L FNE

W: =&

E_
T ANFINRIHL

LANAPFIFH
N AR E X

Three fundamental inequalities and the projection

and contraction methods for

FARAFHFR

hebmaldnju.

variational inequalities

{a]fE

edu.cn

The context of this lecture is mainly based on the publicatios [4, 6]



1 Basic properties of Projection Mapping and
Variational Inequality

Let 2 C R™ be a closed convex set, F' be a mapping from R" to itself . We
investigate the solution methods for monotone variational inequality

VI, F)  uw e, (u—u")'F(u*) >0, Vuecl (1.1)

We say the variational inequalit VI(€2, F') is monotone, when its operator F' is
monotone. In other words, it satisfies

(u —v) ' (F(u) — F(v)) >0, Yu,v e R"(orQ).

If F'(u) = Mwu + q, where M is n by n matrix and ¢ € R", F'is an affine
operator and the problem is a linear variational inequality (abbreviated to LVI). A
LVI is monotone when

w! Mu >0, YueR".

In the above case, although M is not symmetric, we say M is positive semidefi-
nite because the symmetric matrix M + M is positive semidefinite.



Especially, when M is skew-symmetric, i. e., M1 = —M, then u! Mwu = 0. In
this case, the affine operator F'(u) = Mwu + ¢ is monotone.

Let {2 C " be a convex closed set and f be a convex function on 2. Assume

that f is differentiable on a open set that contains §2. Then f is convex if and

fly) = f(z) > V() (y—x), Vo,ye (1.2)

This assertion can be found in

only if

e R. Fletcher, Practical Methods of Optimization, Second Edition, §9.4. pp.
214-215, John Wiley & Sons, 1987.

Exchange the positions of x and y in (1.2), we get

fx) = fly) > Vi)' (= -y), Yz,yec (1.3)
Adding (1.2) and (1.3), it follows that
(y—2)" (Vf(y) = Vf(z) >0, Vo,ye. (1.4)

Thus, the gradient operator of the differentiable convex function is monotone.



1.1 Basic properties of the projection mapping
We use Pq(-) to denote the projection on 2 in Euclidean-norm, i. e. ,
Pqo(v) = argmin{||lu — v|| |u € Q}.

An equivalent expression is P (v) = arg min{$|ju — v||* |u € Q}. When
() = R (the nonnegative orthant in RN"), each element of P (v) is given by

(Po(v)); = { vj, i v 2 0;

0, otherwise.

When Q2 = B(c,r) = {c + ru| ||u|| < 1}, aballin R™ with radius  centered

on ¢, then
r(v—c) : B .
pﬂ<v>:{ fomep T 1 o=l =7

v, otherwise.

The unit ball in [, and [; norm centered on the origin are denoted by

By ={u € R"|||u||loo <1} and By = {u € R"|||u||s < 1},



respectively. The projection on B, and B are depicted in the following figures:
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Fig.1 Projection on B, Fig.2 Projection on B,

The following lemma illustrates an important property of the projection mapping.

Lemma 1.1 Let ) C R"™ be a closed convex set and Pq(+) be the projection on
(2. It holds that

(v — Po(v))! (u— Pa(v)) <0, Yve&R" Vuc (1.5)



4 .

u — Pq(v)

PQ(U) ~ v
K Q / v — Pqo(v)

Fig.3 Geometric interpretation of the inequality (1.5)

Proof. First, since Po(v) = argmin{||lu — v|| | u € 2}, we have
|lv — Pa(v)|| < [lv—w]|, Yw e Q.

Because Pqn(v) € Q2 and €2 C R is closed and convex, then for any u € €2 and
6 € (0,1), it holds that

w:=60u+ (1 —0)Pa(v) = Po(v) 4+ 0(u — Pa(v)) € (.
For this w, by using (1.6), it follows that

lv = Pa(u)|* < llv —w|® = [Jv = Pa(v) = 0(u — Pa(v))|I”.



Expanding the last inequality, for any u € 2 and 6 € (0, 1), we have
0
[0 — Pa(v)]" [u — Pa(v)] < Sllu— Po(v)|*.

Let & — 04, we get the assertion (1.5). [

In the analysis of the projection and contraction methods, the inequality (1.5) is
most important and useful. We call it as the Tool inequality of the projection

operator. By using (1.5), it is easy to prove the following lemma.

Lemma 1.2 Let 2 C R"™ be a closed convex set, we have

Pao(v) — Po(u)|| < |lv —ul||, Vu,veR"™. (1.7)
Po(v) —u|| < ||lv—ul, VveR" uel. (1.8)
Po(v) —ul® < [lv—ul* = [lv = Pa(v)|]*, Yv € R",u € Q. (1.9)

We leave the proofs to the reader.



1.2 The equivalent projection equation of
the variational inequality

Assume that the solution set of (1.1), denoted by 2*, is nonempty. The solution
set of monotone variational inequality is convex, its proof can be found in
Theorem 2.3.5 [1]. We use u™ to denote any fixed point in £2*. For any scalar

B > 0, the following statement is true.

u eV & u= Polu— BF(u)l.

/ g \
~ut — BF(u")

EF(u”) u*[Palu” — BF(u")]"

Fig.4 Geometric interpretation of u* € Q" & u* = Po[u™ — BF(u")]



In other words, solving the variational inequality (1.1) is equivalent to finding a
zero point of e(u, 3), where

e(u, ) =u — Pqlu — BF(u)] (1.10)
e(u, B)|| can

be viewed as the error which measure how much u fails to be a solution point.

The proof will be given in Theorem 1.1. Thus, for a given 5 > 0,

Theorem 1.1 For given 3 > 0, u* is a solution point od VI(), F) if and only if
e(u*,B) = 0.

Proof. “ =" Letu™ be a solution point of VI(£2, F"), we show e(u*, 3) = 0. Since
u” € ). By using the tool inequality (1.5), we get

(v — Pg(v))T(u* — Po(v)) <0, YveR"

Setting v = u* — SF(u™) in the above inequality and using the notation of e(u, ), it
follows from the last inequality that (e(u*, 8) — BF (u*)) e(u*, B) < 0, and thus

le(u®, B)||* < Be(u", B)" F(u"). (1.11)
On the other hand, because Po[u™ — SF (u™)] € Q and u™ is a solution of the VI, it
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follows from (1.1) that
{Polu* — BF(u")] —u*} F(u*) >0,
and thus
e(u*,8)" F(u*) <O0. (1.12)
From (1.11) and (1.12), we get e(u™, 5) = 0.
“<="fe(u”, B) =0, weshowu™ € Q. Taking v = u* — SF(u™) in (1.5) and

using the notation e(u", 5), we have

{e(u*,B) — BF(u )} {u — Polu* — BF(u)]} <0, YueQ.  (1.13)

Since e(u”, 8) = 0,u™ = Pq(-) € Qand Polu™ — BF(u™)] = u™. Substituting
them in (1.13), we get

weQ, (u—u)'Fu) >0, Yueq,

Thus u™ is a solution of VI(€2, F'). The proof is complete. [

The following theorem tells us, for any fixed u, ||e(u, B)|| is a non-decreasing
function of 3, and {||e(u, B)||/5} is a non-increasing function of 5. Our proof is

taken from [14], where the tool inequality (1.5) plays a key role.



Theorem 1.2 For any givenu € R™ and B > B > 0, we have

le(u, B)II = lle(u, B)| (1.14)
and ~
leCu, B)II _ lle(u, B)|
P < . (1.15)
p B
Proof. Let t = ||e(x, B)||/||e(x, B)]|, the assertions of this theorem is equivalent to
1<t <B/B.
In other words, 1 is the solution of the quadratic inequality
(t—1)(t—pB/B) <0. (1.16)
First, since Po(w) € €2, according to the tool inequality (1.5), we have
(v — Po(v))" (Pa(v) — Po(w)) >0, YveR" (1.17)

Setting v := u — F(u) and w := Pqlu — BF (u)] in (1.17), using the definition of
e(u, B3), it follows that (v — Pa(v)) = e(u, 8) — BF(u) and

Po(v) — Pa(w) = Palu — BF(u)] = Pa[u — BF(u)] = e(u, B) — e(u, B).

- 11



Substituting it in (1.17), we get

{e(u, B) — BF(u)}" {e(u, B) — e(u, B)} > 0.

Change the position of 3 and B in (1.18), it follows that

{e(u, B) — BF(u)}" {e(u, B) — e(u, B)} > 0.

(1.18)

(1.19)

Multiplying (1.18) and (1.19) by B and (3, respectively, and then adding them up, we have

{Be(u, B) — Be(u, B)} {e(u, B) — e(u, f)} > 0,

and thus

Blle(z, B)I* — (B + B)e(x, B)" e(x, B) + Blle(=, B)||* < 0.

Using Cauchy-Schwarz inequality to (1.20),

Blle(, B)II> — (B + B)lle(z, )| - lle(=, B)II + Blle(z, B)II” < 0.

Dividing (1.21) by B|e(z, B)||?, and using t = ||e(x, B) ||/ |le(z, B) I,

t2—(1+g)t+§§0.

Thus, the inequality (1.16) is true, and the proof of this theorem is complete.

(1.20)

(1.21)

]
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Although Theorem 1.1 indicates that, for any 3 > 0, w is a solution of (1.1) if and

only if e(u, 3) = 0. Theorem 1.2 tell us, if we use ||e(u, §)|| as the error
measure, the constant parameter 5 > 0 should not be too large or too small.
Generally, it should be considered in combination with the physical significance of

the considered problem.

2 Three fundamental inequalities and
Projection and Contraction Methods

Three fundamental inequalities | Let u™ be any given solution of the monotone

variational inequality (1.1). Because &t = Pq|u — BF'(u)] € €2, according to
the definition of VI, we have

(FI) (@ —u*)BF(u*) > 0.

Setting v = u — BF'(u) in (1.5), since & = Pqlu — 8F(u)] = Pq|v] and
u* € (), according to the tool inequality (1.5), we have

IN-13



The variational inequalities considered in this Lecture Series is monotone,

according to the monotonicity of the operator F', we have

The search directions of some projection contraction algorithms are derived from
these basic (but fundamental) inequalities.

The basic framework of the projection and contraction methods

Projection and Contraction Methods is a kind of contraction algorithms based on
projection. For given B > 0 and he current point u®, we get a predictor " by
making the projection @* = Pq[u® — BF (u*)]. According to Theorem 1.1,

u¥ is a solution of (1.1) if and only if u* = @*.

Error measure function | A nonnegative function gp(uk, ﬂ,k) is called the error

IN-14



measure function of VI(Q2, F) (1.1), if thereisa § > 0, such that

o(uf, a®) > §lju® — a¥||? and p(uF, ") =0 < W =ak. (213

Profitable direction | A vector d(u”, @*) (||d(u”, a*)|| = Olju* — a*||) is
called a profitable direction associated with (o(u”, @"), if

(u® — u)Td(u®, a%) > p(u”, a"), Vu* € Q. (2.1b)

e Although u* is unknown, for any fixed u*, (u® — u*) is the gradient of the
distance function £||u — u*||? at u”*. Thus, we call ©(u, @) and d(u, @)
“the error measure function” and “the profitable direction”, respectively.

e The basic idea of the projection and contraction algorithm is to construct
a direction d(uk, f&k) such that (2.1b) is satisfied for any ©* € 2*. The
definitions (2. 1) indicate that —d(uk, ?lk) is a descent direction of the dis-
tance function 5 ||u — u*||? at the current point u".

e In the contraction methods, it is required that the sequence {||u* —u*(|?}

is strictly monotone decreasing, where {uk} is the sequence generated by
the algorithm and «* is any fixed solution point.

IN-15



Using the conditions (2.1a) and (2.1b), we give the following general algorithm.

The general algorithm | When the condition (2.1b) is satisfied, let

w1 (@) = uf — ad(u®, ") (2.2)

be the step-size o dependent new iterate. Now, we consider how to maximize the
“profit” of the square of the distance, namely

O () = [[u” —u*]]? = [[u+ (@) — u*||. (2.3)
Notice that
Ir(e) = JJu” —u*]]? = u* —u" —ad(u®, a")|?
= 2a(u® —u")"dW", ") — o®||d(u”, 7).

For any given u*, the last equation indicates that 1, (<) is a quadratic function of
.. Because u* is unknown, we can not directly maximize ¥ (). However, using
(2.1b), we have

Ir(a) = 2ap(u®, %) — a?||d(u”, a")|>. (2.4)

IN-16
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We define the right hand side of the last inequality as g (<), so, we get
qr(a) = 2ag0k(uk, ’&k) — a2Hd(uk,f&k)H2, (2.5)

which is a lower bound function of ¥% (). The quadratic function g (cv) reaches

its maximum at a,’;,

k ~k
) p(u”, a")
_ , 26
N FTOTE 29
If we take
T = uk — afd(u®, o), (2.7)

it follows from (2.5) and (2.6) that

The new iterate generates by (2.7) is not necessarily in {2, however, it satisfies

Huk+1 k ~k»

—ut[? <t = P - age(ut, @

The original intention of the contraction algorithms is to maximize the quadratic
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function Y% () (see (2.3)) in each iteration, because it contains the unknown u*,

we have to maximize its lower bound function g ().

A

O(or)

(o)

| | | |
>
of Yo \ \ o

Fig.5 Interpretation of v € [1,2)

Thus, in the practical computation, we take a relaxed factor v € [1, 2), and set

uF = uk — yagd(u®, ab). (2.8)
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The reason for taking v € [1, 2) in the step size is depicted in Fig. 5.
From (2.5) and (2.6), we get
a(vag) = 2yage(u®,a®) — 42 (ag)?ld(u®, a")|?
= (2 —)agp(u’,ab).
Thus, the new iterate u* ! updated by (2.8) satisfies
luf*h —w*? <l = w2 = (2 = Y)age(u®,a").  (@9)
By using (2.6) and (2.8), we have

1
I* = S llu® — "%

k ~k k ~k
app(u”,u”) = |logd(u”, a”)
Substituting it in (2.9), we get the following inequality :

2 —
Huk—l—l_u*H2 S Huk_u*H2_ 8
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Primary algorithm | Replacing p(u”, @*) > §||u® — ¥ ||? (see (2.1a)) by

o(u®, ") 2 (||d R a2 + 7wt - kHz), (1 >0). (2.10)
When the conditions (2.1b) and (2.10) are satisfied, we use the simple form
uF T =k — d(u®, o), (2.11)

to generate the new iterate. Since it uses the unit step size, we call (2.11) as
Primary Algorithm. By a manipulation, we get

= ||(u* —u*) — d(u®, a")|]?
ub —u? = 20wk — w*) (e, @) + |ld(u®, "))
(use (2.1b)) < |lu® — u*H2 — (290(uk,f&k) — ||d(uk,f&k)H2)

||uk—|—1 — ||2

Since (2.10) is satisfied, the new iterate u* ! satisfies
lu = w2 < Jlu® =P = 7llu® - At (2.12)

The inequalities (2.9) and (2.12) tell us that the sequence {1*} is bounded, they
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are key inequalities for the convergence. By using (2.1a) and Theorem 1.1, it is
easy to prove the following theorem.

Theorem 2.1 Assume that {)*, the solution set of the problem VI(S), F'), is
nonempty, then the sequence generated by the projection and contraction
methods converges to some u* € )*.

It should be noticed that usually we advocate to use the general algorithm to
determine the new iterate by calculating the step size. Although the primary
algorithm does not need to calculate the step size, according to our experience,
the general algorithm converges faster than the primal one.

e The projection and contraction methods can also be regarded as a
prediction-correction methods.

e The vector ﬁ’“, which is obtained by the projection, can be viewed as a pre-
dictor. It provides us the error measure function and a profitable direction.

k41

e The updating procedure, (2.8) or (2.11), which offered u , can be viewed

as the correction pcocess.

e Whether the projection and contraction method or prediction-correction
method, their first letter is P and C, so it is called PC Methods for short.




The differentiable convex optimization problem min { f(x) | € €} is equiva-
lent to the variational inequality

rcQ, (¢ —2)'Vf(x)>0, V' e (2.13)

If Vf(m) is differentiable, its Hessian matrix, VQf(w) is symmetric. Especially,
when f(x) is a quadratic convex function, its Hessian matrix, is symmetric and
positive semidefinite.

When we consider the general nonlinear monotone variational inequality
VI(2, F'), it is only required that

(w—v)" (F(u) = F(v)) 2 0.

The Jacobian of F', V F'(u), if it exist, it is not necessarily to be symmetric.

In linear variational inequality, the mapping F(u) = Mu + q is affine. A linear
variational inequality means that M + M ' is positive semidefinite, but M is not
necessarily symmetric.

Differentiable convex optimization problem is a kind of variational inequality (2.13)
with special properties. We will give some better contraction algorithms for such
convex optimization problems in Lecture 10.

Il-22
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3 PC Methods for LVI based on Fl1+ FI2

In the linear variational inequality VI($2, F'), F'(u) = Mu + ¢ is an affine
operator. Notice that & = Pq|u — BF (u)]. Adding Fl1 and FI2,

{ (@ — u*)TBF(u*) > 0. (FI1)
(@ —u*) (Ju— BF(u)] —a) > 0. (FI2)

and using F'(u) = Mu + q, we get
{(u—u*)—(u—a)Y {(u—1) - BM(u—u*)} >0, YuecR", u* e Q.
Consequently, it follows that

(w—w)" (I +BM")(w—a) = lu—al* + Blu— )" M(u—u").



Since (u — u*)T M(u — u*) =

have

(u —u*)T (MY + M) (u—u*) > 0, we

N|—

(u—u)T(I+ BMTY(u— @) > |u—al?, Yue R, u* Q. @31)
Let
p(u, @) = [lu—al? (3.2)

and
d(u, @) = (I +BM")(u—a). (3.3)

The (u, ) defined by (3.2) with the d(u, @) defined by (3.3), satisfy the
conditions (2.1a) and (2.1b). Especially, in (2.1a), the positive parameter 0 = 1.

If we use the general algorithm, the step size oz}'; is determined (2.6) and the new
iterate is given by (2.8). In details, for given ©* and 5 > 0, let

a* = Polu® — B(Mu” + q)]

Il-24
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to produce a predictor. The new iterate is given by
uFtt = uF — yai (I + M) (u” — ")

where
B [u® — a* ||

% = [T+ BTk —

The generated sequence {u”} satisfies the following contractive property

= <l =P = (2 = y)ag et - @b

In such method, usually the parameter (3 is sensitive for the convergence. Thus,
we suggest to adjust the parameter ;. dynamically (in every 5-10 iterations),

such that
BellM™* (u* — a*)|| = O([|u* — a*]).

& |f the parameter (5 is selected to satisfy

(I +BMT)(u" — @) < (2 - 7)llu® —a"|*, 7€(0,1), (34)



the p(u, &) defined by (3.2) with the d(u, %) defined by (3.3) satisfy
2p(u, @) > ||d(u, @)||* + 7llu — a*.

This inequality tells us that the condition (2.10) is satisfied, and thus we can use
the primary algorithm (2.11) (with step size 1) to update the new iterate.

According to (2.12), the generated sequence {uk} by the primary algorithm
satisfies

L e e [T

More projection and contraction methods for LVI based on FI1+ FI2 can be found
in [4] and [5]. Besides the contraction methods in Euclidean-norm, we can also
build the contraction methods in G-norm, where (G is a symmetric positive
definite matrix. Especially, if we take G = (I + BM™1) (I + M) and consider
to reduce ||u — u*||%, the update form is

uf = b — A (I + M) H W —a*), v€(0,2).  (35)

Il-26
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According to this formula, we have

[ =G = W =) =y (L + BM) T - a)|E
= |lu® =g = 2y(u® — ) (I + BMT)(uF — ")
+2I(I + BM) T (u® — @) &

Using (3.1) and G = (I + SM™)(I + SM), from the last inequality follows that

Huk+1 kHQ + VQHuk . ﬂ’kHQ

k||2

- u'll |u® — w*|[E = 27|lu” — @

= [lu® =G = (2 =) ~a

By using this contraction method, the update form (3.5) is equivalent to solving

the following system of equations:
(I + BM)(u" —uf) = y(a" — u").

Since the matrix in each iteration is in variant, we just need to do one LU
decomposition for the matrix (I + M) in the whole iteration process.
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M is a symmetric positive definite matrix

When M is symmetric positive definite, we replacing M by H , (3.1) becomes
(w—u)T(I+BH)(u—a) > ||lu—1al?), YueR" (3.6)

In this case, G = I + S H is symmetric and positive definite. We consider the

contraction method in G-norm. In this case, we use

E _ k|2
uk—|—1 _ uk . va,”;(uk . ’fbk), Oé;:; _ Hu U H

o v €(0,2) (3.7)
G

to produce the new iterate. By using (3.6) and (3.7), we get

[ =G = 1w ut) = e (u® - a)|E
= |lu® —w"[E = 2vag(u” — u)TGu" — @) + 47 (ap)? et — At
<t = wtflE = 2vagllet = @t + a2 (ap)? et — atE

Since o ||u* — u*||% ) |uF — @*||?, it follows from the above inequality
[uf ™ — |G < u® = u |G = (2 = y)aglle® - aF)?, Vet e

which is the key inequality for the proof of the convergence.



4 PC Methods for NVI based on Fl1+FI2+FI3

We consider the contraction method for the general nonlinear variational
inequality (1.1). Again, for given u, 4 = Pq[u — SF (u)] is obtained by the
projection and it is a predictor. Adding FI1, FI2 and FI3,

(@ —u*)'BF(u*) >0 (FI1)
¢ (@—u) ([u—BF(u)] —u) >0 (FI2)
(@ —u*)T(BF(a) — BF(u*)) >0  (FI3)

we get

{(W" —u*) = (u* =)} {(u—a) = B[F(u) = F(@)]} > 0.  (4.1)
By defining

and

II-29



it follows from (4.1) that
(u —u*) d(u, @) > o(u, @), VueR"

The condition (2.1b) is satisfied. Whether (u, %) is an error measure function ?
Under the assumption that F’ is Lipschitz continuous, for a given v € (0, 1), we

can use Armijo line-search strategy to get a 3 such that

(w—@)T (BF(u) — BF(@) < vlu—al? ve(©1). (44

~

Usually, such 3 also fits the request B|| F'(u) — F'(u)|| = O(||lu — u||).
According to (4.2) and (4.4), we have
QD(’LL, ﬂ’) — (’LL o ’LNL)Td(u, /&)
lu —all* = (u—@)" B(F(u) - F(2))
> (1—v)|u—al*.

Indeed, ¢(u, @) is an error measure function, when (4.4) is satisfied.

Il-30



The (u, ) defined by (4.3) with the d(u, @) defined by (4.2), satisfy the
conditions (2.1a) and (2.1b). In (2.1a), the positive parameter 0 = 1 — v.

By using the update form (2.8) with oz,j given by (2.6), the generated sequence

{uk} satisfies
[ =t <l = =y (2 = y)ag (1 = v) |t = a2 (45)
& Especially, when
BIIF(u) — F(a)| < viju—al, (4.6)

the direction d(u, %) defined by (4.2) and the (u, @) defined by (4.3) satisfy
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This tell us that the condition (2.10) is satisfied with 7 = 1 — V2.

Thus, under the condition (4.6), we can use the primary algorithm to update the
new iterate, namely,

uF T = uf — d(u®, ).

According to (2.12), we have
L T L [ (et 0 1| Vv [

The earliest PC Algorithms for LVI appears in [4, 5] which is based on adding FI1
and FI2. The late PC Methods for nonlinear variational inequality [6, 8, 12] are
based on FI1+FI2+FI3 .

For nonlinear variational inequality, even though the ‘strict’ condition (4.6) is
satisfied, we still advocate using the computational step size for determining the

next iteration point

uFH =k~ ad(u, @)

II-32
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where
(uk L ﬂk)Td(uk, ,&k)
ld(w”, a*)|]?
Since the (4.6) is satisfied, the left hand side of (4.7) is strictly greater than O.
Thus, for any k£ > 0, we have o}, > 1/2, and

) =

2 — 1 —
Hukz—l—l_u*H2 < Huk_u*HQ_’Y( 72)( V)
The formulation of three fundamental inequalities and related methods can be

|uf —a¥[]%.  (4.8)

seen in [6] (the first version is the preprint 94-11, Institute of mathematics, Nanjing
University) and [15]. After graduating from Nanjing University, Defeng Sun also
independently found the direction (4.2) and constructed the projection contraction
algorithm [12]. Thank him for citing [6] in the footnote and the references of his
paper [12].

The greatest truths are the simplest ! | The construction of projection

contraction algorithms is based on three fundamental inequalities. Its principle is
simple and unified, it gives us beautiful enjoyment !



5 The extra-gradient method

The extra-gradient method [9] (abbreviated to EG method) can be applied to solve the
nonlinear monotone variational inequality. Some young scholars in the universities north
America use the EG method to solve the problems arising from the area of information
science, such as speech recognition, optical fiber network, machine learning and other-
s. In their doctoral dissertation, they have mentioned the relationship between the EG
method and PC Algorithms. For preparing to compare their numerical efficiency in the
next section, here, we will introduce the extra-gradient method. In fact, the extra gradient
algorithm is a prediction-correction form of the proximal point algorithm.

The proximal point algorithm | Let us first briefly review the Proximal Point Algorithm

(abbreviated to PPA) VI(Q, F) (see (1.1)). PPA is an iterative method. For given u® and
k+

r > 0, the new iterate "1 is the solution of the following variational inequality:

W TheQ, (u—u"TH{F@TT) +r@ Tt —u)} >0, VueQ. 51

+1 k+1

It is clear that uk = uk. In the case of

uk—l—l

is a solution of (1.1) if and only if ©

£ u”, by setting u = u* in (5.1), we obtain

(W —w) T r@W” — Wt > W = w)T R, (5.2)

Il-34



Because F' is monotone, we have

(uk+1 . u*)TF(uk—{—1> — (uk—l—l o U*)TF(U*) >0

and consequently from (5.4), we obtain

(uk—|—1 . ’U,*)T(’U,k . uk—l—l) > O,

and thus

(uk: . u*)T(uk . uk:—}—l) > Huk . Uk+1H2-

By using the last inequality, we obtain

L A e e Il /[T V[

(5.3)

The sequence {uk} generated by PPA has the nice convergence property, however, the

subproblem (5.1) is almost difficult as the original problem (1.1). Thus, the classical PPA is

not widely used in the practical application.

By using 8 = 1/7in (5.1), u**! can be viewed as

e, (u—u"H T W) + BFWT} >0, Vu e Q.

(5.4)
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By using the equivalent representation of VI (see Theorem 1.1), it can be written as
k+1 k+1 k+1 k k+1
u = Polu™ = {(u"T —u”) + BF (W)Y

In other words,
T = Pou® — BF (ST (5.5)

The extra-gradient method | It is difficult to directly get the solution of (5.5), because

the both sides of this equation include the unknown uFtt Replacing w1 in the right

hand side of (5.5) by uk, we denote the output by a* which is produced by the projection
" = Polu® — BF(u)], (5.6a)

We call %" the predictor. Then, replacing w1t in the right hand side of (5.5) by the

k

predictor &, we obtain the (corrector) new iterate

u T = Pou® — BF(a")] (5.6b)

The method (5.6) is called the extra-gradient method (EG-method). Each iteration of the

EG method includes two projections on 2. In the prediction step, the parameter 3 should
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be chosen to satisfy the following condition:
BIF(u") = F(@")|| <vlju® —a%||, ve(0,1), (5.7)

which is same as in (4.6).

Convergence analysis of the extra-gradient algorithm | The analysis is based on the

basic property of the projection (1.5) and its consequent inequality (1.9).

& First, since " is the projection of [uk — BF(’zlk)] on (2, according to (1.9), we have

[u" T =P < (" = BF(EY)) = u |~ [[(u” = BF (") —u"TP (5.8)

4 o
e \Lk ~ BF(a)
KQ

Fig.6 Geometric interpretation of inequality (5.8)




By a manipulation, it follows from (5.8) that
Huk—l—l . U*HQ S Hukz o U*HQ . Hukz . uk:—i—1H2 . 2(ukz—|—1 . U*)T/BF(ak) (59)

Since (" — u*)T F(a*) > (@* — u*)T F(u*) > 0, adding the nonnegative term
2(* — u*)T F(@") to the right hand side of (5.9), we get
P <t R o ) SR G). 610

The quadratic term ||u* — w*T1||? in the right hand side of (5.10) can be written in form

||’U;k o Uk+1||2 _ ||uk . ’&/k||2 + ||ak . Uk+1H2 + 2(’&,k o uk+1)T(uk . /&,k)

Substituting it in (5.10), we get

L e T e (A [ A T
+2>u* Tt — @MW - pF (@) — @) (5.11)
& Now, we use the tool inequality (1.5). Setting v = u” — BF (u"), then @* = Pq(v),
because u* ! € (), according to (1.5), we have

206" — " TH"{[u* — BF ()] — 3"} > 0.
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Adding the left term to the right hand side of (5.11), we get

k41 2 P ~ K k412
et o< I = lla” — o™

e T N

+2(u"t — @M BIF (W) — F(@h)). (5.12)

(K

& Applying the Cauchy—Schwarz inequality to the cross term of the RHS of (5.12),
2(u™ " — @) BIF (u”) — F(a%)) < ™ —a@"||* + %[ F(u®) = BF(@")]|".
Substituting it in (5.12), it follows that

k+1 - k %112 ko ~k) 2 2 k N
™ = ut[]* <l =t = flu” =@t + BT F(u”) — F@ah)|°. (65.13)

The contractive property of the extra-gradient method | According (5.13), when the

condition (5.7) is satisfied, the sequence generated by the extra-gradient method (5.6) has
the following contractive property:

L T B L T s (S 20l VA v (5.14)

The inequality (5.14) is the key for the proof of the convergence of the extra-gradient
method. This short proof is based on the strategy in [8]. For the convergence proof of the

extra-gradient algorithm, readers can also refer to [1] (Vol. Il pp. 1115-1118).
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6 Numerical experiments

For comparing the efficiency of the PC Algorithms and the EG Method, we test the
nonlinear complementarity problem (a class of VI(Q, F) with 2 = %i)

w>0, F(u)>0, u' F(u)=0.
In the test examples, we take
F(u) = D(u) + Mu +q,

where Mu + q and D(u) are the linear part and nonlinear part of F'(u), respectively.

The linear part Mu + q is generated as in [2]%, using Matlab, it produced by

A=(rand(n,n)-0.5)%x10; B=(rand(n,n)-0.5)%x10; B=B-B’; M=A’"*xA+B;
g=(rand(n,1)-0.5)%1000; or g=(rand(n,1)-1.0)*500;

In the nonlinear part D(u), each element is given by D (u) = d; * arctan(u; ), where

d; is a random variable between (0, 1), similarly as in [13]°.

2| the paper by Harker and Pang [2], the matrix M = AT A + B + D, where A and B are
the same matrices as here, and D is a diagonal matrix with uniformly distributed random variable
dj; € (0.0,0.3). In our test examples dj; = O.

°In [13], the components of nonlinear mapping D (w) are D (u) = constat x arctan(u; ). Thus,
D (w) in our test example is more general.



As in [8], we have refined the EG method, and thus use the following procedure.

Refined extra-gradient method:

Step 0. Set 3o = 1,v € (0,1),u’ € Qand k = 0.

Step 1. @ = Po[u® — B F(u")],

_ BrllF(u®) — F(a")]

| [k —ak]| -

while 7y > v, (i = %Bk * min{1, %}
a" = Po[u® — B F(u")],

_ BrllF(u*) — F(a")]

' [k —akf|

Tk

Tk

end(while)

uwtt = Polu® — BLF (@),

if 7. <pu then (i := Br*1.5, end(if)
Step2. Br+1 =0Br and k=k+ 1, gotoStep.

When the EG method applied to solve NCP, the other people use the above program

but omit the sentence | If rr < 1 then Bx := Ok *x 1.5 end(if) | Our calculation

experiments shows that if this sentence is omitted, the number of iteration steps will be
greatly increased, sometimes even leading to calculation failure.
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The PC Algorithm (the extra computation than EG Method is indicated in a small box) :

Projection and Contraction Method:

Step 0. Set 3o = 1,v € (0,1),u’ € Qand k = 0.

Step 1. @ = Po[u® — B F(u")],

_ Bl Fu") — F(@")]

| [k —ak||

while 7 > v, B = %Bk * min{1, %}
" = Po[u® — BrF(u")]

_ Bl F(u”) — F(@")]]

' [k —ak||

Tk

Tk
end(while)
d(u”,a") = (u* —a") = B [F(u®) — F(a")],
(uk . ﬁk)Td(uk,ka)
[d(u, a®)[|>

R = — yagd(u®, @),

Iif 7 < pu then (i := Ok *x1.5, end(if)
Step2. Bx+1 =0Br and k=k+ 1, gotoStepi.

Y
Qr —

Uu
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Both the EG Method and the PC Algorithm compared here can be regarded as prediction

correction methods. They use the same formula
@" = Po[u® — BF(u")]

to produce the predictor @®. In order to compare the efficiency, we all require that the

predictor points meet (see (5.7))
BIF(u®) — F@")| < v|u”—a"[|, ve(0,1).
The only difference is that EG Method uses (see (5.6b))

Tt = Po[u” — BF(@")]

to update the new iterate u®T1. while the PC Algorithm gives the next iterate uktl by
u T = uF — yafd(u®, @), v e[1,2)
where (see (4.2))
d(u”,@") = (u* —a") = B(F(u") — F(a")),

and o = (u® — @®)Td(u®, @*)/||d(u”, @")||?. The extra work for calculating o} in

P-C Algorithm is small, and the correction does not need to doing projection.
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In the following, we give Matlab codes for the two different algorithms
The Matlab Code of the Refined Extra-Gradient Method

function REG(n,M,q,d,xstart,tol,pfq) % (1)
fprintf (' Extragragient Method by Korpelevich n=%4d \n’,n); 5 (2)
x=xstart; Fx= d.xatan(x) + M*xx + g; stopc=norm(x-max (x-Fx,0),inf); % (3)
beta=1; k=0; 1=0; tic; % (4)
while (stopc>tol && k<=2000) % (5)
if mod(k,pfqg)==0 fprintf ('’ k=%4d epsm=%9.3e \n’,k,stopc); end; % (6)
x0=x; Fx0=Fx; k=k+1; 5 (7)
x=max (x0-Fx0xbeta, 0) ; Fx=d.xatan(x) + Mxx + g; 1=1+1; % (8)
dx=x0-x; df=(Fx0-Fx) xbeta; % (9)

r=norm (df) /norm (dx) ; %(10)

while r>0.9 beta=0.7+«beta*min(1l,1/r); 1=1+1; $(11)

x=max (x0-Fx0xbeta, 0) ; Fx=d.xatan (x) + Mxx + qg; $(12)

dx=x0-x; df=(Fx0-Fx) xbeta; r=norm (df) /norm (dx) ; $(13)

end; 3 (14)

x=max (x0-Fxxbeta, 0) ; 3 (15)

Fx= d.*xatan(x) + Mxx + g; 1=1+1; $(10)
ex=x-max (x-Fx,0) ; stopc=norm(ex, inf) ; $(17)

if r <0.4 Dbeta=betaxl.5; end; %(18)

end; toc; fprintf (! k=%4d epsm=%9.3e 1=%4d \n’,k,stopc,1l); %%%%

Replacing (15) in the EG code by (15a)-(15b) in the next code, we get the code for PC Algorithm.



The Matlab Code of The Projection and Contraction Method

function PC_G(n,M,q,d, xstart,tol, pfq)
fprintf ("PC Method use Direction D1 with gamma ax n=%4d \n’,n);
x=xstart; Fx= d.xatan(x) + M*xx + g; stopc=norm(x-max (x-Fx,0),1inf);

beta=1; k=0; 1=0; tic;
while (stopc>tol && k<=2000)
if mod(k,pfqg)==0 fprintf ('’ k=%4d epsm=%9.3e \n’,k,stopc); end;
x0=x; Fx0=Fx; k=k+1;
x=max (x0-Fx0«+beta, 0) ; Fx=d.xatan (x) + Mxx + g; 1=1+1;

dx=x0-x; df=(Fx0-Fx) xbeta;

r=norm (df) /norm (dx) ;

while r>0.9 beta=0.7+«beta*min(l,1/r); 1=1+1;
x=max (x0-Fx0+beta, 0) ; Fx=d.xatan (x) + Mxx + q;
dx=x0-x; df=(Fx0-Fx) xbeta; r=norm (df) /norm (dx) ;
end;
dxf=dx—-df; rl=dx’ xdxf; r2=dxf’ xdxf; alpha=rl/r2;
x=x0—- dxfxalphax1l.9;
Fx= d.xatan(x) + Mxx + g; 1=1+1;
ex=x-max (x-Fx,0) ; stopc=norm(ex, inf) ;
if r <0.4 Dbeta=betaxl.5; end;
end; toc; fprintf (! k=%4d epsm=%9.3e 1=%4d \n’,k,stopc,1);

o° oo
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Instead of (15) in the EG method code, the Matlab code of PC Algorithm is (15a) and (15b).



Table 1. Numerical results for Easy Problems ¢ € (—500, 500)

Extra-gradient Method General PC-Method
n = | No. It No. F CPU No. It No. F CPU
500 724 1485 0.26 468 977 0.17
1000 804 1650 2.85 514 1079 1.86
2000 776 1593 10.33 407 864 5.63

Table 2. Numerical results for Hard Problems ¢ € (—500, 0)

Extra-gradient Method General PC-Method
n = | No. It No. F CPU No. It No. F CPU
500 1453 2983 0.53 865 1824 0.33
1000 2026 4159 7.12 1199 2553 4.38
2000 1702 3494 22.45 1025 2177 14.00

The PC method converges faster than the refined extra-gradient method.

It. No. of Projection and Contraction Method
~ 60%.

lt. No. of The refined extra-gradient Method
Usually, for the same problems, the PC Algorithms can save about 40% CPU

time than the EG Method.
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In both of the PC Algorithm and the EG Method, the computational load of each
iteration is O(n?). In each iteration of PC Algorithm, the computational cost for
determining the step length is O(n) which is a small proportion in the whole
calculations.

Some Ph.D Dissertations which use the EG Method to solve their problems

e Fei Sha, Large Margin Training of Acoustic Models for Speech Recognition, PhD
Thesis, Computer and Information Science, University of Pennsylvania, 2007. i&&i2 5l

e Yan Pan, A game theoretical approach to constrained OSNR optimization problems in
optical network, PhD Thesis, Electrical & Computer Engineering. University of Toronto,
2009. SeLFMLE

e Simon Lacoste-dulien, Discriminative Machine Learning with Structure, PhD Thesis,
Computer Science. University of California, Berkeley, 2009. #1355 3J

e A. G. Howard, Large Margin, Transformation Learning, PhD Thesis, Graduate School

of Arts and Science. Columbia University, 2009. #1883

All these theses have mentioned the PC Algorithm[6]. If PC Algorithm is used

instead of EG Method, the convergence speed will be greatly improved.
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