü¤��

(hsi + yi + tij) = (hdj + zj).

^êÆ�ó£ãÒ´µ

hsi + yi + tij

 ≥ h
d
j + zj , XJxij = 0,

= hdj + zj , XJxij > 0 .
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• é�½�]
[Ç y1, y2, · · · , ym ÚÖbIO z1, z2, · · · , zn
(�ü),

²Eö�¬�â/�8�n0é�¦���`²E�Y xij

(éü).

X =


x11 x12 . . . x1n

x21 x22 . . . x2n
...

...
...

xm1 xm2 . . . xmn

 ,

XJP

F (X) =


F11 F12 . . . F1n

F21 F22 . . . F2n

...
...

...

Fm1 Fm2 . . . Fmn

 ,
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Ù¥

Fij(X) =
{
hsi (si) + yi + tij

}
−
{
hdj (dj) + zj

}
,

si =

n∑
j=1

xij , dj =

m∑
i=1

xij .

@o,d²Eö��`²E�Y/¤��Km× nÝ
X Ú F (X)¥,

Ó�eI���¥�õ�Uk���u".�é{`,²Eö��`²E

�Y´pÖ¯K

X ≥ 0, F (X) ≥ 0, Trace(XTF (X)) = 0

�).þª¥� Trace(·)L«Ý
�/,0——Ý
é���Ú.

• ·�U*ÿ��´¯K)¥�A�

si(y, z) =
∑n
j=1 xij(y, z) and dj(y, z) =

∑m
i=1 xij(y, z)

§�´d�ü�þ (y, z)û½�.
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2.2 ���???ÜÜÜ������½½½���`̀̀���üüü���pppÖÖÖ¯̄̄KKK

�?Ü���I¨�o]
Ú�æø�

• j±�±YuÐ9�¸�o§��]
�LÝmæ, si ≤ smax
i ;

• �æÄ�ø�§l
�y�¬­½Ú¬), dj ≥ dmin
j .

Ãã(�ü)µ

• 3]
LÝmæ��/�Â]
[, y1, · · · , ym¶

• øA;Ü�I¦/�²EöJøÖb, z1, · · · , zn.

²Eö�¬�â�ü�Ñéü.�?�?Ö´�Ñ-�Ð.��ü.

�?Ü�I���`�ü´��/ç�0^�e�pÖ¯K:
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• �o
]
,Ó�q4²L¦�U�J;

y ≥ 0, smax − s(y, z) ≥ 0, yT (smax − s(y, z)) = 0,

• �æ
ø�,Ó�q¦�U!�ã�|Ñ.

z ≥ 0, d(y, z)− dmin ≥ 0, zT (d(y, z)− dmin) = 0.

�UÜ��pÖ¯K�;n/ª´µ

u ≥ 0, F (u) ≥ 0, uTF (u) = 0,

Ù¥

u =

 y

z

 , F (u) =

 smax − s(u)

d(u)− dmin

 ,

s(u)Ú d(u)Ñ´ u�¼ê.

ç�¯K,´� F (u)´ u�¼ê,k(½�'X,�vk¼êL�ª.



I - 21

3 ���ÏÏÏÕÕÕ���¯̄̄KKK���pppÖÖÖ¯̄̄KKK

�,ªô¢½kn��ô�x,©O� Bridge-1, Bridge-2Ú Bridge-3.

Yangtse River

N1 N2 N3

S3S2S1

B
ridge 1

B
ridge 2

B
ridge 3

1 2 3

4 5

67

8 9

1011

Ø���5,·��±òN1, N2, N3w�d��H��ý3ô��Ñu/,

r S1, S2, S3w�§�3ôH�8Ñ/.
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·��é+nÜ��¯Ka,�,b��ÂLx¤.+nÜ���½��·

��Â¤IOÜn��xþ6þ.

f¨
ÄuWardrop�n��`Ñ1�Y−−��¤^´»

é�½��xÂ¤ y = (y1, y2, y3),f¨
¬é�¦���`Ñ1�Y.

+nÜ��¦ÏL�xÜnÂ¤��xþ�6þ

• 0 ≤ y ∈ <3:xþ�Â¤�þ;

• f(y) ∈ <3:xþ�6þ,§´Â¤ y�¼ê;

• 0 < b ∈ <3:+nÜ�F"���xþ�6þþ..

+nÜ��¦)�êÆ¯K´

y ≥ 0, F (y) = b− f(y) ≥ 0, yTF (y) = 0.

Ó�,6þ f(y)(´Â¤ y�¼ê,�vkL�ª.�Ué�½�gCþ,

*ÿ�A�¼ê�,
ù«*ÿ,  �dØ�.·�l¯ÝKÂ �{ïÄ,

Xú:´����Çp�
�!�^¼ê�Ú�^¼ê���{.
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4 222ÂÂÂ���555555yyy999QQQ:::¯̄̄KKK���CCC©©©ØØØ���ªªª

4.1 222ÂÂÂ���555555yyy999���CCC©©©ØØØ���ªªª

�55y�IO/ª´ min{cTx |Ax = b, x ≥ 0},Ù¥A ∈ <m×n, b ∈ <m,

c ∈ <n.3¢S²L¯K¥,�þ b��L«I¦þ, cL«d�.·�#N b

Ú cÑ3�½���SCÄ,Ïd�Ä����¯K

min{max
η∈C

ηTx |Ax ∈ B, x ∈ D} (4.1)

Ù¥ C,D ⊂ <n, B ⊂ <m´4à8.·�¡ù��¯K�2Â�55y.Ú

?9ÏCþ yÚ Lagrange¦f λ,��2Â�55y (4.1)� Lagrange¼ê

L(x, y, λ, η) = ηTx− λT (Ax− y),

§½Â3 (D ×B)× (<m × C)þ.2Â�55y�d���min-max¯K

Lλ∈<m,η∈CL(x∗, y∗, λ, η) ≤ L(x∗, y∗, λ∗, η∗) ≤ Lx∈D, y∈B(x, y, λ∗, η∗).
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� (x∗, y∗, λ∗, η∗)´þãmin-max¯K�),Kk
x∗ ∈ D, (x− x∗)T (−ATλ∗ + η∗) ≥ 0, ∀x ∈ D
y∗ ∈ B, (y − y∗)T (λ∗) ≥ 0, ∀ y ∈ B

λ∗ ∈ <m, (λ− λ∗)T (Ax∗ − y∗) ≥ 0, ∀λ ∈ <m

η∗ ∈ C, (η − η∗)T (−x∗) ≥ 0, ∀ η ∈ C.

�;n�/ª�±�¤

w∗ ∈ Ω, (w − w∗)T (Mw∗ + q) ≥ 0, ∀w ∈ Ω

Ù¥

w =


x

y

λ

η

 , M =


0 0 −AT I

0 0 I 0

A −I 0 0

−I 0 0 0

 , q = 0

Ú

Ω = D ×B ×<m × C.
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�a~~��Ä�©��1¯K (Split Feasibility Problem)

Find x ∈ D such that Ax ∈ B,

�´ (4.1)¯K¥���A~.òÙ=�¤

Find x ∈ D, y ∈ B, such that Ax− y = 0.

þã¯K��u��8I¼ê�"��å`z¯K.� λ��5�å

Ax− y = 0� Lagrange¦f,¯KÒ�d�±e��5C©Ø�ª:

u∗ ∈ Ω, (u− u∗)TMu∗ ≥ 0, ∀u ∈ Ω

Ù¥

u =

 x

y

λ

 , M =

 0 0 −AT

0 0 I

A −I 0

 ,

Ú

Ω = D ×B ×<m.
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4.2 ������QQQ:::¯̄̄KKK���CCC©©©ØØØ���ªªª

^�C�4�?nã���
 [1],²lÑz±�,¯K�êÆ�.´

min
x∈X

max
y∈Y

Φ(x, y) := θ1(x)− yTAx− θ2(y) (4.2)

Ù¥X ⊂ <n, Y ⊂ <m´4à8, A ∈ <m×n. θ1(x) : <n → <, θ2(y) :

<m → <�à¼ê.XJ (x∗, y∗) ∈ X × Y ´¯K (4.2)�),Kk

Φy∈Y(x∗, y) ≤ Φ(x∗, y∗) ≤ Φx∈X (x, y∗).

�é{`, (x∗, y∗)´ Φ(x, y)3 X × Y þ�Q:.Ïd,¯K (4.2)U
=�

¤�d�C©Ø�ª:¦ (x∗, y∗) ∈ X × Y ,¦� x− x∗

y − y∗

T f(x∗)−AT y∗

g(y∗) +Ax∗

 ≥ 0, ∀(x, y) ∈ X × Y, (4.3)
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Ù¥ f(x) ∈ ∂θ1(x), g(y) ∈ ∂θ2(y).^PÒ

u =

 x

y

 , F (u) =

 f(x)−AT y

Ax+ g(y)

 and Ω = X × Y.

¯K (4.3)Ò´C©Ø�ª

u∗ ∈ Ω, (u− u∗)TF (u∗) ≥ 0, ∀ u ∈ Ω. (4.4)

du θ1(x)Ú θ2(y)´à¼ê,N´�y,ùp� F (u)´üN�.'%ùa¯

K¦)�{��±ë�18ù�1Ôù.� θ1(x), θ2(y)´�1wà¼ê�,

¯K (4.2)��±Lã¤·ÜC©Ø�ª¯Kµ

θ(u)− θ(u∗) + (u− u∗)TMu∗ ≥ 0, ∀u ∈ Ω, (4.5)

Ù¥ θ(u) = θ1(x) + θ2(y), M =

 0 −AT

A 0

´�é¡Ý
.�é{`,

·ÜC©Ø�ª(4.5)´üN�.
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5 ���áááååålllÚÚÚ¯̄̄KKK���CCC©©©ØØØ���ªªª

k
;.��1wà`z¯K�±z¤(���{ü�C©Ø�ª.ù�

!·�±�áålÚ¯K�~\±`².

b � b[1], . . . , b[5]

´(½�~	. y
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·�3 p-�¿Âe¦þã�ä��áål.T¯K�êÆ�.´

min
x[j]∈Xj


‖x[1] − b[1]‖p + ‖x[1] − b[2]‖p + ‖x[2] − b[3]‖p

+ ‖x[3] − b[4]‖p + ‖x[3] − b[5]‖p
+ ‖x[1] − x[2]‖p + ‖x[2] − x[3]‖p

. (5.1)

Ì�é p = 1, 2,∞a,�.5¿�ùp´ålÚ¯K,Ø´ål�²�Ú¯

K.da¯K´���1wà`z¯K.

5.1 îîî¼¼¼���eee������áááååålllÚÚÚ¯̄̄KKK

òòò¯̄̄KKK===zzz���min-max ¯̄̄KKK.5¿�é?¿� d ∈ <2,k

‖d‖2 = max
ξ∈B2

ξT d, (5.2)

Ù¥

B2 = {ξ ∈ <2 | ‖ξ‖2 ≤ 1}.
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|||^̂̂ (5.2),þþþãããîîî¼¼¼���¿¿¿ÂÂÂeee������áááååålllÚÚÚ¯̄̄KKK���±±±zzz���min-max ¯̄̄KKK

min
x[i]∈Xi

max
z[j]∈B2


zT[1](x[1] − b[1]) + zT[2](x[1] − b[2]) + zT[3](x[2] − b[3])

+ zT[4](x[3] − b[4]) + zT[5](x[3] − b[5])

+ zT[6](x[1] − x[2]) + zT[7](x[2] − x[3])


§�;n/ª�

min
x∈X

max
z∈B2

zT (Ax− b)

Ù¥

X = X1 ×X2 ×X3 , B2 = B2 ×B2 × · · · ×B2.

x =


x[1]

x[2]

x[3]

 , z =


z[1]

z[2]
...
z[7]

 . (5.3)
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©¬Ý
AÚ�þ b�(�©O´

A =



I2 0 0

I2 0 0

0 I2 0

0 0 I2

0 0 I2

I2 −I2 0

0 I2 −I2


, b =



b[1]

b[2]

b[3]

b[4]

b[5]

0

0


.

3ù�min-max¯K¥,z� x[i]éA��:,
z� z[j]KéA�^>.

� (x∗, z∗) ∈ X × B2´min-max¯K�),Ké¤k� x ∈ X Ú z ∈ B,k

zT (Ax∗ − b) ≤ z∗T (Ax∗ − b) ≤ z∗T (Ax− b)

§��d/ª´e¡��5C©Ø�ª:
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x∗ ∈ X , z∗ ∈ B2,

 (x− x∗)T (AT z∗) ≥ 0, ∀x ∈ X ,
(z − z∗)T (−Ax∗ + b) ≥ 0, ∀z ∈ B2.

�±�¤�{ü;n�/ª

u∗ ∈ Ω, (u− u∗)T (Mu∗ + q) ≥ 0, ∀u ∈ Ω

Ù¥k

u =

 x

z

 , M =

 0 AT

−A 0

 , q =

 0

b


Ú

Ω = X × B2.
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5.2 l1-���eee������áááååålllÚÚÚ¯̄̄KKK

dué?¿� d ∈ <2,k

‖d‖1 = max
ξ∈B∞

ξT d,

Ù¥

B∞ = {ξ ∈ R2 | ‖ξ‖∞ ≤ 1}.

�î¼�e��áålÚ¯K��,¯K (5.1)3 l1-�¿Âe��±L«¤�

�min-max¯K

min
x[i]∈Xi

max
z[j]∈B∞


zT[1](x[1] − b[1]) + zT[2](x[1] − b[2]) + zT[3](x[2] − b[3])

+ zT[4](x[3] − b[4]) + zT[5](x[3] − b[5])

+ zT[6](x[1] − x[2]) + zT[7](x[2] − x[3])


§�;n/ª�

min
x∈X

max
z∈B∞

zT (Ax− b)
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�î¼�e�ålÚ¯K��,§�duC©Ø�ª

u∗ ∈ Ω, (u− u∗)T (Mu∗ + q) ≥ 0, ∀u ∈ Ω

Ý
M Ú�þ qÑØC,¤ØÓ��´ù�8Ü

Ω = X × B∞, B∞ = B∞ ×B∞ × · · · ×B∞.

5.3 l∞-���eee������áááååålllÚÚÚ¯̄̄KKK

dué?¿� d ∈ <2,k

‖d‖∞ = max
ξ∈B1

ξT d,

Ù¥

B1 = {ξ ∈ R2 | ‖ξ‖1 ≤ 1}.

�î¼�e��áålÚ¯K��,¯K (5.1)3 l∞-�¿Âe��±L«¤
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��min-max¯K

min
x[i]∈Xi

max
z[j]∈B1


zT[1](x[1] − b[1]) + zT[2](x[1] − b[2]) + zT[3](x[2] − b[3])

+ zT[4](x[3] − b[4]) + zT[5](x[3] − b[5])

+ zT[6](x[1] − x[2]) + zT[7](x[2] − x[3])


¿z¤�d�C©Ø�ª

u∗ ∈ Ω, (u− u∗)T (Mu∗ + q) ≥ 0, ∀u ∈ Ω

Ý
M Ú�þ qÑØC,¤ØÓ��´ù�8Ü

Ω = X × B1, B1 = B1 ×B1 × · · · ×B1.

ò?nî¼�¯K�� B2�¤
B1.·�¬31nùäN0�ùa�áå

lÚ¯K�¦)�{.
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6 444���zzz������AAA���������CCC©©©ØØØ���ªªª

�Ai, i = 1, . . . ,mÚB´�½� n× né¡Ý
, c ∈ <m.�Ä¯K

min
x∈X
{maxλmax[A(x) +B] + cTx} (6.1)

Ù¥ X ⊂ <m,

A(x) =
∑m
i=1xiAi. (6.2)

ù´²;�½5y¥�éó¯K [10].é�½� n× nÝ
A = (aij),Ý
A

�é���Ú¡�Ý
A�,,P� Tr(A),=k

Tr(A) =
∑n
j=1ajj .

Ù�,Ý
�A���Ú�uÝ
�,.éd (6.2)½Â�A(x)Ú�½�

n× nÝ
 Y ,·�^

A∗(Y ) =


Tr(A1Y )

...

Tr(AmY )


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½ÂA∗(Y ) ∈ <m.3�
A^¯K¥,8Ü X   ´�üX/,=

X = {x ∈ <m |
∑m
i=1 = 1, x ≥ 0}.5¿��qC�ØUCÝ
A��ù�

¯¢,�±��

λmax(A) = max{Tr(Y A) | Tr(Y ) = 1, Y � 0}.

¤±,¯K (6.1)�due¡�min−max¯Kµ

min
x∈X

max
Y�0
{
m∑
i=1

(
xiTr(Y Ai)

)
+ Tr(Y B) + cTx | Tr(Y ) = 1}. (6.3)

� (x∗, Y ∗)´¯K (6.3)�),@ok λ∗ ∈ <,¦�

Φy∈Sn
+,λ∈<(x∗, Y, λ) ≤ Φ(x∗, Y ∗, λ∗) ≤ Φx∈X (x, Y ∗, λ∗),

Ù¥

Φ(x, Y, λ) =

m∑
i=1

(
xiTr(Y Ai)

)
+ Tr(Y B) + cTx+ λ(Tr(Y )− 1),

´¯K (6.3)� Lagrange¼ê.¯KÒ=z�¦¼ê Φ(x, Y, λ)3

X × (Sn+ ×<)þ�Q: (x∗, Y ∗, λ∗).Ïd,¯K (6.1)�±=�¤e¡�C©
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Ø�ª:¦ (x∗, Y ∗, λ∗) ∈ X × Sn+ ×<,¦�
x∗ ∈ X , (x− x∗)T {A∗(Y ∗) + c} ≥ 0, ∀x ∈ X ,
Y ∗ � 0, 〈Y − Y ∗,−A(x∗)− λ∗I −B〉 ≥ 0, ∀Y � 0,

λ∗ ∈ <, (λ− λ∗)(Tr(Y ∗)− 1) ≥ 0, ∀λ ∈ <.

þãC©Ø�ª�;�/ªÒ´

u∗ ∈ Ω, (u− u∗)TF (u∗) ≥ 0, ∀u ∈ Ω,

Ù¥

u =


x

Y

λ

 , F (u) =


A∗(Y ) + c

−A(x)− λI −B

Tr(Y )− 1

 and Ω = X × Sn+ ×<.

C©Ø�ª´£ãêÆ�.�rkå�Ú�óä

�,,ù¿Ø´`,þ¡J9�¯KÑ�z¤C©Ø�ª�¦).l�¡��

ÙU�Ùw�,C©Ø�ª�µek|u�O�{Ú©Û�{�Âñ5�.
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ñèåÆ¥�Nõó§¯K�±8(�ØÓa.�C©Ø�ª

ñèó§¥�åÆ¯K,8(¤��©�§,lÑz±������5C©Ø

�ª,  ä�·�¤`�üN5^� [16].¥��ÉÇñèåÆïÄ¤��

Eó�ö,^ [4, 5]¥��{)û
�Ï(6ñèåÆ.��
¯K [11, 12].

References
[1] A. Chambolle and T. Pock, A first-order primal-dual algorithms for convex problem with applications to imaging,

J. Math. Imaging Vison, 40, 120-145, 2011.

[2] P.T. Harker, J.S.Pang, Finite-dimensional variational inequality and nonlinear complementarity problems: A

survey of theory, algorithms and applications, Mathematical Programming, 48, 161-220, 1990.

[3] B.S. He, A projection and contraction method for a class of linear complementarity problems and its application

in convex quadratic programming, Applied Mathematics and Optimization, 25, 247-262, 1992.

[4] B.S. He, A class of projection and contraction methods for monotone variational inequalities, Applied

Mathematics and Optimization, 35, 69-76, 1997.

[5] B.S He and L-Z Liao, Improvements of some projection methods for monotone nonlinear variational inequalities,

Journal of Optimization Theory and Applications, 112, 111-128, 2002



I - 40

[6] B.S. He, X.M. Yuan and J.J.Z. Zhang, Comparison of two kinds of prediction-correction methods for monotone

variational inequalities, Computational Optimization and Applications, 27, 247-267, 2004

[7] B. S. He and M.-H. Xu, A general framework of contraction methods for monotone variational inequalities,

Pacific J. Optimization, 4, 195-212, 2008.

[8] B.S. He, W. Xu , H. Yang, and X.M. Yuan, Solving resource protection and supply guarantee problems in

economic equilibrium, Netw. Spat. Econ., 11,. 127-138, 2011.

[9] J. Stoer and C. Witzgall, Convexity and Optimization in Finite Dimension I. Springer-Verlag, 1970.

[10] L. Vandenberghe and S. Boyd, Semidefinite programming, SIAM Review, 38, 49-95, 1995.

[11] Hong Zheng, Feng Liu and Xiuli Du, Complementarity problem arising from static growth of multiple cracks and

MLS-based numerical manifold method, Computer Methods in Applied Mechanics and Engineering, 295 (2015)

150-171.

[12] Hong Zheng, Peng Zhang and Xiuli Du, Dual form of discontinuous deformation analysis, Computer Methods in

Applied Mechanics and Engineering, 305 (2016) 196-216.

[13] Û]),Ø¦)üNC©Ø�ª��
ÝKÂ �{,;O�êÆ<, 18, 54-60, 1996.

[14] Û])§
m§M²u,�x6þ©�N�¥�ÛªpÖ¯K.¥I�EØ©3�`DØ©8,

1n6, 1-10, 2006.

[15] Û]),Mv,
°,�¡²,²L²ï¥��a�o]
Û�æø�¯K,¥I�EØ©3�`

DØ©8,1n6, 11¨19, 2006.

[16] x÷,�?d,!nñN�C©Ø�ª�.,¥I�Æ(B6) 25ò,19Ï§986–993§1995.


