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The context of this lecture is mainly based on the publicatios [4, 6]



1 BESETAFAN—EERMR

®QCRZ2—THADE FE2NR BBESN—EF RITTIER BT S
A F3 o)
VIQ,F) v e, (u—u)"Fu")>0 VYue (1.1)

BIKEEGE — 1T FRNMARIFR, ZIEVI(Q, F) FEI F 2 R" (8L Q)
EHIEIFAEF (monotone operator), Bl] F j# &

(w—v)" (F(u) — F(v)) >0, Yu, ve R (orQ).

i FRRBARHEF 8 Fu) = Mu+q, ¢ € R, HF M 2F IEEER.
— i n x nEE M EFIEERN, 2RSEMN v e R B

ul Mu > 0.
X B HAEKIERE M SR BaiER, RE M + M SIREERE.

ERIE Y M BERSFREER, Bl M = —M B, BB u! Mu = 0. X6, {551
BF F(u) = Mu+ q 28iAH.




% f(z) 2AAEY, NENSEF221A8, BIA

(y — a:)T(Vf(y) —Vf(x)) >0, Vr,ye. (1.2)

Let {2 C " be a convex closed set and f be a convex function on {2. Assume

that f is differentiable on a open set that contains ). Then f is convex if and

only if

fly) = f(x) =2 V@) (y—x), Vo,ye. (1.3)

XANEEIL AT LUTE Fletcher BV 8 {Edh
e R. Fletcher, Practical Methods of Optimization, Second Edition, §9.4. pp. 214-215,
John Wiley & Sons, 1987.

bk B FE (13 AP My BNE, B
flx)—fly) > Viy) ' (x—vy), Yz,yeQ. (1.4)
1% (1.3) 0 (1.4) ¥8i0, 5B 3 (1.2). AR S EFry 24 15IE.



1.1 B EKRMERKR
Bl Po() ERMEKEH TIENE Q IS, i

Po(v) = Argmin{||u — v|| | u € Q}.
MR Q =R} n-EZEPIIEREMNR), ABA Po(v) BN EN

(Pa(v)); = { vj, i vy 20;

0, otherwise.
R Q2 n- BT/ L c REROFEEREA r BIEK, ABA

{7@(ﬂ+q o —c|| > r

[v—cll

Pa(v) = |
v, otherwise.

E loo M1 HEXTH “SBABK” LR TERR:



Fig. 1. Projection on B Fig. 2. Projection on B

B, #l1i]

i = Polu— F(u)].
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513 1.1 1% Q C R" 20K, A

(v — Pa(v))' (u— Pa(v)) <0 Yuve€R"Yueq. (1.5)
u — Pq(v)

Pq(v)

\ () / v— Po(v)

AFN(1.5) RIJLATAER.

WERA.  B5%, RIE Po(v) WEX, B
|lv — Pa(v)|| < |[v—w]||, Yw e Q. (1.6)

EBRMEEZR v € N, #E Po(v) € Q, BF Q C " BHAGE, NFHMEE
BueQFoc(01)#E

w:=0u+ (1 —0)Pa(v) = Pa(v) +0(u— Pa(v)) € Q.



XX w, FIA (1.6), BB
o~ Pa(o)|* < o~ Pa(v) — 6(u— Pa(w)*
S ERBF SMEERM e QRO (0,1), #E
v~ Pa()]"[u~ Pa(®)] < ollu— Pav)|]*
£0—-0., 535 HIE O

ERFZWREEN DR, AFR (1.5 2— M EEERMELRIR. BNE

-

kMR A EETFHNIREAEFRN. (1.5, BGIUERA TERNSIIE.
g|FE 1.2 1% Q C R™ 2FME, A

Po(v) — Po(u)|| < |lv—wull, Vu,veR". (1.7)
Po(w) —ull <||lv—ul, VveR", uec. (1.8)
Po(v) —ull® < [lo —ull® = lv = Pa(o)|I”, Yo € R",u e Q. (1.9

FAHBEX LS R R1EE B S FIERR.



1.2 BRALAFAFHHREHIE
BEATER (1.1) MK O 3% BHTHTERMMEROM, X LR

B> 0, B AFAENTHREHIE

ue Q) & u= Pylu— BF(u).

e

. ut = BF(u)
F(u™) u*|Pou® — BF(u™)]

N /

u* BV, F) FIBEFENT u* = Polu* — BF(u*)] BYJLIAIfEFE




MEZ, KBZESAFA UL 95k
e(u, 8) := u — Polu — BF(u)] (1.10)

H— TS, EERIIS AR, Eit, WHEN 8 > 0, |e(u, 8)|| AT
EE— IS EMER TN N T HE BIVEEE e(u, 1) 1B e(w).

EFE 11 8>0 u* B VIQ, F)BEBEENE e(u*,B) =0.

MERR. SRIEREM B/ o 2 VI(Q,F) B M w € Q. BT Q C R 2FA
&, PR (1.5) 152

(v — PQ(U))T(u* — Pa(v)) <0, VYveR"
ERBI 0 = u* — BF(u"), W (e(u”, B) — BF(u")) "e(u”, ) < 0, B
le(u®, B)||* < Be(u™, B)" F(u"). (1.11)

F—FHHE, AT Polu* — BF(u*)] € Q, MA v* BESAFARRE, IRHE
(1.1 AT LA E]
{Pa[u” = BF(u")] —u"} F(u") > 0,



H]
e(u*,8) F(u*) <0. (1.12)

BAER (1.11) M (1.12) ATE e(u*, 8) = 0.
HIER S Blo =" — BF(u*), FIA (1.5 F e(u*, B) FIFRIEN, B
{e(u*,B) — BF(u")} {u— Po[u* — BF(u")]} <0, YueQ.  (1.13)
RiEFHe(u",8) =08 u =Po()eQ M Pou* — BF(u")] =u" 1K
AARER (1.13), ATLLEE]
weQ, (u—u)'F') >0, YueQ,
Bl w* 2vI(Q, F) fiR. EEBIE D

THEAIEIRHEA |le(u, B)|| 2 8 BRREIE T {|e(u, 8)|/8} 2 B TR EE
#. X E R R AR — T XA FNWMF IR IAEAFR (1.5), BV
T 114

EE 1.2 WHBEWNue R B> 8> 0 &%E
le(u, B)|| > |le(u, B)|| (1.14)

iN-10



7 i
leu, B)II _ lle(u, B
g - b
IERR. % t = |le(, B) ||/ |le(z, B)||, EERMIL LML TEIER 1 <t < /8.
ABRENFNRIEXZ t W—TTXAFN

(1.15)

(t—1)(t—6/8)<0 (1.16)
% Bt ATREAFN (15), E1A
(v — Pa(v))" (Pa(v) —w) >0, Yw e Q. (1.17)

17 FS w = Pofu— fF(w)] Mo :=u— BF (u), FIF e(u, B) BIEXFA

Polu — BE(u)] — Paolu — BF(uw)] = e(u, B) — e(u, B),
HA1153 ]
{e(u, B) — BF(u)} {e(u, ) —e(u, )} > 0. (1.18)
AN EIE LR 8 50 3 ERAE), 715

{e(u, B) — BF(u)} {e(u,B) — e(u, B)} > 0. (1.19)

- 11



DIERER (1.18) ¥ (1.19) 5k L 3 F1 8, RIEBEIE (148N, &M1152
{Be(u, B) — Be(u, )} {e(u, B) — e(u, )} >0 (1.20)
HAE
Blle(z, B)|I* = (B + B)e(x, B) e(z, B) + Blle(z, B)|* < 0.
%t _ER KA Cauchy-Schwarz &R, B
Blle(z, B)||* — (B + B)lle(z, B)| - lle(z, B)|| + Blle(z, B)||* < 0.  (1.21)
¥ (1.21) B& Blle(z, B)||?, FHFIFH t BIEXEE

~

t2—(1+g)t+§§0.

U AZF (1.16) AL, BIBFIE. O

EIE 1.2, FLL |le(u, B)|| ERFIENRERE, B8 6 > 0FAEEX,
AEIN —REESEBYIEENEE.

ih-12
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2 =AEFAFAMBZWET A

wu BEDAFAVIQ, F) I BT o = Polu— SF(u)] € Q, BILLRHE
TR AFANEXEE—NERFFN

(F1) (@ —u")"BF(u*) >0

HFu*cQ = Pofu—BF(u)] B v— pF(u) £ Q LIRS, IRIERE
HERMR (1.5), 1B

(F12) (@ —u*)"([u— BF(u)] — 1

EAZNZENSREFEALZSAFN, RBR2PEFHMNR B
(FI3) (a—u")" (BF(a) — BF(u")) >0

— LM R AN S E S RN KL R AT ER S HA,

IN-13
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AR B AR B RAELS

mE W ARR X Eﬁ%%)‘(%&??ﬁ?ﬁﬂ’] MU AERE. FHEER 8 > 0 FISHET

=t B ° = Po[u® — BF(W")] 158 4~
RIEEIE 1.1, YFTSE o EMENROVELZHR W = o~

REER RS — AT (0, 1) EESTER VIO, F) 1R
EEERH, WMRE I > 0, F15
)

o(u®,a”

> |l —a”|)?, HA o@”,a") =0 < uf =a". (2.1a)

Eﬂfirﬂl —ANEE duF, 7)) RASZEEERYE oW, 1) X
“EFIGET (ERAEEEEN EFSE), RS

(u® —u)Td(W®, @) > p(”,a"), Yu* e Q. (2.1b)

BEWHEREENEABRBRRBESTFRXNMR, ME—NAE du”, "),
FEEXN— u* € Q" #B (2.10) RIZ. FATHE p(u, f&)% ?] “REEERH
3 d(u,u) #RA “BFFE” (Profitable Direction). & EFRATEREY, X



EA—MEER v, (v —u*) BEBRH L ||lu—u*|® £ v LB E. 2.10) B
Lt @12) RFAP —d(v*, a") BEH §|ju— v |]® £ u* EH—NTESTE.
2 WL AR E 3% (Projection Contraction Method) B AT A B {ER — M ERIIE
75 3% (Prediction-Correction Method). F1¥% 52152 o~ 27, FIABF AE
A RRETHIER S T IS RERKE. B INEE T, # 2 P-C Method.
BANNBEKR WA E LT ERER SRR SRS, B v — o |)” FREFET
B X BIENLE (2.1a) 1 (2.1b) FILET, BB K FAE FTIE A s a0sE .

—RRURAEEAR ] &G 210 HEFTESKAER AR, L

u T a) = uf — ad(W”, @) (2.2)
FERBTEK o HFTERR. FIAEXZRES o HXHEEE R E,
Ie(e) = fu® —u[]* =" (@) —u"|?
= [u" —u P = [Ju" —u" = ad(u®,@")|?
= 2a(u® —u")TdW”, ") — o®||d(”, 7). (2.3)

MEBRENHERS v, 23) KA Ik(a) B a WREH. A2 u* 2R

IN-15



B, FMTERERRK. A3, FIF @.10) B
(@) > 2ap(u”, @) — o®||d(u”, a")|>.

¥ EXBIRENXA qr(a), FAFE Ik (o) I—DTHFREH

gk(a) = 2000 (u”, 0°) — o [|d(u”, a")||",
BRI gu (o) SEEIRAH off 2
aj, = p(u®,a")/||d(u", )"
SN SREL

u T =0 — afd(u”, a").

iq (2.5) 0 (2.6), 57
Qk(()ék:) = O‘k@(uk ﬂk))

ERAR 27) FERFY ()} T—EE Q A, AFHE

k4+1 kg
" =P <t T - agp(ut, @),

WHFE ZNAERIBARNIERPRARULREE Ik (a) (I
RARFN v, BN SFETRKRULERN TREH ¢ ().

(2.3)), AT

(2.6)

(2.7)

e

E

IN-16
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()

B~ € [1,2) HREE

F, SRR, B —IRE—MATET ~ € [1,2), 4
u T = uf — yagd(u®, @"), (2.8)

Hep vy e [1,2) #BRAMGMEF. By € [1,2) NIRRT IREE.
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H (2.5) #1 (2.6), 15Z|
a(vap) = 2yake(u’, @) — % (ap)’|ld(u”, @
= Y(2=yage(u,a”).
AR (2.8) FEMFTY {u"} H#E
lut ™ — [ <l =" = (2 = y)eke(u”, @) (2.9)

FIFA (2.6) 70 (2.8), A2

_ _ 1
arp(u”, ") = |lagd(u”, a")|* = ?Huk —u %

KA 29, HINBRSZFNHNAFRN

”uk—l—l o u*H2 S ||uk . u*”Q . 2 VHUk L uk—l—luQ.
Y
HIFWHEEE. I Z A% 2.1a) BT o(u”, ") > §lju” — aF||* ARG
. 1 .
p(u”,@") > 5 (lld(u”, LA+ et —a")®), (r>0). (210
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HAVIGEE 2.10) F0 (2.10) & BT, AR S KAER AR
T = — du”, a"), (2.11)

P INER S5 5E, #rA Primary Method (R /53%). (BT EAIE

=t = (" =) = d(w”, @)
= u® —u|F = 2(u” — ) d(u”, @) + ||d(u”, @)
<l —uTf = 2e(u”, @) — (ld(u”, @)
Elitk, B (2.10) FZEFS {u”) HE
[T —u*))? < || —u*|]? = 7l|u® = 3" (2.12)

TG (2.9) 7 (212) BHIRFS (v} RERE, ENEHABHHXRRT
FIA (2.12) FIRIE 1.1, BRHIEANTHEE.

EIR 21 1% VI(Q, F) B9#RE Q* k=, HAA||d(W”, 47)|| = O||u* — @, M
KRR E AT ERFS {u®) BRI VIQ, F) IEANES u* € Q.

FERANZE, EZHIERT, ZNEKKATELSKAEMER SB—ARU
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HWE % BAVFWHREEZFNESIMTESK, BEREBRNNVHTEZ R, —%
W B AL M A AW EUIR, BBt E R D,
& AIRCMLBRIE min {f(z) |2 € QY FNTESAFNX

reQ, (2 —2)'Vf(z)>0, Vo' €Q. (2.13)

WR f(x) ZIXRAIH, ERY Hessian 8P V2 f(z) 3T 45512 f(2) B—
AN ZRIME B, B /Y Hessian %60 H 22X FREIEER.
BAH—RRBVIELE M B IFT D AFRVI(Q, F), REX
(u—v)" (F(u) — F(v)) > 0,

HAERETF I # Jacobian 55fF VF (u) 3HFR. HIRB|BIALZMUTHTEFR
HIRHMR, F(u) = Mu + q, FANHAEK M JTFR,

HER M+M' HEE
Al it B — X A BHFHR MR E A FK (2.13). FIFHHE Hessian %8
BERIXTRRME, REMB IR T — LR B FH LR A &L, NS EFE T
A iTie.
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™

3 ETFH + FI2 Y LVI W45 H 7%

E—BIHRHERTER VIO, F) B, F(u) = Mu+ o HIFHET. PRI
i = Polu— BF(u)). BE—ME_MEATER

{(amﬂmeﬂ>O. (FI1)

HLEXEEEE
(u—uw) (T +BM")(u—a) > [lu—all* + Blu—u)" M(u—u").
BT M FIEE, Fild
(w—u)T (I +BMT)(u—a) > ||lu—al* VYueR" (3.1)
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s

o(u, @) = [lu— @ (3.2)

7
d(u, @) = (I +BM")(u — ). (3.3)

H (3.2) BEXH p(u,w) FIA (3.3) EXHY d(u, u) #EFH (2.1a) FI(2.1b).

Hepy s = 1. B—fREEEL, A 26) iTESK of, AIERR (2.8) FFEH
HIER S T BARESR, IHAER o FESR 5> 0,2

i* = Polu” — B(Mu* + q)].
A
u* Tt =P — o (T4 M7 (u” — @)
PR S, Hh

lu® —a"|®

I(L + BMT) (uk —ak)[|>

*
A —
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XEEERFY {u*} HE
luf Tt — ") < [l —ut P = (2 = )k lu® =@
ERXNEZESD, Y [ NIERS T ERMEIRE. —ARZE M "balance” HIE
18, Sz 5., (£15
Brll M (u —a")|| = p- lu® —a@"|l, pel0.5,2].

& UNSREFENRY 8 i@

I+ M) (W —a")|I* < 2-7)llu" —a"|I°, 7€(0,1) (34
FH (3.2) B X B p(u,w) FIEH (3.3) BXHY d(u, @) i#HE

2p(u, @) > ||d(u, @)||* + 7llu —a*.

XU “TEREERHT (2.10) BRAL ATLUA KA 1 NAIFERAEEE.
RAVFVGHEEENERAR 1) FEFNERS T B e12 A

L T e L e (VA [

AT ZATRUS “SEEEMEE" A6, iR W E AT
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FIA FI1F0 FI2 HMBRIKBEM TS AFANEZ X, AJS IICHEK (4] #0
5. bR T E [ERRCHE TROWHRE L, A AT LAE RIEE R GAR T B s
Bk R, EEE G = T+ 8MT) (I + BM)HET ||uf — u||% BITRKEE.
Nar S AIER AT

W =uF — (T 4+ M)W =),y €(0,2). (3.5)
RiE LXFB
[ =G = W =) (T BM) T (W - a6

= " —uE - 2y —u)T (I + BMT) (" — aY)
+A° (T + BM) "~ (u® — )&
FIM@EHFG =1+ 8M")(I + M), AERFE

T owtE < et =G - 2yl = @ AR et - At

(K
= fu® =G = (2 = )u” —a"|*.

XN G-HR TR L FRTESK. XK 3.5 BHE T k&M HIZEA
(I + BM)(uH — ) = 5 (@ — u").
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LML ANFEXPIERE M AXTFRAEEERIER

SHEEME M xR IEEREHE, BAVFEIC A H, (3.1) SR

(w—u" (I +BH)(u—a) > ||lu—1al?, YuecR" (3.6)
Xt G =1+ pH RIEEREM, BI1ZRE GERETHWREEZE B
k+1 k «/ k  ~k o HU — Uk\|2
u =u" —yaip(ut —a”), ap= ok — |3 v € (0,2) (3.7)
FEEMBER S FIA 3.6) BLE
[ = = (1" = u") = yag(u® -3l

|u” — (| = 2yai(u® —u) Gu” —@") + 7 (@R)’|lu” — @G

\V]

<t =G - 2yaklle® = @) 447 (ak) ut - @l

BT of||u® —a" |5 = [|[u — a"|? RIBLR, ERFT {") EEWRLEMER

k+1

[ —utlG < et = utlE = (2 = )akllu® - a7

EXBUERR 7 AU B R IBEAF .



™

4 ET FI1+FI12+FI3 59 NVI B3 2 W45 85 %

BB EKBE—ARVELEBRETTAFN (1.1) FIKERE IHEE u, id
@ = Palu — BF(u)]. ¥ (F1), (F12) 1 (FI3) =M AFR

[ (@ —u)TBE(u*) > 0 (FI1)
§ (@—u)T([u—BF(u)]—a) >0 (FI2)
(@ —u*)T(BF(a) — BF(u*)) >0  (FI3)

BEAENX
o(u, @) = (u—a)" d(u, @), (4.1)
i
d(u, @) = (u—1a) — B(F(u) — F(a)). (4.2)

Il-26



MMFT—YIR v € R, #EF
(u — u*)Td(u, @) > o(u, ).

R IR E R PSR (2.10) BRI SFTF—MAER v € (0,1), 2RATAR
F Armijo AR EFHATIBLL, (£15

(u—f&)T(ﬁF(u) —BF(&)) < 1/||u—?1||2 (4.3)
Az GTEBMEFERIETER 8| F(u) — F(a)| = O(|lu — a|). 1RHE 4.2) FiB
p(u, @) = (u—1a) d(u, )

lu—all* = (u—a)" B(F(u) - F(a))
> (1-v)llu—al.

H 4.1) EXH p(u,a) FAH 4.2) EXH d(u, w) #HEZH 2.12) F (2.1b).

HFEEF I =1 —v. RARHIER AR 28) KBERIFTSIFN, FEH
5 {u*} %2

k+1 * 12 k * 12 * k ~k 12
[ — "] < JJu” — | =92 = y)ak(l —v)[lu” —a”])”.

IN-27



& 4RI, Y
Bl F(u) — F(u)|| < v|u—al (4.4)

B, B (4.2) B X B d(u, @) FIE 4.1) B X o(u, @) i#HE

XITEASHE 2.10) B, Hep 7 =1 — V2
S F Primary Method BUIEX AT (2.11), 1R1E (2.12) 52
[ Tl T T [ O A 7 | A v

BRI 6, 12]. STIEXMFRAVE S AFR, BIE “T=REH" 4.4) iHE,
KIMIEEFTHRATELSKRET—MNERSHAR

u"T =" —yagd(u”,a"),

Il-28
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Hrh
(uk . ﬂk)Td(uk, ,&k)
[d(uk, ak)||?

FEE1 (4.4) BRER (4.5) Lim™HRATE, BMM AN k, #E of > 1/2.
KTF=ANEXRAFRIEEURME R G AR WEHAIL 6] FIMERARKE
MFMZERT Preprint 94-11) #1[15]. Sun Defeng 1992 £ B R A F A Eellr
EtIN I A E (4.2) WEREWHREE L, KA I [12]. Bi5 Sun HELE
B3 [12] B Footnote F15&2E 3k &B1R 2 [6].

*
A, —

KiEZ ] The construction of projection contraction algorithms

is based on three fundamental inequalities. Its principle is simple
and unified, it gives us beautiful enjoyment !

XTI MR FT T AFARKE, SHNAERIMEE A 9. X—ifk
MA R LIRS AT ESIMEE AR L



T JLEE3R, SMEEE IR (Extra-gradient methods) [9] # b E— £ &K (K3 EE

FKE, 2007, 8% K5, 2009, UC Berkeley, 2009, SFEEEIE KF, 2009) Y

’rﬁj:ﬂ]?‘ 1%%‘U”IJ HAMLE . YlaF IFMRPSIA. SRS IMGEE
BERAWSUEE, e XHEE B WNHE—TSE BRI E (8]

b R ' SR EE, KPR XS PPA BUAR R Tl — R IESRAY.

Let us first briefly review the Proximal point Algorithm for VI(Q, F) (1.1). PPAis an

iterative method. For given u® and r > 0, the new iterate u**1 is the solution of the

following variational inequality:

e, (u—u""HHFW™) +r@W ™ —u) >0, VueQ. 1)

k41 k+1

It is clear that u is a solution of (1.1) if and only if u — u”. In the case of

uP T £ P, by setting w = u* in (5.1), we obtain

(uk—l—l o u*)TT(uk L uk—l—l) > (uk—l—l o ’lj,*)TF(’U,k—'_l).

Il-30



Because F' is monotone, we have

(uk+1 L U*)TF(Uk+1> — (uk—l—l o U*)TF<U*) >0

and consequently, we obtain
(uk+1 o u*)T(uk o uk—}—l) > 07

and thus
(’U,k o ’U,*)T('U,k o uk}—i—l) > Huk o uk+1H2-

By using the last inequality, we obtain

L e e Il /[T V[

(5.2)

The sequence {u"} generated by PPA is Fejér monotone.

The sequence {uk} generated by PPA has nice convergence property, however, the

subproblem (5.1) is almost difficult as the original problem (1.1). Thus, the classical PPA is

not widely used in the application.

By using 8 = 1/7in (5.1), u**! can be viewed as

WM e, (w—u"THTH{ W =) + BFWFTHY >0, Vu e Q. (53

- 31



By using the equivalent representation of VI (see Theorem 1.1), it can be written as
uk—l—l _ PQ [uk—l—l o {(uk—l—l . uk) _|_ 5F(uk+1)}}
and thus
uw* T = Polu® — BF (W), (5.4)

It is difficult to directly get the solution of (5.4). Replacing w1t in the right hand side of
(5.4) by uk, we denote the output by

" = Polu® — BF(u)], (5.5a)

and it called a predictor. Then, replacing w1 in the right hand side of (5.4) by the
predictor ar , we obtain the (corrector) new iterate

T = Polu® — BF(@")] (5.5b)

The method (5.5) is called the extra-gradient method (EG-method). Each iteration of the
EG method includes two projections on 2. In the prediction step, the parameter 3 should

be chosen to satisfy the following condition:

BIF(u®) — F(a")| < vlu® —a"|, ve(0,1). (5.6)
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9I\1‘%l§”§-5fﬁ"ll&ﬁlﬂﬁ$ﬁ' SN B BRI FIERA E R R RV R AR

R (1.5) FIERESEIEY (1.9).
& BER AT RBu - BFEN) B Q ERRS, RIBREZMER 198

" =P <l = BF@Y) = ut|)? — [|(u” = BF(@")) —u T (57)

4 2
k1 \Lk — BF(@*)
& ()

Geometric interpretation of inequality (5.7)

e (5.7) 3, 52|

k k ~
" =T < =T e =T = 26T - ) AR (@A),



fF#ERFwME (2% — )T F@") > (@ —uw)TF®) > 0 HX—1I1, A

o™ = )? < JJu® =t =t =P =2 — ") BR(AY). (5.8)
B 5.8) RAWHPHERI (v — o> B
lu® — w7 =l = @)+t - W 2@ - W) (W - ),
Hit—LEE ®E
T T | e el | VA i [ Y k+1||2
+2(u T — @) " — g (") — @Y. (5.9)

& EE B " BEREMEARMRE (15). BT " 2o - pFR) B Q
FREEHB W c QO IR\ (15,8

2(a" —u") {[u" — BF (")) 3"} > 0.
W ERIE (5.9) 93, 1521

Huk'—l—l _u*HQ S uk—l—lHZ

lu® = = =@ et -

+2(u T — @) {BF(u") - BF(@")}.  (5.10)
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& X (5.10) NP LIRS SAIIZXINA Cauchy—Schwarz ~ER,

2(u* T — @M {BF(u*) — BF (")}
< T — @) 4 B2 F(u®) - BF @),

HARA (5.10) B2
[ — w7 <t =t - (e = @)+ B F () = F@@5)] 511
Ak BE B AU ARt IR ' RIE (5.11), TEH 5.6) HERIFAT, BHIMEE X
(5.5) ERBIFF {u"} HE

L T e e e € S A (VA (5.12)

B, SN RE F7 skt B — MR R L. X B AR (5.12) BN E 3752 BEAY
*EAEFER. LHIRBINARPERIMEEE L BLB T HAE 8] FI2H
BI—Le I IRRE. JERRX NMEREZEERZFIFNEREZEEFH T AEAEN (1.5)
A (1.9). HEHMATLUSREZE 1] F2HEHY 1115-1118 TTRTFIMB EE LRI
SSUMEIERR.
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6 H{E\IE
X—BRAVARBE S THEAE (EHTFERVIQ, F)hQ=R"
BRI 2)

w>0, F(u)>0, u F(u)=0,
KRR WA E AL MG B A BRAR . EE G IR {TE
F(u) = D(u) + Mu + g,

B Mu+ q# D(u) #3172 F(u) B9 MEFIELL IR . £ EER S

Mu + ¢ RAEEF 2P AR, B TEIERERK:
A=(rand(n,n)-0.5)*10; B=(rand(n,n)-0.5)*x10; B=B-B’; M=A’*A+B;
g=(rand(n,1)-0.5)%1000; o & g=(rand(n,1)-1.0)*500;

LIRS D(u) BB B D; (1) = d; + arctan(u, ), £ d; £ (0, 1) ja
HIBEHLEL, SEAARYBUE AT I [13]°.

2| the paper by Harker and Pang [2], the matrix M = AT A + B + D, where A and B are
the same matrices as here, and D is a diagonal matrix with uniformly distributed random variable

d;j; € (0.0,0.3). In our test examples dj; = O.
°In [13], the components of nonlinear mapping D (w) are D;(u) = constat  arctan(u; ). Thus,

D (u) in our test example is more general.
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£ (8] 7, IMNELFINEE T ERMEIL, RN THIIEF:

Refined extra-gradient method:
Step 0. Set 3o = 1,v € (0,1),u’ € Qand k = 0.
Step 1. 4" = Po[u® — B F(u")],
_ BellF(*) — F@)|
[k —ak]|
while 7 > v, By i= 3Bk +min{l, =},
" = Po[u® — B F(u")],
_ BellF(t) — F@h)|
[k —akf| -

Tk -

Tk -
end(while)
Tt = Polu® — B F (@),
Iif 7 < pu then (i := Ok *x1.5, end(if)
Step2. Bx+1 =0Br and k=k+ 1, gotoStep.

EJLEAMIEIBEIRA, ML, Hl2nx IFMRPERIMEEFE AR, X

A EAZFERE| i rp < pu then By := Br x 1.5 end(if)

RYMOE TR T

HIERAR, I REE KX AIE, FAKEMER L, ERNEZSEITE LM



MW REEERBOME R EIINFENTTEE R MERRD):

Projection and Contraction Method:
Step 0. Set 3o = 1,v € (0,1),u’ € Qand k = 0.
Step 1. 4" = Po[u® — B F(u")],
_ BllF(u) — F(a")]]
| lub —a*]
while 7. > v, [ := gﬁk * min{1, i}
" = Po[u® — BiF(u")]
_ BllF(u") — F(a")]]
luk —a*]|

Tk

Tk -
end(while)
d(u®, ") = (u* —a") — Br[F (u*) — F (")),
(W —a")"dW", a")
|d(uk, ax)||2

R —uF — yagd(u®, @),

if 7. <pu then (i := Br*1.5, end(if)
Step2. Brx+r1 =B and k=k+ 1, gotoStep.

L —

u
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IMEEEEMXESZ LB AR %, S IEERME-RRIER A

ENARFENAR
1" = Po[u" — BF(u")]
FEEETE S OF. BT HITHEREER, RMERTAGSHE (W (5.6)
BIF (") — F(@")|| < v|u® —a@"||, ve(0,1).
A B EIMEE R ER (I (5.50) FRRIEAT
u* Tt = Pofu" — BF(@")]
FPEEFRNER S o MR BHEEERE T —MEAR SHWRIEARZ
k+1 k ~k

W' =uF —yagd(u®, @),

He7zmEmE (W (4.2)

i HKME
o, = (u” —a*) " d(u”, ") /|l d(u”, a")|°

HE. P WHREATELS KIS TEERT KA, REZRTHIREMN.
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TEIFENG LA ARRE LR Matlab 125+
The Matlab Code of the Refined extra-gradient Method

function REG(n,M, g,d,xstart,tol,pfq)
fprintf (' Extragragient Method by Korpelevich n=%4d \n’,n);

x=xstart; Fx= d.xatan(x) + M*xx + g; stopc=norm(x-max (x-Fx,0),inf);

beta=1; k=0; 1=0; tic;
while (stopc>tol && k<=2000)
if mod(k,pfqg)==0 fprintf ('’ k=%4d epsm=%9.3e \n’,k,stopc); end;
x0=x; Fx0=Fx; k=k+1;
x=max (x0-Fx0xbeta, 0) ; Fx=d.xatan (x) + Mxx + qg; 1=1+1;

dx=x0-x; df=(Fx0-Fx) rbeta;

r=norm (df) /norm(dx) ;

while r>0.9 beta=0.7+«beta*min(1l,1/r); 1=1+1;
x=max (x0-Fx0xbeta, 0) ; Fx=d.xatan (x) + Mxx + qg;
dx=x0-x; df=(Fx0-Fx) «xbeta; r=norm (df) /norm (dx) ;
end;

x=max (x0-Fx+beta, 0) ;

Fx= d.xatan(x) + Mxx + g; 1=1+1;
ex=x-max (x-Fx,0); stopc=norm(ex, inf) ;
if r <0.4 Dbeta=betaxl.5; end;

end; toc; fprintf(’ k=%4d epsm=%9.3e 1=%4d \n’,k,stopc,1);

BIMEEBEERE (15) TR TEZE(15)-(16) 1T, Sl WHEE EANERF
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The Matlab Code of The Projection and Contraction Method

function PC_G(n,M,q,d, xstart,tol, pfq) $(1)
fprintf (' PC Method use Direction D1 with gamma a* n=%4d \n’,n); %(2)
x=xstart; Fx= d.xatan(x) + Mxx + g; stopc=norm(x-max (x-Fx,0),inf); % (3)
beta=1; k=0; 1=0; tic; % (4)
while (stopc>tol && k<=2000) % (5)
if mod(k,pfqg)==0 fprintf ('’ k=%4d epsm=%9.3e \n’,k,stopc); end; % (6)
x0=x; Fx0=Fx; k=k+1; 5 (7)
x=max (x0-Fx0xbeta, 0) ; Fx=d.xatan (x) + Mxx + qg; 1=1+1; % (8)
dx=x0-x; df=(Fx0-Fx) xbeta; % (9)

r=norm (df) /norm (dx) ; %(10)

while r>0.9 beta=0.7+«beta*min(l,1/r); 1=1+1; $(11)

x=max (x0-Fx0xbeta, 0) ; Fx=d.xatan (x) + Mxx + qg; $(12)

dx=x0-x; df=(Fx0-Fx) xbeta; r=norm (df) /norm (dx) ; $(13)

end; $(14)
dxf=dx—-df; rl=dx’ xdxf; r2=dxf’ xdxf; alpha=rl/r2; % (15)

x=x0- dxfxalphaxl.9; 3(16)

Fx= d.xatan(x) + Mxx + g; 1=1+1; $(17)
ex=x-max (x-Fx,0); stopc=norm(ex, inf) ; %(18)

if r <0.4 Dbeta=betaxl.5; end; $(19)

o\°
o\°
o\°

end; toc; fprintf (! k=%4d epsm=%9.3e 1=%4d \n’,k,stopc,1);
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NCP HJItELER 1 Easy Problems ¢ € (—500, 500)

Extra-gradient Method General PC-Method
n= | No.lt No.F CPU | No.It No.F CPU
500 724 1485 0.26 468 977 0.17
1000 804 1650 2.85 514 1079 1.86
2000 776 1593  10.33 407 864 5.63

NCP BT ZE5R 2 Hard Problems ¢ € (—500, 0)

Extra-gradient Method General PC-Method
n= | No.lt No.F CPU No.lt No.F CPU
500 1453 2983 0.53 865 1824 0.33

1000 2026 4159 712 1199 2553 4.38
2000 1702 3494 22.45 1025 2177 14.00

The PC method converges faster than the refined extra-gradient method.

It. No. of Projection and Contraction Method

~ 60%.

lt. No. of The refined extra-gradient Method

& FZFEMTERY Codes-02 1 : I&1T demo.m fI N\ n FLAT LA, Lt AT LUIEFE
A EE#RZE AR REG.m F1 PC-G.m 73 Bl 25Nk B 3 A I W B AR FIZ .
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EHLENRATH®INRE ATESERNIEER O(n?) B, SR MEEE, 291t
HEEZLN n3, TEERT K. W HELLIMEEE LB RERFPEZIHE—

MK, TEER O(n), XEEMTEHRELEZE /M.

FERL, AERERT, XEHWHREERM— R, IMEEEEMARIES. £
mEES P, HEREZEREM S . MaENEFE IR, G ME 22 2 miE

IR, 12 h T R TIESEMRKE 7. IIXERIMNGE 5 AR ER L), T4 5

EENARNHNEANERERRA—XRENNSRE L BB ST ERESEE

FERIIMEE AT TIE 2/3.

X B Refined Extra-gradient methods BY—2E18 483

e Fei Sha, Large Margin Training of Acoustic Models for Speech Recognition, PhD Thesis,
Computer and Information Science, University of Pennsylvania, 2007. 152 1R 5l

e Yan Pan, A game theoretical approach to constrained OSNR optimization problems in optical
network, PhD Thesis, Electrical & Computer Engineering. University of Toronto, 2009. F£FM4&

e Simon Lacoste-Julien, Discriminative Machine Learning with Structure, PhD Thesis, Computer
Science. University of California, Berkeley, 2009. #1255 ]

e A. G. Howard, Large Margin, Transformation Learning, PhD Thesis, Graduate School of Arts and
Science. Columbia University, 2009. #1885 5]
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