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The context of this lecture is mainly based on the publicatios [4, 6]
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1 ÝÝÝKKK���CCC©©©ØØØ���ªªª������


ÄÄÄ���555���

� Ω ⊂ <n´��4à8, F ´l <n�g�����f,·�?ØüNC©

Ø�ª¯K

VI(Ω, F ) u∗ ∈ Ω, (u− u∗)TF (u∗) ≥ 0, ∀u ∈ Ω (1.1)

�¦)�{.��C©Ø�ª¡�üN�,´� VI(Ω, F )¥� F ´ <n (½ Ω)

þ�üN�f (monotone operator),= F ÷v

(u− v)T (F (u)− F (v)) ≥ 0, ∀u, v ∈ <n(or Ω).

` F ´üN���f,� F (u) = Mu+ q, q ∈ <n,Ù¥M ´��½Ý
.

�� n× nÝ
M ´��½�,´�é?Û� u ∈ <nÑk

uTMu ≥ 0.

ùp¿Ø�¦Ý
M é¡.�é{`,��MT +M é¡��½.

AO´,�M ´�é¡Ý
,=MT = −M �,ok uTMu ≡ 0.ù�,��

�f F (u) = Mu+ q´üN�.
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� f(x)´��à¼ê,K§���f´üN�,=k

(y − x)T (∇f(y)−∇f(x)) ≥ 0, ∀x, y ∈ Ω. (1.2)

Let Ω ⊂ <n be a convex closed set and f be a convex function on Ω. Assume

that f is differentiable on a open set that contains Ω. Then f is convex if and

only if

f(y)− f(x) ≥ ∇f(x)T (y − x), ∀x, y ∈ Ω. (1.3)

ù�(Ø�±3 Fletcher�²;Í�¥

• R. Fletcher, Practical Methods of Optimization, Second Edition, §9.4. pp. 214–215,

John Wiley & Sons, 1987.

¥é�.3 (1.3)ª¥�� xÚ y� �,k

f(x)− f(y) ≥ ∇f(y)T (x− y), ∀x, y ∈ Ω. (1.4)

ò (1.3)Ú (1.4)�\,Ò�� (1.2).��à¼ê��f�üN5�y.
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1.1 ÝÝÝKKK���ÄÄÄ���555���

^ PΩ(·)L«î¼�êe3à8 Ωþ�ÝK,�Ò´`

PΩ(v) = Argmin{‖u− v‖ |u ∈ Ω}.

XJ Ω = <n
+ (n-��m��K%�),@o PΩ(v)�z�©þ�

(PΩ(v))j =

 vj , if vj ≥ 0;

0, otherwise.

XJ Ω´ n-��m¥± c�¥%�»� r�¥,@o

PΩ(v) =


r(v−c)
‖v−c‖ + c, if ‖v − c‖ ≥ r;

v, otherwise.

3 l∞Ú l1�¿Âe�/ü ¥0þÝKXeã¤«µ
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Fig. 1. Projection on B∞ Fig. 2. Projection on B1

Ï�,·�P

ũ = PΩ[u− F (u)].
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ÚÚÚnnn 1.1 � Ω ⊂ Rn´4à8,Kk

(v − PΩ(v))T (u− PΩ(v)) ≤ 0 ∀v ∈ Rn, ∀u ∈ Ω. (1.5)'

&

$

%q p
p

PΩ(v) -vQ
Q
Q

Q
Q
Qk
u

u− PΩ(v)

v − PΩ(v)Ω

Ø�ª(1.5)�AÛ)º.

yyy²²². Äk,�â PΩ(v)�½Â,k

‖v − PΩ(v)‖ ≤ ‖v − w‖, ∀w ∈ Ω. (1.6)

5¿�é?¿� v ∈ <n,Ñk PΩ(v) ∈ Ω,du Ω ⊂ <n´4à8,Ké?¿

� u ∈ ΩÚ θ ∈ (0, 1),Ñk

w := θu+ (1− θ)PΩ(v) = PΩ(v) + θ(u− PΩ(v)) ∈ Ω.
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éù� w,|^ (1.6),Òk

‖v − PΩ(v)‖2 ≤ ‖v − PΩ(v)− θ(u− PΩ(v))‖2.

éþªÐm,é?¿� u ∈ ΩÚ θ ∈ (0, 1),Ñk

[v − PΩ(v)]T [u− PΩ(v)] ≤ θ

2
‖u− PΩ(v)‖2.

- θ → 0+,Ún (1.5)�y. �

3ÝKÂ �{�©Û¥,Ø�ª (1.5)´���~k^�Ä�óä.·�Ï

d
¡��ÝK�f�óäØ�ª.d(1.5),N´y²e¡�Ún.

ÚÚÚnnn 1.2 � Ω ⊂ Rn´4à8,Kk

‖PΩ(v)− PΩ(u)‖ ≤ ‖v − u‖, ∀u, v ∈ <n. (1.7)

‖PΩ(v)− u‖ ≤ ‖v − u‖, ∀v ∈ <n, u ∈ Ω. (1.8)

‖PΩ(v)− u‖2 ≤ ‖v − u‖2 − ‖v − PΩ(v)‖2, ∀v ∈ <n, u ∈ Ω. (1.9)

·�rùA�5�3�ÖögC�y².
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1.2 CCC©©©ØØØ���ªªª���ddd���ÝÝÝKKK���§§§

�C©Ø�ª (1.1)�)8 Ω∗��.üNC©Ø�ª�)8´à�,ù�(Ø

�±3 [1]�½n 2.3.5¥é�.·�^ u∗L«��(½�):.é?¿�

β > 0,C©Ø�ª�duÝK�§

u ∈ Ω∗ ⇔ u = PΩ[u− βF (u)].

'

&

$

%
HH

HH
H

HHY

� q
PΩ[u∗ − βF (u∗)]u∗

-u∗ − βF (u∗)

u ∈ Ω

F (u∗)

Ω

u∗´ VI(Ω, F )�)�du u∗ = PΩ[u∗ − βF (u∗)]�AÛ)º
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�ó�,¦)C©Ø�ª�±8(�¦

e(u, β) := u− PΩ[u− βF (u)] (1.10)

���": u∗,�¡·�¬�Ñy².Ïd,é(½� β > 0, ‖e(u, β)‖�±
w��«Ø��Ýþ¼ê.�
�B,·�  r e(u, 1)P¤ e(u).

½½½nnn 1.1 � β > 0. u∗´ VI(Ω, F )�)��=� e(u∗, β) = 0.

yyy²²². ky7�5.e u∗´ VI(Ω, F )�),K u∗ ∈ Ω.du Ω ⊂ Rn´4à

8,|^ (1.5)·���(
v − PΩ(v)

)T (
u∗ − PΩ(v)

)
≤ 0, ∀v ∈ Rn.

þª¥� v := u∗ − βF (u∗),Kk
(
e(u∗, β)− βF (u∗)

)T
e(u∗, β) ≤ 0,=

‖e(u∗, β)‖2 ≤ βe(u∗, β)TF (u∗). (1.11)

,��¡,duPΩ[u∗ − βF (u∗)] ∈ Ω,
� u∗´C©Ø�ª�),�â

(1.1)�±��

{PΩ[u∗ − βF (u∗)]− u∗}TF (u∗) ≥ 0,



II - 10

=

e(u∗, β)TF (u∗) ≤ 0. (1.12)

dØ�ª (1.11)Ú (1.12)�� e(u∗, β) = 0.

2y¿©5.� v = u∗ − βF (u∗),|^ (1.5)Ú e(u∗, β)�L�ª,k

{e(u∗, β)− βF (u∗)}T {u− PΩ[u∗ − βF (u∗)]} ≤ 0, ∀u ∈ Ω. (1.13)

�â^� e(u∗, β) = 0,k u∗ = PΩ(·) ∈ Ω Ú PΩ[u∗ − βF (u∗)] = u∗.�

\Ø�ª (1.13),�±��

u∗ ∈ Ω, (u− u∗)TF (u∗) ≥ 0, ∀u ∈ Ω,

= u∗´VI(Ω, F )�).½n�y. �

e¡�½n`² ‖e(u, β)‖´ β�Ø~¼ê,
 {‖e(u, β)‖/β}´ β�ØO¼

ê.ù�{üy²�^����gØ�ª�Ð��£ÚóäØ�ª (1.5),§Ð

�u [14].

½½½nnn 1.2 é¤k� u ∈ <nÚ β̃ ≥ β > 0,·�k

‖e(u, β̃)‖ ≥ ‖e(u, β)‖ (1.14)
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Ú
‖e(u, β̃)‖

β̃
≤ ‖e(u, β)‖

β
. (1.15)

yyy²²².� t = ‖e(x, β̃)‖/‖e(x, β)‖,½n�(ØÒ��u�y² 1 ≤ t ≤ β̃/β.

5¿�§��dL�ª´ t����gØ�ª

(t− 1)(t− β̃/β) ≤ 0 (1.16)

�).Äk,dóäØ�ª (1.5),·�k

(v − PΩ(v))T (PΩ(v)− w) ≥ 0, ∀w ∈ Ω. (1.17)

3 (1.17)¥- w := PΩ[u− β̃F (u)]Ú v := u− βF (u),|^ e(u, β)�½ÂÚ

PΩ[u− βF (u)]− PΩ[u− β̃F (u)] = e(u, β̃)− e(u, β),

·���

{e(u, β)− βF (u)}T {e(u, β̃)− e(u, β)} ≥ 0. (1.18)

^�A��{(òþª¥� βÚ β̃p� �),��

{e(u, β̃)− β̃F (u)}T {e(u, β)− e(u, β̃)} ≥ 0. (1.19)
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©OòØ�ª (1.18)Ú (1.19)¦þ β̃Ú β,,�2ò§��\,·���

{β̃e(u, β)− βe(u, β̃)}T {e(u, β̃)− e(u, β)} ≥ 0 (1.20)

¿k

β‖e(x, β̃)‖2 − (β + β̃)e(x, β)T e(x, β̃) + β̃‖e(x, β)‖2 ≤ 0.

éþªæ^ Cauchy-SchwarzØ�ª,Òk

β‖e(x, β̃)‖2 − (β + β̃)‖e(x, β)‖ · ‖e(x, β̃)‖+ β̃‖e(x, β)‖2 ≤ 0. (1.21)

ò (1.21)Ø β‖e(x, β)‖2,¿|^ t�½ÂB�

t2 −
(

1 +
β̃

β

)
t+

β̃

β
≤ 0.

ÏdØ�ª (1.16)¤á,½n�y. �

½n 1.2`²,e± ‖e(u, β)‖��ÊÅ�Ø�Ýþ,~ê β > 0Ø¨L�,�

Ø¨L�.���(Ü¯K�Ôn¿Â�Ä.
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2 nnn���ÄÄÄ���ØØØ���ªªªÚÚÚÝÝÝKKKÂÂÂ   ���{{{

� u∗´C©Ø�ª VI(Ω, F )�).du ũ = PΩ[u− βF (u)] ∈ Ω,Ïd�â

C©Ø�ª�½Âk1��Ä�Ø�ª

(FI1) (ũ− u∗)TβF (u∗) ≥ 0

du u∗ ∈ Ω, ũ = PΩ[u− βF (u)] ´ u− βF (u) 3 Ω þ�ÝK.�âÝK

�Ä�5� (1.5), ·�k

(FI2) (ũ− u∗)T
(
[u− βF (u)]− ũ

)
≥ 0

Ï�·��Ä�´üNC©Ø�ª,�âüN�f�5�,k

(FI3) (ũ− u∗)T (βF (ũ)− βF (u∗)) ≥ 0

�
ÝKÂ �{�Ï���Ñ´lù
Ä�Ø�ª�Ñ�.
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ÝKÂ �{�Ä�µe

ÝKÂ �{�¶gÂ´ÄuÝK��«Â �{.é�½� β > 0Ú�c

: uk ,ÏLÝK ũk = PΩ[uk − βF (uk)]�� ũk .

�â½n 1.1,�c: uk´):�¿©7�^�´ uk = ũk .

Ø�Ýþ¼ê ���K¼ê ϕ(uk, ũk)¡�C©Ø�ª VI(Ω, F )�Ø

�Ýþ¼ê,XJk δ > 0,¦�

ϕ(uk, ũk) ≥ δ‖uk − ũk‖2, ¿� ϕ(uk, ũk) = 0 ⇔ uk = ũk. (2.1a)

k|�� ���þ d(uk, ũk)¡��Ø�Ýþ¼ê ϕ(uk, ũk)�'�

/k|��0(½ö¡�ål¼ê�þ,��) ,XJk

(uk − u∗)T d(uk, ũk) ≥ ϕ(uk, ũk), ∀u∗ ∈ Ω∗. (2.1b)

ÝKÂ �{�Ä�g�´�âC©Ø�ª�5�,�E���� d(uk, ũk),

¦§é�� u∗ ∈ Ω∗Ñk (2.1b)¤á.·�r ϕ(u, ũ)¡�/Ø�Ýþ¼ê0,

ò d(u, ũ)¡�/k|��0 (Profitable Direction).¦+ u∗´·��¦�,é
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?Û���½� u∗, (u− u∗)´ål¼ê 1
2
‖u− u∗‖23 u?�FÝ. (2.1b)�

þ (2.1a)ªL²−d(uk, ũk)´¼ê 1
2
‖u− u∗‖23 uk?���eü��.

ÝKÂ �{ (Projection Contraction Method)��±w�´�«ý���

�{ (Prediction-Correction Method). dÝK�� ũk ´ý�,|^k|��

)¤#�S�: uk+1�L§���.§��=©{�,Ñ´ P-C Method.

·��¦ÝKÂ �{�)�S�:�):ål,= ‖uk − u∗‖2î�üNe
ü.ùpk0� (2.1a)Ú (2.1b)¤á�,dÚ�(½#S�:�{K.

��Â �{ 3^� (2.1b)÷v�O�Ú��S�úª.±

uk+1(α) = uk − αd(uk, ũk) (2.2)

�)�6uÚ� α�#S�:.|^þª�	� α�'�ål²� áþ,

ϑk(α) = ‖uk − u∗‖2 − ‖uk+1(α)− u∗‖2

= ‖uk − u∗‖2 − ‖uk − u∗ − αd(uk, ũk)‖2

= 2α(uk − u∗)T d(uk, ũk)− α2‖d(uk, ũk)‖2. (2.3)

é?¿�½�(½): u∗, (2.3)L² ϑk(α)´ α��g¼ê.�´ u∗´��
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�,·�Ã{¦§�4�.ØL,|^ (2.1b)k

ϑk(α) ≥ 2αϕ(uk, ũk)− α2‖d(uk, ũk)‖2. (2.4)

òþªmà½Â� qk(α),·��� ϑk(α)���e.�g¼ê

qk(α) = 2αϕk(uk, ũk)− α2‖d(uk, ũk)‖2. (2.5)

¦�g¼ê qk(α)��4�� α∗k´

α∗k = ϕ(uk, ũk)/‖d(uk, ũk)‖2. (2.6)

XJ�

uk+1 = uk − α∗kd(uk, ũk). (2.7)

d (2.5)Ú (2.6),��

qk(α∗k) = α∗kϕ(uk, ũk),

S�úª (2.7)�)�S� {uk}Ø�½3 ΩS,%÷v

‖uk+1 − u∗‖2 ≤ ‖uk − u∗‖2 − α∗kϕ(uk, ũk).

Â �{��¿´�3zgS�¥4�z�g¼ê ϑk(α) (� (2.3)),du§

¹k��� u∗,·�Ø�®â4�z§�e.¼ê qk(α).
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O α* γα*

q(α)

ϑ(α)

α

� γ ∈ [1, 2)�«¿ã

Ïd,3¢SO�¥,·������tµÏf γ ∈ [1, 2),-

uk+1 = uk − γα∗kd(uk, ũk), (2.8)

Ù¥ γ ∈ [1, 2)¡�tµÏf.� γ ∈ [1, 2)�nd��«¿ã.
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d (2.5)Ú (2.6),��

qk(γα∗k) = 2γα∗kϕ(uk, ũk)− γ2(α∗k)2‖d(uk, ũk)‖2

= γ(2− γ)α∗kϕ(uk, ũk).

úª (2.8)�)�S� {uk}÷v

‖uk+1 − u∗‖2 ≤ ‖uk − u∗‖2 − γ(2− γ)α∗kϕ(uk, ũk). (2.9)

|^ (2.6)Ú (2.8),·���

α∗kϕ(uk, ũk) = ‖α∗kd(uk, ũk)‖2 =
1

γ2
‖uk − uk+1‖2.

�\ (2.9),·������d�Ø�ª

‖uk+1 − u∗‖2 ≤ ‖uk − u∗‖2 − 2− γ
γ
‖uk − uk+1‖2.

Ð�Â �{. �Äò (2.1a)¥� ϕ(uk, ũk) ≥ δ‖uk − ũk‖2U¤^�

ϕ(uk, ũk) ≥ 1

2

(
‖d(uk, ũk)‖2 + τ‖uk − ũk‖2

)
, (τ > 0). (2.10)
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·�ò^� (2.1b)Ú (2.10)÷v�,^ü Ú��S�úª

uk+1 = uk − d(uk, ũk), (2.11)

�)#S�:��{,¡� Primary Method (Ð��{).{üO���

‖uk+1 − u∗‖2 = ‖(uk − u∗)− d(uk, ũk)‖2

= ‖uk − u∗‖2 − 2(uk − u∗)T d(uk, ũk) + ‖d(uk, ũk)‖2

≤ ‖uk − u∗‖2 − (2ϕ(uk, ũk)− ‖d(uk, ũk)‖2).

Ïd,d (2.10)�)�S� {uk}÷v

‖uk+1 − u∗‖2 ≤ ‖uk − u∗‖2 − τ‖uk − ũk‖2. (2.12)

Ø�ª (2.9)Ú (2.12)`²S� {uk}´k.�,§�´�{Âñ�'�ªf.

|^ (2.1a)Ú½n 1.1,N´y²Xe�½n.

½½½nnn 2.1 � VI(Ω, F )�)8 Ω∗��,¿�k‖d(uk, ũk)‖ = O‖uk − ũk‖,K
ÝKÂ �{�)�S� {uk}Âñ� VI(Ω, F )�,�): u∗ ∈ Ω∗.

I�`²�´,3õê�¹e,·�ÌÜæ^O�Ú�(½#S�:���Â
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 �{.�,Ð�Â �{Ø��	O�Ú�,��â·��O�²�,��

Â �{'Ð�Â �{Âñ¯,o�O�s¤�.

♣ ��à`z¯K min {f(x) | x ∈ Ω} �duC©Ø�ª

x ∈ Ω, (x′ − x)T∇f(x) ≥ 0, ∀x′ ∈ Ω. (2.13)

XJ f(x)�g��,§� HessianÝ
∇2f(x)´é¡�.AO� f(x)´�

��gà¼ê�,§� HessianÝ
H ´é¡��½�.

·�ù�����5üNC©Ø�ªVI(Ω, F ),��¦

(u− v)T (F (u)− F (v)) ≥ 0,

¿Ø�¦�f F � JacobianÝ
∇F (u)é¡.�!�üN�5C©Ø�ª

��ÿ, F (u) = Mu+ q,·�¿Ø�¦M é¡,

��¦ M +MT ��½.

��à`z¯K´�aäkAÏ5��C©Ø�ª (2.13).|^Ù HessianÝ


�é¡5,U
�O�
�J�Ð�à`z¯K�Â �{,·�¬31�

ù¥?Ø.
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3 ÄÄÄuuu FI1 + FI2��� LVI���ÝÝÝKKKÂÂÂ   ���{{{

ù�!?Ø�C©Ø�ª VI(Ω, F )¥, F (u) = Mu+ q����f.E,P

ũ = PΩ[u− βF (u)].ò1�Ú1��Ä�Ø�ª (ũ− u∗)TβF (u∗) ≥ 0. (FI1)

(ũ− u∗)T
(
[u− βF (u)]− ũ

)
≥ 0. (FI2)

�\,é¤k� u ∈ <n,Ñk

{(u− u∗)− (u− ũ)}T {(u− ũ)− βM(u− u∗)} ≥ 0.

dþª����

(u− u∗)T (I + βMT )(u− ũ) ≥ ‖u− ũ‖2 + β(u− u∗)TM(u− u∗).

duM ��½,¤±

(u− u∗)T (I + βMT )(u− ũ) ≥ ‖u− ũ‖2, ∀u ∈ <n. (3.1)
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-

ϕ(u, ũ) = ‖u− ũ‖2 (3.2)

Ú

d(u, ũ) = (I + βMT )(u− ũ). (3.3)

d (3.2)½Â� ϕ(u, ũ)Úd (3.3)½Â� d(u, ũ)÷v^� (2.1a)Ú(2.1b).

Ù¥� δ = 1.^��Â �{,Kd (2.6)O�Ú� α∗k ,^S�ª (2.8)�)#

�S�: uk+1.äN`5,é�½� ukÚ~ê β > 0,-

ũk = PΩ[uk − β(Muk + q)].

2^

uk+1 = uk − γα∗k(I + βMT )(uk − ũk)

�)#�S�:,Ù¥

α∗k =
‖uk − ũk‖2

‖(I + βMT )(uk − ũk)‖2 .
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ù��)�S� {uk}÷v

‖uk+1 − u∗‖2 ≤ ‖uk − u∗‖2 − γ(2− γ)α∗k‖uk − ũk‖2.

3ù��{¥,ëê β�À�¬î­K�Âñ�Ý.���^ ”balance”�g

�,Ä�/N� βk ,¦�

βk‖MT (uk − ũk)‖ = µ · ‖uk − ũk‖, µ ∈ [0.5, 2].

♣ XJ¤�� β÷v

‖(I + βMT )(uk − ũk)‖2 ≤ (2− τ)‖uk − ũk‖2, τ ∈ (0, 1) (3.4)

d (3.2)½Â� ϕ(u, ũ)Úd (3.3)½Â� d(u, ũ)÷v

2ϕ(u, ũ) ≥ ‖d(u, ũ)‖2 + τ‖u− ũ‖2.

ù`²/î�^�0 (2.10)¤á,Ò�±^Ú�� 1�Ð�Â �{.

æ^Ð�Â �{�S�úª (2.11)�)#�S�: uk+1,d (2.12)k

‖uk+1 − u∗‖2 ≤ ‖uk − u∗‖2 − τ‖uk − ũk‖2.

3e�ù,·�ò±�/�áålÚ¯K0�~,ùãÝKÂ �{�õ�.
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|^ FI1Ú FI2�\��¦)�5C©Ø�ª��õ�{,�ë�©z [4]Ú

[5].Ø
�Äî¼�e�Â �{,·���±�Ä�½Ý
G-�e�Â 

�{.AO/,e�ÄG = (I + βMT )(I + βM)-�e ‖uk − u∗‖2G�eüþ.

K�æ^S�úª

uk+1 = uk − γ(I + βM)−1(uk − ũk), γ ∈ (0, 2). (3.5)

�âþªÒk

‖uk+1 − u∗‖2G = ‖(uk − u∗)− γ(I + βM)−1(uk − ũk)‖2G
= ‖uk − u∗‖2G − 2γ(uk − u∗)T (I + βMT )(uk − ũk)

+ γ2‖(I + βM)−1(uk − ũk)‖2G.

|^ (3.1)ÚG = (I + βMT )(I + βM),lþª��

‖uk+1 − u∗‖2G ≤ ‖uk − u∗‖2G − 2γ‖uk − ũk‖2 + γ2‖uk − ũk‖2

= ‖uk − u∗‖2G − γ(2− γ)‖uk − ũk‖2.

ù�G-�e�Â �{,Ø^O�Ú�.S�ª (3.5)��u¦)�5�§|

(I + βM)(uk+1 − uk) = γ(ũk − uk).
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�5C©Ø�ª¥Ý
M �é¡��½��/

�Ý
M �é¡��½��ÿ,·�òÙP�H , (3.1)ÒC¤

(u− u∗)T (I + βH)(u− ũ) ≥ ‖u− ũ‖2, ∀u ∈ <n. (3.6)

ù�G = I + βH ´�½Ý
,·��ÄG-�e�Â �{.^

uk+1 = uk − γα∗k(uk − ũk), α∗k =
‖uk − ũk‖2

‖uk − ũk‖2G
, γ ∈ (0, 2) (3.7)

�)#�S�:.|^ (3.6)Òk

‖uk+1 − u∗‖2G = ‖(uk − u∗)− γα∗k(uk − ũk)‖2G
= ‖uk − u∗‖2G − 2γα∗k(uk − u∗)TG(uk − ũk) + γ2(α∗k)2‖uk − ũk‖2G
≤ ‖uk − u∗‖2G − 2γα∗k‖uk − ũk‖2 + γ2(α∗k)2‖uk − ũk‖2G.

du α∗k‖uk − ũk‖2G = ‖uk − ũk‖2,�âþª,S�S� {uk}äkÂ 5�

‖uk+1 − u∗‖2G ≤ ‖uk − u∗‖2G − γ(2− γ)α∗k‖uk − ũk‖2.

þª´y²�{Âñ�'�Ø�ª.
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4 ÄÄÄuuu FI1+FI2+FI3��� NVI���ÝÝÝKKKÂÂÂ   ���{{{

·��Ä¦)�����5üNC©Ø�ª (1.1)�¦)�{.é�½� u,P

ũ = PΩ[u− βF (u)].ò (FI1), (FI2)Ú (FI3)n�Ø�ª
(ũ− u∗)TβF (u∗) ≥ 0 (FI1)

(ũ− u∗)T
(
[u− βF (u)]− ũ

)
≥ 0 (FI2)

(ũ− u∗)T
(
βF (ũ)− βF (u∗)

)
≥ 0 (FI3)

�\,é¤k� u ∈ <n,Ñk

(ũ− u∗)T {(u− ũ)− β[F (u)− F (ũ)]} ≥ 0.

·�½Â

ϕ(u, ũ) = (u− ũ)T d(u, ũ), (4.1)

Ú

d(u, ũ) = (u− ũ)− β
(
F (u)− F (ũ)

)
. (4.2)
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l
é��� u ∈ <n,Ñk

(u− u∗)T d(u, ũ) ≥ ϕ(u, ũ).

ÝKÂ �{¥^�¥� (2.1b)¤á.éu��(½� ν ∈ (0, 1),o�±æ

^ArmijoEâé�f?1N',¦�

(u− ũ)T
(
βF (u)− βF (ũ)

)
≤ ν‖u− ũ‖2 (4.3)

¤á (O��  Ó�¦� β‖F (u)− F (ũ)‖ = O(‖u− ũ‖).�â (4.2)Òk

ϕ(u, ũ) = (u− ũ)T d(u, ũ)

= ‖u− ũ‖2 − (u− ũ)Tβ
(
F (u)− F (ũ)

)
≥ (1− ν)‖u− ũ‖2.

d (4.1)½Â� ϕ(u, ũ)Úd (4.2)½Â� d(u, ũ)÷v^� (2.1a)Ú (2.1b).

¿�Ù¥� δ = 1− ν.æ^tµS�úª (2.8)¦)üNC©Ø�ª,�)�

S� {uk}÷v

‖uk+1 − u∗‖2 ≤ ‖uk − u∗‖2 − γ(2− γ)α∗k(1− ν)‖uk − ũk‖2.
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♣ AO/,�

β‖F (u)− F (ũ)‖ ≤ ν‖u− ũ‖ (4.4)

�,d (4.2)½Â� d(u, ũ)Úd (4.1)½Â� ϕ(u, ũ)÷v

2ϕ(u, ũ)− ‖d(u, ũ)‖2

= 2(u− ũ)T d(u, ũ)− ‖d(u, ũ)‖2

= d(u, ũ)T
{

2(u− ũ)− d(u, ũ)
}

=
{

(u− ũ)− β
(
F (u)− F (ũ)

)}T{
(u− ũ) + β

(
F (u)− F (ũ)

)}
= ‖u− ũ‖2 − β2‖F (u)− F (ũ)‖2 ≥ (1− ν2)‖u− ũ‖2. (4.5)

ù`²^� (2.10)¤á,Ù¥ τ = 1− ν2.

æ^ Primary Method�S�úª (2.11),�â (2.12)��

‖uk+1 − u∗‖2 ≤ ‖uk − u∗‖2 − (1− ν2)‖uk − ũk‖2.

k'Ø©�� [6, 12].é�é¡�C©Ø�ª,=¦/î�^�0 (4.4)÷v,

·��´ÌÜæ^O�Ú�û½e��S�:�úª

uk+1 = uk − γα∗kd(uk, ũk),
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Ù¥

α∗k =
(uk − ũk)T d(uk, ũk)

‖d(uk, ũk)‖2 .

3^� (4.4)÷v� (4.5)�àî��u",Ï
é¤k� k,Ñk α∗k > 1/2.

'un�Ä�Ø�ª�J{±9�'�{��·�Ø© [6] (Ð�´H®�Æ

êÆïÄ¤ Preprint 94-11)Ú [15]. Sun Defeng 1992clH®�Æa¬.�

��Õáuy^�� (4.2)�EÝKÂ �{,Ø©�� [12].a� Sun�c3

Ø© [12]� FootnoteÚë�©z¥ÑJ� [6].

���������{{{! The construction of projection contraction algorithms

is based on three fundamental inequalities. Its principle is simple
and unified, it gives us beautiful enjoyment !

'u��5üNC©Ø�ª�¦),®���{´	FÝ�{ [9].ù�ù·

��SüþãÝKÂ �{�	FÝ�{�'�.
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5 			FFFÝÝÝ���{{{

CAc5,	FÝ�{ (Extra-gradient methods) [9]��{�
¶� (US{Z

æ�Æ, 2007, õÔõ�Æ, 2009, UC Berkeley, 2009,xÔ'æ�Æ, 2009)�

Æ¬�3�Ñ£O!1n�ä!ÅìÆS�ïÄ¥Ú^.éXÛJp	FÝ

�{�{Âñ�Ý,Æ¬Ø©��öïÆ?�Úë��'�©Ù [8].

			FFFÝÝÝ���{{{ 	FÝ�{,¢Sþ´é PPA�{æ^ý�¨���5�.

Let us first briefly review the Proximal point Algorithm for VI(Ω, F ) (1.1). PPA is an

iterative method. For given uk and r > 0, the new iterate uk+1 is the solution of the

following variational inequality:

uk+1 ∈ Ω, (u− uk+1)T {F (uk+1) + r(uk+1 − uk)} ≥ 0, ∀ u ∈ Ω. (5.1)

It is clear that uk+1 is a solution of (1.1) if and only if uk+1 = uk . In the case of

uk+1 6= uk , by setting u = u∗ in (5.1), we obtain

(uk+1 − u∗)T r(uk − uk+1) ≥ (uk+1 − u∗)TF (uk+1).



II - 31

Because F is monotone, we have

(uk+1 − u∗)TF (uk+1) = (uk+1 − u∗)TF (u∗) ≥ 0

and consequently, we obtain

(uk+1 − u∗)T (uk − uk+1) ≥ 0,

and thus

(uk − u∗)T (uk − uk+1) ≥ ‖uk − uk+1‖2.

By using the last inequality, we obtain

‖uk+1 − u∗‖2 ≤ ‖uk − u∗‖2 − ‖uk − uk+1‖2. (5.2)

The sequence {uk} generated by PPA is Fejér monotone.

The sequence {uk} generated by PPA has nice convergence property, however, the

subproblem (5.1) is almost difficult as the original problem (1.1). Thus, the classical PPA is

not widely used in the application.

By using β = 1/r in (5.1), uk+1 can be viewed as

uk+1 ∈ Ω, (u− uk+1)T {(uk+1 − uk) + βF (uk+1)} ≥ 0, ∀ u ∈ Ω. (5.3)
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By using the equivalent representation of VI (see Theorem 1.1), it can be written as

uk+1 = PΩ

[
uk+1 − {(uk+1 − uk) + βF (uk+1)}

]
and thus

uk+1 = PΩ[uk − βF (uk+1)]. (5.4)

It is difficult to directly get the solution of (5.4). Replacing uk+1 in the right hand side of

(5.4) by uk , we denote the output by

ũk = PΩ[uk − βF (uk)], (5.5a)

and it called a predictor. Then, replacing uk+1 in the right hand side of (5.4) by the

predictor ũk , we obtain the (corrector) new iterate

uk+1 = PΩ[uk − βF (ũk)] (5.5b)

The method (5.5) is called the extra-gradient method (EG-method). Each iteration of the

EG method includes two projections on Ω. In the prediction step, the parameter β should

be chosen to satisfy the following condition:

β‖F (uk)− F (ũk)‖ ≤ ν‖uk − ũk‖, ν ∈ (0, 1). (5.6)
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			FFFÝÝÝ���{{{���ÂÂÂñññ555©©©ÛÛÛ 	FÝ�{Âñ5�y²Ì�^ÝK�Ä�

5� (1.5)Úd§��� (1.9).

♣ Äk,du uk+1´ uk − βF (ũk)� Ωþ�ÝK,�âÝK5� (1.9)k

‖uk+1 − u∗‖2 ≤ ‖(uk − βF (ũk))− u∗‖2 − ‖(uk − βF (ũk))− uk+1‖2. (5.7)'

&

$

%

pukH
HHHHpuk − βF (ũk)puk+1 p

pu∗






��
�
��
��

Ω

Geometric interpretation of inequality (5.7)

z{ (5.7)ª,��

‖uk+1 − u∗‖2 ≤ ‖uk − u∗‖2 − ‖uk − uk+1‖2 − 2(uk+1 − u∗)TβF (ũk).
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3þªmà\þ (ũk − u∗)TF (ũk) ≥ (ũk − u∗)TF (u∗) ≥ 0�ù��,Òk

‖uk+1−u∗‖2 ≤ ‖uk −u∗‖2−‖uk −uk+1‖2− 2(uk+1− ũk)TβF (ũk). (5.8)

2ò (5.8)ªmà¥�²�� ‖uk − uk+1‖2 �¤

‖uk − uk+1‖2 = ‖uk − ũk‖2 + ‖ũk − uk+1‖2 + 2(ũk − uk+1)T (uk − ũk),

¿?�Ú�Ü,Òk

‖uk+1 − u∗‖2 ≤ ‖uk − u∗‖2 − ‖uk − ũk‖2 − ‖ũk − uk+1‖2

+2(uk+1 − ũk)T {uk − βF (ũk)− ũk}. (5.9)

♣ �X,·�é ũk^ÝK�Ä�5� (1.5). du ũk´ uk − βF (uk)� Ω

þ�ÝK¿� uk+1 ∈ Ω,�â (1.5),k

2(ũk − uk+1)T {[uk − βF (uk)]− ũk} ≥ 0.

òþª\� (5.9)�mà,��

‖uk+1 − u∗‖2 ≤ ‖uk − u∗‖2 − ‖uk − ũk‖2 − ‖ũk − uk+1‖2

+2(uk+1 − ũk)T {βF (uk)− βF (ũk)}. (5.10)
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♣ é (5.10)ª¥mà�¹����^ Cauchy–SchwarzØ�ª,

2(uk+1 − ũk)T {βF (uk)− βF (ũk)}

≤ ‖uk+1 − ũk‖2 + β2‖F (uk)− βF (ũk)‖2,

¿�\ (5.10)Ò��

‖uk+1 − u∗‖2 ≤ ‖uk − u∗‖2 − ‖uk − ũk‖2 + β2‖F (uk)− F (ũk)‖2. (5.11)

			FFFÝÝÝ���{{{ÂÂÂ   555��� �â (5.11),3^� (5.6)÷v��¹e,d	FÝ{

(5.5))¤�S� {uk}÷v

‖uk+1 − u∗‖2 ≤ ‖uk − u∗‖2 − (1− ν2)‖uk − ũk‖2. (5.12)

¤±,	FÝ�{�´��Â �{.ùp�Ñ� (5.12)´	FÝ�{Âñ�

'�Ø�ª.þ¡J��ïÄ¥¦^	FÝ�{,®²^
·�3 [8]¥JÑ

��
`züÑ.y²ù�(JI�^��=´ÝK�f�óäØ�ª (1.5)

Ú (1.9).Öö��±ë�ãÍ [1]1�ò� 1115-1118�'u	FÝ�{�Â

ñ5y².
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6 êêê���ÁÁÁ���
ù�!·�^¦)üN��5pÖ¯K£C©Ø�ª VI(Ω, F )¥ Ω = <n

+

�AÏ/ª¤

u ≥ 0, F (u) ≥ 0, uTF (u) = 0,

5`²ÝKÂ �{'	FÝ�{k²w`³.3�~¥·��

F (u) = D(u) +Mu+ q,

Ù¥Mu+ qÚD(u)ÚO´ F (u)��5Ú��5Ü©.)¤�5Ü©

Mu+ qæ^aqu [2]a��ª,^e¡��é)¤:

A=(rand(n,n)-0.5)*10; B=(rand(n,n)-0.5)*10; B=B-B’; M=A’*A+B;

q=(rand(n,1)-0.5)*1000; ½ö q=(rand(n,1)-1.0)*500;

��5Ü©D(u)�z�©þDj(u) = dj ∗ arctan(uj),Ù¥ dj ´ (0, 1)�m

��Åê,aq��{�� [13]b.
aIn the paper by Harker and Pang [2], the matrix M = ATA + B + D, where A and B are

the same matrices as here, and D is a diagonal matrix with uniformly distributed random variable

djj ∈ (0.0, 0.3). In our test examples djj ≡ 0.
bIn [13], the components of nonlinear mappingD(u) areDj(u) = constat∗arctan(uj). Thus,

Dj(u) in our test example is more general.
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3 [8]¥,·�®²ò	FÝ�{°[z,æ^Xe�§Sµ

Refined extra-gradient method:

Step 0. Set β0 = 1, ν ∈ (0, 1), u0 ∈ Ω and k = 0.

Step 1. ũk = PΩ[uk − βkF (uk)],

rk :=
βk‖F (uk)− F (ũk)‖

‖uk − ũk‖ ,

while rk > ν, βk := 2
3
βk ∗min{1, 1

rk
},

ũk = PΩ[uk − βkF (uk)],

rk :=
βk‖F (uk)− F (ũk)‖

‖uk − ũk‖ ,

end(while)

uk+1 = PΩ[uk − βkF (ũk)],

If rk ≤ µ then βk := βk ∗ 1.5, end(if)

Step 2. βk+1 = βk and k = k + 1, go to Step 1.

CAc<�3�Ñ£O,1n�ä,ÅìÆS�ïÄ¥¦^	FÝ�{�,æ

^þã§S�Ñ� If rk ≤ µ then βk := βk ∗ 1.5 end(if) ��{.·��O

�¢�`²,XJÑ�ùé{,ò��O\S�Úê,k�$���O��}.
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�A�ÝKÂ �{´(�	FÝ�{�	I��O�þ^�µIÑ)µ

Projection and Contraction Method:

Step 0. Set β0 = 1, ν ∈ (0, 1), u0 ∈ Ω and k = 0.

Step 1. ũk = PΩ[uk − βkF (uk)],

rk :=
βk‖F (uk)− F (ũk)‖

‖uk − ũk‖ ,

while rk > ν, βk := 2
3
βk ∗min{1, 1

rk
},

ũk = PΩ[uk − βkF (uk)]

rk :=
βk‖F (uk)− F (ũk)‖

‖uk − ũk‖ ,

end(while)

d(uk, ũk) = (uk− ũk)−βk[F (uk)−F (ũk)],

αk =
(uk − ũk)T d(uk, ũk)

‖d(uk, ũk)‖2 ,

uk+1 = uk − γαkd(uk, ũk),

If rk ≤ µ then βk := βk ∗ 1.5, end(if)

Step 2. βk+1 = βk and k = k + 1, go to Step 1.
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	FÝ�{Úùp��'��ÝKÂ �{,Ñ�±w�´ý�-���{.

§�^Ó��úª

ũk = PΩ[uk − βF (uk)]

�)ý�: ũk .�
?1�Ç'�,·�Ñ�¦ý�:÷v (� (5.6))

β‖F (uk)− F (ũk)‖ ≤ ν‖uk − ũk‖, ν ∈ (0, 1).

¤ØÓ�Ò´	FÝ�{^ (� (5.5b))��úª

uk+1 = PΩ[uk − βF (ũk)]

�)#�S�: uk+1.
ÝKÂ �{û½e��S�:���úª´

uk+1 = uk − γα∗kd(uk, ũk),

Ù¥��d (� (4.2))

d(uk, ũk) = (uk − ũk)− β
(
F (uk)− F (ũk)

)
,

�Ñ.Ú�Kd

α∗k = (uk − ũk)T d(uk, ũk)/‖d(uk, ũk)‖2

(½.ÝKÂ �{O�Ú���	ó�þ´Ø��,��´Ø^ÝK�.
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e¡·��Ñü«ØÓ�{�Matlab§S

The Matlab Code of the Refined extra-gradient Method

function REG(n,M,q,d,xstart,tol,pfq) %(1)

fprintf(’Extragragient Method by Korpelevich n=%4d \n’,n); %(2)

x=xstart; Fx= d.*atan(x) + M*x + q; stopc=norm(x-max(x-Fx,0),inf); %(3)

beta=1; k=0; l=0; tic; %(4)

while (stopc>tol && k<=2000) %(5)

if mod(k,pfq)==0 fprintf(’ k=%4d epsm=%9.3e \n’,k,stopc); end; %(6)

x0=x; Fx0=Fx; k=k+1; %(7)

x=max(x0-Fx0*beta,0); Fx=d.*atan(x) + M*x + q; l=l+1; %(8)

dx=x0-x; df=(Fx0-Fx)*beta; %(9)

r=norm(df)/norm(dx); %(10)

while r>0.9 beta=0.7*beta*min(1,1/r); l=l+1; %(11)

x=max(x0-Fx0*beta,0); Fx=d.*atan(x) + M*x + q; %(12)

dx=x0-x; df=(Fx0-Fx)*beta; r=norm(df)/norm(dx); %(13)

end; %(14)

x=max(x0-Fx*beta,0); %(15)

Fx= d.*atan(x) + M*x + q; l=l+1; %(16)

ex=x-max(x-Fx,0); stopc=norm(ex,inf); %(17)

if r <0.4 beta=beta*1.5; end; %(18)

end; toc; fprintf(’ k=%4d epsm=%9.3e l=%4d \n’,k,stopc,l); %%%%

ò	FÝ�{¥1 (15)1U¤e¡�1(15)-(16)1,Ò´ÝKÂ �{�§S.
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The Matlab Code of The Projection and Contraction Method

function PC_G(n,M,q,d,xstart,tol,pfq) %(1)

fprintf(’PC Method use Direction D1 with gamma a* n=%4d \n’,n); %(2)

x=xstart; Fx= d.*atan(x) + M*x + q; stopc=norm(x-max(x-Fx,0),inf); %(3)

beta=1; k=0; l=0; tic; %(4)

while (stopc>tol && k<=2000) %(5)

if mod(k,pfq)==0 fprintf(’ k=%4d epsm=%9.3e \n’,k,stopc); end; %(6)

x0=x; Fx0=Fx; k=k+1; %(7)

x=max(x0-Fx0*beta,0); Fx=d.*atan(x) + M*x + q; l=l+1; %(8)

dx=x0-x; df=(Fx0-Fx)*beta; %(9)

r=norm(df)/norm(dx); %(10)

while r>0.9 beta=0.7*beta*min(1,1/r); l=l+1; %(11)

x=max(x0-Fx0*beta,0); Fx=d.*atan(x) + M*x + q; %(12)

dx=x0-x; df=(Fx0-Fx)*beta; r=norm(df)/norm(dx); %(13)

end; %(14)

dxf=dx-df; r1=dx’*dxf; r2=dxf’*dxf; alpha=r1/r2; %(15)

x=x0- dxf*alpha*1.9; %(16)

Fx= d.*atan(x) + M*x + q; l=l+1; %(17)

ex=x-max(x-Fx,0); stopc=norm(ex,inf); %(18)

if r <0.4 beta=beta*1.5; end; %(19)

end; toc; fprintf(’ k=%4d epsm=%9.3e l=%4d \n’,k,stopc,l); %%%%
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NCP�O�(J 1 Easy Problems q ∈ (−500, 500)

Extra-gradient Method General PC-Method

n = No. It No. F CPU No. It No. F CPU
500 724 1485 0.26 468 977 0.17

1000 804 1650 2.85 514 1079 1.86
2000 776 1593 10.33 407 864 5.63

NCP�O�(J 2 Hard Problems q ∈ (−500, 0)

Extra-gradient Method General PC-Method

n = No. It No. F CPU No. It No. F CPU
500 1453 2983 0.53 865 1824 0.33

1000 2026 4159 7.12 1199 2553 4.38
2000 1702 3494 22.45 1025 2177 14.00

The PC method converges faster than the refined extra-gradient method.

It. No. of Projection and Contraction Method

It. No. of The refined extra-gradient Method
≈ 60%.

♣§S3N�� Codes-02¥µ$1 demo.mÑ\ nÒ�±,Ù¥��±ÀJ

ØÓ¯Ka.. REG.mÚ PC-G.m©O´	FÝ�{ÚÝKÂ �{�f§S.
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ÊÅOKæ^
ýéØ�.duzÚS��ó�þ´O(n2)�,�¯K5�',o�O

�þ´A� n3,ó�þ´Ø��.ÝKÂ �{'	FÝ�{zgS�¥�õO��

�Ú�,ó�þ´O(n),ù3��O�¥'­´é��.

I��Ñ,3zgS�¥,ùp�Â �{���gÝK,	FÝ{��ügÝK.3þ

¡��~¥,O�ÝK´�
´Þ�.
3ÅìÆS�¯K¥,k�¤��´�õ¡N

þ�ÝK,ÝKÓ
oó�þ�ý�Ü©.éùa^	FÝ�{¦)�¯K,·�AO

í�U^�ù0��zgS��^�gÝK�Â �{.§s¤�o�O��m¬'

°[�	FÝ�{�!� 2/3.

æ^ Refined Extra-gradient methods��
Æ¬Ø©

• Fei Sha, Large Margin Training of Acoustic Models for Speech Recognition, PhD Thesis,

Computer and Information Science, University of Pennsylvania, 2007. �Ñ£O

• Yan Pan, A game theoretical approach to constrained OSNR optimization problems in optical

network, PhD Thesis, Electrical & Computer Engineering. University of Toronto, 2009. 1n�ä

• Simon Lacoste-Julien, Discriminative Machine Learning with Structure, PhD Thesis, Computer

Science. University of California, Berkeley, 2009. ÅìÆS

• A. G. Howard, Large Margin, Transformation Learning, PhD Thesis, Graduate School of Arts and

Science. Columbia University, 2009. ÅìÆS



II - 44

References
[1] F. Facchinei and J.S. Pang, Finite-dimensional variational inequality and complementarity problems, Volume I

and II, Springer Series in Operations Research, 2003.

[2] Harker, P.T. Harker and J.S. Pang A damped-Newton method for the linear complementarity problem, Lectures
in Applied Mathematics 26, 265–284, 1990.

[3] B.S. He, A projection and contraction method for a class of linear complementarity problems and its application
in convex quadratic programming, Applied Mathematics and Optimization, 25, 247–262, 1992.

[4] B.S. He, A new method for a class of linear variational inequalities, Math. Progr., 66, 137-144, 1994.

[5] B.S. He, Solving a class of linear projection equations, Numerische Mathematik, 68, 71-80, 1994.

[6] B.S. He, A class of projection and contraction methods for monotone variational inequalities, Applied
Mathematics and Optimization, 35, 69-76, 1997.

[7] B. S. He, Solving trust region problem in large scale optimization, J. Compu. Math. 18, 1-12, 2000

[8] B.S He and L-Z Liao, Improvements of some projection methods for monotone nonlinear variational inequalities,
Journal of Optimization Theory and Applications, 112, 111-128, 2002

[9] G. M. Korpelevich. The extragradient method for finding saddle points and other problems, Ekonomika i
Matematicheskie Metody, 12, 747-756, 1976.

[10] J. Stoer and C. Witzgall, Convexity and Optimization in Finite Dimension I. Springer-Verlag, 1970.

[11] D.F. Sun, A new step-size skill for solving a class of nonlinear projection equations, JCM, 13, 357-368, 1995.

[12] D.F. Sun, A class of iterative methods for solving nonlinear projection equations, JOTA 91, 123-140, 1996.

[13] K. Taji, M. Fukushima, and T. Ibaraki, A globally convergent Newton method for solving strongly monotone
variational inequalities, Math. Progr. 58, 369-383, 1993.

[14] T. Zhu and Z. G. Yu, A simple proof for some important properties of the projection mapping. Math. Inequal.
Appl. 7, 453–456, 2004.

[15] Û]),Ø¦)üNC©Ø�ª��
ÝKÂ �{,;O�êÆ<, 18, 54-60, 1996.


